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MATHEMATICS
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Reversed Weighted Hardy-type Inequalities with Negative Indices

K.R. Abdo

University of Technology and Applied Sciences, Al Rustaq, Sultanate of Oman;
Fayoum Unwversity, Fayoum, Egypt
(E-mail: khadija.abdo@utas.edu.om, kra00@fayoum.edu.eq)

This research paper presents a comprehensive investigation of novel Hardy-type dynamic inequalities that
incorporate two independent weight functions, denoted as u and v. A distinctive feature of this work is its
focus on time scales calculus with negative parameters, a generalization that unifies and extends discrete and
continuous analysis. The basic methodology involves the application of the reverse Holder’s inequality and
the Minkowski integral inequality to rigorously deduce all essential results. To illustrate the adaptability
of our results, we provide explicit examples of the corresponding discrete and integral analogues for various
time scales: when T = N (the natural numbers, indicating discrete sequences), T = N0 for [ > 1 (a quantum
time scale), and T = R (the real numbers, signifying the classical continuous case). This paper situates its
findings within a wider mathematical framework by demonstrating how they contain and extend certain
cases of reverse Hardy-type dynamic inequalities previously formulated by distinguished scholars including
Prokhorov, Kufner, Yang, Nguyen, and Benaissa. Consequently, this work presents a cohesive framework
that broadens the theoretical terrain of Hardy-type inequalities.

Keywords: time scales, dynamic inequalities, reverse Hardy inequality, negative exponents, delta differen-
tiation, Keller’s rule, reverse time scale Hélder’s inequality, integral time scale Minkowski’s inequality.

2020 Mathematics Subject Classification: 26D10, 26D15, 39A12, 34N05, 47A30.

Introduction

In a pivotal paper of Hardy [1], he demonstrated the discrete classical inequality

[e'e) n r r o
3 %Zb%(é) §<ril> Y bm), r>1,
n=1 =1 n=1

that provides an essential implementation for double series of Hilbert’s inequality, a widely recognized
concept at this time, where b(n) > 0 for n > 1. Moreover, he [2] discovered the corresponding inequality
which affirms that, for p > 1 and h(r) is an integrable positive function that belongs to the weighted
space LP (RT), the inequality

p
[Hp | 1oy < b1 161l 2o (r+) (1)

Received: 5 January 2025; Accepted: 24 November 2025.
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holds, where Hy(x) = 1 f; t)dt and [[B]l ey = (J, BP (x) dr) YP  with a > 0 where the constant

P
factor (;ﬁ) is sharp one. Extending inequality (1) over the past few decades has led to the following

generic mixed norm inequality

r
HSF)HL({[a,b) < Clbll2pap), where Sy (r) = / h(t)At, (2)

that holds with h € L¥[a, b) and Sy € Li[a, b), where the norm of b is defined as

1/p
e (/ BP(r) ) ,

for any given positive measurable weights u and v, defined on the open interval (a,b) and 1 < p < ¢ < o0,
for all values of —co < a < b < 0o. A large body of literature has addressed new generalizations and
extensions of the Hardy inequality (2); the interested reader is referred to the relevant papers [3-5]
and books [6-8]. Beesack et al. in [9] considered inequality (2), they obtained the sufficient condition
for exponents p and ¢ that are less than one, where p # 0,q # 0, then for positive weights u and v
defined on (a,b), they concluded Hardy reverse inequality that has the form

</ab(v(zc)h(zc))’”dzc>; SC(/: (u(;)/:f)(t)dt>qd;>;, (3)

that is valid if and only if

1 1
. s q s o 1 1
(o) ([rrs) -sem 3o

where s > 0. Moreover, they deduced the dual reverse integral Hardy inequality

</:(v(zc)h(x))pdx>; gc(/ab <u(x)/xbh(t)dt)qd;>é, W

1
7

1
which also asserts if and solely if igf(; (fsb u? (1) d;) ! (fsb v P (1) d ) = By < 0.

The authors in [10], expanded the reverse Hardy inequalities (3) and (4) with kernels. In specific,
they showed that for the non-increasing K(r, y) with ¢ < p < 0, the resulting inequality

r q

0000 < CSslgoey where = ([ Kz ) dy> , 5)

that for every h € L¥[0,00), Sy € L]0, 00) where Hh”LP[Ooo (Jo° bR (x)v(x)dr) /P then the inequa-
lity (5) holds if and only if inf J1(s) = B3 > 0, where J1 (s (f e g,y)dl‘) v (f(fu (z) al;)E
is not decreasing and the constant C satisfies the condition that 1 / > (p )1/ 4 (—=p)"Bs. On the

other hand, they deduced the dual reverse integral Hardy inequality

(/Ooovmc)hf’(x)dx)‘l’sc(/ (/ K(y,1) dy) d1r>;,
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Reversed Weighted Hardy-type Inequalities ...

which also holds for the non-decreasing K(r,y) if and only if infJs(s) =Bs >0, where

1 1
Ja(s) = (fsb v (1) d;) ¥ (fsb u’ () d;) ¢ is non-increasing and C here satisfies 1/C > (p')/®' (—p)'/? B,.
Since the previous inequalities were discovered, various papers have been published in the litera-
ture that dealt with contemporary proofs, generalizations, and extensions. Now, we review some of
these results that can stimulate and clarify the content of this paper. Prokhorov in [11] focused on

generalizing inequality (3) to the range of —0o < ¢ < p < 0 which has the form

(/:hwx)dxf gc(/abuu) (/:V(t)h(t)dt>qu>é,

=+ -1

and it holds for the condition that sup (f; vP (t) dt) * (fEul(t)dt) @ = Bs < oo, for the lowest
a<t<b

suitable constant C, likewise he generated the dual case. Through involving a constraint that ¢/p > 1,

Kufner et al. [12| extended inequality (3) to get the best possible estimation that makes the next

inequality 1 ;
</abv(zﬁ) bP (?)dzc>1’ <C (/:u(zc) (/ﬁjh(t)dt)ng)q (6)

holds. They concluded that the best possible constant C for —co < ¢ < p < 0, is given by

=

_1 -2
Bs<C <2 <p:f1>p Bs, se€lp1),

—1
—s o 1—s
where Bg = sup (f; VPTq(t)u(t)dt> * V¢ (1), they also deduced analogy inequality of (6). In our
a<i<b
paper, we will concentrate on the previous inequality (6) and its analogy.

Motivated by developments in the continuous setting, it is natural to investigate weighted discrete
Hardy inequalities with negative indices, as demonstrated by Nguyen et al. [13|, they proved that the
following discrete inequality

1

o0 1 n T L r o0
=N b"(k < ol=x b -1
> (13 b)) <2 S e,

n=1 k=

applies to any non-negative realistic convergent sequence {b (n)} that for all n € N. Furthermore, the
author in [14] deduced that for the case that p and r are less than one where r is not equal to zero,
the inequality

N L& 1/p N

T[> 1-1/r —ry/ -
E an <An E a;b (z)) < A, / (E a;A (z))
n=1 i=1 i=1

holds for all N € N, {b,} is a sequence that is not negative and {a,} is a sequence of real positive
numbers.

Over the past few decades several authors [15-17] have focused on the development of inequality
(3) by expanding and generalizing the continuous Hardy’s inequality with negative indices, thereby
deriving corresponding discrete versions. Due to the significance of this inequality in harmonic analysis
and mathematics, we restrict our attention to the representative papers [18-20.

The time scale dynamic inequalities have recently attracted much attention [21-23], as they may
serve as examples of discrete and integral inequalities. Time scale calculus consists of three pri-
mary instances: differential calculus for T = R, difference calculus if T = N, and quantum calculus for

1

/T‘ N n—1 _ .
Sl a4 (i)
1—- === — " | bya,
' ;( >N A—w))

i=1 &

Mathematics Series. No.1(121),/2026 7



K.R. Abdo

T =No = {lt 1t €Np, I > 1}. For the convenience of the reader, we include here several time scale
inequalities that are closely related to Hardy-type inequalities. We refer the reader to the previous
references [24-26]. For example in [27] authors derived that the condition

b Ya [ o) i L/e"
sup (/ u (t) At) / viTP (1) At =Br<oo, p= 1o
a<r<b r a P— 1

is the necessary and sufficient for the generalized dynamic inequality

a(x)
IRolligaere) < C IBllgay s B = [ bt (7)

where 1 < p < ¢ < oo and the constant C in (7) satisfied the estimation

q 1/q p* 1/p*
B7§C§(1+*> <1+q) B;.
P

The natural follow-up question is: Is it possible to define new weight functions on an arbitrary
time scale T that satisfy Hardy-type inequalities with negative indices? The purpose of this paper is to
respond affirmatively to this inquiry. To be precise, I will extend inequality (6) and its analogue on time
scales, while explaining the associated validity condition in the case that —oo < ¢ < p < 0 with the
additional requirement that ¢/p > 1. Moreover, we will generate discrete and integral characterizations
employing these new characterizations. Our main results will be established using available tools on
time scales including reverse Hélder inequality and the integral Minkowski inequality, while developing
a novel approach. Following this introduction, Section 2 of the paper consists of a presentation of some
fundamental concepts of time scale calculus and auxiliary results that are essential for instituting all
main results. Ultimately, Section 3 concludes with some time scale variations of inequality (6). It is
worth mentio-ning here that, as an exception case stemmed from our results, for T = R, T = N and
T =iNo, we will also discuss specific dynamic inequalities of Hardy-type that Prokhorov, Kufner, Yang,
Nguyen, and Benaissa have captured in their literature previously.

1 Preliminaries and Basic Lemmas

Here we provide a high-level overview of the principles within time scale theory. Furthermore,
we include supporting concepts that are required to validate our fundamental results.We recommend
consulting two monographs authored by Bohner and Peterson [28-30] for a comprehensive examination
of time scale calculus. To keep this work concise, we will just provide the core information that
is required to prove our results. The time scale T is a closed non-empty arbitrary subset of real
numbers R.

The operator o : T — T that identified as o(t) := inf{s € T : s > ¢} is called the forward
jump operator and that for all ¢ € T. The graininess function p is defined as u(t) = o(t) — ¢, where
p: T — [0, 00).

The mapping b : [a,b] — R is interpreted as the right-dense continuous function (rd—continuous)

if it is right continuous at every right-dense point and the left limit is finite and exists at left—dense
point, then we can denote the space of all right dense continuous functions as C,4(T, R).
If the derivative of any function § exists then this function is called differentiable. The forward shift of
the function b is 7, where h? (t) = hoo(t) and the delta derivative of b signifies b2, where h7 = h+pub>.
For every function Q : T — R, the inscription Q7(t) indicates Q(o(t)). For each positive value of €
there is a neighbourhood U of t, where

(o (t) — 2(s)] = Q2 (W)[o(t) — s]| < elo(t) s,

8 Bulletin of the Karaganda University



Reversed Weighted Hardy-type Inequalities ...

for all s € U for the existence number Q2 (t). Here, we can say that Q2 (t) is a delta derivative of Q at t
and (Q is a delta differentiable at t. Recapture the product and quotient formulae for the derivatives
of two delta differentiable functions ¢ and 1, denoted as 2 and /1, respectively

A A
A A o A A, Ao P\A = o
(1) =91+ %% = = + =07, (;) = u? # 0.

Time scale 1ntegrat10n for any delta differentiable function j: T — R is defined as follows: the Cauchy
integral of 2 is defined as f g2 (t)At = 5(b) — 5(a), for a delta differentiable function 7, with a,b € T,
(for more details, see [30]). Observe that for time scale T = R, we acquire that t = o(t), 72(t) = J/(t)

" / " ()AL = / " (o),

if T=2,then o(t) =1+t 72(t) = Ay(t andf] =071 ).
Further, by setting T= ¢, we have o(t) = £t, p(t ) (¢ = 1)t and [°g(t)At = 372 g 9 (LF),

where for every t € T, /N = {t =% k € Ny, £ > 1}, and tg = (™.
The following two lemmas are mentioned in [30,31].

Lemma 1. Suppose that n and ¢ are right-dense continuous mappings that defined on the interval
0,00)y . Then, integration by parts formulation is stated as
T

| i wae = el - [ nt0e @ 8)
0 0

Lemma 2. Assume that the function 3 : R — R is continuously differentiable function and let
h : T — R be a delta-differentiable mapping. Then, the composition of both functions 7 and h is a
delta-differentiable mapping and for every ¢ € [¢,o(t)] the following equation

(9h ()™ = 7 (h () K™ (t) (9)
holds.

The two lemmas that follow are the derived reverse time scale Holder’s inequality and Minkowski’s
integral inequality, which are crucial to our results [31,32].

Theorem 1. Suppose 7, and ¢ are two A-integrable functions therefore

[ inwetoia< [ [ |€At] [t Mt] ,

for every a, and b belongs to T, where € > 1 and 1 s+ E = 1. If we replace € with negative value ¢ < 0,
we capture the so-called reverse time scale Holders inequality [33]

[ nwetoia ] [ e mt] et w} . (10)

Now, we state Minkowski integral inequality [34, 35].

Theorem 2. Let k, © be rd-continuous and non-negative functions identified on the interval [a, oo)r,
where a belongs to the time scale T. For £ > 1, the inequality

1/t

/:o K(s) (/:(S) @(t)At> E As| < /:O O(s) </°o n(;)A;) v (11)

holds. If 0 < € <1, then the direction of inequality (11) is reversed.

Mathematics Series. No.1(121),/2026 9
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We can consider the two next lemmas proven in [35] to be power rules of integration on the time
scale T.

Lemma 3. Consider a time scale T, and let a,z € T with ¢ > a. Then, the inequality

</aa(zc) g(t)At) m B m/aa(x) 0 </aa(t) g(s)AS> m—1 N

holds for m > 1; however, for 0 < m < 1, the direction of the inequality will reverse.
Lemma 4. Assume that T is a time scale. Then, for m > 1, the inequality [36,37]

(A%gwAme;mzﬁgw(ﬂwaﬂAerZM

is valid for every b, where ¢ belongs to T with r < b. While for 0 < m < 1, the inequality will reverse.

All results in this paper are considered to be based on continuous and non-negative functions.

2  Main Results and Applications

Now, we can explain and validate the main results. Here, it should be mentioned that the integrals
in the statements of theorems that follow are assumed to exist. To demonstrate our initial result, we
will adopt the reverse of Holder inequality (10) and the integral inequality of Minkowski (11). In order
to make items easier, we use the notations

- 1-s o(x) a(p—s) i
Biles) = ()T ([ woA"T 0at) L se, (12
where the mapping A(r) is a non-negative mapping defined on [a, b] and

Alx) == / 7 VP (1) A, (13)

where p' := z%’ further

1=s o(r) a(p—s) /e
Es(r,s) = sup (A%(r)) » (/ u()A v (t)At> , s€lpl), (14)

re (av b)T

then
Es:= sup Ey. (15)
;e(aw b)T

Theorem 3. Suppose that T is a time scale and —oo < ¢ < p < 0, where ¢/p > 1, f € Cpq ([a, b1, R)
is a non-negative function and assume that u, v are rd-continuous positive functions on the open interval
(a,b)p. Thus, the reverse Hardy inequality

(/abfp ©v () Azc) " <C (/ab (/:mf(t) At)qu(zc) A;) " (16)

is valid for every function f, if and only if the following criterion applies,

E, < o0. (17)

10 Bulletin of the Karaganda University



Reversed Weighted Hardy-type Inequalities ...

Moreover, the value of C in (16) possesses the estimation

_ 1/p
E <C<2 4 <p+s2> E,
p—1

where the definition of E; is mentioned in (14).

Proof. First of all and to facilitate, we reform inequality (16) to take the equivalent form

/a ’ < / et g(t)At>qu<x> Ar<C ( / 5 A;) " (18)

and that by setting f(r) = g% (r) w(x) and o(r) = v~/P(¢). Then, equation (13) can be expressed to

o®
A ::/ ' Fat, o= (19)

Now, we prove the sufficiency of condition (17), so we first assume that Eg < oo, this implies that

o)
0 <Alx) := / o (t)At < oo,

for every ¢t € (a,b)r . Invoking the reverse of Holder inequality (10) with parameters p and p’ on the
left-hand side of the inequality (18), we obtain that

b [ rox) e
/ ( / o7 (t)p(t)u(x)At> Ar
b o(®) 1—s s—1 1
- / ( / o (AT (AT <t>g<t>At> u (r) Ar

b o(x) a/p o(®) (st / a/p
S/a (/a g (t) A5 (1) At) u(r) x </a ' A% t) o” (¢) At) Ar, (20)

from the definition of A(¢) that mentioned in (19), we display that

AR () < o (0 (1) < &(1). (21)

Substituting from (21) into (20) and by recalling chain rule (9), we exhibit that

b o¥) q
/ ( [ <t>g<t>At) u(®) A
- a/p o) et a/v’
g/b (/ (I)g(t)AH (t)At) u(x) x (/ ()A7<p )(t)AA(t)At> A,

now by applying the time scale concept of differentiation and the fact that A(a) = 0, so the previous

Mathematics Series. No. 1(121),/2026 11
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inequality reduces to

b [ rol® 1
/ < / I <t>g<t>At) u(r) Ar
(s=1)p’

b o) q/p AR a/p’
S/a (/a g () A5 (1) At) X ( (S;)p'il@)) u (1) Ar
’ o) v — prs—2 q/v
:/ </ ¥ a(t) Al-s (t) At) X (%A ~r (o (@)) Ar

q/p

_ a/p’ b o) pts—2 q
:(]Hlj_z;) /au(zc) (/a g(H)A'— (t)At> A= (o (1) u (1) A,

by simple computations and by interacting the reality that ¢ < o (r), we indicate the following

/ab </:(F)911) (t) ,Q(t)At)qu(?) Ar < <1i34;192>q/p'

: (p_+1+—p2>/ " </b K/:(ﬂw 0 N) AT (e ()

For ¢/p > 1, and by employing Minkowski integral time scale inequality (11) on the inequality (22),
we determine I, where

q

b o(r) 1
- ( / Y gh <t>g<t>At) u () Ar

< (}:*_”2)/ ( / ’ ( / AT (g Azt) g/ (1) A" (1 At)p/q "
()T ([ e an) son o ar " (29
Setting _ /
o= ([ A wuwar) v, 1)

in inequality (23), we indicate the following inequality

_ a/v’ b a/p
< () ([ons) e

where we denote that B = supyc(a, p), B (t) -

12 Bulletin of the Karaganda University
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Recalling inequality (18), we conclude that

//
o< (ZLEP N gu,
T \pt+s—2

(25)

Now, by utilizing the power of ¢/p, we can raise both sides of inequality (24) to the power of ¢/p, then
we derive that

galp — ( 2 )A;)
2= s> A 2D 1) iy
( DA q(zc)u(r)Ax>

ey / AR ( / A mT)AA;. (26)

s A
r) (ff AT (T)u(r) AT) A}:. Then, by applying integration by parts for-
2(s—1)

mulation (8) with 7(x) =A™ » ?(x) and p* (fx AT

. b ( 71)‘!]
Putting L = [/ A~ 7

A
u (T) AT) , we have that

b
L=n@)e@) —/t 7™ (0)¢” (¥) Ar

= A@’q (r) </:Ap;s'q (T)u(r) AT

b

) - /tb (A”T”q (;))A (/ta(x)A”;S'q (r)u(r) m) Ar.

t

From (27), setting

J1 = A@'q (x) (/:Apps'q (T)u(r) AT

- /t ’ ( /t R (r)u(r) AT) (AQ(T)"Z (zc))AAx, (29)

by employing equations (12) and (15), the equation (28) can take the form

and

2q(s—1) 13 p—s.
Jy=limA™ » (zc)/ A7 N (r)u(r) AT
t

—b—
2q(s—1)

< limA » (;)/FAT"I(T)u(T)AT

r—b—

- ;E&Aq(spl 71;8) (x) [(/:Ap;s'q (T)u(r) AT) _1/1 b

= lm A% ()E;Q(;,s)gqumglA%' 1) <E;7lim A% 4 (0z)),
rb—

;—>b— r—b—

(30)

that for ¢ < 0. In a similar manner, for ¢ > a and by recalling equation (12), where Eg (¢, s) < Eg, we
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conclude that equation (29) becomes

b q(s—1 a(r) q(p—s q(1—s 2g(s—1 A
Jy = — / A (0(x) ( / T () un) m) < A" (o)) (A%’ (x)) Ax

b q(s—1 a(r) q(p—s q(1—s 2g(s—1 A
<- / AT (o) ( / U <¢>u<¢>m> x A5 (o (1) (A(p )(x)> At
b q(l—s 2q(s—1 A
< B () [ A (0l0) (A(p )(x)> At (31)

Now, by implementing the chain rule (9) where (f(g(t)))® = §(g(c))g?(t), with ¢ € [r, 0(¢)], we attain
that (U_q(;))A = —qU=971(¢)U?(z). Now, for ¢ < o(x), the non-increasing mapping U reaches that
U2 (t) <0 and U(c) > U (1), it follows that

(U™1(1)™ < —qU 4" (0(x)) UA (1) (32)

Then, combining relations (31) and (32), we get the inequality

2g(s—1 A s — 2=l
(Azﬂ w) SWA T @) AL (), (33)

substituting from (33) into (31) and for ¢/p > 1, we conclude that

2O (0948 ) A

Jy < —E; (3,5) / AT o) ( ;

B b (1)
_ _%ﬁ,ﬁw (& 5) / AT (o) AS (1) A

q(s—1) b

_ 2(s—1) ., A v (o)
—*TES (x, ) S
p t

s—1

= —2E.9(x,s) [lim A7 (o) - <

—b—

s—

1)) (34)

Hence from (30) and (34) and by substituting into (26), we obtain that

BYP <E;9(r,s) A7 (1) [ lim A7 7 (o(x) ~ 2lim A7 (o) + 2477 <a<t>>}

r—b— 1—b—

B9 (e, 5) AT (1) [— lim A7 (o(1)) + 2477 <o<t>>]

<E;9(r,s) A7 7 (o(t)) [— lim A% 4 (o) + 2077 (a(t))] < 2B (3, 5).

—b—

a/v’ __
Combining with (25), we get that C™9 < 2 <p118t”2) Es? (x,s) . Therefore

-1 —1/17/
c<a 'l (p+s+—pQ> E; (x,s),

which is the desired sufficient condition. Now, we will show the necessity of condition (17). Just
consider that the inequality (18) is valid for every rd-function that is non-negative defined on [a, b]y,
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then we will prove that E; < oco. Firstly, let s € (p, 1) and for fixed value ¢t € (a,b), we formulate the

function
{ A5 (x)0” (x), re (at)y, (35)

therefore, we obtain that

b a/p o(t) / qa/p
</ g (1) Ax) = (/ A% (x)e? (F)AF> :
recalling the definition of A(r) in (19) and the fact that A(a) = 0, we get that
b q/p a(t)
([swar) < ([ A watwar

o(t)
A=+ (¢ a/p 1 P st
= <—S—|—(1)> < ( ) A (1), (36)

—s+1
on the other hand, by raising both sides of (35) to the power of 1/p, and by multiplying both sides
with the function ¢ (z), we have the equation

q/p

g"P()o (x) ={ é\;(mz’(r), iiffbt))ﬁ (37)

By utilizing (37) into (18), we determine the following

b o®) q b o) v q
/ ( / o <t>g<t>At) u (1) Ar = / ( / xAp(r)m(r)Ar) u(®) At
a(t) o) _, a4
> / < / FAp(r)A%)Ar) u(r) Ar
p . 7 o) g—sip
((A ) )u(x)Azc> <_Sp+p) /a A u (@) A (38)

Combining (36) and (38) implies that

()

a(t) —s+p
(—s+ ) 5+1q/pAq< P >(t)/a N >(zc)u(zc)A;§C‘q- (39)

a/p o4l
Fouwarso (L) o,

therefore

Raising both sides of (39) to the power of —1/¢, yields the resultant inequality

_3 —s+1 a(t) _sip ~1/q
( p*p)<—s+1>—1/pA< ) ) (/ u(x)Aq(”>(x)Azc> <c.

that is identical to the inequality

<_Sp+p> (—s+1)"YPE, (t,5) < C.
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Secondly, for s = p we take the mapping g(r) as the form

consequently and from (19), we get that

b a/p ot) alp
(/ g(x)Azc> :( Qp(zc)Azc> = A% (o(t)). (41)

By substituting from (40) and (41) into (18) we obtain that

q

b o(t) , q
/ / o (X)u(x) Ax) Ar < CTIA» (a(t)),
then

t b q
A7(0(t) [ w@) e < AT (0(0) [ w@) Ar< CIA (o(t).

Finally, we get that
—1/q

1 a(t)
ATV (o(t)) (/ u(x) A;) < C < .

Thus, C' < oo implies the boundedness of Ej (z, s) in (12). This concludes the theorem’s proof. O

Consequently, by employing a similar technique we can easily conclude the duality of (Theorem 3)
to obtain the following theorem.

Theorem 4. Assume that T is a time scale with —co < ¢ < p < 0, f € C,4([a,b]y,R) is a non-
negative mapping and suppose that u, v are rd-continuous positive functions on (a,b);. Then the

inequality
1/q

</:fp(x)v(zc)m>l/p <c (/b (/be(t)u(zc)AtyA;) (42)

holds for each mapping f, if and only if

_s b —s _1/q
B s A7 0 ([ AP 0u0ar) <o
r

;E(av b)T

1/p'

Moreover, the estimation C in (42) satisfies E, < C < 27 (%) E,, where A(x) := f;b vI=P (t)dt.

Now, we mention some suitable applications which closely related to Theorem 3 and 4. If we
consider T equals to the set of real numbers R in Theorem 3, this leads to the following weighted
Hardy inequality that is continuous due to Prokhorov [11| and Kufner et al. [12].

Remark 1. If T =R for —oo < ¢ < p < 0 the inequality

(/abfp(x)V(x)dzc)l/p o[ </:f(t)dt>qu>1/q7 (3
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that holds, if and only if the next condition

sp A (1) </:u(t)Ap;Sq(t)dt>_l/q <00, sclpl)

r€(a, b)

satisfies, where A(r) := [Iv1~ P (t)dt, p - Ll.

By using an identical manner, we can put T = N in Theorem 3 to obtain the discrete characteriza-
tion of (43), that can be considered as the discrete result as mentioned in [13| and [14].

Remark 2. For T =N and —oco < ¢ < p < 0, the inequality

(o) ol ()

—s

—s —1/q
will be contented if and only if sup, <Z§i0 (Zﬁzou(k) A% q(]k)) Alp(n)> < 00, where u(n),

v(n), A(n) = > p_ 0v —P'(k) and f(n) are non-negative sequences.
If we consider T =[N0, we catch the next inequality.

Remark 3. If —oo < ¢ < p < 0 with T =INo then the inequality

00 1/p . n g\ 1/q
(Zv(l")n(l”)fpa”)) <C (Z u(l™)n("™) (Z f(lk)n(lk>> )
k=0

holds if and only if for the sequences f(n), u(n) and v(n) that are not negative and that for

o0 n -1/q
sup(1—1) | Y (Zu(zkm(zk)/\‘?q(zk)) A7 (M) | < oo,
n n=0 \k=0

for A(I") = (I — 1) Sp=g v =7 (1%), and 5(I*¥) = (I — 1) I*.

In the follow-up, we provide further deductions that demonstrate the useful implications of our
main results. Through various substitutions, we can capture the following resultant reverse dynamic
inequalities of Hardy-type that have negative parameters p and gq.

Corollary 1. Suppose that T is a time scale, —oco < ¢ < p < 0, and the mapping f € C,.4 ([0, 00), R).
Consequently, there is a constant C in the form that Hardy inequality

(/Ooo i (x) xﬁAzc)l/p <C (/OOO (/OU(;) f(t) At)q;aAg> v (44)

<f ® A~ ()tO‘At>_1/q is convergent f
o : gent for

s+1

fulfils for every f, if and only if sup.e(q, ), A *
Ar) := fg tPA-P) At and «, B have positive values.

Proof. 1f we put u (r) = t* and v(x) = ¢ in Theorem 3, we gain the desired result. This concludes
the proof. ]

Mathematics Series. No.1(121),/2026 17



K.R. Abdo

Remark 4. In inequality (44), if we set T = R, our inventory includes the continuous inequality

(/Oooxﬁfp (x)dx)l/p <c (/OOO (/Oxﬂt)dt)qxadzc)l/q,

due to [19], which valid for every function §, if and only if

s ro_, —1/q
sup A P+1(1c) (/ A ;pq(t)to‘dt) < 00,

Ie(a7 b)T

for positive numbers «, 8 and for A(y) := f; A=) gt
Corollary 2. If we take T = N in inequality (44), we obtain the discrete inequality

00 1/p 00 n a\ 1/a
(Z nafp(m) <C (Z nf (Zf(b)) ) :
n=0 n=0 b=0

s —1/q _s
which shall be fulfilled if and only if sup, <Zg‘;o (Z?:o N q(b)) Alp(n)> < oo, which is

essentially new.

Corollary 3. Consider that —oco < ¢, p < 0, on the time scale T with ¢ = p, h € Cy.q ([0, 0), RT)
and the mappings u and v are continuous positive right dense functions on an open interval (0, 00).
Further, for r £ 1 suppose that

(1]

(1) = { fOU(;) h(s)As, r<1,

Joh(s)As, > 1

If 7 is less than 1, then the following inequality

[=ew@ase [ wevmar (45)
0 0

holds. While the inequality

/ B (Du(r)Ar < Cy / T (r)v(r) Ar (46)
0 0

holds for r that is greater than 1.

Proof. When r < 1, setting ¢ = p, a =0, and b = co in Theorem 3 and by raising both sides to
the power of p, we have the required result in (45). Suppose r > 1, if we set a =0, b =00 and ¢ =p
in Theorem 4, we obtain the result in (46). This completes the proof. O

Remark 5. In inequality (45), as we consider T = R, u(r) =" and v (r) =t~ ", we can establish

the continuous inequality
00 T P [e¢)
/ < / F(t) dt) rdr<C / i? () e~ Py,
0 0 0

— —1/p

A7 (p) (Jo o "ATETP (D) At) < 00,

due to [38,39], which holds for each f, if and only if SUPye(
for g =p, r <1and A(x) := [J ¢t "Pdt.

07 OO)T
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1
Remark 6. For T =R, u(r) = o and v () = into inequality (46), we derive that

rrE

[ ([ o) fose[ s

s 1 1/p
which verifies for each function f, regarding to sup.c (g, ), (A . (r) ( : ﬂAPS(t)At> < 00,

that for ¢ = p, A(x) := j;oo t~"tPdt and r > 1, as stated in [38,39].

Ezample 1. If we consider that T = R, v(r) = 1%, u(r) = 1 and p = —1, ¢ = —2, in Theorem 3,
where the integration on the interval a = 1,b = oo, then we can directly simplify Theorem 3 to the
resultant inequality becomes

(/ i 2dz¢> <C</loou(zc) (/jf(t)dt)_zdx)l/Q,

holds for every non-negative function f if and only if the following criterion is met:

r
sup A*1(p) (/ AQ(SH)(t)dt) < 00,
re(1,00) 1

that for A(t) = fvl_p,(t)dt.
Ezxample 2. In Remark 4, assume that « = —3, 8 = —1 and p = —2, ¢ = —2, where the integration
from a = 0 to b = oo, then we can obtain the inequality

</0°°x_1f_2 O )_1/2 = </ooo (/oxfu) dt> _ch-i%dr) o

holds for every function § if and only if
s—1 t s+2 1/2
sup A2 (r) </ A2(t)t“dt) < 00,
1€(0,00) 0

that for A(t) = [Jv 1=r'(
Example 3. In Remark 3, if we suppose that { = 2, where T =/, then the inequality take the form

0 1/p o0 n q\ 1/q
<Z V(Q”)n(2")fp(2”)> <C (Z“(Q")n@”) <Zf(2k)n(2ﬂ‘)> ) ;

n=0 n=0 k=0
and for p = g = —1, we capture the inequality
o -1 o n -1\ 1
(Z V(2”)77(2”)f_1(2”)> <C (D u@ 2" (Zf@k)n(?k)) ;
n=0 n=0 k=0
that holds if and only if
sup (2 — 1) (fj ( w2 <2“‘>) Alf<2">> <o,
n n=0 \k=0

for the non-negative sequences f(n), u(n) and v(n) and for A(I") = (2—-1) Zﬂ;é v (2%), and
n(2) = (2-1)2%
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Ezample 4. If we assume that u(zr) = x(0,1), v(¥) = X(0,1) + X(1,00) and p = ¢ = —1, then for
a=0,b=00. We can directly simplify Theorem 3 to the resultant inequality that established in [11]

e

where C satisfies the following estimate sup A™'5(p) (Jf A1 5(0u(t)dt) < oo, that for
r€(0,00)

A(t) = [Fvi7P'(t)dt on T = R.
Conclusion

This research formulates novel reverse Hardy-type inequalities with negative indices on arbitrary
time scales, integrating two independent weight functions. Using the reverse Holder and Minkowski
integral inequalities within the time-scale framework, we derive the conditions under which these
inequalities hold the obtained results, generalize and consolidate several classical discrete, continu-
ous, and quantum analogies, building upon the foundational works of Prokhorov, Kufner, and oth-
ers. The main scientific contribution lies in the comprehensive analysis of negative exponents and
the formulation of a unified technique across many temporal dimensions. These results expand the
theoretical framework of Hardy-type inequalities and suggest possible applications in harmonic analysis
and dynamic equations. Future study might investigate multidimensional extensions, applications to
partial dynamic equations, or similar outcomes in broader measure spaces.

Conflict of Interest

The authors declare no conflicts of interest.

References

1 Hardy, G.H. (1920). Note on a theorem of Hilbert. Mathematische Zeitschrift, 6(3-4), 314-317.
https://doi.org/10.1007/BF01199965

2 Hardy, G.H. (1925). Notes on some points in the integral calculus (LX). An inequality between
integrals. Messenger of Mathematics, 54, 150-156.

3 Anderson, K., & Muckenhoupt, B. (1982). Weighted weak type Hardy inequalities with applica-
tions to Hilbert transforms and maximal functions. Studia Mathematica, 72, 9-26.
https://doi.org/10.4064 /sm-72-1-9-26

4 Heinig, H.P. (1985). Weighted norm inequalities for certain integral operators I1. Proceedings of
the American Mathematical Society, 95(3), 387-395. https://doi.org/10.1090/S0002-9939-1985-
0806076-3

5 Muckenhoupt, B. (1972). Hardy’s inequality with weights. Studia Mathematica, 44, 31-38.
https://doi.org/10.4064 /sm-44-1-31-38

6 Kufner, A., & Persson, L.E. (2003). Weighted inequalities of Hardy type. World Scientific.
https://doi.org/10.1142/5129

7 Kufner, A., Maligranda, L., & Persson, L.E. (2007). The Hardy inequalities: About its history
and some related results. Praha: Vydavatelsky Servis Publishing House.

8 Opic, B., & Kufner, A. (1990). Hardy-type inequalities. Harlow: Longman Scientific & Technical.

9 Beesack, P.R., & Heinig, H.P. (1981). Hardy’s inequalities with indices less than 1. Proceedings of
the American Mathematical Society, 83(3), 532-536. https://doi.org/10.1090,/S0002-9939-1981-
0627685-7

20 Bulletin of the Karaganda University


https://doi.org/10.1090/S0002-9939-1985-0806076-3
https://doi.org/10.1090/S0002-9939-1985-0806076-3

Reversed Weighted Hardy-type Inequalities ...

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

Andersen, K.F.; & Heinig, H.P. (1983). Weighted norm inequalities for certain integral operators.
SIAM Journal on Mathematical Analysis, 14(4), 834-844. https://doi.org/10.1137,/0514064
Prokhorov, D.V. (2004). Weighted Hardy’s inequalities for negative indices. Publicacions Mate-
matiques, 48, 423-443. https://doi.org/10.5565/PUBLMAT 48204 08

Kufner, A., & Kuliev, K. (2006). The Hardy inequality with “negative powers”. Advances in
Algebraic Analysis, 1(3), 219-228.

Nguyen, T.L., & Nguyen, V.D. (2001). The Carleman’s inequality for a negative power number.
Journal of Mathematical Analysis and Applications, 259(1), 219-225. https://doi.org/10.1006/
jmaa.2000.7422

Cizmesija, A. (2005). On weighted discrete Hardy’s inequality for negative power numbers. Jour-
nal of Mathematical Inequalities and Applications, 8(2), 273-285. https://doi.org/10.7153 /mia-
08-26

Benaissia, B., & Budak, H. (2021). On Hardy-type integral inequalities with negative parameter.
Turkish Journal of Inequalities, 5(2), 42—-47.

Gogatishvili, A., Kuliev, K., & Kulieva, G. (2007). Some conditions characterizing the “reverse”
Hardy inequality. Real Analysis Exchange, 33(1), 249-258. https://doi.org/10.14321 /realana
lexch.33.1.0249

Heinig, H.P. (1986). Weighted estimates for classical operators. In Nonlinear analysis, function
spaces and applications, 3, 31-53. Leipzig: Teubner.

Kassymov, A., Ruzhansky, M., & Suragan, D. (2022). Reverse integral Hardy inequality on
metric measure spaces. Annales Fennici Mathematici, 47(1), 39-55. https://doi.org/10.54330/
afm.112455

Kassymov, A., Ruzhansky, M., & Suragan, D. (2023). Hardy inequalities on metric measure
spaces, III: The case ¢ < p < 0 and applications. Proceedings of the Royal Society A: Mathemat-
ical, Physical and Engineering Sciences, 479(2269), Article 20220723. https://doi.org/10.1098/
rspa.2022.0307

Kufner, A., Kuliev, K., Oguntuase, J.A., & Persson, L.-E. (2007). Generalized weighted inequa-
lity with negative powers. Journal of Mathematical Inequalities and Applications, 1(2), 269-280.
https://doi.org/10.7153 /IMI-01-24

Kufner, A., Kuliev, K., & Kulieva, G. (2008). The Hardy inequality with one negative parameter.
Banach Journal of Mathematical Analysis, 2(2), 76-84. https://doi.org/10.15352/bjma/124033
6294

Dattoli, G., & Cesarano, C. (2003). On a new family of Hermite polynomials associated
to parabolic cylinder functions. Applied Mathematics and Computation, 141(1), 143-149.
https://doi.org/10.1016 /S0096-3003(02)00328-4

Ramirez, W., & Cesarano, C. (2022). Some new classes of degenerated generalized Apostol-
Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials. Carpathian Mathematical Publica-
tions, 14(2), 354-363. https://doi.org/10.15330/cmp.14.2.354-363

Kufner, A., & Kuliev, K. (2010). Some characterizing conditions for the Hardy inequality.
FEurasian Mathematical Journal, 1(2), 86-98.

Oguntuase, J.A., Okpoti, C.A., Persson, L., & Allotey, F.K. (2007). Multidimensional Hardy
type inequalities for p < 0 and 0 < p < 1. Journal of Mathematical Inequalities and Applications,
1(1), 1-11. https://doi.org/10.7153 /jmi-01-01

Agarwal, R.P., Bohner, M., & Saker, S.H. (2015). Dynamic Littlewood-type inequalities. Procee-
dings of the American Mathematical Society, 143(2), 667-677. https://doi.org/10.1090/proc/
12363

Mathematics Series. No.1(121),/2026 21


https://doi.org/10.5565/PUBLMAT_48204_08
https://doi.org/10.1006/jmaa.2000.7422
https://doi.org/10.1006/jmaa.2000.7422
https://doi.org/10.7153/mia-08-26
https://doi.org/10.7153/mia-08-26
https://doi.org/10.14321/realanalexch.33.1.0249
https://doi.org/10.14321/realanalexch.33.1.0249
https://doi.org/10.54330/afm.112455
https://doi.org/10.54330/afm.112455
https://doi.org/10.1098/rspa.2022.0307
https://doi.org/10.1098/rspa.2022.0307
https://doi.org/10.15352/bjma/1240336294
https://doi.org/10.15352/bjma/1240336294
https://doi.org/10.1016/S0096-3003(02)00328-4
https://doi.org/10.1090/proc/12363
https://doi.org/10.1090/proc/12363

K.R. Abdo

27

28

29

30

31

32

33

34

35

36

37

38

39

Saker, S.H., Mahmoud, R.R., & Peterson, A. (2016). Weighted Hardy-type inequalities on time
scales with applications. Mediterranean Journal of Mathematics, 13, 585-606. https://doi.org/
10.1007/s00009-014-0514-y

Agarwal, R.P., O’'Regan, D., & Saker, S.H. (2016). Hardy type inequalities on time scales.
Springer. https://doi.org/10.1007/978-3-319-44299-0

Bohner, M., & Peterson, A. (2001). Dynamic equations on time scales: An introduction with
applications. Birkhauser. https://doi.org/10.1007/978-1-4612-0201-1

Bohner, M., & Peterson, A. (Eds.). (2003). Advances in dynamic equations on time scales.
Birkh&user. https://doi.org/10.1007/978-0-8176-8230-9

Bibi, R., Bohner, M., Pecari¢, J., & Varosance, S. (2013). Minkowski and Beckenbach-Dresher
inequalities and functionals on time scales. Journal of Mathematical Inequalities, 7(3), 299-312.
https://doi.org/10.7153 /jmi-07-28

Saker, S.H., Awwad, E., & Saied, A. (2019). Some new dynamic inequalities involving monotonic
functions on time scales. Journal of Function Spaces, 2019, Article 7584836. https://doi.org/
10.1155/2019 /7584836

Zhao, C.J., & Cheung, W.S. (2016). Holder’s reverse inequality and its applications. Publications
de UInstitut Mathématique, 99(113), 211-216. https://doi.org/10.33048 /semi.2019.16.048
Saker, S.H., Osman, M.M.; O’Regan, D., & Agarwal, R.P. (2021). Characterizations of reverse
dynamic weighted Hardy-type inequalities with kernels on time scales. Aequationes Mathemati-
cae, 95(1), 125-146. https://doi.org/10.1007/s00010-020-00759-6

Bohner, M., & Georgiev, S.G. (2016). Multiple integration on time scales: Multivariable dynamic
calculus on time scales. Springer. https://doi.org/10.1007/978-3-319-47620-9 7

Saker, S.H. (2014). Hardy-Leindler type inequalities on time scales. Applied Mathematics €
Information Sciences, 8(6), 2975-2981. https://doi.org/10.12785/amis/080635

Saker, S.H., Osman, M.M., & Abohela, I. (2020). New characterizations of weights in Hardy’s
type inequalities via Opial’s dynamic inequalities. Journal of Computational Analysis and Ap-
plications, 28(6), 1072-1085.

Yang, B. (2007). On a new Hardy type integral inequalities. International Mathematical Forum,
2(67), 3317-3322.

Benaissia, B., & Sarikaya, M. (2020). Generalization of some Hardy-type integral inequality with
negative parameter. Bulletin of the Transilvania University of Brasov, Series I1I: Mathematics,
Informatics, Physics, 13(1), 69-76. https://doi.org/10.31926 /but.mif.2020.13.62.1.6

Author Information™

Khadega Reda Abdo — Doctor of Pure Mathematics, Assistant Professor, Department of Mathe-
matics, Rustaq College of Education, University of Technology and Applied Science, Al Rustaq, Sul-
tanate of Oman; e-mail: khadija.abdo@utas.edu.om; Lecturer, Department of Mathematics, Faculty
of Science, Fayoum University, Fayoum, Egypt; e-mail: kra00@fayoum.edu.eg; https://orcid.org/0009-
0007-9292-1155

*Authors’ names are presented in the following order: first name, middle name (if any), last name.

22

Bulletin of the Karaganda University


https://doi.org/10.1007/s00009-014-0514-y
https://doi.org/10.1007/s00009-014-0514-y
https://doi.org/10.1155/2019/7584836
https://doi.org/10.1155/2019/7584836

Bulletin of the Karaganda University. Mathematics Series, No. 1(121), 2026, pp. 23-36

https://doi.org/10.31489/2026M1/23-36 Research article

Stability and existence of multiperiodic solutions for second-order
linear equations with a diagonal differentiation operator
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The stability of differential equations with periodic and quasiperiodic coefficients is a central topic in modern
stability theory, with important applications in mechanics, physics, and dynamical systems. A classical re-
sult in this area is the Lyapunov integral criterion, which provides stability conditions for linear second-order
equations with periodic coefficients. In this paper, we extend this criterion to equations with quasiperiodic
coefficients. Our analysis is based on the method of periodic characteristics, which has proven effective
in the study of multiperiodic solutions for systems with a diagonal differentiation operator. Within this
framework, the multiperiodicity condition is reduced to a functional equation, and a Floquet-type represen-
tation of the matricant of the associated system is derived. This representation shows that multiperiodicity
of solutions follows from the purely imaginary nature of the characteristic multipliers and the periodicity
of the helical characteristics. The obtained results confirm that the Lyapunov integral criterion remains
valid for equations with quasiperiodic coefficients. More generally, they demonstrate the effectiveness of the
characteristic method for analyzing stability in complex dynamical systems, thereby extending the scope
of classical stability theory.

Keywords: Lyapunov integral criterion, stability analysis, periodic coefficients, quasiperiodic coefficients,
periodic characteristics method, multiperiodic solutions, Floquet theory, differential equations.

2020 Mathematics Subject Classification: 34D20, 34C25, 34C27, 37C55.

Introduction

The Lyapunov integral criterion for the stability of linear second-order differential equations with
periodic coefficients is a fundamental result in stability theory. In this paper, we extend this criterion
to the case where the coefficients are quasiperiodic. Thus, our study addresses the stability of linear
equations with both periodic and quasiperiodic coefficients.

The analysis is based on the method of periodic characteristics developed in [1,2], which has been
successfully applied to the study of multiperiodic solutions of systems with the diagonal differentiation
operator. Classical results on the theory of stability and periodic solutions of differential equations,
including the Lyapunov integral criterion, are presented in [3,4]. Fundamental results on systems
of partial differential equations and characteristic methods are discussed in [5]. The theory of almost
periodic and almost multiperiodic solutions for ordinary, partial, and evolutionary differential equations
is developed in [6-8]. These works provide the theoretical background for the stability analysis and
the formulation of multiperiodicity conditions in terms of functional-difference equations.

Unlike traditional approaches, the method proposed in [1,2]| represents the multiperiodicity con-
dition for D-equations as a functional equation, enabling the use of a Floquet representation for the
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matricant of the associated system. The multiperiodicity of solutions then follows from the purely
imaginary nature of the multipliers and the periodicity of the helical characteristics.

Research on multiperiodic solutions of systems with differentiation along characteristics has been
further advanced in [9-11|. Further developments concerning periodic and impulsive evolution equa-
tions are discussed in [12-14]. The existence and multiplicity of periodic and multiperiodic solutions for
second-order and parameter-dependent equations are investigated in [15-18|. Methods based on differ-
entiation along characteristics and diagonal operators have received international recognition through
publications in leading scientific journals [19,20]. Related solvability and boundary value problems
for parabolic, nonlocal, loaded, and hyperbolic equations are considered in [21-23], as well as in more
recent studies [24].

Beyond its theoretical significance, stability analysis of systems with periodic and quasiperiodic
coefficients has a wide range of applications. These include oscillatory processes in mechanics, signal
propagation in physics and engineering, and models of dynamical systems with multiple interacting fre-
quencies. In such contexts, stability criteria are essential for predicting long-term behavior, preventing
undesirable oscillations, and ensuring reliable system performance.

The purpose of this article is twofold: (i) to establish the applicability of the Lyapunov integral
criterion to linear second-order equations with quasiperiodic coefficients, and (ii) to demonstrate the
effectiveness of the periodic characteristics method in stability analysis of such equations.

1 Main results

Consider the equation with respect to z = z(7,t), 7 € (—00,+00) = R, t = (t1, ..., t;m) € RX...XR =
R™ of the form

d = 0
2 _ _ Y v
D*z+a(r,t)Dz 4+ b(1,t)z=0, D= 5 + ]21 (,%j, (1)

a(r +0,t +w) = a(r,t) €% CLE(R x R™), b(r +0,t +w) = b(r,t) € C7 (R x R™),
wo =10, w=(W1,.e,wWm), wi/wj € Qi,j=0,m), D*2= D(Dz),

where @ is the set of rational numbers.

e’wC'ff(R x R™) is class (0, w)-periodic in (7,t) € R x R™ function smoothness in them («, ).

1) In the study of any problem for multiperiodic equations with a directional differentiation ope-
rator, the Cauchy characteristic method is used. The characteristic equations link the independent
variables, and some of them lose their independence. For example, in our case, the variables ¢;,j = 1,m
become functions of the variable 7 : ¢; = h;(7), j = 1,m. Since the system is #-periodic with respect
to 7, it is desirable that h;(7) have the property of #-periodicity: h;(7 4+ 0) = hj, j =1,m.

If the characteristic equation of the operator D

j—f_ =e, e=(1,...,1), (2)
on a manifold of the type of Euclidean space with Cartesian coordinates, then the characteristics do not
possess this periodicity property. Consequently, it is necessary to change the type of manifold where the
field (2) defines #-periodic characteristics. It turns out that the typical manifold is a multidimensional
cylindrical surface [1, 3].

dt;

dr
Consider the surface of a straight circular infinite cylinder with circumference Sy of length 6 = 27r.
Then the solutions t; = n; + 7 — & = (1 — £, ;) along the cylinder perform a helical motion of the
period 6, i.e., the point (7,t;) moves along a helical line. Consequently, the direct product of such

~1. (3)
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motions is a motion on the surface m of an M™ = M x ... x M, (1,t;) e M =R x Sy, j =1,m
multidimensional cylindrical surface.
Thus, according to [1,2], the equation

t=p(r=&n) = Bt =& m), o BT = & 1m)) (4)

represents a multidimensional helical line defined by the equation (2)-(3), possessing the properties of
periodicity and the group
/B(T+0 _5777) = ﬁ(T _§7n)7

Blr=&n+w) =BT —&n) +w, ()
P& —0,B(c—7,t) =€ = T:1),

where n = (1, ..., m)-
It turns out that, for our purpose of multiperiodic solutions, it is expedient to consider the problem

on m-dimensional cylindrical surface (7,t) € M™.
Note that the equation (4) represents the characteristics of the operator D, and equation

n=pB(E-T1) (6)

there is an equation of the first characteristic integrals:

Dp(& —T,t) =0. (7)

Usually, the problem is investigated along the characteristics (4), and the results of the investigation
are formulated in terms of the first integrals (6). The transition from characteristics to integrals and
vice versa is realised by the property of the group from (5).

A sign of the appropriateness of the manifold is the equivalence of (0, w)-periodicity of the solution
x(7,t) of the system according to (7,t) with (6, 8, w)-periodicity of the composition z(o, f(o — 7,t)) =
z(&,m) o (o, B(0 — 7,t)) according to (o, 7,t) on this manifold at o € R.

It is obvious that this principle holds only on the cylindrical manifold M™.

2) It is widely known in the literature [3| that Lyapunov’s integral criterion for the stability
of periodic motions described by a second-order equation with an ordinary differentiation operator
D=4,

An interesting question is whether this property remains valid when the motions are multi-frequency,
i.e., quasiperiodic.

This question will be explored below based on a rotational-linear modification [1,2] of Kharasahal’s
method [6].

To make it easier to control the equation (1), we should reduce the number of determining para-
meters a and b. To this end, let us set

_1
2
z=e€

O—3

a(o,B(c—T,t))do
x, (7,t)e M™. (8)

Taking into account (7), we write the equation (1) as
D2z + p(r,t)z =0 9)

with a single coefficient p(7,t) of the form

1 1 .
p(r+0,t +w) = p(r,t) = b(r. 1) = Ja(r, £)? — jDalr,1) € S (mm).
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3) Next, we represent the equation (8) as a system

DZEl = T2,
0 =~ 0
Dzy = —p(1,t)z1, D= —+ Z -, (10)
or = ot;

p(7 +0,t +w) = p(r,t) € CO (M™),

where x = 7.
In order to construct a fundamental system of solutions

_(elnt wm
X0 = (5500 D) )

From (10), we will construct solutions ¢(7,t) and (7, t) of equation (9) that satisfy the conditions
o(T,t)lr=0 =1, De(7,t)lr=0 =0, (12)
(7, t)lr=0 =0, Dip(7,t)|r=0 = 1. (13)

We will determine these solutions using the auxiliary equation
D% = up(r, )% (14)

in the form of power series with respect to the parameter pu.
In accordance with this, we set

o(r,t,p) = ngth (15)

Substituting (15) into (14) and equating the coefficients with the same powers of the parameter p,
we have
D*po =0, ¢0(0,t) =1, Dyo(0,) =0, (16)

D2Q0k<7—7 t) = p(T7 t)@k,l(T, t)? QDk(O,t) = Dgpk(07t) =0, k=1,2,.. (17)
Then, from (16) and (17) we have

wo =1, i(1,t) = /dal/p(@ﬁ(a—ffl,ﬂ(al —7,t)))do =
0 0

I
\ﬂ
IS

o1 p(Uuﬁ(O-_Tv t))da =
/

0
- / (r — 0)pla, Blo — 7))o,
0

(r—0o)p (o0 —=7,t) - pr—1(0,B8(c — 1,t))do, k=1,2,... (18)

o\
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Evaluating (18) at |p(7,t)| < A = const > 1, we obtain

A 2
’@17t|<A/T—U |27'—‘7
/ !
.
AO_Q A T0'3 0‘4 T A27_4
ferlm B)] < /(T_O)A'z! ] [3_4] T

0
If we set |pr(T,t)| < A%, then ¢g11(7,t) satisfies the estimate

° Nk g2k
lpkr1(T,t)| < /(T—O’)A' k) do| <
0

Ak'H
<
= (2k)!

Therefore, by virtue of (16)—(19), the series (15) converges at |u| < po, |7| < T with any finite
constants pg and 7.

,7_0.2k+1 2k+2

2%k+1  2k+2

Ak—&-l ‘7_|2k+2

k=0,1,2,... 19
’0 (2]€+2)' ) 5ty Ay ( )

Then, setting ;x = —1, we obtain the solution
(0.9]
p(r1) = = 3 (-1, 1) (20)
k=0

of equations (14) at u = —1, therefore, equations (10) satisfy the condition (12).
In a similar way, we determine the solution v(7,t) of the initial problem (10)-(13), setting

Y(1,t) = (1, t, 1)|y=—1 and

Bt ) = Zwm Bt om0 = 0, DOyt p)lrmo = 1, (21)

where ¢(7,t, p) is the solution to problem (14) with initial condition (21) with coefficients (T, 1),
k=0,1,2,..., which are determined sequentially by the formulas

T

Yo(r,t) =7, Yi(r,t) = /(T —o)p(o, B(o —7,t))Yg—1(0, (0 — 7,t))do, k=1,2,.. (22)

0
Thus, we have estimates
T r To o3 LR
in(rl < I il < | [t = oyodo| < 2T - T g = 2L
0
AR (2h1 o Ak |72k
()< =—— ] < A — o) APy = —
s ()] € S Wlno) < 8| [ (7= o)k lo | = Sl

0

for which the series (21) converges absolutely and uniformly in finite domains: |u| < po, 7| < T
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Then we obtain the second solution (7,t) of equation (10) in the form

o0

= (—=)Fyu(r,1), (23)

k=0

by setting = —1 from (21) with coefficients (22).
It is not particularly difficult to show that these solutions (20) and (23) are differentiable.
Thus, we have

=Y (-0 Dau(rnt), Dalrit) = [ p(o 5o - m )il flo -~ m)do, (20
0

k=1

T

1+ Y (-0 DU ), Diu(rit) = [ plo: 5o = 7.)inr(a: 6o — 7. 0))do

k: 0

and based on them we obtain the matrix X (7,t) of system (10).
4) It is easy to show that the determinant

w(T,t) = det X (7,t)
of the matrix X (7,¢) of system (10) satisfies the equation
Dw = SpP(7,t) - w, w|r=0 = detX(0,1),

where SpP(7,t) is the trace of the matrix. P(7,t) of the form

P(r 1) = <_p(07, ) (1)>

of system (10) and is equal to the sum of its diagonal elements:
SpP(r,t) =0.

Therefore,
w(T,t) = 1.

The proof of this Ostrogradsky-Jacobi formula is similar to the proof based on linear characteris-
tics [6]. Therefore, we will not dwell on the proof.
Statement 1. For the matricant (11) of system (10), the Ostrogradsky—Jacobi formula holds true

fTSpP(O',B(O',T,t))dO'
detX (1,t) = €0 =1
5) The matricant X of the system
D= P(r, ), P(r+0,t+w) = P(r,1) €% C5(M™) (25)

has the properties
X(7,t) = P(r,t) X (1,t), X(0,t) =

X(r,t+w) = X(r,1) €% ClL) (M™), (26)

X(t+6,t) = X(1,t)X(0,8(—71,t)), (7,t) € M™,
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where E is the identity matrix.
Then, by virtue of (26), we have

X(1+k0,t) = X(1,6)X*(0, B(—7,1)), k=0,1,2,....
Hence, setting 7 = 0, we obtain
X (k6,t) = X*(0,t), (kb,t) € M™, k=0, Foo.

For any fixed value of t = 7, we have the logarithm

1 1
@LnX(kG,n) = éLnX(G,n), k=1,00.

From here, moving to the limit at £ = k@ — oo, we obtain

1

1
0 *L”X(fﬂ?)a (6377) e M™.

= lim
£—00 {

LnX(6,n)
Further, setting
LnX(0,n) = A(n), (6,n7) € M™,

we have the representation
X(0,n) = e, ne sy

Due to the arbitrariness of n € Sp*, from the properties (26) we obtain
Aln+w) = An) € I (S5).

For the first integral n = B(—7,t) corresponding to the value 1 from the last two equalities, the pro-
perties follow
X(0,8(—7,t) = e/\(ﬁ(—ﬂt))7

A(/B(_T - (9,75)) = A(ﬁ(_T’t))’
AB(—7,t+w)) = AB(—T,t) + w) = A(B(—T,1)), (1,t) € M™.

As a result, due to last equalities from (26), we have the Floquet representation for the system (25)
of the form

X(7,t) =Y(r,)ed M0 (2 8y € M™, (27)
Y(r,t) = X(r,0)e P Y (7 46,t + w) = Y (7, 1) € O (M),

Then we can formulate the reducibility theorem.

Theorem 1. The linear system (25) can be reduced to the form
z=Y(r,t)y, (r,t)eM™ (28)

using the transformation can be reduced to the system

Dy = %A(B(—T, )y, () € M™. (29)
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Corollary 1. A quasiperiodic linear system

dx dt
_— = P -_— =
dr (.1)z, dr

by means of a quasiperiodic substitution

e, P(r+0,t+w)=P(r,t) e *“C%) (R x R™) (30)

x=Y(r,0(r,n))y, TER, neER" (31)
can be reduced to the system
Y= Aw) (32)
ar g Y

with any fixed n € R™, where 7 is the value t in the neighbourhood of which the question of reduction
is considered, t = §(7,n) is the diagonal characteristic originating from the point (0, 7).

Theorem 1 remains valid for rectilinear motions, therefore, the characteristic ¢ = g(7,n) can be
replaced by t = §(7,7n). Then, from the theorem follows consequence 1 regarding equations (30), (32)
and transformation (31) in accordance with systems (25), (29) and substitution (28).

Note that if we wrap an isosceles right triangle with side 6 around a straight circular cylinder with
circumfgrence 6, then the hypotenuse of the triangle becomes a harmonic spiral with pitch ¢ = 45° :

t .
tgo=4=1
. 2T T 2nT T
u=7T, v=rsin— =rsin—, w=7COS—— =7COS—.
r

0 r 0

S i = Sei = 7 the length of the arc AC and the length of the rise CE are equal to 7.

These geometric interpretations clearly show the connection between rectilinear and circular mo-
tions. The measurement of the lengths of circular arcs of a helical line is automatically transferred to
the measurement of segment lengths. The main barrier to understanding is psychological in nature
and related to the topology of surface lines.

Next, we will examine the question of the stability of the motions described by the system of
equations (10) based on the multipliers of the monodromy matrix X (6, 7).

To this end, let us consider the characteristic equation of the matrix X (0,n) and, based on
(10)-(13), (20) and (23), we have

wm) —p  P(0,n)
det| X (0,n) — pFE] = =
X0 =L =1"Doo,n)  Duo.m) —p
Obviously, from the characteristic equation h(n, p) = det| X (6,7n) — pE] of the monodromy matrix
X (0,n), it follows that the function h(n, p) is w-periodic in 1 and continuously differentiable with res-
pect to its arguments; moreover, in our case, the roots are distinct: p1(n) # p2(n) and nonzero. When

the multiplicities of the roots do not depend on the independent variable 7, they can be determined
using the implicit function theorem, according to which the properties of the coefficients are inherited
by the roots of the equation. Consequently, we obtain p;(n + w) = p;(n) € C',(Ze) (R™),i=1,n and the
existence of the logarithm of the monodromy matrix X (6, 7).

From this, taking into account Statement 1, we obtain

p?—ap+1=0, (33)
where a = a(n) is determined by the relation
a(n) = @(0,1) + DY(8,7), a(n+w) = a(n) € CL (S5, (34)

which can be called the Lyapunov’s multiperiodic characteristic coefficient with respect to the param-
eter n for the system (10).
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By virtue of (18) from (20) we have

0
9 77 _1 / —01 01, (Jl,n))d01+
0

7] o1
+/ — o1)p(o1, B(o1,1))doy /(01 — 02)p(o2, B(0o2,n))dos + ...+
0 0

/dalo/daz 0/ —o1)(01 — 02)...(0k—1 — ox)p(o1, B(01,m)))...p(0k, B(ok,n))dok + ...

Similarly, due to (23) and (24), we have

0
Dy(0,m) =1 — /alp(al,ﬁ(al,n))daﬁ
0

0 o1 0 o1
+ p(Ul,B(Jl,n»dUl (01 —Jg)ng(Ug,ﬂ(Jg,?]))dUg—i—...—i—(—l)k do dos...
/ / [

Ok—1

: / (0 — o1+ 02)(01 — 02)...(0k—1 — ox)p(01, B(o1,n))p(0o2, B(02,M))...D(0k, Blok, n))dok + ...
0

Due to last two equalities, from (34) we define the Lyapunov characteristic coefficient of equa-
tion (33) for the second-order multiperiodic system (10) in the form

0
a() =20 / p(01, Blor,m))dor +
0

/d0'1 / — 01 + 02 Ul - 0'2)17(0'1’ ﬁ(alan))p(027 5(‘72777))d02 + ..+

—1)]€ do dos... dog_1 (9—01+ak)(01—02)...(ak,1—ak)p(al,ﬁ(al,n))...x
[ [ [ ]
X ...p(ok, B(ok,n))dok + ... (35)

Next, let us assume that p(7,¢t) < 0 on M™, i.e., a sign-negative function, and there exists a point
(&,m) € M™ such that

p(&,n) <0, (§n) € M™. (36)
Then fep(a, B(o,n))do < 0 and
0
0 o1 Ok—2 Ok—1
(—1)* [ doy [ do ... dog—1 [ (0 —o1+0x)(01 — 02)...(0k—1 — ok)p(01, B(071,7))... X
[ ] o]
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X...p(ok, B(ok,n))dor, >0, k=1,2,...
Consequently, from (35) and (36) we have
a(n) > 2

and the roots p1 2 of equation (33) are distinct and real, and

1 1
,0125((1— a? —4) <1, P2=§(a+\/m>>l‘ (37)

Since the solution z(7,t) of system (10) with the initial condition
#(r Ole= = 2°(1) € €17 (57")
by virtue of (27) at n = S(§ — 7,t), in accordance with Theorem 1, defined by the relation
z(r,t) = Y (7, 0)ed "X OPETNL0(5(¢ - 7.1)),

then from the properties of the multipliers p; 2 (37) we have the instability of the system (10), and
therefore of the equation (9).
Thus, we can formulate Theorem 2.

Theorem 2. Equation (9) with (6,w)-periodic (0, e)-smooth sign-negative function p(7,t) # 0 at
(1,t) € M™ is unstable, and its multipliers are positive, with one of them greater than unity and the
other less than unity.

Now let us consider the case where p(7,t) # 0 is positive, i.e. there exists a point (£,7) where

p(&n) > 0.
Next, we estimate the multiperiod Lyapunov characteristic coefficient a = a(p), which depends on

the parameter p € Sg*, and we have the inequality

0
Il = 9/19(01,5(0'1,77))610'1 > 07 pe S;n
0

Along with this, let us assume that p(7,t) satisfied the condition

6
9/p(0—175(017n))d0—1 S 4, pE Sgl (38)
0

Then, taking into account 0 < o} < 01, 6 — 01 + 0 < 6 and
(0 — o014 0pt1)(0k — Op41) < Z(Q—Jl—l—ak) < 1(9—01"‘010

by virtue of the estimate zy < ( xQﬁ)Q, we obtain the following estimate:

0 o1 Ok—1 (3
Ty I/dfn/daz--- / doy, /(9—01+0k+1)(01 — 02)...(0) — ok41)p(01, B(01,7))...
0 0 0 0
0 o1 Ok—2 Ok—1
X...p(0k+1,ﬁ(0k+1,n))d0k+1—/ddl/ddg... / dog_1 /(9—01+0k+1)(01—02)...x
0 0 0 0
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ok
X...(ok—1 = op)p(a1, B(o1,m))...p(ok, B(ok,n))doy, - /(Uk = 0k+1)P(Okt1, B(Oky1,1m))diy1 <
0
0 o1 Ok—2 Ok—1
< /(9 — 01+ k1) (0% — Ok+1)d0k41 /do’l... / dog_1 / (01 — 02)...(0k—1 — o)) X
0 0 0 0

0
><p(01,5(01,U))---P(Ukyﬁ(ak,n))dak/p(0k+1,5(0k+1777))d0k+1 <
0

0 o1 Ok—2 Ok—1
0
< /dal/dag... / dop_1 / 1(9—01—1—0@(01 —09)...(0k—1 — or)p(o1, B(o1,Mm))... X
0 0 0 0

0 0
<o, Blow oy [ plo, 8o m)do = [ p(o.Blon))do - .
0 0

From this, by virtue of (38), we have
0<Ixi1(n) <Ix(n), Ix(n) =0 at k— co.
It is obvious that the series

a(n) =2—Ti(n) + L(n) — Is(n) + ... + (=" L(n) + ..., n€ S5,

are series. Leibniz, however, the estimate

0
H/paﬂan ))do < a <2, nesSy,
0

ie., —2<a<?2.
Consequently, the roots p;/9(n) = % )+ a — 4] are distinct and complex conjugate, and

’p1/2(77)’ =1
Thus, the solution of the system (10), and therefore the equations (9), are bounded for all n € Sp*,

i.e., they are stable.

Theorem 3. Equations (9) with (0, w)-periodic smooth positive function p(r,t) # 0 multipliers
p1.2(n) under the condition of Lyapunov

0
0<0 [ (0.l )dr <4, ne sy (39)
0
are distinct, complex conjugate, and their moduli |py/5(n)| = 1, and therefore equation (9) is stable.

In conclusion, considering that equation (9) is an extended representation of an ordinary differential
equation with a quasi-periodic coefficient of the form

d2
r?
p(7 40, +w) = p(r,t) € CGV (R x R™), p(r,t) #0,

the Theorem 3 is also valid in the case of (40), and we have the following important corollary, where
er = B(r,0).

x(r,er) + p(r,er)x(1,eT) = 0, (40)
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Corollary 2. If the coefficient p(7,t) of equation (40) is positive and satisfies inequality

0
0< H/p(o', eo)do < 4,
0

then all solutions of this equation are limited along with their first-order derivatives on the numerical
axis R, therefore, equation (40) is stable, and the multipliers p; /5(0) are different, complex conjugate
and [py2(0) = 1.

The proof of Corollary 2 follows from Theorem 3 at n = 0, and last condition is derived from (39)
at zero 1. The limitation of the first derivatives of solutions is due to the fact that equation (40) is
equivalent to a system of two first-order equations.

Conclusion

It should be noted that the Lyapunov method is closely related to the approach proposed
by V. Kharasakhal concerning the transition from the ordinary differentiation operator to the
D-differentiation operator along the diagonal, defined on a multidimensional cylindrical manifold.
Within this framework, it becomes possible to investigate the stability of the Mathieu equation with
quasiperiodic coefficients, which represents an important applied aspect of the present study.

If the multiperiodic coefficient of the considered equation is given in a stepwise form with respect
to each variable, then, in the purely periodic case, methods of numerical analysis can be effectively
employed for qualitative investigations.

Overall, the conducted research provides promising prospects for the further development of the
theory of multifrequency oscillations described by Lyapunov-type equations.
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A Boundary Value Problem for a Time-Fractional Diffusion Equation
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This article deals with the fundamental problems in the mathematical theory of fractional differential
equations, specifically focusing on the analytical solvability of boundary value problems in time-dependent
domains. The relevance of the study implies the necessity of developing methods for equations with non-
local operators modeling anomalous diffusion. A one-dimensional diffusion equation containing a Riemann-
Liouville fractional derivative with respect to time is examined. The characteristic features of the problem,
posed in a non-cylindrical domain bounded by a moving linear boundary and a fixed spatial coordinate,
are analyzed. The need to handle inhomogeneous boundary data is identified, and the problem is initially
reduced to one with homogeneous conditions. On the basis of the study, the author constructs the fun-
damental solution in a quarter-plane by means of the bilateral Laplace transform and obtains the Green
function for the Dirichlet problem. It is shown that the solution can be expressed through an integral rep-
resentation in terms of a specific boundary density. This density satisfies a Volterra-type integral equation
with a weakly singular kernel. Using the contraction mapping principle, it is proved that this equation
has a solution. Consequently, the existence of a regular solution to the original boundary value problem is
established.

Keywords: time-fractional diffusion equation, Riemann—Liouville derivative, infinite memory, non-cylindrical
domain, shrinking domain, Dirichlet problem, Green function, fundamental solution, Wright function,
bilateral Laplace transform, Volterra integral equation, weakly singular kernel.
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Introduction

Over the last decades, time-fractional diffusion equations have been intensively studied as models
of anomalous transport in complex media. For single-term equations on the whole line or in R"”, the
Cauchy problem has become classical. Using Laplace and Fourier transforms, the fundamental solutions
can be represented in terms of the Wright and M-Wright functions, and their probabilistic interpretation
as self-similar densities is well understood [1,2]. These kernels provide the natural building blocks for
Green functions in bounded geometries and for the analysis of qualitative properties such as positivity
and scaling.

A large body of work addresses initial-boundary value problems in cylindrical domains with fixed
spatial cross-section. For one-dimensional problems with Caputo time-fractional derivatives, a maxi-
mum principle and related a priori estimates were established in [3] and later extended to weak solutions
and general elliptic operators in [4]. For equations with Riemann-Liouville derivatives, Pskhu devel-
oped a Green-function method for one-dimensional boundary value problems: in particular, explicit
representations for the first boundary value problem on a finite interval and for related boundary
value problems in rectangles were obtained in [5,6]. These contributions show that, in a fixed domain,
boundary data can often be reduced to Volterra integral equations with weakly singular kernels.
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Time-fractional diffusion in unbounded or semi-bounded domains has also been investigated. In [7]
a time-fractional diffusion equation with mass absorption in a quarter-line was solved under a Dirichlet
boundary condition that is harmonic in time; combining Laplace transform in time and sine transform
in space yields an explicit solution as a superposition of Wright-type kernels. For numerical purposes,
boundary integral equation approaches have been developed: Yao and Wang proposed a boundary-
integral scheme for the time-fractional diffusion equation, where the solution is expressed as a single-
layer potential and the time dependence is treated in the Laplace domain [8].

The geometry of the spatial domain plays a subtle role once the boundary is allowed to move.
A step towards non-cylindrical domains for time-fractional equations was taken by Kubica, Rybka,
and Ryszewska, who considered a one-dimensional heat equation with Caputo time derivative in a
noncylindrical region and established existence of weak solutions via the Galerkin method [9]. On
the other hand, Pskhu solved the first boundary value problem for a diffusion-wave equation with a
fractional time derivative of Dzhrbashyan—Nersesyan type in a non-cylindrical domain, derived a Green
representation and proved that Holder regularity of the lateral boundary ensured existence [10].

Moving-boundary problems of Stefan type provide another important class of non-cylindrical con-
figurations. Roscani analysed a one-dimensional time-fractional diffusion equation with a free boun-
dary, employing a fractional weak maximum principle and constructing exact self-similar solutions in
terms of Wright functions [11]. Kubica and Ryszewska studied a time-fractional Stefan problem with
Riemann—Liouville flux, derived a self-similar formulation, and obtained explicit similarity solutions
describing phase-change fronts with memory [12].

A further line of research relevant for the present work concerns equations with fractional derivatives
whose lower limit is shifted to minus infinity. Diffusion-wave equations with such derivatives model
processes with “infinite memory” and require the introduction of appropriate asymptotic boundary
conditions instead of classical initial data. Pskhu and Rekhviashvili constructed Green functions for
an asymptotic boundary value problem on the real line, proved solvability in weighted function spaces,
and discussed applications to fractional electrodynamics [13|. Their analysis shows that the choice of
the lower limit in the fractional derivative substantially affects both the functional setting and the
structure of Green representations.

Angular domains create additional difficulties due to corner singularities and the interplay between
spatial and temporal degeneracies. For fractional diffusion equations with time-fractional derivatives
starting at ¢t = 0, a boundary value problem in a curvilinear angle was solved in [14]. The authors
proved existence in weighted Holder spaces, demonstrating that the Holder continuity of the boundary
curve suffices to control the singular behaviour near the vertex. More recently, it was considered the
first boundary value problem for a fractional diffusion equation in a degenerate angular domain whose
opening shrinks to a point at the initial time [15]. They showed that the associated boundary integral
equations are no longer of standard Volterra type; nevertheless, by a careful analysis of Wright kernels
and Carleman—Vekua regularisation they obtained existence results in suitable weighted classes.

Loaded fractional diffusion equations, in which the partial differential equation contains additional
integral or fractional-differential terms supported on lower-dimensional sets, form another active re-
search direction. Boundary value problems for a diffusion equation with a fractional load supported on
a straight ray were studied [16]. Depending on the position of the supporting line and on the order of
the fractional operator in the load, the resulting boundary integral equation may be of genuine Volterra
type, of pseudo-Volterra type, or even fail to have a unique solution, illustrating the delicate interplay
between nonlocality and geometry.

Finally, a number of generalisations replace the Caputo or Riemann—Liouville derivative by more
flexible operators. Of particular interest are diffusion models driven by g-fractional derivatives with
respect to a monotone function g. Angelani and Garra analysed g-fractional diffusion in bounded
domains with absorbing boundaries, obtained explicit series representations of the solution, and studied
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first-passage time distributions and their dependence on the choice of g [17]. These models demonstrate
how non-standard fractional operators can be combined with boundary conditions to generate rich
transient behaviours.

Against this background, the present paper addresses a boundary value problem for a time-
fractional diffusion equation with Riemann—Liouville derivative of order 0 < o < 1 whose lower limit
is —oo, posed in a non-cylindrical domain

Q={(z,t):0<x < —t, —oo <t <0}

The domain degenerates to a point as t — 07, and the boundary conditions are prescribed on both the
fixed boundary x = 0 and the moving boundary x = —t. To the best of our knowledge, no previous
work combines simultaneously (i) an infinite-memory Riemann—Liouville derivative, (ii) a genuinely
non-cylindrical domain whose lateral boundary originates at a single point, and (iii) boundary data
given on two intersecting time-like curves.

Methodologically, our approach is close in spirit to the Green-function constructions in [5, 10, 13]
but differs in several essential aspects. We first construct a fundamental solution in the quarter-plane
x > 0, t < 0 using the bilateral Laplace transform with respect to time and derive from it a Green
function for the Dirichlet problem on the quarter-line, expressed explicitly through Wright kernels [1,2].
This Green function is then employed to represent the solution in the non-cylindrical domain in terms
of boundary layer potentials, leading to a Volterra-type integral equation for an unknown boundary
density on the moving boundary. The kernel of this equation exhibits only a weak singularity, so the
problem is well posed in a weighted Banach space of functions on (—o0, 0]; existence follows from the
contraction mapping principle. In this way we obtain an explicit Green representation for the regular
solution and identify natural conditions on the right-hand side. The results thus extend the potential-
theoretic approach to time-fractional diffusion into a new regime where both nonlocality in time and
degeneracy of the spatial domain at the initial moment must be treated simultaneously.

The paper is organized as follows. In the introduction we formulate the boundary value problem
for the time-fractional diffusion equation with the Riemann-Liouville derivative on the non-cylindrical
domain and introduce the notion of a regular solution. In the next section we reduce the problem
with inhomogeneous boundary data to an equivalent problem with homogeneous boundary conditions
by an explicit transformation. We then construct in the quarter-plane a fundamental solution of the
fractional diffusion equation by means of the bilateral Laplace transform in time and derive the Green
function for the Dirichlet problem on the quarter-line. Using this Green function, we obtain in the
non-cylindrical domain an integral representation of the solution in terms of volume and boundary
layer potentials. The boundary conditions on the moving boundary lead to a Volterra-type integral
equation with a weakly singular kernel for an unknown boundary density. Finally, we introduce a
suitable weighted Banach space, study the corresponding integral operator, and prove existence of the
boundary density, and hence of the regular solution to the original boundary value problem, by the
contraction mapping principle.

1 Problem statement

Let 0<a<landset 3= € (O, %) . We consider the fractional diffusion equation

D¢ u(x,t) — @(x t) = f(x,t) (1)
—oot ) 81‘2 9 - Y Y
in the non-cylindrical domain
Q={(z,t):0<xz < —t, —00o<t<0}. (2)
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Here D%, denotes the Riemann-Liouville fractional derivative of order ae with respect to t with lower
limit —oo0.
We impose boundary conditions on both sides of the space interval:

u(0,t) = p(t), u(—t,t) = ¢(t), —oo <t <0. (3)

The right-hand side f and the boundary data ¢, 1 will be specified later. Our aim is to construct
a representation for the solution of (1), (3) and to obtain conditions on f for the existence of a regular
solution.

1.1  Preliminaries

For 0 < a < 1 the Riemann—Liouville derivative D% __, is defined by

—oot

0
D¢ u(x,t) = — Da;}tu(x,t),

ot~
where
1 t
Da—l —_ _ —a )
") = e / (= "uer)dr
We also use the notation
y—1
h~(s) = ;(7), s>0, v>0,

so that D*_Lu(x,t) = fjoo u(x, T)hi—a(t — 7)dr.

Definition 1 (Regular solution). Let €2 be given by (2). A function v = u(x,t) is called a regular
solution of (1) in € if

o uc C();

e 0%u/0x? exists and is continuous in ;

for every (z,t) € Q the quantity D*_Lu(z,t) is well-defined and continuously differentiable in ¢;

for every fixed x and every R < 0 the function (R —t)”%u(z,t) is integrable on (—oo, R);

u satisfies (1) pointwise in © and the boundary conditions (3) hold.
Definition 2. The two-sided Laplace transform of a function f is
+oo
Fls) = / Ft)est dt
—0o0
and it exists at s if the integral converges absolutely:
+oo
/ |f(t)]e” Bestdt < .
—0oQ

It is sufficient that:
e f be piecewise continuous on every finite interval;
e dM;, Ms > 0,a < b € R such that

IF(H)] < Mye™ (£>0),  [f(t)] < M (£ <0).

Then F'(s) exists and is analytic in the entire strip a < Res < b.
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Definition 3. For n € R and = §, we define the function w,(z,y) by

wn(z:,y) = yn_1¢ <_ﬁa77a _Z;UB> )

where ¢(p,n; z) denotes the Wright function, given by the series representation

o0 k
z
Spmiz) =) 5 P> L
— E'I'(n + pk)

In the special case where 7 = 0, we denote the function simply as w(x,y) = wo(z,y).

2 Reduction to homogeneous boundary conditions

We first reduce problem (1), (3) to an equivalent problem with homogeneous boundary conditions.
Define

u(z,t) = v(@,t) + ¢(t) - %(w(t) —¢(), (@) e (4)

Since t < 0 in 2 and 0 < x < —t, the coefficient x/t is well-defined and satisfies |z/t| < 1 for all
(x,t) € Q, in particular it is bounded on compact subsets of Q.
By direct substitution into the boundary conditions (3) we obtain

u(0,t) =v(0,t) + p(t) = ¢(t) = v(0,t) =0,

and

u(=t,t) = v(=t,8) +o(t) = (W) —e(t)) =v(-t, 1) +¥(t) = v(-t,1)=0.

Hence v satisfies the homogeneous boundary conditions
v(0,t) = v(—t,t) =0, —oo <t <0. (5)

Substituting (4) into the equation (1) we obtain
o 82'0 a o €T
D2 o, t) = 55 (@,8) = Fla,t) = D2 plt) + D%y | T (0(8) = (1)

because the second derivative with respect to x of the affine function x — ¢ () — % (¥(t) —(t)) vanishes.
Thus the function v solves the inhomogeneous problem

0%

D? pv(z,t) — 92

(:C,t) :f(ajvt)v (6)

in €, with homogeneous boundary conditions (5), where

Fa,t) = F2,8) = Doyl + D2y [£ (00) — 0(0)) ]

Therefore it suffices to solve problem (6), (5) and then recover u by (4).
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8 Fundamental solution in the quarter-plane

To construct a regular solution, we first partly study the equation

9%

D? v(z,t) — 92

(:C,t) :f(ﬂj,t), (7)
in the quarter-plane
O ={(z,t): x>0, t <0},

with the boundary condition
v(0,t) =0, t<0. (8)

In order to construct the fundamental solution we consider the problem

o 0%
D% _v(z,t) — @(x,t) =d(x —x1)0(t —t1), (z,t) €, (9)
v(0,t) =0, lim;ov(z,t) =0, t <0,

where x1 > 0, t1 < 0 are fixed.

3.1 Bilateral Laplace transform in t

We select the solution of (9), i.e.,
v(x,t) =0, t <t. (10)

Thus v(z,t) is understood as being defined for all ¢ € R by the zero continuation (10). In particular,
for every Rep > 0 and every fixed « > 0 the bilateral Laplace integral

+oo
o(z,p) = / v(x,t)e Pt dt

converges absolutely.
Let v(z,t) be a solution of (9) such that, for every Rep > 0

[e.e]
/ |v(z,t)|e Pt dt < oo
—00

for all x > 0, and assume that v(z,t) is the pre image under the bilateral Laplace transform (this
property will be satisfied a posteriori for the explicit fundamental solution constructed below). Consider
the bilateral Laplace transform with respect to ¢,

o0

o(x,p) = / v(x,t)e Phdt, Rep > 0.
—0o0

Using integration by parts and the representation of the Riemann-Liouville derivative we obtain

o0
— — — t= _ _
| Dttt e = Do) (o) = 0,
—00

under the aforementioned decay and integrability assumptions the boundary term vanishes. Further-

more,
2

92y _ 0% _
/ W(:ﬁ,t)e Pt = @v(x,p).
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Transforming (9) leads to the ordinary differential equation

0?0
pYu(z,p) — TZ(m,p) = e P§(z — 1), x>0, Rep > 0.
x
Equivalently,
0*v o -
o wp) 0w, p) = —e T3 — 1) = g2, p).
For x # 1 the homogeneous equation 7., — p*v = 0 has the general solution
_ B s e!
U(z,p) = Qup)e™ " + Q2(p)e” ", B= .

To take into account the delta source at x = x1, we write the solution using the method of variation
of parameters. We set

o(x,p) = Qu(x,p)e ™" + Qs(x,p)e?"*
and impose
Qi(z.p)e ™ + Qh(a.p)e” ™ =0,  —p Qi (x,p)e ™" + p’Qh(,p)e”’" = g(x.p).
Solving this system gives
) Pl ) el
Qi(z,p) = —2].79(3?,1))7 Qy(z,p) = 2]79(9:,1))-
Consequently,

z opPE
Q) = = [ Gralen)de+ i),
P

Quep) = [ Gralend+Calp)

Substituting back yields
8. p) = Qu(z,p)e ™" + Qo p)e”””
__/“mamef@fym_/wmamef@@
0 T

d
2pP 2pP &t

+ Cip)e P’ 4+ Cy(p)e?’™ =

_ /wammw%ﬂ
0 2pf

Using g(z,p) = —e P11§(z — x1), we obtain

¢ + Cq (p)e_pﬁx + Cy (p)epﬁx.

3y D) + Cap)er™

v(x,p) = e P

The boundary condition at x = 0 reads

B
9(0,p) = e~ Pht e’

+ C1(p) + C2(p) = 0.

2pP
The boundedness as © — oo again implies Co(p) = 0, hence
e—Pﬁ 1
Cl(p) = _e_ptl 2]7/8 ;
and therefore
e~ Pl

= — —pPle—a1| _ —p5($+x1)>
U(ﬂj’,p) 2]76 (6 € .
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3.2 Inverse Laplace transform and the Wright kernels

We now invert the Laplace transform. For this we introduce a family of kernels wy(z,t), n € R,
x> 0,t >0, such that

(0.9]
/ e Plw, (z,t) dt = p_”e_pﬁx, Rep > 0. (11)
0

Here and below D?, denotes the Riemann-Liouville fractional derivative in ¢ of order p with lower
limit 7. The kernels w;, are Wright-type functions and satisfy, in particular, the relations

D2 wy(x,t — 7) = wy—p(x,t — 7), (12)
for all p and all admissible n, and
32
DYwg(z,t — 1) = @wg(:z, t—1), a=20. (13)

From (11) with n = 8 we see that the inverse transform of e?’r /PP is precisely ws(x,t). Hence
1
oz, t) = 5( sl — 1]t — t1) — wsla + 21, ¢ — t1)>, >t
We summarize the above in the following lemma.

Lemma 1. Let 1 > 0, t; < 0 and assume that v(z,t) is bounded in €, satisfies the boundary
condition (8), and solves (9) in the sense of distributions. Then v is given by

1
oz, t) = §<w5(|x—:ﬂ1|,t—t1) —wg(ﬂf+x1,t—t1)), t>t,
and v(z,t) =0 for ¢ < 1.
We define the function
1
Gle, & t.7) = 5 (wsllo =€l t =) —wsla+ &t = 7)), (14)

for x > 0, & > 0, t > 7. This is the candidate for the Green function of the homogeneous prob-
lem (7), (8).

4 Fundamental solution and Green function
4.1 Definitions

We formulate the precise definition of a fundamental solution and a Green function for (7), (8).
Definition 4. A function V(z,&,t,7) is called a fundamental solution of (7) if the following condi-
tions hold:
1. For every fixed £ > 0 and 7 < 0 the function V' (z,&,t,7) is defined for ¢ > 7 and satisfies
32
(Df_‘t - W)V(:L‘,ﬁ,t, 7) =0, t>T.
2. For every interval [z1,z2] and every g € C[z1,x2] there holds

2

lim [ g(&) D'V (x, &, t,7)d = g(x), @1 <w <o

T—t z1

Definition 5 (Green function). A function G(z,&,t,7) is called a Green function of the boundary
value problem (7), (8) if

e (G is a fundamental solution in the sense of Definition 4;

e for every £ >0, 7 < 0 and t > 7 one has G(0,¢,t,7) = 0.
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4.2 Verification for the kernel G
Lemma 2. Let G be given by (14). Then G is a Green function for the problem (7), (8).

Proof. By (13) we have

0? 0?
(D?ft - w)wﬁ(’ff =&, t—71)=0, (Dgt - @)wﬁ(l’ +&t—1)=0,
hence
82
<D7O'Lt - W)G(x7§7ta T) =0
fort>7,2>0,£>0.
Next, by symmetry in the spatial variable we obtain

G(0,6t,7) = 5 (wall — €.t = 7) — ws 0+t~ 7)) =0,

so the boundary condition at x = 0 is satisfied.
For the fundamental property, using (12) with g = 5 and p = o — 1 (so that a = 23) we obtain

Dgt_lG(x>§7t77—) = %<UJ1_IB(|$ — §|7t — 7—) — wl—,@(x + f,t _ 7_))

Let g € Clx1,x9], 1 < & < xo. Then

/ SO Gl 6t 1) dE = L / S g©wrp(lz — €.t — 1) dé—

Tl 2 1
1

~5 | s@wisla et — e =

=: I (1) + Ix(7).
The first term I (7) has the structure of a spatial convolution with a kernel that concentrates near £ = x
ast—71 — 01. Under the standard estimates for Wright-type kernels one shows that w;_g(-, t—7) forms
an approximate identity, hence lim,_,; I1(7) = g(x). For I5(7) one uses the decay of w;_g(z +§,t—7)

in £ and the boundedness of g to obtain lim,_,; I3(7) = 0. Combining these limits we obtain the desired
relation, and the lemma follows. O

5  Representation formula in the non-cylindrical domain

We now return to the original domain Q2 given by (2) and the homogeneous boundary value problem

o 0% z
D—wtv(x7t) - @(l‘at) = f($?t)a (:L‘at) € Qv (15)
v(0,t) =0, v(—t,t) =0, —o00<t<O. (16)

To construct the solution we use the Green function (14) in the quarter-plane and apply a Green-
type representation argument.
We introduce the auxiliary functions

Dy (z,t) = / wo(z,t — 7) pu(r) dr, (17)

Dy (z,t) = % /_ v(T) (wo(x —T1,t—7)—wo(—7 —x,t — 7')) dr, (18)
Pty =3 [ [ Fen(uae-¢t=n - wslo+ ¢t - ) der (19)
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Here u(t) and v(t) are unknown boundary densities to be chosen so that
’U(ZL‘,t) = (1)1(1‘,t) + (1)2($7t) + F($,t)

satisfies the boundary conditions (16) and the equation (15).

5.1 Some properties of ®1 and Po
We use the derivative relation (12). Under suitable decay assumptions on p, v the following identities
hold.
Lemma 3. Assume that p(t) € C((—o0,0]) N Li((—00,0)) and that

lim (=) pu(t) =0

t——o0

for some 91 > 1 — 25. Then

62
D%, ®1(x,t) = @@1(33,15), (x,t) € Q.

Similarly, if v satisfies

V(1) € C(~00,0)) N Li((—00,0)).  lim (~0)%u(t) =0, 6y > 125,
then
82
D 1 ®a(x,t) = == DPo(x, ), (x,t) € Q.

0z
Proof. Using (12) with n = 0 and p = «, we obtain

Do‘oot@l(x,t):/ wu(T)DSwo(x, t — 1) dT:/ u(mw_qg(x, t—1) dT:/ p(r)w_og(x,t—71)dr,

—00 —00 —0o0
since @ = 23. From (11) it follows that w_s5 = 82wy, so
t 82 2

_ ,u(v-)wwg(x, t—71)dr = 8—@%(3;, t).

72

D i(at) = [

The argument for ®, is analogous, using linearity, symmetry of the kernels and the same derivative
identity. Justification of bringing the derivative under the integral sign is based on the decay assump-
tions on p, v and the bounds on w;; these are standard and follow from the known estimates for
Wright-type kernels. O

We also need an approximation property of wy.
Lemma 4. Let g € C(—00,T) N Li(—00, T — ¢) for every T' € R and € > 0. Then
t
lim g(T)wo(z,t —7)dr = g(t). (20)

=0 J_

Proof. We write
t

/ g(T)wo(z,t — 7)dT = / (9(1) = g(®)wo(x,t —7)dT + g(t)/ wo(z,t —7)dr =

(f i ) <g<: g8 ol — T)dr +g(t) lim_wn(a,t — ) =
- </_t:+/t;> [9(T) — g(®)|wo(z,t — T)dr + g(t) = Iy + I + g(t).
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Fix € > 0, using integrability of g(7) — ¢g(t) on (—oo,t — ¢) and the bound
[wo(w, 8)] < Ca™s™71, 9> -1, C=C(8,0),

one shows that I; tends to zero as x — 0. For I we use continuity of g near ¢t and the fact that
Jo wo(z, s) ds is uniformly bounded in z to obtain

lim [Iy(x,t)| < sup |g(7) —g(t)],
z—0 TE(t—e,t)

which can be made arbitrarily small by choosing £ small. Combining these, we obtain (20). O

5.2 Boundary limits and the integral equation for v

We now compute the limits of &1, Po, F as x — 0 and x — —t to enforce the boundary condi-
tions (16). We outline the main steps.

From Lemma 4, lim,_,o®1(z,t) = w(t). Using symmetry and derivative estimates for wgy one
shows that lim,_,o ®2(x,t) = 0, so that lim,_,o v(z,t) = p(t) + limy_ F(x,t). Imposing the boundary
condition v(0,t) = 0 leads to p(t) = —limg_,o F(x,t) = 0. Consequently,

Oy (z,t) =0.

Next, consider the limit x — —t (approaching the moving boundary from inside §2). Using again
the estimates for w;, and by virtue of the Lemma 4 one shows that

lim @ (a,1) = ;/ o(7) (wo(—t — 7t — 7) — wolt — 7t — 7)) dr — %I/(t).

Moreover F'(—t,t) € C(—o0,0] is well defined and satisfies a decay estimate of the form,
‘F(_tvt” < C(_t)2—9—0'3+ﬁ€’ NS (07 1)’ t< 07

under assumptions on f to be stated below.
Consequently, the boundary condition v(—t,¢) = 0 leads to the integral equation

u(t) — / v(r)(wol—t — 7ot —7) —wolt — 7,1 — 7)) dr = 2F(—t,1), (21)

—0o0

where F'(—t,t) is given by (19). It is this Volterra-type equation that we will solve in a suitable function
space.

6 Assumptions on the data and main existence result
6.1 Assumptions on the boundary data and the compatibility condition

Since @ = {(z,t) : 0 < z < —t, —oo < t < 0} degenerates to the single point (0,0) as ¢ — 0~, the
boundary values prescribed on z = 0 and on x = —t must be compatible at the vertex.

We assume that the boundary data ¢, satisfy the following conditions.
(B1)
v, € C((—00,0]) and tlir(r)l o(t) = lim (t) =: po.
o

t—0—

This condition is necessary if one requires u € C'(2) in Definition 1; one may then set u(0,0) = ¢g.
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(B2)
©s ﬂ) S C((—OO, OD N Ll(—OO, 0)7

Because the domain 2 shrinks to the vertex (0,0) as ¢t — 0™, continuity of a regular solution on
forces a compatibility condition at the intersection point of the lateral boundaries. It is also sufficient
for the boundary correction in the reduction (4) to extend continuously to the vertex, because |x/t| < 1
in Q and ¢(t) —p(t) = 0ast — 0.

Condition (B2) ensures that the boundary traces have the required integrability at ¢t = —oo and
that the boundary correction term in (4) belongs to the same integrability class.

More precisely, the following elementary fact will be used repeatedly.

Lemma 5. Let 0 < o < 1 and g € C((—00,0]) N L1((—00,0)). Then for each ¢ < 0 the fractional

integral

(200 = ey (= et ar

is well defined (finite). Moreover, I'_*g is continuous on (—o0,0], and for every R < 0 the function
(R —t)"“g(t) is integrable on (—o0, R).

Proof. Fix t < 0 and split the integral into (—oo,t — 1J U [t — 1,¢]. On (—oo0,t — 1] one has
(t —7)~* <1, hence

i—1 t—1
| =gl [ lgtrlar <o

—00 —00

by g € Li. On [t — 1,t] we use boundedness of g and fol s7%s < oo (since o < 1), which yields
finiteness. Continuity in ¢ follows from the same decomposition and dominated convergence.

Finally, for any R < 0 we split fio(R —1)7%|g(t)|dt into (—oo, R—1JU[R—1, R]; on (—o0, R — 1]
the weight is bounded by 1, while on [R — 1, R] the weight is integrable because a < 1. O

We emphasize that the additional smoothness needed for the quantities D<_,¢(t) and

D [£(4(t) — ¢(t))] in the definition of f is imposed directly through the assumption f € C'(€).

6.2 Assumptions on the right-hand side

We assume that f, f € C (€2) and that the following conditions are satisfied: there exists ¢ € (0, 1]
and o4 > 1+ ¢ such that

[fa,t) = f& )] < O(=)~"e =€, 2,620, t<0.

There exists constant o3, such that

sup |[f(z,t)[(=1)7 <00,  o3>2+4p.
2>0,1<0

Under these assumptions one can show that F(x,t) defined by (19) is continuous in Q and satisfies
suitable decay estimates as t — —oo.

6.3 The function space for v
Let T7 < 0 be fixed. We define the Banach space

t——o00

Q=0Q(MN)= {9 : (—o0, 1] » R: g € C((—00,Th]), g € Li((—00,Th)), lim (—t)g(t) = 0} 7
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where do > 1 — 2( is fixed. The norm in @ is
5 n
lgllg = sup [(—t)>g(t)] +/ lg(t)] dt. (22)
t<Ty

— 00

For convenience, we split the norm (22) into two components:

T
3
lolls = sup [(<0%g(0)l. gl = [ lo(®)]dt,
t<Ty —00
so that [|g][o = [lg]l1 + ||lg||2- In the contraction estimate for the Volterra operator A we control || - ||;
and || - ||2 separately: the Weighted supremum norm is used to propagate decay at ¢ — —oo, while the

Ly part allows us to estimate [~' n |Ag(t)| dt by Fubini’s theorem.
Lemma 6. The space (Q, | - ||g) is a Banach space.

Proof. Tt is straightforward to check that (22) defines a norm. Let (f,,) be a Cauchy sequence in Q.
Then both

T
sup (=) (fult) — fun(£)] = O, [_m@—mww%o

t<Ty
as n,m — oo. Hence (fy) is Cauchy in the weighted sup-norm and in L;(—o0,T7). It follows that
there exist g1 € C((—o00,T1]) and g2 € Li(—o00,T1) such that f, — g; uniformly on (—oo,7}] with
weight (—t)‘s2 and f, — ¢go in Li. A standard subsequence argument shows that g; = g2 a.e., hence
g:=g1=g2€Qand f, — gin || g. The property lim;, oo (—t)%2g(t) = 0 follows from the uniform
convergence with respect to the weighted sup-norm. Thus @ is complete. O
6.4 The integral operator and contraction
Lemma 7. Let 0 < 8 < % Then:
1. For every 6 € [—1, 1] there exists C' = C(/3,0) > 0 such that
0 < wp(x,t) < C a0 P01, x>0, t>0. (23)

2. Along the diagonal one has
wo(s, 8) = ——— d—wl(s, s), s >0, (24)
s

and consequently

- __B
/0 wo(s,s)ds = 5 (25)

Proof. Estimate (23) is a standard bound for Wright-type kernels; see, e.g., [1,2].
To prove (24), write the series expansions on the diagonal z =t = s:

53 _1)ks(1-A)k Si §1Mk1
'rl—ﬁm mr
k=0 k=1

Differentiate wi (s, s) termwise and use I'(1 — fk) = (—Bk)['(—pk) to obtain (24). Integrating (24)
over (0, 00) yields (25), because w1(0,0) = 1 and wi(s,s) — 0 as s — oo (see [1,2]). O
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We rewrite equation (21) as
v(t) = Av(t) + 2F (—t,t),

where

= / K(t,7)v(T)dr, (26)

and
K(t,7)=wo(—t—7,t —7) —wo(t —7,t — 7). (27)

Proposition 1. Let 0 < 8 < % and let Q(7T1) be the Banach space defined above. Consider the
operator (26), (27) for t <T7 < 0. Then:
1) A maps Q(77) into itself;
2) there exist § € (0,1], C > 0 and T < 0 such that

[Avr = Avzllq < a(T1)[ln = w2lle,  o(Th) = B oy em <1,

In particular, A is a contraction on Q(71).
Proof. Fix vy, € Q(T1) and set dv = v — vo. Since wy > 0, we have
|K(t,7)| <wo(t —1,t —7) +wo(—t —7,t —7) =t w_(t —7) + wi(t, 7).

For t <T) and 7 <t we have (—t)‘SQ(—T)*‘S2 < 1, hence
¢

(=0%1400(0)] < snp(—r)i5u(r)| [ 1K dr < [ovl [ (o 4w i

<t —00

By Lemma 7 we have

/_toow(t—T)dT: /Ooowo(s,s)ds = 1—65

Next, using (23) with any fixed 6 € (0, 1] and the substitution s =t — 7 > 0,
t 00 -
/ wy (t,7)dr = / wo(s —2t,s)ds < C’/ (s —2t) 971 ds < Oy (—t)~01—F),
o 0 0
Therefore,

3 61—
1AV < (erCl(—Tl) 200 v

By Fubini,

T
| Adv] = /
T1 Tl Tl

// I [6u(r)| dr dt = / ou(r y/ K(t,7)| dtdr.

For the w_ part we again use Lemma 7:

/TT1 w_(t —7)dt = /OTl_T wo(s, s)ds < /000 wo(s, s)ds = 1_%

/ K(t,7)ov(r dT‘ dt
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For the wy part, by (23) and the fact that —t — 7 > =T} — 7 for 7 < ¢t < T}, we obtain

T —

Ty T —1 T
/ wy (t,7) dt = / wo(=Ti—r+(Ty—t), 5) ds < C(—Ty—7)~" / P91 ds < Cy(—Ty—7)~00=).
T 0 0

Since 7 < T4 implies =17 — 7 > =217, we get

T1 B
/ |K(t,7’)’ dt S m + CQ(TI)_Q(l—B).
Hence,
B ~001-5)
< (—— .
[46vl> < (25 + G 0P ) vl
Putting the bounds for || - [|; and | - ||2 together and recalling || - ||o = || - |[1 + || - |2, we obtain

[Av1 — Avallq = [|Adv|[1 + [[Advlla < g(T1) ([[ov]l1 + ll6v]|2) = a(T1)]lv1 — valle,

where ¢(T1) = % + C(=T1)7%0-8) with C = max{Cy,Cy}. Since § < %, we have % < 1, and
choosing T} < 0 with sufficiently large |T}| makes C(=T3)~?0=#) arbitrarily small, hence ¢(T}) < 1.
The above estimates show [|Av||; < oo and ||Av||2 < oo for v € Q(T1). Moreover, since

lim sup(—7)%2|v(r)] =0

t——00 r<¢

and fioo |K(t,7)|d7 is uniformly bounded for ¢ < Ty, we obtain lim; s o (—t)°2(Av)(t) = 0. Conti-
nuity of Av follows from continuity of K away from the diagonal and dominated convergence. Thus
Av € Q(Tl)

The proposition is proved. O

A detailed analysis shows that there exists 71 < 0 depending on the parameters of the problem
such that A : Q(T1) — Q(T1) and

|Avi — Avallg < qilvi — 2@, v1,v2 € Q(Th),

with some ¢; € (0,1). Hence A is a contraction on Q(71). By the Banach fixed point theorem there
exists a unique v € Q(71) such that

v(t) = Au(t) + 2F(~t,t),  t<T.

For ¢ € [T1,0] the integral equation (21) can be rewritten in the form

) = [ Gt i = R,

where
T

Fo(t) = 2F(—t,t) + K(t,7)v(r)dr,
—0o0
H(t,7) = (t — 7)PK(t,7) is continuous in the triangular domain {(t,7) : T} < 7 < t < 0} and Fs(t)
is continuous as well. This is a Volterra equation of the second kind with a weakly singular kernel of
order § € (0,1/2), and standard results on such equations ensure that there exists a unique continuous
solution v on [T1,0]. Combining this with the solution on (—oo,T}] we obtain a function v defined on
(—o0, 0] which satisfies (21).
We summarize the above in the main theorem.
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Theorem 1. Let 0 < a < 1, = /2. The regular solution u of the boundary value problem (1), (3)
is given by

v(t) being the solution

u(t) —/_ V(r) (wol—t — 7ot —7) — wolt — 7,1 — 7)) dr = 2F(—t, 1),

F(x,t):;/_ /O_Tf(g,f)(wﬁ(m—a,t—f)—wﬁ(x+g,t—7))dgdf,

where
x

F(@,t) 1= fl,t) = D2 gyiplt) + Doy [T (1) = (1) ]

@, 1 satisfy (B1)-(B2), f, f € C(Q) and the following estimates hold:
e There exist g € (0,1] and o4 > 1 + ¢ such that

’f(l’,t)—f(é,t” SC(_t)_O—4|x_€|q7 0§x7§§ _tv t<O0.
e There exists o3 > 2 + S such that

sup (—0)7 | F(z,H)] < oo,
(z,t)EQ

Remark 1. The main technical work in the proof consists of establishing the estimates that justify
the passage of the fractional derivative under the integral sign in (17)—(19), the boundary limits as
z — 0 and x — —t, and the contraction property of the operator A in Q(71). These estimates rely
on detailed bounds for the kernels wy(z,t), which are Wright-type functions [10], and on the precise
choice of the exponents o3, 04,01, 2. The structure of the argument follows the detailed derivation in
the original text but is presented here in a streamlined, self-contained form.

Conclusion

In this work, we have analysed a boundary value problem for a one-dimensional time-fractional
diffusion equation with a Riemann-Liouville derivative of order 0 < « < 1 with respect to time,
posed in a non-cylindrical domain whose spatial cross-section degenerates as t — 07. By reducing
the inhomogeneous boundary conditions to homogeneous ones, we reformulated the problem in a
form amenable to potential-theoretic techniques. The fundamental solution in the quarter-plane was
constructed by the bilateral Laplace transform in time, and the corresponding Green function for the
Dirichlet problem on the quarter-line was obtained explicitly in terms of Wright-type kernels.

On the basis of this Green function, we derived an integral representation of the solution in the
non-cylindrical domain as a sum of volume and boundary potentials. The boundary condition on the
moving boundary naturally leads to a Volterra integral equation with a weakly singular kernel for an
unknown boundary density. We showed that, under appropriate growth and regularity assumptions
on the right-hand side and the boundary data, this integral equation is well posed in a weighted
Banach space of functions on (—o00, 0], and that the associated integral operator is a contraction. As
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a consequence, the existence of a regular solution to the original boundary value problem follows from
the Banach fixed-point theorem.

The analysis developed here demonstrates that the Green-function approach can be successfully
extended to time—fractional diffusion equations with infinite temporal memory in non-cylindrical, de-
generate domains. Possible directions for future research include higher-dimensional generalizations,
other types of fractional time derivatives and nonlocal operators, numerical methods based on the ob-
tained representation formulas, as well as the study of related inverse and free-boundary problems in
similar geometries. The question of uniqueness will be addressed in forthcoming work by the authors.
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Local derivation on the Schrodinger Lie algebra
in (n + 1)-dimensional space-time
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This paper investigates local derivations on the Schrédinger Lie algebra sy, the Lie algebra of the (n + 1)-
dimensional space-time Schrédinger group. As a finite-dimensional Lie algebra that is neither semisimple
nor solvable, the Schrédinger algebra plays an important role in mathematical physics, particularly as
the symmetry algebra of the free Schrédinger equation. While local derivations are well understood for
semisimple, solvable, and certain infinite-dimensional Lie algebras, much less is known for non-semisimple
algebras. We prove that for all integers n > 3, every local derivation on s, is a derivation. Our approach
uses the explicit structure of the Schrédinger algebra together with a detailed description of its derivation
algebra. First, we reduce the problem to derivations that act trivially on the semisimple part, and then
we perform a coefficient-wise analysis in a fixed basis. This shows that every local derivation is an ordi-
nary derivation. Moreover, such derivations decompose in the usual way into inner derivations and the
known outer derivations. Our result extends earlier low-dimensional cases and shows a uniform rigidity
phenomenon for all higher-dimensional Schrédinger algebras.

Keywords: Lie algebras, semisimple Lie algebra, solvable Lie algebra, nilpotent Lie algebra, Schrédinger
algebras, inner derivations, derivations, local derivations.

2020 Mathematics Subject Classification: 17A32, 17B30, 17B10.

Introduction

Local derivations are useful tools in studying the structure of rings and algebras, where there are
still many related unsolved problems. R.V. Kadison, D.R. Larson, and A.R. Sourour first introduced
the notion of local derivations on algebras in their remarkable paper [1,2]. Since then, many researchers
have been studying local derivations of different types of algebras (e.g., see [3-5]). In [6] the authors
proved that every local derivation on a finite-dimensional semisimple Lie algebra £ over an algebraically
closed field of characteristic zero is a derivation.

In [4], local derivations on solvable Lie algebras are studied. It is shown that within this class,
there exist solvable Lie algebras admitting local derivations that are not derivations, as well as solvable
Lie algebras for which every local derivation is a derivation. Moreover, it is proved that every local
derivation on a finite-dimensional solvable Lie algebra with a model nilradical and a complementary
space of maximal dimension is a derivation. In [5], the authors proved that every local derivations on
solvable Lie algebras whose nilradical has maximal rank is a derivation. In [3], the authors proved that
every local derivation on the conformal Galilei algebra is a derivation.

We note that the aforementioned algebras are finite-dimensional algebras. In the infinite-dimensional
case, the authors of [7-9| proved that every local derivation on some class of locally simple Lie algebras,
generalized Witt algebras, Witt algebras, and Witt algebras over a field of prime characteristic is a
derivation.
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The Schrodinger Lie group is the symmetry group of the free-particle Schrodinger equation (see [10]).
The Lie algebra s, in (n + 1)-dimensional space-time of the Schrodinger Lie group is called the
Schrodinger algebra, see [11,12|. The Schrodinger algebra s, is a non-semisimple Lie algebra and
plays an important role in mathematical physics. Recently there was a series of papers on studying
the structure and representation theory of the Schrédinger algebra s; in the case of (14 1)-dimensional
space-time, see [13-15].

In this paper, we generalize our previous result to all integers n > 2. In [16], we proved that for
n = 1,2, every local derivation on the Schrodinger algebra s, (in (n 4 1)-dimensional space-time) is a
derivation. Hence, the same result holds for all n € N.

1 Preliminaries

In this section, we first recall the definition of s, from [11] in a different form. We know that the
general linear Lie algebra gl,,, has the natural representation on C?" by left matrix multiplication. Let
{e1,e2,+ -+ ,ea,} be the standard basis of C?".

The Heisenberg Lie algebra b, = C?* @ Cz is the Lie algebra with Lie bracket given by

[e’iuen-‘ri] =z, [Zu bn] 207 1 S/L Sn
Recall that the Schrédinger Lie algebra s, is the semidirect product Lie algebra
s, = (slp & s0,) X by,

where sls is embedded in gl,,, by the mapping
a b . al, bI,
c —a cl, —al,

A65on»—><A 0 )

and so,, is embedded in gl,,, by

0 A

Here I,, is the n x n identity matrix, sly @ so,, acts on h,, by matrix multiplication, and [z, s,] = 0.
Next, we will introduce a basis of s,,. Let

I, 0 (0 I, (0 0
(5 5 =) ()
A 0 <i<j<
Sij ( 0 eij_@ﬁ), 1<i<y<n,

Ug = €k, Vg = epik, 1< k<,

where e; ; (1 <4,j < n) the n x n matrix with zeros everywhere except a 1 on position (i, j).
The Schrodinger algebra s, is a Lie algebra with a C-basis

{e,f,h,Z,Ui,Ui,Sjk(: _Skj) ‘ 1<i< n, 1 S] <k < Tl}
equipped with the following non-trivial commutation relations:
[h,@]:2€, [h’af]:_2f7 [e)f]:h7
[uia Ui] =z, [ha ul] = Uy, [h7 Ui] = —,
[6, vi] = Uy, [f7 uz] = Vi,
[Sk1, wi] = Ogur — Opsug,  [Ski, vi] = Oivg — dxvr,
[

Sijy Sk1) = Okjsit + OaSjk + 01jSki + Onisijs

56 Bulletin of the Karaganda University



Local derivation on the Schrédinger ...

where 0;; is the Kronecker Delta defined as 1 for ¢ = j and as 0 otherwise.
We fix an order on the basis as follows:

{€7f7h727ui7vi73jk(: _Skj) ‘ 1§Z§7’L, 1§]<k§n}

The Schrodinger algebra s, is a finite-dimensional Lie algebra that is neither semisimple nor
solvable. It can be realized as the semidirect product

Sy = (5[2 @5071) X bnv

where sly = Spanc{e, f, h} is the 3-dimensional simple Lie algebra, so,, = Spanc{sy | 1 <k <l <n}
is the orthogonal Lie algebra, and b,, = Spanc{z,u;,v; | 1 <i < n} is the Heisenberg Lie algebra.
A derivation on a Lie algebra L is a linear map D : £ — £ which satisfies the Leibniz rule:

D([z,y]) = [D(z),y] + [z, D(y)], forany x,ye€ L.

For any element y € £ the operator of right multiplication ady : £ — L, defined as ad,(x) = [y, z]
is a derivation, and derivations of this form are called inner derivations. The set of all inner derivations
of £, denoted by Inn(L), is an ideal in Der(L).

Definition 1. A linear operator A is called a local derivation if for any x € L, there exists a
derivation D, : L — L (depending on x) such that A(z) = D,(z). The set of all local derivations on
L we denote by LocDer(L).

We use the following definition given in [17].

Definition 2. The following derivations are outer derivations of s,,.
e When n > 2, the derivation o : 5, — s, is given by

ole)=0(f)=0c(h)=0(sp) =0, o(z) =2, o(u;) = %ui, o(v;) = %vi,

forall1<i<n, 1<k<l<n.
e When n = 2, the derivation 7 : o — §9 is given by

T(e)=7(f)=7(h)=7(2) = 7(wi) =7(v;) =0, T(s12) =2, 1 =1,2.
e When n = 1, the derivation o : 57 — 51 is given by

Ul(@) = Ul(f) = Ul(h) = 0, Ul(Z) =z, O’l(ul) = %ul’ 0'1(1)1) — %’Ul-

The following theorem is proved in [17].

Theorem 1. The derivations of the Schrédinger algebra s,, are given by

Inn(sy) & Coq, n=1,
Der(s,) = ¢ Inn(s2) ® Co® Cr, n=2,
Inn(s,) @ Co, n>2,

where o1, 7,0 are given by Definition 2.

For any x € 5, n > 3, there exists

n n
a = aee+aff+ahh+azz+ E Qg Ui + g Ay, V; + E Qsy, Skl
i=1 i=1 1<k<I<n
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and A € C such that, by Theorem 1, we can write
D(x) = [a,z] + Ao (z).
Now consider

D(e) = [a,e] + \o(e)

n n
= aee+aff+ahh+azz+ g Qo Ui + E Ay, U + E Gs, 4Sp,a» €
i=1 i=1 1<p<qg<n

n
= 2ape —aph — E O, Uy
i=1

D(f) = [CL, f] + AO’(f) = —2apf + ach — Zauiviv

=1

D(h) = [a,h] + Xo(h) = —2ace + 2a5f — Zauiui + Zavivi,
i=1 i=1

A
D(u;) = [a,us) + Ao (u;) = afv; + (ah + > Ui — Gy, 2 + Z s, Up — Z as; ,Uq,

2
1<p<t 1<q<n
A
D(v;) = [a,vi] + Ao(v;) = | —ap + 3 Vi + Qe + Ay, z + g s, ;Vp — E s, 4 Vg5
1<p<i 1<q<n
D(si1) = [a, ski] + Ao (8k,1) = —@u Uk + Gy W — Gy, Uk + Gy, U1+

+ Z Osp, 1 Sp,l + Z aSZ,q8q7k+

1<p<k, p#l 1<q<n, q#k
+ Z : asp,lsk7p + Z : ask,qsl7Q'

1<p<l, p#k k<g<n, l#q

2 Main results

In this section, we will prove that every local derivation on the Schrédinger algebra s, is a derivation.

Theorem 2. Every local derivation on the Schrédinger algebra s,,, n > 3 is a derivation.
To obtain this result, we first prove several lemmas.
Lemma 1. Let A be a local derivation on s, and D € Der(s,). Define A’ = A — D. Then

A'(z) € b, forall x € sp,.

Proof. By Theorem 1, every derivation D € Der(s,) can be written in the form

D(y) = [a,y] + Ao (y)

for some a € s, and A € C, where o is the outer derivation from Definition 2. Since A is a local

derivation, for each = € s,, there exists a derivation D, € Der(s,) of the same type such that

A(x) = Dy(z) = [a(z), z] + A(z) o(x).

We use the theorem of Ayupov and Kudaybergenov [6], which asserts that any local derivation on
a finite-dimensional semisimple Lie algebra is a derivation. Since sls and so, are semisimple, their

restrictions Alg, and Alg, are derivations, and hence such a D exists.
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We choose a derivation D € Der(s,,) satisfying
Dlsi, = Alsty,  Dlso,, = Also,,-
For arbitrary = € s,, we have
A (z) = A(z) — D(z) = [a(z) — a,z] + (A\(z) — X) o ().
Using (2) and the fact that a(s) —a € b, ® Cz, we obtain A’(s) = 0 for all s € sly U s0,,.

(2)

Consequently, a(z) —a € b, @ Cz for any = € s,. Because b, is an ideal of s,, and [Cz,s,] = 0, we
have [a(x) — a, x] € b,,. Moreover, by Definition 2, o(z) maps s, into h,. Therefore, both terms in (2)

belong to b,,, and hence
A(z) b, forall z € s,.

For each x € s, there exist an element a = a(z) € s, of the form

n n
a = aee+aff—i—ahh+azz+ E Qg Ui + g Ay, Vi + E Qs | Skl
i=1 i=1 1<k<i<n

and a scalar A = A\(x) € C such that, by Theorem 1,
A (z) = [a,x] + No(x).

Here ae,af,ap, az, ay,, ay;, as,,, and A are complex numbers depending on z.
By applying (1) to z = h and = = z, we get

A'(h) = — Z ag:)ui + Z ag’;)vi,
=1 i=1
A'(z) = A#z,

n
a&’f)ui + > ag,]f)vi. Consider the following statement
i=1 i=1

Let zg =
A" = A — ad(zg) — \Mo,
Then A” is a local derivation. By direct verification we have
A"(x) €bh,, forall z € sy,

and
A"(h) = A"(z) = 0.

Considering (3), we find the values of the operator A” in the basis elements:

A”(f) = - Z ag{)ﬂi,
=1

A//(e) = Z ag)i)uia
=1

w . A (u) . , 4
A" (uz) = alfv; + <ag )+ 5 )ui—a&“)w Y aliuy— Y alt,

1<k<i i<l<n

A\ (i) o
A (v;) = (2 — ag ”) vi + al’u; + agff)z + Z ag:izvk - Z agi_’il)vl,
1<k<i i<l<n

" (sk,1) (sk,1) (sk,1) (sk,1)
A(sp1) = —au, " U+ Gy U — ay v+ a0
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n n
We take an element b = bee + by f +byh+b.2+ > byui+ > byvi+ D> bs, 5k and p € C, where
i=1 i=1 1<k<l<n
b € 5, be, by, by, bz, by, by, bsy, ,, p are complex numbers depending on b.
Lemma 2. Coefficients agcui) and al""), (1 <7 <mn) in the formula (4) are equal to zero.

Proof. Fix i with 1 <14 < n and set x = e + u;. By the definition of a local derivation, there exist
b=0b(x) € s, and p = pu(x) € C such that

A"(z) = [b,x] + po(x).
Hence

A'(z) = A"(e+u) = [be+ui] + pole+w)

n n
— [bee Fbpf+bph+ b+ Y buui+ Y byvi+ Y by sk et uz} + pole+ u)
7j=1 j=1 1<k<i<n

n
= —brh+bsv; + *xe + Z *Uj + k2.
j=1

On the other hand, based on (4), we calculate the following equality:
n
A'(x) = A"(e+u;) = A"(e) + A (u;) = a}ui)vi + Z *Uj + 2.
j=1

Comparing the coefficients at the basis elements h and v;, we get by =0, by = a;u"), which implies

i) = 0.

Now, consider the element x = f + v; for fixed 1 < i < n,
A'(z) = A"(f +v;) = [b, f +vi] + po(f +v;) = beh + beu; + +f + i *0; + *2.
j=1
On the other hand,
A'(z) = A(f +v;) = A"(f) + A" (v;) = al"Du; + Zn: *vj + *2.
j=1

Comparing the coefficients at the basis elements h and u;, we get b, = 0, b, = aé’”), which implies

alv) = 0. O

(vi)

and ay,'’, 1 <1i < n in the formula (4) are equal to zero.

Lemma 3. Coefficients aq(,:”)

Proof. Fix i with 1 <i <n and set x = h + u;. Then
A"(x) = [b,h + ;] + po(h + u;)

n n
=2bsf + vajvj +bpv; — by, z + *e + Z*uj.
j=1 j=1
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On the other hand,

A"(z) = A" (h+ u;) = A"(h) + A (u;) = 2+ Z K.

Comparing the coefficients at the basis elements f, z and v;, we get by = b,, = 0, b, = aq(ff), which

implies
alt) = 0.

CH)

Fix 1 with 1 <i <n and set x = h +v;. Then
A"(z) = A"(h+v;) = [b,h +vi] + po(h +v;)

n n
= —2b.e — Z bu;uj + bew + by z + *f + Z *Vj.
j=1 j=1

On the other hand,

A'(z) = A"(h+v;) = A"(h) + A" (v;) = a2 + > wvj.
j=1

Comparing the coefficients at the basis elements e, z and u;, we get b, = b,;, =0, by, = al(ff), which

implies

aq(fl’_i) =0.

Lemma 4. A"(f) =0 and a (U’) — ’\(;” = 0 in the formula (4).

Proof. Take an element z = f — 3z 4+ v; (1 <4 < n). Then
A'(z)=[b, f— Lz + ] —i—,ua(f— 324 v;)

= —2byf + beh — Zbquj — bpv; + betti + by, 2

5
+ Z Dsy V% — Z bs; v +
1<k<i i<l<n
On the other hand,
n
A'(z) = A"(f) - A”( )+ A" (w) == > av; — af;
1=1
X e X w”
1 i)
. T
1<k<s i<I<n
Comparing the coefficients at the basis elements f, z and v;, (5) and (6), we get
—2by, =0,
bt ol —ai A
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which implies
oy A
e R (7)

Take an element x = f — %z — v;. Then

1 1 "
A(x) = {b,f —3%~ Ui] + po(f — 3%~ v;) = =2bp f + beh — Zbujvj
) - )
— —2+ bpv; — beuy — by, 2 — Z bsk’ivk + Z bsi,lvl — 5%.

2
1<k<i i<l<n

On the other hand,

A'(z) = A"(f) = A"(5) = A"(w) = = > alfv; +af v,

(v
= 3 et 3 el

1<k<i i<l<n

Comparing the coefficients at the basis elements f, z and v;, (8) and (9), we get

—2by, =0,
_bui +bh _ % — —aq(f:) +azi _ )\;i,
which implies
(vi)
alf) = a0 _ 2 (10)
g 2
Comparing (7) and (10), we obtain that
(vi)
() —g, o) = A
ay’ =0, a 5
So, A”(f) = 0 follows from equality (4). Thus, the coefficients satisfy the relation
(v3)
() _ A O
aj, 5 0.
Lemma 5. A" (e) = 0 and aéui) + ’\(;i) = 0 in the formula (4).
Proof. Take an element z = e + %z + u;. Then
” 1 1
A"(x) = [bye + §z—i—u¢] + po(e + 5z+u¢)
= p
= 2bh€—bfh—Z;ijUj+2Z (11)
‘7:

+ brv; + bpu; — by 2 + Z 'bskyiuk — Z bs; ,ur + %uz
1<k<i i<l<n
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On the other hand,

n

A(z) = A"(e) + A”( )+ A () = Z alu; + al"u;

vy
12
() )\(uz‘) (12)
+Z Skz Z g, ul—i— 5 U
1<k<q i<l<n
Comparing the coefficients at the basis elements e, z and u;, (11) and (12), we obtain that
2by, =0,
5 — by, =0,
—by, + b+ 4 = al()z)+a _’_)\217
which implies
)\(“1)
af) =y + - (13)
Next, we take an element z = e + %z — u;, then
" 1 1 - H
A"(z) = [be+ 5%~ u;] + po(e + 5%~ u;) = 2bpe — bph — vajUj + 5%
= (14)
— bpv; — bpu; + by, z — Z ‘bsk’iuk + Z bsi’lul — 5%
1<k<i i<l<n
On the other hand,
n
A(z) = A(e) + A”(%) — A(ui) = =Y alDu; — af
j=1
15
() (15)
- 2 aut Y q i
1<k<i i<l<n
Comparing the coefficients at the basis elements e, z and u;, (14) and (15), we get
2by, =0,
% + bvi =0,
by — by — & = —al) — gl — A
which implies
A\ ()
ass) = agu‘) - (16)
Comparing (13) and (16), we obtain that
A A\ (wi)
aq(jf) =0, aé“z) ==
Thus, A”(e) = 0 follows from equality (4). We have the following connection
(ui)
(ui) |, A
=0
a, "+ 5
between the coeflicients. d
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Lemma 6. A" (s0,) = {0} and A" (h,,) = {0}.

Proof. Let k,l (k # 1) fixed numbers in the set {1,2,...,n}. Next, set z = u + sx; (if [ < k, then
Skl = _Sl,k)- Then

A"(x) = [byug, + s1) + po(uk + Sk1)
= byvp + bpug — by, 2 + Z bsp’kup

1<p<k
b B — b b b b

- sk,q Ugq + §Uk — by Uk + Oy U — Oy U + Oy, 1y

k<q<n (17)
+ : : bsp,ksp:l + z : bsl,qsq’k

1<p<k, p#l I<q<n, g#k
+ z : bsp,lsk/'vp + E : bsk,qsl7Q'

1<p<i, p#k k<g<n, l#q

On the other hand,

A"(z) = A" (ug) + A(sgy) = Z agq;’;)uj - Z ag”:f,)uj

1<j<k kGEn (18)

(sk,1) (sk,1) (sk,1) (sk,1)
- a/’LLl uk’ + auk ul - avl Ul{: + a/’l)k Ul'

Comparing the coefficients at the basis elements z and vy, (17) and (18), we obtain that

which implies

Similarly, from equality:

A" (g + s ) = A" (ug) + A" (s) we obtain ag,fk’l) =0;
A" (v + sgy) = A" (vg) + A" (sg;) we obtain aq(flf’l) =0;
A" (v + s1) = A (v) + A" (s1) we obtain aq(flk’l) =0.

If we substitute the above four results into (4), we get A”(s;) =0, 1 <l <k <mn.
Then equation (18) can be rewritten as

A'(x) = A"(ur) + Alsea) = D alWuy;— D alu;, (19)
1<j<k k<j<n

Comparing the coefficients at the basis elements u; (j # k, j # 1) and s;;, (17) and (19), we obtain
that
o if j <k, then by,, = 0 and by, , = al"*;

o if j >k, then by, = 0 and by, , = ali*);

64 Bulletin of the Karaganda University



Local derivation on the Schrédinger ...

we get
al) =0, (j#k). (20)
Take a number ¢ such that ¢ # k and ¢ # [.

A"(ug + s1,5) = A (ug) + A(sp.5) = altt) =0,

Sk,i

A" (v + sp5) = A (v) + A (s5) = o) =0, (j #k), (21)

Sk,]-
A"(vg + sp3) = A (v) + A (s1,0) = alX) = 0.

Sk,i

Thus, according to (4), (20) and (21), we have
A" (s0,) = {0} and A" (b,) = {0}. O

Now we are in position to prove Theorem 2.
Proof of Theorem 2. From (2) and Lemmas 2-6 we obtain

A" =0. (22)

Together (2) and (22) give
A’ = ad(zo) + \Mo. (23)

Together (1) and (23) give
A = D+ ad(zg) + \Mo.

Hence, any local derivation of the algebra s, (n > 3) is a derivation. (]

Conclusion

We study local derivations on the Schrodinger algebra s, in (n + 1)-dimensional space-time of
Schrodinger Lie groups for any integer n. We prove that every local derivations on the Schrédinger
algebra s, in (n + 1)-dimensional space-time are derivations.
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On certain identities of generalized derivations
of semirings with involution
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MA-semirings form a proper subclass of inverse semirings that properly contains both the class of rings
and the class of distributive lattices with the least element. In this paper, we study generalized derivations
satisfying certain algebraic identities of MA-semirings with involution. The main objective of this research
is to investigate identities involving three, two, one generalized derivation in MA-semirings with involution,
ensuring commutativity. Hermitian and skew-Hermitian elements are primarily used to formulate the basic
tools for the development of this paper and these notions are the fundamental units of the second kind
involution. Involution of the second kind plays a key role not only for proving the main results (see
Theorems 1, 3, 5) but also it enables us to observe more results from their proofs (see Theorems 2, 4, 6).
Since every derivation is a generalized derivation, the results obtained naturally extend a variety of results
on derivations. Moreover, several well-established results on derivations of MA-semirings and rings under
the similar environment can be concluded as special cases.

Keywords: semirings, MA-semirings, prime semirings, Hermitian elements, skew-Hermitian elements, invo-
lution, second kind involution, derivations, generalized derivations.

2020 Mathematics Subject Classification: 16Y60, 16W25, 16W10.

Introduction

The theory of semirings has tremendous and direct applications in the sciences. For instance,
idempotent analysis based on additive inverse semirings has interesting applications in quantum physics
(see [1,2]), and the same algebraic structure is used to develop the formal languages [3,4] and automata
theory [4-6]. One can find the applications of semirings in other fields of science and mathematics such
as theoretical computer sciences and engineering, parallel computational systems, optimization theory,
combinatorics, functional analysis, topology, graph theory, Euclidean geometry, and mathematical
modeling of quantum physics (see [7-9]). Moreover, semirings have some notable applications in
cryptography (see [10,11]). B*-algebras as well as C*-algebras are well-known examples of rings with
involution (see [12-14|) in the canvass of functional analysis, which is indeed a primitive source of
motivation for ring theorists. For the ring’s theoretical background, we would like to refer to [15-17].

The class of MA-semirings [18] has a significant potential to accommodate the study of derivations
and generalized derivations satisfying different identities on semirings with involution [19-21]| and
without involution [22-24] for exploring commuting conditions and other features. In the present
paper, we generalize a few results of [25] in the framework MA-semirings with second-kind involution.

In the next section, we include some necessary preliminaries for the sake of completeness and
examples for exploring the features of this paper.
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1 Preliminaries and Examples

An additive commutative inverse semiring (S, +,.) with absorbing zero 0 and center Z(S) is said
to be an MA-semiring [18] if w + w’ € Z(S) for all w € S, where w’ denotes the pseudo inverse of
w, which is indeed unique (see [8,9]). Throughout the paragraph, by S we mean an MA-semiring.
A mapping ¢ : S — S is a derivation if o(w +v) = p(w) + o(v) and p(wv) = o(w)v + we(v). An
additive mapping F, : S — S is said to be a generalized derivation associated with a derivation p, if
Fy(uv) = Fy(u)v+up(v). The commutator and anti-commutator of w, v € S are respectively defined as
[w,v] = wv+v'w and wov = wv+vw. Involution is an additive mapping * : S — S satisfying (w*)* = w
and (vw)* = w*v*, for all v,we S. H(S)={weS:w*=w} and K(S) ={w e S:w* =w'} respectively
represents the sets of Hermitian and skew Hermitian elements of S. Involution of the second kind was
introduced in [26] in the framework of MA-semirings. If Z(S) ¢ H(S), then involution is of second
kind otherwise it is of first kind.

Example 1. 27| Let (Z,+,.) be the ring of integers and I(Z) be the collection of all ideals of Z.
Consider the set S = My(Z) x I[(Z) and let u = (A1,I),v = (Ag2,J) € S. Define addition & and
multiplication ® by u@® v = (Ay + A3, I +J) and u®©v = (A1 42,1J). Then (S,®,®) is an example of
a proper MA-semiring. Furthermore, define a mapping * : S — S by (A,1)* = (AT, I), where AT is
the transpose of A. Then = defines an involution on S. We further see that Z(.S) ¢ H(S), therefore *
is an involution of first kind.

Example 2. [27] Let Z be the set of integers, Z be the set of all non-negative integers and R = ZxZ.
Define addition @ and multiplication ® by (u1,v1) ® (ug,v2) = (u1 +ug,v1 Voe) and (u1,v1) ® (ug,ve) =
(u1.u2,v1.v2), where vy V vy = max{vi,ve}. Then the triplet (R, ®,®) forms an MA-semiring which is
not a ring. One can observe that

w v U X
0 w 0 wu

MR—{ 00 w o .u,v,w,xeR}
0 0 0 w

(where v’ is the pseudo inverse of v) is an MA-semiring under matrix addition and multiplication.
Next, we define a mapping * : Mr — Mg by

*

~

w v U T w v U T
0 w 0 wu 0w 0 wu
0 0 wv | |0 0 w
0 0 0 w 0 0 0 w

The mapping * defines a second kind involution on Mpg.

Example 3. 28] Let (R,+,.) be a ring and I(R) be the collection of all ideals of R. Consider
the set S = RxI(R) and let u = (r1,1),v = (r2,J) € S. Define addition & and multiplication ® by
u®v=(ri+re,I+J) and u®wv = (r1re, IJ). Then (S,®,®) forms an MA-semiring which is not a ring.

Throughout the sequel by a semiring S, we mean an MA-semiring S unless mentioned otherwise.
Furthermore, we take h.,h, e H(S)n Z(S) and k. € K(S) n Z(S), for the sake of convenience.

Following results are indeed useful to establish the main results of this paper.
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Lemma 1. [18] Let S be a semiring and g be a derivation of S. Then for all u,v,w € S, z € Z(S5),
we have

o el (vi) ow') = (o(w))'
i) [w,uv] = [w,u]v +u[w,v ir) (w')* = (w)*,
(iii) [wu,v] = wlu,v] + [w,v]u, (i) ()™ = ((w)")

(i) (wu)" =w'u=wu', (z) [w,uz] = 2[w,u] = [w,u]z,

(’U) [wvu] + [u,w] = u(w + wl) = ?U(u + u'), (fL’Z) [wv w] = [w7w],7
(vi) [w,u] =[w,u'] = [w, u] = [u,w], (zit1)) w+u =0 = w =, however the converse
(vii) wo (u+v)=wou+wou, may not hold in general.

For more such identities, one can see [28-30].

Lemma 2. [31] Let S be a semiprime semiring with involution * of second kind. Then
K(S)n Z(S) # {0} and hence H(S) n Z(S) # {0}.

The following lemma is readily discernible from the definitions of Hermitian and the skew Hermitian
elements of a semiring with second kind involution.

Lemma 3. [27] If S is a semiring with second kind involution *, then for any k € IK(S) and h € H(.S),
we have
(i) k* € H(S),
(i) hh, e H(S),
(#i) kk, e H(S),
(i) hk, € K(S).
Lemma 4. |27] Let p be a derivation of a 2-torsion free prime semiring S with involution * of second
kind. If o(h.) = 0, then o(k,) = 0.

Lemma 5. |27] Let o be a derivation of a 2-torsion free prime semiring S with involution = of second
kind. If o(h,) =0, then o(z) =0, for all z € Z(S).

Following lemma is a special case of Theorem 2.2 of [31].

Lemma 6. [31] Let o be a nonzero derivation of a prime semiring S such that [o(w),w] =0, for all
w € S. Then S is commutative.

Lemma 7. Let F, be a generalized derivation associated with a nonzero derivation o of a prime
semiring S. If [F,(w),w] =0, for all w € S, then S is commutative.

Proof. The hypothesis states that
[Fo(w), w] =0. (1)

Linearizing (1) and again using (1), we get
[Fo(w),s]+[Fo(s),w] = (2)
Substituting ws for w in (2), we find
[Fy(w),s]s+[wo(s),s]+ [Fs(s),w]s+w[Fs(s),s]=0.
Using (1) and (2) in the last expression, we get
[wo(s),s]=0. (3)
In (3) substituting rw for w, and using Lemma 1, we obtain

0 =[rwo(s),s] =rlwo(s),s]+[r, s]Jwo(s),
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and using (3) again, we obtain

[r,s]wo(s) = 0. (4)
Multiplying (4) by s from the right, we get

[r,s]wo(s)s = 0. (5)
In (4) writing ws’ for w, we obtain

[r,s]ws'o(s) = 0. (6)
Adding (5) and (6) and then substituting o(s) for r, we get [o(s),s]S[o(s),s] =0. As S is prime, we
can write [o(s),s] =0 for all s € S. By Lemma 6, S is commutative. O

2  Main Results

In this section, we present the key results of this research article. We investigate several identities
involving generalized derivations working in pairs and triplets with a key role of involution of the second
kind. Through out this section by a prime semiring we mean a prime MA-semiring unless mentioned
otherwise.

Following result describes an identity involving three generalized derivations, which leads to the
commutativity of a semiring and this result is an extended version of Theorem 2.2 of [25].

Theorem 1. For a 2-torsion free prime semiring S with involution * of second kind, let F,,,G, and

Djs be generalized derivations respectively associated with derivations ¢,¢ and § such that o # 0 and
0+0. If

[Fr(w)Gyo(w*) + Ds(ww™),t] =0, (7)

for all t,w € .5, then S is commutative.

Proof. Linearizing (7) and using (7) again, we obtain
[Fo(w)Gy(s*) + Fp(s)Go(w*) + Ds(ws™) + Ds(sw™), t] = 0. (8)

Writing sh, for s in (8) and hence after the rearrangement of terms, we obtain

[Fy(w)Gy(s*) + Fr(5)Go(w*) + Ds(ws*) + Ds(sw*), t]h,
+ [Fy(w)s*o(h,) + s0(h)Gop(w*) + (ws* + sw*)d(h,),t] = 0.

Using (8) again, we obtain
[Fy(w)s*o(h,) + sa(h.)Go(w*) + (ws*)d(h.) + (sw*)d(h,),t] = 0. (9)
Substituting sk, for s in (9), we obtain
[(Fy (w)s*0(h))' + 50 (h2)Gy(w*) + (ws™)3(hz) + sw*8(h.), 1]k = {0}.
Because of the primeness of S, we have
[(Fy(w)s* (b))’ + 50 (h2)Gy(w") + (ws™)3(h2) + sw*8(hz), 1] = 0.
Using assertion (xii) of Lemma 1, we get

[F,(w)s* o(hs) +ws*6(hs),t] = [sa(ﬁZ)GQ(w*) +sw*(h),t]. (10)
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In view of the 2-torsion freeness of S, using (10) in (9), we find
[s(o(h.)Go(w*) +w*d(h)),t] = 0. (11)
Writing 7s for s in (11) and again using (11), we can write
[r,11S (0 (h2)Go(w”) +w*6(hz)) = {0}

and by the primeness of S, we have either S is commutative or a(ﬁz)Gg(w*) +w*8(h) = 0, which
further implies

o(h.)G(w) +wd(h.) = 0. (12)

Writing wh, for w in (12), we get (0(h.)Go(w) +wd(h,))hz +0(h,)wo(h,) = 0 and by the use of (12)
again, we further get o(h;)So(h) = {0}. Due to the primeness of S, we have either o(h;) = 0, for all
h. e H(S) n Z(S) or o(h.) =0, for all h, € H(S) n Z(S). Assume that o(h.) = 0, then from (12), we
obtain wd(h.) = 0, which further implies 6(h.) = 0. Now since o(h.) = 0 = d(h.), from (9) we obtain
[F,(w)s*o(h.),t] =0 and therefore .

[Fa(w)SQ(hz)v t] =0. (13)

Substituting wp for w in (13), we obtain [F,(w)pso(h.),t]+[wo(p)soe(h.),t] = 0 and using (13) again,
we get ~

[wo(p)se(h),t] = 0. (14)
On replacement of w by rw in (14) and making use of (14) again, we obtain

[Tv t]SO—(p)SQ(iLz) = {O}

and by the primeness of S, we have either S is commutative or o(p)Seo(h.) = {0}. From the second
possibility, since o # 0, we have o(h) = 0. Hence we conclude that o(h.) = o(h.) = 6(h.) = 0, for all
h, e H(S)n Z(S). By Lemma 4, we have o(k,) = o(k;) = 6(k,) =0, for all k, e K(S) nZ(S) and by
Lemma 5, we have o(z) = 0(z) = (z) =0, for all z € Z(S). Substituting sk, for s in (8) and using the
assumption that o(k;) = o(k;) = 6(k.) = 0, we get

[(Fr(w)Go(s™) + Fr(8)Gp(w™) + Ds(ws™))" + Ds(sw*),t]k, = 0.
and by the primeness, we have
[(Fo(w)Go(s7)) + Fo(s)Go(w") + Ds(ws™))" + Ds(sw”),t] = 0.
As s+t =0 implies s = t' for all s,t € S, therefore from the last identity, we can write
[Fr(s)Go(w™) + Ds(sw™),t] = [Fp(w)Go(s™) + Ds(ws™), t]. (15)
In view of the 2-torsion freeness of S, using (15) in (8), and then substituting w* for w, we have
[F,(s)Gp(w) + Ds(sw),t] = 0. (16)

Replacing w by wt in (16), we get [F5(s)Go(w)t+ Fy(s)wo(t) + Ds(sw)t+swd(t),t] = 0, which further
implies by using Lemma 1 that [Fy(s)G,(w)+ Ds(sw),t]t+[F,(s)we(t)+swd(t),t] = 0 and using (16)
again, we obtain

[F,(s)wo(t) + swd(t),t] =0. (17)
In (17) writing sp in place of s, we find

[Fo(s)pwo(t) + so(p)wo(t) + spwd(t),t] = 0. (18)
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In (17) replacing w by pw, we get

[Fy(s)pwo(t) + spwd(t),t] = 0. (19)

Using (19) in (18), we get
[so(p)we(t),t] = 0. (20)

From (20), we have so(p)wo(t)t+t'so(p)we(t) = 0 and by Lemma 1, we can further write so(p)wo(t)t =
tso(p)we(t) = 0. In (20), replacing s by sr, we get [sro(p)wo(t),t] =0, and by Lemma 1, we can write
[s,t]ro(p)wo(t) =0, and therefore

[s,t]Sa(p)wo(t) = {0}.

We consider the subsets S1 = {t €S :[s,t] =0, for all se€ S} and Sz ={t € S:0(p)Se(t) = {0}, for all
p e S}. We see that S = S7USy. Our claim is that either S = 57 or S = Ss. For this we prove that either
S1 €55 or S5 € S57. On the contrary, let £1 € S1\.S9 and t9 € So\.S1. Then t1+t9 € S1+59 € S1uUSy = S.
If t1 +tg € S1, then 0 = [r,t +t2] = [r,t1] +[r, t2] = [r,t2], which implies ¢5 € S1, a contradiction. On the
other hand if t1 +t9 € S, then {0} = o(p)So(t1 +t2) = o(p)So(t1) +o(p)So(tz) = o(p)Se(t1), therefore
t1 € So, a contradiction. Hence we have either S; € S or Sy € 57 and therefore we respectively have
S1=Sor Sy =S. Firstly if S; = S, then S is commutative. Secondly if Sy = S, then o(p)So(t) = {0} for
all p,t e S, then by the primeness of S, we have either o =0 or ¢ = 0 which contradicts the hypothesis.
This completes the proof. O

From the proof of Theorem 1, one can obtain the following result.

Theorem 2. Let Fy;, G and Ds be generalized derivations respectively associated with the nonzero
derivations o, ¢ and a derivation ¢ of a 2-torsion free prime semiring S with involution * of second

kind. If
[Fo(w)Go(s) + Ds(ws), t] =0
for all t,w,s € S, then S is commutative.

If Ds =0, then we can obtain the following result from Theorem 1.

Corollary 1. For a 2-torsion free prime semiring S with involution * of second kind, let F,, and G,
be generalized derivations respectively associated with derivations ¢ and g such that ¢ # 0 and o # 0.
If
[FO'(w)GQ(w*)vt] =0,
for all t,w € S, then S is commutative.

A generalized version of Theorem 2.4 of |25] is given in the following theorem.

Theorem 3. Let S be a 2-torsion free prime semiring with involution * of second kind. Let F, be
a nonzero generalized derivation associated with a derivation ¢ that satisfies one of the statements
below:
1. Fylw,w*] + [(w*),o(w)] =0,
2. [Fo(w),w ] +o[(w*),w] =0
for all we S. Then S is commutative.

Proof. 1. The hypothesis states that
FG[wvw*] + [(w*),a(w)] =0, (21)
for all w € S. Linearizing (21) and using (21) again, we get

F,[w,s* ]+ Fy[s,w"] + [(w*),0(s)] +[(s¥),0(w)] = 0. (22)
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If 0 =0, then from (22) and then replacing s by s*, we have
F,[w,s]+ F,[s",w"] =0. (23)

Writing sk, for s in (23), we obtain (Fy[w,s]+ F,[s*,w*]")Sk, = {0} and since S is prime, we have
F,[w,s]+ Fy[s*,w*]" =0 and since u + v = 0 implies u = v’ for all u,v € S, therefore we can write

F,[w,s] = Fy[s",w"]. (24)
Using (24) in (23) and then using 2-torsion freeness of S, we get
Fy[w,s] =0. (25)

In (25) substituting wp for w and using Lemma 1, we get F,([w,s]p + w[p,s]) = 0, which further
implies that F,([w, s])p + [w, s]o(p) + Fy(w)[p, s] + wo[p,s] =0 and using (25), we obtain

Fo(w)[p,s]=0. (26)

In (26) replacing p by rp and using (26) again, we obtain F,(w)S[p,s] = {0}. As F, # 0, by the
primeness of S is commutative.

We now consider the case, when o # 0. In (22) for each h, € H(S)n Z(S), replacing s by sh., we
get

(Folw, 8]+ Fols,w™ ]+ [(w"),0(s)] + [(s7),0(w) ) he
+[w,s"]o(h.) + [s,w*]o(h.) + [(w"),s0(h2)] = 0
and using (22) again, we get
[w,s"]o(hz) + [s,w"]o(h:) + [w”, so(h:)] = 0. (27)
Replacing s by sk, in (27), we obtain
([w,s* ) o(h:) + [s,w"]o(h:) + [w”, sd(h:)])Sk. = {0}

Due to the primeness of S, we [w,s*]'o(h,) + [s,w*]o(h,) + [w*,s0(h.)] =0 and using Lemma 1, we
further get
(s, w0 o (k) + [7 50 (h2)] = [, 5°Jo (he). (2)

Using (28) in (27) and then using 2-torsion freeness of S, we obtain [w,s*]o(h,) = 0 and replacing s
by s*, we get
[w,s]o(h,) =0. (29)

In (29) substituting sr for s and again using (29), we obtain [w, s]So(h,) = {0}. By the primeness of
S, either S is commutative, or o(h,) =0, for all h, e H(S) n Z(S).

Assume that o(h,) = 0. By Lemma 4, we have o(k;) = 0 for all k, € K(S) n Z(S). For each
k., e K(S)n Z(S), replacing s by sk, in (22) and using the assumption that o(k,) =0, we obtain

(Folw, s*]"+ Fols,w* ]+ [(w"),0(s)] + [(s7),0(w)]") Sk= = {0}.
Due to the primeness of S, we obtain

Folw,s*]"+ Fo[s,w*] + [(w"),0(s)] + [(s7), o(w)]" =0,
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and using Lemma 1, we have
Folw,s"]+[(s7),0(w)] = Fo[s,w ] + [(w"),0(s)]. (30)
Using (30) in (22) and using 2-torsion freeness of S, we get
Folw,s™]+[(s7),0(w)] = 0
and making substitution of s by s*, we get
Fy[w,s]+[s,0(w)]=0. (31)
In (31) replacing w by ws, we obtain
Fy([w,s]s) + [s,0(ws)] =0. (32)
Using semiring identities from Lemma 1 and rearranging the terms, we have
Fy([w,s]s) + [s,0(ws)] = (Fy[w, s] + [s,0(w)])s + [w, s]o(s) + [s,wo(s)]
and using (31) and rearranging terms, we obtain

F,([w,s]s) + [s,0(ws)] = [w, s]o(s) + [s,wo(s)]

=wso(s) + (8" + s)wo(s) +wo(s)s'.
As S is a semiring, s+ s’ € Z(S) and therefore

Fy([w,s]s) + [s,0(ws)] = wsa(s) +wo(s)(s' +s) +wo(s)s’
=wso(s) +wo(s)(s' +s+s").
As s’ +s+s =s" and s+ s’ + s =3, therefore
F,([w,s]s) + [s,0(ws)] = wso(s) +wo(s)s’ =w[s,o(s)].
Therefore from (32) we can write w[s,o(s)] = 0 and on replacement of w by [s,o(s)]w, it further
implies [s,0(s)]S[s,0(s)] = {0}. Due to the primeness of S the last relation gives [s,0(s)]=0,Vse S.
Hence by Lemma 6, S is commutative.

2. We have
[Fy(w),w"]+o[(w"),w] =0, (33)

for all w e S. Linearizing (33) and again using (33), we get
[Fy(w),s ]+ [Fy(s),w ] +o[(w"),s] +c[(s"),w] = 0. (34)
If o =0, then from (34), we have [Fy(w),s*] + [F5(s),w*] =0 and replacing s by s*, we get
[Fo(w),s]+[Fo(s"),w"] = 0. (35)

Writing sk, for s in (35), we obtain ([F,(w),s] + [Fy(s*),w*]")Sk, = {0} and by the primeness, we
obtain [Fy(w),s] + [Fy(s*),w*]" = 0. Making use of the last equation, we obtain

[Fo(w),s] = [Fo(s7),w"]. (36)
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Using (36) in (35) and then by the 2-torsion freeness of S, we have
[Fo(w),s] =0. (37)

In (37) replacing w by wr and using (37) again, we get F,,(w)[r, s] = 0 and therefore F,(w)S[r, s] = {0}.
As F, #0, by the primeness of S, we have [r,t] =0 which implies that S is commutative.
We now consider the case when ¢ # 0. In (34) substituting s* for s, we find

[Fy(w),s]+[Fy(s™),w* ] +o[(w”),s"] +o[s,w] =0. (38)
In (38) replacing s by sh, for each h, € H(S) n Z(S), we obtain
[Fo(w), 8]z + [Fo(s7), 0" The + [s°0(ha),w*] + o[w” 5*Th
+[w*,s"|o(h,) + o[s,w]h, + [s,w]o(h;) = 0.
After the rearrangement of terms, we get
([Fo(w),s]+[Fr(s"),w" ]+ o[w™,s™] + o[s,w])h,
+[s%o(hy),w* ]+ [w", s |o(hy) + [s,w]o(h;) = 0.
Using (38) again, we obtain
[s*o(h,),w" ]+ [w",s"]o(h,) +[s,w]o(h,) = 0. (39)
In (39), writing sk, in place of s, we obtain
([s"o(h2),w*] + [w", s ] o (h:) + [s,w]o(h:)) Sk = {0}.
Using primeness, after the rearrangement of terms, we obtain
[so(h2),w™]" + [w",s"]'o(h:) + [s,w]o(h:) = 0.
Since u + v = 0 implies u = v’, for all u,v € S, therefore from the last identity, we can write
[s*0(hy),w* ]+ [w",s"]|o(hy) = [s,w]o(hs). (40)

Using (40) in (39), we obtain [s,w]o(h,) = 0 and therefore [s,w]Sd(h,) = {0}. Because of the
primeness, we have either S is commutative or o(h;) = 0,h, € H(S) n Z(.S). Assume that o(h;) =0,
then by Lemma 4, o(k,) =0 for all k, € K(S)n Z(S). Substituting sk, for s in (34), and then using
the assumption that o(k,) = 0, we obtain

([Fo(w), s"]" + [Fo(s), w*] + o[ (w"), s] + o[ (s7),w]') Sk = {0}
Due to the primeness of S, we have
[Fﬁ(w)vs*], + [FU(S)vw*] + U[(w*)vs] + U[(S*)vw], =0,

which further implies

[Fo(w),s™ ] +0[(s7), w] = [F5(s), w* ] + o[ (w"), s]. (41)
Using (41) in (34) and the 2-torsion freeness of S, we obtain [F,(w),s*]+c[(s*),w] =0 and therefore
[Fy(w),s]+o[s,w]=0. (42)

In (42) taking s = w, we have [Fy(w),w] +o[w,w] = 0. As [w,w] = [w,w]’, therefore [F,(w),w] +
o[w,w]" =0 and hence

[P (), 0] = ofw, w]. (43)
Using (42) and (43), we obtain [F,(w),w] =0, Vw € S. By Lemma 7, we conclude that S is commuta-
tive. .
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From the proof of Theorem 3, one can obtain the following result.

Theorem 4. Let F, be nonzero generalized derivation associated with a derivation o of a 2-torsion
free prime semiring S with involution * of second kind. If one of the following holds:
1. Fylw,s]+[s,0(w)]=0,
2. [Fy(w),s]+0o[(s),w] =0
for all s,w € .5, then S is commutative.

Following result is an extended form of Theorem 2.6 of [25].

Theorem 5. Let S be a 2-torsion free prime semiring S with involution * of second kind. Then
there is no nonzero generalized derivation F, satisfying one of the following statements:
1. Fy(w)ow* +o(w*ow) =0,
2. Fy(wow*)+o(w*)ow' =0
for all we S.

Proof. (1). Assume that F, is a nonzero generalized derivation satisfying
Fy(w)ow* +o(w* ow)’ =0. (44)
Linearizing (44) and using (44) again, we get
Fy(w)os* + Fy(s)ow* +a(w*os) +o(s" ow)' =0. (45)
Substituting sh, for s in (45), we get

(Fy(w)o s )h, + (Fy(s) ow™)h, + ((so(h;))ow™)

+o(w*os) hy,+(w*os)o(hy)+o(s ow)h,+ (s ow)a(h,)=0

and therefore

((Fy(w)os*) + (Fy(s)ow*) +o(w* os) +o(s* ow) )h,
+((so(hz)) ow*) + (w*os) a(h,)+ (s ow) a(h,) =0.

Using (45), we obtain
((so(hz)) ow™) + (w0 5) o (hz) + (s" ow) o (h:) = 0.
From the last equation, we can write
so(h)w* +w*so(hy) +w*s'o(h,) +s'w o(h,) + (s ow)'a(h,) =0

and therefore
so(h)w* +w*(s+5)o(h,) +sw*o(h,) + (s cw) o(h,) =0.

As s+ 5" € Z(S), therefore
so(h)w* + (s' +s+sYw*o(hy) + (s ow)'o(h,) =0
and since s’ + s+ s’ = s’, therefore
so(h)w* + s'w*o(h,) + (s* ow)'a(h,) =0,
which further implies

slo(h,),w*]+ (s* ow)'o(h,) = 0. (46)
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By Lemma 1, from (46), we can write
slo(hz), w'] = (s" cw)o(h:). (47)

In (46), replacing s by sk, we obtain (s[o(h;),w*]| + (s* o w)o(h,))k, = 0, which further implies
(s[o(hy),w ]+ (s* ow)o(h,))Sk, = {0}. In view of Lemma 2, by the primeness of S, we can find

s[o(h.),w ]+ (s ocw)o(h,) = 0. (48)

Using (47) in (48), we obtain 2(s* o w)o(h,) = 0, and then by the 2-torsion freeness, we have
(s* ow)o(h,) =0, and replacing s by s*, we get

(sow)o(hy) =0. (49)

Using Lemma 1 in (49), we can write
swo(hy) =w'so(h). (50)

In (49), substituting rw for w, we get
srwo(hy) + rwso(h,) = 0. (51)

Using (50) in (51), we get srwo(h,) +r'swo(h,) =0 and so [s,r]wo(h,) =0 i.e [s,r]So(h,) = {0}.
Due to the primeness, either S is commutative or o(h;) =0 for all h, e H(S) n Z(S).

Assume that o(h,) =0. By Lemma 4, o(k,) =0 for all k, € K(S)n Z(S). In view of the fact that
o(k;) =0 for all k, e K(S)n Z(S), replacing s by sk, k, e K(S)n Z(S) in (45), we obtain

(Fy(w)os*) + Fy(s)ow* +a(w*os) +a(s* ow))Sk, = {0}
and by the primeness, we obtain
(Fy(w)os*) + Fy(s)ow* +o(w*os) +0(s*ow) =0,

which further implies
Fy(s)ow* +o(w* os) = F,(w)os* +o(s* ow)'. (52)

As S is 2-torsion free, using (52) in (45), we get F,(w) o s* + o(s* ow)’ = 0 and making substitution
of s by s*, we get
F,(w)os+a(sow) =0. (53)

In (53), replacing s by h, and using the assumption that o(h,) = 0, we get (F,(w)+(c(w))")Sh, = {0}.
Because of the primeness, Fy(w) + (o(w))’ = 0 for all w € S which implies that F' = o and therefore
from (53) becomes

o(w)os+o(sow) =0. (54)

By the definition of Jordan product, we can write
o(w)os+o(sow) =a(w)s+so(w)+s'o(w) +o(s)w +w'o(s) +o(w)s'.
Rearranging the terms, we have

g(w)os+o(sow)) =c(w)(s+s)+(s+5)o(w)+o(s)w) +w'o(s)).
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By the definition of MA-semiring w + w’ € Z(.S), therefore
og(w)os+(a(sow)) =(s+8 +s+s)o(w)+o(s)w +w'o(s).
By the definition of pseudo inverse, we have
o(w)os+a(sow)) =(s+s)o(w)+a(s)w +w'o(s).

Therefore (54) becomes
(s+5)o(w)+(o(s)ow’) =0. (55)

As s+ = (s+5"), therefore from (55), we have (s +s') o(w) + (6(s) ow") =0, which further implies
(0(s)ow’) = (s +s")o(w) (56)

In view of the 2-torsion freeness of S, using (56) in (55), we obtain
o(s)ow=o0(s)w+wo(s)=0. (57)

From (57), we can write
o(s)w =w'o(s). (58)

In (57) substituting wt for w, we obtain o(s)wt + wto(s) = 0 and using (58), we further get o(s)wt +
w'o(s)t = 0 that is [o(s),w]t = 0. From the last relation, we can write [o(s),w]S[o(s),w] = {0}
and by the primeness of S, we have [o(s),w] = 0 and so o(s) € Z(S). Therefore, from (57) we have
2wo(s) = 0 and by 2-torsion freeness of S, we have wo(s) = 0. Substituting wr for w in the last
equation, we get wSo(s) = {0}. As S is prime, we have o = 0 and hence F, = 0, a contradiction.
On the other hand if S is commutative, then o(w) € Z(S). Repeating the same arguments as above
we obtain F, =0, a contradiction. This completes the proof.
(2). Assume that F; is a nonzero generalized derivation associated with a derivation o such that

Fy(wow*)+o(w*)ow' =0, (59)
for all w € S. Linearizing (59) and again using (59), we obtain
Fy(wos* )+ Fy(sow*)+o(w*)os +o(s*)ow =0. (60)
For each h, e H(S) n Z(S), substituting sh, for s in (60), we get
Fp(wo (shy)*) + Fy((shs) ow®) + o(w*) o (sh)" +a((shs)*) ow' =0,
which implies
Fy(wo (s*hy)) + F,((shy) ow™) +o(w*) o (sh,) +o((s*h,))ow’ =0
and therefore, we can write
F,((wos*)h,)+ F,((sow*)h,) +o(w*)os)h, +a((sh.))ocw’ =0.
As F, is a generalized derivation and o is a derivation, therefore

{Fy(wos*)h, +(wos*)o(h,)} +{F,(sow*)h, + (sow*)o(h,)}
+{(oc(w*)os Y} +{o(s)h, +sc(h,)} ow' =0,
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which further implies
Fy(wos™)h,+ (wos™)o(h,)+ Fy(sow™)h,+ (sow*)o(h,)
+(o(w*)os Y, + (o(s*) ow")h, + (sc(h.)) ow' = 0.
Rearranging terms of the last expression, we obtain
{Fy(wos*)+ Fy(sow*)+ (c(w*)os)+ (a(s*)ow')}h,
s (wo s )o(ha) + (sow)a(hs) + (s"a(hs)) 0w’ =0.
Using (60), we obtain
(wos*)a(hy)+ (sow*)o(h,)+ (s c(h,))ow’ =0. (61)
Substituting sk, for s in (61), we obtain
(wos™) o(hs) + (sow")o(h:) + (s"0(h:)) ow) Sk, = {0}.
Since S is prime and K(S) n Z(S) # {0}, we get
(wos™)o(hs) + (sow")o(h:) + (s"o(h.)) ow) =0
and therefore by Lemma 1, we obtain
(wos*)a(h,)+ (s*c(hy))ow = (sow*)o(h,). (62)
Using (62) in (61) and then using 2-torsion freeness, we get (sow*)o(h,) =0, which further gives
(so0w)a(h,) = 0. (63)

Equation (63) is the same as (49). Therefore, using similar arguments, we obtain that either o(h,) =0
or S is commutative. Firstly assume that o(h,) = 0. By Lemma 4, we have o(k,) = 0, for all k, «
K(S)n Z(S) and by Lemma 5, 6(z) =0 for all z € Z(S). Substituting sk, for s in (60), we obtain

(Fy(wos™) + Fy(sow*)+o(w*)os +0a(s*)ow)Sk, ={0}.
Due to the primeness of S, we have
Fy(wos*) + Fy(sow*)+o(w*)os +a(s*)ow=0.
By Lemma 1, since u +v = 0 implies u = v’, therefore from the last identity, we can write
Fy(wos*)+o(s*)ow'=F,(sow*)+o(w*)os'. (64)
Using (64) in (60) and the 2-torsion freeness of S, we obtain
Fy(wos)+a(s)ow =0. (65)

In (65), replacing w by z € Z and using o(z) = 0, we obtain (F,(s) + o(s)")Sz = {0}. Using the
primeness of S, we have F,(s)+0(s)’ =0 and therefore F,(s) = o(s) and hence F, = o. Therefore (65)
becomes

o(wos)+a(s)ow =0. (66)

Equation (66) is same as (54), therefore by the similar arguments, we can conclude that F, = 0, a
contradiction. On the other hand, if S is commutative, then by the similar arguments, we can again
conclude that F, =0, a contradiction and this completes the proof. O
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From the proof of Theorem 5, one can obtain the following result.

Theorem 6. Let S be a 2-torsion free prime semiring S with involution * of second kind. Then

there is no nonzero generalized derivation F, satisfying one of the following statements:

1. Fy(w)os+o(sow) =0,
2. Fy(wos)+o(s)ow' =0

for all w,s € S.

Conclusion

The research work presented in this paper provides a motivation to investigate the results for

semiprime MA-semirings with similar or different environment.
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On Triggers of Order
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It is shown that the concepts of heir and coheir, introduced by D. Lascar and B. Poizat, play a fundamental
role in model theory, particularly in classification theory. The related notions of proper heir and proper
coheir are introduced, containing important constructs within themselves. Poizat’s lemma on the existence
of a proper heir of any non-definable type over a model is presented as an important fact of existence
in unstable theories. The concept of an order trigger in a model is then introduced as the skeleton of
an algorithmic device that produces w-evidence of the order property in it. This evidence is constructed
using a method very similar to the “back and forth” method of classical model theory, where at each step
two possibilities for choosing elements are alternated. As an example of use, a simplified proof of the
characterization theorem of the class of unstable theories using these concepts is explained. It is pointed
out that applications of more advanced constructions, such as order triggers, can help in solving problems
related to the classification of small, countable and minimal models of unstable theories.

Keywords: proper heir, proper coheir, strong heir, unstable theory, non-definable type, order property,
trigger of order, w-evidence.

2020 Mathematics Subject Classification: 03C45.

Introduction

A new philosophy of model theory based on the notions of heir and coheir of a type was presented
in [1]; it was shown that for types over models of stable theories these notions and one of non-forking
extension coincide. The study of the properties of heirs and coheirs in a general context was continued
in 2], which outlined their possible applications.

Definition 1. [1] Let M be a model, let N be an elementary extension of it, and let ¢(x) be a
complete type over N and p(xz) = ¢q [ M. Then

(1) q is an heir of p if for any formula ¢(z,y) over M with ¢(x,a) € ¢ there exists b € M with
o(x,b) € p;

(2) q is a coheir of p if any formula in ¢ is realized in M.

As can be seen, a coheir does not speak about the relationship between a type and its restriction,
but rather about the relationship between a type (as a set of formulas) and a model. Therefore, the
concept is often used, especially when specifying the relationship between a type and a model, under
the name “finitely satisfiable”: instead of “a type is a coheir of its restriction over M”, one can say
“a type is finitely satisfiable in M” [2].

Coheirs have been well accepted by the model theory community because types that are finitely
satisfiable in M are M-invariant, and they also allow one to construct Morley sequences (see e.g. [3,4]).
Heirs are also used (see |5]), but, being more abstract, much less frequently than coheirs.
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In the hierarchy of concepts in model theory (and classification theory), what role do heirs and
coheirs play?

This note aims to address answer this question.

In the note, we consider infinite models of the first-order language L with equality. As usual, we live
in a universe (i.e., a fairly saturated and homogeneous model of L), which we do not designate in any
way; all objects (sets, relations, tuples, etc.) are taken from it, models are its elementary submodels.
Unless otherwise stated, the satisfiability of formulas and sentences, which is denoted by =, also applies
to the universe.

Models are denoted by uppercase calligraphic Latin letters, and their basic sets are denoted by the
corresponding ordinary letters. Tuples of elements and variables are denoted by lowercase Latin letters
(without dashes); Greek letters ¢, ¥, 6 are used to denote formulas in L. The space of complete types
with variable z over a set A is denoted by S*(A). Similarly, we write M* instead of M'(®) where I(x)
is the length of the tuple z. The type of a tuple a over a set A is denoted by tp(a/A).

1 Poizat’s Lemma

In [1], the following properties of a non-definable type p over a model M were shown:

(1) p can have arbitrarily many distinct heirs over some elementary extension of M;

(2) the number of coheirs of type p over any elementary extension of M is bounded by some fixed
cardinal depending only on the cardinality of M.

Definition 2. Let p, ¢ be complete types over models and let ¢ be an extension of p. Then ¢ is a
proper heir of p if it is heir of p, but not coheir of p. Likewise, q is a proper coheir of p if it is coheir of
p, but not heir of p.

From the above properties (1), (2) it almost directly follows that any non-definable type over a
model has a proper heir.

In [2, p.300] B. Poizat gave an elegant proof of the latter fact using the following lemma: any
non-definable type over a model M has a (strong) heir that is not M-invariant; the proof relied on
primary model-theoretic methods of definability dating back to E.W. Beth, A. Robinson, L. Svenonius
and others.

For completeness, we present here Lemma 1, which is a weakened version of Poizat’s lemma and is
sufficient for our purposes.

Let M be a model of the language L and p € S*(M). For each formula of the form ¢(z,y) in the
language L, we define the relation R, as a subset of MY:

a€ R, < p(x,a) €p. (1)
The enrichment of the model M to the language L* = L U {Rg}g(s,)er, is denoted by M*.

Definition 3. [2] If N* is an elementary extension of M*, then the relations {Rg}g(,,.)cr, define a
type over N that is an heir of p, it is called a strong heir of p .

There may also exist non-strong heirs of p over N: if N is an elementary extension of a model M
that does not admit enrichment to an elementary extension of M*, then it is clear that there is no
strong heir of p over N [2].

Lemma 1. If a formula ¢(z,y) of a language L is such that R, from (1) is not definable in M.
Then there exist an elementary extension N of M, type ¢ € S*(N) and tuples a,b € N¥ of the same
type over M such that ¢ is a strong heir of p and p(z,a) A =p(z,b) € q.
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Proof. Let ¢(x,y) be a formula in L and R, is not definable in M. We will first show that the
following theory is then consistent:

T* = Th(M") U {p(c1) ¢ ¥(c2) bypyern Y {Rs(c1), ~Ry(c2)}

where M* is the enrichment of M described before Definition 3, and ¢1, co are new constants.
On the contrary, let us assume that 7™ is inconsistent. Then, by compactness, there exists a finite
set {Y1(y),...,¥n(y)} of L(M)-formulas such that

i=1

Vyz </\(¢¢(y) < Pi(2)) = (Ro(y) < RL,O(Z))> € Th(M).

This means that there is a Boolean function f : {0,1}" — {0, 1} such that if e1,...ep,¢ € {0,1} and
f(e1,...en) = € then

vy (/\ Ui(y) — RZ(?J)) € Th(M").
i=1

Here, as usual, for any formula § we put #' = 0 and §° = —. Now it is obvious that the L(M)-formula

\/ ( /\ w?'(y))

fle1,...en)=1

defines R, which is a contradiction.
So, T* is consistent. Let A'* be its model, where the constants ¢; and ¢y are interpreted by tuples
a and b, respectively. The set of formulas {Rp}g(, ez, defines a type g over N, which is a strong heir

of p. It is now easy to see that A" and ¢, together with a and b, satisfy the statement of the lemma. [

Since the formula ¢(z,a) A —¢(z,b) from Lemma 1 is not realized in M, we obtain the following:
Corollary 1. [2] Any non-definable type over a model has a strong proper heir.

On the other hand, a proper heir of a type over a model may exist even if all types over that model
are definable.

Ezample 1. Over a model M = (w;=,€), where L = {=, €}, all types are definable, and there
exists a unique non-algebraic 1-type over it, which we denote by oo. Over any proper elementary
extension of a model M, the heir of oo will be proper.

2 Trigger of Order

We will start this section with a definition.

Definition 4. A triple (a,b,o(x,y)) is called a trigger of order in M if it satisfies the following
conditions:
(1) = ¢(a,b),
(2) ¢(x,b) is not realized in M,
(3) tp(b/Ma) is finitely satisfiable in M (i.e. tp(b/Ma) is a coheir of tp(b/M)).

In this definition, the word “order” comes from the order property (OP) defined in [6] (see also the
theorem below).

Obviously, a proper heir of a type over a model M provides us with a trigger of order in M: take
as a the realization of this proper heir and its formula ¢(z,b), which is not realized in M. Likewise,
any proper coheir produces a trigger of order.
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Theorem 1. If there is a trigger of order in a model, then the model contains w-evidence of the
order property.

Proof. Let (a,b,o(x,y)) be an order trigger in M as in Definition 4. By condition (2) of Definition
4 it follows that for each m € M7 we have —¢(m,y) € r := tp(b/Ma).

Let B := ¢(a, M). By induction on i € w we determine a; € M* and b; € B. We choose an
arbitrary ag € M*. Since =p(ap,y) € r, by the property (3) of Definition 4 one can find by € B such
that = —p(ag, bo).

Let us assume that the elements a;, b; are defined for all ¢ < k. We choose ap € M?* reali-
zing N\, ©(x,b;) (note that the last formula is realized by a). Finally, we choose b, € B realizing
Ni<r ~(ai,y), which is again possible by property (3) of Definition 4.

“From the construction it is clear that for any m,n € w the following holds:

E p(am,bn) < n < m,

which means that the formula —¢(z,y) has the order property [6]. O

To our knowledge, [7] was the first paper to give an example of using proper heirs to discover
structure in a (minimal) model; it inspired us to write [8] and the present note. We also noticed that [9]
considered very closely related issues. There are many unsolved problems about small (i.e., countable,
minimal, etc.) models of countable unstable theories [7,10]. Theorem 1 provides a method for analyzing
the structures of such models.

Let us note one more consequence of Theorem 1. After it, the equivalence of the following properties
of unstable theories can be easily proved along the line (a)=(b)=-(c)=(d)=(e)=-(a), using only the
arithmetic of cardinals and the compactness theorem:

(a) for some formula ¢, there are too many ¢-types over some small set,

(b) there exists a non-definable p-type over a model,

(c) there exists a proper heir,

(d) there exists an order trigger,

(

e) the theory has the order property.

Conclusion

The fact that heirs and coheirs incorporate combinatorics has been known for a long time
(e.g. Morley sequences). In this note we show another confirmation of this fact, as a result of a
simplest use of proper heirs. It is clear that more advanced applications of such concepts will yield
deeper, more meaningful results. It is also certain that constructions like order triggers can be used to
classify small, countable and minimal models of unstable theories.
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This article is devoted to the study of pseudo-differential operators generated by Dunkl operators, focusing
primarily on their boundedness properties. We establish that, under a set of suitable assumptions on the
symbols and the underlying function spaces, these operators are bounded on specific Banach spaces. In
addition, we define the composition of pseudo-differential operators generated by Dunkl operators and
rigorously prove that this composition also inherits boundedness properties under appropriate conditions.
The analysis is carried out using techniques based on the Dunkl transform, which provides a powerful tool
for handling operators associated with reflection groups and allows for the derivation of precise estimates.
Beyond the theoretical development, we illustrate an application of the obtained results, demonstrating
how these boundedness properties can be employed to address complex problems in mathematical physics
and harmonic analysis. Overall, the work contributes to a deeper understanding of Dunkl analysis and
the structure of pseudo-differential operators in this context. The results presented not only consolidate
existing knowledge but also open new perspectives for further investigations in the field, providing a solid
foundation for future research on Dunkl operators and their applications in both theoretical and applied
analysis.

Keywords: Dunkl analysis, Dunkl operator, Dunkl kernel, Dunkl transform, inverse Dunkl transform,
pseudo-differential operators, composition of pseudo-differential operators, boundedness results.
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Introduction

Pseudo-differential operators T, (Definition 3), generated by the Dunkl operator were introduced
by A. Dachraoui in 2001 in [1|. In his paper, the author defined two classes of symbols, S and
S™ for m € R, with S™ C S§*, and introduced Sobolev-type spaces WaP (R, du,), where s € R,
p € [1,+00], and @ > —1/2 (definitions are provided below). He proved that the pseudo-differential
operator T, generated by the Dunkl operator with symbol a € S™, is continuous from W, ’I(R, dig)
to WS’”(R, djis), and from Wf’p(R, dite,) to Wg’p(R, diie,) for p > 1.

Definition 1. Let m be a real number. The function a : R x C — C is called a symbol in the class
Sy, if it satisfies

e for a fixed z in R, the function A — a(z, \) is a smooth function on R;

e for a fixed X in R, the function x — a(x, \) is a smooth function on R;

e for all k,n € N, there exists Cy, ,, ,, > 0, such that

’8k o"

wwa@,A)' < Crnm(L+AA) 72,

for all z € R and X € R.
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Definition 2. Let m be a real number. The function a : R x C — C is called a symbol in the class
S™, if it satisfies

e for a fixed x in R, the function A — a(x, \) is a smooth function on R;

e for a fixed X in R, the function z — a(z, \) is a smooth function on R;

e forall k,¢,n € N, there exists C ¢ m > 0, such that

ak on m—n
‘(1 + |x\2)gﬁwa(% /\)’ < Cranm(1+ NP2,

for all z € R and X € R.

Definition 3. Let a € S* and a > —1/2. The pseudo-differential operator associated with a symbol
a is defined on S(R) by

T.f(x) = /R B, Na(r, N Falf)(N) dia(N).

where E, is the Dunkl kernel defined by

Bo(2, ) = ja (@) +i—2 S (@), (1)

2(a+1

Ja is the normalized Bessel function of the first kind, F,[f] is the Dunkl transform given by

FalflV) = /R o~ 0) () dpta(2), (2)

and

|x‘2a+1

= 20+ (o 4 1) 4z, )

dpa ()

I' is a Gamma function.

Definition 4. The space Wa* (R, dj, ), where s is real number, and 1 < p < +o0, is defined as the
closure of the space of C*°-functions on R with compact supports, with respect to the norms

1 lwze = L+ A2 Fa[flllpas i 1<p< oo,

and
[ fllwgee == iug(l + A2 FLAN)] i p = +oo,
€

£ llpe = i//R\f(x)!pdua(a?)-

Then L? and LP-boundedness of the pseudo-differential operators 7T, associated with the Dunkl
operators were studied by the authors C. Abdelkefi, B. Amri, and M. Sifi [2] for classes of symbols
5?70, or simply S°, which contains symbols with property

where

n Ck,n
Ooka(z, /\)‘ < YR

for all k,n € N and x, A € R.
After, B. Amri, S. Mustapha, and M. Sifi [3] have extended L?-theorem of CalderénVaillancourt
to the pseudo-differential operator T, associated with the Dunkl operator on R.
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Theorem 1 (Calderén—Vaillancourt). Assume that 0 < p < 1 and a € S9

.p» Which is a € C*°(Rx R)
and satisfies

Oh0Ra(w, V)| < Co(1+ N4,

for all n,k € N and all , A\ € R. Then T, can be extended to a bounded operator on L*(R, dpi,)-

In [3], the LP-boundedness of the operator T, with symbols in S(l)(;, 0 < 6§ < 1, was established. A
symbol « is said to belong to the class S%(;, 0<d<1,ifa e C®(R x R) and satisfies

C
k an < TL,k
axa)\a(va)‘ = <1+ ‘)\Dn_(;ka

for all n, k € N and all x, A € R.

Theorem 2. Let a € 585, 0 < 6 < 1. Then T, can be extended to a bounded operator from
LP(R, dp,,) into itself for all 1 < p < 4o0.

In this paper, we establish several boundedness results for pseudo-differential operators generated by
the Dunkl operators on the space L(R, du,) (Definition 6) under certain assumptions. The techniques
used in this paper are adapted from [4] and [5].

For a comprehensive overview of recent developments in this area, the reader is referred to the
work [6].

1 Preliminaries

In this section, we recall some basic definitions from Dunkl analysis. The Dunkl operator

D, : C'(R) = C(R), o> —%,

associated with the reflection group Zs on R, is defined by
f(z) — f(==)

xT

Daf(a) = 5 1) + (a+ )

Following the definition of the Dunkl operator, we note that this operator was firstly introduced
by C.F. Dunkl [7].

Note that if @« = —1/2, then the Dunkl operator D, is a first order differential operator and
operator is well defined on other important function spaces, some of them listed below.

Lemma 1. [8, Lemma 2.2, p.6] If f € C™(R) with m > 1, then we have D, f € C™ 1(R).

Lemma 2. |9, Proposition 3.4, p. 28] The Dunkl operators leaves invariant
C*(R), CF(R) and S(R).

As we frequently work with the Schwartz space, let us recall its definition.

Definition 5 (Schwartz space S(R)). The Schwartz space S(R) is the topological vector space of
functions f : R — R such that f € C*°(R) and
dn
a:kdx—nf(a:) —0 as |z|] = o0

for all n, k € N.

Mathematics Series. No.1(121),/2026 89



B. Bekbolat, N. Tokmagambetov

Let &« > —1/2 and X € R. The equation

Do f(x) = irf(x)

with initial condition f(0) = 1 has a unique solution defined by (1). In the literature the function
E.(x,\) is called the Dunkl kernel. The Dunkl kernel has following properties:

for all A € C, the function z — E,(x,\) is a C*°-function on R;
for all x € R, the function A — E,(x, \) is an entire function on C;
Ey(xz,\) = Eq(\ x);

Ey(x,\) = Eqo(x,EN), €€C;

Eo(z,)\) = Eo(—2,\) = Eqo(z,—)\);

|Ea(z,A)] <1, XeR.

Note that the Dunkl kernel is the exponential function exp(iz\) when o = —1/2. The Dunkl kernel
leads to the Dunkl transform. Before introducing the Dunkl transform, we need to consider the LP
space with the du, measure (defined below).

The space LP(R, du,,), 1 < p < 400, is the space of measurable functions f on R, for which norms
defined as

1fllp.o = (//R\f(x)!pdua(x) <400, if 1<p< oo,

and
| flloo = esssup |f(x)| < +o0, if p=-+o0,
reR

where dpi, is defined by (3).
Using property of the Dunkl kernel, we obtain

1Falfllse < I1fll1as

where the Dunkl transform F, is defined by (2).
The inverse Dunkl transform is defined by

FIUAN) = Falfl(-N) = / Fa(z, N f(2)dua(z), AR,

If « = —1/2, then we obtain the classical Fourier transform and inverse Fourier transform. The
Dunkl transform has following important properties:

Theorem 3. (1) (Plancherel theorem) [10, Theorem 4.26, p. 160] The Dunkl transform has a unique
extension to an isometric isomorphism of L?(R, du,), i.e.,

1 Falf]

2.0 = | fllz.0s

for all f € L*(R, dja).

(2) [10, Corollary 4.22, p. 159] The Dunkl transform is a homeomorphism of S(R).

(3) (Inverse Dunkl transform) [10, Theorem 4.20, p. 159] Let f € L'(R, duy) and Fu[f] € LY (R, dpa),
then we have

f(x) = F U Falf)l(z)  ae.

We have the following product formula for the function j,(z\) with o > —% and parameter A € C
[11, Formula 1.11.23, p. 13]:

+oo
Jal2N)jaly) = / Jale\)ka(e,y, )22 dz,
0
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for x,y > 0, where

T(a+1) Az,y,2)*!

z 2) = 2a0—1
koa( Y5 ) 2 F(O{_{_%)F(%) (xyz)

Lla—ylo+y) (2)-

Here 14 is the indicator function of A and

Awy.2) = Vo Tyt Ay Ayt A+ 7)

denotes the area of the triangle with sides x,y,z > 0. The function k. (x,y, z) satisfies the following
properties [11, p.13-14]:

e for all z > 0, we have ko (z,y,z) > 0;

o for x,y > 0, we have

+o0o
/ ka(z,y,2)2*dz = 1;
0

e for all z,y,z > 0, we have
ka('xay? Z) = ka(y,x,z) and ka(x,y, Z) = ka($,2,y).

For our convenience, we fix some notations. For all x,y, z € R, we put

22 4y2— 22 .
)Ty i zy #0,
T,Y,2

0, otherwise,

and 1
P(% Y, Z) = 5(1 - bz,y,z + bz,w,y + bz,yﬂc)-

Theorem 4. (12, Theorem 2.4, p.5| (1) Let @ > —3 and A € C. The Dunkl kernel satisfies the
following product formula:

E.(xz,\)E, /E (2, \)dvg 4(2)
for z,y € R, where
Weolz,y, 2)|2|?*T dz, if z,y#0,
dvg y(2) == < db.(2), if y=0,
doy(z), it =0,
with kernel
Walz,y,2) = ka(|zl, [yl, |z p(z, y, 2).

(2) The measures v, , have the following properties:

® suppryy = [— !36\ [yl =Ml = ly[l} U {ll=] = [yll, =] + [y]] for 2,y # 0;
o vayll = fzg Walz,y,2)|z[** T dz < 4 for all z,y € R.

Remark 1. In Theorem 4, d, is the Dirac measure. So, we have
e if y =0, then

Eo(x,\) = Eq(z,\)Eqf(0,N) = / Eq(z,\)déy(2) = Eq(x, M),
R
e if x =0, then

Euly,\) = Ea(0,\)E /E (2, \dd,(2) = Ealy, \).
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Remark 2. Let x,y # 0. Then from

E.(x,\)E, /E 2, MWe(z,y, 2)| 2|2 dz
=2°FIP(a + 1) /R Eo(z, \Wqa(x,y, z)dpa(z),
we obtain
Wale.9.2) = gorrma gy L, Bl NEal@ A Ea o (). @

Lemma 3. Let x,y,z € R. Then
Walx, =y, 2z) = Wo(x,—2,y).
Furthermore, we have
Walz, =y, 2)|z[** " dzdpa(y) = Wz, 2, y) |y dydpa(2).
Proof. For any x,y, z € R a short calculation gives us the following equalities:

_:1:2+(—y)2—22 __$2+y2_zz

by —y = =
" T () 2y
b :zQ+x2—(—y)2:22+x2—y2
=Y 2zx 2zx ’
) _z2+(—y)2—x2__22+y2—x2
T 22(—y) N 22y ’
and
1
p(a:,—y,z) 5(1_bm—yz+bzm y+bz—yx)
_ly y N y? 4y
2 2xy 2zx 22y
1 22422 — 92 2 42— 22 2422 -2
_ 1 <1 n v LY Y
2 2zx 2xy 2zy
1
- 5(1 —by,—zy T by + by —20)
= p(x,—Z,y)-

Then using property of the function k,(z,y, z), we obtain

Wa(xa _yaz) = ka(’w‘7 | - y‘7 |Z’)p(fl’7 -y, Z)
= ka(lzl,| = z[, [y p(z, —2,9)
= WO&(£7 _Z7y)'

Thus, we have

W _ 2()5+1d d _W _ ’y‘2a+1
(@, =y, 2)|2| zdpa(y) = Walz, —2,y)

d 2a+1d
20+ (q + 1) ylzl ‘

= Wa(z, —2,y)|y[** dydpa ().

O
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For all z,y € R and f, continuous function on R, we define

e (y) = / F(2) vy (2).

The operators 7., € R are called Dunkl translation operators on real line.

Proposition 1. |13, Proposition 2, p. 20| The operators 7, z € R have the following properties:
o for all x € R and f € LP(R,du,), p € [1,+00], we have

172 Ip.oc < 401 fllp.a;
e forall \,z € Rand f € L'(R, du,), we obtain
fa[Txf]()‘) = Ea(xa)‘)}-a[f](A)'

For two continuous functions f and g on R with compact supports, we define the convolution
product x4 by

(f *a 9)(x) = ATxf(—y)g(y)dua(y), z €R,

where 7.,z € R is the Dunkl translation operators on R.

Remark 3. Note that *_1 is the standard convolution x*.
2

Proposition 2. [13, Proposition 3, p.21] (i) Let p,q,r € [1, 00] and satisfy % + % =1+ % Then the
map (f,g) — f*ag can be extended to a continuous map from LP(R, dus) x LY(R, dus) to L (R, duy,),
and

1S *a gllr.a < 4l fllp.allgllga-
(ii) For any f € LY(R,du,) and g € L*(R, du, ), we have

Falf *a gl(A) = FalfIN) Falgl(A), A €R.

Now we define our L(R, dus) space, as following:
Definition 6. Let us define the space L(R,duy), as following:

L(R,dpe) == {f € L'(R,dpa) : Falf] € L' (R, dpa)}

with the norm

171z = 1 Falflle = /R Fa IO dpa(N).

Remark 4. The space L(R,du,) is a subspace of L'(R, du,) and the norm || - ||, is defined equiva-
lently via the Dunkl transform. Additionally, the space (L(R,duq), | - ||z) is Banach space.

2 Main results

In this section, we obtain some boundedness results for pseudo-differential operators and the com-
position of pseudo-differential operators generated by the Dunkl operator on the space L(R, dpuy).

Assumption 1. We assume the symbol a € ,%(]R x R) is defined as:

@) = [ Eala V(€ Ndia),
where V (&, \) is a complex-valued measurable function on R x R, such that
V(M| < K(),

for all £, A € R, and K € L*(R, du,) is a continuous function.
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Remark 5. The integral (1) exists, because
la(z, )] < / |Ea(,©)V(E V) dpal€) < /R K () dpia(€) < +oc.
Theorem 5. Let f € S(R). Then the pseudo-differential operator
7.5() = [ Bale.Nale ) FalAIONdua ()

is a bounded linear operator under Assumption 1 on L(R, du,), i.e.,

[Tafllz < 4[1K

[fllz-

1,

Remark 6. In the statements of theorems, the operators are formulated as bounded operators on
the space L(R,du,). However, in the proofs, the corresponding estimates are first established for
functions from S(R). This is sufficient, since the Schwartz space S(R) is dense in L(R, du,), and the
operators under consideration are continuous with respect to the || - ||z, norm. Therefore, by a standard
density argument, each operator admits a unique continuous extension from S(R) to the whole space
L(R,dus), and all estimates obtained for Schwartz functions remain valid for arbitrary functions in
L(R, dpuq).

Proof. Let f € S(R). Then by the definition of the pseudo-differential operator we obtain
/R B, N, N Fal I\ dita(N)
= [ Butan ( / Ea<x,s>v<s,x>dua<5>) Fal N da()
- /R /R (1, \) Ba (2, )V (€, N Fa [ fI (N dita () dpta (V)
-/ ( / Ea(w,n)dw,s(n)> V() Falf) (N dpa()dpal)
RJR R
- /R /R /R (0, MV (€, N Fal FIO)Wal, £ 0) |02 dndpin () dpia(N)
_ /R /IR /IR (1, MV (€, N Fal F1 () Wal =2, 0, O dedpio (n)dpi(N)
- / / / B, )V (€, N Fal I\ dv—s () dpia(n)dpia (V)
RJRJR
= [ Buten ( | [ e A)]'—a[f](A)dV—/\,n(E)dua()\)> dbtal).

using above assumption and Fubini’s theorem. After applying Dunkl transform F, to the both sides
of the equation, we have

Pl = [ [ VENFN 7 @ia)
:/R/RV(s,A)fa[f](x)wa(_A,n,§)|§|2a+1d§duaw
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Hence, taking integral from both sides, we obtain
[Vl ldia(n)
///WfA Wa (=X n, O|E1** T dédpia(N)dpa(n)
///K IFal I Wa(=A, 1, 1€ dedpa(N) dpa(n)

- / / / K ()| Falf ) ) Wal &0 1012 dipdpia (€)dpra (V)
<4 / / K ()| Fal 1N bt (€)dpia()
<A K]0 / Fal AN da(N).

This completes proof of the theorem. O

Let f,g € S(R). The composition of two pseudo-differential operators

2= [ | Bl N Ea(=. Nata Ngl)disa(n)dpa
and
Tt () = | [ Buln a2 980 ()it ()ial).
with the symbols a(z, \) and b(y, £) respectively, is
TN = [ [ [ ] BalwNEa(=Nale, N Ealy O Bal =2, 0007 (2)
X dpa(2)dpa(§)dpa(y)dpa(N)
= [ ] Pale. a2 cla. 0 )i ()ana )
= [ Bulw et Fal (€ dual6)
where )
0.8 = gy [ [ Bl V(0 Ealy. E)ale Ny o) ().
Thus,

T.f(z) = To(Tyf)( / (2, €)e(a, ) Falf1(€)dial€)

is a pseudo-differential operator with symbol

1
C(x,f) = EM/R/REa(x’ )‘)Eoz(_ya )‘)Ea(y,g)a(xv )‘)b(y,g)dﬂa(y)d/‘a()‘)'

Now, let us discuss the existence of such an integral under Assumption 1. Let us have

alz, \) = /R Bz, m)Va (1, Nlpia (1) (5)
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and
b.6) = [ Ba0)Vh(o.€)dia(o). ()
where V,,(n,\) and V,(0,€) are complex-valued measurable functions on R x R, such that
Vi, V| < Ka(n) and  [Va(o, )] < Ki(o)

for all n,A\,0,& € R, and Ka,Kb € LYR,du,) are continuous functions. Then by using integral
expressions (5) and (6 ) of a(z, ) and b(y, &) respectively, we obtain

ol,€) = M [l N B 0 (b () ()

_ xg ////E (@, \) B~y \) Ea(y, €) Ea(z, 1) Ea(y, o)

X Vg (777 Vb ag, g d:uoz )d:ua( )d/‘a( )d.ua()‘)

= ;cg /// (2, \) (/ a(=y; N Ea(y, &) E (yva)dua@))

X Fa ( MVi(0, §)dpa(o)dpia(n)dpa(N)
- wf / / / Ea(2, NWa (&0, A) Ba(@,0)Va(1, )V (0, €) dia(0)dpia(n)dpa (V).

After taking absolute value from both sides of the equation, as following:

o(,6)] < /R /R /R (W&, 0, MVa (1, Va0 )l () dpta (n) dpia()

<A Kool K10,

we can see that the ¢(z, ) is a bounded function.

Corollary 1. Let T, and T; are pseudo-differential operators with symbols a and b, respectively.
Then under Assumption 1 their composition is a pseudo-differential operator T, 0T}, which is continuous
linear map on S(R).

Corollary 2. Let f € S(R). Then under Assumption 1 the composition of pseudo-differential
operators T, and T} is a bounded linear operator on L(R, dpuy), i.e.,

16
1Ta(To )l < m”Ka||1,oc||KbH1,oszHL~
Proof. Let f € S(R). Then we have
T(Tf)(a) = | Bl Na AVFa T 1ONdsa()

- [ B ( | Bl OVl Ndial€) ) Folof )N
and

FaolTa(Tof)](n)

. Eo(=z,m)Ta(Th f)(z)dpa(z)

— [ Eateon) ([ Buten) ([ Bale Ve N il®) ) FolTf| 0o V) i)
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- /]R /R /R Eo(=2,0)Ea(x, \) Eo (2, €)Va (&, N FalTo flI(N) dpia (€)dpa (N dpia (z)
:// (/ Eo(—z,n)Ea( :c,A)Ea(a:,f)dua(x)> (& ) FalTh fl(N)dpa(€)dpa(N)
R

— g [, [ We €Vl N FlT IOV (€ )

where we have used (4). Then taking absolute value and integrating, we have

[ )] di ()
< gy L L WO E Ve N FB AN die )N )

< gy L L Fe© 1T o ()

< gty Kol [ B0 ()

16
e et LA LA P REATCNENEN

Assumption 2. We assume the symbol a € S/%(R x R) is defined by

oz, A) = /R a2, V(€ Ndpial€)

satisfies

oz, \) = /R (2, VA ()Va(N) dpta(€) = Va(N) /R B, €V (€)dpa(©).

where V1 € L' (R, dpu,) is a continuous function.

Theorem 6. Let f € S(R). Then the pseudo-differential operator T, with symbol a(z, A), which
satisfies Assumption 2, has a representation

Tof () = 227 (a + D) F, (Vi %o VaFalf])(2)
and satisfies following inequality
ITafllz < 2°7°T(a + 1)[Vill1,alIVaFalf]l1a-
Proof. By using Assumption 2, we have
/R B, Na(@, ) Fal fl(N)dta (M)
= [ Buten (v ) [ Bale Odna(6) ) ZalINdia V)
= [ ] Pl ) Bao VA€ T AN di (€t (V)
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_ /R /R /]R B, ) VaOVA(E) Fal £\ divs ¢ (n) i (€) dpia(N)
:/RA/REOé(xan)‘/Q()‘)‘/l(f)Fa[f]()\)Wa()\7é‘,77)n‘2a+1dndﬂa(§)dﬂa()\)
:/R/R/REa(m,n)%()\)‘/l(g)fa[f]()\)wa(_)\’77’£)|€2a+1d£dﬂa(n>dﬂa(>\)

=21+ 1) [ [ ] Bl eV Fa IOV (€)dta () ()
=i+ ) [ Baen) ([ [ OO (o) ) dior)
:2a+1r(a+1)/REa(x,n) (/RTnvl(—)\)VQ()\)Fa[f](/\)dMa()\)> dpta(n)

=210+ 1) | Bule.)(Vi 50 VeFal D))
= 2°‘+1I‘(04 + 1).7-"(;1(V1 xq VaFolf])(x).
Thus, applying the Dunkl transform, we obtain
FalTafl(n) = 2710 (0 + 1) (Vi 50 VaFal 1) (). (")

By taking the integral of both sides of the above equation, we are able to calculate

/ | Falluf)(n)] dpa(n) = 27 T + 1) / (Vi %0 VaFal 1) ()] dpta()
R R
and
1 FalTo il = 227 (0 4+ D)|Vi %0 VaFalflll1a < 2730 (0 + DIVa Lo VaFalf] 10,

where we have used the Proposition 2. Furthermore, by using the Definition of the Sobolev-type space,
it can be written as

ITafllr < 2T (e + 1)|[VillalVaFalfllla-

Assumption 3. We assume the symbol a € S,Z‘&(]R x R) is defined by

@) = [ Eala OV(ENdae).
and satisfies

a(ﬂf#\)Z/REa(%f)%(f)Vz(A)dﬂa(&)=Vz(/\)/REa($,€)V1(€)dua(§)7

where V7 € LY (R, dug) is a continuous function and Va(A\) = A is a constant. So we have

a(w, ) = A /R B2, )V (€)djia(€).
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Theorem 7. Let f € S(R). Then the composition of the pseudo-differential operators Ty and T
with symbols a and b, which satisfy Assumption 3, has a representation

Tu(Tyf) (@) = (27T (a + 1)) A+ F7 Vi 40 (Wi 0 B - Falf)](2)
and satisfies the following inequality
ITu(Tof) ]l < 16 (27T (a + 1)) AB|[Vill1.a Wi ll1ol 112
Proof. Let f € S(R). Then we have
To(Tyf) ()
_ /R Ea(@, Na(z, N FalTh fl(N dpta(2)
= [ Bate ( [ Eatevite A)dua@) FalTof) (N dpta(N)
R R

) / / o (2, ) B, €)VA(€) FalTy fI(N) it (€)dte (V)

RJR
— 4 /R /R /R o, m)Vi (&) FalTh ) (N dvs ¢ () djia(€)dpia (V)
= 20+ (0 1 1)4 /R /R /R B, Vi (€) FalTy fl (N (€)dpta (7)dta(N)
— 2400+ 14 [ EaGe) ( [/ V1(f)fa[be](A)dV—A,n(f)dua()\)> dpta(n).

Now, applying the Dunkl transform, we obtain
FolTuTof ) = 210+ DA [ 5V (=N FalThf)NdtaV)
= 2T (@ + 1) A(Vy %o FalTof])(n).
Then by using (7), we obtain
‘Fa[Ta(be)](n) = (2a+1r(a + 1))2 A(Vl *ao (Wl *o B-Foz[f]))(n)a
so that

/R | FalTa(To )] ()] dpta(n) = (2°F'T(a + 1)) AB/R [(V1 %0 (W1 *a Falf])(n)] dpa(n).

Thus, we have

ITo(Tof) L = (2°HT (0 +1))* AB|Vi %0 (Wi #a FalfDll1a
< 4(2°7'(a + 1)) AB|[Vill1,a W *a Falflll1.a
<16 (2°*1(a + 1)) AB|V Lol Will1 ol Falf] 1.0
=16 (2°7'T(a + 1))* AB|[Vi |l 1o Wi 10l 112

This completes proof of the theorem. O
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3 Application

In this section, we present an application from the previous section. We also considered other
applications of the Dunkl analysis to inverse source problems, as discussed in [14, 15].

Corollary 3. Let
(@) = [ Baln OVHEdualo)

where V¥ € LY(R, dus) is a continuous function for all k. Then the operator

Pn,a = ZZ:() ak(x)wa
Dom(Pya) = S(R)

is a continuous linear operator from S(R) to L(R, dpuy). Moreover, we have

1Paaflle <227 T(a+ DIVl V3 Falfll1ay
k=0

where VJF(\) = (i\)*.

Remark 7. Here, the functions V{* and V¥ are chosen to satisfy Assumption 2.

Proof. Let f € S(R). Then
f(x) = /R a2, NEal )N dpta ()
and

Pn,af(x) ak(x)nyEa(x7 )‘>]:a [f](A)dMa()‘)

>
Il
<)

I
NE
s

Eq (.T, )‘)ak (fL‘) (’L)‘)k‘/ra[f] ()‘)dlu’a()‘)'

I
NE
5

b
Il

0

Hence, symbol of the pseudo-differential operator P, , expressed by the form

a(@, N) =) ap(z,A) = Y ar(@)(@N)" =Y (0" / Eo(z, VI (€)dpa(6)-
k=0 k=0 k=0 R
Then by applying Theorem 6, we obtain
1Proaflle <D 227 T(a + DIV el V2 Fal ey

k=0

where VJF(\) = (i\)*. O
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Conclusion

In this research paper, our aim is to obtain some boundedness results for pseudo-differential operator
generated by the Dunkl operator. We obtain the following main results:
e Let f € S(R). Then, under Assumption 1 the pseudo-differential operator

T, f(x) = /R Eolr, Nalar, ) Ful f1(N i (V)

is a bounded linear operator on L(R, du,).
e Let f € S(R). Then, under Assumption 1, the composition of pseudo-differential operators T,
and T} is a bounded linear operator on L(R, du,).
These results are obtained under the assumption that the symbol has an integral representation.
Future improvements could focus on obtaining these results without this restriction.
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Criterion for a formula-definable quasivariety
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In this paper, we study classes of models of a first-order language L with a countable signature o. For a
model A, let Th(A) denote the set of all sentences of L that are true in A, called the elementary type of A.
The cardinality of the set T of all elementary types of the signature o does not exceed the continuum. The
product of elementary types of models A and B is defined by Th(A) - Th(B) = Th(A x B), where A x B
is the Cartesian product of A and B. Infinite products, ultraproducts, and ultrapowers of elementary
types with respect to an ultrafilter D are defined analogously. This yields an algebra (T, -), which is a
commutative semigroup with identity and zero. A binary absorption (recognition) relation is introduced
in this semigroup. An elementary type N absorbs an elementary type M if N - M = N. This notion
leads to the concept of a formula-definable class of models. Formula-definable classes are closed under
ultraproducts as well as finite and infinite direct products; they are idempotently formula-definable and
axiomatizable. Varieties and quasivarieties are also considered. All varieties form formula-definable classes
of models. Examples of a formula-definable class of models and of a class that is not formula-definable are
given. An example of a formula-definable quasivariety that is not a variety is presented. It is shown that
not all quasivarieties are formula-definable. Criteria are obtained for a quasivariety to be formula-definable
and for a formula-definable class of models to be a quasivariety.

Keywords: model, identities, quasi-identities, variety, quasi-variety, Cartesian product of theories, elemen-
tary type, h-quasi-identities, equivalence relation, Boolean algebra.

2020 Mathematics Subject Classification: 03C05, 03C07, 03C10, 03C13, 03C20.

Introduction

Let L be a first-order language with a countable signature o. For any model A (that is, an algebraic
structure of signature o) of the language L, denote by Th(A) the set of all sentences (closed formulas)
of L that are true in the model A. We call the theory Th(A) the elementary type of the model A.

The abstract class of all models of a countable signature ¢ of the language L is partitioned into
classes by the relation of elementary equivalence of models (A. Tarski [1]).

Thus we obtain Thy, the set of all elementary types of the signature ¢ in the language L. The
cardinality of the set Thy, of all elementary types of a countable signature o of the language L does
not exceed 2.

In what follows, let T' € Thy, denote an elementary type of the signature o of the language L of
some model.

If K is a class of models of the signature o of the language L, then the set of elementary types of
all models from K is denoted by Thr(K). That is, if V is a quasivariety, then Thz (V) is the set of
elementary types of all models of the quasivariety V.

If H is a set of elementary types of signature o of language L, then K is the class of all models
of all elementary types from the set H.
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1 Formula-Definable classes of models

Definition 1. [2] The product of the elementary type 77 of a model A and the elementary type T»
of a model B, both of signature ¢ of the language L, is defined as

T1 . T2 = Th(A X B),

where A x B is the Cartesian product of the models A and B. Similarly, one defines the infinite product
[Lic; T3, the ultraproduct [[;.; T;/D, the ultrapower T'/D with respect to an ultrafilter D, and the
filtered product of elementary types.

The algebra (T'hr,-) is a commutative semigroup with identity and zero |2]. In this semigroup we
introduce a binary absorption (“recognition”) relation.

Definition 2. 2| An elementary type T» absorbs an elementary type 77 if

T, - Ty =Ts.
An elementary type T is called idempotent if T- T =T. A model A absorbs a model B when
Th(A x B) =Th(A).

A model A is called idempotent if
Th(A x A) = Th(A).

Theorem 1. 2| Let Th, T, T5 be elementary types from Thy,. If
Th-To- T3 =13,

then
T - T3 =1T3.

Definition 3. |2] A class of models K is called a formula-definable class of models if there exists a
model A of signature ¢ such that for any model B of signature o,

B e K ifand only if Th(A x B) =Th(A).

In this case, the model A is called a determiner of the class K. If, in addition, the model A is
idempotent, then the class K is called an idempotently formula-definable class of models.

In other words, in an idempotently formula-definable class of models, there exists an idempotent
model that absorbs (“recognizes”) only the models of this class.

Examples:

1. The class of models of a single equivalence relation is formula-definable. A determiner of this
class of models is a model with an infinite number of equivalence classes, each of which is infinite [3,4].

2. The class of all w-stable models, the class of all superstable models, the class of all stable models,
and the class of all unstable elementary types are not formula-definable sets of elementary types [2,5,6].

The main point of the subsequent discussion is that one moves from studying the properties of
classes of models to studying the properties of the sets of elementary types of these classes. This
approach allows us to consider the semigroup (T'hr, ) and the properties of its subsemigroups |7,8]|, as
well as to discover some new properties of classes of models using the operation of the direct product
of models [9,10].

Theorem 2. [2] A formula-definable class of models is closed under ultraproducts, finite and infinite
direct products. Moreover, it is an idempotently formula-definable class of models and an axiomatizable
class of models.
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2 Formula-Definable Quasivarieties

Formulas of the form

P(fl(xla-“axm)a"'7fn(x1a"'7xm))a f(xla"'a$m) :g(xlv"'amm)v

where f, g, f1,..., fn are terms of signature 2 and P € €, are called quasi-atomic formulas of signature
Q in the variables z1, ..., Zx,.
If
Al(ibl, e ,CL‘m), e ,A5+1(£C1, e ,l‘m)
are some quasi-atomic formulas of the signature Q (including equality) in the variables xi,...,zpn,

then formulas of the form
(Va1 ... xm) AL(z1, ..y T)

are called identities, and formulas of the form
(Vap .. .mm)(Al(xl, cey ) A NAg(x1y e ) = Agpa (T, . ,xm))

are called quasi-identities.
Every identity
(Vay...xm) Ar(x1, .y T)

is equivalent to the quasi-identity
(Va1 ... 2p) (951 =z — Ai(xy,... ,xm))

A class K of systems of signature  is called a variety (respectively, a quasivariety) if there exists a
set ¥ of identities (respectively, quasi-identities) of signature €2 such that K consists precisely of those
systems of signature € in which all formulas from ¥ are true [1]. In this case, the set ¥ is called the
defining set of identities (respectively, quasi-identities) of the variety (quasivariety) K.

Theorem 3. [1] A class of models V' is a quasivariety if and only if it is:

1) closed under ultraproducts;

2) hereditary;

3) multiplicatively closed;

4) contains the trivial model.

Theorem 4. A formula-definable class of models is a quasivariety if and only if it is hereditary and
contains the trivial model.

Proof. This follows from Theorem 2 and Theorem 3. O

Thus, the notion of a formula-definable quasivariety is effectively introduced here.

Theorem 5. |2] Every variety is an idempotently formula-definable quasivariety.

The example given above (Example 1) is an idempotently formula-definable quasivariety, but it is
not a variety.

Theorem 6. A quasivariety defined by the quasi-identity

Vo (Pi(z) = P (x))
is not a formula-definable quasivariety. However, a quasivariety defined by the quasi-identity
Ve (x=a— P(x)),

where a is a constant in the signature, and is a formula-definable quasivariety.
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Proof. Let the quasivariety V' be defined by the quasi-identity
Vo (Pi(x) — Pa(x)).

Then the quasivariety V also contains a model M in which Pj(x) is false for all x € M.

Consider the direct product of all countable models of the quasivariety V until an idempotent
model is obtained; such an idempotent model belonging to V' exists because V is closed under Cartesian
products and because the set of elementary types has bounded cardinality (the language has a countable
signature). Denote this model by N € V.

By Theorem 1, the model IV absorbs all models of the quasivariety V. However, in the model IV,
the formula Pj(x) is false for all x € N. Hence N also absorbs a model S in which the quasi-identity

Vr (Pi(x) — Pa(x))

is false.
Therefore, V' is not a formula-definable quasivariety. O
Now let V' be a quasivariety defined by the quasi-identity

Vz(x =a— P(x)),

where a is a constant in the signature. By the same construction as in the previous case, we obtain an
idempotent model N € V that absorbs all models of the quasivariety V. It is clear that the model N
is a determiner of the quasivariety V.
Definition 4. Let
Al(fbl, ce ,l‘m), ce 7As+1(«7317 ce ,l‘m)

be quasi-atomic formulas. Formulas of the form
dz1 ... .2, (Al(xl,...,xm) ARER /\As(xl,...,a:m)) A

(Va1 ...2p) (Al(;nl,...,xm) Ao NAg(x1, .oy Tm) — Asﬂ(afjl,...,wm))

are called h-quasi-identities.
Thus, an h-quasi-identity can be viewed as a certain restriction of the corresponding quasi-identity.
For example, the quasi-identity
Va (r =a — P(x))

can be written as
dx (zr =a) A Vo (x=a— P(x)).

Similarly, as in Example 1, the quasi-identity
VeVyVz (xEy NyEz — xE2)
can be written as the h-quasi-identity
dx (zEx) A VeVyVz(xEy ANyEz — zEz).

Every identity can be represented as an h-quasi-identity.

We now give a criterion for when a quasivariety is a formula-definable quasivariety.

Theorem 7. A quasivariety V is a formula-definable quasivariety if and only if all quasi-identities
defining this quasivariety are bounded by the corresponding h-quasi-identities.
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Proof. Let the quasivariety V be formula-definable, and suppose that some quasi-identity
(Vay .. .:cm)(Al(xl, ey Z) N NAs(zr,y o ) = Aspa (2, :L‘m))

defining this quasivariety is not bounded by the corresponding h-quasi-identity. Then there exists a
model in V' in which the premise of this quasi-identity is false for all x1, ..., zy,.

Consider the Cartesian product of all models of this quasivariety until we obtain an idempotent
model that absorbs all the models of V. In this resulting model, the premise is as follows.

Ar(zy, .o cyzm) A AN As(1, -0, T

is also false for all x1, ..., Tp,.
It is clear that this model will absorb a model in which the quasi-identity

(Vaq .. .$m)(A1(1,‘1, cesT) N N Ag(x1, e ) — A3+1($17...,$m))

is false. Therefore, the quasivariety V' is not formula-definable.

Now, suppose that all quasi-identities defining the quasivariety V' are bounded by the corresponding
h-quasi-identities. Then, by taking the product of all models of this quasivariety, we obtain an idempo-
tent model that absorbs all models of V. It is clear that this model does not absorb any model in which
the corresponding quasi-identities are false. Therefore, the quasivariety V is formula-definable. OJ

By combining different sets of quasi-identities and h-quasi-identities, one can construct various
examples of formula-definable and non-formula-definable quasivarieties.

Conclusion

In a number of papers published between 2020 and 2025 by Kazakhstan [11-13| and foreign [14,15]
authors, various relations between elementary types have been actively studied. In the present paper,
an algebraic structure is defined as a semigroup of elementary types with respect to the direct product.
By introducing a binary absorption (recognition) relation, this structure is studied as an algebraic
system. As a result, it becomes possible to investigate formula-definable classes of algebraic systems,
which turn out to be axiomatizable classes. As noted above, all varieties form formula-definable classes.
However, not all quasivarieties are formula-definable. The main result of the paper is a criterion for
the formula-definability of a quasivariety.
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This article is written in honor of the 8th Kazakh—French Logical Colloquium. We expand on an unpublished
research note of the second author. We record some results concerning local Keisler measures with respect
to a formula which is stable in a model. We prove that in this context, every local Keisler measure on
the associated local type space is a weighted sum of (at most countably many) local types. Using this
observation, we give an elementary proof of the commutativity of the Morley product in this context. We
then give a functional analytic proof that the double limit property lifts to the appropriate evaluation map
on pairs of local measures. We conclude with observations regarding the NOP and local Keisler measures
in the (properly) stable context. Finally, we provide two proofs that the evaluation map on pairs of local
Keisler measures is stable (in continuous logic). The first follows almost immediately from the work of Ben
Yaacov and Keisler on the randomization; the other proof follows from the VC theorem.

Keywords: model theory, Keisler measures, stability in a model, stability, Morley product, double limit,
randomization, VC theory, Krein-Smulian, functional analysis.
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Introduction

The Franco-Kazakh connections in mathematical logic date back to the late 1980s with the colla-
boration between Tolendi Mustafin and Bruno Poizat, which led to the first Soviet—French Colloquium
in Model Theory held at Karaganda State University in Kazakhstan in 1990. Since then, the determi-
nation to maintain and strengthen these mathematical links has persisted and was rekindled in recent
years, first in Lyon in 2022, and then in Astana in 2025. The scope of those connections naturally go far
beyond France and Kazakhstan, as they witness the fruitful transfer of knowledge and cross-fertilization
of ideas among researchers from Europe, Russia, the United States, and China. The present paper
embodies this transversality, and presents work stemming (in part) from the authors’ participation in
the 8th Kazakh-French Logical Colloguium. The authors are very grateful to the organizers of that
meeting. They hope that their contribution to the Kazakh mathematical library will help strengthen
the preexisting intellectual and social relationships between our research groups.

After Ben Yaacov’s original article connecting stability theory with some of Grothendieck’s func-
tional analytic work [1], the concepts of stability in a model and NIP in a model were studied by a
myriad of researchers in the field. In particular, it was the subject of several intense discussions at the
Notre Dame model theory seminar in the Spring of 2017 (e.g., see |2]; in the context of a group [3];
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the NIP variant [4]; a localized history of the subject in Persian [5]). This research arose from that
localized frenzy of activity.

It turns out that fundamental results in local stability theory can be generalized to the context of
stability in a model — in particular via a reinterpretation of some of Grothendieck’s work on functional
analysis. From our perspective, it is natural to ask, What does the theory of Keisler measures look like
in this setting? We show that it also closely resembles the picture in the stable context. First, we show
that if p(x,y) is stable in M, then every ¢-measure on M (finitely additive probability measure on ¢-
definable subsets of M?®) is the sum of (at most countably many) weighted ¢-types. As a consequence,
all p-measures on M are ¢°PP-definable. Thus evaluating the Morley product between arbitrary pairs
of ¢ and ¢°PP-measures on the formula ¢(x,y) is well-defined. In [1], Ben Yaacov demonstrates that
the fundamental theorem of stability theory extends to the stable in a model context; it then follows
from the observations above that the Morley product evaluated at ¢(z,y) commutes on appropriate
pairs of measures. In other words, if ¢(x,y) is stable in M, pn € M, (M), and v € M ove (M), then

(1 @ vy)(p(2,y)) = (vy @ pa)(p(2,y)).

We are also interested in the evaluation map itself. We consider the function E, : 9, (M) x
m@omﬂ (M) — [0, 1] by
Eo(p,v) = (e @ vy) ((2, y))-

We show that if p(x,y) is stable in M, then E, also witnesses the appropriate variant of the non-order
property. This follows more or less directly from results in functional analysis, i.e., Grothendieck’s
double limit theorem and the Krein—Smulian theorem. Finally, we consider the context, where ¢(z,y)
is a stable formula (i.e., ¢(x,y) does not have the k-order property for some fixed k). We prove that
the map E,, is (r, €)-stable for any choice of r € (0,1) and € > 0. We remark that this follows implicitly
by a result of Ben Yaacov and Keisler, namely the fact that the randomization of a stable formula
remains stable ([6, Theorem 5.14]). We exposit why this is true and then provide a different proof
which follows from the VC-theorem, mimicking techniques involving measures in NIP theories (i.e.,
see the proof of |7, Theorem 3.12]). This latter method implies the existence of bounds, yet we leave
analysis along these lines open.

1 Preliminaries

Throughout the article, fix a language £ and an L-structure, M. We use the letters x,y,2,... to
denote finite tuples of variables. The formula ¢(x,y) is a partitioned £-formula with variable tuple x
and parameter tuple y. We let °PP(y, ) be the same formula as ¢(z,y), but with exchanged roles
for the variables and parameters. We let S,(M) be the space of ¢-types with parameters from M.
We let Def, (M) be the Boolean algebra of definable subsets of M generated by {¢(z,b) : b€ M}. We
will routinely identify definable sets with the formulas which define them. A ¢-formula is an element
of Def,(M). Likewise, we have analogous definitions for Sgope (M) and Defgorp (M). A °PP-definition
for a type p in S, (M) is a ¢°PP-formula, dfopp (y), such that for each b € MY, p(z,b) € p if and only if
M = dﬁopp (b). Finally, we let M, (M) and Mope (M) denote the spaces of finitely additive probability
measures on Def (M) and Def joon (M) respectively. We recall that we can identify a measure in each
of these spaces canonically with a regular Borel probability measure on their corresponding type space,
e.g. M,(M) is in canonical correspondence with regular Borel probability measures on S, (M). For
some helpful background on topics including continuous logic and stability, we refer the reader to [8].

Definition 1 (Double Limit Property). Let X and Y be sets and let f: X x Y — [0,1]. We say
that f has the double limit property if for any two sequence (a;)ien, (bj)jen Wwith a; € X and b; € Y,

limlim f(a;, bj) = lim lim f (as, b;)
7 i 7 7
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provided limits on both sides exist.
The definition of stability in a model given in [1] restricted to discrete structures is as follows:

Definition 2. A formula ¢(z,y) is stable in M if ¢ : M* x MY — {0,1} has the double limit
property, where p(a,b) =1 if M = ¢(a,b) and ¢(a,b) = 0 otherwise.

We first remark that clearly ¢(z,y) is stable in M if and only if @°PP(y,x) is stable in M. We
also remark that if ¢(x,y) is stable, then p(x,y) is stable in any model of the underlying theory. On
the other hand, if ¢(z,y) is stable in a model M, it does not imply that it is stable in an elementary
extension of M. An example of a formula which is stable in a model but not stable is the edge relation
in the graph constructed by taking the disjoint union of all finite graphs on subsets of N.

In [1], Ben Yaacov established a surprising connection between functional analysis and local stabi-
lity. In particular, he gave a proof of the fundamental theorem of stability using Grothendieck’s double
limit theorem |9]. Before stating the theorem, let us briefly recall some basic functional analysis.

Definition 8 (Weak Topology). Let Y be a Banach space over a field F' (F =R or C). Let Y* be
the space of continuous linear functionals from Y to F'. Then, the weak topology on Y is the coarsest
topology such that each element of Y* remains a continuous function from Y to F.

Definition 4 (Relatively Weakly Compact). Let Y be a Banach space and let A C Y. We say that
A is weakly compact if A is a compact subset of Y under the weak topology. Furthermore, we say that
A is relatively weakly compact if the closure of A under the weak topology is weakly compact.

Let X be a topological space. Then Cp(X) denotes the Banach space of bounded, continuous,
complex-valued functions on X, equipped with the uniform norm, || - ||coc. We say that a set A is
|| - [|co-bounded if there exists ¢ in R such that for all f in A, ||f||oc < ¢. Grothendieck’s theorem
(as formulated in [1]) is as follows:

Theorem 1 (Grothendieck [9]). Let X be an arbitrary topological space, Xo C X a dense subset.
Then the following are equivalent for A C Cp(X):
(i) The set A is relatively weakly compact in Cy(X).
(ii) The set A is || - ||co-bounded, and whenever f,, € A and z,, € X form two sequences we have
that

lim lim f,(z,,) = limlim f,, (2,,),
n m m n
provided both limits exist.
Via the double limit theorem above, Ben Yaacov derived the following (among other results):
Theorem 2. Assume that ¢(z,y) is stable in M, p € S,(M), and g € Sgerr(M). Then p has a
©°PP-definition dj (y), q has a p-definition dfopp (z), and dj (y) € ¢ if and only if dfopp (z) € p.
Finally, we recall the following fact.

Fact 1. The following are equivalent:
(i) p(x,y) is stable in M.
(ii) There does not exist (a;,b;)(; j)ewxw from M® x MYsuch that
(a) either for every i # j, M = ¢(as,b;) if and only if i < j,
(b) or for all ¢ # j, M = ¢(a;,b;) if and only if ¢ > j.
(iii) The map Xy : Sp(M) x Sgorw (M) — {0,1} has the double limit property where

Xe(p,q) =1 < df(y) € q < df""(z) € p.

In the above fact, the equivalence of (i) and (ii) can be found in |2, Proposition 2.3|. Clearly, (iii)
implies (i) and (¢) implies (éi7) follows from Theorem 1 together with Theorem 2. We remark that a
proof of these equivalences can also be found in Starchenko’s unpublished research note on the topic.
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2 Local Keisler measures

In this section, we prove that if ¢(z,y) is stable in M, then all p-measures are (at most) countable
sums of weighted ¢-types. The proof of this theorem uses the Sobczyk—Hammer decomposition theorem
for positive, bounded charges. We recall this theorem in the case of finitely additive probability
measures. But first, we need to recall two different kinds of finitely additive measures.

Definition 5. Let B be a Boolean algebra of subsets of X (containing both X and ) and u be a
finitely additive probability measure on B.
1. We say that p is strongly continuous on B if for all € > 0 there exist Fi,..., F;, € B such that
{F;}, forms a partition of X and p(F;) < e, for each i < n.
2. We say that u is {0, 1}-valued on B if for every F in B, u(F) € {0,1}.

We refer the reader to [10, Theorem 5.2.7, p. 146] for a proof of the following theorem.

Theorem 3 (Sobczyk-Hammer Decomposition Theorem). Let B be a Boolean algebra on X
(containing () and X) and p be a finitely additive probability measure on B. Then, there exists
an initial segment I of N, a sequence of distinct finitely additive probability measures (u;);er, and a
sequence of non-negative real numbers (r;);cr, with the following properties:

(i) po is strongly continuous on B,

(ii) piis {0,1}-valued on B for every i > 1,
(iii) > ;e;m =1, and
(iv) =2 ier ritti-

Further, the decomposition in (iv) is unique (obviously, up to permutation of the sequence and
non-trivially weighted measures (i.e., r; > 0)).

The Sobczyk—Hammer decomposition theorem allows us to decompose any finitely additive proba-
bility measure into a single strongly continuous measure and a sum of (at most countably many)
{0,1}-valued measures. We will show that if ¢(x,y) is stable in M, then there do not exist any
strongly continuous measures on Def,(M). Thus every finitely additive probability measure will be
the “weighted sum” of at most countably many types.

2.1 Measures are sums of types

Definition 6. Let B be a Boolean algebra on a set X. We say that B has a 2-tree if there exists
T € P(B) such that (7),2) is an infinite, complete, binary tree, and if A,C € T, A 7 C, and C 2 A,
then ANC = 0.

Fact 2. Let B be a Boolean algebra on a set X and assume that B has a 2-tree. Then | Ult(B)| > 2%
where Ult(B) is the set of ultrafilters on B.

Proof. Let A, ={B €T : B € v} for a given path ~ in T". Clearly, A, has the finite intersection
property (since if B,C € A, then either B C C or C' C B) and so A can be extended to an ultrafilter
over B. This construction gives an injective map from paths in 7" into ultrafilters on B, proving the
claim. O

Lemma 1. Let B be a Boolean algebra on a set X. Assume that there exists a strongly continuous
measure 4 over B. Then B has a 2-tree.

Proof. Using u, we will build a 2-tree in steps.

Stage 0: Let Tp = {X}.

Stage n + 1: We construct a tree of height n + 1. Assume that T}, is a (complete) binary tree of
height n such that p(A) > 0, for each A € T,,. Assume furthermore that if A,B € T and A 2 B
and B » A, then AN B = . We will construct T;, 11 by adding two children to each leaf. Let L,
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be the collection of leaves on T),. Let € = w Since p is strongly continuous, there exist

Hy,...,Hy,, € B such that H = {H;, ..., H,,} partitions X and for each j < m, u(H;) < e. Now fix a
leaf L;. Consider L;NH = {L;NH : H € H}. We notice that L; NH forms a partition of L;. Therefore,

0< u(L ( U K) 3 uE).

KeL;,nH KelL;,nH
Hence, there exists K, = L; N H, € L; N H such that u(K,) > 0. Furthermore,

L;
p(Ky) = p(Li N Hy) < p(Hy) <€ < o
Therefore there must exist some K; € L; NH such that K; # K, and p(K;) > 0. We now add K, K; as
children to the leaf L;. Let T,,+1 be the tree constructed after repeating this process for each L € LL,,.
Clearly, T),+1 is a binary tree of height n 4+ 1 such that u(A) > 0 for each A € T),41.
Now let T' = UnZO T,. T is clearly a 2-tree by construction. O

Definition 7. Let M, be the reduct of M to the language L, = {¢(z,y)}. A subset N of M is
a -substructure of M, written N <, M, if the induced structure on N (in the language L) is an
elementary substructure of M.

Lemma 2. Assume that ¢(z,y) is stable in M. Then there are no strongly continuous measures on
Def,(M).

Proof. Assume that there exists a strongly continuous measure over Def,(M). By Lemma 1, there
exists a 2-tree. Let By be the Boolean algebra generated by this 2-tree. By Fact 2, By is a countable
subalgebra of Def, (M) such that | Ult(Bg)| > 2%. Choose C' C M such that for each B € By, there
exists by, ..., b, in C such that B is an element of the boolean algebra generated by {¢(x,b;) : i < n}.

Notice that since B is countable, we may choose C' to be countable. By the Downward Léwenheim—
Skolem theorem, there exists an L, -structure N such that C C N, N <, M, and |N| = Xo. Then,

270 < [ Ult(Bo)| < | Ult(Defy(C))] < | Ult(Def,(N))| = |Sp(V)].

However, since ¢(z,y) is stable in M, it is also stable in N. By Theorem 2, every @-type over N is
definable by a ¢°PP-formula with parameters from N. Since |N| = Vg, there are only countably many
°PP-formulas. Therefore, not every p-type over N is definable — a contradiction. O

Theorem 4. Let ¢(z,y) be stable in M and let p € M, (M). Then there exists an initial segment
I of N such that p = ), ;70p, where p; € S,(M), > ..;ri = 1, and each r; > 0. Obviously, the
statement also holds when ¢(x,y) is stable (i.e., does not admit the k-order property for some k).

Proof. Direct from the Sobczyk—Hammer Decomposition Theorem and Lemma 2. O

2.2 The Morley product is commutative

We now aim to show that the Morley product commutes on appropriate pairs of measures. First,
we need to appropriately define what we mean by the Morley product in this context. To define it, we
make some quick observations.

Fact 3. Suppose that X is a topological space and Y is a dense subset of X. Let f Y — Z be
a map. If there exists some f : X — Z such that f is continuous and f\y — f, then f is the unique
function with such property.

Proof. Clear via the net definition of continuity. O
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Proposition 1. Suppose that ¢(x,y) is stable in M and p € M, ,(M). Consider the map
Fi {tpgorn (0/M) 1 b € MY} — [0, 1] via f;7 (tpgope (b/M)) = p(@(z,b)). This map is well-defined and
there exists a unique continuous function F}; : Sgers (M) — [0, 1] such that F}; ‘{tpvopp(b IMybemyy = i

Proof. By Theorem 4, yi = 3, 7i0p, where each p; € S,(M). We argue that the map f7 is
well-defined. Notice that if b € MY, then

p(p(z,b)) = Zn[%(@(%b))] = Z T
! MEE, ()

By Theorem 2, each formula d, (y) is a ¢°PP-formula which implies that the value above only depends
on the ¢°PP-type of b, hence f;7 is indeed well-defined.

Since {tpyepp (b/M) : b € MY} is a dense subset of Syepe (M), by Fact 3 it suffices to prove that there
exists a continuous map from Sgepe (M) to [0, 1] which restricts to f,7. We claim that »_,; rilige () 18

the appropriate map. We remark that we may view » ., rilige () as a map from Sgoer (M) to [0, 1]
since stability in M implies that every formula of the form dj, (y) is a ¢°PP-formula (Theorem 2). [

We may now define the Morley product in this setting.

Definition 8. Suppose that ¢(x,y) is stable in M. Let p € M, (M) and v € Myorr (M ). We define
the Morley product of p with v, denoted p, ® vy, as follows:

(1) (p(a,y) = / F¢dp,
S¢opp (M)

where F)f is the function from Proposition 1 and 7 is the regular Borel probability measures corres-
ponding to v. Likewise, since ¢(x,y) is stable in M if and only if ¢°PP(x,y) is stable in M, we may
also define

(v ® ) (p(e,y)) = / FS AR,
Sy (M)

with the obvious analogous definitions.

Remark 1. Since our definition of the Morley product is slightly non-standard, we are careful to
make sure it resembles the normal Morley product on types. Suppose that ¢(x,y) is stable in M| let
p € Sp(M), g € Spovo (M), and fix U such that M < U. Let p € S,(U) be the unique M-definable
extension of p to Y. Then (§, ® dy)(p(z,y)) = 1 if and only if U |= ¢(a,b), where b |= g and a = p| .
Indeed, consider the following sequence of bi-implications:

(0p ® 0g) (p(z,y)) =1 = / X[dg () @0q = 1 = d4(dy(y)) =1
Swopp(M)
= df(y) €=U dJ(b) <= ¢(x,b) € p <= U = v(a,b).
Theorem 5. Suppose that ¢(x,y) is stable in M. Then

(n@v)(p(z,y) = (v @ p)(p(2,9)).

Proof. Consider the following sequence of equations:

nwRv)(p(x,y :/ F‘Pdﬂz/ rilige (,ndV
(1 & )(p(z9)) L O L)

Sopp (M) i€l
(%) o
= rawldf () =Y i Y5500, (d5 (1) = DY risiop,(df T ().
iel il jeJ iel jeJ
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Equation (%) is justified by Theorem 2. A symmetric computation shows

(v u)(play)) =YD risidp(dy ™ (),

icl jeJ
completing the proof. O

2.8 Some functional analysis and double limits

By Theorem 5, we may define the following evaluation map, E,, on appropriate pairs of Keisler
measures. We prove that if ¢(x,y) is stable in M, then E, also has the double limit property. Our
proof follows directly from classical results in functional analysis, namely Grothendieck’s double limit
theorem and the Krein-Smulian theorem. For other applications of functional analysis in this area,
we refer the reader to [11] and [12]. We first recall the definition of the evaluation map from the
introduction.

Definition 9. Suppose that ¢(z,y) is stable in M. Then we define the map E, : M, (M) x
M ovn (M) — [0, 1] via
Eo(p,v) = (n@v)(e(z,y)).
By Theorem 5, E,(u,v) is also equal to (v @ p)(e(x,y)).
A proof of the following theorem can be found in most graduate textbooks on functional analysis.

Theorem 6 (Krein-Smulian Theorem). If Y is a Banach space and K is weakly compact subset of
Y, then the closed convex hull of K, denoted ¢5(K), is weakly compact. The closed convex hull of K
is the intersection of all norm closed, convex subsets of Y containing K.

Corollary 1. If Y is a Banach space and Z is a relatively weakly compact subset of Y, then ¢o(Z2)
is a weakly compact subset of Y.

Proof. Let Z% denote the weak closure of Z. Then Zv is weakly compact and so by the Krein—
Smulian theorem, ¢o(Z") is weakly compact. Note that co(Z) C ¢o6(Z™) and since ¢o(Z) is a closed
subset of a compact set, it is also compact. O

Definition 10. Suppose that X is a set. If we endow X with the discrete topology and let M (X)
be the collection of regular Borel probability measures on X, then we can consider the set of finitely
supported probability measures (the convex hull of the Dirac measures):

convg(X): = {Zrﬁxi I CNyzeX,r; € RZOvZ” = 1} )
el el
For simplicity of notation, we write ), ; 7;0,, simply as >, _; riz;.

Definition 11. Suppose that X and Y are sets and f : X x Y — [0,1]. Then we define
fe i convg(X) x convsg(Y) — [0,1] via

o | Domiwi Y sjyi | =D > misif(wiyy).
el jeJ icl jed

We now prove the key combinatorial proposition via functional analysis.

Proposition 2. Suppose that X and Y are sets and f : X xY — [0,1]. Then f has the double limit
property if and only if f. : convs(X) x convs(Y) — [0, 1] has the double limit property.
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Proof. If f. has the double limit property, then clearly f has the double limit property. Therefore,
we only need to prove the other direction. Endow Y with the discrete topology. Let X = {f(a,y) :
a € X}. It is obvious that X C Cy(Y) and X is || - ||cc-bounded. By assumption, f has the double
limit property and by Theorem 1, X is relatively weakly compact in C(Y). By Corollary 6, we have
that ¢o(X) is a weakly compact subset of C,(Y"). Since ¢o(X) is weakly compact in Cy(Y'), it is also
relatively weakly compact, and so we can apply Theorem 1. So, for any infinite sequences g; € ¢o(X)
and b; €Y

lim lim g;(b;) = lim lim g;(b;),
7 J J (2

provided both limits exist. In particular, this implies that for g; := >, o1 7, f(as,,y),

lim lim f, g r,00,,0; | = limlim f, E Te,00,,05 |
1 1
J L;EeL; J €L,

provided both limits exist.

Notice that the computation above demonstrates that the map fe|convs(x)xy has the double limit
property. Now consider convs(X) endowed with the discrete topology and let Y = {f.(x,b) : b€ Y'}.
It is clear that Y C Cy(convs(X)) and that Y is || - ||s-bounded since each function is bounded by 1.
Since felconvs(x)xy has the double limit property, we can again apply Theorem 1 and so Y is relatively
weakly compact in Cp(convs(X)). By Corollary 6, co(Y) is weakly compact in Cy(convs(X)). By
Theorem 1, f. has the double limit property. O

Corollary 2. If p(x,y) is stable in M, then the map E, : MM, (M) x Myorr (M) — [0,1] has the
double limit property.

Proof. By Fact 1, the map x, : Sp(M) x Spoee (M) — {0,1} has the double limit property. By
Theorem 4, we have that M, (M) = convs(S,(M)) and since ¢°PP is also stable in M, Myoon (M) =
convs(Sgerr). The computation in Theorem 5 demonstrates that F, = (x,).. By Proposition 2,
E, has the double limit property. O

3 Proper stability and the order property

In this section, we work with honest-to-goodness stable formulas and give a proof of an im-
plicit theorem of Ben Yaacov and Keisler. Another proof of this theorem is given by Khanaki and
Pourmahdian using indiscernible arrays (see [13, Theorem 3.11]). We show that if ¢(z,y) is stable,
then the evaluation map E, does not witness the continuous logic analogue of the order property.
Throughout this section, we fix L-structures M and U such that M < U and U is a monster model.
We let T be the theory of M in the language £. We first show how to use the randomization to derive
a proof. We then give another proof using the VC theorem. Given a theory T, we denote by T its
randomization. We refer the reader to Section 3.2 of [14] for background and notation regarding the
randomization.

The following fact is due to Ben Yaacov and Keisler [6, Theorem 5.14].

Fact 4. Suppose that ¢(z,y) is a stable formula with respect to 7. Then the randomized formula
E[p(z,y)] is stable (in the sense of continuous logic) with respect to T%. In other words, if N is a
model of TF then for every r € (0,1) and € > 0, there exists some integer n = n(e,r) such that there
does not exist an array of elements (a;,b;)(; j)em)x[n) from N¥ x N¥ such that

Elp(as,bj)] > r+ € whenever i > j
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and
Elp(as,bj)] <r whenever i < j.

Note that the integer n does not depend on the choice of the model N.

Using the above, it is easy to see that £, also does not witness the continuous version of the order
property. This follows from the observation that the randomization encodes the computations of the
Morley product.

Proposition 3. Suppose that ¢(z,y) is stable. For every r € (0,1) and € > 0, there exists some
integer n = n(e,r) such that there does not exist an array of Keisler measures (u;, I/j)(m)e[n]x[n], where
pi € M, (M) and v; € Moon (M) such that

(i @ vj)(p(x,y)) > r+e€, whenever > j

and
(i @ vj)(p(x,y)) <r, whenever i< j.

Proof. Consider [0, 1] with the corresponding Lebesgue measure L? and the simple models of the
randomization of T relative to [0,1]2, namely MO and ¢O17 . More explicitly, if NV is a model of
T then N9 is the collection of measurable maps from [0,1]% to N with finite image. It follows from
quantifier elimination of T that M1 < /0% If ;€ M, (M) and v € Movo (M), then Theorem 4
implies that p = >, cp i0p, and v =3 s dydy, where K and W are initial segments of N and

1) for each k € K, py, is in S (M),

2) for each w € W, gy, is in Sgoerr (M),

3) for each k € K and w € W, ry and d,, are positive real numbers,
4) Ykerx Tk = 2wew dw = 1.

For each g, choose some b, in UY such that b, = g,. Let b, : [0,1]2 — U via b,((s,t)) = by,
whenever s € [0 dg, Y0, dy) with the convention that 37, d¢ = 0. For each py, choose some
a in U* such that ar = Prlrr(by)wew > Where pi is the unique M-definable extension of p in S, (U).
Let a, : [0,1]*> — U via a,((s,t)) = ai, when t € | ’;:_5 Ty, ZIZZO r¢) again with the convention that
S 2o e = 0. In the following computations, if (a,b) € U* x UY, we let p(a,b) = 1 if U |= p(a,b) and
0 otherwise. Then

(o)) 2 S S rdu(G, @5, 0)) 2SS ridup(ar, by)

ke K weW ke K weW

-/ (@u(s,1)), by (s,1))dL? = Efp(ay, by)].
(s,t)€[0,1]?

Equation (a) is derived in the proof of Theorem 4. Equation (b) follows from Remark 1. Thus, if the
statement is false, then E[p(x,y)] witnesses the continuous logic version of the order property. This
contradicts Fact 4. O

We now work to give a second proof of Proposition 3 via the VC theorem. The statement of the
VC theorem given below is much weaker than the general statement, but it is all that we need.

Theorem 7 (VC—theorem). Suppose that X is a set and F is a collection of subsets of X. Suppose
that the VC-dimension of the class F is bounded by d. Then for every € > 0, there exists an integer
n = n(e, d) such that for every atomic measure pon X (i.e., p = >, ; 70z, where I C N), there exists
ai, ..., a, € X such that for any F' € F,

sSup |:U“(F) - Av(ala 7an)(F)| <€
FeF

We remark that n does not depend on the choice of measure.
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Lemma 3. Suppose that ¢(z,y) is stable. For every ¢ > 0 there exists some natural number
N = N(e) such that for every p € M, (M) there exists a1, ...,an € M such that for any b € MY,

l(p(z, b)) — Av(ag, ....,an)(o(z,b))] < e.

Proof. There are several ways to see this. By Corollary 4, we may write pn = Y, 7;0),, where each
piisin S,(M). Let U be a monster model such that M < U and consider the measure ji € M, (U) given
by >, ridp,, where p; is the unique global M-definable extension of p to U. For each i € w, we have
that p; is both definable over M and finitely satisfiable in M |2, Proposition 2.3]. As a consequence,
the measure i is finitely satisfiable and y-definable over M (for appropriate definitions in this context,
see [15, Section 6]). If ¢(x,y) is stable, it is NIP and so an application of [15, Theorem 6.4] implies
that for every € > 0, there exists aq, ..., a, € M7 such that

sup [u(p(x,b)) — Av(a)(p(z,b))] < .
bely

An application of the VC theorem gives uniform bounds. O

Alternative Proof of Proposition 3. Suppose not. Then there exist r € (0,1), € > 0 and sequences
(1i> V) (i,j)elk x|x) for arbitrarily larger k which witnesses the (r,e€)-order property. Fix k arbitrarily
large. We now construct a discrete formula (which is a Boolean combination of ¢(z, y)) which witnesses
the order property — and since stable formulas are closed under Boolean combinations, we obtain a
contradiction. By Proposition 3, there exists a natural number N such that

1. For every pu € M, (M), there exists ay,...,ay € M* such that

i €
sup |u(p(z,b)) — Av(a)(e(z,b)] < -
be My

For each 7 < k, let a; = ail, el aé\, witness the above equation for ;.

2. For every v € Myopp (M), there exists by, ..., by € MY such that

- €
sup [v(o(a)) = AVE) (p(a, )] < =
aeM*=®
For each 57 < k, let l_)j = b{, ... ,bj]‘\, witness the above equation for v;.

Consider the formula given by,

H(xla"'axNayla"’ayN) = \/ /\ sp(l‘lﬂyj)
AXBC[N]|x[N] \(¢,j)€AxB
7|A;QB‘>T+§

We claim that 6(z,y) is unstable. Notice that

_ 7 i 17 _ T €
M 6(ab) = ME \/ N elapty) | = (Av(@) ® Av(b))(p(z,y)) > r + 2
AxBCIN|x[N] \(¢,k)EAXB
LBl s

and likewise,
- _ - €
M = —0(ai, bj) = (Av(a) ® Av(by))(p(z,y)) <7+ 5.
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Moreover, if ¢ < j, then

r 2> (i @ vi)(p(z,y) Rej16 (Av(a;
~e/16 (Av(bj) @ Av(a:))((x, y)) = (Av(a:) © Av(by))(e(z,y)),

and likewise, if ¢ > j,

rt+e < (1 @v)(p(r, ) 2o (Av(ai) @ v)(e(r,y) = (v © Av(a:))(¢(x, y))
~ej6 (Av(by) @ Av(a:))(e(w,y)) = (Av(ai) ® Av(b)))(#(z,y)).

Hence, if ¢ < j and = 6(a;, b;), then (Av(a;) ® Av(b;))(p(Z, 7)) is greater than 7+ § (by witnessing 6)
and less than r + £ (by the above implication) — a contradiction. Hence, if i < j, then = —6(a;, b;).
A similar argument shows that if ¢ > j then 6(a;, b;) must hold. Thus 6(Z,y), a Boolean combination
of ¢(z,y), is unstable — a contradiction. O

Conclusion

We prove that if a formula ¢(x,y) is stable in a model, then all local Keisler measures with respect
to this formula decompose into countable sums of types. We also give a functional-analytic proof of
the fact that if a formula ¢(z,y) is stable, then local Keisler measures with respect to this formula do
not satisfy the order property. This research demonstrates how tools and techniques from functional
analysis can be used to understand the combinatorial properties of measures in model-theoretic settings.

Much is already known about Keisler measures — and in particular local Keisler measures — in the
NIP and stable settings. Future research directions include understanding Keisler measures in general
contexts with the independence property, such as simple, NTP2, and NSOP1 settings.
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Algebras of binary isolating formulas
for theories of modular products of graphs
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(E-mail: dima-pavlyk@mail.ru)

This article discusses the problems of constructing and classifying algebras generated by modular products
of cycles. We demonstrate that algebras of binary isolating, used to analyze relationships between binary
formulas of a theory, can be naturally interpreted in terms of metric properties of graphs. A characteristic
feature of the modular product is that with sufficiently large cycle parameters (m,n > 4), the diameter
of such a graph does not exceed three. This makes it possible to define an algebra of binary formulas
using only four labels. For small cycle parameters, the presence of simplices is identified and justified.
Based on the analysis, we propose a generalized scheme combining modular products of cycles and their
extended versions. It is proved that for m,n > 4, the algebra of binary isolating formulas for the theory
of C,,,VC,, is isomorphic to the algebra of simplices of corresponding diameter. Explicit Cayley tables
are constructed for products involving small cycles (C3—Cs), leading to general descriptions of algebras
M, (odd) and M. (even). The proposed approach provides new opportunities for classifying theories and
establishing correspondences between algebras and graphs, underlining its relevance for modern model
theory and structural combinatorics.

Keywords: algebra of binary isolating formulas, modular product, model theory, Cayley tables, classification
of theories, simplicial algebras, cycle graphs, graph diameter.
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Introduction

In modern model theory, a section devoted to the algebras of binary isolating and weakly isola-
ting formulas is actively developing. These algebraic structures, constructed according to an arbitrary
complete theory, serve as a powerful tool for analyzing the structure of binary types and the complex
system of relations between their implementations. Such algebraic invariants turn out to be a power-
ful tool for classifying theories, allowing one to establish correspondences between theories and the
algebraic structures associated with them. Contributions to the development of this field have been
made by works devoted to the study of the general properties of such algebras [1-3], as well as their
calculation for specific classes of theories, such as the theories of groups [4], ordered structures [5-7],
weakly o-minimal theories [8-10], Cartesian products of graphs and simplices [11].

Modular products of graphs are of particular interest in this context. They are an important
construction of structural combinatorics, which makes it possible to build complex graphs from simpler
ones. This operation, based on the Cartesian product of sets of vertices with the definition of edges
through synchronization of adjacency relations in the original graphs, accumulates both local and
global properties of factors. This makes the modular product a promising object for model-theoretical
analysis, where vertices and edges are interpreted as carriers of predicates, and the operation itself is
interpreted as a composition of logical constructions. This approach makes it possible to study the
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transfer of structural properties, such as connectivity, diameter, or the presence of certain subgraphs,
and to study their influence on the expressive power of the corresponding theory.

Throughout this paper, we consider graphs as first-order structures in the language £ = { R} with
a single binary predicate interpreted as the edge relation. For a graph G, its theory Th(G) is the set
of all L-sentences true in G. We study the algebra of binary isolating formulas 9 associated with
a complete theory T'= Th(G). The elements (labels) of this algebra correspond to the isomorphism
types of principal formulas 6(x,a) in two variables that isolate complete types over finite sets. The
algebraic operation - on these labels is induced by the superposition of such formulas and yields a set
of possible labels for the resulting formula. For a detailed construction, see |1, 3].

The relevance of this study is due to the need for a systematic study of binary formula algebras for
theories generated by combinatorial constructions, in particular, modular products. Such an analysis
makes it possible not only to classify theories by their derived algebraic invariants, but also to better
understand the relationship between the combinatorial structure of the model and the logical properties
of its theory.

The novelty of the work lies in the fact that it is the first to study the distribution algebras of binary
isolating formulas for the theories of modular products of graphs, primarily regular polygons (cycles).
For these products, Cayley tables of the corresponding algebras are constructed and analyzed, which
makes it possible to give their explicit description.

The following main results were achieved in the course of the study. First of all, Cayley tables were
constructed for the algebras of binary isolating formulas of the theories of modular products of an edge
graph on cycles of small length, namely Cs, Cy, C5 and Cg. Based on the analysis of these specific
cases, a general description of the 9, and 9, algebras for modular products of an edge graph on cycles
of arbitrary odd and even length, respectively, was given. An important result of the work was the
formulation and proof of a theorem that gives a classification of binary formula algebras for theories of
modular products of graph edges on polygons (Theorem 1). Further, the case of the modular product
of two cycles C,,,VC,, for m,n > 4 was investigated; for such graphs, it was proved that their diameter
does not exceed 3, and they always contain triangles (Theorems 3). Finally, it is established that in
the case of m,n > 4, the algebra of binary isolating formulas of the theory of C, V), turns out to be
isomorphic to the algebra of simplices of the corresponding diameter (Theorem 4).

The results obtained demonstrate that the class of algebras of binary isolating formulas for modu-
lar products of cycles has a rich but classifiable structure, and reveal clear connections between the
combinatorial properties of the products and the algebraic properties of the corresponding theories.

1 Algebras of binary isolating formulas for theories of modular products of graphs

Definition 1. |12] Let G and H be graphs. The modular product M = GV H is a graph defined as
follows. The vertex set of M is the Cartesian product:

V(M) =V(G) x V(H).
Two distinct vertices (u,v), (x,y) € V(M) are joined by an edge if and only if
u#x, v#y, and (uwga:) = (vNHy).

Let T'= Th(GVH). The algebra M of binary isolating formulas for 7" has a finite set of labels
(denoted by integers) corresponding to the possible distances or isomorphism types of pairs of vertices
in the graph. The multiplication ¢ - j = K, where K is a set of labels, encodes the possible labels for
a pair (a,c) given that (a,b) has label ¢ and (b, ¢) has label j for some vertex b. The tables below are
computed by analyzing the graph structure of GVH.
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We further consider algebras generated by the operation of modular multiplication of edges in
graphs of regular polygons. Graphs of regular polygons can be regarded as cycles, denoted C},, where
n is the length of the cycle.

In the case of a modular product of an edge graph on itself, HV H, two identical algebraic structures
arise. Their signatures, defined by the set p,,) = {0,1} of labels, are set by the following multiplication
rules:

0-0={0},
1'1:{0a1}7
1.0={1}.

The algebra of the modular product of an edge with a triangle H'VC3 with the set p,,) = {0,1,2, 3}
of labels is defined by the following label products:

0-0={0}, 0-1={1},
1-0={1}, 1-1={0,2},
1-2=1{0,1}, 1-3=1{0,2},
2.0={2}, 2-1={1,2},
2.2=1{0,1}, 2-3={1,3},
3.0={3}, 3-1={0,2},
3.2={1,3}, 3-3={0,2}.

The modular product HVCy (an edge on a quarter-cycle) generates two isomorphic algebras. The
set of their labels is p,,) = {0,1,2}, and the multiplicative structure is completely determined by the
following rules:

0-0={0}, 0-1={1},
1-0={1}, 1-1={0,2},
1-2={1,2}, 2.0={2},
2.1=1{1,2}, 2-2=1{0,2}.

The algebra for the modular product of an edge with a pentagon HVC5 with label set
Pu(p) = {0,1,2,3,4,5} is defined by the following label products:

1=1-0={1},
2=2.0={2]},
3=3.0={3),
4=4.0=1{4},
5=5.0= {5},
1=1{0,2},

2=2.1={1,3},
.3=3.1=1-5=5-1=3-3=3-5=5-3=5-5={0,2,4},
2=2.4=4-2=14-4=1{0,2,4},
4=4.1=2.3=3.2=2.5=5-2={1,3,5},
4=4.3=4.5=5.4={1,3,5}.

WHRNRFRRPREPRPRODODODOOO

Consider the modular product of an edge graph on a hexagon, HV (. This construction generates
two isomorphic algebras supported by the set p,(,) = {0, 1,2,3} of labels. The multiplication operation
in these algebras is given by the following table:
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0-0={0}, 0-1=/{1},

1-0={1}, 1-1={0,2},
1-2={0,1}, 1-3=1{0,2},
2.0={2}, 2-1={1,2},
2.2=1{0,1}, 2-3=1{1,3},
3.0={3}, 3-1=1{0,2},
3.2=1{1,3}, 3-3=1{0,2}.

For the modular product HVC}, depending on the parity of the diameter diam(HVC}), we obtain
two possible isomorphism types of algebras of binary isolating formulas. The odd-diameter case is
denoted by 9M,, and the even-diameter case is denoted by 2M.. Below we give explicit descriptions of
these algebras via Cayley tables.

Definition of 9M,. Its signature includes labels {0,1,2,3,...,n}, where n is an odd number equals
to the diameter of the graph resulting from the product. The structure of this algebra is determined
by the following multiplication table:

0-0={0},
0-1=1-0= {1},
0-2=2.0={2},
0-3=3.0= {3},
0-4=4-0= {4},
0-n=mn-0={n},
1-1=1{0,2},
1.2=2-1={1,3},
1.3=3-1=1{0,2,4},
2.2 ={0,2,4},
2.3=3.2={1,3,5),
3.3 =10,2,4,6},
4-1=1-4={1,3,5),
4.2=2.4=1{0,2,4,6},
4-3=3.4=1{1,3,5,...,n},
4-4=10,2,4,...,n—1},

1=1-n={L3,5,...,n}
2=2-n={0,2,4,...,n— 1},
3=3.n={L13,5,...,n},
4=4-n=1{0,2,4,...,n— 1},

n-n=1{0,2,4,...,n—1}.

Definition of 9. Its carrier is a set of labels {0,1,2,3,...,n}, where n is an even number equal
to the diameter of the graph resulting from the product. The structure of the algebra is determined
by the following multiplication table:
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0-0={0} 0-1=1-0= {1}
0-2=2-0= {2} 0-3=3-0={3}
0-4=4.0={4) :

0-n=n-0={n} 1-1={0,2}
1.2=2.1=1{1,3) 1-3=3-1={0,2)

2.2 =1{0,2,4} 2.3=3.2=1{1,3,5}
3-3=1{0,2,4,6) 4-1=1-4={1,3,5)
4.2=2.4=10,2,4,6) 4.3=3.4=1{1,3,5,...,n— 1}
4-4=1{0,2,4,...,n} :
n-1=1-n={1,3,5,...,n—1} n-2=2-n=1{0,2,4,...,n}
n-3=3-n=1{1,3,5,...,n—1} n-4=4-n=1{0,2,4,...,n}

n-n=1{0,2,4,...,n}

Remark 1. Let G and H be non-empty graphs. Then for the modular product GV H the following
holds:
1. If both graphs G and H are bipartite, then GV H consists of exactly two connected components,
isomorphic to each other.
2. If at least one of the graphs G or H is not bipartite, then GV H is connected.

If G and H are bipartite with bipartitions (Uy, Uz) and (Vi, Va) respectively, then the vertex set of
M = GV H splits into two disjoint subsets: (U; x V1) U (Uz x Vo) and (Uy x Va) U (Uz x V1). By the
definition of adjacency in the modular product, no edge connects these two subsets, and each induces a
connected component isomorphic to the modular product with a fized parity constraint. This structural
dichotomy is reflected in the algebra 9M7: the labels and multiplication become symmetric with respect
to these two components, effectively yielding two isomorphic copies of the same algebraic structure.

Reflecting Remark 1 on algebras, we obtain that in the first case we get two identical algebras, in
the second one, depending on the diameter of the resulting graph, they will be either 91, or 9,.

Theorem 1. If T is the theory of the modular product of an edge with polygons, and 91 is the
algebra of binary isolating formulas of the theory 7', then the algebra 91 is isomorphic to the algebra
oM, or IM..

Proof. Let H be the edge graph with two vertices joined by an edge, and let £ > 3. Put G = HVC},
and T'= Th(G).

We first describe the structure of the graph G. The vertex set of G is {0, 1} x V(C}). Two distinct
vertices (i,a) and (j,b) are adjacent in G if and only if i # j, a # b, and (i ~g j) < (a ~¢c, b).
Since H is an edge graph, the condition i # j already implies ¢ ~p j. Hence adjacency in G is
equivalent to the condition that ¢ # j and a ~¢, b.

Therefore, each vertex (0, a) is adjacent exactly to the vertices (1,a—1) and (1,a+1) (indices taken
modulo k), and similarly for vertices of the form (1, a). This shows that each connected component of
G is a cycle.

If k is odd, then C} is not bipartite, and by Remark 1 the graph G is connected. Hence G is a
single cycle of length 2k, and diam(G) = k, which is an odd number.

If k is even, then both H and C} are bipartite, and again by Remark 1 the graph G consists of two
isomorphic connected components. Each component is a cycle of length k, and therefore has diameter
k/2, which is an even number.

We now describe the algebra 7. Since G is finite and vertex-transitive on each connected compo-
nent, the complete 2-types over the empty set are uniquely determined by the graph distance between
two vertices lying in the same component. Hence the set of labels of 9917 can be identified with
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{0,1,2,...,n}, where n = diam(G), and the label ¢ corresponds to the formula expressing that the
distance between two vertices equals t.

Let i,7 € {0,1,...,n} and let u,v,w be vertices of G such that dist(u,v) = i and dist(v, w) = j.
Since each connected component of G is a cycle, all possible values of dist(u, w) are exactly the integers
t satisfying

li —j| <t < min(n,i+ j)

and
t=i+j (mod 2).

Conversely, for every such t there exist vertices w,v,w with dist(u,v) =1, dist(v,w) =7, and
dist(u, w) = t. Therefore, the product of labels i - 7 in My is precisely the set of all labels ¢ satisfying
the above conditions.

If n is odd, then the maximal admissible element of this set is n when i + j is odd and n — 1 when
i+ j is even, which yields exactly the multiplication rules defining the algebra 9M,. If n is even, then n
belongs to the even parity class, and the multiplication rules coincide with those defining the algebra
M.

Hence the algebra 917 is isomorphic to M, when the diameter of G is odd, and to 9. when the
diameter of G is even. O

Remark 2. If the graph contains at least one simplex, then the algebra for this graph will be
isomorphic to the algebra of simplices [11].

For M = C3VCs and diam (M) = 2 the algebra will have the set {0, 1,2} of labels and the following
multiplication rules:

0-0={0}, 0-1={1},
1-0={1}, 1-1=1{0,2},
1-2=1{0,1,2}, 2-0={2},
2.1={0,1,2}, 2-2=1{0,1,2}.

For M = C,,VC,,, where 2 < m < 5, the graph M may contain simplices, therefore Theorem 1
extends to include also the algebra for simplices [11].

If diam(C,,VCy,) = n, the algebra of simplices M has the set p, ) = {0,1,2,...,n} of labels, and
is defined by the following label products:

0-k={k}, k-0={k}, forallkep,
a-b=1{0,1,2,...,min(n,a + b)}, a,b e p.

Theorem 2. If T is the theory of the modular product of the graph C,, with 2 < m < 5 and
polygons, and 9 is the algebra of binary isolating formulas of the theory T, then the algebra 9 is
isomorphic to the algebra 9,, or M., or M;.

Proof. Let 2 <m < 5, s0 m € {3,4}, and let n > 3. Put G = C,,VC,, and T' = Th(G).

If the graph G contains a simplex, then by Remark 2 the algebra 97 is isomorphic to the algebra
of simplices M. Thus, in this case the statement of the theorem holds.

Assume now that G contains no simplex. Then G has no triangles, and the complete 2-types
over the empty set are determined by the distances between vertices in connected components of G.
Consequently, the labels of 97 can again be identified with the possible distances between vertices,
and the product of labels is determined by the possible distances obtained by composition through an
intermediate vertex.
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If at least one of the cycles Cy, or C), is not bipartite, then by Remark 1 the graph G is connected. If
both cycles are bipartite, then GG consists of two isomorphic connected components. In either case, each
connected component of G is a graph of bounded diameter, and the label multiplication is completely
determined by the metric structure inside a component.

As in the proof of Theorem 1, the parity of paths in a bipartite component implies that only
distances of the same parity as the sum of the factors may occur in a product. Therefore, depending
on whether the diameter of GG is odd or even, the multiplication table of 9t coincides with that of
M, or M., respectively.

Thus, if G contains no simplex, the algebra i is isomorphic to M, or to M,.. Together with the
simplex case considered above, this completes the proof. O

Theorem 8. Let n,m > 4. Then the diameter of the modular product M = C,,VC,, satisfies the
inequality
diam(M) < 3.
Proof. Let C,, and C,, be cycles with n,m > 4, and let M = C,VC,, be their modular product.
Let A = (u,v) and B = (z,y) be two distinct vertices of M. Denote by

a=dc,(u,x), b=dc,, (v,y)

the distances in the corresponding cycles. Since A # B, we cannot have a = b = 0.
We consider several cases.

Case 1: u# x and v # y (i.e., a > 1 and b > 1).

Subcase 1.1: a =1 and b= 1. Then u ~ x and v ~ y, hence
(ur~z) = (v~y),

and therefore A ~ B. Thus disty/ (A4, B) = 1.

Subcase 1.2: a > 2 and b > 2. Then u ~ x and v » y, so again
(u~z) = (©~y)

holds. Hence A ~ B and disty/ (A, B) = 1.

Subcase 1.3: a =1 and b > 2 (the case a > 2 and b = 1 is symmetric). Then u ~ = and v ~ y, so
A and B are not adjacent.

Let u’ be the neighbor of z distinct from u. Since n > 4, the two neighbors of any vertex in C,, are
not adjacent, hence v’ ~ u. Similarly, since b > 2, the vertex v is not adjacent to y. As y has exactly
two neighbors in C,, and v can be adjacent to at most one of them, there exists a neighbor v’ of y
such that v/ = v.

Set C'= (v/,v"). Then A ~ C, because u # u/, v # v/, and u = u', v » v'. Moreover, C' ~ B, since
W #£x, v £y, and v ~x, v ~y. Thus A ~ C ~ B is a path of length 2, and disty; (A, B) < 2.

Case 2: u=x and v #y (i.e., a=0and b > 1). (The case v =y and u # = is symmetric.)

Since n > 4, there exists a vertex v’ € V(Cy,) \ {u} such that u' »~ . Similarly, since m > 4, there
exists a vertex v € V(Cyp,) \ {v,y} such that v' =~ v. Set C = (u/,v"). Then A ~ C because u # /,
v# v, u=u, and v v,

Now we consider two subcases.

Subcase 2.1: v' = y. Then C ~ B because u' # u, v' # y, v’ ~ u, and v' =~ y. Hence A ~ C ~ B
and distys (A, B) = 2.

Subcase 2.2: v ~ y. (Note that v’ ~ u by our choice.) Choose a neighbor u” of u such that
u” = w'. This is possible because in a cycle of length greater than 4, for any vertex u and any vertex v’
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with u' ~ u, at least one of the two neighbors of u is not adjacent to u’. Indeed, if both neighbors
of u were adjacent to u/, then v would be adjacent to two neighbors of u, which in a cycle of length
greater than 4 forces v’ = u, a contradiction.

Choose a neighbor v” of y such that v” = v'. This is possible because v is adjacent to y and, in
C,, with m > 4, the two neighbors of y are not adjacent; hence the neighbor of y different from v’ is
not adjacent to v'.

Set D = (u”,v"). Then:

e C ~ D, because v’ # u”, v/ #v", and v’ = u”, v/ = v".

e D ~ B, because u” # u, v" # y, and v” ~ u, v" ~ y.

Thus A ~ C ~ D ~ B is a path of length 3, and disty/(A, B) < 3.

Case 8: v = x and v = y is impossible, since A # B.

Having considered all cases, we conclude that distps(A, B) < 3 for any vertices A, B € V(M).
Therefore, diam(M) < 3.

The bound is sharp. For example, in C5VCg one has dist((0,0), (0,3)) = 3. O]

Theorem 4. If n,m > 4, then C,,VC,, contains a triangle.

Proof. Number the vertices of the cycles modulo n and modulo m. Take
up =0, ug =1, U3:3€V(Cn), v1 =0, vo =1, 1)3=3€V(Cm).
For n,m > 5 these vertices are pairwise distinct in each cycle. In each of the cycles,

up ~ug, U fus, u2 % ug

and similarly for v;. Two vertices a and b are adjacent in Cy, if and only if |[a —b| =1 or |a —b| = k — 1.
Since |0 — 1| = 1, while [0 — 3] = 3, |1 — 3| = 2, and for k£ > 5 the numbers 2,3 are not equal to 1 or
k — 1. Therefore, for pairs 7 # j it holds that u; ~ u; <= v; ~v;, and also w; # u;, v; # vj. By the
definition of the modular product, this means that the vertices P; = (u;,v;) are pairwise adjacent in
CrVCn, i.e. they form Ks. O

Theorem 5. Let T be the theory of the modular product of graphs C,,,VC,,, where m,n > 5, and let
9 be the algebra of binary isolating formulas of the theory T'. Then the algebra will have, depending
on the diameter, two sets of labels: {0, 1,2} or {0, 1,2, 3}.

From Theorems 3 and 4 it follows that if 9t has diam(C,,, VC;) = 2, the algebra will have the set
Pu(p) = 10, 1,2} of labels, and is defined by the following label products:

0-0= {0}, 0-1={1},
1-0={1}, 1-1=1{0,2},
1-2=1{0,1,2}, 2-0= {2},
2-1=1{0,1,2}, 2-2=1{0,1,2}.

If diam(C,, VCy) = 3, the algebra M will have the set p, () = {0,1,2,3} of labels, and is defined
by the following label products:

0-0={0}, 0-1={1},
1-0={1}, 1-1=1{0,1,2},
1-2={0,1,3}, 1-3=1{0,1,2,3},
2.0={2}, 2-1=1{0,1,2,3},
2.2=1{0,1,2,3}, 2-3=1{0,1,2 3},
3.0={3}, 3.1=1{0,1,2,3},

3.2=1{0,1,2,3}, 3-3=1{0,1,2,3}.

As we can see, these algebras are isomorphic to the algebras of simplices for similar diameters.
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Conclusion

In this work, we investigated the algebraic properties of the modular product of cycles C,,VC,.
It was established that for small parameters 2 < m < 5 the resulting structures admit simplices, and
therefore the algebra of binary isolating formulas extends naturally to include the algebra 91;. For
larger parameters n,m > 4, we proved that the diameter of the modular product is bounded above
by 3, and moreover, such graphs necessarily contain triangles.

As a consequence, the algebra 91 associated with the theory of C,,VC,, can be fully characterized
by its set of labels, which is {0, 1,2} when the diameter equals 2, and {0,1,2,3} when the diameter
equals 3. In both cases, the multiplication tables of 9 are shown to be isomorphic to the corresponding
simplicial algebras.

Thus, the modular product of cycles not only demonstrates bounded diameter and the presence
of complete subgraphs, but also provides a natural algebraic structure that generalizes and unifies
previously studied cases. This highlights the deep interplay between graph-theoretic properties of
modular products and the algebraic theory of binary isolating formulas.

Examples of derived graphs in modular and other products with their Cayley tables can be viewed
on the website https://graph-product.ru
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This paper investigates the conditions for the equivalence of regular surfaces with respect to the action of
a certain subgroup of linear transformations. This subgroup is pseudo-orthogonal and preserves a metric
structure defined by a matrix with specific sign properties. The study focuses on elementary surfaces, which
are considered as mappings from the square of the parameter domain (0, 1) x (0, 1) into an n-dimensional real
vector space. The regularity of a surface is determined by the non-vanishing determinant of a special matrix
composed of its partial derivatives. The paper also introduces the concept of surface equivalence. The
main theorem establishes necessary and sufficient conditions for the equivalence of regular surfaces under
the action of the pseudo-orthogonal group. These conditions are expressed through equalities between
products of matrices constructed from the partial derivatives of the surfaces and the pseudo-orthogonal
matrix. The obtained results provide a theoretical foundation for understanding the relationships between
regular surfaces under the action of the pseudo-orthogonal group and contribute to the further study of
their geometric properties and transformations.

Keywords: pseudo-orthogonal group, G-equivalent, equivalence of the surfaces, semidirect product of the
groups, symplectic group, special pseudo-orthogonal group, action of the surfaces, Euclidean space.
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Introduction

In differential geometry, one of the central tasks is to establish convenient criteria for determining
the equivalence of elementary surfaces. This involves identifying properties that help us assess whether
two surfaces are geometrically identical, even if they are positioned differently in space.

A powerful approach to solving this problem relies on the theory of differential invariants. Diffe-
rential invariants are properties of surfaces that remain unchanged under specific geometric transforma-
tions. By utilizing these invariants, we can formulate equivalence criteria, which simplifies the process
of classifying surfaces and identifying their similarities, regardless of their position or orientation in
space.

Let R™ denote an n-dimensional linear space over the field of real numbers R, and let GL(n,R) be
the group of all invertible linear transformations of the space R™. Elements of R” are represented as
n-dimensional column vectors 7 = {7 }7—1, while the transformations g € GL(n,R) are represented
as n X n matrices (gij)?,jzlv where z;,9;5 € R for 4,5 = 1,...,n. The action of g € GL(n,R) on the
vector T = {7] }?:1 € R” is given by matrix-vector multiplication, denoted as g?.

An infinitely differentiable mapping z : (0,1) x (0,1) — R™ is called an elementary surface. If G is
a subgroup of GL(n,R), then two elementary surfaces 7/ (s, t) and 7 (s, t) are said to be G-equivalent
if I/ (s,t) = g’ (s,t) for some g € G and for all (s,t) € (0,1) x (0,1).

In this paper, we reformulate the problem of G-equivalence of elementary surfaces for the pseudo-
orthogonal group O(n,p,R) using the language of differential algebra. This reformulation facilitates
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the application of an algebraic approach to solve the problem. Such an approach has previously been
employed to derive the necessary and sufficient conditions for surface equivalence in the context of
actions by the general linear, special linear [1], orthogonal, pseudo-orthogonal [2], symplectic [3], and
special pseudo-orthogonal groups [4-6].

1 Preliminaries
Let O(n,p,R) be the pseudo-orthogonal subgroup of GL(n,R), i.e.,
O(n,p,R) = {g € GL(n,R) : g"epg = ¢},

where g7 is the transpose of the matrix g, and ep is an identity matrix in GL(n,R) given by

ep = (e?j)Zj:l? where
1 fori=1,2,...,p,
Po=0—1 fori=p+1,p+2,...,n,

€i;
0 fori#y,4,5j€{1,2,...,n}

for some p € {1,...,n —1}.

For each elementary surface o (s,t) = (zj(s,t))j=1, we define M) as the n x n matrix

i—1,. .
(mij(s,t))?’j:l, where the i-th column has coordinates m;;(s,t) = %{&s’ﬂ, with i, = 1,...,n,
0. .
and we set 2 xajs(os’t) =zj(s,t) forall j=1,...,n, s,t€(0,1).
[ n 41, . n
Let Mys(7) be the matrix {a (6. }ijil, M,ss(7) be the matrix {889671(10}]71 and My (7))
@ n - i4+1,. . n s

be the matrix {%;J_(fgg }UZI, while Msst(?) is the matrix {%%(:’O}UZI.

Below, we consider only regular surfaces, i.e., elementary surfaces ?(s, t) such that the determinant
det M,(Z)(s,t) # 0 for all s,¢ € (0,1).

Let Aff(R™) be the group of all affine transformations of the n-dimensional linear space R™.
Each affine transformation in Aff(R™) is a composition of a non-degenerate linear transformation
g € GL(n,R) and a translation by an element U = (ui)?, € R", ie., any affine transformation
(U, g) € Aff(R™) acts in R according to the following rule:

(U, 9)(T) = g7 + W,

where 7,7 € R” and g € GL(n,R).
The multiplication operation in Af f(R™) is defined by

(779)(77 h) = (7 + gﬁvgh%

where 7,7 € R” and g, h € GL(n,R). This implies that Aff(R™) is a semidirect product of the
groups R™ and GL(n,R), written as

Aff(R") =R" <« GL(n,R).
If G is a subgroup of GL(n,R), then the set
R"<G={(d,g) e R*"aGL(n,R) : g € G}
is a subgroup of R™ <« GL(n,R), and is also referred to as the semidirect product of the groups R™

and G.
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It is well-known (see, for example, [7, Chapter XVII, §2]) that the group R™ < O(n,R) coincides
with the group of all motions in Euclidean space (R™,(.,.)), i.e., the group of all bijections U from R"
to R™ such that (Uz,Uy) = (z,y) for all x,y € R™. Similarly, the group R" < O(n,p,R) is the group
of all motions in pseudo-Euclidean space (R",[.,.],), i.e., the group of all bijections V from R" to R"
such that

Va,Vyl, = [z,y], forall z,yeR",

(see, for example, [8, Chapter III, §1]).
Let G be a subgroup of R” < GL(n,R). Two regular surfaces 2’ (s,t) and 3/ (s, t), defined in R,
are said to be G-equivalent if there exists (7, g) € R™ such that:

Y (s,t) =g (s,t)+d forall (s,t) e (0,1).

The following statement reduces the problem of R" <1 G-equivalence of regular surfaces 7(5, t) and
7 (s,t) to the problem of G-equivalence of regular surfaces 7', (s, t) and 7" (s,1).

Statement 1. Two regular surfaces @ (s, t) and 7/ (s, t), defined in R”, are R" < G-equivalent if and
only if the regular surfaces 7’,(s, t) and 7/’ (s, t) are G-equivalent.

Proof. If two regular surfaces ' (s,t) and 7/ (s,t) are R" < G-equivalent, then there exist
U = {u;}?_, € R" and g = {9ij}7 =1 € G such that

Y (s,t) =gZ(s,t)+« forall (s,t) e (0,1).

For each i = 1,...,n, we have
n
7@(8, t) = Z gij?j(s, t) + Uj;.
j=1
Taking the derivatives with respect to s, we get

Tils,t) =Y g @ (s,1). (1)
j=1

Thus, for all i = 1,...,n, we have

Yils,t) = 9T (s,1), (s,) € (0,1),
which implies that the regular surfaces 7', (s, t) and 3/",(s,t) are G-equivalent.
Conversely, suppose that

Y'(s,t) = g (s,t) forall (s,t) € (0,1),
for some g = {g;}7 ;-1 € G. From equation (1), we deduce that

71'(8,25) = Zgijjj(s’t) + U,
j=1

where u;(s,t) is a constant (independent of s and ¢). To find u,(s,t), we define ;(s,t) = (s, t) —
Z?zl gij?j(s, t), and compute the derivative with respect to s:

Wi(s,t) =0 forall (s,t) € (0,1).

Since ’(s,t) = 0, we conclude that ;(s,t) = u;(0), a constant for each 7. Therefore, we define
W = {u;(0)}7_, € R", and obtain the relation

Y (s,t) =g (s,t)+d forall (s,t) € (0,1).

This shows that the two regular surfaces 7 (s, t) and 3 (s, t) are R" < G-equivalent.
Thus, we have proven that two regular surfaces ?(s, t) and 7(8, t) are R" < G-equivalent if and
only if 2’ (s,t) and ¥/’,(s,t) are G-equivalent. O
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2 FEquivalence of Elementary Surfaces

The following theorem provides necessary and sufficient conditions for the R"<10(n, p, R)-equivalence
of regular surfaces 7' (s,t) and 7/ (s, t).

Theorem 1. Two regular surfaces 7’ (s,t) and 3/ (s, t) are R” < O(n, p, R)-equivalent if and only if
for any (s,t) € (0, 1), the following equalities hold
() MM (5,1) Mss(T (5,1)) = M (Y (5,0)) Mass (7 (,1));
(b) My,' (T (s,0) Mt (T (s,1)) = My, (F (s, sst (F (s,0)): |
(c) Mg;(?(s,t))epMss(?( t) = MT(7 (7 (s,1))

Proof. Let the surfaces 7(8,75) and 7(s,t) be R™ < O(n,p, R)-equivalent, i.e., there exists an
element g € R™ < O(n,p,R) such that the following holds:

Y (s,t) =g (s,0) + .
Consequently, by the definition of the matrices M, 85(7), we have
MSS(y) = ngs(?)‘

We will now show that from this equality, the validity of equations (a), (b), and (c) follows. Indeed:

Ms_sl (7(37 t))MSSS(7(3a t) = (ngs(?(S, t)))_l(ngss(?(s, t))-

This simplifies to

(Ms (T (5,0))) (91 9) (Mass (T (s,1))) = M (T (5,1) Mass (T (5,1)),

SS

which shows that (a) holds.
Similarly,

Mg (9 (5,8) Mast (Y (s, 1)) = (Mt (T (5,1))) " (g Misst (T (5, 1))).

This simplifies to

(Mt(Z (5,6) " (97" 9) (Mt (T (s, 1)) = M (T (5,) Mt (T (3.1)),

S

which shows that (b) holds.
Finally, for equation (c), we have

M£(7(57t))€pM88(7(5at)) = (ngs(?(s,t)))Tep(ngs(?(s,t))).
This simplifies to
(Mys (T (5,0)))" (9" €pg) (M (T (5,1))) = MEG(T (s,1))ep Mys (T (5, 1)),

which shows that (c) holds.

Conversely, assume that the relations (a), (b), and (c) hold for the surfaces 2 (s,t) and 7/ (s, t).
Since A(s,t) = A, is invertible, assume that equalities (a) and (b) are valid. Differentiating the equality
A71A, = ALA7 = B, we get
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Moo (2 (5,1)) - MG (5,1)) + Mg (T (s,1)) - ML (2 (s,8)) = 0,

MSS(?(& t)) ’ M;si(?(sv t)) = _MSSS(?(‘S? t)) ' M;;(?(S, t))a
Ms;; (?(37 t)) - _Ms;l(?(‘s? t)) ’ Msss(?(& t)) ’ Msisl(?(sv t))a
MSS(?(Sv t)) - gMSS(?(Sv t))v
(Mo (F (5, 1)) M (7 (5, ), = 0.
Therefore, the equalities (a) and (b) can be rewritten as
(a,> (Mss(7(87t>) ’ Ms_sl(?(sat)))s =0,
(b) (Mos(F (5,1)) - MG (T (5,1)))e = 0.
These qualities imply that
Mss<7(37t)) ’ Ms_sl(7(37t)) =9= (gij)ijl S GL(TL,R),
where s,t € (0,1). Consequently, we obtain

M88(7(37 t) = gMSS(?(s, t),

and in particular,

Yl (s,t) =g (s,t) forall (s,t) € (0,1).
Thus, for g = {gi;}]';=1 Y (s,t) = {wi(t) Yy, and 7 (s,t) = {z;(t)}1,, we have

Yilsit) =D 9@ (s, 1).
j=1

Let W; = (s, t) — > gij7j(s,t), which yields
U = {u}, € R",
and for the element (7, g) € R™ < O(n,p,R), we have the equality
Y(s,t)=gZ(s,t)+ U forall (s,t)e(0,1).
Furthermore, due to equation (c), we have
g epg = (Mus (Y (5,1)) - M (T (5,0))) ey (Mis (T (5,1)) - MG (T (5,1))) = epy

which implies that
gTepg = ep.
Thus, g € O(n,p,R). Theorem 1 is proved. O
Now consider the problem of the equivalence of k-dimensional surfaces. An infinitely differentiable

mapping x : [0,1]¥ — R”, where 1 < k < n, is called a parameterized k-dimensional surface in the
finite-dimensional vector space R".
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Definition 1. [9] Two k-dimensional surfaces 7’ (t1, ..., tx) and 7 (1, . .., ;) are said to be G-equiva-
lent if there exists an element g € GG such that

7(t1, cee ,tk) = g?(tl, ce ,tk)

for all (t,...,t) € (0, 1)F.

Definition 2. [3] A function f of 7 (t1,...,t;) and its finite number of partial derivatives is called
G-invariant if its values coincide for G-equivalent surfaces.

Let Y(tl, ...,tx) be a k-dimensional surface, and let s € {1,...,k} be a fixed index. For each
surface @ (t1,...,t), the (n x n)-matrix M, (Z°) has the form

M (7)) = (Z,...., 77,

where the i-th column consists of the coordinates

Giflxj(tl, ooy tr)
oty

Let M, ; (@) be the matrix

ity ... t) )"
Mtsts (?) = { j( gtz k>} )
s 3,7=1

and let My, .1, (77) denote the matrix

0?x(ty, ... tx) O la(ty, ... ty)
M = . .
e (T) < otot, 7 ot >

Throughout the rest of the text, only regular surfaces are considered, i.e., surfaces ?(tl, coytk)
for which
det My (2)(t1, ... tg) #0

for all (t1,...,t) € (0,1)* and s =1,... k.
The following theorem provides the necessary and sufficient conditions for R"<10(n, p, R)-equivalence
of two surfaces.

Theorem 2. Two surfaces x(t1,...,t;) and y(t1,...,tx) in R™ are R™ < O(n, p, R)-equivalent if and
only if the following equalities hold

L My ¢ (&) My, (F) = My} (Y )My, (9),

2. (M, (@) epMi,(F) = (Miye,(Y)) " ep Myt (7)),
foralll=1,... k.

The proof of this theorem follows a similar approach to the previously established theorem.

Remark. For two-dimensional regular surfaces, Theorem 1 under the action of the groups G(n,C),
SL(n,C), O(n,C), SO(n,C), and Sp(2n,C) was obtained in [2,3,10], while for m-dimensional regular
surfaces (m < n) under the action of the same groups, it was obtained in [5|. For the semidirect product
of the same groups, the result was obtained in [4]. For two-dimensional regular surfaces, Theorem 1
and Theorem 2 under the action of the group SO(n,p, K) were obtained in |6], while for k-dimensional
regular surfaces (k < n) under the action of SO(p, ¢, K), they were obtained in [9]. Additionally, the
above theorems for paths and curves were studied in [11], while the differential invariants of surfaces
were examined in [12].
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Conclusion

In the article, the problem of determining the equivalence of elementary and k-dimensional surfaces
is considered. As the main result, the necessary and sufficient conditions for the equivalence of surfaces
with respect to the action of the pseudo-orthogonal group are identified. The equivalence of surfaces
under the action of this pseudo-orthogonal group is proven through the relations between special
matrices constructed on the basis of the partial derivatives of the surfaces. The results presented
in the article can be applied in the future for the classification and study of surfaces in differential
geometry.
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Integral representations for a class of triple confluent hypergeometric
functions and their applications in boundary value problems

A. Hasanov'?, T.G. Ergashev’?3, A.R. Ryskan*®*

! Institute of Mathematics of Uzbekistan Academy of Sciences, Tashkent, Uzbekistan;
2«TITAME” National Research University, Tashkent, Uzbekistan;
3 Ghent University, Ghent, Belgium;
4 Narzoz University, Almaty, Kazakhstan;
5UC Dawvis, Davis, USA
(E-mail: anvarhasanov@yahoo.com, ergashev.tukhtasin@gmail.com, ryskan.a727@gmail.com)

Hypergeometric functions are divided into complete and confluent functions. Srivastava and Karlsson were
the first to propose a method for constructing the complete set of triple Gaussian hypergeometric series
and compiled a table containing definitions and regions of convergence for 205 distinct complete series in
three variables. Subsequently, several authors obtained various integral representations and transformation
formulas for the functions introduced by Srivastava and Karlsson. More recently, Ergashev identified
395 hypergeometric series of three variables that represent confluent forms of the known 205 complete
hypergeometric series. In the present study, new Euler-type integral representations are derived for certain
Gaussian hypergeometric functions of three variables. The main results are obtained using properties of the
gamma and beta functions. New integral representations are established for 14 functions from the list of
confluent hypergeometric functions of three variables. All derived integrals can be regarded as generalized
Euler type representations of the classical Gaussian hypergeometric functions of one and two variables. In
addition, it is demonstrated how one of these confluent functions, together with its integral representation,
can be applied to construct solutions of the three-dimensional singular Helmholtz equation.

Keywords: Gaussian hypergeometric function, Appell functions, Humbert functions, Srivastava—Karlsson
hypergeometric functions, triple confluent hypergeometric series, integral representation, singular Helmholtz
equation, application of hypergeometric functions.

2020 Mathematics Subject Classification: 33C15, 33C20, 33C65, 35C15, 35J75.

Introduction

The great interest in the theory of hypergeometric functions (including functions of one, two or
more variables) is primarily due to the fact that hypergeometric functions allow us to find solutions
to various applied problems related to thermal conductivity and dynamic processes, electromagnetic
oscillations, aerodynamics, quantum mechanics and potential theory. These functions, which relate to
higher and special functions [1-3], are often called special functions of mathematical physics.

It is known that hypergeometric function F'(a,b;c; z) was studied by Leonhard Euler, but the first
complete and systematic interpretation of it was given by Carl Friedrich Gauss in 1813. In the Gaussian
hypergeometric function F'(a,b;c; z) there are two numerator parameters a, b, and one denominator
parameter c¢. A natural generalization of this function is to introduce an arbitrary number of parameters
for both the numerator and the denominator. The resulting function, denoted as ,Fy, is called the
generalized Gauss function or generalized hypergeometric function (for more information, see [4, p. 19]).
In 1880, Appell introduced four series F; to Fy, each of which is an analogue of the Gauss function
F(a,b;c; z). Horn [5] introduced the following ten hypergeometric functions in two variables, denoting
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them as G1, Go, Gs3, Hy, ..., H7; he thus completed the set of all possible second-order (complete)
hypergeometric functions in two variables [4, p.24|. Humbert defined seven confluent forms for the
four Appell functions [6], and he denoted these confluent hypergeometric functions in two variables by
Dy, Oy, O3, Uy, Uy, =1, Zs. In addition, there exist 13 confluent forms of the Horn functions, which are
denoted by I'1, I'y, Hy, ..., Hi1 [5] (see, also [7]). A significant contribution to the further development
of the theory of hypergeometric series in two variables was made by Horn, who proposed a general
definition and classification of double hypergeometric series. He studied the convergence properties
of hypergeometric series in two variables and identified systems of partial differential equations to
which these series correspond. Horn investigated hypergeometric series of the second order. He found
that among them there are series that are expressed through one variable, or are products of two
hypergeometric series, each of which depends on one variable. In addition, according to his conclusions,
there are 14 complete and 20 confluent different convergent series of the second order. Definitions and
convergence conditions for all 34 hypergeometric series in two variables are also given in [7].
Lauricella |8, p. 114] further generalized the four Applell series F, Fy, F3, F to series in n variables

and defined his multiple hypergeometric series denoted by FXZ), F j(gn), Fén) and F ]gn); in this work he
introduced 14 complete hypergeometric series in three variables of the second order . He denoted his
triple hypergeometric series by the symbols Fy, Fs, ..., Fi4 of which I}, F5, F5 and Fy correspond,
respectively, to the three-variable Lauricella series FE)), F ](33), Fés) and F g’ ). The remaining series
Fs, Fy, Fg, F7,Fg, Fi,..., Fi4 of Lauricella’s set apparently fell into oblivion. Saran [9] initiated a
systematic study of these ten triple hypergeometric series of Lauricella’s set. Sahai and Verma [10,11]
proved new recursion and infinite summation formulas for the triple Lauricella functions. Currently,
Bezrodnykh [12-14] has obtained interesting results in the study of Lauricella functions.

In further study of Lauricella’s 14 hypergeometric series in three variables, Srivastava [15,16] disco-
vered three additional complete triple hypergeometric series of the second order. These series, labeled
Hy, Hp, and Ho, were not part of Lauricella’s set and had not been previously reported in the
literature. At present, the properties of various generalizations of the Srivastava’s triple hypergeometric
functions are being studied [17], integral representations are established for them, and they are applied
to solving fractional differential equations [18]. A (p, q)-extensions of H4, Hp, and H¢o are defined
and investigated in [19-21], respectively. Applications of the hypergeometric structures to the theory
of Feynman integrals are found recently in [22].

An extended presentation of results on hypergeometric functions of three variables, as well as
references to the original sources, is presented in the monograph by Srivastava and Karlsson [4], which
is considered a classic work in this area. This monograph contains an extensive bibliography, including
all relevant publications up to 1985. In particular, the authors compiled a table of 205 different
complete triple hypergeometric Gauss series, accompanied by references to their sources, if known.
Realizing the importance of integral representations of multiple hypergeometric functions for solving
applied problems, Hasanov and Ruzhansky [23| developed Euler-type integral representations for all
205 complete triple hypergeometric functions. Authors of the paper [24] established several new more
interesting integral representations of the Euler type and Laplace type for ten Gauss hypergeometric
functions of three variables. Later, a systems of partial differential equations that the indicated 205
functions satisfy are constructed and all their linearly independent solutions near the origin are found,
in those cases where such solutions exist [25].

However, comparatively less attention has been paid to the study of confluent hypergeometric
functions of three variables. In the work of Jain [26], individual functions representing confluent forms
of complete hypergeometric functions of three variables were investigated. In his paper [27] Ergashev
identified 395 degenerate hypergeometric functions of three variables, denoting them as Eq, ..., Esgs.
He thus probably completed the classification of all possible second-order confluent hypergeometric
functions for three variables. The study also includes an analysis of systems of partial differential
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equations associated with these 395 functions. In addition, particular solutions of some systems of
differential equations near the origin were found, if such solutions exist.

Here we present integral representations for the functions Ei, ..., E14 defined in [27]. We also
demonstrate the application of the confluent hypergeometric function Es by constructing particular
solutions of the three-dimensional Helmholtz equation with singular coefficients.

This paper uses standard definitions and notations, including the Pochhammer symbol ()\),,, the
beta function B(z,y), the gamma function I'(z), the Gauss hypergeometric function and its genera-
lization ,F, [7]|, the Appell functions [28|, the Humbert functions [6], the Horn functions [5] in two
variables, and the complete [4] and confluent [27] hypergeometric functions of three variables.

1 Preliminaries

A function

F(a,b;c;z)EF[a’b; z] ::ZM |z| <1, ¢#0,—-1,-2,... (1)

. "
¢ = ()r K

is known as the Gaussian hypergeometric function.

The Gaussian hypergeometric series F'(a, b; ¢; z) includes two numerator parameters a and b, and
one denominator parameter c. Its natural generalization is the introduction of an arbitrary number of
parameters in both the numerator and the denominator. The resulting series

B o7 2] =Bl = 3

is known as the generalized Gauss series [7, p. 182|, or simply, the generalized hypergeometric series.
Here p and ¢ are positive integers or zero (interpreting an empty product as 1), and we assume that
the variable z, the numerator parameters ay,..., a,, and the denominator parameters by, ..., b, take on
complex values, provided that b; # 0, —1, =2, ...; j = 1, ..., ¢. In general (that is, except for certain
integer values of the parameters for which the series terminates or is undefined) ,F, converges for all
finite z if p < g, converges for |z| < 1if p = ¢+ 1, and diverges for all z #0if p > ¢+ 1.

Gauss’ series (1) in the present notation is o F(a, b; ¢; 2) = F(a, b; ¢; 2).

The double Appell hypergeometric functions are defined as following [28|:

k
77 |Z|<1>
j= 1(‘k '

R o) = >0 DO O ooy oy <1, )
ol manmin!
Fs (a,b,b5¢,d2,y) = i (C(li;n (()) (!n)!”:xmy”, lz| + |y| < 1, (3)
m,n=0 n
Iy (a, a,b,b;c; x,y) = io: <a)m($/)i (:iafb/)”:cmy", max {|z|, |y|} < 1, (4)
ol manmin!
Ailobedin = 3 @iy s V<) )

here, in all definitions (2)—(5), as usual, the denominator parameters ¢ and ¢’ are neither zero nor a
negative integer.

Seven confluent forms of the four Appell series were introduced by Humbert [6], who denoted these
confluent hypergeometric series of two variables as follows:
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— (i B
Q1 (o, B3y52,Y) _m;O mx y", lzl <1, (6)
Oy (8,8 vimy) = Y mxmy” (7)
m,n=0 morn i
S (B)m m n
Q3 (B57;2,y) :m;()%nm!n!x v, (8)
Uy (a, 857,75 2,y) = Y W%my” 2] <1, 9)
m,n=0 m i
Uy (a57,752,y) = Z mxmyny (10)
m,n=0 m nooT
B (o, By, y) = > (a()vm - )ﬁli)vmxmy", |z <1, (11)
m,n=0 mAn
—_— > (Oé)m (/B)m m, n
Za (o, B5752,9) :m%:() Wfﬁ y", |z <1, (12)

where the denominator parameters v and +' are neither zero nor a negative integer. The hypergeometric
functions defined in (6)—(12) are called Humbert functions.
In this paper we will establish integral representations for the following functions:

e}

a a a a as)y, ™ y" ZP 1 1
El (al,ag,ag,a4,a5;c;l‘,y, Z) = Z ( 1)m( Q)m( S)n( 4)"( 5)p7|y7|7'; — +— > 1, (13)
o p=0 (mtn+p m!nl pl” |z |yl
0 m o, n ,p 1 1
Es (a1, a2,a3,a4;¢;2,y,2) = Z (al)m(az)m(ag)n(azl)nxi'yi‘zi‘, ot > 1 (14)
o p=0 ()mtntp m! nlpl™ fz[ |y
et m o, mn .p
By (01, 02,03, a8 G2, 9,2) = 3 etlm@ImlGshnlanp 282 g g

m,n,p=0 (C)m+n+p m! n! p!’

o0
(al)m(GZ)m(aii)n xm yn 2P
E4 (a1,a90,a3;¢;2,y,2) = g ——— 7| <1, 16
( 1,d2,43 ) ) (C)m+n+p m| TL' p| | | ( )

m,n,p=0

o0
(al)m(a2)n(a3)p ™yt 2P

Es (a1,a9,as3;¢;2,y,2) = —_— 17

5 (a1, a2,a3 Y, 2) E . [l pl (17)

m,n,p=0

Eg (a,b;¢;2,y,2) = Y (WLICLE el (18)

20 @msney 1

(a1)m4n(az)m(as)n(as)p 2™

(C)m-i-n—i-p !

n ,p
E7 (al,az,ag,a4;c;az,y,z) = Z %7) |l’| < 17 |y| < 17 (19)

m,n,p=0
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0o m ,n ,p 1 1
aq a2)m(as)plaq), ™ y™ z
ES (a’la az,as3,a4,Cx,Y, Z) = Z ( )m—HE() )m( )P( )pﬁjﬁu ﬂ + ﬂ > 1) (20)
o C)m+n+p m! n! pl x z
& mo,n .p
E9 (al,ag,ag;c;x,y,z) = Z (al)rrz+;(a2)m(a3)naj'y'2'7 |JI’ < 17 |y‘ < 17 (21)
o p=0 (& m+n+p m. n: p.
0 mo,mn .p
al a9 as)p r Yz
B (a1, a2, a3;¢;2,,2) = Y ( )WZJF)H( Jm )pﬁ*,*,a | <1, (22)
mp=0 C)m4n+p m. n: p:
9]

a b), ™ y™ 2P
Ey (a,b;¢2,y,2) = E (@mn(O)m (Z;n—f—:(—i-)m?n'i'ﬂ, lz| < 1, (23)
mtntp M nl pl

m,n,p=0
S m o, n .p
a1 )m4+n(02)n+plA3)m T Y 2
E12 (a17a27a3;c;x7y7 Z) = E ( )m (n)( )n p< )m YRR ‘$| < 17 ‘y| < 17 (24)
m,n,p=0 €)m+n+p me e p:
S

(@)mtn(b)ntp 2™ y" 27
Eis(a,b;c2,y,2) = — <1, 25
13 ( yz)= (©miney il nl |yl (25)

m,n,p=0
[eS)
(a1)m+ntp(az)m(az)n ™ y" 27
E14 (a17a27a3;c;x7y¢ Z) = Z m(Z) L = nilili'a ‘$| < 17 ‘y| < 1) (26)
S—— m4-n4p m: n: p:

New integral transforms for the two-variable analogous of the confluent hypergeometric functions
(13)—(26) are found in [29].

2 Single integral Representations

Theorem 1. If Re(ar) > 0 and Re(8) > 0, then each of the following integral representation for
E1—Esg holds true:

1
El (Oé, ag,ﬁ,a4,a5;c;:ﬁ,y,z) = kl/ Ea_l (1 _6)18_1 E7 (a+ﬁ,ag,a4,a5;c;x£,y—y§,z) dé.v (27)
0

1
E2 (a7a2767a47a’5;c;$7y72> = kl/ éa_l (1 - 5)6_1 E9 (a + ,3,@2,0/4;0; x{ay - yﬁ,Z) df? (28)
0

1
E3 (a,ag,ﬁ,a4;c;x,y, Z) :kl/ ga—l (1_5)6_1 EIO (a+67a2aa4;c; :l:fay_ygvz) dé.v (29)
0

Ey (a1, 0, 85¢1,y,2) = ka /01 e =P B (a+ Brars a8,y — y€, 2) d, (30)
Es (a, B, a5 52,9, 2) = /015“_1 (1-97 " Es(a+B,a; ;a6 +y — y&, 2) d&, (31)
E¢ (a, B ci2,y,2) = ka /0150“_1 (1-87 @ (a+ Bsca8 +y — y€, 2) &, (32)
Braa i) =h [ €700 B bt fer by @)
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1
E8 (alaaa6>a4;c;xayaz) = kl/ 504—1 (1 _5)5_1 E12 (a+ﬁ,a1,a4;c;z—z§,x§,y) dga (34)
0

I'(a+p5)
I'(e) I (B)
Proof. Using the definition of the Beta function

where k1 =

B(a, 8) = /015“(1 —&)P71d¢, Rea >0, Ref >0,

it is easy to establish the relation

(@)m(B)n _ I'(a+B8)
(a'i‘ﬁ)m-‘rn F(a)r(ﬂ)

B(a+m,8+n), mn=0,1,2,...,

ie.,

(@)m(B)
(a+ B)m

where (A), =I'(A+v)/T'(\) is a Pochhammer symbol.
Applying the relation (35), we obtain the integral representations (27)—(30).

1
o= kl/ gamttm —e)f=1nge Rea >0, Ref >0, m,n=0,1,2,...,
+n 0

(35)

The proof of the representations (31)—(34) can be distinguished from the others by using the well-

known property of double power series

[eS) m . n o0 k
S sm e =30

To give an example, by virtue of the definition of E5, we have

ad m ,n 1
E5 (Oé, ﬁ, a;c,x,y, z) — Z (Oé + B)ern(a)p x yizp / {a—l—f—m(l B §)5—1+nd§

(©)m+n+p W”'E 0

m,n,p=0
— ! é'a*l(l _ é)ﬁfl i (Oé + ﬁ)m-ﬁ-n(a’)p ('/”E&-)m (y — yg)n idg
—Jo () mtn+t m! n! pl
m,n,p=0 mnTp
Then using the property (36), we obtain
g L1 (@t B)rla)p (w6 +y —yn)k 2P
E5 (avﬁaa;c;aj)y?'z) :/ g 1(1_5)6 ' Z ( )k( )p( k! n) 7ld§7

0 fe.p=0 (k+p : p:

which asserts the validity of the representation (31). The Theorem 1 is proven.

Theorem 2. If Re (5) > Re () > 0, then the following integral representations are valid:

a—1(1 _ ¢\B—a-1
f_ l'é(;az (ﬁ)_ yé.)a,g, lFl (a47 ﬁ — a2 — Zé-) dfv

1 ¢ca—1 f-a-1
e (1-9
Eg (@, ag, a3, a4; B;7,y,2) = ]“32/0 (1—xz£)*

a—1 1— B—a—1
f_ Zlﬁé)aQ (ﬁ)_ yé-)ag OFI (_75 — oz = Zé.) d§7

1
E7 (o, a2,a3,a4; B3 2,y, 2) = k?2/ (
0

¥y (a3, a4; B — o 2 — 2€) dE,

1
Eg (v, a9, a3; 85 2,y,2) = k2/ (
0
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1 ¢ca—1 _ pf—a—1
Eio (o, a9,a3; 85 x,y,2) = kg/o 3 (1(1_ $§)>a2 eYe 1 Fy (a3; 8 — a; z — 2§) dE, (40)
1 ¢ca—1 _ f—a—1
Ei1 (o, b; 852,y,2) = k:2/0 S ((11_ fg))b o1 (—; B — a;z — 2€) dE, (41)

oa— B—a—1
S Gl y a1l <a2;5—04; Z<1_§)> dg, (42)

1
Ei2 (o, az,a3; 8;7,y,2) = kz/ (
0

1—28)" (1-y¢) 1 —y¢
B (a,b; B, y, 2) = /@/Dl 5a_1<(11__;£;a1 ¢y (b; 8- 21(1_—%5_)) e, (43)
B o B ) = [ S OO (44)
Ei4 (a1, , a3 32,9, 2) = k‘2/01 fa_l(il__m?)il_a_l Py (ah as; B — a; yl(l_;?7 ZF_;?) dg,  (45)
where ky = M)FF((’;)_Q)

Proof. To prove integral representations (37)—(45), Euler’s formula for Gauss function [7, p. 59|

Mo ety
T@lle—a) Jo — (1-aep

and the integral representation formula for Appell function

F(a,b;c;x) =

d¢, Re(c) > Re(a) > 0 (46)

P R S ¢ 3
Fi(a,b1,ba;c;2,y) = ()T (c — a) /0 (=€) (1 = yo)s d¢, Re(c) > Re(a) >0
are used.

Let’s consider the last equality (45) in Theorem 2. One can represent the confluent hypergeometric
function Eq4 in the form

> (al)n—i-p (ag)n yn Zp
Eus (a1, @, a3 85 2,y,2) = TF(%GJ tn+pft+n+pa) .
n,p=0 ( n+p nep-

Then, using the Euler’s formula (46) and the definition of the Humbert function ®; we obtain the
integral representation (45). The remaining integral representations in the Theorem 2 are proved
similarly. The Theorem 2 is proven. O

8 Double integral Representations

Theorem 3. If Re (a) > 0, Re () > 0 and Re () > 0, then the following integral representations
are valid:

1 1
El (ala az, as, a4, as5; & + /8 + VX, Y, Z) :k3/ / 50&—1 (1 - 6)6+’7_1 776_1 (1 - 77)7_1 X
0 JO

x2Fy (a1, az; a; x8) 2 Fy (a3, aq; B5yn (1 —§)) 1F1 (as; 752 (1 =€) (1 —n)) dédn, (47)
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E1 (o, a2, 8, a4, v;a + B+ i 2,9, 2) k‘s/ / S O U3 LAVl 6 ) L™

X (1— €)% (1 —yn + y&n)~* =90 geqn, (48)

1 rl
El (()4,,3,’)/,&47615; G, Y, Z) = k3/0 /() fa_l (1 - 5)/8—’—7_1 77/8_1 (1 - 77)7_1 X
XE15 (Oé + 5 + 7, a4, 05; C; x& (1 - 6) nYy (1 - g) (1 - 77) 72) dgd?% (49)

1 1
Ei (o, a2, 8,a4,7v; ¢y, 2) = k3/ / SR ¢ 3 L el § B L
0 0
xBi14 (ag + 7, a2, ag; c;2€n,y (1 — &) n, 2 (1 — n)) dédn, (50)

1 1
El (Oé, a27/87 a4, 7; a2 + VI Y, Z) = k3/ / 506_1 (1 - 5)5—1 7701-‘1-,3—1 (1 - "7)7_1 X
0 Jo

x (1 —x€n) ™ (1 — yn + y&n) ™ " dedn, (51)

1 1
Es (a1,a2,a3,a4,a5;0 +  +v;2,y, 2) = /<73/ / S O 3 LT G B) R
o Jo

x2Fy (a1, az; a; x€) 2 Fy (a3, aq; B;yn (1 —§)) oF1 (=572 (1 =€) (1 —n)) ddn, (52)

1 1
E2 (aaa25027a4)a5;a+ﬁ+’y;$7y? Z) = k3/ / ga_l (175)6+771 776_1 (177])’Y71 X
0 JO

x (1=x£)" 2 (1 —yn+yén) " oF1 (—;7:2(1— &) (1 —n)) dédn, (53)

1 1
E2 (@,,3,7,@4,@5; Gy, Z) = k3/ / ga—l (1 - 5)6—’—7_1 77/8_1 (1 - 77)7_1 X
0 Jo

xEi7 (@ + B +7,a4;¢26 (1 = &) my (1 =€) (1 —n), 2) dédn, (54)
E3 (al,a27037a4;0é+5+7§55ay7 kd/ / fa 1 ﬁ‘i”Y 1776 1(1 T’)’Yil X
x2F1 (a1, az; a5 x€) 1 F1 (as; B3 yn (1 — €)) 151 (aq;7; 2 (1 =€) (1 —n)) dédn, (55)

Es (o, a2, B,a4;a0 4+ B+ v;2,y,2) =

— kg/ / I 1 6+7—1 nﬁ 1 (1— n)v—l (1 — z€)™® e(l—f)(yn+z—zn)d§dn’ (56)

1 1
E3 (Oé, az,as, a4, T, Y, Z) = k3/ / 504*1 (1 - 5)571 na+671 (]‘ - 77)771 X
0 Jo
x®1 (a4 B+, a2;¢yn (1 = &) + 2 (1 —n), x€n) dndg, (57)

E3( /377a4acxy> _k3/ / ga 1 /8+7 177/8 1(1_77)7_1X
xE1g (a0 + B+ 7,028 (1 = §) =& (1 —mn),z)d&dn, (58)
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1,1
B4 (a1,a2,a3; a4 B+ v;2,y,2) = ks/ / S S LAt G E) L
0o Jo
X9 I (a1, az; a; x€) 1F1 (az; B;yn (1 — &) oF1 (=575 2 (1 =€) (1 —n)) dédn, (59)

1 1
Ey(a,B,7;¢3,y,2) = kg/o /0 1 - (1 -y x
xEyg(a+B8+vyc25(1 =& n,y(1—¢&)(1—n),z)didn, (60)

1 1
E5 (ala az,as; o + /8 + YT, Y, Z) = k3/ / 504—1 (1 - €)B+771 nﬂ_l (1 - ,,7)'7*1 X
0 Jo

x1Fy (a1; a5 28) 1 Fy (az; B3yn (1 —§)) 1F1 (as;v; 2 (1 =€) (1 —n)) dédn, (61)
Eg (a,b;a+ B+ v;2,y, 2) ks/ / et -M I 1) x
XlFl(a;O[;lf)lFl( ﬁayn(l_é DFl( Vi &2 (1_5)(1_77))dfd777 (62)

1 1
E7 (alu az,as, a4q; & + /B + YT, Y, Z) = k3/ / 504*1 (1 - 5)54’771 775*1 (1 - n)'Yfl X
0o Jo

X Fy (a1;a2,a3;a, B;x€,yn (1 — &) 1F1 (ag;7; 2 (1 — &) (1 —n)) dédn, (63)
, _ _ era=9 iy -t
E7(ﬁ,a2,a3,a4,a+ﬂ+7,x,y,z)—kg/o /0 (1_y77+y§77)a3 X
B (a3 = 0506 1= ) 1 (i (1= €) (1= ) e (04
go 1 E)a-i-ﬂ 1 ,'704 1 (1 _ n)ﬁ—l
E?(O[ CL27CL37CL4,2OZ+B,£U Y,z )_k4/ / 1_$£) (1_y77+y£77)a3
ol (anasias 2O 1 (0 12 (1 ©) (1 - ) ded (65)

E7 (a1,a2,a3,a1;0 4+ B+ v 2,9, 2) =

- Sl G () LS
k?’// 1—a:§ yn + yén)™ 1B (ag37;2 (1 =€) (1= 1)) %

x§ Y
xXFy | a1, — as, B — as; a, B; , )d{dn, 66
2<1 2 ° & +yn—yfn—1 z§+yn—yén—1 (66)

E7(CL1, aB V6T, Y, 2 _k3/ / §a 1 B ! OH_ﬁ 1(1 77)W_1><

X®p (a+ B+, a15¢ 2 — zn, x€n + yn — yén) dédn, (67)
go-lpatf=1(1 — )Pt (1 — !
—k
(alu )BVacxya 3/ / 1—Z—|—ZT]) X
X eIV g, <c —a—fB-y,a;0 % —x€n — yn + yfn) dédn, (68)
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1 1
Es (a1, az, a3, a; a0+ B+ i 2,9, 2) = kg / / (1 — )PP (1) x
0 0

x Wy (a1, a9; B, a;yn — y&n, €) o F1 (a3, as;v; 2 (1 =€) (1 —n)) dédn,

1 1
E8 (Oé, az,as,a4;C;2,Y, Z) = k3/ / Ea_l (]' - 5)571 77a+ﬁ_1 (1 - 7])771 X
0o Jo

xEo1 (a+ B+ 7, as; ¢; 2én?, 2, yén) dédn,

11
Eg (a1, a2,a3;04+ 6 +v; 2,9, 2) :kS/ / S € 3 Lt Ve O BR) R
o Jo

x Fy (a1, az, a3; a, B5 x&,yn — y&n) o F1 (=752 (1 = &) (1 —n)) dédn,

1 rl ¢a—1 _ A\BHy-1, -1 _ 1
(1= n°~ (1 —mn)
Eg (a1,a2,a3;a+ B+ v;2,y, 2 Zk// a X
0 (a1, a2, 03 )= hs o Jo (1 —yn 4+ y&n)*
x§
F 13— L — VoFi (=72 (1— 1-— déd
X 1<CL2,5 a3,a37aax§71_yn+y£n>0 1( ”Y’Z( 6)( 77)) én’

11
Eo(a1,a2,a3;04+ B+ v 2,9, 2) = ks/ / et -yt -y x
o Jo

x WUy (a1, a9;a, By x&,yn (1 — €)1 Fy (ag;v; 2 (1 — &) (1 —n)) dédn,

11
Eio (a1,a2,a3;a + f+vi2,y,2) = ka/ / S € 3 Lt Ve U) R
o Jo

6§ yn(1-§)
-1 1—xf

x Wy <a1, a — az;a, B; > 111 (az; ;2 (1 =€) (1 —n)) dédn,

1 1
Eu (a,b;a+ B +v;2,y,2) = kg/ / S O S Lamt L O T LA
0 0
XUy (a,b;a, By &, yn (1 — €)) o1 (=732 (1 = &) (1 — n)) dédn,

11

Ei(a1,a2,a3;0+ B+ v 2,9, 2) = k?s/ / S O I LA O W) LA
o Jo

xEe¢2 (a1, a2, a3; a, B,v;2&,yn (1 — &),z (1 — &) (1 —n)) dédn,

1 1

E12 (047/377; ar,yY, Z) = k3 é-oH—’y—l (1 - 5)5_1 na_l (1 - 77)7_1 X
/]
xHg (a+ B+7i628n (1 —n) +yE(1—&)n, 2 (1 —€)) dédn,

1 1
Eis(a,b;a+ B +v;2,y,2) = ks/ / EA=9TT I 1= X
0 JO
XE63 (CL, bv OC,B,’Y; xf?yﬂ (1 - f) y 2 (1 - 5) (1 - n))dfdnv
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11
Ei4 (a1, a2,a3;a 4+ +v; 2,9, 2) :ks/ / S € 3 Lt VL G B 7) R
o Jo

x By (a1, a2,a3;a, 8,7; 2, yn (1 = &), 2 (1 — &) (1 —n)) d&dn, (79)

1 1
E1<a,a2,a3,a4,a5;a+5+fy+5;x,y,z>—k5/ / SR O3 Ly Sl § W) L™
0 0

X 21 (a+B,a5, v+ da+B+v+0xén+y(1—&) (1 —n),z)ddn, (80)
where
o — I'(a+p+7) ks — I'(2a+ B) e — IF'(a+B)T (y+9)
T T(@T(B () 1 (@I (B) 7 T(@I (BT () (6)

confluent hypergeometric functions Ei5, E17, Eis, E19, Eo1, Eg2, Egs and Egy are defined in [27].

Proof. The proofs of the representations (47)—(80) are similar to the proofs of the previous theorems.
O

Theorem 4. If Re(a) > 0, Re(B8) > 0 and Re(vy) > Re () + Re(f), then the following integral
representations are valid:

1 pl ea—1(1 _ \B=1 _a+B-1(1 _ ,\7—a—B-1
(-89 (1-mn)
E aaﬁaa;’y;xaywz =k / / a X
2 )= ks 0 Jo (1 —yn — x&n + yén)

XOFl - Y - a—= /Baz_zn)dndgv (81)
Eg (v, 85732,y 2 —kﬁ/ / S 3 T R ) L
X eTEMHYIYEN B (—n o — Bz — ) dEdn, (82)
where
b I'(7)
s —

F(@)T (B (y—a—-p)

Proof. The proofs of the representations (81) and (82) are similar to the proofs of the previous
theorems. O

4 Triple integral Representations

Theorem 5. The following integral representations are valid under certain restrictions on the nu-
merical parameters:

T'(a
Es (a1,a2,a3,a4,as5;¢;2,y, 2) = (a) x

T (al) r (a2) T (ag) T (CL4)
1
[

1 1
//gal 1 a2+a371 nag—l (1 . n)agfl Ca1+a2+a3—1 (1 . C)a471 x
0 0
2( R 4a:5n<1—s><2+4y<1—5><1—n><<1—<>,z) dednd,  (89)

X

(1]

X

a:=ay+az+as+ag, Re(ar) >0, k=1,2,3,4;
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. | (o) )
s(ay.a9.a3.a4:C.T,Y,2) =
3 1,a2,a3,04;C 2, Y, F(al)r‘(az)r(QB)F(a4)
1 1 1
<[ [ e amgrmeyp g gt gt gt
0 0

—~ O

xHg (a;¢;2€ (1 =€) n¢?y (1 =€) (L —n) ¢ + 2 (1 = () dédndg,

a:=a;+az+as+ayg, Re(ap) >0, k=1,2,3,4;

T'(ag+a3) T (c1+co+c3) "
I'(a2)T (a3) T (c1) T (c2) T (c3)

1 1 1
[ ] [eta-gmatmtamme e ta - gntx
0 0 O

X Fy (a1, a2 + az;c1, c2; 08¢, yn (1 — &) (1 =€) 1F1 (ag; ¢332 (1 = &) (1 — 1)) ddndc,

E7 (a1, a2,a3,a4;¢1 + 2 + 352, y, 2) =

X

Re(a2) >0, Re(asz) >0, Re(ex) >0, k=1,2,3;

' (c)

E . e —
7<a17a27a37a4acax7y72) F(CLQ)F(CLE})P(CML)F(C_ as — as —(14)

X

1 1 1
% ///fan (1 o g)ag—l 7751471(1 o n)a2+a371Ca2+a3+a471 (1 o C)c—az—ag—a4—1 >
0 0
x (1 —zn¢)~ eﬂﬁfﬁ(ﬂ/(lff)(1*W)CdCd§dn7

Re(ax) >0, k=2,3,4, Re(c—az —ag—aq) > 0;

F(CLQ —|—a3) F(C1 + o —1—03)
T (ag) I (ag) T (Cl) T (62) T (63)

1 1 1
///501 1 CQ+C371 TICQ—I (1 _ n)Cgfl CQQ_I (1 _ C)G‘gfl X
0 0 0

x Fy (a1, a2 + az; 1, e2; 08¢, yn (1 =€) (1 = () oF1 (=5 ¢332 (1 =€) (1 — 1)) d€dnd,

Eg (a1,a2,a3;¢1 + 2 + 352y, 2) =

X

Re (az) > 0, Re(az) >0, Re(cy) >0, k=1,2,3;

I'(ap +a2) T'(cr+ca+c3) y
I (a1) T (a2) T (e1) T (e2) T (c3)

1 1 1
c1—1 . cot+c3—1 _ _co—1 - c3—1 ra1—1 _ as—1
x!/!f (1 — g)errenlyee=l (1 — )l gl (1 _ )ar=l

0
x Hy (a1 + az, az; c1, c2; 2EC(1 — €),ynC(1 = §)) oF1 (5 ¢352 (1 — &) (1 —n)) dédndc,

Eg (a1, a2,a3;¢1 + c2 + c352,y, 2) =

Re(a2) >0, Re(asz) >0, Re(ex) >0, k=1,2,3;
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T (Cl + co + 63) «
T (ag) T (Cl — CLQ) r (CQ) T (63)

[ [ [ a—geretyn - ye gt (- o
" 0/ 0/ 0/ (1 —ag0)™

Eio (a1,a2,a3;¢1 + c2 +c3;2,y, 2) =

yn (1 -§)

x 1 (al;c2; 1_7%5(

) VP (az; e3:2 (1 — €) (1 — ) dédnd. (89)

where

Re(c1 —a2) >0, Re(cgx) >0, k=1,2,3.

Proof. The proofs of the representations (83)—(89) are similar to the proofs of the previous theorems.
O

Similar integral formulas involving confluent hypergeometric functions of three variables are dis-
cussed in [30].

5 Application

The confluent hypergeometric function Ey has important applications. In the recent paper [31]
particular solutions, including the solution of the Dirichlet problem for the three-dimensional singular
Helmholtz equation

2 2 2
Umz+uyy+uzz—|—xux—&—yﬁuy—{—!uz—)?u:(], 0<2a,28,2v<1

in the infinite first octant Q = {(x,y,2) : 2 >0, y > 0, z > 0} are expressed through a function Es
(in the work [31] the function E; is denoted as Asz).

Another recent paper [32] derives important relations linking function E; with Appell function Fj,
Humbert functions ®1, ®2, ®3, Z1, =g, generalized hypergeometric function ,Fj; and Kampé de Fériet
function F}, n’ifb (for details on Kampé de Fériet function see [33-35]).

Conclusion

As is known [27], the list of confluent hypergeometric functions of three variables was compiled
recently, however, the confluent functions E;—Eq4 investigated in this paper were first introduced by
Jain [26] in 1966, who limited himself to composing systems of partial differential equations corres-
ponding to these functions. Until now, the scientific community has not known any applications of the
confluent hypergeometric functions Ei1—E14, except for the function Es discussed in the Application
section.
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The study of matrix operators acting between weighted sequence spaces Ip,, and lq,., has become an impor-
tant direction in functional analysis, particularly due to its close connection with Hardy-type inequalities
and the general theory of linear operators on discrete structures. A key problem in this framework is deter-
mining when such operators are bounded and obtaining precise value or sharp estimates for their operator
norms. Although considerable attention has been devoted to matrix operators whose entries satisfy the
so-called Oinarov conditions, including several extensions to broader classes of kernels, the literature still
lacks comprehensive norm estimates, especially in the case 1 < ¢ < p < oo. In this paper, we establish
necessary and sufficient criteria for the boundedness of matrix operators with entries satisfying the Oinarov
conditions. Furthermore, we provide both lower and upper estimates for their norms. These results not
only refine previously known inequalities but also provide new tools for analyzing the structure and behav-
ior of weighted sequence spaces. Applications of our findings include spectral characterization of matrix
operators, investigation of oscillatory and non-oscillatory properties of solutions to higher-order difference
equations, and the evaluation of sequences via their discrete derivatives.

Keywords: operator, matrix, sequence, norm, discrete analysis, Hardy-type inequality, weight function,
kernel, Lebesgue sequence space, best constant.
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Introduction

Let 1 < p, g < oo and let u = {u,}32; and v = {v,}22; be positive sequences of real numbers,
which we call weights. Denote by [, , the space of all sequences f = {f,}22, of real numbers for which
the norm

[e¢]
n=1

is finite. Similarly, the space [, is defined. Let us consider the following triangular matrix operator

Ailpy = lgu, (Af)n = anifi (1)

k=1

acting between weighted sequence spaces Iy, and lg,. The entries a := {ap i} %1, 7 > k > 1 are
nonnegative a, > 0. 7

Since the 1980s, conditions ensuring the boundedness of the operator, that is, the existence of a
constant C' > 0 such that the inequality

||Af”lq,u S CHlep,U7
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i.e., discrete weighted Hardy type inequality (HTI)

(i il

n=1 k=1

u> ‘<c (Z |fn|pvn> ' )
n=1

holds for all f € l,, — for various forms of a, j have been established.
If a1 = 1, then the inequality takes the form

>

n=1

¢ N\ 0 v
n=1

which is called general weighted inequality (GWI). In 1983, K.F. Andersen and H.P. Heinig provided
a characterization of the weight conditions ensuring the validity of inequality (3) in the case 1 < p <
q < 00. Subsequently, in 1985, H.P. Heinig established a sufficient condition for the same inequality
and derived estimates for its best constant C' = ||Al[;, , -1, in the case 1 < ¢ < p < oo, see e.g. [1].
We now present Heinig’s result in a form adapted to the GWI

>

k=1

3=

A= i (i uk> ' <§": v;_p/> i P < oo (4)
n=1 \k=n k=1

and the corresponding upper estimate
1, 0,01
C <qi(p)7 A, (5)

which will be used in the proof of the main theorem of this work, where % + 1% =1 and % + % =1

If {ay} is different from constant sequence then the analysis of HTI becomes considerable more
complicated. The first result was obtained by K.F. Andersen and H.P. Heinig, who established sufficient
conditions for the validity of the inequality in the case 1 < p < ¢ < oo under a specific choice of the
kernel a,, ., which was assumed to be non-increasing in k& and non-decreasing in n. For further details,
see [1] and the references therein.

Later, R. Oinarov, C.A. Okpoti, and L.-E. Persson [2], as well as R. Oinarov, S. Shalginbayeva,
T. Temirkhanova and others [3-5] obtained necessary and sufficient conditions for the boundedness of
the matrix operator in the case 1 < g < p < co. Their results hold under hypotheses on the entries
an i that are weaker than those originally imposed by Oinarov. Estimates of the best constant in the
discrete Hardy-type inequality for matrix operators satisfying Oinarov condition are given in [6].

Most of the works cited above focus on characterizing boundedness; by contrast, exact values
or even two-sided estimates for the operator norm are rarely treated. Recently, several papers have
appeared that provide lower and upper bounds for the norm of the integral analogue of this matrix
operator (see, for example, [7,8]).

There are also a number of related contributions concerning iterated discrete Hardy inequalities
[9,10], three-weight inequalities [11, 12|, and the boundedness of iterated matrix operators [13, 14],
which may be consulted for further reference.

In this paper, we derive lower and upper estimates for the norm of the matrix operator, as well as
necessary and sufficient conditions for its boundedness, in the case 1 < g < p < oco. We consider the
operators whose entries {a, 1} are non-decreasing in n, non-increasing in k, and satisfy the condition

an g < h(ang+ary) forall n>1>k>1 (6)

for some h > 1. These conditions are known in the theory of Hardy-type inequalities as Oinarov
conditions.
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1  Main results

In this section, we present the main result of the paper along with the auxiliary lemmas needed for
its proof. We begin by introducing the following notations:

T

T T
o] o] q n , q
§ : § : q § : 1—p 1-p’
ak,nuk Uy, (%
n=1 \k=n k=1

and

E(E) Grot) )

where 1 —% 1

p’
Let us present the auxiliary lemmas, with particular emphasis on the constants appearing in the
estimates, as they play a crucial role in determining sharp estimates for the norm of the operator.

Lemma 1. Let 1 < ¢ < oo and {u,} € ¢; be a nonnegative sequence. Then for any m € N the
following estimate holds

Z (ZW) unﬁq/<z uk>q ; (7)
n=m k=m

where ¢ = qfql.

Proof. Let denote
oo
Tp = Z U,
k=n

so that x,, > ... > 2, > 41 > ... > 0. Then inequality (7) can be written as

. 1 1

/ 7
E Tn (Tn — Tnt1) < g T,
n=m

where ¢/ = qfql. To estimate the left hand side, observe that

[e.e] oo x o0 T T 1
Tp — X n o1 no1 m 1 -
. HH = Z / —dz | < Z / —dx :/ —dx = ¢z, .

n=m n=m \’%n+1 g Tnt1l T 0 xa

n=m
The proof is complete. O

Lemma 2. Let 1 < g < oo, and {u,} € ¢; be a nonnegative sequence. Suppose the entries {a, x}
of the matrix operator satisfy Oinarov conditions. Then, for every nonnegative sequence {f,} € I,
the following estimate holds:

Z (Z anchk) Up < (Zh)q_lq[Sl + So], (8)
k=1

where

00 00 m q—1
S (z ) (z fk)
m=1 n=m k=1
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and
q—1

= Z Im (Z an,m“n) (Z am,kfk)
m=1 n=m k=1

Proof. Using Lagrange’s mean value theorem, Fubini’s theorem, Oinarov condition (6) and the
inequality
(a+b)7t <207 (@0 97 forall a,b>0,

we estimate the left hand side of (8) in the form

§ () £ (5 ) (Enr)])-

n=1

00 n m—1 q—1
- Z Zanmfm (Zankfk+§nmanmfm> Up,

q—1

S Z Z anmfm (Zankfk> Un,
<:o ) 0o q—1
Z Z An mUn (Z Qnp kfk)

q—1

[o@) x m m
a3 [ 3 et (m DS mf>
m=1 n=m k=1 k=1

[e.9]

00 m q-1 00 m q-1
Y S [ D Al un (Z fk> + ) tnmitin (Z am,kfk>
m=1 n=m k=1 n=m k=1
00 00 m q—1 0o 0o m q—1
Z fm (Z a%,mun> (Z fk) + Z fm (Z an,m”n) (Z am,kfk)
k=1 m=1 n=m

m=1 n=m

= (2h)"q[S1 + 52,

where &, € (0,1), m=1,2,...,n
The proof is complete. O

Theorem 1. Let 1 < ¢ < p < oo and the entries {a, ;} of matrix operator (1) satisfy Oinarov
conditions. Then the operator acting between weighted sequence spaces I, and 4, is bounded, i.e.,
inequality (2) holds if and only if

B =max{Bi, Bs} < cc.

Moreover, the following estimates are valid for its norm

Mathematics Series. No.1(121),/2026 159



K.D. Kuliev et al.

Proof. Let us recall that, for inequality (2) to hold, it is necessary and sufficient that the inequality

(Z (Z cm,kfk) un> ‘<c (Z fgvn> ' 9)
n=1 \k=1

n=1

holds for all nonnegative sequences {f,} € I .
(Necessity and lower estimate.) To investigate the necessity of the conditions and to derive a lower
estimate for the best constant C, we consider the dual form of inequality (9):

NS
Y

q/

e / e p e /! !
o <Zg> <c (z g,z) | (10)
k=1 n==k k=1

where {gr} €[ R It is well known that these inequalities are equivalent in the sense that the
validity of the dual inequality is both necessary and sufficient for the validity of (9). Moreover, their
best constants coincide (see, for example, [2]).

Let us assume that (9) holds for a finite constant C' and, for fixed n € Z*, apply the following test
sequence to (9):

=

q—

N =
(fN) = (Z ai’kun) (Z ’U’}l_pl> U;_p,X[l,N} (k), (11)
n=k n=1

where X1 n)(k) is the characteristic sequence. Putting (11) to the right hand side of (9), we have

]
Q

1
p(g—1) ?
o % N N Poq k p—aq P
o q 1—p/ 1—p/
E (fN)zvk = Z a, Un Zvn P Vg i’
k=1 k=1 \n=k n=1
r 1
N N q k 7 P
_ q 1-p’ 1—p'
= Z g Ay 1 Un v, P v . (12)
k=1 \n=k n=1

For the left hand side of (9), apply Fubini’s theorem and we find that

(9] n q N n q

Z < an,k(fN)k) Up = (Z an,k(fN)k> Un,

= k=1 k=1
n n q—1
Zan,k(fN)k; (Z an,k(fN)k;) Unp,
k=1 k=1

M= 1M

1

3
I

WE

n k q—1
S ki) (z an,lmv)l) "
k=1 =1

1

3
I

I
E

N k q—1
(fN)k; Zan,k (Z an,l(fN)l) Un
n=~k =1

i
I
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[using ap i < apg forn >k >1> 1]

k q-1
Z fN Zankun (Z fN)l)
=1

N

N k N TL] pP—q
= U > aljun [ S0 (Z@i,z%) (Z)

k=1 n=k =1

_ \g¢-1 N N v—a [ k N
) g ) ()

ie.,

Q|

o /n ¢ N\ L[N /N Tk NT
( (zan,kwk) ) - (7 z(zag,kun> (z) A

k=1
Using (12) and (13) estimates in inequality (9), we obtain

plq % N N g k / ﬁ /
q 1-p 1-p
(2)7 (32 (St ) () k) <c
k=1 \n=k =1

and from this with a constant independent of N and hence, letting N — co, we obtain

g\ @
(pq) B, <C. (14)

r

Now for fixed N € ZT apply the following test sequence to (10) gy = {(gn)k }rey, Where

g—1 (p—1)(g—1)
N p—q k o p—q
= Uk <§ :“n> (E :aﬁ,zvz _p> X, (k). (15)

Applying (15) to the right hand side of (10), we have

1 q q(p—1)
o2

00 ) Y N N p—q k , N\ Pe
(Z ul—q (gN)/cq ) = Z Ug <Z un) (Z aivlvllip )
k=1 =
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Applying Fubini’s theorem for the left-hand side of (10), we obtain

1 n=~k =
N N N —1
_ 1-p’
S0 [ anntone [ 3 anmnlon

p'—1 N n p—q N p—q
> b—q p 1-p
> (o) Dl | Dol > w

p n=1 k=1 l=n
(p=1)(g—1) a=1 -1 1
! no, - e /N pea [ , v [ N p—q
D —p p 1-p
Z A kVk Z w Z Uk Uk Z W
l=n k=1 l=n

ie.,

oo VLS p i ’ % N N )
Sl (Zan,k<gN>n> > (") (X <Zul> (za o ) o
= n=1 l=n
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with a constant independent of N and hence, letting N — oo, we obtain

(p'q)ingc. 18)

r

Thus, in view of (14), (18) and our assumption, we have

/ L/ / L
e { (79)" 5., (2) BQ} <c
r r
The necessity part is proved.

(Sufficiency and upper estimate.) Now, we proceed to estimate the right-hand side of (9). To this
end, taking into account Lemma 2, we estimate the terms S and Sy separately:

S1

I I
NERTNgE:
3"
N
WE
Qﬁg
3
5
N————
N
WE
=
~—
|

1 (nm [
0o 0o m o ) m—1 q
S(E) B S5 &
m=1 \n=m k=1 m=1 \n=m k=1
00 00 m q 00 oo m q
=y (Z a%,mun> (Z fk) -y ( > afl,mﬂun) (Z fk)
m=1 \n=m k=1 m=1 \n=m+1 k=1
0 ) 0 m q
£fEe) (S e
m=1 n=m n=m+1 k=1
00 m q
m=1 k=1
SN
< Cpg <Z fﬁbvm)
m=1
To get the last estimate we used inequality (3) with the weight sequence @y, := (3 oo, ahmun) —

(Zzo:mﬂ aglmﬂun), since the satisfying of which follows from condition (4), i.e.,

9] %) 9] [e%S) Z n ﬁ
_ q q 1—p/ 1—p/
=2 22 | 2 | = [ 2 dpsatim 2]
n=1 \k=n m=k m=k+1 k=1
( T
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Moreover, using (5), we obtain the estimate for the best constant C, g4, i.e.,
1,01
Cpq < qi(p)? By

Therefore,
L

1 1
St < qi(p) 7 Billfllp.;

ie.,

S1 < q@)* " BY|I£1I3 .- (19)

Now we estimate Ss. Applying Holder inequality, we get

00 0o m q—1
SQ = Z fm <Z an,m”n) (Z am,kfk)
m=1 n=m k=1
oo % ] 9] P’ m (a=1)p"\ »
< (Z f?'}:zvm> Z ,U;n—p' (Z an,m“n) (Z am,kfk)
m=1 k=1

= m=1 n=m

1
= [1fllpeSs"

where

oo P /m (g—1)p'
1_ /
an,m”n) < E achfk) U, v,
=m k=1

To estimate Sy, we proceed as follows:

m=1 \n

-

/

00 0 P m ! (g—1)p' -1 (¢—1)p’
So = Z v (Z an,mun) Z < al,kfk:) - (Z al,kfk:)
m=1 n=m k=1 k=1

=1 =
00 00 o0 P l (¢—1)p' -1 (g=1)p'
= > op? <Z an,mun) (Z al,kfk) - (Z al,k:fk)
=1 | m=l n=m k=1 k=1
[we apply the generalized Minkowskii inequality to the second bracket]
o [/ 1 (¢=1)p -1 (¢=1)p' oo n o 4
<3| (Sen) - (Ton) | (D ()
=1 k=1 k=1 n=lI m=1
r 1 1 _1 4
00 00 00 P n ) ) ¥oq_a 00 P g
=22 (X | (Do) T Y |
I=1 | n=l \m=n m=1 m=n

! (a—1)p' -1 (¢—1)p’
X (Z az,kfk> - (Z al—1,kfk>
k=1 k=1
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[applying Holder inequality with the degrees p%q and g and according to (7), we have]

p—1 1 _1

(S

p—1

=1 n=l \m=n m=1
I (g—1)p' -1 (¢=1)p

X <Zal,kfk> _<Zal—1,kfk>
k=1 k=1

<)Y Z(Z“m> <Z> "
=1 n=l m=1

o = I (g=1)p’ — (g=1)p’
X (Z Um> (Z az,kfk> - ( az—1,kfk>
m=l k=1 k=1

|again applying Holder inequality with the degrees % and 2 i, we get|

p—1

q oo o] o] ﬁ n p—q
<) 303 () (St
=1 \n=l \m=n m=1

p—aq

! 7]
x <Z

(g—1)p' -1 (@—1)p"7 b
al,kfk) - (Z all,kfk)
| \k=1 k=1

0 5% l (g—1)p -1 (g—1)p’
x> (Z “m> (Z al,kfk) - (Z al—l,kfk)
m=l k=1 k=1

s ja

|applying the inequality (x —y)* < 2% —y® (0 < a < 1), followed by Fubini’s theorem on the first and
second products, we get|

q 0 [e’e) o] p—q n , p—q
< ()= DD (Z um> (Z A, Uy ? ) Un,
=1 \n=l \m=n m=1
! q-1 -1 =177 pi
x <Z al,kfk) - (Z ai-1 kfk:)
k=1 k=1

hQ
|
_
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1 p—1
q © > P—q n , L\ e
N1 2 : Z 1—
= (q ) Pt Um E 6LAEL,m’Um P Unp,
n=1 \m=n m=1

i
=]

hQ
|
_

m=1 =1
=t et 1t
g ] oo P—4q n , - Pma 1 1 n q
= (q,) Pl Z Z Um Z agz,mvm_p uTqLuﬁL Z an,k;fk
n=1 \m=n m=1 k=1
q—1
00 m q =1
|2 (S]]
m=1 \k=1
[applying Holder inequality with exponents g and ¢’ to the first product, we obtain]
P—q
o -1 7 1\ Pt
e 0o 0o p—q n ) ) p—q [e'e) n q 7 1
= (q/) P Z Z Um Z a’z,mvrlnip Un Z an,kfk U, Sr-1
n=1 \m=n m=1 ] n=1 \k=1
q [ 0 e % n ﬁ 1 qg;ql) [ > n q q’l(yp_fql) g—1
= (q/)ﬁ Z (Z um> ( afhmv}n_p> Un, Z (Z an,kfk) un] Sp—1
_n:1 m=n m=1 Ln=1 \k=1
_ . . a2
9 i i P L / / v ' _p—q  gq—1
S (Swn) (St ) | s
_n:l m=n m=1 |
= (¢)71 B 57
Thus, we have
— _9q / 7/
5 < (¢)7 By s
and then )
— = q E
S2 < | fllpwSs < I fllpw (¢')7 B2S7 (20)

By summing estimates (19) and (20), we obtain
S < (2h)*"q[S1 + S
a 1
< @0 [a@) " B I + 1 o (a)F B2ST |

1
o+ T | fllpw ()7 B2ST .

hSES]

= (2" ()" BiIlf

Using Young’s inequality on the second term yields

(07141l (¢)7 B2)"
q

_|_

- - S
S < 2h)T g () BYIFIIE . + 7
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and then

ie.,

S < (2n) T 31 BY|| f

q q
1o+ (@07 al e ()7 B2)'

Qe
S =

% n q % 2 00
(Z (Zan,kfk> u> < (mr 1wy B+ en Ve (0)5 B (Zm)
k=1

— n=1

Finally, we arrive at the following estimate

‘pr‘

(Z (Z an,kfk> un> < <(2h)qlq3’(p’)q1 + (2n) @D ga (q/)‘f)q Blf
k=1

Hence, the sufficiency of the condition and the upper for the norm are established.

The proof is complete. O

Conclusion

The necessary and sufficient conditions for the boundedness of the matrix operators whose entries

satisfy the so-called Oinarov conditions are established. In addition, both lower and upper estimates
for the norms of such operators are derived. The obtained results can be used in the spectral analysis of
matrix operators and in determining the oscillatory or non-oscillatory behavior of solutions to certain
difference equations. Furthermore, the derived inequalities can be employed to evaluate sequences via
their higher-order differences.
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Heritability of types of a pregeometry
relative to a family of relational structures
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A series of geometrical and topological properties induced by structures, including degeneration, modu-
larity, local modularity, projectivity, local finiteness, etc., play an important role in clarifying structural
relationships and in classifying basic and derivative semantical and syntactical objects related to a given
class of structures and their valuable characteristics. It is natural to turn to the family of all structures on
a given finite or infinite universe, which allows us to represent all possible structures of a given cardinality
up to the definability and to describe relationships, possibilities of preserving and violating structural prop-
erties during enrichments and restrictions of structures within the framework of the chosen family. This
paper studies the behavior of pregeometry types (degenerate, locally finite, modular) within the Boolean
algebra B(M) of regular expansions and reducts of a relational structure M. We establish criteria for the
inheritance of pregeometry properties under Boolean operations, proving that degeneracy and local finite-
ness are preserved under intersections. In contrast, we show through counterexamples that modularity
generally fails to be preserved, as does local finiteness under unions. We formulate a sufficient condition of
linear growth of the closure operator under which the union of locally finite structures remains locally finite.
These results reveal a fundamental asymmetry between intersection and union operations, contributing to
geometric stability theory by delineating the preservation boundaries of pregeometries in Boolean families
of structures.

Keywords: pregeometry, Boolean algebra, degeneracy, modularity, local finiteness, algebraic closure,
relational structure, intersection of structures, union of structures.

2020 Mathematics Subject Classification: 03C30, 03C52.

Introduction

Pregeometry and the geometric structure of models remain among the central objects of study in
Mathematical Logic and Model Theory. Since the 1970s, approaches to the description and classifica-
tion of pregeometries arising in various theories, including o-minimal, w-stable, and strongly minimal
theories, have been actively developed. Substantial contributions to this area were made by B.1. Zilber
for strongly minimal [1-3] and uncountably categorical theories [4], A. Pillay [5], E. Hrushovski [6], as
well as works related to w-categorical structures [7] and systematic presentations of Model Theory [8].

By now, the literature contains a wide range of results closely related to the topic of this paper. For
instance, the works of A. Bernstein and E. Vasiliev [9,10] are devoted to the study of geometric struc-
tures and their extensions, including cases where dense independent sets and homogeneous matroids
are present. Closures of special atomic subsets of semantic model were described by A.R. Yeshkeyev,
A K. Issaeva, N.V. Popova [11]. A.R. Yeshkeyev, M.T. Kassymetova, O.I. Ulbrikht [12] studied inde-

pendence and simplicity in Jonsson theories with abstract geometry. Research by B.Sh. Kulpeshov,
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S.V. Sudoplatov, D.Yu. Emelyanov, and In.I. Pavlyuk concerns various aspects of closures [13] inclu-
ding algebraic and definable closures for theories of abelian groups [14], combinations of structures [15],
algebras of binary formulas for a series of structural operations: compositions [16], tensor products [17],
strong products 18], homomorphic products [19], ordered structures [20-22]|, etc., which are closely
connected to the preservation of pregeometry properties under transitions between various structures.

An important line of research connected to this topic is the study of fusions and combinations of
structures. In [23]|, Hasson and Hils introduced the notion of fusion over sublanguages, which allows for
the construction of composite structures that accumulate properties of the original ones. This operator
was further generalized in [15], where Sudoplatov developed a unified framework for combinations of
structures and theories, involving both unary predicates and equivalence classes as carriers of data.
These works describe structural properties of fusions and combinations, providing a broader perspective
on how structural and geometric characteristics behave under composition.

One approach to studying these families is to consider the Boolean algebra of relational struc-
tures [24]. This algebra is formed on the set of regular enrichments and restrictions of a fixed structure,
that is, structures obtained by adding or removing predicate symbols from the signature while keep-
ing the underlying domain fixed. The Boolean algebra B(M) of a relational structure M is naturally
equipped with the operations of intersection, union, and complement of structures, allowing one to
formally consider transitions between different signature representations of the same underlying set.

A natural question arises: which properties of pregeometries are preserved under these transfor-
mations? In particular, is the type of pregeometry (e.g., degeneracy, local finiteness, modularity)
preserved under the intersection or union of two structures in the Boolean algebra?

In this paper, we study structures in the Boolean algebra B(M) endowed with an algebraic closure
operator. We focus on the inheritance of pregeometry types under intersection and union of such
structures.

The main result is as follows: if at least one of the structures M, My € B(M) has a pregeometry of
degenerate or locally finite type, then the pregeometry of the intersection M; N M inherits the same
type. However, modularity is not, in general, preserved under intersection.

For unions, the situation is different: even if both structures have a locally finite pregeometry, their
union may result in the loss of local finiteness.

Thus, the obtained results refine the boundaries of inheritance of pregeometry properties under
composition of structures in B(M). We show that degeneracy and local finiteness are preserved under
intersection, while modularity and local finiteness may fail to hold in the case of unions. These
observations highlight an asymmetry between the operations of intersection and union and indicate
directions for further investigation of the preservation of pregeometries in more general structural
compositions.

The results obtained develop the ideas presented in [25], where pregeometries arising from struc-
tural compositions were studied, and complement the existing theory by describing the behavior of
pregeometries in the broader context of Boolean families of structures.

1 Pregeometries and their types

We recall the necessary definitions from [5,7, 8].

Definition 1. A pregeometry is a set S together with a closure operation cl : P(S) — P(S) satisfying
the following conditions:

1) for any X C S we have X C cl(X);

2) for any X C S we have cl(cl(X)) = cl(X);

3) for any X C S and any a,b e S, if a € cI(X U {b}) \ cl(X), then b € cl(X U {a});

4) for any X C S, if a € cl(X), then a € cl(Y) for some finite Y C X.
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Given a pregeometry (S,cl), every subset X C S has a minimal subset X’ C X such that
cl(X) = cl(X’). This minimal subset X’ is called a basis of X. Moreover, all bases have the same
cardinality, which is called the dimension of X in the pregeometry (S, cl) and is denoted by dim(X).

By definition, dim(X) = dim(cl(X)), i.e., the dimension is preserved under taking the closure of a
set X in the pregeometry (S, cl).

If dim(X) € w, then the set X is called finite-dimensional.

Definition 2. A subset X C S is called closed if X = cl(X).
Definition 3. A pregeometry (S, cl) is called trivial or degenerate if for every X C S we have

c(X) = J{cl({a}) | a € X}.

A pregeometry (S, cl) is called modular if for any closed sets Xg, Yy C S, the set X is independent
from Yy over Xy N Yy, i.e., for any finite-dimensional closed sets X C Xy, Y C Y we have

dim(X) + dim(Y) — dim(X NY) = dim(X U Y).

A pregeometry (S,cl) is called locally modular if for every a € S, the pregeometry (S,clg,) is
modular, where cl,y (X) = cl(X U {a}).

A pregeometry (S, cl) is called projective if it is modular and non-trivial, and locally projective if it
is locally modular and non-trivial.

A pregeometry (S, cl) is called locally finite if for every finite subset A C S we have that cl(A) is
finite.

Definition 4. Let S be a model of a theory T. The algebraic closure operator for the model M is
defined as the operator acl : P(M) — P(M) such that for any subset X C S we have

acl(X) = {a € S| for some formula ¢(z,y) and b € X, S = I¥z ¢(x,b) A ¢(a,b)}.

In what follows, we will consider pregeometries of the form (S, acl).

2 Families of Relational Structures

We consider regular enrichments and reducts of relational structures, which form a natural Boolean
algebra. We provide a description of the types of pregeometries [5| with the algebraic closure operator
for the family of structures in this Boolean algebra.

Definition 5. Let M be a relational structure with a signature 3.

A reduct of the structure M is a structure obtained by removing some predicates from the signa-
ture X.

An enrichment of the structure M is a structure obtained by adding new predicates to the signature
> and assigning their interpretations on the same universe.

Definition 6. [24] A structure is called regular if it is a relational structure without repetitions of
interpretations of the signature symbols.

The procedure transforming an arbitrary structure M into a regular structure N is called regulariza-
tion, and the structure N is called reqularized with respect to M. The inverse procedure, transforming
N back into the original structure M, is called deregularization, and M is called deregularized with
respect to N.

Definition 7. [24] Let M be a fixed relational structure with signature X. The Boolean algebra
B(M) is the set of all structures obtained from M by adding and removing predicates in the signature,
while all structures are defined on the same universe |M|.
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The operations in the Boolean algebra B(M) are defined as follows:

o [Intersection of structures. For My, My € B(M), the intersection M; N M, is the structure with
signature X1 N Yo, where ¥; is the signature of M;. A predicate in the intersection is preserved
if it is present and identically interpreted in both structures.

e Union of structures. For My, My € B(M), the union M; U Ms is the structure with signature
31 U 39, where each predicate is taken from the structure in which it is defined. If a predicate
occurs in both structures, it is assumed to be identically interpreted.

o Complement. If Xg C X, then the complement of a structure with respect to ¥y means removing
these predicates from the signature.

3 Inheritance of Pregeometry Properties under Boolean Algebra Operations

Before formulating the main results on the preservation of pregeometry types, we prove several
auxiliary statements that clarify the behavior of the acl operator when passing to substructures and
superstructures in B(M).

Lemma 1 (Monotonicity of Algebraic Closure). Let My = (M, 31) and My = (M, %) be structures
from B(M), and let X1 C 9. Denote by acl; and acly the algebraic closure operators in M; and Mo,
respectively. Then for any set X C M, the following holds:

acl; (X) C acly(X).
In other words, enriching the signature can only expand the algebraic closure.

Proof. If an element a € acly(X), then there exists a formula ¢(x, ) in the signature ¥; and a
tuple b € X such that M; |= ¢(a,b) and the set {x € M : My |= ¢(x,b)} is finite. Since ¥; C Yo, the
formula ¢ is also a formula in the signature o, and its solution set in My coincides with its solution
set in M;. Consequently, a € acla(X). O

Corollary 1. For any My, My € B(M) and any X C M, the following holds:
aclyr,nar, (X) C aclyy, (X) Naclyy, (X).
In particular, if My or Ms are locally finite, then M; N Ms is also locally finite.

Proof. The signature of the intersection M; N My is contained in both ¥; and ¥s. By Lemma 1,
aclyr,nas, (X) C aclyy, (X) and aclyr, nan (X) C aclyy, (X), whence the inclusion follows. If M; is locally
finite, then aclyz, (X) is finite for finite X, and hence its subset aclys,naz, (X) is also finite. O

Theorem 1. Let B(M) be the Boolean algebra of regular expansions and reducts of a relational
structure M. Suppose the structures in B(M) are endowed with a pregeometry given by an alge-
braic closure operator. Then, if at least one of the structures M, My € B(M) has a pregeometry of
degenerate or locally finite type, the pregeometry of the intersection M; N My inherits the same type.

Proof. The intersection of two structures My = (M, %), My = (M,%5) € B(M) is the structure
M = (M, NX9) € B(M).

For the degenerate or locally finite type of pregeometry, we prove that if (M, acl) and (Ms, acl)
share the same pregeometry type, then (M’ acl) inherits this type.

Degeneracy. By definition, a pregeometry (M’, cl) is called trivial or degenerate if for any X C M,

cl(X) = U{cl({a}) | a € X}.
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When taking the intersection of two structures, the set of predicates in the new signature may
either decrease or remain the same. Thus, we prove that for any reduct of the structure, the equality
acl(X) = J{acl({a}) | a € X} holds for all X C M.

By definition, the algebraic closure acl(X) of a set X is the union of the finite solution sets of
all possible formulas in one variable with parameters from X. Therefore, for pregeometries with the
algebraic closure operator (M’ acl), we have

Vae X C M acl(a) C acl(X).

Hence, one inclusion of the equality is preserved: acl(X) 2 (J{acl({a}) | a € X }.

The inclusion acl(X) C (J{acl({a}) | a € X} fails precisely when there exist formulas with two
or more distinct parameters that have finitely many solutions, and these solutions are not captured
by formulas using a single parameter. Note that, by definition, passing to a reduct only removes
predicates. This means the number of formulas whose solutions contribute to the closure can only
decrease or remain unchanged. However, if the original structures were degenerate, they initially lacked
such formulas violating degeneracy. Therefore, such formulas cannot appear in the reduct structure.
We conclude that acl(X) = (J{acl({a}) | a € X}.

Local Finiteness. By definition, a pregeometry (M’ acl) is called locally finite if for any finite subset
A C M, the set acl(A) is finite.

If acl(A) was finite in the original structure (before taking the reduct), this means all algebraic
formulas with parameters from A had finite solution sets. Passing to a reduct removes predicates from
the signature, so the set of formulas can only shrink. This can only reduce the size of the solution sets,
and therefore the intersection structure inherits local finiteness of the pregeometry. O

The following lemma follows from the proof of Theorem 1 in the part concerning the inheritance
of degeneracy.

Lemma 2 (Preservation of Degeneracy under Reducts). Let M; = (M,3;) have a degenerate
pregeometry. Then for any structure My = (M, ¥9) € B(M) such that 3o C ¥y, the pregeometry of
Ms is also degenerate.

Remark 1. The statement of Theorem 1 cannot be strengthened to the condition “at least one of
the structures has the property of modularity”. As shown in Example 1, modularity is not preserved
even when passing to a subsignature, as it critically depends on the presence or absence of specific
predicates.

Theorem 2 (Non-Preservation of Properties under Union). The properties of local finiteness and
modularity are not generally preserved under the union of structures in B(M).

1. There exist locally finite structures My, My € B(M) such that M; U Ms is not locally finite (see
Example 2).
2. There exist modular structures M, My € B(M) such that M; U M; is not modular.

Proof. Part 1 is proved in Example 2.

For Part 2, one can modify Example 1. Consider modular structures M; = (M,{R}) and
My = (M,{P}), where R and P are independent modular pregeometries (e.g., projective planes over
different prime fields). Their union M; U My = (M, {R, P}) may yield a non-modular pregeometry
if the relations R and P are “intertwined” in a specific way, creating dependencies that violate the
modular law (for instance, analogous to Hrushovski’s construction). O

Ezxample 1 (Failure of Modularity under Intersection). Consider pregeometries M; = (M, %) and
My = (M, 3s) € B(M), where ¥1 = {R,Q} and X9 = {Q, P}.
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Let R and P be infinite trees connecting all elements of the set M, where each vertex in each tree
has a unique degree (distinct from all others). Then the closure of the empty set in the pregeometries
My and My coincides with M, i.e., acl(}) = M.

In this case, the dimension of any set is zero,

VAC M dim(A) =0,
and consequently, for any finite-dimensional subsets X,Y C M, the identity holds
dim(X) + dim(Y) —dim(X NY) =dim(X UY).

Thus, the pregeometries M7 and Ms are modular, and their modularity does not depend on the
relation Q. However, the modularity of the intersection pregeometry is determined exclusively by the
relation (). Therefore, if @ is not modular, then the pregeometry (M, ¥ N ¥9) will not be modular.

Note that the corresponding statements for unions are false in general.

Example 2 (Local Finiteness Fails under Union). Consider two acyclic graph structures
M, = (M,%1) and My = (M, %) € B(M), where ¥ = {R1}, ¥2 = {R2}. Let M; and M share the
domain M, and let each be an infinite tree in which every vertex has countable (infinite) degree.

Definition 8. We define the n-neighborhood of a vertex a as the set of vertices connected to it by a
path of n edges. This set is denoted by Ny, (a).

We construct Rs from R; as follows: for each vertex a € M, we reassign the edges incident to
vertices in Ni(a) (i.e., the immediate neighbors) to vertices in N;)(a), where i(b) € N is chosen
individually for each vertex b € Nj(a) such that for distinct b € Nj(a) the values i(b) are distinct.
Acyclicity and the infinite degree of each vertex are preserved.

Thus, each of the structures M; and M individually possesses local finiteness: the algebraic closure
of any set is finite. However, in the union of the signatures, where edges present in either R; or Ry are
included, the closure of a previously chosen vertex a becomes infinite due to the interaction of edges
from Ni(a) and N;)(a), leading to the loss of the local finiteness property for the entire structure.

This demonstrates that the union of two locally finite structures can violate the local finiteness of
the pregeometry.

Theorem 3 (Sufficient Condition for Local Finiteness of the Union). Let M;, My be locally finite
structures from B(M). If for every finite A C M the following holds:

aclyy, (aclyg, (A)) = aclyyg, (aclyr, (A)),

and the set aclyr,uns, (A) minus the iterations of aclyy (A) and aclpyg,(A) is finite, then the union
M7 U M, is locally finite.

Proof. Take an arbitrary finite set A C M and prove that aclyr,unr, (A) is finite. Since My and My
are locally finite, the sets

acly, (A) and aclyg, (A)

are finite.
Consider the alternating sequence of sets defined recursively:

So = A, SQk-H = aclMl (Sgk), S2k+2 = aclM2 (52k+1) (k > 0).

Clearly, each S, is finite (since M7, Ma are locally finite) and the chain is monotone, i.e., S, C S,41
for all n.
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Denote by
S:=]J S
n=0

the union of all iterations. We show that under the condition of commutativity of algebraic closures
(i.e., aclpy, o aclyg, = aclyy, o aclyy, on finite sets) the set S is finite.

Indeed, let w be an arbitrary composition of operators acly;, and aclys, applied to A. Since the
closure operations are idempotent (for any structure N we have acly(acly (X)) = acly (X)), any such
composition can be reduced to one of the following forms:

e aclyy, (A),

e acl Mo (A),

e aclyy, (aclyg, (A)) (or, equivalently by the condition, aclyz, (aclyr, (A))).

This follows because due to idempotence and the commutativity condition, any sequence of operators
becomes equivalent to one operator of each type or their composition of two different operators, and
repeated application of the same operator does not yield new elements.

Hence,

S = AUacly, (A) Uaclyg, (A) Uaclyy, (aclag, (A)).

Since all the listed sets are finite, S is finite.
By the definition of algebraic closure in the expanded signature,

aclar,unr, (A)

consists of elements that appear either in one of the iterations of aclys, and aclyy,, or are “new” elements
not captured by these iterations. By the theorem’s condition, the set of such “new” elements (i.e., the
difference aclyr,unr, (A) \ S) is finite. Since S is finite, we conclude that aclys,uas, (A4) is the union of
two finite sets and therefore finite.

Since A was an arbitrary finite subset, we obtain that for every finite A, aclyruns, (A) is finite,
meaning that the pregeometry given by the operator aclys,uns, is locally finite. This implies that the
structure My U M> is locally finite. O

Remark 2. The conditions of the theorem should be viewed as two independent constraints that
together prevent the “mutual amplification” of new algebraic points when merging signatures:

e The commutativity condition aclys, oaclys, = aclyz, oaclyy, on finite sets ensures that alternating
closure operations does not produce “new type” of dependencies regardless of the order of operator
application: any composition reduces to a simple combination of finitely many applications of
the operators.

e The additional condition of finiteness of the set aclys,unr, (A) outside of the iterations of aclyy,
and aclyz, from A. prevents the emergence of an infinite set of elements that cannot be obtained
from iterations of the operators acly;, and aclys, alone; otherwise, the interaction of predicates
from different signatures could generate an infinite closure, as demonstrated in the provided
example 2.

Note also that these conditions are sufficient but not necessarily necessary: more subtle criteria for
the local finiteness of the union may exist which relax one condition while strengthening the other.
Furthermore, example 2 shows that without at least one of these constraints, the union can indeed lose
local finiteness.
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Conclusion

This work presents a systematic analysis of the preservation of pregeometry types under intersection

and union operations in the Boolean algebra of structures B(M). The main results are summarized as
follows.

1. Stability under Intersection: It is proved that important properties such as degeneracy and local

finiteness remain preserved under the intersection operation. If at least one of the structures M;
or Ms possesses a pregeometry of one of these types, then their intersection M; N My inherits
this type. In contrast, modularity is not preserved under intersection.

Non-Preservation under Union: It is shown that the union operation is significantly less pre-
serving. Even the union of two locally finite structures can yield a pregeometry that fails to be
locally finite. This highlights a fundamental asymmetry between the operations in the Boolean
algebra B(M).

Sufficient Condition: To address the instability of the union operation, a sufficient condition
ensuring the preservation of local finiteness in the union is established. Specifically, if the algebraic
closures in My and Ms commute on all finite sets, and the union does not introduce infinitely
many new algebraic dependencies beyond those generated by iterating aclM; and aclMs, then
the combined structure M7 U M retains local finiteness.

The established asymmetry between intersection and union opens several directions for further

research. These include a systematic study of other geometric properties (such as local projectivity), the
search for necessary and sufficient conditions for preserving modularity, and the analysis of pregeometry
interactions in more complex lattices of structures generated by Boolean operations.
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Automorphisms of free braided nonassociative algebras of rank 2
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We prove the elementary reducibility of any nonaffine automorphism of a free nonassociative algebra of
rank two over an arbitrary field. Using this result we establish a property of automorphisms of this algebra
that will be needed later. We then derive a necessary and sufficient condition for the isomorphism of
two free braided nonassociative algebras of rank two over a field with diagonal braidings. We describe
the automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over an arbitrary field of characteristic not equal to two. Depending on the form of the diagonal
involutive braiding, five different automorphism groups of a two-generated free nonassociative algebra arise
in this case: 1) the group of all automorphisms, 2) the group of all odd automorphisms, 3) the subgroup of
the group of triangular automorphisms, 4) the toric automorphism group, 5) the semidirect product of the
toric automorphism group with the subgroup generated by an automorphism that permutes two variables.

Keywords: Yang—Baxter equation, braided space, braiding, diagonal braiding, involutive braiding, braided
algebra, free nonassociative algebra, automorphism, odd automorphism, toric automorphism group.

2020 Mathematics Subject Classification: 17A36, 17B37, 16T25.

Introduction

A braided space (see, for example, [1,2]) is a linear space V over an arbitrary field K with a linear
map f: VRV = VRV, called a braiding, that satisfies the Yang—Baxter equation

(Beid)(ide® B)(f®id) = (Id® B)(8 ®id)(id ® ). (1)
Let X = {z1,x2,...,z,} be a basis of V. The linear map
B:x; Qs> Bists ® wi, where Bis € K, 1 <i,s <mn, (2)

is a braiding and it is called a diagonal braiding. In the case 5% = id the braiding 3 is called involutive.
The diagonal braiding 3 is involutive if and only if

BBy =1, forall 1<ij<n. (3)

In particular, 8;; = £1 for all 7.

Every braiding 8 of V' can be uniquely extended to the free associative algebra K (X) [3]| and to the
free nonassociative algebra K{X} [4] freely generated by set X over a field K so that K (X) and K{X}
are braided algebras. Moreover, they also proved that the free braided algebra K{X} has a natural
structure of a braided nonassociative Hopf algebra [4]. This algebra plays an important role in quantum
Lie theory (see, for example, [3,5]). R. Mutalip, A. Naurazbekova and U. Umirbaev [6] described all
automorphism groups of free braided associative algebras of rank 2 with diagonal involutive braidings
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over a field of characteristic # 2. Many papers are devoted to the investigation of structures of braided
algebras (see, for example, [7-9]).
Consider the following grading
K{ml,mg} =CodCy (4)

of the free nonassociative algebra K{z1,z2} in two variables x1,z9 over K, where Cy and C; are the
linear spans of all even length monomials and a linear span of all odd length monomials, respectively.

Denote by AutA the automorphism group of an algebra A. Let us call an automorphism
v € AutK{x1, 29} odd if p(z1), p(x2) € C1. The set of all odd automorphisms of K{z1,z2} denote by
Goqq- It is clear that Goqq is subgroup of AutK{z1,z2}.

Let (K {z1,x2}, ) be a free braided nonassociative algebra in two variables x1, zo with a diagonal
involutive braiding 5 = (811, f12, Ba1, B22) over a field K of characteristic # 2. In this paper we show
that

(1) if B;; = 1 for all 7, j then Aut(K{z1,z2}, f) = AutK{z1, x2};

(2) if Bi; = —1 for all 4, j then Aut(K{z1,22}, ) = Goda;

(3) if B11 = Baa, P12 = Po1, and PB11P12 = —1 then Aut(K{z1, 22}, 8) = (K* x K*) X Zs, where Zs
is the subgroup of AutK{x;,z2} generated by (z2,z1);

(4) if Bra = 1 and B11Be2 = —1 then Aut(K {z1, 2}, B) = {p € AutK {z1, 22} | p(x1) = az1 + g(x3),
p(w2) = baa, a,b€ K*, g(z) € K {a}};

(5) if P12 # 1 or P12 = —1, B11P82 = —1 then Aut(K{x1,z2},5) = K* x K*.

The paper is organized as follows. In Section 1, we give some definitions and facts on free braided
nonassociative algebras. In Section 2, we prove elementary reducibility of any nonaffine automorphism
of a free nonassociative algebra of rank two over an arbitrary field. Using this result we prove the
property of automorphisms of this algebra that we need in the future. In Section 3, we derive a
necessary and sufficient condition for the isomorphism of two free braided nonassociative algebras of
rank two over a field with diagonal braidings. In Section 4, we describe all automorphism groups of
free braided nonassociative algebras of rank 2 equipped with diagonal involutive braidings over a field
of characteristic # 2.

1 Free braided nonassociative algebra

The braid monoid B, [3]| is an associative monoid generated by elements by, bo,...,b,—1, called
braids, subject to the following relations:

bibsy1bs = byy1bibi1, bibj =bjb;, 1<t<n—1, |i—j|>1 (5)

Let V be a linear space over a field K equipped with a braiding f: V@V — V ® V. Using (1), it
is easy to see that the linear maps

B =id®0 ) g B @ id®—i=D e e 1 <<,

satisfy all relations (5).
Introduce the following notation:

[t:t] =1, [mit] = Bi—1Bi—2- - Bnt1Bm»  [tsm] = BmPms1 -+ Bi—2Bi—1, m < t.

Define the map 2" : V& — V&1 ¢ < < n as a superposition of maps f3;:

e L N B e R e R A L
V. Kharchenko proved [3], that

I/f;’”: [nyr]n— 1 — 1)+ [n— r + ¢ t].
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An algebra A with a multiplication m: A ® A — A is called a braided algebra [1] if A is a braided
space and

(m®id) = f2pf1(id @m), (id®m)B = B12(m ®id)

(the operators in the superposition act from left to right).
A linear map ¢ : V — V' of linear spaces V and V' equipped with braidings 8 and 3, respectively,
is called a homomorphism of braided spaces if

Ble®p)=(p®p)p. (6)

A homomorphism of braided algebras is a linear map that is simultaneously a homomorphism of algebras
and braided spaces.

Let X = {x1,22,...,2,} be a basis of V. Denote by K(X) the free associative algebra generated
by the set X over a field K. The set of all associative words X’ in the alphabet X forms a linear basis
of K(X). Set mdeg(z;) = e;, where ey, ..., e, is the standard basis for Z". If v = z;, x4, ... x;, € X',
then we put

k
d(v) =k and mdeg(v) = Zmdeg(xij).
j=1

Consider the tensor algebra T'(V) = @;°, V¥ of a linear space V. It is clear that T'(V) = K(X).
We will write v1vs . .. vy, instead of v] @V ®...®@wvg € VEX. Denote by m’ : T(V) &' T(V) — T(V) the
product in T(V'), where ® is the tensor product ® with the separation function of a pair of tensors.
So, (u® v)m’ = u ® v, where u,v € T(V).

Consider the linear map

0, : VO 5 VO g vt g <t <,

defined by

/
n
( 11419 7 ) t 11419 ’Lt® 141 7

n*

V. Kharchenko [3] proved that every braiding 8 of V has a unique extension 5’ on K(X) so that
K(X) is a braided algebra. The braiding 8" is defined in [3]| by

(u® 0)f = (u@ V), Oy, ueV® veyVent, (7)

We set (1@ v)f =v® 1and (u®' 1) =1&" u.

Denote by K{X} and K{y} free nonassociative algebras over a field K freely generated by the
set X and one variable y, respectively. The set of all nonassociative words X* in the alphabet X
and the set of all nonassociative words Y* in the alphabet y form linear basis for K {X } and K{y},
respectively.

Every nonassociative word vf € X* of length ¢ has a unique representation vf = v - f, where
ve X', feY* dv)=d(f) =t. We can consider f as a linear map

f:V® - K{X}.

We can linearly extend the action f on K(X) by V" f =0 if n # t. We also can extend this action
on K(X) to an action of the algebra K{y} by linearity. The linear map [4]

K(X)® K{y} - K{X} defined by (a®g)—a-g

is an isomorphism of linear spaces.
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Let we X', f e Y* and d(u) = d(f) =t . Then uf € X*. Using this, we have

(uf)(vg) = (w)(fg), w,veX', fgey™

U. Umirbaev and V. Kharchenko [4] proved that the every braiding 5 of V' has a unique extension
f* on K{X} so that K{X} is a braided algebra. The braiding £* is defined in [4] by

(uf ®vg)B8" = (u@ v)B'(g® f), (8)
where u,v € X', f,g € Y*, and ' is the braiding of K(X) defined by (7). It is clear that
(1®vf)f*=vf®1 and (ug®1)* =1R®ug

(9)
For convenience, denote the extensions 3’ and 3* by the same symbol 3

Let w € X* and let w = w'f, where w’ € X' and f € Y*. We put

mdeg(w) = mdeg(w').

Lemma 1. Let V be a linear space over a field K with a linear basis X = {z1,xo,
a diagonal braiding 8 :

.y Tp} and
: CL',L'®33j — ,BZ].%‘]@I‘Z
mdeg(v) = (I1,12,...,1,), then

.., kp) and

If u,v € X*, mdeg(u) = (ki, ko, .

(u®wv)p Hﬁw (v®u).

Proof. Let u,v € X*. Denote by v’ and v’ the associative words obtained from the nonassociative
words u and v, respectively, by removing all brackets. Then v = «'f and v = v'g for some f,g € Y*
It is proven in [6] that

(v @B = H @kjilj (v @ ).
ihj
By this and (8), we have

(u@v)B=Wfevg)p =W & v)8ge f) = Hﬁ v &' ) (g® f)

=[I8 wgeus) = Hﬁ
1,J

v®u

2 Properties of automorphisms of K{x1,x2}

Denote by deg(u) the degree function on X* such that deg(z;) = 1 for all i. Every nonassociative
word u of degree > 2 is uniquely represented as u = uj - uz, where deg(u1), deg(ug) < deg(u)
Set 1 < mp < --

9y
- < n. Let u,v be arbitrary elements of X*. We say that u < v, if
deg(u) < deg(v). If deg(u) = deg(v) > 2, where u = uj - ug, v = v; - va, then we say that u < v if
up < vy or if up = v1 and us < vy
It is not difficult to see that the statement of next lemma is true

Lemma 2. Let u,v,w € X*. If u > v then wu > wv and uw > vw
Arbitrary element f € K{X} can be uniquely written as

f=a1fi+tasfo+--

where f; € X*, 0 # a; € K for all i and f1 > fo >
by f.

-+ akfk?

> fr. Let us call f; the leader of f and denote it
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Corollary 1. Let 0 # f,g € K{X}. Then

Fg=7F-3 and deg(f-g) = deg(f) + deg(g).

Lemma 3. Let u,v be nonassociative words of K{y} and let f € X*. If u > v, then u(f) > v(f).

Proof. Tt is clear that u(f),v(f) € X*. Let deg(v) = k. Establish the lemma’s statement by
induction on k. If deg(v) = 1 then v = y and the inequality v > v holds if and only if deg(u) > 1.
Therefore, u(f) > v(f).

Let deg(v) > 2. We can represent u and v as u = uj - ug and v = vy - v9, respectively. u > v implies
that one of the following conditions is satisfied: 1) deg(u) > deg(v); 2) deg(u) = deg(v) and u; > vy;
3) deg(u) = deg(v), u; = vy, and ug > va.

If deg(u) > deg(v) then deg(u(f)) > deg(v(f)) and u(f) > v(f).

If deg(u) = deg(v) and w; > wv; then, by induction proposition, ui(f) > vi(f). Therefore,

u(f) >v(f)
If deg(u) = deg(v), uy = v1, and ug > w9 then, by induction proposition, ui(f) = v1(f) and
u2(f) > va(f). Therefore, u(f) > v(f). O

Denote by K{x1,x2} the free nonassociative algebra in two variables x1,x9 over a field K. The
next corollary follows immediately from Corollary 1 and Lemma 2.

Corollary 2. Let uw € K{y} and 0 # f € K{z1,22}. Then

—_— o~

u(f) = u(f) and deg(u(f)) = deg(u) - deg(f)-

Denote by ¢ = (f1, f2) the automorphism of K{xz1, 2} such that p(x1) = f1, ¢(x2) = fo. If f; = x4,
fi=oax;+g(z;),1# j,0# a € K, g€ K{x;}, then the automorphism ¢ is called elementary. The
automorphism generated by elementary automorphisms is called tame.

P. Cohn [10] proved that all automorphisms of free Lie algebras of a finite rank over a field are
tame. J. Lewin [11] extended this result to free algebras in Nielsen—Schreier varieties. It is well known
that the variety of all nonassociative algebras [12]| over a field is Nielsen—Schreier (see also [13]). As a
consequence, every automorphism of K{z1,z2} is tame.

The degree of ¢ = (f1, f2) is defined by

deg(p) = deg(f1) + deg(f2).

An automorphism ¢ is called elementary reducible if there exists an elementary automorphism A such
that deg(p o \) < deg(y).
Every nonzero element g € K{x1,z2} can be uniquely represented as

g=go+ag1+ -+ gm-1+ 9m,

where g; is homogenous element of degree i, g, # 0. Let us call g, the highest homogeneous part of g
and denote it by g.
Let AfK{x1,x2} be the affine automorphism group of K{z1,z2}, i.e., the group of automorphisms
of the form
(@121 + bixa + c1, azx1 + baxa + ¢2),

where a;, b;, ¢; € K, a1ba # agby, let TrK{xy, z2} be the triangular automorphism group of K{z1,z2},
i.e., the group of automorphisms of the form

(axy + f(x2),bxs + ),
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where 0 # a,b € K, c € K, f(x2) € K{z2}, and let C = AfK{x1, 22} N TrK{x,z2}.

The notation h;(x2) means that h;(z2) € K{x2} is a homogeneous element of degree i with respect
to the degree function deg in one variable xy. It is clear that ho(z2) € K.

A. Alimbaev, A. Naurazbekova, and D. Kozybaev [14]| showed that the system of elements

Ap = {id = (z1,22),7 = (22,21 + ax2)|a € K}
is a left coset representative system for Af K{x,z2} modulo C, and the system of elements

By = {6 = (21 + q(22), 22)|q(22) = ho(22) + ... + hn(22)}

is a left coset representative system for TrK{z;,2z2} modulo C. They also proved the following two
lemmas.

Lemma 4. [14] Any automorphism ¢ of K{x1,z2} can be representation as
@=710010720020...07,00,0A,

where v; € Ao, v2,...,7% # id, & € By, d1,...,0, # id, and A € AfK{xi,z2}. Moreover, this
representation of ¢ is unique.
Lemma 5. [14] Let
Yk =01 0720020...07 00,
where id # v; € Ag, id # §; € By for all 4. If 6; = (z1 + ¢i(x2),22) and deg(g;(x2)) = n; for all
1 <17 <k then
deg(pr(x1)) = ning ... ng_1ng,

ning...Ng_1, if k>1,

deg(pr(x2)) = {1’ if k=1

Proposition 1. Nonaffine automorphisms of a free nonassociative algebra K{z1,z2} of rank 2 over
an arbitrary field K are elementary reducible.

Proof. Let ¢ be a nonaffine automorphism of K{z1,x2}. It is not difficult to see that if v~ o ¢,

where v € Ap, is elementary reducible then ¢ is also elementary reducible. By Lemma 4, ¢ can be
uniquely represented as the product

Y=710010720020--0Y 000N\,

where ~; € Ao, v2,..., #id, 5 € By, 01,...,0, # id, and X € AfK{x1,x2}.
Let A =id. Then as in Lemma 5

71_1090:9016:510720520"'0')’190(%:(?1@71O’Yko(sk-

Put pr_1 = (u1,u2). By Lemma 5, deg(u;) > deg(ug). Since v, = (x2,x1 + arz2), ax € K, and
Ok = (21 + qr(x2), x2) it follows that

Yk—1 0k = (ug, u1 + apuz)

and
Ok = Pk—1 0 Yk 0 0 = (u2 + qr(u1 + agug), u1 + aruz) = (w1, w2).

By Lemma 5,
degw; > degwy = deg(uy + aguz) > deg(ug). (10)
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Consequently,
deg(ipr—1 0 7k) < deg py.
Since 6, is the elementary automorphism, it follows that the automorphism ~; Loy = ¢y, is elementary
reducible. This means that ¢ is also elementary reducible.
Let now
A= (a1$1 + bixs + c1,a0x1 + boxo + 02) #id,

where a1by — ash; € K*. We have
’Yl_l 0@ = oA = (a1wy + byws + c1, asw; + bawa + c2) = (f1, f2).

Let a1, a2 be non-zero. Consider the automorphism
— a ai ai
Vit oo (x1 — —a2,22) = (f1, f2) 0 (21 — — 2, 32) = (f1 — — fo, fo).
a2 a2 a2

By Lemma 5, deg(f1 — Z—; f2) < deg f1. Consequently, the automorphism ¢ is elementary reducible.
Let now one of two coefficients a1, as be zero. Without loss of generality, we may assume that
a; =0 and ag # 0. Then b; € K*.
Since K{ws} = K{bjwa + 1}, it follows that there exists vg(y) € K{y} such that

vp(brwa + ¢1) = qi(w2).

Consider the automorphism

=77 opo (w1,a;5 w2 — vp(x1)) = (f1,a3 " fo — vk(f1))

= (blwg + cq, a;l(agwl + bows + CQ) — ’Uk(blwg + 61)),

where
(12_1(CL2U)1 + bows + c2) — vk (bywa + ¢1) = wy + az_l(bgwg + c2) — q(w2)

= ug + qk(wQ) + ag_l(bng + 02) — qk(wg) = us + a;l(wag + 02).

By(10), degy < deg 7{1 o ¢. Since (xl,aglxg — vg(x1)) is the elementary automorphism, it follows
that the automorphism ¢ is elementary reducible. O

Proposition 2. If ¢ = (f1,f2) is an automorphism of a free nonassociative algebra K{zi,z2}
in two variables x1,x2 over a field K and deg(y) > 3, then fi, fo are homogeneous elements of a
free nonassociative algebra K{axj + bxs} in one variable ax; + bze, a,b € K, (a,b) # (0,0), and

deg(f1) | deg(f2) or deg(f2) | deg(f1).
Proof. Let ¢ = (f1, f2) be an automorphism of K{xi,x2} with deg(¢) > 3. Without loss of
generality, we can assume that deg(f1) < deg(f2). Establish the proposition’s statement by induction

on deg(p) = deg(f1) + deg(/f2)-
By Proposition 1, ¢ is elementary reducible. Therefore, there exists an elementary automor-

phism € = (x1,cx2 — g(x1)), where ¢ # 0, g(x1) € K{z1}, such that deg(p o €) < deg(yp). Since
poe=(f1,cfa—g(f1)), it follows that deg(f2) = deg(g(f1)). By Corollary 2,

deg(g(f1)) = deg(g) - deg(f1).

It means that deg(f1) | deg(f2). If deg(poe) > 3 then, by the induction proposition, fi is homogeneous
element of K{ax; + bxa}. Notice that this is true even if deg(p o €) = 2. Hence, by Corollary 2,
cfa = g(f1) = g(f1). Consequently, f2 is the homogeneous element of K{axi + bxa}. O]
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3 Diagonal braidings on K{xi,x2}

Let V' be a linear space over a field K with a linear basis x1, z2 and with a diagonal braiding

B = (b1, P12, Ba1, B22)
defined by (2). Denoted by

/B = (/8227 ﬂ217/3127/811)

the diagonal braiding obtained from g by exchanging the variables x1 and x».

Proposition 3. Let (K{z1,z2},3) and (K{z1,z2},7) be free braided nonassociative algebras in
two variables x1,x9 over a field K equipped with diagonal braidings § and <, respectively. Then
(K{z1, 22}, ) is isomorphic to (K{z1,z2},7) if and only if v = 3 or v = 8.

Proof. Let ¢ : (K{x1, x2},8) — (K{x1, z2},7) is an isomorphism and ¢(x1) = g1, p(z2) = g2
Denote by Lin(g) the linear part of g. Let Lin(g1) = a1x1 + bixo and Lin(ga) = asxy + baza. Since ¢
is an isomorphism, it follows that

a1b2 - agbl 75 0 (11)

and
((zi ®@2;)B)(p ® ) = (z: ® 7;) (¢ ® @)y, where 1 <4,j < 2.

Denote by Qu(g) the quadratic part of g. Let 8 = (S11, B2, B21, B22) and v = (711, V12, V21, V22)-
Then
Qu(Bij(p(z;) ® p(z:))) = Qu ((p(zi) ® (z;))v), 1 <4,j <2.
It follows that
Bij(ajaiz1 @ x1 + bja;xe @ x1 + ajbjxy @ xo + bjbizs ® x2)
= Y11a;0jT1 @ T1 + Y21b;a;21 @ T2 + Y12a;bjT2 @ 21 + Y22bibjx @ T2

(12)

since, by (9), for any w € X* and any ¢ € K

(wee)B)lpep)=(c@w)(pyp)=(c®pw)) = (pw)@c)y = ((wec)(prep)y

Comparing the coefficients of the terms x; ® x; in (12), we obtain

(711 — Bij)aia; = (y21 — Bij)a;b; = (y12 — Bij)aib; = (v22 — Bij)bibj =0, 1 <4, < 2. (13)
By (11), a1be # 0 or agby # 0. If a;bs # 0 then (13) implies that
(M1, 72, Y21, 722) = (Bi1, P12, P21, B22)-
If agb; # 0 then (13) implies that

(m1,712, V21, 722) = (B22, P21, P12, B11)-

Hence, if (K{x1,22},3) is isomorphic to (K{z1,22},v) then v = 8 or v = 5.

Let ¢ be an automorphism of K {x1, x2} such that ¢(z1) = x2 and p(z2) = z1. Let u,v € X*,
mdeg(u) = (k1, k2) and mdeg(v) = (I1,l2). Then mdeg(p(u)) = (ke, k1) and mdeg(p(v)) = (I2,11). By
Lemma 1, we have

(w©v)B)(p©¢) = Bii" 613 B3 Bys (¢ (v) @ p(w))

and
(u@v)(p ® @) = Bri" B3 B3 533 (o(v) ® p(u).
Hence,
(u@v)B)(p®¢) = (u®v)(p® )b,
and (K{x1, 22}, ) is isomorphic to (K{z1, 22}, 3). O]
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If n = 2 then, by (3), the braiding $ is involutive if and only if

Bi1 = £1, Bog = %1, P12f21 = 1.

Note that if 3 is involutive then /3’ is also involutive.

4 Automorphisms of (K{z1, x2}, )

Introduce the following notations:

(1) G1 = {p € AutK{z1,22} | ¢ = (@121, bax2) or ¢ = (b1x2, azx1), ai,bs,az,by € K*};

(2) Go = {p € AutK{x1, 22} | ¢ = (@121 + g(23), bam2), a1, by € K*,g(z) € K {x}};

(3) Gior = {p € AutK{x1, 22} | ¢ = (@121, b222), a1, by € K*} is the group of all toric automor-
phisms of K{x,x2};

(4) Zs is the subgroup of AutK{x1,z2} generated by (zo,z1).

Note that, by (6), if ¢ € AutK{z1,x2} then ¢ € Aut(K{z1,z2}, ) if and only if

Ble®p) = (p®p)B. (14)

The main result of this section is the following theorem.

Theorem 1. Let (K{x1,x2}, B) be a free braided nonassociative algebra in two generators x1, x2 over
a field K of arbitrary characteristic # 2 equipped with an involutive diagonal braiding

B = (b1, P12, P21, B22). Then
(1) Aut(K{z1, 22}, B) = AutK{x1,z2} if B;; =1 for all 4, j;
(2) Aut(K{x1, 22}, 8) = (K* X K*) X Zy if 11 = Paz, Pi2 = P21, and P11512 = —
(3) Aut(K{x1, 22}, B) = Goqq if Bij = —1 for all 4, j;
(4) Aut(K{z1, 22}, f) = Go if f12 =1 and B11522 =
(5) Aut(K{z1, 72}, 8) = K* x K* if B3 # +1 or 512 = —1 , B11B22 =

Following Lemmas 6, 7, 8, 9, 10, and 11 immediately imply the statement of this theorem.
Lemma 6. If p;; = 1 for all ¢, j then Aut(K{z1, 22}, ) = AutK{x1, x2}.
Proof. Let ¢ € AutK{z1,x2} and let u, v € X*. By Lemma 1, we have

(u@v)B) (e @) =(vRu)(P®p) =) pu) = (o) ®pw))s=(uev)(r)s.
By (14), ¢ € Aut(K{x1,x2}, ). Consequently, Aut(K{x1,x2}, 8) = AutK{z1,z2}. O]

Lemma 7. If B11 = Bog, B12 = P21, and 115812 = —1 then Aut(K{:cl,xQ},B) =G & (K*XK*)NZQ.
Proof. By Proposition 3, f = (—1,1,1,—1) or § = (1,—1,—1,1). Let ¢ = (f1, f2) is an automor-
phism of (K{x1,x2},3) and deg(y) > 3. Since Aut(K{x1,z2}, ) C AutK{x1,z2}, it follows that, by

Proposition 2,
f1 = hi(azy + bxa), fo = ha(axy + bxs), (15)

where hi, hy are homogeneous elements of K{y}, deg(hi) = mi, deg(ha) = ma, my | mg or mg | my,
a,b € K, and (a,b) # (0,0). By (14), we get

(i @)B)(p @ ¢) = ((z: @) (p @ 9))B, 1<14,j <2

Hence,

Bije(x;) @ p(ai) = (p(x:) ® ()8, 1<4,j<2.
Using (15), we get

Bijhj(ax1 + bxa) ® hi(axi + bxa) = (hi(axi + bxe) ® hj(axy + bxo)) B, 1<14,5 <2. (16)
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We can write hy(azi + bxa) as
hi(axy + bxa) = a™*hi(x1) + 0™ hi(x2) +wg, 1 <k <2,

where each term of w;, contains both z; and 5.
Using Lemma 1 and comparing coefficients of the terms hj(z1) ® hi(z1), hj(z2) @ hi(z1),
hj(x1) @ hi(x2), hj(z2) ® hi(z2) in (16), we obtain

(&j _ ﬁimj>ami+mj _ (5” . gimj)a’n’ubmj — (51] _ glzimjmmJ'bmi (17)
_ (ﬁl] . gimj)bmi‘f'm]' =0, 1<4,5<2.

If 6= (-1,1,1,—1) then, by (17),
(Bij = (=)™ = (B — (<) =0, 1<, <2
This implies that
(=1 = (=1)™)a?™ = (1= (=)™ = (1= (=1

=(1- (_1)m1m2)bm1+m2 =(-1— (_1)m§)a2m2 =(-1— (_1)m§)b2m2 0.

It easily follows from this that a = b = 0 over a field of characteristic # 2.
If 6=(1,-1,-1,1) then, by (17),

(Bij — 1)a™ ™™ = (B; — ™™ =0, 1<i,5<2.

This implies that
_2am1+m2 — _Qbm1+m2 =0.

Hence, a = b = 0 over a field of characteristic # 2.
Consequently, if § = (=1,1,1,—1) or 8 = (1,—1,—1,1) then (K{x1,x2},3) has only automor-
phisms of degree 2. Therefore,

p = (alxl + bixo + c1, asx1 + boxs + 62), a;, b, ¢; € K.

Using (14), we get
(@i @z))B)p@p=(xi@z))p®@p)B, 1<i,j<2

Hence,
,Bij(aj$1 + bj$2 + Cj) & (aixl + bjxro + CZ‘) = ((aixl + bjxo + CZ') & (ajarl + bjl’z + Cj))ﬂ, 1<4,5 <2.

By comparing the coefficients of the terms z; ® z;, ;, 1 < 4,7 < 2, and the term 1 on both sides of
the equality, we obtain the following relations:

(Bij — Bi1)aiaj = (Bij — Bi2)aib; = (Bij — Ba1)a;b; = (Bij — Ba2)bib;
= (ﬂ,] — 1)(0,2‘0]‘ + ajci) = (ﬂ” - 1)(bicj + bjci) = (,3” — 1)CZ'C]‘ = 0, 1 S i,j S 2.
Varying the values of 1 <i,5 < 2, we get

(B11 — Brz)arbr = (Bi1 — Ba1)aibr = (P11 — Baz)bi = (B11 — Darex

18
= (B11 — Dbier = (B11 — 1)ci =0, (18)
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(B12 = Bi1)araz = (Bi2 — Pa1)azby = (B2 — Pa2)b1b2

19
= (P12 — 1)(arc2 + ager) = (P12 — 1)(bica + bact) = (P12 — 1)eica = 0, (19)
(B21 — Bi1)araz = (B21 — Pr2)azby = (B21 — P22)b1b2 (20)

= (P21 — 1)(azc1 + arc2) = (P21 — 1)(bact + bica) = (a1 — 1)eact =0,
(Baz — B11)a3 = (Baz — Pra)azbs = (Baz — B21)azbs = (B2a — 1)asca (21)

= (Ba2 — 1)baca = (B2 — 1) = 0.
Ifg=(-1,1,1,-1) or g =(1,—1,—1,1), then it follows from (18), (19), (20), and (21) that

a1b1 = ajag = blbg = ang = C% = C% =0

or

arby = araz = b1by = azbs = aico + azcr = bica + bacy = creo = 0,
respectively. Using (11), this implies

al;éO, bg#O,b1:a2201202:0
or
1)17&0, ag#o, a1:62:01:02:0.
So we have
¢ = (a1x1, bexa) or ¢ = (byxe, asxy).

Using Lemma 1, it is easy to see that ¢ € Aut(K{z1,z2},3). Consequently, Aut(K{x1,z2},5) =G

Lemma 8. If p;; = —1 for all 4, j then Aut(K{z1,z2},5) = Goda.

Proof. Let u,v € X* with mdeg(u) = (mi,m2) and mdeg(v) = (t1,t2). If B;; = —1 then, by
Lemma 1,
(@) = (~1)tmrmtte)(p g ).

It is clear that (—1)(m1+m2)(t1+t2) = —1 is equivalent to both m; +msg and t; 4¢3 being odd, and hence
we conclude

(fegs=(-1"(gef), (22)

where f € C; and g € C; with respect to the grading (4).
Let ¢ € Goaq. Therefore p(C;) C C;. Using (22), we obtain

(f@g)Ble®e)=(-1)"(go )¢ )

= (=1)%(plg) ® () = ((f) @ 9(9)B = (f ® 9) (v ® ¥) -

(f
By (14), ¢ € Aut(K{x1, 22}, ) and Goaq € Aut(K{z1, 22}, 3).
Let ¢ = (f1, f2) € Aut(K{z1,z2}, ), deg(f1) = m1 and deg(f2) = mgy. We prove that ¢ € Goqq
by induction on deg(p) = m1 + ma. Let deg(y) = 2, i.e.,

v = (a121 + bixa + ¢1, a2y + boxa + c2), a;, b, ¢ € K.
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It follows from (18), (19), (20), and (21) that ¢; = ca = 0. So we have
¢ = (a171 + b122, asx1 + baxa) € Goda-
Assume that deg(p) = my + mg > 3. Then (17) implies that

(L= (—1)™)aH S = (<1 ()G = (<1 = (~1)" b

= (=1 — (=1)™mipmtmi =0, 4, j e {1, 2} (23)

Assume that mymeg is even. It follows from (23) that a = b = 0 over a field of characteristic # 2.
Consequently, mimo is odd. This means that m; and mo are odd. Without loss of generality, we

can assume that m; < mg. By Proposition 2, mq|ms. Then there exists the odd automorphism
ma/m

A = (1,22 + dzy ), where d € K*, such that deg(p o \) < deg(y). Since X € Goaqa C
Aut(K{x1,x2}, B) it follows that o € Aut(K{x1,z2}, 5). By the induction proposition, o € Goqq.
Consequently, ¢ € Gogq- O

Lemma 9. If B12 = 1 and (11822 = —1 then Aut(K{xl,xQ},ﬂ) =~ Gs.
Proof. By Proposition 3, § = (1,1,1,—1). Consider the grading

K{z1,22} = Do ® Dy

of K{x1,z2}, where Dy and D; are linear spans of all monomials of even degree and all monomials of
odd degree in variable xo, respectively.
Let u,v € X*, mdeg(u) = (s,s") and mdeg(v) = (¢,t'). By Lemma 1,

(u®v)B = (—1)*"(v®u).

(_1)5%’ = —1 is equivalent to both s’ and ¢’ being odd. Therefore, for any homogeneous elements
fGDiandgeDj, -
(f©@g)B=(=1)"(g® ) (24)
Let ¢ € Go. Then ¢(D;) C D;. Using (24), we obtain

(f@g)Ble®e)=(-1)"(g® )¢ )

= (=17 ((9) @ 9(f)) = ((f) @ (9))8 = (f ® 9)(v ® ©)B.

Consequently, ¢ € Aut(K{z1,z2}, 5) and Ga C Aut(K{z1,z2}, ).
Let ¢ = (f1, f2) € Aut(K{x1,x2}, B) with deg(f1) = m and deg(f2) = ma. We prove that ¢ € Gy
by induction on deg(y) = mj + mq. Let

¢ = (a1x1 + bixa + 1, a91 + boxa + ), a4, b;, ¢ € K.
It follows from (18), (19), (20), and (21) that
b% = blbg = a% = a2b2 = agCy = bQCQ = C% =0.

Using this and (11), we get
al;éO, 627&0, b1:a2:02:0.

So
v = (a1x1 + c1, bexa) € Ga.

Assume that deg(¢) = mq + mg > 3. Then (17) implies that
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(1= 178)a?m2 = (1 — (—1)™)p?™ = (1 — (—1)™m2)pmitme = (—] — (~1)"3)p>™2 = 0. (25)

It follows from this a = 0 over a field of characteristic # 2. By (25), b # 0 in the case m; is even and
mg is odd. Therefore, by Proposition 2, mga|my and mq/mg is even. Then there exists the automorphism

A= (x1+ d:z;m/mQ, x2) € G2 such that deg(p o A) < deg(y). Since A € Go C (K{x1,z2}, ) it follows
that p o A € (K{z1,x2}, ). By the induction proposition, ¢ o A € G2. Consequently, ¢ € Ga. O]

Lemma 10. If B19 = —1, B11822 = —1, then Aut(K{z1, 22}, ) = Gor = K* x K*.
Proof. By Proposition 3, = (1, —1,—1,—1). Let ¢ = (f1, f2) € Aut(K{z1,x2}, ), deg(f1) = ma
and deg(f2) = ma. If deg(yp) = my + mg > 3, then (17) implies that
(_1 _ 1m1m2)am1+m2 — (1 _ (_1)m%)b2m1

_ (_1 B (_1)m1m2>bm1+m2 _ (_1 _ (_1)m§)62m2 —0.

It follows from this that a = b = 0 over a field of characteristic # 2. Thus, the algebra (K{z1,z2}, )
has only automorphisms of degree 2.
Let

¢ = (a121 + biz2 + 1, agxy + baxa + ¢2), a;, b, ¢; € K.
It follows from (18), (19), (20), and (21) that
aib; = b% =aia9 = a1¢2 + ascy = bico + bacy = cr1eo = a% = agcy = bocy = c% =0.
By this and (11), we get
a1 #0,b0 #0,by =as =c;1 =co =0.

So
¢ = (a121, baza) € Gior.

Using Lemma 1, it is not difficult to show that Gior € Aut(K{x1,z2}, ). Consequently,
AUt(K{xlv x?}a ﬁ) = Gior

Lemma 11. If B1a # £1 then Aut(K{x1,z2}, B) = Gior = K* x K*.

PTOOf' By (3)7 1611 - :l:l, BQ? == :l:17 ﬁ21 ;é /6127 /612 7& +1. Let Y = (f17 f2) S Aut(K{JJ]_,SUQ}76),
deg(f1) = my and deg(f2) = ma. If deg(yp) = m1 + ma > 3, then it follows from (17) that a = b =0
over a field of characteristic # 2. Thus, the algebra (K{x1,z2}, 8) has only automorphisms of degree 2.

Let

¢ = (a1x1 + bixa + c1, agxy + baxe + ¢2), a4, b, ¢; € K.
It follows from (18), (19), (20), and (21) that
a1by = ajas = asby = b1by = asby = ascy + ajco = bacy + bica = c1eo = 0.
Using this and (11), we get
alyé(), bg#o, b1:a2201202:0.

So
¢ = (a121, baxa) € Gior-

Using Lemma 1, it is easy to see that Gior € Aut(K{z1, 22}, 8). Consequently, Aut(K{x1,z2}, 5) = Gior-
O]
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Conclusion

Using properties of automorphisms of a two generated free nonassociative algebra we describe the
automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over a field of characteristic not equal to two. The obtained results can be used to study
automorphisms of other free nonassociative braided algebras.
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On a solution of the periodic boundary value problem
for a hyperbolic equation with a fractional derivative

N.T. Orumbayeva, B.B. Zhantassova*

Buketov Karaganda National Research University, Karaganda, Kazakhstan
(E-mail: orumbayevanurqul@gmail.com, zh.botagoz.b@gmail.com,)

The article investigates a boundary value problem for a hyperbolic equation with the Riemann-Liouville
fractional derivative, which is periodic in one variable. Such equations are widely used in modeling complex
physical processes with memory effects, including viscoelasticity, anomalous diffusion, and thermoviscoelas-
ticity phenomena, where classical integer-order models fail to adequately describe the hereditary properties
of materials and transport processes. To solve this problem, an iterative algorithm is proposed based on do-
main decomposition and the reduction of the original problem to a system of integro-differential equations.
A theorem on the existence and uniqueness of the solution is proved, and an estimate of the convergence
rate of the method is obtained using matrix analysis and a strengthened Gronwall-Bellman inequality. It
is established that the choice of the decomposition step plays a key role in ensuring the stability of the
algorithm. The conducted analysis extends the class of problems for which efficient computational algo-
rithms can be constructed and may serve as a foundation for studying more complex nonlinear cases and
problems in irregular domains.

Keywords: hyperbolic equation, Riemann-Liouville fractional derivative, periodic boundary value prob-
lem, integro-differential equations, algorithm, Gronwall-Bellman inequality, variable coefficients, nonlinear
terms.

2020 Mathematics Subject Classification: 34B05, 35A05, 35A20, 35A22.

Introduction

In modern mathematical physics, considerable attention is devoted to the study of differential
equations with fractional derivatives, which are applied to modeling memory processes such as vis-
coelasticity, anomalous diffusion, and thermo-viscoelasticity [1-3]. Hyperbolic equations containing
fractional derivatives are of particular interest [4—6], as they describe wave phenomena in media with
hereditary properties. This work considers a periodic boundary value problem for a hyperbolic equation
with the Riemann—Liouville fractional derivative, which arises in the study of processes with periodic
boundary conditions. An iterative algorithm is proposed, based on decomposing the spatial domain
and reducing the original problem to a system of integro-differential equations. The paper proves a
theorem on the existence and uniqueness of the solution, as well as derives estimates of the convergence
rate of the proposed method. The use of the parametrization method [7| enabled establishing sufficient
convergence conditions for the algorithm. The results of this work extend the class of problems for
which efficient computational algorithms can be constructed and can be applied to the numerical sim-
ulation of memory processes [8-10]. The conducted research broadens the range of problems for which
effective computational algorithms can be developed [11,12]. The obtained results are consistent with
known approaches described in and complement them with new estimates [13, 14].
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1 Problem statement

Consider a periodic boundary value problem for a hyperbolic equation with fractional derivative

w - A“’”W +B(t,z)Dfw(t,x) + f(t,x), (t2) €2=[0,T]x[0,X], weR", (1)
w(0,z) =0,  x€[0,X], )
w(t,0) = w(t, X), t € 0,77, (3)

where the (n x n) matrices A(t,z), B(t, z), and the n-vector function f(x,t) are continuous on 2,

n
Z”tx|<ﬂ,

a, 3 = const, 0 < p < 1, D{w(t, z) is the Riemann-Liouville fractional derivative of order p, defined
by the formula

n
lwlf = max !wzl IA(t 2)|l = max Y " lay(t,2)| < a, || B(t,2)
i= i=1,n "% i=1

Jj=1

t
1 d [ w(r,z)
Diw(t,xz) = — ——dr, t T
rwlt,) F(lp)dt/(tT“ . teloT],
0
where I'(z) is gamma function: I'(z f r* e %dx.

Let C(Q,R™) be the space of contlnuous functions w : 2 — R™ on {2 with the norm

ot @)l = max Jlw(t,z)]

The function w(t, z) € C(£2,R™), having partial derivatives dw(t 2) ¢ C(Q,R"), 825;(92’635) e C(2,R"),
provided that D}‘w(t,z) exists in the Riemann-Liouville sense IS called a solution of the problem
(1)—(3), if it satisfies the system (1) for all (¢,z) € Q, has zero value on the characteristic ¢ = 0, and
has equal values on the characteristics z = 0, z = X for all ¢t € [0, T].

w(t,x)

To solve this problem, we introduce a new function u(t,z) = ==, then w(t,z) = [ u(r,x)dr.

o o

Substituting u(t¢, x) into equation (1) gives

ou(t, )
Ox

= A(t,z)u(t,z) + B(t,x D“(/UT x dT) + f(t,z), (t,z)e Q=1[0,T] % [0, X],
0

with the boundary condition:
u(t,0) = u(t,X), telo,7T).
Let us partition the interval [0, X] into N parts with a step size h = X/N. We introduce the partition
points: z, = (r—1)h, r =1,2,..., N. We define the restrictions of the function u(¢, z) on each interval
ur(t,x) = u(t,x), x € [(r — 1)h,rh).
The original problem is equivalent to the problem

8“:9(335) A(t,z)u(t,z) + B(t,x D”(/ur T, X d7'> + f(t,x), (4)
0
uy(t,0) = x_}l}i\rfr}%_o un(t,x), tel0,T], (5)
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lim wu,(t,x) = upq1(t,vh), r=1,2,..,N—1, (6)

z—rh—0

where (t,x) € Q, = [0,T] x [(r — 1)h,rh), (6) is the matching condition of the solution on the internal
partition lines,

.

[ (1, 2)dm

0

t t t
1 d 1 up (7, )
</u7«7'$d7'>— Bt/ G— dT_F(l—u)/t—T)“dT'
0 0 0

2  Main results

We introduce the substitution v,(t,2) = wu,(t,x) — A:(¢), where A\.(¢) = u,(¢,(r — 1)h). Then
ur(t,x) = vp(t,x) + A\ (t). Substituting into equations (4)—(6), we obtain

&)Ta(i’:z) = A(t,z)v,(t, z) + A(t, )\ () +
/ vy (T, ) B(t,z) / Ar(T)
O/ —T r(1—u)0/(t—7)ud7+f(t’$)’ ")
v(t,(r—1)h) =0, te€l[0,T], r=1,N, (8)
A1 (t) = )\N(t) + z%liglio UN(t,x), t e [O,T], (9)
Ar(t)+ lm v (t,x) = Ap1(t), r=1,2,...N—1 (10)

z—rh—0

The problem (7), (8) with fixed A,.(t) is a one-parameter family of Cauchy problems for systems of
integro-differential equations, where t € [0, 7], and is equivalent to the integral equation

/ A(t, €)v,(t, €)dE + Mo (t / A(t, €)de+

(r—1)h (r—1)h
T t . . i
B(?) Ur\T 75 )\r
" / (- p) /(t Py dTde T / i / B(t,€)d¢ + / f(t,6)de. (1)
(r—1)h 0 0 (r—1)h e

Passing to the limit as # — rh — 0 in (11) and substituting in (9), (10) instead of 111}111 Ovr(t,a:),
x—rh—

r = 1, N, the corresponding right-hand sides for the unknown functions \.(t), » = 1, N we obtain a
system of equations

Nh
hAL(E) = AN (D) + I / A(t, €Yo (1, €)de + han(?) / At €)de+
(N=1)h (N=1Dh
t t ) Nh Nh
h / / oN Tf ) e + / n(T / B(t,€)d¢ + b / 1t €)de,
(N1 0 0 (NZ1)h (NZ1)h
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rh rh rh t
M(t) + / At €0 (1, €)dE + A (1) / At €)de + / il / or 75 ) drac+
(r=1)h (r=1)h (r—=1)h 0
] t N ( ) rh rh
r\T _ _T N7
— [ [ Beoder [ eod=ra0. r=TF-T
0 (r—1)h (r—=1)h

This system can be written in matrix form as
Q(h))\(t) = _A(tv ha )‘) - VYl(t hv U) - VYQ(ta h> U) - F(t7 h)7 (12)

where A(t) = (A1(t), Aa(2), .. ‘7)‘N(t)),’

Nh
h 0 0 —h<1+ | A(t,g)dg)
(N—1)h
h
+ [ A(t,€)de 1 0 0
0
Qh) = 0 1+ thA(t,g)dg 0 0 ’
h
(N—1)h
0 0 1+ [ A(t,€)de -1
(N—=2)h
Nh t )
A(t, b, A\ (h B(t N
(N—/l)h o/
/hB(t ey — /t M) (N/_ ' B(t j Na(r) ) /
’ Tl—p)) =7 7777 t—T)N
0 0 (N=2)h 0
Nh (N-1)h /
Vi(t, h,v) = <h / A(t, §)th§d§,/At§v1 t,6)de, ..., / A(t, &) un_1(t, §)d§>
(N=1)h (N=2)h
t
Va(t, h,v) = ( L d dg,
(N/1)h 0/
t - t /
B(v ) V1T 76 B(7 ) UN 1
/r( #O/(t ST, _/ fa “0/ = ddé)
Nh h (N=1)h
F(t,h) = (h | o [ e .. / ft.e d£>
(N=1)h 0 Z92)h

To find the system consisting of the functions {\,(t), v, (¢, x)} r =1, N, we have a closed system
consisting of equations (11) and (12).
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Suppose the matrix Q(h) is invertible for all ¢ € [0, 7] [15]. Taking as the initial approximation
vr(t,x) = 0, from system (12), we find A0 (t), r = 1, N. From equation (11) with \,(t) = A0 (t), we
find vﬁo) (t,z),r=1,N.

Step 1. Using equation (12) with v,(t,z) = o0 )(t x), we find A (t), =1, N. From equation (11)
with A\.(¢) = 511)(t), we find vq(nl)(t, xz),r=1,N.

Continuing the process, at the k-th step, we obtain a system of pairs {/\7(}3) (t),v () (t,z)}.

Sufficient conditions for the feasibility and convergence of the proposed algorlthm, as well as an
estimate of the difference between the exact and approximate solutions, are established by

Theorem 1. Let for some h > 0: Nh = X, N = 1,2,..., (nN x nN) matrix Q(h) is invertible and
the inequalities hold

1) QW] < ~(h),

T(2—p)

A sri—n
2) ¢(h) = h* max{1, h}<a+ F% M)> Bi—y(hy(h) max{1,h} - - T'"*)e < Mo > <1,

_ max{1,h}-B-T 1+ F
where Ei_, (hy(h) max{1,h} -3 -T'7F) = 37, G F((l{u)gﬂ) ) 0 < <1, A 2)] € a,

|B(t,z)|| < . Then the boundary value problem (1)-(3) has a unique solution w*(¢,z) and the
estimate holds

lw*(t, z) — w (¢, 2)|| <

1—
< T(l + hmax{1l,h} <a + I%)El#(hv(h) max{1,h}- [ Tl_“)) mM(h)Hf(t,x)Hl

Proof. The following inequalities hold

¢
AL, b, A)|| < max{l h}hﬁH/ max{1, h}hfS 1

t—T H (1 —p) / (t=7)H =

max [|A,(7)||dr,
1,N

)

IVi(t, h,v)| < max{l, h}ah max sup l|lvor(t, )]l
r=1,N ze[(r—1)h,rh)

t
Vot o)) < BB [ 1 sup e(na)ldn,
INOED) / (t = T) +=T.N ze[(r—1)h,rh)

[1E@, h)|| < hmax{1, h}|[f(t, )]

Assume that the matrix Q(h) is invertible. Taking as the initial approximation v, (¢, z) = 0, from
system (12), we find A0 (t).
Let us use the generalized Gronwall-Bellman inequality for equations with a fractional integral [16]

N = ma%!\/\ﬁo)(t)!! < hoy(h) max{1, A} - ||f(t, )1 - Er—p(hy(h) max{1,h} - 3 - 7F),

r=1,

where E1_, (hy(h) max{1,h} - 8- t'7*) is the two-parameter Mittag-Leffler function.
So, we have

IOl = max, INO@)I < hry(h) max{1, b} By, (hy(h) max{1,h} - 8- T'7#) | f(t, ).
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Under our assumptions, the Cauchy problem (7), (8) with A\.(t) = A0 (t), has a unique solution

Uﬁo)(t’ x). By the Gronwall-Bellman inequality,

0t lls = mae mae o6, )l <
r=1 t,x E T

<[ (a+ Fﬁ(f_m) N Ol + 156,211 h<+ﬁ”> < MOS0,

at 2Lk

M(h) = fl[<a-+ ﬁglLB)lryUUInax{l,h}Eh_M(hv(h)rnaX{l,h}-/3-7““)—%l}eh< e “)>_

According to the algorithm, we determine A(V(¢) and estimate )\7(01)(75) 20 (t). Let us use the
generalized Gronwall-Bellman inequality for equations with a fractional integral [16]

AV () = XD (@)l <
1—
< hmax{1, h} <04 + %)El_u(m(m max{1, h} - 8- T#) [0 (¢, )5

Then
[ 2) .2, < a®® (e, )]s

Continuing the iterative process, we obtain a sequence of systems of pairs {/\1(]6) (t),v (k) (t,z)},
r=1,2,..,N, k=12 ..:
A (@) = AB (@) <
BT 7" BT [P (g ) — D)
Ey_y(hy(h) max{1,h} - B- T )| (t,z) — v (t,z)||s, (13)

< hmax{l, h} <a + m

[o®FD (¢t 2) — o™t 2) |5 < q(h) v (¢, 2) — o F VD (E, 2|5, k=1,2,... (14)

By virtue of condition 2) of Theorem 1 and inequalities (13), (14), the sequence {)\gk)(t),vfnk) (t,x)}
converges to {\:(t), v (t,x)} as k — oo and the following estimates hold:

A (1) = AP @)z <

BT .
I‘(Q_M)>E1u(h7(h) max{1,h} - 8- T'7H)

[a(h)]*
1— q(h)M(h)Hf<t,.%')H1

Since {Af(t),vi(t, )} is a solution of the problem (7)—(10), the function w*(¢,x), obtained by joining

< hmax{1,h} (a+ LEOL vy £t )]s

lo* (¢, @) — o™ (¢, 2)|3 <

together the systems of functions f (A7) + v (7, x))dr, will be a solution of the original problem

(1)-(3), and the estimate of the Theorem 1 holds.

Let us prove uniqueness. Suppose that w** (¢, z), w*(t, ) are two solutions of the problem (1)—(3).
Then the corresponding systems of pairs {\*(¢), v * (¢, z)}, {\:(t), vi(t,z)}, r = 1, N, will be solutions
of the boundary value problem (7)—(10), and similarly to (13), (14):

/8 1_ > 1- * *
Ei_,(hy(h) max{1,h}-B8-T 7*)||v*(t,2) —v™ (¢, z)||3,
£ ) (W) max {1, k5T o () =0 (10|
[0t ) — o™ (¢, 2)lls < q(B)[|v™* (¢, @) = o™ (t,2)[l3,  q(h) <1.
It follows from this that X5(t) = N (¢), v (¢, x) = v * (¢, x), i.e. w™*(t,z) = w*(t, z), for (t,x) € Q. The
theorem is proved. O

A () — A" (t)||2 < hmax{1l,h} <a+
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Conclusion

An iterative algorithm has been proposed in this work for solving the periodic boundary value
problem of a hyperbolic equation with the Riemann—Liouville fractional derivative. A theorem on the
existence and uniqueness of the solution has been proved, and estimates of its approximate values have
been established. The convergence conditions of the algorithm have been derived using matrix analysis
and the Gronwall-Bellman inequality. It has been shown that the choice of the partition step of the
spatial interval plays a key role in ensuring the stability of the method. The results of this work can
be applied to the modeling of a wide class of physical processes with memory and periodic boundary
conditions. Further research may be aimed at solving nonlocal boundary value problems for nonlinear
hyperbolic equations with a fractional derivative.
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In this article, we study a novel extension of the classic balancing numbers, referred to as the higher-order
balancing numbers and denoted by B . This sequence is analogous to the higher-order Fibonacci numbers
and follows the same recurrence relation as the balancing sequence itself. The case k = 1 gives the classic
balancing numbers (A001109) and for k = 2 gives the sequence A029547, thus establishing a direct link to
existing number sequences. Here, we first establish the Binet-like formula and then, with its help, present
various algebraic properties of this newly introduced sequence, such as recurrence relations, generating
functions (both ordinary and exponential), partial sums, binomial sums, combined identities, and more.
We also obtain the limiting ratio and establish several well-known identities, including Catalan’s identity,
d’Ocagane’s identity, Vajda’s identity, Honsberger’s identity, using the Binet-like formula. Finally, we give
some mixed identity and series sum formulae. In this study, the obtained identities and algebraic properties
are expressed in terms of the existing balancing and Lucas-balancing numbers.

Keywords: balancing numbers, Binet’s formula, partial sums, binomial sums, Vajda’s identity, binomial
transform, generating functions, recurrence relations.

2020 Mathematics Subject Classification: 11B37, 11B39, 11B83.

Introduction

In number theory, the Fibonacci numbers emerges as celebrity kind numbers. Beside Fibonacci
numbers, in number theory Lucas, Pell, Jacobsthal, Mersenne, Leonardo, Perrin, Padovan, etc. also
follows the same pattern of study and opens an area of research for further investigation. One of
such fascinating number sequences is the balancing sequence. The concept of balancing numbers
(and balancers) was originally introduced in 1999 by Behera et al. [1|. Let us recall some important
properties of it. A natural number n is said to be balancing number with balancer r if it satisfy the
Diophantine equation

I1+243+..+(n—-1)=n+1)+n+2)+...+(n+7r).
Thus the balancing numbers { By, },>0 are defined recursively as
Bn+2 = 63n+1 - Bn with BO == 0, B1 =1.

Another sequence close to balancing numbers is “Lucas-balancing numbers {C),}” which is defined as
C,, = \/8B2 + 1 and that satisfy the same recurrence relation but with initial condition Cy = 1, C; = 3.
The first few values of these sequence are:

n |0 1 2 3 4 ) 6 7 8
B, |0 1 6 35 204 1189 6930 40391 235416
Cp |1 3 17 99 577 3363 19601 114243 665857
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The closed form formula for the above sequences are given as

M=N e, o AN
42 2

where A\; = 3+ /8 and Ay = 3 — /8 are the roots of the characteristic equation 22 — 6z + 1 = 0 and
hold the following relations:

B, = (1)

MAA=6 XN +X=34 N —-XA=2V8 and Mly=1

Some identities involving the balancing and Lucas-balancing numbers which we need later are given in
the following lemma.

Lemma 1. For integers m and n, we have
1. By_mBnim — B2 = —B2,.

2. CpemCrpm — C2 = 1(Com — 1).

3. 09, =2C2% —1 and C? =8B2+ 1.

Theorem 1. For positive integer k and n > 0, we have
Bi(nt1) = N[ B + A5" By, (2)
Proof. From Binet-like formula (1), the LHS can be written as

kE(n+1)  yk(n+1)
By(nt1) = M X2
4v2
e R Y A
4v/2
_ AT = A5 + AFT (AT — AS)
4v2

= \Bi, + M\ By O

In the next section, we first define the higher-order balancing numbers, and then we study their al-
gebraic properties. In recent years, several articles have appeared on higher-order sequences associated
with a famous number sequence, where the authors presented study on their algebraic properties. The
study begins with the earlier work of Randi¢ et al. (1996) [2], where the authors proposed higher-order
Fibonacci numbers and investigated their properties in the context of applications in chemistry. Later,
Ozvatan [3] studied a generalization of these higher-order Fibonacci numbers and obtained several
algebraic properties.

Recently, Uysal and Ozkan [4,5] studied the quaternion algebra of higher-order Jacobsthal-Lucas
numbers. Kizilateg [6] studied the hypercomplex numbers whose components are higher-order Fi-
bonacci numbers while in Ozimamoglu [7] they considered higher-order Pell numbers. Kizilateg in
their recent study [8], presented a comprehensive survey on the generalization of hybrid numbers
(polynomial) with higher-order generalized Fibonacci polynomials. Kumari et al. [9] studied the al-
gebra of quaternions and octonions of the higher-order Mersenne numbers. A similar concept was
applied in [10] to study new sequences of balancing numbers. A polynomial version of the balancing
numbers and their algebraic properties were studied by Ray [11] and Frontczak [12]. Some recent de-
velopments and applications of balancing numbers are due to Ray [13,14], Frontczak [12,15,16], Liptai
[17], Ozkoc [18], Panda [19], Prasad et al. [10,20], etc. Similar to the above work, many algebraic
properties of our proposed new sequences can be investigated after this study.
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1 Higher-order balancing numbers

Throughout the article, we adopt the symbols {B,}, {C,} and {Bflk)} for the n-th balancing,
Lucas-balancing and higher-order balancing numbers, respectively.
Definition 1. Let k € N, then the higher-order balancing numbers {Bq(zk)} is defined as
Bin
k b

Bk — n=0,1,2,... (3)

From Definition 1, note that the following identities hold obviously:
1. B¥ =0 and B =1.
2. B = Ak 4 2k = 205
For different values of k, some higher-order balancing numbers are listed in Table 1:
Table 1

List of some higher-order balancing numbers (Bf,,k))

Numbers [ k=1] k=2 k=3 k=4 \ k=5
B 0 0 0 0 0
B 1 1 1 1 1
B 6 34 198 1154 6726
B 35 1155 39203 1331715 45239075
B 204 | 39236 7761996 1536797956 304278011724
B 1189 | 1332869 | 1536836005 | 1773463509509 | 2046573861616547

Note that for k£ = 2, relation (3) gives a new sequence BY = (1/6)Ba,, which generates the terms
1, 34,1155, 39236, 1332869, 45278310, 1538129671, 52251130504, . . ., indexed as A029547 on OEIS and

satisfy the recurrence relation a, 11 = 34a, — an—1, with a_1 =0, ag = 1.

Theorem 2. The sequence {Bék) } satisfies the following recurrence relation

BY, — (W4 A5 BW, £ BW =0, with B =0, B =1. (4)

Proof. Dividing both sides of (2) by By and then using Definition 1, we get

k n
B = \rB® 4 A5, (5)
Now replacing n by n+ 1 in (5) yields
k k k(n+1
Bily = MB, + 2. (6)

Multiplying both sides of (6) by A5 F we get

k — k _
B7(LJZ2)‘2 f= AlfoHzl)‘Q AL (7)
Thus, subtracting (5) from (7) gives the required result. O

Now we give the Binet’s formula for higher-order balancing numbers and using the Binet’s formula,
we prove some algebraic identities for this sequence.
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1.1 Binet’s formula and some identities

For a fixed positive integer k, the characteristic equation of recurrences (4) is 22— (M +\5)z+1 = 0,

whose roots are A¥ and \5. Thus, the Binet’s formula for the higher-order balancing numbers B is
given by
AT — A3

Theorem 3. The limiting ratio of higher-order balancing numbers is )\]f , 1.e.,

(8)

B®
Jdim — = A
By

Proof. From Binet’s formula (8), we can write

(k) O Of)m
. n+l s AT—A3
S s ) R e
LY
kyn+1 _ kyn+1
wm () = ()

ky (5"
(D (G-

=)

o : A5\ : (A5)"
Now taking into account that lim,, . Oyt ) = 0 and lim,_ s
1

(N
k\n+1
lim (1) —1) =-1.
n—00 ()\If)n+1

z®
lim —L = \k, O

)ans\i—f|<1forkeN,

we have

So the original limit simplifies to

Theorem 4 (Catalan’s identity). For n > r, we have

g gk _ (Bé’“>)2 _ _<B§R)>?

n—r-=n+r

Proof. Using Binet’s formula (8) in LHS, we have

B, B, - (BY) = (<A’f>“ - wsw) <(A’f)"” - <A§>ﬂ+r> . < M)

R R N
1 n—r n-r n—r n—-r n—r n—-+r n—r n-r
= G (DT DT = OETORT — T + 08)08)
1 2
1
— o D = 200708 + 08|
1 2
1 n n—r n—-r n—r n—-r n n n n n
= e AT QDT OB = BT OB OB — P 200 (08" - 3
1 2
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k\r k\r
= G OB - Ob G - b ]
W R by
O p OOy T ggy) (e =D
1
= BN SE: (2()\1/\2)k’r — Ak )\%kr)
=~ G = (B 0

Corollary 1 (Cassini’s identity). For positive integer n, we have

k) ok 2
BY B, (BI) = ~(B)? = -1,

Theorem 5 (d’Ocagane identity). For integers m,n with m > n, we have

Proof. Proceeding similar to the above theorem using Binet’s formula (8) proves the given identity.
O

Theorem 6 (Vajda’s identity). For every n,m,r > 0, we have
k k k
BﬁHszr(Ler - szk)Br(szerr = B'gzc)Bﬁk)

Proof. Substituting Binet’s formula (8) in the LHS, we get

n+m=—n-+r n n+m-+tr
_ ()\If(nJFm) _ )\S("er)) ()\llf(n+7") _ )\’5(”+T)) - ()\llm _ )\I2fn> ()\llﬂ(n+m+r) _ /\12€(n+m+r) > .
A=A A=A M= A5 M= A8

Expanding the product of RHS, it becomes
k(n+m k(n+m k(n+r k(n+r n n k(n+m-r k(n+m+4r
- ()\1( ) _ )\2( )) ()\1( ) _ )\2( )) _ ()\]16 _ )\]26 ><A1( ) _ )\2( ))

(5 -8)
= ; ((}\k(n'i'm—i-n-‘rr) o )\k(n+m) Ak(n—&-r)
<)\lf B A’2€>2 1 1 2

. ()\llc(n+n+m+r) . A]anIZC(ner«H") . )\]2gn)\llv(n+m+r) + AIQ@(nJrn«HnJrr)))

)\g(n+m))\llc(n+r) + )\l;(n—l—m—i-n—s—r))

1 nrm-rr n-rm n-r n-rm n-r n-—m--r
o k>2<(ylc<2+ )
)\17>\2

o (Allc(2n+m+r) . )\]anl;(n—l—m—{-r) _ )\lgn)\llc(n+m+r) + )\15:(2n+m+7‘))> .
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Since A2 = 1, so the above quantity reduced to

1 m-r m--r m r ™m r
= 2<(A’f( ) \BOmET) _ \bm ke A’f))
(=)
1 m T T m T T
=2<(A’f (= X57) = A6 (A —AS))
(i)
1 2
() ()
Nk )\

= BW k),

Thus, we conclude that
B BY —BMB® = BWMB®. O

n+m>=—n+r n

Theorem 7 (Honsberger’s identity). For any integers p, n > 0, we have

CrinCrpan) — C
(k) gk k) (k) kn >~ k(p+n) k(p—n—1)
BV B + BRI B, = S .

Proof. Taking into account A\j Ay = 1, we obtain

ot DL

)\ (p—1) k(p 1) (/\zlm _ Aé:n) . )\Ilfp _ )\é‘p )\l{:(n—‘rl) _ )\Izc(n—H)
VY VY VY

( ) [( Np=L4m) 3 Ko=1) ykn _ \KG—1) yln A’;(”‘H”)ﬂ
AR

1 1
I S |:()\l{:(p+1+n) L \BPAROHD) ik kntD) )\126(])+1+n)>:|

(- A’“)

_ ; |:)\]1€(P+TL) [Al—kn + )\llen] + )\g(p+n) [)\Q—kn + )\I2cn]

(=)’

_ pMpm1om) _ ykpmne) _ \kpon—1) Ag;(p—n—n}

_ 1 k(p+n) | \k(p+n)) (ykn | ykn) _ o \k(p—1-n) | \k(p—n—1)
_3235[@ AP (g ) — 2t o)

CrenClriptn) — Chlp—n—
_ Zk k@*ng Homn=l) - (using (1)). 0

2 Some identities involving HOBN

Theorem 8 (Generating function). For higher-order balancing sequence, we have

o0

Bkgn L
nz:% n ¥ 22 — 20z + 1
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Proof. Let G(z, k) = >.°, Bq(l )2™ be the generating function for the higher-order balancing se-

quence. Now multiplying both sides of (4) by 2™*2 and then taking the summation over 0 to oo, we
get,
o
Z Bn+2:1: — (\F ) Z Bn+1x"+2 + Z B gn+2 — g,
n=0 n=0

Now substituting

o~

> B2 = G k) - Bz - B, Y Bl a2 = 2(G(a,k) - B
n=0 n=0

and Z BW g2 — 322G (2, k),
n=0

we get
(G(x, k) — By — ng>) — (AF 4 A [G(x, k) — B >] 422G, k) = 0,
Gla, k) [L— (A + M)z + 2] + (A + A5 aBSY — BFw - B = .
Since Bék) =0 and B§k) =1, so after simplifications it gives the proposed identity. O

For instance, setting £k = 1 in the above theorem gives the generating function for the balancing

sequence, i.e.,
T

22 —6x+1
Theorem 9. The generating function for odd and even indexed sequences of higher-order balancing

G(z,1) =
numbers {BT(Lk)} are:

iB(k)mr = 20Cy and iB(k) "= v+l
T 2 20+ 1 — T T 2 20+ 1

(k)

Proof. Using Binet’s formula of Bj,”, we write

o k) . > A2kr _ )\ 2kr . 1 o0 o -
ZBéT)x - Z 1)\k _ )\Z r= AN\ Z )\%k ro= )\%k X
1 2 1 2

r=0 r=0 r=0

1 [ ! ]
M XE1— N2k 123y
_ 1 [ r(AF* — A3") }
M= NE 22 — (W 4+ 22F) + 1
B uc
22 =20 +1 22 —2092x+1

In a similar fashion, the second identity can be also obtained. O

Theorem 10. The exponential generating function E(z, k) for higher-order balancing numbers is
)\’f;r o 6)\]2%

4v/2By,

e

E(x, k) =
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(k) .n
Proof. Using Binet’s formula (8) in exponential generating function E(xz, k) = > >° B"nf , we get

oo

Bk =Y (M‘> 2"

E__\k ) ol
n=0 )\1 )\2 n:

1 <°° W) & (A’Sx)”>
e}\’f]} _ €>\I§$

M = A

Substituting /\’f — )\15 = 4/2B;, proves the required identity. O

Theorem 11. The Poisson generating function for the higher-order balancing numbers is

.
SopwE e e
— "l 4v2By,
Proof. In the previous theorem replacing = by ! gives the required identity. O

2.1 Partial sum and Binomial sum

Theorem 12 (Partial sum). For k,n € N, we have

n k) _ k)
S By - B\, +1

i 2(1 - C%)

Proof. Using Binet’s formula of the higher-order balancing numbers in " | BZ-(k), we have
n

1 ) )
Z)\k_)\k()\]f_)\g)
1 2

=1
I S SVIC R VIOt g
VDY AN V| SV
1 2 1 2
U [ - AR — () A) - ()TIAR - RN — (A5 4 A)
AT =25 | (M =15 1)
(= o)) = (A= o)) 4 (M - %)
PP (Ad)k — X — 2k 41

B —B® +1 .
21-Cy)

Theorem 13 (Partial sum with even indexes). For k,n € N, we have

n B® 4+ g _ p®

(k) _ 2(n+1)
; Bai” = 2 — 209, '
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Proof. We write

i=1 =1
S S AVP LS GNPt
AT N2k SV
After simplifying using Binet’s formula, we get
n (k) (k ) (k)
S B = By” + Baw — Byt -
2 = .
et 2 — 209

Theorem 14 (Partial sum with odd indexes). For k,n € N, we have

L C
Z (k) 2h(n+1)—1
BQH—l
i=0 Car — 1

Proof. Using the Binet’s formula, we have

ZBmH Z N 1 v </\11€(2i+1) _ )\1;:(2i+1))

_ 1 ( T(}\%k)n—&—l -1 B g(}\%k)n—i-l _ 1)
AF — Ak A1 Ak —

1
T M- 1)
— (AR - XA - NSO 405 ) |
1 [(A?(A%’“)” — AR NEOZF) B (AL 2(0 —

(R385 = ARAZE = M)+ )

Ag))] (by MA2 = 1)

A=A (A —1(A5 — 1)

1 (RO = M) + (AF)MHE(AS — AD) + 2(AF — A9))

PV (M) — AE— X\E 1

_ Conan)1 .

Cor—1
Theorem 15 (Binomial sum). For the higher-order balancing numbers {B } we have
1

1. slslB(k) —i—)\kSl—l—i-AkSl.
2. st l—yn(hBY = 1= AF)s=l— (1= ABys1).

ST (B = e (- M - ()Y

Proof. 1. From Binet’s formula (8), we write

s—1 s—1 n n
n " n A — 2k

n=0 n=0
s—1 S—
1 s—1 s—1
AIf_)JS(nO<n>1 n[)(n>2>
1
= T4+ M)7— (14 Akt using the Binomial theorem).
g, (D = @A) (using )
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2. From Binet’s formula (8), we write

S I S L

n=0

(Z() S ()

n

— APt — (1 = A5 !)  (using the Binomial theorem). [

1
=—— (1
4v/2By, ((
Theorem 16. If m and n are positive integers, then

Ly, () éﬁ)—M;Bk (L AFF)> — (1 4+ A3F)%").

1
2 TG OB = g (A - (g,

Proof. 1. From Binet’s formula (8), we write

2n 2n
r=0 r zr r=0 r )\If - Ag
1 " /on " /on
— )\%k’?" . < >)\%k7’
(-5
1
= W <(1 + A2k _ (1 4 A%k)2"> (using the Binomial theorem)
1 n n
= 755 (1 A7 = (14 23527).

2. From Binet’s formula (8), we write

2§1 2n +1 B(k) B 2§1 2n +1 )\%kr — )\gkr
r o r A — Nk

r=0 r=0
2n+1 2n+1
1 <2n + 1> ok <2n + 1) ok
= )\1 T )\2 r
(% (-5
1
= Ok ((1 + ATkl (1 4 A%k)%"'l) (using the Binomial theorem)
1722
1 n n
_ 75, <(1 AZRYIHL (] 4 p\2k)2 +1> _ O

With the help of Binet’s formula, the following identities can be easily established.

Theorem 17. For n > 0, the following identitites are verified:

1. B% = _B¥. 5. B® 1+ BW —ac;,. BY

2. B® = 2¢y,,B. 6. B¥ — B —acy,BY.

3. B =3280 (B2 +3). 7. (B 2 —(BW )2 = 4y, C1,. BY BP.
4. BY, = BPcy, + BPcy,. 8. B B® — (B)2 — (BM)2.
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Proof. 1. Since B_,,;, = —Byy, so

Bowk B
B® nk __Bok __ poy
" By By,
B B
2. Using By = 2B;,Ch, we can write BYY) = ;’“” = 2me% = 2C}, B,
k k

3. Taking into account the identity B3, = 323,‘3 + 3By, we have

B: 3283 3B
Bl = Tt = S — 2B (8], +9)

For identity 4, 5 and 6, along with Definition 1, use By,1y = By Cp+CpBy), Batp+ Ba—p = 2B,Cy
and B,y — By_p = 2C, By, respectively.

7. Using Bgyp + Ba—p = 2B,Ch and By+p — Bya—p = 2C, By, we have

(Bi(nsr))? = (Br(n—r))?

(B(k’) )2 _ (B(k)T)Q _

n—+r n— (Bk)g
_ (Bkn+kr + Bkn—kr)(Bkn—l—kr - Bkn—kr)
(Bk)?
_ 4Bkaneranr
(Br)?
= 4C;nCrp B B,
8. Since ByypBa_p = B2 — Bg, SO
B(k) B(k) _ Bk:n—l—k;ern—k:r _ B]%n — B]%r _ (B(k))Q . (B(k))g ]
n+r—n—r BQ B2 n r .
k k
Theorem 18. If m and n are positive integers, then
(k) _ pk) (k)
| o g~ Do = Bomgniny + Bom
' r=1"2mr 2 _ 202mk .
2.5 (1B — (_1)n(3§2” + Bég(nﬂ)) ~ B
: Zr:l(_ ) 2mr 2+ 202mk
3. 5 (B%)2 = 1 <C2mk + Comkn — Comk(14n) =1 n)
=i Cop, — 1 2(1 — Comp)
1 (_1)n(c2mkn+o2mk(n+l))_Ckai|
: n = even
4 Zn (—1)T(B(k))2 _ 2(0% _ 1) [ Comrt1
' r=1 mr 1 (_1)n(02mkn+027nk(n+l))_Cka + 2 . o dd
2(Cor, — 1) Compr+1 - o= odd.
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Proof. 1. Using the Binet’s formula (8), we have

n

k a 1 mr mr
Z Bén’)w = Z Y ()‘% - )‘% k)
1 \2

r=1 r=1
1 ( 2mk ()\%mk)n —1 _ )\2mk ()\%mk)n B 1>

T\ emR o T2 T emk
L1 [(O3mRmAZmE — (A g2 — (3L 4 \3mi)
IRYERY [ (3= D3 = 1) ]
1 [((A%’”’f)”ﬂ%m'f — (Audg)?mE — (ARt 4 A%’“’f)]
X = (3= D3 = 1)
1 [ (03— gmem) = ((3mEyrt = (gt 4 (A3m — A3
PLDY: (M1 hg)2mk — \2mk _ \Zmk 4 |
B = Bypiusry + Bon,
2 — 2Comk )

2. Using the Binet’s formula (8), we have

& rp(k & (_1)T mr mr
(1) By = 3y O = A
r=1 r=1

-5 (e - S

r=1 r=1
_ ! <_A§mk1—(—wk)" _ (_Agmk)l—(”%mk)") .
A =A% 1= (=A3mF) L= (=A3mF)

After simplifying, we get

n _1\yn( pk) (k) _ plk)
Z(—l)er _ ( 1) <Ban + BQm(n—l—l)) BZm
— 2mr 2 _|_ QCka °

3. Using the Binet’s formula (8) in Y (B,gf,z)Q, we have

r=1

g )‘?Wk B )\gnrk ? _ 1 . 2mkr 2mkr mkr
2. (M = F- R ; (NF™hr 4+ 23 — 2(A2g)™) )

r=1
1 (Aka)n -1 ()\2mk)n -1
)\ka: 1 )\ka 2 —9 .
(MF — Mh)2 ( D VI VT T

After simplifying and rearrangement, it becomes

Z(B(k))Z _ 1 <02mk + Comkn — Cka(1+n) —1 _ n) .
" Cok — 1 2(1 — Comi)
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4. Using the Binet’s formula of higher-order balancing number, we have

n n )\mrk _ )\mrk 2
—1)"(B%))2 = 1y (12)
B = S (e

r=1 r=1

— 1 - _1\7 [ \2mkr 2mkr _ mkr
= ;( 17 (A3 AFET — 2(x Ag) )

1 & 2mk\r = 2mk\r = r
- ()\k _ )\k)z Z(_/\l ) + Z(_)Q ) - 22(_1)
1 2/ Lr=1 r=1 r=1
1 I (_)\2mk>n -1 (_)\ka)n -1 n
= s (A (AT 2> (1)
or =g | g1 N o 2
_ 1 (=1)"(Comi 2mk(n+1)) 2 k_QZ(_l),, '
2(Cor = 1) | Comp +1 —~
Since Y, (—1)" = 0 and —1 for n = even and odd, respectively, so
1 [(—1)”(C2mkn + Comk(nt1)) — szk]
n : m = even
S (-1 (BE)? = 2(Co, — 1) Comp + 1
gt mr 1 |:(_1)n(02mkn + Cka(n—H)) - C2mk + 2:| Cn— odd
2(Cor, — 1) Compi + 1 ' '
O
Conclusion

In this article, we introduce a new extension of the classical balancing numbers, which
generalizes the balancing numbers in a different way. For this integer sequence, we present a Binet-like
formula and various algebraic properties, such as generating functions (both ordinary and exponential),
various partial and binomial sums, etc. In addition, we present several identities in connection with
the existing balancing and Lucas-balancing numbers. In particular, for £ = 1 it gives the classical
balancing numbers (A001109) and for k = 2 it gives the sequence A029547.

Following this study, this sequence can be extended and applied in many directions, such as
hypercomplex numbers, polynomials, quaternions, octonions, matrix theory, transforms, etc. We are
currently working on hypercomplex/2™-ions numbers using this new sequence.
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Numerical Scheme for Singularly Perturbed Differential Equations
with Small Shifts Using Non-Polynomial Quartic Spline
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In this paper, a non-polynomial quartic spline technique with a fitting parameter is applied to solve a
second-order singularly perturbed differential-difference equation (SPDDE) having small shifts. Taylor series
expansion is employed for the delayed and advanced terms in the considered problem to produce a singularly
perturbed differential equation (SPDE), and then a non-polynomial quartic spline technique is applied. To
manage the layer structure, a fitting parameter is introduced in the proposed computational method; based
on the step size, this parameter is evaluated using the theory of singular perturbation theory. Two model
examples with left-end boundary layer behavior are considered to theory validate the theoretical finding.
The convergence method is analyzed, and the solutions are reported in terms of maximum absolute error
with quadratic convergence rate using the fitting parameter. For comparison, solutions without the fitting
parameter are reported for test problems. The graphs depict the layer profile for the values of perturbation
and shift parameters using the fitting factor and the oscillations without it. The proposed scheme gives
uniformly convergent and valid results.

Keywords: singularly perturbed differential-difference equation, fitting parameter, non-polynomial spline,
small shifts, boundary layer, truncation Error, maximum absolute error, convergence.

2020 Mathematics Subject Classification: 65110, 65L11, 65L12.

Introduction

The differential equation in which the highest derivative is multiplied by a small parameter and
having delay/advanced on the terms different from the highest derivative is known as a singularly
perturbed differential-difference equation (SPDDE). A challenging and frequent task in the mathema-
tical modeling of many physical, engineering, and biological problems is finding solutions for SPDDEs
in the interval of boundary conditions. Such problems include the initial exit time problem in neu-
ronal variability activation models [1] and oscillations of the human pupil light reflex with delayed and
mixed responses [2]. A comprehensive overview of SPDDEs is given in [3|. The efficient approxima-
tion schemes SCEM and MMAE to solve SPDDE were introduced in [4]. The authors suggested a
hybrid technique and a midpoint upwind strategy for inside and outside the boundary layer region on
the Shishkin mesh in [5]. In [6], the researchers proposed a numerical method for solving SPDDEs
with small and large delays using a non-polynomial spline. In [7], the authors developed two adaptive
methods based on the r-refinement strategy to solve SPDDE with mixed parameters. In [8,9], the
authors suggested spline methods with fitting factor to solve the problem of SPDDEs. An exponen-
tially fitted spline method was proposed to solve SPDDE with delay in the convection term in [10]. The
authors of [11] came up with a way to solve the singularly perturbed boundary value problems with
mixed shifts using non polynomial splines. In [12], the authors developed a uniform convergent com-
putational technique for solving singularly perturbed delay reaction-diffusion equations. The authors

*Corresponding author. E-mail: rksm39@gmail.com
Received: 30 August 2024; Accepted: 18 December 2025.
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of [13,14] proposed numerical methods for solving SPDDE with mixed shifts using non-polynomial
cubic splines. The fourth-order finite difference method (FDM) with a fitting parameter is suggested
to solve SPDDE with mixed shifts in [15]. The mixed finite difference method (FDM) was proposed
to solve SPDDE with mixed shifts in [16]. The parametric spline approach developed by the authors
in [17] is used to solve differential-difference equations (DDEs) with mixed parameters having twin
layers. In [18], the authors proposed a second-order computational approach to solving SPDDESs using
Stormer’s method.

1 Description of the Problem
Consider the following linear SPDDE with mixed shifts
e () +p@)u' (=8 +q(Nu@+n)+ru@)=s), 0<I<1 (1)
with boundary conditions
u(@)=¢W), 6<9<0; u(d)=v(®), 1<9<1+u, 2)

where 0 <e < 1and p(9), ¢(¥), r(¥), s(¥), ¢(9) and ¢ (¥) are sufficiently smooth functions on
(0,1) and 0 < 0 = o(e), 0 <n=o(e), ¢ is the delay parameter, n is the advanced parameter.
The Taylor series expansions of v’ (9 — §), w (¥ + n) about the point ¥, we have

2
w (9 —0)=u (9)—du" (9)+o (52) s u(@+n)=u) +nu (9)+ %u” (¥)+o (773) . (3)
Using Eq. (3) in Eq. (1), we get
e () +a@)u () +b(N)u@)=fW), 0<I<1 (4)

with the boundary constraints u (0) = ¢o = ¢ (0) and u (1) =¢1 =9 (1),

9 9 9)+r(d s(9
where a () = <1 _p(pgg);r Zq(q%)nz >, b(¥) = <1 - %ﬂf 3@7,2) and f(J) = (1 - p(ﬂ)é( : q(g)rﬁ)'

€

2 Quartic Non-Polynomial Spline Approach

The interval [0, 1] partitioned into A sub intervals of equal length with constant step size h. Let
0 =99 <V <...<Vy =1DbetheN grid points. Then we have h = %andﬁi =ih,i=0,1,2,...,N.

In [19], the authors explained about the non-polynomial quartic spline and defined in [¢¥;,9;41],
i=0,1,...,N — 1 the spline is of the form

G (19) = Dp; (19 — 191‘)2 +q; (19 — 191‘) + risinT (9 — ;) + sjcosT (29 — ;) + ti, (5)
where p;, q;, 7, s; and t; are unknown constants and the function G; (¢) interpolates u(¥;) at the
points ¥; by depending on arbitrary parameter 7 and reducing to quartic spline in [0,1] as 7 — 0.

To examine the coefficients p;, ¢;, 7, s; and t; in Eq. (5) in terms of u;, wj+1, M; , M1, F; and
Fit1, we define

1
Gi () = ui, Gi(Wiv1) =wir1, GF(9)=M;, G (9ix1) = M1, G () = 3 (Fi+ Fit1) -

By using the conditions, we calculate the coefficients in Eq.(5) as
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_ M, Fit+Fit1
b; = 2 472 )
1 1 h 1 h
@ =5 uy —w) = (= + PIMi+ 53 Miyn — 35 (Fi + Figa)
1 1—
i = Teinw (MZ - Mi+1) + 274052651 (‘FZ + ‘/ri""l) ’
Fi + Fit1
T2t

ti = ui — 55 (Fi + Fig1)

S; =

where 7h = w.
Using continuity of first and third derivatives, Gi1™ (9;) = G;(m (9;), m = 1,3 then, we get
relations

4h73 sinw Uir1 — 2U; + Wi
i+1 0 i—1 + (2]:1“"‘/—"1'-&-1 +]:i—1)

2 (1 —cosw) — hrsinw h?

27 (4sinw + h*r?sinw — 2h7 (cosw + 1))
h[2(1 — cosw) — hTsinw]

27 (2hT cosw + h27m2sinw — 2 sinw) M n
= i—1

h[2 (1 — cosw) — hTsinw] M; (6)

41 (hr — sinw)

h[2(1 — cosw) — hrsinw]” TV
272 cosw 272 (cosw + 1) 272
2F; + Fi Fic1) = —mmMis1 + ——mm—M; 7
( it 7,+1+ % 1) (1_COSCL)) i—1 1 (1—COSW) Z+(1—COS ) i+1 ( )
Substituting Eq. (7) in Eq. (6), we get the consistent relation
wi—g — 2u; +uipr = B la (M1 + Mip1) +28M;], i=1,2,..., N —1, (8)
where
w? —2(1 — cosw) 4(1 - cosw) +w? (1 — 3cosw)
o = =
2w? (1 —cosw) '’ 4w? (1 — cosw)
If h — 0, then w = hT — 0. Thus, using L’Hospital’s rule, we have (5, «) — (%, 1—12)
8  Numerical Algorithm
At each ¥;, Eq. (4) can be written as
eu! = —a (9;)ul, — b () u; + f (9;).
Using G (¢;) = M; = u/ in above equation, we get
€Mj = —aj; (19,) u; — bj (192) u; + fj (19%) for j = i, == (9)

Using Eq. (9) in Eq. (8) and then using v, for j =i —1,4,7i+1

1 1
i 2h (i1 = ui-1), Ui =~ o (— du i +ui—1+ 3u i41)
and )
u;fl ~ oh (+ du; — 3 w1 — uiy1),
c —Uiy1 4 du; — 3 Ui ot —

(wi—1 — 4w ; + 3uit1)

o7, —abi—1 ui—1 — 2Pbju; — o wip1 + (a(fi—1 + fir1) +28fi ).

—Qa541
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To control the oscillations and increase the accuracy of the solution, we introduce the fitting
parameter o (p) in the proposed approach then, we have

eo
h(zp) (g — 2u; +ui—1) = —a; 1

(du; — i1 — 3ui—1) (Uit1 —ui—1)
2h 2005

(wim1 — 4w ; + 3uit1)
2h

Eq. (10) can be written as

— Qi1 — abi—1ui—1 — 2Bbiu; — abiuipr + (af;1 +2Bfi+ afi) . (10)

Fiui—1 + Fou; + Guipn = H, i=1,2,..., N -1, (11)

where

Ei — &0 — hgaai_l

— hBa; + hEEHL | p2ab,

F; = —20¢ + 2aha;_1 — 2aha,~+1 + 2h2Bb;,

aaz 1 3aa;qq

Gi=co—h + hfBa; + h—"= 4 h2ab;1,

H; = h? (O‘(fifl + fiv1) +2Bfi).
With the help of Thomas algorithm and boundary conditions u (0) = ¢o, u (1) = 91 Eq. (11) can
be solved.

To calculate fitting parameter from singular perturbations theory, an approximation for the solution
of Eq. (4)

W@ = w0 @)+ 25 0 - @) exo F )V s0 ) (12)

where ug () is the solution of

a (9) ug (9) +b(9)uo (9) = £ (), uo(1) = 1.
If we expand a (¥) and b (¥9) about the point zero using Taylor’s series, then Eq. (12) becomes

a(9)

w(8) = o (9) + (9o — w0 (0)) exp ) o (e). (13)

From Eq. (13), we have

lim u (ih) = ug (0) 4 exp~ 7P (g — ug (0)) .
h—0

These limit values used in Eq. (10), we obtain the o (p)
h

o (p) = p(B+ a)a; coth (%) , where p =

4 Convergence Analysis
The local truncation error estimate for the computational scheme of Eq. (11) is

T(h)=h*[1-2(B+a)eu +

B [ (b//ul + a” /+ 2b/u/ _ 2@/ // T b u// 3iu;// — f ) + Bgz ///] +o (h6)

Hence, the truncation error of order four as («, 3) — (

Slen

L
127
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Using the boundary conditions in Eq. (2), the matrix form of Eq. (11) is

(Q+R)U +M +T(h) =0,

where _ )
—20e o€ 0o 0 .. 0
oce  —20e o0 .. .. 0
0 . e e 0
Q= ;
| 0 oe —2o¢
[vr w1 O 0 ... 0 7
T2 Vg W3 0 ... 0
R — 0 z3 wv3 w3 ... 0 ’
_0 . .. 0 TN—-1 UN-1]
with 30 b
Tr; = —% — Bha; + % + h2abi_1, v; = 2aha;—1 — 2aha;4 + 2h2ﬁbi,
ha;_ 3acha;
w; = —2 ;’ L | Bha, + % Fh2abis, Yi=1,2,. N — 1,
and -
M = [ml + (0-5 + :L‘l) Yo, M2, M3 , ..., MN—-2,TMN—-1 + (80- + w./\/’*l) Q;Z)I]T,

(14)

with m; = h? (a(fi_l + fir1) + 25]2) fori=1,2,...,N —1, T(h)=0 (h4); U=1[U1,Us,.., UN_l]T,

T (h) = [f1, 2, ..., t—1]”, O = 0,0, ...,0]" are corresponding vectors of Eq. (14).
Let u = [u1, ug, ..., uN_l]T =~ U which satisfies the equation

(Q+R)u+ M =0. (15)
Ife;=u; — Ui, i =1,2,...,N' — 1 denote discretization error, then F = e1,e2,....,en—1]" =u—"U.
Subtracting Eq. (14) from Eq. (15), we obtain
(Q+R) E =T(h). (16)
Let |a;| < Pi, |bi| < Py so that if R; ; is the (i, 7)™ element of matrix R, then
|Riit1] = |wi| < e+ (ha+hB) Py +h*aPy,, i=1,2,...,N -2,
|R; i1| = |zi| < e+ (ha+hB) P + K*aP;, i=23...,N —1.
Thus, for relatively small A (h — 0), we observe that
‘Ri,i+1‘<5> Vi:1,2,...,/\/—2,
‘Ri,i+1‘<57 Vi:2,3,...,J\f—1.
Hence (Q + R) is irreducible [20].
Let S; be sum of i*" row elements of the matrix (Q + R), then
3 - .
S; = —oe + B2 4 Bha, — h% + h% (abiy + 28b;) for i=1,
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Si = h? (a(bi_1 + biy1) +26b;) for i =2,3,..., N =2,

o 3aa;
S; = —oe + B 2%1 _mai_thﬂJth(abi,ﬁQﬁbi) for i =N —1.
Let
P, = i . P = . P, = 3 . P = .
e = g?gm/{/_l’a"’ 1 1r§nia%<N!az!, 2e = Sgﬂgj{/_llbz!, o 123«;(]\/,“71‘7

then 0 < P, <P <P* 0< P, <P <P
If h sufficiently small h (h — 0), then (Q 4+ R) is monotone [20]. Hence, (Q +R)™" exists and
(Q+R)™! > 0. Therefore, from Eq. (16), we have

1Bl < [IQ+RII7HT|l. (17)

Let (Q + R)Z_,i be the (i, k)" element of (Q +R)™" and define

N-1
-1 _ -1 _ .
IQ+RIT = max | ; (Q+R)yy, and ||T(R)|| = _max Tyl

Since (Q +R);} > 0 and Y0 7' (Q+R); 4, Sp=1 for i=1,2,..,.N — 1, hence,

1 1 1 .
(Q +R)7j,k < §Z < hZPQ’ 1= 17 (18&)
(Q—HR)_1<£<L =N -1 (18b)
ik = S; hQPQ7 - ’
Furthermore,
N-1 1 1
R) L < . 1
(Q+R); < min S; < h2P, (18¢)
k=1 2<i<N =2

From Eq. (17) and Eq. (18a)—(18c), we get
I1E]| < O (h?).

).

Rler

This illustrates the quadratic rate of convergence for Eq. (11), as (a, 8) — (%,

5 Numerical Illustrations

To examine the quality and robustness of the suggested technique, we solved two different test
problems and reported the numerical results in the form of maximum absolute errors (MAEs) with
and without fitting parameter and the computed rates of convergence (ROC) in the tables. The MAEs
are calculated with the double mesh principle because the exact solutions to test problems are unknown.
N ui/\/ ‘7

Ey = max |ug;?
N Oﬁiﬁf\f‘ 21

N N

where u;V and u2;*V are the numerical solutions of the problem for A" and 2\ mesh points respectively.
Further, formula was used to determine the numerical rate of convergence (ROC).

Ry = logy

E2N"
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Ezample 1.

eu” (9) + (1 +9)u' (9 —6) +exp (—=29)u (I +n) — 2exp (=) u (J) = 0,

with boundary constraints u (9) =1; —0 <9 <0, u (1) =0.

Example 2.

eu’ (9) + (1 +9)u' (9 —8) +sin (20) u (9 +n) —exp (—9) u

with boundary constraints u () = —1; —6 <9 <0, u (1) =1.

MAEs and ROCs of Example 1 (with fitting factor)

el N> 2 2° 26 27 28 29

n =29 =0.5

27! 5.6311e-04 1.3401e-04 3.3083e-05 8.2448¢-06 2.0596e-06 5.1483e-07
2.0710 2.1199 2.0045 2.0011 2.0001

272 0.6942e-04 2.2072e-04  5.3696e-05 1.3362¢-05  3.3344e-06  8.3321e-07
2.1349 2.0393 2.0104 2.0066 2.0006

273 2.3099e-03  4.2972e-04  9.8534e-05  2.4310e-05 6.0432e-06  1.5087e-06
2.4263 2.1247 2.0313 2.0190 2.0020

2% 5.9356e-03 1.0579e-03  2.0386e-04 4.7300e-05 1.1613e-05  2.8940e-06
2.4881 2.3755 2.1076 2.0260 2.0046

27° 1.1620e-02 2.8395¢-03  5.0813e-04  9.9643e-05  2.3249¢-05  5.7093e-06
2.0329 2.4823 2.3503 2.0995 2.0257

270 1.4231e-02 5.8252e-03  1.3925e-03  2.4936e-04 4.9330e-05  1.1542e-05
1.2886 2.0646 2.4813 2.3376 2.0955

277 1.4493e-02 7.3470e-03  2.9211e-03  6.9013e-04 1.2358e-04  2.4555e-05
0.9801 1.3306 2.0815 2.4814 2.3313

278 1.4524e-02 7.5002e-03  3.7407e-03  1.4634e-03  3.4363e-04  6.1524e-05
0.9534 1.0036 1.3539 2.0903 2.4816

279 1.4538e-02 7.5104e-03  3.8238e-03  1.8884e-03  7.3247e-04 1.7147e-04
0.9528 0.9738 1.0178 1.36623 2.0948

MAEs of Example 1 (without fitting factor)

elN > 2¢ 2° 26 27 28 2°

n =4 =0.5¢

271 2.5261e-03  6.2615e-04  1.5621e-04  3.9031e-05 9.7564e-06  2.4391e-06

272 8.1260e-03  1.9974e-03  4.9626e-04  1.2401e-04 3.0985e-05  7.7463e-06

273 3.2720e-02  7.0941e-03  1.7178e-03  4.2932e-04 1.0711e-04  2.6766e-05

274 1.1969¢-01  2.9731e-02  6.5329¢-03  1.5862e-03  3.9373c¢-04  9.8484e-05

275 3.3077e-01  1.1540e-01  2.8201e-02  6.2431e-03  1.5181e-03  3.7697e-04

27% 6.6691e-01  3.3194e-01  1.1324e-01  2.7433e-02  6.0967e-03  1.4837e-03

277 1.0199e+00 6.9033e¢-01  3.3256e-01  1.1217e-01  2.7049¢-02  6.0235¢-03

278 1.2902e+00 1.0854e+00 7.0056e-01  3.3292e-01  1.1164e-01  2.6858e-02

279 1.4613e+00 1.3962e+00 1.1125e+00 7.0578e-01  3.3312e-01  1.1137e-01
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MAEs and ROCs of Example 2 (with fitting factor)

el N> 2¢ 2° 26 27 28 29

n =29 =0.5¢

271 5.8352e-03 1.8204e-03  5.1499e¢-04  1.3599e¢-04  3.4639¢-05  8.7050e-06
1.6805 1.8216 1.9210 1.9730 1.9924

272 1.0479e-02  3.6556e-03  1.1655¢-03  3.5046e-04  1.0087e-04  2.7900e-05
1.5193 1.6491 1.7336 1.7967 1.8541

273 1.5717e-02  5.9555e-03  2.0005e-03  6.2793¢-04  1.8872-04  5.5003e-05
1.4000 1.5742 1.6716 1.7343 1.9153

271 2.0188¢-02 8.6036e-03  3.1435¢-03  1.0417e-03  3.2435¢-04  9.6961e-05
1.2304 1.4525 1.5934 1.6833 1.7420

275 22262e-02  1.0756e-02  4.4448e-03  1.6094e-03  5.3115e-04  1.6496e-04
1.0494 1.2749 1.4655 1.5993 1.6870

278 22569e-02 1.1731e-02  5.5199e-03  2.2582¢-03  8.1433e-04  2.6826e-04
0.9440 1.1740 1.2894 1.4714 1.6019

277 22572e-02 1.1895¢-02  6.0190e-03  2.7959¢-03  1.1381e-03  4.0962¢-04
0.9241 0.9827 1.1062 1.2966 1.4742

278 22569e-02  1.1900e-02  6.1045¢-03  3.0472e-03  1.4070e-03  5.7135e-04
0.9233 0.9630 1.0023 1.1148 1.3001

279 2.2568e-02 1.1899e-02  6.1074e-03  3.0909¢-03  1.5330e-03  7.0573e-04
0.9234 0.9622 0.9825 1.0116 1.1191

MAEs of Example 2 (without fitting factor)

el N = 24 2° 26 27 28 29

n =29 =0.5e

271 4.4262¢-03  1.0866e-03  2.7065¢-04  6.7609¢-05  1.6897¢-05  4.2241e-06

272 1.3543e-02  3.2492e-03  8.1299e-04  2.0259e-04  5.0602e-05  1.2647e-05

273 5.2911e-02  1.1506e-02  2.7860e-03  6.9285¢-04  1.7304e-04  4.3238e-05

271 1.9685¢-01  4.8317e-02  1.0644e-02  2.5854e-03  6.4179¢-04  1.6035e-04

275 5.4951e-01  1.9032e-01  4.6290e-02  1.0263e-02  2.4963e-03  6.1989¢-04

275 1.1029e¢+00 5.5157e-01  1.8761e-01  4.5356e-02  1.0088e-02  2.4554e-03

277 1.6521e+00 1.1505¢+00 5.5337e-01  1.8642e-01  4.4912¢-02  1.0005¢-02

278 2.0454e+00 1.8037¢+00 1.1678¢+00 5.5460e-01  1.8587¢-01  4.4696¢-02

279 2.2859¢+00 2.2936e+00 1.8556e+00 1.1768e4+00 5.5530e-01  1.8561e-01

Table 3

Table 4
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1 T T T T T T T T T

—— ¢ = 272, N = 2% with fitting factor
— €= 2'9, N = 2% without fitting factor

Numerical solution of u(})

1.5 T T T T T T T T T

Numerical solution of u(#})

— ¢ =29, N = 2% with fitting factor
— €= 2’9, N = 25 without fitting factor

Figure 2. Solution profile of Ex.2 for n = 0.5 = § with and without fitting parameter

Conclusion

A simple and efficient computational non polynomial quartic spline technique is presented for
solving second-order SPDDE with mixed parameters on the convection and reaction terms. To illustrate
the accuracy and effectiveness of the approach, we solved two example problems for different values
of ¢, N with n = § = 0.5¢ and reported the numerical results in terms of maximum absolute errors
(MAEs) and rate of convergence (ROC) with and without fitting factor. Using MATLAB, the results
of the examples are listed in Tables 1, 2, 3, and 4 in terms of MAEs. Numerical solutions of Example 1
and Example 2 with fitting factors are shown in Table 1 and Table 3 in terms of MAEs and numerical
ROCs, and Tables 2 and 4 show the numerical solutions of Examples 1 and 2 without fitting factor. The
figures (1-2) depict graphs of the solutions of test problems with and without fitting factor respectively.
As ¢ decreases for different values of N, the solution can exhibit oscillatory behaviour. To manage
these drawbacks in solutions of test problems, we introduced a fitting parameter so that we can control
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the layer structure shown in Figures 1-2. The maximum elapsed time is approximately 0.77 seconds
for various values of N and ¢ for two test problems.
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Integration of the negative order Nonlinear Schrédinger Equation
with self-consistent source
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This paper focuses on the integrability properties of the negative-order nonlinear Schrédinger equation with
a source. The source consists of the combination of the eigenfunctions of the corresponding spectral problem
for the Dirac system which has not spectral singularities. The connection between the negative-order
nonlinear Schrédinger equation with a self-consistent source and the Dirac system of equations is crucial,
as it allows the complex dynamics of the original nonlinear model to be interpreted through the spectral
theory of the Dirac operator. Building on this relationship, the evolution equations for the scattering data of
the Dirac operator are derived, which is the central part in the inverse scattering transform (IST) framework.
Due to the IST procedure, the rapidly decaying potential of the Dirac operator can be reconstructed from
the derived differential equations for the scattering data, and this potential corresponds precisely to the
solution of the problem under consideration. To illustrate the practical value of the theoretical results, the
paper presents a detailed example demonstrating each stage of the method, from the formulation of the
scattering data to the final reconstruction of the potential. This example clarifies the overall procedure and
highlights the effectiveness of the approach in concrete applications.

Keywords: soliton solution, negative-order, nonlinear equations, nonlinear Schrédinger equation, self-
consistent source, inverse scattering transform, eigenvalue, eigenfunction.

2020 Mathematics Subject Classification: 35P25, 35P30, 35Q51, 35Q53, 37K15.

Introduction

The nonlinear Schrédinger equation (NLSE) arises in several physical systems characterized by
wave-like behavior interacting with nonlinear effects, resulting in distinct phenomena such as optical
solitons in fiber optics, Bose—Einstein condensates in ultracold atomic gases, and wave dynamics in
plasma physics [1,2]|. The NLSE provides a mathematical foundation to understand nonlinear wave
dynamics, emphasizing the interplay between dispersion, which tends to spread wave packets, and
nonlinearity, which can counteract dispersion through self-interaction. This framework helps elucidate
the emergence of solitons, vortices, and other intricate wave phenomena observed in both natural and
engineered systems. Well-known bright, dark, and gray solitons, as well as so-called optical rogue
waves, whose experimental observations in optical systems are supported by numerical simulations
based on probabilistic supercontinuum generation in highly nonlinear microstructured optical fibers,
are modeled using the generalized NLSE [3|. The NLSE can be written in several forms depending on
the context, but a common form for the NLSE in one spatial dimension is:

iy (2, 1) = Uge (x, 1) £ 2u*(z, t)u?(x, t).

The motivation for developing negative-order nonlinear equations originates from Peter J. Olver’s [4]
on recursion operators for symmetries of evolution equations, which was subsequently extended to
derive negative-order analogs of evolution equations [5-7].
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Note that in [8], the focusing NLSE was derived as the following

{ Mz = ‘Uﬁa

Uyt + 2pu +1iu, =0, x€R, t>0

negative-order nonlinear Schrédinger equation (nNLSE) and subsequently solved using the IST.

The study of soliton equations with self-consistent sources has been particularly pursued in the work
of Mel'nikov [9]. Subsequently, numerous works [10-12] have explored various methods for solving these
types of equations. Mathematically, such systems of equations arise through a multiscaling limit of
well-known integrable systems. Several of these systems have also independently appeared in various
physical contexts [13,14]. In this work we concern on applying the inverse scattering transform (IST)
for integrating the nNLSE with a self-consistent source in the class of decreasing function.

1 Statement of the problem
This paper is concerned with the following system of equations:

2
Mz = |u|t s
2N
et + 2pu + iug =i Y (DF — ©*F,), (1)
k=1
Lo, =&.P,, E=1,2,....,2N, ¢ € R,

for the complex-valued continuous function u(x,t) and &) = (Ppi(z,t), Pra(z,t))”, k= 1,2,...,N

d
: : . . = - t :
is the eigenvector functions of the operator L(t) = i < u*d(xq: 0 u(‘Z’ ) ), corresponding to the
B ’ T dx

eigenvalue &. (*) means the complex conjugate of the function. For definiteness, we will assume that
the sum involved in the right-hand side of (1) first includes terms with Im&, > 0, k=1,2,....,N. It
is also assumed that

o
/ O Ppodr = Ag(t), k=1,2,...,2N, (2)
— 0o
with given continuous, non-zero functions Ag(t), that satisfy the conditions Ag(t) = A, (t) for & = =&,
under initial condition
u(w,0) = up(z), =€ R, 3)

where, the initial function ug(x) (—oo < 2 < 0o) has the following properties:
1) ffooo (14 |z]) |uo(x)|dz < oo,

o _
2) the operator L (0) = i < uqf(x) uogx) ) has no spectral singularities and has exactly 2V
—ul A
simple eigenvalues &;(0), £2(0), ..., {&n(0). Here the function uf(x) is the complex conjugate of the

function wug(x).
Let the function u = wu(x,t) be a complex valued and sufficiently smooth function of z and ¢,
= p(x,t) is the sufficiently smooth real function of z and ¢, for all ¢ > 0 satisfies the requirement

_{o (L A+ [z]) (Ju(z, 1)] + [ue (2, 1)])) dz < o0, (4)

wu(z,t) — c® as © — +oo,

respectively.
In this work, we obtain the evolution of scattering data for the system with a potential that is a
solution to the considered Cauchy problem (1)—(4) for the nNLSE with a simple self-consistent source.
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2 Scattering problem

In this section, we provide known brief facts from the Dirac spectral problem on the real axis [15].

Yo = Z§y2 —u* (JJ) Y1,

where u (z) is complex-valued potential satisfies the condition

/OO (1+ |z]) |u(@) dz < oo (6)

—0o0

{ Yie = —iy1 +u () y2, (5)

and & € C is spectral parameter.
The system (5) under the condition (6) posses “Jost solutions” ¢ (z,&) and v (x,§), for real £ Jost
solutions have the following asymptotes:

o905 () wges o ()
, T — —0Q, , I — +00.
oo - (9 deoes - ()

Note that here and below the function @ is not complex conjugate to . On the continuous spectrum
of the problem (5)-(6) pairs of vector functions {1/1, w} are linearly independent, and for them holds
the following relation

where
a(§) = WH{p, v} = o1, §)v(, &) — wa(w, &)1 (x, §) (8)
- _( ¥s(x,8") ey = [ #a@E)
seo= (N ) eo- (0 ) Y

The quantity r* (§) = Z(é)) is known as reflection coefficient. Furthermore [4], rT(£) uniquely
determines a(£). The function a(§) admits analytic continuation into the upper half-plane I'm & > 0.
The function a(£) can only have a finite number of zeros £, k =1, 2, ..., N in the half-plane Im ¢ > 0.
The zeros &, k=1, 2, ..., N, of the functions a(&) correspond to the eigenvalues &, k=1, 2, ..., N,
of the operator L in the upper half-plane.

In general, the operator L may have multiple eigenvalues and spectral singularities that lie on the
continuous spectrum. The continuous spectrum of the operator fills the real axis.

In this paper, we assume that the operator L has no spectral singularities and all its eigenvalues
&, are simple, so that since the quantities & are the zeros of a(£), it follows from relation (8) that

go(x,fk) = Ckw(x7£k>7 k= 1,2, "'7N7

where C}, do not depend on x.

Definition. The set {r* (£), Ck, &, k=1,2,...,N} is called scattering data for the system of
equations (5). The set of scattering data uniquely determines the potential u (z).

The potential function u(x) is determined by the equality

u(z) =—2K (z,x) .

Here K (x,y) is a solution of the integral equation Gelfand-Levitan—Marchenko
+oo +oo
K(zy) = F @+y)+ [ K (e,) F (= 4+ 5) F* (s + y) dsdz =,
x x

where F (z) = % fjoooo %@ifzdg _ szvzl Cj@isz_
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3 FEvolution of the scattering data

For further calculations and to obtain the main result, we provide the necessary notes.
Lemma 1. If the vector functions Y (z,¢) = (y1,2)” and Z (z,7) = (21, 22)" are solutions of the
equations LY = (Y and LZ = nZ, respectively, then their components satisfy the equalities

d .
. (Y122 — y221) = —i (C =) (Y122 + y221)

d * * . * * *
Ir (Y127 +y223) = =i (C—1") (Y121 — Y223) .

This Lemma 1 can be proved by direct verification.
It easy to show that the vector functions

a(&n) ’

are solutions to the system of equations Lh, = &,h,. According to the equality (8), which can be
rewritten in the Im & > 0, and using the equality (10), we obtain the following asymptotes

hn (z) = n=12.,N, (10)

0
1

1 .
hnN(O)elgnx at T — o0.

hy ~—C, < ) T qt 1 — —o0,

In particular,
W{(,Dn, hn} = Sonlth - Spn2hn1 = —Ch, (12)

where ¢, = ¢ (2,&,), n=1,2,...,N.
Now, let’s consider the nNLSE with the source

2
Mz = |u‘t ) 13
{ gt + 200 + tu, = iG, (13)

where G = G(z,t) is a sufficiently smooth function and for any nonnegative value ¢, satisfies the
condition
G(x,t) =0o(1) at z — +o0.

Equation (13) is considered under the initial condition (3).
Lemma 2. If the potential u (z,t), in the system of equations (5), is a solution to equation (13) in
the class of functions (4), then the scattering data of the system of equations (5) varies as follows:

6T+ _ 1 2 + 1 o 2 * 2 —
T @O g [ @A e me=o),
2 o0

dy _ i S (G + Gopp)de
. 4&, Lo eninade R

Proof. The system of equation (13) can be represented as a Lax equation:

Li+[L,A] =R, (14)
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where [L, A]= LA — AL and

d —
0 )
1 —pu—& —tu—uy
A_2£<W*—UZ‘ p+€ >

Let ¢ (x,&,t) is the Jost solution of the equation Ly = £p. Differentiating this equality with respect
to t, we obtain

Lip + Lot = £t
substituting L; from (14), we get

(L =€) (¢t — Ap) = Rop. (15)
We will look for a solution (15) in the form
—Ap=a(r)+ ()
Using the approach described in [5], we obtain the following equality
1 Cor 1 C T i(+¢)
@—A@z—/ ¢ Rodx -9 + / V' Rodx + ———= | ¢. 16
t AGEN @ ) 2% 10

Using (7) and passing to the limit in (16) at x — oo, using the definition of the reflection coefficient
for the scattering problem (5)-(6), we obtain

87'+ 7 2 + 1 > 2 2
5 §(C +&r +2£a2<§)/_oo(G<p2+chl)dx, (Im& =0)
Differentiating the equality ¢, = Cp, by t, we receive

d _ dC, 6
o den _dCu ) O Lo dé,

gy b ki
ot ‘ 5 = gn T o 85 f fn dt dt " ot ’ 5 = fn " af f fn dt
Substituting, instead d% (p — Cpt) ‘ f—¢, the expression hy(z) from (10), we obtain

Opn dC O dén

Cn 17
ot Oy — (&) b (17)
Opn _ O
where Z5r = 57 f—¢,
Similarly to the continuous spectrum, for the discrete spectrum, we obtain the equality

8 x X

4 1 . 1 .

atn — Ay, = C—n / @ZRgondaz hy, + —C—n / hZRgon dxr + E (c —f—fn) On,

—c0 —o0

which is an analog of equality (16) for the continuous spectrum. According to (17), the last equality
can be rewritten as
dﬁn

dt "ot
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1 [ . 1 /gﬁ .
= | = nRondx | Ay + | — hRnd:U—l——c—i—n Cnn.
Cn/so © c @ 2€n( &n) VY

—0o0 —00

Using asymptotics (11) and passing to the limit as x — oo in (18), we obtain

dc, i

e §n ( + &) C / hnRondz,

@ B _f_oooo PRy dx
dt Cna (&)

where a (gn) = _% ffooo ©n1 Pn2dz.
As a result, we have

dCn 14+ & +1/OO(G*h Yot + Ghatns) da: | C.
dt ¢ 2%, . nl1¥nl n2¥n2) AT n,s

den i [T (Greny + Gony)da
dt 4 7 pnienada

n=1,2,..,N.

Lemma 2 is proved.

(18)

Based on the conditions given for the function A (¢) in formula (2) and equalities (9), the right-hand

side in equation (1) can be rewritten as

2N N
Z ((I)il - ‘I’Z%) =2 Z (‘Pil - ﬂ%) :
b=l k=1

Imé&, >0

Let us apply the results of Lemma 2 to the system of equations (1) assuming

N
G=2 ) (2 -93).
k=1,
Imé&, >0

For &k, k # n, according to Lemma 1, we have the following equality:

1 1 d

((1)21 - (I);’;%) (hn1¢n1 + hn2¢n2) 2Z(£k + gn

—((Pr1hn1 + Prohn2) X

d

X (Pr1¥n1 + Prothn2)) + — ((Prihn2 — Prohin1) (Pr1¥n2 — Protn1))),

1
gk - gn
hence

/ (‘I’% - Z%) (hn1¥n1 + hn2tbn2) dx = 0.

If & = &,, then

_ 14
4i&, dx
X ((I)nlwnl + (I):;Qwrﬂ)) + (I>n1q>;k12 (wnlhnﬂ - wn2hn1) )

((1)7211 - n2) ( nlwnl + hn2wn2) ((q)nlhnl + @ZthQ)X
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therefore, taking into account (2) and (12), we obtain

/ (@2, — @73) (hn1¥n1 + hpotne) do = / 1 5 W {t, b} d =

—0o0

1 > .
- c/ By B W { o b} d = — Ay, (£)

Additionally, according to Lemma 2, we have

ac, . c? A,

Similarly, it can be shown that

[ @+ Gz =,
[ G+ eds =0,
thus, we find
ort 4
ot € (@+&rt, (ImE=0),
dsn,
@

Accordingly, we have proved the following theorem:

Theorem 1. If the set of functions {u (z,t), p(x,t), Pk (z,t), k=1,2,..., N} is a solution to the

problem (1)-(3) in the class of functions (4), then the scattering data of the system of equations (5)
with potential u (x,t) changes on ¢ as follows:

.
= @O (me=0),

= 1 P n - L “ny
o 7 ( + §n> C € C

a6,
dt

The results allows us to apply the inverse scattering problem method to solve the Cauchy problem
of the system of equations (1).

=0,n=1,2,..,N.

Consider the following example. Let the system of equations (1) be considered under the initial
condition

2

Ul_g=——,
=0 ch2x
which implies that the initial scattering data will be as follows

rt (67 O) =0, 51 (0) =1, (0) = 2i.

According to the main theorem, we have

rt = =i Coiexpd i+ ) t— [ AL (r)dr
&t)=0,&6 () =14, Ci(t)=2 p{(+ )t /OAl()d},
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from which, solving the inverse scattering problem, we obtain

2exp{-z—y—it+(t)}
Ky ) = A e 2 (0]

Applying the relation between potential and kernel u (z) = —2K (z, x) yields that

_ 2exp{-—it}
w0 = e = )
W () 2 (A1(t) — @) 2

~ch® (20—~ (1)

and consequently, using the integral representation of Levin for the vector function ¢ (x, &), we find

_exp{—it}
Y11 (z,t) = %h (22 = (1)’

bra (,) = eXp{Q“’”} + exp {;}th (2 — (1)) .

Since, @11 (x) = dip11, P12 (x) = dipr2, d* = 4iAjexp {it + v(t)} and from the normalization condi-
tion (2), we get

B iAL(D) it — ~(t)
o= s )

D1y = 24/iA;(t) exp {—x + zt+2'y(t)} (I+th 2z —~())),
where v (t) = ¢t — fg Aq(T)dT.

Conclusion

This paper studies the integrability of the nNLSE with a self-consistent source using the inverse
scattering transform (IST). The problem statement is presented in Section 1. Section 2 reviews the
scattering theory for the Dirac system, including the definition of the scattering data and the IST
technique. In Section 3, we obtain the evolution of scattering data for the system with a potential that
is a solution to the considered Cauchy problem for the nNLSE with a simple self-consistent source.
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This article deals with the problems of model-theoretic characterization of J-superstable Jonsson theories.
The characteristic features of such theories are analyzed in terms of J-stability, J-P-superstability, and
J-nonmultidimensionality. The need to generalize classical stability notions to the framework of Jonsson
theories is identified and justified. The concepts of J-stationary and J-orthogonal types are introduced, and
their role in describing the dimensional structure of existentially closed models is examined. It is shown
that every JFy-saturated model embeds as a submodel of the semantic model of a Jonsson theory T.
Based on the notion of J-stationarity, a theory of independence for existential types is developed, and
the notions of J-basis and J-dimension are defined. The equivalence between J-nonmultidimensionality,
J-P-superstability, and J-P-stability is established, providing precise criteria for the model-theoretic classi-
fication of Jonsson theories. The results contribute to the refinement of model-theoretic tools for analyzing
stability and dimensionality within the framework of Jonsson theories and place these findings in the
broader context of modern classification theory, highlighting Jonsson theories as a natural generalization of
elementary theories. These results clarify the interaction between saturation, independence, and dimension-
ality in Jonsson theories and provide a unified framework for further developments in their model-theoretic
classification.

Keywords: Jonsson theory, semantic model, perfect Jonsson theory, hereditary Jonsson theory, permissible
enrichment, J-A-stable theory, J-superstable theory, J-P-superstable theory, J-orthogonal type, J-non-
multidimensional theory.

2020 Mathematics Subject Classification: 03C45, 03C52, 03C65.

Introduction

Model-theoretic stability is a central topic in contemporary mathematical logic and model theory.
In particular, the notions of stability and superstability play a crucial role in the classification of
theories and the analysis of their model structures. Among the various developments in this field,
Jonsson theories, which are characterized by the existence of infinite models preserving homogeneity
with respect to subsets of a fixed cardinality, have attracted significant attention.

The relationship between the properties of a complete theory T and those of the theory of elemen-
tary pairs Tp was first studied by B. Poizat 1], who formulated the problem of determining under
what conditions the theory of elementary pairs is complete. This line of research was later extended by
E. Bouscaren [2| and others. Bouscaren demonstrated that the completeness of the theory of elemen-
tary pairs depends on the nature of the underlying stable theory, providing necessary and sufficient
conditions for both the stable and the superstable cases.

In 1990, in the Proceedings of the Soviet-French Colloquium on Model Theory, A. Nurtazin
solved this problem for uncountably categorical theories, and T. Mustafin introduced the concept of
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of Kazakhstan (Grant No. AP22686827 “The central types of hereditary Jonsson theories”).
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T*-\-stability, studying its properties, including P-stability. E. Palyutin [3] proposed the notion of
E*-stability and proved the definability of types for such theories. In particular, in [4], a classification
of w-stable theories by P-stability was obtained. Further, A.R. Yeshkeyev showed the equivalence of
the conditions of P-stability and J-P-stability for 3-complete perfect Jonsson theories. In the paper
[4] authors investigated the concept of P-superstability with respect to the nonmultidimensionality
property. The study of J-P-stable theories was also continued in [5] and [6].

In recent years, the toolkit for studying Jonsson theories has expanded markedly. This development
is reflected in the diverse approaches of works [7—9], which emphasize foundational aspects; studies
[10-12], which examine generalizations and structural properties; and research [13], which explores
new applications and classification problems.

This article focuses on J-superstable Jonsson theories, in which the notions of J-stability and its
variants, such as J-P-superstability and J-nonmultidimensionality, play roles analogous to the classical
stability properties. The relevance of this study lies in the need to extend classical stability methods
to broader classes of theories, including Jonsson structures, and to clarify the relationships between
different forms of J-stability and the inheritance of structural properties within a theory.

The main objective of this work is to analyze the model-theoretic properties of J-superstable
theories, formulate classification criteria, and investigate the structural and dimensional behavior of
their models. Special attention is given to the introduction of J-stationary and J-orthogonal types,
which provide a refined understanding of model structure and allow the identification of essential
patterns of property inheritance.

Through this study, we establish the equivalence of J-nonmultidimensionality, J-P-superstability,
and J-P-stability, and show that every .J-P-superstable perfect Jonsson theory preserves its funda-
mental structural properties under admissible extensions. These results enhance the model-theoretic
tools available for analyzing stability and dimensionality in the context of Jonsson theories and lay the
groundwork for further research in generalized stability theory.

1 Preliminaries on Jonsson Theory

The first section discusses the basic concepts and fundamental results related to Jonsson theories,
providing an overview of their model-theoretic foundations, key definitions, and the main developments
that have shaped their study within the broader context of stability theory.

Definition 1. |14, p. 80| A theory T is called a Jonsson theory if the following conditions are satisfied:

1. The theory T has at least one infinite model.

2. T is inductive, that is, it is equivalent to a set of sentences of the form V3.

3. T has the joint embedding property (JEP), meaning that for any two models A, B |= T, there
exists a model C' =T into which both A and B can be embedded isomorphically.

4. T has the amalgamation property (AP): for any models A, By, Bo = T and isomorphic embed-
dings f1: A — Bj and fa: A — Bs, there exists a model C' |= T together with isomorphic
embeddings ¢g1: By — C and go: By — C such that g1 f1 = g2 fo.

It is worth noting that Jonsson theories naturally appear in various classical areas of algebra and
model theory. In particular, typical examples of Jonsson theories include:
e the theory of groups;
the theory of abelian groups;
the theory of fields of fixed characteristic;
the theory of Boolean algebras;
the theory of polygons over a fixed monoid;
the theory of modules over a fixed ring;
the theory of linearly ordered sets.
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Hence, Jonsson theories encompass a broad class of algebraic and logical structures characterized by
strong embedding and amalgamation properties, making them a significant object of study in modern
model theory.

Further, let us consider in more detail the semantic and syntactic invariants associated with Jonsson
theory. These invariants play a fundamental role in understanding the structural properties and model-
theoretic behavior of Jonsson theories.

Definition 2. [15] A model Cr of a Jonsson theory T' such that |Cr| = 2¢ is called a semantic
model, if it is w'-homogeneous-universal.

Definition 3. [15] The center of a Jonsson theory T' is the elementary theory of its semantic model
Cr, denoted by T*, where T* = Th(Cr) is a complete theory.

Further, we note that a Jonsson theory may exhibit an additional property called perfection, which
is related to the saturation of its semantic model.

Definition 4. [15] A Jonsson theory T is said to be perfect, if Cr is wT-saturated.

In Jonsson theory, the notion of perfection is closely tied to the class of existentially closed models.
Such models play a key role in understanding the realizability of existential statements within larger mo-
dels of the theory, providing a natural link between semantic completeness and structural homogeneity.

Definition 5. [14, p.97] A model A of a theory T is said to be existentially closed in T if for
every model B and every existential formula ¢(z) with parameters from A, whenever A C B and
B E 3z p(z), we also have A F Jz ().

Denote by E7 the class of all existentially closed models of the Jonsson theory T

Theorem 1. If T' is a perfect Jonsson theory, then Er = Mod T™.

In the study of Jonsson theories, the behavior of types over small subsets of existentially closed
models plays a crucial role in understanding the theory stability properties. To capture this behavior,
the notions of J-A-stability, J-stability, and J-superstability are introduced, which formalize the control
over the number of J-types realized over subsets of a given size.

Let T be a Jonsson theory, S7(X) be a set of all existential complete n-types over X, consistent
with T, for each finite n.

Definition 6. (A.R. Yeshkeyev) A Jonsson theory T is called J-A-stable if for any existentially
closed model A and any its subset X: |X| < X = [S7(X)| < \.

We say that a Jonsson theory T is J-stable if it is J-A-stable for some cardinal A.

Definition 7. We say that a Jonsson theory T is J-superstable if it is J-A-stable for some cardinal
Aand \ > 2%,

Let us consider the theorem that connects the Jonsson stability and the classical stability, which
is an important property for Jonsson theories.

Theorem 2. (A.R. Yeshkeyev) Let T' be a perfect 3-complete (complete for existential sentences)
Jonsson theory, A > w. Then the following conditions are equivalent:
1) T is J-A-stable;

2) T* is A-stable (in classical sense), where T is the center of T'.

Let T be an arbitrary Jonsson theory of a signature o, and let Cp be its semantic model. Let
A C Cp, and let P be a new unary predicate symbol.
Consider the (generally incomplete) theory in the signature op(A) = 04 U {P}, defined as follows:

T3 (A) = Thys(Cr, a)aca U{P(cq) | a € A} U{*P C "},

where
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e Thy3(Cr,a)eeca is the set of all universal-existential sentences true in the structure (C,a)qe4;

o {P(cq) | a € A} asserts that all elements of A are included in the interpretation of the predicate
P;

e {“P C 7} is an infinite set of sentences expressing that the interpretation of P is an existentially
closed submodel in the signature o.

Remark. The requirement of existential closedness of the submodel is essential in the sense that
the submodel must not be finite.

Let S’]‘)J(A) denote the set of all 3-completions of the theory T3 (A).
Let A be an arbitrary cardinal.

Definition 8. (A.R. Yeshkeyev) A Jonsson theory T is said to be Jonsson P-A-stable (or, briefly,
J-P-\-stable) if for every set A of cardinality at most A, the following holds:

[SB(A)] < A

Definition 9. (A.R. Yeshkeyev) A Jonsson theory T is said to be Jonsson P-stable (or simply
J-P-stable) if T is J-P-A-stable for some cardinal \.

Definition 10. A Jonsson theory T is said to be Jonsson P-superstable (or simply J-P-superstable)
if there exists a cardinal Ay such that for all A > A, the theory T' is J-P-A-stable.

That is, for all A > A\g and for every set A C Cp with |A] < A, the number of existential types with
predicate P over A satisfies [S%(A)| < A

Definition 11. A Jonsson theory T is called Jonsson P-unstable (or simply J-P-unstable) if it is
not J-P-)A-stable for any cardinal .

The following theorem establishes a connection between the P-A-stability studied in [4] and
J-P-)-stability in the context of a perfect 3-complete Jonsson theory. It is fair to say that, thanks to
this theorem, attributed to the first author, a number of significant results have been obtained within
the framework of Jonsson theories.

Theorem 3. (A.R. Yeshkeyev) Let T be a perfect 3-complete Jonsson theory. Then the following
conditions are equivalent:

1) the center of the theory T"is P-A-stable (in the sense of [4]),

2) the theory T is J-P-A-stable.

Definition 12. (A.R. Yeshkeyev) Let K be a class of L-structures. The following set JSp(K) of
Jonsson theories is called a Jonsson spectrum of the class K:

JSp(K) ={T | T is a Jonsson theory and A |= T for any A € K}.

Definition 13. (T.G. Mustafin) Let T} and T3 be Jonsson theories, C, and Cp, be their seman-
tic models, correspondingly. Then T} and T5 are called cosemantic (77 > T3) Jonsson theories, if
Cr, = Crp,.

It is easy to see that the cosemanticness is an equivalence relation.

Let L be a first-order language, and let T" be a Jonsson theory formulated in L. Assume that
K C Ep. We now consider the Jonsson spectrum JSp(K) and define on it a relation of cosemantic
equivalence, denoted by ><. Factoring JSp(K) by this relation yields the quotient set JSp(K) .

Denote by [T] the cosemantic class of a theory T, where T' € JSp(K). The class [T] consists of
all Jonsson theories that are cosemantically equivalent to T'. For every theory A € [T], we associate
a corresponding semantic model C'a. By the definition of the cosemantic class, these models coincide
with the semantic model Cr of some fixed representative 7' € [T']. Thus, the entire class [T'] shares a
single common semantic model, which we denote by Cjz) = Cr.
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Consider now the elementary theory of this model. We refer to it as the center of the Jonsson class
[T] and denote it by
[T1" = Th(Cpry)-

This center is identical to the centers of all individual theories A € [T, that is,
[T]" =Th(Ca) forall A € [T].

Furthermore, let

By = U Ea
A€[T)

be the collection of all existentially closed models corresponding to the theories in [T]. Observe that
the intersection

m EA#®7

A€[T)

since at least the model C|7y is contained in every Ea.

Consequently, all theories belonging to the class [T] possess a shared semantic model and the same
center. This provides a coherent structural framework for analyzing Jonsson theories and their models
within a unified semantic context.

2 On the classification and structural properties of J-superstable theories

In the study of the model-theoretic properties of Jonsson theories, it is essential to introduce
analogues of classical notions such as stationarity, independence, and orthogonality, but formulated in
terms of existential types. These concepts play a central role in the classification theory of Jonsson
structures and in the analysis of their dimensions.

Let us look at the following definitions, where “.J-forks over A” is used in the meaning of
Theorem 2.1.2 from [15].

Definition 14. [6] Let p be a complete I-type over A, where A is a Jonsson subset of Cp. Then p
is called J-stationary over A if:
1) p does not J-fork over A;
2) p has a unique consistent extension that does not J-fork over A.

Definition 15. Let p(z) and ¢(y) be 3-types over M, where M is a Jonsson subset of C7. p and ¢
are said to be J-perpendicular (p L q) if p(Z) U ¢(g) determines a complete 3-type over M.

Definition 16. 1. A non-algebraic type p € S7(A) is J-regular if for every subset B O A of C7 and
every r € S7(B) with p C r,
rJ-forks over A = p Lj 7.

2. A J-stationary type p is J-regular if its stationarization over Dom(p) is J-regular.

Before we formally define JF\'-saturation, let us clarify the intuition behind it. In stable theories,
not all types need to be realized; it suffices to realize those types that are almost over small sets.

In this context, “almost over A” means that there exists Ag C A with |Ap| < A such that p does
not J-fork over Ay.

Definition 17. An existensional closed model M is called JFY'-saturated if for every subset A C M
with |A] < A and every 3-type p(z) € SJ(A) that is almost over A, there exists an element a € M
that realizes the 3-type p, i.e., a satisfies all formulas in p.

J F{-saturated models are submodels of the semantic model of the Jonsson theory 7.
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The notion of J-stationarity allows us to define a structural measure of independence for existential
types in Jonsson theories. This leads naturally to the concept of a .J-basis and the corresponding notion
of dimension.

Definition 18. Let I be a set of tuples and A a set of parameters. We say that I is J-independent
over A if for every b € I,

tp(b/A U (I\ {b})) does not J-fork over A.

Definition 19. Let T be a Jonsson theory, M be an existentially closed model of T, A C M, and
let p € S7(A). A set I C M is called a J-basis for p in M if
1) every element of I realizes p in M;
2) I is J-independent over A;
3) I is maximal with these properties.
The dimension of p in M is defined by

dim](pa M) = |I|)

where [ is any J-basis for p in M.

Definition 20. 6] 1. Let p(Z1), q(Z2) be complete I-types over A, where A is a Jonsson subset of
Crp. Then p is said to be J-weakly orthogonal to ¢ if and only if p(Z1) U ¢(Z2) is a complete I-type
over A.

2. Let pi1, pa be either 3-complete or J-stationary types. Then p; is J-orthogonal to po if for
any set A such that Dom(p;) U Dom(ps) C A, where A is the universe of an 3;-saturated model, and
for any J-non-forking extensions g1, g2 of p1, pa over A respectively, the types ¢; and ¢y are weakly
J-orthogonal.

The orthogonality of existential types allows us to describe the multidimensional structure of
Jonsson theories. The following definition formalizes the notion of multidimensionality within the
framework of Jonsson theories.

Definition 21. [6] Let A be a Jonsson subset of the semantic model Cr, where T is a Jonsson theory.
An J-complete type p is said to be J-multidimensional if it is J-orthogonal to any complete 3-type
over A. If T has a J-multidimensional type, then T is called a J-multidimensional theory. Otherwise,
T is called a J-nonmultidimensional theory, or a theory of J-restricted dimension.

The following theorem was obtained in [6]:

Theorem 4. Let T be a perfect, J-A-stable, 3-complete Jonsson theory:
1) the theory T* is nonmultidimensional (in the classical sense);
2) the theory T' is J-nonmultidimensional.
Since we rely on Lemmas 2 and 3 from [4] and for them the lemmas that we will consider to prove
our main theorem are satisfied.

Lemma 1. Let T be a perfect, hereditary 3-complete Jonsson theory, K C Ep, [A] € JSp(K) /s,
[A]* = Th(C|a)) be its center. Let M, Ny, N2 € Mod([A]*) with A C Cja) and N1, N2 <3, Cla),
M <3, N1, M <3, Na, where the models M, Ny, Ny are JFS-saturated. Let {p; | i € I} be a maximal
set of pairwise orthogonal .J-regular types from S7(M). Define Jg C I by

JS:{iEI|dimJ(pi7NS)<w}7 S:1a2a

and assume J; = Jy. If for every i € J = J; = Jy we have dim ;(p;, N1) = dims(p;, N2), then the pairs
of models
(NbM) =3 (N27M)

in the signature op(A).
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Proof. Since {p; | i € I} is a maximal set of orthogonal J-regular types over M and Ny, Ny are
JF$-saturated, we can write
Ns=Mao@Px®, s=12,
i€l
where Xi(s) denotes the set of realizations of p; in Ng, and dim;(p;, Ng) = \XZ.(S)|.
For ¢ € J, the sets Xi(l) and Xi(Q) have the same finite cardinality. For i € I\ J, both XZ-(S) are

infinite by saturation, so their finite partial substructures can always be matched.
Define f : M — M as the identity. For each i € J, choose a bijection

£ xW o x®)

For i € I'\ J, by JF%-saturation, any finite subset of Xi(l) can be matched with a corresponding finite

subset of X Z.(Q) )

Since the types p; are pairwise orthogonal, the realizations of different p; are independent. There-
(%)

fore, the partial isomorphisms on each X,/ can be combined with the identity on M to form a partial
F-isomorphism from N to No over M.

Hence, for any 3-formula 3% ¢(z,m) with parameters m C M, we have
Ni E 3z p(z,m) <= N =379(Z,m),
which proves (N1, M) =3, (N2, M) in op(A). O

Lemma 2. Let T be a perfect, hereditary 3-complete Jonsson theory, K C Ep, [A] € JSp(K) /s,
[A]* = Th(C|a)) be its center. Let My, Ma, N1, N2 € Mod([A]*) with A C My N M and Ny, N2 <3,
Cia), My <3, N1, My <3, No. Then there exist JFg-saturated models M, Ny, Nj satisfying:

1) AC M,
2) M <3, Ny and M <3, NJ;
3) (N1, My) =3 (N7, M) and (Na, Ma) =3, (N4, M) in the signature op(A).

Proof. Let M be any JFS-saturated model containing A and existentially embedding both M; and
MS> in the sense that
Ml -<31 M; MQ '<31 M

Such a model exists by standard chain arguments for Jonsson theories and saturation: take an in-
creasing chain of countable extensions starting from A that embeds M; and M, and then take a
JFS-saturated elementary extension.

Consider Nj to be a JFS-saturated model such that

Ny <3, Nf and M C Nj.

Similarly, let NJ be a JES-saturated model extending No with M C NJ. By the properties of Jonsson
theories and JFJ-saturation, these extensions can be chosen so that

(Nle) =3, (NLM% (N27M2) =3 (Né7M)

in the signature op(A).
1. By construction, A C M.
2. M <3, N{ and M <3, N hold since N{ and Nj are built as saturated extensions containing M.
3. The existential equivalences follow from the JF -saturation and the fact that M; <3, Ny,
My <3, N2. Any existential statement over M true in N or N} can be mirrored in Ny or Ny
via embeddings extending M; and Ms.
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Hence, the models M, Ni, N} satisfy all required properties. O

We now turn to our main result. This result generalizes Theorem 1 of [4] in the context of the
Jonsson spectrum of class K.

Since K is a subclass of Ep, the Kaiser hull of any model in K is a Jonsson theory. Let A be one
of them.

Theorem 5. Let T be a perfect, hereditary 3-complete, J-superstable Jonsson theory, K C Erp,
[A] € JSP(K) /s, [A]* be its center. Then the following conditions are equivalent:
(a) [A] is J-nonmultidimensional,
(b) [A] is J-P-superstable;
(c) [A] is J-P-stable.

Proof. 1t is obvious that (b) implies (c). We shall show that (a) implies (b), and that (c) implies (a).

In the proof of (a) = (b):

A class [A] of Jonsson theories is J-nonmultidimensional if every theory in the class is J-nonmulti-
dimensional. Let A a be J-nonmultidimensional theory. By Theorem 4, it follows that A* is a
nonmultidimensional theory.

Nonmultidimensionality implies that all regular types are related, meaning that the behavior of
models can be described in terms of only one dimension.

From nonmultidimensionality it follows that all regular types are connected, that is, the behavior
of models can be described via a single dimension.

Lemma 1 states: if the dimensions coincide, then the models are logically indistinguishable in the
signature op.

Therefore, the set of possible pairs (N, M) is bounded, and hence the A* is P superstable.

Before doing so, let us prove the following auxiliary statement.

Lemma 2 is needed to estimate the number of extensions or models, that is, to turn the qualitative
result of Lemma 1 (extensions with the same types are equivalent) into a quantitative estimate of the
number of such extensions. It is used to control cardinalities and for the subsequent derivation of
superstability or bounds on the number of types.

Here we have shown that if A* is nonmultidimensional, then A* is P-superstable. We now need to
show that A is J-P-superstable.

By Theorem 3 stability properties of A* and A are preserved under this correspondence.

Assume that A* is P-superstable. Then there exists a cardinal Ay such that A* is P-A-stable for all
A > Ao. By the equivalence above, A is J-P-A-stable for all such A. Hence, every A is J-P-superstable.
Then [A] is J-P-superstable.

Combining Lemmas 1 and 2, we complete the proof of Theorem 5 in the direction (a) = (b).

(c) = (a) Assume [A] is J-P-stable.

Suppose, towards a contradiction, that [A] is multidimensional. Then there exist two J-orthogonal
regular types p and gq.

Orthogonal types generate uncontrolled growth in the number of possible types over substructures
(any combination of realizations of p and ¢ is possible).

This contradicts J-P-stability, which requires the number of J-types to be bounded.

Hence, [A] must be J-nonmultidimensional.

We have established the chain of implications:

(a) = (b) = (¢) = (a),

and therefore all three properties are equivalent. O
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Conclusion

In this article, we studied the properties of Jonsson theories with additional predicates, focus-
ing on J-stability and J-superstability. We established conditions under which models exhibit these
properties and provided a systematic construction of T;.! (A), which preserves existential completeness
while extending models with new predicates. The results generalize earlier work on superstable theo-
ries and offer a broader perspective on stability in models with added structure. The introduction of
J-P-stability and the analysis of types in Jonsson structures with predicates represent a novel contri-
bution to model theory and provide a foundation for further research in combinatorial and algebraic
model theory. Future work may explore multidimensional types, their interactions with additional
predicates, and extensions to more general classes of theories. Overall, this study deepens the under-
standing of the structure and classification of models in Jonsson theories, highlighting both theoretical
significance and potential applications.
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ANNIVERSARIES

Professor Bokayev’s Mathematical Olymp: Celebrating
the Scholar’s 70th Anniversary

The academic community of Kazakhstan honors Nurzhan Adilkhanovich Bokayev, Doctor
of Physical and Mathematical Sciences and Professor of the Department of Fundamental Mathematics
at L.N. Gumilyov Eurasian National University for his distinguished contributions to the field. His
70th anniversary is a celebration not only for his colleagues and students, but also for the entire
mathematical community of our country.

From an early age, having demonstrated remarkable abilities in the exact sciences, Nurzhan
Adilkhanovich entered Karaganda State University named after academician Ye.A. Buketov. His years
of study (1972-1977) became a time of rapid intellectual growth. For exceptional achievements and
devotion to science, Nurzhan Bokayev was awarded the highest distinction of that era — the Lenin
Scholarship. This prestigious status was a natural result of his diligence and opened the way to the
principal scientific center of a vast country — Lomonosov Moscow State University.

Moscow State University and Menshov school provided Nurzhan Adilkhanovich with a world-
class academic foundation. His initial inspiration, passion for function theory, and his introduction to
research came from his Karaganda mentor — Doctor of Physical and Mathematical Sciences, Professor
Esmukhanbet Saidakhametovich Smailov. It was under Professor Smailov’s attentive guidance that
student Bokayev began his first serious research. Esmukhanbet Saidakhametovich, a renowned specialist
in the theory of embeddings of functional spaces and approximation theory, recognized in the young
man a rare analytical talent. The “Teacher—Student” bond between Smailov and Bokayev grew into
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many years of fruitful collaboration. Their joint works on functional spaces and multiple Fourier series
laid the foundation for what is now known as the Karaganda school of mathematical analysis. It is
widely believed that Esmukhanbet Saidakhametovich played a decisive role in directing Bokayev — an
outstanding graduate and Lenin Scholarship recipient — toward postgraduate study at Moscow State
University under V.A. Skvortsov. He understood that talent of such magnitude must be shaped by a
world-class school, in order to return and advance science in Kazakhstan.

Bokayev’s formation as a researcher of international stature is inseparably linked with the Faculty
of Mechanics and Mathematics of Lomonosov Moscow State University. There he became a direct
successor to the great Moscow school of function theory. His academic advisor was the eminent
mathematician, Professor Valentin Anatolyevich Skvortsov. Through his mentor, Nurzhan
Adilkhanovich became the scholarly “grandson” of the legendary Dmitry Yevgenyevich Menshov, one
of the founders of the Soviet school of function theory. This unique continuity of generations enabled
the honoree to master the most complex areas of analysis — fields he continues to develop today.

Professor Bokayev’s research is a synthesis of classical rigor and modern perspective. He has
made a significant contribution to the study of the uniqueness of function expansions in multiple
orthogonal series. Nurzhan Adilkhanovich masterfully adapted classical methods of function theory to
contemporary problems of signal processing in functional spaces.

After Moscow State University, his professional journey continued within the walls of his alma mater
— Karaganda State University named after academician Ye.A. Buketov. Returning to KarSU named
after academician Ye.A. Buketov, he advanced from assistant lecturer to associate professor and then
full professor. It was there that he began to introduce the high standards of the Moscow mathematical
school, teaching courses in mathematical analysis and specialized courses in function theory. In different
years, Nurzhan Adilkhanovich held important administrative positions, including Dean of the Faculty
of Mathematics at Karaganda State University named after academician Ye.A. Buketov and editor
of the journal “Bulletin of the Karaganda University. Mathematics Series”. Under his leadership, the
faculty strengthened its standing as one of the leading centers for training mathematicians in the region.
During this period, he actively supervised his first postgraduate students, laying the groundwork for the
constellation of disciples who today represent Kazakhstan’s mathematical science. At present, Nurzhan
Adilkhanovich is a member of the editorial board of the journal “Bulletin of the Karaganda University.
Mathematics Series” and continues to take an active part in the scientific life of his home university.

His work in Karaganda became a period of building the powerful scientific potential that later led
to the defense of his doctoral dissertation and his move to L.N. Gumilyov Eurasian National University
in the capital.

Today, working at ENU, Professor Bokayev remains a benchmark of academic ethics. A two-time
recipient of the state grant “Best University Teacher,” he has educated dozens of students who now
work successfully in science and education.

Colleagues value him for his encyclopedic knowledge, and students — for clarity of thought and the
ability to inspire a love for the beauty of mathematical logic. For him, mathematics has never been
merely a profession, but a calling to which he has remained faithful for half a century.

We congratulate Nurzhan Adilkhanovich on his anniversary! We wish him robust health,
inexhaustible inspiration for new achievements, and many years of fruitful work for the benefit
of Kazakhstan’s science.

The staff of the Faculty of Mathematics and Information Technologies

of the Karaganda National Research University Academician named after Ye.A. Buketov
and the editorial board of the journal

“Bulletin of the Karaganda University. Mathematics Series”
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