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Reversed Weighted Hardy-type Inequalities with Negative Indices

K.R. Abdo

University of Technology and Applied Sciences, Al Rustaq, Sultanate of Oman;
Fayoum University, Fayoum, Egypt

(E-mail: khadija.abdo@utas.edu.om, kra00@fayoum.edu.eg)

This research paper presents a comprehensive investigation of novel Hardy-type dynamic inequalities that
incorporate two independent weight functions, denoted as u and v. A distinctive feature of this work is its
focus on time scales calculus with negative parameters, a generalization that unifies and extends discrete and
continuous analysis. The basic methodology involves the application of the reverse Hölder’s inequality and
the Minkowski integral inequality to rigorously deduce all essential results. To illustrate the adaptability
of our results, we provide explicit examples of the corresponding discrete and integral analogues for various
time scales: when T = N (the natural numbers, indicating discrete sequences), T = lN0 for l > 1 (a quantum
time scale), and T = R (the real numbers, signifying the classical continuous case). This paper situates its
findings within a wider mathematical framework by demonstrating how they contain and extend certain
cases of reverse Hardy-type dynamic inequalities previously formulated by distinguished scholars including
Prokhorov, Kufner, Yang, Nguyen, and Benaissa. Consequently, this work presents a cohesive framework
that broadens the theoretical terrain of Hardy-type inequalities.

Keywords: time scales, dynamic inequalities, reverse Hardy inequality, negative exponents, delta differen-
tiation, Keller’s rule, reverse time scale Hölder’s inequality, integral time scale Minkowski’s inequality.

2020 Mathematics Subject Classification: 26D10, 26D15, 39A12, 34N05, 47A30.

Introduction

In a pivotal paper of Hardy [1], he demonstrated the discrete classical inequality

∞∑
n=1

(
1

n

n∑
k=1

b
1
r (k)

)r

≤
(

r

r− 1

)r ∞∑
n=1

b(n), r > 1,

that provides an essential implementation for double series of Hilbert’s inequality, a widely recognized
concept at this time, where b(n) ≥ 0 for n ≥ 1. Moreover, he [2] discovered the corresponding inequality
which affirms that, for p > 1 and h(x) is an integrable positive function that belongs to the weighted
space Lp (R+) , the inequality

‖Hh‖Lp(R+) ≤
p

p− 1
‖h‖Lp(R+) (1)

Received: 5 January 2025; Accepted: 24 November 2025.
c© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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K.R. Abdo

holds, where Hh(x) = 1
x

∫ x
a
h (t) dt and ‖h‖Lp(R+) =

(∫∞
a

hp (x) dx
)1/p

, with a > 0 where the constant

factor
(

p
p−1

)p
is sharp one. Extending inequality (1) over the past few decades has led to the following

generic mixed norm inequality

‖Sh‖Lq
u [a,b) ≤ C ‖h‖Lp

v[a,b) , where Sh (x) =

∫ x

a

h(t)∆t, (2)

that holds with h ∈ Lp
v[a, b) and Sh ∈ Lqu[a, b), where the norm of h is defined as

‖h‖Lp
v[a,b) =

(∫ b

a

hp(x)v(x)dx

)1/p

,

for any given positive measurable weights u and v, defined on the open interval (a, b) and 1 < p ≤ q <∞,
for all values of −∞ ≤ a < b ≤ ∞. A large body of literature has addressed new generalizations and
extensions of the Hardy inequality (2); the interested reader is referred to the relevant papers [3–5]
and books [6–8]. Beesack et al. in [9] considered inequality (2), they obtained the sufficient condition
for exponents p and q that are less than one, where p 6= 0, q 6= 0, then for positive weights u and v

defined on (a, b), they concluded Hardy reverse inequality that has the form

(∫ b

a

(v (x) h (x))p dx

) 1
p

≤ C

(∫ b

a

(
u (x)

∫ x

a

h (t) dt

)q
dx

) 1
q

, (3)

that is valid if and only if

inf
s>0

(∫ s

a

uq (x) dx

) 1
q
(∫ s

a

v−p
′
(x) dx

) 1
p′

= B1 <∞,
1

p′
+

1

p
= 1,

where s > 0. Moreover, they deduced the dual reverse integral Hardy inequality

(∫ b

a

(v (x) h (x))p dx

) 1
p

≤ C

(∫ b

a

(
u (x)

∫ b

x
h (t) dt

)q
dx

) 1
q

, (4)

which also asserts if and solely if inf
s>0

(∫ b
s uq (x) dx

) 1
q
(∫ b

s v−p
′
(x) dx

) 1
p′

= B2 <∞.
The authors in [10], expanded the reverse Hardy inequalities (3) and (4) with kernels. In specific,

they showed that for the non-increasing K(x, y) with q ≤ p < 0, the resulting inequality

‖h‖Lp
v[0,∞) ≤ C ‖Sh‖Lq

u [0,∞) , where Sh =

(∫ x

0
K(x, y)h (y) dy

)q
, (5)

that for every h ∈ Lp
v[0,∞), Sh ∈ Lqu[0,∞) where ‖h‖Lp

v[0,∞) =
(∫∞

0 hp(x)v(x)dx
)1/p

, then the inequa-

lity (5) holds if and only if inf
s
J1(s) = B3 > 0, where J1(s) =

(∫ s
0 v1−p′ (x)Kp′(x, y)dx

) 1
p′ (∫ s

0 u (x) dx
) 1

q

is not decreasing and the constant C satisfies the condition that 1/C ≥ (p′)1/p′ (−p)1/q B3. On the
other hand, they deduced the dual reverse integral Hardy inequality(∫ ∞

0
v (x)hp (x) dx

) 1
p

≤ C

(∫ ∞
0

u (x)

(∫ ∞
x

K(y, x)h (y) dy

)q
dx

) 1
q

,
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Reversed Weighted Hardy-type Inequalities ...

which also holds for the non-decreasing K(x, y) if and only if inf
s
J2(s) = B4 > 0, where

J2(s) =
(∫ b

s v−p
′
(x) dx

) 1
p′
(∫ b

s uq (x) dx
) 1

q is non-increasing andC here satisfies 1/C ≥ (p′)1/p′ (−p)1/q B4.

Since the previous inequalities were discovered, various papers have been published in the litera-
ture that dealt with contemporary proofs, generalizations, and extensions. Now, we review some of
these results that can stimulate and clarify the content of this paper. Prokhorov in [11] focused on
generalizing inequality (3) to the range of −∞ < q ≤ p < 0 which has the form(∫ b

a

hp (x) dx

) 1
p

≤ C

(∫ b

a

u (x)

(∫ x

a

v (t) h (t) dt

)q
dx

) 1
q

,

and it holds for the condition that sup
a<t<b

(∫ x
a
vp
′
(t) dt

)−1
p′ (∫ x

a
uq (t) dt

)−1
q = B5 < ∞, for the lowest

suitable constant C, likewise he generated the dual case. Through involving a constraint that q/p ≥ 1,
Kufner et al. [12] extended inequality (3) to get the best possible estimation that makes the next
inequality (∫ b

a

v (x) hp (x) dx

) 1
p

≤ C

(∫ b

a

u (x)

(∫ x

a

h (t) dt

)q
dx

) 1
q

(6)

holds. They concluded that the best possible constant C for −∞ < q ≤ p < 0, is given by

B6 ≤ C < 2
− 1

q

(
p + s− 2

p− 1

) 1
p′

B6, s ∈ [p, 1),

where B6 = sup
a<x<b

(∫ x
a
V

p−s
p
q
(t)u(t)dt

)−1
q
V

1−s
p (x), they also deduced analogy inequality of (6). In our

paper, we will concentrate on the previous inequality (6) and its analogy.
Motivated by developments in the continuous setting, it is natural to investigate weighted discrete

Hardy inequalities with negative indices, as demonstrated by Nguyen et al. [13], they proved that the
following discrete inequality

∞∑
n=1

(
1

n

n∑
k=1

br(k)

) 1
r

≤ 21− 1
r

r

r − 1

∞∑
n=1

b (n) , r < −1

applies to any non-negative realistic convergent sequence {b (n)} that for all n ∈ N. Furthermore, the
author in [14] deduced that for the case that p and r are less than one where r is not equal to zero,
the inequality

N∑
n=1

an

(
1

An

n∑
i=1

aib
r(i)

)1/p

≤ A1−1/r
n

(
N∑
i=1

aiA
−r(i)

)1/r

×
N∑
n=1

(
1−

∑n−1
i=1 aiA

−r(i)∑N
i=1 aiA

−r(i)

)
bnan

holds for all N ∈ N, {bn} is a sequence that is not negative and {an} is a sequence of real positive
numbers.

Over the past few decades several authors [15–17] have focused on the development of inequality
(3) by expanding and generalizing the continuous Hardy’s inequality with negative indices, thereby
deriving corresponding discrete versions. Due to the significance of this inequality in harmonic analysis
and mathematics, we restrict our attention to the representative papers [18–20].

The time scale dynamic inequalities have recently attracted much attention [21–23], as they may
serve as examples of discrete and integral inequalities. Time scale calculus consists of three pri-
mary instances: differential calculus for T = R, difference calculus if T = N, and quantum calculus for

Mathematics Series. No. 1(121)/2026 7
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T =lN0 =
{
lt : t ∈ N0, l > 1

}
. For the convenience of the reader, we include here several time scale

inequalities that are closely related to Hardy-type inequalities. We refer the reader to the previous
references [24–26]. For example in [27] authors derived that the condition

sup
a<x<b

(∫ b

x
u (t) ∆t

)1/q
(∫ σ(x)

a

v1−p∗ (t) ∆t

)1/p∗

= B7 <∞, p∗ =
p

p− 1

is the necessary and sufficient for the generalized dynamic inequality

‖Rh‖Lq
u([a,b)T) ≤ C ‖h‖Lp

v([a,b)T) , Rh (x) =

∫ σ(x)

a

h(t)∆t, (7)

where 1 < p ≤ q <∞ and the constant C in (7) satisfied the estimation

B7 ≤ C ≤
(

1 +
q

p∗

)1/q (
1 +

p∗

q

)1/p∗

B7.

The natural follow-up question is: Is it possible to define new weight functions on an arbitrary
time scale T that satisfy Hardy-type inequalities with negative indices? The purpose of this paper is to
respond affirmatively to this inquiry. To be precise, I will extend inequality (6) and its analogue on time
scales, while explaining the associated validity condition in the case that −∞ < q ≤ p < 0 with the
additional requirement that q/p ≥ 1. Moreover, we will generate discrete and integral characterizations
employing these new characterizations. Our main results will be established using available tools on
time scales including reverse Hölder inequality and the integral Minkowski inequality, while developing
a novel approach. Following this introduction, Section 2 of the paper consists of a presentation of some
fundamental concepts of time scale calculus and auxiliary results that are essential for instituting all
main results. Ultimately, Section 3 concludes with some time scale variations of inequality (6). It is
worth mentio-ning here that, as an exception case stemmed from our results, for T = R, T = N and
T =lN0 , we will also discuss specific dynamic inequalities of Hardy-type that Prokhorov, Kufner, Yang,
Nguyen, and Benaissa have captured in their literature previously.

1 Preliminaries and Basic Lemmas

Here we provide a high-level overview of the principles within time scale theory. Furthermore,
we include supporting concepts that are required to validate our fundamental results.We recommend
consulting two monographs authored by Bohner and Peterson [28–30] for a comprehensive examination
of time scale calculus. To keep this work concise, we will just provide the core information that
is required to prove our results. The time scale T is a closed non-empty arbitrary subset of real
numbers R.

The operator σ : T → T that identified as σ(t) := inf{s ∈ T : s > t} is called the forward
jump operator and that for all t ∈ T. The graininess function µ is defined as µ(t) = σ(t) − t, where
µ : T→ [0,∞).

The mapping h : [a, b] → R is interpreted as the right-dense continuous function (rd−continuous)
if it is right continuous at every right-dense point and the left limit is finite and exists at left–dense
point, then we can denote the space of all right dense continuous functions as Crd(T, R).
If the derivative of any function h exists then this function is called differentiable. The forward shift of
the function h is hσ, where hσ(t) = h◦σ(t) and the delta derivative of h signifies h∆, where hσ = h+µh∆.
For every function Ω : T → R, the inscription Ωσ(t) indicates Ω(σ(t)). For each positive value of ε
there is a neighbourhood U of t, where

|[Ω(σ(t))− Ω(s)]− Ω∆(t)[σ(t)− s]| ≤ ε|σ(t)− s|,

8 Bulletin of the Karaganda University



Reversed Weighted Hardy-type Inequalities ...

for all s ∈ U for the existence number Ω∆(t). Here, we can say that Ω∆(t) is a delta derivative of Ω at t
and Ω is a delta differentiable at t. Recapture the product and quotient formulae for the derivatives
of two delta differentiable functions ϕ and ı, denoted as ϕı and ϕ/ı, respectively

(ϕı)∆ = ϕ∆ı+ ϕσı∆ = ϕı∆ + ϕ∆ıσ,
(ϕ
ı

)∆
=
ϕ∆ı− ϕı∆

ııσ
, ııσ 6= 0.

Time scale integration for any delta differentiable function  : T→ R is defined as follows: the Cauchy
integral of ∆ is defined as

∫ b
a
∆(t)∆t = (b)− (a), for a delta differentiable function , with a, b ∈ T,

(for more details, see [30]). Observe that for time scale T = R, we acquire that t = σ(t), ∆(t) = ′(t)
and ∫ b

a

(t)∆t =

∫ b

a

(t)dt,

if T = Z, then σ(t) = 1 + t, ∆(t) = ∆(t) and
∫ b
a
(t)∆t =

∑b−1
t=a (t).

Further, by setting T= `N, we have σ(t) = `t, µ(t) = (` − 1)t and
∫∞
t0
(t)∆t =

∑∞
k=n0

(`k)µ(`k),

where for every t ∈ T, `N = {t = `k, k ∈ N0, ` > 1}, and t0 = `n0 .
The following two lemmas are mentioned in [30,31].
Lemma 1. Suppose that η and ϕ are right-dense continuous mappings that defined on the interval

[0,∞)T . Then, integration by parts formulation is stated as∫ ∞
0

η(t)ϕ∆(t)∆t = η(t)ϕ(t)|∞0 −
∫ ∞

0
η∆(t)ϕσ(t)∆t. (8)

Lemma 2. Assume that the function  : R → R is continuously differentiable function and let
h : T → R be a delta-differentiable mapping. Then, the composition of both functions  and h is a
delta-differentiable mapping and for every ζ ∈ [t, σ(t)] the following equation

(h (t))∆ = ′ (h (ζ))h∆(t) (9)

holds.
The two lemmas that follow are the derived reverse time scale Hölder’s inequality and Minkowski’s

integral inequality, which are crucial to our results [31,32].
Theorem 1. Suppose η, and ϕ are two ∆-integrable functions therefore∫ b

a

|η(t)ϕ(t)|∆t ≤
[∫ b

a

|η(t)|ε∆t
] 1

ε
[∫ b

a

|ϕ(t)|ς∆t
] 1

ς

,

for every a, and b belongs to T, where ε > 1 and 1
ε + 1

ς = 1. If we replace ε with negative value ε < 0,
we capture the so-called reverse time scale Hölders inequality [33]∫ b

a

|η(t)ϕ(t)|∆t ≥
[∫ b

a

|η(t)|ε∆t
] 1

ε
[∫ b

a

|ϕ(t)|ς∆t
] 1

ς

. (10)

Now, we state Minkowski integral inequality [34,35].
Theorem 2. Let κ,Θ be rd-continuous and non-negative functions identified on the interval [a,∞)T,

where a belongs to the time scale T. For k ≥ 1, the inequality∫ ∞
a

κ(s)

(∫ σ(s)

a

Θ(t)∆t

)k

∆s

1/k

≤
∫ ∞
a

Θ(s)

(∫ ∞
s

κ(x)∆x

)1/k

(11)

holds. If 0 < k ≤ 1, then the direction of inequality (11) is reversed.
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We can consider the two next lemmas proven in [35] to be power rules of integration on the time
scale T.

Lemma 3. Consider a time scale T, and let a, x ∈ T with x ≥ a. Then, the inequality(∫ σ(x)

a

g(t)∆t

)m

≤ m

∫ σ(x)

a

g(t)

(∫ σ(t)

a

g(s)∆s

)m−1

∆t

holds for m ≥ 1; however, for 0 < m < 1, the direction of the inequality will reverse.

Lemma 4. Assume that T is a time scale. Then, for m ≥ 1, the inequality [36,37](∫ b

x
g(t)∆t

)m

≤ m

∫ b

x
g(t)

(∫ b

t
g(s)∆s

)m−1

∆t

is valid for every b, where x belongs to T with x ≤ b. While for 0 < m < 1, the inequality will reverse.

All results in this paper are considered to be based on continuous and non-negative functions.

2 Main Results and Applications

Now, we can explain and validate the main results. Here, it should be mentioned that the integrals
in the statements of theorems that follow are assumed to exist. To demonstrate our initial result, we
will adopt the reverse of Hölder inequality (10) and the integral inequality of Minkowski (11). In order
to make items easier, we use the notations

Ek (x, s) = (Λσ(x))
1−s
p

(∫ σ(x)

a

u(t)Λ
q(p−s)

p (t)∆t

)−1/q

, s ∈ [p, 1), (12)

where the mapping Λ(x) is a non-negative mapping defined on [a, b]T and

Λ(x) :=

∫ σ(x)

a

v1−p′(t)∆t, (13)

where p′ := p
p−1 , further

Es (x, s) = sup
x∈(a, b)T

(Λσ(x))
1−s
p

(∫ σ(x)

a

u(t)Λ
q(p−s)

p (t)∆t

)−1/q

, s ∈ [p, 1), (14)

then
Es := sup

x∈(a, b)T

Ek. (15)

Theorem 3. Suppose that T is a time scale and −∞ < q ≤ p < 0, where q/p ≥ 1, f ∈ Crd ([a, b]T ,R)
is a non-negative function and assume that u, v are rd-continuous positive functions on the open interval
(a, b)T. Thus, the reverse Hardy inequality

(∫ b

a

fp (x) v (x) ∆x

)1/p

≤ C

(∫ b

a

(∫ σ(x)

a

f (t) ∆t

)q
u (x) ∆x

)1/q

(16)

is valid for every function f, if and only if the following criterion applies,

Es <∞. (17)
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Moreover, the value of C in (16) possesses the estimation

Es ≤ C < 2
− 1

q

(
p+ s− 2

p− 1

)1/p′

Es,

where the definition of Es is mentioned in (14).

Proof. First of all and to facilitate, we reform inequality (16) to take the equivalent form

∫ b

a

(∫ σ(x)

a

g
1
p (t) %(t)∆t

)q
u (x) ∆x ≤ C−q

(∫ b

a

g (x) ∆x

)q/p
, (18)

and that by setting f(x) = g
1
p (x)w(x) and %(x) = v−1/p(x). Then, equation (13) can be expressed to

Λ(x) :=

∫ σ(x)

a

%p
′
(t)∆t, p′ :=

p

p− 1
. (19)

Now, we prove the sufficiency of condition (17), so we first assume that Es <∞, this implies that

0 < Λ(x) :=

∫ σ(x)

a

%p
′
(t)∆t <∞,

for every t ∈ (a, b)T . Invoking the reverse of Hölder inequality (10) with parameters p and p′ on the
left-hand side of the inequality (18), we obtain that

∫ b

a

(∫ σ(x)

a

g
1
p (t) %(t)u (x) ∆t

)q
∆x

=

∫ b

a

(∫ σ(x)

a

g
1
p (t) Λ

1−s
p (t) Λ

s−1
p (t) %(t)∆t

)q
u (x) ∆x

≤
∫ b

a

(∫ σ(x)

a

g (t) Λ1−s (t) ∆t

)q/p
u (x)×

(∫ σ(x)

a

Λ
p′(s−1)

p (t) %p
′
(t) ∆t

)q/p′
∆x, (20)

from the definition of Λ(t) that mentioned in (19), we display that

Λ∆(t) ≤ %p′(σ (t)) ≤ %p′(t). (21)

Substituting from (21) into (20) and by recalling chain rule (9), we exhibit that

∫ b

a

(∫ σ(x)

a

g
1
p (t) %(t)∆t

)q
u (x) ∆x

≤
∫ b

a

(∫ σ(x)

a

g (t) Λ1−s (t) ∆t

)q/p
u (x)×

(∫ σ(x)

a

Λ
p′(s−1)

p (t) Λ∆(t)∆t

)q/p′
∆x,

now by applying the time scale concept of differentiation and the fact that Λ(a) = 0, so the previous
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inequality reduces to∫ b

a

(∫ σ(x)

a

g
1
p (t) %(t)∆t

)q
u (x) ∆x

≤
∫ b

a

(∫ σ(x)

a

g (t) Λ1−s (t) ∆t

)q/p
×

Λ
(s−1)p′

p
+1

(σ (x))
(s−1)p′

p + 1

q/p′

u (x) ∆x

=

∫ b

a

(∫ σ(x)

a

g (t) Λ1−s (t) ∆t

)q/p
×
(

p− 1

s+ p− 2
Λ

p+s−2
−1+p (σ (x))

)q/p′
∆x

=

(
−1 + p

p+ s− 2

)q/p′ ∫ b

a

u (x)

(∫ σ(x)

a

g (t) Λ1−s (t) ∆t

)q/p
Λ

p+s−2
−1+p

· q
p′ (σ (x)) u (x) ∆x,

by simple computations and by interacting the reality that x ≤ σ (x) , we indicate the following∫ b

a

(∫ σ(x)

a

g
1
p (t) %(t)∆t

)q
u (x) ∆x ≤

(
−1 + p

p+ s− 2

)q/p′

×


∫ b

a

(∫ σ(x)

a

g (t) Λ1−s (t) ∆t

) q
p
· p
q

Λ
p+s−2
−1+p

· q
p′ ·

p
q (σ (x)) up/q (x)

q/p ∆x


p/q

q/p

≤
(
−1 + p

p+ s− 2

)q/p′
×


∫ b

a

[(∫ σ(x)

a

g (t) Λ1−s (t) ∆t

)
Λ

s+p−2
p−1

· p
p′ (x) up/q (x)

]q/p
∆x

p/q

q/p

. (22)

For q/p ≥ 1, and by employing Minkowski integral time scale inequality (11) on the inequality (22),
we determine I, where

I =

∫ b

a

(∫ σ(x)

a

g
1
p (t) %(t)∆t

)q
u (x) ∆x

≤
(
−1 + p

p+ s− 2

)q/p′ [(∫ b

a

(∫ b

t
Λ

s+p−2
p−1

· q
p′ (x) u (x) ∆x

)
gq/p (t) Λ

q(1−s)
p (t) ∆t

)p/q]q/p

=

(
−1 + p

p+ s− 2

)q/p′ [∫ b

a

(∫ b

t
Λ

s+p−2
p
·q

(x) u (x) ∆x

)p/q
g (t) Λ1−s (t) ∆t

]q/p
. (23)

Setting

B (t) =

(∫ b

t
Λ

s+p−2
p
·q

(x) u (x) ∆x

)p/q
Λ1−s (t) , (24)

in inequality (23), we indicate the following inequality

I ≤
(
−1 + p

p+ s− 2

)q/p′ (∫ b

a

g (t) ∆t

)q/p
Bq/p,

where we denote that B = supt∈(a, b)T B (t) .
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Recalling inequality (18), we conclude that

C−q ≤
(
−1 + p

p+ s− 2

)q/p′
Bq/p. (25)

Now, by utilizing the power of q/p, we can raise both sides of inequality (24) to the power of q/p, then
we derive that

Bq/p = Λ
q(1−s)

p (t)

(∫ b

t
Λ
q s+p−2

p (x) u (x) ∆x

)
= Λ

q(1−s)
p (t)

(∫ b

t
Λ

2q(s−1)
p (x) Λ

p−s
p
·q

(x) u (x) ∆x

)
= Λ

q(1−s)
p (t)

∫ b

t
Λ

2q(s−1)
p (x)

(∫ x

t
Λ

p−s
p
·q

(τ) u (τ) ∆τ

)∆

∆x. (26)

Putting L =
∫ b
t Λ

2(s−1)
p
·q

(x)
(∫ x

t Λ
p−s
p
·q

(τ) u (τ) ∆τ
)∆

∆x. Then, by applying integration by parts for-

mulation (8) with η(x) = Λ
2(s−1)

p
·q

(x) and ϕ∆(x) =
(∫ x

t Λ
p−s
p
·q

(τ)u (τ) ∆τ
)∆

, we have that

L = η(x)ϕ(x)|bt −
∫ b

t
η∆(x)ϕσ(x)∆x

= Λ
2(s−1)

p
·q

(x)

(∫ x

t
Λ

p−s
p
·q

(τ) u (τ) ∆τ

∣∣∣∣b
t

)
−
∫ b

t

(
Λ

2(s−1)
p
·q

(x)

)∆
(∫ σ(x)

t
Λ

p−s
p
·q

(τ) u (τ) ∆τ

)
∆x.

(27)

From (27), setting

J1 = Λ
2(s−1)

p
·q

(x)

(∫ x

t
Λ

p−s
p
·q

(τ) u (τ) ∆τ

∣∣∣∣b
t

)
(28)

and

J2 = −
∫ b

t

(∫ σ(x)

t
Λ

p−s
p
·q

(τ) u (τ) ∆τ

)(
Λ

2(s−1)
p
·q

(x)

)∆

∆x, (29)

by employing equations (12) and (15), the equation (28) can take the form

J1 = lim
x→b−

Λ
2q(s−1)

p (x)

∫ x

t
Λ

p−s
p
·q

(τ) u (τ) ∆τ

≤ lim
x→b−

Λ
2q(s−1)

p (x)

∫ x

a

Λ
p−s
p
·q

(τ) u (τ) ∆τ

= lim
x→b−

Λ
q
(

s−1
p

+−1+s
p

)
(x)

[(∫ x

a

Λ
p−s
p
·q

(τ) u (τ) ∆τ

)−1/q
]−q

= lim
x→b−

Λ
s−1
p
·q

(x)E−qk (x, s) ≤ E−qs lim
x→b−

Λ
s−1
p
·q

(x) ≤ E−qs lim
x→b−

Λ
s−1
p
·q

(σ(x)) , (30)

that for q < 0. In a similar manner, for t ≥ a and by recalling equation (12), where Ek (x, s) ≤ Es, we
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conclude that equation (29) becomes

J2 = −
∫ b

t
Λ

q(s−1)
p (σ(x))

(∫ σ(x)

t
Λ

q(p−s)
p (τ) u (τ) ∆τ

)
× Λ

q(1−s)
p (σ(x))

(
Λ

2q(s−1)
p (x)

)∆

∆x

≤ −
∫ b

t
Λ

q(s−1)
p (σ(x))

(∫ σ(x)

a

Λ
q(p−s)

p (τ) u (τ) ∆τ

)
× Λ

q(1−s)
p (σ(x))

(
Λ

2q(s−1)
p (x)

)∆

∆x

≤ −E−qs (x, s)

∫ b

t
Λ

q(1−s)
p (σ(x))

(
Λ

2q(s−1)
p (x)

)∆

∆x. (31)

Now, by implementing the chain rule (9) where (f(g(t)))∆ = f′(g(c))g∆(t), with c ∈ [x, σ(x)], we attain
that (U−q(x))

∆
= −qU−q−1(c)U∆(x). Now, for c ≤ σ(x), the non-increasing mapping U reaches that

U∆(t) ≤ 0 and U(c) ≥ Uσ(x), it follows that(
U−q(x)

)∆ ≤ −qU−q−1 (σ(x))U∆(x). (32)

Then, combining relations (31) and (32), we get the inequality(
Λ

2q(s−1)
p (x)

)∆

≤ 2q (s− 1)

p
Λ

2q(s−1)
p
−1

(σ(x)) Λ∆ (x) , (33)

substituting from (33) into (31) and for q/p ≥ 1, we conclude that

J2 ≤ −E−qs (x, s)

∫ b

t
Λ

1−s
p
·q

(σ(x))

(
2 (s− 1) q

p
Λ
−1+

2(s−1)q
p (σ(x)) Λ∆ (x)

)
∆x

= −2q (s− 1)

p
E−qs (x, s)

∫ b

t
Λ

(s−1)q
p
−1

(σ(x)) Λ∆ (x) ∆x

= −2q (s− 1)

p
E−qs (x, s)

 Λ
q(s−1)

p (σ(x))
q(s−1)
p

∣∣∣∣∣∣
b

t


= −2E−qs (x, s)

[
lim
x→b−

Λ
s−1
p
·q

(σ(x))−
(

Λ
s−1
p
·q

(σ(t))
)]
. (34)

Hence from (30) and (34) and by substituting into (26), we obtain that

Bq/p ≤ E−qs (x, s) Λ
1−s
p
·q

(t)

[
lim
x→b−

Λ
s−1
p
·q

(σ(x))− 2 lim
x→b−

Λ
s−1
p
·q

(σ(x)) + 2Λ
s−1
p
·q

(σ(t))

]
= E−qs (x, s) Λ

1−s
p
·q

(t)

[
− lim

x→b−
Λ

s−1
p
·q

(σ(x)) + 2Λ
s−1
p
·q

(σ(t))

]
≤ E−qs (x, s) Λ

1−s
p
·q

(σ(t))

[
− lim

x→b−
Λ

s−1
p
·q

(σ(x)) + 2Λ
s−1
p
·q

(σ(t))

]
≤ 2E−qs (x, s) .

Combining with (25), we get that C−q ≤ 2
(
−1+p
p+s−2

)q/p′
E−qs (x, s) . Therefore

C ≤ 2−1/q

(
−1 + p

p+ s− 2

)−1/p′

Es (x, s) ,

which is the desired sufficient condition. Now, we will show the necessity of condition (17). Just
consider that the inequality (18) is valid for every rd-function that is non-negative defined on [a, b]T ,
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then we will prove that Es <∞. Firstly, let s ∈ (p, 1) and for fixed value t ∈ (a, b) , we formulate the
function

g(x) =

{
Λ−s(x)%p

′
(x), x ∈ (a, t)T ,

0, x ∈ [t, b)T,
(35)

therefore, we obtain that (∫ b

a

g (x) ∆x

)q/p
=

(∫ σ(t)

a

Λ−s(x)%p
′
(x)∆x

)q/p
,

recalling the definition of Λ(x) in (19) and the fact that Λ(a) = 0, we get that(∫ b

a

g (x) ∆x

)q/p
≤

(∫ σ(t)

a

Λ−s(x)Λ∆(x)∆x

)q/p

=

(
Λ−s+1 (x)

−s+ 1

)q/p∣∣∣∣∣
σ(t)

a

≤
(

1

−s+ 1

)q/p
Λ

q(−s+1)
p (t) , (36)

on the other hand, by raising both sides of (35) to the power of 1/p, and by multiplying both sides
with the function % (x) , we have the equation

g1/p(x)% (x) =

{
Λ
− s

p (x)%
p′
p (x), x ∈ (a, t)T ,

0, x ∈ [t, b)T.
(37)

By utilizing (37) into (18), we determine the following∫ b

a

(∫ σ(x)

a

g
1
p (t) %(t)∆t

)q
u (x) ∆x =

∫ b

a

(∫ σ(x)

a

Λ
−s
p (τ)%

p′
p (τ)∆τ

)q
u (x) ∆x

≥
∫ σ(t)

a

(∫ σ(x)

a

Λ
−s
p (τ)Λ∆(τ)∆τ

)q
u (x) ∆x

=

∫ σ(t)

a

(Λ
−s
p

+1
(τ)

−s
p + 1

)q∣∣∣∣∣
σ(x)

a

 u (x) ∆x ≥
(

p

−s+ p

)q ∫ σ(t)

a

Λ
q(−s+p)

p u (x) ∆x. (38)

Combining (36) and (38) implies that(
p

−s+ p

)q ∫ σ(t)

a

Λ
q
(

p−s
p

)
(x) u (x) ∆x ≤ C−q

(
1

−s+ 1

)q/p
Λ
q
(
−s+1

p

)
(t) ,

therefore (
p

−s+ p

)q
(−s+ 1)q/p Λ

q
(
−1+s

p

)
(t)

∫ σ(t)

a

Λ
q
(
−s+p

p

)
(x) u (x) ∆x ≤ C−q. (39)

Raising both sides of (39) to the power of −1/q, yields the resultant inequality(
−s+ p

p

)
(−s+ 1)−1/p Λ

(
−s+1

p

)
(x)

(∫ σ(t)

a

u (x) Λ
q
(
−s+p

p

)
(x) ∆x

)−1/q

≤ C,

that is identical to the inequality(
−s+ p

p

)
(−s+ 1)−1/p Ek (t, s) ≤ C.
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Secondly, for s = p we take the mapping g(x) as the form

g(x) =

{
%p
′
(x), x ∈ (a, t)T ,

0, x ∈ [t, b)T,
(40)

consequently and from (19), we get that

(∫ b

a

g (x) ∆x

)q/p
=

(∫ σ(t)

a

%p
′
(x)∆x

)q/p
= Λ

q
p (σ(t)) . (41)

By substituting from (40) and (41) into (18) we obtain that∫ b

a

(∫ σ(t)

a

%p
′
(x)u (x) ∆x

)q
∆x ≤ C−qΛ

q
p (σ(t)) ,

then

Λq (σ(t))

∫ t

a

u (x) ∆x ≤ Λq (σ(t))

∫ b

a

u (x) ∆x ≤ C−qΛ
q
p (σ(t)) .

Finally, we get that

Λ
− 1

p′ (σ(t))

(∫ σ(t)

a

u (x) ∆x

)−1/q

≤ C <∞.

Thus, C <∞ implies the boundedness of Ek (x, s) in (12). This concludes the theorem’s proof.

Consequently, by employing a similar technique we can easily conclude the duality of (Theorem 3)
to obtain the following theorem.

Theorem 4. Assume that T is a time scale with −∞ < q ≤ p < 0, f ∈ Crd ([a, b]T ,R) is a non-
negative mapping and suppose that u, v are rd-continuous positive functions on (a, b)T. Then the
inequality (∫ b

a

fp (x) v (x) ∆x

)1/p

≤ C

(∫ b

a

(∫ b

x
f (t) u (x) ∆t

)q
∆x

)1/q

(42)

holds for each mapping f, if and only if

Er := sup
x∈(a, b)T

Λ
1−s
p (x)

(∫ b

x
Λ
q( p−s

p
)
(t)u (t) ∆t

)−1/q

<∞.

Moreover, the estimation C in (42) satisfies Er ≤ C < 2
− 1

q

(
p+s−2
p−1

)1/p′

Er, where Λ(x) :=
∫ b
x v

1−p′(t)dt.

Now, we mention some suitable applications which closely related to Theorem 3 and 4. If we
consider T equals to the set of real numbers R in Theorem 3, this leads to the following weighted
Hardy inequality that is continuous due to Prokhorov [11] and Kufner et al. [12].

Remark 1. If T = R for −∞ < q ≤ p < 0 the inequality(∫ b

a

fp (x) v (x) dx

)1/p

≤ C

(∫ b

a

u (x)

(∫ x

a

f (t) dt

)q
dx

)1/q

, (43)
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that holds, if and only if the next condition

sup
x∈(a, b)

Λ
1−s
p (x)

(∫ x

a

u (t) Λ
p−s
p
q
(t)dt

)−1/q

<∞, s ∈ [p, 1)

satisfies, where Λ(x) :=
∫ x
a
v1−p′(t)dt, p′ := p

p−1 .

By using an identical manner, we can put T = N in Theorem 3 to obtain the discrete characteriza-
tion of (43), that can be considered as the discrete result as mentioned in [13] and [14].

Remark 2. For T = N and −∞ < q ≤ p < 0, the inequality( ∞∑
n=0

fp(n)v(n)

)1/p

≤ C

( ∞∑
n=0

u(n)

(
n∑

k=0

f(k)

)q)1/q

will be contented if and only if supn

(∑∞
n=0

(∑n
k=0 u (k) Λ

p−s
p
q
(k)
)−1/q

Λ
1−s
p (n)

)
< ∞, where u (n),

v(n), Λ(n) =
∑n−1

k=0 v
1−p′(k) and f(n) are non-negative sequences.

If we consider T =lN0 , we catch the next inequality.

Remark 3. If −∞ < q ≤ p < 0 with T =lN0 then the inequality( ∞∑
n=0

v(ln)η(ln)fp(ln)

)1/p

≤ C

( ∞∑
n=0

u(ln)η(ln)

(
n∑

k=0

f(lk)η(lk)

)q)1/q

holds if and only if for the sequences f(n), u (n) and v(n) that are not negative and that for

sup
n

(l − 1)

 ∞∑
n=0

(
n∑

k=0

u(lk)η(lk)Λ
p−s
p
q
(lk)

)−1/q

Λ
1−s
p (ln)

 <∞,

for Λ(ln) = (l − 1)
∑n−1

k=0 v
1−p′(lk), and η(lk) = (l − 1) lk.

In the follow-up, we provide further deductions that demonstrate the useful implications of our
main results. Through various substitutions, we can capture the following resultant reverse dynamic
inequalities of Hardy-type that have negative parameters p and q.

Corollary 1. Suppose that T is a time scale, −∞ < q ≤ p < 0, and the mapping f ∈ Crd ([0,∞)T,R).
Consequently, there is a constant C in the form that Hardy inequality

(∫ ∞
0

fp (x) xβ∆x

)1/p

≤ C

(∫ ∞
0

(∫ σ(x)

0
f (t) ∆t

)q
xα∆x

)1/q

(44)

fulfils for every f, if and only if supx∈(0, b)T Λ
−s+1

p (σ(x))
(∫ σ(x)

0 Λ
−s+p

p
q
(t)tα∆t

)−1/q
, is convergent for

Λ(x) :=
∫ x

0 t
β(1−p′)∆t and α, β have positive values.

Proof. If we put u (x) = xα and v(x) = xβ in Theorem 3, we gain the desired result. This concludes
the proof.
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Remark 4. In inequality (44), if we set T = R, our inventory includes the continuous inequality(∫ ∞
0

xβfp (x) dx

)1/p

≤ C

(∫ ∞
0

(∫ x

0
f (t) dt

)q
xαdx

)1/q

,

due to [19], which valid for every function f, if and only if

sup
x∈(a, b)T

Λ
−s+1

p (x)

(∫ x

a

Λ
−s+p

p
q
(t)tαdt

)−1/q

<∞,

for positive numbers α, β and for Λ(x) :=
∫ x
a
tβ(1−p′)dt.

Corollary 2. If we take T = N in inequality (44), we obtain the discrete inequality( ∞∑
n=0

nαfp(n)

)1/p

≤ C

( ∞∑
n=0

nβ

(
n∑
[=0

f([)

)q)1/q

,

which shall be fulfilled if and only if supn

(∑∞
n=0

(∑n
[=0 [

αΛ
p−s
p
q
([)
)−1/q

Λ
1−s
p (n)

)
< ∞, which is

essentially new.

Corollary 3. Consider that −∞ < q, p < 0, on the time scale T with q = p, h ∈ Crd ([0,∞)T,R+)
and the mappings u and v are continuous positive right dense functions on an open interval (0,∞)T.
Further, for r 6= 1 suppose that

Ξ (x) =

{ ∫ σ(x)
0 h (s) ∆s, r < 1,∫∞
x h (s) ∆s, r > 1.

If r is less than 1, then the following inequality∫ ∞
0

Ξp (x) u (x) ∆x ≤ C1

∫ ∞
0

hp (x) v (x) ∆x (45)

holds. While the inequality ∫ ∞
0

Ξp (x) u (x) ∆x ≤ C2

∫ ∞
0

hp (x) v (x) ∆x (46)

holds for r that is greater than 1.

Proof. When r < 1, setting q = p, a = 0, and b = ∞ in Theorem 3 and by raising both sides to
the power of p, we have the required result in (45). Suppose r > 1, if we set a = 0, b = ∞ and q = p
in Theorem 4, we obtain the result in (46). This completes the proof.

Remark 5. In inequality (45), as we consider T = R, u (x) = x−r and v (x) = x−r+p, we can establish
the continuous inequality ∫ ∞

0

(∫ x

0
f (t) dt

)p
x−rdx ≤ C

∫ ∞
0

fp (x) x−r+pdx,

due to [38,39], which holds for each f, if and only if supx∈(0, ∞)T Λ
−s+1

p (x)
(∫ x

0 x−rΛ−s+p(t)∆t
)−1/p

<∞,
for q = p, r < 1 and Λ(x) :=

∫ x
0 t
−r+pdt.
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Remark 6. For T = R, u (x) =
1

xr
and v (x) =

1

x−p+r
into inequality (46), we derive that∫ ∞

0

(∫ ∞
x

f (t) dt

)p 1

xr
dx ≤ C

∫ ∞
0

1

x−p+r
fp (x) dx,

which verifies for each function f, regarding to supx∈(0, ∞)T(Λ
−s+1

p (x))

(∫ x
a

1

xr
Λp−s(t)∆t

)−1/p

<∞,

that for q = p, Λ(x) :=
∫∞
x t−r+pdt and r > 1, as stated in [38,39].

Example 1. If we consider that T = R, v (x) = x2, u(x) = 1 and p = −1, q = −2, in Theorem 3,
where the integration on the interval a = 1, b = ∞, then we can directly simplify Theorem 3 to the
resultant inequality becomes(∫ ∞

1

f−1 (x) x2dx

)−1

≤ C

(∫ ∞
1

u (x)

(∫ x

1

f (t) dt

)−2

dx

)−1/2

,

holds for every non-negative function f if and only if the following criterion is met:

sup
x∈(1,∞)

Λs−1(x)

(∫ x

1
Λ−2(s+1)(t)dt

)
<∞,

that for Λ(t) =
∫ x
1
v1−p′(t)dt.

Example 2. In Remark 4, assume that α = −3, β = −1 and p = −2, q = −2, where the integration
from a = 0 to b =∞, then we can obtain the inequality(∫ ∞

0
x−1f−2 (x) dx

)−1/2

≤ C

(∫ ∞
0

(∫ x

0
f (t) dt

)−2

x−3dx

)−1/2

,

holds for every function f if and only if

sup
x∈(0,∞)

Λ
s−1
2 (x)

(∫ x

0
Λ

s+2
2 (t)tαdt

)1/2

<∞,

that for Λ(t) =
∫ x
0
v1−p′(t)dt.

Example 3. In Remark 3, if we suppose that l = 2, where T =lN0 , then the inequality take the form( ∞∑
n=0

v(2n)η(2n)fp(2n)

)1/p

≤ C

( ∞∑
n=0

u(2n)η(2n)

(
n∑

k=0

f(2k)η(2k)

)q)1/q

,

and for p = q = −1, we capture the inequality( ∞∑
n=0

v(2n)η(2n)f−1(2n)

)−1

≤ C

 ∞∑
n=0

u(2n)η(2n)

(
n∑

k=0

f(2k)η(2k)

)−1
−1

,

that holds if and only if

sup
n

(2− 1)

( ∞∑
n=0

(
n∑

k=0

u(2k)η(2k)Λ
−1−s
−1
−1(2k)

)
Λ

1−s
−1 (2n)

)
<∞,

for the non-negative sequences f(n), u (n) and v(n) and for Λ(ln) = (2− 1)
∑n−1

k=0 v
1−p′(2k), and

η(2k) = (2− 1) 2k.
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Example 4. If we assume that u (x) = χ(0,1), v(x) = χ(0,1) + χ(1,∞) and p = q = −1, then for
a = 0, b =∞. We can directly simplify Theorem 3 to the resultant inequality that established in [11]∫ ∞

0

(
v−1 (x) f(x)dx

)−1 ≤ C

(∫ ∞
0

(∫ x

0
f(t)dt

)−1

u (x) dx

)−1

,

where C satisfies the following estimate sup
x∈(0,∞)

Λ−1+s(x)
(∫ x

0 Λ−1−s(t)u (t) dt
)

< ∞, that for

Λ(t) =
∫ x
a
v1−p′(t)dt on T = R.

Conclusion

This research formulates novel reverse Hardy-type inequalities with negative indices on arbitrary
time scales, integrating two independent weight functions. Using the reverse Hölder and Minkowski
integral inequalities within the time-scale framework, we derive the conditions under which these
inequalities hold the obtained results, generalize and consolidate several classical discrete, continu-
ous, and quantum analogies, building upon the foundational works of Prokhorov, Kufner, and oth-
ers. The main scientific contribution lies in the comprehensive analysis of negative exponents and
the formulation of a unified technique across many temporal dimensions. These results expand the
theoretical framework of Hardy-type inequalities and suggest possible applications in harmonic analysis
and dynamic equations. Future study might investigate multidimensional extensions, applications to
partial dynamic equations, or similar outcomes in broader measure spaces.
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The stability of differential equations with periodic and quasiperiodic coefficients is a central topic in modern
stability theory, with important applications in mechanics, physics, and dynamical systems. A classical re-
sult in this area is the Lyapunov integral criterion, which provides stability conditions for linear second-order
equations with periodic coefficients. In this paper, we extend this criterion to equations with quasiperiodic
coefficients. Our analysis is based on the method of periodic characteristics, which has proven effective
in the study of multiperiodic solutions for systems with a diagonal differentiation operator. Within this
framework, the multiperiodicity condition is reduced to a functional equation, and a Floquet-type represen-
tation of the matricant of the associated system is derived. This representation shows that multiperiodicity
of solutions follows from the purely imaginary nature of the characteristic multipliers and the periodicity
of the helical characteristics. The obtained results confirm that the Lyapunov integral criterion remains
valid for equations with quasiperiodic coefficients. More generally, they demonstrate the effectiveness of the
characteristic method for analyzing stability in complex dynamical systems, thereby extending the scope
of classical stability theory.

Keywords: Lyapunov integral criterion, stability analysis, periodic coefficients, quasiperiodic coefficients,
periodic characteristics method, multiperiodic solutions, Floquet theory, differential equations.

2020 Mathematics Subject Classification: 34D20, 34C25, 34C27, 37C55.

Introduction

The Lyapunov integral criterion for the stability of linear second-order differential equations with
periodic coefficients is a fundamental result in stability theory. In this paper, we extend this criterion
to the case where the coefficients are quasiperiodic. Thus, our study addresses the stability of linear
equations with both periodic and quasiperiodic coefficients.

The analysis is based on the method of periodic characteristics developed in [1,2], which has been
successfully applied to the study of multiperiodic solutions of systems with the diagonal differentiation
operator. Classical results on the theory of stability and periodic solutions of differential equations,
including the Lyapunov integral criterion, are presented in [3, 4]. Fundamental results on systems
of partial differential equations and characteristic methods are discussed in [5]. The theory of almost
periodic and almost multiperiodic solutions for ordinary, partial, and evolutionary differential equations
is developed in [6–8]. These works provide the theoretical background for the stability analysis and
the formulation of multiperiodicity conditions in terms of functional–difference equations.

Unlike traditional approaches, the method proposed in [1, 2] represents the multiperiodicity con-
dition for D-equations as a functional equation, enabling the use of a Floquet representation for the
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matricant of the associated system. The multiperiodicity of solutions then follows from the purely
imaginary nature of the multipliers and the periodicity of the helical characteristics.

Research on multiperiodic solutions of systems with differentiation along characteristics has been
further advanced in [9–11]. Further developments concerning periodic and impulsive evolution equa-
tions are discussed in [12–14]. The existence and multiplicity of periodic and multiperiodic solutions for
second-order and parameter-dependent equations are investigated in [15–18]. Methods based on differ-
entiation along characteristics and diagonal operators have received international recognition through
publications in leading scientific journals [19, 20]. Related solvability and boundary value problems
for parabolic, nonlocal, loaded, and hyperbolic equations are considered in [21–23], as well as in more
recent studies [24].

Beyond its theoretical significance, stability analysis of systems with periodic and quasiperiodic
coefficients has a wide range of applications. These include oscillatory processes in mechanics, signal
propagation in physics and engineering, and models of dynamical systems with multiple interacting fre-
quencies. In such contexts, stability criteria are essential for predicting long-term behavior, preventing
undesirable oscillations, and ensuring reliable system performance.

The purpose of this article is twofold: (i) to establish the applicability of the Lyapunov integral
criterion to linear second-order equations with quasiperiodic coefficients, and (ii) to demonstrate the
effectiveness of the periodic characteristics method in stability analysis of such equations.

1 Main results

Consider the equation with respect to z = z(τ, t), τ ∈ (−∞,+∞) = R, t = (t1, ..., tm) ∈ R×...×R =
Rm of the form

D2z + a(τ, t)Dz + b(τ, t)z = 0, D =
∂

∂τ
+

m∑
j=1

∂

∂tj
, (1)

a(τ + θ, t+ ω) = a(τ, t) ∈θ,ω C1,e
τ,t (R×Rm), b(τ + θ, t+ ω) = b(τ, t) ∈ C(0,e)

τ,t (R×Rm),

ω0 = θ, ω = (ω1, ..., ωm), ωi/ωj ∈ Q(i, j = 0,m), D2z = D(Dz),

where Q is the set of rational numbers.
θ,ωCα,βτ,t (R×Rm) is class (θ, ω)-periodic in (τ, t) ∈ R×Rm function smoothness in them (α, β).
1) In the study of any problem for multiperiodic equations with a directional differentiation ope-

rator, the Cauchy characteristic method is used. The characteristic equations link the independent
variables, and some of them lose their independence. For example, in our case, the variables tj , j = 1,m
become functions of the variable τ : tj = hj(τ), j = 1,m. Since the system is θ-periodic with respect
to τ , it is desirable that hj(τ) have the property of θ-periodicity: hj(τ + θ) = hj , j = 1,m.

If the characteristic equation of the operator D

dt

dτ
= e, e = (1, ..., 1), (2)

on a manifold of the type of Euclidean space with Cartesian coordinates, then the characteristics do not
possess this periodicity property. Consequently, it is necessary to change the type of manifold where the
field (2) defines θ-periodic characteristics. It turns out that the typical manifold is a multidimensional
cylindrical surface [1, 3].

dtj
dτ

= 1. (3)

Consider the surface of a straight circular infinite cylinder with circumference Sθ of length θ = 2πr.
Then the solutions tj = ηj + τ − ξ = βj(τ − ξ, ηj) along the cylinder perform a helical motion of the
period θ, i.e., the point (τ, tj) moves along a helical line. Consequently, the direct product of such

24 Bulletin of the Karaganda University



Stability and existence of multiperiodic ...

motions is a motion on the surface m of an Mm = M× ... ×M, (τ, tj) ∈ M = R × Sθ, j = 1,m
multidimensional cylindrical surface.

Thus, according to [1, 2], the equation

t = β(τ − ξ, η) ≡ (β1(τ − ξ, η1), ..., βm(τ − ξ, ηm)) (4)

represents a multidimensional helical line defined by the equation (2)-(3), possessing the properties of
periodicity and the group

β(τ + θ − ξ, η) = β(τ − ξ, η),

β(τ − ξ, η + ω) = β(τ − ξ, η) + ω, (5)

β(ξ − σ, β(σ − τ, t)) = β(ξ − τ, t),

where η = (η1, ..., ηm).
It turns out that, for our purpose of multiperiodic solutions, it is expedient to consider the problem

on m-dimensional cylindrical surface (τ, t) ∈Mm.
Note that the equation (4) represents the characteristics of the operator D, and equation

η = β(ξ − τ, t) (6)

there is an equation of the first characteristic integrals:

Dβ(ξ − τ, t) = 0. (7)

Usually, the problem is investigated along the characteristics (4), and the results of the investigation
are formulated in terms of the first integrals (6). The transition from characteristics to integrals and
vice versa is realised by the property of the group from (5).

A sign of the appropriateness of the manifold is the equivalence of (θ, ω)-periodicity of the solution
x(τ, t) of the system according to (τ, t) with (θ, θ, ω)-periodicity of the composition x(σ, β(σ− τ, t)) =
x(ξ, η) ◦ (σ, β(σ − τ, t)) according to (σ, τ, t) on this manifold at σ ∈ R.

It is obvious that this principle holds only on the cylindrical manifoldMm.
2) It is widely known in the literature [3] that Lyapunov’s integral criterion for the stability

of periodic motions described by a second-order equation with an ordinary differentiation operator
D = d

dτ .
An interesting question is whether this property remains valid when the motions are multi-frequency,

i.e., quasiperiodic.
This question will be explored below based on a rotational-linear modification [1,2] of Kharasahal’s

method [6].
To make it easier to control the equation (1), we should reduce the number of determining para-

meters a and b. To this end, let us set

z = e
− 1

2

τ∫
0

a(σ,β(σ−τ,t))dσ
x, (τ, t) ∈Mm. (8)

Taking into account (7), we write the equation (1) as

D2x+ p(τ, t)x = 0 (9)

with a single coefficient p(τ, t) of the form

p(τ + θ, t+ ω) = p(τ, t) = b(τ, t)− 1

4
a(τ, t)2 − 1

2
Da(τ, t) ∈ C(0,e)

τ,t (Mm).
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3) Next, we represent the equation (8) as a system

Dx1 = x2,

Dx2 = −p(τ, t)x1, D =
∂

∂τ
+

m∑
j=1

∂

∂tj
, (10)

p(τ + θ, t+ ω) = p(τ, t) ∈ C(0,e)
τ,t (Mm),

where x = x1.
In order to construct a fundamental system of solutions

X(τ, t) =

(
ϕ(τ, t) ψ(τ, t)
Dϕ(τ, t) Dψ(τ, t)

)
. (11)

From (10), we will construct solutions ϕ(τ, t) and ψ(τ, t) of equation (9) that satisfy the conditions

ϕ(τ, t)|τ=0 = 1, Dϕ(τ, t)|τ=0 = 0, (12)

ψ(τ, t)|τ=0 = 0, Dψ(τ, t)|τ=0 = 1. (13)

We will determine these solutions using the auxiliary equation

D2x̃ = µp(τ, t)x̃ (14)

in the form of power series with respect to the parameter µ.
In accordance with this, we set

ϕ̃(τ, t, µ) =
∞∑
k=0

ϕk(τ, t)µ
k. (15)

Substituting (15) into (14) and equating the coefficients with the same powers of the parameter µ,
we have

D2ϕ0 = 0, ϕ0(0, t) = 1, Dϕ0(0, t) = 0, (16)

D2ϕk(τ, t) = p(τ, t)ϕk−1(τ, t), ϕk(0, t) = Dϕk(0, t) = 0, k = 1, 2, ... (17)

Then, from (16) and (17) we have

ϕ0 = 1, ϕ1(τ, t) =

τ∫
0

dσ1

σ1∫
0

p(σ, β(σ − σ1, β(σ1 − τ, t)))dσ =

=

τ∫
0

dσ1

σ1∫
0

p(σ, β(σ − τ, t))dσ =

=

τ∫
0

(τ − σ)p(σ, β(σ − τ, t))dσ, ...,

ϕk(τ, t) =

τ∫
0

(τ − σ)p(σ, β(σ − τ, t)) · ϕk−1(σ, β(σ − τ, t))dσ, k = 1, 2, ... (18)
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Evaluating (18) at |p(τ, t)| ≤ 4 = const ≥ 1, we obtain

|ϕ1(τ, t)| ≤ 4

∣∣∣∣∣∣
τ∫

0

(τ − σ)dσ

∣∣∣∣∣∣ =
4|τ |2

2!
,

|ϕ2(τ, t)| ≤

∣∣∣∣∣∣
τ∫

0

(τ − σ)4 · 4σ
2

2!

∣∣∣∣∣∣ ≤ 42!

∣∣∣∣[τσ3

3
− σ4

4

]∣∣∣∣τ
0

=
42τ4

4!
, ...

If we set |ϕk(τ, t)| ≤ 4
kτ2k

2k! , then ϕk+1(τ, t) satisfies the estimate

|ϕk+1(τ, t)| ≤

∣∣∣∣∣∣
τ∫

0

(τ − σ)4 · 4
kσ2k

(2k)!
dσ

∣∣∣∣∣∣ ≤
≤ 4

k+1

(2k)!

∣∣∣∣τσ2k+1

2k + 1
− σ2k+2

2k + 2

∣∣∣∣ |τ0 =
4k+1|τ |2k+2

(2k + 2)!
, k = 0, 1, 2, ... (19)

Therefore, by virtue of (16)–(19), the series (15) converges at |µ| < µ0, |τ | < T with any finite
constants µ0 and T .

Then, setting µ = −1, we obtain the solution

ϕ(τ, t) = ϕ̃(τ, t,−1) =

∞∑
k=0

(−1)kϕk(τ, t) (20)

of equations (14) at µ = −1, therefore, equations (10) satisfy the condition (12).
In a similar way, we determine the solution ψ(τ, t) of the initial problem (10)–(13), setting

ψ(τ, t) = ψ̃(τ, t, µ)|µ=−1 and

ψ̃(τ, t, µ) =
∞∑
k=0

ψk(τ, t)µ
k, ψ̃(τ, t, µ)|τ=0 = 0, Dψ̃(τ, t, µ)|τ=0 = 1, (21)

where ψ̃(τ, t, µ) is the solution to problem (14) with initial condition (21) with coefficients ψk(τ, t),
k = 0, 1, 2, ..., which are determined sequentially by the formulas

ψ0(τ, t) = τ, ψk(τ, t) =

τ∫
0

(τ − σ)p(σ, β(σ − τ, t))ψk−1(σ, β(σ − τ, t))dσ, k = 1, 2, ... (22)

Thus, we have estimates

|ψ0(τ, t)| ≤ |τ |
1!
, |ψ1(τ, t)| ≤

∣∣∣∣∣∣
τ∫

0

(τ − σ)σdσ

∣∣∣∣∣∣ ≤ 4
∣∣∣∣τσ2 − σ3

3

∣∣∣∣ |τ0 =
4|τ |3

3!
, ...,

|ψk−1(τ, t)| ≤ 4
k−1|τ |2k−1

(2k − 1)!
, |ψk(τ, t)| ≤ 4

∣∣∣∣∣∣
τ∫

0

(τ − σ)4k−1σ2k−1dσ

∣∣∣∣∣∣ =
4k|τ |2k+1

(2k + 1)!
, ...

for which the series (21) converges absolutely and uniformly in finite domains: |µ| < µ0, |τ | < T .
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Then we obtain the second solution ψ(τ, t) of equation (10) in the form

ψ(τ, t) =
∞∑
k=0

(−1)kψk(τ, t), (23)

by setting µ = −1 from (21) with coefficients (22).
It is not particularly difficult to show that these solutions (20) and (23) are differentiable.
Thus, we have

Dϕ(τ, t) =

∞∑
k=1

(−1)kDϕk(τ, t), Dϕk(τ, t) =

τ∫
0

p(σ, β(σ − τ, t))ϕk−1(σ, β(σ − τ, t))dσ, (24)

Dψ(τ, t) = 1 +

∞∑
k=1

(−1)kDψk(τ, t), Dψk(τ, t) =

τ∫
0

p(σ, β(σ − τ, t))ψk−1(σ, β(σ − τ, t))dσ

and based on them we obtain the matrix X(τ, t) of system (10).
4) It is easy to show that the determinant

w(τ, t) = detX(τ, t)

of the matrix X(τ, t) of system (10) satisfies the equation

Dw = SpP (τ, t) · w, w|τ=0 = detX(0, t),

where SpP (τ, t) is the trace of the matrix. P (τ, t) of the form

P (τ, t) =

(
0 1

−p(τ, t) 0

)
of system (10) and is equal to the sum of its diagonal elements:

SpP (τ, t) = 0.

Therefore,
w(τ, t) = 1.

The proof of this Ostrogradsky-Jacobi formula is similar to the proof based on linear characteris-
tics [6]. Therefore, we will not dwell on the proof.

Statement 1. For the matricant (11) of system (10), the Ostrogradsky–Jacobi formula holds true

detX(τ, t) = e

τ∫
0

SpP (σ,β(σ,τ,t))dσ
= 1.

5) The matricant X of the system

Dx = P (τ, t)x, P (τ + θ, t+ ω) = P (τ, t) ∈θ,ω C0,e
τ,t (Mm) (25)

has the properties
DX(τ, t) = P (τ, t)X(τ, t), X(0, t) = E,

X(τ, t+ ω) = X(τ, t) ∈0,ω C
(1,e)
(τ,t) (Mm), (26)

X(τ + θ, t) = X(τ, t)X(θ, β(−τ, t)), (τ, t) ∈Mm,
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where E is the identity matrix.
Then, by virtue of (26), we have

X(τ + kθ, t) = X(τ, t)Xk(θ, β(−τ, t)), k = 0, 1, 2, ....

Hence, setting τ = 0, we obtain

X(kθ, t) = Xk(θ, t), (kθ, t) ∈Mm, k = 0,+∞.

For any fixed value of t = η, we have the logarithm

1

kθ
LnX(kθ, η) =

1

θ
LnX(θ, η), k = 1,∞.

From here, moving to the limit at ξ = kθ −→∞, we obtain

1

θ
LnX(θ, η) = lim

ξ−→∞

1

ξ
LnX(ξ, η), (ξ, η) ∈Mm.

Further, setting
LnX(θ, η) = Λ(η), (θ, η) ∈Mm,

we have the representation
X(θ, η) = eΛ(η), η ∈ Smθ .

Due to the arbitrariness of η ∈ Smθ , from the properties (26) we obtain

Λ(η + ω) = Λ(η) ∈ω C(e)
η (Smθ ).

For the first integral η = β(−τ, t) corresponding to the value η from the last two equalities, the pro-
perties follow

X(θ, β(−τ, t)) = eΛ(β(−τ,t)),

Λ(β(−τ − θ, t)) = Λ(β(−τ, t)),

Λ(β(−τ, t+ ω)) = Λ(β(−τ, t) + ω) = Λ(β(−τ, t)), (τ, t) ∈Mm.

As a result, due to last equalities from (26), we have the Floquet representation for the system (25)
of the form

X(τ, t) = Y (τ, t)e
τ
θ

Λ(β(−τ,t)), (τ, t) ∈Mm, (27)

Y (τ, t) = X(τ, t)e−
τ
θ

Λ(β(−τ,t)), Y (τ + θ, t+ ω) = Y (τ, t) ∈θ,ω C(1,e)
τ,t (Mm).

Then we can formulate the reducibility theorem.

Theorem 1. The linear system (25) can be reduced to the form

x = Y (τ, t)y, (τ, t) ∈Mm (28)

using the transformation can be reduced to the system

Dy =
1

θ
Λ(β(−τ, t)) · y, (τ, t) ∈Mm. (29)
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Corollary 1. A quasiperiodic linear system

dx

dτ
= P (τ, t)x,

dt

dτ
= e, P (τ + θ, t+ ω) = P (τ, t) ∈ θ,ωC

(0,e)
τ,t (R×Rm) (30)

by means of a quasiperiodic substitution

x = Y (τ, δ(τ, η))y, τ ∈ R, η ∈ Rm (31)

can be reduced to the system
dy

dτ
=

1

θ
Λ(η)y (32)

with any fixed η ∈ Rm, where η is the value t in the neighbourhood of which the question of reduction
is considered, t = δ(τ, η) is the diagonal characteristic originating from the point (0, η).

Theorem 1 remains valid for rectilinear motions, therefore, the characteristic t = β(τ, η) can be
replaced by t = δ(τ, η). Then, from the theorem follows consequence 1 regarding equations (30), (32)
and transformation (31) in accordance with systems (25), (29) and substitution (28).

Note that if we wrap an isosceles right triangle with side θ around a straight circular cylinder with
circumference θ, then the hypotenuse of the triangle becomes a harmonic spiral with pitch ϕ = 450 :
tgϕ =

dtj
dτ = 1.

u = τ, v = r sin
2πτ

θ
= r sin

τ

r
, ω = r cos

2πτ

θ
= r cos

τ

r
.

SĂC = SCE = τ the length of the arc ĂC and the length of the rise CE are equal to τ .
These geometric interpretations clearly show the connection between rectilinear and circular mo-

tions. The measurement of the lengths of circular arcs of a helical line is automatically transferred to
the measurement of segment lengths. The main barrier to understanding is psychological in nature
and related to the topology of surface lines.

Next, we will examine the question of the stability of the motions described by the system of
equations (10) based on the multipliers of the monodromy matrix X(θ, η).

To this end, let us consider the characteristic equation of the matrix X(θ, η) and, based on
(10)–(13), (20) and (23), we have

det[X(θ, η)− ρE] =

∣∣∣∣ϕ(θ, η)− ρ ψ(θ, η)
Dϕ(θ, η) Dψ(θ, η)− ρ

∣∣∣∣ = 0.

Obviously, from the characteristic equation h(η, ρ) ≡ det[X(θ, η)− ρE] of the monodromy matrix
X(θ, η), it follows that the function h(η, ρ) is ω-periodic in η and continuously differentiable with res-
pect to its arguments; moreover, in our case, the roots are distinct: ρ1(η) 6= ρ2(η) and nonzero. When
the multiplicities of the roots do not depend on the independent variable η, they can be determined
using the implicit function theorem, according to which the properties of the coefficients are inherited
by the roots of the equation. Consequently, we obtain ρi(η + ω) = ρi(η) ∈ C(e)

η (Rm), i = 1, n and the
existence of the logarithm of the monodromy matrix X(θ, η).

From this, taking into account Statement 1, we obtain

ρ2 − aρ+ 1 = 0, (33)

where a = a(η) is determined by the relation

a(η) = ϕ(θ, η) +Dψ(θ, η), a(η + ω) = a(η) ∈ C(e)
η (Smθ ), (34)

which can be called the Lyapunov’s multiperiodic characteristic coefficient with respect to the param-
eter η for the system (10).
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By virtue of (18) from (20) we have

ϕ(θ, η) = 1−
θ∫

0

(θ − σ1)p(σ1, β(σ1, η))dσ1+

+

θ∫
0

(θ − σ1)p(σ1, β(σ1, η))dσ1

σ1∫
0

(σ1 − σ2)p(σ2, β(σ2, η))dσ2 + ...+

+(−1)k
θ∫

0

dσ1

σ1∫
0

dσ2...

σk−1∫
0

(θ − σ1)(σ1 − σ2)...(σk−1 − σk)p(σ1, β(σ1, η)))...p(σk, β(σk, η))dσk + ...

Similarly, due to (23) and (24), we have

Dψ(θ, η) = 1−
θ∫

0

σ1p(σ1, β(σ1, η))dσ1+

+

θ∫
0

p(σ1, β(σ1, η))dσ1

σ1∫
0

(σ1 − σ2)σ2p(σ2, β(σ2, η))dσ2 + ...+ (−1)k
θ∫

0

dσ1

σ1∫
0

dσ2...

...

σk−1∫
0

(θ − σ1 + σ2)(σ1 − σ2)...(σk−1 − σk)p(σ1, β(σ1, η))p(σ2, β(σ2, η))...p(σk, β(σk, η))dσk + ...

Due to last two equalities, from (34) we define the Lyapunov characteristic coefficient of equa-
tion (33) for the second-order multiperiodic system (10) in the form

a(η) = 2− θ
θ∫

0

p(σ1, β(σ1, η))dσ1+

+

θ∫
0

dσ1

σ1∫
0

(θ − σ1 + σ2)(σ1 − σ2)p(σ1, β(σ1, η))p(σ2, β(σ2, η))dσ2 + ...+

+(−1)k

θ∫
0

dσ1

σ1∫
0

dσ2...

σk−2∫
0

dσk−1

σk−1∫
0

(θ − σ1 + σk)(σ1 − σ2)...(σk−1 − σk)p(σ1, β(σ1, η))...×

× ...p(σk, β(σk, η))dσk + ... (35)

Next, let us assume that p(τ, t) ≤ 0 onMm, i.e., a sign-negative function, and there exists a point
(ξ, η) ∈Mm such that

p(ξ, η) < 0, (ξ, η) ∈Mm. (36)

Then
θ∫
0

p(σ, β(σ, η))dσ < 0 and

(−1)k
θ∫

0

dσ1

σ1∫
0

dσ2 ...

σk−2∫
0

dσk−1

σk−1∫
0

(θ − σ1 + σk)(σ1 − σ2)...(σk−1 − σk)p(σ1, β(σ1, η))...×
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×...p(σk, β(σk, η))dσk ≥ 0, k = 1, 2, ....

Consequently, from (35) and (36) we have

a(η) > 2

and the roots ρ1,2 of equation (33) are distinct and real, and

ρ1 =
1

2
(a−

√
a2 − 4) < 1, ρ2 =

1

2
(a+

√
a2 − 4) > 1. (37)

Since the solution x(τ, t) of system (10) with the initial condition

x(τ, t)|τ=ξ = x0(t) ∈ω C(e)
t (Smθ )

by virtue of (27) at η = β(ξ − τ, t), in accordance with Theorem 1, defined by the relation

x(τ, t) = Y (τ, t)e
τ
θ
lnX(θ,β(ξ−τ,t))x0(β(ξ − τ, t)),

then from the properties of the multipliers ρ1,2 (37) we have the instability of the system (10), and
therefore of the equation (9).

Thus, we can formulate Theorem 2.

Theorem 2. Equation (9) with (θ, ω)-periodic (0, e)-smooth sign-negative function p(τ, t) 6= 0 at
(τ, t) ∈ Mm is unstable, and its multipliers are positive, with one of them greater than unity and the
other less than unity.

Now let us consider the case where p(τ, t) 6= 0 is positive, i.e. there exists a point (ξ, η) where
p(ξ, η) > 0.

Next, we estimate the multiperiod Lyapunov characteristic coefficient a = a(p), which depends on
the parameter p ∈ Smθ , and we have the inequality

I1 = θ

θ∫
0

p(σ1, β(σ1, η))dσ1 > 0, p ∈ Smθ .

Along with this, let us assume that p(τ, t) satisfied the condition

θ

θ∫
0

p(σ1, β(σ1, η))dσ1 ≤ 4, p ∈ Smθ . (38)

Then, taking into account 0 ≤ σk < σ1, θ − σ1 + σk < θ and

(θ − σ1 + σk+1)(σk − σk+1) ≤ 1

4
(θ − σ1 + σk)

2 <
θ

4
(θ − σ1 + σk)

by virtue of the estimate xy ≤ (x+y
2 )2, we obtain the following estimate:

Ik+1 =

θ∫
0

dσ1

σ1∫
0

dσ2...

σk−1∫
0

dσk

σk∫
0

(θ − σ1 + σk+1)(σ1 − σ2)...(σk − σk+1)p(σ1, β(σ1, η))...×

×...p(σk+1, β(σk+1, η))dσk+1 =

θ∫
0

dσ1

σ1∫
0

dσ2...

σk−2∫
0

dσk−1

σk−1∫
0

(θ − σ1 + σk+1)(σ1 − σ2)...×

32 Bulletin of the Karaganda University



Stability and existence of multiperiodic ...

×...(σk−1 − σk)p(σ1, β(σ1, η))...p(σk, β(σk, η))dσk ·
σk∫
0

(σk − σk+1)p(σk+1, β(σk+1, η))dk+1 <

<

θ∫
0

(θ − σ1 + σk+1)(σk − σk+1)dσk+1

σ1∫
0

dσ1...

σk−2∫
0

dσk−1

σk−1∫
0

(σ1 − σ2)...(σk−1 − σk)×

×p(σ1, β(σ1, η))...p(σk, β(σk, η))dσk

θ∫
0

p(σk+1, β(σk+1, η))dσk+1 <

<

θ∫
0

dσ1

σ1∫
0

dσ2...

σk−2∫
0

dσk−1

σk−1∫
0

θ

4
(θ − σ1 + σk)(σ1 − σ2)...(σk−1 − σk)p(σ1, β(σ1, η))...×

×...p(σk, β(σk, η))dσk ·
θ∫

0

p(σ, β(σ, η))dσ =
θ

4

θ∫
0

p(σ, β(σ, η))dσ · Ik.

From this, by virtue of (38), we have

0 < Ik+1(η) ≤ Ik(η), Ik(η)→ 0 at k →∞.

It is obvious that the series

a(η) = 2− I1(η) + I2(η)− I3(η) + ...+ (−1)kIk(η) + ..., η ∈ Smθ ,

are series. Leibniz, however, the estimate

a(η)− θ
θ∫

0

p(σ, β(σ, η))dσ < a < 2, η ∈ Smθ ,

i.e., −2 < a < 2.
Consequently, the roots p1/2(η) = 1

2 [a(η) ±
√
a2(η)− 4] are distinct and complex conjugate, and

|p1/2(η)| = 1.
Thus, the solution of the system (10), and therefore the equations (9), are bounded for all η ∈ Smθ ,

i.e., they are stable.
Theorem 3. Equations (9) with (θ, ω)-periodic smooth positive function p(τ, t) 6= 0 multipliers

ρ1,2(η) under the condition of Lyapunov

0 < θ

θ∫
0

p(σ, β(σ, η))dσ < 4, η ∈ Smθ (39)

are distinct, complex conjugate, and their moduli |ρ1/2(η)| = 1, and therefore equation (9) is stable.
In conclusion, considering that equation (9) is an extended representation of an ordinary differential

equation with a quasi-periodic coefficient of the form

d2

dτ2
x(τ, eτ) + p(τ, eτ)x(τ, eτ) = 0, (40)

p(τ + θ, t+ ω) = p(τ, t) ∈ C(0,e)
τ,t (R×Rm), p(τ, t) 6= 0,

the Theorem 3 is also valid in the case of (40), and we have the following important corollary, where
eτ = β(τ, 0).
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Corollary 2. If the coefficient p(τ, t) of equation (40) is positive and satisfies inequality

0 < θ

θ∫
0

p(σ, eσ)dσ < 4,

then all solutions of this equation are limited along with their first-order derivatives on the numerical
axis R, therefore, equation (40) is stable, and the multipliers ρ1/2(0) are different, complex conjugate
and |ρ1/2(0)| = 1.

The proof of Corollary 2 follows from Theorem 3 at η = 0, and last condition is derived from (39)
at zero η. The limitation of the first derivatives of solutions is due to the fact that equation (40) is
equivalent to a system of two first-order equations.

Conclusion

It should be noted that the Lyapunov method is closely related to the approach proposed
by V. Kharasakhal concerning the transition from the ordinary differentiation operator to the
D-differentiation operator along the diagonal, defined on a multidimensional cylindrical manifold.
Within this framework, it becomes possible to investigate the stability of the Mathieu equation with
quasiperiodic coefficients, which represents an important applied aspect of the present study.

If the multiperiodic coefficient of the considered equation is given in a stepwise form with respect
to each variable, then, in the purely periodic case, methods of numerical analysis can be effectively
employed for qualitative investigations.

Overall, the conducted research provides promising prospects for the further development of the
theory of multifrequency oscillations described by Lyapunov-type equations.

Acknowledgments

This research was funded by the Science Committee of the Ministry of Science and Higher Education
of the Republic of Kazakhstan (grant No. AP19676629).

Author Contributions

G.M. Aitenova drafted the manuscript and integrated the research findings into a coherent paper.
Zh.A. Sartabanov conceived the central idea of the study, secured the research funding, and provided
overall supervision of the project. B.Zh. Omarova contributed to data collection and analysis, support-
ing the validation of results. A.Kh. Zhumagaziyev participated in data acquisition and analysis and
coordinated the manuscript revision process. All authors critically reviewed the manuscript, provided
intellectual input at various stages of the research, and approved the final version for submission.

Conflict of Interest

The authors declare no conflict of interest.

References

1 Sartabanov, Zh.A. (2023). Periodichnost kharakteristik operatora differentsirovaniia po diagonali
[Periodicity of the characteristics of the diagonal differentiation operator].Vestnik Kazakhskogo
Nationslnogo Pedagogicheskogo Universiteta imeni Abaia. Seriia: Fiziko-matematicheskie nauki

34 Bulletin of the Karaganda University



Stability and existence of multiperiodic ...

— Bulletin of Abai Kazakh National Pedagogical University. Series of Physical and Mathematical
sciences, 82 (2), 40–53.

2 Sartabanov, Zh., Omarova, B., Aitenova, G., & Zhumagaziyev, A. (2023). Integrating multi-
periodic functions along the periodic characteristics of the diagonal differentiation operator. Jour-
nal of Mathematics, Mechanics and Computer Science, 120 (4), 52–68. https://doi.org/10.26577/
JMMCS2023v120i4a6

3 Demidovich, B.P. (1967). Lektsii po matematcheskoi teorii ustoichivosti [Lectures on the mathe-
matical theory of stability]. Moscow: Izdatelstvo Nauka [in Russian].

4 Petrovsky, G. (1978). Lectures on partial differential equations. New York: Interscience Publi-
shers Inc.

5 Rozhdestvenskii, B.L., & Yanenko, N.N. (1983). Systems of quasilinear equations and their appli-
cations to gas dynamics. Providence: American Mathematical Society. https://doi.org/10.1090/
mmono/055

6 Kharasakhal, V.Kh. (1970). Pochti periodicheskie resheniia obyknovennykh differentsialnykh
uravnenii [Almost periodic solutions of ordinary differential equations]. Alma-Ata: Izdatelstvo
Nauka [in Russian].

7 Umbetzhanov, D.U. (1979). Pochti mnogoperiodicheskie resheniia differentsialnykh uravnenii v
chastnykh proizvodnykh [Almost Multiperiodic Solutions of Partial Differential Equations]. Alma-
Ata: Nauka [in Russian].

8 Umbetzhanov, D.U. (1990). Pochti periodicheskie resheniia evoliutsionnykh uravnenii [Almost
Periodic Solutions of Evolutionary Equations]. Alma-Ata: Nauka [in Russian].

9 Vejvoda, О., Herrmann, L., Lovicar, V., Sova, M., & Straskaba, I. (1982). Partial differential
equations: Time-periodic solutions. Martinus Nijhoff: The Hague.

10 Feckan, M., Khalladi, M.T., Kostic, M., & Rahmani, A. (2025). Multi-dimensional ρ-almost
periodic type functions and applications. Applicable Analysis, 104 (1), 142–168. https://doi.org/
10.1080/00036811.2022.2103678

11 Feckan, M., & Pospisil, M. (2018). On equations with generalized periodic right-hand side.
Ukrainian Mathematical Journal, 70 (2), 288–318. https://doi.org/10.1007/s11253-018-1501-4

12 Liu, K., Feckan, M., & Wang, J. (2022). A Class of (ω, T )-periodic solutions for impulsive
evolution equations of Sobolev type. Bulletin of the Iranian Mathematical Society, 48 (5), 2743–
2763. https://doi.org/10.1007/s41980-021-00666-9

13 Ismail, A.I. (2021). Application of a large-parameter technique for solving a singular case of a rigid
body. Advances in Mathematical Physics, 2021, Article 88422700. https://doi.org/10.1155/2021/
8842700

14 Kostic, M. (2022). Multi-dimensional c-almost periodic type functions and applications. Nonau-
tonomous Dynamical Systems, 8 (1), 1–21. https://doi.org/10.1515/msds-2020-0130

15 Ren, Y., Zhi, Y., Feng. K., Gao, H., & Zhang, J. (2022). A time-frequency representation
approach of undersampled signals with multiple periodic FM components. IEEE Transactions on
Aerospace and Electronic Systems, 58 (4), 3624–3632. https://doi.org/10.1109/TAES.2021.312
2406

16 Liu, C., & Wang, S. (2023). Multiple periodic solutions of second order parameter-dependent
equations via rotation numbers. AIMS Mathematics, 8 (10), 25195–25219. https://doi.org/
10.3934/math.20231285

17 Li, K., (2011). Multiple periodic solutions for asymptotically linear Duffing equations with res-
onance. Journal of Mathematical Analysis and Applications, 378 (2), 657–666. https://doi.org/
10.1016/j.jmaa.2011.01.049

Mathematics Series. No. 1(121)/2026 35

https://doi.org/10.26577/JMMCS2023v120i4a6
https://doi.org/10.26577/JMMCS2023v120i4a6
https://doi.org/10.1090/mmono/055
https://doi.org/10.1090/mmono/055
https://doi.org/10.1080/00036811.2022.2103678
https://doi.org/10.1080/00036811.2022.2103678
https://doi.org/10.1155/2021/8842700
https://doi.org/10.1155/2021/8842700
https://doi.org/10.1109/TAES.2021.3122406
https://doi.org/10.1109/TAES.2021.3122406
https://doi.org/10.3934/math.20231285
https://doi.org/10.3934/math.20231285
https://doi.org/10.1016/j.jmaa.2011.01.049
https://doi.org/10.1016/j.jmaa.2011.01.049


G.M. Aitenova et al.

18 Jebelean, P., & Serban, C. (2022). Multiple periodic solutions for odd perturbations of the dis-
crete relativistic operator. Mathematics, 10 (9), Article 1595. https://doi.org/10.3390/math1009
1595

19 Sartabanov, Zh.A., Abdikalikova, G.A., Aitenova, G.M., Omarova, B.Zh., & Zhumagaziyev, A.Kh.
(2024). Implementation of the Small Parameter Method for Studying Multiperiodic Solutions of
Systems with a Diagonal Differentiation Operator. Lobachevskii Journal of Mathematics, 45 (12),
6594–6609. https://doi.org/10.1134/S1995080224607197

20 Omarova, B., Sartabanov, Zh., Zhumagaziyev, A., & Aitenova, G. (2025). Multiperiodic solutions
of linear systems with a differentiation operator in the directions of the diagonal of the space
of independent variables. Carpathian Journal of Mathematics, 41 (4), 981–998. https://doi.org/
10.37193/CJM.2025.04.09

21 Abdikalikova, G. (2026). Solvability of the Boundary Value Problem for a System of Parabolic
Equations. Mathematical Methods in the Applied Sciences, 49 (5), 4328–4339. https://doi.org/
10.1002/mma.70348

22 Abdikalikova, G.A. (2024). Solvability of a Nonlocal Boundary Value Problem for One Class of
Loaded Partial Differential Equations. Lobachevskii Journal of Mathematics, 45 (10), 4815–4827.
https://doi.org/10.1134/S1995080224606040

23 Abdikalikova, G.A., Assanova, A.T., & Shekerbekova, S.T. (2022). Nonlocal Problem for Fourth-
Order Loaded Hyperbolic Equations. Russian Mathematics, 66 (8), 1–18. https://doi.org/10.3103/
S1066369X22080011

24 Bekbauova, A.U. (2025). Constructing a Broad-Sense Solution to Nonlinear First-Order Partial
Differential Systems. Lobachevskii Journal of Mathematics, 46 (1), 369–376. https://doi.org/
10.1134/S1995080224608142

Author Information∗

Gulsezim Muratovna Aitenova — PhD, Senior Researcher, M.Utemisov West
Kazakhstan University, 162 Nursultan Nazarbayev Ave., Uralsk, 090000, Kazakhstan; e-mail:
gulsezimaitenova@gmail.com; https://orcid.org/0000-0002-4572-8252

Zhayshylyk Almaganbetovich Sartabanov — Doctor of Physical and Mathematical Sciences,
Professor, Chief Researcher, K. Zhubanov Aktobe Regional University, 34 Aliya Moldagulova Ave.,
Aktobe, 030000, Kazakhstan; e-mail: sartabanov42@mail.ru; https://orcid.org/0000-0003-2601-2678

Bibigul Zharbolovna Omarova — PhD, Senior Researcher, K. Zhubanov Aktobe Regional Uni-
versity, 34 Aliya Moldagulova Ave., Aktobe, 030000, Kazakhstan; e-mail: bibigul.zharbolkyzy@gmail.com;
https://orcid.org/0000-0002-3267-2501

Amirе Khaliuly Zhumagaziev (corresponding author) — PhD, Senior Researcher, K. Zhubanov
Aktobe Regional University, 34 Aliya Moldagulova Ave., Aktobe, 030000; Kh.Dosmukhamedov Atyrau
University, Atyrau, 060000, Kazakhstan; e-mail: azhumagaziyev@zhubanov.edu.kz ; https://orcid.org/
0000-0002-6007-3311

∗Authors’ names are presented in the following order: first name, middle name (if any), last name.

36 Bulletin of the Karaganda University

https://doi.org/10.37193/CJM.2025.04.09
https://doi.org/10.37193/CJM.2025.04.09
https://doi.org/10.1002/mma.70348
https://doi.org/10.1002/mma.70348
https://doi.org/10.3103/S1066369X22080011
https://doi.org/10.3103/S1066369X22080011
https://doi.org/10.1134/S1995080224608142
https://doi.org/10.1134/S1995080224608142
https://orcid.org/0000-0002-6007-3311
https://orcid.org/0000-0002-6007-3311


Bulletin of the Karaganda University. Mathematics Series, No. 1(121), 2026, pp. 37–54

https://doi.org/10.31489/2026M1/37-54 Research article

A Boundary Value Problem for a Time-Fractional Diffusion Equation
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This article deals with the fundamental problems in the mathematical theory of fractional differential
equations, specifically focusing on the analytical solvability of boundary value problems in time-dependent
domains. The relevance of the study implies the necessity of developing methods for equations with non-
local operators modeling anomalous diffusion. A one-dimensional diffusion equation containing a Riemann-
Liouville fractional derivative with respect to time is examined. The characteristic features of the problem,
posed in a non-cylindrical domain bounded by a moving linear boundary and a fixed spatial coordinate,
are analyzed. The need to handle inhomogeneous boundary data is identified, and the problem is initially
reduced to one with homogeneous conditions. On the basis of the study, the author constructs the fun-
damental solution in a quarter-plane by means of the bilateral Laplace transform and obtains the Green
function for the Dirichlet problem. It is shown that the solution can be expressed through an integral rep-
resentation in terms of a specific boundary density. This density satisfies a Volterra-type integral equation
with a weakly singular kernel. Using the contraction mapping principle, it is proved that this equation
has a solution. Consequently, the existence of a regular solution to the original boundary value problem is
established.

Keywords: time-fractional diffusion equation, Riemann–Liouville derivative, infinite memory, non-cylindrical
domain, shrinking domain, Dirichlet problem, Green function, fundamental solution, Wright function,
bilateral Laplace transform, Volterra integral equation, weakly singular kernel.
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Introduction

Over the last decades, time-fractional diffusion equations have been intensively studied as models
of anomalous transport in complex media. For single-term equations on the whole line or in Rn, the
Cauchy problem has become classical. Using Laplace and Fourier transforms, the fundamental solutions
can be represented in terms of the Wright and M-Wright functions, and their probabilistic interpretation
as self-similar densities is well understood [1, 2]. These kernels provide the natural building blocks for
Green functions in bounded geometries and for the analysis of qualitative properties such as positivity
and scaling.

A large body of work addresses initial-boundary value problems in cylindrical domains with fixed
spatial cross-section. For one-dimensional problems with Caputo time-fractional derivatives, a maxi-
mum principle and related a priori estimates were established in [3] and later extended to weak solutions
and general elliptic operators in [4]. For equations with Riemann–Liouville derivatives, Pskhu devel-
oped a Green-function method for one-dimensional boundary value problems: in particular, explicit
representations for the first boundary value problem on a finite interval and for related boundary
value problems in rectangles were obtained in [5,6]. These contributions show that, in a fixed domain,
boundary data can often be reduced to Volterra integral equations with weakly singular kernels.
∗Corresponding author. E-mail: madiomarovt@gmail.com
This research was funded by the Science Committee of the Ministry of Science and Higher Education of the Republic

of Kazakhstan (Grant no. AP23488729, AP23488740).
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Time-fractional diffusion in unbounded or semi-bounded domains has also been investigated. In [7]
a time-fractional diffusion equation with mass absorption in a quarter-line was solved under a Dirichlet
boundary condition that is harmonic in time; combining Laplace transform in time and sine transform
in space yields an explicit solution as a superposition of Wright-type kernels. For numerical purposes,
boundary integral equation approaches have been developed: Yao and Wang proposed a boundary-
integral scheme for the time-fractional diffusion equation, where the solution is expressed as a single-
layer potential and the time dependence is treated in the Laplace domain [8].

The geometry of the spatial domain plays a subtle role once the boundary is allowed to move.
A step towards non-cylindrical domains for time-fractional equations was taken by Kubica, Rybka,
and Ryszewska, who considered a one-dimensional heat equation with Caputo time derivative in a
noncylindrical region and established existence of weak solutions via the Galerkin method [9]. On
the other hand, Pskhu solved the first boundary value problem for a diffusion-wave equation with a
fractional time derivative of Dzhrbashyan–Nersesyan type in a non-cylindrical domain, derived a Green
representation and proved that Hölder regularity of the lateral boundary ensured existence [10].

Moving-boundary problems of Stefan type provide another important class of non-cylindrical con-
figurations. Roscani analysed a one-dimensional time-fractional diffusion equation with a free boun-
dary, employing a fractional weak maximum principle and constructing exact self-similar solutions in
terms of Wright functions [11]. Kubica and Ryszewska studied a time-fractional Stefan problem with
Riemann–Liouville flux, derived a self-similar formulation, and obtained explicit similarity solutions
describing phase-change fronts with memory [12].

A further line of research relevant for the present work concerns equations with fractional derivatives
whose lower limit is shifted to minus infinity. Diffusion-wave equations with such derivatives model
processes with “infinite memory” and require the introduction of appropriate asymptotic boundary
conditions instead of classical initial data. Pskhu and Rekhviashvili constructed Green functions for
an asymptotic boundary value problem on the real line, proved solvability in weighted function spaces,
and discussed applications to fractional electrodynamics [13]. Their analysis shows that the choice of
the lower limit in the fractional derivative substantially affects both the functional setting and the
structure of Green representations.

Angular domains create additional difficulties due to corner singularities and the interplay between
spatial and temporal degeneracies. For fractional diffusion equations with time-fractional derivatives
starting at t = 0, a boundary value problem in a curvilinear angle was solved in [14]. The authors
proved existence in weighted Hölder spaces, demonstrating that the Hölder continuity of the boundary
curve suffices to control the singular behaviour near the vertex. More recently, it was considered the
first boundary value problem for a fractional diffusion equation in a degenerate angular domain whose
opening shrinks to a point at the initial time [15]. They showed that the associated boundary integral
equations are no longer of standard Volterra type; nevertheless, by a careful analysis of Wright kernels
and Carleman–Vekua regularisation they obtained existence results in suitable weighted classes.

Loaded fractional diffusion equations, in which the partial differential equation contains additional
integral or fractional-differential terms supported on lower-dimensional sets, form another active re-
search direction. Boundary value problems for a diffusion equation with a fractional load supported on
a straight ray were studied [16]. Depending on the position of the supporting line and on the order of
the fractional operator in the load, the resulting boundary integral equation may be of genuine Volterra
type, of pseudo-Volterra type, or even fail to have a unique solution, illustrating the delicate interplay
between nonlocality and geometry.

Finally, a number of generalisations replace the Caputo or Riemann–Liouville derivative by more
flexible operators. Of particular interest are diffusion models driven by g-fractional derivatives with
respect to a monotone function g. Angelani and Garra analysed g-fractional diffusion in bounded
domains with absorbing boundaries, obtained explicit series representations of the solution, and studied

38 Bulletin of the Karaganda University



A Boundary Value Problem for ...

first-passage time distributions and their dependence on the choice of g [17]. These models demonstrate
how non-standard fractional operators can be combined with boundary conditions to generate rich
transient behaviours.

Against this background, the present paper addresses a boundary value problem for a time-
fractional diffusion equation with Riemann–Liouville derivative of order 0 < α < 1 whose lower limit
is −∞, posed in a non-cylindrical domain

Ω = {(x, t) : 0 < x < −t, −∞ < t < 0}.

The domain degenerates to a point as t→ 0−, and the boundary conditions are prescribed on both the
fixed boundary x = 0 and the moving boundary x = −t. To the best of our knowledge, no previous
work combines simultaneously (i) an infinite-memory Riemann–Liouville derivative, (ii) a genuinely
non-cylindrical domain whose lateral boundary originates at a single point, and (iii) boundary data
given on two intersecting time-like curves.

Methodologically, our approach is close in spirit to the Green-function constructions in [5, 10, 13]
but differs in several essential aspects. We first construct a fundamental solution in the quarter-plane
x > 0, t < 0 using the bilateral Laplace transform with respect to time and derive from it a Green
function for the Dirichlet problem on the quarter-line, expressed explicitly through Wright kernels [1,2].
This Green function is then employed to represent the solution in the non-cylindrical domain in terms
of boundary layer potentials, leading to a Volterra-type integral equation for an unknown boundary
density on the moving boundary. The kernel of this equation exhibits only a weak singularity, so the
problem is well posed in a weighted Banach space of functions on (−∞, 0]; existence follows from the
contraction mapping principle. In this way we obtain an explicit Green representation for the regular
solution and identify natural conditions on the right-hand side. The results thus extend the potential-
theoretic approach to time-fractional diffusion into a new regime where both nonlocality in time and
degeneracy of the spatial domain at the initial moment must be treated simultaneously.

The paper is organized as follows. In the introduction we formulate the boundary value problem
for the time-fractional diffusion equation with the Riemann–Liouville derivative on the non-cylindrical
domain and introduce the notion of a regular solution. In the next section we reduce the problem
with inhomogeneous boundary data to an equivalent problem with homogeneous boundary conditions
by an explicit transformation. We then construct in the quarter-plane a fundamental solution of the
fractional diffusion equation by means of the bilateral Laplace transform in time and derive the Green
function for the Dirichlet problem on the quarter-line. Using this Green function, we obtain in the
non-cylindrical domain an integral representation of the solution in terms of volume and boundary
layer potentials. The boundary conditions on the moving boundary lead to a Volterra-type integral
equation with a weakly singular kernel for an unknown boundary density. Finally, we introduce a
suitable weighted Banach space, study the corresponding integral operator, and prove existence of the
boundary density, and hence of the regular solution to the original boundary value problem, by the
contraction mapping principle.

1 Problem statement

Let 0 < α < 1 and set β = α
2 ∈

(
0, 1

2

)
. We consider the fractional diffusion equation

Dα
−∞tu(x, t)− ∂2u

∂x2
(x, t) = f(x, t), (1)

in the non-cylindrical domain

Ω = {(x, t) : 0 < x < −t, −∞ < t < 0}. (2)
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Here Dα
−∞t denotes the Riemann–Liouville fractional derivative of order α with respect to t with lower

limit −∞.
We impose boundary conditions on both sides of the space interval:

u(0, t) = ϕ(t), u(−t, t) = ψ(t), −∞ < t < 0. (3)

The right-hand side f and the boundary data ϕ,ψ will be specified later. Our aim is to construct
a representation for the solution of (1), (3) and to obtain conditions on f for the existence of a regular
solution.

1.1 Preliminaries

For 0 < α < 1 the Riemann–Liouville derivative Dα
−∞t is defined by

Dα
−∞tu(x, t) =

∂

∂t
Dα−1
−∞tu(x, t),

where

Dα−1
−∞tu(x, t) =

1

Γ(1− α)

∫ t

−∞
(t− τ)−αu(x, τ) dτ.

We also use the notation

hγ(s) =
sγ−1

Γ(γ)
, s > 0, γ > 0,

so that Dα−1
−∞tu(x, t) =

∫ t
−∞ u(x, τ)h1−α(t− τ) dτ .

Definition 1 (Regular solution). Let Ω be given by (2). A function u = u(x, t) is called a regular
solution of (1) in Ω if
• u ∈ C(Ω);
• ∂2u/∂x2 exists and is continuous in Ω;
• for every (x, t) ∈ Ω the quantity Dα−1

−∞tu(x, t) is well-defined and continuously differentiable in t;
• for every fixed x and every R < 0 the function (R− t)−αu(x, t) is integrable on (−∞, R);
• u satisfies (1) pointwise in Ω and the boundary conditions (3) hold.

Definition 2. The two-sided Laplace transform of a function f is

F (s) =

∫ +∞

−∞
f(t)e−st dt

and it exists at s if the integral converges absolutely:∫ +∞

−∞
|f(t)|e−Re s·t dt <∞.

It is sufficient that:
• f be piecewise continuous on every finite interval;
• ∃M1,M2 > 0, a < b ∈ R such that

|f(t)| ≤M1e
at (t ≥ 0), |f(t)| ≤M2e

bt (t ≤ 0).

Then F (s) exists and is analytic in the entire strip a < Re s < b.
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Definition 3. For η ∈ R and β = α
2 , we define the function wµ(x, y) by

wη(x, y) = yη−1φ

(
−β, η;− x

yβ

)
,

where φ(ρ, η; z) denotes the Wright function, given by the series representation

φ(ρ, η; z) =
∞∑
k=0

zk

k!Γ(η + ρk)
, ρ > −1.

In the special case where η = 0, we denote the function simply as w(x, y) = w0(x, y).

2 Reduction to homogeneous boundary conditions

We first reduce problem (1), (3) to an equivalent problem with homogeneous boundary conditions.
Define

u(x, t) = v(x, t) + ϕ(t)− x

t

(
ψ(t)− ϕ(t)

)
, (x, t) ∈ Ω. (4)

Since t < 0 in Ω and 0 < x < −t, the coefficient x/t is well-defined and satisfies |x/t| ≤ 1 for all
(x, t) ∈ Ω, in particular it is bounded on compact subsets of Ω.

By direct substitution into the boundary conditions (3) we obtain

u(0, t) = v(0, t) + ϕ(t) = ϕ(t) ⇒ v(0, t) = 0,

and

u(−t, t) = v(−t, t) + ϕ(t)− −t
t

(ψ(t)− ϕ(t)) = v(−t, t) + ψ(t) ⇒ v(−t, t) = 0.

Hence v satisfies the homogeneous boundary conditions

v(0, t) = v(−t, t) = 0, −∞ < t < 0. (5)

Substituting (4) into the equation (1) we obtain

Dα
−∞tv(x, t)− ∂2v

∂x2
(x, t) = f(x, t)−Dα

−∞tϕ(t) +Dα
−∞t

[x
t

(
ψ(t)− ϕ(t)

)]
,

because the second derivative with respect to x of the affine function x 7→ ϕ(t)− x
t (ψ(t)−ϕ(t)) vanishes.

Thus the function v solves the inhomogeneous problem

Dα
−∞tv(x, t)− ∂2v

∂x2
(x, t) = f̃(x, t), (6)

in Ω, with homogeneous boundary conditions (5), where

f̃(x, t) = f(x, t)−Dα
−∞tϕ(t) +Dα

−∞t

[x
t

(
ψ(t)− ϕ(t)

)]
.

Therefore it suffices to solve problem (6), (5) and then recover u by (4).
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3 Fundamental solution in the quarter-plane

To construct a regular solution, we first partly study the equation

Dα
−∞tv(x, t)− ∂2v

∂x2
(x, t) = f̃(x, t), (7)

in the quarter-plane
Ω1 = {(x, t) : x > 0, t < 0},

with the boundary condition
v(0, t) = 0, t < 0. (8)

In order to construct the fundamental solution we consider the problemDα
−∞tv(x, t)− ∂2v

∂x2
(x, t) = δ(x− x1)δ(t− t1), (x, t) ∈ Ω1,

v(0, t) = 0, limx→∞ v(x, t) = 0, t < 0,
(9)

where x1 > 0, t1 < 0 are fixed.

3.1 Bilateral Laplace transform in t

We select the solution of (9), i.e.,

v(x, t) = 0, t < t1. (10)

Thus v(x, t) is understood as being defined for all t ∈ R by the zero continuation (10). In particular,
for every Re p > 0 and every fixed x > 0 the bilateral Laplace integral

v̄(x, p) =

∫ +∞

−∞
v(x, t)e−pt dt

converges absolutely.
Let v(x, t) be a solution of (9) such that, for every Re p > 0∫ ∞

−∞
|v(x, t)|e−pt dt <∞

for all x > 0, and assume that v(x, t) is the pre image under the bilateral Laplace transform (this
property will be satisfied a posteriori for the explicit fundamental solution constructed below). Consider
the bilateral Laplace transform with respect to t,

v̄(x, p) =

∫ ∞
−∞

v(x, t)e−pt dt, Re p > 0.

Using integration by parts and the representation of the Riemann–Liouville derivative we obtain∫ ∞
−∞

Dα
−∞tv(x, t)e−pt dt = e−ptDα−1

−∞tv(x, t)
∣∣t=+∞
t=−∞ + pαv̄(x, p) = pαv̄(x, p),

under the aforementioned decay and integrability assumptions the boundary term vanishes. Further-
more, ∫ ∞

−∞

∂2v

∂x2
(x, t)e−pt dt =

∂2

∂x2
v̄(x, p).
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Transforming (9) leads to the ordinary differential equation

pαv̄(x, p)− ∂2v̄

∂x2
(x, p) = e−pt1δ(x− x1), x > 0, Re p > 0.

Equivalently,
∂2v̄

∂x2
(x, p)− pαv̄(x, p) = −e−pt1δ(x− x1) =: g(x, p).

For x 6= x1 the homogeneous equation v̄xx − pαv̄ = 0 has the general solution

v̄(x, p) = Q1(p)e−p
βx +Q2(p)ep

βx, β =
α

2
.

To take into account the delta source at x = x1, we write the solution using the method of variation
of parameters. We set

v̄(x, p) = Q1(x, p)e−p
βx +Q2(x, p)ep

βx

and impose

Q′1(x, p)e−p
βx +Q′2(x, p)ep

βx = 0, −pβQ′1(x, p)e−p
βx + pβQ′2(x, p)ep

βx = g(x, p).

Solving this system gives

Q′1(x, p) = −e
pβx

2pβ
g(x, p), Q′2(x, p) =

e−p
βx

2pβ
g(x, p).

Consequently,

Q1(x, p) = −
∫ x

0

ep
βξ

2pβ
g(ξ, p) dξ + C1(p),

Q2(x, p) = −
∫ ∞
x

e−p
βξ

2pβ
g(ξ, p) dξ + C2(p).

Substituting back yields

v̄(x, p) = Q1(x, p)e−p
βx +Q2(x, p)ep

βx

= −
∫ x

0

g(ξ, p)e−p
β(x−ξ)

2pβ
dξ −

∫ ∞
x

g(ξ, p)e−p
β(ξ−x)

2pβ
dξ+

+ C1(p)e−p
βx + C2(p)ep

βx =

= −
∫ ∞

0

g(ξ, p)e−p
β |x−ξ|

2pβ
dξ + C1(p)e−p

βx + C2(p)ep
βx.

Using g(x, p) = −e−pt1δ(x− x1), we obtain

v̄(x, p) = e−pt1
e−p

β |x−x1|

2pβ
+ C1(p)e−p

βx + C2(p)ep
βx.

The boundary condition at x = 0 reads

v̄(0, p) = e−pt1
e−p

βx1

2pβ
+ C1(p) + C2(p) = 0.

The boundedness as x→∞ again implies C2(p) = 0, hence

C1(p) = −e−pt1 e
−pβx1

2pβ
,

and therefore

v̄(x, p) =
e−pt1

2pβ

(
e−p

β |x−x1| − e−pβ(x+x1)
)
.
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3.2 Inverse Laplace transform and the Wright kernels

We now invert the Laplace transform. For this we introduce a family of kernels wη(x, t), η ∈ R,
x ≥ 0, t > 0, such that ∫ ∞

0
e−ptwη(x, t) dt = p−ηe−p

βx, Re p > 0. (11)

Here and below Dρ
τt denotes the Riemann–Liouville fractional derivative in t of order ρ with lower

limit τ . The kernels wη are Wright-type functions and satisfy, in particular, the relations

Dρ
τtwη(x, t− τ) = wη−ρ(x, t− τ), (12)

for all ρ and all admissible η, and

Dα
τtwβ(x, t− τ) =

∂2

∂x2
wβ(x, t− τ), α = 2β. (13)

From (11) with η = β we see that the inverse transform of e−pβx/pβ is precisely wβ(x, t). Hence

v(x, t) =
1

2

(
wβ(|x− x1|, t− t1)− wβ(x+ x1, t− t1)

)
, t > t1.

We summarize the above in the following lemma.
Lemma 1. Let x1 > 0, t1 < 0 and assume that v(x, t) is bounded in Ω1, satisfies the boundary

condition (8), and solves (9) in the sense of distributions. Then v is given by

v(x, t) =
1

2

(
wβ(|x− x1|, t− t1)− wβ(x+ x1, t− t1)

)
, t > t1,

and v(x, t) ≡ 0 for t < t1.
We define the function

G(x, ξ, t, τ) =
1

2

(
wβ(|x− ξ|, t− τ)− wβ(x+ ξ, t− τ)

)
, (14)

for x > 0, ξ > 0, t > τ . This is the candidate for the Green function of the homogeneous prob-
lem (7), (8).

4 Fundamental solution and Green function

4.1 Definitions

We formulate the precise definition of a fundamental solution and a Green function for (7), (8).
Definition 4. A function V (x, ξ, t, τ) is called a fundamental solution of (7) if the following condi-

tions hold:
1. For every fixed ξ > 0 and τ < 0 the function V (x, ξ, t, τ) is defined for t > τ and satisfies(

Dα
τt −

∂2

∂x2

)
V (x, ξ, t, τ) = 0, t > τ.

2. For every interval [x1, x2] and every g ∈ C[x1, x2] there holds

lim
τ→t

∫ x2

x1

g(ξ)Dα−1
τt V (x, ξ, t, τ) dξ = g(x), x1 < x < x2.

Definition 5 (Green function). A function G(x, ξ, t, τ) is called a Green function of the boundary
value problem (7), (8) if
• G is a fundamental solution in the sense of Definition 4;
• for every ξ > 0, τ < 0 and t > τ one has G(0, ξ, t, τ) = 0.
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4.2 Verification for the kernel G

Lemma 2. Let G be given by (14). Then G is a Green function for the problem (7), (8).

Proof. By (13) we have(
Dα
τt −

∂2

∂x2

)
wβ(|x− ξ|, t− τ) = 0,

(
Dα
τt −

∂2

∂x2

)
wβ(x+ ξ, t− τ) = 0,

hence (
Dα
τt −

∂2

∂x2

)
G(x, ξ, t, τ) = 0

for t > τ , x > 0, ξ > 0.
Next, by symmetry in the spatial variable we obtain

G(0, ξ, t, τ) =
1

2

(
wβ(| − ξ|, t− τ)− wβ(0 + ξ, t− τ)

)
= 0,

so the boundary condition at x = 0 is satisfied.
For the fundamental property, using (12) with µ = β and ρ = α− 1 (so that α = 2β) we obtain

Dα−1
τt G(x, ξ, t, τ) =

1

2

(
w1−β(|x− ξ|, t− τ)− w1−β(x+ ξ, t− τ)

)
.

Let g ∈ C[x1, x2], x1 < x < x2. Then∫ x2

x1

g(ξ)Dα−1
τt G(x, ξ, t, τ) dξ =

1

2

∫ x2

x1

g(ξ)w1−β(|x− ξ|, t− τ) dξ−

− 1

2

∫ x2

x1

g(ξ)w1−β(x+ ξ, t− τ) dξ =:

=: I1(τ) + I2(τ).

The first term I1(τ) has the structure of a spatial convolution with a kernel that concentrates near ξ = x
as t−τ → 0+. Under the standard estimates for Wright-type kernels one shows that w1−β(·, t−τ) forms
an approximate identity, hence limτ→t I1(τ) = g(x). For I2(τ) one uses the decay of w1−β(x+ ξ, t− τ)
in ξ and the boundedness of g to obtain limτ→t I2(τ) = 0. Combining these limits we obtain the desired
relation, and the lemma follows.

5 Representation formula in the non-cylindrical domain

We now return to the original domain Ω given by (2) and the homogeneous boundary value problem

Dα
−∞tv(x, t)− ∂2v

∂x2
(x, t) = f̃(x, t), (x, t) ∈ Ω, (15)

v(0, t) = 0, v(−t, t) = 0, −∞ < t < 0. (16)

To construct the solution we use the Green function (14) in the quarter-plane and apply a Green-
type representation argument.

We introduce the auxiliary functions

Φ1(x, t) =

∫ t

−∞
w0(x, t− τ)µ(τ) dτ, (17)

Φ2(x, t) =
1

2

∫ t

−∞
ν(τ)

(
w0(x− τ, t− τ)− w0(−τ − x, t− τ)

)
dτ, (18)

F (x, t) =
1

2

∫ t

−∞

∫ − τ
0

f̃(ξ, τ)
(
wβ(|x− ξ|, t− τ)− wβ(x+ ξ, t− τ)

)
dξ dτ. (19)
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Here µ(t) and ν(t) are unknown boundary densities to be chosen so that

v(x, t) = Φ1(x, t) + Φ2(x, t) + F (x, t)

satisfies the boundary conditions (16) and the equation (15).

5.1 Some properties of Φ1 and Φ2

We use the derivative relation (12). Under suitable decay assumptions on µ, ν the following identities
hold.

Lemma 3. Assume that µ(t) ∈ C((−∞, 0]) ∩ L1((−∞, 0)) and that

lim
t→−∞

(−t)δ1µ(t) = 0

for some δ1 > 1− 2β. Then

Dα
−∞tΦ1(x, t) =

∂2

∂x2
Φ1(x, t), (x, t) ∈ Ω.

Similarly, if ν satisfies

ν(t) ∈ C((−∞, 0]) ∩ L1((−∞, 0)), lim
t→−∞

(−t)δ2ν(t) = 0, δ2 > 1− 2β,

then

Dα
−∞tΦ2(x, t) =

∂2

∂x2
Φ2(x, t), (x, t) ∈ Ω.

Proof. Using (12) with η = 0 and ρ = α, we obtain

Dα
−∞tΦ1(x, t) =

∫ t

−∞
µ(τ)Dα

τtw0(x, t− τ) dτ =

∫ t

−∞
µ(τ)w−α(x, t− τ) dτ =

∫ t

−∞
µ(τ)w−2β(x, t− τ) dτ,

since α = 2β. From (11) it follows that w−2β = ∂2
xw0, so

Dα
−∞tΦ1(x, t) =

∫ t

−∞
µ(τ)

∂2

∂x2
w0(x, t− τ) dτ =

∂2

∂x2
Φ1(x, t).

The argument for Φ2 is analogous, using linearity, symmetry of the kernels and the same derivative
identity. Justification of bringing the derivative under the integral sign is based on the decay assump-
tions on µ, ν and the bounds on wη; these are standard and follow from the known estimates for
Wright-type kernels.

We also need an approximation property of w0.
Lemma 4. Let g ∈ C(−∞, T ) ∩ L1(−∞, T − ε) for every T ∈ R and ε > 0. Then

lim
x→0

∫ t

−∞
g(τ)w0(x, t− τ) dτ = g(t). (20)

Proof. We write∫ t

−∞
g(τ)w0(x, t− τ)dτ =

∫ t

−∞
(g(τ)− g(t))w0(x, t− τ)dτ + g(t)

∫ t

−∞
w0(x, t− τ)dτ =

=

(∫ t−ε

−∞
+

∫ t

t−ε

)
(g(τ)− g(t))w0(x, t− τ)dτ + g(t) lim

τ→−∞
w1(x, t− τ) =

=

(∫ t−ε

−∞
+

∫ t

t−ε

)
[g(τ)− g(t)]w0(x, t− τ)dτ + g(t) = I1 + I2 + g(t).

46 Bulletin of the Karaganda University



A Boundary Value Problem for ...

Fix ε > 0, using integrability of g(τ)− g(t) on (−∞, t− ε) and the bound

|w0(x, s)| ≤ Cx−θsβθ−1, θ ≥ −1, C = C(β, θ),

one shows that I1 tends to zero as x → 0. For I2 we use continuity of g near t and the fact that∫ ε
0 w0(x, s) ds is uniformly bounded in x to obtain

lim
x→0
|I2(x, t)| ≤ sup

τ∈(t−ε,t)
|g(τ)− g(t)|,

which can be made arbitrarily small by choosing ε small. Combining these, we obtain (20).

5.2 Boundary limits and the integral equation for ν

We now compute the limits of Φ1,Φ2, F as x → 0 and x → −t to enforce the boundary condi-
tions (16). We outline the main steps.

From Lemma 4, limx→0 Φ1(x, t) = µ(t). Using symmetry and derivative estimates for w0 one
shows that limx→0 Φ2(x, t) = 0, so that limx→0 v(x, t) = µ(t) + limx→0 F (x, t). Imposing the boundary
condition v(0, t) = 0 leads to µ(t) = − limx→0 F (x, t) = 0. Consequently,

Φ1(x, t) ≡ 0.

Next, consider the limit x → −t (approaching the moving boundary from inside Ω). Using again
the estimates for wη and by virtue of the Lemma 4 one shows that

lim
x→−t

Φ2(x, t) =
1

2

∫ t

−∞
ν(τ)

(
w0(−t− τ, t− τ)− w0(t− τ, t− τ)

)
dτ − 1

2
ν(t).

Moreover F (−t, t) ∈ C(−∞, 0] is well defined and satisfies a decay estimate of the form,

|F (−t, t)| ≤ C(−t)2−θ−σ3+βθ, θ ∈ (0, 1), t < 0,

under assumptions on f̃ to be stated below.
Consequently, the boundary condition v(−t, t) = 0 leads to the integral equation

ν(t)−
∫ t

−∞
ν(τ)

(
w0(−t− τ, t− τ)− w0(t− τ, t− τ)

)
dτ = 2F (−t, t), (21)

where F (−t, t) is given by (19). It is this Volterra-type equation that we will solve in a suitable function
space.

6 Assumptions on the data and main existence result

6.1 Assumptions on the boundary data and the compatibility condition

Since Ω = {(x, t) : 0 < x < −t, −∞ < t < 0} degenerates to the single point (0, 0) as t→ 0−, the
boundary values prescribed on x = 0 and on x = −t must be compatible at the vertex.

We assume that the boundary data ϕ,ψ satisfy the following conditions.
(B1)

ϕ,ψ ∈ C((−∞, 0]) and lim
t→0−

ϕ(t) = lim
t→0−

ψ(t) =: ϕ0.

This condition is necessary if one requires u ∈ C(Ω) in Definition 1; one may then set u(0, 0) = ϕ0.
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(B2)
ϕ,ψ ∈ C((−∞, 0]) ∩ L1(−∞, 0),

Because the domain Ω shrinks to the vertex (0, 0) as t→ 0−, continuity of a regular solution on Ω
forces a compatibility condition at the intersection point of the lateral boundaries. It is also sufficient
for the boundary correction in the reduction (4) to extend continuously to the vertex, because |x/t| ≤ 1
in Ω and ψ(t)− ϕ(t)→ 0 as t→ 0−.

Condition (B2) ensures that the boundary traces have the required integrability at t = −∞ and
that the boundary correction term in (4) belongs to the same integrability class.

More precisely, the following elementary fact will be used repeatedly.

Lemma 5. Let 0 < α < 1 and g ∈ C((−∞, 0]) ∩ L1((−∞, 0)). Then for each t < 0 the fractional
integral

(I1−α
−∞ g)(t) :=

1

Γ(1− α)

∫ t

−∞
(t− τ)−αg(τ) dτ

is well defined (finite). Moreover, I1−α
−∞ g is continuous on (−∞, 0], and for every R < 0 the function

(R− t)−αg(t) is integrable on (−∞, R).

Proof. Fix t < 0 and split the integral into (−∞, t − 1] ∪ [t − 1, t]. On (−∞, t − 1] one has
(t− τ)−α ≤ 1, hence ∫ t−1

−∞
(t− τ)−α|g(τ)| dτ ≤

∫ t−1

−∞
|g(τ)| dτ <∞

by g ∈ L1. On [t − 1, t] we use boundedness of g and
∫ 1

0 s
−αds < ∞ (since α < 1), which yields

finiteness. Continuity in t follows from the same decomposition and dominated convergence.
Finally, for any R < 0 we split

∫ R
−∞(R− t)−α|g(t)|dt into (−∞, R− 1]∪ [R− 1, R]; on (−∞, R− 1]

the weight is bounded by 1, while on [R− 1, R] the weight is integrable because α < 1.

We emphasize that the additional smoothness needed for the quantities Dα
−∞tϕ(t) and

Dα
−∞t

[
x
t (ψ(t)− ϕ(t))

]
in the definition of f̃ is imposed directly through the assumption f̃ ∈ C(Ω).

6.2 Assumptions on the right-hand side

We assume that f, f̃ ∈ C(Ω) and that the following conditions are satisfied: there exists q ∈ (0, 1]
and σ4 > 1 + q such that

|f̃(x, t)− f̃(ξ, t)| ≤ C(−t)−σ4 |x− ξ|q, x, ξ ≥ 0, t < 0.

There exists constant σ3, such that

sup
x≥0, t<0

|f̃(x, t)| (−t)σ3 <∞, σ3 > 2 + β.

Under these assumptions one can show that F (x, t) defined by (19) is continuous in Ω and satisfies
suitable decay estimates as t→ −∞.

6.3 The function space for ν

Let T1 < 0 be fixed. We define the Banach space

Q = Q(T1) =

{
g : (−∞, T1]→ R : g ∈ C((−∞, T1]), g ∈ L1((−∞, T1)), lim

t→−∞
(−t)δ2g(t) = 0

}
,
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where δ2 > 1− 2β is fixed. The norm in Q is

‖g‖Q = sup
t≤T1
|(−t)δ2g(t)|+

∫ T1

−∞
|g(t)| dt. (22)

For convenience, we split the norm (22) into two components:

‖g‖1 := sup
t≤T1
|(−t)δ2g(t)|, ‖g‖2 :=

∫ T1

−∞
|g(t)| dt,

so that ‖g‖Q = ‖g‖1 + ‖g‖2. In the contraction estimate for the Volterra operator A we control ‖ · ‖1
and ‖ · ‖2 separately: the weighted supremum norm is used to propagate decay at t→ −∞, while the
L1 part allows us to estimate

∫ T1
−∞ |Ag(t)| dt by Fubini’s theorem.

Lemma 6. The space (Q, ‖ · ‖Q) is a Banach space.

Proof. It is straightforward to check that (22) defines a norm. Let (fn) be a Cauchy sequence in Q.
Then both

sup
t≤T1
|(−t)δ2(fn(t)− fm(t))| → 0,

∫ T1

−∞
|fn(t)− fm(t)| dt→ 0

as n,m → ∞. Hence (fn) is Cauchy in the weighted sup-norm and in L1(−∞, T1). It follows that
there exist g1 ∈ C((−∞, T1]) and g2 ∈ L1(−∞, T1) such that fn → g1 uniformly on (−∞, T1] with
weight (−t)δ2 and fn → g2 in L1. A standard subsequence argument shows that g1 = g2 a.e., hence
g := g1 = g2 ∈ Q and fn → g in ‖ · ‖Q. The property limt→−∞(−t)δ2g(t) = 0 follows from the uniform
convergence with respect to the weighted sup-norm. Thus Q is complete.

6.4 The integral operator and contraction

Lemma 7. Let 0 < β < 1
2 . Then:

1. For every θ ∈ [−1, 1] there exists C = C(β, θ) > 0 such that

0 ≤ w0(x, t) ≤ C x−θ tβθ−1, x > 0, t > 0. (23)

2. Along the diagonal one has

w0(s, s) = − β

1− β
d

ds
w1(s, s), s > 0, (24)

and consequently ∫ ∞
0

w0(s, s) ds =
β

1− β
. (25)

Proof. Estimate (23) is a standard bound for Wright-type kernels; see, e.g., [1, 2].
To prove (24), write the series expansions on the diagonal x = t = s:

w1(s, s) =

∞∑
k=0

(−1)ks(1−β)k

k! Γ(1− βk)
, w0(s, s) =

∞∑
k=1

(−1)ks(1−β)k−1

k! Γ(−βk)
.

Differentiate w1(s, s) termwise and use Γ(1 − βk) = (−βk)Γ(−βk) to obtain (24). Integrating (24)
over (0,∞) yields (25), because w1(0, 0) = 1 and w1(s, s)→ 0 as s→∞ (see [1, 2]).
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We rewrite equation (21) as
ν(t) = Aν(t) + 2F (−t, t),

where

Aν(t) =

∫ t

−∞
K(t, τ)ν(τ) dτ, (26)

and
K(t, τ) = w0(−t− τ, t− τ)− w0(t− τ, t− τ). (27)

Proposition 1. Let 0 < β < 1
2 and let Q(T1) be the Banach space defined above. Consider the

operator (26), (27) for t ≤ T1 < 0. Then:
1) A maps Q(T1) into itself;
2) there exist θ ∈ (0, 1], C > 0 and T1 < 0 such that

‖Aν1 −Aν2‖Q ≤ q(T1)‖ν1 − ν2‖Q, q(T1) =
β

1− β
+ C(−T1)−θ(1−β) < 1.

In particular, A is a contraction on Q(T1).

Proof. Fix ν1, ν2 ∈ Q(T1) and set δν = ν1 − ν2. Since w0 ≥ 0, we have

|K(t, τ)| ≤ w0(t− τ, t− τ) + w0(−t− τ, t− τ) =: w−(t− τ) + w+(t, τ).

For t ≤ T1 and τ ≤ t we have (−t)δ2(−τ)−δ2 ≤ 1, hence

(−t)δ2 |Aδν(t)| ≤ sup
τ≤t

(−τ)δ2 |δν(τ)|
∫ t

−∞
|K(t, τ)| dτ ≤ ‖δν‖1

∫ t

−∞

(
w− + w+

)
dτ.

By Lemma 7 we have ∫ t

−∞
w−(t− τ) dτ =

∫ ∞
0

w0(s, s) ds =
β

1− β
.

Next, using (23) with any fixed θ ∈ (0, 1] and the substitution s = t− τ > 0,∫ t

−∞
w+(t, τ) dτ =

∫ ∞
0

w0(s− 2t, s) ds ≤ C
∫ ∞

0
(s− 2t)−θsβθ−1 ds ≤ C1(−t)−θ(1−β).

Therefore,

‖Aδν‖1 ≤
( β

1− β
+ C1(−T1)−θ(1−β)

)
‖δν‖1.

By Fubini,

‖Aδν‖2 =

∫ T1

−∞

∣∣∣∫ t

−∞
K(t, τ)δν(τ) dτ

∣∣∣ dt
≤
∫ T1

−∞

∫ t

−∞
|K(t, τ)| |δν(τ)| dτ dt =

∫ T1

−∞
|δν(τ)|

∫ T1

τ
|K(t, τ)| dt dτ.

For the w− part we again use Lemma 7:∫ T1

τ
w−(t− τ) dt =

∫ T1−τ

0
w0(s, s) ds ≤

∫ ∞
0

w0(s, s) ds =
β

1− β
.
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For the w+ part, by (23) and the fact that −t− τ ≥ −T1 − τ for τ ≤ t ≤ T1, we obtain∫ T1

τ
w+(t, τ) dt =

∫ T1−τ

0
w0(−T1−τ+(T1−t), s) ds ≤ C(−T1−τ)−θ

∫ T1−τ

0
sβθ−1 ds ≤ C2(−T1−τ)−θ(1−β).

Since τ ≤ T1 implies −T1 − τ ≥ −2T1, we get∫ T1

τ
|K(t, τ)| dt ≤ β

1− β
+ C2(T1)−θ(1−β).

Hence,

‖Aδν‖2 ≤
( β

1− β
+ C2(T1)−θ(1−β)

)
‖δν‖2.

Putting the bounds for ‖ · ‖1 and ‖ · ‖2 together and recalling ‖ · ‖Q = ‖ · ‖1 + ‖ · ‖2, we obtain

‖Aν1 −Aν2‖Q = ‖Aδν‖1 + ‖Aδν‖2 ≤ q(T1)
(
‖δν‖1 + ‖δν‖2

)
= q(T1)‖ν1 − ν2‖Q,

where q(T1) = β
1−β + C(−T1)−θ(1−β) with C = max{C1, C2}. Since β < 1

2 , we have β
1−β < 1, and

choosing T1 < 0 with sufficiently large |T1| makes C(−T1)−θ(1−β) arbitrarily small, hence q(T1) < 1.
The above estimates show ‖Aν‖1 <∞ and ‖Aν‖2 <∞ for ν ∈ Q(T1). Moreover, since

lim
t→−∞

sup
τ≤t

(−τ)δ2 |ν(τ)| = 0

and
∫ t
−∞ |K(t, τ)|dτ is uniformly bounded for t ≤ T1, we obtain limt→−∞(−t)δ2(Aν)(t) = 0. Conti-

nuity of Aν follows from continuity of K away from the diagonal and dominated convergence. Thus
Aν ∈ Q(T1).

The proposition is proved.

A detailed analysis shows that there exists T1 < 0 depending on the parameters of the problem
such that A : Q(T1)→ Q(T1) and

‖Av1 −Av2‖Q ≤ q1‖v1 − v2‖Q, v1, v2 ∈ Q(T1),

with some q1 ∈ (0, 1). Hence A is a contraction on Q(T1). By the Banach fixed point theorem there
exists a unique v ∈ Q(T1) such that

ν(t) = Aν(t) + 2F (−t, t), t ≤ T1.

For t ∈ [T1, 0] the integral equation (21) can be rewritten in the form

ν(t)−
∫ t

T1

H(t, τ)

(t− τ)β
ν(τ) dτ = F2(t),

where

F2(t) = 2F (−t, t) +

∫ T1

−∞
K(t, τ)ν(τ)dτ,

H(t, τ) = (t − τ)βK(t, τ) is continuous in the triangular domain {(t, τ) : T1 ≤ τ < t ≤ 0} and F2(t)
is continuous as well. This is a Volterra equation of the second kind with a weakly singular kernel of
order β ∈ (0, 1/2), and standard results on such equations ensure that there exists a unique continuous
solution ν on [T1, 0]. Combining this with the solution on (−∞, T1] we obtain a function ν defined on
(−∞, 0] which satisfies (21).

We summarize the above in the main theorem.
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Theorem 1. Let 0 < α < 1, β = α/2. The regular solution u of the boundary value problem (1), (3)
is given by

u(x, t) = ϕ(t)− x

t

(
ψ(t)− ϕ(t)

)
+

+
1

2

∫ t

−∞
ν(τ)

(
w0(x− τ, t− τ)− w0(−τ − x, t− τ)

)
dτ+

+
1

2

∫ t

−∞

∫ − τ
0

f̃(ξ, τ)
(
wβ(|x− ξ|, t− τ)− wβ(x+ ξ, t− τ)

)
dξ dτ,

ν(t) being the solution

ν(t)−
∫ t

−∞
ν(τ)

(
w0(−t− τ, t− τ)− w0(t− τ, t− τ)

)
dτ = 2F (−t, t),

F (x, t) =
1

2

∫ t

−∞

∫ − τ
0

f̃(ξ, τ)
(
wβ(|x− ξ|, t− τ)− wβ(x+ ξ, t− τ)

)
dξ dτ,

where
f̃(x, t) := f(x, t)−Dα

−∞tϕ(t) +Dα
−∞t

[x
t

(
ψ(t)− ϕ(t)

)]
,

ϕ, ψ satisfy (B1)-(B2), f, f̃ ∈ C(Ω) and the following estimates hold:
• There exist q ∈ (0, 1] and σ4 > 1 + q such that

|f̃(x, t)− f̃(ξ, t)| ≤ C(−t)−σ4 |x− ξ|q, 0 ≤ x, ξ ≤ −t, t < 0.

• There exists σ3 > 2 + β such that

sup
(x,t)∈Ω

(−t)σ3 |f̃(x, t)| <∞.

Remark 1. The main technical work in the proof consists of establishing the estimates that justify
the passage of the fractional derivative under the integral sign in (17)–(19), the boundary limits as
x → 0 and x → −t, and the contraction property of the operator A in Q(T1). These estimates rely
on detailed bounds for the kernels wη(x, t), which are Wright-type functions [10], and on the precise
choice of the exponents σ3, σ4, δ1, δ2. The structure of the argument follows the detailed derivation in
the original text but is presented here in a streamlined, self-contained form.

Conclusion

In this work, we have analysed a boundary value problem for a one-dimensional time-fractional
diffusion equation with a Riemann–Liouville derivative of order 0 < α < 1 with respect to time,
posed in a non-cylindrical domain whose spatial cross-section degenerates as t → 0−. By reducing
the inhomogeneous boundary conditions to homogeneous ones, we reformulated the problem in a
form amenable to potential-theoretic techniques. The fundamental solution in the quarter-plane was
constructed by the bilateral Laplace transform in time, and the corresponding Green function for the
Dirichlet problem on the quarter-line was obtained explicitly in terms of Wright-type kernels.

On the basis of this Green function, we derived an integral representation of the solution in the
non-cylindrical domain as a sum of volume and boundary potentials. The boundary condition on the
moving boundary naturally leads to a Volterra integral equation with a weakly singular kernel for an
unknown boundary density. We showed that, under appropriate growth and regularity assumptions
on the right-hand side and the boundary data, this integral equation is well posed in a weighted
Banach space of functions on (−∞, 0], and that the associated integral operator is a contraction. As
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a consequence, the existence of a regular solution to the original boundary value problem follows from
the Banach fixed-point theorem.

The analysis developed here demonstrates that the Green-function approach can be successfully
extended to time–fractional diffusion equations with infinite temporal memory in non-cylindrical, de-
generate domains. Possible directions for future research include higher-dimensional generalizations,
other types of fractional time derivatives and nonlocal operators, numerical methods based on the ob-
tained representation formulas, as well as the study of related inverse and free-boundary problems in
similar geometries. The question of uniqueness will be addressed in forthcoming work by the authors.
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Local derivation on the Schrödinger Lie algebra
in (n+ 1)-dimensional space-time
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This paper investigates local derivations on the Schrödinger Lie algebra sn, the Lie algebra of the (n+ 1)-
dimensional space-time Schrödinger group. As a finite-dimensional Lie algebra that is neither semisimple
nor solvable, the Schrödinger algebra plays an important role in mathematical physics, particularly as
the symmetry algebra of the free Schrödinger equation. While local derivations are well understood for
semisimple, solvable, and certain infinite-dimensional Lie algebras, much less is known for non-semisimple
algebras. We prove that for all integers n ≥ 3, every local derivation on sn is a derivation. Our approach
uses the explicit structure of the Schrödinger algebra together with a detailed description of its derivation
algebra. First, we reduce the problem to derivations that act trivially on the semisimple part, and then
we perform a coefficient-wise analysis in a fixed basis. This shows that every local derivation is an ordi-
nary derivation. Moreover, such derivations decompose in the usual way into inner derivations and the
known outer derivations. Our result extends earlier low-dimensional cases and shows a uniform rigidity
phenomenon for all higher-dimensional Schrödinger algebras.

Keywords: Lie algebras, semisimple Lie algebra, solvable Lie algebra, nilpotent Lie algebra, Schrödinger
algebras, inner derivations, derivations, local derivations.

2020 Mathematics Subject Classification: 17A32, 17B30, 17B10.

Introduction

Local derivations are useful tools in studying the structure of rings and algebras, where there are
still many related unsolved problems. R.V. Kadison, D.R. Larson, and A.R. Sourour first introduced
the notion of local derivations on algebras in their remarkable paper [1,2]. Since then, many researchers
have been studying local derivations of different types of algebras (e.g., see [3–5]). In [6] the authors
proved that every local derivation on a finite-dimensional semisimple Lie algebra L over an algebraically
closed field of characteristic zero is a derivation.

In [4], local derivations on solvable Lie algebras are studied. It is shown that within this class,
there exist solvable Lie algebras admitting local derivations that are not derivations, as well as solvable
Lie algebras for which every local derivation is a derivation. Moreover, it is proved that every local
derivation on a finite-dimensional solvable Lie algebra with a model nilradical and a complementary
space of maximal dimension is a derivation. In [5], the authors proved that every local derivations on
solvable Lie algebras whose nilradical has maximal rank is a derivation. In [3], the authors proved that
every local derivation on the conformal Galilei algebra is a derivation.

We note that the aforementioned algebras are finite-dimensional algebras. In the infinite-dimensional
case, the authors of [7–9] proved that every local derivation on some class of locally simple Lie algebras,
generalized Witt algebras, Witt algebras, and Witt algebras over a field of prime characteristic is a
derivation.
∗Corresponding author. E-mail: baxtiyor_yusupov_93@mail.ru
Received: 30 October 2024; Accepted: 27 December 2025.
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The Schrödinger Lie group is the symmetry group of the free-particle Schrödinger equation (see [10]).
The Lie algebra sn in (n + 1)-dimensional space-time of the Schrödinger Lie group is called the
Schrödinger algebra, see [11, 12]. The Schrödinger algebra sn is a non-semisimple Lie algebra and
plays an important role in mathematical physics. Recently there was a series of papers on studying
the structure and representation theory of the Schrödinger algebra s1 in the case of (1+1)-dimensional
space-time, see [13–15].

In this paper, we generalize our previous result to all integers n > 2. In [16], we proved that for
n = 1, 2, every local derivation on the Schrödinger algebra sn (in (n+ 1)-dimensional space–time) is a
derivation. Hence, the same result holds for all n ∈ N.

1 Preliminaries

In this section, we first recall the definition of sn from [11] in a different form. We know that the
general linear Lie algebra gl2n has the natural representation on C2n by left matrix multiplication. Let
{e1, e2, · · · , e2n} be the standard basis of C2n.

The Heisenberg Lie algebra hn = C2n ⊕ Cz is the Lie algebra with Lie bracket given by

[ei, en+i] = z, [z, hn] = 0, 1 ≤ i ≤ n.

Recall that the Schrödinger Lie algebra sn is the semidirect product Lie algebra

sn = (sl2 ⊕ son) n hn,

where sl2 is embedded in gl2n by the mapping(
a b
c −a

)
7→
(
aIn bIn
cIn −aIn

)
and son is embedded in gl2n by

A ∈ son 7→
(
A 0
0 A

)
.

Here In is the n× n identity matrix, sl2 ⊕ son acts on hn by matrix multiplication, and [z, sn] = 0.
Next, we will introduce a basis of sn. Let

h =

(
In 0
0 −In

)
, e =

(
0 In
0 0

)
, f =

(
0 0
In 0

)
,

sij =

(
eij − eji 0

0 eij − eji

)
, 1 ≤ i < j ≤ n,

uk = ek, vk = en+k, 1 ≤ k ≤ n,

where ei,j (1 ≤ i, j ≤ n) the n× n matrix with zeros everywhere except a 1 on position (i, j).
The Schrödinger algebra sn is a Lie algebra with a C-basis

{e, f, h, z, ui, vi, sjk(= −skj) | 1 6 i 6 n, 1 6 j < k 6 n}

equipped with the following non-trivial commutation relations:

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h,

[ui, vi] = z, [h, ui] = ui, [h, vi] = −vi,
[e, vi] = ui, [f, ui] = vi,

[skl, ui] = δliuk − δkiul, [skl, vi] = δlivk − δkivl,
[sij , skl] = δkjsil + δilsjk + δljski + δkislj ,
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where δij is the Kronecker Delta defined as 1 for i = j and as 0 otherwise.
We fix an order on the basis as follows:

{e, f, h, z, ui, vi, sjk(= −skj) | 1 ≤ i ≤ n, 1 ≤ j < k ≤ n}.

The Schrödinger algebra sn is a finite-dimensional Lie algebra that is neither semisimple nor
solvable. It can be realized as the semidirect product

sn = (sl2 ⊕ son) n hn,

where sl2 = SpanC{e, f, h} is the 3-dimensional simple Lie algebra, son = SpanC{skl | 1 ≤ k < l ≤ n}
is the orthogonal Lie algebra, and hn = SpanC{z, ui, vi | 1 ≤ i ≤ n} is the Heisenberg Lie algebra.

A derivation on a Lie algebra L is a linear map D : L → L which satisfies the Leibniz rule:

D([x, y]) = [D(x), y] + [x,D(y)], for any x, y ∈ L.

For any element y ∈ L the operator of right multiplication ady : L → L, defined as ady(x) = [y, x]
is a derivation, and derivations of this form are called inner derivations. The set of all inner derivations
of L, denoted by Inn(L), is an ideal in Der(L).

Definition 1. A linear operator ∆ is called a local derivation if for any x ∈ L, there exists a
derivation Dx : L → L (depending on x) such that ∆(x) = Dx(x). The set of all local derivations on
L we denote by LocDer(L).

We use the following definition given in [17].

Definition 2. The following derivations are outer derivations of sn.
• When n ≥ 2, the derivation σ : sn → sn is given by

σ(e) = σ(f) = σ(h) = σ(skl) = 0, σ(z) = z, σ(ui) =
1

2
ui, σ(vi) =

1

2
vi,

for all 1 ≤ i ≤ n, 1 ≤ k < l ≤ n.
• When n = 2, the derivation τ : s2 → s2 is given by

τ(e) = τ(f) = τ(h) = τ(z) = τ(ui) = τ(vi) = 0, τ(s12) = z, i = 1, 2.

• When n = 1, the derivation σ1 : s1 → s1 is given by

σ1(e) = σ1(f) = σ1(h) = 0, σ1(z) = z, σ1(u1) =
1

2
u1, σ1(v1) =

1

2
v1.

The following theorem is proved in [17].

Theorem 1. The derivations of the Schrödinger algebra sn are given by

Der(sn) =


Inn(s1)⊕ Cσ1, n = 1,
Inn(s2)⊕ Cσ ⊕ Cτ, n = 2,
Inn(sn)⊕ Cσ, n > 2,

where σ1, τ, σ are given by Definition 2.

For any x ∈ sn, n ≥ 3, there exists

a = aee+ aff + ahh+ azz +
n∑
i=1

auiui +
n∑
i=1

avivi +
∑

1≤k<l≤n
ask,lsk,l
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and λ ∈ C such that, by Theorem 1, we can write

D(x) = [a, x] + λσ(x).

Now consider

D(e) = [a, e] + λσ(e)

=

aee+ aff + ahh+ azz +
n∑
i=1

auiui +
n∑
i=1

avivi +
∑

1≤p<q≤n
asp,qsp,q, e


= 2ahe− afh−

n∑
i=1

aviui,

D(f) = [a, f ] + λσ(f) = −2ahf + aeh−
n∑
i=1

auivi,

D(h) = [a, h] + λσ(h) = −2aee+ 2aff −
n∑
i=1

auiui +
n∑
i=1

avivi,

D(ui) = [a, ui] + λσ(ui) = afvi +

(
ah +

λ

2

)
ui − aviz +

∑
1≤p<i

asp,iup −
∑
i<q≤n

asi,quq,

D(vi) = [a, vi] + λσ(vi) =

(
−ah +

λ

2

)
vi + aeui + auiz +

∑
1≤p<i

asp,i,vp −
∑
i<q≤n

asi,qvq,

D(sk,l) = [a, sk,l] + λσ(sk,l) = −auluk + aukul − avlvk + avkvl+

+
∑

1≤p<k, p6=l
asp,ksp,l +

∑
l<q≤n, q 6=k

asl,qsq,k+

+
∑

1≤p<l, p6=k
asp,lsk,p +

∑
k<q≤n, l 6=q

ask,qsl,q.

2 Main results

In this section, we will prove that every local derivation on the Schrödinger algebra sn is a derivation.
Theorem 2. Every local derivation on the Schrödinger algebra sn, n ≥ 3 is a derivation.
To obtain this result, we first prove several lemmas.
Lemma 1. Let ∆ be a local derivation on sn and D ∈ Der(sn). Define ∆′ = ∆−D. Then

∆′(x) ∈ hn for all x ∈ sn. (1)

Proof. By Theorem 1, every derivation D ∈ Der(sn) can be written in the form

D(y) = [a, y] + λσ(y)

for some a ∈ sn and λ ∈ C, where σ is the outer derivation from Definition 2. Since ∆ is a local
derivation, for each x ∈ sn there exists a derivation Dx ∈ Der(sn) of the same type such that

∆(x) = Dx(x) = [a(x), x] + λ(x)σ(x).

We use the theorem of Ayupov and Kudaybergenov [6], which asserts that any local derivation on
a finite-dimensional semisimple Lie algebra is a derivation. Since sl2 and son are semisimple, their
restrictions ∆|sl2 and ∆|son are derivations, and hence such a D exists.
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We choose a derivation D ∈ Der(sn) satisfying

D|sl2 = ∆|sl2 , D|son = ∆|son .

For arbitrary x ∈ sn we have

∆′(x) = ∆(x)−D(x) = [a(x)− a, x] + (λ(x)− λ)σ(x). (2)

Using (2) and the fact that a(s)− a ∈ hn ⊕ Cz, we obtain ∆′(s) = 0 for all s ∈ sl2 ∪ son.
Consequently, a(x)− a ∈ hn ⊕Cz for any x ∈ sn. Because hn is an ideal of sn and [Cz, sn] = 0, we

have [a(x)− a, x] ∈ hn. Moreover, by Definition 2, σ(x) maps sn into hn. Therefore, both terms in (2)
belong to hn, and hence

∆′(x) ∈ hn for all x ∈ sn.

For each x ∈ sn, there exist an element a = a(x) ∈ sn of the form

a = aee+ aff + ahh+ azz +
n∑
i=1

auiui +
n∑
i=1

avivi +
∑

1≤k<l≤n
ask,l sk,l,

and a scalar λ = λ(x) ∈ C such that, by Theorem 1,

∆′(x) = [a, x] + λσ(x).

Here ae, af , ah, az, aui , avi , ask,l , and λ are complex numbers depending on x.
By applying (1) to x = h and x = z, we get

∆′(h) = −
n∑
i=1

a(h)ui ui +
n∑
i=1

a(h)vi vi,

∆′(z) = λ(z)z.

Let x0 =
n∑
i=1

a
(h)
ui ui +

n∑
i=1

a
(h)
vi vi. Consider the following statement

∆′′ = ∆′ − ad(x0)− λ(h)σ.

Then ∆′′ is a local derivation. By direct verification we have

∆′′(x) ∈ hn, for all x ∈ sn, (3)

and

∆′′(h) = ∆′′(z) = 0.

Considering (3), we find the values of the operator ∆′′ in the basis elements:

∆′′(f) = −
n∑
i=1

a(f)ui vi,

∆′′(e) = −
n∑
i=1

a(e)vi ui,

∆′′(ui) = a
(ui)
f vi +

(
a
(ui)
h +

λ(ui)

2

)
ui − a(ui)vi z +

∑
1≤k<i

a(ui)sk,i
uk −

∑
i<l≤n

a(ui)si,l
ul,

∆′′(vi) =

(
λ(vi)

2
− a(vi)h

)
vi + a(vi)e ui + a(vi)ui z +

∑
1≤k<i

a(vi)sk,i
vk −

∑
i<l≤n

a(vi)si,l
vl,

∆′′(sk,l) = −a(sk,l)ul uk + a
(sk,l)
uk ul − a

(sk,l)
vl vk + a

(sk,l)
vk vl.

(4)
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We take an element b = bee+ bff + bhh+ bzz+
n∑
i=1

buiui +
n∑
i=1

bvivi +
∑

1≤k<l≤n
bsk,lsk,l and µ ∈ C, where

b ∈ sn, be, bf , bh, bz, bui , bvi , bsk,l , µ are complex numbers depending on b.

Lemma 2. Coefficients a(ui)f and a(vi)e , (1 ≤ i ≤ n) in the formula (4) are equal to zero.

Proof. Fix i with 1 ≤ i ≤ n and set x = e+ ui. By the definition of a local derivation, there exist
b = b(x) ∈ sn and µ = µ(x) ∈ C such that

∆′′(x) = [b, x] + µσ(x).

Hence

∆′′(x) = ∆′′(e+ ui) = [b, e+ ui] + µσ(e+ ui)

=
[
bee+ bff + bhh+ bzz +

n∑
j=1

bujuj +
n∑
j=1

bvjvj +
∑

1≤k<l≤n
bsk,lsk,l, e+ ui

]
+ µσ(e+ ui)

= −bfh+ bfvi + ∗e+
n∑
j=1

∗uj + ∗z.

On the other hand, based on (4), we calculate the following equality:

∆′′(x) = ∆′′(e+ ui) = ∆′′(e) + ∆′′(ui) = a
(ui)
f vi +

n∑
j=1

∗uj + ∗z.

Comparing the coefficients at the basis elements h and vi, we get bf = 0, bf = a
(ui)
f , which implies

a
(ui)
f = 0.

Now, consider the element x = f + vi for fixed 1 ≤ i ≤ n,

∆′′(x) = ∆′′(f + vi) = [b, f + vi] + µσ(f + vi) = beh+ beui + ∗f +
n∑
j=1

∗vj + ∗z.

On the other hand,

∆′′(x) = ∆′′(f + vi) = ∆′′(f) + ∆′′(vi) = a(vi)e ui +
n∑
j=1

∗vj + ∗z.

Comparing the coefficients at the basis elements h and ui, we get be = 0, be = a
(vi)
e , which implies

a(vi)e = 0.

Lemma 3. Coefficients a(ui)vi and a(vi)ui , 1 ≤ i ≤ n in the formula (4) are equal to zero.

Proof. Fix i with 1 ≤ i ≤ n and set x = h+ ui. Then

∆′′(x) = [b, h+ ui] + µσ(h+ ui)

= 2bff +
n∑
j=1

bvjvj + bfvi − bviz + ∗e+
n∑
j=1

∗uj .
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On the other hand,

∆′′(x) = ∆′′(h+ ui) = ∆′′(h) + ∆′′(ui) = −a(ui)vi z +
n∑
j=1

∗uj .

Comparing the coefficients at the basis elements f, z and vi, we get bf = bvi = 0, bvi = a
(ui)
vi , which

implies
a(ui)vi = 0.

Fix i with 1 ≤ i ≤ n and set x = h+ vi. Then

∆′′(x) = ∆′′(h+ vi) = [b, h+ vi] + µσ(h+ vi)

= −2bee−
n∑
j=1

bujuj + beui + buiz + ∗f +

n∑
j=1

∗vj .

On the other hand,

∆′′(x) = ∆′′(h+ vi) = ∆′′(h) + ∆′′(vi) = a(vi)ui z +
n∑
j=1

∗vj .

Comparing the coefficients at the basis elements e, z and ui, we get be = bui = 0, bui = a
(vi)
ui , which

implies
a(vi)ui = 0.

Lemma 4. ∆′′(f) = 0 and a(vi)h − λ(vi)

2 = 0 in the formula (4).

Proof. Take an element x = f − 1
2z + vi (1 ≤ i ≤ n). Then

∆′′(x) =
[
b, f − 1

2z + vi
]

+ µσ
(
f − 1

2z + vi
)

= −2bhf + beh−
n∑
j=1

bujvj −
µ

2
z − bhvi + beui + buiz

+
∑

1≤k<i
bsk,ivk −

∑
i<l≤n

bsi,lvl +
µ

2
vi.

(5)

On the other hand,

∆′′(x) = ∆′′(f)−∆′′(
z

2
) + ∆′′(vi) = −

n∑
i=1

a(f)ui vi − a
(vi)
h vi

+
∑

1≤k<i
a(vi)sk,i

vk −
∑
i<l≤n

a(vi)si,l
vl +

λ(vi)

2
vi.

(6)

Comparing the coefficients at the basis elements f, z and vi, (5) and (6), we get
−2bh = 0,

−µ
2 + bui = 0,

−bui − bh + µ
2 = −a(f)ui − a

vi
h + λvi

2 ,
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which implies

a(f)ui = −a(vi)h +
λ(vi)

2
. (7)

Take an element x = f − 1
2z − vi. Then

∆′′(x) =

[
b, f − 1

2
z − vi

]
+ µσ(f − 1

2
z − vi) = −2bhf + beh−

n∑
j=1

bujvj

− µ

2
z + bhvi − beui − buiz −

∑
1≤k<i

bsk,ivk +
∑
i<l≤n

bsi,lvl −
µ

2
vi.

(8)

On the other hand,

∆′′(x) = ∆′′(f)−∆′′(
z

2
)−∆′′(vi) = −

n∑
j=1

a(f)uj vj + a
(vi)
h vi

−
∑

1≤k<i
a(vi)sk,i

vk +
∑
i<l≤n

a(vi)si,l
vl −

λ(vi)

2
vi.

(9)

Comparing the coefficients at the basis elements f, z and vi, (8) and (9), we get
−2bh = 0,

−µ
2 − bui = 0,

−bui + bh − µ
2 = −a(f)ui + avih −

λvi
2 ,

which implies

a(f)ui = a
(vi)
h − λ(vi)

2
. (10)

Comparing (7) and (10), we obtain that

a(f)ui = 0, a
(vi)
h =

λ(vi)

2
.

So, ∆′′(f) = 0 follows from equality (4). Thus, the coefficients satisfy the relation

a
(vi)
h − λ(vi)

2
= 0.

Lemma 5. ∆′′ (e) = 0 and a(ui)h + λ(ui)

2 = 0 in the formula (4).

Proof. Take an element x = e+ 1
2z + ui. Then

∆′′(x) = [b, e+
1

2
z + ui] + µσ(e+

1

2
z + ui)

= 2bhe− bfh−
n∑
j=1

bvjuj +
µ

2
z

+ bfvi + bhui − bviz +
∑

1≤k<i
bsk,iuk −

∑
i<l≤n

bsi,lul +
µ

2
ui.

(11)
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On the other hand,

∆′′(x) = ∆′′(e) + ∆′′(
1

2
z) + ∆′′(ui) = −

n∑
j=1

a(e)vj uj + a
(ui)
h ui

+
∑

1≤k<i
a(ui)sk,i

uk −
∑
i<l≤n

a(ui)si,l
ul +

λ(ui)

2
ui.

(12)

Comparing the coefficients at the basis elements e, z and ui, (11) and (12), we obtain that
2bh = 0,
µ
2 − bvi = 0,

−bvi + bh + µ
2 = −a(e)vi + auih + λui

2 ,

which implies

a(e)vi = a
(ui)
h +

λ(ui)

2
. (13)

Next, we take an element x = e+ 1
2z − ui, then

∆′′(x) = [b, e+
1

2
z − ui] + µσ(e+

1

2
z − ui) = 2bhe− bfh−

n∑
j=1

bvjuj +
µ

2
z

− bfvi − bhui + bviz −
∑

1≤k<i
bsk,iuk +

∑
i<l≤n

bsi,lul −
µ

2
ui.

(14)

On the other hand,

∆′′(x) = ∆′′(e) + ∆′′(
z

2
)−∆′′(ui) = −

n∑
j=1

a(e)vj uj − a
(ui)
h ui

−
∑

1≤k<i
a(ui)sk,i

uk +
∑
i<l≤n

a(ui)si,l
ul −

λ(ui)

2
ui.

(15)

Comparing the coefficients at the basis elements e, z and ui, (14) and (15), we get
2bh = 0,
µ
2 + bvi = 0,

−bvi − bh −
µ
2 = −a(e)vi − a

ui
h −

λui
2 ,

which implies

a(e)vi = −a(ui)h − λ(ui)

2
. (16)

Comparing (13) and (16), we obtain that

a(e)vi = 0, a
(ui)
h = −λ

(ui)

2
.

Thus, ∆′′(e) = 0 follows from equality (4). We have the following connection

a
(ui)
h +

λ(ui)

2
= 0

between the coefficients.
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Lemma 6. ∆′′ (son) = {0} and ∆′′ (hn) = {0}.

Proof. Let k, l (k 6= l) fixed numbers in the set {1, 2, ..., n}. Next, set x = uk + sk,l (if l < k, then
sk,l = −sl,k). Then

∆′′(x) = [b, uk + sk,l] + µσ(uk + sk,l)

= bfvk + bhuk − bvkz +
∑

1≤p<k
bsp,kup

−
∑

k<q≤n
bsk,quq +

µ

2
uk − buluk + bukul − bvlvk + bvkvl

+
∑

1≤p<k, p6=l
bsp,ksp,l +

∑
l<q≤n, q 6=k

bsl,qsq,k

+
∑

1≤p<l, p6=k
bsp,lsk,p +

∑
k<q≤n, l 6=q

bsk,qsl,q.

(17)

On the other hand,

∆′′(x) = ∆′′(uk) + ∆(sk,l) =
∑

1≤j<k
a(uk)sj,k

uj −
∑
k<j≤n

a(ui)sk,j
uj

− a(sk,l)ul uk + a
(sk,l)
uk ul − a

(sk,l)
vl vk + a

(sk,l)
vk vl.

(18)

Comparing the coefficients at the basis elements z and vl, (17) and (18), we obtain that{
bvk = 0,

bvk = a
(sk,l)
vk ,

which implies

a
(sk,l)
vk = 0.

Similarly, from equality:

∆′′ (ul + sl,k) = ∆′′ (uk) + ∆′′ (sl,k) we obtain a(sk,l)vl = 0;

∆′′ (vk + sk,l) = ∆′′ (vk) + ∆′′ (sk,l) we obtain a(sk,l)uk = 0;

∆′′ (vl + sl,k) = ∆′′ (vk) + ∆′′ (sl,k) we obtain a(sk,l)ul = 0.

If we substitute the above four results into (4), we get ∆′′(sl,k) = 0, 1 ≤ l < k ≤ n.
Then equation (18) can be rewritten as

∆′′(x) = ∆′′(uk) + ∆(sk,l) =
∑

1≤j<k
a(uk)sj,k

uj −
∑
k<j≤n

a(uk)sk,j
uj . (19)

Comparing the coefficients at the basis elements uj (j 6= k, j 6= l) and sj,l, (17) and (19), we obtain
that
• if j < k, then bsj,k = 0 and bsj,k = a

(uk)
sj,k ;

• if j > k, then bsk,j = 0 and bsk,j = a
(uk)
sk,j ;
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we get

a(uk)sk,j
= 0, (j 6= k). (20)

Take a number i such that i 6= k and i 6= l.

∆′′(uk + sk,i) = ∆′′(uk) + ∆′′(sk,i) ⇒ a(uk)sk,i
= 0,

∆′′(vk + sk,j) = ∆′′(vk) + ∆′′(sk,j) ⇒ a(vk)sk,j
= 0, (j 6= k),

∆′′(vk + sk,i) = ∆′′(vk) + ∆′′(sk,i) ⇒ a(vk)sk,i
= 0.

(21)

Thus, according to (4), (20) and (21), we have

∆′′ (son) = {0} and ∆′′ (hn) = {0}.

Now we are in position to prove Theorem 2.
Proof of Theorem 2. From (2) and Lemmas 2–6 we obtain

∆′′ = 0. (22)

Together (2) and (22) give
∆′ = ad(x0) + λ(h)σ. (23)

Together (1) and (23) give
∆ = D + ad(x0) + λ(h)σ.

Hence, any local derivation of the algebra sn (n ≥ 3) is a derivation. �

Conclusion

We study local derivations on the Schrödinger algebra sn in (n + 1)-dimensional space-time of
Schrödinger Lie groups for any integer n. We prove that every local derivations on the Schrödinger
algebra sn in (n+ 1)-dimensional space-time are derivations.
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MA-semirings form a proper subclass of inverse semirings that properly contains both the class of rings
and the class of distributive lattices with the least element. In this paper, we study generalized derivations
satisfying certain algebraic identities of MA-semirings with involution. The main objective of this research
is to investigate identities involving three, two, one generalized derivation in MA-semirings with involution,
ensuring commutativity. Hermitian and skew-Hermitian elements are primarily used to formulate the basic
tools for the development of this paper and these notions are the fundamental units of the second kind
involution. Involution of the second kind plays a key role not only for proving the main results (see
Theorems 1, 3, 5) but also it enables us to observe more results from their proofs (see Theorems 2, 4, 6).
Since every derivation is a generalized derivation, the results obtained naturally extend a variety of results
on derivations. Moreover, several well-established results on derivations of MA-semirings and rings under
the similar environment can be concluded as special cases.

Keywords: semirings, MA-semirings, prime semirings, Hermitian elements, skew-Hermitian elements, invo-
lution, second kind involution, derivations, generalized derivations.
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Introduction

The theory of semirings has tremendous and direct applications in the sciences. For instance,
idempotent analysis based on additive inverse semirings has interesting applications in quantum physics
(see [1,2]), and the same algebraic structure is used to develop the formal languages [3,4] and automata
theory [4–6]. One can find the applications of semirings in other fields of science and mathematics such
as theoretical computer sciences and engineering, parallel computational systems, optimization theory,
combinatorics, functional analysis, topology, graph theory, Euclidean geometry, and mathematical
modeling of quantum physics (see [7–9]). Moreover, semirings have some notable applications in
cryptography (see [10,11]). B∗-algebras as well as C∗-algebras are well-known examples of rings with
involution (see [12–14]) in the canvass of functional analysis, which is indeed a primitive source of
motivation for ring theorists. For the ring’s theoretical background, we would like to refer to [15–17].

The class of MA-semirings [18] has a significant potential to accommodate the study of derivations
and generalized derivations satisfying different identities on semirings with involution [19–21] and
without involution [22–24] for exploring commuting conditions and other features. In the present
paper, we generalize a few results of [25] in the framework MA-semirings with second-kind involution.

In the next section, we include some necessary preliminaries for the sake of completeness and
examples for exploring the features of this paper.

∗Corresponding author. E-mail: rehmani.pk786@gmail.com
Received: 15 October 2024; Accepted: 12 December 2025.
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1 Preliminaries and Examples

An additive commutative inverse semiring (S,+, .) with absorbing zero 0 and center Z(S) is said
to be an MA-semiring [18] if w + w′ ∈ Z(S) for all w ∈ S, where w′ denotes the pseudo inverse of
w, which is indeed unique (see [8, 9]). Throughout the paragraph, by S we mean an MA-semiring.
A mapping % ∶ S Ð→ S is a derivation if %(w + v) = %(w) + %(v) and %(wv) = %(w)v + w%(v). An
additive mapping F% ∶ S Ð→ S is said to be a generalized derivation associated with a derivation %, if
F%(uv) = F%(u)v+u%(v). The commutator and anti-commutator of w, v ∈ S are respectively defined as
[w, v] = wv+v′w and w○v = wv+vw. Involution is an additive mapping ∗ ∶ S Ð→ S satisfying (w∗)∗ = w
and (vw)∗ = w∗v∗, for all v,w ∈ S. H(S) = {w ∈ S ∶ w∗ = w} and K(S) = {w ∈ S ∶ w∗ = w′} respectively
represents the sets of Hermitian and skew Hermitian elements of S. Involution of the second kind was
introduced in [26] in the framework of MA-semirings. If Z(S) ⊈ H(S), then involution is of second
kind otherwise it is of first kind.

Example 1. [27] Let (Z,+, .) be the ring of integers and I(Z) be the collection of all ideals of Z.
Consider the set S = M2(Z) × I(Z) and let u = (A1, I), v = (A2, J) ∈ S. Define addition ⊕ and
multiplication ⊙ by u⊕ v = (A1 +A2, I + J) and u⊙ v = (A1A2, IJ). Then (S,⊕,⊙) is an example of
a proper MA-semiring. Furthermore, define a mapping ∗ ∶ S Ð→ S by (A, I)∗ = (AT , I), where AT is
the transpose of A. Then ∗ defines an involution on S. We further see that Z(S) ⊆H(S), therefore ∗
is an involution of first kind.

Example 2. [27] LetZ be the set of integers, Z+0 be the set of all non-negative integers andR = Z×Z+0 .
Define addition ⊕ and multiplication ⊙ by (u1, v1)⊕(u2, v2) = (u1+u2, v1∨v2) and (u1, v1)⊙(u2, v2) =
(u1.u2, v1.v2), where v1 ∨ v2 =max{v1, v2}. Then the triplet (R,⊕,⊙) forms an MA-semiring which is
not a ring. One can observe that

MR =

⎧⎪⎪
⎨
⎪⎪⎩

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

w v u x
0 w 0 u
0 0 w v′

0 0 0 w

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∶ u, v,w, x ∈ R

⎫⎪⎪
⎬
⎪⎪⎭

(where v′ is the pseudo inverse of v) is an MA-semiring under matrix addition and multiplication.
Next, we define a mapping ∗ ∶MR Ð→MR by

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

w v u x
0 w 0 u
0 0 w v′

0 0 0 w

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∗

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

w v u x′

0 w 0 u
0 0 w v′

0 0 0 w

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

The mapping ∗ defines a second kind involution on MR.

Example 3. [28] Let (R,+, .) be a ring and I(R) be the collection of all ideals of R. Consider
the set S = R × I(R) and let u = (r1, I), v = (r2, J) ∈ S. Define addition ⊕ and multiplication ⊙ by
u⊕v = (r1+r2, I +J) and u⊙v = (r1r2, IJ). Then (S,⊕,⊙) forms an MA-semiring which is not a ring.

Throughout the sequel by a semiring S, we mean an MA-semiring S unless mentioned otherwise.
Furthermore, we take hz, h̃z ∈H(S) ∩Z(S) and kz ∈K(S) ∩Z(S), for the sake of convenience.

Following results are indeed useful to establish the main results of this paper.
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Lemma 1. [18] Let S be a semiring and % be a derivation of S. Then for all u, v,w ∈ S, z ∈ Z(S),
we have

(i) [w,wu] = w[w,u],
(ii) [w,uv] = [w,u]v + u[w, v],
(iii) [wu, v] = w[u, v] + [w, v]u,
(iv) (wu)′ = w′u = wu′,
(v) [w,u] + [u,w] = u(w +w′) = w(u + u′),
(vi) [w,u]′ = [w,u′] = [w′, u] = [u,w],
(vii) w ○ (u + v) = w ○ u +w ○ v,

(viii) %(w′) = (%(w))′,
(ix) (w′)∗ = ((w)∗)′,
(x) [w,uz] = z[w,u] = [w,u]z,
(xi) [w,w] = [w,w]′,
(xii) w + u = 0 ⇒ w = u′, however the converse

may not hold in general.

For more such identities, one can see [28–30].

Lemma 2. [31] Let S be a semiprime semiring with involution ∗ of second kind. Then
K(S) ∩Z(S) ≠ {0} and hence H(S) ∩Z(S) ≠ {0}.

The following lemma is readily discernible from the definitions of Hermitian and the skew Hermitian
elements of a semiring with second kind involution.

Lemma 3. [27] If S is a semiring with second kind involution ∗, then for any k ∈K(S) and h ∈H(S),
we have
(i) k2 ∈H(S),
(ii) hhz ∈H(S),
(iii) kkz ∈H(S),
(iv) hkz ∈K(S).

Lemma 4. [27] Let % be a derivation of a 2-torsion free prime semiring S with involution ∗ of second
kind. If %(hz) = 0, then %(kz) = 0.

Lemma 5. [27] Let % be a derivation of a 2-torsion free prime semiring S with involution ∗ of second
kind. If %(hz) = 0, then %(z) = 0, for all z ∈ Z(S).

Following lemma is a special case of Theorem 2.2 of [31].

Lemma 6. [31] Let % be a nonzero derivation of a prime semiring S such that [%(w),w] = 0, for all
w ∈ S. Then S is commutative.

Lemma 7. Let Fσ be a generalized derivation associated with a nonzero derivation σ of a prime
semiring S. If [Fσ(w),w] = 0, for all w ∈ S, then S is commutative.

Proof. The hypothesis states that
[Fσ(w),w] = 0. (1)

Linearizing (1) and again using (1), we get

[Fσ(w), s] + [Fσ(s),w] = 0. (2)

Substituting ws for w in (2), we find

[Fσ(w), s]s + [wσ(s), s] + [Fσ(s),w]s +w[Fσ(s), s] = 0.

Using (1) and (2) in the last expression, we get

[wσ(s), s] = 0. (3)

In (3) substituting rw for w, and using Lemma 1, we obtain

0 = [rwσ(s), s] = r[wσ(s), s] + [r, s]wσ(s),
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and using (3) again, we obtain
[r, s]wσ(s) = 0. (4)

Multiplying (4) by s from the right, we get

[r, s]wσ(s)s = 0. (5)

In (4) writing ws′ for w, we obtain
[r, s]ws′σ(s) = 0. (6)

Adding (5) and (6) and then substituting σ(s) for r, we get [σ(s), s]S[σ(s), s] = 0. As S is prime, we
can write [σ(s), s] = 0 for all s ∈ S. By Lemma 6, S is commutative.

2 Main Results

In this section, we present the key results of this research article. We investigate several identities
involving generalized derivations working in pairs and triplets with a key role of involution of the second
kind. Through out this section by a prime semiring we mean a prime MA-semiring unless mentioned
otherwise.

Following result describes an identity involving three generalized derivations, which leads to the
commutativity of a semiring and this result is an extended version of Theorem 2.2 of [25].

Theorem 1. For a 2-torsion free prime semiring S with involution ∗ of second kind, let Fσ,G% and
Dδ be generalized derivations respectively associated with derivations σ,% and δ such that σ ≠ 0 and
% ≠ 0. If

[Fσ(w)G%(w
∗
) +Dδ(ww

∗
), t] = 0, (7)

for all t,w ∈ S, then S is commutative.
Proof. Linearizing (7) and using (7) again, we obtain

[Fσ(w)G%(s
∗
) + Fσ(s)G%(w

∗
) +Dδ(ws

∗
) +Dδ(sw

∗
), t] = 0. (8)

Writing sh̃z for s in (8) and hence after the rearrangement of terms, we obtain

[Fσ(w)G%(s
∗
) + Fσ(s)G%(w

∗
) +Dδ(ws

∗
) +Dδ(sw

∗
), t]h̃z

+ [Fσ(w)s∗%(h̃z) + sσ(h̃z)G%(w
∗
) + (ws∗ + sw∗

)δ(h̃z), t] = 0.

Using (8) again, we obtain

[Fσ(w)s∗%(h̃z) + sσ(h̃z)G%(w
∗
) + (ws∗)δ(h̃z) + (sw∗

)δ(h̃z), t] = 0. (9)

Substituting skz for s in (9), we obtain

[(Fσ(w)s∗%(h̃z))
′
+ sσ(h̃z)G%(w

∗
) + (ws∗)′δ(h̃z) + sw

∗δ(h̃z), t]Skz = {0}.

Because of the primeness of S, we have

[(Fσ(w)s∗%(h̃z))
′
+ sσ(h̃z)G%(w

∗
) + (ws∗)′δ(h̃z) + sw

∗δ(h̃z), t] = 0.

Using assertion (xii) of Lemma 1, we get

[Fσ(w)s∗%(h̃z) +ws
∗δ(h̃z), t] = [sσ(h̃z)G%(w

∗
) + sw∗δ(h̃z), t]. (10)
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In view of the 2-torsion freeness of S, using (10) in (9), we find

[s(σ(h̃z)G%(w
∗
) +w∗δ(h̃z)), t] = 0. (11)

Writing rs for s in (11) and again using (11), we can write

[r, t]S(σ(h̃z)G%(w
∗
) +w∗δ(h̃z)) = {0}

and by the primeness of S, we have either S is commutative or σ(h̃z)G%(w∗) + w∗δ(h̃z) = 0, which
further implies

σ(h̃z)G%(w) +wδ(h̃z) = 0. (12)

Writing whz for w in (12), we get (σ(h̃z)G%(w) +wδ(h̃z))hz +σ(h̃z)w%(hz) = 0 and by the use of (12)
again, we further get σ(h̃z)S%(hz) = {0}. Due to the primeness of S, we have either σ(h̃z) = 0, for all
h̃z ∈ H(S) ∩ Z(S) or %(hz) = 0, for all hz ∈ H(S) ∩ Z(S). Assume that σ(h̃z) = 0, then from (12), we
obtain wδ(h̃z) = 0, which further implies δ(h̃z) = 0. Now since σ(h̃z) = 0 = δ(h̃z), from (9) we obtain
[Fσ(w)s∗%(h̃z), t] = 0 and therefore

[Fσ(w)s%(h̃z), t] = 0. (13)

Substituting wp for w in (13), we obtain [Fσ(w)ps%(h̃z), t]+[wσ(p)s%(h̃z), t] = 0 and using (13) again,
we get

[wσ(p)s%(h̃z), t] = 0. (14)

On replacement of w by rw in (14) and making use of (14) again, we obtain

[r, t]Sσ(p)s%(h̃z) = {0}

and by the primeness of S, we have either S is commutative or σ(p)S%(h̃z) = {0}. From the second
possibility, since σ ≠ 0, we have %(h̃z) = 0. Hence we conclude that σ(hz) = %(hz) = δ(hz) = 0, for all
hz ∈ H(S) ∩ Z(S). By Lemma 4, we have σ(kz) = %(kz) = δ(kz) = 0, for all kz ∈ K(S) ∩ Z(S) and by
Lemma 5, we have σ(z) = %(z) = δ(z) = 0, for all z ∈ Z(S). Substituting skz for s in (8) and using the
assumption that σ(kz) = %(kz) = δ(kz) = 0, we get

[(Fσ(w)G%(s
∗
))
′
+ Fσ(s)G%(w

∗
) +Dδ(ws

∗
))
′
+Dδ(sw

∗
), t]kz = 0.

and by the primeness, we have

[(Fσ(w)G%(s
∗
))
′
+ Fσ(s)G%(w

∗
) +Dδ(ws

∗
))
′
+Dδ(sw

∗
), t] = 0.

As s + t = 0 implies s = t′ for all s, t ∈ S, therefore from the last identity, we can write

[Fσ(s)G%(w
∗
) +Dδ(sw

∗
), t] = [Fσ(w)G%(s

∗
) +Dδ(ws

∗
), t]. (15)

In view of the 2-torsion freeness of S, using (15) in (8), and then substituting w∗ for w, we have

[Fσ(s)G%(w) +Dδ(sw), t] = 0. (16)

Replacing w by wt in (16), we get [Fσ(s)G%(w)t+Fσ(s)w%(t)+Dδ(sw)t+swδ(t), t] = 0, which further
implies by using Lemma 1 that [Fσ(s)G%(w)+Dδ(sw), t]t+[Fσ(s)w%(t)+swδ(t), t] = 0 and using (16)
again, we obtain

[Fσ(s)w%(t) + swδ(t), t] = 0. (17)

In (17) writing sp in place of s, we find

[Fσ(s)pw%(t) + sσ(p)w%(t) + spwδ(t), t] = 0. (18)
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In (17) replacing w by pw, we get

[Fσ(s)pw%(t) + spwδ(t), t] = 0. (19)

Using (19) in (18), we get
[sσ(p)w%(t), t] = 0. (20)

From (20), we have sσ(p)w%(t)t+t′sσ(p)w%(t) = 0 and by Lemma 1, we can further write sσ(p)w%(t)t =
tsσ(p)w%(t) = 0. In (20), replacing s by sr, we get [srσ(p)w%(t), t] = 0, and by Lemma 1, we can write
[s, t]rσ(p)w%(t) = 0, and therefore

[s, t]Sσ(p)w%(t) = {0}.

We consider the subsets S1 = {t ∈ S ∶ [s, t] = 0, for all s ∈ S} and S2 = {t ∈ S ∶ σ(p)S%(t) = {0}, for all
p ∈ S}. We see that S = S1∪S2. Our claim is that either S = S1 or S = S2. For this we prove that either
S1 ⊆ S2 or S2 ⊆ S1. On the contrary, let t1 ∈ S1∖S2 and t2 ∈ S2∖S1. Then t1+ t2 ∈ S1+S2 ⊆ S1∪S2 = S.
If t1+ t2 ∈ S1, then 0 = [r, t1+ t2] = [r, t1]+[r, t2] = [r, t2], which implies t2 ∈ S1, a contradiction. On the
other hand if t1+ t2 ∈ S2, then {0} = σ(p)S%(t1+ t2) = σ(p)S%(t1)+σ(p)S%(t2) = σ(p)S%(t1), therefore
t1 ∈ S2, a contradiction. Hence we have either S1 ⊆ S2 or S2 ⊆ S1 and therefore we respectively have
S1 = S or S2 = S. Firstly if S1 = S, then S is commutative. Secondly if S2 = S, then σ(p)S%(t) = {0} for
all p, t ∈ S, then by the primeness of S, we have either σ = 0 or % = 0 which contradicts the hypothesis.
This completes the proof.

From the proof of Theorem 1, one can obtain the following result.

Theorem 2. Let Fσ, G% and Dδ be generalized derivations respectively associated with the nonzero
derivations σ, % and a derivation δ of a 2-torsion free prime semiring S with involution ∗ of second
kind. If

[Fσ(w)G%(s) +Dδ(ws), t] = 0

for all t,w, s ∈ S, then S is commutative.

If Dδ = 0, then we can obtain the following result from Theorem 1.

Corollary 1. For a 2-torsion free prime semiring S with involution ∗ of second kind, let Fσ and G%
be generalized derivations respectively associated with derivations σ and % such that σ ≠ 0 and % ≠ 0.
If

[Fσ(w)G%(w
∗
), t] = 0,

for all t,w ∈ S, then S is commutative.

A generalized version of Theorem 2.4 of [25] is given in the following theorem.

Theorem 3. Let S be a 2-torsion free prime semiring with involution ∗ of second kind. Let Fσ be
a nonzero generalized derivation associated with a derivation σ that satisfies one of the statements
below:

1. Fσ[w,w∗] + [(w∗), σ(w)] = 0,
2. [Fσ(w),w∗] + σ[(w∗),w] = 0

for all w ∈ S. Then S is commutative.

Proof. 1. The hypothesis states that

Fσ[w,w
∗
] + [(w∗

), σ(w)] = 0, (21)

for all w ∈ S. Linearizing (21) and using (21) again, we get

Fσ[w, s
∗
] + Fσ[s,w

∗
] + [(w∗

), σ(s)] + [(s∗), σ(w)] = 0. (22)
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If σ = 0, then from (22) and then replacing s by s∗, we have

Fσ[w, s] + Fσ[s
∗,w∗

] = 0. (23)

Writing skz for s in (23), we obtain (Fσ[w, s] + Fσ[s
∗,w∗]′)Skz = {0} and since S is prime, we have

Fσ[w, s] + Fσ[s
∗,w∗]′ = 0 and since u + v = 0 implies u = v′ for all u, v ∈ S, therefore we can write

Fσ[w, s] = Fσ[s
∗,w∗

]. (24)

Using (24) in (23) and then using 2-torsion freeness of S, we get

Fσ[w, s] = 0. (25)

In (25) substituting wp for w and using Lemma 1, we get Fσ([w, s]p + w[p, s]) = 0, which further
implies that Fσ([w, s])p + [w, s]σ(p) + Fσ(w)[p, s] +wσ[p, s] = 0 and using (25), we obtain

Fσ(w)[p, s] = 0. (26)

In (26) replacing p by rp and using (26) again, we obtain Fσ(w)S[p, s] = {0}. As Fσ ≠ 0, by the
primeness of S is commutative.

We now consider the case, when σ ≠ 0. In (22) for each hz ∈ H(S) ∩ Z(S), replacing s by shz, we
get

(Fσ[w, s
∗
] + Fσ[s,w

∗
] + [(w∗

), σ(s)] + [(s∗), σ(w)])hz

+ [w, s∗]σ(hz) + [s,w∗
]σ(hz) + [(w∗

), sσ(hz)] = 0

and using (22) again, we get

[w, s∗]σ(hz) + [s,w∗
]σ(hz) + [w∗, sσ(hz)] = 0. (27)

Replacing s by skz in (27), we obtain

([w, s∗]′σ(hz) + [s,w∗
]σ(hz) + [w∗, sd(hz)])Skz = {0}.

Due to the primeness of S, we [w, s∗]′σ(hz) + [s,w∗]σ(hz) + [w∗, sσ(hz)] = 0 and using Lemma 1, we
further get

[s,w∗
]σ(hz) + [w∗, sσ(hz)] = [w, s∗]σ(hz). (28)

Using (28) in (27) and then using 2-torsion freeness of S, we obtain [w, s∗]σ(hz) = 0 and replacing s
by s∗, we get

[w, s]σ(hz) = 0. (29)

In (29) substituting sr for s and again using (29), we obtain [w, s]Sσ(hz) = {0}. By the primeness of
S, either S is commutative, or σ(hz) = 0, for all hz ∈ H(S) ∩Z(S).

Assume that σ(hz) = 0. By Lemma 4, we have σ(kz) = 0 for all kz ∈ K(S) ∩ Z(S). For each
kz ∈ K(S) ∩Z(S), replacing s by skz in (22) and using the assumption that σ(kz) = 0, we obtain

(Fσ[w, s
∗
]
′
+ Fσ[s,w

∗
] + [(w∗

), σ(s)] + [(s∗), σ(w)]
′
)Skz = {0}.

Due to the primeness of S, we obtain

Fσ[w, s
∗
]
′
+ Fσ[s,w

∗
] + [(w∗

), σ(s)] + [(s∗), σ(w)]
′
= 0,
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and using Lemma 1, we have

Fσ[w, s
∗
] + [(s∗), σ(w)] = Fσ[s,w

∗
] + [(w∗

), σ(s)]. (30)

Using (30) in (22) and using 2-torsion freeness of S, we get

Fσ[w, s
∗
] + [(s∗), σ(w)] = 0

and making substitution of s by s∗, we get

Fσ[w, s] + [s, σ(w)] = 0. (31)

In (31) replacing w by ws, we obtain

Fσ([w, s]s) + [s, σ(ws)] = 0. (32)

Using semiring identities from Lemma 1 and rearranging the terms, we have

Fσ([w, s]s) + [s, σ(ws)] = (Fσ[w, s] + [s, σ(w)])s + [w, s]σ(s) + [s,wσ(s)]

and using (31) and rearranging terms, we obtain

Fσ([w, s]s) + [s, σ(ws)] = [w, s]σ(s) + [s,wσ(s)]

= wsσ(s) + (s′ + s)wσ(s) +wσ(s)s′.

As S is a semiring, s + s′ ∈ Z(S) and therefore

Fσ([w, s]s) + [s, σ(ws)] = wsσ(s) +wσ(s)(s′ + s) +wσ(s)s′

= wsσ(s) +wσ(s)(s′ + s + s′).

As s′ + s + s′ = s′ and s + s′ + s = s, therefore

Fσ([w, s]s) + [s, σ(ws)] = wsσ(s) +wσ(s)s′ = w[s, σ(s)].

Therefore from (32) we can write w[s, σ(s)] = 0 and on replacement of w by [s, σ(s)]w, it further
implies [s, σ(s)]S[s, σ(s)] = {0}. Due to the primeness of S the last relation gives [s, σ(s)] = 0,∀s ∈ S.
Hence by Lemma 6, S is commutative.

2. We have
[Fσ(w),w∗

] + σ[(w∗
),w] = 0, (33)

for all w ∈ S. Linearizing (33) and again using (33), we get

[Fσ(w), s∗] + [Fσ(s),w
∗
] + σ[(w∗

), s] + σ[(s∗),w] = 0. (34)

If σ = 0, then from (34), we have [Fσ(w), s∗] + [Fσ(s),w
∗] = 0 and replacing s by s∗, we get

[Fσ(w), s] + [Fσ(s
∗
),w∗

] = 0. (35)

Writing skz for s in (35), we obtain ([Fσ(w), s] + [Fσ(s
∗),w∗]′)Skz = {0} and by the primeness, we

obtain [Fσ(w), s] + [Fσ(s
∗),w∗]′ = 0. Making use of the last equation, we obtain

[Fσ(w), s] = [Fσ(s
∗
),w∗

]. (36)
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Using (36) in (35) and then by the 2-torsion freeness of S, we have

[Fσ(w), s] = 0. (37)

In (37) replacing w by wr and using (37) again, we get Fσ(w)[r, s] = 0 and therefore Fσ(w)S[r, s] = {0}.
As Fσ ≠ 0, by the primeness of S, we have [r, t] = 0 which implies that S is commutative.

We now consider the case when σ ≠ 0. In (34) substituting s∗ for s, we find

[Fσ(w), s] + [Fσ(s
∗
),w∗

] + σ[(w∗
), s∗] + σ[s,w] = 0. (38)

In (38) replacing s by shz for each hz ∈ H(S) ∩Z(S), we obtain

[Fσ(w), s]hz + [Fσ(s
∗
),w∗

]hz + [s∗σ(hz),w
∗
] + σ[w∗, s∗]hz

+ [w∗, s∗]σ(hz) + σ[s,w]hz + [s,w]σ(hz) = 0.

After the rearrangement of terms, we get

([Fσ(w), s] + [Fσ(s
∗
),w∗

] + σ[w∗, s∗] + σ[s,w])hz

+ [s∗σ(hz),w
∗
] + [w∗, s∗]σ(hz) + [s,w]σ(hz) = 0.

Using (38) again, we obtain

[s∗σ(hz),w
∗
] + [w∗, s∗]σ(hz) + [s,w]σ(hz) = 0. (39)

In (39), writing skz in place of s, we obtain

([s∗σ(hz),w
∗
]
′
+ [w∗, s∗]′σ(hz) + [s,w]σ(hz))Skz = {0}.

Using primeness, after the rearrangement of terms, we obtain

[s∗σ(hz),w
∗
]
′
+ [w∗, s∗]′σ(hz) + [s,w]σ(hz) = 0.

Since u + v = 0 implies u = v′, for all u, v ∈ S, therefore from the last identity, we can write

[s∗σ(hz),w
∗
] + [w∗, s∗]σ(hz) = [s,w]σ(hz). (40)

Using (40) in (39), we obtain [s,w]σ(hz) = 0 and therefore [s,w]Sd(hz) = {0}. Because of the
primeness, we have either S is commutative or σ(hz) = 0, hz ∈ H(S) ∩ Z(S). Assume that σ(hz) = 0,
then by Lemma 4, σ(kz) = 0 for all kz ∈ K(S) ∩ Z(S). Substituting skz for s in (34), and then using
the assumption that σ(kz) = 0, we obtain

([Fσ(w), s∗]′ + [Fσ(s),w
∗
] + σ[(w∗

), s] + σ[(s∗),w]
′
)Skz = {0}.

Due to the primeness of S, we have

[Fσ(w), s∗]′ + [Fσ(s),w
∗
] + σ[(w∗

), s] + σ[(s∗),w]
′
= 0,

which further implies

[Fσ(w), s∗] + σ[(s∗),w] = [Fσ(s),w
∗
] + σ[(w∗

), s]. (41)

Using (41) in (34) and the 2-torsion freeness of S, we obtain [Fσ(w), s∗] +σ[(s∗),w] = 0 and therefore

[Fσ(w), s] + σ[s,w] = 0. (42)

In (42) taking s = w, we have [Fσ(w),w] + σ[w,w] = 0. As [w,w] = [w,w]′, therefore [Fσ(w),w] +

σ[w,w]′ = 0 and hence
[Fσ(w),w] = σ[w,w]. (43)

Using (42) and (43), we obtain [Fσ(w),w] = 0,∀w ∈ S. By Lemma 7, we conclude that S is commuta-
tive.
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From the proof of Theorem 3, one can obtain the following result.

Theorem 4. Let Fσ be nonzero generalized derivation associated with a derivation σ of a 2-torsion
free prime semiring S with involution ∗ of second kind. If one of the following holds:

1. Fσ[w, s] + [s, σ(w)] = 0,
2. [Fσ(w), s] + σ[(s),w] = 0

for all s,w ∈ S, then S is commutative.

Following result is an extended form of Theorem 2.6 of [25].

Theorem 5. Let S be a 2-torsion free prime semiring S with involution ∗ of second kind. Then
there is no nonzero generalized derivation Fσ satisfying one of the following statements:

1. Fσ(w) ○w∗ + σ(w∗ ○w)′ = 0,
2. Fσ(w ○w∗) + σ(w∗) ○w′ = 0

for all w ∈ S.

Proof. (1). Assume that Fσ is a nonzero generalized derivation satisfying

Fσ(w) ○w∗
+ σ(w∗

○w)
′
= 0. (44)

Linearizing (44) and using (44) again, we get

Fσ(w) ○ s∗ + Fσ(s) ○w
∗
+ σ(w∗

○ s)′ + σ(s∗ ○w)
′
= 0. (45)

Substituting shz for s in (45), we get

(Fσ(w) ○ s∗)hz + (Fσ(s) ○w
∗
)hz + ((sσ(hz)) ○w

∗
)

+ σ(w∗
○ s)′hz + (w∗

○ s)′σ(hz) + σ(s
∗
○w)

′hz + (s∗ ○w)
′σ(hz) = 0

and therefore

((Fσ(w) ○ s∗) + (Fσ(s) ○w
∗
) + σ(w∗

○ s)′ + σ(s∗ ○w)
′
)hz

+ ((sσ(hz)) ○w
∗
) + (w∗

○ s)′σ(hz) + (s∗ ○w)
′σ(hz) = 0.

Using (45), we obtain

((sσ(hz)) ○w
∗
) + (w∗

○ s)′σ(hz) + (s∗ ○w)
′σ(hz) = 0.

From the last equation, we can write

sσ(hz)w
∗
+w∗sσ(hz) +w

∗s′σ(hz) + s
′w∗σ(hz) + (s∗ ○w)

′σ(hz) = 0

and therefore
sσ(hz)w

∗
+w∗

(s + s′)σ(hz) + s
′w∗σ(hz) + (s∗ ○w)

′σ(hz) = 0.

As s + s′ ∈ Z(S), therefore

sσ(hz)w
∗
+ (s′ + s + s′)w∗σ(hz) + (s∗ ○w)

′σ(hz) = 0

and since s′ + s + s′ = s′, therefore

sσ(hz)w
∗
+ s′w∗σ(hz) + (s∗ ○w)

′σ(hz) = 0,

which further implies
s[σ(hz),w

∗
] + (s∗ ○w)

′σ(hz) = 0. (46)
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By Lemma 1, from (46), we can write

s[σ(hz),w
∗
] = (s∗ ○w)σ(hz). (47)

In (46), replacing s by skz, we obtain (s[σ(hz),w
∗] + (s∗ ○ w)σ(hz))kz = 0, which further implies

(s[σ(hz),w
∗] + (s∗ ○w)σ(hz))Skz = {0}. In view of Lemma 2, by the primeness of S, we can find

s[σ(hz),w
∗
] + (s∗ ○w)σ(hz) = 0. (48)

Using (47) in (48), we obtain 2(s∗ ○ w)σ(hz) = 0, and then by the 2-torsion freeness, we have
(s∗ ○w)σ(hz) = 0, and replacing s by s∗, we get

(s ○w)σ(hz) = 0. (49)

Using Lemma 1 in (49), we can write

swσ(hz) = w
′sσ(hz). (50)

In (49), substituting rw for w, we get

srwσ(hz) + rwsσ(hz) = 0. (51)

Using (50) in (51), we get srwσ(hz) + r′swσ(hz) = 0 and so [s, r]wσ(hz) = 0 i.e [s, r]Sσ(hz) = {0}.
Due to the primeness, either S is commutative or σ(hz) = 0 for all hz ∈ H(S) ∩Z(S).

Assume that σ(hz) = 0. By Lemma 4, σ(kz) = 0 for all kz ∈ K(S) ∩Z(S). In view of the fact that
σ(kz) = 0 for all kz ∈ K(S) ∩Z(S), replacing s by skz, kz ∈ K(S) ∩Z(S) in (45), we obtain

((Fσ(w) ○ s∗)′ + Fσ(s) ○w
∗
+ σ(w∗

○ s)′ + σ(s∗ ○w))Skz = {0}

and by the primeness, we obtain

(Fσ(w) ○ s∗)′ + Fσ(s) ○w
∗
+ σ(w∗

○ s)′ + σ(s∗ ○w) = 0,

which further implies
Fσ(s) ○w

∗
+ σ(w∗

○ s)′ = Fσ(w) ○ s∗ + σ(s∗ ○w)
′. (52)

As S is 2-torsion free, using (52) in (45), we get Fσ(w) ○ s∗ + σ(s∗ ○w)′ = 0 and making substitution
of s by s∗, we get

Fσ(w) ○ s + σ(s ○w)
′
= 0. (53)

In (53), replacing s by hz and using the assumption that σ(hz) = 0, we get (Fσ(w)+(σ(w))′)Shz = {0}.
Because of the primeness, Fσ(w) + (σ(w))′ = 0 for all w ∈ S which implies that F = σ and therefore
from (53) becomes

σ(w) ○ s + σ(s ○w)
′
= 0. (54)

By the definition of Jordan product, we can write

σ(w) ○ s + σ(s ○w)
′
= σ(w)s + sσ(w) + s′σ(w) + σ(s)w′

+w′σ(s) + σ(w)s′.

Rearranging the terms, we have

σ(w) ○ s + σ(s ○w))
′
= σ(w)(s + s′) + (s + s′)σ(w) + σ(s)w)

′
+w′σ(s)).
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By the definition of MA-semiring w +w′ ∈ Z(S), therefore

σ(w) ○ s + (σ(s ○w))
′
= (s + s′ + s + s′)σ(w) + σ(s)w′

+w′σ(s).

By the definition of pseudo inverse, we have

σ(w) ○ s + σ(s ○w))
′
= (s + s′)σ(w) + σ(s)w′

+w′σ(s).

Therefore (54) becomes
(s + s′)σ(w) + (σ(s) ○w′

) = 0. (55)

As s + s′ = (s + s′)′, therefore from (55), we have (s + s′)′σ(w) + (σ(s) ○w′) = 0, which further implies

(σ(s) ○w′
) = (s + s′)σ(w) (56)

In view of the 2-torsion freeness of S, using (56) in (55), we obtain

σ(s) ○w = σ(s)w +wσ(s) = 0. (57)

From (57), we can write
σ(s)w = w′σ(s). (58)

In (57) substituting wt for w, we obtain σ(s)wt +wtσ(s) = 0 and using (58), we further get σ(s)wt +
w′σ(s)t = 0 that is [σ(s),w]t = 0. From the last relation, we can write [σ(s),w]S[σ(s),w] = {0}
and by the primeness of S, we have [σ(s),w] = 0 and so σ(s) ∈ Z(S). Therefore, from (57) we have
2wσ(s) = 0 and by 2-torsion freeness of S, we have wσ(s) = 0. Substituting wr for w in the last
equation, we get wSσ(s) = {0}. As S is prime, we have σ = 0 and hence Fσ = 0, a contradiction.
On the other hand if S is commutative, then σ(w) ∈ Z(S). Repeating the same arguments as above
we obtain Fσ = 0, a contradiction. This completes the proof.

(2). Assume that Fσ is a nonzero generalized derivation associated with a derivation σ such that

Fσ(w ○w∗
) + σ(w∗

) ○w′
= 0, (59)

for all w ∈ S. Linearizing (59) and again using (59), we obtain

Fσ(w ○ s∗) + Fσ(s ○w
∗
) + σ(w∗

) ○ s′ + σ(s∗) ○w′
= 0. (60)

For each hz ∈ H(S) ∩Z(S), substituting shz for s in (60), we get

Fσ(w ○ (shz)
∗
) + Fσ((shz) ○w

∗
) + σ(w∗

) ○ (shz)
′
+ σ((shz)

∗
) ○w′

= 0,

which implies

Fσ(w ○ (s∗hz)) + Fσ((shz) ○w
∗
) + σ(w∗

) ○ (shz)
′
+ σ((s∗hz)) ○w

′
= 0

and therefore, we can write

Fσ((w ○ s∗)hz) + Fσ((s ○w
∗
)hz) + σ(w

∗
) ○ s′)hz + σ((s

∗hz)) ○w
′
= 0.

As Fσ is a generalized derivation and σ is a derivation, therefore

{Fσ(w ○ s∗)hz + (w ○ s∗)σ(hz)} + {Fσ(s ○w
∗
)hz + (s ○w∗

)σ(hz)}

+ {(σ(w∗
) ○ s′)hz} + {σ(s∗)hz + s

∗σ(hz)} ○w
′
= 0,
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which further implies

Fσ(w ○ s∗)hz + (w ○ s∗)σ(hz) + Fσ(s ○w
∗
)hz + (s ○w∗

)σ(hz)

+ (σ(w∗
) ○ s′)hz + (σ(s∗) ○w′

)hz + (s∗σ(hz)) ○w
′
= 0.

Rearranging terms of the last expression, we obtain

{Fσ(w ○ s∗) + Fσ(s ○w
∗
) + (σ(w∗

) ○ s′) + (σ(s∗) ○w′
)}hz

+ (w ○ s∗)σ(hz) + (s ○w∗
)σ(hz) + (s∗σ(hz)) ○w

′
= 0.

Using (60), we obtain

(w ○ s∗)σ(hz) + (s ○w∗
)σ(hz) + (s∗σ(hz)) ○w

′
= 0. (61)

Substituting skz for s in (61), we obtain

((w ○ s∗)′σ(hz) + (s ○w∗
)σ(hz) + (s∗σ(hz)) ○w)Skz = {0}.

Since S is prime and K(S) ∩Z(S) ≠ {0}, we get

((w ○ s∗)′σ(hz) + (s ○w∗
)σ(hz) + (s∗σ(hz)) ○w) = 0

and therefore by Lemma 1, we obtain

(w ○ s∗)σ(hz) + (s∗σ(hz)) ○w
′
= (s ○w∗

)σ(hz). (62)

Using (62) in (61) and then using 2-torsion freeness, we get (s ○w∗)σ(hz) = 0, which further gives

(s ○w)σ(hz) = 0. (63)

Equation (63) is the same as (49). Therefore, using similar arguments, we obtain that either σ(hz) = 0
or S is commutative. Firstly assume that σ(hz) = 0. By Lemma 4, we have σ(kz) = 0, for all kz ∈
K(S) ∩Z(S) and by Lemma 5, σ(z) = 0 for all z ∈ Z(S). Substituting skz for s in (60), we obtain

(Fσ(w ○ s∗)′ + Fσ(s ○w
∗
) + σ(w∗

) ○ s′ + σ(s∗) ○w)Skz = {0}.

Due to the primeness of S, we have

Fσ(w ○ s∗)′ + Fσ(s ○w
∗
) + σ(w∗

) ○ s′ + σ(s∗) ○w = 0.

By Lemma 1, since u + v = 0 implies u = v′, therefore from the last identity, we can write

Fσ(w ○ s∗) + σ(s∗) ○w′
= Fσ(s ○w

∗
) + σ(w∗

) ○ s′. (64)

Using (64) in (60) and the 2-torsion freeness of S, we obtain

Fσ(w ○ s) + σ(s) ○w′
= 0. (65)

In (65), replacing w by z ∈ Z and using σ(z) = 0, we obtain (Fσ(s) + σ(s)
′)Sz = {0}. Using the

primeness of S, we have Fσ(s)+σ(s)′ = 0 and therefore Fσ(s) = σ(s) and hence Fσ = σ. Therefore (65)
becomes

σ(w ○ s) + σ(s) ○w′
= 0. (66)

Equation (66) is same as (54), therefore by the similar arguments, we can conclude that Fσ = 0, a
contradiction. On the other hand, if S is commutative, then by the similar arguments, we can again
conclude that Fσ = 0, a contradiction and this completes the proof.
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From the proof of Theorem 5, one can obtain the following result.

Theorem 6. Let S be a 2-torsion free prime semiring S with involution ∗ of second kind. Then
there is no nonzero generalized derivation Fσ satisfying one of the following statements:

1. Fσ(w) ○ s + σ(s ○w)′ = 0,
2. Fσ(w ○ s) + σ(s) ○w′ = 0

for all w, s ∈ S.

Conclusion

The research work presented in this paper provides a motivation to investigate the results for
semiprime MA-semirings with similar or different environment.
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It is shown that the concepts of heir and coheir, introduced by D. Lascar and B. Poizat, play a fundamental
role in model theory, particularly in classification theory. The related notions of proper heir and proper
coheir are introduced, containing important constructs within themselves. Poizat’s lemma on the existence
of a proper heir of any non-definable type over a model is presented as an important fact of existence
in unstable theories. The concept of an order trigger in a model is then introduced as the skeleton of
an algorithmic device that produces ω-evidence of the order property in it. This evidence is constructed
using a method very similar to the “back and forth” method of classical model theory, where at each step
two possibilities for choosing elements are alternated. As an example of use, a simplified proof of the
characterization theorem of the class of unstable theories using these concepts is explained. It is pointed
out that applications of more advanced constructions, such as order triggers, can help in solving problems
related to the classification of small, countable and minimal models of unstable theories.

Keywords: proper heir, proper coheir, strong heir, unstable theory, non-definable type, order property,
trigger of order, ω-evidence.
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Introduction

A new philosophy of model theory based on the notions of heir and coheir of a type was presented
in [1]; it was shown that for types over models of stable theories these notions and one of non-forking
extension coincide. The study of the properties of heirs and coheirs in a general context was continued
in [2], which outlined their possible applications.

Definition 1. [1] Let M be a model, let N be an elementary extension of it, and let q(x) be a
complete type over N and p(x) = q �M . Then

(1) q is an heir of p if for any formula ϕ(x, y) over M with ϕ(x, a) ∈ q there exists b ∈ M with
ϕ(x, b) ∈ p;

(2) q is a coheir of p if any formula in q is realized in M.

As can be seen, a coheir does not speak about the relationship between a type and its restriction,
but rather about the relationship between a type (as a set of formulas) and a model. Therefore, the
concept is often used, especially when specifying the relationship between a type and a model, under
the name “finitely satisfiable”: instead of “a type is a coheir of its restriction over M”, one can say
“a type is finitely satisfiable in M” [2].

Coheirs have been well accepted by the model theory community because types that are finitely
satisfiable in M areM -invariant, and they also allow one to construct Morley sequences (see e.g. [3,4]).
Heirs are also used (see [5]), but, being more abstract, much less frequently than coheirs.
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In the hierarchy of concepts in model theory (and classification theory), what role do heirs and
coheirs play?

This note aims to address answer this question.

In the note, we consider infinite models of the first-order language L with equality. As usual, we live
in a universe (i.e., a fairly saturated and homogeneous model of L), which we do not designate in any
way; all objects (sets, relations, tuples, etc.) are taken from it, models are its elementary submodels.
Unless otherwise stated, the satisfiability of formulas and sentences, which is denoted by |=, also applies
to the universe.

Models are denoted by uppercase calligraphic Latin letters, and their basic sets are denoted by the
corresponding ordinary letters. Tuples of elements and variables are denoted by lowercase Latin letters
(without dashes); Greek letters ϕ, ψ, θ are used to denote formulas in L. The space of complete types
with variable x over a set A is denoted by Sx(A). Similarly, we write Mx instead of M l(x), where l(x)
is the length of the tuple x. The type of a tuple a over a set A is denoted by tp(a/A).

1 Poizat’s Lemma

In [1], the following properties of a non-definable type p over a model M were shown:
(1) p can have arbitrarily many distinct heirs over some elementary extension of M;
(2) the number of coheirs of type p over any elementary extension of M is bounded by some fixed

cardinal depending only on the cardinality of M.

Definition 2. Let p, q be complete types over models and let q be an extension of p. Then q is a
proper heir of p if it is heir of p, but not coheir of p. Likewise, q is a proper coheir of p if it is coheir of
p, but not heir of p.

From the above properties (1), (2) it almost directly follows that any non-definable type over a
model has a proper heir.

In [2, p. 300] B. Poizat gave an elegant proof of the latter fact using the following lemma: any
non-definable type over a model M has a (strong) heir that is not M -invariant; the proof relied on
primary model-theoretic methods of definability dating back to E.W. Beth, A. Robinson, L. Svenonius
and others.

For completeness, we present here Lemma 1, which is a weakened version of Poizat’s lemma and is
sufficient for our purposes.

Let M be a model of the language L and p ∈ Sx(M). For each formula of the form ϕ(x, y) in the
language L, we define the relation Rϕ as a subset of My:

a ∈ Rϕ ⇔ ϕ(x, a) ∈ p. (1)

The enrichment of the model M to the language L∗ = L ∪ {Rθ}θ(x,·)∈L is denoted by M∗.

Definition 3. [2] If N ∗ is an elementary extension of M∗, then the relations {Rθ}θ(x,·)∈L define a
type over N that is an heir of p, it is called a strong heir of p .

There may also exist non-strong heirs of p over N : if N is an elementary extension of a model M
that does not admit enrichment to an elementary extension of M∗, then it is clear that there is no
strong heir of p over N [2].

Lemma 1. If a formula ϕ(x, y) of a language L is such that Rϕ from (1) is not definable in M.
Then there exist an elementary extension N of M, type q ∈ Sx(N) and tuples a, b ∈ Ny of the same
type over M such that q is a strong heir of p and ϕ(x, a) ∧ ¬ϕ(x, b) ∈ q.

Mathematics Series. No. 1(121)/2026 83



Ye.R. Baissalov, J.A. Tussupov

Proof. Let ϕ(x, y) be a formula in L and Rϕ is not definable in M. We will first show that the
following theory is then consistent:

T ∗ = Th(M∗) ∪ {ψ(c1) ↔ ψ(c2)}ψ(y)∈L(M) ∪ {Rϕ(c1),¬Rϕ(c2)},

where M∗ is the enrichment of M described before Definition 3, and c1, c2 are new constants.
On the contrary, let us assume that T ∗ is inconsistent. Then, by compactness, there exists a finite

set {ψ1(y), . . . , ψn(y)} of L(M)-formulas such that

∀yz

(
n∧
i=1

(ψi(y) ↔ ψi(z)) → (Rϕ(y) ↔ Rϕ(z))

)
∈ Th(M∗).

This means that there is a Boolean function f : {0, 1}n → {0, 1} such that if ε1, . . . εn, ε ∈ {0, 1} and
f(ε1, . . . εn) = ε then

∀y

(
n∧
i=1

ψεii (y) → Rεϕ(y)

)
∈ Th(M∗).

Here, as usual, for any formula θ we put θ1 = θ and θ0 = ¬θ. Now it is obvious that the L(M)-formula

∨
f(ε1,...εn)=1

(
n∧
i=1

ψεii (y)

)

defines Rϕ, which is a contradiction.
So, T ∗ is consistent. Let N ∗ be its model, where the constants c1 and c2 are interpreted by tuples

a and b, respectively. The set of formulas {Rθ}θ(x,·)∈L defines a type q over N , which is a strong heir
of p. It is now easy to see that N and q, together with a and b, satisfy the statement of the lemma.

Since the formula ϕ(x, a) ∧ ¬ϕ(x, b) from Lemma 1 is not realized in M, we obtain the following:

Corollary 1. [2] Any non-definable type over a model has a strong proper heir.

On the other hand, a proper heir of a type over a model may exist even if all types over that model
are definable.

Example 1. Over a model M = 〈ω; =,∈〉, where L = {=,∈}, all types are definable, and there
exists a unique non-algebraic 1-type over it, which we denote by ∞. Over any proper elementary
extension of a model M, the heir of ∞ will be proper.

2 Trigger of Order

We will start this section with a definition.

Definition 4. A triple 〈a, b, ϕ(x, y)〉 is called a trigger of order in M if it satisfies the following
conditions:

(1) |= ϕ(a, b),
(2) ϕ(x, b) is not realized in M,
(3) tp(b/Ma) is finitely satisfiable in M (i.e. tp(b/Ma) is a coheir of tp(b/M)).

In this definition, the word “order” comes from the order property (OP) defined in [6] (see also the
theorem below).

Obviously, a proper heir of a type over a model M provides us with a trigger of order in M: take
as a the realization of this proper heir and its formula ϕ(x, b), which is not realized in M. Likewise,
any proper coheir produces a trigger of order.
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Theorem 1. If there is a trigger of order in a model, then the model contains ω-evidence of the
order property.

Proof. Let 〈a, b, ϕ(x, y)〉 be an order trigger in M as in Definition 4. By condition (2) of Definition
4 it follows that for each m ∈Mx we have ¬ϕ(m, y) ∈ r := tp(b/Ma).

Let B := ϕ(a,M). By induction on i ∈ ω we determine ai ∈ Mx and bi ∈ B. We choose an
arbitrary a0 ∈ Mx. Since ¬ϕ(a0, y) ∈ r, by the property (3) of Definition 4 one can find b0 ∈ B such
that |= ¬ϕ(a0, b0).

Let us assume that the elements ai, bi are defined for all i < k. We choose ak ∈ Mx reali-
zing

∧
i<k ϕ(x, bi) (note that the last formula is realized by a). Finally, we choose bk ∈ B realizing∧

i≤k ¬ϕ(ai, y), which is again possible by property (3) of Definition 4.
From the construction it is clear that for any m,n ∈ ω the following holds:

|= ϕ(am, bn) ⇔ n < m,

which means that the formula ¬ϕ(x, y) has the order property [6].

To our knowledge, [7] was the first paper to give an example of using proper heirs to discover
structure in a (minimal) model; it inspired us to write [8] and the present note. We also noticed that [9]
considered very closely related issues. There are many unsolved problems about small (i.e., countable,
minimal, etc.) models of countable unstable theories [7,10]. Theorem 1 provides a method for analyzing
the structures of such models.

Let us note one more consequence of Theorem 1. After it, the equivalence of the following properties
of unstable theories can be easily proved along the line (a)⇒(b)⇒(c)⇒(d)⇒(e)⇒(a), using only the
arithmetic of cardinals and the compactness theorem:

(a) for some formula ϕ, there are too many ϕ-types over some small set,
(b) there exists a non-definable ϕ-type over a model,
(c) there exists a proper heir,
(d) there exists an order trigger,
(e) the theory has the order property.

Conclusion

The fact that heirs and coheirs incorporate combinatorics has been known for a long time
(e.g. Morley sequences). In this note we show another confirmation of this fact, as a result of a
simplest use of proper heirs. It is clear that more advanced applications of such concepts will yield
deeper, more meaningful results. It is also certain that constructions like order triggers can be used to
classify small, countable and minimal models of unstable theories.
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10 Tanović, P., & Pillay, A. (2025). The number of countable models of first-order theories. arXiv:
2508.06854v1 [math.LO]. https://doi.org/10.48550/arXiv.2508.06854

Author Information∗

Yerzhan Rakhmettollaevich Baissalov (corresponding author) — Candidate of Physical and
Mathematical Sciences, Associate Professor of Department of Cryptology, L.N. Gumilyov Eurasian
National University, 2 Satbaev St., Astana, 10000, Kazakhstan; e-mail: baisalov_yer@enu.kz ;
https://orcid.org/0000-0002-3874-2726

Jamalbek Aliaskarovich Tussupov — Doctor of Physical and Mathematical Sciences, Professor
of Department of Information Systems, L.N. Gumilyov Eurasian National University, 2 Satbaev St.,
Astana, 10000, Kazakhstan; e-mail: tussupov@mail.ru; https://orcid.org/0000-0002-9179-0428

∗Authors’ names are presented in the following order: first name, middle name (if any), last name.

86 Bulletin of the Karaganda University

https://doi.org/10.2307/2273127
https://doi.org/10.1142/S0219061316500094
https://doi.org/10.1016/j.aim.2021.107573
https://doi.org/10.1090/proc/14305
https://doi.org/10.48550/arXiv.1201.5709
https://doi.org/10.1002/malq.201700070
https://doi.org/10.48550/arXiv.2508.06854


Bulletin of the Karaganda University. Mathematics Series, No. 1(121), 2026, pp. 87–102

https://doi.org/10.31489/2026M1/87-102 Research article

Boundedness of the pseudo-differential operators
generated by 1D-Dunkl operator

B. Bekbolat1,2,∗, N. Tokmagambetov2

1SDU University, Kaskelen, Kazakhstan;
2Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

(E-mail: bayan.bekbolat@sdu.edu.kz, tokmagambetov@math.kz)

This article is devoted to the study of pseudo-differential operators generated by Dunkl operators, focusing
primarily on their boundedness properties. We establish that, under a set of suitable assumptions on the
symbols and the underlying function spaces, these operators are bounded on specific Banach spaces. In
addition, we define the composition of pseudo-differential operators generated by Dunkl operators and
rigorously prove that this composition also inherits boundedness properties under appropriate conditions.
The analysis is carried out using techniques based on the Dunkl transform, which provides a powerful tool
for handling operators associated with reflection groups and allows for the derivation of precise estimates.
Beyond the theoretical development, we illustrate an application of the obtained results, demonstrating
how these boundedness properties can be employed to address complex problems in mathematical physics
and harmonic analysis. Overall, the work contributes to a deeper understanding of Dunkl analysis and
the structure of pseudo-differential operators in this context. The results presented not only consolidate
existing knowledge but also open new perspectives for further investigations in the field, providing a solid
foundation for future research on Dunkl operators and their applications in both theoretical and applied
analysis.

Keywords: Dunkl analysis, Dunkl operator, Dunkl kernel, Dunkl transform, inverse Dunkl transform,
pseudo-differential operators, composition of pseudo-differential operators, boundedness results.
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Introduction

Pseudo-differential operators Ta (Definition 3), generated by the Dunkl operator were introduced
by A. Dachraoui in 2001 in [1]. In his paper, the author defined two classes of symbols, Sm0 and
Sm for m ∈ R, with Sm ⊂ Sm0 , and introduced Sobolev-type spaces W s,p

α (R, dµα), where s ∈ R,
p ∈ [1,+∞], and α ≥ −1/2 (definitions are provided below). He proved that the pseudo-differential
operator Ta, generated by the Dunkl operator with symbol a ∈ Sm, is continuous from W

m
2
,1

α (R, dµα)

to W 0,∞
α (R, dµα), and from W

m
2
,p

α (R, dµα) to W 0,p
α (R, dµα) for p ≥ 1.

Definition 1. Let m be a real number. The function a : R× C→ C is called a symbol in the class
Sm0 , if it satisfies
• for a fixed x in R, the function λ 7→ a(x, λ) is a smooth function on R;
• for a fixed λ in R, the function x 7→ a(x, λ) is a smooth function on R;
• for all k, n ∈ N, there exists Ck,n,m > 0, such that∣∣∣∣ ∂k∂xk ∂n

∂λn
a(x, λ)

∣∣∣∣ ≤ Ck,n,m(1 + |λ|2)
m−n

2 ,

for all x ∈ R and λ ∈ R.
∗Corresponding author. E-mail: bekbolat@math.kz
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Definition 2. Let m be a real number. The function a : R× C→ C is called a symbol in the class
Sm, if it satisfies
• for a fixed x in R, the function λ 7→ a(x, λ) is a smooth function on R;
• for a fixed λ in R, the function x 7→ a(x, λ) is a smooth function on R;
• for all k, `, n ∈ N, there exists Ck,`,n,m > 0, such that∣∣∣∣(1 + |x|2)` ∂

k

∂xk
∂n

∂λn
a(x, λ)

∣∣∣∣ ≤ Ck,`,n,m(1 + |λ|2)
m−n

2 ,

for all x ∈ R and λ ∈ R.

Definition 3. Let a ∈ Sm0 and α ≥ −1/2. The pseudo-differential operator associated with a symbol
a is defined on S(R) by

Taf(x) =

∫
R
Eα(x, λ)a(x, λ)Fα[f ](λ)dµα(λ),

where Eα is the Dunkl kernel defined by

Eα(x, λ) = jα(xλ) + i
xλ

2(α+ 1)
jα+1(xλ), (1)

jα is the normalized Bessel function of the first kind, Fα[f ] is the Dunkl transform given by

Fα[f ](λ) =

∫
R
Eα(−x, λ)f(x)dµα(x), (2)

and

dµα(x) =
|x|2α+1

2α+1Γ(α+ 1)
dx, (3)

Γ is a Gamma function.

Definition 4. The space W s,p
α (R, dµα), where s is real number, and 1 ≤ p ≤ +∞, is defined as the

closure of the space of C∞-functions on R with compact supports, with respect to the norms

‖f‖W s,p
α

:= ‖(1 + λ2)s/2Fα[f ]‖p,α, if 1 ≤ p < +∞,

and
‖f‖W s,∞

α
:= sup

λ∈R
(1 + λ2)s/2|Fα[f ](λ)| if p = +∞,

where

‖f‖p,α = p

√∫
R
|f(x)|pdµα(x).

Then L2 and Lp-boundedness of the pseudo-differential operators Ta associated with the Dunkl
operators were studied by the authors C. Abdelkefi, B. Amri, and M. Sifi [2] for classes of symbols
S0
1,0, or simply S0, which contains symbols with property∣∣∣∂nλ∂kxa(x, λ)

∣∣∣ ≤ Ck,n
(1 + |λ|)n

,

for all k, n ∈ N and x, λ ∈ R.
After, B. Amri, S. Mustapha, and M. Sifi [3] have extended L2-theorem of Calderón–Vaillancourt

to the pseudo-differential operator Ta associated with the Dunkl operator on R.
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Theorem 1 (Calderón–Vaillancourt). Assume that 0 ≤ ρ < 1 and a ∈ S0
ρ,ρ, which is a ∈ C∞(R×R)

and satisfies ∣∣∣∂kx∂nλa(x, λ)
∣∣∣ ≤ Cn,k(1 + |λ|)ρ(k−n),

for all n, k ∈ N and all x, λ ∈ R. Then Ta can be extended to a bounded operator on L2(R, dµα).

In [3], the Lp-boundedness of the operator Ta with symbols in S0
1,δ, 0 ≤ δ < 1, was established. A

symbol a is said to belong to the class S0
1,δ, 0 ≤ δ < 1, if a ∈ C∞(R× R) and satisfies∣∣∣∂kx∂nλa(x, λ)

∣∣∣ ≤ Cn,k
(1 + |λ|)n−δk

,

for all n, k ∈ N and all x, λ ∈ R.

Theorem 2. Let a ∈ S0
1,δ, 0 ≤ δ < 1. Then Ta can be extended to a bounded operator from

Lp(R, dµα) into itself for all 1 < p < +∞.

In this paper, we establish several boundedness results for pseudo-differential operators generated by
the Dunkl operators on the space L(R, dµα) (Definition 6) under certain assumptions. The techniques
used in this paper are adapted from [4] and [5].

For a comprehensive overview of recent developments in this area, the reader is referred to the
work [6].

1 Preliminaries

In this section, we recall some basic definitions from Dunkl analysis. The Dunkl operator

Dα : C1(R)→ C(R), α ≥ −1

2
,

associated with the reflection group Z2 on R, is defined by

Dαf(x) :=
d

dx
f(x) +

(
α+

1

2

)
f(x)− f(−x)

x
.

Following the definition of the Dunkl operator, we note that this operator was firstly introduced
by C.F. Dunkl [7].

Note that if α = −1/2, then the Dunkl operator Dα is a first order differential operator and
operator is well defined on other important function spaces, some of them listed below.

Lemma 1. [8, Lemma 2.2, p. 6] If f ∈ Cm(R) with m ≥ 1, then we have Dαf ∈ Cm−1(R).

Lemma 2. [9, Proposition 3.4, p. 28] The Dunkl operators leaves invariant

C∞(R), C∞c (R) and S(R).

As we frequently work with the Schwartz space, let us recall its definition.

Definition 5 (Schwartz space S(R)). The Schwartz space S(R) is the topological vector space of
functions f : R −→ R such that f ∈ C∞(R) and

xk
dn

dxn
f(x)→ 0 as |x| → ∞

for all n, k ∈ N.
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Let α ≥ −1/2 and λ ∈ R. The equation

Dαf(x) = iλf(x)

with initial condition f(0) = 1 has a unique solution defined by (1). In the literature the function
Eα(x, λ) is called the Dunkl kernel. The Dunkl kernel has following properties:
• for all λ ∈ C, the function x 7−→ Eα(x, λ) is a C∞-function on R;
• for all x ∈ R, the function λ 7−→ Eα(x, λ) is an entire function on C;
• Eα(x, λ) = Eα(λ, x);
• Eα(ξx, λ) = Eα(x, ξλ), ξ ∈ C;
• Eα(x, λ) = Eα(−x, λ) = Eα(x,−λ);
• |Eα(x, λ)| ≤ 1, λ ∈ R.
Note that the Dunkl kernel is the exponential function exp(ixλ) when α = −1/2. The Dunkl kernel

leads to the Dunkl transform. Before introducing the Dunkl transform, we need to consider the Lp

space with the dµα measure (defined below).
The space Lp(R, dµα), 1 ≤ p ≤ +∞, is the space of measurable functions f on R, for which norms

defined as

‖f‖p,α = p

√∫
R
|f(x)|pdµα(x) < +∞, if 1 ≤ p < +∞,

and
‖f‖∞ = ess sup

x∈R
|f(x)| < +∞, if p = +∞,

where dµα is defined by (3).
Using property of the Dunkl kernel, we obtain

‖Fα[f ]‖∞ ≤ ‖f‖1,α,

where the Dunkl transform Fα is defined by (2).
The inverse Dunkl transform is defined by

F−1α [f ](λ) = Fα[f ](−λ) =

∫
R
Eα(x, λ)f(x)dµα(x), λ ∈ R.

If α = −1/2, then we obtain the classical Fourier transform and inverse Fourier transform. The
Dunkl transform has following important properties:

Theorem 3. (1) (Plancherel theorem) [10, Theorem 4.26, p. 160] The Dunkl transform has a unique
extension to an isometric isomorphism of L2(R, dµα), i.e.,

‖Fα[f ]‖2,α = ‖f‖2,α,

for all f ∈ L2(R, dµα).
(2) [10, Corollary 4.22, p. 159] The Dunkl transform is a homeomorphism of S(R).
(3) (Inverse Dunkl transform) [10, Theorem 4.20, p. 159] Let f ∈ L1(R, dµα) and Fα[f ] ∈ L1(R, dµα),

then we have
f(x) = F−1α [Fα[f ]](x) a.e.

We have the following product formula for the function jα(xλ) with α > −1
2 and parameter λ ∈ C

[11, Formula 1.II.23, p. 13]:

jα(xλ)jα(yλ) =

∫ +∞

0
jα(zλ)kα(x, y, z)z2α+1dz,
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for x, y > 0, where

kα(x, y, z) = 22α−1
Γ(α+ 1)

Γ(α+ 1
2)Γ(12)

∆(x, y, z)2α−1

(xyz)2α
· 1[|x−y|,x+y](z).

Here 1A is the indicator function of A and

∆(x, y, z) :=
1

4

√
(x+ y + z)(x+ y − z)(x− y + z)(y + z − x)

denotes the area of the triangle with sides x, y, z > 0. The function kα(x, y, z) satisfies the following
properties [11, p. 13-14]:
• for all z > 0, we have kα(x, y, z) ≥ 0;
• for x, y > 0, we have ∫ +∞

0
kα(x, y, z)z2α+1dz = 1;

• for all x, y, z > 0, we have

kα(x, y, z) = kα(y, x, z) and kα(x, y, z) = kα(x, z, y).

For our convenience, we fix some notations. For all x, y, z ∈ R, we put

bx,y,z :=

{
x2+y2−z2

2xy , if x, y 6= 0,

0, otherwise,

and
ρ(x, y, z) :=

1

2
(1− bx,y,z + bz,x,y + bz,y,x).

Theorem 4. [12, Theorem 2.4, p. 5] (1) Let α > −1
2 and λ ∈ C. The Dunkl kernel satisfies the

following product formula:

Eα(x, λ)Eα(y, λ) =

∫
R
Eα(z, λ)dνx,y(z)

for x, y ∈ R, where

dνx,y(z) :=


Wα(x, y, z)|z|2α+1 dz, if x, y 6= 0,

dδx(z), if y = 0,

dδy(z), if x = 0,

with kernel
Wα(x, y, z) = kα(|x|, |y|, |z|)ρ(x, y, z).

(2) The measures νx,y have the following properties:
• suppνx,y = [−|x| − |y|,−||x| − |y||] ∪ [||x| − |y||, |x|+ |y|] for x, y 6= 0;
• ‖νx,y‖ :=

∫
RWα(x, y, z)|z|2α+1dz ≤ 4 for all x, y ∈ R.

Remark 1. In Theorem 4, δx is the Dirac measure. So, we have
• if y = 0, then

Eα(x, λ) = Eα(x, λ)Eα(0, λ) =

∫
R
Eα(z, λ)dδx(z) = Eα(x, λ),

• if x = 0, then

Eα(y, λ) = Eα(0, λ)Eα(y, λ) =

∫
R
Eα(z, λ)dδy(z) = Eα(y, λ).
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Remark 2. Let x, y 6= 0. Then from

Eα(x, λ)Eα(y, λ) =

∫
R
Eα(z, λ)Wα(x, y, z)|z|2α+1dz

= 2α+1Γ(α+ 1)

∫
R
Eα(z, λ)Wα(x, y, z)dµα(z),

we obtain
Wα(x, y, z) =

1

2α+1Γ(α+ 1)

∫
R
Eα(−z, λ)Eα(x, λ)Eα(y, λ)dµα(λ). (4)

Lemma 3. Let x, y, z ∈ R. Then

Wα(x,−y, z) = Wα(x,−z, y).

Furthermore, we have

Wα(x,−y, z)|z|2α+1dzdµα(y) = Wα(x,−z, y)|y|2α+1dydµα(z).

Proof. For any x, y, z ∈ R a short calculation gives us the following equalities:

bx,−y,z =
x2 + (−y)2 − z2

2x(−y)
= −x

2 + y2 − z2

2xy
,

bz,x,−y =
z2 + x2 − (−y)2

2zx
=
z2 + x2 − y2

2zx
,

bz,−y,x =
z2 + (−y)2 − x2

2z(−y)
= −z

2 + y2 − x2

2zy
,

and

ρ(x,−y, z) =
1

2
(1− bx,−y,z + bz,x,−y + bz,−y,x)

=
1

2

(
1 +

x2 + y2 − z2

2xy
+
z2 + x2 − y2

2zx
− z2 + y2 − x2

2zy

)
=

1

2

(
1 +

x2 + z2 − y2

2zx
+
y2 + x2 − z2

2xy
− y2 + z2 − x2

2zy

)
=

1

2
(1− bx,−z,y + by,x,−z + by,−z,x)

= ρ(x,−z, y).

Then using property of the function kα(x, y, z), we obtain

Wα(x,−y, z) = kα(|x|, | − y|, |z|)ρ(x,−y, z)
= kα(|x|, | − z|, |y|)ρ(x,−z, y)

= Wα(x,−z, y).

Thus, we have

Wα(x,−y, z)|z|2α+1dzdµα(y) = Wα(x,−z, y)
|y|2α+1

2α+1Γ(α+ 1)
dy|z|2α+1dz

= Wα(x,−z, y)|y|2α+1dydµα(z).
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For all x, y ∈ R and f , continuous function on R, we define

τxf(y) :=

∫
R
f(z)dνx,y(z).

The operators τx, x ∈ R are called Dunkl translation operators on real line.
Proposition 1. [13, Proposition 2, p. 20] The operators τx, x ∈ R have the following properties:
• for all x ∈ R and f ∈ Lp(R, dµα), p ∈ [1,+∞], we have

‖τxf‖p,α ≤ 4‖f‖p,α;

• for all λ, x ∈ R and f ∈ L1(R, dµα), we obtain

Fα[τxf ](λ) = Eα(x, λ)Fα[f ](λ).

For two continuous functions f and g on R with compact supports, we define the convolution
product ∗α by

(f ∗α g)(x) :=

∫
R
τxf(−y)g(y)dµα(y), x ∈ R,

where τx, x ∈ R is the Dunkl translation operators on R.
Remark 3. Note that ∗− 1

2
is the standard convolution ∗.

Proposition 2. [13, Proposition 3, p. 21] (i) Let p, q, r ∈ [1,∞] and satisfy 1
p + 1

q = 1 + 1
r . Then the

map (f, g) 7→ f ∗α g can be extended to a continuous map from Lp(R, dµα)×Lq(R, dµα) to Lr(R, dµα),
and

‖f ∗α g‖r,α ≤ 4‖f‖p,α‖g‖q,α.
(ii) For any f ∈ L1(R, dµα) and g ∈ L2(R, dµα), we have

Fα[f ∗α g](λ) = Fα[f ](λ)Fα[g](λ), λ ∈ R.

Now we define our L(R, dµα) space, as following:
Definition 6. Let us define the space L(R, dµα), as following:

L(R, dµα) := {f ∈ L1(R, dµα) : Fα[f ] ∈ L1(R, dµα)}

with the norm
‖f‖L := ‖Fα[f ]‖1,α =

∫
R
|Fα[f ](λ)| dµα(λ).

Remark 4. The space L(R, dµα) is a subspace of L1(R, dµα) and the norm ‖ · ‖L is defined equiva-
lently via the Dunkl transform. Additionally, the space (L(R, dµα), ‖ · ‖L) is Banach space.

2 Main results

In this section, we obtain some boundedness results for pseudo-differential operators and the com-
position of pseudo-differential operators generated by the Dunkl operator on the space L(R, dµα).

Assumption 1. We assume the symbol a ∈ Smρ,δ(R× R) is defined as:

a(x, λ) =

∫
R
Eα(x, ξ)V (ξ, λ)dµα(ξ),

where V (ξ, λ) is a complex-valued measurable function on R× R, such that

|V (ξ, λ)| ≤ K(ξ),

for all ξ, λ ∈ R, and K ∈ L1(R, dµα) is a continuous function.
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Remark 5. The integral (1) exists, because

|a(x, λ)| ≤
∫
R
|Eα(x, ξ)V (ξ, λ)|dµα(ξ) ≤

∫
R
|K(ξ)|dµα(ξ) < +∞.

Theorem 5. Let f ∈ S(R). Then the pseudo-differential operator

Taf(x) =

∫
R
Eα(x, λ)a(x, λ)Fα[f ](λ)dµα(λ)

is a bounded linear operator under Assumption 1 on L(R, dµα), i.e.,

‖Taf‖L ≤ 4‖K‖1,α‖f‖L.

Remark 6. In the statements of theorems, the operators are formulated as bounded operators on
the space L(R, dµα). However, in the proofs, the corresponding estimates are first established for
functions from S(R). This is sufficient, since the Schwartz space S(R) is dense in L(R, dµα), and the
operators under consideration are continuous with respect to the ‖ ·‖L norm. Therefore, by a standard
density argument, each operator admits a unique continuous extension from S(R) to the whole space
L(R, dµα), and all estimates obtained for Schwartz functions remain valid for arbitrary functions in
L(R, dµα).

Proof. Let f ∈ S(R). Then by the definition of the pseudo-differential operator we obtain∫
R
Eα(x, λ)a(x, λ)Fα[f ](λ)dµα(λ)

=

∫
R
Eα(x, λ)

(∫
R
Eα(x, ξ)V (ξ, λ)dµα(ξ)

)
Fα[f ](λ)dµα(λ)

=

∫
R

∫
R
Eα(x, λ)Eα(x, ξ)V (ξ, λ)Fα[f ](λ)dµα(ξ)dµα(λ)

=

∫
R

∫
R

(∫
R
Eα(x, η)dνλ,ξ(η)

)
V (ξ, λ)Fα[f ](λ)dµα(ξ)dµα(λ)

=

∫
R

∫
R

∫
R
Eα(x, η)V (ξ, λ)Fα[f ](λ)Wα(λ, ξ, η)|η|2α+1dηdµα(ξ)dµα(λ)

=

∫
R

∫
R

∫
R
Eα(x, η)V (ξ, λ)Fα[f ](λ)Wα(−λ, η, ξ)|ξ|2α+1dξdµα(η)dµα(λ)

=

∫
R

∫
R

∫
R
Eα(x, η)V (ξ, λ)Fα[f ](λ)dν−λ,η(ξ)dµα(η)dµα(λ)

=

∫
R
Eα(x, η)

(∫
R

∫
R
V (ξ, λ)Fα[f ](λ)dν−λ,η(ξ)dµα(λ)

)
dµα(η),

using above assumption and Fubini’s theorem. After applying Dunkl transform Fα to the both sides
of the equation, we have

Fα[Taf ](η) =

∫
R

∫
R
V (ξ, λ)Fα[f ](λ)dν−λ,η(ξ)dµα(λ)

=

∫
R

∫
R
V (ξ, λ)Fα[f ](λ)Wα(−λ, η, ξ)|ξ|2α+1dξdµα(λ).
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Hence, taking integral from both sides, we obtain∫
R
|Fα[Taf ](η)|dµα(η)

≤
∫
R

∫
R

∫
R
|V (ξ, λ)Fα[f ](λ)Wα(−λ, η, ξ)||ξ|2α+1dξdµα(λ)dµα(η)

≤
∫
R

∫
R

∫
R
K(ξ)|Fα[f ](λ)Wα(−λ, η, ξ)||ξ|2α+1dξdµα(λ)dµα(η)

=

∫
R

∫
R

∫
R
K(ξ)|Fα[f ](λ)Wα(λ, ξ, η)||η|2α+1dηdµα(ξ)dµα(λ)

≤ 4

∫
R

∫
R
K(ξ)|Fα[f ](λ)|dµα(ξ)dµα(λ)

≤ 4‖K‖1,α
∫
R
|Fα[f ](λ)|dµα(λ).

This completes proof of the theorem.

Let f, g ∈ S(R). The composition of two pseudo-differential operators

Tag(x) =

∫
R

∫
R
Eα(x, λ)Eα(−y, λ)a(x, λ)g(y)dµα(y)dµα(λ)

and
Tbf(y) =

∫
R

∫
R
Eα(y, ξ)Eα(−z, ξ)b(y, ξ)f(z)dµα(z)dµα(ξ),

with the symbols a(x, λ) and b(y, ξ) respectively, is

Ta(Tbf)(x) =

∫
R

∫
R

∫
R

∫
R
Eα(x, λ)Eα(−y, λ)a(x, λ)Eα(y, ξ)Eα(−z, ξ)b(y, ξ)f(z)

× dµα(z)dµα(ξ)dµα(y)dµα(λ)

=

∫
R

∫
R
Eα(x, ξ)Eα(−z, ξ)c(x, ξ)f(z)dµα(z)dµα(ξ)

=

∫
R
Eα(x, ξ)c(x, ξ)Fα[f ](ξ)dµα(ξ),

where
c(x, ξ) =

1

Eα(x, ξ)

∫
R

∫
R
Eα(x, λ)Eα(−y, λ)Eα(y, ξ)a(x, λ)b(y, ξ)dµα(y)dµα(λ).

Thus,

Tcf(x) = Ta(Tbf)(x) =

∫
R
Eα(x, ξ)c(x, ξ)Fα[f ](ξ)dµα(ξ)

is a pseudo-differential operator with symbol

c(x, ξ) =
1

Eα(x, ξ)

∫
R

∫
R
Eα(x, λ)Eα(−y, λ)Eα(y, ξ)a(x, λ)b(y, ξ)dµα(y)dµα(λ).

Now, let us discuss the existence of such an integral under Assumption 1. Let us have

a(x, λ) =

∫
R
Eα(x, η)Va(η, λ)dµα(η) (5)
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and
b(y, ξ) =

∫
R
Eα(y, σ)Vb(σ, ξ)dµα(σ), (6)

where Va(η, λ) and Vb(σ, ξ) are complex-valued measurable functions on R× R, such that

|Va(η, λ)| ≤ Ka(η) and |Vb(σ, ξ)| ≤ Kb(σ)

for all η, λ, σ, ξ ∈ R, and Ka,Kb ∈ L1(R, dµα) are continuous functions. Then by using integral
expressions (5) and (6) of a(x, λ) and b(y, ξ) respectively, we obtain

c(x, ξ) =
1

Eα(x, ξ)

∫
R

∫
R
Eα(x, λ)Eα(−y, λ)Eα(y, ξ)a(x, λ)b(y, ξ)dµα(y)dµα(λ)

=
1

Eα(x, ξ)

∫
R

∫
R

∫
R

∫
R
Eα(x, λ)Eα(−y, λ)Eα(y, ξ)Eα(x, η)Eα(y, σ)

× Va(η, λ)Vb(σ, ξ)dµα(σ)dµα(η)dµα(y)dµα(λ)

=
1

Eα(x, ξ)

∫
R

∫
R

∫
R
Eα(x, λ)

(∫
R
Eα(−y, λ)Eα(y, ξ)Eα(y, σ)dµα(y)

)
× Eα(x, η)Va(η, λ)Vb(σ, ξ)dµα(σ)dµα(η)dµα(λ)

=
1

Eα(x, ξ)

∫
R

∫
R

∫
R
Eα(x, λ)Wα(ξ, σ, λ)Eα(x, η)Va(η, λ)Vb(σ, ξ) dµα(σ)dµα(η)dµα(λ).

After taking absolute value from both sides of the equation, as following:

|c(x, ξ)| ≤
∫
R

∫
R

∫
R
|Wα(ξ, σ, λ)Va(η, λ)Vb(σ, ξ)|dµα(σ)dµα(η)dµα(λ)

≤ 4

∫
R

∫
R
Ka(η)Kb(σ)dµα(σ)dµα(η)

≤ 4‖Ka‖1,α‖Kb‖1,α,

we can see that the c(x, ξ) is a bounded function.
Corollary 1. Let Ta and Tb are pseudo-differential operators with symbols a and b, respectively.

Then under Assumption 1 their composition is a pseudo-differential operator Ta◦Tb, which is continuous
linear map on S(R).

Corollary 2. Let f ∈ S(R). Then under Assumption 1 the composition of pseudo-differential
operators Ta and Tb is a bounded linear operator on L(R, dµα), i.e.,

‖Ta(Tbf)‖L ≤
16

2α+1Γ(α+ 1)
‖Ka‖1,α‖Kb‖1,α‖f‖L.

Proof. Let f ∈ S(R). Then we have

Ta(Tbf)(x) =

∫
R
Eα(x, λ)a(x, λ)Fα[Tbf ](λ)dµα(λ)

=

∫
R
Eα(x, λ)

(∫
R
Eα(x, ξ)Va(ξ, λ)dµα(ξ)

)
Fα[Tbf ](λ)dµα(λ)

and

Fα[Ta(Tbf)](η)

=

∫
R
Eα(−x, η)Ta(Tbf)(x)dµα(x)

=

∫
R
Eα(−x, η)

(∫
R
Eα(x, λ)

(∫
R
Eα(x, ξ)Va(ξ, λ)dµα(ξ)

)
Fα[Tbf ](λ)dµα(λ)

)
dµα(x)
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=

∫
R

∫
R

∫
R
Eα(−x, η)Eα(x, λ)Eα(x, ξ)Va(ξ, λ)Fα[Tbf ](λ)dµα(ξ)dµα(λ)dµα(x)

=

∫
R

∫
R

(∫
R
Eα(−x, η)Eα(x, λ)Eα(x, ξ)dµα(x)

)
Va(ξ, λ)Fα[Tbf ](λ)dµα(ξ)dµα(λ)

=
1

2α+1Γ(α+ 1)

∫
R

∫
R
Wα(λ, ξ, η)Va(ξ, λ)Fα[Tbf ](λ)dµα(ξ)dµα(λ),

where we have used (4). Then taking absolute value and integrating, we have∫
R
|Fα[Ta(Tbf)](η)| dµα(η)

≤ 1

2α+1Γ(α+ 1)

∫
R

∫
R

∫
R
|Wα(λ, ξ, η)Va(ξ, λ)Fα[Tbf ](λ)| dµα(ξ)dµα(λ)dµα(η)

≤ 4

2α+1Γ(α+ 1)

∫
R

∫
R
Ka(ξ) |Fα[Tbf ](λ)| dµα(ξ)dµα(λ)

≤ 4

2α+1Γ(α+ 1)
‖Ka‖1,α

∫
R
|Fα[Tbf ](λ)| dµα(λ)

≤ 16

2α+1Γ(α+ 1)
‖Ka‖1,α‖Kb‖1,α

∫
R
|Fα[f ](λ)| dµα(λ).

Assumption 2. We assume the symbol a ∈ Smρ,δ(R× R) is defined by

a(x, λ) =

∫
R
Eα(x, ξ)V (ξ, λ)dµα(ξ)

satisfies
a(x, λ) =

∫
R
Eα(x, ξ)V1(ξ)V2(λ)dµα(ξ) = V2(λ)

∫
R
Eα(x, ξ)V1(ξ)dµα(ξ),

where V1 ∈ L1(R, dµα) is a continuous function.

Theorem 6. Let f ∈ S(R). Then the pseudo-differential operator Ta with symbol a(x, λ), which
satisfies Assumption 2, has a representation

Taf(x) = 2α+1Γ(α+ 1)F−1α (V1 ∗α V2Fα[f ])(x)

and satisfies following inequality

‖Taf‖L ≤ 2α+3Γ(α+ 1)‖V1‖1,α‖V2Fα[f ]‖1,α.

Proof. By using Assumption 2, we have∫
R
Eα(x, λ)a(x, λ)Fα[f ](λ)dµα(λ)

=

∫
R
Eα(x, λ)

(
V2(λ)

∫
R
Eα(x, ξ)V1(ξ)dµα(ξ)

)
Fα[f ](λ)dµα(λ)

=

∫
R

∫
R
Eα(x, λ)Eα(x, ξ)V2(λ)V1(ξ)Fα[f ](λ)dµα(ξ)dµα(λ)
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=

∫
R

∫
R

∫
R
Eα(x, η)V2(λ)V1(ξ)Fα[f ](λ)dνλ,ξ(η)dµα(ξ)dµα(λ)

=

∫
R

∫
R

∫
R
Eα(x, η)V2(λ)V1(ξ)Fα[f ](λ)Wα(λ, ξ, η)|η|2α+1dηdµα(ξ)dµα(λ)

=

∫
R

∫
R

∫
R
Eα(x, η)V2(λ)V1(ξ)Fα[f ](λ)Wα(−λ, η, ξ)|ξ|2α+1dξdµα(η)dµα(λ)

= 2α+1Γ(α+ 1)

∫
R

∫
R

∫
R
Eα(x, η)V2(λ)V1(ξ)Fα[f ](λ)dν−λ,η(ξ)dµα(η)dµα(λ)

= 2α+1Γ(α+ 1)

∫
R
Eα(x, η)

(∫
R

∫
R
V2(λ)V1(ξ)Fα[f ](λ)dν−λ,η(ξ)dµα(λ)

)
dµα(η)

= 2α+1Γ(α+ 1)

∫
R
Eα(x, η)

(∫
R
τηV1(−λ)V2(λ)Fα[f ](λ)dµα(λ)

)
dµα(η)

= 2α+1Γ(α+ 1)

∫
R
Eα(x, η)(V1 ∗α V2Fα[f ])(η)dµα(η)

= 2α+1Γ(α+ 1)F−1α (V1 ∗α V2Fα[f ])(x).

Thus, applying the Dunkl transform, we obtain

Fα[Taf ](η) = 2α+1Γ(α+ 1)(V1 ∗α V2Fα[f ])(η). (7)

By taking the integral of both sides of the above equation, we are able to calculate∫
R
|Fα[Taf ](η)| dµα(η) = 2α+1Γ(α+ 1)

∫
R
|(V1 ∗α V2Fα[f ])(η)| dµα(η)

and

‖Fα[Taf ]‖1,α = 2α+1Γ(α+ 1)‖V1 ∗α V2Fα[f ]‖1,α ≤ 2α+3Γ(α+ 1)‖V1‖1,α‖V2Fα[f ]‖1,α,

where we have used the Proposition 2. Furthermore, by using the Definition of the Sobolev-type space,
it can be written as

‖Taf‖L ≤ 2α+3Γ(α+ 1)‖V1‖1,α‖V2Fα[f ]‖1,α.

Assumption 3. We assume the symbol a ∈ Smρ,δ(R× R) is defined by

a(x, λ) =

∫
R
Eα(x, ξ)V (ξ, λ)dµα(ξ),

and satisfies

a(x, λ) =

∫
R
Eα(x, ξ)V1(ξ)V2(λ)dµα(ξ) = V2(λ)

∫
R
Eα(x, ξ)V1(ξ)dµα(ξ),

where V1 ∈ L1(R, dµα) is a continuous function and V2(λ) = A is a constant. So we have

a(x, λ) = A

∫
R
Eα(x, ξ)V1(ξ)dµα(ξ).
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Theorem 7. Let f ∈ S(R). Then the composition of the pseudo-differential operators Ta and Tb
with symbols a and b, which satisfy Assumption 3, has a representation

Ta(Tbf)(x) =
(
2α+1Γ(α+ 1)

)2
A · F−1α [V1 ∗α (W1 ∗α B · Fα[f ])](x)

and satisfies the following inequality

‖Ta(Tbf)‖L ≤ 16
(
2α+1Γ(α+ 1)

)2
AB‖V1‖1,α‖W1‖1,α‖f‖L.

Proof. Let f ∈ S(R). Then we have

Ta(Tbf)(x)

=

∫
R
Eα(x, λ)a(x, λ)Fα[Tbf ](λ)dµα(λ)

=

∫
R
Eα(x, λ)

(∫
R
Eα(x, ξ)Va(ξ, λ)dµα(ξ)

)
Fα[Tbf ](λ)dµα(λ)

= A

∫
R

∫
R
Eα(x, λ)Eα(x, ξ)V1(ξ)Fα[Tbf ](λ)dµα(ξ)dµα(λ)

= A

∫
R

∫
R

∫
R
Eα(x, η)V1(ξ)Fα[Tbf ](λ)dνλ,ξ(η)dµα(ξ)dµα(λ)

= 2α+1Γ(α+ 1)A

∫
R

∫
R

∫
R
Eα(x, η)V1(ξ)Fα[Tbf ](λ)dν−λ,η(ξ)dµα(η)dµα(λ)

= 2α+1Γ(α+ 1)A

∫
R
Eα(x, η)

(∫
R

∫
R
V1(ξ)Fα[Tbf ](λ)dν−λ,η(ξ)dµα(λ)

)
dµα(η).

Now, applying the Dunkl transform, we obtain

Fα[Ta(Tbf)](η) = 2α+1Γ(α+ 1)A

∫
R
τηV1(−λ)Fα[Tbf ](λ)dµα(λ)

= 2α+1Γ(α+ 1)A(V1 ∗α Fα[Tbf ])(η).

Then by using (7), we obtain

Fα[Ta(Tbf)](η) =
(
2α+1Γ(α+ 1)

)2
A(V1 ∗α (W1 ∗α BFα[f ]))(η),

so that∫
R
|Fα[Ta(Tbf)](η)| dµα(η) =

(
2α+1Γ(α+ 1)

)2
AB

∫
R
|(V1 ∗α (W1 ∗α Fα[f ]))(η)| dµα(η).

Thus, we have

‖Ta(Tbf)‖L =
(
2α+1Γ(α+ 1)

)2
AB‖V1 ∗α (W1 ∗α Fα[f ])‖1,α

≤ 4
(
2α+1Γ(α+ 1)

)2
AB‖V1‖1,α‖W1 ∗α Fα[f ]‖1,α

≤ 16
(
2α+1Γ(α+ 1)

)2
AB‖V1‖1,α‖W1‖1,α‖Fα[f ]‖1,α

= 16
(
2α+1Γ(α+ 1)

)2
AB‖V1‖1,α‖W1‖1,α‖f‖L.

This completes proof of the theorem.
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3 Application

In this section, we present an application from the previous section. We also considered other
applications of the Dunkl analysis to inverse source problems, as discussed in [14,15].

Corollary 3. Let

ak(x) =

∫
R
Eα(x, ξ)V k

1 (ξ)dµα(ξ),

where V k
1 ∈ L1(R, dµα) is a continuous function for all k. Then the operator{

Pn,α =
∑n

k=0 ak(x)Dk
α,

Dom(Pn,α) = S(R)

is a continuous linear operator from S(R) to L(R, dµα). Moreover, we have

‖Pn,αf‖L ≤
n∑
k=0

2α+3Γ(α+ 1)‖V k
1 ‖1,α‖V k

2 Fα[f ]‖1,α,

where V k
2 (λ) = (iλ)k.

Remark 7. Here, the functions V k
1 and V k

2 are chosen to satisfy Assumption 2.

Proof. Let f ∈ S(R). Then

f(x) =

∫
R
Eα(x, λ)Fα[f ](λ)dµα(λ)

and

Pn,αf(x) =

n∑
k=0

∫
R
ak(x)Dk

αEα(x, λ)Fα[f ](λ)dµα(λ)

=

n∑
k=0

∫
R
Eα(x, λ)ak(x)(iλ)kFα[f ](λ)dµα(λ).

Hence, symbol of the pseudo-differential operator Pn,α expressed by the form

a(x, λ) =

n∑
k=0

ak(x, λ) =

n∑
k=0

ak(x)(iλ)k =

n∑
k=0

(iλ)k
∫
R
Eα(x, ξ)V k

1 (ξ)dµα(ξ).

Then by applying Theorem 6, we obtain

‖Pn,αf‖L ≤
n∑
k=0

2α+3Γ(α+ 1)‖V k
1 ‖1,α‖V k

2 Fα[f ]‖1,α,

where V k
2 (λ) = (iλ)k.
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Conclusion

In this research paper, our aim is to obtain some boundedness results for pseudo-differential operator
generated by the Dunkl operator. We obtain the following main results:
• Let f ∈ S(R). Then, under Assumption 1 the pseudo-differential operator

Taf(x) =

∫
R
Eα(x, λ)a(x, λ)Fα[f ](λ)dµα(λ)

is a bounded linear operator on L(R, dµα).
• Let f ∈ S(R). Then, under Assumption 1, the composition of pseudo-differential operators Ta

and Tb is a bounded linear operator on L(R, dµα).
These results are obtained under the assumption that the symbol has an integral representation.

Future improvements could focus on obtaining these results without this restriction.

Acknowledgments

This research was funded by the Committee of Science of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (Grant No. AP23487589).

The authors would like to thank the anonymous reviewer for the thorough evaluation of the
manuscript and for the insightful comments and valuable suggestions that greatly improved the quality
of this paper.

Author Contributions

All authors contributed equally to this work.

Conflict of Interest

The authors declare no conflict of interest.

References

1 Dachraoui, A. (2001). Pseudodifferential-difference operators associated with Dunkl operators.
Integral Transforms and Special Functions, 12 (2), 161–178. https://doi.org/10.1080/1065246010
8819342

2 Abdelkefi, C., Amri, B., & Sifi, M. (2007). Pseudo-differential operator associated with the Dunkl
operator. Differential and Integral Equations, 20 (9), 1035–1051. https://doi.org/10.57262/die/
1356039310

3 Amri, B., Mustapha, S., & Sifi, M. (2010). On the boundedness of pseudo-differential operators
associated with the Dunkl transform on the real line. Advances in Pure and Applied Mathematics,
2 (1), 89–107. https://doi.org/10.1515/apam.2010.028

4 Prasad, A., & Singh, M.K. (2019). Composition of Pseudo-Differential Operators Associated with
Jacobi Differential Operator. Proceedings of the National Academy of Sciences, India Section A:
Physical Sciences, 89, 509–516. https://doi.org/10.1007/s40010-018-0484-8

5 Prasad, A., & Singh, M.K. (2015). Pseudo-differential operators associated with the Jacobi diffe-
rential operator and Fourier-cosine wavelet transform. Asian-European Journal of Mathematics,
8 (1), Article 1550010, 1–16. https://doi.org/10.1142/S1793557115500102

Mathematics Series. No. 1(121)/2026 101

https://doi.org/10.1080/10652460108819342
https://doi.org/10.1080/10652460108819342
https://doi.org/10.57262/die/1356039310
https://doi.org/10.57262/die/1356039310


B. Bekbolat, N. Tokmagambetov

6 Verma, R.K., & Prasad, A. (2025). SG pseudo-differential operators in Dunkl setting. Georgian
Mathematical Journal Open source preview, 32 (3), 501–513. https://doi.org/10.1515/gmj-2024-
2072

7 Dunkl, C.F. (1988). Reflection groups and orthogonal polynomials on the sphere. Mathematische
Zeitschrift, 197 (1), 33–60. https://doi.org/10.1007/BF01161629

8 Rösler, M. (2003). Dunkl operators: Theory and applications. In Orthogonal Polynomials and
Special Functions. Leuven, 93–135.

9 Anker, J.-Ph. (2017). An introduction to Dunkl theory and its analytic aspects. In Analytic,
Algebraic and Geometric Aspects of Differential Equations. Trends in Mathematics. Cham:
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Criterion for a formula-definable quasivariety
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In this paper, we study classes of models of a first-order language L with a countable signature σ. For a
model A, let Th(A) denote the set of all sentences of L that are true in A, called the elementary type of A.
The cardinality of the set T of all elementary types of the signature σ does not exceed the continuum. The
product of elementary types of models A and B is defined by Th(A) · Th(B) = Th(A × B), where A × B
is the Cartesian product of A and B. Infinite products, ultraproducts, and ultrapowers of elementary
types with respect to an ultrafilter D are defined analogously. This yields an algebra 〈T, ·〉, which is a
commutative semigroup with identity and zero. A binary absorption (recognition) relation is introduced
in this semigroup. An elementary type N absorbs an elementary type M if N · M = N . This notion
leads to the concept of a formula-definable class of models. Formula-definable classes are closed under
ultraproducts as well as finite and infinite direct products; they are idempotently formula-definable and
axiomatizable. Varieties and quasivarieties are also considered. All varieties form formula-definable classes
of models. Examples of a formula-definable class of models and of a class that is not formula-definable are
given. An example of a formula-definable quasivariety that is not a variety is presented. It is shown that
not all quasivarieties are formula-definable. Criteria are obtained for a quasivariety to be formula-definable
and for a formula-definable class of models to be a quasivariety.

Keywords: model, identities, quasi-identities, variety, quasi-variety, Cartesian product of theories, elemen-
tary type, h-quasi-identities, equivalence relation, Boolean algebra.

2020 Mathematics Subject Classification: 03C05, 03C07, 03C10, 03C13, 03C20.

Introduction

Let L be a first-order language with a countable signature σ. For any model A (that is, an algebraic
structure of signature σ) of the language L, denote by Th(A) the set of all sentences (closed formulas)
of L that are true in the model A. We call the theory Th(A) the elementary type of the model A.

The abstract class of all models of a countable signature σ of the language L is partitioned into
classes by the relation of elementary equivalence of models (A. Tarski [1]).

Thus we obtain ThL, the set of all elementary types of the signature σ in the language L. The
cardinality of the set ThL of all elementary types of a countable signature σ of the language L does
not exceed 2ω.

In what follows, let T ∈ ThL denote an elementary type of the signature σ of the language L of
some model.

If K is a class of models of the signature σ of the language L, then the set of elementary types of
all models from K is denoted by ThL(K). That is, if V is a quasivariety, then ThL(V ) is the set of
elementary types of all models of the quasivariety V .

If H is a set of elementary types of signature σ of language L, then KH is the class of all models
of all elementary types from the set H.
∗Corresponding author. E-mail: aliyamamyraly@gmail.com
This research has been funded by the Science Committee of the Ministry of Science and Higher Education of the

Republic of Kazakhstan (AP26194247).
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1 Formula-Definable classes of models

Definition 1. [2] The product of the elementary type T1 of a model A and the elementary type T2
of a model B, both of signature σ of the language L, is defined as

T1 · T2 = Th(A×B),

where A×B is the Cartesian product of the models A and B. Similarly, one defines the infinite product∏
i∈I Ti, the ultraproduct

∏
i∈I Ti/D, the ultrapower T I/D with respect to an ultrafilter D, and the

filtered product of elementary types.
The algebra 〈ThL, ·〉 is a commutative semigroup with identity and zero [2]. In this semigroup we

introduce a binary absorption (“recognition”) relation.
Definition 2. [2] An elementary type T2 absorbs an elementary type T1 if

T1 · T2 = T2.

An elementary type T is called idempotent if T · T = T . A model A absorbs a model B when

Th(A×B) = Th(A).

A model A is called idempotent if
Th(A×A) = Th(A).

Theorem 1. [2] Let T1, T2, T3 be elementary types from ThL. If

T1 · T2 · T3 = T3,

then
T1 · T3 = T3.

Definition 3. [2] A class of models K is called a formula-definable class of models if there exists a
model A of signature σ such that for any model B of signature σ,

B ∈ K if and only if Th(A×B) = Th(A).

In this case, the model A is called a determiner of the class K. If, in addition, the model A is
idempotent, then the class K is called an idempotently formula-definable class of models.

In other words, in an idempotently formula-definable class of models, there exists an idempotent
model that absorbs (“recognizes”) only the models of this class.

Examples:
1. The class of models of a single equivalence relation is formula-definable. A determiner of this

class of models is a model with an infinite number of equivalence classes, each of which is infinite [3,4].
2. The class of all ω-stable models, the class of all superstable models, the class of all stable models,

and the class of all unstable elementary types are not formula-definable sets of elementary types [2,5,6].
The main point of the subsequent discussion is that one moves from studying the properties of

classes of models to studying the properties of the sets of elementary types of these classes. This
approach allows us to consider the semigroup 〈ThL, ·〉 and the properties of its subsemigroups [7,8], as
well as to discover some new properties of classes of models using the operation of the direct product
of models [9, 10].

Theorem 2. [2] A formula-definable class of models is closed under ultraproducts, finite and infinite
direct products. Moreover, it is an idempotently formula-definable class of models and an axiomatizable
class of models.
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2 Formula-Definable Quasivarieties

Formulas of the form

P
(
f1(x1, . . . , xm), . . . , fn(x1, . . . , xm)

)
, f(x1, . . . , xm) = g(x1, . . . , xm),

where f, g, f1, . . . , fn are terms of signature Ω and P ∈ Ω, are called quasi-atomic formulas of signature
Ω in the variables x1, . . . , xm.

If
A1(x1, . . . , xm), . . . , As+1(x1, . . . , xm)

are some quasi-atomic formulas of the signature Ω (including equality) in the variables x1, . . . , xm,
then formulas of the form

(∀x1 . . . xm)A1(x1, . . . , xm)

are called identities, and formulas of the form

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
are called quasi-identities.

Every identity
(∀x1 . . . xm)A1(x1, . . . , xm)

is equivalent to the quasi-identity

(∀x1 . . . xm)
(
x1 = x1 → A1(x1, . . . , xm)

)
.

A class K of systems of signature Ω is called a variety (respectively, a quasivariety) if there exists a
set Σ of identities (respectively, quasi-identities) of signature Ω such that K consists precisely of those
systems of signature Ω in which all formulas from Σ are true [1]. In this case, the set Σ is called the
defining set of identities (respectively, quasi-identities) of the variety (quasivariety) K.

Theorem 3. [1] A class of models V is a quasivariety if and only if it is:
1) closed under ultraproducts;
2) hereditary;
3) multiplicatively closed;
4) contains the trivial model.
Theorem 4. A formula-definable class of models is a quasivariety if and only if it is hereditary and

contains the trivial model.
Proof. This follows from Theorem 2 and Theorem 3.
Thus, the notion of a formula-definable quasivariety is effectively introduced here.
Theorem 5. [2] Every variety is an idempotently formula-definable quasivariety.
The example given above (Example 1) is an idempotently formula-definable quasivariety, but it is

not a variety.
Theorem 6. A quasivariety defined by the quasi-identity

∀x (P1(x)→ P2(x) )

is not a formula-definable quasivariety. However, a quasivariety defined by the quasi-identity

∀x (x = a→ P (x) ),

where a is a constant in the signature, and is a formula-definable quasivariety.
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Proof. Let the quasivariety V be defined by the quasi-identity

∀x (P1(x)→ P2(x)).

Then the quasivariety V also contains a model M in which P1(x) is false for all x ∈M .
Consider the direct product of all countable models of the quasivariety V until an idempotent

model is obtained; such an idempotent model belonging to V exists because V is closed under Cartesian
products and because the set of elementary types has bounded cardinality (the language has a countable
signature). Denote this model by N ∈ V .

By Theorem 1, the model N absorbs all models of the quasivariety V . However, in the model N ,
the formula P1(x) is false for all x ∈ N . Hence N also absorbs a model S in which the quasi-identity

∀x (P1(x)→ P2(x))

is false.
Therefore, V is not a formula-definable quasivariety.
Now let V be a quasivariety defined by the quasi-identity

∀x (x = a→ P (x)),

where a is a constant in the signature. By the same construction as in the previous case, we obtain an
idempotent model N ∈ V that absorbs all models of the quasivariety V . It is clear that the model N
is a determiner of the quasivariety V .

Definition 4. Let
A1(x1, . . . , xm), . . . , As+1(x1, . . . , xm)

be quasi-atomic formulas. Formulas of the form

∃x1 . . . xm
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)

)
∧

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
are called h-quasi-identities.

Thus, an h-quasi-identity can be viewed as a certain restriction of the corresponding quasi-identity.
For example, the quasi-identity

∀x (x = a→ P (x))

can be written as
∃x (x = a) ∧ ∀x (x = a→ P (x)).

Similarly, as in Example 1, the quasi-identity

∀x ∀y ∀z (xEy ∧ yEz → xEz)

can be written as the h-quasi-identity

∃x (xEx) ∧ ∀x ∀y ∀z (xEy ∧ yEz → xEz).

Every identity can be represented as an h-quasi-identity.
We now give a criterion for when a quasivariety is a formula-definable quasivariety.
Theorem 7. A quasivariety V is a formula-definable quasivariety if and only if all quasi-identities

defining this quasivariety are bounded by the corresponding h-quasi-identities.
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Proof. Let the quasivariety V be formula-definable, and suppose that some quasi-identity

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
defining this quasivariety is not bounded by the corresponding h-quasi-identity. Then there exists a
model in V in which the premise of this quasi-identity is false for all x1, . . . , xm.

Consider the Cartesian product of all models of this quasivariety until we obtain an idempotent
model that absorbs all the models of V . In this resulting model, the premise is as follows.

A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)

is also false for all x1, . . . , xm.
It is clear that this model will absorb a model in which the quasi-identity

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
is false. Therefore, the quasivariety V is not formula-definable.

Now, suppose that all quasi-identities defining the quasivariety V are bounded by the corresponding
h-quasi-identities. Then, by taking the product of all models of this quasivariety, we obtain an idempo-
tent model that absorbs all models of V . It is clear that this model does not absorb any model in which
the corresponding quasi-identities are false. Therefore, the quasivariety V is formula-definable.

By combining different sets of quasi-identities and h-quasi-identities, one can construct various
examples of formula-definable and non-formula-definable quasivarieties.

Conclusion

In a number of papers published between 2020 and 2025 by Kazakhstan [11–13] and foreign [14,15]
authors, various relations between elementary types have been actively studied. In the present paper,
an algebraic structure is defined as a semigroup of elementary types with respect to the direct product.
By introducing a binary absorption (recognition) relation, this structure is studied as an algebraic
system. As a result, it becomes possible to investigate formula-definable classes of algebraic systems,
which turn out to be axiomatizable classes. As noted above, all varieties form formula-definable classes.
However, not all quasivarieties are formula-definable. The main result of the paper is a criterion for
the formula-definability of a quasivariety.
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This article is written in honor of the 8th Kazakh–French Logical Colloquium. We expand on an unpublished
research note of the second author. We record some results concerning local Keisler measures with respect
to a formula which is stable in a model. We prove that in this context, every local Keisler measure on
the associated local type space is a weighted sum of (at most countably many) local types. Using this
observation, we give an elementary proof of the commutativity of the Morley product in this context. We
then give a functional analytic proof that the double limit property lifts to the appropriate evaluation map
on pairs of local measures. We conclude with observations regarding the NOP and local Keisler measures
in the (properly) stable context. Finally, we provide two proofs that the evaluation map on pairs of local
Keisler measures is stable (in continuous logic). The first follows almost immediately from the work of Ben
Yaacov and Keisler on the randomization; the other proof follows from the VC theorem.

Keywords: model theory, Keisler measures, stability in a model, stability, Morley product, double limit,
randomization, VC theory, Krein-Smulian, functional analysis.
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Introduction

The Franco–Kazakh connections in mathematical logic date back to the late 1980s with the colla-
boration between Tolendi Mustafin and Bruno Poizat, which led to the first Soviet–French Colloquium
in Model Theory held at Karaganda State University in Kazakhstan in 1990. Since then, the determi-
nation to maintain and strengthen these mathematical links has persisted and was rekindled in recent
years, first in Lyon in 2022, and then in Astana in 2025. The scope of those connections naturally go far
beyond France and Kazakhstan, as they witness the fruitful transfer of knowledge and cross-fertilization
of ideas among researchers from Europe, Russia, the United States, and China. The present paper
embodies this transversality, and presents work stemming (in part) from the authors’ participation in
the 8th Kazakh-French Logical Colloquium. The authors are very grateful to the organizers of that
meeting. They hope that their contribution to the Kazakh mathematical library will help strengthen
the preexisting intellectual and social relationships between our research groups.

After Ben Yaacov’s original article connecting stability theory with some of Grothendieck’s func-
tional analytic work [1], the concepts of stability in a model and NIP in a model were studied by a
myriad of researchers in the field. In particular, it was the subject of several intense discussions at the
Notre Dame model theory seminar in the Spring of 2017 (e.g., see [2]; in the context of a group [3];
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the NIP variant [4]; a localized history of the subject in Persian [5]). This research arose from that
localized frenzy of activity.

It turns out that fundamental results in local stability theory can be generalized to the context of
stability in a model – in particular via a reinterpretation of some of Grothendieck’s work on functional
analysis. From our perspective, it is natural to ask, What does the theory of Keisler measures look like
in this setting? We show that it also closely resembles the picture in the stable context. First, we show
that if ϕ(x, y) is stable in M , then every ϕ-measure on M (finitely additive probability measure on ϕ-
definable subsets of Mx) is the sum of (at most countably many) weighted ϕ-types. As a consequence,
all ϕ-measures on M are ϕopp-definable. Thus evaluating the Morley product between arbitrary pairs
of ϕ and ϕopp-measures on the formula ϕ(x, y) is well-defined. In [1], Ben Yaacov demonstrates that
the fundamental theorem of stability theory extends to the stable in a model context; it then follows
from the observations above that the Morley product evaluated at ϕ(x, y) commutes on appropriate
pairs of measures. In other words, if ϕ(x, y) is stable in M , µ ∈Mϕ(M), and ν ∈Mϕopp(M), then

(µx ⊗ νy)(ϕ(x, y)) = (νy ⊗ µx)(ϕ(x, y)).

We are also interested in the evaluation map itself. We consider the function Eϕ : Mϕ(M) ×
Mϕopp(M)→ [0, 1] by

Eϕ(µ, ν) = (µx ⊗ νy)(ϕ(x, y)).

We show that if ϕ(x, y) is stable inM , then Eϕ also witnesses the appropriate variant of the non-order
property. This follows more or less directly from results in functional analysis, i.e., Grothendieck’s
double limit theorem and the Krein–Smulian theorem. Finally, we consider the context, where ϕ(x, y)
is a stable formula (i.e., ϕ(x, y) does not have the k-order property for some fixed k). We prove that
the map Eϕ is (r, ε)-stable for any choice of r ∈ (0, 1) and ε > 0. We remark that this follows implicitly
by a result of Ben Yaacov and Keisler, namely the fact that the randomization of a stable formula
remains stable ([6, Theorem 5.14]). We exposit why this is true and then provide a different proof
which follows from the VC-theorem, mimicking techniques involving measures in NIP theories (i.e.,
see the proof of [7, Theorem 3.12]). This latter method implies the existence of bounds, yet we leave
analysis along these lines open.

1 Preliminaries

Throughout the article, fix a language L and an L-structure, M . We use the letters x, y, z, . . . to
denote finite tuples of variables. The formula ϕ(x, y) is a partitioned L-formula with variable tuple x
and parameter tuple y. We let ϕopp(y, x) be the same formula as ϕ(x, y), but with exchanged roles
for the variables and parameters. We let Sϕ(M) be the space of ϕ-types with parameters from M .
We let Defϕ(M) be the Boolean algebra of definable subsets of M generated by {ϕ(x, b) : b ∈M}. We
will routinely identify definable sets with the formulas which define them. A ϕ-formula is an element
of Defϕ(M). Likewise, we have analogous definitions for Sϕopp(M) and Defϕopp(M). A ϕopp-definition
for a type p in Sϕ(M) is a ϕopp-formula, dϕ

opp

p (y), such that for each b ∈My, ϕ(x, b) ∈ p if and only if
M |= dϕ

opp

p (b). Finally, we let Mϕ(M) and Mϕopp(M) denote the spaces of finitely additive probability
measures on Defϕ(M) and Defϕopp(M) respectively. We recall that we can identify a measure in each
of these spaces canonically with a regular Borel probability measure on their corresponding type space,
e.g. Mϕ(M) is in canonical correspondence with regular Borel probability measures on Sϕ(M). For
some helpful background on topics including continuous logic and stability, we refer the reader to [8].

Definition 1 (Double Limit Property). Let X and Y be sets and let f : X × Y → [0, 1]. We say
that f has the double limit property if for any two sequence (ai)i∈N, (bj)j∈N with ai ∈ X and bj ∈ Y ,

lim
i

lim
j
f(ai, bj) = lim

j
lim
i
f(ai, bj)
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provided limits on both sides exist.

The definition of stability in a model given in [1] restricted to discrete structures is as follows:

Definition 2. A formula ϕ(x, y) is stable in M if ϕ : Mx × My → {0, 1} has the double limit
property, where ϕ(a, b) = 1 if M |= ϕ(a, b) and ϕ(a, b) = 0 otherwise.

We first remark that clearly ϕ(x, y) is stable in M if and only if ϕopp(y, x) is stable in M . We
also remark that if ϕ(x, y) is stable, then ϕ(x, y) is stable in any model of the underlying theory. On
the other hand, if ϕ(x, y) is stable in a model M , it does not imply that it is stable in an elementary
extension of M . An example of a formula which is stable in a model but not stable is the edge relation
in the graph constructed by taking the disjoint union of all finite graphs on subsets of N.

In [1], Ben Yaacov established a surprising connection between functional analysis and local stabi-
lity. In particular, he gave a proof of the fundamental theorem of stability using Grothendieck’s double
limit theorem [9]. Before stating the theorem, let us briefly recall some basic functional analysis.

Definition 3 (Weak Topology). Let Y be a Banach space over a field F (F = R or C). Let Y ∗ be
the space of continuous linear functionals from Y to F . Then, the weak topology on Y is the coarsest
topology such that each element of Y ∗ remains a continuous function from Y to F .

Definition 4 (Relatively Weakly Compact). Let Y be a Banach space and let A ⊂ Y . We say that
A is weakly compact if A is a compact subset of Y under the weak topology. Furthermore, we say that
A is relatively weakly compact if the closure of A under the weak topology is weakly compact.

Let X be a topological space. Then Cb(X) denotes the Banach space of bounded, continuous,
complex-valued functions on X, equipped with the uniform norm, || · ||∞. We say that a set A is
|| · ||∞-bounded if there exists c in R such that for all f in A, ||f ||∞ < c. Grothendieck’s theorem
(as formulated in [1]) is as follows:

Theorem 1 (Grothendieck [9]). Let X be an arbitrary topological space, X0 ⊆ X a dense subset.
Then the following are equivalent for A ⊂ Cb(X):
(i) The set A is relatively weakly compact in Cb(X).
(ii) The set A is || · ||∞-bounded, and whenever fn ∈ A and xn ∈ X0 form two sequences we have

that
lim
n

lim
m
fn(xm) = lim

m
lim
n
fn(xm),

provided both limits exist.

Via the double limit theorem above, Ben Yaacov derived the following (among other results):

Theorem 2. Assume that ϕ(x, y) is stable in M , p ∈ Sϕ(M), and q ∈ Sϕopp(M). Then p has a
ϕopp-definition dϕp (y), q has a ϕ-definition dϕ

opp

q (x), and dϕp (y) ∈ q if and only if dϕ
opp

q (x) ∈ p.
Finally, we recall the following fact.

Fact 1. The following are equivalent:
(i) ϕ(x, y) is stable in M .
(ii) There does not exist (ai, bj)(i,j)∈ω×ω from Mx ×Mysuch that

(a) either for every i 6= j, M |= ϕ(ai, bj) if and only if i < j,
(b) or for all i 6= j, M |= ϕ(ai, bj) if and only if i > j.

(iii) The map χϕ : Sϕ(M)× Sϕopp(M)→ {0, 1} has the double limit property where

χϕ(p, q) = 1 ⇐⇒ dϕp (y) ∈ q ⇐⇒ dϕ
opp

q (x) ∈ p.

In the above fact, the equivalence of (i) and (ii) can be found in [2, Proposition 2.3]. Clearly, (iii)
implies (i) and (i) implies (iii) follows from Theorem 1 together with Theorem 2. We remark that a
proof of these equivalences can also be found in Starchenko’s unpublished research note on the topic.
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2 Local Keisler measures

In this section, we prove that if ϕ(x, y) is stable in M , then all ϕ-measures are (at most) countable
sums of weighted ϕ-types. The proof of this theorem uses the Sobczyk–Hammer decomposition theorem
for positive, bounded charges. We recall this theorem in the case of finitely additive probability
measures. But first, we need to recall two different kinds of finitely additive measures.

Definition 5. Let B be a Boolean algebra of subsets of X (containing both X and ∅) and µ be a
finitely additive probability measure on B.

1. We say that µ is strongly continuous on B if for all ε > 0 there exist F1, ..., Fn ∈ B such that
{Fi}ni=1 forms a partition of X and µ(Fi) < ε, for each i ≤ n.

2. We say that µ is {0, 1}-valued on B if for every F in B, µ(F ) ∈ {0, 1}.
We refer the reader to [10, Theorem 5.2.7, p. 146] for a proof of the following theorem.

Theorem 3 (Sobczyk–Hammer Decomposition Theorem). Let B be a Boolean algebra on X
(containing ∅ and X) and µ be a finitely additive probability measure on B. Then, there exists
an initial segment I of N, a sequence of distinct finitely additive probability measures (µi)i∈I , and a
sequence of non-negative real numbers (ri)i∈I , with the following properties:
(i) µ0 is strongly continuous on B,
(ii) µi is {0, 1}-valued on B for every i ≥ 1,
(iii)

∑
i∈I ri = 1, and

(iv) µ =
∑

i∈I riµi.
Further, the decomposition in (iv) is unique (obviously, up to permutation of the sequence and

non-trivially weighted measures (i.e., ri > 0)).

The Sobczyk–Hammer decomposition theorem allows us to decompose any finitely additive proba-
bility measure into a single strongly continuous measure and a sum of (at most countably many)
{0, 1}-valued measures. We will show that if ϕ(x, y) is stable in M , then there do not exist any
strongly continuous measures on Defϕ(M). Thus every finitely additive probability measure will be
the “weighted sum” of at most countably many types.

2.1 Measures are sums of types

Definition 6. Let B be a Boolean algebra on a set X. We say that B has a 2-tree if there exists
T ∈ P(B) such that (T,)) is an infinite, complete, binary tree, and if A,C ∈ T , A 6⊃ C, and C 6⊃ A,
then A ∩ C = ∅.

Fact 2. Let B be a Boolean algebra on a set X and assume that B has a 2-tree. Then |Ult(B)| ≥ 2ℵ0

where Ult(B) is the set of ultrafilters on B.

Proof. Let Aγ = {B ∈ T : B ∈ γ} for a given path γ in T . Clearly, Aγ has the finite intersection
property (since if B,C ∈ Aγ , then either B ⊂ C or C ⊂ B) and so Aγ can be extended to an ultrafilter
over B. This construction gives an injective map from paths in T into ultrafilters on B, proving the
claim.

Lemma 1. Let B be a Boolean algebra on a set X. Assume that there exists a strongly continuous
measure µ over B. Then B has a 2-tree.

Proof. Using µ, we will build a 2-tree in steps.
Stage 0: Let T0 = {X}.
Stage n + 1: We construct a tree of height n + 1. Assume that Tn is a (complete) binary tree of

height n such that µ(A) > 0, for each A ∈ Tn. Assume furthermore that if A,B ∈ T and A 6⊃ B
and B 6⊃ A, then A ∩ B = ∅. We will construct Tn+1 by adding two children to each leaf. Let Ln
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be the collection of leaves on Tn. Let ε = min{µ(L):L∈Ln}
2 . Since µ is strongly continuous, there exist

H1, ...,Hm ∈ B such that H = {H1, ...,Hm} partitions X and for each j ≤ m, µ(Hj) < ε. Now fix a
leaf Li. Consider Li∩H = {Li∩H : H ∈ H}. We notice that Li∩H forms a partition of Li. Therefore,

0 < µ(Li) = µ
( ⋃
K∈Li∩H

K
)

=
∑

K∈Li∩H
µ(K).

Hence, there exists Kr = Li ∩Hr ∈ Li ∩H such that µ(Kr) > 0. Furthermore,

µ(Kr) = µ(Li ∩Hr) ≤ µ(Hr) < ε ≤ Li
2
.

Therefore there must exist some Kl ∈ Li∩H such that Kl 6= Kr and µ(Kl) > 0. We now add Kr,Kl as
children to the leaf Li. Let Tn+1 be the tree constructed after repeating this process for each L ∈ Ln.
Clearly, Tn+1 is a binary tree of height n+ 1 such that µ(A) > 0 for each A ∈ Tn+1.

Now let T =
⋃
n≥0 Tn. T is clearly a 2-tree by construction.

Definition 7. Let Mϕ be the reduct of M to the language Lϕ = {ϕ(x, y)}. A subset N of M is
a ϕ-substructure of M , written N ≺ϕ M , if the induced structure on N (in the language Lϕ) is an
elementary substructure of Mϕ.

Lemma 2. Assume that ϕ(x, y) is stable in M . Then there are no strongly continuous measures on
Defϕ(M).

Proof. Assume that there exists a strongly continuous measure over Defϕ(M). By Lemma 1, there
exists a 2-tree. Let B0 be the Boolean algebra generated by this 2-tree. By Fact 2, B0 is a countable
subalgebra of Defϕ(M) such that |Ult(B0)| ≥ 2ℵ0 . Choose C ⊂ M such that for each B ∈ B0, there
exists b1, ..., bn in C such that B is an element of the boolean algebra generated by {ϕ(x, bi) : i ≤ n}.
Notice that since B is countable, we may choose C to be countable. By the Downward Löwenheim–
Skolem theorem, there exists an Lϕ-structure N such that C ⊆ N , N ≺ϕ M , and |N | = ℵ0. Then,

2ℵ0 ≤ |Ult(B0)| ≤ |Ult(Defϕ(C))| ≤ |Ult(Defϕ(N))| = |Sϕ(N)|.

However, since ϕ(x, y) is stable in M , it is also stable in N . By Theorem 2, every ϕ-type over N is
definable by a ϕopp-formula with parameters from N . Since |N | = ℵ0, there are only countably many
ϕopp-formulas. Therefore, not every ϕ-type over N is definable — a contradiction.

Theorem 4. Let ϕ(x, y) be stable in M and let µ ∈Mϕ(M). Then there exists an initial segment
I of N such that µ =

∑
i∈I riδpi where pi ∈ Sϕ(M),

∑
i∈I ri = 1, and each ri > 0. Obviously, the

statement also holds when ϕ(x, y) is stable (i.e., does not admit the k-order property for some k).

Proof. Direct from the Sobczyk–Hammer Decomposition Theorem and Lemma 2.

2.2 The Morley product is commutative

We now aim to show that the Morley product commutes on appropriate pairs of measures. First,
we need to appropriately define what we mean by the Morley product in this context. To define it, we
make some quick observations.

Fact 3. Suppose that X is a topological space and Y is a dense subset of X. Let f : Y → Z be
a map. If there exists some f̃ : X → Z such that f̃ is continuous and f̃ |Y = f , then f̃ is the unique
function with such property.

Proof. Clear via the net definition of continuity.
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Proposition 1. Suppose that ϕ(x, y) is stable in M and µ ∈ Mϕ(M). Consider the map
fϕµ : {tpϕopp(b/M) : b ∈My} → [0, 1] via fϕµ (tpϕopp(b/M)) = µ(ϕ(x, b)). This map is well-defined and
there exists a unique continuous function Fϕµ : Sϕopp(M)→ [0, 1] such that Fϕµ |{tpϕopp (b/M):b∈My} = fϕµ .

Proof. By Theorem 4, µ =
∑

i∈I riδpi where each pi ∈ Sϕ(M). We argue that the map fϕµ is
well-defined. Notice that if b ∈My, then

µ(ϕ(x, b)) =
∑
i∈I

ri[δpi(ϕ(x, b))] =
∑
i∈I

M |=dϕpi (b)

ri.

By Theorem 2, each formula dϕpi(y) is a ϕopp-formula which implies that the value above only depends
on the ϕopp-type of b, hence fϕµ is indeed well-defined.

Since {tpϕopp(b/M) : b ∈My} is a dense subset of Sϕopp(M), by Fact 3 it suffices to prove that there
exists a continuous map from Sϕopp(M) to [0, 1] which restricts to fϕµ . We claim that

∑
i∈I ri1[dϕpi (y)]

is
the appropriate map. We remark that we may view

∑
i∈I ri1[dϕpi (y)]

as a map from Sϕopp(M) to [0, 1]

since stability in M implies that every formula of the form dϕpi(y) is a ϕopp-formula (Theorem 2).

We may now define the Morley product in this setting.

Definition 8. Suppose that ϕ(x, y) is stable in M . Let µ ∈Mϕ(M) and ν ∈Mϕopp(M). We define
the Morley product of µ with ν, denoted µx ⊗ νy, as follows:

(µ⊗ ν)(ϕ(x, y)) =

∫
Sϕopp (M)

Fϕµ dν̃,

where Fϕµ is the function from Proposition 1 and ν̃ is the regular Borel probability measures corres-
ponding to ν. Likewise, since ϕ(x, y) is stable in M if and only if ϕopp(x, y) is stable in M , we may
also define

(ν ⊗ µ)(ϕ(x, y)) =

∫
Sϕ(M)

Fϕ
opp

ν dµ̃,

with the obvious analogous definitions.

Remark 1. Since our definition of the Morley product is slightly non-standard, we are careful to
make sure it resembles the normal Morley product on types. Suppose that ϕ(x, y) is stable in M , let
p ∈ Sϕ(M), q ∈ Sϕopp(M), and fix U such that M ≺ U . Let p̂ ∈ Sϕ(U) be the unique M -definable
extension of p to U . Then (δp⊗ δq)(ϕ(x, y)) = 1 if and only if U |= ϕ(a, b), where b |= q and a |= p̂|Mb.
Indeed, consider the following sequence of bi-implications:

(δp ⊗ δq) (ϕ(x, y)) = 1⇐⇒
∫
Sϕopp (M)

χ[dϕp (y)]
dδq = 1⇐⇒ δq(d

ϕ
p (y)) = 1

⇐⇒ dϕp (y) ∈ q ⇐⇒ U |= dϕp (b)⇐⇒ ϕ(x, b) ∈ p̂⇐⇒ U |= ϕ(a, b).

Theorem 5. Suppose that ϕ(x, y) is stable in M . Then

(µ⊗ ν)(ϕ(x, y)) = (ν ⊗ µ)(ϕ(x, y)).

Proof. Consider the following sequence of equations:

(µ⊗ ν)(ϕ(x, y)) =

∫
Sϕopp (M)

Fϕµ dν̃ =

∫
Sϕopp (M)

∑
i∈I

ri1[dϕpi (y)]
dν̃

=
∑
i∈I

riν(dϕpi(y)) =
∑
i∈I

ri
∑
j∈J

sjδqj (d
ϕ
pi(y))

(∗)
=
∑
i∈I

∑
j∈J

risjδpi(d
ϕopp

qj (x)).
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Equation (∗) is justified by Theorem 2. A symmetric computation shows

(ν ⊗ µ)(ϕ(x, y)) =
∑
i∈I

∑
j∈J

risjδpi(d
ϕopp

qj (x)),

completing the proof.

2.3 Some functional analysis and double limits

By Theorem 5, we may define the following evaluation map, Eϕ, on appropriate pairs of Keisler
measures. We prove that if ϕ(x, y) is stable in M , then Eϕ also has the double limit property. Our
proof follows directly from classical results in functional analysis, namely Grothendieck’s double limit
theorem and the Krein-Smulian theorem. For other applications of functional analysis in this area,
we refer the reader to [11] and [12]. We first recall the definition of the evaluation map from the
introduction.

Definition 9. Suppose that ϕ(x, y) is stable in M . Then we define the map Eϕ : Mϕ(M) ×
Mϕopp(M)→ [0, 1] via

Eϕ(µ, ν) = (µ⊗ ν)(ϕ(x, y)).

By Theorem 5, Eϕ(µ, ν) is also equal to (ν ⊗ µ)(ϕ(x, y)).

A proof of the following theorem can be found in most graduate textbooks on functional analysis.

Theorem 6 (Krein-Smulian Theorem). If Y is a Banach space and K is weakly compact subset of
Y , then the closed convex hull of K, denoted co(K), is weakly compact. The closed convex hull of K
is the intersection of all norm closed, convex subsets of Y containing K.

Corollary 1. If Y is a Banach space and Z is a relatively weakly compact subset of Y , then co(Z)
is a weakly compact subset of Y .

Proof. Let Zw denote the weak closure of Z. Then Zw is weakly compact and so by the Krein–
Smulian theorem, co(Zw) is weakly compact. Note that co(Z) ⊆ co(Zw) and since co(Z) is a closed
subset of a compact set, it is also compact.

Definition 10. Suppose that X is a set. If we endow X with the discrete topology and letM(X)
be the collection of regular Borel probability measures on X, then we can consider the set of finitely
supported probability measures (the convex hull of the Dirac measures):

convδ(X) : =

{∑
i∈I

riδxi : I ⊆ N, xi ∈ X, ri ∈ R≥0,
∑
i∈I

ri = 1

}
.

For simplicity of notation, we write
∑

i∈I riδxi simply as
∑

i∈I rixi.

Definition 11. Suppose that X and Y are sets and f : X × Y → [0, 1]. Then we define
fc : convδ(X)× convδ(Y )→ [0, 1] via

fc

∑
i∈I

rixi,
∑
j∈J

sjyj

 =
∑
i∈I

∑
j∈J

risjf(xi, yj).

We now prove the key combinatorial proposition via functional analysis.

Proposition 2. Suppose that X and Y are sets and f : X×Y → [0, 1]. Then f has the double limit
property if and only if fc : convδ(X)× convδ(Y )→ [0, 1] has the double limit property.
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Proof. If fc has the double limit property, then clearly f has the double limit property. Therefore,
we only need to prove the other direction. Endow Y with the discrete topology. Let X = {f(a, y) :
a ∈ X}. It is obvious that X ⊂ Cb(Y ) and X is || · ||∞-bounded. By assumption, f has the double
limit property and by Theorem 1, X is relatively weakly compact in Cb(Y ). By Corollary 6, we have
that co(X) is a weakly compact subset of Cb(Y ). Since co(X) is weakly compact in Cb(Y ), it is also
relatively weakly compact, and so we can apply Theorem 1. So, for any infinite sequences gi ∈ co(X)
and bj ∈ Y

lim
i

lim
j
gi(bj) = lim

j
lim
i
gi(bj),

provided both limits exist. In particular, this implies that for gi :=
∑

`i∈Li r`if(a`i , y),

lim
i

lim
j
fc

∑
`i∈Li

r`ia`i , bj

 = lim
j

lim
i
fc

∑
`i∈Li

r`ia`i , bj

 ,

provided both limits exist.
Notice that the computation above demonstrates that the map fc|convδ(X)×Y has the double limit

property. Now consider convδ(X) endowed with the discrete topology and let Y = {fc(x, b) : b ∈ Y }.
It is clear that Y ⊂ Cb(convδ(X)) and that Y is || · ||∞-bounded since each function is bounded by 1.
Since fc|convδ(X)×Y has the double limit property, we can again apply Theorem 1 and so Y is relatively
weakly compact in Cb(convδ(X)). By Corollary 6, co(Y) is weakly compact in Cb(convδ(X)). By
Theorem 1, fc has the double limit property.

Corollary 2. If ϕ(x, y) is stable in M , then the map Eϕ : Mϕ(M) ×Mϕopp(M) → [0, 1] has the
double limit property.

Proof. By Fact 1, the map χϕ : Sϕ(M) × Sϕopp(M) → {0, 1} has the double limit property. By
Theorem 4, we have that Mϕ(M) = convδ(Sϕ(M)) and since ϕopp is also stable in M , Mϕopp(M) =
convδ(Sϕopp). The computation in Theorem 5 demonstrates that Eϕ = (χϕ)c. By Proposition 2,
Eϕ has the double limit property.

3 Proper stability and the order property

In this section, we work with honest-to-goodness stable formulas and give a proof of an im-
plicit theorem of Ben Yaacov and Keisler. Another proof of this theorem is given by Khanaki and
Pourmahdian using indiscernible arrays (see [13, Theorem 3.11]). We show that if ϕ(x, y) is stable,
then the evaluation map Eϕ does not witness the continuous logic analogue of the order property.
Throughout this section, we fix L-structures M and U such that M ≺ U and U is a monster model.
We let T be the theory of M in the language L. We first show how to use the randomization to derive
a proof. We then give another proof using the VC theorem. Given a theory T , we denote by TR its
randomization. We refer the reader to Section 3.2 of [14] for background and notation regarding the
randomization.

The following fact is due to Ben Yaacov and Keisler [6, Theorem 5.14].

Fact 4. Suppose that ϕ(x, y) is a stable formula with respect to T . Then the randomized formula
E[ϕ(x, y)] is stable (in the sense of continuous logic) with respect to TR. In other words, if N is a
model of TR then for every r ∈ (0, 1) and ε > 0, there exists some integer n = n(ε, r) such that there
does not exist an array of elements (ai,bj)(i,j)∈[n]×[n] from Nx ×Ny such that

E[ϕ(ai,bj)] ≥ r + ε whenever i ≥ j
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and
E[ϕ(ai,bj)] ≤ r whenever i < j.

Note that the integer n does not depend on the choice of the model N .
Using the above, it is easy to see that Eϕ also does not witness the continuous version of the order

property. This follows from the observation that the randomization encodes the computations of the
Morley product.

Proposition 3. Suppose that ϕ(x, y) is stable. For every r ∈ (0, 1) and ε > 0, there exists some
integer n = n(ε, r) such that there does not exist an array of Keisler measures (µi, νj)(i,j)∈[n]×[n], where
µi ∈Mϕ(M) and νj ∈Mϕopp(M) such that

(µi ⊗ νj)(ϕ(x, y)) ≥ r + ε, whenever i ≥ j

and
(µi ⊗ νj)(ϕ(x, y)) ≤ r, whenever i < j.

Proof. Consider [0, 1]2 with the corresponding Lebesgue measure L2 and the simple models of the
randomization of T relative to [0, 1]2, namely M [0,1]2 and U [0,1]2 . More explicitly, if N is a model of
T then N [0,1] is the collection of measurable maps from [0, 1]2 to N with finite image. It follows from
quantifier elimination of TR thatM [0,1]2 ≺ U [0,1]2 . If µ ∈Mϕ(M) and ν ∈Mϕopp(M), then Theorem 4
implies that µ =

∑
k∈K rkδpk and ν =

∑
w∈W dwδqw where K and W are initial segments of N and

1) for each k ∈ K, pk is in Sϕ(M),
2) for each w ∈W , qw is in Sϕopp(M),
3) for each k ∈ K and w ∈W , rk and dw are positive real numbers,
4)
∑

k∈K rk =
∑

w∈W dw = 1.
For each qw, choose some bw in Uy such that bw |= qw. Let bν : [0, 1]2 → U via bν((s, t)) = bw

whenever s ∈ [
∑w−1

`=0 d`,
∑w

`=0 d`) with the convention that
∑−1

`=0 d` = 0. For each pk, choose some
ak in Ux such that ak |= p̂k|M(bw)w∈W , where p̂k is the unique M -definable extension of p in Sϕ(U).
Let aµ : [0, 1]2 → U via aµ((s, t)) = ak, when t ∈ [

∑k−1
`=0 r`,

∑k
`=0 r`) again with the convention that∑−1

`=0 r` = 0. In the following computations, if (a, b) ∈ Ux × Uy, we let ϕ(a, b) = 1 if U |= ϕ(a, b) and
0 otherwise. Then

(µ⊗ ν)(ϕ(x, y))
(a)
=
∑
k∈K

∑
w∈W

rkdw(δqw(dϕpk(y)))
(b)
=
∑
k∈K

∑
w∈W

rkdwϕ(ak, bw)

=

∫
(s,t)∈[0,1]2

ϕ(aµ(s, t)),bν(s, t))dL2 = E[ϕ(aµ,bν)].

Equation (a) is derived in the proof of Theorem 4. Equation (b) follows from Remark 1. Thus, if the
statement is false, then E[ϕ(x, y)] witnesses the continuous logic version of the order property. This
contradicts Fact 4.

We now work to give a second proof of Proposition 3 via the VC theorem. The statement of the
VC theorem given below is much weaker than the general statement, but it is all that we need.

Theorem 7 (VC–theorem). Suppose that X is a set and F is a collection of subsets of X. Suppose
that the VC-dimension of the class F is bounded by d. Then for every ε > 0, there exists an integer
n = n(ε, d) such that for every atomic measure µ on X (i.e., µ =

∑
i∈I riδxi , where I ⊆ N), there exists

a1, ..., an ∈ X such that for any F ∈ F ,

sup
F∈F
|µ(F )−Av(a1, ..., an)(F )| < ε.

We remark that n does not depend on the choice of measure.
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Lemma 3. Suppose that ϕ(x, y) is stable. For every ε > 0 there exists some natural number
N = N(ε) such that for every µ ∈Mϕ(M) there exists a1, ..., aN ∈M such that for any b ∈My,

|µ(ϕ(x, b))−Av(a1, ...., aN )(ϕ(x, b))| < ε.

Proof. There are several ways to see this. By Corollary 4, we may write µ =
∑ω

i=0 riδpi , where each
pi is in Sϕ(M). Let U be a monster model such thatM ≺ U and consider the measure µ̂ ∈Mϕ(U) given
by
∑ω

i=0 riδp̂i , where p̂i is the unique global M -definable extension of p to U . For each i ∈ ω, we have
that p̂i is both definable over M and finitely satisfiable in M [2, Proposition 2.3]. As a consequence,
the measure µ̂ is finitely satisfiable and ϕ-definable over M (for appropriate definitions in this context,
see [15, Section 6]). If ϕ(x, y) is stable, it is NIP and so an application of [15, Theorem 6.4] implies
that for every ε > 0, there exists a1, ..., an ∈Mx such that

sup
b∈Uy
|µ(ϕ(x, b))−Av(ā)(ϕ(x, b))| < ε.

An application of the VC theorem gives uniform bounds.

Alternative Proof of Proposition 3. Suppose not. Then there exist r ∈ (0, 1), ε > 0 and sequences
(µi, νj)(i,j)∈[k]×[k] for arbitrarily larger k which witnesses the (r, ε)-order property. Fix k arbitrarily
large. We now construct a discrete formula (which is a Boolean combination of ϕ(x, y)) which witnesses
the order property — and since stable formulas are closed under Boolean combinations, we obtain a
contradiction. By Proposition 3, there exists a natural number N such that

1. For every µ ∈Mϕ(M), there exists a1, . . . , aN ∈Mx such that

sup
b∈My

|µ(ϕ(x, b))−Av(ā)(ϕ(x, b))| < ε

16
.

For each i ≤ k, let āi = ai1, . . . , a
i
N witness the above equation for µi.

2. For every ν ∈Mϕopp(M), there exists b1, . . . , bN ∈My such that

sup
a∈Mx

|ν(ϕ(a, y))−Av(b̄)(ϕ(a, y))| < ε

16
.

For each j ≤ k, let b̄j = bj1, . . . , b
j
N witness the above equation for νj .

Consider the formula given by,

θ(x1, ..., xN , y1, ..., yN ) :=
∨

A×B⊆[N ]×[N ]
|A×B|
N2 >r+ ε

2

 ∧
(i,j)∈A×B

ϕ(xi, yj)

 .

We claim that θ(x̄, ȳ) is unstable. Notice that

M |= θ(āi, b̄j) =⇒M |=
∨

A×B⊆[N ]×[N ]
|A×B|
N2 >r+ ε

2

 ∧
(`,k)∈A×B

ϕ(ai`, b
j
k)

 =⇒ (Av(āi)⊗Av(b̄j))(ϕ(x, y)) > r +
ε

2
,

and likewise,
M |= ¬θ(āi, b̄j) =⇒ (Av(āi)⊗Av(b̄j))(ϕ(x, y)) ≤ r +

ε

2
.
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Moreover, if i < j, then

r ≥ (µi ⊗ νj)(ϕ(x, y)) ≈ε/16 (Av(āi)⊗ νj)(ϕ(x, y)) = (νj ⊗Av(āi))(ϕ(x, y))

≈ε/16 (Av(b̄j)⊗Av(āi))(ϕ(x, y)) = (Av(āi)⊗Av(b̄j))(ϕ(x, y)),

and likewise, if i ≥ j,

r + ε ≤ (µi ⊗ νj)(ϕ(x, y)) ≈ε/16 (Av(āi)⊗ νj)(ϕ(x, y)) = (νj ⊗Av(āi))(ϕ(x, y))

≈ε/16 (Av(b̄j)⊗Av(āi))(ϕ(x, y)) = (Av(āi)⊗Av(b̄j))(ϕ(x, y)).

Hence, if i < j and |= θ(āi, b̄j), then (Av(āi)⊗Av(b̄j))(ϕ(x̄, ȳ)) is greater than r+ ε
2 (by witnessing θ)

and less than r + ε
8 (by the above implication) — a contradiction. Hence, if i < j, then |= ¬θ(āi, b̄j).

A similar argument shows that if i ≥ j then θ(āi, b̄j) must hold. Thus θ(x̄, ȳ), a Boolean combination
of ϕ(x, y), is unstable — a contradiction.

Conclusion

We prove that if a formula ϕ(x, y) is stable in a model, then all local Keisler measures with respect
to this formula decompose into countable sums of types. We also give a functional-analytic proof of
the fact that if a formula ϕ(x, y) is stable, then local Keisler measures with respect to this formula do
not satisfy the order property. This research demonstrates how tools and techniques from functional
analysis can be used to understand the combinatorial properties of measures in model-theoretic settings.

Much is already known about Keisler measures — and in particular local Keisler measures — in the
NIP and stable settings. Future research directions include understanding Keisler measures in general
contexts with the independence property, such as simple, NTP2, and NSOP1 settings.
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This article discusses the problems of constructing and classifying algebras generated by modular products
of cycles. We demonstrate that algebras of binary isolating, used to analyze relationships between binary
formulas of a theory, can be naturally interpreted in terms of metric properties of graphs. A characteristic
feature of the modular product is that with sufficiently large cycle parameters (m,n > 4), the diameter
of such a graph does not exceed three. This makes it possible to define an algebra of binary formulas
using only four labels. For small cycle parameters, the presence of simplices is identified and justified.
Based on the analysis, we propose a generalized scheme combining modular products of cycles and their
extended versions. It is proved that for m,n > 4, the algebra of binary isolating formulas for the theory
of Cm∇Cn is isomorphic to the algebra of simplices of corresponding diameter. Explicit Cayley tables
are constructed for products involving small cycles (C3–C6), leading to general descriptions of algebras
Mo (odd) and Me (even). The proposed approach provides new opportunities for classifying theories and
establishing correspondences between algebras and graphs, underlining its relevance for modern model
theory and structural combinatorics.

Keywords: algebra of binary isolating formulas, modular product, model theory, Cayley tables, classification
of theories, simplicial algebras, cycle graphs, graph diameter.
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Introduction

In modern model theory, a section devoted to the algebras of binary isolating and weakly isola-
ting formulas is actively developing. These algebraic structures, constructed according to an arbitrary
complete theory, serve as a powerful tool for analyzing the structure of binary types and the complex
system of relations between their implementations. Such algebraic invariants turn out to be a power-
ful tool for classifying theories, allowing one to establish correspondences between theories and the
algebraic structures associated with them. Contributions to the development of this field have been
made by works devoted to the study of the general properties of such algebras [1–3], as well as their
calculation for specific classes of theories, such as the theories of groups [4], ordered structures [5–7],
weakly o-minimal theories [8–10], Cartesian products of graphs and simplices [11].

Modular products of graphs are of particular interest in this context. They are an important
construction of structural combinatorics, which makes it possible to build complex graphs from simpler
ones. This operation, based on the Cartesian product of sets of vertices with the definition of edges
through synchronization of adjacency relations in the original graphs, accumulates both local and
global properties of factors. This makes the modular product a promising object for model-theoretical
analysis, where vertices and edges are interpreted as carriers of predicates, and the operation itself is
interpreted as a composition of logical constructions. This approach makes it possible to study the
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transfer of structural properties, such as connectivity, diameter, or the presence of certain subgraphs,
and to study their influence on the expressive power of the corresponding theory.

Throughout this paper, we consider graphs as first-order structures in the language L = {R} with
a single binary predicate interpreted as the edge relation. For a graph G, its theory Th(G) is the set
of all L-sentences true in G. We study the algebra of binary isolating formulas MT associated with
a complete theory T = Th(G). The elements (labels) of this algebra correspond to the isomorphism
types of principal formulas θ(x, a) in two variables that isolate complete types over finite sets. The
algebraic operation · on these labels is induced by the superposition of such formulas and yields a set
of possible labels for the resulting formula. For a detailed construction, see [1, 3].

The relevance of this study is due to the need for a systematic study of binary formula algebras for
theories generated by combinatorial constructions, in particular, modular products. Such an analysis
makes it possible not only to classify theories by their derived algebraic invariants, but also to better
understand the relationship between the combinatorial structure of the model and the logical properties
of its theory.

The novelty of the work lies in the fact that it is the first to study the distribution algebras of binary
isolating formulas for the theories of modular products of graphs, primarily regular polygons (cycles).
For these products, Cayley tables of the corresponding algebras are constructed and analyzed, which
makes it possible to give their explicit description.

The following main results were achieved in the course of the study. First of all, Cayley tables were
constructed for the algebras of binary isolating formulas of the theories of modular products of an edge
graph on cycles of small length, namely C3, C4, C5 and C6. Based on the analysis of these specific
cases, a general description of the Mo and Me algebras for modular products of an edge graph on cycles
of arbitrary odd and even length, respectively, was given. An important result of the work was the
formulation and proof of a theorem that gives a classification of binary formula algebras for theories of
modular products of graph edges on polygons (Theorem 1). Further, the case of the modular product
of two cycles Cm∇Cn for m,n > 4 was investigated; for such graphs, it was proved that their diameter
does not exceed 3, and they always contain triangles (Theorems 3). Finally, it is established that in
the case of m,n > 4, the algebra of binary isolating formulas of the theory of Cm∇Cn turns out to be
isomorphic to the algebra of simplices of the corresponding diameter (Theorem 4).

The results obtained demonstrate that the class of algebras of binary isolating formulas for modu-
lar products of cycles has a rich but classifiable structure, and reveal clear connections between the
combinatorial properties of the products and the algebraic properties of the corresponding theories.

1 Algebras of binary isolating formulas for theories of modular products of graphs

Definition 1. [12] Let G and H be graphs. The modular product M = G∇H is a graph defined as
follows. The vertex set of M is the Cartesian product:

V (M) = V (G)× V (H).

Two distinct vertices (u, v), (x, y) ∈ V (M) are joined by an edge if and only if

u 6= x, v 6= y, and
(
u ∼G x

)
⇐⇒

(
v ∼H y

)
.

Let T = Th(G∇H). The algebra MT of binary isolating formulas for T has a finite set of labels
(denoted by integers) corresponding to the possible distances or isomorphism types of pairs of vertices
in the graph. The multiplication i · j = K, where K is a set of labels, encodes the possible labels for
a pair (a, c) given that (a, b) has label i and (b, c) has label j for some vertex b. The tables below are
computed by analyzing the graph structure of G∇H.
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We further consider algebras generated by the operation of modular multiplication of edges in
graphs of regular polygons. Graphs of regular polygons can be regarded as cycles, denoted Cn, where
n is the length of the cycle.

In the case of a modular product of an edge graph on itself, H∇H, two identical algebraic structures
arise. Their signatures, defined by the set ρν(p) = {0, 1} of labels, are set by the following multiplication
rules:

0 · 0 = {0},
0 · 1 = {1},
1 · 1 = {0, 1},
1 · 0 = {1}.

The algebra of the modular product of an edge with a triangleH∇C3 with the set ρν(p) = {0, 1, 2, 3}
of labels is defined by the following label products:

0 · 0 = {0}, 0 · 1 = {1},
1 · 0 = {1}, 1 · 1 = {0, 2},
1 · 2 = {0, 1}, 1 · 3 = {0, 2},
2 · 0 = {2}, 2 · 1 = {1, 2},
2 · 2 = {0, 1}, 2 · 3 = {1, 3},
3 · 0 = {3}, 3 · 1 = {0, 2},
3 · 2 = {1, 3}, 3 · 3 = {0, 2}.

The modular product H∇C4 (an edge on a quarter-cycle) generates two isomorphic algebras. The
set of their labels is ρν(p) = {0, 1, 2}, and the multiplicative structure is completely determined by the
following rules:

0 · 0 = {0}, 0 · 1 = {1},
1 · 0 = {1}, 1 · 1 = {0, 2},
1 · 2 = {1, 2}, 2 · 0 = {2},
2 · 1 = {1, 2}, 2 · 2 = {0, 2}.

The algebra for the modular product of an edge with a pentagon H∇C5 with label set
ρν(p) = {0, 1, 2, 3, 4, 5} is defined by the following label products:

0 · 0 = {0},
0 · 1 = 1 · 0 = {1},
0 · 2 = 2 · 0 = {2},
0 · 3 = 3 · 0 = {3},
0 · 4 = 4 · 0 = {4},
0 · 5 = 5 · 0 = {5},
1 · 1 = {0, 2},
1 · 2 = 2 · 1 = {1, 3},
1 · 3 = 3 · 1 = 1 · 5 = 5 · 1 = 3 · 3 = 3 · 5 = 5 · 3 = 5 · 5 = {0, 2, 4},
2 · 2 = 2 · 4 = 4 · 2 = 4 · 4 = {0, 2, 4},
1 · 4 = 4 · 1 = 2 · 3 = 3 · 2 = 2 · 5 = 5 · 2 = {1, 3, 5},
3 · 4 = 4 · 3 = 4 · 5 = 5 · 4 = {1, 3, 5}.

Consider the modular product of an edge graph on a hexagon, H∇C6. This construction generates
two isomorphic algebras supported by the set ρν(p) = {0, 1, 2, 3} of labels. The multiplication operation
in these algebras is given by the following table:

124 Bulletin of the Karaganda University



Algebras of binary isolating formulas

0 · 0 = {0}, 0 · 1 = {1},
1 · 0 = {1}, 1 · 1 = {0, 2},
1 · 2 = {0, 1}, 1 · 3 = {0, 2},
2 · 0 = {2}, 2 · 1 = {1, 2},
2 · 2 = {0, 1}, 2 · 3 = {1, 3},
3 · 0 = {3}, 3 · 1 = {0, 2},
3 · 2 = {1, 3}, 3 · 3 = {0, 2}.

For the modular product H∇Ck, depending on the parity of the diameter diam(H∇Ck), we obtain
two possible isomorphism types of algebras of binary isolating formulas. The odd-diameter case is
denoted by Mo, and the even-diameter case is denoted by Me. Below we give explicit descriptions of
these algebras via Cayley tables.

Definition of Mo. Its signature includes labels {0, 1, 2, 3, . . . , n}, where n is an odd number equals
to the diameter of the graph resulting from the product. The structure of this algebra is determined
by the following multiplication table:

0 · 0 = {0},
0 · 1 = 1 · 0 = {1},
0 · 2 = 2 · 0 = {2},
0 · 3 = 3 · 0 = {3},
0 · 4 = 4 · 0 = {4},
...
0 · n = n · 0 = {n},
1 · 1 = {0, 2},
1 · 2 = 2 · 1 = {1, 3},
1 · 3 = 3 · 1 = {0, 2, 4},
2 · 2 = {0, 2, 4},
2 · 3 = 3 · 2 = {1, 3, 5},
3 · 3 = {0, 2, 4, 6},
4 · 1 = 1 · 4 = {1, 3, 5},
4 · 2 = 2 · 4 = {0, 2, 4, 6},
4 · 3 = 3 · 4 = {1, 3, 5, . . . , n},
4 · 4 = {0, 2, 4, . . . , n− 1},
...
n · 1 = 1 · n = {1, 3, 5, . . . , n},
n · 2 = 2 · n = {0, 2, 4, . . . , n− 1},
n · 3 = 3 · n = {1, 3, 5, . . . , n},
n · 4 = 4 · n = {0, 2, 4, . . . , n− 1},
...
n · n = {0, 2, 4, . . . , n− 1}.

Definition of Me. Its carrier is a set of labels {0, 1, 2, 3, . . . , n}, where n is an even number equal
to the diameter of the graph resulting from the product. The structure of the algebra is determined
by the following multiplication table:
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0 · 0 = {0} 0 · 1 = 1 · 0 = {1}
0 · 2 = 2 · 0 = {2} 0 · 3 = 3 · 0 = {3}

0 · 4 = 4 · 0 = {4}
...

0 · n = n · 0 = {n} 1 · 1 = {0, 2}
1 · 2 = 2 · 1 = {1, 3} 1 · 3 = 3 · 1 = {0, 2}
2 · 2 = {0, 2, 4} 2 · 3 = 3 · 2 = {1, 3, 5}
3 · 3 = {0, 2, 4, 6} 4 · 1 = 1 · 4 = {1, 3, 5}
4 · 2 = 2 · 4 = {0, 2, 4, 6} 4 · 3 = 3 · 4 = {1, 3, 5, . . . , n− 1}

4 · 4 = {0, 2, 4, . . . , n}
...

n · 1 = 1 · n = {1, 3, 5, . . . , n− 1} n · 2 = 2 · n = {0, 2, 4, . . . , n}
n · 3 = 3 · n = {1, 3, 5, . . . , n− 1} n · 4 = 4 · n = {0, 2, 4, . . . , n}
... n · n = {0, 2, 4, . . . , n}

Remark 1. Let G and H be non-empty graphs. Then for the modular product G∇H the following
holds:

1. If both graphs G and H are bipartite, then G∇H consists of exactly two connected components,
isomorphic to each other.

2. If at least one of the graphs G or H is not bipartite, then G∇H is connected.

If G and H are bipartite with bipartitions (U1, U2) and (V1, V2) respectively, then the vertex set of
M = G∇H splits into two disjoint subsets: (U1 × V1) ∪ (U2 × V2) and (U1 × V2) ∪ (U2 × V1). By the
definition of adjacency in the modular product, no edge connects these two subsets, and each induces a
connected component isomorphic to the modular product with a fixed parity constraint. This structural
dichotomy is reflected in the algebra MT : the labels and multiplication become symmetric with respect
to these two components, effectively yielding two isomorphic copies of the same algebraic structure.

Reflecting Remark 1 on algebras, we obtain that in the first case we get two identical algebras, in
the second one, depending on the diameter of the resulting graph, they will be either Me or Mo.

Theorem 1. If T is the theory of the modular product of an edge with polygons, and M is the
algebra of binary isolating formulas of the theory T , then the algebra M is isomorphic to the algebra
Mo or Me.

Proof. Let H be the edge graph with two vertices joined by an edge, and let k ≥ 3. Put G = H∇Ck
and T = Th(G).

We first describe the structure of the graph G. The vertex set of G is {0, 1}×V (Ck). Two distinct
vertices (i, a) and (j, b) are adjacent in G if and only if i 6= j, a 6= b, and (i ∼H j) ⇐⇒ (a ∼Ck

b).
Since H is an edge graph, the condition i 6= j already implies i ∼H j. Hence adjacency in G is
equivalent to the condition that i 6= j and a ∼Ck

b.
Therefore, each vertex (0, a) is adjacent exactly to the vertices (1, a−1) and (1, a+1) (indices taken

modulo k), and similarly for vertices of the form (1, a). This shows that each connected component of
G is a cycle.

If k is odd, then Ck is not bipartite, and by Remark 1 the graph G is connected. Hence G is a
single cycle of length 2k, and diam(G) = k, which is an odd number.

If k is even, then both H and Ck are bipartite, and again by Remark 1 the graph G consists of two
isomorphic connected components. Each component is a cycle of length k, and therefore has diameter
k/2, which is an even number.

We now describe the algebra MT . Since G is finite and vertex-transitive on each connected compo-
nent, the complete 2-types over the empty set are uniquely determined by the graph distance between
two vertices lying in the same component. Hence the set of labels of MT can be identified with
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{0, 1, 2, . . . , n}, where n = diam(G), and the label t corresponds to the formula expressing that the
distance between two vertices equals t.

Let i, j ∈ {0, 1, . . . , n} and let u, v, w be vertices of G such that dist(u, v) = i and dist(v, w) = j.
Since each connected component of G is a cycle, all possible values of dist(u,w) are exactly the integers
t satisfying

|i− j| ≤ t ≤ min(n, i+ j)

and
t ≡ i+ j (mod 2).

Conversely, for every such t there exist vertices u, v, w with dist(u, v) = i, dist(v, w) = j, and
dist(u,w) = t. Therefore, the product of labels i · j in MT is precisely the set of all labels t satisfying
the above conditions.

If n is odd, then the maximal admissible element of this set is n when i+ j is odd and n− 1 when
i+ j is even, which yields exactly the multiplication rules defining the algebra Mo. If n is even, then n
belongs to the even parity class, and the multiplication rules coincide with those defining the algebra
Me.

Hence the algebra MT is isomorphic to Mo when the diameter of G is odd, and to Me when the
diameter of G is even.

Remark 2. If the graph contains at least one simplex, then the algebra for this graph will be
isomorphic to the algebra of simplices [11].

ForM = C3∇C3 and diam(M) = 2 the algebra will have the set {0, 1, 2} of labels and the following
multiplication rules:

0 · 0 = {0}, 0 · 1 = {1},
1 · 0 = {1}, 1 · 1 = {0, 2},
1 · 2 = {0, 1, 2}, 2 · 0 = {2},
2 · 1 = {0, 1, 2}, 2 · 2 = {0, 1, 2}.

For M = Cm∇Cn, where 2 < m < 5, the graph M may contain simplices, therefore Theorem 1
extends to include also the algebra for simplices [11].

If diam(Cn∇Cm) = n, the algebra of simplices Ms has the set ρν(p) = {0, 1, 2, . . . , n} of labels, and
is defined by the following label products:

0 · k = {k}, k · 0 = {k}, for all k ∈ ρ,
a · b = {0, 1, 2, . . . ,min(n, a+ b)}, a, b ∈ ρ.

Theorem 2. If T is the theory of the modular product of the graph Cm with 2 < m < 5 and
polygons, and M is the algebra of binary isolating formulas of the theory T , then the algebra M is
isomorphic to the algebra Mo, or Me, or Ms.

Proof. Let 2 < m < 5, so m ∈ {3, 4}, and let n ≥ 3. Put G = Cm∇Cn and T = Th(G).
If the graph G contains a simplex, then by Remark 2 the algebra MT is isomorphic to the algebra

of simplices Ms. Thus, in this case the statement of the theorem holds.
Assume now that G contains no simplex. Then G has no triangles, and the complete 2-types

over the empty set are determined by the distances between vertices in connected components of G.
Consequently, the labels of MT can again be identified with the possible distances between vertices,
and the product of labels is determined by the possible distances obtained by composition through an
intermediate vertex.
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If at least one of the cycles Cm or Cn is not bipartite, then by Remark 1 the graph G is connected. If
both cycles are bipartite, then G consists of two isomorphic connected components. In either case, each
connected component of G is a graph of bounded diameter, and the label multiplication is completely
determined by the metric structure inside a component.

As in the proof of Theorem 1, the parity of paths in a bipartite component implies that only
distances of the same parity as the sum of the factors may occur in a product. Therefore, depending
on whether the diameter of G is odd or even, the multiplication table of MT coincides with that of
Mo or Me, respectively.

Thus, if G contains no simplex, the algebra MT is isomorphic to Mo or to Me. Together with the
simplex case considered above, this completes the proof.

Theorem 3. Let n,m > 4. Then the diameter of the modular product M = Cn∇Cm satisfies the
inequality

diam(M) ≤ 3.

Proof. Let Cn and Cm be cycles with n,m > 4, and let M = Cn∇Cm be their modular product.
Let A = (u, v) and B = (x, y) be two distinct vertices of M . Denote by

a = dCn(u, x), b = dCm(v, y)

the distances in the corresponding cycles. Since A 6= B, we cannot have a = b = 0.
We consider several cases.
Case 1: u 6= x and v 6= y (i.e., a ≥ 1 and b ≥ 1).
Subcase 1.1: a = 1 and b = 1. Then u ∼ x and v ∼ y, hence

(u ∼ x) ⇐⇒ (v ∼ y),

and therefore A ∼ B. Thus distM (A,B) = 1.
Subcase 1.2: a ≥ 2 and b ≥ 2. Then u � x and v � y, so again

(u ∼ x) ⇐⇒ (v ∼ y)

holds. Hence A ∼ B and distM (A,B) = 1.
Subcase 1.3: a = 1 and b ≥ 2 (the case a ≥ 2 and b = 1 is symmetric). Then u ∼ x and v � y, so

A and B are not adjacent.
Let u′ be the neighbor of x distinct from u. Since n > 4, the two neighbors of any vertex in Cn are

not adjacent, hence u′ � u. Similarly, since b ≥ 2, the vertex v is not adjacent to y. As y has exactly
two neighbors in Cm, and v can be adjacent to at most one of them, there exists a neighbor v′ of y
such that v′ � v.

Set C = (u′, v′). Then A ∼ C, because u 6= u′, v 6= v′, and u � u′, v � v′. Moreover, C ∼ B, since
u′ 6= x, v′ 6= y, and u′ ∼ x, v′ ∼ y. Thus A ∼ C ∼ B is a path of length 2, and distM (A,B) ≤ 2.

Case 2: u = x and v 6= y (i.e., a = 0 and b ≥ 1). (The case v = y and u 6= x is symmetric.)
Since n > 4, there exists a vertex u′ ∈ V (Cn) \ {u} such that u′ � u. Similarly, since m > 4, there

exists a vertex v′ ∈ V (Cm) \ {v, y} such that v′ � v. Set C = (u′, v′). Then A ∼ C because u 6= u′,
v 6= v′, u � u′, and v � v′.

Now we consider two subcases.
Subcase 2.1: v′ � y. Then C ∼ B because u′ 6= u, v′ 6= y, u′ � u, and v′ � y. Hence A ∼ C ∼ B

and distM (A,B) = 2.
Subcase 2.2: v′ ∼ y. (Note that u′ � u by our choice.) Choose a neighbor u′′ of u such that

u′′ � u′. This is possible because in a cycle of length greater than 4, for any vertex u and any vertex u′

128 Bulletin of the Karaganda University



Algebras of binary isolating formulas

with u′ � u, at least one of the two neighbors of u is not adjacent to u′. Indeed, if both neighbors
of u were adjacent to u′, then u′ would be adjacent to two neighbors of u, which in a cycle of length
greater than 4 forces u′ = u, a contradiction.

Choose a neighbor v′′ of y such that v′′ � v′. This is possible because v′ is adjacent to y and, in
Cm with m > 4, the two neighbors of y are not adjacent; hence the neighbor of y different from v′ is
not adjacent to v′.

Set D = (u′′, v′′). Then:
• C ∼ D, because u′ 6= u′′, v′ 6= v′′, and u′ � u′′, v′ � v′′.
• D ∼ B, because u′′ 6= u, v′′ 6= y, and u′′ ∼ u, v′′ ∼ y.

Thus A ∼ C ∼ D ∼ B is a path of length 3, and distM (A,B) ≤ 3.
Case 3: u = x and v = y is impossible, since A 6= B.
Having considered all cases, we conclude that distM (A,B) ≤ 3 for any vertices A,B ∈ V (M).

Therefore, diam(M) ≤ 3.
The bound is sharp. For example, in C5∇C6 one has dist((0, 0), (0, 3)) = 3.

Theorem 4. If n,m > 4, then Cn∇Cm contains a triangle.
Proof. Number the vertices of the cycles modulo n and modulo m. Take

u1 = 0, u2 = 1, u3 = 3 ∈ V (Cn), v1 = 0, v2 = 1, v3 = 3 ∈ V (Cm).

For n,m ≥ 5 these vertices are pairwise distinct in each cycle. In each of the cycles,

u1 ∼ u2, u1 6∼ u3, u2 6∼ u3

and similarly for vi. Two vertices a and b are adjacent in Ck if and only if |a− b| = 1 or |a− b| = k−1.
Since |0− 1| = 1, while |0− 3| = 3, |1− 3| = 2, and for k ≥ 5 the numbers 2, 3 are not equal to 1 or
k − 1. Therefore, for pairs i 6= j it holds that ui ∼ uj ⇐⇒ vi ∼ vj , and also ui 6= uj , vi 6= vj . By the
definition of the modular product, this means that the vertices Pi = (ui, vi) are pairwise adjacent in
Cn∇Cm, i.e. they form K3.

Theorem 5. Let T be the theory of the modular product of graphs Cm∇Cn, where m,n > 5, and let
M be the algebra of binary isolating formulas of the theory T . Then the algebra will have, depending
on the diameter, two sets of labels: {0, 1, 2} or {0, 1, 2, 3}.

From Theorems 3 and 4 it follows that if M has diam(Cm∇Cn) = 2, the algebra will have the set
ρν(p) = {0, 1, 2} of labels, and is defined by the following label products:

0 · 0 = {0}, 0 · 1 = {1},
1 · 0 = {1}, 1 · 1 = {0, 2},
1 · 2 = {0, 1, 2}, 2 · 0 = {2},
2 · 1 = {0, 1, 2}, 2 · 2 = {0, 1, 2}.

If diam(Cm∇Cn) = 3, the algebra M will have the set ρν(p) = {0, 1, 2, 3} of labels, and is defined
by the following label products:

0 · 0 = {0}, 0 · 1 = {1},
1 · 0 = {1}, 1 · 1 = {0, 1, 2},
1 · 2 = {0, 1, 3}, 1 · 3 = {0, 1, 2, 3},
2 · 0 = {2}, 2 · 1 = {0, 1, 2, 3},
2 · 2 = {0, 1, 2, 3}, 2 · 3 = {0, 1, 2, 3},
3 · 0 = {3}, 3 · 1 = {0, 1, 2, 3},
3 · 2 = {0, 1, 2, 3}, 3 · 3 = {0, 1, 2, 3}.

As we can see, these algebras are isomorphic to the algebras of simplices for similar diameters.
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Conclusion

In this work, we investigated the algebraic properties of the modular product of cycles Cm∇Cn.
It was established that for small parameters 2 < m < 5 the resulting structures admit simplices, and
therefore the algebra of binary isolating formulas extends naturally to include the algebra Ms. For
larger parameters n,m > 4, we proved that the diameter of the modular product is bounded above
by 3, and moreover, such graphs necessarily contain triangles.

As a consequence, the algebra M associated with the theory of Cm∇Cn can be fully characterized
by its set of labels, which is {0, 1, 2} when the diameter equals 2, and {0, 1, 2, 3} when the diameter
equals 3. In both cases, the multiplication tables of M are shown to be isomorphic to the corresponding
simplicial algebras.

Thus, the modular product of cycles not only demonstrates bounded diameter and the presence
of complete subgraphs, but also provides a natural algebraic structure that generalizes and unifies
previously studied cases. This highlights the deep interplay between graph-theoretic properties of
modular products and the algebraic theory of binary isolating formulas.

Examples of derived graphs in modular and other products with their Cayley tables can be viewed
on the website https://graph-product.ru
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On the Equivalence of Elementary Surfaces
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This paper investigates the conditions for the equivalence of regular surfaces with respect to the action of
a certain subgroup of linear transformations. This subgroup is pseudo-orthogonal and preserves a metric
structure defined by a matrix with specific sign properties. The study focuses on elementary surfaces, which
are considered as mappings from the square of the parameter domain (0, 1)×(0, 1) into an n-dimensional real
vector space. The regularity of a surface is determined by the non-vanishing determinant of a special matrix
composed of its partial derivatives. The paper also introduces the concept of surface equivalence. The
main theorem establishes necessary and sufficient conditions for the equivalence of regular surfaces under
the action of the pseudo-orthogonal group. These conditions are expressed through equalities between
products of matrices constructed from the partial derivatives of the surfaces and the pseudo-orthogonal
matrix. The obtained results provide a theoretical foundation for understanding the relationships between
regular surfaces under the action of the pseudo-orthogonal group and contribute to the further study of
their geometric properties and transformations.

Keywords: pseudo-orthogonal group, G-equivalent, equivalence of the surfaces, semidirect product of the
groups, symplectic group, special pseudo-orthogonal group, action of the surfaces, Euclidean space.
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Introduction

In differential geometry, one of the central tasks is to establish convenient criteria for determining
the equivalence of elementary surfaces. This involves identifying properties that help us assess whether
two surfaces are geometrically identical, even if they are positioned differently in space.

A powerful approach to solving this problem relies on the theory of differential invariants. Diffe-
rential invariants are properties of surfaces that remain unchanged under specific geometric transforma-
tions. By utilizing these invariants, we can formulate equivalence criteria, which simplifies the process
of classifying surfaces and identifying their similarities, regardless of their position or orientation in
space.

Let Rn denote an n-dimensional linear space over the field of real numbers R, and let GL(n,R) be
the group of all invertible linear transformations of the space Rn. Elements of Rn are represented as
n-dimensional column vectors −→x = {−→x j}nj=1, while the transformations g ∈ GL(n,R) are represented
as n × n matrices (gij)

n
i,j=1, where xi, gij ∈ R for i, j = 1, . . . , n. The action of g ∈ GL(n,R) on the

vector −→x = {−→x j}nj=1 ∈ Rn is given by matrix-vector multiplication, denoted as g−→x .
An infinitely differentiable mapping x : (0, 1)× (0, 1)→ Rn is called an elementary surface. If G is

a subgroup of GL(n,R), then two elementary surfaces −→y (s, t) and −→x (s, t) are said to be G-equivalent
if −→y (s, t) = g−→x (s, t) for some g ∈ G and for all (s, t) ∈ (0, 1)× (0, 1).

In this paper, we reformulate the problem of G-equivalence of elementary surfaces for the pseudo-
orthogonal group O(n, p,R) using the language of differential algebra. This reformulation facilitates
∗Corresponding author. E-mail: gafforov.rahmatjon@mail.ru
Received: 1 January 2025; Accepted: 1 November 2025.
c© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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the application of an algebraic approach to solve the problem. Such an approach has previously been
employed to derive the necessary and sufficient conditions for surface equivalence in the context of
actions by the general linear, special linear [1], orthogonal, pseudo-orthogonal [2], symplectic [3], and
special pseudo-orthogonal groups [4–6].

1 Preliminaries

Let O(n, p,R) be the pseudo-orthogonal subgroup of GL(n,R), i.e.,

O(n, p,R) = {g ∈ GL(n,R) : gT epg = ep},

where gT is the transpose of the matrix g, and ep is an identity matrix in GL(n,R) given by
ep = (epij)

n
i,j=1, where

epij =


1 for i = 1, 2, . . . , p,

−1 for i = p+ 1, p+ 2, . . . , n,

0 for i 6= j, i, j ∈ {1, 2, . . . , n}

for some p ∈ {1, . . . , n− 1}.
For each elementary surface −→x (s, t) = (xj(s, t))

n
j=1, we define Ms(

−→x ) as the n × n matrix

(mij(s, t))
n
i,j=1, where the i-th column has coordinates mij(s, t) =

∂i−1xj(s,t)
∂si−1 , with i, j = 1, . . . , n,

and we set ∂0xj(s,t)
∂s0

= xj(s, t) for all j = 1, . . . , n, s, t ∈ (0, 1).

Let Mss(
−→x ) be the matrix

{
∂ixj(s,t)

∂si

}n

i,j=1
, Msss(

−→x ) be the matrix
{

∂i+1xj(s,t)
∂si+1

}n

i,j=1
, and Mst(

−→x )

be the matrix
{

∂ixj(s,t)
∂si−1∂t

}n

i,j=1
, while Msst(

−→x ) is the matrix
{

∂i+1xj(s,t)
∂si∂t

}n

i,j=1
.

Below, we consider only regular surfaces, i.e., elementary surfaces −→x (s, t) such that the determinant
detMs(

−→x )(s, t) 6= 0 for all s, t ∈ (0, 1).
Let Aff(Rn) be the group of all affine transformations of the n-dimensional linear space Rn.

Each affine transformation in Aff(Rn) is a composition of a non-degenerate linear transformation
g ∈ GL(n,R) and a translation by an element −→u = (ui)

n
i=1 ∈ Rn, i.e., any affine transformation

(−→u , g) ∈ Aff(Rn) acts in Rn according to the following rule:

(−→u , g)(−→x ) = g−→x +−→u ,

where −→x ,−→u ∈ Rn and g ∈ GL(n,R).
The multiplication operation in Aff(Rn) is defined by

(−→u , g)(−→v , h) = (−→u + g−→v , gh),

where −→u ,−→v ∈ Rn and g, h ∈ GL(n,R). This implies that Aff(Rn) is a semidirect product of the
groups Rn and GL(n,R), written as

Aff(Rn) = Rn CGL(n,R).

If G is a subgroup of GL(n,R), then the set

Rn CG = {(−→u , g) ∈ Rn CGL(n,R) : g ∈ G}

is a subgroup of Rn C GL(n,R), and is also referred to as the semidirect product of the groups Rn

and G.
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It is well-known (see, for example, [7, Chapter XVII, §2]) that the group Rn C O(n,R) coincides
with the group of all motions in Euclidean space (Rn, (., .)), i.e., the group of all bijections U from Rn

to Rn such that (Ux,Uy) = (x, y) for all x, y ∈ Rn. Similarly, the group Rn C O(n, p,R) is the group
of all motions in pseudo-Euclidean space (Rn, [., .]p), i.e., the group of all bijections V from Rn to Rn

such that
[V x, V y]p = [x, y]p for all x, y ∈ Rn,

(see, for example, [8, Chapter III, §1]).
Let G be a subgroup of Rn C GL(n,R). Two regular surfaces −→x (s, t) and −→y (s, t), defined in Rn,

are said to be G-equivalent if there exists (−→u , g) ∈ Rn such that:
−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

The following statement reduces the problem of RnCG-equivalence of regular surfaces −→x (s, t) and
−→y (s, t) to the problem of G-equivalence of regular surfaces −→x ′s(s, t) and −→y ′s(s, t).

Statement 1. Two regular surfaces −→x (s, t) and −→y (s, t), defined in Rn, are RnCG-equivalent if and
only if the regular surfaces −→x ′s(s, t) and −→y ′s(s, t) are G-equivalent.

Proof. If two regular surfaces −→x (s, t) and −→y (s, t) are Rn C G-equivalent, then there exist
−→u = {ui}ni=1 ∈ Rn and g = {gij}ni,j=1 ∈ G such that

−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

For each i = 1, . . . , n, we have
−→y i(s, t) =

n∑
j=1

gij
−→x j(s, t) + ui.

Taking the derivatives with respect to s, we get

−→y ′i(s, t) =
n∑

j=1

gij
−→x ′j(s, t). (1)

Thus, for all i = 1, . . . , n, we have
−→y ′s(s, t) = g−→x ′s(s, t), (s, t) ∈ (0, 1),

which implies that the regular surfaces −→x ′s(s, t) and −→y ′s(s, t) are G-equivalent.
Conversely, suppose that

−→y ′s(s, t) = g−→x ′s(s, t) for all (s, t) ∈ (0, 1),

for some g = {gij}ni,j=1 ∈ G. From equation (1), we deduce that

−→y i(s, t) =
n∑

j=1

gij
−→x j(s, t) + ui,

where ui(s, t) is a constant (independent of s and t). To find ui(s, t), we define −→u i(s, t) =
−→y i(s, t) −∑n

j=1 gij
−→x j(s, t), and compute the derivative with respect to s:

−→u ′i(s, t) = 0 for all (s, t) ∈ (0, 1).

Since −→u ′i(s, t) = 0, we conclude that −→u i(s, t) = −→u i(0), a constant for each i. Therefore, we define
−→u = {ui(0)}ni=1 ∈ Rn, and obtain the relation

−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

This shows that the two regular surfaces −→x (s, t) and −→y (s, t) are Rn CG-equivalent.
Thus, we have proven that two regular surfaces −→x (s, t) and −→y (s, t) are Rn C G-equivalent if and

only if −→x ′s(s, t) and −→y ′s(s, t) are G-equivalent.
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2 Equivalence of Elementary Surfaces

The following theorem provides necessary and sufficient conditions for the RnCO(n, p,R)-equivalence
of regular surfaces −→x (s, t) and −→y (s, t).

Theorem 1. Two regular surfaces −→x (s, t) and −→y (s, t) are Rn C O(n, p,R)-equivalent if and only if
for any (s, t) ∈ (0, 1), the following equalities hold:
(a) M−1ss (−→x (s, t))Msss(

−→x (s, t)) = M−1ss (−→y (s, t))Msss(
−→y (s, t));

(b) M−1st (−→x (s, t))Msst(
−→x (s, t)) = M−1st (−→y (s, t))Msst(

−→y (s, t));
(c) MT

ss(
−→x (s, t))epMss(

−→x (s, t)) = MT
ss(
−→x (s, t))epMss(

−→y (s, t)).

Proof. Let the surfaces −→x (s, t) and −→y (s, t) be Rn C O(n, p,R)-equivalent, i.e., there exists an
element g ∈ Rn CO(n, p,R) such that the following holds:

−→y (s, t) = g−→x (s, t) +−→u .

Consequently, by the definition of the matrices Mss(
−→x ), we have

Mss(
−→y ) = gMss(

−→x ).

We will now show that from this equality, the validity of equations (a), (b), and (c) follows. Indeed:

M−1ss (−→y (s, t))Msss(
−→y (s, t)) = (gMss(

−→x (s, t)))−1(gMsss(
−→x (s, t))).

This simplifies to

(Mss(
−→x (s, t)))−1(g−1g)(Msss(

−→x (s, t))) = M−1ss (−→x (s, t))Msss(
−→x (s, t)),

which shows that (a) holds.
Similarly,

M−1st (−→y (s, t))Msst(
−→y (s, t)) = (gMst(

−→x (s, t)))−1(gMsst(
−→x (s, t))).

This simplifies to

(Mst(
−→x (s, t)))−1(g−1g)(Msst(

−→x (s, t))) = M−1st (−→x (s, t))Msst(
−→x (s, t)),

which shows that (b) holds.
Finally, for equation (c), we have

MT
ss(
−→y (s, t))epMss(

−→y (s, t)) = (gMss(
−→x (s, t)))T ep(gMss(

−→x (s, t))).

This simplifies to

(Mss(
−→x (s, t)))T (gT epg)(Mss(

−→x (s, t))) = MT
ss(
−→x (s, t))epMss(

−→x (s, t)),

which shows that (c) holds.
Conversely, assume that the relations (a), (b), and (c) hold for the surfaces −→x (s, t) and −→y (s, t).

Since A(s, t) = As is invertible, assume that equalities (a) and (b) are valid. Differentiating the equality
A−1s As = AsA

−1
s = E, we get

(A−1)s = −(As)
−1Ass(As)

−1.

Mss(
−→x (s, t)) ·M−1ss (−→x (s, t)) = E,

(Mss(
−→x (s, t)) ·M−1ss (−→x (s, t)))s = 0,
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Msss(
−→x (s, t)) ·M−1ss (−→x (s, t)) +Mss(

−→x (s, t)) ·M−1sss(
−→x (s, t)) = 0,

Mss(
−→x (s, t)) ·M−1sss(

−→x (s, t)) = −Msss(
−→x (s, t)) ·M−1ss (−→x (s, t)),

M−1sss(
−→x (s, t)) = −M−1ss (−→x (s, t)) ·Msss(

−→x (s, t)) ·M−1ss (−→x (s, t)),

Mss(
−→y (s, t)) = gMss(

−→x (s, t)),

(Mss(
−→y (s, t))M−1ss (−→x (s, t)))s = 0.

Therefore, the equalities (a) and (b) can be rewritten as

(a’) (Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)))s = 0,

(b’) (Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)))t = 0.

These qualities imply that

Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)) = g = (gij)

n
i,j=1 ∈ GL(n,R),

where s, t ∈ (0, 1). Consequently, we obtain

Mss(
−→y (s, t)) = gMss(

−→x (s, t)),

and in particular,
−→y ′s(s, t) = g−→x ′s(s, t) for all (s, t) ∈ (0, 1).

Thus, for g = {gij}ni,j=1,
−→y (s, t) = {yi(t)}ni=1, and

−→x (s, t) = {xi(t)}ni=1, we have

−→y ′i(s, t) =
n∑

j=1

gij
−→x ′j(s, t).

Let −→u i =
−→y i(s, t)−

∑n
j=1 gij

−→x j(s, t), which yields

−→u = {ui}ni=1 ∈ Rn,

and for the element (−→u , g) ∈ Rn CO(n, p,R), we have the equality

−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

Furthermore, due to equation (c), we have

gT epg = (Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)))T ep(Mss(

−→y (s, t)) ·M−1ss (−→x (s, t))) = ep,

which implies that
gT epg = ep.

Thus, g ∈ O(n, p,R). Theorem 1 is proved.

Now consider the problem of the equivalence of k-dimensional surfaces. An infinitely differentiable
mapping x : [0, 1]k → Rn, where 1 ≤ k < n, is called a parameterized k-dimensional surface in the
finite-dimensional vector space Rn.
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Definition 1. [9] Two k-dimensional surfaces−→x (t1, . . . , tk) and−→y (t1, . . . , tk) are said to beG-equiva-
lent if there exists an element g ∈ G such that

−→y (t1, . . . , tk) = g−→x (t1, . . . , tk)

for all (t1, . . . , tk) ∈ (0, 1)k.

Definition 2. [3] A function f of −→x (t1, . . . , tk) and its finite number of partial derivatives is called
G-invariant if its values coincide for G-equivalent surfaces.

Let −→x (t1, . . . , tk) be a k-dimensional surface, and let s ∈ {1, . . . , k} be a fixed index. For each
surface −→x (t1, . . . , tk), the (n× n)-matrix Mts(

−→x ) has the form

Mts(
−→x ) = (−→x 0

ts , . . . ,
−→x n−1

ts ),

where the i-th column consists of the coordinates

∂i−1xj(t1, . . . , tk)

∂ti−1s

, j = 1, . . . , n, i = 1, . . . , n.

Let Mtsts(
−→x ) be the matrix

Mtsts(
−→x ) =

{
∂ixj(t1, . . . , tk)

∂tis

}n

i,j=1

,

and let Mtststl(
−→x ) denote the matrix

Mtststl(
−→x ) =

(
∂2x(t1, . . . , tk)

∂ts∂tl
, . . . ,

∂n+1x(t1, . . . , tk)

∂tns∂tl

)
.

Throughout the rest of the text, only regular surfaces are considered, i.e., surfaces −→x (t1, . . . , tk)
for which

detMts(
−→x )(t1, . . . , tk) 6= 0

for all (t1, . . . , tk) ∈ (0, 1)k and s = 1, . . . , k.
The following theorem provides the necessary and sufficient conditions for RnCO(n, p,R)-equivalence

of two surfaces.

Theorem 2. Two surfaces x(t1, . . . , tk) and y(t1, . . . , tk) in Rn are Rn CO(n, p,R)-equivalent if and
only if the following equalities hold

1. M−1tsts(
−→x )Mtststl(

−→x ) = M−1tsts(
−→y )Mtststl(

−→y ),

2. (Mtsts(
−→x ))T epMtsts(

−→x ) = (Mtsts(
−→y ))T epMtsts(

−→y ),
for all l = 1, . . . , k.

The proof of this theorem follows a similar approach to the previously established theorem.
Remark. For two-dimensional regular surfaces, Theorem 1 under the action of the groups G(n,C),

SL(n,C), O(n,C), SO(n,C), and Sp(2n,C) was obtained in [2,3,10], while for m-dimensional regular
surfaces (m < n) under the action of the same groups, it was obtained in [5]. For the semidirect product
of the same groups, the result was obtained in [4]. For two-dimensional regular surfaces, Theorem 1
and Theorem 2 under the action of the group SO(n, p,K) were obtained in [6], while for k-dimensional
regular surfaces (k < n) under the action of SO(p, q,K), they were obtained in [9]. Additionally, the
above theorems for paths and curves were studied in [11], while the differential invariants of surfaces
were examined in [12].
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Conclusion

In the article, the problem of determining the equivalence of elementary and k-dimensional surfaces
is considered. As the main result, the necessary and sufficient conditions for the equivalence of surfaces
with respect to the action of the pseudo-orthogonal group are identified. The equivalence of surfaces
under the action of this pseudo-orthogonal group is proven through the relations between special
matrices constructed on the basis of the partial derivatives of the surfaces. The results presented
in the article can be applied in the future for the classification and study of surfaces in differential
geometry.
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Hypergeometric functions are divided into complete and confluent functions. Srivastava and Karlsson were
the first to propose a method for constructing the complete set of triple Gaussian hypergeometric series
and compiled a table containing definitions and regions of convergence for 205 distinct complete series in
three variables. Subsequently, several authors obtained various integral representations and transformation
formulas for the functions introduced by Srivastava and Karlsson. More recently, Ergashev identified
395 hypergeometric series of three variables that represent confluent forms of the known 205 complete
hypergeometric series. In the present study, new Euler-type integral representations are derived for certain
Gaussian hypergeometric functions of three variables. The main results are obtained using properties of the
gamma and beta functions. New integral representations are established for 14 functions from the list of
confluent hypergeometric functions of three variables. All derived integrals can be regarded as generalized
Euler type representations of the classical Gaussian hypergeometric functions of one and two variables. In
addition, it is demonstrated how one of these confluent functions, together with its integral representation,
can be applied to construct solutions of the three-dimensional singular Helmholtz equation.

Keywords: Gaussian hypergeometric function, Appell functions, Humbert functions, Srivastava–Karlsson
hypergeometric functions, triple confluent hypergeometric series, integral representation, singular Helmholtz
equation, application of hypergeometric functions.

2020 Mathematics Subject Classification: 33C15, 33C20, 33C65, 35C15, 35J75.

Introduction

The great interest in the theory of hypergeometric functions (including functions of one, two or
more variables) is primarily due to the fact that hypergeometric functions allow us to find solutions
to various applied problems related to thermal conductivity and dynamic processes, electromagnetic
oscillations, aerodynamics, quantum mechanics and potential theory. These functions, which relate to
higher and special functions [1–3], are often called special functions of mathematical physics.

It is known that hypergeometric function F (a, b; c; z) was studied by Leonhard Euler, but the first
complete and systematic interpretation of it was given by Carl Friedrich Gauss in 1813. In the Gaussian
hypergeometric function F (a, b; c; z) there are two numerator parameters a, b, and one denominator
parameter c. A natural generalization of this function is to introduce an arbitrary number of parameters
for both the numerator and the denominator. The resulting function, denoted as pFq, is called the
generalized Gauss function or generalized hypergeometric function (for more information, see [4, p. 19]).
In 1880, Appell introduced four series F1 to F4, each of which is an analogue of the Gauss function
F (a, b; c; z). Horn [5] introduced the following ten hypergeometric functions in two variables, denoting
∗Corresponding author. E-mail: ryskan.a727@gmail.com
Received: 17 January 2025; Accepted: 5 January 2026.
c© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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them as G1, G2, G3, H1, ..., H7; he thus completed the set of all possible second-order (complete)
hypergeometric functions in two variables [4, p. 24]. Humbert defined seven confluent forms for the
four Appell functions [6], and he denoted these confluent hypergeometric functions in two variables by
Φ1, Φ2, Φ3, Ψ1, Ψ2, Ξ1, Ξ2. In addition, there exist 13 confluent forms of the Horn functions, which are
denoted by Γ1, Γ2, H1, ..., H11 [5] (see, also [7]). A significant contribution to the further development
of the theory of hypergeometric series in two variables was made by Horn, who proposed a general
definition and classification of double hypergeometric series. He studied the convergence properties
of hypergeometric series in two variables and identified systems of partial differential equations to
which these series correspond. Horn investigated hypergeometric series of the second order. He found
that among them there are series that are expressed through one variable, or are products of two
hypergeometric series, each of which depends on one variable. In addition, according to his conclusions,
there are 14 complete and 20 confluent different convergent series of the second order. Definitions and
convergence conditions for all 34 hypergeometric series in two variables are also given in [7].

Lauricella [8, p. 114] further generalized the four Applell series F1, F2, F3, F4 to series in n variables
and defined his multiple hypergeometric series denoted by F (n)

A , F (n)
B , F (n)

C and F (n)
D ; in this work he

introduced 14 complete hypergeometric series in three variables of the second order . He denoted his
triple hypergeometric series by the symbols F1, F2, ..., F14 of which F1, F2, F5 and F9 correspond,
respectively, to the three-variable Lauricella series F (3)

A , F (3)
B , F (3)

C and F
(3)
D . The remaining series

F3, F4, F6, F7,F8, F10,..., F14 of Lauricella’s set apparently fell into oblivion. Saran [9] initiated a
systematic study of these ten triple hypergeometric series of Lauricella’s set. Sahai and Verma [10,11]
proved new recursion and infinite summation formulas for the triple Lauricella functions. Currently,
Bezrodnykh [12–14] has obtained interesting results in the study of Lauricella functions.

In further study of Lauricella’s 14 hypergeometric series in three variables, Srivastava [15,16] disco-
vered three additional complete triple hypergeometric series of the second order. These series, labeled
HA, HB, and HC , were not part of Lauricella’s set and had not been previously reported in the
literature. At present, the properties of various generalizations of the Srivastava’s triple hypergeometric
functions are being studied [17], integral representations are established for them, and they are applied
to solving fractional differential equations [18]. A (p, q)-extensions of HA, HB, and HC are defined
and investigated in [19–21], respectively. Applications of the hypergeometric structures to the theory
of Feynman integrals are found recently in [22].

An extended presentation of results on hypergeometric functions of three variables, as well as
references to the original sources, is presented in the monograph by Srivastava and Karlsson [4], which
is considered a classic work in this area. This monograph contains an extensive bibliography, including
all relevant publications up to 1985. In particular, the authors compiled a table of 205 different
complete triple hypergeometric Gauss series, accompanied by references to their sources, if known.
Realizing the importance of integral representations of multiple hypergeometric functions for solving
applied problems, Hasanov and Ruzhansky [23] developed Euler-type integral representations for all
205 complete triple hypergeometric functions. Authors of the paper [24] established several new more
interesting integral representations of the Euler type and Laplace type for ten Gauss hypergeometric
functions of three variables. Later, a systems of partial differential equations that the indicated 205
functions satisfy are constructed and all their linearly independent solutions near the origin are found,
in those cases where such solutions exist [25].

However, comparatively less attention has been paid to the study of confluent hypergeometric
functions of three variables. In the work of Jain [26], individual functions representing confluent forms
of complete hypergeometric functions of three variables were investigated. In his paper [27] Ergashev
identified 395 degenerate hypergeometric functions of three variables, denoting them as E1, ..., E395.
He thus probably completed the classification of all possible second-order confluent hypergeometric
functions for three variables. The study also includes an analysis of systems of partial differential
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equations associated with these 395 functions. In addition, particular solutions of some systems of
differential equations near the origin were found, if such solutions exist.

Here we present integral representations for the functions E1, ..., E14 defined in [27]. We also
demonstrate the application of the confluent hypergeometric function E2 by constructing particular
solutions of the three-dimensional Helmholtz equation with singular coefficients.

This paper uses standard definitions and notations, including the Pochhammer symbol (λ)n, the
beta function B(x, y), the gamma function Γ(z), the Gauss hypergeometric function and its genera-
lization pFq [7], the Appell functions [28], the Humbert functions [6], the Horn functions [5] in two
variables, and the complete [4] and confluent [27] hypergeometric functions of three variables.

1 Preliminaries

A function

F (a, b; c; z) ≡ F
[
a, b;
c;

z

]
:=

∞∑
k=0

(a)k(b)k
(c)k

zk

k!
, |z| < 1, c 6= 0,−1,−2, ... (1)

is known as the Gaussian hypergeometric function.
The Gaussian hypergeometric series F (a, b; c; z) includes two numerator parameters a and b, and

one denominator parameter c. Its natural generalization is the introduction of an arbitrary number of
parameters in both the numerator and the denominator. The resulting series

pFq

[
(ap) ;
(bq) ;

z

]
≡ pFq [(ap) ; (bq) ; z] :=

∞∑
k=0

∏p
j=1 (aj)k∏q
j=1 (bj)k

zk

k!
, |z| < 1,

is known as the generalized Gauss series [7, p. 182], or simply, the generalized hypergeometric series.
Here p and q are positive integers or zero (interpreting an empty product as 1), and we assume that
the variable z, the numerator parameters a1,..., ap, and the denominator parameters b1, ..., bq take on
complex values, provided that bj 6= 0, −1, −2, ... ; j = 1, ..., q. In general (that is, except for certain
integer values of the parameters for which the series terminates or is undefined) pFq converges for all
finite z if p ≤ q, converges for |z| < 1 if p = q + 1, and diverges for all z 6= 0 if p > q + 1.

Gauss’ series (1) in the present notation is 2F1(a, b; c; z) ≡ F (a, b; c; z).
The double Appell hypergeometric functions are defined as following [28]:

F1

(
a, b, b′; c;x, y

)
=

∞∑
m,n=0

(a)m+n(b)m (b′)n
(c)m+nm!n!

xmyn, max {|x|, |y|} < 1, (2)

F2

(
a, b, b′; c, c′;x, y

)
=

∞∑
m,n=0

(a)m+n(b)m (b′)n
(c)m (c′)nm!n!

xmyn, |x|+ |y| < 1, (3)

F3

(
a, a′, b, b′; c;x, y

)
=

∞∑
m,n=0

(a)m (a′)n (b)m (b′)n
(c)m+nm!n!

xmyn, max {|x|, |y|} < 1, (4)

F4

(
a, b; c, c′;x, y

)
=

∞∑
m,n=0

(a)m+n(b)m+n

(c)m (c′)nm!n!
xmyn,

√
|x|+

√
|y| < 1, (5)

here, in all definitions (2)–(5), as usual, the denominator parameters c and c′ are neither zero nor a
negative integer.

Seven confluent forms of the four Appell series were introduced by Humbert [6], who denoted these
confluent hypergeometric series of two variables as follows:
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Φ1 (α, β; γ;x, y) =

∞∑
m,n=0

(α)m+n (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (6)

Φ2

(
β, β′; γ;x, y

)
=

∞∑
m,n=0

(β)m (β′)n
(γ)m+nm!n!

xmyn, (7)

Φ3 (β; γ;x, y) =
∞∑

m,n=0

(β)m
(γ)m+nm!n!

xmyn, (8)

Ψ1

(
α, β; γ, γ′;x, y

)
=

∞∑
m,n=0

(α)m+n (β)m
(γ)m(γ′)nm!n!

xmyn, |x| < 1, (9)

Ψ2

(
α; γ, γ′;x, y

)
=

∞∑
m,n=0

(α)m+n

(γ)m (γ′)nm!n!
xmyn, (10)

Ξ1

(
α, α′, β; γ;x, y

)
=

∞∑
m,n=0

(α)m (α′)n (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (11)

Ξ2 (α, β; γ;x, y) =
∞∑

m,n=0

(α)m (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (12)

where the denominator parameters γ and γ′ are neither zero nor a negative integer. The hypergeometric
functions defined in (6)–(12) are called Humbert functions.

In this paper we will establish integral representations for the following functions:

E1 (a1, a2, a3, a4, a5; c;x, y, z) =
∞∑

m,n,p=0

(a1)m(a2)m(a3)n(a4)n(a5)p
(c)m+n+p

xm

m!

yn

n!

zp

p!
,

1

|x|
+

1

|y|
> 1, (13)

E2 (a1, a2, a3, a4; c;x, y, z) =
∞∑

m,n,p=0

(a1)m(a2)m(a3)n(a4)n
(c)m+n+p

xm

m!

yn

n!

zp

p!
,

1

|x|
+

1

|y|
> 1, (14)

E3 (a1, a2, a3, a4; c;x, y, z) =

∞∑
m,n,p=0

(a1)m(a2)m(a3)n(a4)p
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, (15)

E4 (a1, a2, a3; c;x, y, z) =
∞∑

m,n,p=0

(a1)m(a2)m(a3)n
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, (16)

E5 (a1, a2, a3; c;x, y, z) =

∞∑
m,n,p=0

(a1)m(a2)n(a3)p
(c)m+n+p

xm

m!

yn

n!

zp

p!
, (17)

E6 (a, b; c;x, y, z) =
∞∑

m,n,p=0

(a)m(b)n
(c)m+n+p

xm

m!

yn

n!

zp

p!
, (18)

E7 (a1, a2, a3, a4; c;x, y, z) =

∞∑
m,n,p=0

(a1)m+n(a2)m(a3)n(a4)p
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, |y| < 1, (19)
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E8 (a1, a2, a3, a4; c;x, y, z) =
∞∑

m,n,p=0

(a1)m+n(a2)m(a3)p(a4)p
(c)m+n+p

xm

m!

yn

n!

zp

p!
,

1

|x|
+

1

|z|
> 1, (20)

E9 (a1, a2, a3; c;x, y, z) =
∞∑

m,n,p=0

(a1)m+n(a2)m(a3)n
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, |y| < 1, (21)

E10 (a1, a2, a3; c;x, y, z) =

∞∑
m,n,p=0

(a1)m+n(a2)m(a3)p
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, (22)

E11 (a, b; c;x, y, z) =
∞∑

m,n,p=0

(a)m+n(b)m
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, (23)

E12 (a1, a2, a3; c;x, y, z) =
∞∑

m,n,p=0

(a1)m+n(a2)n+p(a3)m
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, |y| < 1, (24)

E13 (a, b; c;x, y, z) =
∞∑

m,n,p=0

(a)m+n(b)n+p
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |y| < 1, (25)

E14 (a1, a2, a3; c;x, y, z) =

∞∑
m,n,p=0

(a1)m+n+p(a2)m(a3)n
(c)m+n+p

xm

m!

yn

n!

zp

p!
, |x| < 1, |y| < 1, (26)

New integral transforms for the two-variable analogous of the confluent hypergeometric functions
(13)–(26) are found in [29].

2 Single integral Representations

Theorem 1. If Re(α) > 0 and Re(β) > 0, then each of the following integral representation for
E1–E8 holds true:

E1 (α, a2, β, a4, a5; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 E7 (α+ β, a2, a4, a5; c;xξ, y − yξ, z) dξ, (27)

E2 (α, a2, β, a4, a5; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 E9 (α+ β, a2, a4; c;xξ, y − yξ, z) dξ, (28)

E3 (α, a2, β, a4; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 E10 (α+ β, a2, a4; c;xξ, y − yξ, z) dξ, (29)

E4 (a1, α, β; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 E11 (α+ β, a1; c;xξ, y − yξ, z) dξ, (30)

E5 (α, β, a; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 Ξ2 (α+ β, a; c;xξ + y − yξ, z) dξ, (31)

E6 (α, β; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 Φ3 (α+ β; c;xξ + y − yξ, z) dξ, (32)

E7 (a, α, β, b; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 Ξ1 (a, b, α+ β; c;xξ + y − yξ, z) dξ, (33)
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E8 (a1, α, β, a4; c;x, y, z) = k1

∫ 1

0
ξα−1 (1− ξ)β−1 E12 (α+ β, a1, a4; c; z − zξ, xξ, y) dξ, (34)

where k1 =
Γ (α+ β)

Γ (α) Γ (β)
.

Proof. Using the definition of the Beta function

B(α, β) =

∫ 1

0
ξα−1(1− ξ)β−1dξ, Reα > 0, Reβ > 0,

it is easy to establish the relation

(α)m(β)n
(α+ β)m+n

=
Γ (α+ β)

Γ (α) Γ (β)
B(α+m,β + n), m, n = 0, 1, 2, ... ,

i.e.,
(α)m(β)n

(α+ β)m+n
= k1

∫ 1

0
ξα−1+m(1− ξ)β−1+ndξ, Reα > 0, Reβ > 0, m, n = 0, 1, 2, ... , (35)

where (λ)ν = Γ(λ+ ν)/Γ(λ) is a Pochhammer symbol.
Applying the relation (35), we obtain the integral representations (27)–(30).
The proof of the representations (31)–(34) can be distinguished from the others by using the well-

known property of double power series

∞∑
m,n=0

f(m+ n)
xm

m!

yn

n!
=

∞∑
k=0

f(k)
(x+ y)k

k!
. (36)

To give an example, by virtue of the definition of E5, we have

E5 (α, β, a; c;x, y, z) =
∞∑

m,n,p=0

(α+ β)m+n(a)p
(c)m+n+p

xm

m!

yn

n!

zp

p!

∫ 1

0
ξα−1+m(1− ξ)β−1+ndξ

=

∫ 1

0
ξα−1(1− ξ)β−1

∞∑
m,n,p=0

(α+ β)m+n(a)p
(c)m+n+p

(xξ)m

m!

(y − yξ)n

n!

zp

p!
dξ.

Then using the property (36), we obtain

E5 (α, β, a; c;x, y, z) =

∫ 1

0
ξα−1(1− ξ)β−1

∞∑
k,p=0

(α+ β)k(a)p
(c)k+p

(xξ + y − yη)k

k!

zp

p!
dξ,

which asserts the validity of the representation (31). The Theorem 1 is proven.

Theorem 2. If Re (β) > Re (α) > 0, then the following integral representations are valid:

E7 (α, a2, a3, a4;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)a2 (1− yξ)a3 1F1 (a4, β − α; z − zξ) dξ, (37)

E8 (α, a2, a3, a4;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)a2
eyξ2F1 (a3, a4;β − α; z − zξ) dξ, (38)

E9 (α, a2, a3;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)a2 (1− yξ)a3 0F1 (−;β − α; z − zξ) dξ, (39)
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E10 (α, a2, a3;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)a2
eyξ1F1 (a3;β − α; z − zξ) dξ, (40)

E11 (α, b;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)b
eyξ0F1 (−;β − α; z − zξ) dξ, (41)

E12 (α, a2, a3;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)a3 (1− yξ)a2 1F1

(
a2;β − α;

z (1− ξ)
1− yξ

)
dξ, (42)

E13 (α, b;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− yξ)b
exξ1F1

(
b;β − α;

z (1− ξ)
1− yξ

)
dξ, (43)

E14 (α, a2, a3;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)a2 (1− yξ)a3
ezξdξ, (44)

E14 (a1, α, a3;β;x, y, z) = k2

∫ 1

0

ξα−1 (1− ξ)β−α−1

(1− xξ)a1
Φ1

(
a1, a3;β − α;

y (1− ξ)
1− xξ

,
z (1− ξ)
1− xξ

)
dξ, (45)

where k2 =
Γ (β)

Γ (α) Γ (β − α)
.

Proof. To prove integral representations (37)–(45), Euler’s formula for Gauss function [7, p. 59]

F (a, b; c;x) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

ξa−1(1− ξ)c−a−1

(1− xξ)b
dξ, Re(c) > Re(a) > 0 (46)

and the integral representation formula for Appell function

F1(a, b1, b2; c;x, y) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

ξa−1(1− ξ)c−a−1

(1− xξ)b1(1− yξ)b2
dξ, Re(c) > Re(a) > 0

are used.
Let’s consider the last equality (45) in Theorem 2. One can represent the confluent hypergeometric

function E14 in the form

E14 (a1, α, a3;β;x, y, z) =

∞∑
n,p=0

(a1)n+p (a3)n
(β)n+p

F (α, a1 + n+ p;β + n+ p;x)
yn

n!

zp

p!
.

Then, using the Euler’s formula (46) and the definition of the Humbert function Φ1 we obtain the
integral representation (45). The remaining integral representations in the Theorem 2 are proved
similarly. The Theorem 2 is proven.

3 Double integral Representations

Theorem 3. If Re (α) > 0, Re (β) > 0 and Re (γ) > 0, then the following integral representations
are valid:

E1 (a1, a2, a3, a4, a5;α+ β + γ;x, y, z) =k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1×

×2F1 (a1, a2;α;xξ) 2F1 (a3, a4;β; yη (1− ξ)) 1F1 (a5; γ; z (1− ξ) (1− η)) dξdη, (47)
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E1 (α, a2, β, a4, γ;α+ β + γ;x, y, z) =k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

× (1− xξ)−a2 (1− yη + yξη)−a4 ez(1−ξ)(1−η)dξdη, (48)

E1 (α, β, γ, a4, a5; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×E15 (α+ β + γ, a4, a5; c;xξ (1− ξ) η, y (1− ξ) (1− η) , z) dξdη, (49)

E1 (α, a2, β, a4, γ; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β−1 ηα+β−1 (1− η)γ−1 ×

×E14 (a2 + γ, a2, a4; c;xξη, y (1− ξ) η, z (1− η)) dξdη, (50)

E1 (α, a2, β, a4, γ; a2 + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β−1 ηα+β−1 (1− η)γ−1 ×

× (1− xξη)−a2 (1− yη + yξη)−a4 ez(1−η)dξdη, (51)

E2 (a1, a2, a3, a4, a5;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×2F1 (a1, a2;α;xξ) 2F1 (a3, a4;β; yη (1− ξ)) 0F1 (−; γ; z (1− ξ) (1− η)) dξdη, (52)

E2 (α, a2, c2, a4, a5;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

× (1− xξ)−a2 (1− yη + yξη)−a4 0F1 (−; γ; z (1− ξ) (1− η)) dξdη, (53)

E2 (α, β, γ, a4, a5; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×E17 (α+ β + γ, a4; c;xξ (1− ξ) η, y (1− ξ) (1− η) , z) dξdη, (54)

E3 (a1, a2, a3, a4;α+ β + γ;x, y, z) =k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×2F1 (a1, a2;α;xξ) 1F1 (a3;β; yη (1− ξ)) 1F1 (a4; γ; z (1− ξ) (1− η)) dξdη, (55)

E3 (α, a2, β, a4;α+ β + γ;x, y, z) =

= k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 (1− xξ)−a2 e(1−ξ)(yη+z−zη)dξdη, (56)

E3 (α, a2, a3, a4; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β−1 ηα+β−1 (1− η)γ−1 ×

×Φ1 (α+ β + γ, a2; c; yη (1− ξ) + z (1− η) , xξη) dηdξ, (57)

E3 (α, β, γ, a4; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×E18 (α+ β + γ, b; c;xξ (1− ξ) η, y (1− ξ) (1− η) , z) dξdη, (58)
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E4 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×2F1 (a1, a2;α;xξ) 1F1 (a3;β; yη (1− ξ)) 0F1 (−; γ; z (1− ξ) (1− η)) dξdη, (59)

E4 (α, β, γ; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×E19 (α+ β + γ; c;xξ (1− ξ) η, y (1− ξ) (1− η) , z) dξdη, (60)

E5 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×1F1 (a1;α;xξ) 1F1 (a2;β; yη (1− ξ)) 1F1 (a3; γ; z (1− ξ) (1− η)) dξdη, (61)

E6 (a, b;α+ β + γ;x, y, z) =k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×1F1 (a;α;xξ) 1F1 (b;β; yη (1− ξ)) 0F1 (−; γ; z (1− ξ) (1− η)) dξdη, (62)

E7 (a1, a2, a3, a4;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×F2 (a1; a2, a3;α, β;xξ, yη (1− ξ)) 1F1 (a4; γ; z (1− ξ) (1− η)) dξdη, (63)

E7 (β, a2, a3, a4;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0

ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1

(1− yη + yξη)a3
×

×F1

(
a2;β − γ, a3;α;xξ,

xξ

1− yη + yξη

)
1F1 (a4; γ; z (1− ξ) (1− η)) dξdη, (64)

E7 (α, a2, a3, a4; 2α+ β;x, y, z) = k4

∫ 1

0

∫ 1

0

ξα−1 (1− ξ)α+β−1 ηα−1 (1− η)β−1

(1− xξ)a2 (1− yη + yξη)a3
×

×2F1

(
a2, a3;α;

xyξη (1− ξ)
(1− xξ) (1− yη + yξη)

)
1F1 (a4;β; z (1− ξ) (1− η)) dξdη, (65)

E7 (a1, a2, a3, a4;α+ β + γ;x, y, z) =

= k3

∫ 1

0

∫ 1

0

ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1

(1− xξ − yη + yξη)a1
1F1 (a4; γ; z (1− ξ) (1− η))×

×F2

(
a1, α− a2, β − a3;α, β;

xξ

xξ + yη − yξη − 1
,

y

xξ + yη − yξη − 1

)
dξdη, (66)

E7 (a1, α, β, γ; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β−1 ηα+β−1 (1− η)γ−1 ×

×Φ1 (α+ β + γ, a1; c; z − zη, xξη + yη − yξη) dξdη, (67)

E7 (a1, α, β, γ; c;x, y, z) = k3

∫ 1

0

∫ 1

0

ξα−1ηα+β−1 (1− ξ)β−1 (1− η)γ−1

(1− z + zη)a1
×

×exξη+yη−yξηΦ1

(
c− α− β − γ, a1; c;

z − zη
z − zη − 1

,−xξη − yη + yξη

)
dξdη, (68)
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E8 (a1, a2, a3, a4;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×Ψ1 (a1, a2;β, α; yη − yξη, xξ) 2F1 (a3, a4; γ; z (1− ξ) (1− η)) dξdη, (69)

E8 (α, a2, a3, a4; c;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β−1 ηα+β−1 (1− η)γ−1 ×

×E21

(
α+ β + γ, a4; c;xξη

2, z, yξη
)
dξdη, (70)

E9 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×F2 (a1, a2, a3;α, β;xξ, yη − yξη) 0F1 (−; γ; z (1− ξ) (1− η)) dξdη, (71)

E9 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0

ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1

(1− yη + yξη)a3
×

×F1

(
a2;β − a3, a3;α;xξ,

xξ

1− yη + yξη

)
0F1 (−; γ; z (1− ξ) (1− η)) dξdη, (72)

E10 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×Ψ1 (a1, a2;α, β;xξ, yη (1− ξ)) 1F1 (a3; γ; z (1− ξ) (1− η)) dξdη, (73)

E10 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×Ψ1

(
a1, α− a2;α, β;

xξ

xξ − 1
,
yη (1− ξ)

1− xξ

)
1F1 (a3; γ; z (1− ξ) (1− η)) dξdη, (74)

E11 (a, b;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×Ψ1 (a, b;α, β;xξ, yη (1− ξ)) 0F1 (−; γ; z (1− ξ) (1− η)) dξdη, (75)

E12 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×E62 (a1, a2, a3;α, β, γ;xξ, yη (1− ξ) , z (1− ξ) (1− η)) dξdη, (76)

E12 (α, β, γ; c;x, y, z) = k3

1∫
0

1∫
0

ξα+γ−1 (1− ξ)β−1 ηα−1 (1− η)γ−1 ×

×H6

(
α+ β + γ; c;xξ2η (1− η) + yξ (1− ξ) η, z (1− ξ)

)
dξdη, (77)

E13 (a, b;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×E63 (a, b;α, β, γ;xξ, yη (1− ξ) , z (1− ξ) (1− η)) dξdη, (78)
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E14 (a1, a2, a3;α+ β + γ;x, y, z) = k3

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β+γ−1 ηβ−1 (1− η)γ−1 ×

×E64 (a1, a2, a3;α, β, γ;xξ, yη (1− ξ) , z (1− ξ) (1− η)) dξdη, (79)

E1 (α, a2, a3, a4, a5;α+ β + γ + δ;x, y, z) = k5

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β−1 ηγ−1 (1− η)δ−1×

× Ξ1 (α+ β, a5, γ + δ;α+ β + γ + δ;xξη + y (1− ξ) (1− η) , z) dξdη, (80)

where

k3 =
Γ (α+ β + γ)

Γ (α) Γ (β) Γ (γ)
, k4 =

Γ (2α+ β)

Γ2 (α) Γ (β)
, k5 =

Γ (α+ β) Γ (γ + δ)

Γ (α) Γ (β) Γ (γ) Γ (δ)
,

confluent hypergeometric functions E15, E17, E18, E19, E21, E62, E63 and E64 are defined in [27].

Proof. The proofs of the representations (47)–(80) are similar to the proofs of the previous theorems.

Theorem 4. If Re (α) > 0, Re (β) > 0 and Re (γ) > Re (α) + Re (β), then the following integral
representations are valid:

E5 (α, β, a; γ;x, y, z) = k6

∫ 1

0

∫ 1

0

ξα−1 (1− ξ)β−1 ηα+β−1 (1− η)γ−α−β−1

(1− yη − xξη + yξη)a
×

× 0F1 (−; γ − α− β; z − zη) dηdξ, (81)

E6 (α, β; γ;x, y, z) = k6

∫ 1

0

∫ 1

0
ξα−1 (1− ξ)β−1 ηα+β−1 (1− η)γ−α−β−1×

× exξη+yη−yξη0F1 (−; γ − α− β; z − zη) dξdη, (82)

where

k6 =
Γ (γ)

Γ (α) Γ (β) Γ (γ − α− β)
.

Proof. The proofs of the representations (81) and (82) are similar to the proofs of the previous
theorems.

4 Triple integral Representations

Theorem 5. The following integral representations are valid under certain restrictions on the nu-
merical parameters:

E2 (a1, a2, a3, a4, a5; c;x, y, z) =
Γ (a)

Γ (a1) Γ (a2) Γ (a3) Γ (a4)
×

×
1∫

0

1∫
0

1∫
0

ξa1−1 (1− ξ)a2+a3−1 ηa2−1 (1− η)a3−1 ζa1+a2+a3−1 (1− ζ)a4−1 ×

×Ξ2

(
a

2
,
a+ 1

2
; c; 4xξη (1− ξ) ζ2 + 4y (1− ξ) (1− η) ζ (1− ζ) , z

)
dξdηdζ, (83)

a := a1 + a2 + a3 + a4, Re (ak) > 0, k = 1, 2, 3, 4;
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E3 (a1, a2, a3, a4; c;x, y, z) =
Γ (a)

Γ (a1) Γ (a2) Γ (a3) Γ (a4)
×

×
1∫

0

1∫
0

1∫
0

ξa1−1 (1− ξ)a2+a3−1 ηa2−1 (1− η)a3−1 ζa1+a2+a3−1 (1− ζ)a4−1 ×

×H6

(
a; c;xξ (1− ξ) ηζ2, y (1− ξ) (1− η) ζ + z (1− ζ)

)
dξdηdζ, (84)

a := a1 + a2 + a3 + a4, Re (ak) > 0, k = 1, 2, 3, 4;

E7 (a1, a2, a3, a4; c1 + c2 + c3;x, y, z) =
Γ (a2 + a3)

Γ (a2) Γ (a3)

Γ (c1 + c2 + c3)

Γ (c1) Γ (c2) Γ (c3)
×

×
1∫

0

1∫
0

1∫
0

ξc1−1 (1− ξ)c2+c3−1 ηc2−1 (1− η)c3−1 ζa2−1 (1− ζ)a3−1 ×

×F4 (a1, a2 + a3; c1, c2;xξζ, yη (1− ξ) (1− ζ)) 1F1 (a4; c3; z (1− ξ) (1− η)) dξdηdζ, (85)

Re (a2) > 0, Re (a3) > 0, Re (ck) > 0, k = 1, 2, 3;

E7 (a1, a2, a3, a4; c;x, y, z) =
Γ (c)

Γ (a2) Γ (a3) Γ (a4) Γ (c− a2 − a3 − a4)
×

×
1∫

0

1∫
0

1∫
0

ξa2−1 (1− ξ)a3−1 ηa4−1(1− η)a2+a3−1ζa2+a3+a4−1 (1− ζ)c−a2−a3−a4−1 ×

× (1− zηζ)−a4 exξηζ+y(1−ξ)(1−η)ζdζdξdη, (86)

Re (ak) > 0, k = 2, 3, 4, Re (c− a2 − a3 − a4) > 0;

E9 (a1, a2, a3; c1 + c2 + c3;x, y, z) =
Γ (a2 + a3)

Γ (a2) Γ (a3)

Γ (c1 + c2 + c3)

Γ (c1) Γ (c2) Γ (c3)
×

×
1∫

0

1∫
0

1∫
0

ξc1−1 (1− ξ)c2+c3−1 ηc2−1 (1− η)c3−1 ζa2−1 (1− ζ)a3−1 ×

×F4 (a1, a2 + a3; c1, c2;xξζ, yη (1− ξ) (1− ζ)) 0F1 (−; c3; z (1− ξ) (1− η)) dξdηdζ, (87)

Re (a2) > 0, Re (a3) > 0, Re (ck) > 0, k = 1, 2, 3;

E9 (a1, a2, a3; c1 + c2 + c3;x, y, z) =
Γ (a1 + a2)

Γ (a1) Γ (a2)

Γ (c1 + c2 + c3)

Γ (c1) Γ (c2) Γ (c3)
×

×
1∫

0

1∫
0

1∫
0

ξc1−1 (1− ξ)c2+c3−1 ηc2−1 (1− η)c3−1 ζa1−1 (1− ζ)a2−1 ×

×H4 (a1 + a2, a3; c1, c2;xξζ(1− ζ), yηζ(1− ξ)) 0F1 (−; c3; z (1− ξ) (1− η)) dξdηdζ, (88)

Re (a2) > 0, Re (a3) > 0, Re (ck) > 0, k = 1, 2, 3;
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E10 (a1, a2, a3; c1 + c2 + c3;x, y, z) =
Γ (c1 + c2 + c3)

Γ (a2) Γ (c1 − a2) Γ (c2) Γ (c3)
×

×
1∫

0

1∫
0

1∫
0

ξc1−1 (1− ξ)c2+c3−1 ηc2−1 (1− η)c3−1 ζa2−1 (1− ζ)c1−a2−1

(1− xξζ)a1
×

×1F1

(
a1; c2;

yη (1− ξ)
1− xξζ

)
1F1 (a3; c3; z (1− ξ) (1− η)) dξdηdζ, (89)

where
Re (c1 − a2) > 0, Re (ck) > 0, k = 1, 2, 3.

Proof. The proofs of the representations (83)–(89) are similar to the proofs of the previous theorems.

Similar integral formulas involving confluent hypergeometric functions of three variables are dis-
cussed in [30].

5 Application

The confluent hypergeometric function E2 has important applications. In the recent paper [31]
particular solutions, including the solution of the Dirichlet problem for the three-dimensional singular
Helmholtz equation

uxx + uyy + uzz +
2α

x
ux +

2β

y
uy +

2γ

z
uz − λ2u = 0, 0 < 2α, 2β, 2γ < 1

in the infinite first octant Ω ≡ {(x, y, z) : x > 0, y > 0, z > 0} are expressed through a function E2

(in the work [31] the function E2 is denoted as A2).
Another recent paper [32] derives important relations linking function E1 with Appell function F3,

Humbert functions Φ1, Φ2, Φ3, Ξ1, Ξ2, generalized hypergeometric function pFq and Kampé de Fériet
function F p:q;kl:m;n (for details on Kampé de Fériet function see [33–35]).

Conclusion

As is known [27], the list of confluent hypergeometric functions of three variables was compiled
recently, however, the confluent functions E1–E14 investigated in this paper were first introduced by
Jain [26] in 1966, who limited himself to composing systems of partial differential equations corres-
ponding to these functions. Until now, the scientific community has not known any applications of the
confluent hypergeometric functions E1–E14, except for the function E2 discussed in the Application
section.
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The study of matrix operators acting between weighted sequence spaces lp,v and lq,u has become an impor-
tant direction in functional analysis, particularly due to its close connection with Hardy-type inequalities
and the general theory of linear operators on discrete structures. A key problem in this framework is deter-
mining when such operators are bounded and obtaining precise value or sharp estimates for their operator
norms. Although considerable attention has been devoted to matrix operators whose entries satisfy the
so-called Oinarov conditions, including several extensions to broader classes of kernels, the literature still
lacks comprehensive norm estimates, especially in the case 1 < q < p < ∞. In this paper, we establish
necessary and sufficient criteria for the boundedness of matrix operators with entries satisfying the Oinarov
conditions. Furthermore, we provide both lower and upper estimates for their norms. These results not
only refine previously known inequalities but also provide new tools for analyzing the structure and behav-
ior of weighted sequence spaces. Applications of our findings include spectral characterization of matrix
operators, investigation of oscillatory and non-oscillatory properties of solutions to higher-order difference
equations, and the evaluation of sequences via their discrete derivatives.

Keywords: operator, matrix, sequence, norm, discrete analysis, Hardy-type inequality, weight function,
kernel, Lebesgue sequence space, best constant.

2020 Mathematics Subject Classification: Primary 47B37, 47A30; Secondary 26D10, 39A12.

Introduction

Let 1 < p, q < ∞ and let u = {un}∞n=1 and v = {vn}∞n=1 be positive sequences of real numbers,
which we call weights. Denote by lp,v the space of all sequences f = {fn}∞n=1 of real numbers for which
the norm

‖f‖lp,v =

( ∞∑
n=1

|fn|pvn

) 1
p

is finite. Similarly, the space lq,u is defined. Let us consider the following triangular matrix operator

A : lp,v → lq,u, (Af)n :=
n∑
k=1

an,kfk (1)

acting between weighted sequence spaces lp,v and lq,u. The entries a := {an,k}∞n,k=1, n ≥ k ≥ 1 are
nonnegative an,k ≥ 0.

Since the 1980s, conditions ensuring the boundedness of the operator, that is, the existence of a
constant C > 0 such that the inequality

‖Af‖lq,u ≤ C‖f‖lp,v ,

∗Corresponding author. E-mail: komilkuliev@gmail.com
Received: 28 May 2025; Accepted: 25 December 2025.
c© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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i.e., discrete weighted Hardy type inequality (HTI)( ∞∑
n=1

∣∣∣∣∣
n∑
k=1

an,kfk

∣∣∣∣∣
q

un

) 1
q

≤ C

( ∞∑
n=1

|fn|pvn

) 1
p

(2)

holds for all f ∈ lp,v — for various forms of an,k have been established.
If an,k ≡ 1, then the inequality takes the form( ∞∑

n=1

∣∣∣∣∣
n∑
k=1

fk

∣∣∣∣∣
q

un

) 1
q

≤ C

( ∞∑
n=1

|fn|pvn

) 1
p

, (3)

which is called general weighted inequality (GWI). In 1983, K.F. Andersen and H.P. Heinig provided
a characterization of the weight conditions ensuring the validity of inequality (3) in the case 1 < p ≤
q < ∞. Subsequently, in 1985, H.P. Heinig established a sufficient condition for the same inequality
and derived estimates for its best constant C = ‖A‖lp,v→lq,u in the case 1 < q < p < ∞, see e.g. [1].
We now present Heinig’s result in a form adapted to the GWI

A =

 ∞∑
n=1

( ∞∑
k=n

uk

) r
q
(

n∑
k=1

v1−p
′

k

) r
q′

v1−p
′

n

 1
r

<∞ (4)

and the corresponding upper estimate
C ≤ q

1
q (p′)

1
q′A, (5)

which will be used in the proof of the main theorem of this work, where 1
p + 1

p′ = 1 and 1
q + 1

q′ = 1.
If {an,k} is different from constant sequence then the analysis of HTI becomes considerable more

complicated. The first result was obtained by K.F. Andersen and H.P. Heinig, who established sufficient
conditions for the validity of the inequality in the case 1 < p ≤ q < ∞ under a specific choice of the
kernel an,k, which was assumed to be non-increasing in k and non-decreasing in n. For further details,
see [1] and the references therein.

Later, R. Oinarov, C.A. Okpoti, and L.-E. Persson [2], as well as R. Oinarov, S. Shalginbayeva,
T. Temirkhanova and others [3–5] obtained necessary and sufficient conditions for the boundedness of
the matrix operator in the case 1 < q < p < ∞. Their results hold under hypotheses on the entries
an,k that are weaker than those originally imposed by Oinarov. Estimates of the best constant in the
discrete Hardy-type inequality for matrix operators satisfying Oinarov condition are given in [6].

Most of the works cited above focus on characterizing boundedness; by contrast, exact values
or even two-sided estimates for the operator norm are rarely treated. Recently, several papers have
appeared that provide lower and upper bounds for the norm of the integral analogue of this matrix
operator (see, for example, [7, 8]).

There are also a number of related contributions concerning iterated discrete Hardy inequalities
[9, 10], three-weight inequalities [11, 12], and the boundedness of iterated matrix operators [13, 14],
which may be consulted for further reference.

In this paper, we derive lower and upper estimates for the norm of the matrix operator, as well as
necessary and sufficient conditions for its boundedness, in the case 1 < q < p < ∞. We consider the
operators whose entries {an,k} are non-decreasing in n, non-increasing in k, and satisfy the condition

an,k ≤ h(an,l + al,k) for all n ≥ l ≥ k ≥ 1 (6)

for some h ≥ 1. These conditions are known in the theory of Hardy-type inequalities as Oinarov
conditions.
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1 Main results

In this section, we present the main result of the paper along with the auxiliary lemmas needed for
its proof. We begin by introducing the following notations:

B1 :=

 ∞∑
n=1

( ∞∑
k=n

aqk,nuk

) r
q
(

n∑
k=1

v1−p
′

k

) r
q′

v1−p
′

n

 1
r

and

B2 :=

 ∞∑
n=1

( ∞∑
k=n

uk

) r
p
(

n∑
k=1

ap
′

n,kv
1−p′
k

) r
p′

un

 1
r

,

where 1
r = 1

q −
1
p .

Let us present the auxiliary lemmas, with particular emphasis on the constants appearing in the
estimates, as they play a crucial role in determining sharp estimates for the norm of the operator.

Lemma 1. Let 1 < q < ∞ and {un} ∈ `1 be a nonnegative sequence. Then for any m ∈ N the
following estimate holds

∞∑
n=m

( ∞∑
k=n

uk

)− 1
q

un ≤ q′
( ∞∑
k=m

uk

) 1
q′

, (7)

where q′ = q
q−1 .

Proof. Let denote

xn =
∞∑
k=n

uk,

so that xm ≥ ... ≥ xn ≥ xn+1 ≥ ... ≥ 0. Then inequality (7) can be written as

∞∑
n=m

x
− 1

q
n (xn − xn+1) ≤ q′x

1
q′
m ,

where q′ = q
q−1 . To estimate the left hand side, observe that

∞∑
n=m

xn − xn+1

x
1
q
n

=
∞∑
n=m

(∫ xn

xn+1

1

x
1
q
n

dx

)
≤
∞∑
n=m

(∫ xn

xn+1

1

x
1
q

dx

)
=

∫ xm

0

1

x
1
q

dx = q′x
1
q′
m .

The proof is complete.

Lemma 2. Let 1 < q < ∞, and {un} ∈ `1 be a nonnegative sequence. Suppose the entries {an,k}
of the matrix operator satisfy Oinarov conditions. Then, for every nonnegative sequence {fn} ∈ lp,v,
the following estimate holds:

∞∑
n=1

(
n∑
k=1

an,kfk

)q
un ≤ (2h)q−1q[S1 + S2], (8)

where

S1 =

∞∑
m=1

fm

( ∞∑
n=m

aqn,mun

)(
m∑
k=1

fk

)q−1
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and

S2 =

∞∑
m=1

fm

( ∞∑
n=m

an,mun

)(
m∑
k=1

am,kfk

)q−1
.

Proof. Using Lagrange’s mean value theorem, Fubini’s theorem, Oinarov condition (6) and the
inequality

(a+ b)q−1 ≤ 2q−1(aq−1 + bq−1) for all a, b ≥ 0,

we estimate the left hand side of (8) in the form

∞∑
n=1

(
n∑
k=1

an,kfk

)q
un =

∞∑
n=1

(
n∑

m=1

[(
m∑
k=1

an,kfk

)q
−

(
m−1∑
k=1

an,kfk

)q])
un

= q
∞∑
n=1

 n∑
m=1

an,mfm

(
m−1∑
k=1

an,kfk + ξn,man,mfm

)q−1un

≤ q
∞∑
n=1

 n∑
m=1

an,mfm

(
m∑
k=1

an,kfk

)q−1un

= q

∞∑
m=1

fm

 ∞∑
n=m

an,mun

(
m∑
k=1

an,kfk

)q−1
≤ qhq−1

∞∑
m=1

fm

 ∞∑
n=m

an,mun

(
an,m

m∑
k=1

fk +

m∑
k=1

am,kfk

)q−1
≤ (2h)q−1q

∞∑
m=1

fm

 ∞∑
n=m

aqn,mun

(
m∑
k=1

fk

)q−1
+
∞∑
n=m

an,mun

(
m∑
k=1

am,kfk

)q−1
= (2h)q−1q

 ∞∑
m=1

fm

( ∞∑
n=m

aqn,mun

)(
m∑
k=1

fk

)q−1
+
∞∑
m=1

fm

( ∞∑
n=m

an,mun

)(
m∑
k=1

am,kfk

)q−1
= (2h)q−1q[S1 + S2],

where ξn,m ∈ (0, 1), m = 1, 2, ..., n.
The proof is complete.

Theorem 1. Let 1 < q < p < ∞ and the entries {an,k} of matrix operator (1) satisfy Oinarov
conditions. Then the operator acting between weighted sequence spaces lp,v and lq,u is bounded, i.e.,
inequality (2) holds if and only if

B = max{B1, B2} <∞.

Moreover, the following estimates are valid for its norm

max

{(
p′q

r

) 1
q′

B1,

(
p′q

r

) 1
p

B2

}
≤ ‖A‖lp→lq ≤

(
(2h)q−1q3(p′)q−1 + (2h)q(q−1)qq

(
q′
) q2

p

) 1
q

B,

where p′ = p
p−1 , q

′ = q
q−1 .
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Proof. Let us recall that, for inequality (2) to hold, it is necessary and sufficient that the inequality

( ∞∑
n=1

(
n∑
k=1

an,kfk

)q
un

) 1
q

≤ C

( ∞∑
n=1

fpnvn

) 1
p

(9)

holds for all nonnegative sequences {fn} ∈ lp,v.
(Necessity and lower estimate.) To investigate the necessity of the conditions and to derive a lower

estimate for the best constant C, we consider the dual form of inequality (9):

 ∞∑
k=1

v1−p
′

k

( ∞∑
n=k

an,kgn

)p′ 1
p′

≤ C

( ∞∑
k=1

u1−q
′

k gq
′

k

) 1
q′

, (10)

where {gk} ∈ lq′,u1−q′ . It is well known that these inequalities are equivalent in the sense that the
validity of the dual inequality is both necessary and sufficient for the validity of (9). Moreover, their
best constants coincide (see, for example, [2]).

Let us assume that (9) holds for a finite constant C and, for fixed n ∈ Z+, apply the following test
sequence to (9):

(fN )k :=

(
N∑
n=k

aqn,kun

) 1
p−q
(

k∑
n=1

v1−p
′

n

) q−1
p−q

v1−p
′

k χ[1,N ](k), (11)

where χ[1,N ](k) is the characteristic sequence. Putting (11) to the right hand side of (9), we have

( ∞∑
k=1

(fN )pkvk

) 1
p

=

 N∑
k=1

(
N∑
n=k

aqn,kun

) p
p−q
(

k∑
n=1

v1−p
′

n

) p(q−1)
p−q

v1−p
′

k


1
p

=

 N∑
k=1

(
N∑
n=k

aqn,kun

) r
q
(

k∑
n=1

v1−p
′

n

) r
q′

v1−p
′

k


1
p

. (12)

For the left hand side of (9), apply Fubini’s theorem and we find that

∞∑
n=1

(
n∑
k=1

an,k(fN )k

)q
un ≥

N∑
n=1

(
n∑
k=1

an,k(fN )k

)q
un

=

N∑
n=1

 n∑
k=1

an,k(fN )k

(
n∑
k=1

an,k(fN )k

)q−1un

≥
N∑
n=1

 n∑
k=1

an,k(fN )k

(
k∑
l=1

an,l(fN )l

)q−1un

=
N∑
k=1

(fN )k

 N∑
n=k

an,k

(
k∑
l=1

an,l(fN )l

)q−1
un


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[using an,k ≤ an,l for n ≥ k ≥ l ≥ 1]

≥
N∑
k=1

(fN )k

N∑
n=k

aqn,kun

(
k∑
l=1

(fN )l

)q−1

=
N∑
k=1

(fN )k

N∑
n=k

aqn,kun

 k∑
l=1

v1−p
′

l

(
N∑
n=l

aqn,lun

) 1
p−q
(

l∑
n=1

v1−p
′

n

) q−1
p−q


q−1

[using now an,k ≤ an,l for n ≥ k ≥ l ≥ 1 again and then Lemma 1]

≥
N∑
k=1

(fN )k

(
N∑
n=k

aqn,kun

) p−1
p−q

 k∑
l=1

v1−p
′

l

(
l∑

n=1

v1−p
′

n

) q−1
p−q


q−1

≥
(
p− q
p− 1

)q−1 N∑
k=1

(fN )k

(
N∑
n=k

aqn,kun

) p−1
p−q
(

k∑
l=1

v1−p
′

l

) (p−1)(q−1)
p−q

=

(
p′q

r

)q−1 N∑
k=1

(
N∑
n=k

aqn,kun

) p
p−q
(

k∑
l=1

v1−p
′

l

) p(q−1)
p−q

v1−p
′

k ,

i.e., ( ∞∑
n=1

(
n∑
k=1

an,k(fN )k

)q
un

) 1
q

≥
(
p′q

r

) 1
q′

 N∑
k=1

(
N∑
n=k

aqn,kun

) r
q
(

k∑
l=1

v1−p
′

l

) r
q′

v1−p
′

k


1
q

. (13)

Using (12) and (13) estimates in inequality (9), we obtain

(
p′q

r

) 1
q′

 N∑
k=1

(
N∑
n=k

aqn,kun

) r
q
(

k∑
l=1

v1−p
′

l

) r
q′

v1−p
′

k


1
r

≤ C

and from this with a constant independent of N and hence, letting N →∞, we obtain(
p′q

r

) 1
q′

B1 ≤ C. (14)

Now for fixed N ∈ Z+ apply the following test sequence to (10) gN = {(gN )k}∞k=1, where

(gN )k := uk

(
N∑
n=k

un

) q−1
p−q
(

k∑
l=1

ap
′

k,lv
1−p′
l

) (p−1)(q−1)
p−q

χ[1,N ](k). (15)

Applying (15) to the right hand side of (10), we have

( ∞∑
k=1

u1−q
′
(gN )k

q′

) 1
q′

=

 N∑
k=1

uk

(
N∑
n=k

un

) q
p−q
(

k∑
l=1

ap
′

k,lv
1−p′
l

) q(p−1)
p−q


1
q′

=

 N∑
k=1

uk

(
N∑
n=k

un

) r
p
(

k∑
l=1

ap
′

k,lv
1−p′
l

) r
p′


1
q′

. (16)
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Applying Fubini’s theorem for the left-hand side of (10), we obtain

∞∑
k=1

v1−p
′

k

( ∞∑
n=k

an,k(gN )n

)p′
=

N∑
k=1

v1−p
′

k

(
N∑
n=k

an,k(gN )n

)p′

=
N∑
k=1

v1−p
′

k

 N∑
n=k

an,k(gN )n

(
N∑
n=k

an,k(gN )n

)p′−1
≥

N∑
k=1

v1−p
′

k

 N∑
n=k

an,k(gN )n

(
N∑
l=n

al,k(gN )l

)p′−1
=

N∑
n=1

(gN )n

 n∑
k=1

an,kv
1−p′
k

(
N∑
l=n

al,k(gN )l

)p′−1
≥

N∑
n=1

(gN )n

(
N∑
l=n

(gN )l

)p′−1( n∑
k=1

ap
′

n,kv
1−p′
k

)

≥
N∑
n=1

(gN )n

 N∑
l=n

ul

(
l∑

k=1

ap
′

l,kv
1−p′
k

) (p−1)(q−1)
p−q

(
N∑
k=l

uk

) q−1
p−q


p′−1(

n∑
k=1

ap
′

n,kv
1−p′
k

)

≥
N∑
n=1

(gN )n

(
n∑
k=1

ap
′

n,kv
1−p′
k

) p−1
p−q

 N∑
l=n

ul

(
N∑
k=l

uk

) q−1
p−q


p′−1

≥
(
p− q
p− 1

)p′−1 N∑
n=1

(gN )n

(
n∑
k=1

ap
′

n,kv
1−p′
k

) p−1
p−q
(

N∑
l=n

ul

) 1
p−q

=

(
p− q
p− 1

)p′−1 N∑
n=1

un

(
n∑
k=1

ap
′

n,kv
1−p′
k

) (p−1)(q−1)
p−q

(
N∑
l=n

ul

) q−1
p−q
(

n∑
k=1

ap
′

n,kv
1−p′
k

) p−1
p−q
(

N∑
l=n

ul

) 1
p−q

=

(
p− q
p− 1

)p′−1 N∑
n=1

un

(
n∑
k=1

ap
′

n,kv
1−p′
k

) q(p−1)
p−q

(
N∑
l=n

ul

) q
p−q

=

(
p′q

r

)p′−1 N∑
n=1

un

(
n∑
k=1

ap
′

n,kv
1−p′
k

) r
p′
(

N∑
l=n

ul

) r
p

,

i.e.,  ∞∑
k=1

v1−p
′

k

( ∞∑
n=k

an,k(gN )n

)p′ 1
p′

≥
(
p′q

r

) 1
p

 N∑
n=1

un

(
N∑
l=n

ul

) r
p
(

n∑
k=1

ap
′

n,kv
1−p′
k

) r
p′


1
p′

. (17)

Using (16) and (17) in inequality (10), we obtain

(
p′q

r

) 1
p

 N∑
n=1

un

(
N∑
l=n

ul

) r
p
(

n∑
k=1

ap
′

n,kv
1−p′
k

) r
p′


1
r

≤ C
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with a constant independent of N and hence, letting N →∞, we obtain(
p′q

r

) 1
p

B2 ≤ C. (18)

Thus, in view of (14), (18) and our assumption, we have

max

{(
p′q

r

) 1
q′

B1,

(
p′q

r

) 1
p

B2

}
≤ C.

The necessity part is proved.
(Sufficiency and upper estimate.) Now, we proceed to estimate the right-hand side of (9). To this

end, taking into account Lemma 2, we estimate the terms S1 and S2 separately:

S1 =
∞∑
m=1

fm

( ∞∑
n=m

aqn,mun

)(
m∑
k=1

fk

)q−1

=
∞∑
m=1

( ∞∑
n=m

aqn,mun

)(
m∑
k=1

fk −
m−1∑
k=1

fk

)(
m∑
k=1

fk

)q−1

≤
∞∑
m=1

( ∞∑
n=m

aqn,mun

)[(
m∑
k=1

fk

)q
−

(
m−1∑
k=1

fk

)q]

=

∞∑
m=1

( ∞∑
n=m

aqn,mun

)(
m∑
k=1

fk

)q
−
∞∑
m=1

( ∞∑
n=m

aqn,mun

)(
m−1∑
k=1

fk

)q

=

∞∑
m=1

( ∞∑
n=m

aqn,mun

)(
m∑
k=1

fk

)q
−
∞∑
m=1

( ∞∑
n=m+1

aqn,m+1un

)(
m∑
k=1

fk

)q

=
∞∑
m=1

[( ∞∑
n=m

aqn,mun

)
−

( ∞∑
n=m+1

aqn,m+1un

)](
m∑
k=1

fk

)q

=

∞∑
m=1

ūm

(
m∑
k=1

fk

)q

≤ Cqp,q

( ∞∑
m=1

fpmvm

) q
p

.

To get the last estimate we used inequality (3) with the weight sequence ūm := (
∑∞

n=m a
q
n,mun) −(∑∞

n=m+1 a
q
n,m+1un

)
, since the satisfying of which follows from condition (4), i.e.,

∞∑
n=1

( ∞∑
k=n

ūk

) r
q
(

n∑
k=1

v1−p
′

k

) r
q′

v1−p
′

n =

=

∞∑
n=1

( ∞∑
k=n

[( ∞∑
m=k

aqm,kum

)
−

( ∞∑
m=k+1

aqm,k+1um

)]) r
q
(

n∑
k=1

v1−p
′

k

) r
q′

v1−p
′

n

=

∞∑
n=1

( ∞∑
m=n

aqm,num

) r
q
(

n∑
k=1

v1−p
′

k

) r
q′

v1−p
′

n = Br
1 <∞.
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Moreover, using (5), we obtain the estimate for the best constant Cp,q, i.e.,

Cp,q ≤ q
1
q (p′)

1
q′B1.

Therefore,

S
1
q

1 ≤ q
1
q (p′)

1
q′B1‖f‖p,v,

i.e.,
S1 ≤ q(p′)q−1Bq

1‖f‖
q
p,v. (19)

Now we estimate S2. Applying Hölder inequality, we get

S2 =
∞∑
m=1

fm

( ∞∑
n=m

an,mun

)(
m∑
k=1

am,kfk

)q−1

≤

( ∞∑
m=1

fpmvm

) 1
p

 ∞∑
m=1

v1−p
′

m

( ∞∑
n=m

an,mun

)p′ ( m∑
k=1

am,kfk

)(q−1)p′
 1

p′

= ‖f‖p,vS̄
1
p′
2 ,

where

S̄2 =

∞∑
m=1

( ∞∑
n=m

an,mun

)p′ ( m∑
k=1

am,kfk

)(q−1)p′

v1−p
′

m .

To estimate S̄2, we proceed as follows:

S̄2 =
∞∑
m=1

v1−p
′

m

( ∞∑
n=m

an,mun

)p′ m∑
l=1

( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al,kfk

)(q−1)p′
=

∞∑
l=1

 ∞∑
m=l

v1−p
′

m

( ∞∑
n=m

an,mun

)p′( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al,kfk

)(q−1)p′
[we apply the generalized Minkowskii inequality to the second bracket]

≤
∞∑
l=1

( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al−1,kfk

)(q−1)p′ ∞∑
n=l

un

(
n∑

m=1

ap
′
n,mv

1−p′
m

) 1
p′
p′

=

∞∑
l=1

 ∞∑
n=l

( ∞∑
m=n

um

) 1
p
(

n∑
m=1

ap
′
n,mv

1−p′
m

) 1
p′

u
1− q

p
n

( ∞∑
m=n

um

)− 1
p

u
q
p
n

p
′

×

( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al−1,kfk

)(q−1)p′
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[applying Hölder inequality with the degrees p
p−q and p

q and according to (7), we have]

≤
∞∑
l=1

 ∞∑
n=l

( ∞∑
m=n

um

) 1
p−q
(

n∑
m=1

ap
′
n,mv

1−p′
m

) p−1
p−q

un


p−q
p−1
 ∞∑
n=l

( ∞∑
m=n

um

)− 1
q

un


q

p−1

×

( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al−1,kfk

)(q−1)p′

≤
(
q′
) q

p−1

∞∑
l=1

 ∞∑
n=l

( ∞∑
m=n

um

) 1
p−q
(

n∑
m=1

ap
′
n,mv

1−p′
m

) p−1
p−q

un


p−q
p−1

×

( ∞∑
m=l

um

) q−1
p−1

( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al−1,kfk

)(q−1)p′
[again applying Hölder inequality with the degrees p−1

p−q and p−1
q−1 , we get]

≤
(
q′
) q

p−1

 ∞∑
l=1

 ∞∑
n=l

( ∞∑
m=n

um

) 1
p−q
(

n∑
m=1

ap
′
n,mv

1−p′
m

) p−1
p−q

un



×

( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al−1,kfk

)(q−1)p′
1
p′


p−q
p−1

×

 ∞∑
l=1

( ∞∑
m=l

um

)( l∑
k=1

al,kfk

)(q−1)p′

−

(
l−1∑
k=1

al−1,kfk

)(q−1)p′
q′
p′


q−1
p−1

[applying the inequality (x− y)α ≤ xα− yα (0 < α < 1), followed by Fubini’s theorem on the first and
second products, we get]

≤
(
q′
) q

p−1

 ∞∑
l=1

 ∞∑
n=l

( ∞∑
m=n

um

) 1
p−q
(

n∑
m=1

ap
′
n,mv

1−p′
m

) p−1
p−q

un


×

( l∑
k=1

al,kfk

)q−1
−

(
l−1∑
k=1

al−1,kfk

)q−1
p−q
p−1

×

[ ∞∑
l=1

( ∞∑
m=l

um

)((
l∑

k=1

al,kfk

)q
−

(
l−1∑
k=1

al−1,kfk

)q)] q−1
p−1
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=
(
q′
) q

p−1

 ∞∑
n=1

( ∞∑
m=n

um

) 1
p−q
(

n∑
m=1

ap
′
n,mv

1−p′
m

) p−1
p−q

un

×

 n∑
l=1

( l∑
k=1

al,kfk

)q−1
−

(
l−1∑
k=1

al−1,kfk

)q−1
p−q
p−1

×

[ ∞∑
m=1

um

(
m∑
l=1

(
l∑

k=1

al,kfk

)q
−

(
l−1∑
k=1

al−1,kfk

)q)] q−1
p−1

=
(
q′
) q

p−1

 ∞∑
n=1

( ∞∑
m=n

um

) 1
p−q
(

n∑
m=1

ap
′
n,mv

1−p′
m

) p−1
p−q

u
1
q
nu

1
q′
n

(
n∑
k=1

an,kfk

)q−1
p−q
p−1

×

[ ∞∑
m=1

(
m∑
k=1

am,kfk

)q
um

] q−1
p−1

[applying Hölder inequality with exponents q and q′ to the first product, we obtain]

=
(
q′
) q

p−1


 ∞∑
n=1

( ∞∑
m=n

um

) q
p−q
(

n∑
m=1

ap
′
n,mv

1−p′
m

) q(p−1)
p−q

un


1
q [ ∞∑

n=1

(
n∑
k=1

an,kfk

)q
un

] 1
q′


p−q
p−1

S
q−1
p−1

=
(
q′
) q

p−1

 ∞∑
n=1

( ∞∑
m=n

um

) r
p
(

n∑
m=1

ap
′
n,mv

1−p′
m

) r
p′

un


p−q

q(p−1) [ ∞∑
n=1

(
n∑
k=1

an,kfk

)q
un

] p−q
q′(p−1)

S
q−1
p−1

=
(
q′
) q

p−1

 ∞∑
n=1

( ∞∑
m=n

um

) r
p
(

n∑
m=1

ap
′
n,mv

1−p′
m

) r
p′

un


p′
r

S
p−q

q′(p−1)S
q−1
p−1

=
(
q′
) q

p−1 Bp′

2 S
p′
q′ .

Thus, we have

S̄2 ≤
(
q′
) q

p−1 Bp′

2 S
p′
q′

and then
S2 ≤ ‖f‖p,vS̄

1
p′
2 ≤ ‖f‖p,v

(
q′
) q

p B2S
1
q′ . (20)

By summing estimates (19) and (20), we obtain

S ≤ (2h)q−1q[S1 + S2]

≤ (2h)q−1q
[
q(p′)q−1Bq

1‖f‖
q
p,v + ‖f‖p,v(q′)

q
pB2S

1
q′
]

= (2h)q−1q2(p′)q−1Bq
1‖f‖

q
p,v + (2h)q−1q‖f‖p,v

(
q′
) q

p B2S
1
q′ .

Using Young’s inequality on the second term yields

S ≤ (2h)q−1q2(p′)q−1Bq
1‖f‖

q
p,v +

(
(2h)q−1q‖f‖p,v (q′)

q
p B2

)q
q

+
S

q′
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and then
S ≤ (2h)q−1q3(p′)q−1Bq

1‖f‖
q
p,v +

(
(2h)q−1q‖f‖p,v

(
q′
) q

p B2

)q
,

i.e., ( ∞∑
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an,kfk

)q
un

) 1
q

≤
(

(2h)q−1q3(p′)q−1Bq
1 + (2h)q(q−1)qq

(
q′
) q2

p Bq
2

) 1
q

( ∞∑
n=1

fpnvn

) 1
p

.

Finally, we arrive at the following estimate( ∞∑
n=1

(
n∑
k=1

an,kfk

)q
un

) 1
q

≤
(

(2h)q−1q3(p′)q−1 + (2h)q(q−1)qq
(
q′
) q2

p

) 1
q

B‖f‖p,v.

Hence, the sufficiency of the condition and the upper for the norm are established.
The proof is complete.

Conclusion

The necessary and sufficient conditions for the boundedness of the matrix operators whose entries
satisfy the so-called Oinarov conditions are established. In addition, both lower and upper estimates
for the norms of such operators are derived. The obtained results can be used in the spectral analysis of
matrix operators and in determining the oscillatory or non-oscillatory behavior of solutions to certain
difference equations. Furthermore, the derived inequalities can be employed to evaluate sequences via
their higher-order differences.
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Heritability of types of a pregeometry
relative to a family of relational structures
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A series of geometrical and topological properties induced by structures, including degeneration, modu-
larity, local modularity, projectivity, local finiteness, etc., play an important role in clarifying structural
relationships and in classifying basic and derivative semantical and syntactical objects related to a given
class of structures and their valuable characteristics. It is natural to turn to the family of all structures on
a given finite or infinite universe, which allows us to represent all possible structures of a given cardinality
up to the definability and to describe relationships, possibilities of preserving and violating structural prop-
erties during enrichments and restrictions of structures within the framework of the chosen family. This
paper studies the behavior of pregeometry types (degenerate, locally finite, modular) within the Boolean
algebra B(M) of regular expansions and reducts of a relational structure M . We establish criteria for the
inheritance of pregeometry properties under Boolean operations, proving that degeneracy and local finite-
ness are preserved under intersections. In contrast, we show through counterexamples that modularity
generally fails to be preserved, as does local finiteness under unions. We formulate a sufficient condition of
linear growth of the closure operator under which the union of locally finite structures remains locally finite.
These results reveal a fundamental asymmetry between intersection and union operations, contributing to
geometric stability theory by delineating the preservation boundaries of pregeometries in Boolean families
of structures.

Keywords: pregeometry, Boolean algebra, degeneracy, modularity, local finiteness, algebraic closure,
relational structure, intersection of structures, union of structures.

2020 Mathematics Subject Classification: 03C30, 03C52.

Introduction

Pregeometry and the geometric structure of models remain among the central objects of study in
Mathematical Logic and Model Theory. Since the 1970s, approaches to the description and classifica-
tion of pregeometries arising in various theories, including o-minimal, ω-stable, and strongly minimal
theories, have been actively developed. Substantial contributions to this area were made by B.I. Zilber
for strongly minimal [1–3] and uncountably categorical theories [4], A. Pillay [5], E. Hrushovski [6], as
well as works related to ω-categorical structures [7] and systematic presentations of Model Theory [8].

By now, the literature contains a wide range of results closely related to the topic of this paper. For
instance, the works of A. Bernstein and E. Vasiliev [9,10] are devoted to the study of geometric struc-
tures and their extensions, including cases where dense independent sets and homogeneous matroids
are present. Closures of special atomic subsets of semantic model were described by A.R. Yeshkeyev,
A.K. Issaeva, N.V. Popova [11]. A.R. Yeshkeyev, M.T. Kassymetova, O.I. Ulbrikht [12] studied inde-
pendence and simplicity in Jonsson theories with abstract geometry. Research by B.Sh. Kulpeshov,
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S.V. Sudoplatov, D.Yu. Emelyanov, and In.I. Pavlyuk concerns various aspects of closures [13] inclu-
ding algebraic and definable closures for theories of abelian groups [14], combinations of structures [15],
algebras of binary formulas for a series of structural operations: compositions [16], tensor products [17],
strong products [18], homomorphic products [19], ordered structures [20–22], etc., which are closely
connected to the preservation of pregeometry properties under transitions between various structures.

An important line of research connected to this topic is the study of fusions and combinations of
structures. In [23], Hasson and Hils introduced the notion of fusion over sublanguages, which allows for
the construction of composite structures that accumulate properties of the original ones. This operator
was further generalized in [15], where Sudoplatov developed a unified framework for combinations of
structures and theories, involving both unary predicates and equivalence classes as carriers of data.
These works describe structural properties of fusions and combinations, providing a broader perspective
on how structural and geometric characteristics behave under composition.

One approach to studying these families is to consider the Boolean algebra of relational struc-
tures [24]. This algebra is formed on the set of regular enrichments and restrictions of a fixed structure,
that is, structures obtained by adding or removing predicate symbols from the signature while keep-
ing the underlying domain fixed. The Boolean algebra B(M) of a relational structure M is naturally
equipped with the operations of intersection, union, and complement of structures, allowing one to
formally consider transitions between different signature representations of the same underlying set.

A natural question arises: which properties of pregeometries are preserved under these transfor-
mations? In particular, is the type of pregeometry (e.g., degeneracy, local finiteness, modularity)
preserved under the intersection or union of two structures in the Boolean algebra?

In this paper, we study structures in the Boolean algebra B(M) endowed with an algebraic closure
operator. We focus on the inheritance of pregeometry types under intersection and union of such
structures.

The main result is as follows: if at least one of the structuresM1,M2 ∈ B(M) has a pregeometry of
degenerate or locally finite type, then the pregeometry of the intersection M1 ∩M2 inherits the same
type. However, modularity is not, in general, preserved under intersection.

For unions, the situation is different: even if both structures have a locally finite pregeometry, their
union may result in the loss of local finiteness.

Thus, the obtained results refine the boundaries of inheritance of pregeometry properties under
composition of structures in B(M). We show that degeneracy and local finiteness are preserved under
intersection, while modularity and local finiteness may fail to hold in the case of unions. These
observations highlight an asymmetry between the operations of intersection and union and indicate
directions for further investigation of the preservation of pregeometries in more general structural
compositions.

The results obtained develop the ideas presented in [25], where pregeometries arising from struc-
tural compositions were studied, and complement the existing theory by describing the behavior of
pregeometries in the broader context of Boolean families of structures.

1 Pregeometries and their types

We recall the necessary definitions from [5,7, 8].

Definition 1. A pregeometry is a set S together with a closure operation cl : P (S)→ P (S) satisfying
the following conditions:

1) for any X ⊆ S we have X ⊆ cl(X);
2) for any X ⊆ S we have cl(cl(X)) = cl(X);
3) for any X ⊆ S and any a, b ∈ S, if a ∈ cl(X ∪ {b}) \ cl(X), then b ∈ cl(X ∪ {a});
4) for any X ⊆ S, if a ∈ cl(X), then a ∈ cl(Y ) for some finite Y ⊆ X.
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Given a pregeometry 〈S, cl〉, every subset X ⊆ S has a minimal subset X ′ ⊆ X such that
cl(X) = cl(X ′). This minimal subset X ′ is called a basis of X. Moreover, all bases have the same
cardinality, which is called the dimension of X in the pregeometry 〈S, cl〉 and is denoted by dim(X).

By definition, dim(X) = dim(cl(X)), i.e., the dimension is preserved under taking the closure of a
set X in the pregeometry 〈S, cl〉.

If dim(X) ∈ ω, then the set X is called finite-dimensional.

Definition 2. A subset X ⊆ S is called closed if X = cl(X).

Definition 3. A pregeometry 〈S, cl〉 is called trivial or degenerate if for every X ⊆ S we have

cl(X) =
⋃
{cl({a}) | a ∈ X}.

A pregeometry 〈S, cl〉 is called modular if for any closed sets X0, Y0 ⊆ S, the set X0 is independent
from Y0 over X0 ∩ Y0, i.e., for any finite-dimensional closed sets X ⊆ X0, Y ⊆ Y0 we have

dim(X) + dim(Y )− dim(X ∩ Y ) = dim(X ∪ Y ).

A pregeometry 〈S, cl〉 is called locally modular if for every a ∈ S, the pregeometry 〈S, cl{a}〉 is
modular, where cl{a}(X) = cl(X ∪ {a}).

A pregeometry 〈S, cl〉 is called projective if it is modular and non-trivial, and locally projective if it
is locally modular and non-trivial.

A pregeometry 〈S, cl〉 is called locally finite if for every finite subset A ⊆ S we have that cl(A) is
finite.

Definition 4. Let S be a model of a theory T . The algebraic closure operator for the model M is
defined as the operator acl : P (M)→ P (M) such that for any subset X ⊆ S we have

acl(X) = {a ∈ S | for some formula φ(x, ȳ) and b̄ ∈ X, S |= ∃<ωxφ(x, b̄) ∧ φ(a, b̄)}.

In what follows, we will consider pregeometries of the form 〈S, acl〉.

2 Families of Relational Structures

We consider regular enrichments and reducts of relational structures, which form a natural Boolean
algebra. We provide a description of the types of pregeometries [5] with the algebraic closure operator
for the family of structures in this Boolean algebra.

Definition 5. Let M be a relational structure with a signature Σ.
A reduct of the structure M is a structure obtained by removing some predicates from the signa-

ture Σ.
An enrichment of the structureM is a structure obtained by adding new predicates to the signature

Σ and assigning their interpretations on the same universe.

Definition 6. [24] A structure is called regular if it is a relational structure without repetitions of
interpretations of the signature symbols.

The procedure transforming an arbitrary structureM into a regular structure N is called regulariza-
tion, and the structure N is called regularized with respect to M . The inverse procedure, transforming
N back into the original structure M , is called deregularization, and M is called deregularized with
respect to N .

Definition 7. [24] Let M be a fixed relational structure with signature Σ. The Boolean algebra
B(M) is the set of all structures obtained from M by adding and removing predicates in the signature,
while all structures are defined on the same universe |M |.
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The operations in the Boolean algebra B(M) are defined as follows:

• Intersection of structures. For M1,M2 ∈ B(M), the intersection M1 ∩M2 is the structure with
signature Σ1 ∩ Σ2, where Σi is the signature of Mi. A predicate in the intersection is preserved
if it is present and identically interpreted in both structures.
• Union of structures. For M1,M2 ∈ B(M), the union M1 ∪M2 is the structure with signature

Σ1 ∪ Σ2, where each predicate is taken from the structure in which it is defined. If a predicate
occurs in both structures, it is assumed to be identically interpreted.
• Complement. If Σ0 ⊆ Σ, then the complement of a structure with respect to Σ0 means removing

these predicates from the signature.

3 Inheritance of Pregeometry Properties under Boolean Algebra Operations

Before formulating the main results on the preservation of pregeometry types, we prove several
auxiliary statements that clarify the behavior of the acl operator when passing to substructures and
superstructures in B(M).

Lemma 1 (Monotonicity of Algebraic Closure). LetM1 = 〈M,Σ1〉 andM2 = 〈M,Σ2〉 be structures
from B(M), and let Σ1 ⊆ Σ2. Denote by acl1 and acl2 the algebraic closure operators in M1 and M2,
respectively. Then for any set X ⊆M , the following holds:

acl1(X) ⊆ acl2(X).

In other words, enriching the signature can only expand the algebraic closure.

Proof. If an element a ∈ acl1(X), then there exists a formula φ(x, ȳ) in the signature Σ1 and a
tuple b̄ ∈ X such that M1 |= φ(a, b̄) and the set {x ∈ M : M1 |= φ(x, b̄)} is finite. Since Σ1 ⊆ Σ2, the
formula φ is also a formula in the signature Σ2, and its solution set in M2 coincides with its solution
set in M1. Consequently, a ∈ acl2(X).

Corollary 1. For any M1,M2 ∈ B(M) and any X ⊆M , the following holds:

aclM1∩M2(X) ⊆ aclM1(X) ∩ aclM2(X).

In particular, if M1 or M2 are locally finite, then M1 ∩M2 is also locally finite.

Proof. The signature of the intersection M1 ∩M2 is contained in both Σ1 and Σ2. By Lemma 1,
aclM1∩M2(X) ⊆ aclM1(X) and aclM1∩M2(X) ⊆ aclM2(X), whence the inclusion follows. IfM1 is locally
finite, then aclM1(X) is finite for finite X, and hence its subset aclM1∩M2(X) is also finite.

Theorem 1. Let B(M) be the Boolean algebra of regular expansions and reducts of a relational
structure M . Suppose the structures in B(M) are endowed with a pregeometry given by an alge-
braic closure operator. Then, if at least one of the structures M1,M2 ∈ B(M) has a pregeometry of
degenerate or locally finite type, the pregeometry of the intersection M1 ∩M2 inherits the same type.

Proof. The intersection of two structures M1 = 〈M,Σ1〉, M2 = 〈M,Σ2〉 ∈ B(M) is the structure
M ′ = 〈M,Σ1 ∩ Σ2〉 ∈ B(M).

For the degenerate or locally finite type of pregeometry, we prove that if 〈M1, acl〉 and 〈M2, acl〉
share the same pregeometry type, then 〈M ′, acl〉 inherits this type.

Degeneracy. By definition, a pregeometry 〈M ′, cl〉 is called trivial or degenerate if for any X ⊆M ,
cl(X) =

⋃
{cl({a}) | a ∈ X}.
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When taking the intersection of two structures, the set of predicates in the new signature may
either decrease or remain the same. Thus, we prove that for any reduct of the structure, the equality
acl(X) =

⋃
{acl({a}) | a ∈ X} holds for all X ⊆M .

By definition, the algebraic closure acl(X) of a set X is the union of the finite solution sets of
all possible formulas in one variable with parameters from X. Therefore, for pregeometries with the
algebraic closure operator 〈M ′, acl〉, we have

∀a ∈ X ⊆M acl(a) ⊆ acl(X).

Hence, one inclusion of the equality is preserved: acl(X) ⊇
⋃
{acl({a}) | a ∈ X}.

The inclusion acl(X) ⊆
⋃
{acl({a}) | a ∈ X} fails precisely when there exist formulas with two

or more distinct parameters that have finitely many solutions, and these solutions are not captured
by formulas using a single parameter. Note that, by definition, passing to a reduct only removes
predicates. This means the number of formulas whose solutions contribute to the closure can only
decrease or remain unchanged. However, if the original structures were degenerate, they initially lacked
such formulas violating degeneracy. Therefore, such formulas cannot appear in the reduct structure.
We conclude that acl(X) =

⋃
{acl({a}) | a ∈ X}.

Local Finiteness. By definition, a pregeometry 〈M ′, acl〉 is called locally finite if for any finite subset
A ⊆M , the set acl(A) is finite.

If acl(A) was finite in the original structure (before taking the reduct), this means all algebraic
formulas with parameters from A had finite solution sets. Passing to a reduct removes predicates from
the signature, so the set of formulas can only shrink. This can only reduce the size of the solution sets,
and therefore the intersection structure inherits local finiteness of the pregeometry.

The following lemma follows from the proof of Theorem 1 in the part concerning the inheritance
of degeneracy.

Lemma 2 (Preservation of Degeneracy under Reducts). Let M1 = 〈M,Σ1〉 have a degenerate
pregeometry. Then for any structure M2 = 〈M,Σ2〉 ∈ B(M) such that Σ2 ⊆ Σ1, the pregeometry of
M2 is also degenerate.

Remark 1. The statement of Theorem 1 cannot be strengthened to the condition “at least one of
the structures has the property of modularity”. As shown in Example 1, modularity is not preserved
even when passing to a subsignature, as it critically depends on the presence or absence of specific
predicates.

Theorem 2 (Non-Preservation of Properties under Union). The properties of local finiteness and
modularity are not generally preserved under the union of structures in B(M).

1. There exist locally finite structures M1,M2 ∈ B(M) such that M1 ∪M2 is not locally finite (see
Example 2).

2. There exist modular structures M1,M2 ∈ B(M) such that M1 ∪M2 is not modular.

Proof. Part 1 is proved in Example 2.
For Part 2, one can modify Example 1. Consider modular structures M1 = 〈M, {R}〉 and

M2 = 〈M, {P}〉, where R and P are independent modular pregeometries (e.g., projective planes over
different prime fields). Their union M1 ∪M2 = 〈M, {R,P}〉 may yield a non-modular pregeometry
if the relations R and P are “intertwined” in a specific way, creating dependencies that violate the
modular law (for instance, analogous to Hrushovski’s construction).

Example 1 (Failure of Modularity under Intersection). Consider pregeometries M1 = 〈M,Σ1〉 and
M2 = 〈M,Σ2〉 ∈ B(M), where Σ1 = {R,Q} and Σ2 = {Q,P}.
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Let R and P be infinite trees connecting all elements of the set M , where each vertex in each tree
has a unique degree (distinct from all others). Then the closure of the empty set in the pregeometries
M1 and M2 coincides with M , i.e., acl(∅) = M .

In this case, the dimension of any set is zero,

∀A ⊆M dim(A) = 0,

and consequently, for any finite-dimensional subsets X,Y ⊆M , the identity holds

dim(X) + dim(Y )− dim(X ∩ Y ) = dim(X ∪ Y ).

Thus, the pregeometries M1 and M2 are modular, and their modularity does not depend on the
relation Q. However, the modularity of the intersection pregeometry is determined exclusively by the
relation Q. Therefore, if Q is not modular, then the pregeometry 〈M,Σ1 ∩ Σ2〉 will not be modular.

Note that the corresponding statements for unions are false in general.

Example 2 (Local Finiteness Fails under Union). Consider two acyclic graph structures
M1 = 〈M,Σ1〉 and M2 = 〈M,Σ2〉 ∈ B(M), where Σ1 = {R1}, Σ2 = {R2}. Let M1 and M2 share the
domain M , and let each be an infinite tree in which every vertex has countable (infinite) degree.

Definition 8. We define the n-neighborhood of a vertex a as the set of vertices connected to it by a
path of n edges. This set is denoted by Nn(a).

We construct R2 from R1 as follows: for each vertex a ∈ M , we reassign the edges incident to
vertices in N1(a) (i.e., the immediate neighbors) to vertices in Ni(b)(a), where i(b) ∈ N is chosen
individually for each vertex b ∈ N1(a) such that for distinct b ∈ N1(a) the values i(b) are distinct.
Acyclicity and the infinite degree of each vertex are preserved.

Thus, each of the structuresM1 andM2 individually possesses local finiteness: the algebraic closure
of any set is finite. However, in the union of the signatures, where edges present in either R1 or R2 are
included, the closure of a previously chosen vertex a becomes infinite due to the interaction of edges
from N1(a) and Ni(b)(a), leading to the loss of the local finiteness property for the entire structure.

This demonstrates that the union of two locally finite structures can violate the local finiteness of
the pregeometry.

Theorem 3 (Sufficient Condition for Local Finiteness of the Union). Let M1,M2 be locally finite
structures from B(M). If for every finite A ⊆M the following holds:

aclM1(aclM2(A)) = aclM2(aclM1(A)),

and the set aclM1∪M2(A) minus the iterations of aclM1(A) and aclM2(A) is finite, then the union
M1 ∪M2 is locally finite.

Proof. Take an arbitrary finite set A ⊆M and prove that aclM1∪M2(A) is finite. Since M1 and M2

are locally finite, the sets
aclM1(A) and aclM2(A)

are finite.
Consider the alternating sequence of sets defined recursively:

S0 := A, S2k+1 := aclM1(S2k), S2k+2 := aclM2(S2k+1) (k ≥ 0).

Clearly, each Sn is finite (since M1,M2 are locally finite) and the chain is monotone, i.e., Sn ⊆ Sn+1

for all n.
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Denote by

S :=

∞⋃
n=0

Sn

the union of all iterations. We show that under the condition of commutativity of algebraic closures
(i.e., aclM1 ◦ aclM2 = aclM2 ◦ aclM1 on finite sets) the set S is finite.

Indeed, let w be an arbitrary composition of operators aclM1 and aclM2 applied to A. Since the
closure operations are idempotent (for any structure N we have aclN (aclN (X)) = aclN (X)), any such
composition can be reduced to one of the following forms:
• aclM1(A),
• aclM2(A),
• aclM1(aclM2(A)) (or, equivalently by the condition, aclM2(aclM1(A))).

This follows because due to idempotence and the commutativity condition, any sequence of operators
becomes equivalent to one operator of each type or their composition of two different operators, and
repeated application of the same operator does not yield new elements.

Hence,
S = A ∪ aclM1(A) ∪ aclM2(A) ∪ aclM1(aclM2(A)).

Since all the listed sets are finite, S is finite.
By the definition of algebraic closure in the expanded signature,

aclM1∪M2(A)

consists of elements that appear either in one of the iterations of aclM1 and aclM2 , or are “new” elements
not captured by these iterations. By the theorem’s condition, the set of such “new” elements (i.e., the
difference aclM1∪M2(A) \ S) is finite. Since S is finite, we conclude that aclM1∪M2(A) is the union of
two finite sets and therefore finite.

Since A was an arbitrary finite subset, we obtain that for every finite A, aclM1∪M2(A) is finite,
meaning that the pregeometry given by the operator aclM1∪M2 is locally finite. This implies that the
structure M1 ∪M2 is locally finite.

Remark 2. The conditions of the theorem should be viewed as two independent constraints that
together prevent the “mutual amplification” of new algebraic points when merging signatures:

• The commutativity condition aclM1 ◦aclM2 = aclM2 ◦aclM1 on finite sets ensures that alternating
closure operations does not produce “new type” of dependencies regardless of the order of operator
application: any composition reduces to a simple combination of finitely many applications of
the operators.
• The additional condition of finiteness of the set aclM1∪M2(A) outside of the iterations of aclM1

and aclM2 from A. prevents the emergence of an infinite set of elements that cannot be obtained
from iterations of the operators aclM1 and aclM2 alone; otherwise, the interaction of predicates
from different signatures could generate an infinite closure, as demonstrated in the provided
example 2.

Note also that these conditions are sufficient but not necessarily necessary: more subtle criteria for
the local finiteness of the union may exist which relax one condition while strengthening the other.
Furthermore, example 2 shows that without at least one of these constraints, the union can indeed lose
local finiteness.
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Conclusion

This work presents a systematic analysis of the preservation of pregeometry types under intersection
and union operations in the Boolean algebra of structures B(M). The main results are summarized as
follows.

1. Stability under Intersection: It is proved that important properties such as degeneracy and local
finiteness remain preserved under the intersection operation. If at least one of the structures M1

or M2 possesses a pregeometry of one of these types, then their intersection M1 ∩M2 inherits
this type. In contrast, modularity is not preserved under intersection.

2. Non-Preservation under Union: It is shown that the union operation is significantly less pre-
serving. Even the union of two locally finite structures can yield a pregeometry that fails to be
locally finite. This highlights a fundamental asymmetry between the operations in the Boolean
algebra B(M).

3. Sufficient Condition: To address the instability of the union operation, a sufficient condition
ensuring the preservation of local finiteness in the union is established. Specifically, if the algebraic
closures in M1 and M2 commute on all finite sets, and the union does not introduce infinitely
many new algebraic dependencies beyond those generated by iterating aclM1 and aclM2, then
the combined structure M1 ∪M2 retains local finiteness.

The established asymmetry between intersection and union opens several directions for further
research. These include a systematic study of other geometric properties (such as local projectivity), the
search for necessary and sufficient conditions for preserving modularity, and the analysis of pregeometry
interactions in more complex lattices of structures generated by Boolean operations.
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Automorphisms of free braided nonassociative algebras of rank 2
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We prove the elementary reducibility of any nonaffine automorphism of a free nonassociative algebra of
rank two over an arbitrary field. Using this result we establish a property of automorphisms of this algebra
that will be needed later. We then derive a necessary and sufficient condition for the isomorphism of
two free braided nonassociative algebras of rank two over a field with diagonal braidings. We describe
the automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over an arbitrary field of characteristic not equal to two. Depending on the form of the diagonal
involutive braiding, five different automorphism groups of a two-generated free nonassociative algebra arise
in this case: 1) the group of all automorphisms, 2) the group of all odd automorphisms, 3) the subgroup of
the group of triangular automorphisms, 4) the toric automorphism group, 5) the semidirect product of the
toric automorphism group with the subgroup generated by an automorphism that permutes two variables.

Keywords: Yang–Baxter equation, braided space, braiding, diagonal braiding, involutive braiding, braided
algebra, free nonassociative algebra, automorphism, odd automorphism, toric automorphism group.
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Introduction

A braided space (see, for example, [1,2]) is a linear space V over an arbitrary field K with a linear
map β : V ⊗ V → V ⊗ V , called a braiding, that satisfies the Yang–Baxter equation

(β ⊗ id)(id⊗ β)(β ⊗ id) = (id⊗ β)(β ⊗ id)(id⊗ β). (1)

Let X = {x1, x2, . . . , xn} be a basis of V . The linear map

β : xi ⊗ xs 7→ βisxs ⊗ xi, where βis ∈ K, 1 ≤ i, s ≤ n, (2)

is a braiding and it is called a diagonal braiding. In the case β2 = id the braiding β is called involutive.
The diagonal braiding β is involutive if and only if

βijβji = 1, for all 1 ≤ i, j ≤ n. (3)

In particular, βii = ±1 for all i.
Every braiding β of V can be uniquely extended to the free associative algebra K 〈X〉 [3] and to the

free nonassociative algebra K{X} [4] freely generated by set X over a field K so that K 〈X〉 and K{X}
are braided algebras. Moreover, they also proved that the free braided algebra K{X} has a natural
structure of a braided nonassociative Hopf algebra [4]. This algebra plays an important role in quantum
Lie theory (see, for example, [3, 5]). R. Mutalip, A. Naurazbekova and U. Umirbaev [6] described all
automorphism groups of free braided associative algebras of rank 2 with diagonal involutive braidings
∗Corresponding author. E-mail: naurazbekova82@gmail.com
This research was funded by the grant of the Ministry of Science and Higher Education of the Republic of Kazakhstan

(project AP23487886).
Received: 15 July 2025; Accepted: 12 December 2025.
c© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

Mathematics Series. No. 1(121)/2026 179



R. Mutalip et al.

over a field of characteristic 6= 2. Many papers are devoted to the investigation of structures of braided
algebras (see, for example, [7–9]).

Consider the following grading
K{x1, x2} = C0 ⊕ C1 (4)

of the free nonassociative algebra K{x1, x2} in two variables x1, x2 over K, where C0 and C1 are the
linear spans of all even length monomials and a linear span of all odd length monomials, respectively.

Denote by AutA the automorphism group of an algebra A. Let us call an automorphism
ϕ ∈ AutK{x1, x2} odd if ϕ(x1), ϕ(x2) ∈ C1. The set of all odd automorphisms of K{x1, x2} denote by
Godd. It is clear that Godd is subgroup of AutK{x1, x2}.

Let (K {x1, x2} , β) be a free braided nonassociative algebra in two variables x1, x2 with a diagonal
involutive braiding β = (β11, β12, β21, β22) over a field K of characteristic 6= 2. In this paper we show
that

(1) if βij = 1 for all i, j then Aut(K{x1, x2}, β) = AutK{x1, x2};
(2) if βij = −1 for all i, j then Aut(K{x1, x2}, β) = Godd;
(3) if β11 = β22, β12 = β21, and β11β12 = −1 then Aut(K{x1, x2}, β) ∼= (K∗ ×K∗)oZ2, where Z2

is the subgroup of AutK{x1, x2} generated by (x2, x1);
(4) if β12 = 1 and β11β22 = −1 thenAut(K{x1, x2}, β) ∼= {ϕ ∈ AutK{x1, x2} | ϕ(x1) = ax1 + g(x22),

ϕ(x2) = bx2, a, b ∈ K∗, g(x) ∈ K {x}};
(5) if β12 6= ±1 or β12 = −1, β11β22 = −1 then Aut(K{x1, x2}, β) ∼= K∗ ×K∗.
The paper is organized as follows. In Section 1, we give some definitions and facts on free braided

nonassociative algebras. In Section 2, we prove elementary reducibility of any nonaffine automorphism
of a free nonassociative algebra of rank two over an arbitrary field. Using this result we prove the
property of automorphisms of this algebra that we need in the future. In Section 3, we derive a
necessary and sufficient condition for the isomorphism of two free braided nonassociative algebras of
rank two over a field with diagonal braidings. In Section 4, we describe all automorphism groups of
free braided nonassociative algebras of rank 2 equipped with diagonal involutive braidings over a field
of characteristic 6= 2.

1 Free braided nonassociative algebra

The braid monoid Bn [3] is an associative monoid generated by elements b1, b2, . . . , bn−1, called
braids, subject to the following relations:

btbt+1bt = bt+1btbt+1, bibj = bjbi, 1 ≤ t < n− 1, |i− j| > 1. (5)

Let V be a linear space over a field K equipped with a braiding β : V ⊗ V → V ⊗ V . Using (1), it
is easy to see that the linear maps

βi = id⊗(i−1) ⊗ β ⊗ id⊗(n−i−1) : V ⊗n → V ⊗n, 1 ≤ i < n,

satisfy all relations (5).
Introduce the following notation:

[t; t] = 1, [m; t] = βt−1βt−2 · · ·βm+1βm, [t;m] = βmβm+1 · · ·βt−2βt−1, m < t.

Define the map νt,nr : V ⊗n → V ⊗n, t ≤ r < n as a superposition of maps βi:

νt,nr = [t; r + 1][t+ 1; r + 2] · · · [t+ n− r − 1;n].

V. Kharchenko proved [3], that

νt,nr = [n; r][n− 1; r − 1] · · · [n− r + t; t].
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An algebra A with a multiplication m : A⊗A→ A is called a braided algebra [1] if A is a braided
space and

(m⊗ id)β = β2β1(id⊗m), (id⊗m)β = β1β2(m⊗ id)

(the operators in the superposition act from left to right).
A linear map ϕ : V → V ′ of linear spaces V and V ′ equipped with braidings β and β′, respectively,

is called a homomorphism of braided spaces if

β(ϕ⊗ ϕ) = (ϕ⊗ ϕ)β′. (6)

A homomorphism of braided algebras is a linear map that is simultaneously a homomorphism of algebras
and braided spaces.

Let X = {x1, x2, . . . , xn} be a basis of V . Denote by K〈X〉 the free associative algebra generated
by the set X over a field K. The set of all associative words X ′ in the alphabet X forms a linear basis
of K〈X〉. Set mdeg(xi) = ei, where e1, . . . , en is the standard basis for Zn. If v = xi1xi2 . . . xik ∈ X ′,
then we put

d(v) = k and mdeg(v) =
k∑

j=1

mdeg(xij ).

Consider the tensor algebra T (V ) =
⊕∞

i=0 V
⊗i of a linear space V . It is clear that T (V ) = K〈X〉.

We will write v1v2 . . . vk instead of v1⊗v2⊗ . . .⊗vk ∈ V ⊗k. Denote by m′ : T (V )⊕′ T (V )→ T (V ) the
product in T (V ), where ⊗′ is the tensor product ⊗ with the separation function of a pair of tensors.
So, (u⊗′ v)m′ = u⊗ v, where u, v ∈ T (V ).

Consider the linear map

θt : V
⊗n → V ⊗t ⊗′ V ⊗(n−t), 0 ≤ t ≤ n,

defined by
(xi1xi2 · · ·xin)θt = xi1xi2 · · ·xit ⊗′ xit+1 · · ·xin .

V. Kharchenko [3] proved that every braiding β of V has a unique extension β′ on K〈X〉 so that
K〈X〉 is a braided algebra. The braiding β′ is defined in [3] by

(u⊗′ v)β′ = (u⊗ v)ν1,nt θn−t, u ∈ V ⊗t, v ∈ V ⊗(n−t). (7)

We set (1⊗′ v)β′ = v ⊗′ 1 and (u⊗′ 1)β′ = 1⊗′ u.
Denote by K{X} and K{y} free nonassociative algebras over a field K freely generated by the

set X and one variable y, respectively. The set of all nonassociative words X∗ in the alphabet X
and the set of all nonassociative words Y ∗ in the alphabet y form linear basis for K

{
X} and K{y},

respectively.
Every nonassociative word vf ∈ X∗ of length t has a unique representation vf = v · f , where

v ∈ X ′, f ∈ Y ∗, d(v) = d(f) = t. We can consider f as a linear map

f : V ⊗t → K{X}.

We can linearly extend the action f on K〈X〉 by V ⊗nf = 0 if n 6= t. We also can extend this action
on K〈X〉 to an action of the algebra K{y} by linearity. The linear map [4]

K〈X〉 ⊗K{y} → K{X} defined by (a⊗ g) 7→ a · g

is an isomorphism of linear spaces.
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Let u ∈ X ′, f ∈ Y ∗, and d(u) = d(f) = t . Then uf ∈ X∗. Using this, we have

(uf)(vg) = (uv)(fg), u, v ∈ X ′, f, g ∈ Y ∗.

U. Umirbaev and V. Kharchenko [4] proved that the every braiding β of V has a unique extension
β∗ on K{X} so that K{X} is a braided algebra. The braiding β∗ is defined in [4] by

(uf ⊗ vg)β∗ = (u⊗′ v)β′(g ⊗ f), (8)

where u, v ∈ X ′, f, g ∈ Y ∗, and β′ is the braiding of K〈X〉 defined by (7). It is clear that

(1⊗ vf)β∗ = vf ⊗ 1 and (ug ⊗ 1)β∗ = 1⊗ ug. (9)

For convenience, denote the extensions β′ and β∗ by the same symbol β.
Let w ∈ X∗ and let w = w′f , where w′ ∈ X ′ and f ∈ Y ∗. We put

mdeg(w) = mdeg(w′).

Lemma 1. Let V be a linear space over a field K with a linear basis X = {x1, x2, ..., xn} and
a diagonal braiding β : xi ⊗ xj 7→ βij · xj ⊗ xi. If u, v ∈ X∗, mdeg(u) = (k1, k2, . . . , kn) and
mdeg(v) = (l1, l2, . . . , ln), then

(u⊗ v)β∗ =
∏
ij

β
kilj
ij (v ⊗ u).

Proof. Let u, v ∈ X∗. Denote by u′ and v′ the associative words obtained from the nonassociative
words u and v, respectively, by removing all brackets. Then u = u′f and v = v′g for some f, g ∈ Y ∗.
It is proven in [6] that

(u′ ⊗′ v′)β′ =
∏
i,j

β
kilj
ij (v′ ⊗′ u′).

By this and (8), we have

(u⊗ v)β = (u′f ⊗ v′g)β∗ = (u′ ⊗′ v′)β(g ⊗ f) =
∏
i,j

β
kilj
ij (v′ ⊗′ u′)(g ⊗ f)

=
∏
i,j

β
kilj
ij (v′g ⊗ u′f) =

∏
i,j

β
kilj
ij (v ⊗ u).

2 Properties of automorphisms of K{x1, x2}

Denote by deg(u) the degree function on X∗ such that deg(xi) = 1 for all i. Every nonassociative
word u of degree ≥ 2 is uniquely represented as u = u1 · u2, where deg(u1), deg(u2) < deg(u).

Set x1 < x2 < · · · < xn. Let u, v be arbitrary elements of X∗. We say that u < v, if
deg(u) < deg(v). If deg(u) = deg(v) ≥ 2, where u = u1 · u2, v = v1 · v2, then we say that u < v if
u1 < v1 or if u1 = v1 and u2 < v2.

It is not difficult to see that the statement of next lemma is true.

Lemma 2. Let u, v, w ∈ X∗. If u > v then wu > wv and uw > vw.

Arbitrary element f ∈ K{X} can be uniquely written as

f = α1f1 + α2f2 + · · ·+ αkfk,

where fi ∈ X∗, 0 6= αi ∈ K for all i and f1 > f2 > ... > fk. Let us call f1 the leader of f and denote it
by f̂ .
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Corollary 1. Let 0 6= f, g ∈ K{X}. Then

f̂ · g = f̂ · ĝ and deg(f · g) = deg(f) + deg(g).

Lemma 3. Let u, v be nonassociative words of K{y} and let f ∈ X∗. If u > v, then u(f) > v(f).

Proof. It is clear that u(f), v(f) ∈ X∗. Let deg(v) = k. Establish the lemma’s statement by
induction on k. If deg(v) = 1 then v = y and the inequality u > v holds if and only if deg(u) > 1.
Therefore, u(f) > v(f).

Let deg(v) ≥ 2. We can represent u and v as u = u1 ·u2 and v = v1 · v2, respectively. u > v implies
that one of the following conditions is satisfied: 1) deg(u) > deg(v); 2) deg(u) = deg(v) and u1 > v1;
3) deg(u) = deg(v), u1 = v1, and u2 > v2.

If deg(u) > deg(v) then deg(u(f)) > deg(v(f)) and u(f) > v(f).
If deg(u) = deg(v) and u1 > v1 then, by induction proposition, u1(f) > v1(f). Therefore,

u(f) > v(f).
If deg(u) = deg(v), u1 = v1, and u2 > v2 then, by induction proposition, u1(f) = v1(f) and

u2(f) > v2(f). Therefore, u(f) > v(f).

Denote by K{x1, x2} the free nonassociative algebra in two variables x1, x2 over a field K. The
next corollary follows immediately from Corollary 1 and Lemma 2.

Corollary 2. Let u ∈ K{y} and 0 6= f ∈ K{x1, x2}. Then

û(f) = û(f̂) and deg(u(f)) = deg(u) · deg(f).

Denote by ϕ = (f1, f2) the automorphism ofK{x1, x2} such that ϕ(x1) = f1, ϕ(x2) = f2. If fi = xi,
fj = αxj + g(xi), i 6= j, 0 6= α ∈ K, g ∈ K{xi}, then the automorphism ϕ is called elementary. The
automorphism generated by elementary automorphisms is called tame.

P. Cohn [10] proved that all automorphisms of free Lie algebras of a finite rank over a field are
tame. J. Lewin [11] extended this result to free algebras in Nielsen–Schreier varieties. It is well known
that the variety of all nonassociative algebras [12] over a field is Nielsen–Schreier (see also [13]). As a
consequence, every automorphism of K{x1, x2} is tame.

The degree of ϕ = (f1, f2) is defined by

deg(ϕ) = deg(f1) + deg(f2).

An automorphism ϕ is called elementary reducible if there exists an elementary automorphism λ such
that deg(ϕ ◦ λ) < deg(ϕ).

Every nonzero element g ∈ K{x1, x2} can be uniquely represented as

g = g0 + g1 + · · ·+ gm−1 + gm,

where gi is homogenous element of degree i, gm 6= 0. Let us call gm the highest homogeneous part of g
and denote it by g.

Let AfK{x1, x2} be the affine automorphism group of K{x1, x2}, i.e., the group of automorphisms
of the form

(a1x1 + b1x2 + c1, a2x1 + b2x2 + c2),

where ai, bi, ci ∈ K, a1b2 6= a2b1, let TrK{x1, x2} be the triangular automorphism group of K{x1, x2},
i.e., the group of automorphisms of the form

(ax1 + f(x2), bx2 + c),
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where 0 6= a, b ∈ K, c ∈ K, f(x2) ∈ K{x2}, and let C = AfK{x1, x2} ∩ TrK{x1, x2}.
The notation hi(x2) means that hi(x2) ∈ K{x2} is a homogeneous element of degree i with respect

to the degree function deg in one variable x2. It is clear that h0(x2) ∈ K.
A. Alimbaev, A. Naurazbekova, and D. Kozybaev [14] showed that the system of elements

A0 = {id = (x1, x2), γ = (x2, x1 + ax2)|a ∈ K}

is a left coset representative system for AfK{x1, x2} modulo C, and the system of elements

B0 = {δ = (x1 + q(x2), x2)|q(x2) = h2(x2) + . . .+ hn(x2)}

is a left coset representative system for TrK{x1, x2} modulo C. They also proved the following two
lemmas.

Lemma 4. [14] Any automorphism ϕ of K{x1, x2} can be representation as

ϕ = γ1 ◦ δ1 ◦ γ2 ◦ δ2 ◦ . . . ◦ γk ◦ δk ◦ λ,

where γi ∈ A0, γ2, . . . , γk 6= id, δi ∈ B0, δ1, . . . , δk 6= id, and λ ∈ AfK{x1, x2}. Moreover, this
representation of ϕ is unique.

Lemma 5. [14] Let
ϕk = δ1 ◦ γ2 ◦ δ2 ◦ . . . ◦ γk ◦ δk,

where id 6= γi ∈ A0, id 6= δi ∈ B0 for all i. If δi = (x1 + qi(x2), x2) and deg(qi(x2)) = ni for all
1 ≤ i ≤ k then

deg(ϕk(x1)) = n1n2 . . . nk−1nk,

deg(ϕk(x2)) =

{
n1n2 . . . nk−1, if k > 1,

1, if k = 1.

Proposition 1. Nonaffine automorphisms of a free nonassociative algebra K{x1, x2} of rank 2 over
an arbitrary field K are elementary reducible.

Proof. Let ϕ be a nonaffine automorphism of K{x1, x2}. It is not difficult to see that if γ−1 ◦ ϕ,
where γ ∈ A0, is elementary reducible then ϕ is also elementary reducible. By Lemma 4, ϕ can be
uniquely represented as the product

ϕ = γ1 ◦ δ1 ◦ γ2 ◦ δ2 ◦ · · · ◦ γk ◦ δk ◦ λ,

where γi ∈ A0, γ2, . . . , γk 6= id, τi ∈ B0, δ1, . . . , δk 6= id, and λ ∈ AfK{x1, x2}.
Let λ = id. Then as in Lemma 5

γ−11 ◦ ϕ = ϕk = δ1 ◦ γ2 ◦ δ2 ◦ · · · ◦ γk ◦ δk = φk−1 ◦ γk ◦ δk.

Put ϕk−1 = (u1, u2). By Lemma 5, deg(u1) > deg(u2). Since γk = (x2, x1 + akx2), ak ∈ K, and
δk = (x1 + qk(x2), x2) it follows that

ϕk−1 ◦ γk = (u2, u1 + aku2)

and
ϕk = ϕk−1 ◦ γk ◦ δk = (u2 + qk(u1 + aku2), u1 + aku2) = (w1, w2).

By Lemma 5,
degw1 > degw2 = deg(u1 + aku2) > deg(u2). (10)
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Consequently,
deg(ϕk−1 ◦ γk) < degϕk.

Since δk is the elementary automorphism, it follows that the automorphism γ−11 ◦ϕ = ϕk is elementary
reducible. This means that ϕ is also elementary reducible.

Let now
λ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2) 6= id,

where a1b2 − a2b1 ∈ K∗. We have

γ−11 ◦ ϕ = ϕk ◦ λ = (a1w1 + b1w2 + c1, a2w1 + b2w2 + c2) = (f1, f2).

Let a1, a2 be non-zero. Consider the automorphism

γ−11 ◦ ϕ ◦ (x1 −
a1
a2
x2, x2) = (f1, f2) ◦ (x1 −

a1
a2
x2, x2) = (f1 −

a1
a2
f2, f2).

By Lemma 5, deg(f1 − a1
a2
f2) < deg f1. Consequently, the automorphism ϕ is elementary reducible.

Let now one of two coefficients a1, a2 be zero. Without loss of generality, we may assume that
a1 = 0 and a2 6= 0. Then b1 ∈ K∗.

Since K{w2} = K{b1w2 + c1}, it follows that there exists vk(y) ∈ K{y} such that

vk(b1w2 + c1) = qk(w2).

Consider the automorphism

ψ = γ−11 ◦ ϕ ◦ (x1, a
−1
2 x2 − vk(x1)) = (f1, a

−1
2 f2 − vk(f1))

= (b1w2 + c1, a
−1
2 (a2w1 + b2w2 + c2)− vk(b1w2 + c1)),

where
a−12 (a2w1 + b2w2 + c2)− vk(b1w2 + c1) = w1 + a−12 (b2w2 + c2)− qk(w2)

= u2 + qk(w2) + a−12 (b2w2 + c2)− qk(w2) = u2 + a−12 (b2w2 + c2).

By(10), degψ < deg γ−11 ◦ φ. Since (x1, a
−1
2 x2 − vk(x1)) is the elementary automorphism, it follows

that the automorphism ϕ is elementary reducible.

Proposition 2. If ϕ = (f1, f2) is an automorphism of a free nonassociative algebra K{x1, x2}
in two variables x1, x2 over a field K and deg(ϕ) ≥ 3, then f1, f2 are homogeneous elements of a
free nonassociative algebra K{ax1 + bx2} in one variable ax1 + bx2, a, b ∈ K, (a, b) 6= (0, 0), and
deg(f1) | deg(f2) or deg(f2) | deg(f1).

Proof. Let ϕ = (f1, f2) be an automorphism of K{x1, x2} with deg(ϕ) ≥ 3. Without loss of
generality, we can assume that deg(f1) ≤ deg(f2). Establish the proposition’s statement by induction
on deg(ϕ) = deg(f1) + deg(f2).

By Proposition 1, ϕ is elementary reducible. Therefore, there exists an elementary automor-
phism ε = (x1, cx2 − g(x1)), where c 6= 0, g(x1) ∈ K{x1}, such that deg(ϕ ◦ ε) < deg(ϕ). Since
ϕ ◦ ε = (f1, cf2 − g(f1)), it follows that deg(f2) = deg(g(f1)). By Corollary 2,

deg(g(f1)) = deg(g) · deg(f1).

It means that deg(f1) | deg(f2). If deg(ϕ◦ε) ≥ 3 then, by the induction proposition, f1 is homogeneous
element of K{ax1 + bx2}. Notice that this is true even if deg(ϕ ◦ ε) = 2. Hence, by Corollary 2,
cf2 = g(f1) = g(f1). Consequently, f2 is the homogeneous element of K{ax1 + bx2}.
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3 Diagonal braidings on K{x1, x2}

Let V be a linear space over a field K with a linear basis x1, x2 and with a diagonal braiding

β = (β11, β12, β21, β22)

defined by (2). Denoted by
β = (β22, β21, β12, β11)

the diagonal braiding obtained from β by exchanging the variables x1 and x2.
Proposition 3. Let (K{x1, x2}, β) and (K{x1, x2}, γ) be free braided nonassociative algebras in

two variables x1, x2 over a field K equipped with diagonal braidings β and γ, respectively. Then
(K{x1, x2}, β) is isomorphic to (K{x1, x2}, γ) if and only if γ = β or γ = β.

Proof. Let ϕ : (K{x1, x2}, β) → (K{x1, x2}, γ) is an isomorphism and ϕ(x1) = g1, ϕ(x2) = g2.
Denote by Lin(g) the linear part of g. Let Lin(g1) = a1x1 + b1x2 and Lin(g2) = a2x1 + b2x2. Since ϕ
is an isomorphism, it follows that

a1b2 − a2b1 6= 0 (11)

and
((xi ⊗ xj)β)(ϕ⊗ ϕ) = ((xi ⊗ xj)(ϕ⊗ ϕ))γ, where 1 ≤ i, j ≤ 2.

Denote by Qu(g) the quadratic part of g. Let β = (β11, β12, β21, β22) and γ = (γ11, γ12, γ21, γ22).
Then

Qu(βij(ϕ(xj)⊗ ϕ(xi))) = Qu ((ϕ(xi)⊗ ϕ(xj))γ) , 1 ≤ i, j ≤ 2.

It follows that

βij(ajaix1 ⊗ x1 + bjaix2 ⊗ x1 + ajbix1 ⊗ x2 + bjbix2 ⊗ x2)
= γ11aiajx1 ⊗ x1 + γ21biajx1 ⊗ x2 + γ12aibjx2 ⊗ x1 + γ22bibjx2 ⊗ x2

(12)

since, by (9), for any w ∈ X∗ and any c ∈ K

((w ⊗ c)β)(ϕ⊗ ϕ) = (c⊗ w)(ϕ⊗ ϕ) = (c⊗ ϕ(w)) = (ϕ(w)⊗ c)γ = ((w ⊗ c)(ϕ⊗ ϕ))γ.

Comparing the coefficients of the terms xi ⊗ xj in (12), we obtain

(γ11 − βij)aiaj = (γ21 − βij)ajbi = (γ12 − βij)aibj = (γ22 − βij)bibj = 0, 1 ≤ i, j ≤ 2. (13)

By (11), a1b2 6= 0 or a2b1 6= 0. If a1b2 6= 0 then (13) implies that

(γ11, γ12, γ21, γ22) = (β11, β12, β21, β22).

If a2b1 6= 0 then (13) implies that

(γ11, γ12, γ21, γ22) = (β22, β21, β12, β11).

Hence, if (K{x1, x2}, β) is isomorphic to (K{x1, x2}, γ) then γ = β or γ = β.
Let ϕ be an automorphism of K {x1, x2} such that ϕ(x1) = x2 and ϕ(x2) = x1. Let u, v ∈ X∗,

mdeg(u) = (k1, k2) and mdeg(v) = (l1, l2). Then mdeg(ϕ(u)) = (k2, k1) and mdeg(ϕ(v)) = (l2, l1). By
Lemma 1, we have

((u⊗ v)β)(ϕ⊗ ϕ) = βk1l111 βk1l212 βk2l121 βk2l222 (ϕ(v)⊗ ϕ(u))
and

((u⊗ v)(ϕ⊗ ϕ))β = βk1l111 βk1l212 βk2l121 βk2l222 (ϕ(v)⊗ ϕ(u)).
Hence,

((u⊗ v)β)(ϕ⊗ ϕ) = ((u⊗ v)(ϕ⊗ ϕ))β,
and (K{x1, x2}, β) is isomorphic to (K{x1, x2}, β).
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If n = 2 then, by (3), the braiding β is involutive if and only if

β11 = ±1, β22 = ±1, β12β21 = 1.

Note that if β is involutive then β′ is also involutive.

4 Automorphisms of (K{x1, x2}, β)

Introduce the following notations:
(1) G1 = {ϕ ∈ AutK{x1, x2} | ϕ = (a1x1, b2x2) orϕ = (b1x2, a2x1), a1, b2, a2, b1 ∈ K∗};
(2) G2 = {ϕ ∈ AutK{x1, x2} | ϕ = (a1x1 + g(x22), b2x2), a1, b2 ∈ K∗, g(x) ∈ K {x}};
(3) Gtor = {ϕ ∈ AutK{x1, x2} | ϕ = (a1x1, b2x2), a1, b2 ∈ K∗} is the group of all toric automor-

phisms of K{x1, x2};
(4) Z2 is the subgroup of AutK{x1, x2} generated by (x2, x1).
Note that, by (6), if ϕ ∈ AutK{x1, x2} then ϕ ∈ Aut(K{x1, x2}, β) if and only if

β(ϕ⊗ ϕ) = (ϕ⊗ ϕ)β. (14)

The main result of this section is the following theorem.

Theorem 1. Let (K{x1, x2}, β) be a free braided nonassociative algebra in two generators x1, x2 over
a field K of arbitrary characteristic 6= 2 equipped with an involutive diagonal braiding
β = (β11, β12, β21, β22). Then

(1) Aut(K{x1, x2}, β) = AutK{x1, x2} if βij = 1 for all i, j;
(2) Aut(K{x1, x2}, β) ∼= (K∗ ×K∗)o Z2 if β11 = β22, β12 = β21, and β11β12 = −1;
(3) Aut(K{x1, x2}, β) = Godd if βij = −1 for all i, j;
(4) Aut(K{x1, x2}, β) ∼= G2 if β12 = 1 and β11β22 = −1;
(5) Aut(K{x1, x2}, β) ∼= K∗ ×K∗ if β12 6= ±1 or β12 = −1, β11β22 = −1.
Following Lemmas 6, 7, 8, 9, 10, and 11 immediately imply the statement of this theorem.

Lemma 6. If βij = 1 for all i, j then Aut(K{x1, x2}, β) = AutK{x1, x2}.
Proof. Let ϕ ∈ AutK{x1, x2} and let u, v ∈ X∗. By Lemma 1, we have

((u⊗ v)β)(ϕ⊗ ϕ) = (v ⊗ u)(ϕ⊗ ϕ) = ϕ(v)⊗ ϕ(u) = (ϕ(u)⊗ ϕ(v))β = (u⊗ v)(ϕ⊗ ϕ)β.

By (14), ϕ ∈ Aut(K{x1, x2}, β). Consequently, Aut(K{x1, x2}, β) = AutK{x1, x2}.

Lemma 7. If β11 = β22, β12 = β21, and β11β12 = −1 then Aut(K{x1, x2}, β) = G1
∼= (K∗×K∗)oZ2.

Proof. By Proposition 3, β = (−1, 1, 1,−1) or β = (1,−1,−1, 1). Let ϕ = (f1, f2) is an automor-
phism of (K{x1, x2}, β) and deg(ϕ) ≥ 3. Since Aut(K{x1, x2}, β) ⊆ AutK{x1, x2}, it follows that, by
Proposition 2,

f1 = h1(ax1 + bx2), f2 = h2(ax1 + bx2), (15)

where h1, h2 are homogeneous elements of K{y}, deg(h1) = m1, deg(h2) = m2, m1 | m2 or m2 | m1,
a, b ∈ K, and (a, b) 6= (0, 0). By (14), we get

((xi ⊗ xj)β)(ϕ⊗ ϕ) = ((xi ⊗ xj)(ϕ⊗ ϕ))β, 1 ≤ i, j ≤ 2.

Hence,
βijϕ(xj)⊗ ϕ(xi) = (ϕ(xi)⊗ ϕ(xj))β, 1 ≤ i, j ≤ 2.

Using (15), we get

βijhj(ax1 + bx2)⊗ hi(ax1 + bx2) = (hi(ax1 + bx2)⊗ hj(ax1 + bx2))β, 1 ≤ i, j ≤ 2. (16)
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We can write hk(ax1 + bx2) as

hk(ax1 + bx2) = amkhk(x1) + bmkhk(x2) + wk, 1 ≤ k ≤ 2,

where each term of wk contains both x1 and x2.
Using Lemma 1 and comparing coefficients of the terms hj(x1) ⊗ hi(x1), hj(x2) ⊗ hi(x1),

hj(x1)⊗ hi(x2), hj(x2)⊗ hi(x2) in (16), we obtain

(βij − β
mimj

11 )ami+mj = (βij − β
mimj

12 )amibmj = (βij − β
mimj

21 )amjbmi

= (βij − β
mimj

22 )bmi+mj = 0, 1 ≤ i, j ≤ 2.
(17)

If β = (−1, 1, 1,−1) then, by (17),

(βij − (−1)mimj )ami+mj = (βij − (−1)mimj )bmi+mj = 0, 1 ≤ i, j ≤ 2.

This implies that

(−1− (−1)m2
1)a2m1 = (−1− (−1)m2

1)b2m1 = (1− (−1)m1m2)am1+m2

= (1− (−1)m1m2)bm1+m2 = (−1− (−1)m2
2)a2m2 = (−1− (−1)m2

2)b2m2 = 0.

It easily follows from this that a = b = 0 over a field of characteristic 6= 2.
If β = (1,−1,−1, 1) then, by (17),

(βij − 1)ami+mj = (βij − 1)bmi+mj = 0, 1 ≤ i, j ≤ 2.

This implies that
−2am1+m2 = −2bm1+m2 = 0.

Hence, a = b = 0 over a field of characteristic 6= 2.
Consequently, if β = (−1, 1, 1,−1) or β = (1,−1,−1, 1) then (K{x1, x2}, β) has only automor-

phisms of degree 2. Therefore,

ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

Using (14), we get
((xi ⊗ xj)β)ϕ⊗ ϕ = ((xi ⊗ xj)ϕ⊗ ϕ)β, 1 ≤ i, j ≤ 2.

Hence,

βij(ajx1 + bjx2 + cj)⊗ (aix1 + bix2 + ci) = ((aix1 + bix2 + ci)⊗ (ajx1 + bjx2 + cj))β, 1 ≤ i, j ≤ 2.

By comparing the coefficients of the terms xi ⊗ xj , xi, 1 ≤ i, j ≤ 2, and the term 1 on both sides of
the equality, we obtain the following relations:

(βij − β11)aiaj = (βij − β12)aibj = (βij − β21)ajbi = (βij − β22)bibj

= (βij − 1)(aicj + ajci) = (βij − 1)(bicj + bjci) = (βij − 1)cicj = 0, 1 ≤ i, j ≤ 2.

Varying the values of 1 ≤ i, j ≤ 2, we get

(β11 − β12)a1b1 = (β11 − β21)a1b1 = (β11 − β22)b21 = (β11 − 1)a1c1

= (β11 − 1)b1c1 = (β11 − 1)c21 = 0,
(18)
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(β12 − β11)a1a2 = (β12 − β21)a2b1 = (β12 − β22)b1b2
= (β12 − 1)(a1c2 + a2c1) = (β12 − 1)(b1c2 + b2c1) = (β12 − 1)c1c2 = 0,

(19)

(β21 − β11)a1a2 = (β21 − β12)a2b1 = (β21 − β22)b1b2
= (β21 − 1)(a2c1 + a1c2) = (β21 − 1)(b2c1 + b1c2) = (β21 − 1)c2c1 = 0,

(20)

(β22 − β11)a22 = (β22 − β12)a2b2 = (β22 − β21)a2b2 = (β22 − 1)a2c2

= (β22 − 1)b2c2 = (β22 − 1)c22 = 0.
(21)

If β = (−1, 1, 1,−1) or β = (1,−1,−1, 1), then it follows from (18), (19), (20), and (21) that

a1b1 = a1a2 = b1b2 = a2b2 = c21 = c22 = 0

or
a1b1 = a1a2 = b1b2 = a2b2 = a1c2 + a2c1 = b1c2 + b2c1 = c1c2 = 0,

respectively. Using (11), this implies

a1 6= 0, b2 6= 0, b1 = a2 = c1 = c2 = 0

or
b1 6= 0, a2 6= 0, a1 = b2 = c1 = c2 = 0.

So we have
ϕ = (a1x1, b2x2) or ϕ = (b1x2, a2x1).

Using Lemma 1, it is easy to see that ϕ ∈ Aut(K{x1, x2}, β). Consequently, Aut(K{x1, x2}, β) = G1.

Lemma 8. If βij = −1 for all i, j then Aut(K{x1, x2}, β) = Godd.
Proof. Let u, v ∈ X∗ with mdeg(u) = (m1,m2) and mdeg(v) = (t1, t2). If βij = −1 then, by

Lemma 1,
(u⊗ v)β = (−1)(m1+m2)(t1+t2)(v ⊗ u).

It is clear that (−1)(m1+m2)(t1+t2) = −1 is equivalent to both m1+m2 and t1+ t2 being odd, and hence
we conclude

(f ⊗ g)β = (−1)ij(g ⊗ f), (22)

where f ∈ Ci and g ∈ Cj with respect to the grading (4).
Let ϕ ∈ Godd. Therefore ϕ(Ci) ⊆ Ci. Using (22), we obtain

(f ⊗ g)β(ϕ⊗ ϕ) = (−1)ij(g ⊗ f)(ϕ⊗ ϕ)

= (−1)ij(ϕ(g)⊗ ϕ(f)) = (ϕ(f)⊗ ϕ(g))β = (f ⊗ g)(ϕ⊗ ϕ)β.

By (14), ϕ ∈ Aut(K{x1, x2}, β) and Godd ⊆ Aut(K{x1, x2}, β).
Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β), deg(f1) = m1 and deg(f2) = m2. We prove that ϕ ∈ Godd

by induction on deg(ϕ) = m1 +m2. Let deg(ϕ) = 2, i.e.,

ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.
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It follows from (18), (19), (20), and (21) that c1 = c2 = 0. So we have

ϕ = (a1x1 + b1x2, a2x1 + b2x2) ∈ Godd.

Assume that deg(ϕ) = m1 +m2 ≥ 3. Then (17) implies that

(−1− (−1)mimj )ami+mj = (−1− (−1)mimj )amibmj = (−1− (−1)mimj )amjbmi

= (−1− (−1)mimj )bmi+mj = 0, i, j ∈ {1, 2}.
(23)

Assume that m1m2 is even. It follows from (23) that a = b = 0 over a field of characteristic 6= 2.
Consequently, m1m2 is odd. This means that m1 and m2 are odd. Without loss of generality, we
can assume that m1 ≤ m2. By Proposition 2, m1|m2. Then there exists the odd automorphism
λ = (x1, x2 + dx

m2/m1

1 ), where d ∈ K∗, such that deg(ϕ ◦ λ) < deg(ϕ). Since λ ∈ Godd ⊆
Aut(K{x1, x2}, β) it follows that ϕ◦λ ∈ Aut(K{x1, x2}, β). By the induction proposition, ϕ◦λ ∈ Godd.
Consequently, ϕ ∈ Godd.

Lemma 9. If β12 = 1 and β11β22 = −1 then Aut(K{x1, x2}, β) ∼= G2.
Proof. By Proposition 3, β = (1, 1, 1,−1). Consider the grading

K{x1, x2} = D0 ⊕D1

of K{x1, x2}, where D0 and D1 are linear spans of all monomials of even degree and all monomials of
odd degree in variable x2, respectively.

Let u, v ∈ X∗, mdeg(u) = (s, s′) and mdeg(v) = (t, t′). By Lemma 1,

(u⊗ v)β = (−1)s′t′(v ⊗ u).

(−1)s′t′ = −1 is equivalent to both s′ and t′ being odd. Therefore, for any homogeneous elements
f ∈ Di and g ∈ Dj ,

(f ⊗ g)β = (−1)ij(g ⊗ f). (24)

Let ϕ ∈ G2. Then ϕ(Di) ⊆ Di. Using (24), we obtain

(f ⊗ g)β(ϕ⊗ ϕ) = (−1)ij(g ⊗ f)(ϕ⊗ ϕ)

= (−1)ij(ϕ(g)⊗ ϕ(f)) = (ϕ(f)⊗ ϕ(g))β = (f ⊗ g)(ϕ⊗ ϕ)β.

Consequently, ϕ ∈ Aut(K{x1, x2}, β) and G2 ⊆ Aut(K{x1, x2}, β).
Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β) with deg(f1) = m1 and deg(f2) = m2. We prove that ϕ ∈ G2

by induction on deg(ϕ) = m1 +m2. Let

ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

It follows from (18), (19), (20), and (21) that

b21 = b1b2 = a22 = a2b2 = a2c2 = b2c2 = c22 = 0.

Using this and (11), we get
a1 6= 0, b2 6= 0, b1 = a2 = c2 = 0.

So
ϕ = (a1x1 + c1, b2x2) ∈ G2.

Assume that deg(ϕ) = m1 +m2 ≥ 3. Then (17) implies that
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(−1− 1m
2
2)a2m2 = (1− (−1)m2

1)b2m1 = (1− (−1)m1m2)bm1+m2 = (−1− (−1)m2
2)b2m2 = 0. (25)

It follows from this a = 0 over a field of characteristic 6= 2. By (25), b 6= 0 in the casem1 is even and
m2 is odd. Therefore, by Proposition 2,m2|m1 andm1/m2 is even. Then there exists the automorphism
λ = (x1 + dx

m1/m2

2 , x2) ∈ G2 such that deg(ϕ ◦ λ) < deg(ϕ). Since λ ∈ G2 ⊆ (K{x1, x2}, β) it follows
that ϕ ◦ λ ∈ (K{x1, x2}, β). By the induction proposition, ϕ ◦ λ ∈ G2. Consequently, ϕ ∈ G2.

Lemma 10. If β12 = −1, β11β22 = −1, then Aut(K{x1, x2}, β) ∼= Gtor
∼= K∗ ×K∗.

Proof. By Proposition 3, β = (1,−1,−1,−1). Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β), deg(f1) = m1

and deg(f2) = m2. If deg(ϕ) = m1 +m2 ≥ 3, then (17) implies that

(−1− 1m1m2)am1+m2 = (1− (−1)m2
1)b2m1

= (−1− (−1)m1m2)bm1+m2 = (−1− (−1)m2
2)b2m2 = 0.

It follows from this that a = b = 0 over a field of characteristic 6= 2. Thus, the algebra (K{x1, x2}, β)
has only automorphisms of degree 2.

Let
ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

It follows from (18), (19), (20), and (21) that

a1b1 = b21 = a1a2 = a1c2 + a2c1 = b1c2 + b2c1 = c1c2 = a22 = a2c2 = b2c2 = c22 = 0.

By this and (11), we get
a1 6= 0, b2 6= 0, b1 = a2 = c1 = c2 = 0.

So
ϕ = (a1x1, b2x2) ∈ Gtor.

Using Lemma 1, it is not difficult to show that Gtor ∈ Aut(K{x1, x2}, β). Consequently,

Aut(K{x1, x2}, β) = Gtor

Lemma 11. If β12 6= ±1 then Aut(K{x1, x2}, β) = Gtor
∼= K∗ ×K∗.

Proof. By (3), β11 = ±1, β22 = ±1, β21 6= β12, β12 6= ±1. Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β),
deg(f1) = m1 and deg(f2) = m2. If deg(ϕ) = m1 +m2 ≥ 3, then it follows from (17) that a = b = 0
over a field of characteristic 6= 2. Thus, the algebra (K{x1, x2}, β) has only automorphisms of degree 2.

Let
ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

It follows from (18), (19), (20), and (21) that

a1b1 = a1a2 = a2b1 = b1b2 = a2b2 = a2c1 + a1c2 = b2c1 + b1c2 = c1c2 = 0.

Using this and (11), we get
a1 6= 0, b2 6= 0, b1 = a2 = c1 = c2 = 0.

So
ϕ = (a1x1, b2x2) ∈ Gtor.

Using Lemma 1, it is easy to see thatGtor ∈ Aut(K{x1, x2}, β). Consequently, Aut(K{x1, x2}, β) = Gtor.
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Conclusion

Using properties of automorphisms of a two generated free nonassociative algebra we describe the
automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over a field of characteristic not equal to two. The obtained results can be used to study
automorphisms of other free nonassociative braided algebras.
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On a solution of the periodic boundary value problem
for a hyperbolic equation with a fractional derivative
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The article investigates a boundary value problem for a hyperbolic equation with the Riemann–Liouville
fractional derivative, which is periodic in one variable. Such equations are widely used in modeling complex
physical processes with memory effects, including viscoelasticity, anomalous diffusion, and thermoviscoelas-
ticity phenomena, where classical integer-order models fail to adequately describe the hereditary properties
of materials and transport processes. To solve this problem, an iterative algorithm is proposed based on do-
main decomposition and the reduction of the original problem to a system of integro-differential equations.
A theorem on the existence and uniqueness of the solution is proved, and an estimate of the convergence
rate of the method is obtained using matrix analysis and a strengthened Gronwall–Bellman inequality. It
is established that the choice of the decomposition step plays a key role in ensuring the stability of the
algorithm. The conducted analysis extends the class of problems for which efficient computational algo-
rithms can be constructed and may serve as a foundation for studying more complex nonlinear cases and
problems in irregular domains.

Keywords: hyperbolic equation, Riemann–Liouville fractional derivative, periodic boundary value prob-
lem, integro-differential equations, algorithm, Gronwall–Bellman inequality, variable coefficients, nonlinear
terms.

2020 Mathematics Subject Classification: 34B05, 35A05, 35A20, 35A22.

Introduction

In modern mathematical physics, considerable attention is devoted to the study of differential
equations with fractional derivatives, which are applied to modeling memory processes such as vis-
coelasticity, anomalous diffusion, and thermo-viscoelasticity [1–3]. Hyperbolic equations containing
fractional derivatives are of particular interest [4–6], as they describe wave phenomena in media with
hereditary properties. This work considers a periodic boundary value problem for a hyperbolic equation
with the Riemann–Liouville fractional derivative, which arises in the study of processes with periodic
boundary conditions. An iterative algorithm is proposed, based on decomposing the spatial domain
and reducing the original problem to a system of integro-differential equations. The paper proves a
theorem on the existence and uniqueness of the solution, as well as derives estimates of the convergence
rate of the proposed method. The use of the parametrization method [7] enabled establishing sufficient
convergence conditions for the algorithm. The results of this work extend the class of problems for
which efficient computational algorithms can be constructed and can be applied to the numerical sim-
ulation of memory processes [8–10]. The conducted research broadens the range of problems for which
effective computational algorithms can be developed [11, 12]. The obtained results are consistent with
known approaches described in and complement them with new estimates [13, 14].
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1 Problem statement

Consider a periodic boundary value problem for a hyperbolic equation with fractional derivative

∂2w(t, x)

∂t∂x
= A(t, x)

∂w(t, x)

∂t
+B(t, x)Dµ

t w(t, x) + f(t, x), (t, x) ∈ Ω = [0, T ]× [0, X], w ∈ Rn, (1)

w(0, x) = 0, x ∈ [0, X], (2)

w(t, 0) = w(t,X), t ∈ [0, T ], (3)

where the (n× n) matrices A(t, x), B(t, x), and the n-vector function f(x, t) are continuous on Ω,

‖w‖ = max
i=1,n

|wi|, ‖A(t, x)‖ = max
i=1,n

n∑
j=1

|aij(t, x)| ≤ α, ‖B(t, x)‖ = max
i=1,n

n∑
j=1

|bij(t, x)| ≤ β,

α, β = const, 0 < µ < 1, Dµ
t w(t, x) is the Riemann–Liouville fractional derivative of order µ, defined

by the formula

Dµ
t w(t, x) =

1

Γ(1− µ)

d

dt

t∫
0

w(τ, x)

(t− τ)µ
dτ, t ∈ [0, T ],

where Γ(z) is gamma function: Γ(z) =
∞∫
0

xz−1e−xdx.

Let C(Ω,Rn) be the space of continuous functions w : Ω→ Rn on Ω with the norm

‖w(t, x)‖1 = max
(t,x)∈Ω

‖w(t, x)‖.

The function w(t, x) ∈ C(Ω,Rn), having partial derivatives ∂w(t,x)
∂t ∈ C(Ω,Rn), ∂

2w(t,x)
∂t∂x ∈ C(Ω,Rn),

provided that Dµ
t w(t, x) exists in the Riemann–Liouville sense, is called a solution of the problem

(1)–(3), if it satisfies the system (1) for all (t, x) ∈ Ω, has zero value on the characteristic t = 0, and
has equal values on the characteristics x = 0, x = X for all t ∈ [0, T ].

To solve this problem, we introduce a new function u(t, x) = ∂w(t,x)
∂t , then w(t, x) =

t∫
0

u(τ, x)dτ.

Substituting u(t, x) into equation (1) gives

∂u(t, x)

∂x
= A(t, x)u(t, x) +B(t, x)Dµ

t

( t∫
0

u(τ, x)dτ

)
+ f(t, x), (t, x) ∈ Ω = [0, T ]× [0, X],

with the boundary condition:
u(t, 0) = u(t,X), t ∈ [0, T ].

Let us partition the interval [0, X] into N parts with a step size h = X/N . We introduce the partition
points: xr = (r−1)h, r = 1, 2, . . . , N.We define the restrictions of the function u(t, x) on each interval
ur(t, x) = u(t, x), x ∈ [(r − 1)h, rh).

The original problem is equivalent to the problem

∂ur(t, x)

∂x
= A(t, x)ur(t, x) +B(t, x)Dµ

t

( t∫
0

ur(τ, x)dτ

)
+ f(t, x), (4)

u1(t, 0) = lim
x→Nh−0

uN (t, x), t ∈ [0, T ], (5)
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lim
x→rh−0

ur(t, x) = ur+1(t, rh), r = 1, 2, ..., N − 1, (6)

where (t, x) ∈ Ωr = [0, T ]× [(r− 1)h, rh), (6) is the matching condition of the solution on the internal
partition lines,

Dµ
t

( t∫
0

ur(τ, x)dτ

)
=

1

Γ(1− µ)

∂

∂t

t∫
0

τ∫
0

ur(τ1, x)dτ1

(t− τ)µ
dτ =

1

Γ(1− µ)

t∫
0

ur(τ, x)

(t− τ)µ
dτ.

2 Main results

We introduce the substitution vr(t, x) = ur(t, x) − λr(t), where λr(t) = ur(t, (r − 1)h). Then
ur(t, x) = vr(t, x) + λr(t). Substituting into equations (4)–(6), we obtain

∂vr(t, x)

∂x
= A(t, x)vr(t, x) +A(t, x)λr(t)+

+
B(t, x)

Γ(1− µ)

t∫
0

vr(τ, x)

(t− τ)µ
dτ +

B(t, x)

Γ(1− µ)

t∫
0

λr(τ)

(t− τ)µ
dτ + f(t, x), (7)

vr(t, (r − 1)h) = 0, t ∈ [0, T ], r = 1, N, (8)

λ1(t) = λN (t) + lim
x→X−0

vN (t, x), t ∈ [0, T ], (9)

λr(t) + lim
x→rh−0

vr(t, x) = λr+1(t), r = 1, 2, ..., N − 1. (10)

The problem (7), (8) with fixed λr(t) is a one-parameter family of Cauchy problems for systems of
integro-differential equations, where t ∈ [0, T ], and is equivalent to the integral equation

vr(t, x) =

x∫
(r−1)h

A(t, ξ)vr(t, ξ)dξ + λr(t)

x∫
(r−1)h

A(t, ξ)dξ+

+

x∫
(r−1)h

B(t, ξ)

Γ(1− µ)

t∫
0

vr(τ, ξ)

(t− τ)µ
dτdξ +

1

Γ(1− µ)

t∫
0

λr(τ)

(t− τ)µ
dτ

x∫
(r−1)h

B(t, ξ)dξ +

x∫
(r−1)h

f(t, ξ)dξ. (11)

Passing to the limit as x → rh− 0 in (11) and substituting in (9), (10) instead of lim
x→rh−0

vr(t, x),

r = 1, N, the corresponding right-hand sides for the unknown functions λr(t), r = 1, N we obtain a
system of equations

hλ1(t) = hλN (t) + h

Nh∫
(N−1)h

A(t, ξ)vN (t, ξ)dξ + hλN (t)

Nh∫
(N−1)h

A(t, ξ)dξ+

+h

Nh∫
(N−1)h

B(t, ξ)

Γ(1− µ)

t∫
0

vN (τ, ξ)

(t− τ)µ
dτdξ +

h

Γ(1− µ)

t∫
0

λN (τ)

(t− τ)µ
dτ

Nh∫
(N−1)h

B(t, ξ)dξ + h

Nh∫
(N−1)h

f(t, ξ)dξ,
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λr(t) +

rh∫
(r−1)h

A(t, ξ)vr(t, ξ)dξ + λr(t)

rh∫
(r−1)h

A(t, ξ)dξ +

rh∫
(r−1)h

B(t, ξ)

Γ(1− µ)

t∫
0

vr(τ, ξ)

(t− τ)µ
dτdξ+

+
1

Γ(1− µ)

t∫
0

λr(τ)

(t− τ)µ
dτ

rh∫
(r−1)h

B(t, ξ)dξ +

rh∫
(r−1)h

f(t, ξ)dξ = λr+1(t), r = 1, N − 1.

This system can be written in matrix form as

Q(h)λ(t) = −Λ(t, h, λ)− V1(t, h, v)− V2(t, h, v)− F (t, h), (12)

where λ(t) =
(
λ1(t), λ2(t), . . . , λN (t)

)′
,

Q(h) =



h 0 . . . 0 −h
(

1 +
Nh∫

(N−1)h

A(t, ξ)dξ

)
1 +

h∫
0

A(t, ξ)dξ −1 . . . 0 0

0 1 +
2h∫
h

A(t, ξ)dξ . . . 0 0

. . . . . . . . . . . . . . .

0 0 . . . 1 +
(N−1)h∫
(N−2)h

A(t, ξ)dξ −1


,

Λ(t, h, λ) =

(
h

Nh∫
(N−1)h

B(t, ξ)dξ · 1

Γ(1− µ)

t∫
0

λN (τ)

(t− τ)µ
dτ,

h∫
0

B(t, ξ)dξ · 1

Γ(1− µ)

t∫
0

λ1(τ)

(t− τ)µ
dτ, . . . ,

(N−1)h∫
(N−2)h

B(t, ξ)dξ · 1

Γ(1− µ)

t∫
0

λN−1(τ)

(t− τ)µ
dτ

)′
,

V1(t, h, v) =

(
h

Nh∫
(N−1)h

A(t, ξ)vN (t, ξ)dξ,

h∫
0

A(t, ξ)v1(t, ξ)dξ, . . . ,

(N−1)h∫
(N−2)h

A(t, ξ)vN−1(t, ξ)dξ

)′
,

V2(t, h, v) =

(
h

Nh∫
(N−1)h

B(t, ξ)

Γ(1− µ)

t∫
0

vN (τ, ξ)

(t− τ)µ
dτdξ,

h∫
0

B(t, ξ)

Γ(1− µ)

t∫
0

v1(τ, ξ)

(t− τ)µ
dτdξ, . . . ,

(N−1)h∫
(N−2)h

B(t, ξ)

Γ(1− µ)

t∫
0

vN−1(τ, ξ)

(t− τ)µ
dτdξ

)′
,

F (t, h) =

(
h

Nh∫
(N−1)h

f(t, ξ)dξ,

h∫
0

f(t, ξ)dξ, . . . ,

(N−1)h∫
(N−2)h

f(t, ξ)dξ

)′
.

To find the system consisting of the functions {λr(t), vr(t, x)}, r = 1, N, we have a closed system
consisting of equations (11) and (12).

Mathematics Series. No. 1(121)/2026 197



N.T. Orumbayeva, B.B. Zhantassova

Suppose the matrix Q(h) is invertible for all t ∈ [0, T ] [15]. Taking as the initial approximation
vr(t, x) = 0, from system (12), we find λ(0)

r (t), r = 1, N. From equation (11) with λr(t) = λ
(0)
r (t), we

find v(0)
r (t, x), r = 1, N.

Step 1. Using equation (12) with vr(t, x) = v
(0)
r (t, x), we find λ(1)

r (t), r = 1, N. From equation (11)
with λr(t) = λ

(1)
r (t), we find v(1)

r (t, x), r = 1, N.

Continuing the process, at the k-th step, we obtain a system of pairs {λ(k)
r (t), v

(k)
r (t, x)}.

Sufficient conditions for the feasibility and convergence of the proposed algorithm, as well as an
estimate of the difference between the exact and approximate solutions, are established by

Theorem 1. Let for some h > 0 : Nh = X,N = 1, 2, ..., (nN × nN) matrix Q(h) is invertible and
the inequalities hold

1) ‖[Q(h)]−1‖ < γ(h),

2) q(h) = h2 max{1, h}
(
α+ βT 1−µ

Γ(2−µ)

)2

E1−µ
(
hγ(h) max{1, h} · β · T 1−µ)eh

(
α+βT1−µ

Γ(2−µ)

)
< 1,

where E1−µ
(
hγ(h) max{1, h} · β · T 1−µ) =

∑∞
k=0

(hγ(h) max{1,h}·β·T 1−µ)
k

Γ((1−µ)k+1) , 0 < µ < 1, ‖A(t, x)‖ ≤ α,

‖B(t, x)‖ ≤ β. Then the boundary value problem (1)–(3) has a unique solution w∗(t, x) and the
estimate holds

‖w∗(t, x)− w(k)(t, x)‖ ≤

≤ T
(

1 + hmax{1, h}
(
α+

βT 1−µ

Γ(2− µ)

)
E1−µ

(
hγ(h) max{1, h} · β · T 1−µ)) [q(h)]k

1− q(h)
M(h)‖f(t, x)‖1.

Proof. The following inequalities hold

‖Λ(t, h, λ)‖ ≤ max{1, h}hβ
Γ(1− µ)

∥∥∥∥
t∫

0

λN (τ)

(t− τ)µ
dτ

∥∥∥∥ ≤ max{1, h}hβ
Γ(1− µ)

t∫
0

1

(t− τ)µ
max
r=1,N

‖λr(τ)‖dτ,

‖V1(t, h, v)‖ ≤ max{1, h}αh max
r=1,N

sup
x∈[(r−1)h,rh)

‖vr(t, x)‖,

‖V2(t, h, v)‖ ≤ max{1, h}hβ
Γ(1− µ)

t∫
0

1

(t− τ)µ
max
r=1,N

sup
x∈[(r−1)h,rh)

‖vr(τ, x)‖dτ,

‖F (t, h)‖ ≤ hmax{1, h}‖f(t, x)‖1.

Assume that the matrix Q(h) is invertible. Taking as the initial approximation vr(t, x) = 0, from
system (12), we find λ(0)

r (t).

Let us use the generalized Gronwall–Bellman inequality for equations with a fractional integral [16]

‖λ(0)(t)‖ = max
r=1,N

‖λ(0)
r (t)‖ ≤ hγ(h) max{1, h} · ‖f(t, x)‖1 · E1−µ

(
hγ(h) max{1, h} · β · t1−µ

)
,

where E1−µ
(
hγ(h) max{1, h} · β · t1−µ

)
is the two-parameter Mittag-Leffler function.

So, we have

‖λ(0)(t)‖2 = max
t∈[0,T ]

‖λ(0)(t)‖ ≤ hγ(h) max{1, h}E1−µ
(
hγ(h) max{1, h} · β · T 1−µ)‖f(t, x)‖1.
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Under our assumptions, the Cauchy problem (7), (8) with λr(t) = λ
(0)
r (t), has a unique solution

v
(0)
r (t, x). By the Gronwall–Bellman inequality,

‖v(0)(t, x)‖3 = max
r=1,N

max
(t,x)∈Ωr

‖v(0)
r (t, x)‖ ≤

≤ h
[(
α+

βT 1−µ

Γ(2− µ)

)
‖λ(0)(t)‖2 + ‖f(t, x)‖1

]
e
h

(
α+βT1−µ

Γ(2−µ)

)
≤M(h)‖f(t, x)‖1,

M(h) = h

[(
α+ βT 1−µ

Γ(2−µ)

)
hγ(h) max{1, h}E1−µ

(
hγ(h) max{1, h} · β · T 1−µ)+ 1

]
e
h

(
α+βT1−µ

Γ(2−µ)

)
.

According to the algorithm, we determine λ(1)(t) and estimate λ(1)
r (t) − λ

(0)
r (t). Let us use the

generalized Gronwall–Bellman inequality for equations with a fractional integral [16]

‖λ(1)(t)− λ(0)(t)‖2 ≤

≤ hmax{1, h}
(
α+

βT 1−µ

Γ(2− µ)

)
E1−µ

(
hγ(h) max{1, h} · β · T 1−µ)‖v(0)(t, x)‖3.

Then ∥∥∥v(1)(t, x)− v(0)(t, x)
∥∥∥

3
≤ q(h)‖v(0)(t, x)‖3.

Continuing the iterative process, we obtain a sequence of systems of pairs {λ(k)
r (t), v

(k)
r (t, x)},

r = 1, 2, ..., N, k = 1, 2, ... :
‖λ(k+1)(t)− λ(k)(t)‖2 ≤

≤ hmax{1, h}
(
α+

βT 1−µ

Γ(2− µ)

)
E1−µ

(
hγ(h) max{1, h} · β · T 1−µ)‖v(k)(t, x)− v(k−1)(t, x)‖3, (13)

‖v(k+1)(t, x)− v(k)(t, x)‖3 ≤ q(h)‖v(k)(t, x)− v(k−1)(t, x)‖3, k = 1, 2, . . . (14)

By virtue of condition 2) of Theorem 1 and inequalities (13), (14), the sequence {λ(k)
r (t), v

(k)
r (t, x)}

converges to {λ∗r(t), v∗r (t, x)} as k →∞ and the following estimates hold:

‖λ∗(t)− λ(k)(t)‖2 ≤

≤ hmax{1, h}
(
α+

βT 1−µ

Γ(2− µ)

)
E1−µ

(
hγ(h) max{1, h} · β · T 1−µ) [q(h)]k

1− q(h)
M(h)‖f(t, x)‖1,

‖v∗(t, x)− v(k)(t, x)‖3 ≤
[q(h)]k

1− q(h)
M(h)‖f(t, x)‖1.

Since {λ∗r(t), v∗r (t, x)} is a solution of the problem (7)–(10), the function w∗(t, x), obtained by joining

together the systems of functions
t∫

0

(λ∗r(τ) + v∗r (τ, x))dτ, will be a solution of the original problem

(1)–(3), and the estimate of the Theorem 1 holds.
Let us prove uniqueness. Suppose that w∗∗(t, x), w∗(t, x) are two solutions of the problem (1)–(3).

Then the corresponding systems of pairs {λ∗∗r (t), v∗∗r (t, x)}, {λ∗r(t), v∗r (t, x)}, r = 1, N, will be solutions
of the boundary value problem (7)–(10), and similarly to (13), (14):

‖λ∗∗(t)−λ∗(t)‖2 ≤ hmax{1, h}
(
α+

βT 1−µ

Γ(2− µ)

)
E1−µ

(
hγ(h) max{1, h} ·β ·T 1−µ)‖v∗(t, x)−v∗∗(t, x)‖3,

‖v∗∗(t, x)− v∗(t, x)‖3 ≤ q(h)‖v∗∗(t, x)− v∗(t, x)‖3, q(h) < 1.

It follows from this that λ∗r(t) = λ∗∗r (t), v∗r (t, x) = v∗∗r (t, x), i.e. w∗∗(t, x) = w∗(t, x), for (t, x) ∈ Ω. The
theorem is proved.
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Conclusion

An iterative algorithm has been proposed in this work for solving the periodic boundary value
problem of a hyperbolic equation with the Riemann–Liouville fractional derivative. A theorem on the
existence and uniqueness of the solution has been proved, and estimates of its approximate values have
been established. The convergence conditions of the algorithm have been derived using matrix analysis
and the Gronwall–Bellman inequality. It has been shown that the choice of the partition step of the
spatial interval plays a key role in ensuring the stability of the method. The results of this work can
be applied to the modeling of a wide class of physical processes with memory and periodic boundary
conditions. Further research may be aimed at solving nonlocal boundary value problems for nonlinear
hyperbolic equations with a fractional derivative.
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In this article, we study a novel extension of the classic balancing numbers, referred to as the higher-order
balancing numbers and denoted by B

(k)
n . This sequence is analogous to the higher-order Fibonacci numbers

and follows the same recurrence relation as the balancing sequence itself. The case k = 1 gives the classic
balancing numbers (A001109) and for k = 2 gives the sequence A029547, thus establishing a direct link to
existing number sequences. Here, we first establish the Binet-like formula and then, with its help, present
various algebraic properties of this newly introduced sequence, such as recurrence relations, generating
functions (both ordinary and exponential), partial sums, binomial sums, combined identities, and more.
We also obtain the limiting ratio and establish several well-known identities, including Catalan’s identity,
d’Ocagane’s identity, Vajda’s identity, Honsberger’s identity, using the Binet-like formula. Finally, we give
some mixed identity and series sum formulae. In this study, the obtained identities and algebraic properties
are expressed in terms of the existing balancing and Lucas-balancing numbers.

Keywords: balancing numbers, Binet’s formula, partial sums, binomial sums, Vajda’s identity, binomial
transform, generating functions, recurrence relations.

2020 Mathematics Subject Classification: 11B37, 11B39, 11B83.

Introduction

In number theory, the Fibonacci numbers emerges as celebrity kind numbers. Beside Fibonacci
numbers, in number theory Lucas, Pell, Jacobsthal, Mersenne, Leonardo, Perrin, Padovan, etc. also
follows the same pattern of study and opens an area of research for further investigation. One of
such fascinating number sequences is the balancing sequence. The concept of balancing numbers
(and balancers) was originally introduced in 1999 by Behera et al. [1]. Let us recall some important
properties of it. A natural number n is said to be balancing number with balancer r if it satisfy the
Diophantine equation

1 + 2 + 3 + ...+ (n− 1) = (n+ 1) + (n+ 2) + ...+ (n+ r).

Thus the balancing numbers {Bn}n≥0 are defined recursively as

Bn+2 = 6Bn+1 −Bn with B0 = 0, B1 = 1.

Another sequence close to balancing numbers is “Lucas-balancing numbers {Cn}” which is defined as
Cn =

√
8B2

n + 1 and that satisfy the same recurrence relation but with initial condition C0 = 1, C1 = 3.
The first few values of these sequence are:

n 0 1 2 3 4 5 6 7 8 ...
Bn 0 1 6 35 204 1189 6930 40391 235416 ...
Cn 1 3 17 99 577 3363 19601 114243 665857 ...
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The closed form formula for the above sequences are given as

Bn =
λn1 − λn2
4
√
2

and Cn =
λn1 + λn2

2
, (1)

where λ1 = 3 +
√
8 and λ2 = 3−

√
8 are the roots of the characteristic equation x2 − 6x+ 1 = 0 and

hold the following relations:

λ1 + λ2 = 6, λ21 + λ22 = 34, λ1 − λ2 = 2
√
8 and λ1λ2 = 1.

Some identities involving the balancing and Lucas-balancing numbers which we need later are given in
the following lemma.

Lemma 1. For integers m and n, we have
1. Bn−mBn+m −B2

n = −B2
m.

2. Cn−mCn+m − C2
n = 1

2(C2m − 1).

3. C2n = 2C2
n − 1 and C2

n = 8B2
n + 1.

Theorem 1. For positive integer k and n ≥ 0, we have

Bk(n+1) = λk1Bkn + λkn2 Bk. (2)

Proof. From Binet-like formula (1), the LHS can be written as

Bk(n+1) =
λ
k(n+1)
1 − λk(n+1)

2

4
√
2

=
λ
k(n+1)
1 − λk(n+1)

2 + λk1λ
kn
2 − λk1λkn2

4
√
2

=
λk1(λ

kn
1 − λkn2 ) + λkn2 (λk1 − λk2)

4
√
2

= λk1Bkn + λkn2 Bk.

In the next section, we first define the higher-order balancing numbers, and then we study their al-
gebraic properties. In recent years, several articles have appeared on higher-order sequences associated
with a famous number sequence, where the authors presented study on their algebraic properties. The
study begins with the earlier work of Randić et al. (1996) [2], where the authors proposed higher-order
Fibonacci numbers and investigated their properties in the context of applications in chemistry. Later,
Ozvatan [3] studied a generalization of these higher-order Fibonacci numbers and obtained several
algebraic properties.

Recently, Uysal and Özkan [4, 5] studied the quaternion algebra of higher-order Jacobsthal–Lucas
numbers. Kızılateş [6] studied the hypercomplex numbers whose components are higher-order Fi-
bonacci numbers while in Özimamoğlu [7] they considered higher-order Pell numbers. Kızılateş in
their recent study [8], presented a comprehensive survey on the generalization of hybrid numbers
(polynomial) with higher-order generalized Fibonacci polynomials. Kumari et al. [9] studied the al-
gebra of quaternions and octonions of the higher-order Mersenne numbers. A similar concept was
applied in [10] to study new sequences of balancing numbers. A polynomial version of the balancing
numbers and their algebraic properties were studied by Ray [11] and Frontczak [12]. Some recent de-
velopments and applications of balancing numbers are due to Ray [13,14], Frontczak [12,15,16], Liptai
[17], Özkoc [18], Panda [19], Prasad et al. [10, 20], etc. Similar to the above work, many algebraic
properties of our proposed new sequences can be investigated after this study.
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1 Higher-order balancing numbers

Throughout the article, we adopt the symbols {Bn}, {Cn} and {B(k)
n } for the n-th balancing,

Lucas-balancing and higher-order balancing numbers, respectively.

Definition 1. Let k ∈ N, then the higher-order balancing numbers {B(k)
n } is defined as

B(k)
n =

Bkn
Bk

, n = 0, 1, 2, .... (3)

From Definition 1, note that the following identities hold obviously:
1. B(k)

0 = 0 and B
(k)
1 = 1.

2. B(k)
2 = λk1 + λk2 = 2Ck.

For different values of k, some higher-order balancing numbers are listed in Table 1:

T a b l e 1

List of some higher-order balancing numbers (B(k)
n )

Numbers k = 1 k = 2 k = 3 k = 4 k = 5

B
(k)
0 0 0 0 0 0

B
(k)
1 1 1 1 1 1

B
(k)
2 6 34 198 1154 6726

B
(k)
3 35 1155 39203 1331715 45239075

B
(k)
4 204 39236 7761996 1536797956 304278011724

B
(k)
5 1189 1332869 1536836005 1773463509509 2046573861616547

Note that for k = 2, relation (3) gives a new sequence B(2)
n = (1/6)B2n which generates the terms

1, 34, 1155, 39236, 1332869, 45278310, 1538129671, 52251130504, . . . , indexed as A029547 on OEIS and
satisfy the recurrence relation an+1 = 34an − an−1, with a−1 = 0, a0 = 1.

Theorem 2. The sequence {B(k)
n } satisfies the following recurrence relation

B
(k)
n+2 − (λk1 + λk2)B

(k)
n+1 +B(k)

n = 0, with B
(k)
0 = 0, B

(k)
1 = 1. (4)

Proof. Dividing both sides of (2) by Bk and then using Definition 1, we get

B
(k)
n+1 = λk1B

(k)
n + λkn2 . (5)

Now replacing n by n+ 1 in (5) yields

B
(k)
n+2 = λk1B

(k)
n+1 + λ

k(n+1)
2 . (6)

Multiplying both sides of (6) by λ−k2 , we get

B
(k)
n+2λ

−k
2 = λk1B

(k)
n+1λ

−k
2 + λkn2 . (7)

Thus, subtracting (5) from (7) gives the required result.

Now we give the Binet’s formula for higher-order balancing numbers and using the Binet’s formula,
we prove some algebraic identities for this sequence.
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1.1 Binet’s formula and some identities

For a fixed positive integer k, the characteristic equation of recurrences (4) is x2−(λk1+λk2)x+1 = 0,
whose roots are λk1 and λk2. Thus, the Binet’s formula for the higher-order balancing numbers B(k)

n is
given by

B(k)
n =

λkn1 − λkn2
λk1 − λk2

. (8)

Theorem 3. The limiting ratio of higher-order balancing numbers is λk1, i.e.,

lim
n→∞

B
(k)
n+1

B
(k)
n

= λk1.

Proof. From Binet’s formula (8), we can write

lim
n→∞

B
(k)
n+1

B
(k)
n

= lim
n→∞

 (λk1)
n+1−(λk2)n+1

λk1−λk2
(λk1)

n−(λk2)n
λk1−λk2


= lim

n→∞

(
(λk1)

n+1 − (λk2)
n+1

(λk1)
n − (λk2)

n

)
= lim

n→∞

(
(λk1)

nλk1 − (λk2)
nλk2

(λk1)
n − (λk2)

n

)

= lim
n→∞

(λk1)
(
(λk2)

n+1

(λk1)
n+1 − 1

)
(
(λk2)

n

(λk1)
n − 1

)
 .

Now taking into account that limn→∞

(
(λk2)

n+1

(λk1)
n+1

)
= 0 and limn→∞

(
(λk2)

n

(λk1)
n

)
= 0 as |λ2λ1 | < 1 for k ∈ N,

we have

lim
n→∞

((
(λk2)

n+1

(λk1)
n+1

)
− 1

)
= −1.

So the original limit simplifies to

lim
n→∞

B
(k)
n+1

B
(k)
n

= λk1.

Theorem 4 (Catalan’s identity). For n ≥ r, we have

B
(k)
n−rB

(k)
n+r −

(
B(k)
n

)2
= −

(
B(k)
r

)2
.

Proof. Using Binet’s formula (8) in LHS, we have

Bn−r
(k)B

(k)
n+r −

(
B(k)
n

)2
=

(
(λk1)

n−r − (λk2)
n−r

λk1 − λk2

)(
(λk1)

n+r − (λk2)
n+r

λk1 − λk2

)
−
(
(λk1)

n − (λk2)
n

λk1 − λk2

)2

=
1

(λk1 − λk2)2
[
(λk1)

n−r(λk1)
n+r − (λk1)

n−r(λk2)
n+r − (λk2)

n−r(λk1)
n+r + (λk2)

n−r(λk2)
n+r
]

− 1

(λk1 − λk2)2
[
(λk1)

2n − 2(λk1)
n(λk2)

n + (λk2)
2n
]

=
1

(λk1 − λk2)2
[
λ2kn1 − (λk1)

n−r(λk2)
n+r − (λk2)

n−r(λk1)
n+r + (λk2)

2n − (λk1)
2n + 2(λk1)

n(λk2)
n − λ2kn2

]
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=
1

(λk1 − λk2)2
[
2(λk1λ

k
2)
n − (λk1λ

k
2)
n (λ

k
2)
r

(λk1)
r
− (λk1λ

k
2)
n (λ

k
1)
r

(λk2)
r

]
=

(1)kn

(λk1 − λk2)2
(
2− (λk2)

r

(λk1)
r
− (λk1)

r

(λk2)
r

)
(since λ1λ2 = 1)

=
1

(λk1 − λk2)2(λ1λ2)kr
(
2(λ1λ2)

kr − λ2kr1 − λ2kr2

)
= − 1

(λk1 − λk2)2
(λkr1 − λkr2 )2 = −(B(k)

r )
2
.

Corollary 1 (Cassini’s identity). For positive integer n, we have

B
(k)
n−1B

(k)
n+1 −

(
B(k)
n

)2
= −(Bk

1 )
2 = −1.

Theorem 5 (d’Ocagane identity). For integers m,n with m > n, we have

B
(k)
n+1B

(k)
m −B(k)

n B
(k)
m+1 = B

(k)
m−n.

Proof. Proceeding similar to the above theorem using Binet’s formula (8) proves the given identity.

Theorem 6 (Vajda’s identity). For every n,m, r ≥ 0, we have

B
(k)
n+mB

(k)
n+r −B(k)

n B
(k)
n+m+r = B(k)

m B(k)
r .

Proof. Substituting Binet’s formula (8) in the LHS, we get

B
(k)
n+mB

(k)
n+r −B(k)

n B
(k)
n+m+r

=

(
λ
k(n+m)
1 − λk(n+m)

2

λk1 − λk2

)(
λ
k(n+r)
1 − λk(n+r)2

λk1 − λk2

)
−
(
λkn1 − λkn2
λk1 − λk2

)(
λ
k(n+m+r)
1 − λk(n+m+r)

2

λk1 − λk2

)
.

Expanding the product of RHS, it becomes

=

(
λ
k(n+m)
1 − λk(n+m)

2

)(
λ
k(n+r)
1 − λk(n+r)2

)
−
(
λkn1 − λkn2

)(
λ
k(n+m+r)
1 − λk(n+m+r)

2

)
(
λk1 − λk2

)2
=

1(
λk1 − λk2

)2((λk(n+m+n+r)
1 − λk(n+m)

1 λ
k(n+r)
2 − λk(n+m)

2 λ
k(n+r)
1 + λ

k(n+m+n+r)
2

)

−
(
λ
k(n+n+m+r)
1 − λkn1 λ

k(n+m+r)
2 − λkn2 λ

k(n+m+r)
1 + λ

k(n+n+m+r)
2

))
=

1(
λk1 − λk2

)2((λk(2n+m+r)
1 − λk(n+m)

1 λ
k(n+r)
2 − λk(n+m)

2 λ
k(n+r)
1 + λ

k(2n+m+r)
2

)

−
(
λ
k(2n+m+r)
1 − λkn1 λ

k(n+m+r)
2 − λkn2 λ

k(n+m+r)
1 + λ

k(2n+m+r)
2

))
.
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Since λ1λ2 = 1, so the above quantity reduced to

=
1(

λk1 − λk2
)2((λk(m+r)

1 + λ
k(m+r)
2 − λkm1 λkr2 − λkm2 λkr1

))

=
1(

λk1 − λk2
)2((λkm1 (λkr1 − λkr2 )− λkm2 (λkr1 − λkr2

))

=

(
λkm1 − λkm2
λk1 − λk2

)(
λkr1 − λkr2
λk1 − λk2

)
= B(k)

m B(k)
r .

Thus, we conclude that
B

(k)
n+mB

(k)
n+r −B(k)

n B
(k)
n+m+r = B(k)

m B(k)
r .

Theorem 7 (Honsberger’s identity). For any integers p, n > 0, we have

B
(k)
p−1B

(k)
n +B(k)

p B
(k)
n+1 =

CknCk(p+n) − Ck(p−n−1)
8B2

k

.

Proof. Taking into account λ1λ2 = 1, we obtain

B
(k)
p−1B

(k)
n +B(k)

p B
(k)
n+1

=

(
λ
k(p−1)
1 − λk(p−1)2

λk1 − λk2

)(
λkn1 − λkn2
λk1 − λk2

)
+

(
λkp1 − λ

kp
2

λk1 − λk2

)(
λ
k(n+1)
1 − λk(n+1)

2

λk1 − λk2

)

=
1(

λk1 − λk2
)2[(λk(p−1+n)1 − λk(p−1)1 λkn2 − λ

k(p−1)
2 λkn1 + λ

k(p−1+n)
2

)]

+
1(

λk1 − λk2
)2[(λk(p+1+n)

1 − λkp1 λ
k(n+1)
2 − λkp2 λ

k(n+1)
1 + λ

k(p+1+n)
2

)]

=
1(

λk1 − λk2
)2[λk(p+n)1

[
λ−kn1 + λkn1

]
+ λ

k(p+n)
2

[
λ−kn2 + λkn2

]
− λk(p−1−n)1 − λk(p−n−1)2 − λk(p−n−1)1 − λk(p−n−1)2

]
=

1

32B2
k

[(
λ
k(p+n)
1 + λ

k(p+n)
2

)(
λkn1 + λkn2

)
− 2
(
λ
k(p−1−n)
1 + λ

k(p−n−1)
2

)]
=
CknCk(p+n) − Ck(p−n−1)

8B2
k

(using (1)).

2 Some identities involving HOBN

Theorem 8 (Generating function). For higher-order balancing sequence, we have

∞∑
n=0

B(k)
n xn =

x

x2 − 2Ckx+ 1
.
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Proof. Let G(x, k) =
∑∞

n=0B
(k)
n xn be the generating function for the higher-order balancing se-

quence. Now multiplying both sides of (4) by xn+2 and then taking the summation over 0 to ∞, we
get

∞∑
n=0

B
(k)
n+2x

n+2 − (λk1 + λk2)
∞∑
n=0

B
(k)
n+1x

n+2 +
∞∑
n=0

B(k)
n xn+2 = 0.

Now substituting

∞∑
n=0

B
(k)
n+2x

n+2 = G(x, k)−B(k)
1 x−B(k)

0 ,
∞∑
n=0

B
(k)
n+1x

n+2 = x[G(x, k)−B(k)
0 ]

and
∞∑
n=0

B(k)
n xn+2 = x2G(x, k),

we get (
G(x, k)−B(k)

1 x−B(k)
0

)
−
(
λk1 + λk2

)
x
[
G(x, k)−B(k)

0

]
+ x2G(x, k) = 0,

G(x, k)
[
1−

(
λk1 + λk2

)
x+ x2

]
+
(
λk1 + λk2

)
xB

(k)
0 −B(k)

1 x−B(k)
0 = 0.

Since B(k)
0 = 0 and B(k)

1 = 1, so after simplifications it gives the proposed identity.

For instance, setting k = 1 in the above theorem gives the generating function for the balancing
sequence, i.e.,

G(x, 1) =
x

x2 − 6x+ 1
.

Theorem 9. The generating function for odd and even indexed sequences of higher-order balancing
numbers {B(k)

n } are:
∞∑
r=0

B
(k)
2r x

r =
2xCk

x2 − 2C2kx+ 1
and

∞∑
r=0

B
(k)
2r+1x

r =
x+ 1

x2 − 2C2kx+ 1
.

Proof. Using Binet’s formula of B(k)
2r , we write

∞∑
r=0

B
(k)
2r x

r =

∞∑
r=0

λ2kr1 − λ2kr2

λk1 − λk2
xr =

1

λk1 − λk2

( ∞∑
r=0

λ2kr1 xr − λ2kr2 xr
)

=
1

λk1 − λk2

[
1

1− λ2k1 x
− 1

1− λ2k2 x

]
=

1

λk1 − λk2

[
x(λ2k1 − λ2k2 )

x2 − x(λ2k1 + λ2k2 ) + 1

]
=

xB
(k)
2

x2 − 2C2kx+ 1
=

2xCk
x2 − 2C2kx+ 1

.

In a similar fashion, the second identity can be also obtained.

Theorem 10. The exponential generating function E(x, k) for higher-order balancing numbers is

E(x, k) =
eλ

k
1x − eλk2x

4
√
2Bk

.
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Proof. Using Binet’s formula (8) in exponential generating function E(x, k) =
∑∞

n=0
B

(k)
n xn

n! , we get

E(x, k) =

∞∑
n=0

(λkn1 − λkn2
λk1 − λk2

)xn
n!

=
1

λk1 − λk2

( ∞∑
n=0

(λk1x)
n

n!
−
∞∑
n=0

(λk2x)
n

n!

)
=
eλ

k
1x − eλk2x

λk1 − λk2
.

Substituting λk1 − λk2 = 4
√
2Bk proves the required identity.

Theorem 11. The Poisson generating function for the higher-order balancing numbers is

∞∑
r=0

B(k)
r

x−r

r!
=
e
λk1
x − e

λk2
x

4
√
2Bk

.

Proof. In the previous theorem replacing x by x−1 gives the required identity.

2.1 Partial sum and Binomial sum

Theorem 12 (Partial sum). For k, n ∈ N, we have

n∑
i=1

B
(k)
i =

B
(k)
n −B(k)

n+1 + 1

2(1− Ck)
.

Proof. Using Binet’s formula of the higher-order balancing numbers in
∑n

i=1B
(k)
i , we have

n∑
i=1

1

λk1 − λk2
(λki1 − λki2 )

=
1

λk1 − λk2

(
λk1

(λk1)
n − 1

λk1 − 1
− λk2

(λk2)
n − 1

λk2 − 1

)
=

1

λk1 − λk2

[(
(λk1)

n+1λk2 − λk1λk2 − (λk1)
n+1 + λk1

)
−
(
(λk2)

n+1λk1 − λk1λk2 − (λk2)
n+1 + λk2

)
(λk1 − 1)(λk2 − 1)

]

=
1

λk1 − λk2


(
(λk1)

n − (λk2)
n
)
−
(
(λk1)

n+1 − (λk2)
n+1
)
+
(
λk1 − λk2

)
(λ1λ2)k − λk1 − λk2 + 1


=
B

(k)
n −B(k)

n+1 + 1

2(1− Ck)
.

Theorem 13 (Partial sum with even indexes). For k, n ∈ N, we have

n∑
i=1

B
(k)
2i =

B
(k)
2 +B

(k)
2n −B

(k)
2(n+1)

2− 2C2k
.
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Proof. We write
n∑
i=1

B
(k)
2i =

n∑
i=1

1

λk1 − λk2

(
λ2ki1 − λ2ki2

)
=

1

λk1 − λk2

(
λ2k1

(λ2k1 )n − 1

λ2k1 − 1
− λ2k2

(λ2k2 )n − 1

λ2k2 − 1

)
.

After simplifying using Binet’s formula, we get

n∑
i=1

B
(k)
2i =

B
(k)
2 +B

(k)
2n −B

(k)
2(n+1)

2− 2C2k
.

Theorem 14 (Partial sum with odd indexes). For k, n ∈ N, we have
n∑
i=0

B
(k)
2i+1 =

C2k(n+1)−1

C2k − 1
.

Proof. Using the Binet’s formula, we have
n∑
i=0

B
(k)
2i+1 =

n∑
i=0

1

λk1 − λk2

(
λ
k(2i+1)
1 − λk(2i+1)

2

)
=

1

λk1 − λk2

(
λk1

(λ2k1 )n+1 − 1

λ2k1 − 1
− λk2

(λ2k2 )n+1 − 1

λ2k2 − 1

)

=
1

(λk1 − λk2)(λk1 − 1)(λk2 − 1)

[(
λk1(λ

2k
1 )n+1λ2k2 − λk1λ2k2 − λk1(λ2k1 )n+1 + λk1

)
−
(
λk2(λ

2k
2 )n+1λ2k1 − λ2k1 λk2 − λk2(λ2k2 )n+1 + λk2

)]
=

1

λk1 − λk2

[(
λk1(λ

2k
1 )n − λk1(λ2k1 )n+1 − λk2(λ2k2 )n + λk2(λ

2k
2 )n+1 + 2(λk1 − λk2)

)
(λk1 − 1)(λk2 − 1)

]
(by λ1λ2 = 1)

=
1

λk1 − λk2

[(
(λ2k1 )n+1(λk2 − λk1) + (λ2k1 )n+1(λk2 − λk1) + 2(λk1 − λk2)

)
(λ1λ2)k − λk1 − λk2 + 1

]

=
C2k(n+1)−1

C2k − 1
.

Theorem 15 (Binomial sum). For the higher-order balancing numbers {B(k)
n }, we have

1.
∑s−1

n=0

(
s−1
n

)
B

(k)
n =

1

4
√
2Bk

(
(1 + λk1)

s−1 − (1 + λk2)
s−1).

2.
∑s−1

n=0(−1)n
(
s−1
n

)
B

(k)
n =

1

4
√
2Bk

(
(1− λk1)s−1 − (1− λk2)s−1

)
.

Proof. 1. From Binet’s formula (8), we write
s−1∑
n=0

(
s− 1

n

)
B(k)
n =

s−1∑
n=0

(
s− 1

n

)
λkn1 − λkn2
λk1 − λk2

=
1

λk1 − λk2

(
s−1∑
n=0

(
s− 1

n

)
λkn1 −

s−1∑
n=0

(
s− 1

n

)
λkn2

)

=
1

4
√
2Bk

(
(1 + λk1)

s−1 − (1 + λk2)
s−1
)

(using the Binomial theorem).
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2. From Binet’s formula (8), we write

s−1∑
n=0

(−1)n
(
s− 1

n

)
B(k)
n =

s−1∑
n=0

(
s− 1

n

)
(−λk1)n − (−λk2)n

λk1 − λk2

=
1

λk1 − λk2

(
s−1∑
n=0

(
s− 1

n

)
(−λk1)n −

s−1∑
n=0

(
s− 1

n

)
(−λk2)n

)

=
1

4
√
2Bk

(
(1− λk1)s−1 − (1− λk2)s−1

)
(using the Binomial theorem).

Theorem 16. If m and n are positive integers, then

1.
∑2n

r=0

(
2n
r

)
B

(k)
2r =

1

4
√
2Bk

(
(1 + λ2k1 )2n − (1 + λ2k2 )2n

)
.

2.
∑2n+1

r=0

(
2n+1
r

)
B

(k)
2r =

1

4
√
2Bk

(
(1 + λ2k1 )2n+1 − (1 + λ2k2 )2n+1

)
.

Proof. 1. From Binet’s formula (8), we write

2n∑
r=0

(
2n

r

)
B

(k)
2r =

2n∑
r=0

(
2n

r

)
λ2kr1 − λ2kr2

λk1 − λk2

=
1

λk1 − λk2

(
2n∑
r=0

(
2n

r

)
λ2kr1 −

2n∑
r=0

(
2n

r

)
λ2kr2

)

=
1

λk1 − λk2

(
(1 + λ2k1 )2n − (1 + λ2k2 )2n

)
(using the Binomial theorem)

=
1

4
√
2Bk

(
(1 + λ2k1 )2n − (1 + λ2k2 )2n

)
.

2. From Binet’s formula (8), we write

2n+1∑
r=0

(
2n+ 1

r

)
B

(k)
2r =

2n+1∑
r=0

(
2n+ 1

r

)
λ2kr1 − λ2kr2

λk1 − λk2

=
1

λk1 − λk2

(
2n+1∑
r=0

(
2n+ 1

r

)
λ2kr1 −

2n+1∑
r=0

(
2n+ 1

r

)
λ2kr2

)

=
1

λk1 − λk2

(
(1 + λ2k1 )2n+1 − (1 + λ2k2 )2n+1

)
(using the Binomial theorem)

=
1

4
√
2Bk

(
(1 + λ2k1 )2n+1 − (1 + λ2k2 )2n+1

)
.

With the help of Binet’s formula, the following identities can be easily established.

Theorem 17. For n ≥ 0, the following identitites are verified:

1. B(k)
−n = −B(k)

n .
2. B(k)

2n = 2CknB
(k)
n .

3. B(k)
3n = 32B

(k)
n (B2

kn + 3).
4. B(k)

n±r = B
(k)
n Ckr ±B

(k)
r Ckn.

5. B(k)
n+r +B

(k)
n−r = 2CkrB

(k)
n .

6. B(k)
n+r −B

(k)
n−r = 2CknB

(k)
r .

7. (B
(k)
n+r)

2 − (B
(k)
n−r)

2 = 4CknCkrB
(k)
n B

(k)
r .

8. B(k)
n+rB

(k)
n−r = (B

(k)
n )2 − (B

(k)
r )2.
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Proof. 1. Since B−nk = −Bnk, so

B
(k)
−n =

B−nk
Bk

= −Bnk
Bk

= −B(k)
n .

2. Using B2k = 2BkCk, we can write B(k)
2n =

B2kn

Bk
= 2Ckn

Bkn
Bk

= 2CknB
(k)
n .

3. Taking into account the identity B3k = 32B3
k + 3Bk, we have

B
(k)
3n =

B3nk

Bk
=

32B3
kn + 3Bkn
Bk

= 32B(k)
n (B2

kn + 3).

For identity 4, 5 and 6, along with Definition 1, use Bm±n = BmCn±CmBn), Ba+b+Ba−b = 2BaCb
and Ba+b −Ba−b = 2CaBb, respectively.

7. Using Ba+b +Ba−b = 2BaCb and Ba+b −Ba−b = 2CaBb, we have

(B
(k)
n+r)

2 − (B
(k)
n−r)

2 =
(Bk(n+r))

2 − (Bk(n−r))
2

(Bk)2

=
(Bkn+kr +Bkn−kr)(Bkn+kr −Bkn−kr)

(Bk)2

=
4BknBkrCknCkr

(Bk)2

= 4CknCkrB
(k)
n B(k)

r .

8. Since Ba+bBa−b = B2
a −B2

b , so

B
(k)
n+rB

(k)
n−r =

Bkn+krBkn−kr
B2
k

=
B2
kn −B2

kr

B2
k

= (B(k)
n )2 − (B(k)

r )2.

Theorem 18. If m and n are positive integers, then

1.
∑n

r=1B
(k)
2mr =

B
(k)
2mn −B

(k)
2m(n+1) +B

(k)
2m

2− 2C2mk
.

2.
∑n

r=1(−1)rB
(k)
2mr =

(−1)n
(
B

(k)
2mn +B

(k)
2m(n+1)

)
−B(k)

2m

2 + 2C2mk
.

3.
∑n

r=1(B
(k)
mr)2 =

1

C2k − 1

(
C2mk + C2mkn − C2mk(1+n) − 1

2(1− C2mk)
− n

)
.

4.
∑n

r=1(−1)r(B
(k)
mr)2 =


1

2(C2k − 1)

[
(−1)n(C2mkn+C2mk(n+1))−C2mk

C2mk+1

]
: n = even

1

2(C2k − 1)

[
(−1)n(C2mkn+C2mk(n+1))−C2mk

C2mk+1 + 2
]

: n = odd.
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Proof. 1. Using the Binet’s formula (8), we have

n∑
r=1

B
(k)
2mr =

n∑
r=1

1

λk1 − λk2
(λ2mrk1 − λ2mrk2 )

=
1

λk1 − λk2

(
λ2mk1

(λ2mk1 )n − 1

λ2mk1 − 1
− λ2mk2

(λ2mk2 )n − 1

λ2mk2 − 1

)
=

1

λk1 − λk2

[(
(λ2mk1 )n+1λ2mk2 − (λ1λ2)

2mk − (λ2mk1 )n+1 + λ2mk1

)
(λ2mk1 − 1)(λ2mk2 − 1)

]

− 1

λk1 − λk2

[(
(λ2mk2 )n+1λ2mk1 − (λ1λ2)

2mk − (λ2mk2 )n+1 + λ2mk2

)
(λ2mk1 − 1)(λ2mk2 − 1)

]

=
1

λk1 − λk2


(
(λ2mk1 )n − (λ2mk2 )n

)
−
(
(λ2mk1 )n+1 − (λ2mk2 )n+1

)
+
(
λ2mk1 − λ2mk2

)
(λ1λ2)2mk − λ2mk1 − λ2mk2 + 1


=
B

(k)
2mn −B

(k)
2m(n+1) +B

(k)
2m

2− 2C2mk
.

2. Using the Binet’s formula (8), we have

n∑
r=1

(−1)rB(k)
2mr =

n∑
r=1

(−1)r

λk1 − λk2
(λ2mrk1 − λ2mrk2 )

=
1

λk1 − λk2

(
n∑
r=1

(−λ2mk1 )r −
n∑
r=1

(−λ2mk2 )r

)

=
1

λk1 − λk2

(
−λ2mk1

1− (−λ2mk1 )n

1− (−λ2mk1 )
− (−λ2mk2 )

1− (−λ2mk2 )n

1− (−λ2mk2 )

)
.

After simplifying, we get

n∑
r=1

(−1)rBk
2mr =

(−1)n
(
B

(k)
2mn +B

(k)
2m(n+1)

)
−B(k)

2m

2 + 2C2mk
.

3. Using the Binet’s formula (8) in
∑n

r=1(B
(k)
mr)2, we have

n∑
r=1

(
λmrk1 − λmrk2

λk1 − λk2

)2

=
1

(λk1 − λk2)2
n∑
r=1

(
λ2mkr1 + λ2mkr2 − 2(λ1λ2)

mkr)
)

=
1

(λk1 − λk2)2

(
λ2mk1

(λ2mk1 )n − 1

λ2mk1 − 1
+ λ2mk2

(λ2mk2 )n − 1

λ2mk2 − 1
− 2n

)
.

After simplifying and rearrangement, it becomes

n∑
r=1

(B(k)
mr)

2 =
1

C2k − 1

(
C2mk + C2mkn − C2mk(1+n) − 1

2(1− C2mk)
− n

)
.
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4. Using the Binet’s formula of higher-order balancing number, we have

n∑
r=1

(−1)r(B(k)
mr)

2 =
n∑
r=1

(−1)r
(
λmrk1 − λmrk2

λk1 − λk2

)2

=
1

(λk1 − λk2)2
n∑
r=1

(−1)r
(
λ2mkr1 + λ2mkr2 − 2(λ1λ2)

mkr
)

=
1

(λk1 − λk2)2

[
n∑
r=1

(−λ2mk1 )r +
n∑
r=1

(−λ2mk2 )r − 2
n∑
r=1

(−1)r
]

=
1

(λk1 − λk2)2

[
(−λ2mk1 )

(−λ2mk1 )n − 1

(−λ2mk1 )− 1
+ (−λ2mk2 )

(−λ2mk2 )n − 1

(−λ2mk2 )− 1
− 2

n∑
r=1

(−1)r
]

=
1

2(C2k − 1)

[
(−1)n(C2mkn + C2mk(n+1))− C2mk

C2mk + 1
− 2

n∑
r=1

(−1)r
]
.

Since
∑n

r=1(−1)r = 0 and −1 for n = even and odd, respectively, so

n∑
r=1

(−1)r(B(k)
mr)

2 =


1

2(C2k − 1)

[
(−1)n(C2mkn + C2mk(n+1))− C2mk

C2mk + 1

]
: n = even

1

2(C2k − 1)

[
(−1)n(C2mkn + C2mk(n+1))− C2mk

C2mk + 1
+ 2

]
: n = odd.

Conclusion

In this article, we introduce a new extension of the classical balancing numbers, which
generalizes the balancing numbers in a different way. For this integer sequence, we present a Binet-like
formula and various algebraic properties, such as generating functions (both ordinary and exponential),
various partial and binomial sums, etc. In addition, we present several identities in connection with
the existing balancing and Lucas-balancing numbers. In particular, for k = 1 it gives the classical
balancing numbers (A001109) and for k = 2 it gives the sequence A029547.

Following this study, this sequence can be extended and applied in many directions, such as
hypercomplex numbers, polynomials, quaternions, octonions, matrix theory, transforms, etc. We are
currently working on hypercomplex/2m-ions numbers using this new sequence.
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Numerical Scheme for Singularly Perturbed Differential Equations
with Small Shifts Using Non-Polynomial Quartic Spline

K. Ragula1,∗, G.B.S.L. Soujanya2

1Rajiv Gandhi University of Knowledge Technologies, Basar, India;
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In this paper, a non-polynomial quartic spline technique with a fitting parameter is applied to solve a
second-order singularly perturbed differential-difference equation (SPDDE) having small shifts. Taylor series
expansion is employed for the delayed and advanced terms in the considered problem to produce a singularly
perturbed differential equation (SPDE), and then a non-polynomial quartic spline technique is applied. To
manage the layer structure, a fitting parameter is introduced in the proposed computational method; based
on the step size, this parameter is evaluated using the theory of singular perturbation theory. Two model
examples with left-end boundary layer behavior are considered to theory validate the theoretical finding.
The convergence method is analyzed, and the solutions are reported in terms of maximum absolute error
with quadratic convergence rate using the fitting parameter. For comparison, solutions without the fitting
parameter are reported for test problems. The graphs depict the layer profile for the values of perturbation
and shift parameters using the fitting factor and the oscillations without it. The proposed scheme gives
uniformly convergent and valid results.

Keywords: singularly perturbed differential-difference equation, fitting parameter, non-polynomial spline,
small shifts, boundary layer, truncation Error, maximum absolute error, convergence.

2020 Mathematics Subject Classification: 65L10, 65L11, 65L12.

Introduction

The differential equation in which the highest derivative is multiplied by a small parameter and
having delay/advanced on the terms different from the highest derivative is known as a singularly
perturbed differential-difference equation (SPDDE). A challenging and frequent task in the mathema-
tical modeling of many physical, engineering, and biological problems is finding solutions for SPDDEs
in the interval of boundary conditions. Such problems include the initial exit time problem in neu-
ronal variability activation models [1] and oscillations of the human pupil light reflex with delayed and
mixed responses [2]. A comprehensive overview of SPDDEs is given in [3]. The efficient approxima-
tion schemes SCEM and MMAE to solve SPDDE were introduced in [4]. The authors suggested a
hybrid technique and a midpoint upwind strategy for inside and outside the boundary layer region on
the Shishkin mesh in [5]. In [6], the researchers proposed a numerical method for solving SPDDEs
with small and large delays using a non-polynomial spline. In [7], the authors developed two adaptive
methods based on the r-refinement strategy to solve SPDDE with mixed parameters. In [8, 9], the
authors suggested spline methods with fitting factor to solve the problem of SPDDEs. An exponen-
tially fitted spline method was proposed to solve SPDDE with delay in the convection term in [10]. The
authors of [11] came up with a way to solve the singularly perturbed boundary value problems with
mixed shifts using non polynomial splines. In [12], the authors developed a uniform convergent com-
putational technique for solving singularly perturbed delay reaction-diffusion equations. The authors
∗Corresponding author. E-mail: rksm39@gmail.com
Received: 30 August 2024; Accepted: 18 December 2025.
c© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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of [13, 14] proposed numerical methods for solving SPDDE with mixed shifts using non-polynomial
cubic splines. The fourth-order finite difference method (FDM) with a fitting parameter is suggested
to solve SPDDE with mixed shifts in [15]. The mixed finite difference method (FDM) was proposed
to solve SPDDE with mixed shifts in [16]. The parametric spline approach developed by the authors
in [17] is used to solve differential-difference equations (DDEs) with mixed parameters having twin
layers. In [18], the authors proposed a second-order computational approach to solving SPDDEs using
Stormer’s method.

1 Description of the Problem

Consider the following linear SPDDE with mixed shifts

εu′′ (ϑ) + p (ϑ)u′ (ϑ− δ) + q (ϑ)u (ϑ+ η) + r (ϑ)u (ϑ) = s (ϑ) , 0 < ϑ < 1 (1)

with boundary conditions

u (ϑ) = ϕ (ϑ) , −δ ≤ ϑ ≤ 0; u ( ϑ ) = ψ (ϑ) , 1 ≤ ϑ ≤ 1 + η, (2)

where 0 < ε� 1 and p (ϑ) , q (ϑ) , r (ϑ) , s (ϑ) , ϕ (ϑ) and ψ (ϑ) are sufficiently smooth functions on
(0, 1) and 0 < δ = o(ε), 0 < η = o(ε), δ is the delay parameter, η is the advanced parameter.

The Taylor series expansions of u′ (ϑ− δ) , u (ϑ+ η) about the point ϑ, we have

u′ (ϑ− δ) = u′ (ϑ)− δu′′ (ϑ) + o
(
δ2
)

; u (ϑ+ η) = u (ϑ) + ηu′ (ϑ) +
η2

2
u′′ (ϑ) + o

(
η3
)
. (3)

Using Eq. (3) in Eq. (1), we get

εu′′ (ϑ) + a (ϑ)u′ (ϑ) + b (ϑ)u (ϑ) = f (ϑ) , 0 < ϑ < 1 (4)

with the boundary constraints u (0) = ϕ0 = ϕ (0) and u (1) = ψ1 = ψ (1) ,

where a (ϑ) =

(
p(ϑ) + ηq(ϑ)

1 − p(ϑ)δ
ε

+
q(ϑ)η2

2ε

)
, b (ϑ) =

(
q(ϑ)+r(ϑ)

1 − p(ϑ)δ
ε

+
q(ϑ)η2

2ε

)
and f (ϑ) =

(
s(ϑ)

1 − p(ϑ)δ
ε

+
q(ϑ)η2

2ε

)
.

2 Quartic Non-Polynomial Spline Approach

The interval [0, 1] partitioned into N sub intervals of equal length with constant step size h. Let
0 = ϑ0 < ϑ1 < . . . < ϑN = 1 be theN grid points. Then we have h = 1

N and ϑi = ih, i = 0, 1, 2, . . . ,N .
In [19], the authors explained about the non-polynomial quartic spline and defined in [ϑi, ϑi+1] ,

i = 0, 1, . . . ,N − 1 the spline is of the form

Gi (ϑ) = pi (ϑ− ϑi)2 + qi (ϑ− ϑi) + ri sin τ (ϑ− ϑi) + si cos τ (ϑ− ϑi) + ti, (5)

where pi, qi, ri, si and ti are unknown constants and the function Gi (ϑ) interpolates u(ϑi) at the
points ϑi by depending on arbitrary parameter τ and reducing to quartic spline in [0, 1] as τ → 0.

To examine the coefficients pi, qi, ri, si and ti in Eq. (5) in terms of ui, ui+1, Mi ,Mi+1,Fi and
Fi+1, we define

Gi (ϑi) = ui, Gi (ϑi+1) = ui+1, G′′i (ϑi) =Mi, G′′i (ϑi+1) =Mi+1, Gi(4) (ϑi) =
1

2
(Fi + Fi+1) .

By using the conditions, we calculate the coefficients in Eq.(5) as
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

pi = Mi
2 + Fi+Fi+1

4τ2
,

qi = 1
h( u

i+1
− ui)− ( 1

hτ2
+ h

2 )Mi + 1
hτ2
Mi+1 − h

4τ2
(Fi + Fi+1) ,

ri = 1
τ2 sinω

(Mi −Mi+1) + 1−cosω
2τ4 sinω

(Fi + Fi+1) ,

si = Fi + Fi+1

2τ4
,

ti = ui − 1
2τ4

(Fi + Fi+1) ,

where τh = ω.
Using continuity of first and third derivatives, Gi−1(m) (ϑi) = Gi(m) (ϑi) , m = 1, 3 then, we get

relations

4hτ3 sinω

2 (1− cosω)− hτ sinω

[
ui+1 − 2ui + ui−1

h2

]
+ (2Fi + Fi+1 + Fi−1)

=
2τ
(
2hτ cosω + h2τ2 sinω − 2 sinω

)
h [2 (1− cosω)− hτ sinω]

Mi−1 +
2τ
(
4 sinω + h2τ2 sinω − 2hτ (cosω + 1)

)
h [2 (1− cosω)− hτ sinω]

Mi (6)

+
4τ (hτ − sinω)

h [2 (1− cosω)− hτ sinω]
Mi+1,

(2Fi + Fi+1 + Fi−1) =
2τ2 cosω

(1− cosω)
Mi−1 +

2τ2 (cosω + 1)

(1− cosω)
Mi +

2τ2

(1− cosω)
Mi+1. (7)

Substituting Eq. (7) in Eq. (6), we get the consistent relation

ui−1 − 2ui + ui+1 = h2 [α (Mi−1 +Mi+1) + 2βMi] , i = 1, 2, . . . , N − 1, (8)

where

α =
ω2 − 2 (1− cosω)

2ω2 (1− cosω)
, β =

4 (1− cosω) + ω2 (1− 3 cosω)

4ω2 (1− cosω)
.

If h→ 0, then ω = hτ → 0. Thus, using L’Hospital’s rule, we have (β, α)→
(

5
12 ,

1
12

)
.

3 Numerical Algorithm

At each ϑi, Eq. (4) can be written as

εu′′i = −a (ϑi)u
′
i − b (ϑi)ui + f (ϑi) .

Using G′′i (ϑi) =Mi = u′′i in above equation, we get

εMj = −aj (ϑi)u
′
i − bj (ϑi)ui + fj (ϑi) for j = i, i± 1. (9)

Using Eq. (9) in Eq. (8) and then using u′j , for j = i− 1, i, i+ 1

u′i ≈
1

2h
(ui+1 − ui−1) , u′i+1 ≈

1

2h
(− 4u i + ui−1 + 3u i+1)

and
u′i−1 ≈

1

2h
(+ 4ui − 3 ui−1 − ui+1) ,

ε

h2
(ui+1 − 2ui + ui−1) = −αai−1

(−ui+1 + 4ui − 3 ui−1)

2h
− 2βai

(ui+1 − ui−1)
2h

−αai+1
(ui−1 − 4u i + 3ui+1)

2h
− αbi−1 ui−1 − 2βbiui − α ui+1 + (α(fi−1 + fi+1) + 2βfi ) .
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To control the oscillations and increase the accuracy of the solution, we introduce the fitting
parameter σ (ρ) in the proposed approach then, we have

εσ (ρ)

h2
(ui+1 − 2ui + ui−1) = −αai−1

(4ui − ui+1 − 3ui−1)

2h
− 2βai

(ui+1 − ui−1)
2h

− αai+1
(ui−1 − 4u i + 3ui+1)

2h
− αbi−1ui−1 − 2βbiui − αbi+1ui+1 +

(
αf i−1 + 2βfi + αf i+1

)
. (10)

Eq. (10) can be written as

Eiui−1 + Fiui +Giui+1 = Hi, i = 1, 2, . . . , N − 1, (11)

where
Ei = εσ − h3αai−1

2
− hβai + h

αai+1

2
+ h2αbi−1,

Fi = −2σε+ 2αhai−1 − 2αhai+1 + 2h2βbi,

Gi = εσ − hαai−1
2

+ hβai + h
3αai+1

2
+ h2αbi+1,

Hi = h2 (α(fi−1 + fi+1) + 2βfi) .

With the help of Thomas algorithm and boundary conditions u (0) = ϕ0, u (1) = ψ1 Eq. (11) can
be solved.

To calculate fitting parameter from singular perturbations theory, an approximation for the solution
of Eq. (4)

u (ϑ) = u0 (ϑ) +
a (0)

a (ϑ)
(ϕ0 − u0 (0)) exp

−
∫ ϑ
0

(
a(ϑ)
ε

)
dϑ

+o (ε) , (12)

where u0 (ϑ) is the solution of

a (ϑ)u′0 (ϑ) + b (ϑ)u0 (ϑ) = f (ϑ) , u0 (1) = ψ1.

If we expand a (ϑ) and b (ϑ) about the point zero using Taylor’s series, then Eq. (12) becomes

u (ϑ) = u0 (ϑ) + (ϕ0 − u0 (0)) exp
−
(
a(ϑ)
ε

)
ϑ

+o (ε) . (13)

From Eq. (13), we have
lim
h→0

u (ih) = u0 (0) + exp−a(ϑi)ρ (ϕ0 − u0 (0)) .

These limit values used in Eq. (10), we obtain the σ (ρ)

σ (ρ) = ρ (β + α) ai coth
(aiρ

2

)
, where ρ =

h

ε
.

4 Convergence Analysis

The local truncation error estimate for the computational scheme of Eq. (11) is

T (h) = h2 [1− 2 (β + α)] εu′′i +

h4
[
α
(
b′′i ui + a′′i u

′
i + 2b′iu

′
i − 2a′iu

′′
i + biu

′′
i +

ai
3
u′′′i − f ′′i

)
+
βai
3
u′′′i

]
+ o

(
h6
)
.

Hence, the truncation error of order four as (α, β)→
(

1
12 ,

5
12

)
.
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Using the boundary conditions in Eq. (2), the matrix form of Eq. (11) is

(Q + R)U + M̃ + T (h) = O, (14)

where

Q =



−2σε σε 0 0 ... 0
σε −2σε σε .. ... 0
0 .. .. .. ... 0
.. .. .. .. .. ..
.. .. .. .. .. ..
0 .. .. .. σε −2σε

 ,

R =



v1 w1 0 0 ........ 0
x2 v2 w2 0 ........ 0
0 x3 v3 w3 ........ 0
.. .. .. .. .. ..
.. .. .. .. .. ..
0 .. .. 0 xN−1 vN−1

 ,

with
xi = −3αhai−1

2
− βhai +

αhai+1

2
+ h2αbi−1, vi = 2αhai−1 − 2αhai+1 + 2h2βbi,

wi = −αhai−1
2

+ βhai +
3αhai+1

2
+ h2αbi+1, ∀ i = 1, 2, ..., N − 1,

and
M̃ = [m1 + (σε+ x1)ϕ0,m2,m3 , . . . ,mN−2,mN−1 + (εσ + wN−1)ψ1]

T ,

with mi = h2
(
α(f i−1 + fi+1) + 2βfi

)
for i = 1, 2, . . . ,N −1, T (h) = O

(
h4
)
; U = [U1, U2, ..., UN−1]

T ,

T (h) = [t̄1, t̄2, ..., t̄N−1]
T , O = [0, 0, ..., 0]T are corresponding vectors of Eq. (14).

Let u = [u1, u2, ..., uN−1]
T ∼= U which satisfies the equation

(Q + R)u+ M̃ = 0. (15)

If ei = ui − Ui, i = 1, 2, . . . ,N − 1 denote discretization error, then Ẽ = [ē1, ē2, ..., ēN−1]
T = u− U.

Subtracting Eq. (14) from Eq. (15), we obtain

(Q + R)E = T(h). (16)

Let |ai| ≤ P1, |bi| ≤ P2 so that if Ri,j is the (i, j)th element of matrix R, then

|Ri,i+1| = |wi| ≤ ε+ (hα+ hβ)P1 + h2αP2, i = 1, 2, . . . , N − 2,

|Ri, i−1| = |xi| ≤ ε+ (hα+ hβ)P1 + h2αP2, i = 2, 3 . . . , N − 1.

Thus, for relatively small h (h→ 0), we observe that

|Ri,i+1| < ε, ∀ i = 1, 2, . . . , N − 2,

|Ri,i+1| < ε, ∀ i = 2, 3, . . . , N − 1.

Hence (Q + R) is irreducible [20].
Let Si be sum of ith row elements of the matrix (Q + R), then

Si = −σε+ h
3αai−1

2
+ βhai − h

αai+1

2
+ h2 (αbi+1 + 2βbi) for i = 1,
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Si = h2 (α(bi−1 + bi+1) + 2βbi) for i = 2, 3, . . . , N − 2,

Si = −σε+ h
αai−1

2
− βhai − h

3αai+1

2
+ h2 (αbi−1 + 2βbi) for i = N − 1.

Let

P1∗ = min
1 ≤i≤ N−1

|ai|, P1
∗ = max

1 ≤i ≤N
|ai| , P2∗ = min

1 ≤i ≤N−1
|bi|, P2

∗ = max
1 ≤i ≤N

|bi|,

then 0 ≤ P1∗ ≤ P1 ≤ P1
∗, 0 ≤ P2∗ ≤ P2 ≤ P2

∗.
If h sufficiently small h (h → 0), then (Q + R) is monotone [20]. Hence, (Q + R)−1 exists and

(Q + R)−1 ≥ 0. Therefore, from Eq. (16), we have

||E|| ≤ ||Q + R||−1||T||. (17)

Let (Q + R)−1i,k be the (i, k)th element of (Q + R)−1 and define

||Q + R||−1 = max
1≤ i≤ N−1

N−1∑
k=1

(Q + R)−1i,k , and ||T(h)|| = max
1≤ i≤ N−1

|Ti|.

Since (Q + R)−1i,k ≥ 0 and
∑N−1

k=1 (Q + R)−1i,k , Sk = 1 for i = 1, 2, ...,N − 1, hence,

(Q + R)−1i,k ≤
1

Si
<

1

h2P2
, i = 1, (18a)

(Q + R)−1i,k ≤
1

Si
<

1

h2P2
, i = N − 1. (18b)

Furthermore,
N−1∑
k=1

(Q + R)−1i,k ≤
1

min
2≤i≤N−2

Si
<

1

h2P2
. (18c)

From Eq. (17) and Eq. (18a)–(18c), we get

||E|| ≤ O (h2).

This illustrates the quadratic rate of convergence for Eq. (11), as (α, β)→
(

1
12 ,

5
12

)
.

5 Numerical Illustrations

To examine the quality and robustness of the suggested technique, we solved two different test
problems and reported the numerical results in the form of maximum absolute errors (MAEs) with
and without fitting parameter and the computed rates of convergence (ROC) in the tables. The MAEs
are calculated with the double mesh principle because the exact solutions to test problems are unknown.

EN = max
0≤i≤N

∣∣u2i2N − uiN ∣∣,
where uiN and u2i2N are the numerical solutions of the problem forN and 2N mesh points respectively.
Further, formula was used to determine the numerical rate of convergence (ROC).

RN = log2

∣∣∣∣ ENE2N

∣∣∣∣ .
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Example 1.

εu′′ (ϑ) + (1 + ϑ)u′ (ϑ− δ) + exp (−2ϑ)u (ϑ+ η)− 2 exp (−ϑ)u (ϑ) = 0,

with boundary constraints u (ϑ) = 1; −δ ≤ ϑ ≤ 0, u (1) = 0.

Example 2.

εu′′ (ϑ) + (1 + ϑ)u′ (ϑ− δ) + sin (2ϑ)u (ϑ+ η)− exp (−ϑ)u (ϑ) = sin (2ϑ) + 3 exp (−ϑ) ,

with boundary constraints u (ϑ) = −1; −δ ≤ ϑ ≤ 0, u (1) = 1.

T a b l e 1

MAEs and ROCs of Example 1 (with fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 5.6311e-04 1.3401e-04 3.3083e-05 8.2448e-06 2.0596e-06 5.1483e-07

2.0710 2.1199 2.0045 2.0011 2.0001
2−2 9.6942e-04 2.2072e-04 5.3696e-05 1.3362e-05 3.3344e-06 8.3321e-07

2.1349 2.0393 2.0104 2.0066 2.0006
2−3 2.3099e-03 4.2972e-04 9.8534e-05 2.4310e-05 6.0432e-06 1.5087e-06

2.4263 2.1247 2.0313 2.0190 2.0020
2−4 5.9356e-03 1.0579e-03 2.0386e-04 4.7300e-05 1.1613e-05 2.8940e-06

2.4881 2.3755 2.1076 2.0260 2.0046
2−5 1.1620e-02 2.8395e-03 5.0813e-04 9.9643e-05 2.3249e-05 5.7093e-06

2.0329 2.4823 2.3503 2.0995 2.0257
2−6 1.4231e-02 5.8252e-03 1.3925e-03 2.4936e-04 4.9330e-05 1.1542e-05

1.2886 2.0646 2.4813 2.3376 2.0955
2−7 1.4493e-02 7.3470e-03 2.9211e-03 6.9013e-04 1.2358e-04 2.4555e-05

0.9801 1.3306 2.0815 2.4814 2.3313
2−8 1.4524e-02 7.5002e-03 3.7407e-03 1.4634e-03 3.4363e-04 6.1524e-05

0.9534 1.0036 1.3539 2.0903 2.4816
2−9 1.4538e-02 7.5104e-03 3.8238e-03 1.8884e-03 7.3247e-04 1.7147e-04

0.9528 0.9738 1.0178 1.36623 2.0948

T a b l e 2

MAEs of Example 1 (without fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 2.5261e-03 6.2615e-04 1.5621e-04 3.9031e-05 9.7564e-06 2.4391e-06
2−2 8.1260e-03 1.9974e-03 4.9626e-04 1.2401e-04 3.0985e-05 7.7463e-06
2−3 3.2720e-02 7.0941e-03 1.7178e-03 4.2932e-04 1.0711e-04 2.6766e-05
2−4 1.1969e-01 2.9731e-02 6.5329e-03 1.5862e-03 3.9373e-04 9.8484e-05
2−5 3.3077e-01 1.1540e-01 2.8201e-02 6.2431e-03 1.5181e-03 3.7697e-04
2−6 6.6691e-01 3.3194e-01 1.1324e-01 2.7433e-02 6.0967e-03 1.4837e-03
2−7 1.0199e+00 6.9033e-01 3.3256e-01 1.1217e-01 2.7049e-02 6.0235e-03
2−8 1.2902e+00 1.0854e+00 7.0056e-01 3.3292e-01 1.1164e-01 2.6858e-02
2−9 1.4613e+00 1.3962e+00 1.1125e+00 7.0578e-01 3.3312e-01 1.1137e-01
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T a b l e 3

MAEs and ROCs of Example 2 (with fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 5.8352e-03 1.8204e-03 5.1499e-04 1.3599e-04 3.4639e-05 8.7050e-06

1.6805 1.8216 1.9210 1.9730 1.9924
2−2 1.0479e-02 3.6556e-03 1.1655e-03 3.5046e-04 1.0087e-04 2.7900e-05

1.5193 1.6491 1.7336 1.7967 1.8541
2−3 1.5717e-02 5.9555e-03 2.0005e-03 6.2793e-04 1.8872e-04 5.5003e-05

1.4000 1.5742 1.6716 1.7343 1.9153
2−4 2.0188e-02 8.6036e-03 3.1435e-03 1.0417e-03 3.2435e-04 9.6961e-05

1.2304 1.4525 1.5934 1.6833 1.7420
2−5 2.2262e-02 1.0756e-02 4.4448e-03 1.6094e-03 5.3115e-04 1.6496e-04

1.0494 1.2749 1.4655 1.5993 1.6870
2−6 2.2569e-02 1.1731e-02 5.5199e-03 2.2582e-03 8.1433e-04 2.6826e-04

0.9440 1.1740 1.2894 1.4714 1.6019
2−7 2.2572e-02 1.1895e-02 6.0190e-03 2.7959e-03 1.1381e-03 4.0962e-04

0.9241 0.9827 1.1062 1.2966 1.4742
2−8 2.2569e-02 1.1900e-02 6.1045e-03 3.0472e-03 1.4070e-03 5.7135e-04

0.9233 0.9630 1.0023 1.1148 1.3001
2−9 2.2568e-02 1.1899e-02 6.1074e-03 3.0909e-03 1.5330e-03 7.0573e-04

0.9234 0.9622 0.9825 1.0116 1.1191

T a b l e 4

MAEs of Example 2 (without fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 4.4262e-03 1.0866e-03 2.7065e-04 6.7609e-05 1.6897e-05 4.2241e-06
2−2 1.3543e-02 3.2492e-03 8.1299e-04 2.0259e-04 5.0602e-05 1.2647e-05
2−3 5.2911e-02 1.1506e-02 2.7860e-03 6.9285e-04 1.7304e-04 4.3238e-05
2−4 1.9685e-01 4.8317e-02 1.0644e-02 2.5854e-03 6.4179e-04 1.6035e-04
2−5 5.4951e-01 1.9032e-01 4.6290e-02 1.0263e-02 2.4963e-03 6.1989e-04
2−6 1.1029e+00 5.5157e-01 1.8761e-01 4.5356e-02 1.0088e-02 2.4554e-03
2−7 1.6521e+00 1.1505e+00 5.5337e-01 1.8642e-01 4.4912e-02 1.0005e-02
2−8 2.0454e+00 1.8037e+00 1.1678e+00 5.5460e-01 1.8587e-01 4.4696e-02
2−9 2.2859e+00 2.2936e+00 1.8556e+00 1.1768e+00 5.5530e-01 1.8561e-01
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Figure 1. Solution profile of Ex.1 for η = 0.5ε = δ with and without fitting parameter
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Figure 2. Solution profile of Ex.2 for η = 0.5ε = δ with and without fitting parameter

Conclusion

A simple and efficient computational non polynomial quartic spline technique is presented for
solving second-order SPDDE with mixed parameters on the convection and reaction terms. To illustrate
the accuracy and effectiveness of the approach, we solved two example problems for different values
of ε,N with η = δ = 0.5ε and reported the numerical results in terms of maximum absolute errors
(MAEs) and rate of convergence (ROC) with and without fitting factor. Using MATLAB, the results
of the examples are listed in Tables 1, 2, 3, and 4 in terms of MAEs. Numerical solutions of Example 1
and Example 2 with fitting factors are shown in Table 1 and Table 3 in terms of MAEs and numerical
ROCs, and Tables 2 and 4 show the numerical solutions of Examples 1 and 2 without fitting factor. The
figures (1-2) depict graphs of the solutions of test problems with and without fitting factor respectively.
As ε decreases for different values of N , the solution can exhibit oscillatory behaviour. To manage
these drawbacks in solutions of test problems, we introduced a fitting parameter so that we can control
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the layer structure shown in Figures 1-2. The maximum elapsed time is approximately 0.77 seconds
for various values of N and ε for two test problems.
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This paper focuses on the integrability properties of the negative-order nonlinear Schrödinger equation with
a source. The source consists of the combination of the eigenfunctions of the corresponding spectral problem
for the Dirac system which has not spectral singularities. The connection between the negative-order
nonlinear Schrödinger equation with a self-consistent source and the Dirac system of equations is crucial,
as it allows the complex dynamics of the original nonlinear model to be interpreted through the spectral
theory of the Dirac operator. Building on this relationship, the evolution equations for the scattering data of
the Dirac operator are derived, which is the central part in the inverse scattering transform (IST) framework.
Due to the IST procedure, the rapidly decaying potential of the Dirac operator can be reconstructed from
the derived differential equations for the scattering data, and this potential corresponds precisely to the
solution of the problem under consideration. To illustrate the practical value of the theoretical results, the
paper presents a detailed example demonstrating each stage of the method, from the formulation of the
scattering data to the final reconstruction of the potential. This example clarifies the overall procedure and
highlights the effectiveness of the approach in concrete applications.

Keywords: soliton solution, negative-order, nonlinear equations, nonlinear Schrödinger equation, self-
consistent source, inverse scattering transform, eigenvalue, eigenfunction.
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Introduction

The nonlinear Schrödinger equation (NLSE) arises in several physical systems characterized by
wave-like behavior interacting with nonlinear effects, resulting in distinct phenomena such as optical
solitons in fiber optics, Bose–Einstein condensates in ultracold atomic gases, and wave dynamics in
plasma physics [1, 2]. The NLSE provides a mathematical foundation to understand nonlinear wave
dynamics, emphasizing the interplay between dispersion, which tends to spread wave packets, and
nonlinearity, which can counteract dispersion through self-interaction. This framework helps elucidate
the emergence of solitons, vortices, and other intricate wave phenomena observed in both natural and
engineered systems. Well-known bright, dark, and gray solitons, as well as so-called optical rogue
waves, whose experimental observations in optical systems are supported by numerical simulations
based on probabilistic supercontinuum generation in highly nonlinear microstructured optical fibers,
are modeled using the generalized NLSE [3]. The NLSE can be written in several forms depending on
the context, but a common form for the NLSE in one spatial dimension is:

iut(x, t) = uxx(x, t)± 2u∗(x, t)u2(x, t).

The motivation for developing negative-order nonlinear equations originates from Peter J. Olver’s [4]
on recursion operators for symmetries of evolution equations, which was subsequently extended to
derive negative-order analogs of evolution equations [5–7].
∗Corresponding author. E-mail: iroda-b@mail.ru
Received: 27 November 2024; Accepted: 26 December 2025.
c© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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Note that in [8], the focusing NLSE was derived as the following{
µx = |u|2t ,

uxt + 2µu+ iux = 0, x ∈ R, t ≥ 0

negative-order nonlinear Schrödinger equation (nNLSE) and subsequently solved using the IST.
The study of soliton equations with self-consistent sources has been particularly pursued in the work

of Mel’nikov [9]. Subsequently, numerous works [10–12] have explored various methods for solving these
types of equations. Mathematically, such systems of equations arise through a multiscaling limit of
well-known integrable systems. Several of these systems have also independently appeared in various
physical contexts [13, 14]. In this work we concern on applying the inverse scattering transform (IST)
for integrating the nNLSE with a self-consistent source in the class of decreasing function.

1 Statement of the problem

This paper is concerned with the following system of equations:
µx = |u|2t ,

iuxt + 2µu+ iux = i
2N∑
k=1

(Φ2
k1
− Φ∗2k2),

LΦk = ξkΦk, k = 1, 2, ..., 2N, x ∈ R,

(1)

for the complex-valued continuous function u(x, t) and Φk = (Φk1(x, t), Φk2(x, t))
T , k = 1, 2, ..., N

is the eigenvector functions of the operator L(t) = i

(
d
dx −u(x, t)

−u∗(x, t) − d
dx

)
, corresponding to the

eigenvalue ξk. (*) means the complex conjugate of the function. For definiteness, we will assume that
the sum involved in the right-hand side of (1) first includes terms with Imξk > 0, k = 1, 2, ..., N . It
is also assumed that ∫ ∞

−∞
Φk1Φk2dx = Ak(t), k = 1, 2, ..., 2N, (2)

with given continuous, non-zero functions Ak(t), that satisfy the conditions Ak(t) = An(t) for ξk = −ξn,
under initial condition

u(x, 0) = u0(x), x ∈ R, (3)

where, the initial function u0(x) (−∞ < x <∞) has the following properties:
1)
∫∞
−∞ (1 + |x|) |u0(x)| dx <∞,

2) the operator L (0) = i

(
∂
∂x −u0(x)

−u∗0(x) − ∂
∂x

)
has no spectral singularities and has exactly 2N

simple eigenvalues ξ1(0), ξ2(0), ..., ξ2N (0). Here the function u∗0(x) is the complex conjugate of the
function u0(x).

Let the function u = u(x, t) be a complex valued and sufficiently smooth function of x and t,
µ = µ(x, t) is the sufficiently smooth real function of x and t, for all t ≥ 0 satisfies the requirement

∞∫
−∞

((1 + |x|)(|u(x, t)|+ |ux(x, t)|)) dx <∞,

µ(x, t)→ c2 as x→ ±∞,
(4)

respectively.
In this work, we obtain the evolution of scattering data for the system with a potential that is a

solution to the considered Cauchy problem (1)–(4) for the nNLSE with a simple self-consistent source.
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2 Scattering problem

In this section, we provide known brief facts from the Dirac spectral problem on the real axis [15].{
y1x = −iξy1 + u (x) y2,
y2x = iξy2 − u∗ (x) y1,

(5)

where u (x) is complex-valued potential satisfies the condition∫ ∞
−∞

(1 + |x|) |u(x)| dx <∞ (6)

and ξ ∈ C is spectral parameter.
The system (5) under the condition (6) posses “Jost solutions” ϕ (x, ξ) and ψ (x, ξ), for real ξ Jost

solutions have the following asymptotes:

ϕ(x, ξ)eiξx →
(

1
0

)
ϕ̄(x, ξ)e−iξx →

(
0
−1

)
 , x→ −∞,

ψ(x, ξ)e−iξx →
(

0
1

)
ψ̄(x, ξ)eiξx →

(
1
0

)
 , x→ +∞.

Note that here and below the function ϕ̄ is not complex conjugate to ϕ. On the continuous spectrum
of the problem (5)-(6) pairs of vector functions

{
ψ, ψ̄

}
are linearly independent, and for them holds

the following relation
ϕ(x, ξ) = a(ξ)ψ̄(x, ξ) + b(ξ)ψ(x, ξ), (7)

where
a(ξ) = W {ϕ,ψ} ≡ ϕ1(x, ξ)ψ2(x, ξ)− ϕ2(x, ξ)ψ1(x, ξ) (8)

ψ̄(x, ξ) =

(
ψ∗2(x, ξ∗)
−ψ∗1(x, ξ∗)

)
, ϕ̄(x, ξ) =

(
ϕ∗2(x, ξ

∗)
−ϕ∗1(x, ξ∗)

)
. (9)

The quantity r+ (ξ) = b(ξ)
a(ξ) is known as reflection coefficient. Furthermore [4], r+(ξ) uniquely

determines a(ξ). The function a(ξ) admits analytic continuation into the upper half-plane Im ξ > 0.
The function a(ξ) can only have a finite number of zeros ξk, k = 1, 2, ..., N in the half-plane Im ξ > 0.
The zeros ξk, k = 1, 2, ..., N, of the functions a(ξ) correspond to the eigenvalues ξk, k = 1, 2, ..., N,
of the operator L in the upper half-plane.

In general, the operator L may have multiple eigenvalues and spectral singularities that lie on the
continuous spectrum. The continuous spectrum of the operator fills the real axis.

In this paper, we assume that the operator L has no spectral singularities and all its eigenvalues
ξk are simple, so that since the quantities ξk are the zeros of a(ξ), it follows from relation (8) that

ϕ(x, ξk) = Ckψ(x, ξk), k = 1, 2, ..., N,

where Ck do not depend on x.
Definition. The set {r+ (ξ) , Ck, ξk, k = 1, 2, ..., N} is called scattering data for the system of

equations (5). The set of scattering data uniquely determines the potential u (x).
The potential function u(x) is determined by the equality

u (x) = −2K (x, x) .

Here K (x, y) is a solution of the integral equation Gelfand–Levitan–Marchenko

K (x, y)− F ∗ (x+ y) +

∫ +∞

x

∫ +∞

x
K (x, y)F (z + s)F ∗ (s+ y) dsdz = 0,

where F (x) = 1
2π

∫ +∞
−∞

b(ξ)
a(ξ)e

iξxdξ − i
∑N

j=1Cje
iξjx.
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3 Evolution of the scattering data

For further calculations and to obtain the main result, we provide the necessary notes.
Lemma 1. If the vector functions Y (x, ζ) = (y1, y2)

T and Z (x, η) = (z1, z2)
T are solutions of the

equations LY = ζY and LZ = ηZ, respectively, then their components satisfy the equalities

d

dx
(y1z2 − y2z1) = −i (ζ − η) (y1z2 + y2z1) ,

d

dx
(y1z

∗
1 + y2z

∗
2) = −i (ζ − η∗) (y1z

∗
1 − y2z∗2) .

This Lemma 1 can be proved by direct verification.
It easy to show that the vector functions

hn (x) =

d
dξ (ϕ− Cnψ)

∣∣∣∣ ξ = ξn

ȧ (ξn)
, n = 1, 2, ..., N, (10)

are solutions to the system of equations Lhn = ξnhn. According to the equality (8), which can be
rewritten in the Im ξ > 0, and using the equality (10), we obtain the following asymptotes

hn ∼ −Cn
(

0
1

)
eiξnx at x→ −∞,

hn ∼
(

1
0

)
e−iξnx at x→∞.

(11)

In particular,
W {ϕn, hn} ≡ ϕn1hn2 − ϕn2hn1 = −Cn, (12)

where ϕn ≡ ϕ (x, ξn) , n = 1, 2, ..., N .
Now, let’s consider the nNLSE with the source{

µx = |u|2t ,
iuxt + 2µu+ iux = iG,

(13)

where G = G(x, t) is a sufficiently smooth function and for any nonnegative value t, satisfies the
condition

G(x, t) = o(1) at x→ ±∞.

Equation (13) is considered under the initial condition (3).
Lemma 2. If the potential u (x, t), in the system of equations (5), is a solution to equation (13) in

the class of functions (4), then the scattering data of the system of equations (5) varies as follows:

∂r+

∂t
=
i

ξ

(
c2 + ξ

)
r+ +

1

2ξa2 (ξ)

∫ ∞
−∞

(
Gϕ2

2 +G∗ϕ2
1

)
dx, (Imξ = 0) ,

dCn
dt

=

(
i

(
1 +

c2

ξn

)
+

1

2ξn

∫ ∞
−∞

(G∗hn1ψn1 +Ghn2ψn2) dx

)
Cn,

dξn
dt

=
i

4ξn

∫∞
−∞(G∗ϕ2

n1 +Gϕ2
n2)dx∫∞

−∞ ϕn1ϕn2dx
, n = 1, 2, ..., N.

Proof. The system of equation (13) can be represented as a Lax equation:

Lt + [L,A] = R, (14)
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where [L, A] = LA−AL and

L(t) = i

(
d
dx −u(x, t)

−u∗(x, t) − d
dx

)
,

A =
i

2ξ

(
−µ− ξ −iu− ut
iu∗ − u∗t µ+ ξ

)
,

R =

(
0 − G

2ξ
G∗

2ξ 0

)
.

Let ϕ (x, ξ, t) is the Jost solution of the equation Lϕ = ξϕ. Differentiating this equality with respect
to t, we obtain

Ltϕ+ Lϕt = ξϕt,

substituting Lt from (14), we get
(L− ξ) (ϕt −Aϕ) = Rϕ. (15)

We will look for a solution (15) in the form

ϕt −Aϕ = α (x)ψ + β (x)ϕ.

Using the approach described in [5], we obtain the following equality

ϕt −Aϕ = − 1

a (ξ)

∫ x

−∞
ϕ̂TRϕdx · ψ +

(
1

a (ξ)

∫ x

−∞
ψ̂TRϕdx+

i
(
c2 + ξ

)
2ξ

)
ϕ. (16)

Using (7) and passing to the limit in (16) at x → ∞, using the definition of the reflection coefficient
for the scattering problem (5)-(6), we obtain

∂r+

∂t
=
i

ξ

(
c2 + ξ

)
r+ +

1

2ξa2 (ξ)

∫ ∞
−∞

(
Gϕ2

2 +G∗ϕ2
1

)
dx, (Imξ = 0) .

Differentiating the equality ϕn = Cnψn by t, we receive

∂ϕ

∂t

∣∣∣∣ ξ = ξn
+
∂ϕ

∂ξ

∣∣∣∣ ξ = ξn

dξn
dt

=
dCn
dt

ψn + Cn
∂ψ

∂t

∣∣∣∣ ξ = ξn
+ Cn

∂ψ

∂ξ

∣∣∣∣ ξ = ξn

dξn
dt
.

Substituting, instead d
dξ (ϕ− Cnψ)

∣∣∣∣ ξ = ξn
, the expression hn(x) from (10), we obtain

∂ϕn
∂t

=
dCn
dt

ψn + Cn
∂ψn
∂t
− ȧ (ξn)hn

dξn
dt
, (17)

where ∂ϕn

∂t ≡
∂ϕ
∂t

∣∣∣∣ ξ = ξn
.

Similarly to the continuous spectrum, for the discrete spectrum, we obtain the equality

∂ϕn
∂t
−Aϕn =

 1

Cn

x∫
−∞

ϕ̂TnRϕndx

hn +

− 1

Cn

x∫
−∞

ĥTnRϕn dx+
i

2ξn

(
c2 + ξn

)ϕn,

which is an analog of equality (16) for the continuous spectrum. According to (17), the last equality
can be rewritten as

dCn
dt

ψn + Cn
∂ψn
∂t
− ȧ (ξn)

dξn
dt
hn − CnAψn =
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=

 1

Cn

x∫
−∞

ϕ̂TnRϕndx

hn +

− 1

Cn

x∫
−∞

ĥTnRϕn dx+
i

2ξn

(
c2 + ξn

)Cnψn. (18)

Using asymptotics (11) and passing to the limit as x→∞ in (18), we obtain

dCn
dt

=
i

ξn

(
c2 + ξn

)
Cn −

∫ ∞
−∞

ĥnRϕndx,

dξn
dt

= −
∫∞
−∞ ϕ̂nRϕn dx

Cnȧ (ξn)
,

where ȧ (ξn) = − 2i
ξn

∫∞
−∞ ϕn1 ϕn2dx.

As a result, we have

dCn
dt

=

(
i

(
1 +

c2

ξn

)
+

1

2ξn

∫ ∞
−∞

(G∗hn1ψn1 +Ghn2ψn2) dx

)
Cn,,

dξn
dt

=
i

4ξn

∫∞
−∞(G∗ϕ2

n1 +Gϕ2
n2)dx∫∞

−∞ ϕn1ϕn2dx
, n = 1, 2, ..., N.

Lemma 2 is proved.
Based on the conditions given for the function Ak(t) in formula (2) and equalities (9), the right-hand

side in equation (1) can be rewritten as

2N∑
k=1

(
Φ2
k1 − Φ∗2k2

)
= 2

N∑
k = 1

Imξk > 0

(
Φ2
k1 − Φ∗2k2

)
.

Let us apply the results of Lemma 2 to the system of equations (1) assuming

G = 2

N∑
k = 1,

Imξk > 0

(
Φ2
k1 − Φ∗2k2

)
.

For ξk, k 6= n, according to Lemma 1, we have the following equality:(
Φ2
k1 − Φ∗2k2

)
(hn1ψn1 + hn2ψn2) = − 1

2i
(

1

ξk + ξn

d

dx
((Φk1hn1 + Φ∗k2hn2)×

×(Φk1ψn1 + Φ∗k2ψn2)) +
1

ξk − ξn
d

dx
((Φk1hn2 − Φ∗k2hn1)(Φk1ψn2 − Φ∗k2ψn1))),

hence ∫ ∞
−∞

(
Φ2
k1 − Φ∗2k2

)
(hn1ψn1 + hn2ψn2) dx = 0.

If ξk = ξn, then (
Φ2
n1 − Φ∗2n2

)
(hn1ψn1 + hn2ψn2) = − 1

4iξn

d

dx
((Φn1hn1 + Φ∗n2hn2)×

×(Φn1ψn1 + Φ∗n2ψn2)) + Φn1Φ
∗
n2 (ψn1hn2 − ψn2hn1) ,
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therefore, taking into account (2) and (12), we obtain∫ ∞
−∞

(
Φ2
n1 − Φ∗2n2

)
(hn1ψn1 + hn2ψn2) dx =

∫ ∞
−∞

Φn1Φ
∗
n2W {ψn, hn} dx =

=
1

Cn

∫ ∞
−∞

Φn1Φ
∗
n2W {ϕn, hn} dx = −An (t) .

Additionally, according to Lemma 2, we have

dCn
dt

= i

(
1 +

c2

ξn

)
Cn −

An
ξn
Cn.

Similarly, it can be shown that
∞∫
−∞

(Gϕ2
2 +G∗ϕ2

1)dx = 0,

∞∫
−∞

(Gϕ2
n2 +G∗ϕ2

n1)dx = 0,

thus, we find
∂r+

∂t
=
i

ξ

(
c2 + ξ

)
r+, (Imξ = 0) ,

dξn
dt

= 0.

Accordingly, we have proved the following theorem:

Theorem 1. If the set of functions {u (x, t) , µ (x, t) ,Φk (x, t) , k = 1, 2, . . . , N} is a solution to the
problem (1)–(3) in the class of functions (4), then the scattering data of the system of equations (5)
with potential u (x, t) changes on t as follows:

∂r+

∂t
=
i

ξ

(
c2 + ξ

)
r+, (Imξ = 0) ,

dCn
dt

= i

(
1 +

c2

ξn

)
Cn −

An
ξn
Cn,

dξn
dt

= 0, n = 1, 2, ..., N.

The results allows us to apply the inverse scattering problem method to solve the Cauchy problem
of the system of equations (1).

Consider the following example. Let the system of equations (1) be considered under the initial
condition

u|t=0 = − 2

ch2x
,

which implies that the initial scattering data will be as follows

r+ (ξ, 0) = 0, ξ1 (0) = i, C1 (0) = 2i.

According to the main theorem, we have

r+ (ξ, t) = 0, ξ1 (t) = i, C1 (t) = 2i exp

{(
i+ c2

)
t−

∫ t

0
A1 (τ) dτ

}
,
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from which, solving the inverse scattering problem, we obtain

K (x, y, t) =
2 exp {−x− y − it+ γ (t)}

1+ exp {−4x+ 2γ (t)}
.

Applying the relation between potential and kernel u (x) = −2K (x, x) yields that

u (x, t) = − 2 exp {−it}
ch (2x− γ (t))

,

µ (x, t) =
2
(
A1(t)− c2

)
ch2 (2x− γ (t))

+ c2,

and consequently, using the integral representation of Levin for the vector function ψ(x, ξ), we find

ψ11 (x, t) =
exp {−it}

2ch (2x− γ (t))
,

ψ12 (x, t) =
exp {−x}

2
+ exp

{
−x
2

}
th (2x− γ(t)) .

Since, Φ11 (x) = dψ11, Φ12 (x) = dψ12, d2 = 4iA1 exp {it+ γ(t)} and from the normalization condi-
tion (2), we get

Φ11 =

√
iA1(t)

ch (2x− γ(t))
exp

{
−x− it− γ(t)

2

}
,

Φ12 = 2
√
iA1(t) exp

{
−x+

it+ γ(t)

2

}
(1 + th (2x− γ(t))) ,

where γ (t) = c2t−
∫ t
0 A1(τ)dτ .

Conclusion

This paper studies the integrability of the nNLSE with a self-consistent source using the inverse
scattering transform (IST). The problem statement is presented in Section 1. Section 2 reviews the
scattering theory for the Dirac system, including the definition of the scattering data and the IST
technique. In Section 3, we obtain the evolution of scattering data for the system with a potential that
is a solution to the considered Cauchy problem for the nNLSE with a simple self-consistent source.

Author Contributions

All authors contributed equally to this work.

Conflict of Interest

The authors declare no conflict of interest.

References

1 Sulem, C., & Sulem, P.-L. (2007). The nonlinear Schrödinger equation: self-focusing and wave
collapse. Springer Science and Business Media, 139.

Mathematics Series. No. 1(121)/2026 235



G.U. Urazboev, I.I. Baltaeva

2 Sheveleva, A., Andral, U., Kibler, B., Colman, P., & Dudley, J.M. (2022). Ideal Four Wave
Mixing Dynamics in a Nonlinear Schrödinger Equation Fibre System. Optica, 9 (6), 656–662.
https://doi.org/10.1364/OPTICA.445172

3 Bonatto, C., Feyereisen, M., Barland, S., Giudici, M., Masoller, C., Rios Leite, J.R., &
Tredicce, J.R. (2011). Deterministic optical rogue waves. Physical Review Letters, 107,
Article 053901. https://doi.org/10.1103/PhysRevLett.107.053901

4 Olver, P.J. (1977). Evolution equations possessing infinitely many symmetries. Journal of Mathe-
matical Physics, 18 (6), 1212–1215. https://doi.org/10.1063/1.523393

5 Urazboev, G.U., Baltaeva, I.I., & Atanazarova, Sh.E. (2025). Analysis of the solitary wave solu-
tions of the negative order modified Korteweg-de Vries equation with a self-consistent source. Par-
tial Differential Equations in Applied Mathematics, 13, Article 101108. https://doi.org/10.1016/
j.padiff.2025.101108

6 Khasanov, M.M., & Rakhimov, I.D. (2023). Integrirovanie uravneniia KdF otritsatelnogo po-
riadka so svobodnym chlenom v klasse periodicheskikh funktsii [Integration of the KdV equation
of negative order with a free term in the class of periodic functions]. Chebyshevskii Sbornik —
Chebyshev Proceedings, 24 (2), 266–275 [in Russian]. https://doi.org/10.22405/2226-8383-2023-
24-2-266-275

7 Ismailov, M.I., & Sabaz, C. (2025). Inverse scattering method via the Gelfand–Levitan–Marchenko
equation for some negative-order nonlinear wave equations. Theoretical and Mathematical Physics,
222, 20–33. https://doi.org/10.1134/S0040577925010039

8 Urazboev, G.U., Baltaeva, I.I., & Babadjanova, A.K. (2024). Soliton solutions of the negative-
order nonlinear Schrödinger equation. Theoretical and Mathematical Physics, 219, 761–769.
https://doi.org/10.1134/S0040577924050052

9 Mel’nikov, V. (1992). Integration of the nonlinear Schrödinger equation with a source. Inverse
Problem, 8 (1), 133–147. http://dx.doi.org/10.1088/0266-5611/8/1/009

10 Hasanov, A.B., & Hasanov, M.M. (2019). Integration of the Nonlinear Schrödinger Equation with
an Additional Term in the Class of Periodic Functions. Theoretical and Mathematical Physics,
199, 525–532. https://doi.org/10.1134/S0040577919040044

11 Reyimberganov, A.A., & Rakhimov, I.D. (2021). The soliton solutions for the nonlinear
Schrödinger equation with self-consistent source. Bulletin of Irkutsk State University. Series
Mathematics, 36, 84–94. https://doi.org/10.26516/1997-7670.2021.36.84

12 Khasanov, A.B., & Reyimberganov, A.A. (2025). On the Complex Modified Korteweg-de Vries
Equation with a Self-Consistent Source and Nonzero Boundary Conditions. Ukrainian Mathe-
matical Journal, 77, 149–164. https://doi.org/10.1007/s11253-025-02459-3

13 Liu, Y., & Zhou, J. (2022). The envelope soliton for the nonlinear interaction of Langmuir waves
with electron acoustic waves in the Earth’s inner magnetosphere. Physics of Plasmas, 29, Article
092302. https://doi.org/10.1063/5.0096999

14 Karimov, A.R, & Buyanov, G.O. (2025). Nonlinear Dynamics of Cylindrical Waves in Isentropic
Plasma. Physics, 7 (4), Article 54. https://doi.org/10.3390/physics7040054

15 Zakharov, V.E., & Shabat, A.B. (1972). Exact theory of two-dimensional self-focusing and one-
dimensional self-modulation of waves in nonlinear media. Soviet Physics JETP, 34 (1), 62–69.

236 Bulletin of the Karaganda University

https://doi.org/10.1016/j.padiff.2025.101108
https://doi.org/10.1016/j.padiff.2025.101108


Integration of the negative order ...

Author Information∗

Gayrat Urazalievich Urazboev —Doctor of Physical and Mathematical Sciences, Vice-rector for
International Cooperation, Urgench State University; Leading researcher, V.I. Romanovskiy Institute
of Mathematics, Uzbekistan Academy of Sciences, 14 H. Alimdjan St., Urgench, 220100, Uzbekistan;
e-mail: gayrat71@mail.ru; https://orcid.org/0000-0002-7420-2516

Iroda Ismailovna Baltaeva (corresponding author) — Candidate of Physical and Mathema-
tical Sciences, Associate Professor, Urgench State University, 14 H. Alimdjan St., Urgench, 220100,
Uzbekistan; e-mail: iroda-b@mail.ru; https://orcid.org/0000-0001-5624-7529

∗Authors’ names are presented in the following order: first name, middle name (if any), last name.

Mathematics Series. No. 1(121)/2026 237



Bulletin of the Karaganda University. Mathematics Series, No. 1(121), 2026, pp. 238–247

https://doi.org/10.31489/2026M1/238-247 Research article

Model-theoretic properties of J-superstable Jonsson theories
in classes defined by cosemanticness

A.R. Yeshkeyev, G.E. Zhumabekova∗, A.K. Issayeva

Buketov Karaganda National Research University, Karaganda, Kazakhstan
(E-mail: aibat.kz@gmail.com, galkatai@mail.ru, isaevaaiga@gmail.com)

This article deals with the problems of model-theoretic characterization of J-superstable Jonsson theories.
The characteristic features of such theories are analyzed in terms of J-stability, J-P -superstability, and
J-nonmultidimensionality. The need to generalize classical stability notions to the framework of Jonsson
theories is identified and justified. The concepts of J-stationary and J-orthogonal types are introduced, and
their role in describing the dimensional structure of existentially closed models is examined. It is shown
that every JFα

λ -saturated model embeds as a submodel of the semantic model of a Jonsson theory T .
Based on the notion of J-stationarity, a theory of independence for existential types is developed, and
the notions of J-basis and J-dimension are defined. The equivalence between J-nonmultidimensionality,
J-P -superstability, and J-P -stability is established, providing precise criteria for the model-theoretic classi-
fication of Jonsson theories. The results contribute to the refinement of model-theoretic tools for analyzing
stability and dimensionality within the framework of Jonsson theories and place these findings in the
broader context of modern classification theory, highlighting Jonsson theories as a natural generalization of
elementary theories. These results clarify the interaction between saturation, independence, and dimension-
ality in Jonsson theories and provide a unified framework for further developments in their model-theoretic
classification.

Keywords: Jonsson theory, semantic model, perfect Jonsson theory, hereditary Jonsson theory, permissible
enrichment, J-λ-stable theory, J-superstable theory, J-P -superstable theory, J-orthogonal type, J-non-
multidimensional theory.
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Introduction

Model-theoretic stability is a central topic in contemporary mathematical logic and model theory.
In particular, the notions of stability and superstability play a crucial role in the classification of
theories and the analysis of their model structures. Among the various developments in this field,
Jonsson theories, which are characterized by the existence of infinite models preserving homogeneity
with respect to subsets of a fixed cardinality, have attracted significant attention.

The relationship between the properties of a complete theory T and those of the theory of elemen-
tary pairs TP was first studied by B. Poizat [1], who formulated the problem of determining under
what conditions the theory of elementary pairs is complete. This line of research was later extended by
E. Bouscaren [2] and others. Bouscaren demonstrated that the completeness of the theory of elemen-
tary pairs depends on the nature of the underlying stable theory, providing necessary and sufficient
conditions for both the stable and the superstable cases.

In 1990, in the Proceedings of the Soviet–French Colloquium on Model Theory, A. Nurtazin
solved this problem for uncountably categorical theories, and T. Mustafin introduced the concept of
∗Corresponding author. E-mail: galkatai@mail.ru
This research was funded by the Science Committee of the Ministry of Science and Higher Education of the Republic

of Kazakhstan (Grant No. AP22686827 “The central types of hereditary Jonsson theories”).
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T ∗-λ-stability, studying its properties, including P -stability. E. Palyutin [3] proposed the notion of
E∗-stability and proved the definability of types for such theories. In particular, in [4], a classification
of ω-stable theories by P -stability was obtained. Further, A.R. Yeshkeyev showed the equivalence of
the conditions of P -stability and J-P -stability for ∃-complete perfect Jonsson theories. In the paper
[4] authors investigated the concept of P -superstability with respect to the nonmultidimensionality
property. The study of J-P -stable theories was also continued in [5] and [6].

In recent years, the toolkit for studying Jonsson theories has expanded markedly. This development
is reflected in the diverse approaches of works [7–9], which emphasize foundational aspects; studies
[10–12], which examine generalizations and structural properties; and research [13], which explores
new applications and classification problems.

This article focuses on J-superstable Jonsson theories, in which the notions of J-stability and its
variants, such as J-P -superstability and J-nonmultidimensionality, play roles analogous to the classical
stability properties. The relevance of this study lies in the need to extend classical stability methods
to broader classes of theories, including Jonsson structures, and to clarify the relationships between
different forms of J-stability and the inheritance of structural properties within a theory.

The main objective of this work is to analyze the model-theoretic properties of J-superstable
theories, formulate classification criteria, and investigate the structural and dimensional behavior of
their models. Special attention is given to the introduction of J-stationary and J-orthogonal types,
which provide a refined understanding of model structure and allow the identification of essential
patterns of property inheritance.

Through this study, we establish the equivalence of J-nonmultidimensionality, J-P -superstability,
and J-P -stability, and show that every J-P -superstable perfect Jonsson theory preserves its funda-
mental structural properties under admissible extensions. These results enhance the model-theoretic
tools available for analyzing stability and dimensionality in the context of Jonsson theories and lay the
groundwork for further research in generalized stability theory.

1 Preliminaries on Jonsson Theory

The first section discusses the basic concepts and fundamental results related to Jonsson theories,
providing an overview of their model-theoretic foundations, key definitions, and the main developments
that have shaped their study within the broader context of stability theory.

Definition 1. [14, p. 80] A theory T is called a Jonsson theory if the following conditions are satisfied:
1. The theory T has at least one infinite model.
2. T is inductive, that is, it is equivalent to a set of sentences of the form ∀∃.
3. T has the joint embedding property (JEP), meaning that for any two models A,B |= T , there

exists a model C |= T into which both A and B can be embedded isomorphically.
4. T has the amalgamation property (AP): for any models A,B1, B2 |= T and isomorphic embed-

dings f1 : A → B1 and f2 : A → B2, there exists a model C |= T together with isomorphic
embeddings g1 : B1 → C and g2 : B2 → C such that g1f1 = g2f2.

It is worth noting that Jonsson theories naturally appear in various classical areas of algebra and
model theory. In particular, typical examples of Jonsson theories include:
• the theory of groups;
• the theory of abelian groups;
• the theory of fields of fixed characteristic;
• the theory of Boolean algebras;
• the theory of polygons over a fixed monoid;
• the theory of modules over a fixed ring;
• the theory of linearly ordered sets.
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Hence, Jonsson theories encompass a broad class of algebraic and logical structures characterized by
strong embedding and amalgamation properties, making them a significant object of study in modern
model theory.

Further, let us consider in more detail the semantic and syntactic invariants associated with Jonsson
theory. These invariants play a fundamental role in understanding the structural properties and model-
theoretic behavior of Jonsson theories.

Definition 2. [15] A model CT of a Jonsson theory T such that |CT | = 2ω is called a semantic
model, if it is ω+-homogeneous-universal.

Definition 3. [15] The center of a Jonsson theory T is the elementary theory of its semantic model
CT , denoted by T ∗, where T ∗ = Th(CT ) is a complete theory.

Further, we note that a Jonsson theory may exhibit an additional property called perfection, which
is related to the saturation of its semantic model.

Definition 4. [15] A Jonsson theory T is said to be perfect, if CT is ω+-saturated.

In Jonsson theory, the notion of perfection is closely tied to the class of existentially closed models.
Such models play a key role in understanding the realizability of existential statements within larger mo-
dels of the theory, providing a natural link between semantic completeness and structural homogeneity.

Definition 5. [14, p. 97] A model A of a theory T is said to be existentially closed in T if for
every model B and every existential formula ϕ(x) with parameters from A, whenever A ⊆ B and
B � ∃xϕ(x), we also have A � ∃xϕ(x).

Denote by ET the class of all existentially closed models of the Jonsson theory T .

Theorem 1. If T is a perfect Jonsson theory, then ET = ModT ∗.

In the study of Jonsson theories, the behavior of types over small subsets of existentially closed
models plays a crucial role in understanding the theory stability properties. To capture this behavior,
the notions of J-λ-stability, J-stability, and J-superstability are introduced, which formalize the control
over the number of J-types realized over subsets of a given size.

Let T be a Jonsson theory, SJ(X) be a set of all existential complete n-types over X, consistent
with T , for each finite n.

Definition 6. (A.R. Yeshkeyev) A Jonsson theory T is called J-λ-stable if for any existentially
closed model A and any its subset X: |X| ≤ λ⇒ |SJ(X)| ≤ λ.

We say that a Jonsson theory T is J-stable if it is J-λ-stable for some cardinal λ.

Definition 7. We say that a Jonsson theory T is J-superstable if it is J-λ-stable for some cardinal
λ and λ ≥ 2ω.

Let us consider the theorem that connects the Jonsson stability and the classical stability, which
is an important property for Jonsson theories.

Theorem 2. (A.R. Yeshkeyev) Let T be a perfect ∃-complete (complete for existential sentences)
Jonsson theory, λ ≥ ω. Then the following conditions are equivalent:

1) T is J-λ-stable;
2) T ∗ is λ-stable (in classical sense), where T ∗ is the center of T .

Let T be an arbitrary Jonsson theory of a signature σ, and let CT be its semantic model. Let
A ⊆ CT , and let P be a new unary predicate symbol.

Consider the (generally incomplete) theory in the signature σP (A) = σA ∪ {P}, defined as follows:

T JP (A) = Th∀∃(CT , a)a∈A ∪ {P (ca) | a ∈ A} ∪ {“P ⊆ ”},

where
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• Th∀∃(CT , a)a∈A is the set of all universal-existential sentences true in the structure (C, a)a∈A;
• {P (ca) | a ∈ A} asserts that all elements of A are included in the interpretation of the predicate
P ;
• {“P ⊆ ”} is an infinite set of sentences expressing that the interpretation of P is an existentially

closed submodel in the signature σ.
Remark. The requirement of existential closedness of the submodel is essential in the sense that

the submodel must not be finite.
Let SJp (A) denote the set of all ∃-completions of the theory T JP (A).
Let λ be an arbitrary cardinal.

Definition 8. (A.R. Yeshkeyev) A Jonsson theory T is said to be Jonsson P -λ-stable (or, briefly,
J-P -λ-stable) if for every set A of cardinality at most λ, the following holds:

|SJP (A)| ≤ λ.

Definition 9. (A.R. Yeshkeyev) A Jonsson theory T is said to be Jonsson P -stable (or simply
J-P -stable) if T is J-P -λ-stable for some cardinal λ.

Definition 10. A Jonsson theory T is said to be Jonsson P -superstable (or simply J-P -superstable)
if there exists a cardinal λ0 such that for all λ ≥ λ0, the theory T is J-P -λ-stable.

That is, for all λ ≥ λ0 and for every set A ⊆ CT with |A| ≤ λ, the number of existential types with
predicate P over A satisfies |SJP (A)| ≤ λ.

Definition 11. A Jonsson theory T is called Jonsson P -unstable (or simply J-P -unstable) if it is
not J-P -λ-stable for any cardinal λ.

The following theorem establishes a connection between the P -λ-stability studied in [4] and
J-P -λ-stability in the context of a perfect ∃-complete Jonsson theory. It is fair to say that, thanks to
this theorem, attributed to the first author, a number of significant results have been obtained within
the framework of Jonsson theories.

Theorem 3. (A.R. Yeshkeyev) Let T be a perfect ∃-complete Jonsson theory. Then the following
conditions are equivalent:

1) the center of the theory T is P -λ-stable (in the sense of [4]),
2) the theory T is J-P -λ-stable.

Definition 12. (A.R. Yeshkeyev) Let K be a class of L-structures. The following set JSp(K) of
Jonsson theories is called a Jonsson spectrum of the class K:

JSp(K) = {T | T is a Jonsson theory and A |= T for any A ∈ K}.

Definition 13. (T.G. Mustafin) Let T1 and T2 be Jonsson theories, CT1 and CT2 be their seman-
tic models, correspondingly. Then T1 and T2 are called cosemantic (T1 ./ T2) Jonsson theories, if
CT1 = CT2 .

It is easy to see that the cosemanticness is an equivalence relation.
Let L be a first-order language, and let T be a Jonsson theory formulated in L. Assume that

K ⊆ ET . We now consider the Jonsson spectrum JSp(K) and define on it a relation of cosemantic
equivalence, denoted by ./. Factoring JSp(K) by this relation yields the quotient set JSp(K)/./.

Denote by [T ] the cosemantic class of a theory T , where T ∈ JSp(K). The class [T ] consists of
all Jonsson theories that are cosemantically equivalent to T . For every theory ∆ ∈ [T ], we associate
a corresponding semantic model C∆. By the definition of the cosemantic class, these models coincide
with the semantic model CT of some fixed representative T ∈ [T ]. Thus, the entire class [T ] shares a
single common semantic model, which we denote by C[T ] = CT .
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Consider now the elementary theory of this model. We refer to it as the center of the Jonsson class
[T ] and denote it by

[T ]∗ = Th(C[T ]).

This center is identical to the centers of all individual theories ∆ ∈ [T ], that is,

[T ]∗ = Th(C∆) for all ∆ ∈ [T ].

Furthermore, let
E[T ] =

⋃
∆∈[T ]

E∆

be the collection of all existentially closed models corresponding to the theories in [T ]. Observe that
the intersection ⋂

∆∈[T ]

E∆ 6= ∅,

since at least the model C[T ] is contained in every E∆.
Consequently, all theories belonging to the class [T ] possess a shared semantic model and the same

center. This provides a coherent structural framework for analyzing Jonsson theories and their models
within a unified semantic context.

2 On the classification and structural properties of J-superstable theories

In the study of the model-theoretic properties of Jonsson theories, it is essential to introduce
analogues of classical notions such as stationarity, independence, and orthogonality, but formulated in
terms of existential types. These concepts play a central role in the classification theory of Jonsson
structures and in the analysis of their dimensions.

Let us look at the following definitions, where “J-forks over A” is used in the meaning of
Theorem 2.1.2 from [15].

Definition 14. [6] Let p be a complete ∃-type over A, where A is a Jonsson subset of CT . Then p
is called J-stationary over A if:

1) p does not J-fork over A;
2) p has a unique consistent extension that does not J-fork over A.

Definition 15. Let p(x̄) and q(ȳ) be ∃-types over M , where M is a Jonsson subset of CT . p and q
are said to be J-perpendicular (p ⊥J q) if p(x̄) ∪ q(ȳ) determines a complete ∃-type over M .

Definition 16. 1. A non-algebraic type p ∈ SJ(A) is J-regular if for every subset B ⊇ A of CT and
every r ∈ SJ(B) with p ⊆ r,

r J-forks over A =⇒ p ⊥J r.

2. A J-stationary type p is J-regular if its stationarization over Dom(p) is J-regular.

Before we formally define JFαλ -saturation, let us clarify the intuition behind it. In stable theories,
not all types need to be realized; it suffices to realize those types that are almost over small sets.

In this context, “almost over A” means that there exists A0 ⊆ A with |A0| < λ such that p does
not J-fork over A0.

Definition 17. An existensional closed model M is called JFαλ -saturated if for every subset A ⊆M
with |A| < λ and every ∃-type p(x) ∈ SJα(A) that is almost over A, there exists an element a ∈ M
that realizes the ∃-type p, i.e., a satisfies all formulas in p.

JFαλ -saturated models are submodels of the semantic model of the Jonsson theory T .
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The notion of J-stationarity allows us to define a structural measure of independence for existential
types in Jonsson theories. This leads naturally to the concept of a J-basis and the corresponding notion
of dimension.

Definition 18. Let I be a set of tuples and A a set of parameters. We say that I is J-independent
over A if for every b ∈ I,

tp(b/A ∪ (I \ {b})) does not J-fork over A.

Definition 19. Let T be a Jonsson theory, M be an existentially closed model of T , A ⊆ M , and
let p ∈ SJ(A). A set I ⊆M is called a J-basis for p in M if

1) every element of I realizes p in M ;
2) I is J-independent over A;
3) I is maximal with these properties.

The dimension of p in M is defined by

dimJ(p,M) = |I|,

where I is any J-basis for p in M .
Definition 20. [6] 1. Let p(x̄1), q(x̄2) be complete ∃-types over A, where A is a Jonsson subset of

CT . Then p is said to be J-weakly orthogonal to q if and only if p(x̄1) ∪ q(x̄2) is a complete ∃-type
over A.

2. Let p1, p2 be either ∃-complete or J-stationary types. Then p1 is J-orthogonal to p2 if for
any set A such that Dom(p1) ∪Dom(p2) ⊆ A, where A is the universe of an ∃1-saturated model, and
for any J-non-forking extensions q1, q2 of p1, p2 over A respectively, the types q1 and q2 are weakly
J-orthogonal.

The orthogonality of existential types allows us to describe the multidimensional structure of
Jonsson theories. The following definition formalizes the notion of multidimensionality within the
framework of Jonsson theories.

Definition 21. [6] Let A be a Jonsson subset of the semantic model CT , where T is a Jonsson theory.
An ∃-complete type p is said to be J-multidimensional if it is J-orthogonal to any complete ∃-type
over A. If T has a J-multidimensional type, then T is called a J-multidimensional theory. Otherwise,
T is called a J-nonmultidimensional theory, or a theory of J-restricted dimension.

The following theorem was obtained in [6]:
Theorem 4. Let T be a perfect, J-λ-stable, ∃-complete Jonsson theory:
1) the theory T ∗ is nonmultidimensional (in the classical sense);
2) the theory T is J-nonmultidimensional.
Since we rely on Lemmas 2 and 3 from [4] and for them the lemmas that we will consider to prove

our main theorem are satisfied.
Lemma 1. Let T be a perfect, hereditary ∃-complete Jonsson theory, K ⊆ ET , [∆] ∈ JSp(K)/./,

[∆]∗ = Th(C[∆]) be its center. Let M,N1, N2 ∈ Mod([∆]∗) with A ⊆ C[∆] and N1, N2 ≺∃1 C[∆],
M ≺∃1 N1, M ≺∃1 N2, where the models M,N1, N2 are JFαω -saturated. Let {pi | i ∈ I} be a maximal
set of pairwise orthogonal J-regular types from SJ(M). Define JS ⊆ I by

JS = {i ∈ I | dimJ(pi, NS) < ω}, S = 1, 2,

and assume J1 = J2. If for every i ∈ J = J1 = J2 we have dimJ(pi, N1) = dimJ(pi, N2), then the pairs
of models

(N1,M) ≡∃1 (N2,M)

in the signature σP (A).
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Proof. Since {pi | i ∈ I} is a maximal set of orthogonal J-regular types over M and N1, N2 are
JFαω -saturated, we can write

NS = M ⊕
⊕
i∈I

X
(S)
i , S = 1, 2,

where X(S)
i denotes the set of realizations of pi in NS , and dimJ(pi, NS) = |X(S)

i |.
For i ∈ J , the sets X(1)

i and X(2)
i have the same finite cardinality. For i ∈ I \ J , both X(S)

i are
infinite by saturation, so their finite partial substructures can always be matched.

Define f : M →M as the identity. For each i ∈ J , choose a bijection

fi : X
(1)
i → X

(2)
i .

For i ∈ I \ J , by JFαω -saturation, any finite subset of X(1)
i can be matched with a corresponding finite

subset of X(2)
i .

Since the types pi are pairwise orthogonal, the realizations of different pi are independent. There-
fore, the partial isomorphisms on each X(S)

i can be combined with the identity on M to form a partial
∃-isomorphism from N1 to N2 over M .

Hence, for any ∃-formula ∃x̄ ϕ(x̄, m̄) with parameters m̄ ⊆M , we have

N1 |= ∃x̄ ϕ(x̄, m̄) ⇐⇒ N2 |= ∃x̄ ϕ(x̄, m̄),

which proves (N1,M) ≡∃1 (N2,M) in σP (A).

Lemma 2. Let T be a perfect, hereditary ∃-complete Jonsson theory, K ⊆ ET , [∆] ∈ JSp(K)/./,
[∆]∗ = Th(C[∆]) be its center. Let M1,M2, N1, N2 ∈ Mod([∆]∗) with A ⊆ M1 ∩M2 and N1, N2 ≺∃1
C[∆], M1 ≺∃1 N1, M2 ≺∃1 N2. Then there exist JFαω -saturated models M,N ′1, N

′
2 satisfying:

1) A ⊆M ;
2) M ≺∃1 N ′1 and M ≺∃1 N ′2;
3) (N1,M1) ≡∃ (N ′1,M) and (N2,M2) ≡∃1 (N ′2,M) in the signature σP (A).

Proof. LetM be any JFαω -saturated model containing A and existentially embedding bothM1 and
M2 in the sense that

M1 ≺∃1 M, M2 ≺∃1 M.

Such a model exists by standard chain arguments for Jonsson theories and saturation: take an in-
creasing chain of countable extensions starting from A that embeds M1 and M2, and then take a
JFαω -saturated elementary extension.

Consider N ′1 to be a JFαω -saturated model such that

N1 ≺∃1 N ′1 and M ⊆ N ′1.

Similarly, let N ′2 be a JFαω -saturated model extending N2 with M ⊆ N ′2. By the properties of Jonsson
theories and JFαω -saturation, these extensions can be chosen so that

(N1,M1) ≡∃1 (N ′1,M), (N2,M2) ≡∃1 (N ′2,M)

in the signature σP (A).
1. By construction, A ⊆M .
2. M ≺∃1 N ′1 and M ≺∃1 N ′2 hold since N ′1 and N ′2 are built as saturated extensions containing M .
3. The existential equivalences follow from the JFαω -saturation and the fact that M1 ≺∃1 N1,
M2 ≺∃1 N2. Any existential statement over M true in N ′1 or N ′2 can be mirrored in N1 or N2

via embeddings extending M1 and M2.
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Hence, the models M,N ′1, N
′
2 satisfy all required properties.

We now turn to our main result. This result generalizes Theorem 1 of [4] in the context of the
Jonsson spectrum of class K.

Since K is a subclass of ET , the Kaiser hull of any model in K is a Jonsson theory. Let ∆ be one
of them.

Theorem 5. Let T be a perfect, hereditary ∃-complete, J-superstable Jonsson theory, K ⊆ ET ,
[∆] ∈ JSp(K)/./, [∆]∗ be its center. Then the following conditions are equivalent:
(a) [∆] is J-nonmultidimensional;
(b) [∆] is J-P -superstable;
(c) [∆] is J-P -stable.

Proof. It is obvious that (b) implies (c). We shall show that (a) implies (b), and that (c) implies (a).
In the proof of (a)⇒ (b):
A class [∆] of Jonsson theories is J-nonmultidimensional if every theory in the class is J-nonmulti-

dimensional. Let ∆ a be J-nonmultidimensional theory. By Theorem 4, it follows that ∆∗ is a
nonmultidimensional theory.

Nonmultidimensionality implies that all regular types are related, meaning that the behavior of
models can be described in terms of only one dimension.

From nonmultidimensionality it follows that all regular types are connected, that is, the behavior
of models can be described via a single dimension.

Lemma 1 states: if the dimensions coincide, then the models are logically indistinguishable in the
signature σP .

Therefore, the set of possible pairs (N,M) is bounded, and hence the ∆∗ is P superstable.
Before doing so, let us prove the following auxiliary statement.
Lemma 2 is needed to estimate the number of extensions or models, that is, to turn the qualitative

result of Lemma 1 (extensions with the same types are equivalent) into a quantitative estimate of the
number of such extensions. It is used to control cardinalities and for the subsequent derivation of
superstability or bounds on the number of types.

Here we have shown that if ∆∗ is nonmultidimensional, then ∆∗ is P -superstable. We now need to
show that ∆ is J-P -superstable.

By Theorem 3 stability properties of ∆∗ and ∆ are preserved under this correspondence.
Assume that ∆∗ is P -superstable. Then there exists a cardinal λ0 such that ∆∗ is P -λ-stable for all

λ ≥ λ0. By the equivalence above, ∆ is J-P -λ-stable for all such λ. Hence, every ∆ is J-P -superstable.
Then [∆] is J-P -superstable.

Combining Lemmas 1 and 2, we complete the proof of Theorem 5 in the direction (a)⇒ (b).
(c) ⇒ (a) Assume [∆] is J-P -stable.
Suppose, towards a contradiction, that [∆] is multidimensional. Then there exist two J-orthogonal

regular types p and q.
Orthogonal types generate uncontrolled growth in the number of possible types over substructures

(any combination of realizations of p and q is possible).
This contradicts J-P -stability, which requires the number of J-types to be bounded.
Hence, [∆] must be J-nonmultidimensional.
We have established the chain of implications:

(a)⇒ (b)⇒ (c)⇒ (a),

and therefore all three properties are equivalent.
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Conclusion

In this article, we studied the properties of Jonsson theories with additional predicates, focus-
ing on J-stability and J-superstability. We established conditions under which models exhibit these
properties and provided a systematic construction of T JP (A), which preserves existential completeness
while extending models with new predicates. The results generalize earlier work on superstable theo-
ries and offer a broader perspective on stability in models with added structure. The introduction of
J-P -stability and the analysis of types in Jonsson structures with predicates represent a novel contri-
bution to model theory and provide a foundation for further research in combinatorial and algebraic
model theory. Future work may explore multidimensional types, their interactions with additional
predicates, and extensions to more general classes of theories. Overall, this study deepens the under-
standing of the structure and classification of models in Jonsson theories, highlighting both theoretical
significance and potential applications.
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ANNIVERSARIES

Professor Bokayev’s Mathematical Olymp: Celebrating
the Scholar’s 70th Anniversary

The academic community of Kazakhstan honors Nurzhan Adilkhanovich Bokayev, Doctor
of Physical and Mathematical Sciences and Professor of the Department of Fundamental Mathematics
at L.N. Gumilyov Eurasian National University for his distinguished contributions to the field. His
70th anniversary is a celebration not only for his colleagues and students, but also for the entire
mathematical community of our country.

From an early age, having demonstrated remarkable abilities in the exact sciences, Nurzhan
Adilkhanovich entered Karaganda State University named after academician Ye.A. Buketov. His years
of study (1972–1977) became a time of rapid intellectual growth. For exceptional achievements and
devotion to science, Nurzhan Bokayev was awarded the highest distinction of that era – the Lenin
Scholarship. This prestigious status was a natural result of his diligence and opened the way to the
principal scientific center of a vast country – Lomonosov Moscow State University.

Moscow State University and Menshov school provided Nurzhan Adilkhanovich with a world-
class academic foundation. His initial inspiration, passion for function theory, and his introduction to
research came from his Karaganda mentor – Doctor of Physical and Mathematical Sciences, Professor
Esmukhanbet Saidakhametovich Smailov. It was under Professor Smailov’s attentive guidance that
student Bokayev began his first serious research. Esmukhanbet Saidakhametovich, a renowned specialist
in the theory of embeddings of functional spaces and approximation theory, recognized in the young
man a rare analytical talent. The “Teacher–Student” bond between Smailov and Bokayev grew into
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many years of fruitful collaboration. Their joint works on functional spaces and multiple Fourier series
laid the foundation for what is now known as the Karaganda school of mathematical analysis. It is
widely believed that Esmukhanbet Saidakhametovich played a decisive role in directing Bokayev – an
outstanding graduate and Lenin Scholarship recipient – toward postgraduate study at Moscow State
University under V.A. Skvortsov. He understood that talent of such magnitude must be shaped by a
world-class school, in order to return and advance science in Kazakhstan.

Bokayev’s formation as a researcher of international stature is inseparably linked with the Faculty
of Mechanics and Mathematics of Lomonosov Moscow State University. There he became a direct
successor to the great Moscow school of function theory. His academic advisor was the eminent
mathematician, Professor Valentin Anatolyevich Skvortsov. Through his mentor, Nurzhan
Adilkhanovich became the scholarly “grandson” of the legendary Dmitry Yevgenyevich Menshov, one
of the founders of the Soviet school of function theory. This unique continuity of generations enabled
the honoree to master the most complex areas of analysis – fields he continues to develop today.

Professor Bokayev’s research is a synthesis of classical rigor and modern perspective. He has
made a significant contribution to the study of the uniqueness of function expansions in multiple
orthogonal series. Nurzhan Adilkhanovich masterfully adapted classical methods of function theory to
contemporary problems of signal processing in functional spaces.

After Moscow State University, his professional journey continued within the walls of his alma mater
– Karaganda State University named after academician Ye.A. Buketov. Returning to KarSU named
after academician Ye.A. Buketov, he advanced from assistant lecturer to associate professor and then
full professor. It was there that he began to introduce the high standards of the Moscow mathematical
school, teaching courses in mathematical analysis and specialized courses in function theory. In different
years, Nurzhan Adilkhanovich held important administrative positions, including Dean of the Faculty
of Mathematics at Karaganda State University named after academician Ye.A. Buketov and editor
of the journal “Bulletin of the Karaganda University. Mathematics Series”. Under his leadership, the
faculty strengthened its standing as one of the leading centers for training mathematicians in the region.
During this period, he actively supervised his first postgraduate students, laying the groundwork for the
constellation of disciples who today represent Kazakhstan’s mathematical science. At present, Nurzhan
Adilkhanovich is a member of the editorial board of the journal “Bulletin of the Karaganda University.
Mathematics Series” and continues to take an active part in the scientific life of his home university.

His work in Karaganda became a period of building the powerful scientific potential that later led
to the defense of his doctoral dissertation and his move to L.N. Gumilyov Eurasian National University
in the capital.

Today, working at ENU, Professor Bokayev remains a benchmark of academic ethics. A two-time
recipient of the state grant “Best University Teacher,” he has educated dozens of students who now
work successfully in science and education.

Colleagues value him for his encyclopedic knowledge, and students – for clarity of thought and the
ability to inspire a love for the beauty of mathematical logic. For him, mathematics has never been
merely a profession, but a calling to which he has remained faithful for half a century.

We congratulate Nurzhan Adilkhanovich on his anniversary! We wish him robust health,
inexhaustible inspiration for new achievements, and many years of fruitful work for the benefit
of Kazakhstan’s science.

The staff of the Faculty of Mathematics and Information Technologies
of the Karaganda National Research University Academician named after Ye.A. Buketov

and the editorial board of the journal
“Bulletin of the Karaganda University. Mathematics Series”
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