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A boundary value problem ...

KpaeBas 3agada AN BbipoXaatoLerocs ypaBHEHUS CMeLlaHHOoro
TUNa YeTBEPTOro nopsagka

K.A. OTaposa
Kapakannakckuii rocyfapcTBeHHbIA YHUBepcuTeT nmeHn Bepgaxa, Hykyc, Y36ekucTaH

MHuorue 3a/1a91 MEXaHUKH, (DUIUKU, TeODUIUKHI IPUBOJIAT K PEIIEHUIO YPABHEHM B YaCTHBIX IPOU3BOHBIX,
KOTOPbIE HE BXOJISIT B U3BECTHBIE KJIACCHI DJIMIITUYIECKUX, TapabOJIMIECKUX WU MUITEPOOIMIECKUX YpaBHe-
uuit. Takue ypaBHEHUsI, KaK MPABUJIO, CTAJIU HA3BIBATH HEKJIACCHIECKUMHU YPABHEHUSIMUA MATEMATHICCKOMN
busuku. Teopus BBIPOKIAIOMINXCA YPABHEHUH SBJISAETCS ONHUM U3 IEHTPAJIBHBIX PA3/IeI0B COBPEMEHHOMN
TEOpUM yPABHEHUN C YACTHBIMU TPOU3BOIHBIMU. DTO OOBSIICHSIETCs, TPEXKJIE BCErO, BBISIBIEHUEM MHOXKE-
CTBa MPUKJIAIHBIX 33/1a9, MAaTEMATHYECKOE MOJEIMPOBAHNE KOTOPBIX OOCTYKUBAECT M3yUEeHUE PA3TUIHBIX
THUIIOB BBIPOXKIAIOMMXCS ypaBHeHH. /{0 HACTOSIIEro BpeMeHN 3a4a9H s BBIPOXKIAIONINXCS yPABHEHHI,
B OCHOBHOM, WCCJIEJIOBAHBI JJIS MOJI€JIbHBIX YPABHEHUI U YPaBHEHUI C MJIQIIIIVMU YJI€HAMH C JIOCTATOYHO
MIAAKUMA KO3 PUIMEeHTAMT IPU MJIAIINuX wieHax. VcciremoBanne KpaeBbIx 3324 JJis yPaBHEHHUI cMe-
MIAHHOTO TWIIA Y€TBEPTOrO IOPSIIKA CO CTEIEHHBIM BBIPOXKIEHNEM OCTAETCsA aKTyaJabHbIM. B aToit pabore
MMOCTABJIEHA U MCCJIEIOBaHA KPaeBas 3a/1a9a B IPSIMOYTOJILHOM 06IACTH J17IsI OTHOT'O BBIPOXK JAOIIEr0CsT YpaB-
HEHWsI CMEINTAHHOTO TUIIA Y€TBEPTOrO MOpsiaka. KOppeKTHOCTh KpaeBoil 3a/1a4du /it yPABHEHUST C YACTHBIMHU
IIPOU3BOAHBIMHA YeTBEPTOrO MOPsA/IKa yCTaHABJINBAETCA JOKA3aTeJIbCTBOM CYIIeCTBOBAHUSA U €IUHCTBEHHO-
ctu perteHus. [Ipu TOCTATOYHBIX YCJIOBUAX HAWJIEHO PEIIEHUE PACCMATPUBAEMOIl 3a/ladd B sIBHOM BH/IE
MeTO/IOM pa3/ieJIeHus IIepeMeHHBbIX.

KroyeBble Cfl0Ba: cMmelraHHOe ypaBHEHHe 4eTBEPTOro nopsiaka, dyukuun Beccess, psyg Oypbe, nosHoTa,
peryJisipHoe pelieHue.
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Factorization of abstract operators into two second degree operators
and its applications to integro-differential equations

[.N. Parasidis*, E. Providas

University of Thessaly, Larissa, Greece
(E-mail: paras@uth.gr, providas@uth.gr)

Boundary value problem Bix = f with an abstract linear operator Bi, corresponding to an Fredholm
integro-differential equation with ordinary or partial differential operator is researched. An exact solution
to Biz = f in the case when a bijective operator B; has a factorization of the form B; = BB where
B and By are two linear more simple than B second degree abstract operators, received. Conditions for
factorization of the operator B; and a criterion for bijectivity of B; are found.

Keywords: correct operator, bijective operator, factorization (decomposition) of linear operators, Fredholm
integro-differential equations, boundary value problems, exact solutions.

2020 Mathematics Subject Classification: 34A30, 34K10, 45J05, 45K05, 47A62, 47A68, 47B01, 47G20.

Introduction

Integro-differential equations (IDEs) are used to model many problems in science, engineering,
economics, medicine, control theory, micro-inhomogeneous media and viscoelasticity [1-9]. Very impor-
tant tools in solving of Boundary Value Problems (BVPs) with IDEs are the Parametrization Method
[10] and the Factorization (Decomposition) method, but the applicability of the last method is confined
to certain kinds of integro-differential operators, corresponding to BVPs and cannot be universal for
all problems. There are several types of decomposition methods for solving BVPs with IDEs. The most
popular is Adomyan decomposition method and its modifications, where the Adomyan polynomials
are used, and approximate solutions of given BVPs are obtained [11-19]. Other types of decomposition
method were considered in [4], [5], [20]. Factorization of tensor integro-differential wave equations of
the acoustics of dispersive viscoelastic anisotropic media is performed for the one-dimensional case in
[4]. The integro-differential one-dimensional tensor wave equations of the electrodynamics of dispersive
anisotropic media are factorized in |5]. The initial first order integro-differential operator with arbitrary
nonpositive parameters was decomposed on three factors in [20] and further the sufficient conditions
for the existence of a solution are obtained on half line.

We propose in this article another factorization method on two factors which successfully was
applied in the articles by the authors [6], [7], [21]-[26] and by another author in [27]. Here we generalize
the results of these papers and study a more complicated boundary value problem with an abstract
operator equation

Biu = A%u — VO(Agu) — YO(A2u) — SU(AAgu)—

—GU(A%u) = f, D(B1) = D(A?)

on a Banach space X, where A, Ay are abstract linear differential operators, the functional vectors
®, U are defined on X,, and vectors VY, S,G € X,,. We obtained the conditions on the vectors

*Corresponding author. E-mail: parasQuth.gr
Received: 22 June 2023; Accepted: 12 September 2023.
(© 2024 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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V,Y, S, G under which the operator B can be factorized in a product of two second degree operators,

i.e. By = BB( with
Bou = A2u — So®(Agu) — Go®(A3u) = f, D(Bg) = D(A3),

Bu = A%u — SU(Au) — GU(A%u) = f,  D(B) = D(A?)

and then found the exact solution in closed form of the given problem, using the exact solutions of
the above two simple problems. Using of the obtained formula for the exact solution of the equation
Biu = f makes it possible to easily obtain exact solutions of a class of Fredholm IDEs with ordinary
or partial differential operators. The decomposition method, applied to abstract operator equation

Tu=Au— Ku—GY(Au) = f, D(T)=D(A)={ue X, : ®(u) =0}

on a Banach space X for solving boundary value problems for n-th order linear Volterra-Fredholm
integro-differential equations of convolution type, was used in [6], [7], where were constructed the
closed-form solutions to the two-phase integral model of Euler-Bernoulli nanobeams in bending under
transverse distributed load and various types of boundary conditions. In [21]| the operator B; corres-
ponding to the abstract operator equation

Blu = AAou - S(Aou, (I)t>Hm - G<AAOU, Ft>Hm = f
on a Hilbert space H was factorized in two operators, i.e. By = BgBg,, where
Bgou = Agu — Go(Agu, @Y gm = f,  D(Bg,) = D(Ap),

Bou = Au — G{Au, F"Y ym = f, D(Bg) = D(A).

Further, using the exact solutions of these two simple equations, the exact solution of Byu = f was
obtained. An exact solution to the abstract operator equation

Biu= Au — S®(Agu) — GV (Au) = f, D(B;1) = D(A)

on a Banach space was found in [22| by factorization of Bj in two simple operators, and then the
corresponding theory was applied for solving of Hyperbolic integro-differential equations with integral
boundary conditions. The exact solution to the abstract operator equation

Biu = A*u — S®(Au) — GU(A*u) = f, D(B;) = D(A?)

on a Banach space was obtained in [23]. The operator Bj corresponding to the abstract operator
equations

Biu = A%u — SF(Au) — SF(A%u) = f,
D(B;) = {u € D(A?) : ®(u) = NU(Au), ®(Au) = DF(Au) + NU(A%u)}, and
Biu = A%y — SF(Au) — SF(A%u) = f,
D(By) = {u € D(A?): ®(u) = NV (u), ®(Au) = DF(Au) + NV (Au)},

where D, N are matrices, .S, G are vectors, by decomposition method for squared operators is factorized
in By = B? and then the exact solution of Bju = f in closed form is easily obtained in [24], [25],
respectively. The exact solution to the abstract operator equation

Blu = Au — S<I>(u) - G\II(A()U) = f, D(Bl) = D(AA())
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on a Banach space by factorization of B; in two simple operators B, By, was investigated in [26]. The
exact solution in closed analytical form to the abstract operator equation

Bru = Au — SoF(Au) — Go®(Au) = f, D(B1) = D(A)

was obtained by decomposition method in [27], and then was applied for solving some ordinary integro-
differential and partial integro-differential equations. Our decomposition method is simple to use and
can be easily incorporated into any Computer Algebra (CAS). The paper is organized as follows.
In Section 1 we give an introduction, terminology and notation. In Section 2 we develop the theory
for the solution of the problem Bix = f when B; = BBy with B and By being two linear second
degree abstract operators and give an example of boundary problem with integro-differential equation
demonstrating the power and usefulness of the methods presented.

Preliminaries

Throughout this paper by X we denote the complex Banach space and by X* the adjoint space of
X, i.e. the set of all complex-valued linear and bounded functionals f on X. We denote by f(z) the
value of f on x. We write D(A) and R(A) for the domain and the range of the operator A: X — Y,
respectively. An operator A : X — Y is said to be injective or uniquelly solvable if for all uj,us € D(A)
such that Au; = Aus, follows that u; = us. Remind that a linear operator A is injective if and only
if ker A = {0}. An operator A : X — Y is called surjective or everywhere solvable if R(A) =Y. The
operator A : X — Y is said to be bijective if A is both injective and surjective. An operator A and the
corresponding problem Au = f are called correct if A is bijective and its inverse A~! is bounded on
Y. Lastly, if for operator By : X — X there exist two operators B and By such that By = BBy then
we say that BBy is a decomposition (factorization) of By. If g; € X and ¢, € X*i=1,...,m,x € X,
then we denote by G = (g1,...,9m), ¥ =col(¢1,...,¢n) and ¥(z) =col(¢1(x), ..., ¥m(x)) and write
GeXy, YeXh . ItG=1(91,-,9m), 91, -, gm € D(A), then we write G € [D(A)],,. We will denote
by U(G) the m x m matrix whose i, j-th entry 1;(g;) is the value of functional ¢; on element g;. Note
that ¥(GC) = ¥(G)C, where C is a m x k constant matrix. We will also denote by I,,, the identity
m X m matrix.

We will use the following Theorem, that have been shown in [20] and is recalled here but with a
different notation tailored to the needs of the present article.

Theorem 1. Let X be a complex Banach space, the vectors Gy = (910, --+s gm0), G = (91, -+, gm), S =
(S1y..ry Sm) € X, the components of the vectors ¥ = col(1, ..., ¥p,) and ® = col(¢1, ..., pm) belong
to X* and the operators By, B, B : X — X defined by

Bou = Aou - Goq)(Aou) = f, D(Bo) = D(Ao),

Bu = Au — GU(Au) = f, D(B) = D(4),
Blu = AAou — S(I)(Aou) — G\I/(AA()U) = f, D(Bl) = D(AA()), (1)

where Ag, A : X — X are linear correct operators and Gy € [D(A)],. Then the following statements
are fulfilled:
(i) If
S € [R(B),, and S = BGo= AGy— GU(AGy), (2)

then the operator B; can be factorized in By = BBy.
(ii) If the components of the vector ® are linearly independent elements of X™* and the operator
Bj can be factorized in By = BBy, then (2) is fulfilled.

Mathematics series. No.1(113)/2024 151



I.N. Parasidis, E. Providas

(iii) If there exists a vector Gy € [D(A)]m, satisfying the equation AGy — G¥(AGy) = S, then B
is bijective if and only if the operators By and B are bijective, which means that

det V =det[l,, — ®(Go)] #0 and det L = det[],, — ¥(G)] # 0.
In this case, the unique solution to the boundary value problem (1) for any f € X, is given by
u=DB'f=A v+ Ay 'GoV @ (v), where v=A"'f+ATIGLTIU(f). (3)

Lemma 2. Let X be a complex Banach space. Then a linear operator A : X — X is bijective if and
only if A? is bijective.

Proof. Let A be bijective and u € ker A2. Then A%u = 0. Applying twise the operator A~! to this
equation we obtain u = 0 which proves that ker A2 = {0}. Consider the equation A%u = f, f € X.
Applying twise the operator A~ to this equation, we obtain u = A~! (Aflf) = A=2f for every f € X,
which proves that R(A%) = X. Thus A? is a bijective operator.

Conversely, let A2 be bijective. Then ker A2 = {0} and R(A?) = X, and from well-known relations

ker A C ker A%, R(A?%) C R(A),

for a linear operator A : X — X, follows that ker A = {0} and R(A) = X. Hence A is a bijective
operator.

Bellow we prove the main theorem.

Theorem 3. Let X be a complex Banach space, Ag, A3, A, A% : X 2 X linear operators and the
vectors V)Y, G,S € X, @, 0 € [X*],n, So,Go € [D(A?)]n. Then for the operators Bg, B, By : X —
X, defined by

Bou = AZu — So®(Agu) — Go®(A3u) = f, D(By) = D(A2), (4)
Bu = A%u — SU(Au) — GU(A%u) = f,  D(B) = D(A?), (5)

Biu = A?A2u — V®(Agu) — YP(A3u) — SU(AAZu) — GU(A2A%u) = f,
D(B1) = D(A’A}) = {u € D(A) : Aju € D(A*)}, (6)

hold true the next statements:
(i) If the vectors Go = (910, s gmo) and Sy = (810, ..., Smo) belong to [D(A?)],, and satisfy the
system of equations

V = BSy = A2S) — SU(AS,) — GU(A2S), (7)
Y = BGy = A2Gy — SU(AGy) — G¥(A%Gy), (8)

then the operator By can be factorized in By = BBy.
(ii) If Go = (910, -, 9m0), So = (510, --+sSmo) € [D(A?)],, and the operator By is factorized in
B, = BBy, where A, Ay are bijective, and if the functional vectors

(f) = (P+ A1 AT2) (f) = ®(ATAT2S), B(f) = (@ A7) (f) = B(A7))

are linearly independent on X, then (7), (8) hold true.
(iii) The operators By, B are bijective if and only if, respectively,

. -1 . -1

det Ly = det <Im _((II))((?O) So) Ij(_Aq)(gg))) # 0, 9)
_ -1 _ -1

det L = det <Im _‘\II’,((‘;) 5) Jf(_Am(g))) # 0, (10)
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and in this case the unique solutions of (4), (5) for any f € X are given by

-1
u=By'f =A% f + (45250, Ag>Go)Ly ! (q’%‘(‘})f )> 7 (11)
u=B7lf=A"2f + (A28, A72G)L! (‘P(\I]“l(}l)f)> , (12)

respectively.
(iv) If VY are defined by (7), (8) and A, Ay are bijective operators, then B; is bijective if and only
if (9) and (10) are fulfilled, and the unique solution of (6) in this case for every f € X is given by

u= Ay + (Ay 23S0, Ay 2Go)Ly* (@((gl(i;v)) , where (13)
v=A"2f 4+ (A28, A72Q)L (‘I’(\P"l(}l)f )) . (14)

Proof (i). Taking into account that Gy, So € [D(A?)],, we obtain
D(BBy) = {u € D(By) : Bou € D(B)} =
={u e D(A2) : A2u — Sy®(Agu) — Go®(A%u) € D(A?)} =
= {u € D(A3) : A2u € D(A?)} = D(A%A%) = D(B,).
We put y = Bou. Then for each u € D(A?A3) since (5) and (4) we have
BBu = By = A%y — SU(Ay) — G\Il(Azy) =
= A’Bou — SU(ABgu) — GU(A’Bgu) =
= A?[A%u — So®(Agu) — Go®(AZu)]—
—SU (A[Afu — So@(Agu) — Go®(Afu)]) —
—GU (A*[Afu — So®(Agu) — Go®@(Afu)]) =
= A2A%u — A%Sy®(Agu) — A2Go®(Au)—
—SU (AA§u — ASy®(Agu) — AGy®(Aju)) —
—GU (A*Aju — A?Sy@(Agu) — A’ Go®(Afu)) =
== AQA%U - A2SO(I)(A()U) - A2G0<I>(A3u)f
—SU(AAZu) + SW(ASy)®(Agu)+
+SU(AG))P(AZu) — GU(A?Alu)+
+GU(A%S)®(Agu) + GU(A2Go)P(Adu).

So we obtain
BBou = A2A%u — [A%Sy — SU(ASy) — GV (A%S,)]®(Agu)—

—[A%Gy — SU(AGy) — GU(A%Gy)]|®(Adu)—
—SU(AA3u) — GU(A%A3u), or
BBou = A2A%u — BSy®(Agu) — BGo®(A2u) — SU(AAZu) — GU(A2AZu), (15)
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where the relations
BSy = A%2Sy — SU(ASy) — GU(A2Sy),

BGy = A%Gy — SU(AGy) — GU(A%GY)

follow by substituting u = Sy and v = Gy in (5). By comparing (6) with (15), it is easy to verify that
BBou = Byu for each u € D(A2A2) if (7), (8) hold true.

(ii) Let now BBou = Bju for each u € D(A?A3). Then by subtraction for each u € D(A%A32), we
get BBou — Biu = 0, which implies

(BSy — V)®(Agu) + (BGy — Y)®(A3u) =0,

or, since the operators A, Ay are bijective and, by Lemma 2, the operators A2, A3 are bijective too, we
have
(BSy — V)®(A, A2 A% A%u) + (BGo — Y)P(A 2 A% A3u) = 0,

or denoting f = A?A2u, for each f € X we get
(BSo = V)@(A5 ' A7) + (BGo — Y) (AT f) =0,

which is
(BSy — V)®(f) + (BGo — Y)®(f) =0, VYfeX.

The last equation, because of the vectors <_T:>, & are linear independent on X, gives V = BSy, Y = BGy.
(iii)-(iv) Let the operator B; and the vectors V,Y be defined by (6), (7) and (8), respectively.
Equation (6) can also be written in matrix notation as

Byu = A2A%u — (BSy, BGy) (‘D<A0“)> —(5,G) (‘I’(AA%“))) =/,

P(A3u) W(A2A%u
or ( 142 ) (A 1A2A2 )
A2 A2, (0] AO_ AOU . L\ - OU o
or . .
Biu = AAgu — S®(Agu) — GY(AAgu) = f, D(B1) = D(AA), (16)
where _ _ _ _
A:A27 AO :A27 SZBGO? G: (S7G)7 GO - (SO7GU)7 (17)
B =col(PxAy', @), T=col(WsA' V) (18)

and (@ x Ag')(v) = ®(A;'), (¥ A~Y)(v) = ¥(A™'v). Remind that by Lemma 2, the operators
A= A? and Ay = A3 are bijective, because of A and Ay are bijective. Notice that the components of

the vectors ® and W are bounded on X, since the operators Aal, A~1 are bounded, the components of
the vectors ® and ¥ belong to X* and for any f € X the elements AglA*Qf, A72f € X. It is easy
to verify that Equations (4) and (5) can be equivalently represented in matrix form:

Bou = Agu — Go®(Aopu) = f,  D(Bo) = D(Ap),

Bu=Au—GU(Au) = f,  D(B)= D(A).

Now by Theorem 1, where instead of B, By, By, S,G,®,¥, A, Ay, L,V and m we have B, By, By, §, é,
ZI;, ‘I/,A, Ao, L,V and 2m, respectively, we conclude that the operator By can be factorized in By =
BBy if N o N

AGy — GU(AG)) = G. (19)
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It is easy to verify that Equation (19) is equivalent to System (7), (8). Also by Theorem 1, the operator
B; is bijective if and only if

det V = det[Ioy, — ®(Go)] #0 and  det L = det[lo, — W(G)] # 0,

respectively. The last inequalities, since

~ =~ (%A (S0) (DxA;N)(Go)\ [ ®(A;1S0) P(A;'Go)
@(GO)_< ‘I’(OSO) 0 ‘@(OGO) 0>_< ‘I’((igo)o CD(OGO)O)’
=~ ((TxATH(S) (TxATHG)\  [(¥(ATLS) v(AaTlG)
q’“”‘( u(s) (@) >‘< us) W) )

give (9) and (10). Let Bju = BBou = f, f € X. By Theorem 1 using (3), since B, By are bijective
operators, we obtain the unique solution of (16) or (6)

u=Bylv=A1v+ AaléoLalé(’U), where
v=B7lf = A1 f + ATIGLTIU(f),
which since (17), (18) gives

u=Bylv= Ay + (4,250, A;%Go)Ly* <<I>(£lg);v)) , where (20)
_R-lr_ 42 20 4-2m7.-1 ‘I’(Alf)>
v=B  f=A"f4+(A7°S,A"°G)L < w(f) ) (21)

So we proved (13), (14). From (20), (21) we immediately obtain (11), (12). The theorem is proved.
The next theorem follows from Theorem 3 and is useful in applications and gives the decomposition
B, = BBy, where B, By beforechand we do not know. Also this theorem gives a criterion for the
bijectivity of By and the solution of Bju = f in an elegant way.
Theorem 4. Let the space X and the vectors VY, S, G, P, ¥ be defined as in Theorem 3 and the
operator By : X — X by

Biu = A%u — V®(Agu) — Y®(A3u) — SU(AAgu) — GU(A%u) = f, D(B1) = D(A?),  (22)

where Ay : X — X is a bijective ni-order differential operator and A : X — X is a n-order differential
operator, n1 < n. Suppose that there exists a bijective linear differential n — nq order operator
A: X — X such that

A= AAy, D(B;)= D(A%A3) (23)

and

(24)

det L = det (Im — (A7) _‘I/(AlG)) £0.

—U(S) I, — Y (G)
Then the operator B is factorized into By = BBy, where By, B are defined by (4), (5), respectively,
and

So = A2V 4 (A28, A2G)L"! <‘I’(\I/A(;)V )> , (25)
Go= A" 4 (A28, A2G)L™! (‘I’(\IIA(;;/ )> : (26)

Furtermore the operator B is bijective if (9) is fulfilled, and in this case a unique solution to the
boundary value problem (22), (23) for any f € X is given by (13), (14).
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Proof. Substituting A = AAy into (22) we obtain the operator By in the form (6). Construct the
operators By and B by using (4) and (5), respectively, where for B we take the elements G, S, ¥ and
A from (22) and (23), and for By the elements Ay, ® and Sy, Go from (22) and (25), (26).

Note that the operator B, by Theorem 3 (iii), since (24) and bijectivity of A, is bijective, and that
taking into account (12) the system of equations (25), (26) can be represented as So = B~V and
Go = B7'Y. The last system, because of bijectivity of B, is equivalent to the system V = BSj and
Y = BG), which is the system (7), (8). Then by Theorem 3 (i), the operator By can be factorized
in B; = BBy. Furthermore by Theorem 3 (iv), since (24) and bijectivity of Ay, the operator B; is
bijective if (9) holds. The unique solution to (22), (23), by Theorem 3 (iv), is given by (13), (14). The
theorem is proved.

A reader can prove easily by Lemma 2 the next proposition.

Proposition 5. Let the operators Ay, A : C[0,1] — C|0, 1] be defined by

Aou(t) =u'(t) = f, D(Ag) = {u(t) € C1[0,1] : u(0) =0}, (27)

Au(t) =4'(t) = f, D(A) = {u(t) € C'[0,1] : u(1) = 0}. (28)

Then:
(i) The operators Ag, A are bijective and the unique solution of the problem (27) and (28) is given
by

u(t) = A7 (1) = /0 f(z)dz, (29)

t 1
u(t) = AV f(t) = /0 f()de /O f(z)dz, (30)

respectively.
(ii) The operators A2, A% : C[0,1] — C][0, 1] are defined by

Adu(t) =u"(t) = f, D(A3) = {u(t) € C?[0,1] : u(0) =0, «'(0) = 0}, (31)
A?u(t) =u"(t) = f, D(A?) = {u(t) € C?[0,1] : u(1) =0, /(1) = 0}, (32)

and bijective. The unique solution of the problem (31), (32) is given by

u(t) = A2 (t) = /0 (t — ) f(x)de, (33)

t 1
u(t) = A2 f(t) = /0 (t — ) f(2)de — /O (t — 2)f(x)dz, (34)
respectively.

Ezxample 6. Let the operator B : C[0, 1] — C|0, 1] be defined by
1 1
Biu=u"(t) — (5 —2t) / 2/ (x)dx — (6t — 3)/ a2 (x)dx—
0 0

1 1
—12/ zu" (x)dx — (2t + 1)/ zu® (2)dzx = 2 — 3t, (35)
0 0

D(B;) = {u(z) € C*0,1] : u(0) = v/(0) = «”(1) = «”'(1) = 0}. (36)

Then:
(i) By can be factorized as a product of two operators and is bijective.
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(ii) The unique solution of Problem (35)-(36) is given by

t2(12271#% — 46530t* + 63410t — 33760)
t)=— .
u(t) 531448 (37)

Proof (i). If we compare equation (35) with equation (22), it is natural to take Agu = u/(x), A3u =
u'(z), Adogu = v (x), Au =u® ny =1, V=5-2Y =6t—-3,85=12 G =2t+1, f=2-
3t, ®(Apu) = fol 22/ (z)dz, @ A%u fo 22u"(z)dz, V(AAgu) = folxu'"(x)da:, U(A%u) =

fol zu®(z)de.
Then

1 1
CD(U):/O 2% v(z)de, \I/(v):/o zv(z)dz. (38)

It is evident that ®, ¥ € X*. We chooce the operator A to satisfy (23), namely Au = AAou, D(B;1) =
D(A2A3). From Au(z) = AAgu(z), AAou = v (x) and Agu(z) = v/(z) we get AAgu(z) = AA%u(z)
Au"(z) = u"(x). Denote v(x) = u”(x), then Av(z) = v'(x). Let D(Ap) = {u(x) € C[0,1] : u(0) =
0}, D(A) = {v(x) € C1[0,1] : v(1) = 0}. So we proved that the operators Ay, A are defined as in (27),
(28). Then the operators A2, A% are defined as in (31), (32), respectively. Further we find

D(A%A2) = {u(t) € D(A2) : A2u(t) € D(A%)} =

= {u(t) € C?[0,1] : w(0) = «/(0) = 0, u"(t) € C?[0,1], u”’(1) =" (1) =0} =
= {u(t) € C*0,1] : u(0) = ' (0) = 0, u”(1) = u"' (1) = 0} = D(By).
This proves that the conditions (23) are satisfied and so we can apply Theorem 4. Using (30) and (38)
by simple calculations we find
ATIS = [V Sda — [} Sdx =12t — 12,
A—1G fg Gdr — [} Gdz = [j(2z + l)d:c - f01(2x +1)de =t +t -2,

= [ a(122 — 12)d:n = Q) = [} x(a? + @ — 2)dzr = —5/12,
\I/ fo 12zdx = 6, fo 21‘ +1) d:z: =7/6.
. (3 512 L (-1/12 —5/24
By (10), we obtain L = (—6 —1/6) . ThendetL #0 and L™ = < 3 3/2 ) By Theorem 4,

the operator B; is factorized in By = BBy, where By, B and Sy, Gy are defined by (4), (5) and (25),
(26), respectively. Using (34) for S =12, G =2z + 1, we obtain

A28 = [¥(t —x)Sdx — [ (t — x)Sdx = 6(t — 1)?,

ATAG =133 +12/2 — 2t + 7/6.
By (30), (3 )forV—5 2z, Y—6x—3 we get

A7V = fo dx—fo r)dr = 5t — 2 — 4,
ATlY = fo dx—fo da:—3t2 3t
ATV = [H(t —2)V fot—x z)dr = —t3/3 + 5t2/2 — 4t + 11/6,
A*ZY = t3 —3t?/2 —|— 1/2 and further by (38) we have
fol 5t — 12 —4)dt = —7/12,  W(A"Y)=—1/4,
fo 5—2t)dt =11/6,  U(Y)=1/2.

Applymg (25), (26) and the above calculations we get
So=So(t) = (t—1)2, Go=Go(t) =t(t—1)2
By (29) we find Aj'Sy = fot So(x)dz = t(t? — 3t + 3)/3,
Ay Gy = [f Go(x)dx = t*(3t> — 8t +6)/12.  Then
B(Ay1So) = [ t2(t> — 3t + 3)/3dt = 19/180,
B(Ay'Go) = [ t23(3t% — 8t + 6)/12dt = 31/1260,
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®(Sp) = [ 12(t — 1)%dt = 1/30,
B(Go) = [ t3(t — 1)2dt = 1/60.

Using (9) we obtain Ly = (161/180 —31/1260

~1/30  59/60 >'It is easy to verify that

det Lo # 0, Lt

1 74340 1860
0 7 66431 :

2520 67620

Then, by the Theorem 4, the operator B; is bijective.
(ii) Now we find the solution of (35)-(36). Using (29), (33), (30), (34), (38) we find

2 t3

t
Ag?Sy = —=(t* —4t+6), A;°Gy= 0

3t2 — 10t + 10

and for f=2—3t

1 1
ATl = 5 (4t = 3t2 1), A?f= 5(—#” + 2t — 1),

U(f) = /01(2 —3t)tdt =0, W(Alf)=1/24.

Using (14) from the above we get

B 1183 — 2562 + 17t — 3

v=0o(t) = Y

Then by (29), (33) and (38) we have

t 3 2
t(33t° — 100t 4 102¢ — 36
Agto(t) = / v(z)dr = — ( i ),
. 288

t2(33t3 — 1252 + 170t — 90)

A%0(t) = /O (t - 2)o(@)ds = — sl ,

t2(t? — 4t +6)

450 = [ =a)sa(wyte = [ (¢ =)= 1P = LD,

t3(3t2 — 10t + 10)
60 ’

1
1
O(v) = /0 22 (x)dr = ~ 988’

1 1 3 2
_ _ 33x° — 100z* + 102z — 36) 29
F(A-1y) — — 2 4-1 _ _/ A 2
(Ay v) /0 z Ay v(x)d ; T 588 dx 15120

Substituting these values into (13) we obtain (37).
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This article addresses the problems observed in branching fractal structures, where super-slow transport
processes can occur, a phenomenon described by diffusion equations with a fractional time derivative. The
characteristic feature of these processes is their extremely slow relaxation rate, where a physical quantity
changes more gradually than its first derivative. Such phenomena are sometimes categorized as processes
with “residual memory”. The study presents a solution to the first boundary problem in an angular domain
degenerating into a point at the initial moment of time for a fractional diffusion equation with the Riemann-
Liouville fractional differentiation operator with respect to time. It establishes the existence theorem of
the problem under investigation and constructs a solution representation. The need for understanding
these super-slow processes and their impact on fractal structures is identified and justified. The paper
demonstrates how these processes contribute to the broader understanding of fractional diffusion equations,
proving the theorem’s existence and formulating a solution representation.

Keywords: partial differential equation, fractional calculus, angular domain, kernel, weak singularity, parabolic
cylinder, Carleman-Vekua equation, general solution, unique solution, Riemann-Lioville fractional operator.
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Introduction

The paper discusses an equation of the form:

le 2
(gta - (fﬂ) (e t) = f(a,1), (0<a<1), (1)

[

where gta is a fractional derivative of an order o with respect to the variable ¢, starting from the point
t = 0. This type of fractional differentiation is defined by the Riemann-Liouville operator:

ri L@ = ) g(e)ds, v <0,

(
%Dﬁ fm(x - é)_yg(é)d§7 0 S v < ]-a

a (v) = aD; — ) I'(l-v) a
P =D = e e g rigede, 1< <2

Fractional diffusion equations (where 0 < a < 1) have been extensively studied in recent years. This
surge in interest is due to their widespread applications in physics and modeling, as referenced in sources
[1-5]. The primary methodologies for exploring diffusion-wave equations are detailed in publications
[6-24], while monographs [25] and [26] provide a comprehensive bibliography on the subject.
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Nearly all studies related to equation (1) have focused on initial and boundary problems in both
limited and unlimited cylindrical areas. Specifically, the first boundary problem for the fractional
diffusion equation in a rectangular area was examined in [17,18]. In publication [27], the first boundary
problem for the fractional diffusion-wave equation in a non-cylindrical area was solved. However, the
area where the solution is sought does not degenerate into a point at the initial moment in time.

The aim of this study is to solve the first boundary problem for equation (1) in a domain that is
not cylindrical, but rather angular, and degenerates into a point at the initial moment in time.

In relation to the boundary value problems for the heat conduction equation with a diffusion
coefficient « set to 1:

<§t _ ;;) w(z,t) = f(z, 1),

these problems have been investigated in non-cylindrical domains by several authors [28-32]. It is
important to underline that boundary value problems for the Laplace equation in domains with evolving
boundaries are distinct from the classical ones defined in fixed cylindrical domains. The reason is that
the dimensions of the domain where the solution is sought are time-dependent, which makes these
problems unsuitable for classical variable separation and integral transformation methods.

The potential theory approach allows reformulating the boundary value problem into a Volterra
system of second kind integral equations. In such cases, if the domain’s boundary does not exist at
the initial time, then the corresponding system of integral equations can be solved by the method of
successive approximations due to the weak singularity of their kernels. In contrast, if the boundary
exists at the initial time, the integral equations of the boundary value problem might admit additional
solutions, and the implementation of the Picard method encounters certain mathematical complexities.
Similar issues occur for boundary value problems of the Dirichlet problem for the Laplace equation in
non-cylindrical domains that originate at the initial moment in time.

1 Problem Statement

To determine a regular solution for the fractional time-derivative heat equation:

[e] 2
<aata_8axz) U(l‘,t) :f(LL‘,t), (0<Oé< 1),

within the domain
D={(z,t):0<z<t0<t<o0},

that adheres to the boundary conditions:
uw(0,t) =0, wu(t,t)=0, 0<t<oo. (2)
We denote u(z,t) as a regular solution of equation (1) in domain D such that:
1Y u(z, t) € O(D)
for some v > 0. Additionally, the solution u(z,t) must be continuous within D and possess a continuous
partial derivative with respect to x, and its second-order derivative with respect to z, o Dyu(x,y), must

be continuous in the variable ¢ at fixed = inside the domain D and up to the boundary set {0 < = < t},
with u(z,t) fulfilling equation (1) at every point in D.
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2  Main Result

Definitions are introduced as follows:
« T
_ = _ M*lﬂr o . | |
B* 27 wﬁ,u(x7t)*t < /87/1/7 tﬁ)a

w(x, t) = WQ’O(.%', t)v

in which
Zk

W(=B,p52) = ) i~
kzzo T (u — Bk)

represents the Wright function, as discussed in [33].
The following statement holds true:

Theorem 1. Let the conditions be satisfied: t1=7g;(t) € C[0,T], i = 1,2, for some v > 0, and
tI=Hf(z,t) € C(D),u > 0, if f(x,t) satisfies the Holder condition with respect to the variable z.
Then the solution to problem (1)-(2) exists and can be expressed as

u(x,t) /1/}1 w(x,t—7) d7'+/¢2 T—x,t—7)dr + F(x,t), (3)

1 t T
t) = / / f(s,T)wg u(x — s,t — 7)dsdr,
2 Jo Jo

and 11 (t),¥2(t) from (3) are the solutions to the system of integral equations

here

{ 91() + [y Ua(m)e(r t =T = ~F(0,1), @
Va(t) + [y hri(T)w(t, t — 7)dr + [§ ho(T)w(T —t,t — 7)dT = —F(t,1).
From the first equation of this system (4), we obtain
/ o(rYlt, T — t)dr — F(0,1),
and substituting 1y () into the second equation of the system (4), we get [33]:
/ < / (€ )€, T — €)dE — F(0, T)> Wbt — 7)dr+ .

+/0 s (DT — 1t — 7)dr = —F (L, 1).

Substituting into the repeated integral and changing the order of integration as well as the dummy
variables ¢ and 7, from equation (5), we arrive at a special integral equation of the second kind in the
form of a Volterra equation:

- /0 K(t, 7)o (7)dr = F (L), (6)

here

t
Kt,T)= / w,o(T,§ — Twgo(t,t —&)dE —wgo(T —t,t —7), (7)
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and

F(t) = /O PO, T)wlt, 7 — t)dr — B(t,1). (8)

To perform the calculation of integral (6) having (7) and (8), it is necessary to employ.

t
[ ol = mhwsolnt - e)de.

The convolution formula is applied to the Wright function as referenced in [33|, and this is expressed
through the function wg ,(z,t):

Yy
/0 Waus (21,€) Wap (22, (4 — €)) dE = Wy (21 + T2, )

Then we obtain,

t
[ wnolr& = mhaltst - €)dg = 1€ ~ 7 =l =
" t—1

= [ wmalrmsa(t. = 7) = myin =

=wgo(t+71,t—71).
Therefore, the conclusive kernel Kg(t, 7) is determined by the following relation:

Ks(t,7) =wgo(t+7,t —7) —wgo(r —t,t — 7). (9)
The second term of kernel (9) has a weak singularity, since the following estimate is valid for it:

c(B)
(t—71)8"

wgo(r —t,t—7) < (10)

Indeed, by applying the estimate found in [26]:

jwp (@, y)| < C(B, 1, 0) || Py 0HH1,
D{o, (-u) £ NU {0}
-1, (—n) e NU{0}

taking into account that u = 0, and choosing

9:—L>—1.

1-p

This leads to the confirmation of inequality (10). Next, we aim to demonstrate the special nature of
the kernel Kg(t, 7).

Lemma. If 0 < g < 1/2, the equality holds true

t
lim/ Ks(t,7)dr = 1. (11)
0

t—0
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Proof. Initially, when t is small, these inequalities are applicable:
wpo(t,t —7) Z wgo(t + 7,6 —7) = wgo(2t,t — 7).
Using equation [33]
D(q)}twﬁ,u (:l:a y) = wﬁ,,u—’u (:Ev y)

these results in .
li bt,t — 7)dr = li bt,t) =1, b=1,2.
tim [t = r)ar = T (0.0) =1, D=1,
Therefore, considering inequality (10), we establish the validity of equality (11).

The kernel’s properties make it unsuitable for solving the corresponding integral equation through
the method of successive approximations. This limitation of the integral equation is due to the solution
domain for the problem collapsing to a single point at the start. Otherwise, if this collapse didn’t
occur, the kernel for the integral equation would possess a weak singularity, enabling the use of Picard’s
method for finding a solution [33].

3 Solution of the special integral equation (6)

To solve the integral equation mentioned in equation (6), we apply the Carleman-Vekua method.
This involves using a specific integral equation, which we refer to as the characteristic equation.

- [ Kyt atriar = o) (12)

1 t+7 (t+7)? 1 t—T1
fant) = QGf{(t—r) o (g 2o7) + e (- 4)} "

Relation (13) can be verified directly using the following formula [34; 5.2.10(2)] for (n = —2),

Z a L omr2,atsp ) V2
k:'F1+ k)2 Jx - 2 |’

here D_,,_1 (2) is the function of a parabolic cylinder.
At the same time, the kernel K1 (¢, 7) possesses a similar property as described in equation (11):
2

here

t
lim [ Ki(t,7)dr =1.

t—0 0 2

This means that the kernel difference IC1 (t,7) — Kg (t,7) = K (t,7) has a weak singularity. We will
2

employ the regularization method to solve the characteristic equation, known as the Carleman-Vekua
equation, and to do so, we will express equation (12) in a particular form:

/ICéth/)g )dr = Q /thdjg (14)

Assuming the right-hand side of this equality is temporarily known and denoting it by

- /0 K(t,7)a(7)dr
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Equation (14) can be represented in the following form:

Kajan = alt) = [ Ky (t.7)balr)dr = Q1) (15)

In [35] it is shown that the general solution of equation (15) in the weight class of functions

Viexp <Z>¢ (£) € Lo (0, 50)

has the form:

Ktpo = 9o(t) — [K%} - Q(t) = cotpo(t) (16)
and the function . . JF Vi /7
Yo(t) = %exp <_4aQ> + g erf <2a> + oa

is the general solution of the corresponding homogeneous integral equation.
The integral equation (16) is already solvable by the method of successive approximations and the
solution to the corresponding homogeneous equation will be determined by the equality:

0(t) = co[K] " [0 ()]

Similarly, as in the work [33], it is proven that function (6) is a solution to equation (1) and satisfies
conditions (2), thus proving the validity of Theorem 1.

Conclusion

It is shown that in a non-cylindrical domain that degenerates at the initial moment of time into a
point, the first boundary value problem for a fractional diffusion equation with the Riemann-Liouville
fractional differentiation operator with respect to a time variable is singular, that is, it may not have
a unique solution.
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BypbImThIK 2KOMBLIMAJIBI asgaarbl OeriekTi nuddys3us TeHaeyi YImiH
OipiHIi IeKapaJibIK, ecen

M.U. Pamazanos!, A.B. Ilexy?, M.T. Omapos!

! Koadanbanv, mamemamura uncmumymaes, Axademur E.A. Boxemos amundaen, Kapaeandvu yrusepcumemd,
Kapaeardo, Kaszaxcman;
2PFA Kabapoun-Barkap eviavimu opmarvieviioiy Koadanbaiv, Mamemamura s#cone aemomammanobpy uHCmumymal,
Hanvuux, Peceti

Maxkasia TapMakTaaran GpakTaabl KyPBLIBIMIAPIa GaliKaaaThiH MoceIe/Iep/ii KapacThIPAIbl, MYH/Ia, YAKbIT
OolibiHIa OOJIITEKTIK TYBIHABLIAPEI 0ap muddy3usaIblK TEHIEYIePMEH CHUMATTAJATHIH ©Te 0asly TpaHC-
MOPTTHIK, IIporecTep 6oJrybl MyMKiH. Ocbl mporecrep/iiy epekine Gesrici — onapipid, eTe Oasy peJsakca-
[UsT KBUTIAMIBIFBI, MYH/Ia (DU3UKAJIBIK, IIIaMa OHBIH GipiHII TYBIHIBICKIHAH Tepi 6ipTiHmen e3repeai. MyH-
Jail KyObLIbICTap Kelijle «KAJIBIK KaJbl» 0ap Iporecrep periHje Kikreseni. 3eprreyie yakbIT OGOWbIH-
ma Puman-JIuysuinb GesmiekTik nuddepennuaiay omeparopbl 6ap OeJnekTiK auddy3usaiblK TeHIeY
YIIiH OYPBIMTHIK, 0OJIBICTA, OACTANKBI yaKbIT MOMEHTIHJ/Ie HYKTere JereHeparusijianFal OipiHmi 1mekapa-
JIBIK, ecenTiy miemriMi yebrabuirad. OHJa 3epTTesieTid ecentid, 6ap eKeHJIiri TypaJjibl TeOpeMa AHBIKTAJIFAH
JKOHE ecelTiH, memntiMi Kepceriniren. MakaJsiaga ocbIHIaM oTe Oasty TIPOIECTepIl *KoHe OJIap/IblH, (hPaKTaJIIbI
KYPBLIBIMAPFa 9CEPIH TYCIHY/IIH KaxkeTTiIiri atamn eTiareH. 2Kymbic 6emekTik 1uddy3usiibk TeHIeyIep-
JiH KeHipeK TYCiHlIyiHe OCBI MpOoIecTep/iiH, Kajaail bIKIAJ eTeTiHIH KepceTe/, TeopeMaHblH 6ap eKeHIIriH
JRJIeJIAei Tl K9He eCeNTiH MIeNIMiH TYXKbIPbIM 1A IbI.

Kiam cesdep: nepbec TyBIHIBI TeHJEY, OOJIIEK ecenTey, OYPBIMITHIK, OOJIBIC, PO, OJICI3 epeKINeTiK, ma-
pabonukabik muanHAp, Kapieman-Bekya Tenaeyi, »Kaamsl merrmiM, ykaJarbi3 memtiM, Puman-JlnyBuibain
OOJIIIEKT] OIepaTophI.

IlepBas kpaeBas 3amada Ajsg ApobHOro And@Hy3MOHHOIO YpaBHEHUS B
YTJIOBO# BBIpOXKJIaforreiica objiacTu

M.N. Pamazanos!, A.B. Ilexy?, M.T. Omapos!

L Bnemumym npukaadnot mamemamuru, Kapazandunckuti yrnusepcumem umenu axademura E.A. Byxemosa,
Kapaeanda, Kazaxcman;
2 Mnemumym npukaadnoti mamemamuky v asmomamusayuu, Kabapouro-Barxapekut naywnodl yernmp PAH,
Haavuux, Poccus

Crarbst paccMaTpuBaer npobiieMbl, HaOJIOJaeMble B BETBSAIMXCs (PPAKTAIbHBIX CTPYKTYypPax, IJe MOIYT
[IPOUCXO/IUTH CBEPXME/JICHHbIE TPAHCIIOPTHBIE ITPOIECCHI; sIBJIEHNE, ONUChIBaeMoe nddy3NOHHBIMA ypaB-
HEHUSMH C JIPOOHON TPOM3BOIHOM MO BpeMeHH. XapaKTEPHON 0COOEHHOCTHIO STUX MPOIECCOB SIBISETCS UX
KpaiiHe MeJJIEeHHAsI CKOPOCTb PEJIAKCAINH, IPA KOTOPOi (bu3MUIecKasi BeJIMINHA U3MeHsIeTCsE Oojiee mocTe-
[IEHHO, YeM €€ IepBasi IPOU3BOJHAA. TaKye sIBJIEHUsI MHOIIA KJIACCHMUIMPYIOTCS KaK IPOIECCHI C «OCTa-
TOYHOHN MAMSATHIO». B mccae0BaHNy PECTABICHO PEeIeHne MePBOil KpaeBoil 3a/1a4n B yIJIOBOi 00JacTn,
BBIPOK/IAIONIEHCA B TOYKY B HA9aJIbHBII MOMEHT BPEMEHH, JJ1s NPOOHOro 1uddy3nOHHOrO yPABHEHUS C OIle-
paTropoMm spobHoro muddepeniuposanus Pumana-JInysusis o Bpemenu. B Hem ycranaBiamBaercst Teope-
Ma CyIIECTBOBAHUSI UCCJIELyeMON 38141 U CTPOUTCS NIPEJCTABJIEHUE PeleHus. ABTopaMu Mo aépKUBaeTCst
HEeOOXOMMMOCTD TIOHUMAHUSA STUX CBEPXME/JIEHHBIX IIPOIECCOB U UX BJIMSHUS HA (PpaKTaJIbHbIE CTPYKTYPHI.
Pa6ora memoncrpupyer, Kak 9TH IPOIECCHI CIIOCOOCTBYIOT OoJiee MIMPOKOMY ITOHUMAHHIO JIPOOHBIX 1nddy-
3MOHHBIX YPaBHEHU, TOKA3bIBasl CYIIECTBOBAHNE T€OPEMBI 1 (DOPMYIUPYS MIPE/ICTABJICHIE PEITICHUS.

Kmouesvie crosa: ypaBHEeHNE B YACTHBIX MPOU3BOIHBIX, APOOHOE UCIUCTICHUE, YIJIOBas 00JIaCTb, SIAPO, CJia-
bast 0CODEeHHOCTD, MMapabosimyeckuit UJIMHID, ypaBHenne Kapsemana-Bekya, obiiee perenue, e IuHCTBEH-
HOe perrenne, ApobHbIi orepaTrop Pumana-Jluysuimis.
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Existence of Hilfer fractional neutral stochastic differential systems
with infinite delay
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The goal of this study is to propose the existence of mild solutions to delay fractional neutral stochastic
differential systems with almost sectorial operators involving the Hilfer fractional (HF) derivative in Hilbert
space, which generalized the famous Riemann-Liouville fractional derivative. The main techniques rely on
the basic principles and concepts from fractional calculus, semigroup theory, almost sectorial operators,
stochastic analysis, and the Monch fixed point theorem via the measure of noncompactness (MNC).
Particularly, the existence result of the equation is obtained under some weakly compactness conditions.
An example is given at the end of this article to show the applications of the obtained abstract results.

Keywords: Hilfer fractional evolution system, Neutral system, Measure of noncompactness, Fixed point
theorem.

2020 Mathematics Subject Classification: 47TH10, 47TH08, 34K30, 34K50.

Introduction

Applications for fractional calculus extend from engineering and natural phenomena to financial
views and physical accomplishments, and the subject is always growing. Fields like viscoelasticity,
electrical engineering circuits, the vibration of seismic movements, biological systems, etc. usually
contain an increasing number of fractional frameworks. Numerous good monographs provide the
essential scientific methods for the attractiveness of this research topic. It should be possible to compare
frameworks with practical systems of fractional power to the framework of ordinary integer order.
Regarding fractional order, the derivative of the framework sum in the practical system might be
correct. Numerous models in scattering, sensor fusion, automation, and so forth might all be used
using this system. Learners can examine the literature [1-3|, as well as research articles [4-8] that deal
with the concept of fractional evolution systems to gain a thorough understanding of the concepts as
well as the specifics of how it is implemented.

Due to the prevalence of neutral differential equations in many applications of applied mathematics,
only neutral systems have received substantial attention in recent decades. In most cases, neutral
systems with or without delay serve as an optimal configuration of numerous partial neutral systems
that emerge in problems related to heat stream in components, viscoelasticity, acoustic waves, and
various natural processes. One may mention [9-11] for a very helpful discussion on neutral systems
involved in differential equations. Instead of deterministic models, stochastic ones should be studied
since both natural and manufactured systems are prone to noise or uncontrolled fluctuations. Differential
equations with stochastic components contain unpredictability in their theoretical depiction of a specific
event. For a general overview of stochastic differential equations (SDE) and its applications [12-15].

*Corresponding author. E-mail: udhayaram.v@gmail.com
Received: 27 July 2023; Accepted: 06 November 2023.
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The R-L and Caputo fractional derivatives were among the additional fractional order derivatives
that Hilfer [16] started. The significance and consequences of the Hilfer fractional derivative (HFD)
have also been found through conceptual forecasts of experiments in hard materials, pharmaceutical
industries, set architecture design, architecture, and other fields. Gu and Trujillo [17] recently showed
that the HFD evolution problem has an integral solution using a fixed point approach and a MNC
strategy. In order to identify the derivative’s order, he constructed the greatest current variable ¢ € [0, 1]
and a fractional variable ) so that ¢ = 0 generates the R-L derivative and ( = 1 generates the Caputo
derivative. Numerous papers have been written about Hilfer fractional calculus [18,19]. According
to [20-23], researchers discovered a mild solution for HF differential systems employing almost sectorial
operators and a fixed point method.

The research articles [24-27] to improve the fractional existence for fractional calculus by utilizing
almost sectorial operators. Investigators in the study by [20-22] employed almost sectorial operators
to get their results using Schauder’s fixed point theorem. Researchers have subsequently constructed
nonlocal fractional differential equations with or without delay using non-dense fields, semigroups,
cosine families, many fixed point strategy, and the MNC. To the best of our knowledge, the existence
of HF neutral stochastic differential systems using the measure of noncompactness mentioned in this
study is an exposed area of research that appears to give an extra incentive for completing this research.

The following subject will be looked at in this article: HF stochastic differential systems contain
almost sectorial operators with nonlocal condition

DY [:0) — 20, ))] = Asl) + Fprz) + Hlpz) Do ped' = ()

157 092(0) +R(2)) = a € LX(A, By),  p € (—00,0], (2)

where A denote the almost sectorial operator, which generate an analytic semigroup {7T'(p),p > 0} on
Y. Consider z(+) is the value in a Hilbert space Y with || - || and D + represents the HFD of order
n, 0 <1 < landtype ¢, 0 < ¢ < 1. The histories 2, : (—00,0] = B, zp( a) = z(p+a), a < 0 connected
with the abstract phase space B,. Fix ® = [0,d], and let F : ® x B, = Y, H : ® x B, — LY(J,Y)
and © : ® X B, — Y are the Y-valued function and non-local term X : B, — Y.

Now let’s break up our content into the following sections. In Section 1 we outline a few crucial
ideas and details from our study that are referenced throughout the body of this article. We discussed
the existence of a mild solution to the problem in Section 2. We provide an illustration of our main
notion in Section 3. Then, a few conclusions are offered.

1 Preliminaries

The fundamental concepts, theorems, and lemma that are used throughout the whole work are
introduced here.

The notations (Y, ||-||) and (7, ||-||) signify two real distinct Hilbert spaces. Suppose (A, .%, P) is a
full probability area connected with full family of right continuous growing sub o-algebra {.#, : p € D}
fulfills .#, C .#. Consider W = {W(p)},>0 is a Q-Wiener strategy identified on (A,.%, P) with the
correlation operator @ such that Tr(Q) < oo. We assume there exists a full orthonormal system ey,
k > 1in U, a limited series of non-negative real integers x; such that Qer = xrer, £ =1,2,--- and
{pi} of independent Brownian movements such that

(W(p),e)y = > vxrler e)uklp), e €U p=>0.

k=1

Assuming that the area of all @-Hilbert-Schmidt operators ¢ : Q%j ? Y with the inner product
HgoHé = (p,9) = Tr(pQy) is signified by the symbols L) = Ly(Q27,Y). Let us consider the
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resolvent operator of A, 0 € p(A), where S(-) is uniformly bounded, that is, [|S(p)|| < M, M > 1, and
p > 0. Thus, given ¢ € (0,1], the fractional power operator A% on its range D(A®) may be obtained.
Furthermore, D(A?) is dense in Y.

The succeeding substantial characteristic of A% will be discussed.

Theorem 1. [1]

1 If 0 < 8 <1, then Y5 = D(A%) is a Banach space with ||z||; = | A%z]|, z € Y.

2 Assume 0 < v < § < 1, embedding D(A\é) — D(/TV) and the implementation are compact
whenever A is compact.

3 For all 0 < é <1, there exists Cs > 0 such that

1A < 53, 0<p<d

Consider C : ® — Y is the family of all continuous functions, where ® = [0,d] and ®’ = (0, d] with
d > 0. Choose
Y ={z€l:lim Pl T2 (p) exists and finite },
p—0

which is the Banach space and its || - ||y, specified as

Izly = sup {p" =T z(p)| }.
peED’

Fix Zp(®) = {u € C such that |[ul| < P}. Let z(p) = p~ 1T+ (p), p € (0,d] then, z € YV if and
only if y € 0 and |z[ly = [|y[|. We produce H with ||H|1s(p r+), where H € LP(D,RT) for some p
along with 1 < p < 0co. Also LP(®,Y) represent the Banach space of functions H : © x B, — Y which
are the Bochner integrable normed by HHHLP(@,Y).

Definition 1. [16] For the function H : [d,+00) — R, the HFD of order 0 < n < 1 and type
¢ € [0, 1], presented by

Dy F(p) = (1" DO F)l(p)

The abstract phase space B; is now specified. Assume that w : (—o0,0] — (0,+00) is continuous
along [ = f_ooo w(p)dp < +o00. Now, for all n > 0, we obtain

B = {e:[-n,0] = Y such that £(p) is bounded and measurable},
and set the space B with the norm

lellj=n0 = sup [le(7)]], for all e € &.
T€[—n,0]

We now specify,

B, :{5 : (=00,0] = Y such that for all n. > 0, e[j_, o € #

0
and/ w(T)\|5\|[T,O]dT<+oo}.

—00

Suppose B; is endowed with

0
lells, = / ’u}(T)HEH[.,.’O]dT, for all € € By,

—00
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therefore (By, || - ||) is a Banach space.
Now, we specify the space

Bl = {z:(—00,d] — Y such that z|p € C, o € B, }.

Let us consider the seminorm || - || in By defined as

Izla = llall 5, + sup{[lz(7)]| - 7 € [0,d]}, = € By.

Lemma 1. If z € By, then for all p € ®, z, € B;. Furthermore,

Uz(p)| < llzpllB. < Nl +1 sup [z(r)],
r€(0,p]
where | = f_ooo w(p)dp < 0.

Definition 2. |25] We explain the family of closed linear operators @3, for0<d¥ <1, 0<w< 3,
the sector S, = {0 € C\{0} with |arg 0] <w} and A:D(A) C Y — Y that fulfills
(i) o(A) C Su;
(i) ||(6 - A) )7H| < Kele| ™7, for all w < & < 7 and there exists K. as a constant,
afterward A € 057 is bpemﬁed like almost sectorial operator on Y.

Theorem 2. 3| S,(p) and Q,(p) are continuous in the uniform operator topology, for p > 0, for all
d > 0, the continuity is uniform on [d, co).

Lemma 2. 28] Suppose {T;(p)},>0 is a compact operator, then {S, (p)},>0 and {Q;(p)},>0 are
also compact linear operators.

Lemma 3. [17] System (1)-(2) is unique to an integral equation offered by

a(0) — R(z,) ~ (0, a(0))

z(p) = T(C(1—mn) +n) p~ T 1+ 0(p, 2,)
+ F(ln) /op(p — )1t [A\zLdL + F (62 )de+ H (e, 2,)dW ()]

Definition 3. [17] Let z(p) be the solution of the integral equation offered by Lemma 3 then z(p)
fulfills

z2(p) = Sy.c(p) [a(O) — N(z,) — (0, a(O))} +0(p, 2p) + /OP Ky (p — L)]:(L, ZL)dL
+ /p Kn(p — )M (1, 2,)dW (), peD,
0

1- _
where S, c(p) = I 7" Ky (p), Ky(p) = p""1Qy(p) and Qy(p) = f5° ne,(e)T (p"e)de.
Definition 4. |7] A stochastic process z : (—0o0,d] — Y is sald to be a mild solution of the system

(1)-(2) if I(()}:n)(kC)z(O) + R(z,) = a € L3(n, By), p € (—00,0] and the preceding integral equation
that fulfills

z(p) = Spc(p) [oz(()) —N(zp) — D(O,a(O))] +0(p, 2p) + /Op(p — L)"ilA\Qn(p —0)0(¢, 2,)dL

+ [0 000y~ )2+ [ o= 0000 — MG 2)aW ().
0 0
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Lemma 4. |21]
1 Ky(p) and S, ¢(p) are strongly continuous, for p > 0.
2 Ky(p) and S, ¢(p) are bounded linear operators on Y, for all fixed p € Sz _,, we obtain

[Kn(0)z]| < kpp™ N2l (| Qu(p)z]| < mpp™ ™2,
I'(0) —1+¢—n¢+nd
ISnc0)2ll < T =y oy El

-~

Proposition 1. [19] Let n € (0,1), ¢ € (0,1] and for all z € D(A), then there exists a x; > 0 such
that

nkgl'(2 —q)
p1L(1+n(1—q))
The Hausdorff MNC will now be briefly discussed.

Definition 5. [29] For a bounded set X in a Banach space Y, the Hausdorff MNC p is represented
as

1A7Q,(p)z| < Iz]l, 0 < p < d.

u(X) =inf{e > 0: X can be linked by a finite number of balls with radii €}.

Theorem 3. (8] If {vx}72, is a sequence of Bochner integrable functions from ® — Y with the
measurement |vg(p)|| < u(p), for all p € V and for all k > 1, where u € L'(D,R), then the function
w(p) = p({v(p) : k> 1}) is in L'(D,R) and fulfills

u<{ /Opvk(b)dLi k> 1}> SQ/OPW(L)dL.

Lemma 5. [8] Let X C Y be a bounded set, then there exists a countable set Xy C X such that
1(X) < 2u(Xo).

Definition 6. [29] If E™ is the positive cone of an order Banach space (E, <). Let U be the function
represented on the family of all bounded subset of the Banach space Y with values in ET is known as

MNC on Y if and only if U(conv(t)) = U(¢) for all bounded subset ¢ C Y, where conv(t) denoted the
closed convex hull of «.

Lemma 6. [30] Let G be a closed convex subset of a Banach space Y and 0 € G. Suppose F' : G — Y
continuous map which fulfils Ménch’s requirements, i.e., if G; C G is countable and, G; C E({O} U
F(G1)) = G} is compact. Then F has a fixed point in G.

2 FExistence

We require the succeeding hypotheses:
(Hp) Let A be the almost sectorial operator of the analytic semigroup T'(p), p > 0 in Y such that
IT(p)|| < Ki where K; > 0 be the constant.
(Hz) The function F : ® x By — Y fulfills:
(a) Caratheodory circumstances: F(-, z) is strongly measurable for all z € B, and F(p,-) is
continuous for a.e. p € D, F(-,-): [0,S] — Y is strongly measurable;

1
(b) There exists a constant 0 < 171 < 1 and my € L™ (D,R") and non-decreasing continuous
function f: RT — R such that || F(p, 2)|| < mi(p)f(p* ¢ ||z])), z € Y, p € D where

f fulfills lim infs_, o @ = 0;
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(c) There exists a constant 0 < 72 <7 and e; € L (D, R™) such that, for any bounded subset
M cCY, p(F(p, M)) < er(p)u(M) for a.e. p€D.
(H3) The function H : ® x B, — L(J,Y) fulfills:
(a) Caratheodory circumstances: H(-, z) is strongly measurable for all z € B, and H(p,-) is
continuous for a.e. p € D, H(-,-) : [0, 5] — LY(T,Y) is strongly measurable;
(b) There exists a constant 0 < 13 < 1 and mg € L%(D,R"’) and non-decreasing continuous
function 7 : R* — R* such that ||H(p, z)|| < ma(p)h(p*~¢T"||2]|), 2 € Y, p € D where
h fulfills lim infy 0 28 = 0;
(¢) There exists a constant 0 < 1y <7 and ey € Li(Q,RJF) such that, for any bounded subset
MCY, u(H(p, M)) < e2(p)u(M) for a.e. p e D.
(Hy) The function X : C(®,Y) — Y is continuous, compact operator and there exists L; > 0 as the
value such that [|[R(z1) — R(z2)|| < L1]|z1 — 22|
(Hs) The function O : ® x By — Y is continuous and there exists ¢ > 0, 0 < ¢ < 1 such that © € D(ﬁq)
forallzeY, pe?, Eqa(-, z) is strongly measurable, then there exists M,, > 0, M/ > 0 such
that v1,72 € Y and KqD(p, -) satisfies the following:

149D (p, 11.(p)) — A%D(p,12(p))|| < Muwp™ ™" |ly1(p) — 72(p)| B,
149D (o, 2()| < My, (1 + o'~ 2], ).

Take ||A~49| = M.
Theorem 4. Suppose (H1) — (Hs) holds, then the HF neutral stochastic system (1)-(2) has a unique
solution on ® presented, a(0) € D(A?) with 6 > 1 + .

Proof. Consider the operator ¥ : B, — Bi, defined

¢

qjl(ﬂ)? (—O0,0],

Sn.c(p)[a(0) = R(z,) = D(0,a(0))] +(p, 2,)
Ve = + 7o o"wmApr< )i

+ 5 (0= 0 IQy(p — ) F (1, 2)de
+ [ (p— )" 1Qn( OH (1, 2)dW (L), peD.

Ly 2,

For ¥y € B,, we specify T as

I _ \Ijl(p)’ p < (*00’0]7
“m_{%Ammm,pen

then U € B! Let z(p) = p =<1 [y(p) + \T/(p)], o0 < p < d. Tt is trivial to establish that u fulfills
by the Definition 4 if and only if v satisfies vy and

v(p) == Spc(p) [N (pliﬁncimﬂ[i’p + @p]) +9(0, a(O))] + D(P> (Plf&ﬁciw [vp + @p}))
+ /p(p — L)n—lA\Qn(p — L)D(L, Ll_H”C_"ﬁ[UL + (I\/L])dL
0
+ /Op(p —0)"1Qu(p — ) F (1,1 CHIC=mI [y, 4 J)de

+ /Op(p —0)"1Qu(p — )H (¢, Loy, 4 \/I}L])dW(b).
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Let B! = {v € B : vy € B,}. For any v € By,

lvlla =llvolls, +sup{llv@)]| : 0 < ¢ < d}
—sup{Jlo(0)]| :0 < 1 < d}.

Hence, (B/,| - ||) is a Banach space.

For P > 0, take Bp = {v € B! : ||v||q < P}, then Bp C B} is uniformly bounded, and for v € %p,
by Lemma 1,

oo+ Woll, < llvplls, + [¥]5,
I(9)
<IlP+
< I'(¢C(1 —n)+nv)
=P,

’fpp_lﬂ_"“"ﬁ) + | 1] B,

Consider an operator U : B} — B!/, specified by

0, p € (—00,0],
=S0.c(p) R (p' =+ [0, 4+ W, ]) 4 2(0, 2(0))]
_ +9(p, (1’“’74””9 + 7))
Ou(p) = + [P(p— )" AQy(p — 1D (1, I [y, 4+ T, ) ) de
+ J§ (o = "1 Qup = ) F (117 o, + W) de
+ [P(p— )" 1Qy(p — O)H (1, LTIy, —l-\I/])dW(L), pED.

Then to prove U has a fixed point.
Step 1: To prove there exists a positive value P such that O(#p(D)) C Bp(D). Suppose the claim
is incorrect i.e., for all P > 0, there exists vI’ € Zp(D), but U(v!) not in Bp(D), that is,

2
Ep|?<P<E

sup p! I (0P ()
p€[0,d]

sx[lpd} p”*”c”ﬁ{ = Syc(p) [R(p T, +,]) +D(0,a(0))]
pel0,

+0(p, (0" vy + 0]

P ~ ~
+ / (p— )" AQ,(p — 1) (1, T [y, + 1, ] ) e
0

<FE

+ /p(p — L)”_IQ,,(p — L)]:(L, LI_C—'—T]C_nﬁ[UL + \/I\’L])db
0

2

N /Op(p _ L)n_lQn(p _ L)H(L, Ll—C-HIC—nﬁ[UL + @L])dW(L)}

< 5a2(=¢+n—nv) [EHSM(P) [N(pl CHme— 7719[ L3 ]) +9(0,a(0))] 2

2

+ B|0(p, ol 4 )

P R R 2
+FE / (p— )" TAQy(p — 1) (1, S P ) du
0

2

p ~
+FE / (p— )" 'Qu(p — )F (e, S P L)) du
0
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|

< 5?0 =crnemm) [Hsn,c(p)IIZ[L?IIvf + W17+ [IR(O)][ + M| |?]

+FE

[ =0yl = (et E £ B ) )
0

+ MZM?(1 4 @>(=C+ne—nd)y p!

P —~ —~ —~
4 / (p— 2D AT9Q, (p — o) 2B A% (1, P 1)) [Pl
0
p
4 /0 (p— 02T D) Qyp — )|Pm3(d) £2(P')d

+10(@ [ (o020 (o - L>u2m§<d>h2<P'>db}
e r'(9) 2

< sdtimermem [(F(C(l —n)+ 7719)>
[L2P? + RO + MZ]o?]

,igd2(—1+c—77€+m9)

+ MZM2(1 + @>(A=CHne=n)) pr2

M,"‘fl—qr(l""‘Q))z 2(1— -
w 1 4 @2(=¢+nc=nd) pry j2nq
( qr'(1 + nq) ( )

dn’ dn’

2 2
n (w) R2m2(d) f2(P') + Tr(Q) (W) nzmad)h?(P')]
S 5d2(17C+anm9)M**’

where

M*™ = [(F(C(l _<77))+n19>> Hng( 1+¢—n¢+n9) [L%PQ"’_HN(O)HQ_'_M{UQHO(HQ]

M k1-T'(1+¢q
ql'(1 +nq)
dm

(& Qnﬁm?(d)ﬁ(P’HTr(Q) — Qf@%m%(d)h?(P’%
no o

By dividing the aforementioned inequality by P and using the limit as P — oo, we arrive at the
contradiction, which is 1 < 0. Consequently, U(%p (D)) C £p(D).

Step 2: The operator U is continuous on Bp(D). For U : #p(D) — Bp(D) and for all vk,
v € Bp(®), k = 0,1,2,--- such that limj_,o v® = v, then we get limp_ v*(p) = v(p) and
limy,_so0 p! TR () = pl=CHIC=10q (),

By (H>),

Fp, z1(p)) = F(p, p' =T [0 (p) + W(p)]) = F(p, 0~ [0(p) + ¥(p)])
= F(p,z(p)) as k — 0.

2
+ M[?M{Uz(l + d2(1—<+n<—m9))p/2 + ( )) (1 + d2(1—C+77C—m9)p') d2na

Take
Fr(v) = F(, JLetne=nd ko (I\’L]) and F(1) = F(, Gy, 4 ‘/I}L])

Then, using the assumption (Hs) and Lebesgue’s dominated convergence theorem (LDCT), we can
obtain

/p(/’ = 0?7 VNQu(p = OIPE Fi(e) = F()|[*de = 0 as k — oo, p € D. (3)
0
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By (H3),

H(p, 2k(p)) = H(p, p =T [k (p) + W (p)]) = H(p, p' =T [0(p) + ¥ (p)])
=H(p,z(p)) as k — oo.
Take
Hp (1) = H(e, L=k ‘/I\/L]) and H(t) = H (e, ST [y, + ‘/I}L])

Then, using the hypotheses (H3) and LDCT, we can obtain

[ 0= P10 = 0B Helo) — HQ)PAW() = 0 s k> o0, pe .
0

Take Ni(p) = R(pt =T [vk + \/I\/p]) and N (p) = R(pl=¢Fm=my, + \Tlp]), from (Hy), we get

E|Ni(p) = N(p)||> = 0 as k — cc.

()

Then, Dk(p, zk(p) = D(p, p' = [vk + W,]) and D(p, 2(p)) = D(p, p' =T [uv, + W,]). From

hypotheses (Hj), we obtain

Ello(p, zi(p)) = 2(p, 2(p))[|* = 0 as k — oo,

Now,
2
I\ 2
+HABIRup. o) ~ 2002+ 463 (T3 ) BN - FOIP

o\ 2
+ATT(Q)K? (%) E||H.() - HO)|”.
Using (3), (4), (5) and (6), we obtain

EHka — UUHZ —0as k — 0.

As a result, U is continuous on %Bp.
Step 3: To prove U is equicontinuous.
For z € Zp(®), and 0 < p; < p2 < d, we obtain

2

E] B2 (pa) — B(p)

pé_Gnc_W( = Suclp2) [R(p~ " vy, + U, ]) +0(0,(0))]
+ D(p27 (/0;_4—’_77C_n19 [vpz + ‘/I\/m]))

P2 R /\
4 [ o2 = 07 AQ 2 — 0D (et 4 8
0

P2 =~
[ o= 0y = )F (1 4 B
0

(6)
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+ /0P2 (p2 — L)"_lQn(pg — L)’H(L, LI_C"'"C_W[UL + (I\JL])dW(L)>

B p%—c+nc—m9< — Syc(p) [R(p [, 4+ 0,.]) +D(0, a(0))]

+ (o1, (01 vy + )
p1 R R

+ / (p1— )" T AQy(p1 — 1)O(e, JLene=ndy, 4 W,])de
0
p1 ~

[T =0y = 0 F 1+ T

P1 N 2
+ / (1 — )" Qulpr — M (1, =Sy, 4 M)dww)
0

<5k

p;—C-S-nC—W( — Syc(p2) [R(p2™H 0, +0,,]) +D(0, a(0))]

2
_ pi_f"‘”c_"ﬂ( —Sp.c(p1) [N (p%—€+77€—7719 [vp, + \/I\'m]) + (0, O‘(O))]>

Py D (2, (py T T 0y + W)

2

+5E‘

. p%—C-&-nC—WD(m’ (pi—g—&-nC—W[vpl + (I}Pl]))

+5E‘

p2 N ~
py STeTm / (p2 — )" TAQy(p2 — )O (1, 1T v, + W] ) de
0

P1 ,\ ~ 2
_ pi“”cnﬁ/ (p1— )" FAQy(p1 — )O (1, T v, + W) de
0

+55]

P2 =~
p%—C‘FUC—Wﬂ/ (p2 — L)nilQn(PQ — L)]:(L, JLctn=n? [v, + ‘I’L])db
0

P1 =~ 2
L /U (p1 — )" Qy(p1 — )F (1, 7T [y, + 0, de

—I—5E’

p2 ~
pr T / (p2 = )" Qulp2 — )M (1,1~ o, 4+ W) AW (1)
0

P1 -~ 2
_ phCnen / (p1 = )" Qypr — )H (1, = [, + W, )) AW (1)
0

< 10E||py TS, (02) [R(py =T T (g, + W) +D(0, a(0))]

2

=y TS, (o) R (T oy 4 T]) +D(0,0(0))]

+ 10E’ Py TS, (o) (R (o1 T [, + Ty ]) +2(0,a(0))]

2
— pi TS, (o) [R(01 T [,y + T ,,]) + D(0, (0))]

! 5E’ I (e (S W)
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2
A g (A 1)

+ 15E’

o1 N -
p%H"C"’?/ (p2 — )" FAQy(p2 — 1) (1, T v, + W) de
0

2

-~

P1 ~
_ piG"C"ﬁ/ (p1 — )" FAQ,(p2 — 1) (4, UL TR U,])de
0

+15E’

pP1 - ~
plm¢tne=m? /0 (p1 — )" AQy(p2 — 1D (1, P [y, + ] ) de

P1 -~ ~ 2
S / (p1— )T EAQy(p1 — )D (1, 1T 0, + W, ])du
0

2

P2 N ~
- 15E’ py ot / (p2 = )" AQy(p2 — 1)O (1,4 =y, + W] de
p1
p1 ~
+ 15E’ p;—ﬁnc—nﬂ/ (p2 — )" Qu(p2 — ) F (6, T [y, + T, ])de
0

P1 ~ 2
_ phGHneny /U (o1 — )" Qu(p2 — ) F (1, A=, 4 3] de

+ 15E’

p1 T
P}_H%_nﬂ/ (o1 = )" Qulpz — ) F (1, = o, + 0] e
0

P1 ~ 2
— plmcntomo / (p1 — )" Qy(p1 — )F (1, T [y, + 0] ) de
0

2
+15E’

p2 ~
ph=¢Hne—md / (2 — )" 1Qy(p2 — ) F (6, F=H [y, 0, ])de
p1

P1 =
pé—4+71§—7719/ (pg — L)n_lQn(pQ - L)H(L, Ll_C—HK_mg['UL + \PL])dW<L)
0

+ 15E’

1 ~ 2
_ pi—CJF”C_W/ (p1— )" Qy(p2 — )H (1, T [y, + 0] )dW (1)
0

+ 15E’

p1 ~
plm¢tne=nd / (p1 — )" Qup2 — )H (1, =T v, + ) AWV (1)
0

o1 ~ 2
_ p%G”C"ﬁ/ (p1 — L)”_lQn(Pl — L)H(L, JCHne—n? [v, + \I]L])dW([’)
0

2
+ 15E’

12
Z I.
=1

P2 o~
pp T / (p2 = )" Qulpz — )M (1, = o, + W, ])dW (1)
pP1

IN

L =10E||p, T™71S, (pa) [R(p5 T vy, + U,,]) + (0, a(0))]

2
—py TS, (p2) [N (o1 T gy + W) + (0, (0))]

2

~

<10E p;H"C*WSn’g(pz) <N (,oéfH”C*W [Vpy + Wp,]) — N(Piigncinﬁ [vpy + Eﬁn]))
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From hypotheses (Hy) and (5), we obtain I; tends to zero as p2 — pi.

I = 1012]p§‘<+"<‘””sng(p2>[N(p%‘<+"4‘"ﬂ[vpl+—fﬁpJ) +9(0, a(0))]

2
— py TS, (1) [R (1T [, + U, ]) + D(0, (0))]

2

1— —n 1— —nd
< 10|y TS, (p2) — py TS, (1)

2
B (o1, 8, +200,0(0)

By the strong continuity of S, ¢(p) and (Hy), we get I — 0 as pa — p1.

~

I3 = 5E‘ P;HWGWD(P% (P;an?nﬁ[l’pz + \I’pz]))

2
- pi*CJrnC*m?D (Pla (p}*CJrnC*W [Um + \I’m]))

2

1=C+n¢—m9 _ 1-C+n¢—nd
P2

< 5MZM*(1 + P?) o1

From hypotheses (Hj), we obtain I3 — 0 as p2 — p1.

Iy = 15E‘

P1 N ~
pé_c"“"c_"ﬁ/o (p2 — )T L AQ,(p2 — 1), ey, v,])de
p1 —~ ~ 2
_ phmctnon /0 (p1 — )" AQy(p2 — 1) (b, T [y, + T, ]) e
p1
<15E H /0 (pi“ncw(m — )1 = gy gy — L)”‘1>

AQy(p2 = )2 (1! =T o, + W) de

P
<5 [ (s o = gt g - )
0

2

2

2

2

X A\I_an(PQ — ) AT (¢, Letne=ndy, 4 (I\’L]) du

g

/ 2
<15 M) (e
qU'(1 +nq)

P1
— 1- —nd — 1— —nv —
/O (p2 — )"V <p2 S (g = )T py T (=) 1>db

Implies Iy — 0 as p2 — p1.

2
X

~

P1 ~
Is = 15E||pi ¢t / (p1 — )" FAQy(p2 — )D (1, T [y, + 0] ) de
0

P1 Y ~ 2
_ p%GnCnﬁ/ (p1 — )" FAQ,(p1 — 1) (4, LNy, 4 U,])de
0

2
< 15M3M,L/U2(1 + p?(I*CJF??C*m?)P/Q)

pP1
ACMCWA (o1 — )" [Qulp2 — 1) — Qulpr — 1)) de
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Since Q;(p) is uniformly continuous in operator norm topology, we obtain Is — 0 as pa — py.

2
I = 15E‘

1—¢+n¢— nﬁ/ <P2 _ L)U—lA\Qn(p2 _ L)D(L, Ll—C+77C—7719[UL + \/I}L])dL
p1

< 15<M{uﬁl—q77r(1+Q)) (1+ 2(1—¢4n¢— ?719)]3/2) 2(1—C+n¢—nv) /pQ(pQ_L)%(lq)dL
ql'(1 + ngq) o1

Integrating and ps — p1 = I = 0.

I; = 15E‘

1—C¢+n¢— m‘}/ (p2 — L)nilQn(pQ _ L)f(L, L1*C+77<*7719[1)L + \/I\’L])db
0

p1 ~ 2
_éﬂwGW/(m_mlwwywvﬁf<ﬂ<wm+wmm
0
< 15EH /p1 <p§—4+n4—m9(p2 B L)n—l _ p}—CJrnC—nﬂ(pl N L)n—l)
0
Qy(p2 — A)}"(L, JLCtnC—nd [v, + (I\/L])db

P1
< 15r, /0 (pé_““_”ﬁ(m — )" =T (o L)”‘1>
(p2 = )*""~Vmi(d) f(P')de.

2

2

Implies Iy — 0 as p2 — p1.

Is = 15F

P [ o1 = 77 1Q = ) F (o 1 8
0

2l = ?
_ p%CH?C?W/ (p1— )" Qu(p1 — ) F (6, T [y, + T, ])de
0

_ _ P1 _
< 15p§(1 ¢Hné m?)/o (p1 — )2 1)HQ77(/)2 — 1) = Qulp1 — o)||mi(d) f2(P")de

Since Qy(p) is uniformly continuous in operator norm topology, we obtain Iz — 0 as pa — p1.

2
Iy =15E||p

2 ~
1=CHnc—nd / (2 — )" Qy(p2 — 1) F (1, A= 0, + 0] de
p1

p2
< 1523 = [ gy 2 V) (P
p1

Integrating and ps = p1 = Ig = 0.

To = 15E‘

p1 ~
1=Cne=nd /O (p2 =)' Qulp2 — )H (1, =T o, + W,])dW (1)

PL ~ 2
_piu%vm/ (o1 = )" Qylp2 = )M (1, = [0, + W,])dW (1)
0

P1
< 15EH /0 (p;CJrnCW(pz _ L)n—l . pifCJrnC*nﬂ(pl _ L)??—1>
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2
Q,(p2 — L)H(L, L1_<+77C_7719[UL + \/I}L])dW(L)

P1
/ <p;‘<+"<‘"ﬁ<pz — O >>
0
(p2 = P Dmi(d)R* ().

2

< 15T7"(Q)/<;127

Implies I1g — 0 as p2 — p1.

I = 15E‘

1=C4ne— 7719/ (p1— )" Qy(p2 — ) H (e, ey, 4 (I}L])dW(L)
0

p1 ~ 2
e / (1 = )" Qulpr — )H (1, =T o, + W) dW (1)
0

p1
< 15Tr(Q)py ) /0 (o1 — 027V Qyp2 — 1) — Qulpr — 0)||*m3(d)R2(P")de.

Since Q,(p) is uniformly continuous in operator norm topology, we get I — 0 as ps — p1.

2
Iip = 15E‘

1=C+n¢— nﬂ/ (pg — L)nilQn(p2 - L)H (L, Llicﬂ]cinﬁ [UL + \/I}L])dW([’)
pP1

p2
<15Tr (@) [ oy = P V(@) ()

p1

Integrating and py — p1 = I12 = 0.
Hence, U is equicontinuous on 3.

Step 4: The Monch statement is true.
Let G =01 + Uy + U3 + U4 + U5, where

B10(p) = =Syc(p) [R(p" 7 0, + W,)) + (0, a(0))],
Bav(p) = (p, (P!, + T, ))),

Bau(p) = [0 =01 AQy (= 02 (01, 8 ),
Gio(p) = [ o= 077 1Qu = 0F (17T, 4 B )
Usv(p) = /Op(p — )" 1Qu(p — ) H (e, LSy, 4 (I\’L])dW(L).

Suppose G C Bp is countable and G; C co({0} U F(G;)). We demonstrate that u(Gy) = 0,
where p is the Hausdorff MNC. Without loss of generality, suppose Gy = {v*}%°,. Since U(G1) is
equicontinuous on ® as well.

Utilising Lemma (see [29]), and the hypotheses (H2)(c), (H3)(c), and (Hy), we have

n({B1F (0)1i21) < id — Spc(@) (P f 4+ 8,1) +0(0,a(0)] 132,
since N is compact, then S, ¢(p) is relatively compact, we get U;v(p) becomes zero. Next consider,
({20 (0)}72) < (D (p, (P~ g + D)) 1

({30 () 17) < u{ / (0= 0 LAQy (p — D (1, Pk 4 @A)cu}

o0

k=1
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From hypotheses (Hs) and properties of function o and A\Q, we obtain, that terms are relatively
compact. So Ugv(p) and Usv(p) become zero.

o0

u({Uw (p) Iz 1) < {/Op(p—L)"lQn(p—L)]:(L,LlC+n§nﬁ[vf+\flL])dL}
2 [0 0o - e swp (eI )

—00<6<0

< 2( TV lrl g gy (O,

k=1

IN

/\

o

u({Ts* ())72) < u{ / "0 — Q0 — Y H (1, I @J)dwm}

k=1

<21v(@ | "= Q- Des(t) s p({0h(0)}32)de

—00<0<0
uos

d oo
<2r(Q) (55 Jleal, g 0,30 HRENEL):
Thus, we have

p({00%(p)12) < n({B10%(0)132) + 1({B20"(p)}221) + n({Usv™(p)}221)
+ ({00 (0)1221) + 1 ({Us0%(0)132)

<2( TVl g gy (5O
+20rQ) (5 Yleal oy (EEOE)

9
§2<Cf;9>[’61\| 1 +Tr(Q)]|ea| Ju({o* (0)152)

L2 (D,RT) L (D,RY)

% dnﬂ
where 0 =2(55 ) [leal y o+ Tr@eal g )

Since G and U(Gy) are equlcontlnuous on D, it follows from Lemma (see [29]) that the constraint
implies that u(0G1) < M*u(Gy).

Therefore, given the requirements of the Mdnch’s, we get
1(G1) < p(ea{0} UB(G1)) = w(UG1) < M*uGh.

Given M* < 1, we have u(Gy) = 0. Therefore, G is relatively compact. As a result, U has a fixed
point v in Gy from Lemma 6.

Hence, completed the proof.
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3 FExample

Consider the HF neutral stochastic differential systems with infinite delay of the form
3¢
Dgy [2(p,7) + [y p(B;7)2(p, 7)dB] = 227 (p,T) + 7 (p, JZxale = p)2(p, T)dé>

. <p, J2 e = Ao, T>dW<c>>a (7)

z(p,0) = z(p,m) =0, p€ D,

Iéi_g)(l_C)z(O,T) + [y N(B,7)z(p, 7)df = 2(0,7), T €[0,7], p € (—00,0),

where D§ J’f denoted the HFD of order n = 2/3, type ¢ and x, X1, p and A are the necessary functions.
Consider, W (p) is the one-dimensional Brownian movements in Y represented on the filtered probability
space (A, .7, P) and with || - ||y to write the system (7) in the abstract form of (1)-(2). Let Y = L?[0, 7],
to transform this structure into an abstract structure, and A: D(ﬁ) C Y — Y is classified as Az = 2/
with

D(A) = {z € Y:z,2" are absolutely continuous, z” € Y, z(0) = z(x) = 0}

and

Az =Y K (x, ar)on, 0 € D(A),
k=1

where the orthogonal set of eigen vectors of A is or(z) = \/gsin(k:x), ke N.

Here, A is the almost sectorial operator of the analytic semigroup {T'(p), p > 0} in Y, T'(p)
is noncompact semigroup on Y with ((T'(p)B) < ((B), where ¢ denoted the Hausdorff measure of
noncompactness and there exists a constant Ky > 1, satisfy sup,cp [|T(p)| < K.

Specify, F : D x By = Y, H: D x B, —» LY(J,Y), 0: D x B, — Y and X : B, — Y are the
suitable functions, which fulfils the assumptions (Hy) — (Hs),

F(p 20)(r), = v(p, JE T>db>7

o

1oz 0= x(r [ xale= (o).

o0

2, 20)(7) = /0 " p(B. )2, ),
R(z,)(r) = /0 " N(B.7)2(p. 7)dB.

We also establish some acceptable requirements for the above-mentioned functions in order to validate
all of the Theorem 4’s hypotheses, and we confirm that the HF stochastic system (1)-(2) has a mild
solution.

Conclusion

The existence of a mild solution to HF neutral stochastic differential systems was the main emphasis
of this research. Almost sectorial operators, fractional calculus, MNC, and the fixed point approach
are used to establish the key conclusions. We offered an example to further illustrate the idea. In the
following years, we’ll use the fixed point approach to examine the exact controllability of HF stochastic
differential systems with delay.
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IMTekci3 kemiryi 6ap 6eJIek-HeHTPaJIaAbl CTOXaCTUKAJBIK XUJIbdep
anddepeHIInaAIbIK >KylieJepiHiH 00JIybI

C. Cupacankap', P. ¥Vaxaaxymap!, B. Myrxymapan?, I'. Toxyn!, I1I. Anp-Omapu®

L XK emindipineen evivmdap mexmebi, Bearypy mexnonozuanvs uremumymuo, Beaaypy, Yndicman;
2 Mnocenepair orcone mernoroezusap koaredsnci, SRM Fouavim scone mernorozus uncmumymon, Kammankyaamyp,
Ynoicman;
3 Fowvim axyavmemi, Oa-Baaka xordanbars yrnueepcumemi, Amman, Hopdarus

3eprreyain MakcaTsl oirii Puman-Jluysunn Gestimek TyBIHIBICHIH KaINbLIANTBIH [ MasbepT KeHicTiriHme-
ri Xunabdep OOIIeK TYyBIHIBICH KATHICATHIH JEPJIK CEKTODJIBIK OINEPATOpJapbl 0ap KeImireTin Oesrnex-
HENTPaJIbl CTOXaCTUKAJIBIK, AU depeHINaJIbIK, Kyieaep YIMH »KYMCaK IMIeniMIep/ i O0oJIyblH YCBHIHY.
Herisri ogmicTep Gemrmiek ecenTeymiH, >KapTbLIail TPYIIa TEOPUSICHIHBIH, JIEPJIK CEKTOPJIBIK OMEpaTOpJIap-
IBbIH, CTOXaCTUKAJIBIK TAJIIayIbIH YKOHE KOMIAKTBIIBI eMeC OJIIIeMi apKbLTbl MEHXTIH KO3FAJIMANTHIH HYKTE
TeOpEeMaChIHbIH, HEri3r Karuaaaapbl MEH TYKBbIPhIMIaMaJiapblHa Heri3Jeared. Aram aiiTKaHa, TEHAEYIIH
Gap OOJIYBIHBIH HOTUKECI 9JICI3 KOMIIAKTHIIBIKTEIH, Oe/IrisTi 6ip KaFmaiblHIa aJIbHIRL. MaKaJlaHbIH COHBIHIA
aJIBIHFaH aOCTPAKTBLIBI HOTHKEJIEP/IiH, KOJIJIAHY asChIH KOPCETeTiH MbICaJ Oap.

Kiam cesdep: Xunbdepais 66IIIeK 3BOMIOMUSIBLIK, >Kyieci, HeATpaaabl Kyiie, KOMIAKTBHIIbI €MEC ©JIIIEM,
KO3FaJIMafiThIH HYKTE TEOPEMACHI.

CyecTBoBaHue JAPOOHO-HENTPAJIBHBIX CTOXACTUYIECKNX
anddepeHInaJIbHBIX cucTeM XmiIbdepa ¢ 6eCKOHEeYHBIM
3ana3AbIBAHNEM

C. Cupacanxap!, P. ¥Vaxaaxymap!, B. Myrxymapan?, I'. Toxyx!, I1I. Anb-Omapu®

ITkona nepedoswx nayk, Texnoroeuveckud unemumym Beaaypy, Beaypy, Hrndus;
2 . o
Hnotcenepro-mexHosozuveckutl xKoanedatc; Unemumym Hayrxu u mexnoroeutit SRM, Kammanxyaramyp, Unous;
3 [Tpurradnoti yrnusepcumem Aav-Banka, Amman, Hopdarus

Ilens qaHHOTO UCCIIE0OBAHNST — MPEJJIOXKUTD CyIIECTBOBAHUE MATKUX PEIIEHUI JIJTsT 3aI1a3/IbIBAIOIIIX IPOOHO-
HEUTPAJIBHBIX CTOXACTUIECKUX AP DEPEHITNATBHBIX CUCTEM C IOYTH CEKTOPUATHLHBIMA OTIEPATOPAME, BKJTIO-
JaOIIMMHK JIPOOHYIO TTPOU3BOIHYI0 Xuibdepa B I'HJILOEPTOBOM IIPOCTPAHCTBE, KOTOPas 0000IIaeT 3HaMe-
HUTYIO JIpOOHYI0 Tpon3Bouyo Pumana-JIuysuiisi. OCHOBHBIE METO/BI TOCTPOEHBI HA 6A30BBIX ITPUHITUIIAX
¥ KOHIIEMIUAX JIPOOHOTO MCUUC/IEHUSI, TEOPUHU MOTYTPYII, TOYTH CEKTOPUAIBHBIX OIIEPATOPax, CTOXACTU-
YeCKOM aHajim3e U TeopemMe MEHXa O HENOJBMXKHOIM TOUYKE Yepe3 Mepy HEeKOMIIaKTHOCTH. B uacrHOCTH,
pe3yJIbTaT CyIeCTBOBaHUs YPABHEHUS TIOJIYUEH IIPU HEKOTOPBIX YCIOBUSAX CJIabOil KOMIAKTHOCTH. B KoHIEe
CTaTbU IIPUBEJIEH IIPUMEDP, JTEMOHCTPUPYIOMIMI MPUMEHEHNE IOy I€HHBIX aOCTPAKTHBIX PE3Y/IHTATOB.

Kmouesvie caosa: npobHasi IBOTIONMMOHHAS CUCTeMa XMibdepa, HeTpaabHasi CHCTEMA, MePa HEKOMIIAKT-
HOCTH, TEOPEMa O HEIIOJ[BUXKHOM TOYKE.
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Differential-Difference Equations with a Fixed Large Delay
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A trigonometric spline based computational technique is suggested for the numerical solution of layer
behavior differential-difference equations with a fixed large delay. The continuity of the first order derivative
of the trigonometric spline at the interior mesh point is used to develop the system of difference equations.
With the help of singular perturbation theory, a fitting parameter is inserted into the difference scheme
to minimize the error in the solution. The method is examined for convergence. We have also discussed
the impact of shift or delay on the boundary layer. The maximum absolute errors in comparison to other
approaches in the literature are tallied, and layer behavior is displayed in graphs, to demonstrate the
feasibility of the suggested numerical method.

Keywords: singularly perturbed differential-difference equation, delay, trigonometric spline, fitting parameter.
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Introduction

Delay differential equations (DDEs) are frequently encountered in a wide range of application
disciplines and are also explained in technological components like control circuits. DDEs are widely
occurred in various branches of physiological control systems [1], models of red blood cell system [2],
pupil light reflex behaviour [3], hybrid optically bistable devices with delayed feedback [4]| and the
navigational control of ships and aircraft and in more general control problems [5|. Time delays are
virtually always present in systems with feedback controls. These happen because detecting information
and responding to it both take time. If the argument for the delay does not appear in the highest order
term, the DDE is of the retarded type. Delay differential equations of the retarded type are obtained
by restricting the class in which the highest order derivative term is multiplied by a small parameter.
Bender and Orszag [6], O’Malley [7], Doolan and Miller [8], Miller et al. [9], Roos et al. [10] have
written books detailing several approaches to addressing singularly perturbed problems (SPPs). Driver
[11], Bellman and Cooke [12], provided books that explained differential-difference equations. In [13],
the researchers elucidated analysis of a class of singularly perturbed differential-difference equations
[SPDDEs]|. In [14], problems with solutions having a layer structure at one or both of the boundaries are
addressed. The layer can alter its nature and possibly be destroyed when the shifts rise but stay small,
as demonstrated by the study of the layer equations using Laplace transforms. The same researchers
handle two situations in [15]. The first is concerned with the magnitude of the shifts that affect the
solution, while the second is concerned with the SPDE’s oscillatory solutions. Kadalbajoo and Sharma
[16], provided a numerical procedure for solving SPDE with larger or smaller delay argument. To handle
the delay term, a mesh is generated so that the delay term falls on nodal points. Kadalbajoo et al. [17],
utilize Shishkin mesh to derive the fitted mesh approach to solve singularly perturbed general DDEs.
Gabil and Erkan [18], devised a fitted difference scheme for convection-diffusion problems by employing
exponential basis functions, integral identities and interpolating quadrature procedures. The authors
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in [19], suggested adaptive grid methods for the solutions to problems with boundary or interior layers.
A grid with equidistributing arc-length monitor function is constructed to solve the problem. In [20], a
first-order uniform convergence fitted difference approach is built in the discrete maximum norm. Ravi
Kanth and Murali [21], devised a numerical scheme for solving nonlinear SPDE. The Quasilinearization
technique is implemented on the nonlinear SPDE to get a sequence of linear SPDEs. A fitted spline
method is implemented for the solution of these problems. In [22], it is established that the family of
periodic boundary value issues for the system of ordinary differential equations with delayed argument
and the periodic boundary value problem for the system of hyperbolic equations with delayed argument
are related. The construction and convergence of algorithms for solving the comparable problem are
demonstrated. The author of [23] investigated a boundary value problem with the Sturm-Liouville type
conditions using Green’s function method for a linear ordinary differential equation of fractional order
with delay. In [24], authors proposed a scheme for the solution of a differential equation with delay and
advanced parameters having an interior layer behaviour using a non-standard finite difference method.

1 Statement of problem
Consider the following SPDDE with a fixed delay
") +p ()2 (0) +q ()2 (¥ —1) = f(9), ¥ €[0,2] (1)

subject to the boundary constraints

z(2) = 4, (2)

where, 0 <e< 1 and p(¥) > a > 0, 0 < ¢(9) < Oand f (¥) are smooth functions on [0, 2], ¢ () is
smooth functions on [—1,0] and f is given constant. The solution of Eq. (1) with Eq. (2) reveals a
boundary layer at ¥ = 2 with the small values of ¢.

2 Numerical method using a trigonometric spline

The domain of the integration [0, 2] is partitioned into L equal sub intervals with mesh length
h = %, so that ¥; = ih, i = 0,1, 2,..., L are the nodes with 0 =3¢, 2 = ¥ . Let z(9) be the
exact solution and ¥J; be an approximation to z(%¢;) by the trigonometric spline S;(¢}) passing through
the points (9;, z;) and (9541, zi+1). Here S;(¥) satisfies the conditions of interpolation at ¥; and ;41
and also the first order derivative continuity at the common nodes (9;, 2;) is satisfied. For each it

subinterval, the trigonometric spline function S;(¢) has the form
51(19) = a; +b; (19 — 19¢)+cisin7'(19 — 291')—|-di6087' (19 — ’191) ,t=20,1,..., L — 1. (3)

Here a;, b;, ¢; and d; are constants and 7 is a free parameter.

The trigonometric spline S;(9) of class C2[0, 2] interpolating z () at the points ¥;, i = 0, 1,..., L
depends on 7 and deduces to cubic spline in [0, 2] as 7 — 0. The following are defined to obtain an
expression for the coefficients of Eq. (3) in terms of z;, zj+1, ©¥; and ¥4

1

Si (03) = zi,  Si(Vig1) = zit1, S;/ (05) =i, S; (Vig1) = Yiga.

Using these conditions, the following expressions are obtained:

i by = Zi—zz‘+1+¢i+1—¢z‘,

ai:zi_‘_ﬁ’ - h 70
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. wiCOSH — 1/%.;,.1
T2sin6

(0

72’

i and di =
where 0 = Th, for i = 0,1,..., L — 1. Using the continuity of the first order derivative at (¢;, z;), that
is S;+1 (9;) = S (9;), we get the following relation for i =1,2,...,L — 1.

(2

Zio1— 22 + zi11
athi iy + 2B +onp_ = = h; = (4)

where
B -1 1 B 1 cosb

a_ﬁ—i_ﬁsmﬂ and 6_@_ fsinb’
=2 (9;),j=i+1,i.

At the mesh point ¥}, the suggested approach can be discretized by the convection-diffusion equation
(1) as
1
b=~ (f W) = p(d)

3

’

(9) = q (9) 2 (9 = 1)) for j = i % 1,3 (5)
using Eq. (5), Eq. (4) can be represented as

a

- (f (9i41) =P (Vit1) 2 (Vi1) —q (Diz1) 2 (192'+1—1)> +

£

+¥ (f(ﬁz') —p (%) 2 (%) —q () = (ﬂi_l)) n

+

™R

<f (9i1) —p (9_1)7 (9j_1) —q(9i_1) 2 (192,71_1)> _ <Zi—1 - QhZ; + Z¢+1> |

!

el (f (it1) =p (Vit1) 2 (tit1) —q (Piy1) 2 (19i+1—1)> +

+28 (£ (9) —p (9,) 2

!

(¥) —a (9:) 2 (9,=1)) +

/

+a (f (Vi—1) —p (Vi—1) 2

Using the finite differences

/ zi—1—42i—32i11 / Zif1—Zi-1
z (Viy1) = < on a ), z (V) = <+2h>’

/ zir1—4z;—3zi_
: (ﬂi_l):< o 1)'

(¥i—1) —q (Viz1) 2 (?9z‘—1—1)> = % (zic1 — 22 + zi41) - (6)

Eq. (6) is reduced to

zi—1—42i—3zi11

a (f(ﬁiﬂ) =P (Vit1) ( oh ) —q (Pi1) 2 (19z‘+1—1)) +

+25 (100 -p () () —a ) 2 00-)) +

Zit+1 —421—32171

+a (f(ﬂil) —p (¥i-1) ( o ) —q(9i-1) 2 (191.1_1)> _

&
=72 (2zi—1—22i+2i41) ,
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e Bai @ -2 2«
(h2 - + (ﬁ (i1 — 3P¢1)>> Zi-1+ (h2 T (Pit1 pil)) Zit

e a; (e%
+ <hQ + Bh + o (3pit1 — pil)) Zig1 = af(¥i—1) — aq(¥i—1)z(Pi—1—1)+

+28f(0i) — 28q(¥:)2(Vi—1) + af (Viy1) — aq (Vit1) 2 (Fir1—-1) . (7)

To reduce the error value in the solution over the domain ;= (0, 1), we insert a fitting parameter
o (p) in the above numerical scheme Eq. (7) for the equation

"

eo(p)z (9) +p()z (9)+q@)z(0—1)=f(9).
h

The value of the fitting parameter is o (p) = p (o + 3) coth (25%) , where p = 2.
The scheme Eq. (7) with a fitting factor can be written as

Fizi 1+ Fizi + Gijzi_1 — H; =0 fori=1,2,...,L—1, (8)

where 8
o€ a; o
E; = (h? -5t <ﬁ (Pig1 — 31%‘—1))) ;
-2 2
F; = < h;jg - fa (Pit+1 —Pi—1)> )
G; = (:; + B;Lli + % (3pis1 —pi—1)>
and
Hi =a(f (Vi-1) — ¢ (i-1) pi-1) + 28(f (0:) — ¢ (%) i) + a (f (Yi1) — q (Vit1) pit1) ,

here

pir1=2Wit1—1), pi=20;—1), pi-1 =2z (-1 —1) in[0,1].
Now, to find the solution in Q9= (1, 2), we consider the finite difference scheme Eq. (7) with fitting
factor o (p) in the equation

1"

eo(p)z () +p @)z (9)+q@)z(0—-1)=f ().
Here the value of o (p) is o (p) = p (o + f3) coth (22) , where p = 2

E-

Then, the scheme Eq. (7) with a fitting factor can be written as
Eizi 1+ Fizi+Gizip1— H; =0 fori=L, L+1,...,2L -1, (9)

where 8
oe a; o
E; = <h2 - + (% (pit1 — 3]02—1))) ;
—20e 2«
F; = <h2 - (Pit+1 _pi1)> ;
Gie (524 8% L @ g )
T h2 h oh Di+1 Di—1
and

Hi=a(f(Wi-1) —q(Wi-1) 2 (i1 — L)) + a (f (Vi+1) —a(Pir1) 2 (Jip1 — L)) +
+26(f (9:) —a(¥y) z (9 — L)).
To solve the system of equations Eq. (8) and Eq.(9), the condition z(L) is required. To get the

value of z(L), we utilize the reduced problem of Eq. (1) by setting ¢ = 0 and Runge-Kutta 4*" order
method is used to solve the reduced differential equation.
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3 Local error estimate

The local error estimate for the numerical scheme of Eq. (8) is

700 = 2o+ 26 - e + ((a= ) estt = (24 8) il w008 (0

Hence, with a = % and o+ 5 = % , the truncation error is fourth order.

4 Convergence analysis

Considering the matrix version of Eq. (8) with the boundary conditions, we have

(A+P)Z+Q+T(h)=0, (11)
where
[ —2e0  eo 0o 0 .. 0
eo —2e0 €0 .. .. 0
. 0 .. e 0
| 0 eoc —2¢e0
and
mi kl 0 0 ... 0 1
lo mo ko 0 ... 0
0 { ms ks ... 0
P = [li,mi,ki] = 3 3 5 9
. 0 0 lp—1 mp—1 |
where
h 2
l; = 5 (=3api—1 — 2Bpi + apiq1) + h agi—19i-1,
h 2
mi =5 (4api—1 — apiy1) + 2h°Baipi,
h 9 .
ki = 5 (—api—1 +2Bp; + 3apiy1) + hagiy1pir, for 1 <i <L -1
and
Q = [Tl + (E(T + kl) $0,72,73, ., "TL—2,TL—1 + (EU =+ k‘lL—l)’Y]T )
where

qi = h2 [Oék‘i+1 + 28k; + Oé/{?ifl] , 1<i<L-—-1,

T (h) =0 (h*)and Z = [Zy, Zo, . . ., Zr T T (h) =T, Tas ..., To1]', O =10,0,...,0]  are associated
vectors of Eq. (11).
Let n = [n1,ng, ...,nL_l]T = 7 satisfy the equation

(A+P)n+Q =0. (12)
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Let e; =n; — Z;, i =1,2..., L — 1 be the discretized error E = [eq, e, ...,eL,l]T =n—Z.
Using Eq. (12) and Eq. (11), we get the error equation as

(A+P)E =T(h). (13)
Let [p(s)] < Dy and |q (s)] < Dy, where Dy, Dj are positive constants. Let (i, /)™ element of the
matrix (A + P) be (; j then
(Giir1] < () + h(a+ B)D1 + h*(agiy1pit1 + 28aipi), 1 <i <L -2,
(Giim1| < () + h(a+ B)D1 + h*(agi10i1 + 2Bqipi), 1<i<L—1.
Hence, for small values of h, we have
‘sz+1! <eo, 1<i<L-2

and
|Ci,i—1’ <eo, 2<i<L-—1.
Hence (A + P) is irreducible [25].
Let S; be the i*" row elements sum, of the matrix (A 4 P), then we have
Si = =& + h(a + B)pi + h*(agi1piv1 + 2Bgipi) for i =1,
Si = h? (agi1pi1 + 2B¢ii + aginipiy1) for i=2,3,..., L -2,
Si = —& — h(a+ B)pi + h*(agi—1pi—1 + 2Bqipi) for i=L—1.

Let D1« = [p(s)| and D} =|p(s)|, D2+ = |q(s)| and D3 =|q(s)|. Since 0 < ¢ < 1, and € x O (h)

it is verified that for sufficiently small h. (A + P) is monotone [25,26]. Hence (A + P) ™' exists and
(A+ P)~" > 0. Thus using Eq. (13), we have

1BN < [[ca+ Py - (14)
Let (A + P); ! be the (i, k)" element of (A 4+ P)~" and define
1y L-1 .
H(A+P) = max »  _ (A+ P)i and [ T(h)] = (Joax | [T(R)]
Since
(A+P);, Oandz A+PZ,€, Sp=1 for 1 <i<L-1, (15)

we have ) )
A+ P)7E < . i=1, 16
(A+ )”k max S; < h2Do ! (16)
1<i<L—1

1 1
A+ P <= < ——
( + )Z,k’ SZ < h2D27

i=L-1. (17)

Further . ) )

-1 .

< <1< L —

> (AP < —— 5 < wDy for 2<i<L—2. (18)
2<i<L—2

From Eq. (10), Eq. (14) and using of Egs. (15)-(18) we get
1Bl <0 ().

Second-order convergence of the proposed scheme is thus observed in the first half of the interval.
Similarly, we can demonstrate that the scheme exhibits second-order convergence in the second half of
the interval by using Eq. (9).
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5 Numerical examples

Three examples are used to demonstrate the proposed scheme. The maximum absolute errors
(MAEs) in the solution are computed using the double mesh principle [4].
Utilizing the following formula

L
RL lOg KZEL

log2

the numerical convergence for each case has been determined.
Ezample 1. ez (9) — 32" (9) 4+ 2(9 —1) =0, with 2 (¥) = 1; =1 <9 <0, 2(2) =2.

Ezample 2. ez (9) — 22 (9) + 529 —1) =0, with z(9) = 1; =1 <9 <0, 2(2) = 2.

" ! — < v <
Ezample 3. ez (9) — 5z (79)_,_%2(19_1):{ 1,0<9 <1

6 Discussions and conclusion

To solve a SPDE with a fixed large delay, a trigonometric spline-based numerical technique is
proposed. The strategy is designed by utilizing the continuity of the first order derivative of the
spline. The convergence of the method is investigated, and it reached second order convergence. Three
examples of the scheme with the right end boundary layer are provided. The maximum absolute errors
(MAEs) in the solutions are tabulated in Tables 1, 2 and 3 in comparison to the method given in [27].
The rate of convergence in the solutions is also computed. The layer structure is depicted in Figures
1, 2 and 3. In the illustration, it can be seen that the width of the right end layer similarly reduces as
the perturbation value does.
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7 Tables and Figures

Table 1
MAEs in Example 1
5\1/ L N 27 28 29 210 211 212
suggested method

2% 9.5547e-06  2.3939e-06  5.9883e-07  1.4975e-07  3.7573e-08  9.7531e-09
1.9968 1.9991 1.9996 1.9948 1.9458

26 1.9455e-05  4.9061e-06  1.2292e-06  3.0749e-07  7.6942¢-08  1.9565e-08
1.9458 1.9875 1.9969 1.9987 1.9755

277 3.8180e-05 9.8729e-06  2.4898e-06  6.2383e-07  1.5608e-07  3.9153e-08
1.9513 1.9874 1.9968 1.9989 1.9951

28 6.8209e-05  1.9242¢-05 4.9774e-06  1.2552e-06  3.1452e-07  7.8749e-08
1.8257 1.9508 1.9875 1.9967 1.9978

279 9.7588e-05  3.4253e-05  9.6682e-06  2.5001e-06  6.3049e-07  1.5801e-07
1.5105 1.8249 1.9513 1.9874 1.9965

210 1.0755e-04  4.8915e-05 1.7177e-05 4.8460e-06 1.2532¢-06  3.1606e-07
1.1367 1.5098 1.8256 1.9512 1.9873

2~ 1.0808¢-04  5.3879e-05  2.4506e-05 8.6011e-06  2.4264e-06  6.2744e-07
1.0043 1.1366 1.5105 1.8257 1.9513

9-12 1.0808e-04  5.4147e-05  2.6966e-05 1.2265e-05  4.3037e-06  1.2141e-06
0.9971 1.0057 1.1366 1.5109 1.8257

2718 1.0808e-04 5.4147e-05 2.7100e-05 1.3490e-05 6.1354e-06  2.1526e-06
0.9971 0.9986 1.0064 1.1367 1.5111

Results in [27]

275 3.8774(-5)  9.6108(-6)  2.3975(-6)  5.9904(-7)  1.4972(-7)  3.7294(-8)

26 8.2126(-5)  1.9910(-5)  4.9349(-6)  1.2310(-6)  3.0757(-7)  7.6825(-8)

277 1.8429(-4)  4.1727(-5)  1.0104(-5)  2.5044(-6)  6.2472(-7)  1.5606(-7)

278 4.5000(-4)  9.2878(-5)  2.1029(-5)  5.0938(-6)  1.2626(-6)  3.1493(-7)

279 1.0778(-3)  2.2589(-4)  4.6641(-5)  1.0566(-5)  2.5585(-6)  6.3417(-7)

2-10 2.3688(-3)  5.4102(-4)  1.1321(-4) 2.3389(-5)  5.2961(-6)  1.2825(-6)

2~ 11 4.9529(-3)  1.1891(-3)  2.7104(-4)  5.6715(-5)  1.1712(-5)  2.6518(-6)

2712 1.0121(-2)  2.4862(-3) 5.9570(-4) 1.3565(-4)  2.8385(-5)  5.8601(-6)

2~ 13 2.0458(-2)  5.0805(-3)  1.2455(-3)  2.9814(-4)  6.7859(-5)  1.4200(-5)
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Table 2
MAESs in Example 2
el L— o7 98 29 910 ol1 912
suggested method

275 3.5024e-04  8.7651e-05 2.1918e-05 5.4801e-06 1.3706e-06  3.4554¢-07
1.9985 1.9997 1.9998 1.9994 1.9880

276 7.2423e-04  1.8177e-04 4.5489e-05 1.1375e-05 2.8445e-06  7.1278e-07
1.9943 1.9944 1.9986 1.9996 1.9996

277 1.4561e-03  3.6979e-04  9.2808e¢-05 2.3225¢-05 5.8078¢-06  1.4533e-06
1.9773 1.9944 1.9986 1.9996 1.9987

278 2.7805¢-03  7.3682¢-04 1.8705¢-04 4.6948¢-05 1.1749¢-05  2.9382¢-06
1.9160 1.9778 1.9943 1.9985 1.9995

279 4.6105e-03  1.3988e-03  3.7082e-04 9.4139e-05 2.3626e-05  5.9127e-06
1.7207 1.9154 1.9779 1.9944 1.9985

2710 5.8590e-03  2.3143e-03  7.0214e-04 1.8607e-04 4.7237¢-05  1.1855e-05
1.3401 1.7207 1.9159 1.9779 1.9944

21! 6.0756e-03  2.9352e-03  1.1594e-03  3.5176e-04  9.3215¢-05  2.36604e-05
1.0496 1.3401 1.7207 1.9160 1.9779

2712 6.0797e-03  3.0438¢-03 1.4691e-03  5.8029e-04 1.7606e-04  4.6657e-05
0.9981 1.0509 1.3401 1.7207 1.9159

2718 6.05797e-03  3.0458e-03  1.5234e-03  7.3489¢-04 2.9031e-04  8.8084e-05
0.9920 0.9953 1.0517 1.3399 1.7206

Results in [27]

27" 1.4101(-3)  3.5121(-4)  8.7724(-5)  2.1926(-5)  5.4809(-6)  1.3713(-6)

276 2.9715(-3)  7.3183(-4)  1.8226(-4) 4.5523(-5)  1.1378(-5)  2.8438(-6)

277 6.3962(-3)  1.5166(-3) 3.7366(-4)  9.3055(-5)  2.3241(-5)  5.8086(-6)

278 1.4877(-2)  3.2366(-3)  7.6743(-4)  1.8901(-4)  4.7072(-5)  1.1757(-5)

279 3.6799(-2)  7.4974(-3) 1.6281(-3)  3.8622(-4)  9.5120(-5)  2.3688(-5)

2710 8.4871(-2)  1.8472(-2) 3.7635(-3)  8.1727(-4)  1.9379(-4)  4.7729(-5)

21 1.8184(-1)  4.2603(-2)  9.2539(-3)  1.8854(-3)  4.0944(-4)  9.7084(-5)

2712 3.7579(-1)  9.1277(-2)  2.1343(-2)  4.6315(-3)  9.4363(-4)  2.0493(-4)

2718 7.6369(-1)  1.8863(-1) 4.5728(-2)  1.0682(-2)  2.3169(-3)  4.7207(-4)
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Table 3
MAESs in Example 3
5~L L — 27 28 29 210 211 212
suggested method

275 4.7341e-05 1.3845¢-06  3.7561e-06  9.7905¢-07  2.5003e-07  6.3369¢-08
1.7737 1.8821 1.9398 1.9693 1.9803

276 7.1268e-05  2.3726e-05 6.9366e-06 1.8816e-06 4.9045e-07  1.2535e-07
1.5868 1.7742 1.8823 1.9398 1.9681

277 8.9077e-05 3.5691e-05 1.1878¢-05 3.4721e-06  9.4179e-07  2.4552¢-07
1.3195 1.5873 1.7744 1.8823 1.9396

278 0.4225¢-05 4.4593e-05  2.2312e-05  5.9429¢-06 1.7371e-06  4.7118e-07
1.0793 0.9990 1.9086 1.7745 1.8823

279 0.4324e-05 4.7161e-05  2.3593e-05  8.9346e-06 2.9725¢-06  8.6884e-07
1.0000 0.9992 1.4009 1.5877 1.7745

2710 9.4287¢-05  4.7190e-05  2.3593e-05 1.1160e-05 4.4684e-06  1.4866e-06
0.9986 0.9996 1.0800 1.3205 1.5877

21! 9.4287¢-05 4.7172¢-05  2.3602¢-05  1.1799¢-05  5.5810e-06  2.2345¢-06
0.9991 0.9996 1.0002 1.0801 1.3206

2712 9.4287e-05 4.7172e-05  2.3593e-05  1.1803e-05  5.9004e-06  2.7908e-06
0.9991 0.9996 0.9992 1.0003 1.0801

2718 9.4287e-05 4.7172e-05  2.3593e-05  1.1798e-05  5.9019¢-06  2.9504e-06
0.9991 0.9996 0.9998 0.9993 1.0003

Results in [27]

275 1.9126(-4)  6.2523(-6)  1.7063(-5)  4.3683(-6)  1.0987(-6)  2.7510(-7)

276 2.2400(-4)  9.7185(-5)  3.1769(-5)  8.6781(-6)  2.2223(-6)  5.5895(-7)

277 2.2703(-4)  1.1381(-4)  4.8981(-5)  1.6049(-5)  4.3824(-6)  1.1219(-6)

278 2.2705(-4)  1.1535(-4)  5.7355(-5)  2.4657(-5)  8.0719(-6)  2.2029(-6)

279 2.2705(-4)  1.1536(-4)  5.8131(-5)  2.8790(-5)  1.2377(-5)  4.0479(-6)

2710 2.2705(-4)  1.1536(-4)  5.8136(-5)  2.9180(-5)  1.4423(-5)  6.2006(-6)

2~ 2.2705(-4)  1.1536(-4) 5.8136(-5) 2.9182(-5)  1.4618(-5)  7.2188(-6)

2712 2.2705(-4)  1.1536(-4)  5.8136(-5) 2.9182(-5)  1.4620(-5)  7.3164(-6)

2718 2.2705(-4)  1.1536(-4)  5.8136(-5)  2.9182(-5)  1.4620(-5)  7.3171(-6)
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Figure 1. Layer profile in the solution Example 1 with ¢ = 275,2710, 2720,
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Figure 2. Layer profile in the solution Example 2 with ¢ = 275,2710, 2720,
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Figure 3. Layer profile in the solution Example 3 with ¢ = 275,2710,2720,
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BekiTisiren ken kemnriryi 6ap CUHIYJISIPJIbI aybITKbIFAH
anddepeHIaIabIK-albIPBIMABIK, TEHJIEYJIEP KJIACBIHBIH >KaHa
CaHJBIK CXeMaChl

9. Hlpunusac, K. @aneenipa
Vhusepcumemmin, 2viavim Koaredsrci, Ocmarus yrusepcumemsi, Xatidapabad, Yrndicman

TpuroHoMeTpusiIbIK, CIJIAfHFa HEri3eJIreH ecenTey 91ici OekiTiireH Kem Kerriryi 6ap KabaTTbiH dpeKeTi
yirie auddepeHnnaaabK-aibIPBIMIBIK, TEHAEYIEPIl CAHIABIK, eIy VIIiH YChIHBLIFaH. AWBIPBIMIBIK, TEH-
Jeyaep Kyi#eciH Kypy VIIMH TOP/BIH iMKi HYKTECIHJEri TPUTOHOMETPHUSIBIK, CILUIARHHBIH OipiHIm perTi
TYBIHABICBIHBIH, y3iaiccizairi Kommanbuiaasl. CUHTYISAPIIBI ayBITKBIFAH TEOPUSICHIH KOJIAHA OTHIPBIIN, IIIe-
miMeri KaTeHi asaiiTy VIMiH afbIPBIMIBIK, CXEMaChIHA COWKECTEHIIIPETiH mapaMerp eHrisijemi. Oic Ku-
HaKTBUIBIKKA Tekcepinred. COHBIMEH KaTap IMeKapaJiblK KabaTKa BIFBICY HEMeCe KeIlry dcepi KapacTbhi-
pBLIABL. OmaebuerTepe KeaTipiaren 6acka ToCIaIepMeH CabICTBIPFAaHIa MaKCUMAJIAbl abCOTIOTTI KaTeaep
ecernTesie/ll >KoHe YChIHBLIFaH CaHJIBbIK, 9/IICTIH, OPBIHABIIBIFBIH KOPCETY VIIiH KabaTTapablH e3repyi rpaduk-
TepJie KOPCEeTLI .

Kiam cosdep: CHHTYSPIIBI aybITKBIFAH 1 dEPEHITNAIIBIK-ANBIPBIMIBIK, TEHJEY, KEIIiry, TPUTOHOMETPHsI-
JIBIK, CIJIAiH, COMKECTEH/IIPEeTIH HapaMeTp.
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HoBast unciieHHasi cxeMa JJisi KJacCca CUHTYJISPHO BO3MYIIIEHHBIX
anddepeHImaIbHO-PA3HOCTHBIX YPaBHEeHN ¢ (PUKCUPOBAHHBIM
OOJBIIUM 3ama3/IbIBAHNEM

9. Hlpunusac, K. @aneenipa
Vhusepcumemcexuti xKoanredorc nayku; Ynusepcumem Ocmaruu, Xatidapabad, Hnous

IIpenmozken BBIMUCIUTETBHBIN METOM, HA OCHOBE TPUTOHOMETPHUYECKOTrO CILIANHA IS IUCJCHHOTO pellre-
HusA uddepeHnnaabHO-PA3HOCTHBIX YPABHEHUI ITIOBEJIEHUS CJI0s1 ¢ (DUKCHPOBAHHON OOIBIION 3aJePKKOIL.
st mocTpoeHns CUCTEMbI PA3HOCTHBIX YPABHEHUM HMCHOJIB3YETCS HEIMPEPBIBHOCTH IIPOU3BOJIHON IIEPBOIO
MOPSIKA TPUTOHOMETPUIECKOTO CILIAifHAa BO BHYyTpPeHHeH Touke ceTKH. C MOMOIIBIO TEOPUU CHHTYJISIPHBIX
BO3MYIIEHUI B PA3HOCTHYIO CXeMY BBOJUTCS IIOJAIOHOYHBIN ITapaMeTp, ITO3BOJIAIONINNH MUHUMHU3UPOBATH
omubKy B perneHun. MeToji MpoBepeH Ha CXOAUMOCTb. MBI TakkKe pacCMOTPENH BJIMSTHUE CIABUTA WJIH 3a-
JEePKKM Ha MOrpaHndHbli ci1oil. [loncuanTansl MakcuMaIbHbIE aDCOTIOTHBIE TOTPEITHOCTH IO CPABHEHUIO C
JPYTUMH IIOAXOJAaMHU, OIMCAHHBIMH B JINTEPATYPE, & IIOBEJEHNE CJIOEB OTOOPAaXKeHO Ha rpadurax, 4ToObI
IIPOJIEMOHCTPUPOBATH OCYIIECTBUMOCTD MPEII0KEHHOTO YUCIEHHOTO METO/IA.

Karoueswie cao6a: CHHTYJISIDHO BO3MyIleHHOE nuddepeHnuaabHo-pa3HoCTHOe yPaBHEHNE, 3ala3/bIBAHNe,
TPUIOHOMETPUYECKUN CIIAH, IIOJAIOHOYHBIN ITapaMeTp.
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In this article, within the framework of the study of Jonsson theories, the model-theoretic properties of
cosemanticness classes belonging to the factor set of the Jonsson spectrum of an existentially closed models’
subclass of some Jonsson theory in a fixed language were studied. Various results have been obtained. In
particular, the properties of the cosemanticness of models and classes of models are considered; some results
concerning the Jonsson equivalence in generalization for classes of existentially closed models are obtained;
a criterion for the cosemanticness of J-classes in connection with their Kaiser hulls has been found.
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Introduction

It is well known that in modern Model Theory, the issue of studying incomplete theories occupies
a special place due to the small number of suitable methods and techniques. Anyway, this is a very
difficult task, so, as a rule, model theorists use various limiting conditions to obtain results concerning
incomplete theories. One of the relevant directions in this sense is studying Jonsson theories. The
relevance is determined by various reasons, and the main one is that the Jonsson theories are of
great applied importance in algebra due to the presence of many classical examples linking these two
mathematical areas.

Traditionally, the Karaganda School of Model Theory uses the definition of the Jonsson theory given
in the Russian-language edition of [1]. In recent years, the apparatus for studying Jonsson theories has
been significantly expanded, which is demonstrated by the number and variety of approaches in the
works [2-9].

At the same time, one of our essential areas of research in this area is not only to obtain results
describing the properties of the Jonsson theories, but also to generalize these results. In 2018,
Yeshkeyev A.R. introduced the concept of the Jonsson spectrum of a fixed class of models, which is a
special set of Jonsson theories. When considering the Jonsson spectrum we also use the notion of the
cosemanticness relation proposed by Mustafin T.G. Cosemanticness is a specific equivalence relation
that generalizes and refines the elementary equivalence in terms of researching Jonsson theories. It
is well known that equivalence relation is a classical instrument for studying and constructing the
classification of theories in Model Theory. In this matter, in [10,11], Yeshkeyev A.R. and Ulbrikht O.I.
obtained some considerable results on abelian groups and R-modules concerning cosemanticness and
other related concepts, such as consemanticness classes.

Thus, studying the properties of the cosemanticness classes of the Jonsson spectrum is of great
importance not only for the development of the apparatus for the study of Jonsson theories. Firstly, this
area is of interest from the point of view of research in Model Theory. In addition, it was found in [12-16|
that the Jonsson theories and their cosemanticness classes in the Jonsson spectrum of fixed classes of
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structures have interesting structural properties that are important for Universal Algebra. In [17], the
lattices of existential formulas of a fixed Jonsson theory are considered in terms of syntactic similarity.
In this article, we present some basic results that demonstrate the relationship of the cosemanticness
classes of the Jonsson spectrum with fixed classes of structures and the specific properties of Kaiser
hulls of these classes. These results are the forerunner of the study of Jonsson theories from the point
of view of lattice algebra and other related fields.

This paper consists of two sections. In Section 1, we give some basic information on Jonsson theories.
In Section 2, we present our results obtained for cosemanticness classes of Jonsson spectrum, so-called
J-classes of structures and their Kaiser hulls.

1 Preliminary information on Jonsson theories

In this section we describe the apparatus of the study of Jonsson theories. Let us start with some
basic definitions.

Definition 1. [1] A theory T has the joint embedding property (JEP), if, for any models A and B
of T, there exists a model M of T" and isomorphic embeddings f: A — M, g: B — M.

Definition 2. [1] A theory T has the amalgamation property (AP), if for any models A, By, By of
T and isomorphic embeddings f1 : A — Bj, fa : A — Bs there are M = T and isomorphic embeddings
g1 :B1— M, go: By — M such that g1 o f{ = gg 0 fo.

Originally, the properties of amalgamation and joint embedding are algebraic notions. However they
play a crucial role in studying various classes of structures in Model Theory, especially for incomplete
theories.

There are syntactic criteria of AP and JEP. We give two classical theorems of them.

Theorem 1 (Robinson). [18] For the first order theory T of the language L (of arbitrary cardinality)
the following conditions are equivalent:

1) T has JEP;

2) For all universal sentences a, f of L, if ' aV S then THa or T+ f.

It is well known that the given theorem is equivalent to the following statement:

Theorem 2. Let T be a theory of the first-order language L. Then T has JEP iff whenever T'U {¢}
and T'U {1} are consistent sets, where ¢ and 1 are arbitrary existential sentences of L, T'U {p A 9}
is also consistent.

Theorem 3 (Bryars). [18] The following are equivalent:

1) T has the amalgamation property;

2) for all a1 (%), a2(Z) € Vi with T' F a3 V ag there are 51(T), f2(Z) € 31 such that T+ 8; — «;
(Z = 1,2) and T+ (1 V Bo.

The following theorem plays an important role in studying Jonsson Model Theory.

Theorem 4 (Hodges). [19; 363] Let T be a theory of the first-order language L, and let T" have JEP.
Suppose that A and B are existentially closed models of T'. Then every V3-sentence true in A is true
in B as well.

Now we recall the main definition of our study.
We are working within the framework of the following definition of Jonsson theory published in the
Russian edition of [1].

Definition 3. [1; 80] A theory T is called Jonsson if the following conditions hold for T":
1. T has at least one infinite model,;

2. T is an inductive theory;

3. T has the amalgam property (AP);

4. T has the joint embedding property (JEP).

Mathematics series. No.1(113)/2024 209



A.R. Yeshkeyev, I. O. Tungushbayeva, A. K. Koshekova

There are a lot of algebraic examples of Jonsson theories. Classical examples include
1) group theory;
2) the theory of abelian groups;
3) the theory of Boolean algebras;
) the theory of linear orders;
)
)
)

W

5) field theory of characteristic p, where p is zero or a prime number;
6) the theory of ordered fields;
7) the theory of modules.

In [20], it is proved that the theory of differentially closed fields of the fixed characteristic is a
Jonsson theory as well.

It is important to note that, by Theorem 4, we can see that, for any Jonsson theory T, all
existentially closed models of T" are elementary equivalent by V3-sentences.

Further we give the notions and statements that are of great importance in research in Jonsson
theories. Definitions 4, 5 and Theorem 5 were introduced by Mustafin T.G.

Definition 4. [21; 155] Let T' be a Jonsson theory. A model Cr of power 2IT1 is called a semantic
model of the theory T if Cr is a |T|*t-homogeneous |T'|*-universal model of the theory 7.

Theorem 5. [21; 155] An inductive theory T is Jonsson iff it has a |T|*-homogeneous |T'|"-universal
model.

Definition 5. [21; 161] The elementary theory of the semantic model of the Jonsson theory T is
called the center of this theory. The center is denoted by T%, i.e. Th(C) = T*.

Now we move to the central notion of this work.

Let L be a first-order language of a signature o and let K be a class of L-structures. We consider
a specific sets of theories for K that is called a Jonsson spectrum of K. The Jonsson spectrum can be
described as follows.

Definition 6. [11] A set JSp(K) of Jonsson theories of L, where
JSp(K) ={T |T is a Jonsson theory and K C Mod(T)},

is said to be a Jonsson spectrum of K.

Jonsson spectra are well-described in [12,22-24].
In terms of studying Jonsson theories, the notion of cosemanticness relation plays an important
role. Let T} and T3 be Jonsson theories, T} and T3 be their centres, respectively.

Definition 7. |21; 40] T} and T, are said to be cosemantic Jonsson theories (denoted by 77 1 T5),
it Ty =T5.

It is well known that the cosemanticness between two Jonsson theories is an equivalence relation.
This means that, when introducing the relation of cosemanticness on the Jonsson spectrum JSp(K), we
get a partition of JSp(K) into cosemanticness classes. The obtained factor set is denoted by JSp(K) /g
This technique allows to obtain many significant generalizations when considering the cosemanticness
classes instead of single theories. As it is mentioned before, applying this technique is the main idea of
this paper, which will be revealed in Section 2.

2 The properties of Kaiser hulls for J-classes

In this section, we present the results of generalization of some well-known theorems published in
different papers of the first author of this article. All of these theorems one can also find in [21].

Let T be a Jonsson theory in L, K C Ep. We consider the Jonsson spectrum of the given class
K. Let us introduce the cosemanticness relation on JSp(K). As it is well known, this relation is an
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equivalence relation, and therefore divides the spectrum into cosemanticness classes. Thus, we get a
factor set JSp(K) g Next, we will work with some fixed cosemanticness class [T']. It is clear that all
the Jonsson theories in this class have the same semantic model, which we denote by Cipy. In this
section, we will work with this fixed class K, unless otherwise specified in the terms of the theorems
or definitions.

Here we introduce the following notation. Let T' € [T, [T] € JSp(K) /s, A be an L-structure. Then
A = [T] means that A |= T for any T' € [T]. Similarly, this notation is generalized for the class of
models as well, i.e. K’ = [T] means that A =T for any A € K’ and any theory T € [T].

Note that we only work within the framework of the fixed language L of signature o.

Now we give the definitions of some necessary notions, which are actually generalizations of some
well-known concepts from [21].

Definition 8. The class K’ of existentially closed models of the signature o is called a J-class, if
the set of sentences Thy3(K’) is a Jonsson theory.

Definition 9. The theory Thys(K) that is a set of all V3-sentences of L true for each model of K,
is said to be a Kaiser hull of K. We denote it by T°(K).

Note that the theory T°(K) is Jonsson, if it admits the amalgamation property, because it has
infinite models, is inductive and, due to 3-completeness, admits JEP. Moreover, in case of AP, T°(K)
is a maximal Jonsson theory of K, and all theories 7" such that T C 7" C T°(K), where T is some
Jonsson theory of K under consideration, are Jonsson.

Lemma 1. Let [T] € JSp(K) sq consist only of 3-complete theories, and let in JSp(K) g there be
such a class [T”], which consists of extensions of theories of the class [T in the same language. Then if
p(Z)UT is consistent for each theory T' € [T, then p(Z) UT" is also consistent for each theory 77 € [T"],
where p(Z) is the set of 3-formulas.

Proof. Let us consider an arbitrary theory T' € [T]. According to the condition of the Lemma, there
is T' € [T"] such that T'C T". It is obvious that if 7" is an J-complete theory, so is T". Let T'U p(Z) be
a consistent set of formulas, for any T' € [T], and T’ U p(Z) be inconsistent, for any 7" € [T"]. It means
that there is 35p(Z, y) € p(T), where p(Z,7) is a quantifier-free formula such that 7"+ —=3z35¢(Z, 7).
Consequently, T" - VZVy—p(Z,y), and T + VZVy—¢(Z,§) as well, due to its V-completeness. The latter
means that T'U p(Z) is inconsistent, so we obtain a contradictory. Thus, for any theory T € [T] and
any theory 7" € [T'], if T'U p(Z) is consistent, T" U p(Z) is also consistent.

The following statement is one of the important properties of J-class.

Proposition 1. Let [T'] € JSp(K) s consist only of 3-complete theories. Then any class K" C K
of infinite models is a J-class.

Proof. 1t is clear that K’ is never empty, as soon as, by the conditions stated before, K consists
of existentially closed models of some Jonsson theory T, which are infinite. We need to show that
K' is a J-class, i.e., according to Definition 8, Thyz(K’) is a Jonsson theory. Let us check it through
Definition 3:

1) K’ contains infinite models by the condition of the Proposition;

2) It is obvious that Thys(K') is a set of V3-sentences, so this theory is inductive;

3) Thys(K') is always an existentially complete theory, so it is easy to see that, by Theorem 1, it
has JEP;

4) Let Thys(K') F a1 Vg for any L-formulas oy (T), as(Z) € V1. By JEP, it means that Thys(K')
ay or Thy3(K') b ag. Since every T € [T"] is an inductive theory, 7" C Thy3(K'), for all T € [T"].
And due to the fact that each 7" in this cosemanticness class is 3-complete (and therefore V-complete),
T b aq, if Thys(K') b ay, and T' b ag, if Thys(K') b ag. Every theory in [T”] admits AP, so if T - o
then T' = a1 V o and, by Theorem 3, there are 51(Z), 82(T) € 31 such that 7" F 8; — «; (i = 1,2) and
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T+ 1V By. The same is if T' + 5. Therefore, Thvg(K/) FBi — a; (i=1,2) and Thvg(K’) F BV Ba,
which means that Thy3(K’) admits AP.
To prove some further theorems, we need the following lemma.

Lemma 2. Let Ty and T, be L-theories and let T/ =Ty VT = {p V) | ¢ € Ty, ¢ € To}. Then
Mod(T") = Mod(Ty) U Mod(T).

Proof. Firstly, the inclusion Mod(T1) U Mod(T2) C Mod(T") is true, as soon as all sentences of 7"
are deducible both in T} and T,. Now we show the inclusion Mod(T") C Mod(Ty) U Mod(Ts). Suppose
that it is false; then there is a model M € Mod(T") such that M ¢ Mod(Ty)U Mod(T5). It means that
M ¢ Mod(Ty) and M ¢ Mod(T5), which is equivalent to the fact that there are p € T} and ¢ € T, such
that M ¥ ¢ and M ¥ . But according to the condition of the Lemma, for any model M € Mod(T"),
M E oV for all p € Ty and ¢ € Ty that is a contradiction. Hence Mod(T") C Mod(Ty) U Mod(T»)
and Mod(T") = Mod(T1) U Mod(T3).

Now we demonstrate the result that concerns to the lattices of Jonsson theories in terms of
cosemanticness classes in the Jonsson spectrum.

Proposition 2. Let K' C K, [T] € JSp(K) ., and let Cip) be a semantic model of [T]. Then
T' € [T, where

T = TOK')V T(Ciry) = {9V & | ¢ € TO(K), & € T°(Cia)}.

Proof. Firstly, we note that, according to Lemma 2, Mod(T") = Mod(T°(K')) U Mod(TO(C[T})). In
addition, for any theory T' € [T], T C T’, which means that 7" is a Jonsson theory cosemantic to any
T € [T]. It remains to show that 77 € JSp(K). Since K C Ep, K’ C K, then K’ =y3 K, which means
that TY(K) = T°(K"). Hence T°(K') € JSp(K).

Now let us consider some specific relations between structures.

Definition 10. [21; 174] L-structures A and B are called Jonsson equivalent, if for any Jonsson
theory T the following holds:

AET < BET.
Definition 11. [11] Structures A and B are called cosemantic, if JSp(A) = JSp(B).

The following theorem also presents the result of structural approach in studying Jonsson theories
and their cosemanticness classes.

Theorem 6. Let T be an arbitrary inductive L-theory such that A = T for any A € K, where K
is a class of infinite L-structures, and let the cosemanticness class [T'] € JSp(K) . consist only of
3-complete theories. Then [T"] € JSp(K) s, where

[T"] ={T" | T" =T UT for each T' € [T}.

Proof. Firstly, we should note that all theories of [T”] are consistent, as soon as, for any A € K,
AT for each T' € [T"], and A =T, hence A = T" for any T” € [T"]. Let us consider an arbitrary
T" € [T']. Tt remains to show that 7”7 = T U T is a Jonsson theory. We do it by Definition 3.

1) All models in K are infinite, consequently 7" has infinite models;

2) Obviously, T” is an inductive theory;

3) T CT" and T is F-complete theory, hence T” is F-complete as well. It means that 7" has JEP;
4) Here we use Theorem 3 again. Let 7" F a1 V ag for some L-formulas aq(Z), as(Z) € V1. T” has
JEP, it means that 7" F aq or T” F as. Since 7" C T" and T” is F-complete, T F aq, if T" F aq,
and T' F ag, if T" & ag. T" admits AP, so if T' F a1 then T” - ay V aq and, by Theorem 3, there are
B1(T), B2(T) € F1 such that T+ B; — «; (i = 1,2) and T" F 81 V B2. The same is if T" - «y. Therefore,
T"F Bi = «; (i =1,2) and T" = 81 V B2, which means that 7" admits AP.

In [21], it was introduced the definition of cosemantic models. Now we give its analogue for classes
of L-structures.
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Definition 12. Let K; and Ko be some classes of L-structures. Then K; and K5 are said to be
cosemantic (K1 1 Ko) if JSp(K1) = JSp(K2).

Now we move to the main result of this paper. Theorem 7 is a criterion that connects the cosemanticness
of J-classes with their Kaiser hulls.

Theorem 7. Let K1, Ko be J-classes. Then the following conditions are equivalent:
1) K~ KQ;
2) TO(K;) = TO(K3).

Proof. Since K1 and K3 are J-classes, TY(K7) and TY(K3) are Jonsson theories. Let us prove (1)
— (2). If K1 > Ko, then JSp(K1) = JSp(K>), which means that T°(K;) € JSp(Kz) and T°(K3) €
JSp(K1). But it follows that TO(K;) C T°(K2) and T°(Ks) C T°(K1). Then TY(K;) = T°(K3). The
implication (2) — (1) is trivial due to inductiveness of Kaiser hulls and Jonsson theories.
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BekiTtisren moaeabaep kJjacblHbIH Kaiizep KaOBIKIIACHIHBIH,
KOCEMaHTUKAJIBLIBIFbI

A.P. Emikeer, 1. O. Tynrymbaesa, A. K. Komekosa

Konadarnbarv, mamemamura uwcmumymaot, Axademur FE.A. Boxemos amuwindazv. Kapazandv, yrusepcumemi,
Kapaeando, Kasaxcman

MakaJtasia HOHCOH/IBIK, TEOPUSIHBI 3epTTey OapbICHIHIa OEKITIIreH Tijijge Keitbip HOHCOHIBIK TEOPUSTHBIH, K-
3UCTEHITNAJIIbI TYHBIK MOJIE/IbIEPIHIH IIIIKi KJIACBIHBIH, KOCEMaHTUKAJIBLIBIK, KJIACHIHBIH MOEThTi-T€OPUSIIIBIK,
KacueTTepi 3eprreiii. OPTYpJIi HoTHXKeIep aJabliabl. CoHgai-aK, MOJIE/IbIEP MEH MOJIE/bIEPIiH KIacTaphl-
HBIH KOCEMAaHTHKAJIBLIBIK, KACHETTEP] KAPACTBIPBLIIbI; 9K3UCTEHIINAJIIHI TYWBIK, MOJAEIbIED KJIACHIHBIH, YKaf-
JAUBIH/IA, YKAJTBLIAYIAFbl HOHCOH/IBIK, SKBUBAJEHTTIKKE KATHICTHI Kefbip HOTUKEIEP AJIbIHJIbI; J-KIACHIHBIH,
Kaitzep kabbIKIacbiHa 6aiIaHbICTBI KOCEMAHTUKAJIBIIBIK, KPUTEPHUill TabbIIIbI.

Kiam ceadep: HOHCOHIBIK TEOPHUsI, KOCEMaHTUKAJIBIIBIK, KOCEMAHTTHI HOHCOH/IBIK, TEOPUIAD, HOHCOHIBIK,
CIEKTP, KOCEMAHTHUKAJIBLIBIK KiacTapbl, Kaiizep KaObIKIIAChl, HOHCOHIBIK IKBUBAJIEHTTLIIK, J-KIacc, Mo-
JeIbIAEPiH, KOCEMaHTUKAIBLIBIFDI, KJIACTAP/IbIH, KOCEMAaHTUKAJIBLIBIFI.

KocemanTuaHocTh obosiouek Kaiizepa (pukcmpoBaHHBIX KJIACCOB
MoJieJien

A.P. Emkeen, 11.0. Tynrymbaesa, A.K. Komiekosa

HUnemumym npukaadnot mamemamuru, Kapazandunckut yrusepcumem umenu axademura FE.A. Bykemosa,
Kapazanda, Kasaxcman

B craTbe B pamMkax m3ydeHusi HOHCOHOBCKUX TEOPHl OBLIN PACCMOTPEHBI TEOPETUKO-MOJIE/IbHBIE CBONCTBA
KJIACCOB KOCEMAHTUIHOCTH, TIPUHAJJIEXKAITNX (DAKTOP-MHOXKECTBY HOHCOHOBCKOT'O CIIEKTPA MOIKJIACCA IK3U-
CTEHIMAJILHO 3aMKHYTBIX MOJIEJIe HEKOTOPOI HOHCOHOBCKOI TeoprH Ha (PUKCUPOBAHHOM si3bIKe. [losyueHbr
pas3yinyHble Pe3y/IbTaThl. B 9acTHOCTH, N3y4YeHBbI CBOMCTBA KOCEMAaHTUIHOCTU MOJEJENH U KJIaCCOB MOJIEIENt;
MOJTy Y€HbI HEKOTOPBIE PE3Y/IbTATHI, KACAIOIINECs] HOHCOHOBCKOIM 9KBUBAJEHTHOCTH B OOOOIIEHUN HA CJIYIan
KJIACCOB 9K3UCTEHINAIBHO 3aMKHYTBIX MOJIeJIelt; Hal/IeH KPUTEPHUil KOCEMaHTHYHOCTH J-KJIACCOB B CBS3H C
ux obosioukamu Kaiizepa.

Karouesvie crosa: HOHCOHOBCKAS TEOPHUsi, KOCEMAaHTUYHbIE HOHCOHOBCKUE TEOPHH, HOHCOHOBCKUI CHEKTD,
KJIACChI KOCEMAHTUYIHOCTH, obosiouka Kaitzepa, HOHCOHOBCKas IKBUBAJIEHTHOCTDb, J-KJIACC, KOCEMAHTUY-
HOCTBb MOJleJIel, KOCEMaHTUYHOCTb KJIACCOB.
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ANNIVERSARIES

75th anniversary of Doctor of Physical and Mathematical Sciences,
Professor M.I. Ramazanov

/ f-o1‘5\£‘
(Z. . u_)#_

Murat Ibraevich Ramazanov, Doctor of Physical and Mathematical Sciences, Professor, was born
on February 24, 1949, in Bulaevo, North Kazakhstan region. After graduating from the Faculty
of Mechanics and Mathematics at the Kazakh State University named after S.M. Kirov (now Al-
Farabi Kazakh National University) in 1971, he began his career at Karaganda State University
and continues to make significant contributions to the development of the university to this day. He
defended his PhD thesis in 1981 and his Doctoral thesis in 2006. M.I. Ramazanov is a highly qualified
specialist in the field of loaded partial differential equations, integral equations, and their applications
to applied problems. He regularly presents scientific reports at international congresses, conferences,
and symposiums dedicated to discussing contemporary problems of mathematics, held both in the
Republic of Kazakhstan and abroad. The scientific achievements of M.I. Ramazanov were published in
high-ranking journals indexed in Web of Science and Scopus. Professor M.I. Ramazanov described the
resolvent set and the spectrum for the spectrally loaded parabolic operator in terms of the (complex)
spectral parameter, which is the coefficient of the loaded term, and characterized the multiplicity of
eigenfunctions in the space of bounded and continuous functions depending on the value of the spectral
parameter. Based on these studies, he published the monograph “Loaded Equations as Perturbations
of Differential Equations”.

Mathematics series. No.1(113)/2024 219



75th anniversary of ...

Murat Ibraevich’s contribution to the training of scientific personnel is invaluable. Under his
supervision, 3 PhD theses and 5 doctoral dissertations were defended. Currently, M.I. Ramazanov
is the scientific supervisor of PhD doctoral candidates in the field of “Mathematics”. His name is also
associated with scientific research conducted within the framework of grant funding from the Ministry
of Education and Science of the Republic of Kazakhstan. For many years, he served as the scientific
editor of the journal “Bulletin of the Karaganda University. Mathematics series”, chairman of the
Dissertation Council in the specialty 6D060100 — “Mathematics” at the Karaganda State University
named after academician E.A. Buketov, and is currently a member of the editorial boards of the
journals “Bulletin of KRASEC. Physical and Mathematical Sciences” (Russia), “Bulletin of Karaganda
University. Mathematics series”, and deputy chairman of the dissertation council for the educational
program 8D05401 — Mathematics for the defense of PhD at the Karaganda Buketov University.

For his significant contribution to science, M.I. Ramazanov was awarded the State Scientific Scholar-
ship for scientists and specialists who have made an outstanding contribution to the development of
science and technology for 2008-2010, was decorated with the “For Merits in the Development of
Science of the Republic of Kazakhstan” badge, twice received the grant for the title of “Best University
Teacher” (2009, 2020). He is a laureate of the Prize named after D.Sc, Professor T.G. Mustafin, an
honored worker of the Karaganda Buketov University; he has received several honorary diplomas from
the akim of the Karaganda region “For active participation in the socio-political life of the region
and personal labor contribution to the construction of a new Kazakh society”, the National Chamber
of Entrepreneurs of the Republic of Kazakhstan “For great merits to Kazakh science and invaluable
contribution to the development of higher education, training of highly professional specialists for the
Republic of Kazakhstan”. M.I. Ramazanov is included in the TOP-50 of the General Rating of TPS of
universities of the Republic of Kazakhstan (National Rating of Demand for Universities of the Republic
of Kazakhstan, Astana).

The editorial board of the scientific journal “Bulletin of the Karaganda University. Mathematics
series” and the faculty of mathematics and information technologies of the Karaganda Buketov University
warmly congratulate Murat Ibraevich with his 75th anniversary and wish him strong health and creative
longevity.

Editorial board of the journal
«Bulletin of the Karaganda University. Mathematics seriess
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EVENTS

The 15th International ISAAC Congress

Dear Colleagues,

We are pleased to announce that Nazarbayev University in Astana, Kazakhstan, will host the
15th International ISAAC Congress from July 21-25, 2025. The International Society for Analysis, its
Applications, and Computation (ISAAC) Congress is a prestigious event that continues a successful
series of meetings previously held across the globe.

The congress will cover a wide range of topics, including but not limited to:

1.

10.

11.

12.

13.

14.

15.

Application of Dynamical Systems Theory in Biology

Complex Analysis and Partial Differential Equations

Complex Variables and Potential Theory

Constructive Methods in Boundary Value Problems and Applications
Function Inequalities: New Perspectives and New Applications
Function Spaces and their Applications to Nonlinear Evolutional Equations
Fractional Calculus and Fractional Differential Equations
Generalized Functions and Applications

Harmonic Analysis and Partial Differential Equations

Integral Transforms and Reproducing Kernels

Partial Differential Equations on Curved Spacetimes

Pseudo Differential Operators

Quaternionic and Clifford Analysis

Recent Progress in Evolution Equations

Wavelet Theory and its Related Topics
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The conference will feature plenary and sectional talks, as well as poster presentations. The official
language of the conference is English. We plan to publish the abstracts prior to the conference’s
commencement.

Registration Fees:

e ISAAC Members:

— Before April 30, 2025: 150 EUR or 73,155 KZT
— From May 1, 2025: 200 EUR or 97,540 KZT

e Non-Members:

— Before April 30, 2025: 200 EUR or 97,540 KZT
— From May 1, 2025: 250 EUR or 121,925 KZT

e Students and Participants from Developing Countries:

— Before April 30, 2025: 80 EUR or 39,016 KZT
— From May 1, 2025: 130 EUR or 63,400 KZT

Further Information:

Details on registration procedures, abstract submission guidelines, accommodation options in Astana,
and information about the Programme and Organizing Committees, as well as invited speakers, will
be announced in due course.

Contact Information:

Organizing Committee, School of Science and Humanities, Nazarbayev University, Qabanbay Batyr
Ave 53, Astana 010000, Kazakhstan.

Email: info@isaac2025.org

Website: https://isaac2025.org/

Important Dates:

e Registration and abstract submission deadline: May 1, 2025
e Arrival day: July 20, 2025

e Departure day: July 26, 2025

We encourage you to share this information with interested colleagues. We look forward to welcoming
you to Astana for an engaging and fruitful congress.

Warm regards,

Prof. Durvudkhan Suragan, Nazarbayev University, Chairman of Organizing Committee
Dr. Bolys Sabitbek, Queen Mary University of London, Member of Organizing Committee
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