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A boundary value problem ...

Краевая задача для вырождающегося уравнения смешанного
типа четвёртого порядка

Ж.А. Отарова

Каракалпакский государственный университет имени Бердаха, Нукус, Узбекистан

Многие задачи механики, физики, геофизики приводят к решению уравнений в частных производных,
которые не входят в известные классы эллиптических, параболических или гиперболических уравне-
ний. Такие уравнения, как правило, стали называть неклассическими уравнениями математической
физики. Теория вырождающихся уравнений является одним из центральных разделов современной
теории уравнений с частными производными. Это объясняется, прежде всего, выявлением множе-
ства прикладных задач, математическое моделирование которых обслуживает изучение различных
типов вырождающихся уравнений. До настоящего времени задачи для вырождающихся уравнений,
в основном, исследованы для модельных уравнений и уравнений с младшими членами с достаточно
гладкими коэффициентами при младших членах. Исследование краевых задач для уравнений сме-
шанного типа четвертого порядка со степенным вырождением остаётся актуальным. В этой работе
поставлена и исследована краевая задача в прямоугольной области для одного вырождающегося урав-
нения смешанного типа четвертого порядка. Корректность краевой задачи для уравнения с частными
производными четвертого порядка устанавливается доказательством существования и единственно-
сти решения. При достаточных условиях найдено решение рассматриваемой задачи в явном виде
методом разделения переменных.

Ключевые слова: смешанное уравнение четвёртого порядка, функции Бесселя, ряд Фурье, полнота,
регулярное решение.
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Factorization of abstract operators into two second degree operators
and its applications to integro-differential equations

I.N. Parasidis∗, E. Providas

University of Thessaly, Larissa, Greece
(E-mail: paras@uth.gr, providas@uth.gr)

Boundary value problem B1x = f with an abstract linear operator B1, corresponding to an Fredholm
integro-differential equation with ordinary or partial differential operator is researched. An exact solution
to B1x = f in the case when a bijective operator B1 has a factorization of the form B1 = BB0 where
B and B0 are two linear more simple than B1 second degree abstract operators, received. Conditions for
factorization of the operator B1 and a criterion for bijectivity of B1 are found.

Keywords: correct operator, bijective operator, factorization (decomposition) of linear operators, Fredholm
integro-differential equations, boundary value problems, exact solutions.

2020 Mathematics Subject Classification: 34A30, 34K10, 45J05, 45K05, 47A62, 47A68, 47B01, 47G20.

Introduction

Integro-differential equations (IDEs) are used to model many problems in science, engineering,
economics, medicine, control theory, micro-inhomogeneous media and viscoelasticity [1–9]. Very impor-
tant tools in solving of Boundary Value Problems (BVPs) with IDEs are the Parametrization Method
[10] and the Factorization (Decomposition) method, but the applicability of the last method is confined
to certain kinds of integro-differential operators, corresponding to BVPs and cannot be universal for
all problems. There are several types of decomposition methods for solving BVPs with IDEs. The most
popular is Adomyan decomposition method and its modifications, where the Adomyan polynomials
are used, and approximate solutions of given BVPs are obtained [11–19]. Other types of decomposition
method were considered in [4], [5], [20]. Factorization of tensor integro-differential wave equations of
the acoustics of dispersive viscoelastic anisotropic media is performed for the one-dimensional case in
[4]. The integro-differential one-dimensional tensor wave equations of the electrodynamics of dispersive
anisotropic media are factorized in [5]. The initial first order integro-differential operator with arbitrary
nonpositive parameters was decomposed on three factors in [20] and further the sufficient conditions
for the existence of a solution are obtained on half line.

We propose in this article another factorization method on two factors which successfully was
applied in the articles by the authors [6], [7], [21]–[26] and by another author in [27]. Here we generalize
the results of these papers and study a more complicated boundary value problem with an abstract
operator equation

B1u = A2u− V Φ(A0u)− Y Φ(A2
0u)− SΨ(AA0u)−

−GΨ(A2u) = f, D(B1) = D(A2)

on a Banach space X, where A, A0 are abstract linear differential operators, the functional vectors
Φ,Ψ are defined on Xm and vectors V, Y, S,G ∈ Xm. We obtained the conditions on the vectors
∗Corresponding author. E-mail: paras@uth.gr
Received: 22 June 2023; Accepted: 12 September 2023.
c© 2024 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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V, Y, S,G under which the operator B1 can be factorized in a product of two second degree operators,
i.e. B1 = BB0 with

B0u = A2
0u− S0Φ(A0u)−G0Φ(A2

0u) = f, D(B0) = D(A2
0),

Bu = A2u− SΨ(Au)−GΨ(A2u) = f, D(B) = D(A2)

and then found the exact solution in closed form of the given problem, using the exact solutions of
the above two simple problems. Using of the obtained formula for the exact solution of the equation
B1u = f makes it possible to easily obtain exact solutions of a class of Fredholm IDEs with ordinary
or partial differential operators. The decomposition method, applied to abstract operator equation

Tu = Au−Ku−GΨ(Au) = f, D(T ) = D(A) = {u ∈ Xn : Φ(u) = 0}

on a Banach space X for solving boundary value problems for n-th order linear Volterra-Fredholm
integro-differential equations of convolution type, was used in [6], [7], where were constructed the
closed-form solutions to the two-phase integral model of Euler-Bernoulli nanobeams in bending under
transverse distributed load and various types of boundary conditions. In [21] the operator B1 corres-
ponding to the abstract operator equation

B1u = AA0u− S〈A0u,Φ
t〉Hm −G〈AA0u, F

t〉Hm = f

on a Hilbert space H was factorized in two operators, i.e. B1 = BGBG0 , where

BG0u = A0u−G0〈A0u,Φ
t〉Hm = f, D(BG0) = D(A0),

BGu = Au−G〈Au, F t〉Hm = f, D(BG) = D(A).

Further, using the exact solutions of these two simple equations, the exact solution of B1u = f was
obtained. An exact solution to the abstract operator equation

B1u = Au− SΦ(A0u)−GΨ(Au) = f, D(B1) = D(A)

on a Banach space was found in [22] by factorization of B1 in two simple operators, and then the
corresponding theory was applied for solving of Hyperbolic integro-differential equations with integral
boundary conditions. The exact solution to the abstract operator equation

B1u = A2u− SΦ(Au)−GΨ(A2u) = f, D(B1) = D(A2)

on a Banach space was obtained in [23]. The operator B1 corresponding to the abstract operator
equations

B1u = A2u− SF (Au)− SF (A2u) = f,

D(B1) = {u ∈ D(A2) : Φ(u) = NΨ(Au), Φ(Au) = DF (Au) +NΨ(A2u)}, and

B1u = A2u− SF (Au)− SF (A2u) = f,

D(B1) = {u ∈ D(A2) : Φ(u) = NΨ(u), Φ(Au) = DF (Au) +NΨ(Au)},

where D,N are matrices, S,G are vectors, by decomposition method for squared operators is factorized
in B1 = B2 and then the exact solution of B1u = f in closed form is easily obtained in [24], [25],
respectively. The exact solution to the abstract operator equation

B1u = Au− SΦ(u)−GΨ(A0u) = f, D(B1) = D(AA0)
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on a Banach space by factorization of B1 in two simple operators B,B0, was investigated in [26]. The
exact solution in closed analytical form to the abstract operator equation

B1u = Au− S0F (Au)−G0Φ(Au) = f, D(B1) = D(A)

was obtained by decomposition method in [27], and then was applied for solving some ordinary integro-
differential and partial integro-differential equations. Our decomposition method is simple to use and
can be easily incorporated into any Computer Algebra (CAS). The paper is organized as follows.
In Section 1 we give an introduction, terminology and notation. In Section 2 we develop the theory
for the solution of the problem B1x = f when B1 = BB0 with B and B0 being two linear second
degree abstract operators and give an example of boundary problem with integro-differential equation
demonstrating the power and usefulness of the methods presented.

Preliminaries

Throughout this paper by X we denote the complex Banach space and by X∗ the adjoint space of
X, i.e. the set of all complex-valued linear and bounded functionals f on X. We denote by f(x) the
value of f on x. We write D(A) and R(A) for the domain and the range of the operator A : X → Y ,
respectively. An operator A : X → Y is said to be injective or uniquelly solvable if for all u1, u2 ∈ D(A)
such that Au1 = Au2, follows that u1 = u2. Remind that a linear operator A is injective if and only
if kerA = {0}. An operator A : X → Y is called surjective or everywhere solvable if R(A) = Y. The
operator A : X → Y is said to be bijective if A is both injective and surjective. An operator A and the
corresponding problem Au = f are called correct if A is bijective and its inverse A−1 is bounded on
Y . Lastly, if for operator B1 : X → X there exist two operators B and B0 such that B1 = BB0 then
we say that BB0 is a decomposition (factorization) of B1. If gi ∈ X and ψi ∈ X∗, i = 1, . . . ,m, x ∈ X,
then we denote by G = (g1, . . . , gm), Ψ =col(ψ1, . . . , ψm) and Ψ(x) =col(ψ1(x), . . . , ψm(x)) and write
G ∈ Xm, Ψ ∈ X∗m. If G = (g1, ..., gm), g1, ..., gm ∈ D(A), then we write G ∈ [D(A)]m. We will denote
by Ψ(G) the m×m matrix whose i, j-th entry ψi(gj) is the value of functional ψi on element gj . Note
that Ψ(GC) = Ψ(G)C, where C is a m×k constant matrix. We will also denote by Im the identity
m×m matrix.

We will use the following Theorem, that have been shown in [20] and is recalled here but with a
different notation tailored to the needs of the present article.

Theorem 1. LetX be a complex Banach space, the vectors G0 = (g10, ..., gm0), G = (g1, ..., gm), S =
(s1, ..., sm) ∈ Xm, the components of the vectors Ψ = col(ψ1, ..., ψm) and Φ = col(φ1, ..., φm) belong
to X∗ and the operators B0, B,B1 : X → X defined by

B0u = A0u−G0Φ(A0u) = f, D(B0) = D(A0),

Bu = Au−GΨ(Au) = f, D(B) = D(A),

B1u = AA0u− SΦ(A0u)−GΨ(AA0u) = f, D(B1) = D(AA0), (1)

where A0, A : X → X are linear correct operators and G0 ∈ [D(A)]m. Then the following statements
are fulfilled:

(i) If
S ∈ [R(B)]m and S = BG0 = AG0 −GΨ(AG0), (2)

then the operator B1 can be factorized in B1 = BB0.
(ii) If the components of the vector Φ are linearly independent elements of X∗ and the operator

B1 can be factorized in B1 = BB0, then (2) is fulfilled.
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(iii) If there exists a vector G0 ∈ [D(A)]m, satisfying the equation AG0 −GΨ(AG0) = S, then B1

is bijective if and only if the operators B0 and B are bijective, which means that

detV = det[Im − Φ(G0)] 6= 0 and detL = det[Im −Ψ(G)] 6= 0.

In this case, the unique solution to the boundary value problem (1) for any f ∈ X, is given by

u = B−11 f = A−10 v +A−10 G0V
−1Φ(v), where v = A−1f +A−1GL−1Ψ(f). (3)

Lemma 2. Let X be a complex Banach space. Then a linear operator A : X → X is bijective if and
only if A2 is bijective.

Proof. Let A be bijective and u ∈ kerA2. Then A2u = 0. Applying twise the operator A−1 to this
equation we obtain u = 0 which proves that kerA2 = {0}. Consider the equation A2u = f, f ∈ X.
Applying twise the operator A−1 to this equation, we obtain u = A−1

(
A−1f

)
= A−2f for every f ∈ X,

which proves that R(A2) = X. Thus A2 is a bijective operator.
Conversely, let A2 be bijective. Then kerA2 = {0} and R(A2) = X, and from well-known relations

kerA ⊂ kerA2, R(A2) ⊂ R(A),

for a linear operator A : X → X, follows that kerA = {0} and R(A) = X. Hence A is a bijective
operator.

Bellow we prove the main theorem.
Theorem 3. Let X be a complex Banach space, A0, A

2
0, A,A

2 : X
on→ X linear operators and the

vectors V, Y,G, S ∈ Xm, Φ,Ψ ∈ [X∗]m, S0, G0 ∈ [D(A2)]m. Then for the operators B0,B,B1 : X →
X, defined by

B0u = A2
0u− S0Φ(A0u)−G0Φ(A2

0u) = f, D(B0) = D(A2
0), (4)

Bu = A2u− SΨ(Au)−GΨ(A2u) = f, D(B) = D(A2), (5)

B1u = A2A2
0u− V Φ(A0u)− Y Φ(A2

0u)− SΨ(AA2
0u)−GΨ(A2A2

0u) = f,

D(B1) = D(A2A2
0) = {u ∈ D(A2

0) : A2
0u ∈ D(A2)}, (6)

hold true the next statements:
(i) If the vectors G0 = (g10, ..., gm0) and S0 = (s10, ..., sm0) belong to [D(A2)]m and satisfy the

system of equations
V = BS0 = A2S0 − SΨ(AS0)−GΨ(A2S0), (7)

Y = BG0 = A2G0 − SΨ(AG0)−GΨ(A2G0), (8)

then the operator B1 can be factorized in B1 = BB0.
(ii) If G0 = (g10, ..., gm0), S0 = (s10, ..., sm0) ∈ [D(A2)]m and the operator B1 is factorized in

B1 = BB0, where A,A0 are bijective, and if the functional vectors

Φ̂(f) =
(
Φ ∗A−10 A−2

)
(f) = Φ(A−10 A−2f), Φ̌(f) =

(
Φ ∗A−2

)
(f) = Φ(A−2f)

are linearly independent on X, then (7), (8) hold true.
(iii) The operators B0,B are bijective if and only if, respectively,

det L0 = det

(
Im − Φ(A−1S0) −Φ(A−1G0)
−Φ(S0) Im − Φ(G0)

)
6= 0, (9)

det L = det

(
Im −Ψ(A−1S) −Ψ(A−1G)
−Ψ(S) Im −Ψ(G)

)
6= 0, (10)
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and in this case the unique solutions of (4), (5) for any f ∈ X are given by

u = B−10 f = A−20 f + (A−20 S0, A
−2
0 G0)L

−1
0

(
Φ(A−10 f)

Φ(f)

)
, (11)

u = B−1f = A−2f + (A−2S,A−2G)L−1
(

Ψ(A−1f)
Ψ(f)

)
, (12)

respectively.
(iv) If V, Y are defined by (7), (8) and A,A0 are bijective operators, then B1 is bijective if and only

if (9) and (10) are fulfilled, and the unique solution of (6) in this case for every f ∈ X is given by

u = A−20 v + (A−20 S0, A
−2
0 G0)L

−1
0

(
Φ(A−10 v)

Φ(v)

)
, where (13)

v = A−2f + (A−2S,A−2G)L−1
(

Ψ(A−1f)
Ψ(f)

)
. (14)

Proof (i). Taking into account that G0, S0 ∈ [D(A2)]m we obtain

D(BB0) = {u ∈ D(B0) : B0u ∈ D(B)} =

= {u ∈ D(A2
0) : A2

0u− S0Φ(A0u)−G0Φ(A2
0u) ∈ D(A2)} =

= {u ∈ D(A2
0) : A2

0u ∈ D(A2)} = D(A2A2
0) = D(B1).

We put y = B0u. Then for each u ∈ D(A2A2
0) since (5) and (4) we have

BB0u = By = A2y − SΨ(Ay)−GΨ(A2y) =

= A2B0u− SΨ(AB0u)−GΨ(A2B0u) =

= A2[A2
0u− S0Φ(A0u)−G0Φ(A2

0u)]−

−SΨ
(
A[A2

0u− S0Φ(A0u)−G0Φ(A2
0u)]

)
−

−GΨ
(
A2[A2

0u− S0Φ(A0u)−G0Φ(A2
0u)]

)
=

= A2A2
0u−A2S0Φ(A0u)−A2G0Φ(A2

0u)−

−SΨ
(
AA2

0u−AS0Φ(A0u)−AG0Φ(A2
0u)
)
−

−GΨ
(
A2A2

0u−A2S0Φ(A0u)−A2G0Φ(A2
0u)
)

=

= A2A2
0u−A2S0Φ(A0u)−A2G0Φ(A2

0u)−

−SΨ(AA2
0u) + SΨ(AS0)Φ(A0u)+

+SΨ(AG0)Φ(A2
0u)−GΨ(A2A2

0u)+

+GΨ(A2S0)Φ(A0u) +GΨ(A2G0)Φ(A2
0u).

So we obtain
BB0u = A2A2

0u− [A2S0 − SΨ(AS0)−GΨ(A2S0)]Φ(A0u)−

−[A2G0 − SΨ(AG0)−GΨ(A2G0)]Φ(A2
0u)−

−SΨ(AA2
0u)−GΨ(A2A2

0u), or

BB0u = A2A2
0u−BS0Φ(A0u)−BG0Φ(A2

0u)− SΨ(AA2
0u)−GΨ(A2A2

0u), (15)
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where the relations
BS0 = A2S0 − SΨ(AS0)−GΨ(A2S0),

BG0 = A2G0 − SΨ(AG0)−GΨ(A2G0)

follow by substituting u = S0 and u = G0 in (5). By comparing (6) with (15), it is easy to verify that
BB0u = B1u for each u ∈ D(A2A2

0) if (7), (8) hold true.
(ii) Let now BB0u = B1u for each u ∈ D(A2A2

0). Then by subtraction for each u ∈ D(A2A2
0), we

get BB0u−B1u = 0, which implies

(BS0 − V )Φ(A0u) + (BG0 − Y )Φ(A2
0u) = 0,

or, since the operators A,A0 are bijective and, by Lemma 2, the operators A2, A2
0 are bijective too, we

have
(BS0 − V )Φ(A−10 A−2A2A2

0u) + (BG0 − Y )Φ(A−2A2A2
0u) = 0,

or denoting f = A2A2
0u, for each f ∈ X we get

(BS0 − V )Φ(A−10 A−2f) + (BG0 − Y )Φ(A−2f) = 0,

which is
(BS0 − V )Φ̂(f) + (BG0 − Y )Φ̌(f) = 0, ∀f ∈ X.

The last equation, because of the vectors Φ̂, Φ̌ are linear independent on X, gives V = BS0, Y = BG0.
(iii)-(iv) Let the operator B1 and the vectors V, Y be defined by (6), (7) and (8), respectively.

Equation (6) can also be written in matrix notation as

B1u = A2A2
0u−

(
BS0,BG0

)(Φ(A0u)
Φ(A2

0u)

)
− (S,G)

(
Ψ(AA2

0u)
Ψ(A2A2

0u)

)
= f,

or

B1u = A2A2
0u−

(
BS0,BG0

)(Φ(A−10 A2
0u)

Φ(A2
0u)

)
− (S,G)

(
Ψ(A−1A2A2

0u)
Ψ(A2A2

0u)

)
= f,

or
B1u = AA0u− S̃Φ̃(A0u)− G̃Ψ̃(AA0u) = f, D(B1) = D(AA0), (16)

where
A = A2, A0 = A2

0, S̃ = BG̃0, G̃ = (S,G), G̃0 = (S0, G0), (17)

Φ̃ = col
(
Φ ∗A−10 ,Φ

)
, Ψ̃ = col

(
Ψ ∗A−1,Ψ

)
(18)

and (Φ ∗ A−10 )(v) = Φ(A−10 v), (Ψ ∗ A−1)(v) = Ψ(A−1v). Remind that by Lemma 2, the operators
A = A2 and A0 = A2

0 are bijective, because of A and A0 are bijective. Notice that the components of
the vectors Φ̃ and Ψ̃ are bounded on X, since the operators A−10 , A−1 are bounded, the components of
the vectors Φ and Ψ belong to X∗ and for any f ∈ X the elements A−10 A−2f , A−2f ∈ X. It is easy
to verify that Equations (4) and (5) can be equivalently represented in matrix form:

B0u = A0u− G̃0Φ̃(A0u) = f, D(B0) = D(A0),

Bu = Au− G̃Ψ̃(Au) = f, D(B) = D(A).

Now by Theorem 1, where instead of B,B0, B1, S,G,Φ,Ψ, A,A0, L, V andm we have B,B0,B1, S̃, G̃,
Φ̃, Ψ̃,A,A0,L,V and 2m, respectively, we conclude that the operator B1 can be factorized in B1 =
BB0 if

AG̃0 − G̃Ψ̃(AG̃0) = G̃. (19)

154 Bulletin of the Karaganda University



Factorization of abstract operators ...

It is easy to verify that Equation (19) is equivalent to System (7), (8). Also by Theorem 1, the operator
B1 is bijective if and only if

det V = det[I2m − Φ̃(G̃0)] 6= 0 and det L = det[I2m − Ψ̃(G̃)] 6= 0,

respectively. The last inequalities, since

Φ̃(G̃0) =

(
(Φ ∗A−10 )(S0) (Φ ∗A−10 )(G0)

Φ(S0) Φ(G0)

)
=

(
Φ(A−10 S0) Φ(A−10 G0)

Φ(S0) Φ(G0)

)
,

Ψ̃(G̃) =

(
(Ψ ∗A−1)(S) (Ψ ∗A−1)(G)

Ψ(S) Ψ(G)

)
=

(
Ψ(A−1S) Ψ(A−1G)

Ψ(S) Ψ(G)

)
,

give (9) and (10). Let B1u = BB0u = f, f ∈ X. By Theorem 1 using (3), since B,B0 are bijective
operators, we obtain the unique solution of (16) or (6)

u = B−10 v = A−10 v +A−10 G̃0L
−1
0 Φ̃(v), where

v = B−1f = A−1f +A−1G̃L−1Ψ̃(f),

which since (17), (18) gives

u = B−10 v = A−20 v + (A−20 S0, A
−2
0 G0)L

−1
0

(
Φ(A−10 v)

Φ(v)

)
, where (20)

v = B−1f = A−2f + (A−2S,A−2G)L−1
(

Ψ(A−1f)
Ψ(f)

)
. (21)

So we proved (13), (14). From (20), (21) we immediately obtain (11), (12). The theorem is proved.
The next theorem follows from Theorem 3 and is useful in applications and gives the decomposition

B1 = BB0, where B,B0 beforehand we do not know. Also this theorem gives a criterion for the
bijectivity of B1 and the solution of B1u = f in an elegant way.

Theorem 4. Let the space X and the vectors V, Y, S,G,Φ,Ψ be defined as in Theorem 3 and the
operator B1 : X → X by

B1u = A2u− V Φ(A0u)− Y Φ(A2
0u)− SΨ(AA0u)−GΨ(A2u) = f, D(B1) = D(A2), (22)

where A0 : X → X is a bijective n1-order differential operator and A : X → X is a n-order differential
operator, n1 < n. Suppose that there exists a bijective linear differential n − n1 order operator
A : X → X such that

A = AA0, D(B1) = D(A2A2
0) (23)

and

det L = det

(
Im −Ψ(A−1S) −Ψ(A−1G)
−Ψ(S) Im −Ψ(G)

)
6= 0. (24)

Then the operator B1 is factorized into B1 = BB0, where B0, B are defined by (4), (5), respectively,
and

S0 = A−2V + (A−2S,A−2G)L−1
(

Ψ(A−1V )
Ψ(V )

)
, (25)

G0 = A−2Y + (A−2S,A−2G)L−1
(

Ψ(A−1Y )
Ψ(Y )

)
. (26)

Furtermore the operator B1 is bijective if (9) is fulfilled, and in this case a unique solution to the
boundary value problem (22), (23) for any f ∈ X is given by (13), (14).
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Proof. Substituting A = AA0 into (22) we obtain the operator B1 in the form (6). Construct the
operators B0 and B by using (4) and (5), respectively, where for B we take the elements G,S,Ψ and
A from (22) and (23), and for B0 the elements A0,Φ and S0, G0 from (22) and (25), (26).

Note that the operator B, by Theorem 3 (iii), since (24) and bijectivity of A, is bijective, and that
taking into account (12) the system of equations (25), (26) can be represented as S0 = B−1V and
G0 = B−1Y. The last system, because of bijectivity of B, is equivalent to the system V = BS0 and
Y = BG0, which is the system (7), (8). Then by Theorem 3 (i), the operator B1 can be factorized
in B1 = BB0. Furthermore by Theorem 3 (iv), since (24) and bijectivity of A0, the operator B1 is
bijective if (9) holds. The unique solution to (22), (23), by Theorem 3 (iv), is given by (13), (14). The
theorem is proved.

A reader can prove easily by Lemma 2 the next proposition.
Proposition 5. Let the operators A0, A : C[0, 1]→ C[0, 1] be defined by

A0u(t) = u′(t) = f, D(A0) = {u(t) ∈ C1[0, 1] : u(0) = 0}, (27)

Au(t) = u′(t) = f, D(A) = {u(t) ∈ C1[0, 1] : u(1) = 0}. (28)

Then:
(i) The operators A0, A are bijective and the unique solution of the problem (27) and (28) is given

by

u(t) = A−10 f(t) =

∫ t

0
f(x)dx, (29)

u(t) = A−1f(t) =

∫ t

0
f(x)dx−

∫ 1

0
f(x)dx, (30)

respectively.
(ii) The operators A2

0, A
2 : C[0, 1]→ C[0, 1] are defined by

A2
0u(t) = u′′(t) = f, D(A2

0) = {u(t) ∈ C2[0, 1] : u(0) = 0, u′(0) = 0}, (31)

A2u(t) = u′′(t) = f, D(A2) = {u(t) ∈ C2[0, 1] : u(1) = 0, u′(1) = 0}, (32)

and bijective. The unique solution of the problem (31), (32) is given by

u(t) = A−20 f(t) =

∫ t

0
(t− x)f(x)dx, (33)

u(t) = A−2f(t) =

∫ t

0
(t− x)f(x)dx−

∫ 1

0
(t− x)f(x)dx, (34)

respectively.

Example 6. Let the operator B1 : C[0, 1]→ C[0, 1] be defined by

B1u = u(4)(t)− (5− 2t)

∫ 1

0
x2 u′(x)dx− (6t− 3)

∫ 1

0
x2 u′′(x)dx−

−12

∫ 1

0
xu′′′(x)dx− (2t+ 1)

∫ 1

0
xu(4)(x)dx = 2− 3t, (35)

D(B1) = {u(x) ∈ C4[0, 1] : u(0) = u′(0) = u′′(1) = u′′′(1) = 0}. (36)

Then:
(i) B1 can be factorized as a product of two operators and is bijective.
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(ii) The unique solution of Problem (35)-(36) is given by

u(t) = − t
2(12271t3 − 46530t2 + 63410t− 33760)

531448
. (37)

Proof (i). If we compare equation (35) with equation (22), it is natural to take A0u = u′(x), A2
0u =

u′′(x), AA0u = u′′′(x), A2u = u(4), n1 = 1, V = 5 − 2t, Y = 6t − 3, S = 12, G = 2t + 1, f=2-
3t, Φ(A0u) =

∫ 1
0 x

2 u′(x)dx, Φ(A2
0u) =

∫ 1
0 x

2 u′′(x)dx, Ψ(AA0u) =
∫ 1
0 xu

′′′(x)dx, Ψ(A2u) =∫ 1
0 xu

(4)(x)dx.
Then

Φ(v) =

∫ 1

0
x2 v(x)dx, Ψ(v) =

∫ 1

0
x v(x)dx. (38)

It is evident that Φ,Ψ ∈ X∗. We chooce the operator A to satisfy (23), namely Au = AA0u, D(B1) =
D(A2A2

0). FromAu(x) = AA0u(x), AA0u = u′′′(x) andA0u(x) = u′(x) we getAA0u(x) = AA2
0u(x) =

Au′′(x) = u′′′(x). Denote v(x) = u′′(x), then Av(x) = v′(x). Let D(A0) = {u(x) ∈ C1[0, 1] : u(0) =
0}, D(A) = {v(x) ∈ C1[0, 1] : v(1) = 0}. So we proved that the operators A0, A are defined as in (27),
(28). Then the operators A2

0, A
2 are defined as in (31), (32), respectively. Further we find

D(A2A2
0) = {u(t) ∈ D(A2

0) : A2
0u(t) ∈ D(A2)} =

= {u(t) ∈ C2[0, 1] : u(0) = u′(0) = 0, u′′(t) ∈ C2[0, 1], u′′(1) = u′′′(1) = 0} =

= {u(t) ∈ C4[0, 1] : u(0) = u′(0) = 0, u′′(1) = u′′′(1) = 0} = D(B1).

This proves that the conditions (23) are satisfied and so we can apply Theorem 4. Using (30) and (38)
by simple calculations we find

A−1S =
∫ t
0 Sdx−

∫ 1
0 Sdx = 12t− 12,

A−1G =
∫ t
0 Gdx−

∫ 1
0 Gdx =

∫ t
0 (2x+ 1)dx−

∫ 1
0 (2x+ 1)dx = t2 + t− 2,

Ψ(A−1S) =
∫ 1
0 x(12x− 12)dx = −2, Ψ(A−1G) =

∫ 1
0 x(x2 + x− 2)dx = −5/12,

Ψ(S) =
∫ 1
0 12xdx = 6, Ψ(G) =

∫ 1
0 x(2x+ 1)dx = 7/6.

By (10), we obtain L =

(
3 5/12
−6 −1/6

)
. Then det L 6= 0 and L−1 =

(
−1/12 −5/24

3 3/2

)
. By Theorem 4,

the operator B1 is factorized in B1 = BB0, where B0, B and S0, G0 are defined by (4), (5) and (25),
(26), respectively. Using (34) for S = 12, G = 2x+ 1, we obtain

A−2S =
∫ t
0 (t− x)Sdx−

∫ 1
0 (t− x)Sdx = 6(t− 1)2,

A−2G = t3/3 + t2/2− 2t+ 7/6.
By (30), (34) for V = 5− 2x, Y = 6x− 3 we get

A−1V =
∫ t
0 V (x)dx−

∫ 1
0 V (x)dx = 5t− t2 − 4,

A−1Y =
∫ t
0 Y (x)dx−

∫ 1
0 Y (x)dx = 3t2 − 3t,

A−2V =
∫ t
0 (t− x)V (x)dx−

∫ 1
0 (t− x)V (x)dx = −t3/3 + 5t2/2− 4t+ 11/6,

A−2Y = t3 − 3t2/2 + 1/2, and further by (38) we have
Ψ(A−1V ) =

∫ 1
0 t(5t− t

2 − 4)dt = −7/12, Ψ(A−1Y ) = −1/4,

Ψ(V ) =
∫ 1
0 t(5− 2t)dt = 11/6, Ψ(Y ) = 1/2.

Applying (25), (26) and the above calculations we get
S0 = S0(t) = (t− 1)2, G0 = G0(t) = t(t− 1)2.

By (29) we find A−10 S0 =
∫ t
0 S0(x)dx = t(t2 − 3t+ 3)/3,

A−10 G0 =
∫ t
0 G0(x)dx = t2(3t2 − 8t+ 6)/12. Then

Φ(A−10 S0) =
∫ 1
0 t

2t(t2 − 3t+ 3)/3dt = 19/180,

Φ(A−10 G0) =
∫ 1
0 t

2t2(3t2 − 8t+ 6)/12dt = 31/1260,
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Φ(S0) =
∫ 1
0 t

2(t− 1)2dt = 1/30,

Φ(G0) =
∫ 1
0 t

3(t− 1)2dt = 1/60.

Using (9) we obtain L0 =

(
161/180 −31/1260
−1/30 59/60

)
. It is easy to verify that

det L0 6= 0, L−10 =
1

66431

(
74340 1860
2520 67620

)
.

Then, by the Theorem 4, the operator B1 is bijective.
(ii) Now we find the solution of (35)-(36). Using (29), (33), (30), (34), (38) we find

A−20 S0 =
t2

12
(t2 − 4t+ 6), A−20 G0 =

t3

60
(3t2 − 10t+ 10),

and for f = 2− 3t

A−1f =
1

2
(4t− 3t2 − 1), A−2f =

1

2
(−t3 + 2t2 − t),

Ψ(f) =

∫ 1

0
(2− 3t)tdt = 0, Ψ(A−1f) = 1/24.

Using (14) from the above we get

v = v(t) = −11t3 − 25t2 + 17t− 3

24
.

Then by (29), (33) and (38) we have

A−10 v(t) =

∫ t

0
v(x)dx = − t(33t3 − 100t2 + 102t− 36)

288
,

A−20 v(t) =

∫ t

0
(t− x)v(x)dx = − t

2(33t3 − 125t2 + 170t− 90)

1440
,

A−20 S0 =

∫ t

0
(t− x)S0(x)dx =

∫ t

0
(t− x)(x− 1)2dx =

t2(t2 − 4t+ 6)

12
,

A−20 G0 =

∫ t

0
(t− x)G0(x)dx =

∫ t

0
(t− x)x(x− 1)2dx =

t3(3t2 − 10t+ 10)

60
,

Φ(v) =

∫ 1

0
x2v(x)dx = − 1

288
,

Φ(A−10 v) = −
∫ 1

0
x2A−10 v(x)dx = −

∫ 1

0
x2
[
x(33x3 − 100x2 + 102x− 36)

288

]
dx =

29

15120
.

Substituting these values into (13) we obtain (37).
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Абстрактiлi операторларды екiншi дәрежелi екi операторға
факторизациялау және оны интегралдық дифференциалдық

теңдеулерге қолдану

И.Н. Парасидис, Е. Провидас

Фессалия университетi, Лариса, Греция

Мақалада дербес туындылы дифференциалдық оператормен немесе Фредгольм интегралдық-диффе-
ренциалдық теңдеуiне сәйкес келетiн қарапайым дифференциалдық операторы бар B1 абстрактылы
сызықтық операторымен B1x = f шекаралық есебi зерттелген. Биективтi оператор B1 түрiндегi
факторизацияны өткiзген жағдайда B1 = BB0, B1x = f есебiнiң дәл аналитикалық шешiмi алынды,
мұндағы B, B0 B1 қарағанда қарапайым, екiншi дәрежелi екi сызықтық абстрактылы оператор. B1

операторының факторизациялау шарттары және биективтiлiктiң критерийi табылды.

Кiлт сөздер: корректiлi оператор, биективтi оператор, сызықтық операторларды факторизациялау
(жiктеу), Фредгольм интегралдық-дифференциалдық теңдеулерi, шекаралық есептер, дәл шешiмдер.

Факторизация абстрактных операторов на два оператора второй
степени и ее приложения к интегро-дифференциальным

уравнениям

И.Н. Парасидис, Е. Провидас

Университет Фессалии, Лариса, Греция

Исследована краевая задача B1x = f с абстрактным линейным оператором B1, соответствующая
интегро-дифференциальному уравнению Фредгольма с обыкновенным дифференциальным операто-
ром или дифференциальным оператором в частных производных. Получено точное аналитическое
решение задачи B1x = f в случае, когда биективный оператор B1 допускает факторизацию вида
B1 = BB0, где B, B0 — два линейных абстрактных оператора второй степени, более простых, чем
B1. Найдены условия факторизации и критерий биективности оператора B1.

Ключевые слова: корректный оператор, биективный оператор, факторизация (разложение) линейных
операторов, интегро-дифференциальные уравнения Фредгольма, краевые задачи, точные решения.
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The first boundary value problem for the fractional diffusion equation
in a degenerate angular domain
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This article addresses the problems observed in branching fractal structures, where super-slow transport
processes can occur, a phenomenon described by diffusion equations with a fractional time derivative. The
characteristic feature of these processes is their extremely slow relaxation rate, where a physical quantity
changes more gradually than its first derivative. Such phenomena are sometimes categorized as processes
with “residual memory”. The study presents a solution to the first boundary problem in an angular domain
degenerating into a point at the initial moment of time for a fractional diffusion equation with the Riemann-
Liouville fractional differentiation operator with respect to time. It establishes the existence theorem of
the problem under investigation and constructs a solution representation. The need for understanding
these super-slow processes and their impact on fractal structures is identified and justified. The paper
demonstrates how these processes contribute to the broader understanding of fractional diffusion equations,
proving the theorem’s existence and formulating a solution representation.

Keywords: partial differential equation, fractional calculus, angular domain, kernel, weak singularity, parabolic
cylinder, Carleman-Vekua equation, general solution, unique solution, Riemann-Lioville fractional operator.

2020 Mathematics Subject Classification: 35R11.

Introduction

The paper discusses an equation of the form:(
∂α

∂tα
− ∂2

∂x2

)
u(x, t) = f(x, t), (0 < α < 1), (1)

where ∂α

∂tα is a fractional derivative of an order α with respect to the variable t, starting from the point
t = 0. This type of fractional differentiation is defined by the Riemann-Liouville operator:

ag
(ν)(x) ≡ aD

ν
xg(x) =


1

Γ(−ν)

∫ x
a (x− ξ)−ν−1g(ξ)dξ, ν < 0,

1
Γ(1−ν)Dx

∫ x
a (x− ξ)−νg(ξ)dξ, 0 ≤ ν < 1,

1
Γ(2−ν)D2

x

∫ x
a (x− ξ)−ν+1g(ξ)dξ, 1 ≤ ν < 2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . , . . . . . . . . . . . .

Fractional diffusion equations (where 0 < α ≤ 1) have been extensively studied in recent years. This
surge in interest is due to their widespread applications in physics and modeling, as referenced in sources
[1–5]. The primary methodologies for exploring diffusion-wave equations are detailed in publications
[6–24], while monographs [25] and [26] provide a comprehensive bibliography on the subject.
∗Corresponding author. E-mail: madiomarovt@gmail.com
This research was funded by the Science Committee of the Ministry of Science and Higher Education of the Republic

of Kazakhstan (Grant No. АР23488729).
Received: 18 October 2023; Accepted: 04 December 2023.
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Nearly all studies related to equation (1) have focused on initial and boundary problems in both
limited and unlimited cylindrical areas. Specifically, the first boundary problem for the fractional
diffusion equation in a rectangular area was examined in [17,18]. In publication [27], the first boundary
problem for the fractional diffusion-wave equation in a non-cylindrical area was solved. However, the
area where the solution is sought does not degenerate into a point at the initial moment in time.

The aim of this study is to solve the first boundary problem for equation (1) in a domain that is
not cylindrical, but rather angular, and degenerates into a point at the initial moment in time.

In relation to the boundary value problems for the heat conduction equation with a diffusion
coefficient α set to 1: (

∂

∂t
− ∂2

∂x2

)
u(x, t) = f(x, t),

these problems have been investigated in non-cylindrical domains by several authors [28–32]. It is
important to underline that boundary value problems for the Laplace equation in domains with evolving
boundaries are distinct from the classical ones defined in fixed cylindrical domains. The reason is that
the dimensions of the domain where the solution is sought are time-dependent, which makes these
problems unsuitable for classical variable separation and integral transformation methods.

The potential theory approach allows reformulating the boundary value problem into a Volterra
system of second kind integral equations. In such cases, if the domain’s boundary does not exist at
the initial time, then the corresponding system of integral equations can be solved by the method of
successive approximations due to the weak singularity of their kernels. In contrast, if the boundary
exists at the initial time, the integral equations of the boundary value problem might admit additional
solutions, and the implementation of the Picard method encounters certain mathematical complexities.
Similar issues occur for boundary value problems of the Dirichlet problem for the Laplace equation in
non-cylindrical domains that originate at the initial moment in time.

1 Problem Statement

To determine a regular solution for the fractional time-derivative heat equation:(
∂α

∂tα
− ∂2

∂x2

)
u(x, t) = f(x, t), (0 < α < 1),

within the domain
D = {(x, t) : 0 < x < t, 0 < t <∞},

that adheres to the boundary conditions:

u(0, t) = 0, u(t, t) = 0, 0 < t <∞. (2)

We denote u(x, t) as a regular solution of equation (1) in domain D such that:

t1−γu(x, t) ∈ C(D)

for some γ > 0. Additionally, the solution u(x, t) must be continuous within D and possess a continuous
partial derivative with respect to x, and its second-order derivative with respect to x, 0D

v
t u(x, y), must

be continuous in the variable t at fixed x inside the domain D and up to the boundary set {0 < x < t},
with u(x, t) fulfilling equation (1) at every point in D.
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2 Main Result

Definitions are introduced as follows:

β =
α

2
, ωβ,µ(x, t) = tµ−1W

(
−β, µ;−|x|

tβ

)
,

ω(x, t) = ωβ,0(x, t),

in which

W (−β, µ; z) =
∞∑
k=0

zk

k!Γ(µ− βk)

represents the Wright function, as discussed in [33].
The following statement holds true:

Theorem 1. Let the conditions be satisfied: t1−γgi(t) ∈ C[0, T ], i = 1, 2, for some γ > 0, and
t1−µf(x, t) ∈ C(D), µ ≥ 0, if f(x, t) satisfies the Holder condition with respect to the variable x.

Then the solution to problem (1)-(2) exists and can be expressed as

u(x, t) =

∫ t

0
ψ1(τ)ω(x, t− τ)dτ +

∫ t

0
ψ2(τ)ω(T − x, t− τ)dτ + F (x, t), (3)

here

F (x, t) =
1

2

∫ t

0

∫ τ

0
f(s, τ)ωβ,µ(x− s, t− τ)dsdτ,

and ψ1(t), ψ2(t) from (3) are the solutions to the system of integral equations{
ψ1(t) +

∫ t
0 ψ2(τ)ω(τ, t− τ)dτ = −F (0, t),

ψ2(t) +
∫ t

0 ψ1(τ)ω(t, t− τ)dτ +
∫ t

0 ψ2(τ)ω(τ − t, t− τ)dτ = −F (t, t).
(4)

From the first equation of this system (4), we obtain

ψ1(t) = −
∫ t

0
ψ2(τ)ω(t, τ − t)dτ − F (0, t),

and substituting ψ1(t) into the second equation of the system (4), we get [33]:

ψ2(t) +

∫ t

0

(
−
∫ τ

0
ψ2(ξ)ω(ξ, τ − ξ)dξ − F (0, τ)

)
ω(t, t− τ)dτ+

+

∫ t

0
ψ2(τ)ω(τ − t, t− τ)dτ = −F (t, t).

(5)

Substituting into the repeated integral and changing the order of integration as well as the dummy
variables ξ and τ , from equation (5), we arrive at a special integral equation of the second kind in the
form of a Volterra equation:

ψ2(t)−
∫ t

0
K(t, τ)ψ2(τ)dτ = F(t), (6)

here

K(t, τ) =

∫ t

τ
ωβ,0(τ, ξ − τ)ωβ,0(t, t− ξ)dξ − ωβ,0(τ − t, t− τ), (7)
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and

F(t) =

∫ t

0
F (0, τ)ω(t, τ − t)dτ − F (t, t). (8)

To perform the calculation of integral (6) having (7) and (8), it is necessary to employ.∫ t

τ
ωβ,0(τ, ξ − τ)ωβ,0(t, t− ξ)dξ.

The convolution formula is applied to the Wright function as referenced in [33], and this is expressed
through the function ωβ,µ(x, t):∫ y

0
ωα,δ (x1, ξ)ωα,µ (x2, (y − ξ)) dξ = ωα,δ+µ (x1 + x2, y) .

Then we obtain, ∫ t

τ
ωβ,0(τ, ξ − τ)ωβ,0(t, t− ξ)dξ = ‖ξ − τ = η‖ =

=

∫ t−τ

0
ωβ,0(τ, η)ωβ,0(t, (t− τ)− η)dη =

= ωβ,0(t+ τ, t− τ).

Therefore, the conclusive kernel Kβ(t, τ) is determined by the following relation:

Kβ(t, τ) = ωβ,0(t+ τ, t− τ)− ωβ,0(τ − t, t− τ). (9)

The second term of kernel (9) has a weak singularity, since the following estimate is valid for it:

ωβ,0(τ − t, t− τ) ≤ C(β)

(t− τ)β
. (10)

Indeed, by applying the estimate found in [26]:

|ωµ(x, y)| 6 C(β, µ, θ)|x|−θyβθ+µ−1,

θ >

{
0, (−µ) /∈ N ∪ {0}
−1, (−µ) ∈ N ∪ {0}

,

taking into account that µ = 0, and choosing

θ = − β

1− β
> −1.

This leads to the confirmation of inequality (10). Next, we aim to demonstrate the special nature of
the kernel Kβ(t, τ).

Lemma. If 0 < β ≤ 1/2, the equality holds true

lim
t→0

∫ t

0
Kβ(t, τ)dτ = 1. (11)
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Proof. Initially, when t is small, these inequalities are applicable:

ωβ,0(t, t− τ) ≥ ωβ,0(t+ τ, t− τ) ≥ ωβ,0(2t, t− τ).

Using equation [33]
Dv

0tωβ,µ(x, y) = ωβ,µ−v(x, y)

these results in

lim
t→0

∫ t

0
ωβ,0(bt, t− τ)dτ = lim

t→0
ωβ,1(bt, t) = 1, b = 1, 2.

Therefore, considering inequality (10), we establish the validity of equality (11).

The kernel’s properties make it unsuitable for solving the corresponding integral equation through
the method of successive approximations. This limitation of the integral equation is due to the solution
domain for the problem collapsing to a single point at the start. Otherwise, if this collapse didn’t
occur, the kernel for the integral equation would possess a weak singularity, enabling the use of Picard’s
method for finding a solution [33].

3 Solution of the special integral equation (6)

To solve the integral equation mentioned in equation (6), we apply the Carleman-Vekua method.
This involves using a specific integral equation, which we refer to as the characteristic equation.

ψ2(t)−
∫ t

0
K 1

2
(t, τ)ψ2(τ)dτ = Q(t) (12)

here

K1/2(t, τ) =
1

2a
√
π

{
t+ τ

(t− τ)
3
2

exp

(
− (t+ τ)2

4a2(t− τ)

)
+

1

(t− τ)
1
2

exp

(
− t− τ

4a2

)}
. (13)

Relation (13) can be verified directly using the following formula [34; 5.2.10(2)] for (n = −2),

∞∑
k=0

(−1)kxk

k!Γ[1 + (n− k)/2]
=

1√
π

2(n+1)/2e−x
2/8D−n−1

(
x
√

2

2

)
,

here D−n−1 (z) is the function of a parabolic cylinder.
At the same time, the kernel K 1

2
(t, τ) possesses a similar property as described in equation (11):

lim
t→0

∫ t

0
K 1

2
(t, τ)dτ = 1.

This means that the kernel difference K 1
2

(t, τ) − Kβ (t, τ) = K̃ (t, τ) has a weak singularity. We will
employ the regularization method to solve the characteristic equation, known as the Carleman-Vekua
equation, and to do so, we will express equation (12) in a particular form:

ψ2(t)−
∫ t

0
K 1

2
(t, τ)ψ2(τ)dτ = Q(t)−

∫ t

0
K̃(t, τ)ψ2(τ)dτ. (14)

Assuming the right-hand side of this equality is temporarily known and denoting it by

Q(t) = F(t)−
∫ t

0
K̃(t, τ)ψ2(τ)dτ.
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Equation (14) can be represented in the following form:

K1/2ψ2 ≡ ψ2(t)−
∫ t

0
K 1

2
(t, τ)ψ2(τ)dτ = Q(t). (15)

In [35] it is shown that the general solution of equation (15) in the weight class of functions

√
t exp

(
− t

4a2

)
ϕ (t) ∈ L∞ (0,∞)

has the form:
Kψ2 ≡ ψ2(t)−

[
K 1

2

]−1
Q(t) = c0ψ0(t) (16)

and the function

ψ0(t) =
1√
t

exp

(
− t

4a2

)
+

√
π

2a
erf

(√
t

2a

)
+

√
π

2a

is the general solution of the corresponding homogeneous integral equation.
The integral equation (16) is already solvable by the method of successive approximations and the

solution to the corresponding homogeneous equation will be determined by the equality:

ψ2,0(t) = c0[K]−1 [ψ0(t)] .

Similarly, as in the work [33], it is proven that function (6) is a solution to equation (1) and satisfies
conditions (2), thus proving the validity of Theorem 1.

Conclusion

It is shown that in a non-cylindrical domain that degenerates at the initial moment of time into a
point, the first boundary value problem for a fractional diffusion equation with the Riemann-Liouville
fractional differentiation operator with respect to a time variable is singular, that is, it may not have
a unique solution.
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27 Gevrey M. Sur les équations aux dérivées partielles du type parabolique / M. Gevrey // J. Math.
Pures Appl. — 1913. — 6. — No. 9. — P. 305–476.

28 Mamchuev M.O. Fourier Problem for Fractional Diffusion–Wave Equation / M.O. Mamchuev,
A.M. Mamchuev // Lobachevskii Journal of Mathematics. — 2023. — 44. — No. 2. — P. 620–628.
https://doi.org/10.1134/S1995080223020257

29 Liu J. A new fractional derivative for solving time fractional diffusion wave equation / J. Liu,
X. Yang, Y. Feng, L. Geng // Mathematical Methods in the Applied Sciences. — 2022. — 46. —
No. 1. — P. 267–272. https://doi.org/10.1002/mma.8509

30 Kharin S. Mathematical model of electrical contact bouncing / S. Kharin // AIP Conference
Proceedings. — 2015. — 1676. — No. 1. — 020019. https://doi.org/10.1063/1.4930445

31 Дженалиев М.Т. Нагруженные уравнения как возмущения дифференциальных уравнений
/ М.Т. Дженалиев, М.И. Рамазанов. — Алматы: Fылым, 2010. — 334 с.

32 Pskhu A.V. Boundary value problem for fractional diffusion equation in a curvilinear angle
domain / A.V. Pskhu, M.I. Ramazanov, N.K. Gulmanov, S.A. Iskakov // Bulletin of the Karaganda
university. Mathematics series. — 2022. — № 1(105). — P. 83–95. https://doi.org/10.31489/
2022M1/83-95

33 Псху А.В. Первая краевая задача для дробного диффузионно-волнового уравнения в неци-
линдрической области / А.В. Псху // Изв. РАН. Сер. матем. — 2017. — 81. — № 6. —
С. 158–179. https://doi.org/10.4213/im8520

34 Прудников А.П. Интегралы и ряды: справоч.: [В 3-х т.] — Т. 2. Специальные функции /
А.П. Прудников, Ю.А. Брычков, О.И. Маричев. — 2-е изд., испр. — М.: Физматлит, 2003.
— 664 с.

35 Jenaliyev M. On a Volterra equation of the second kind with “incompressible” kernel / M. Jenaliyev,
M. Amangaliyeva, M. Kosmakova, M. Ramazanov // Advances in Difference Equations. — 2015.
— 71. — P. 1–14. https://doi.org/10.1186/s13662-015-0418-6

Mathematics series. No. 1(113)/2024 169



M.I. Ramazanov, A.V. Pskhu, M.T. Omarov

Бұрыштық жойылмалы аядағы бөлшектi диффузия теңдеуi үшiн
бiрiншi шекаралық есеп

М.И. Рамазанов1, А.В. Псху2, М.Т. Омаров1

1Қолданбалы математика институты, Академик Е.А. Бөкетов атындағы Қарағанды университетi,
Қарағанды, Қазақстан;

2РҒА Кабардин-Балқар ғылыми орталығының Қолданбалы математика және автоматтандыру институты,
Нальчик, Ресей

Мақала тармақталған фракталды құрылымдарда байқалатын мәселелердi қарастырады, мұнда уақыт
бойынша бөлшектiк туындылары бар диффузиялық теңдеулермен сипатталатын өте баяу транс-
порттық процестер болуы мүмкiн. Осы процестердiң ерекше белгiсi — олардың өте баяу релакса-
ция жылдамдығы, мұнда физикалық шама оның бiрiншi туындысынан гөрi бiртiндеп өзгередi. Мұн-
дай құбылыстар кейде «қалдық жады» бар процестер ретiнде жiктеледi. Зерттеуде уақыт бойын-
ша Риман-Лиувилль бөлшектiк дифференциалдау операторы бар бөлшектiк диффузиялық теңдеу
үшiн бұрыштық облыста, бастапқы уақыт моментiнде нүктеге дегенерацияланған бiрiншi шекара-
лық есептiң шешiмi ұсынылған. Онда зерттелетiн есептiң бар екендiгi туралы теорема анықталған
және есептiң шешiмi көрсетiлген. Мақалада осындай өте баяу процестердi және олардың фракталды
құрылымдарға әсерiн түсiнудiң қажеттiлiгi атап өтiлген. Жұмыс бөлшектiк диффузиялық теңдеулер-
дiң кеңiрек түсiнiлуiне осы процестердiң қалай ықпал ететiнiн көрсетедi, теореманың бар екендiгiн
дәлелдейдi және есептiң шешiмiн тұжырымдайды.

Кiлт сөздер: дербес туынды теңдеу, бөлшек есептеу, бұрыштық облыс, ядро, әлсiз ерекшелiк, па-
раболикалық цилиндр, Карлеман-Векуа теңдеуi, жалпы шешiм, жалғыз шешiм, Риман-Лиувилльдiң
бөлшектi операторы.

Первая краевая задача для дробного диффузионного уравнения в
угловой вырождающейся области

М.И. Рамазанов1, А.В. Псху2, М.Т. Омаров1

1Институт прикладной математики, Карагандинский университет имени академика Е.А. Букетова,
Караганда, Казахстан;

2Институт прикладной математики и автоматизации, Кабардино-Балкарский научный центр РАН,
Нальчик, Россия

Статья рассматривает проблемы, наблюдаемые в ветвящихся фрактальных структурах, где могут
происходить сверхмедленные транспортные процессы; явление, описываемое диффузионными урав-
нениями с дробной производной по времени. Характерной особенностью этих процессов является их
крайне медленная скорость релаксации, при которой физическая величина изменяется более посте-
пенно, чем её первая производная. Такие явления иногда классифицируются как процессы с «оста-
точной памятью». В исследовании представлено решение первой краевой задачи в угловой области,
вырождающейся в точку в начальный момент времени, для дробного диффузионного уравнения с опе-
ратором дробного дифференцирования Римана-Лиувилля по времени. В нем устанавливается теоре-
ма существования исследуемой задачи и строится представление решения. Авторами подчёркивается
необходимость понимания этих сверхмедленных процессов и их влияния на фрактальные структуры.
Работа демонстрирует, как эти процессы способствуют более широкому пониманию дробных диффу-
зионных уравнений, доказывая существование теоремы и формулируя представление решения.

Ключевые слова: уравнение в частных производных, дробное исчисление, угловая область, ядро, сла-
бая особенность, параболический цилиндр, уравнение Карлемана-Векуа, общее решение, единствен-
ное решение, дробный оператор Римана-Лиувилля.
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The goal of this study is to propose the existence of mild solutions to delay fractional neutral stochastic
differential systems with almost sectorial operators involving the Hilfer fractional (HF) derivative in Hilbert
space, which generalized the famous Riemann-Liouville fractional derivative. The main techniques rely on
the basic principles and concepts from fractional calculus, semigroup theory, almost sectorial operators,
stochastic analysis, and the Mönch fixed point theorem via the measure of noncompactness (MNC).
Particularly, the existence result of the equation is obtained under some weakly compactness conditions.
An example is given at the end of this article to show the applications of the obtained abstract results.

Keywords: Hilfer fractional evolution system, Neutral system, Measure of noncompactness, Fixed point
theorem.

2020 Mathematics Subject Classification: 47H10, 47H08, 34K30, 34K50.

Introduction

Applications for fractional calculus extend from engineering and natural phenomena to financial
views and physical accomplishments, and the subject is always growing. Fields like viscoelasticity,
electrical engineering circuits, the vibration of seismic movements, biological systems, etc. usually
contain an increasing number of fractional frameworks. Numerous good monographs provide the
essential scientific methods for the attractiveness of this research topic. It should be possible to compare
frameworks with practical systems of fractional power to the framework of ordinary integer order.
Regarding fractional order, the derivative of the framework sum in the practical system might be
correct. Numerous models in scattering, sensor fusion, automation, and so forth might all be used
using this system. Learners can examine the literature [1–3], as well as research articles [4–8] that deal
with the concept of fractional evolution systems to gain a thorough understanding of the concepts as
well as the specifics of how it is implemented.

Due to the prevalence of neutral differential equations in many applications of applied mathematics,
only neutral systems have received substantial attention in recent decades. In most cases, neutral
systems with or without delay serve as an optimal configuration of numerous partial neutral systems
that emerge in problems related to heat stream in components, viscoelasticity, acoustic waves, and
various natural processes. One may mention [9–11] for a very helpful discussion on neutral systems
involved in differential equations. Instead of deterministic models, stochastic ones should be studied
since both natural and manufactured systems are prone to noise or uncontrolled fluctuations. Differential
equations with stochastic components contain unpredictability in their theoretical depiction of a specific
event. For a general overview of stochastic differential equations (SDE) and its applications [12–15].
∗Corresponding author. E-mail: udhayaram.v@gmail.com
Received: 27 July 2023; Accepted: 06 November 2023.
c© 2024 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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The R-L and Caputo fractional derivatives were among the additional fractional order derivatives
that Hilfer [16] started. The significance and consequences of the Hilfer fractional derivative (HFD)
have also been found through conceptual forecasts of experiments in hard materials, pharmaceutical
industries, set architecture design, architecture, and other fields. Gu and Trujillo [17] recently showed
that the HFD evolution problem has an integral solution using a fixed point approach and a MNC
strategy. In order to identify the derivative’s order, he constructed the greatest current variable ζ ∈ [0, 1]
and a fractional variable η so that ζ = 0 generates the R-L derivative and ζ = 1 generates the Caputo
derivative. Numerous papers have been written about Hilfer fractional calculus [18, 19]. According
to [20–23], researchers discovered a mild solution for HF differential systems employing almost sectorial
operators and a fixed point method.

The research articles [24–27] to improve the fractional existence for fractional calculus by utilizing
almost sectorial operators. Investigators in the study by [20–22] employed almost sectorial operators
to get their results using Schauder’s fixed point theorem. Researchers have subsequently constructed
nonlocal fractional differential equations with or without delay using non-dense fields, semigroups,
cosine families, many fixed point strategy, and the MNC. To the best of our knowledge, the existence
of HF neutral stochastic differential systems using the measure of noncompactness mentioned in this
study is an exposed area of research that appears to give an extra incentive for completing this research.

The following subject will be looked at in this article: HF stochastic differential systems contain
almost sectorial operators with nonlocal condition

Dη,ζ
0+

[
z(ρ)− a(ρ, zρ))

]
= Âz(ρ) + F

(
ρ, zρ

)
+H

(
ρ, zρ

)dW (ρ)

dρ
, ρ ∈ D′ = (0, d], (1)

I
(1−η)(1−ζ)
0+

z(0) + ℵ(zρ) = α ∈ L2(∆, Br), ρ ∈ (−∞, 0], (2)

where Â denote the almost sectorial operator, which generate an analytic semigroup {T (ρ), ρ ≥ 0} on
Y. Consider z(·) is the value in a Hilbert space Y with ‖ · ‖ and Dη,ζ

0+
represents the HFD of order

η, 0 < η < 1 and type ζ, 0 ≤ ζ ≤ 1. The histories zρ : (−∞, 0]→ Br, zρ(a) = z(ρ+a), a ≤ 0 connected
with the abstract phase space Br. Fix D = [0, d], and let F : D × Br → Y, H : D × Br → L0

2(J ,Y)
and a : D×Br → Y are the Y-valued function and non-local term ℵ : Br → Y.

Now let’s break up our content into the following sections. In Section 1 we outline a few crucial
ideas and details from our study that are referenced throughout the body of this article. We discussed
the existence of a mild solution to the problem in Section 2. We provide an illustration of our main
notion in Section 3. Then, a few conclusions are offered.

1 Preliminaries

The fundamental concepts, theorems, and lemma that are used throughout the whole work are
introduced here.

The notations (Y, ‖·‖) and (J , ‖·‖) signify two real distinct Hilbert spaces. Suppose (∆,F , P ) is a
full probability area connected with full family of right continuous growing sub σ-algebra {Fρ : ρ ∈ D}
fulfills Fρ ⊂ F . Consider W = {W (ρ)}ρ≥0 is a Q-Wiener strategy identified on (∆,F , P ) with the
correlation operator Q such that Tr(Q) < ∞. We assume there exists a full orthonormal system ek,
k ≥ 1 in U , a limited series of non-negative real integers χk such that Qek = χkek, k = 1, 2, · · · and
{µk} of independent Brownian movements such that(

W (ρ), e
)
U

=
∞∑
k=1

√
χk(ek, e)µk(ρ), e ∈ U ρ ≥ 0.

Assuming that the area of all Q-Hilbert-Schmidt operators ϕ : Q
1
2J → Y with the inner product

‖ϕ‖2Q = 〈ϕ,ϕ〉 = Tr(ϕQϕ) is signified by the symbols L0
2 = L2

(
Q

1
2J ,Y

)
. Let us consider the
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resolvent operator of Â, 0 ∈ ρ(Â), where S(·) is uniformly bounded, that is, ‖S(ρ)‖ ≤M, M ≥ 1, and
ρ ≥ 0. Thus, given δ ∈ (0, 1], the fractional power operator Âδ on its range D(Âδ) may be obtained.
Furthermore, D(Âδ) is dense in Y.

The succeeding substantial characteristic of Âδ will be discussed.

Theorem 1. [1]
1 If 0 < δ ≤ 1, then Yδ = D(Âδ) is a Banach space with ‖z‖δ = ‖Âδz‖, z ∈ Yχ.
2 Assume 0 < γ < δ ≤ 1, embedding D(Âδ) → D(Âγ) and the implementation are compact

whenever Â is compact.
3 For all 0 < δ ≤ 1, there exists Cδ > 0 such that

‖ÂδS(ρ)‖ ≤ Cδ
ρδ
, 0 < ρ ≤ d.

Consider { : D→ Y is the family of all continuous functions, where D = [0, d] and D′ = (0, d] with
d > 0. Choose

Y =
{
z ∈ { : lim

ρ→0
ρ1−ζ+ηζ−ηϑz(ρ) exists and finite

}
,

which is the Banach space and its ‖ · ‖Y , specified as

‖z‖Y = sup
ρ∈D′

{
ρ1−ζ+ηζ−ηϑ‖z(ρ)‖

}
.

Fix BP (D) = {u ∈ { such that ‖u‖ ≤ P}. Let z(ρ) = ρ−1+ζ−ηζ+ηϑy(ρ), ρ ∈ (0, d] then, z ∈ Y if and
only if y ∈ { and ‖z‖Y = ‖y‖. We produce H with ‖H‖Lp(D,R+), where H ∈ Lp(D,R+) for some p
along with 1 ≤ p ≤ ∞. Also Lp(D,Y) represent the Banach space of functions H : D×Br → Y which
are the Bochner integrable normed by ‖H‖Lp(D,Y).

Definition 1. [16] For the function H : [d,+∞) → R, the HFD of order 0 < η < 1 and type
ζ ∈ [0, 1], presented by

Dη,ζ
d+
F(ρ) = [I

(1−η)ζ
d+

D(I
(1−η)(1−ζ)
d+

F)](ρ).

The abstract phase space Br is now specified. Assume that w : (−∞, 0] → (0,+∞) is continuous
along l =

∫ 0
−∞w(ρ)dρ < +∞. Now, for all n > 0, we obtain

B =
{
ε : [−n, 0]→ Y such that ε(ρ) is bounded and measurable

}
,

and set the space B with the norm

‖ε‖[−n,0] = sup
τ∈[−n,0]

‖ε(τ)‖, for all ε ∈ B.

We now specify,

Br =

{
ε : (−∞, 0]→ Y such that for all n > 0, ε|[−n,0] ∈ B

and
∫ 0

−∞
w(τ)‖ε‖[τ,0]dτ < +∞

}
.

Suppose Br is endowed with

‖ε‖Br =

∫ 0

−∞
w(τ)‖ε‖[τ,0]dτ, for all ε ∈ Br,
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therefore (Br, ‖ · ‖) is a Banach space.
Now, we specify the space

B′r =
{
z : (−∞, d]→ Y such that z|D ∈ {, α ∈ Br

}
.

Let us consider the seminorm ‖ · ‖d in B′r defined as

‖z‖d = ‖α‖Br + sup{‖z(τ)‖ : τ ∈ [0, d]}, z ∈ B′r.

Lemma 1. If z ∈ B′r, then for all ρ ∈ D, zρ ∈ Br. Furthermore,

l|z(ρ)| ≤ ‖zρ‖Br ≤ ‖α‖Br + l sup
r∈[0,ρ]

|z(r)|,

where l =
∫ 0
−∞w(ρ)dρ <∞.

Definition 2. [25] We explain the family of closed linear operators Θϑ
ω, for 0 < ϑ < 1, 0 < ω < π

2 ,
the sector Sω = {θ ∈ C\{0} with |arg θ| ≤ ω} and Â : D(Â) ⊂ Y→ Y that fulfills
(i) σ(Â) ⊆ Sω;
(ii)

∥∥(θ − Â)−1
∥∥ ≤ Kε|ι|−ϑ, for all ω < ε < π and there exists Kε as a constant,

afterward Â ∈ Θ−ϑω is specified like almost sectorial operator on Y.
Theorem 2. [3] Sη(ρ) and Qη(ρ) are continuous in the uniform operator topology, for ρ > 0, for all

d > 0, the continuity is uniform on [d,∞).

Lemma 2. [28] Suppose {Tη(ρ)}ρ>0 is a compact operator, then {Sη,ζ(ρ)}ρ>0 and {Qη(ρ)}ρ>0 are
also compact linear operators.

Lemma 3. [17] System (1)-(2) is unique to an integral equation offered by

z(ρ) =
α(0)− ℵ(zρ)− a(0, α(0))

Γ(ζ(1− η) + η)
ρ−(1−η)(ζ−1) + a(ρ, zρ)

+
1

Γ(η)

∫ ρ

0
(ρ− ι)η−1

[
Âzιdι+ F

(
ι, zι

)
dι+H

(
ι, zι

)
dW (ι)

]
.

Definition 3. [17] Let z(ρ) be the solution of the integral equation offered by Lemma 3 then z(ρ)
fulfills

z(ρ) = Sη,ζ(ρ)
[
α(0)− ℵ(zρ)− a(0, α(0))

]
+ a(ρ, zρ) +

∫ ρ

0
Kη(ρ− ι)F

(
ι, zι

)
dι

+

∫ ρ

0
Kη(ρ− ι)H

(
ι, zι

)
dW (ι), ρ ∈ D,

where Sη,ζ(ρ) = I
ζ(1−η)
0 Kη(ρ), Kη(ρ) = ρη−1Qη(ρ) and Qη(ρ) =

∫∞
0 ηεWη(ε)T (ρηε)dε.

Definition 4. [7] A stochastic process z : (−∞, d] → Y is said to be a mild solution of the system
(1)-(2) if I(1−η)(1−ζ)

0+
z(0) + ℵ(zρ) = α ∈ L2(η,Br), ρ ∈ (−∞, 0] and the preceding integral equation

that fulfills

z(ρ) = Sη,ζ(ρ)
[
α(0)− ℵ(zρ)− a(0, α(0))

]
+ a(ρ, zρ) +

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a(ι, zι)dι

+

∫ ρ

0
(ρ− ι)(η−1)Qη(ρ− ι)F(ι, zι)dι+

∫ ρ

0
(ρ− ι)(η−1)Qη(ρ− ι)H(ι, zι)dW (ι).
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Lemma 4. [21]
1 Kη(ρ) and Sη,ζ(ρ) are strongly continuous, for ρ > 0.
2 Kη(ρ) and Sη,ζ(ρ) are bounded linear operators on Y, for all fixed ρ ∈ Sπ

2
−ω, we obtain∥∥Kη(ρ)z

∥∥ ≤ κpρ−1+ηϑ‖z‖, ∥∥Qη(ρ)z
∥∥ ≤ κpρ−η+ηϑ‖z‖,∥∥Sη,ζ(ρ)z

∥∥ ≤ Γ(ϑ)

Γ(ζ(1− η) + ηϑ)
κpρ
−1+ζ−ηζ+ηϑ‖z‖.

Proposition 1. [19] Let η ∈ (0, 1), q ∈ (0, 1] and for all z ∈ D(Â), then there exists a κq > 0 such
that

‖ÂqQη(ρ)z‖ ≤ ηκqΓ(2− q)
ρηqΓ(1 + η(1− q))

‖z‖, 0 < ρ < d.

The Hausdorff MNC will now be briefly discussed.

Definition 5. [29] For a bounded set X in a Banach space Y, the Hausdorff MNC µ is represented
as

µ(X ) = inf{ε > 0 : X can be linked by a finite number of balls with radii ε}.

Theorem 3. [8] If {vk}∞k=1 is a sequence of Bochner integrable functions from D → Y with the
measurement ‖vk(ρ)‖ ≤ µ(ρ), for all ρ ∈ V and for all k ≥ 1, where µ ∈ L1(D,R), then the function
ω(ρ) = µ

({
v(ρ) : k ≥ 1

})
is in L1(D,R) and fulfills

µ

({∫ ρ

0
vk(ι

)
dι : k ≥ 1

})
≤ 2

∫ ρ

0
ω(ι)dι.

Lemma 5. [8] Let X ⊂ Y be a bounded set, then there exists a countable set X0 ⊂ X such that
µ(X ) ≤ 2µ(X0).

Definition 6. [29] If E+ is the positive cone of an order Banach space (E,≤). Let f be the function
represented on the family of all bounded subset of the Banach space Y with values in E+ is known as
MNC on Y if and only if f(conv(ι)) = f(ι) for all bounded subset ι ⊂ Y, where conv(ι) denoted the
closed convex hull of ι.

Lemma 6. [30] Let G be a closed convex subset of a Banach space Y and 0 ∈ G. Suppose F : G→ Y
continuous map which fulfils Mönch’s requirements, i.e., if G1 ⊂ G is countable and, G1 ⊂ co

(
{0} ∪

F (G1)
)

=⇒ G1 is compact. Then F has a fixed point in G.

2 Existence

We require the succeeding hypotheses:
(H1) Let Â be the almost sectorial operator of the analytic semigroup T (ρ), ρ > 0 in Y such that

‖T (ρ)‖ ≤ K1 where K1 ≥ 0 be the constant.
(H2) The function F : D×Br → Y fulfills:

(a) Caratheodory circumstances: F(·, z) is strongly measurable for all z ∈ Br and F(ρ, ·) is
continuous for a.e. ρ ∈ D, F(·, ·) : [0, S]→ Y is strongly measurable;

(b) There exists a constant 0 < η1 < η and m1 ∈ L
1
η1 (D,R+) and non-decreasing continuous

function f : R+ → R+ such that
∥∥F(ρ, z)

∥∥ ≤ m1(ρ)f(ρ1−ζ+ηζ−ηϑ‖z‖), z ∈ Y, ρ ∈ D where
f fulfills lim infk→∞

ψ(k)
k = 0;
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(c) There exists a constant 0 < η2 < η and e1 ∈ L
1
η2 (D,R+) such that, for any bounded subset

M ⊂ Y, µ(F(ρ,M)) ≤ e1(ρ)µ(M) for a.e. ρ ∈ D.
(H3) The function H : D×Br → L0

2(J ,Y) fulfills:
(a) Caratheodory circumstances: H(·, z) is strongly measurable for all z ∈ Br and H(ρ, ·) is

continuous for a.e. ρ ∈ D, H(·, ·) : [0, S]→ L0
2(J ,Y) is strongly measurable;

(b) There exists a constant 0 < η3 < η and m2 ∈ L
1
η3 (D,R+) and non-decreasing continuous

function ~ : R+ → R+ such that
∥∥H(ρ, z)

∥∥ ≤ m2(ρ)~(ρ1−ζ+ηζ−ηϑ‖z‖), z ∈ Y, ρ ∈ D where
~ fulfills lim infk→∞

σ(k)
σ = 0;

(c) There exists a constant 0 < η4 < η and e2 ∈ L
1
η4 (D,R+) such that, for any bounded subset

M ⊂ Y, µ(H(ρ,M)) ≤ e2(ρ)µ(M) for a.e. ρ ∈ D.
(H4) The function ℵ : C(D,Y) → Y is continuous, compact operator and there exists L1 > 0 as the

value such that ‖ℵ(z1)− ℵ(z2)‖ ≤ L1‖z1 − z2‖.
(H5) The function a : D×Br → Y is continuous and there exists q > 0, 0 < q < 1 such that a ∈ D(Âq)

for all z ∈ Y, ρ ∈ D, Âqa(·, z) is strongly measurable, then there exists Mw > 0, M ′w > 0 such
that γ1, γ2 ∈ Y and Âqa(ρ, ·) satisfies the following:∥∥Âqa(ρ, γ1(ρ))− Âqa(ρ, γ2(ρ))

∥∥ ≤Mwρ
1−ζ+ηζ−ηϑ‖γ1(ρ)− γ2(ρ)‖Br ,∥∥Âqa(ρ, z(ρ))

∥∥ ≤M ′w(1 + ρ1−ζ+ηζ−ηϑ‖z‖Br

)
.

Take ‖Â−q‖ = M0.

Theorem 4. Suppose (H1)− (H5) holds, then the HF neutral stochastic system (1)-(2) has a unique
solution on D presented, α(0) ∈ D(Âθ) with θ > 1 + ϑ.

Proof. Consider the operator Ψ : B′r → B′r, defined

Ψ(z(ρ)) =



Ψ1(ρ), (−∞, 0],

Sη,ζ(ρ)
[
α(0)− ℵ(zρ)− a(0, α(0))

]
+ a(ρ, zρ)

+
∫ ρ
0 (ρ− ι)η−1ÂQη(ρ− ι)a(ι, zι)dι

+
∫ ρ
0 (ρ− ι)(η−1)Qη(ρ− ι)F(ι, zι)dι

+
∫ ρ
0 (ρ− ι)η−1Qη(ρ− ι)H

(
ι, zι

)
dW (ι), ρ ∈ D.

For Ψ1 ∈ Br, we specify Ψ̂ as

Ψ̂(ρ) =

{
Ψ1(ρ), ρ ∈ (−∞, 0],

Sη,ζ(ρ)α(0), ρ ∈ D,

then Ψ̂ ∈ B′r. Let z(ρ) = ρ1−ζ+ηζ−ηϑ[v(ρ) + Ψ̂(ρ)], ∞ < ρ ≤ d. It is trivial to establish that u fulfills
by the Definition 4 if and only if v satisfies v0 and

v(ρ) =− Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
+ a

(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
+

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι).
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Let B′′r = {v ∈ B′r : v0 ∈ Br}. For any v ∈ B′r,

‖v‖d =‖v0‖Br + sup{‖v(ι)‖ : 0 ≤ ι ≤ d}
= sup{‖v(ι)‖ : 0 ≤ ι ≤ d}.

Hence, (B′′r , ‖ · ‖) is a Banach space.
For P > 0, take BP = {v ∈ B′′r : ‖v‖d ≤ P}, then BP ⊂ B′′r is uniformly bounded, and for v ∈ BP ,

by Lemma 1,

‖vρ + Ψ̂ρ‖Br ≤ ‖vρ‖Br + ‖Ψ̂‖Br

≤ l
(
P +

Γ(ϑ)

Γ(ζ(1− η) + ηϑ)
κpρ
−1+ζ−ηζ+ηϑ

)
+ ‖Ψ1‖Br

= P ′.

Consider an operator f : B′′r → B′′r , specified by

fv(ρ) =



0, ρ ∈ (−∞, 0],

−Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
+a
(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
+
∫ ρ
0 (ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+
∫ ρ
0 (ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+
∫ ρ
0 (ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι), ρ ∈ D.

Then to prove f has a fixed point.
Step 1: To prove there exists a positive value P such that f(BP (D)) ⊆ BP (D). Suppose the claim

is incorrect i.e., for all P > 0, there exists vP ∈ BP (D), but f(vP ) not in BP (D), that is,

E
∥∥vP∥∥2 ≤ P < E

∥∥∥∥ sup
ρ∈[0,d]

ρ1−ζ+ηζ−ηϑ
(
fvP (ρ)

)∥∥∥∥2
≤ E

∥∥∥∥ sup
ρ∈[0,d]

ρ1−ζ+ηζ−ηϑ
{
− Sη,ζ(ρ)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
+ a

(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
+

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

}∥∥∥∥2
≤ 5d2(1−ζ+ηζ−ηϑ)

[
E

∥∥∥∥Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vPρ + Ψ̂ρ]

)
+ a(0, α(0))

]∥∥∥∥2
+ E

∥∥∥∥a(ρ, ρ1−ζ+ηζ−ηϑ[vPρ + Ψ̂ρ]
)∥∥∥∥2

+ E

∥∥∥∥∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
dι

∥∥∥∥2
+ E

∥∥∥∥∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
dι

∥∥∥∥2
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+ E

∥∥∥∥∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2]
≤ 5d2(1−ζ+ηζ−ηϑ)

[
‖Sη,ζ(ρ)‖2

[
L2
1‖vPρ + Ψ̂ρ‖2 + ‖ℵ(0)‖2 +M ′2w ‖α‖2

]
+M2

0M
′2
w (1 + d2(1−ζ+ηζ−ηϑ))P ′

+

∫ ρ

0
(ρ− ι)2(η−1)‖Â1−qQη(ρ− ι)‖2E‖Âqa

(
ι, ι1−ζ+ηζ−ηϑ[vPι + Ψ̂ι]

)
‖2dι

+

∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2m2

1(d)f2(P ′)dι

+ Tr(Q)

∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2m2

2(d)~2(P ′)dι
]

≤ 5d2(1−ζ+ηζ−ηϑ)
[(

Γ(ϑ)

Γ(ζ(1− η) + ηϑ)

)2

κ2pd
2(−1+ζ−ηζ+ηϑ)[

L2
1P
′2 + ‖ℵ(0)‖2 +M ′2w ‖α‖2

]
+M2

0M
′2
w

(
1 + d2(1−ζ+ηζ−ηϑ)

)
P ′2

+

(
M ′wκ1−qΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + d2(1−ζ+ηζ−ηϑ)P ′

)
d2ηq

+

(
dηϑ

ηϑ

)2

κ2pm
2
1(d)f2(P ′) + Tr(Q)

(
dηϑ

ηϑ

)2

κ2pm
2
2(d)~2(P ′)

]
≤ 5d2(1−ζ+ηζ−ηϑ)M∗∗,

where

M∗∗ =

[(
Γ(ϑ)

Γ(ζ(1− η) + ηϑ)

)2

κ2pd
2(−1+ζ−ηζ+ηϑ)[L2

1P
′2 + ‖ℵ(0)‖2 +M ′2w ‖α‖2

]
+M2

0M
′2
w

(
1 + d2(1−ζ+ηζ−ηϑ)

)
P ′2 +

(
M ′wκ1−qΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + d2(1−ζ+ηζ−ηϑ)P ′

)
d2ηq

+

(
dηϑ

ηϑ

)2

κ2pm
2
1(d)f2(P ′) + Tr(Q)

(
dηϑ

ηϑ

)2

κ2pm
2
2(d)~2(P ′)

]
.

By dividing the aforementioned inequality by P and using the limit as P → ∞, we arrive at the
contradiction, which is 1 ≤ 0. Consequently, f(BP (D)) ⊆ BP (D).

Step 2: The operator f is continuous on BP (D). For f : BP (D) → BP (D) and for all vk,
v ∈ BP (D), k = 0, 1, 2, · · · such that limk→∞ v

k = v, then we get limk→∞ v
k(ρ) = v(ρ) and

limk→∞ ρ
1−ζ+ηζ−ηϑvk(ρ) = ρ1−ζ+ηζ−ηϑv(ρ).

By (H2),

F(ρ, zk(ρ)) = F
(
ρ, ρ1−ζ+ηζ−ηϑ[vk(ρ) + Ψ̂(ρ)]

)
→ F

(
ρ, ρ1−ζ+ηζ−ηϑ[v(ρ) + Ψ̂(ρ)]

)
= F(ρ, z(ρ)) as k →∞.

Take

Fk(ι) = F
(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
and F (ι) = F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
.

Then, using the assumption (H2) and Lebesgue’s dominated convergence theorem (LDCT), we can
obtain ∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2E‖Fk(ι)− F (ι)‖2dι→ 0 as k →∞, ρ ∈ D. (3)
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By (H3),

H(ρ, zk(ρ)) = H
(
ρ, ρ1−ζ+ηζ−ηϑ[vk(ρ) + Ψ̂(ρ)]

)
→ H

(
ρ, ρ1−ζ+ηζ−ηϑ[v(ρ) + Ψ̂(ρ)]

)
= H(ρ, z(ρ)) as k →∞.

Take

Hk(ι) = H
(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
and H(ι) = H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
.

Then, using the hypotheses (H3) and LDCT, we can obtain∫ ρ

0
(ρ− ι)2(η−1)‖Qη(ρ− ι)‖2E‖Hk(ι)−H(ι)‖2dW (ι)→ 0 as k →∞, ρ ∈ D. (4)

Take Nk(ρ) = ℵ
(
ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

)
and N (ρ) = ℵ

(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
, from (H4), we get

E‖Nk(ρ)−N (ρ)‖2 → 0 as k →∞. (5)

Then, ak(ρ, zk(ρ)) = a
(
ρ, ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

)
and a(ρ, z(ρ)) = a

(
ρ, ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
. From

hypotheses (H5), we obtain

E‖a(ρ, zk(ρ))− a(ρ, z(ρ))‖2 → 0 as k →∞. (6)

Now,

E
∥∥fvk − fv

∥∥2
d
≤ 4

(
Γ(ϑ)

Γ(ζ(1− η) + ηϑ)

)2

κ2pd
2(−1+ζ−ηζ+ηϑ)E

∥∥Nk(ρ)−N (ρ)
∥∥2

+ 4E‖ak(ρ, zk(ρ))− a(ρ, zρ)‖2 + 4κ2p

(
dηϑ

ηϑ

)2

E
∥∥Fk(ι)− F (ι)

∥∥2
+ 4Tr(Q)κ2p

(
dηϑ

ηϑ

)2

E
∥∥Hk(ι)−H(ι)

∥∥2.
Using (3), (4), (5) and (6), we obtain

E
∥∥fvk − fv

∥∥2
d
→ 0 as k →∞.

As a result, f is continuous on BP .
Step 3: To prove f is equicontinuous.
For z ∈ BP (D), and 0 ≤ ρ1 < ρ2 ≤ d, we obtain

E

∥∥∥∥fz(ρ2)− fz(ρ1)
∥∥∥∥2

= E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

(
− Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

]
+ a

(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))
+

∫ ρ2

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι
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+

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

)
− ρ1−ζ+ηζ−ηϑ1

(
− Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]
+ a

(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))
+

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

+

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

)∥∥∥∥2
≤ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

(
− Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

])
− ρ1−ζ+ηζ−ηϑ1

(
− Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

])∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 a
(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))
− ρ1−ζ+ηζ−ηϑ1 a

(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
+ 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ1 Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
+ 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 a
(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))

Mathematics series. No. 1(113)/2024 183



S. Sivasankar, R. Udhayakumar et al.

− ρ1−ζ+ηζ−ηϑ1 a
(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1ÂQη(ρ2 − ι)a
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)F
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
+ 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)H
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤

12∑
i=1

Ii.

I1 = 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
≤ 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)

(
ℵ
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

)
− ℵ

(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2.
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From hypotheses (H4) and (5), we obtain I1 tends to zero as ρ2 → ρ1.

I2 = 10E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]
− ρ1−ζ+ηζ−ηϑ1 Sη,ζ(ρ1)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

)
+ a(0, α(0))

]∥∥∥∥2
≤ 10

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 Sη,ζ(ρ2)− ρ1−ζ+ηζ−ηϑ1 Sη,ζ(ρ1)

∥∥∥∥2
E

∥∥∥∥ℵ(ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]
)

+ a(0, α(0))

∥∥∥∥2.
By the strong continuity of Sη,ζ(ρ) and (H4), we get I2 → 0 as ρ2 → ρ1.

I3 = 5E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 a
(
ρ2,
(
ρ1−ζ+ηζ−ηϑ2 [vρ2 + Ψ̂ρ2 ]

))
− ρ1−ζ+ηζ−ηϑ1 a

(
ρ1,
(
ρ1−ζ+ηζ−ηϑ1 [vρ1 + Ψ̂ρ1 ]

))∥∥∥∥2
≤ 5M2

0M
′2
w (1 + P ′2)

∥∥∥∥ρ1−ζ+ηζ−ηϑ2 − ρ1−ζ+ηζ−ηϑ1

∥∥∥∥2.
From hypotheses (H5), we obtain I3 → 0 as ρ2 → ρ1.

I4 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15E

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)∥∥∥∥2
×
∥∥∥∥Â1−qQη(ρ2 − ι)

∥∥∥∥2E∥∥∥∥Âqa(ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]
)∥∥∥∥2dι

≤ 15

(
M ′wκ1−qηΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + ρ

2(1−ζ+ηζ−ηϑ)
2 P ′2

)
×
∥∥∥∥∫ ρ1

0
(ρ2 − ι)η(q−1)

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
dι

∥∥∥∥2.
Implies I4 → 0 as ρ2 → ρ1.

I5 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ2 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1ÂQη(ρ1 − ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15M2

0M
′2
w (1 + ρ

2(1−ζ+ηζ−ηϑ)
1 P ′2)

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1

[
Qη(ρ2 − ι)− Qη(ρ1 − ι)

]
dι

∥∥∥∥2.
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Since Qη(ρ) is uniformly continuous in operator norm topology, we obtain I5 → 0 as ρ2 → ρ1.

I6 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1ÂQη(ρ2 − ι)a
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15

(
M ′wκ1−qηΓ(1 + q)

qΓ(1 + ηq)

)2(
1 + ρ

2(1−ζ+ηζ−ηϑ)
2 P ′2

)
ρ
2(1−ζ+ηζ−ηϑ)
2

∫ ρ2

ρ1

(ρ2 − ι)2η(1−q)dι.

Integrating and ρ2 → ρ1 =⇒ I6 = 0.

I7 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15E

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15κ2p

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)∥∥∥∥2
(ρ2 − ι)2η(ϑ−1)m2

1(d)f2(P ′)dι.

Implies I7 → 0 as ρ2 → ρ1.

I8 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15ρ

2(1−ζ+ηζ−ηϑ)
1

∫ ρ1

0
(ρ1 − ι)2(η−1)

∥∥Qη(ρ2 − ι)− Qη(ρ1 − ι)
∥∥m2

1(d)f2(P ′)dι.

Since Qη(ρ) is uniformly continuous in operator norm topology, we obtain I8 → 0 as ρ2 → ρ1.

I9 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)F
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι

∥∥∥∥2
≤ 15κ2pρ

2(1−ζ+ηζ−ηϑ)
2

∫ ρ2

ρ1

(ρ2 − ι)2(ηϑ−1)m2
1(d)f2(P ′)dι.

Integrating and ρ2 → ρ1 =⇒ I9 = 0.

I10 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ1

0
(ρ2 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15E

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)
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Qη(ρ2 − ι)H
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15Tr(Q)κ2p

∥∥∥∥∫ ρ1

0

(
ρ1−ζ+ηζ−ηϑ2 (ρ2 − ι)η−1 − ρ1−ζ+ηζ−ηϑ1 (ρ1 − ι)η−1

)∥∥∥∥2
(ρ2 − ι)2η(ϑ−1)m2

2(d)~2(P ′)dι.

Implies I10 → 0 as ρ2 → ρ1.

I11 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ2 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

− ρ1−ζ+ηζ−ηϑ1

∫ ρ1

0
(ρ1 − ι)η−1Qη(ρ1 − ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15Tr(Q)ρ

2(1−ζ+ηζ−ηϑ)
1

∫ ρ1

0
(ρ1 − ι)2(η−1)

∥∥Qη(ρ2 − ι)− Qη(ρ1 − ι)
∥∥2m2

2(d)~2(P ′)dι.

Since Qη(ρ) is uniformly continuous in operator norm topology, we get I11 → 0 as ρ2 → ρ1.

I12 = 15E

∥∥∥∥ρ1−ζ+ηζ−ηϑ2

∫ ρ2

ρ1

(ρ2 − ι)η−1Qη(ρ2 − ι)H
(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι)

∥∥∥∥2
≤ 15Tr(Q)κ2pρ

2(1−ζ+ηζ−ηϑ)
2

∫ ρ2

ρ1

(ρ2 − ι)2(ηϑ−1)m2
2(d)~2(P ′)dι.

Integrating and ρ2 → ρ1 =⇒ I12 = 0.
Hence, f is equicontinuous on D.

Step 4: The Mönch statement is true.
Let f = f1 + f2 + f3 + f4 + f5, where

f1v(ρ) = −Sη,ζ(ρ)
[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

)
+ a(0, α(0))

]
,

f2v(ρ) = a
(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vρ + Ψ̂ρ]

))
,

f3v(ρ) =

∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι,

f4v(ρ) =

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dι,

f5v(ρ) =

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vι + Ψ̂ι]

)
dW (ι).

Suppose G1 ⊆ BP is countable and G1 ⊂ co
(
{0} ∪ F (G1)

)
. We demonstrate that µ(G1) = 0,

where µ is the Hausdorff MNC. Without loss of generality, suppose G1 = {vk}∞k=1. Since f(G1) is
equicontinuous on D as well.

Utilising Lemma (see [29]), and the hypotheses (H2)(c), (H3)(c), and (H4), we have

µ
(
{f1v

k(ρ)}∞k=1

)
≤ µ

{
− Sη,ζ(ρ)

[
ℵ
(
ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

)
+ a(0, α(0))

]}∞
k=1

,

since ℵ is compact, then Sη,ζ(ρ) is relatively compact, we get f1v(ρ) becomes zero. Next consider,

µ
(
{f2v

k(ρ)}∞k=1

)
≤ µ

{
a
(
ρ,
(
ρ1−ζ+ηζ−ηϑ[vkρ + Ψ̂ρ]

))}∞
k=1

,

µ
(
{f3v

k(ρ)}∞k=1

)
≤ µ

{∫ ρ

0
(ρ− ι)η−1ÂQη(ρ− ι)a

(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
dι

}∞
k=1

.
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From hypotheses (H5) and properties of function a and ÂQ, we obtain, that terms are relatively
compact. So f2v(ρ) and f3v(ρ) become zero.

µ
(
{f4v

k(ρ)}∞k=1

)
≤ µ

{∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)F

(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
dι

}∞
k=1

≤ 2

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)e1(ι) sup

−∞<θ≤0
µ
(
{vkρ(θ)}∞k=1

)
dι

≤ 2

(
dηϑ

ηϑ

)
‖e1‖

L
1
η2 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
,

µ
(
{f5v

k(ρ)}∞k=1

)
≤ µ

{∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)H

(
ι, ι1−ζ+ηζ−ηϑ[vkι + Ψ̂ι]

)
dW (ι)

}∞
k=1

≤ 2Tr(Q)

∫ ρ

0
(ρ− ι)η−1Qη(ρ− ι)e2(ι) sup

−∞<θ≤0
µ
(
{vkρ(θ)}∞k=1

)
dι

≤ 2Tr(Q)

(
dηϑ

ηϑ

)
‖e2‖

L
1
η4 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
.

Thus, we have

µ
(
{fvk(ρ)}∞k=1

)
≤ µ

(
{f1v

k(ρ)}∞k=1

)
+ µ

(
{f2v

k(ρ)}∞k=1

)
+ µ

(
{f3v

k(ρ)}∞k=1

)
+ µ

(
{f4v

k(ρ)}∞k=1

)
+ µ

(
{f5v

k(ρ)}∞k=1

)
≤ 2

(
dηϑ

ηϑ

)
‖e1‖

L
1
η2 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
+ 2Tr(Q)

(
dηϑ

ηϑ

)
‖e2‖

L
1
η4 (D,R+)

sup
−∞<θ≤0

µ
(
{vkρ(θ)}∞k=1

)
≤ 2

(
dηϑ

ηϑ

)[
‖e1‖

L
1
η2 (D,R+)

+ Tr(Q)‖e2‖
L

1
η4 (D,R+)

]
µ
(
{vk(ρ)}∞k=1

)
≤M∗µ

(
{vk(ρ)}∞k=1

)
,

where M∗ = 2

(
dηϑ

ηϑ

)[
‖e1‖

L
1
η2 (D,R+)

+ Tr(Q)‖e2‖
L

1
η4 (D,R+)

]
.

Since G1 and f(G1) are equicontinuous on D, it follows from Lemma (see [29]) that the constraint
implies that µ(fG1) ≤M∗µ(G1).

Therefore, given the requirements of the Mönch’s, we get

µ(G1) ≤ µ
(
co{0} ∪ f(G1)

)
= µ(fG1) ≤M∗µG1.

Given M∗ < 1, we have µ(G1) = 0. Therefore, G1 is relatively compact. As a result, f has a fixed
point v in G1 from Lemma 6.

Hence, completed the proof.
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3 Example

Consider the HF neutral stochastic differential systems with infinite delay of the form

D
2
3
,ζ

0+

[
z(ρ, τ) +

∫ π
0 ρ(β, τ)z(ρ, τ)dβ

]
= zττ (ρ, τ) + γ

(
ρ,
∫ ρ
∞ χ1(ι− ρ)z(ρ, τ)dι

)
+χ

(
ρ,
∫ ρ
∞ χ2(ι− ρ)z(ρ, τ)dW (ι)

)
,

z(ρ, 0) = z(ρ, π) = 0, ρ ∈ D,

I
(1− 2

3
)(1−ζ)

0+
z(0, τ) +

∫ π
0 N (β, τ)z(ρ, τ)dβ = z(0, τ), τ ∈ [0, π], ρ ∈ (−∞, 0),

(7)

where D
2
3
,ζ

0+
denoted the HFD of order η = 2/3, type ζ and χ, χ1, ρ and N are the necessary functions.

Consider,W (ρ) is the one-dimensional Brownian movements in Y represented on the filtered probability
space (∆,F , P ) and with ‖·‖Y to write the system (7) in the abstract form of (1)-(2). Let Y = L2[0, π],
to transform this structure into an abstract structure, and Â : D(Â) ⊂ Y→ Y is classified as Âx = x′

with

D(Â) =
{
x ∈ Y : x, x′ are absolutely continuous, x′′ ∈ Y, x(0) = x(π) = 0

}
and

Âx =

∞∑
k=1

k2〈x, %k〉%k, % ∈ D(Â),

where the orthogonal set of eigen vectors of Â is %k(x) =
√

2
π sin(kx), k ∈ N.

Here, Â is the almost sectorial operator of the analytic semigroup {T (ρ), ρ ≥ 0} in Y, T (ρ)
is noncompact semigroup on Y with ζ(T (ρ)B) ≤ ζ(B), where ζ denoted the Hausdorff measure of
noncompactness and there exists a constant K1 ≥ 1, satisfy supρ∈D ‖T (ρ)‖ ≤ K1.

Specify, F : D × Br → Y, H : D × Br → L0
2(J ,Y), a : D × Br → Y and ℵ : Br → Y are the

suitable functions, which fulfils the assumptions (H1)− (H5),

F
(
ρ, zρ

)
(τ), = γ

(
ρ,

∫ ρ

∞
χ1(ι− ρ)z(ρ, τ)dι

)
,

H
(
ρ, zρ

)
(τ), = χ

(
ρ,

∫ ρ

∞
χ2(ι− ρ)z(ρ, τ)dW (ι)

)
,

a(ρ, zρ)(τ) =

∫ π

0
ρ(β, τ)z(ρ, τ)dβ,

ℵ(zρ)(τ) =

∫ π

0
N (β, τ)z(ρ, τ)dβ.

We also establish some acceptable requirements for the above-mentioned functions in order to validate
all of the Theorem 4’s hypotheses, and we confirm that the HF stochastic system (1)-(2) has a mild
solution.

Conclusion

The existence of a mild solution to HF neutral stochastic differential systems was the main emphasis
of this research. Almost sectorial operators, fractional calculus, MNC, and the fixed point approach
are used to establish the key conclusions. We offered an example to further illustrate the idea. In the
following years, we’ll use the fixed point approach to examine the exact controllability of HF stochastic
differential systems with delay.
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Шексiз кешiгуi бар бөлшек-нейтралды стохастикалық Хильфер
дифференциалдық жүйелерiнiң болуы

С. Сивасанкар1, Р. Удхаякумар1, В. Мутхумаран2, Г. Гокул1, Ш. Аль-Омари3

1Жетiлдiрiлген ғылымдар мектебi, Веллуру технологиялық институты, Веллуру, Үндiстан;
2Инженерлiк және технологиялар колледжi, SRM Ғылым және технология институты, Каттанкулатур,

Үндiстан;
3 Ғылым факультетi, Әл-Балқа қолданбалы университетi, Амман, Иордания

Зерттеудiң мақсаты әйгiлi Риман-Лиувилл бөлшек туындысын жалпылайтын Гильберт кеңiстiгiнде-
гi Хильфер бөлшек туындысы қатысатын дерлiк секторлық операторлары бар кешiгетiн бөлшек-
нейтралды стохастикалық дифференциалдық жүйелер үшiн жұмсақ шешiмдердiң болуын ұсыну.
Негiзгi әдiстер бөлшек есептеудiң, жартылай группа теориясының, дерлiк секторлық операторлар-
дың, стохастикалық талдаудың және компактылы емес өлшемi арқылы Мёнхтiң қозғалмайтын нүкте
теоремасының негiзгi қағидалары мен тұжырымдамаларына негiзделген. Атап айтқанда, теңдеудiң
бар болуының нәтижесi әлсiз компактылықтың белгiлi бiр жағдайында алынды. Мақаланың соңында
алынған абстрактылы нәтижелердiң қолдану аясын көрсететiн мысал бар.

Кiлт сөздер: Хильфердiң бөлшек эволюциялық жүйесi, нейтралды жүйе, компактылы емес өлшем,
қозғалмайтын нүкте теоремасы.

Существование дробно-нейтральных стохастических
дифференциальных систем Хильфера с бесконечным

запаздыванием

С. Сивасанкар1, Р. Удхаякумар1, В. Мутхумаран2, Г. Гокул1, Ш. Аль-Омари3

1Школа передовых наук, Технологический институт Веллуру, Веллуру, Индия;
2Инженерно-технологический колледж; Институт науки и технологий SRM, Каттанкулатур, Индия;

3Прикладной университет Аль-Балка, Амман, Иордания

Цель данного исследования — предложить существование мягких решений для запаздывающих дробно-
нейтральных стохастических дифференциальных систем с почти секториальными операторами, вклю-
чающими дробную производную Хильфера в гильбертовом пространстве, которая обобщает знаме-
нитую дробную производную Римана-Лиувилля. Основные методы построены на базовых принципах
и концепциях дробного исчисления, теории полугрупп, почти секториальных операторах, стохасти-
ческом анализе и теореме Мёнха о неподвижной точке через меру некомпактности. В частности,
результат существования уравнения получен при некоторых условиях слабой компактности. В конце
статьи приведен пример, демонстрирующий применение полученных абстрактных результатов.

Ключевые слова: дробная эволюционная система Хильфера, нейтральная система, мера некомпакт-
ности, теорема о неподвижной точке.
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A trigonometric spline based computational technique is suggested for the numerical solution of layer
behavior differential-difference equations with a fixed large delay. The continuity of the first order derivative
of the trigonometric spline at the interior mesh point is used to develop the system of difference equations.
With the help of singular perturbation theory, a fitting parameter is inserted into the difference scheme
to minimize the error in the solution. The method is examined for convergence. We have also discussed
the impact of shift or delay on the boundary layer. The maximum absolute errors in comparison to other
approaches in the literature are tallied, and layer behavior is displayed in graphs, to demonstrate the
feasibility of the suggested numerical method.

Keywords: singularly perturbed differential-difference equation, delay, trigonometric spline, fitting parameter.
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Introduction

Delay differential equations (DDEs) are frequently encountered in a wide range of application
disciplines and are also explained in technological components like control circuits. DDEs are widely
occurred in various branches of physiological control systems [1], models of red blood cell system [2],
pupil light reflex behaviour [3], hybrid optically bistable devices with delayed feedback [4] and the
navigational control of ships and aircraft and in more general control problems [5]. Time delays are
virtually always present in systems with feedback controls. These happen because detecting information
and responding to it both take time. If the argument for the delay does not appear in the highest order
term, the DDE is of the retarded type. Delay differential equations of the retarded type are obtained
by restricting the class in which the highest order derivative term is multiplied by a small parameter.
Bender and Orszag [6], O’Malley [7], Doolan and Miller [8], Miller et al. [9], Roos et al. [10] have
written books detailing several approaches to addressing singularly perturbed problems (SPPs). Driver
[11], Bellman and Cooke [12], provided books that explained differential-difference equations. In [13],
the researchers elucidated analysis of a class of singularly perturbed differential-difference equations
[SPDDEs]. In [14], problems with solutions having a layer structure at one or both of the boundaries are
addressed. The layer can alter its nature and possibly be destroyed when the shifts rise but stay small,
as demonstrated by the study of the layer equations using Laplace transforms. The same researchers
handle two situations in [15]. The first is concerned with the magnitude of the shifts that affect the
solution, while the second is concerned with the SPDE’s oscillatory solutions. Kadalbajoo and Sharma
[16], provided a numerical procedure for solving SPDE with larger or smaller delay argument. To handle
the delay term, a mesh is generated so that the delay term falls on nodal points. Kadalbajoo et al. [17],
utilize Shishkin mesh to derive the fitted mesh approach to solve singularly perturbed general DDEs.
Gabil and Erkan [18], devised a fitted difference scheme for convection-diffusion problems by employing
exponential basis functions, integral identities and interpolating quadrature procedures. The authors
∗Corresponding author. E-mail: kollojuphaneendra@yahoo.co.in
Received: 07 June 2023; Accepted: 07 December 2023.
c© 2024 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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in [19], suggested adaptive grid methods for the solutions to problems with boundary or interior layers.
A grid with equidistributing arc-length monitor function is constructed to solve the problem. In [20], a
first-order uniform convergence fitted difference approach is built in the discrete maximum norm. Ravi
Kanth and Murali [21], devised a numerical scheme for solving nonlinear SPDE. The Quasilinearization
technique is implemented on the nonlinear SPDE to get a sequence of linear SPDEs. A fitted spline
method is implemented for the solution of these problems. In [22], it is established that the family of
periodic boundary value issues for the system of ordinary differential equations with delayed argument
and the periodic boundary value problem for the system of hyperbolic equations with delayed argument
are related. The construction and convergence of algorithms for solving the comparable problem are
demonstrated. The author of [23] investigated a boundary value problem with the Sturm-Liouville type
conditions using Green’s function method for a linear ordinary differential equation of fractional order
with delay. In [24], authors proposed a scheme for the solution of a differential equation with delay and
advanced parameters having an interior layer behaviour using a non-standard finite difference method.

1 Statement of problem

Consider the following SPDDE with a fixed delay

εz′′(ϑ) + p (ϑ) z′ (ϑ) + q (ϑ) z (ϑ− 1) = f (ϑ) , ϑ ∈ [0, 2] (1)

subject to the boundary constraints

z (ϑ) = ϕ (ϑ) , ϑ ∈ [−1, 0] ;

z (2) = β, (2)

where, 0 <ε� 1 and p (ϑ) > α > 0, θ 6 q (ϑ) < 0 and f (ϑ) are smooth functions on [0, 2], ϕ (ϑ) is
smooth functions on [−1, 0] and β is given constant. The solution of Eq. (1) with Eq. (2) reveals a
boundary layer at ϑ = 2 with the small values of ε.

2 Numerical method using a trigonometric spline

The domain of the integration [0 , 2] is partitioned into L equal sub intervals with mesh length
h = 2

L , so that ϑi = ih, i = 0, 1, 2, ..., L are the nodes with 0 = ϑ0, 2 = ϑL . Let z (ϑ) be the
exact solution and ϑi be an approximation to z(ϑi) by the trigonometric spline Si(ϑ) passing through
the points (ϑi, zi) and (ϑi+1, zi+1). Here Si(ϑ) satisfies the conditions of interpolation at ϑi and ϑi+1

and also the first order derivative continuity at the common nodes (ϑi, zi) is satisfied. For each ith

subinterval, the trigonometric spline function Si(ϑ) has the form

Si (ϑ) = ai + bi (ϑ − ϑi ) + ci sin τ (ϑ − ϑi ) + di cosτ (ϑ − ϑi ) , i = 0, 1, . . . , L − 1. (3)

Here ai, bi, ci and di are constants and τ is a free parameter.
The trigonometric spline Si(ϑ) of class C2[0 , 2] interpolating z (ϑ) at the points ϑi, i = 0, 1, ..., L

depends on τ and deduces to cubic spline in [0, 2] as τ → 0. The following are defined to obtain an
expression for the coefficients of Eq. (3) in terms of zi, zi+1, ψi andψi+1

Si (ϑi) = zi, Si (ϑi+1) = zi+1, S
′′
i (ϑi) = ψi, S

′′
i (ϑi+1) = ψi+1.

Using these conditions, the following expressions are obtained:

ai = zi +
ψi
τ2

, bi =
zi − zi+1

h
+
ψi+1 − ψi

τθ
,
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ci =
ψicosθ − ψi+1

τ2sinθ
and di = −ψi

τ2
,

where θ = τh, for i = 0, 1, . . . , L− 1. Using the continuity of the first order derivative at (ϑi, zi), that
is S′i+1 (ϑi) = S

′
i (ϑi), we get the following relation for i = 1, 2, . . . , L− 1.

αψi+1 + 2βψi + αψi−1 =
zi−1 − 2zi + zi+1

h2
, (4)

where
α =

−1

θ2
+

1

θsinθ
and β =

1

θ2
− cosθ

θsinθ
,

ψj = z
′′

(ϑj) , j = i± 1, i.

At the mesh point ϑj , the suggested approach can be discretized by the convection-diffusion equation
(1) as

ψj =
1

ε

(
f (ϑj)− p (ϑj) z

′
(ϑj)− q (ϑj) z (ϑj − 1)

)
for j = i± 1, i (5)

using Eq. (5), Eq. (4) can be represented as

α

ε

(
f (ϑi+1)−p (ϑi+1) z

′
(ϑi+1)−q (ϑi+1) z (ϑi+1−1)

)
+

+
2β

ε

(
f (ϑi)−p (ϑi) z

′
(ϑi)−q (ϑi) z (ϑi−1)

)
+

+
α

ε

(
f (ϑi−1)−p (ϑ−1) z

′
(ϑj−1)−q (ϑi−1) z (ϑi−1−1)

)
=

(
zi−1 − 2zi + zi+1

h2

)
,

α
(
f (ϑi+1)−p (ϑi+1) z

′
(ti+1)−q (ϑi+1) z (ϑi+1−1)

)
+

+2β
(
f (ϑi)−p (ϑi) z

′
(ϑi)−q (ϑi) z (ϑi−1)

)
+

+α
(
f (ϑi−1)−p (ϑi−1) z

′
(ϑi−1)−q (ϑi−1) z (ϑi−1−1)

)
=

ε

h2
(zi−1 − 2zi + zi+1) . (6)

Using the finite differences

z
′
(ϑi+1) =

(
zi−1−4zi−3zi+1

2h

)
, z
′
(ϑi) =

(
zi+1−zi−1

2h

)
,

z
′
(ϑi−1) =

(
zi+1−4zi−3zi−1

2h

)
.

Eq. (6) is reduced to

α

(
f (ϑi+1)−p (ϑi+1)

(
zi−1−4zi−3zi+1

2h

)
−q (ϑi+1) z (ϑi+1−1)

)
+

+2β

(
f (ϑi)−p (ϑi)

(
zi+1−zi−1

2h

)
−q (ϑi) z (ϑi−1)

)
+

+α

(
f (ϑi−1)−p (ϑi−1)

(
zi+1−4zi−3zi−1

2h

)
−q (ϑi−1) z (ϑi−1−1)

)
=

=
ε

h2
(zi−1−2zi+zi+1) ,

196 Bulletin of the Karaganda University



A Novel Numerical Scheme for ...

(
ε

h2
− βai

h
+
( α

2h
(pi+1 − 3pi−1)

))
zi−1 +

(
−2ε

h2
− 2α

h
(pi+1 − pi−1)

)
zi+

+

(
ε

h2
+
βai
h

+
α

2h
(3pi+1 − pi−1)

)
zi+1 = αf(ϑi−1)− αq(ϑi−1)z(ϑi−1−1)+

+2βf(ϑi)− 2βq(ϑi)z(ϑi−1) + αf (ϑi+1)− αq (ϑi+1) z (ϑi+1−1) . (7)

To reduce the error value in the solution over the domain Ω1= (0, 1), we insert a fitting parameter
σ (ρ) in the above numerical scheme Eq. (7) for the equation

εσ (ρ) z
′′

(ϑ) + p (ϑ) z
′
(ϑ) + q (ϑ) z (ϑ− 1) = f (ϑ) .

The value of the fitting parameter is σ (ρ) = ρ (α+ β) coth
(ρpi

2

)
, where ρ = h

ε .
The scheme Eq. (7) with a fitting factor can be written as

Eizi−1 + Fizi +Gizi−1 −Hi = 0 for i= 1, 2, ..., L−1, (8)

where
Ei =

(
σε

h2
− βai

h
+
( α

2h
(pi+1 − 3pi−1)

))
,

Fi =

(
−2σε

h2
− 2α

h
(pi+1 − pi−1)

)
,

Gi =

(
εσ

h2
+
βai
h

+
α

2h
(3pi+1 − pi−1)

)
and

Hi = α (f (ϑi−1)− q (ϑi−1)ϕi−1) + 2β( f (ϑi)− q (ϑi)ϕi) + α (f (ϑi+1)− q (ϑi+1)ϕi+1) ,

here
ϕi+1 = z (ϑi+1 − 1) , ϕi = z (ϑi − 1) , ϕi−1 = z (ϑi−1 − 1) in [0, 1].

Now, to find the solution in Ω2= (1, 2), we consider the finite difference scheme Eq. (7) with fitting
factor σ (ρ) in the equation

εσ (ρ) z
′′

(ϑ) + p (ϑ) z
′
(ϑ) + q (ϑ) z (ϑ− 1) = f (ϑ) .

Here the value of σ (ρ) is σ (ρ) = ρ (α+ β) coth
(ρpi

2

)
, where ρ = h

ε .
Then, the scheme Eq. (7) with a fitting factor can be written as

Eizi−1 + Fizi +Gizi+1 −Hi = 0 for i = L,L+ 1, ..., 2L− 1, (9)

where
Ei =

(
σε

h2
− βai

h
+
( α

2h
(pi+1 − 3pi−1)

))
,

Fi =

(
−2σε

h2
− 2α

h
(pi+1 − pi−1)

)
,

Gi =

(
εσ

h2
+
βai
h

+
α

2h
(3pi+1 − pi−1)

)
and

Hi = α (f (ϑi−1)− q (ϑi−1) z (ϑi−1 − L)) + α (f (ϑi+1)− q (ϑi+1) z (ϑi+1 − L)) +

+2β( f (ϑi)− q (ϑi) z (ϑi − L)).

To solve the system of equations Eq. (8) and Eq. (9), the condition z(L) is required. To get the
value of z(L), we utilize the reduced problem of Eq. (1) by setting ε = 0 and Runge-Kutta 4th order
method is used to solve the reduced differential equation.

Mathematics series. No. 1(113)/2024 197



E. Srinivas, K. Phaneendra

3 Local error estimate

The local error estimate for the numerical scheme of Eq. (8) is

Ti (h) = [2α+ 2β − 1] εh2z
′′
i +

((
α− 1

12

)
εzivi −

(
−2α

3
+
β

3

)
piz
′′′
i

)
h4 +O(h6). (10)

Hence, with α = 1
12 and α+ β = 1

2 , the truncation error is fourth order.

4 Convergence analysis

Considering the matrix version of Eq. (8) with the boundary conditions, we have

(A+ P )Z +Q+ T (h) = 0, (11)

where

A =



−2εσ εσ 0 0 ... 0
εσ −2εσ εσ .. ... 0
0 .. .. .. ... 0
.. .. .. .. .. ..
.. .. .. .. .. ..
0 .. .. .. εσ −2εσ


and

P = [li,mi, ki] =



m1 k1 0 0 ........ 0
l2 m2 k2 0 ........ 0
0 l3 m3 k3 ........ 0
.. .. .. .. .. ..
.. .. .. .. .. ..
0 .. .. 0 lL−1 mL−1

 ,

where

li =
h

2
(−3αpi−1 − 2βpi + αpi+1) + h2αqi−1ϕi−1,

mi =
h

2
(4αpi−1 − αpi+1) + 2h2βqiϕi,

ki =
h

2
(−αpi−1 + 2βpi + 3αpi+1) + h2αqi+1ϕi+1, for 1 6 i 6 L− 1

and
Q = [r1 + (εσ + k1)ϕ0, r2, r3, ..., rL−2, rL−1 + (εσ + kL−1)γ]T ,

where
qi = h2 [αki+1 + 2βki + αki−1] , 1 6 i 6 L− 1,

T (h) = O
(
h4
)

and Z = [Z1, Z2, . . . , ZL−1]
T , T (h) = [T1, T2, . . . , TL−1]T , O = [0, 0, . . . , 0]T are associated

vectors of Eq. (11).
Let n = [n1, n2, ..., nL−1]

T ∼= Z satisfy the equation

(A+ P )n+Q = 0. (12)
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Let ei = ni − Zi, i = 1, 2..., L− 1 be the discretized error E = [e1, e2, ..., eL−1]
T = n− Z.

Using Eq. (12) and Eq. (11), we get the error equation as

(A+ P )E = T (h). (13)

Let |p(s)| ≤ D1 and |q (s)| ≤ D2, where D1, D2 are positive constants. Let (i, j)th element of the
matrix (A+ P ) be ζi,j then

|ζi,i+1| 6 (ε) + h(α+ β)D1 + h2(αqi+1ϕi+1 + 2βqiϕi), 1 6 i 6 L− 2,

|ζi,i−1| 6 (ε) + h(α+ β)D1 + h2(αqi−1ϕi−1 + 2βqiϕi), 1 6 i 6 L− 1.

Hence, for small values of h, we have

|ζi,i+1| < εσ, 1 6 i 6 L− 2

and
|ζi,i−1| < εσ, 2 6 i 6 L− 1.

Hence (A+ P ) is irreducible [25].
Let Si be the ith row elements sum, of the matrix (A+ P ), then we have

Si = −ε+ h(α+ β)pi + h2(αqi+1ϕi+1 + 2βqiϕi) for i = 1,

Si = h2 (αqi−1ϕi−1 + 2βqiϕi + αqi+1ϕi+1) for i = 2, 3, ...., L− 2,

Si = −ε− h(α+ β)pi + h2(αqi−1ϕi−1 + 2βqiϕi) for i = L− 1.

Let D1∗ = |p(s)| and D∗1 =|p(s)|, D2∗ = |q(s)| and D∗2 =|q(s)|. Since 0 < ε � 1, and ε ∝ O (h)
it is verified that for sufficiently small h. (A+ P ) is monotone [25, 26]. Hence (A+ P )−1 exists and
(A+ P )−1 > 0. Thus using Eq. (13), we have

‖E‖ 6
∥∥∥(A+ P )−1

∥∥∥ ‖T ‖ . (14)

Let (A+ P )−1i,k be the (i, k)th element of (A+ P )−1 and define

‖ (A+ P )−1 ‖ = max
1≤i≤L−1

∑L−1

k=1
(A+ P )−1i,k and ‖T (h)‖ = max

1≤i≤L−1
|T (h)|.

Since
(A+ P )−1i,k > 0 and

∑L−1

k=1
(A+ P )−1i,k , Sk = 1 for 1 6 i 6 L− 1, (15)

we have
(A+ P )−1i,k 6

1

max
1≤i≤L−1

Si
<

1

h2D2
, i = 1, (16)

(A+ P )−1i,k 6
1

Si
<

1

h2D2
, i = L− 1. (17)

Further ∑L−2

k=2
(A+ P )−1i,k 6

1

max
2≤i≤L−2

Si
<

1

h2D2
, for 2 6 i 6 L− 2. (18)

From Eq. (10), Eq. (14) and using of Eqs. (15)–(18) we get

‖E‖ 6 O
(
h2
)
.

Second-order convergence of the proposed scheme is thus observed in the first half of the interval.
Similarly, we can demonstrate that the scheme exhibits second-order convergence in the second half of
the interval by using Eq. (9).
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5 Numerical examples

Three examples are used to demonstrate the proposed scheme. The maximum absolute errors
(MAEs) in the solution are computed using the double mesh principle [4].

Utilizing the following formula

RL =
log
∣∣∣ EL

ε

E2L
ε

∣∣∣
log2

the numerical convergence for each case has been determined.

Example 1. εz′′ (ϑ)− 3z
′
(ϑ) + z (ϑ− 1) = 0, with z (ϑ) = 1; −1 6 ϑ 6 0, z (2) = 2.

Example 2. εz′′ (ϑ)− 2z
′
(ϑ) + 5z (ϑ− 1) = 0, with z (ϑ) = 1; −1 6 ϑ 6 0, z (2) = 2.

Example 3. εz′′ (ϑ)− 5z
′
(ϑ) + 1

2z (ϑ− 1) =

{
−1, 0 6 ϑ 6 1
1, 1 6 ϑ 6 2

, with

z (ϑ) = 1;−1 6 ϑ 6 0, z (2) = 2.

6 Discussions and conclusion

To solve a SPDE with a fixed large delay, a trigonometric spline-based numerical technique is
proposed. The strategy is designed by utilizing the continuity of the first order derivative of the
spline. The convergence of the method is investigated, and it reached second order convergence. Three
examples of the scheme with the right end boundary layer are provided. The maximum absolute errors
(MAEs) in the solutions are tabulated in Tables 1, 2 and 3 in comparison to the method given in [27].
The rate of convergence in the solutions is also computed. The layer structure is depicted in Figures
1, 2 and 3. In the illustration, it can be seen that the width of the right end layer similarly reduces as
the perturbation value does.
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7 Tables and Figures

T a b l e 1

MAEs in Example 1

ε ↓ L → 27 28 29 210 211 212

suggested method
2−5 9.5547e-06 2.3939e-06 5.9883e-07 1.4975e-07 3.7573e-08 9.7531e-09

1.9968 1.9991 1.9996 1.9948 1.9458
2−6 1.9455e-05 4.9061e-06 1.2292e-06 3.0749e-07 7.6942e-08 1.9565e-08

1.9458 1.9875 1.9969 1.9987 1.9755
2−7 3.8180e-05 9.8729e-06 2.4898e-06 6.2383e-07 1.5608e-07 3.9153e-08

1.9513 1.9874 1.9968 1.9989 1.9951
2−8 6.8209e-05 1.9242e-05 4.9774e-06 1.2552e-06 3.1452e-07 7.8749e-08

1.8257 1.9508 1.9875 1.9967 1.9978
2−9 9.7588e-05 3.4253e-05 9.6682e-06 2.5001e-06 6.3049e-07 1.5801e-07

1.5105 1.8249 1.9513 1.9874 1.9965
2−10 1.0755e-04 4.8915e-05 1.7177e-05 4.8460e-06 1.2532e-06 3.1606e-07

1.1367 1.5098 1.8256 1.9512 1.9873
2−11 1.0808e-04 5.3879e-05 2.4506e-05 8.6011e-06 2.4264e-06 6.2744e-07

1.0043 1.1366 1.5105 1.8257 1.9513
2−12 1.0808e-04 5.4147e-05 2.6966e-05 1.2265e-05 4.3037e-06 1.2141e-06

0.9971 1.0057 1.1366 1.5109 1.8257
2−13 1.0808e-04 5.4147e-05 2.7100e-05 1.3490e-05 6.1354e-06 2.1526e-06

0.9971 0.9986 1.0064 1.1367 1.5111
Results in [27]

2−5 3.8774(-5) 9.6108(-6) 2.3975(-6) 5.9904(-7) 1.4972(-7) 3.7294(-8)
2−6 8.2126(-5) 1.9910(-5) 4.9349(-6) 1.2310(-6) 3.0757(-7) 7.6825(-8)
2−7 1.8429(-4) 4.1727(-5) 1.0104(-5) 2.5044(-6) 6.2472(-7) 1.5606(-7)
2−8 4.5000(-4) 9.2878(-5) 2.1029(-5) 5.0938(-6) 1.2626(-6) 3.1493(-7)
2−9 1.0778(-3) 2.2589(-4) 4.6641(-5) 1.0566(-5) 2.5585(-6) 6.3417(-7)
2−10 2.3688(-3) 5.4102(-4) 1.1321(-4) 2.3389(-5) 5.2961(-6) 1.2825(-6)
2−11 4.9529(-3) 1.1891(-3) 2.7104(-4) 5.6715(-5) 1.1712(-5) 2.6518(-6)
2−12 1.0121(-2) 2.4862(-3) 5.9570(-4) 1.3565(-4) 2.8385(-5) 5.8601(-6)
2−13 2.0458(-2) 5.0805(-3) 1.2455(-3) 2.9814(-4) 6.7859(-5) 1.4200(-5)
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T a b l e 2

MAEs in Example 2

ε ↓ L → 27 28 29 210 211 212

suggested method
2−5 3.5024e-04 8.7651e-05 2.1918e-05 5.4801e-06 1.3706e-06 3.4554e-07

1.9985 1.9997 1.9998 1.9994 1.9880
2−6 7 .2423e-04 1.8177e-04 4.5489e-05 1.1375e-05 2.8445e-06 7.1278e-07

1.9943 1.9944 1.9986 1.9996 1.9996
2−7 1.4561e-03 3.6979e-04 9.2808e-05 2.3225e-05 5.8078e-06 1.4533e-06

1.9773 1.9944 1.9986 1.9996 1.9987
2−8 2.7805e-03 7.3682e-04 1.8705e-04 4.6948e-05 1.1749e-05 2.9382e-06

1.9160 1.9778 1.9943 1.9985 1.9995
2−9 4.6105e-03 1.3988e-03 3.7082e-04 9.4139e-05 2.3626e-05 5.9127e-06

1.7207 1.9154 1.9779 1.9944 1.9985
2−10 5.8590e-03 2.3143e-03 7.0214e-04 1.8607e-04 4.7237e-05 1.1855e-05

1.3401 1.7207 1.9159 1.9779 1.9944
2−11 6.0756e-03 2.9352e-03 1.1594e-03 3.5176e-04 9.3215e-05 2.36604e-05

1.0496 1.3401 1.7207 1.9160 1.9779
2−12 6.0797e-03 3.0438e-03 1.4691e-03 5.8029e-04 1.7606e-04 4.6657e-05

0.9981 1.0509 1.3401 1.7207 1.9159
2−13 6.05797e-03 3.0458e-03 1.5234e-03 7.3489e-04 2.9031e-04 8.8084e-05

0.9920 0.9953 1.0517 1.3399 1.7206
Results in [27]

2−5 1.4101(-3) 3.5121(-4) 8.7724(-5) 2.1926(-5) 5.4809(-6) 1.3713(-6)
2−6 2.9715(-3) 7.3183(-4) 1.8226(-4) 4.5523(-5) 1.1378(-5) 2.8438(-6)
2−7 6.3962(-3) 1.5166(-3) 3.7366(-4) 9.3055(-5) 2.3241(-5) 5.8086(-6)
2−8 1.4877(-2) 3.2366(-3) 7.6743(-4) 1.8901(-4) 4.7072(-5) 1.1757(-5)
2−9 3.6799(-2) 7.4974(-3) 1.6281(-3) 3.8622(-4) 9.5120(-5) 2.3688(-5)
2−10 8.4871(-2) 1.8472(-2) 3.7635(-3) 8.1727(-4) 1.9379(-4) 4.7729(-5)
2−11 1.8184(-1) 4.2603(-2) 9.2539(-3) 1.8854(-3) 4.0944(-4) 9.7084(-5)
2−12 3.7579(-1) 9.1277(-2) 2.1343(-2) 4.6315(-3) 9.4363(-4) 2.0493(-4)
2−13 7.6369(-1) 1.8863(-1) 4.5728(-2) 1.0682(-2) 2.3169(-3) 4.7207(-4)
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T a b l e 3

MAEs in Example 3

ε ↓ L → 27 28 29 210 211 212

suggested method
2−5 4.7341e-05 1.3845e-06 3.7561e-06 9.7905e-07 2.5003e-07 6.3369e-08

1.7737 1.8821 1.9398 1.9693 1.9803
2−6 7.1268e-05 2.3726e-05 6.9366e-06 1.8816e-06 4.9045e-07 1.2535e-07

1.5868 1.7742 1.8823 1.9398 1.9681
2−7 8.9077e-05 3.5691e-05 1.1878e-05 3.4721e-06 9.4179e-07 2.4552e-07

1.3195 1.5873 1.7744 1.8823 1.9396
2−8 9.4225e-05 4.4593e-05 2.2312e-05 5.9429e-06 1.7371e-06 4.7118e-07

1.0793 0.9990 1.9086 1.7745 1.8823
2−9 9.4324e-05 4.7161e-05 2.3593e-05 8.9346e-06 2.9725e-06 8.6884e-07

1.0000 0.9992 1.4009 1.5877 1.7745
2−10 9.4287e-05 4.7190e-05 2.3593e-05 1.1160e-05 4.4684e-06 1.4866e-06

0.9986 0.9996 1.0800 1.3205 1.5877
2−11 9.4287e-05 4.7172e-05 2.3602e-05 1.1799e-05 5.5810e-06 2.2345e-06

0.9991 0.9996 1.0002 1.0801 1.3206
2−12 9.4287e-05 4.7172e-05 2.3593e-05 1.1803e-05 5.9004e-06 2.7908e-06

0.9991 0.9996 0.9992 1.0003 1.0801
2−13 9.4287e-05 4.7172e-05 2.3593e-05 1.1798e-05 5.9019e-06 2.9504e-06

0.9991 0.9996 0.9998 0.9993 1.0003
Results in [27]

2−5 1.9126(-4) 6.2523(-6) 1.7063(-5) 4.3683(-6) 1.0987(-6) 2.7510(-7)
2−6 2.2400(-4) 9.7185(-5) 3.1769(-5) 8.6781(-6) 2.2223(-6) 5.5895(-7)
2−7 2.2703(-4) 1.1381(-4) 4.8981(-5) 1.6049(-5) 4.3824(-6) 1.1219(-6)
2−8 2.2705(-4) 1.1535(-4) 5.7355(-5) 2.4657(-5) 8.0719(-6) 2.2029(-6)
2−9 2.2705(-4) 1.1536(-4) 5.8131(-5) 2.8790(-5) 1.2377(-5) 4.0479(-6)
2−10 2.2705(-4) 1.1536(-4) 5.8136(-5) 2.9180(-5) 1.4423(-5) 6.2006(-6)
2−11 2.2705(-4) 1.1536(-4) 5.8136(-5) 2.9182(-5) 1.4618(-5) 7.2188(-6)
2−12 2.2705(-4) 1.1536(-4) 5.8136(-5) 2.9182(-5) 1.4620(-5) 7.3164(-6)
2−13 2.2705(-4) 1.1536(-4) 5.8136(-5) 2.9182(-5) 1.4620(-5) 7.3171(-6)
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Figure 1. Layer profile in the solution Example 1 with 𝜀 = 2−5, 2−10, 2−20. 

 

Figure 2. Layer profile in the solution Example 2 with 𝜀 = 2−5, 2−10, 2−20.  

 

Figure 3. Layer profile in the solution Example 3 with 𝜀 = 2−5, 2−10, 2−20. 
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Бекiтiлген көп кешiгуi бар сингулярлы ауытқыған
дифференциалдық-айырымдық теңдеулер класының жаңа

сандық схемасы

Э. Шринивас, К. Фанеендра

Университеттiң ғылым колледжi, Османия университетi, Хайдарабад, Үндiстан

Тригонометриялық сплайнға негiзделген есептеу әдiсi бекiтiлген көп кешiгуi бар қабаттың әрекетi
үшiн дифференциалдық-айырымдық теңдеулердi сандық шешу үшiн ұсынылған. Айырымдық тең-
деулер жүйесiн құру үшiн тордың iшкi нүктесiндегi тригонометриялық сплайнның бiрiншi реттi
туындысының үзiлiссiздiгi қолданылады. Сингулярлы ауытқыған теориясын қолдана отырып, ше-
шiмдегi қатенi азайту үшiн айырымдық схемасына сәйкестендiретiн параметр енгiзiледi. Әдiс жи-
нақтылыққа тексерiлген. Сонымен қатар шекаралық қабатқа ығысу немесе кешiгу әсерi қарасты-
рылды. Әдебиеттерде келтiрiлген басқа тәсiлдермен салыстырғанда максималды абсолюттi қателер
есептеледi және ұсынылған сандық әдiстiң орындылығын көрсету үшiн қабаттардың өзгеруi график-
терде көрсетiлдi.

Кiлт сөздер: сингулярлы ауытқыған дифференциалдық-айырымдық теңдеу, кешiгу, тригонометрия-
лық сплайн, сәйкестендiретiн параметр.
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Новая численная схема для класса сингулярно возмущенных
дифференциально-разностных уравнений с фиксированным

большим запаздыванием

Э. Шринивас, К. Фанеендра

Университетский колледж науки; Университет Османии, Хайдарабад, Индия

Предложен вычислительный метод на основе тригонометрического сплайна для численного реше-
ния дифференциально-разностных уравнений поведения слоя с фиксированной большой задержкой.
Для построения системы разностных уравнений используется непрерывность производной первого
порядка тригонометрического сплайна во внутренней точке сетки. С помощью теории сингулярных
возмущений в разностную схему вводится подгоночный параметр, позволяющий минимизировать
ошибку в решении. Метод проверен на сходимость. Мы также рассмотрели влияние сдвига или за-
держки на пограничный слой. Подсчитаны максимальные абсолютные погрешности по сравнению с
другими подходами, описанными в литературе, а поведение слоев отображено на графиках, чтобы
продемонстрировать осуществимость предложенного численного метода.

Ключевые слова: сингулярно возмущенное дифференциально-разностное уравнение, запаздывание,
тригонометрический сплайн, подгоночный параметр.
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In this article, within the framework of the study of Jonsson theories, the model-theoretic properties of
cosemanticness classes belonging to the factor set of the Jonsson spectrum of an existentially closed models’
subclass of some Jonsson theory in a fixed language were studied. Various results have been obtained. In
particular, the properties of the cosemanticness of models and classes of models are considered; some results
concerning the Jonsson equivalence in generalization for classes of existentially closed models are obtained;
a criterion for the cosemanticness of J-classes in connection with their Kaiser hulls has been found.

Keywords: Jonsson theory, cosemanticness, cosemantic Jonsson theories, Jonsson spectrum, cosemanticness
classes, Kaiser hull, Jonsson equivalence, J-class, cosemantic models, cosemantic classes.
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Introduction

It is well known that in modern Model Theory, the issue of studying incomplete theories occupies
a special place due to the small number of suitable methods and techniques. Anyway, this is a very
difficult task, so, as a rule, model theorists use various limiting conditions to obtain results concerning
incomplete theories. One of the relevant directions in this sense is studying Jonsson theories. The
relevance is determined by various reasons, and the main one is that the Jonsson theories are of
great applied importance in algebra due to the presence of many classical examples linking these two
mathematical areas.

Traditionally, the Karaganda School of Model Theory uses the definition of the Jonsson theory given
in the Russian-language edition of [1]. In recent years, the apparatus for studying Jonsson theories has
been significantly expanded, which is demonstrated by the number and variety of approaches in the
works [2–9].

At the same time, one of our essential areas of research in this area is not only to obtain results
describing the properties of the Jonsson theories, but also to generalize these results. In 2018,
Yeshkeyev A.R. introduced the concept of the Jonsson spectrum of a fixed class of models, which is a
special set of Jonsson theories. When considering the Jonsson spectrum we also use the notion of the
cosemanticness relation proposed by Mustafin T.G. Cosemanticness is a specific equivalence relation
that generalizes and refines the elementary equivalence in terms of researching Jonsson theories. It
is well known that equivalence relation is a classical instrument for studying and constructing the
classification of theories in Model Theory. In this matter, in [10,11], Yeshkeyev A.R. and Ulbrikht O.I.
obtained some considerable results on abelian groups and R-modules concerning cosemanticness and
other related concepts, such as consemanticness classes.

Thus, studying the properties of the cosemanticness classes of the Jonsson spectrum is of great
importance not only for the development of the apparatus for the study of Jonsson theories. Firstly, this
area is of interest from the point of view of research in Model Theory. In addition, it was found in [12–16]
that the Jonsson theories and their cosemanticness classes in the Jonsson spectrum of fixed classes of
∗Corresponding author. E-mail: intng@mail.ru
Received: 28 September 2023; Accepted: 30 November 2023.
c© 2024 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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structures have interesting structural properties that are important for Universal Algebra. In [17], the
lattices of existential formulas of a fixed Jonsson theory are considered in terms of syntactic similarity.
In this article, we present some basic results that demonstrate the relationship of the cosemanticness
classes of the Jonsson spectrum with fixed classes of structures and the specific properties of Kaiser
hulls of these classes. These results are the forerunner of the study of Jonsson theories from the point
of view of lattice algebra and other related fields.

This paper consists of two sections. In Section 1, we give some basic information on Jonsson theories.
In Section 2, we present our results obtained for cosemanticness classes of Jonsson spectrum, so-called
J-classes of structures and their Kaiser hulls.

1 Preliminary information on Jonsson theories

In this section we describe the apparatus of the study of Jonsson theories. Let us start with some
basic definitions.

Definition 1. [1] A theory T has the joint embedding property (JEP), if, for any models A and B
of T , there exists a model M of T and isomorphic embeddings f : A→ M , g : B →M .

Definition 2. [1] A theory T has the amalgamation property (AP), if for any models A, B1, B2 of
T and isomorphic embeddings f1 : A→ B1, f2 : A→ B2 there areM |= T and isomorphic embeddings
g1 : B1 →M , g2 : B2 →M such that g1 ◦ f1 = g2 ◦ f2.

Originally, the properties of amalgamation and joint embedding are algebraic notions. However they
play a crucial role in studying various classes of structures in Model Theory, especially for incomplete
theories.

There are syntactic criteria of AP and JEP. We give two classical theorems of them.
Theorem 1 (Robinson). [18] For the first order theory T of the language L (of arbitrary cardinality)

the following conditions are equivalent:
1) T has JEP;
2) For all universal sentences α, β of L, if T ` α ∨ β then T ` α or T ` β.
It is well known that the given theorem is equivalent to the following statement:
Theorem 2. Let T be a theory of the first-order language L. Then T has JEP iff whenever T ∪ {ϕ}

and T ∪ {ψ} are consistent sets, where ϕ and ψ are arbitrary existential sentences of L, T ∪ {ϕ ∧ ψ}
is also consistent.

Theorem 3 (Bryars). [18] The following are equivalent:
1) T has the amalgamation property;
2) for all α1(x), α2(x) ∈ ∀1 with T ` α1 ∨ α2 there are β1(x), β2(x) ∈ ∃1 such that T ` βi → αi

(i = 1, 2) and T ` β1 ∨ β2.
The following theorem plays an important role in studying Jonsson Model Theory.
Theorem 4 (Hodges). [19; 363] Let T be a theory of the first-order language L, and let T have JEP.

Suppose that A and B are existentially closed models of T . Then every ∀∃-sentence true in A is true
in B as well.

Now we recall the main definition of our study.
We are working within the framework of the following definition of Jonsson theory published in the

Russian edition of [1].
Definition 3. [1; 80] A theory T is called Jonsson if the following conditions hold for T :
1. T has at least one infinite model;
2. T is an inductive theory;
3. T has the amalgam property (AP );
4. T has the joint embedding property (JEP ).
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There are a lot of algebraic examples of Jonsson theories. Classical examples include
1) group theory;
2) the theory of abelian groups;
3) the theory of Boolean algebras;
4) the theory of linear orders;
5) field theory of characteristic p, where p is zero or a prime number;
6) the theory of ordered fields;
7) the theory of modules.

In [20], it is proved that the theory of differentially closed fields of the fixed characteristic is a
Jonsson theory as well.

It is important to note that, by Theorem 4, we can see that, for any Jonsson theory T , all
existentially closed models of T are elementary equivalent by ∀∃-sentences.

Further we give the notions and statements that are of great importance in research in Jonsson
theories. Definitions 4, 5 and Theorem 5 were introduced by Mustafin T.G.

Definition 4. [21; 155] Let T be a Jonsson theory. A model CT of power 2|T | is called a semantic
model of the theory T if CT is a |T |+-homogeneous |T |+-universal model of the theory T .

Theorem 5. [21; 155] An inductive theory T is Jonsson iff it has a |T |+-homogeneous |T |+-universal
model.

Definition 5. [21; 161] The elementary theory of the semantic model of the Jonsson theory T is
called the center of this theory. The center is denoted by T ∗, i.e. Th(C) = T ∗.

Now we move to the central notion of this work.
Let L be a first-order language of a signature σ and let K be a class of L-structures. We consider

a specific sets of theories for K that is called a Jonsson spectrum of K. The Jonsson spectrum can be
described as follows.

Definition 6. [11] A set JSp(K) of Jonsson theories of L, where

JSp(K) = {T |T is a Jonsson theory and K ⊆Mod(T )},

is said to be a Jonsson spectrum of K.

Jonsson spectra are well-described in [12,22–24].
In terms of studying Jonsson theories, the notion of cosemanticness relation plays an important

role. Let T1 and T2 be Jonsson theories, T ∗1 and T ∗2 be their centres, respectively.

Definition 7. [21; 40] T1 and T2 are said to be cosemantic Jonsson theories (denoted by T1 ./ T2),
if T ∗1 = T ∗2 .

It is well known that the cosemanticness between two Jonsson theories is an equivalence relation.
This means that, when introducing the relation of cosemanticness on the Jonsson spectrum JSp(K), we
get a partition of JSp(K) into cosemanticness classes. The obtained factor set is denoted by JSp(K)/./.
This technique allows to obtain many significant generalizations when considering the cosemanticness
classes instead of single theories. As it is mentioned before, applying this technique is the main idea of
this paper, which will be revealed in Section 2.

2 The properties of Kaiser hulls for J-classes

In this section, we present the results of generalization of some well-known theorems published in
different papers of the first author of this article. All of these theorems one can also find in [21].

Let T be a Jonsson theory in L, K ⊆ ET . We consider the Jonsson spectrum of the given class
K. Let us introduce the cosemanticness relation on JSp(K). As it is well known, this relation is an
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equivalence relation, and therefore divides the spectrum into cosemanticness classes. Thus, we get a
factor set JSp(K)/./. Next, we will work with some fixed cosemanticness class [T ]. It is clear that all
the Jonsson theories in this class have the same semantic model, which we denote by C[T ]. In this
section, we will work with this fixed class K, unless otherwise specified in the terms of the theorems
or definitions.

Here we introduce the following notation. Let T ∈ [T ], [T ] ∈ JSp(K)/./, A be an L-structure. Then
A |= [T ] means that A |= T for any T ∈ [T ]. Similarly, this notation is generalized for the class of
models as well, i.e. K ′ |= [T ] means that A |= T for any A ∈ K ′ and any theory T ∈ [T ].

Note that we only work within the framework of the fixed language L of signature σ.
Now we give the definitions of some necessary notions, which are actually generalizations of some

well-known concepts from [21].

Definition 8. The class K ′ of existentially closed models of the signature σ is called a J-class, if
the set of sentences Th∀∃(K ′) is a Jonsson theory.

Definition 9. The theory Th∀∃(K) that is a set of all ∀∃-sentences of L true for each model of K,
is said to be a Kaiser hull of K. We denote it by T 0(K).

Note that the theory T 0(K) is Jonsson, if it admits the amalgamation property, because it has
infinite models, is inductive and, due to ∃-completeness, admits JEP. Moreover, in case of AP, T 0(K)
is a maximal Jonsson theory of K, and all theories T ′ such that T ⊆ T ′ ⊆ T 0(K), where T is some
Jonsson theory of K under consideration, are Jonsson.

Lemma 1. Let [T ] ∈ JSp(K)/./ consist only of ∃-complete theories, and let in JSp(K)/./ there be
such a class [T ′], which consists of extensions of theories of the class [T ] in the same language. Then if
p(x̄)∪T is consistent for each theory T ∈ [T ], then p(x̄)∪T ′ is also consistent for each theory T ′ ∈ [T ′],
where p(x̄) is the set of ∃-formulas.

Proof. Let us consider an arbitrary theory T ∈ [T ]. According to the condition of the Lemma, there
is T ′ ∈ [T ′] such that T ⊆ T ′. It is obvious that if T is an ∃-complete theory, so is T ′. Let T ∪ p(x̄) be
a consistent set of formulas, for any T ∈ [T ], and T ′ ∪ p(x̄) be inconsistent, for any T ′ ∈ [T ′]. It means
that there is ∃ȳϕ(x̄, ȳ) ∈ p(x̄), where ϕ(x̄, ȳ) is a quantifier-free formula such that T ′ ` ¬∃x̄∃ȳϕ(x̄, ȳ).
Consequently, T ′ ` ∀x̄∀ȳ¬ϕ(x̄, ȳ), and T ` ∀x̄∀ȳ¬ϕ(x̄, ȳ) as well, due to its ∀-completeness. The latter
means that T ∪ p(x̄) is inconsistent, so we obtain a contradictory. Thus, for any theory T ∈ [T ] and
any theory T ′ ∈ [T ′], if T ∪ p(x̄) is consistent, T ′ ∪ p(x̄) is also consistent.

The following statement is one of the important properties of J-class.

Proposition 1. Let [T ′] ∈ JSp(K)/./ consist only of ∃-complete theories. Then any class K ′ ⊆ K
of infinite models is a J-class.

Proof. It is clear that K ′ is never empty, as soon as, by the conditions stated before, K consists
of existentially closed models of some Jonsson theory T , which are infinite. We need to show that
K ′ is a J-class, i.e., according to Definition 8, Th∀∃(K ′) is a Jonsson theory. Let us check it through
Definition 3:

1) K ′ contains infinite models by the condition of the Proposition;
2) It is obvious that Th∀∃(K ′) is a set of ∀∃-sentences, so this theory is inductive;
3) Th∀∃(K ′) is always an existentially complete theory, so it is easy to see that, by Theorem 1, it

has JEP;
4) Let Th∀∃(K ′) ` α1∨α2 for any L-formulas α1(x), α2(x) ∈ ∀1. By JEP, it means that Th∀∃(K ′) `

α1 or Th∀∃(K ′) ` α2. Since every T ′ ∈ [T ′] is an inductive theory, T ′ ⊆ Th∀∃(K
′), for all T ′ ∈ [T ′].

And due to the fact that each T ′ in this cosemanticness class is ∃-complete (and therefore ∀-complete),
T ′ ` α1, if Th∀∃(K ′) ` α1, and T ′ ` α2, if Th∀∃(K ′) ` α2. Every theory in [T ′] admits AP, so if T ′ ` α1

then T ′ ` α1∨α1 and, by Theorem 3, there are β1(x), β2(x) ∈ ∃1 such that T ′ ` βi → αi (i = 1, 2) and
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T ′ ` β1∨β2. The same is if T ′ ` α2. Therefore, Th∀∃(K ′) ` βi → αi (i = 1, 2) and Th∀∃(K ′) ` β1∨β2,
which means that Th∀∃(K ′) admits AP.

To prove some further theorems, we need the following lemma.
Lemma 2. Let T1 and T2 be L-theories and let T ′ = T1 ∨ T2 = {ϕ ∨ ψ | ϕ ∈ T1, ψ ∈ T2}. Then

Mod(T ′) = Mod(T1) ∪Mod(T2).
Proof. Firstly, the inclusion Mod(T1) ∪Mod(T2) ⊆Mod(T ′) is true, as soon as all sentences of T ′

are deducible both in T1 and T2. Now we show the inclusion Mod(T ′) ⊆Mod(T1)∪Mod(T2). Suppose
that it is false; then there is a model M ∈Mod(T ′) such that M /∈Mod(T1)∪Mod(T2). It means that
M /∈Mod(T1) andM /∈Mod(T2), which is equivalent to the fact that there are ϕ ∈ T1 and ψ ∈ T2 such
that M 2 ϕ and M 2 ψ. But according to the condition of the Lemma, for any model M ∈Mod(T ′),
M � ϕ ∨ ψ for all ϕ ∈ T1 and ψ ∈ T2 that is a contradiction. Hence Mod(T ′) ⊆ Mod(T1) ∪Mod(T2)
and Mod(T ′) = Mod(T1) ∪Mod(T2).

Now we demonstrate the result that concerns to the lattices of Jonsson theories in terms of
cosemanticness classes in the Jonsson spectrum.

Proposition 2. Let K ′ ⊆ K, [T ] ∈ JSp(K)/./, and let C[T ] be a semantic model of [T ]. Then
T ′ ∈ [T ], where

T ′ = T 0(K ′) ∨ T 0(C[T ]) = {ϕ ∨ ψ | ϕ ∈ T 0(K ′), ψ ∈ T 0(C[T ])}.

Proof. Firstly, we note that, according to Lemma 2, Mod(T ′) = Mod(T 0(K ′))∪Mod(T 0(C[T ])). In
addition, for any theory T ∈ [T ], T ⊆ T ′, which means that T ′ is a Jonsson theory cosemantic to any
T ∈ [T ]. It remains to show that T ′ ∈ JSp(K). Since K ⊆ ET , K ′ ⊆ K, then K ′ ≡∀∃ K, which means
that T 0(K) = T 0(K ′). Hence T 0(K ′) ∈ JSp(K).

Now let us consider some specific relations between structures.
Definition 10. [21; 174] L-structures A and B are called Jonsson equivalent, if for any Jonsson

theory T the following holds:
A |= T ⇔ B |= T.

Definition 11. [11] Structures A and B are called cosemantic, if JSp(A) = JSp(B).
The following theorem also presents the result of structural approach in studying Jonsson theories

and their cosemanticness classes.
Theorem 6. Let T be an arbitrary inductive L-theory such that A |= T for any A ∈ K, where K

is a class of infinite L-structures, and let the cosemanticness class [T ′] ∈ JSp(K)/./ consist only of
∃-complete theories. Then [T ′′] ∈ JSp(K)/./, where

[T ′′] = {T ′′ | T ′′ = T ∪ T ′ for each T ′ ∈ [T ]}.

Proof. Firstly, we should note that all theories of [T ′′] are consistent, as soon as, for any A ∈ K,
A |= T ′ for each T ′ ∈ [T ′], and A |= T , hence A |= T ′′ for any T ′′ ∈ [T ′′]. Let us consider an arbitrary
T ′ ∈ [T ′]. It remains to show that T ′′ = T ′ ∪ T is a Jonsson theory. We do it by Definition 3.

1) All models in K are infinite, consequently T ′′ has infinite models;
2) Obviously, T ′′ is an inductive theory;
3) T ⊆ T ′′ and T is ∃-complete theory, hence T ′′ is ∃-complete as well. It means that T ′′ has JEP;
4) Here we use Theorem 3 again. Let T ′′ ` α1 ∨ α2 for some L-formulas α1(x), α2(x) ∈ ∀1. T ′′ has

JEP, it means that T ′′ ` α1 or T ′′ ` α2. Since T ′ ⊆ T ′′ and T ′ is ∃-complete, T ′ ` α1, if T ′′ ` α1,
and T ′ ` α2, if T ′′ ` α2. T ′ admits AP, so if T ′ ` α1 then T ′ ` α1 ∨ α1 and, by Theorem 3, there are
β1(x), β2(x) ∈ ∃1 such that T ′ ` βi → αi (i = 1, 2) and T ′ ` β1 ∨β2. The same is if T ′ ` α2. Therefore,
T ′′ ` βi → αi (i = 1, 2) and T ′′ ` β1 ∨ β2, which means that T ′′ admits AP.

In [21], it was introduced the definition of cosemantic models. Now we give its analogue for classes
of L-structures.
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Definition 12. Let K1 and K2 be some classes of L-structures. Then K1 and K2 are said to be
cosemantic (K1 ./ K2) if JSp(K1) = JSp(K2).

Now we move to the main result of this paper. Theorem 7 is a criterion that connects the cosemanticness
of J-classes with their Kaiser hulls.

Theorem 7. Let K1,K2 be J-classes. Then the following conditions are equivalent:
1) K1 ./ K2;
2) T 0(K1) = T 0(K2).

Proof. Since K1 and K2 are J-classes, T 0(K1) and T 0(K2) are Jonsson theories. Let us prove (1)
→ (2). If K1 ./ K2, then JSp(K1) = JSp(K2), which means that T 0(K1) ∈ JSp(K2) and T 0(K2) ∈
JSp(K1). But it follows that T 0(K1) ⊆ T 0(K2) and T 0(K2) ⊆ T 0(K1). Then T 0(K1) = T 0(K2). The
implication (2) → (1) is trivial due to inductiveness of Kaiser hulls and Jonsson theories.
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Бекiтiлген модельдер класының Кайзер қабықшасының
косемантикалылығы

А.Р. Ешкеев, И.О. Тунгушбаева, А.К. Кошекова

Қолданбалы математика институты, Академик Е.А. Бөкетов атындағы Қарағанды университетi,
Қарағанды, Қазақстан

Мақалада йонсондық теорияны зерттеу барысында бекiтiлген тiлде кейбiр йонсондық теорияның эк-
зистенциалды тұйық модельдерiнiң iшкi класының косемантикалылық класының модельдi-теориялық
қасиеттерi зерттелдi. Әртүрлi нәтижелер алынды. Сондай-ақ, модельдер мен модельдердiң кластары-
ның косемантикалылық қасиеттерi қарастырылды; экзистенциалды тұйық модельдер класының жағ-
дайында жалпылаудағы йонсондық эквиваленттiкке қатысты кейбiр нәтижелер алынды; J-класының
Кайзер қабықшасына байланысты косемантикалылық критерийi табылды.

Кiлт сөздер: йонсондық теория, косемантикалылық, косемантты йонсондық теориялар, йонсондық
спектр, косемантикалылық кластары, Кайзер қабықшасы, йонсондық эквиваленттiлiк, J-класс, мо-
дельдердiң косемантикалылығы, кластардың косемантикалылығы.

Косемантичность оболочек Кайзера фиксированных классов
моделей

А.Р. Ешкеев, И.О. Тунгушбаева, А.К. Кошекова

Институт прикладной математики, Карагандинский университет имени академика Е.А. Букетова,
Караганда, Казахстан

В статье в рамках изучения йонсоновских теорий были рассмотрены теоретико-модельные свойства
классов косемантичности, принадлежащих фактор-множеству йонсоновского спектра подкласса экзи-
стенциально замкнутых моделей некоторой йонсоновской теории на фиксированном языке. Получены
различные результаты. В частности, изучены свойства косемантичности моделей и классов моделей;
получены некоторые результаты, касающиеся йонсоновской эквивалентности в обобщении на случаи
классов экзистенциально замкнутых моделей; найден критерий косемантичности J-классов в связи с
их оболочками Кайзера.

Ключевые слова: йонсоновская теория, косемантичные йонсоновские теории, йонсоновский спектр,
классы косемантичности, оболочка Кайзера, йонсоновская эквивалентность, J-класс, косемантич-
ность моделей, косемантичность классов.
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ANNIVERSARIES

75th anniversary of Doctor of Physical and Mathematical Sciences,
Professor M.I. Ramazanov

Murat Ibraevich Ramazanov, Doctor of Physical and Mathematical Sciences, Professor, was born
on February 24, 1949, in Bulaevo, North Kazakhstan region. After graduating from the Faculty
of Mechanics and Mathematics at the Kazakh State University named after S.M. Kirov (now Al-
Farabi Kazakh National University) in 1971, he began his career at Karaganda State University
and continues to make significant contributions to the development of the university to this day. He
defended his PhD thesis in 1981 and his Doctoral thesis in 2006. M.I. Ramazanov is a highly qualified
specialist in the field of loaded partial differential equations, integral equations, and their applications
to applied problems. He regularly presents scientific reports at international congresses, conferences,
and symposiums dedicated to discussing contemporary problems of mathematics, held both in the
Republic of Kazakhstan and abroad. The scientific achievements of M.I. Ramazanov were published in
high-ranking journals indexed in Web of Science and Scopus. Professor M.I. Ramazanov described the
resolvent set and the spectrum for the spectrally loaded parabolic operator in terms of the (complex)
spectral parameter, which is the coefficient of the loaded term, and characterized the multiplicity of
eigenfunctions in the space of bounded and continuous functions depending on the value of the spectral
parameter. Based on these studies, he published the monograph “Loaded Equations as Perturbations
of Differential Equations”.
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Murat Ibraevich’s contribution to the training of scientific personnel is invaluable. Under his
supervision, 3 PhD theses and 5 doctoral dissertations were defended. Currently, M.I. Ramazanov
is the scientific supervisor of PhD doctoral candidates in the field of “Mathematics”. His name is also
associated with scientific research conducted within the framework of grant funding from the Ministry
of Education and Science of the Republic of Kazakhstan. For many years, he served as the scientific
editor of the journal “Bulletin of the Karaganda University. Mathematics series”, chairman of the
Dissertation Council in the specialty 6D060100 – “Mathematics” at the Karaganda State University
named after academician E.A. Buketov, and is currently a member of the editorial boards of the
journals “Bulletin of KRASEC. Physical and Mathematical Sciences” (Russia), “Bulletin of Karaganda
University. Mathematics series”, and deputy chairman of the dissertation council for the educational
program 8D05401 – Mathematics for the defense of PhD at the Karaganda Buketov University.

For his significant contribution to science, M.I. Ramazanov was awarded the State Scientific Scholar-
ship for scientists and specialists who have made an outstanding contribution to the development of
science and technology for 2008–2010, was decorated with the “For Merits in the Development of
Science of the Republic of Kazakhstan” badge, twice received the grant for the title of “Best University
Teacher” (2009, 2020). He is a laureate of the Prize named after D.Sc, Professor T.G. Mustafin, an
honored worker of the Karaganda Buketov University; he has received several honorary diplomas from
the akim of the Karaganda region “For active participation in the socio-political life of the region
and personal labor contribution to the construction of a new Kazakh society”, the National Chamber
of Entrepreneurs of the Republic of Kazakhstan “For great merits to Kazakh science and invaluable
contribution to the development of higher education, training of highly professional specialists for the
Republic of Kazakhstan”. M.I. Ramazanov is included in the TOP-50 of the General Rating of TPS of
universities of the Republic of Kazakhstan (National Rating of Demand for Universities of the Republic
of Kazakhstan, Astana).

The editorial board of the scientific journal “Bulletin of the Karaganda University. Mathematics
series” and the faculty of mathematics and information technologies of the Karaganda Buketov University
warmly congratulate Murat Ibraevich with his 75th anniversary and wish him strong health and creative
longevity.

Editorial board of the journal
«Bulletin of the Karaganda University. Mathematics series»
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EVENTS

The 15th International ISAAC Congress

Dear Colleagues,

We are pleased to announce that Nazarbayev University in Astana, Kazakhstan, will host the
15th International ISAAC Congress from July 21–25, 2025. The International Society for Analysis, its
Applications, and Computation (ISAAC) Congress is a prestigious event that continues a successful
series of meetings previously held across the globe.

The congress will cover a wide range of topics, including but not limited to:

1. Application of Dynamical Systems Theory in Biology

2. Complex Analysis and Partial Differential Equations

3. Complex Variables and Potential Theory

4. Constructive Methods in Boundary Value Problems and Applications

5. Function Inequalities: New Perspectives and New Applications

6. Function Spaces and their Applications to Nonlinear Evolutional Equations

7. Fractional Calculus and Fractional Differential Equations

8. Generalized Functions and Applications

9. Harmonic Analysis and Partial Differential Equations

10. Integral Transforms and Reproducing Kernels

11. Partial Differential Equations on Curved Spacetimes

12. Pseudo Differential Operators

13. Quaternionic and Clifford Analysis

14. Recent Progress in Evolution Equations

15. Wavelet Theory and its Related Topics
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The conference will feature plenary and sectional talks, as well as poster presentations. The official
language of the conference is English. We plan to publish the abstracts prior to the conference’s
commencement.

Registration Fees:

• ISAAC Members:

– Before April 30, 2025: 150 EUR or 73,155 KZT

– From May 1, 2025: 200 EUR or 97,540 KZT

• Non-Members:

– Before April 30, 2025: 200 EUR or 97,540 KZT

– From May 1, 2025: 250 EUR or 121,925 KZT

• Students and Participants from Developing Countries:

– Before April 30, 2025: 80 EUR or 39,016 KZT

– From May 1, 2025: 130 EUR or 63,400 KZT

Further Information:
Details on registration procedures, abstract submission guidelines, accommodation options in Astana,

and information about the Programme and Organizing Committees, as well as invited speakers, will
be announced in due course.

Contact Information:
Organizing Committee, School of Science and Humanities, Nazarbayev University, Qabanbay Batyr

Ave 53, Astana 010000, Kazakhstan.
Email: info@isaac2025.org
Website: https://isaac2025.org/

Important Dates:

• Registration and abstract submission deadline: May 1, 2025

• Arrival day: July 20, 2025

• Departure day: July 26, 2025

We encourage you to share this information with interested colleagues. We look forward to welcoming
you to Astana for an engaging and fruitful congress.

Warm regards,

Prof. Durvudkhan Suragan, Nazarbayev University, Chairman of Organizing Committee
Dr. Bolys Sabitbek, Queen Mary University of London, Member of Organizing Committee
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