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Figure 3. (a)–(c): ϕ1 = 0, ϕ2 = π
2 ; (d)–(f): ϕ1 = π

2 , ϕ2 = π; (g)–(i): ϕ1 = π, ϕ2 = 3π
2 ; (j)–(l): ϕ1 = 3π

2 , ϕ2 = 2π
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Conclusion

In this study an original method for the numerical solution of the initial value problem for two-dimensional
conservation law with two-piecewise constant discontinuous initial condition that accurately describes the all
physical properties of the problem is proposed.

In addition to this, the auxiliary problem has provided the entropy condition, which provides the uniqueness
of the solution. In establishing efficient algorithms for the numerical solution of the two-dimensional Riemann
type problem the method incorporates an auxiliary problem that is equivalent to the original problem, and yet
has advantages over it.
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2 Әзiрбайжан Ұлттық ғылым академиясының Мұнай және газ институты, Баку, Әзiрбайжан;
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Бастапқы күйде екi үзiлiсi бар Риман типтi
екi өлшемдi есептi шешудiң тор әдiсi

Зерттеудiң мақсаты — бастапқы профилi бар бiр еркiн үзiлiстi сақталу заңының екi өлшемдi теңдеуi
үшiн Коши есебiнiң сандық шешiмiн алу. Ол үшiн негiзгi есептiң әлсiз шешiмiн алуда сезiмтал әдiстi
құруға мүмкiндiк беретiн арнайы көмекшi есеп құрылады. Ұсынылған көмекшi есеп, сонымен қатар,
көмекшi есептi шешiмнiң жалғыз болуына кепiлдiк беретiн энтропияның шарттарын табуға мүмкiндiк
бередi. Сандық шешiмдi дәл шешiммен салыстыру үшiн алдымен есептiң теориялық құрылымы, содан
кейiн соққы толқындары мен сирету толқындарының өзара әрекеттесуi зерттелген.

Кiлт сөздер: бейсызықты скалярлы 2D сақтау заңы, Риманның есептерi, үзiлiстi функциялар кла-
сындағы ақырлы-айырымды схема, екi өлшемдi есептер.

Б. Синсойсал1, М. Расулов2, О. Енер3

1Университет Догус, Стамбул, Турция;
2Институт нефти и газа Национальной академии наук Азербайджана, Баку, Азербайджан;

3Университет Бейкент, Стамбул, Турция

Сеточный метод решения двумерной задачи типа Римана
с двумя разрывами, имеющими начальное состояние

Цель данного исследования — получение численного решения задачи Коши для двумерного уравне-
ния закона сохранения с одним произвольным разрывом, имеющим начальный профиль. Для этого
разработана специальная вспомогательная задача, позволяющая построить чувствительный метод
для получения слабого решения основной задачи. Предлагаемая вспомогательная задача также по-
зволяет найти условие энтропии, гарантирующее единственность решения вспомогательной задачи.
Для сравнения численного решения с точным сначала исследована теоретическая структура рассма-
триваемой задачи, а затем изучено взаимодействие ударных волн и волн разрежения.

Ключевые слова: нелинейный скалярный 2D закон сохранения, задача Римана, конечно-разностная
схема в классе разрывных функций, двумерное уравнение.
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On convergence of schemes of finite element method
of high accuracy for the equation of heat

and moisture transfer

In this paper difference schemes of the finite element method of a high order of accuracy for the non-
stationary equation of moisture transfer of Aller are constructed and investigated. The increased order
of accuracy is achieved through special sampling of temporal and spatial variables. The stability and
convergence of the constructed numerical algorithms are proved, the corresponding a priori estimates are
obtained in various norms, which are used later to obtain estimates of the accuracy of the scheme under
weak assumptions on the smoothness of solutions to the differential problem.

Keywords: Aller’s equation, finite element method, difference schemes, stability, a priori estimates, convergence,
accuracy.

Introduction

As it is known, research in the field of heat and moisture transfer is fundamental in solving many applied
problems, for example, problems of hydrogeology, agrophysics, ecology, building physics, etc. [1]. The interaction
of heat fluxes in the soil-ground and snow cover determines the processes of infiltration, migration and frost
heaving, evaporation and transpiration, metamorphism and snow melting. These processes determine conditions
for overwintering and growing crops. In addition, the role of moisture migration and infiltration in the formation
of productive moisture reserves in agricultural fields is of great importance. Mathematical models of these
processes are described mainly by the Aller or Aller-Lykov moisture transfer equation [2]. This paper considers
numerical methods for solving boundary value problems for the Aller moisture transfer equation written in a
more general form. In this case, difference schemes of the finite element method of the fourth order of accuracy,
constructed and investigated in [3], are used. These schemes have certain advantages over other schemes: a) high
order accuracy scheme (above two); b) in addition to the solution itself, its derivative (velocity) is simultaneously
found with the same accuracy; c) using interpolation representation

y(t) = ynφn00(t) + ẏnφn10(t) + yn+1φn01(t) + ẏn+1φn11(t), (1)

φn00(t) = 2ξ3 − 3ξ2 + 1, φn01(t) = 3ξ2 − 2ξ3, φn10(t) = τ(ξ3 − 2ξ2 + ξ), φn11(t) = τ(ξ3 − ξ2),

if necessary, it is possible to get a solution and its derivative at any time; d) since the scheme is two-layer, it
is possible to use a variable step without loss of accuracy; e) the scheme is conditionally stable and requires 4
times more arithmetic operations than the schemes of the finite difference method, but this scheme allows to
choose large time steps to achieve a certain accuracy. To obtain an estimate of the accuracy a special technique
for obtaining a priori estimates is used. The classical approach to the study of the convergence of difference
schemes based on the Taylor formula imposes high requirements on the smoothness of the desired solution.
Recently a number of results have been obtained on the estimation of the rate of convergence of difference
schemes for equations of mathematical physics. These results can be found in [4–8]. Similar studies for various
non-stationary problems were carried out by the authors in [3, 9–11].

*Corresponding author.
E-mail: dutebaev−56@mail.ru
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Statement of the problem

The problems of the thermal and water regime of the root layer of the soil, evaporation, transpiration, etc.
are described by the following equation (the Aller equation in general form) [1]

∂u

∂t
= L1u+ σ

∂

∂t
(L2u) + f(x, t), (x, t) ∈ QT = {x ∈ Ω, 0 < t ≤ T}. (2)

Here Ω = {x|x = (x1, x2), 0 < xα < lα, α = 1, 2},

Lmu =

pm∑
α=1

∂

∂xα

(
kmα (x)

∂u

∂xα

)
− qm(x), x ∈ Ω, pm = 1, 2, ...,

0 < k0 ≤ kmα (x) ≤ k1, q
m(x) ≥ 0,m = 1, 2,

where σ, k0, k1 are positive constants.
For equation (2) the initial condition

u(x, 0) = u0(x), x ∈ Ω (3)

is set and some local or non-local boundary conditions are given.
Local conditions are classical boundary conditions, for example, the first boundary value condition

u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ]. (4)

Conditions are called non-local if the boundary conditions are relations connecting the values of the sought
solution and its derivatives at the boundary and interior points of the domain. Similar conditions arise in the
mathematical modelling of processes of various natural phenomenon, for example, in the study of problems of
moisture transfer, thermal conductivity, mathematical biology, control, etc. For example, for equation (1) in the
one-dimensional case, the non-local boundary conditions

u(0, t) = λu(l, t), ux(0, t) = λux(l, t), t ∈ [0,T ]

are given in [1-2].
Let us formulate a generalized statement of problem (2)–(4). We call the generalized solution of problem

(2)–(4) as the function u(x, t), in which each t ∈ [0, T ] belongs to Sobolev space H =
◦
W 1

2 (Ω), has a derivative
∂u
∂t ∈ L2(0, T ) and satisfies the relations [12](

du(t)

dt
, ϑ

)
+ σa1

(
du(t)

dt
, ϑ

)
+ a2(u(t), ϑ) = (f(t), ϑ), ∀ϑ(x) ∈ H, u(0) = u0 (5)

almost everywhere on (0, T ). Here

am(u(t), ϑ) = −(Lmu, ϑ) =

∫
Ω

pm∑
α=1

(
km(x)

∂u

∂xα
· ∂ϑ
∂xα

+ qm(x)uϑ

)
dx, m = 1, 2.

For bilinear form am(u, ϑ) there is an evaluation am(ϑ, ϑ) ≥ k‖ϑ‖2.
Note that the dimension of the operators L1 , L2 can be different, i.e., p1 6= p2, and so L1 can be strongly

elliptical and L2 can be a degenerate operator that does not contain all second derivatives of variables xα.

Discretization in space and time

We discretize problem (2)–(3) with respect to spatial variables using the finite element method. Let Hh ⊂ H
be many elements of the form ϑh =

∑N
i=1 aiφi(x). Here {φi = φi(x)}Ni=1 is the basis of piecewise polynomial

functions that are polynomials of degree on each finite element (a segment in one-dimensional case, a triangle
or rectangle in two-dimensional case, etc.).
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Let us write relation (5) a semi-discrete problem for t ∈ [0, T ]:(
duh(t)

dt
, ϑh

)
+ σ a1

(
duh
dt

, ϑh

)
+ a2 (uh(t), ϑh) = (f(t), ϑh) , ∀ϑh ∈ Hh, (6)

uh(0) = u0,h.

Problem (6) corresponds to the Cauchy problem in time for the system of ordinary differential equations of
the first order for coefficients of the approximate solution uh(t) =

∑N
i=1 ai(t)φi from Hh :

M
d~a(t)

dt
+G~a(t) = ~Φ(t), ~a(0) = ~a0.

Here, ~a(t) = {ai(t)}Ni=1, {~ai(0)}Ni=1 are dimension vectors N ; M = {(φi, φj)}Ni,j=1 is the mass matrix,
G = {a(φi, φj)}Ni,j=1 is the stiffness matrix and ~Φ(t) = {Φ(t)}Ni=1 is a vector of the right side.

The same problem can also be written in the form of an operator equation

D
duh(t)

dt
+Auh(t) = fh(t), uh(0) = u0,h, (7)

uh(0) = u0,h.

Here uh(t) is the element of finite-dimensional space Hh for any moment in time t, operators D and A

operate from Hh to Hh: D = M + σG1, A = G2, M = ((φi, φj))
N
i,j=1 is a subspace coordinate system mass

matrix Hh, and Gm = (am(φi, φj))
N
i,j=1 is a stiffness matrix corresponding to the operator Lmu, m = 1, 2 in

Hh.
We approximate problem (7) with a three-parameter finite element method of the fourth order of accuracy

in time [3]: 
D ŷ−y

τ −
τ2

12A
ˆ̇y−ẏ
τ +A ŷ+y

2 = φ1,

γD
ˆ̇y−ẏ
τ + αA ŷ−y

τ + βA
ˆ̇y+ẏ

2 = φ2,

y0 = u0, ẏ
0 = u1,

(8)

where
y = yn = y(tn), ŷ = yn+1 = y(tn + τ), ẏ = ẏn =

dy

dt
(tn), ˆ̇y = ẏn+1 =

dy

dt
(tn + τ),

φ1 =
1

τ

tn+1∫
tn

f(t)dt, φ2 =
12

τ3

tn+1∫
tn

f(t)

(
s1ϑ

(1)
2 + s2ϑ

(3)
2

)
dt,

s1 = 15γ − 35α/3, s2 = 140γ − 350α/3,

υ
(1)
2 = τ(ξ + 1/2), υ

(3)
2 = τ(ξ3 − 3ξ2/2 + ξ/2), ξ = (t− tn)/τ.

Scheme (8) obeys the condition of the fourth order of approximation in time

α+ β = γ, α > 0, 0 < β ≤ α/(3ε), α, β = O(τ2), 0 < ε < 1. (9)

Circuit stability conditions are

α = τ2/12, β > 0, γ > 0, , R̄ ≥ ((1 + ε)/4)Ā,

where R̄ = 1
τ

(
γD2 + τ2

12 (3β + α)A2
)
, Ā = τβA2.

A high order of accuracy of the scheme is achieved due to a special discretization of temporal and spatial
variables [3].

Mathematics series. № 2(102)/2021 131



D. Utebaev, G.Kh. Utepbergenova, K.O. Tleuov

Investigation of the accuracy of discretization in space

Let us estimate the accuracy of the solution of problem (2)–(4). All notations are borrowed from [13]. The
following theorem holds.

Theorem 1 Let u(x, t) ∈ L2

{
[0, T ]; W k+1

2 (Ω) ∩
◦
W 1

2(Ω)
}
. If a narrowing of space Hh into a single finite

element is a polynomial of degree k, then for the solution of problem (7) there is an estimation of accuracy√√√√√ t∫
0

‖u(x, t′)− uh(x, t′)‖20 dt′ + σ

√√√√√ t∫
0

‖u(x, t′)− uh(x, t′)‖21 dt′

+

∥∥∥∥∥∥
t∫

0

[u(x, t′)− uh(x, t′)] dt′

∥∥∥∥∥∥
1

≤Mhk
{
‖u(x, 0)‖k + σ‖u(x, 0)‖k+1

+

√√√√√(1 + σ)

t∫
0

‖u(x, t′)‖2k+1 dt
′

 , ∀t ∈ [0, T ], M = M(k0, k1, T ).

Proof. We integrate identity (5) over t from tn = nτ, n = 0, 1, ... to tn+1 = tn + τ and apply the formula
for integration by parts

tn+1∫
tn

[
−(u(t), ϑ̇)− σ a1(u(t), ϑ̇) + a2(u(t), ϑ)

]
dt+ [(u(t), ϑ) + σ a1(u(t), ϑ)] |tn+1

tn

=

tn+1∫
tn

(f(t), ϑ)dt, ∀ϑ(x) ∈ H. (11)

Similar actions for identity (6) give

tn+1∫
tn

[
−(uh, ϑ̇h)− σa1(uh, ϑ̇h) + a2(uh, ϑh)

]
dt+ [(uh, ϑh) + σa1(uh, ϑh)] |tn+1

tn
=

tn+1∫
tn

(f, ϑh)dt, ∀ϑh(x) ∈ Hh.

Here and further u̇ = ∂u/∂t. Choosing ϑ = ϑh ∈ Hh ⊂ H in (11) and subtracting both obtained identities, we
have

tn+1∫
tn

[
−(u− uh, ϑ̇h)− σ a1(u− uh, ϑ̇h) + a2(u− uh, ϑh)

]
dt

+ [(u− uh, ϑh) + σ a1(u− uh, ϑh)] |tn+1

tn
= 0, ∀ϑh(x) ∈ Hh. (12)

Let zh = u− uh = eh + ξh. Let us choose a trial function

ϑh(t) = −
s∫
t

ξh(t′)dt′ ∈ Hh, t < s; ϑh(t) = 0, t ≥ s, ϑ̇h(t) = ξh(t), ϑh(s) = 0. (13)

Taking into account the introduced designations, identity (12) can be written in the form:

tn+1∫
tn

[
−(ξh, ξh)− σ a1(ξh, ξh) + a2(ϑ̇h, ϑh)

]
dt+ [(ξh, ϑh) + σ a1(ξh, ϑh)]|tn+1

tn

=

tn+1∫
tn

[(eh, ξh) + σ a1(eh, ξh)− a2(eh, ϑh)] dt− [(eh, ϑh) + σa1(eh, ϑh)]|tn+1

tn
.
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Since a2(ϑ̇h, ϑh) = 1
2
d
dta2(ϑh, ϑh), then the last identity can be written as:

−
tn+1∫
tn

(ξh, ξh) dt− σ
tn+1∫
tn

a1(ξh, ξh) dt+
1

2
a2(ϑh, ϑh)(tn+1) + [(ξh, ϑh) + σa1(ξh, ϑh)]|tn+1

tn

= − [(eh, ϑh) + σa1(eh, ϑh)]|tn+1

tn
+

1

2
a2(ϑh, ϑh)(tn) +

tn+1∫
tn

[(eh, ξh) + σa1(eh, ξh)− a2(eh, ϑh)] dt. (14)

Let us sum up (14) by n = 1,m− 1, where is the number m corresponds to the moment in time s = mτ :

−
s∫

0

(ξh, ξh)dt− σ
s∫

0

a1(ξh, ξh)dt+
1

2
a2(ϑh, ϑh)(s) + [(ξh, ϑh) + σa1(ξh, ϑh)]|s0

− [(eh, ϑh) + σa1(h, ϑh)]|s0 +
1

2
a2(ϑh, ϑh)(0) +

s∫
0

[(eh, ξh) + σa1(eh, ξh)− a2(eh, ϑh)] dt.

Considering the properties of the function ϑh(t) (see eq. (13)) and the initial condition ξh(0) = 0, from the
last identity we have

s∫
0

(ξh, ξh)dt+ σ

s∫
0

a1(ξh, ξh)dt+
1

2
a2(ϑh, ϑh)(0)

= − [(eh, ϑh)(0) + σa1(eh, ϑh)(0)]−
s∫

0

[(eh, ξh) + σa1(eh, ξh)− a2(eh, ϑh)] dt.

Let us introduce one more function

wh(t) =

t∫
0

ξh(t′)dt′ ∈ Hh, t < s; wh(t) = 0, t ≥ s.

Then ϑh(t) = wh(t)− wh(s), and, finally, we have the energy identity:

s∫
0

(ξh, ξh)dt+ σ

s∫
0

a1(ξh, ξh)dt+
1

2
a2(wh, wh)(s) = (eh(0), wh(s))

+σa1(eh(0), wh(s))−
s∫

0

[(eh, ξh) + σ a1(eh, ξh)− a2(eh, wh(t)− wh(s))] dt. (15)

Let us estimate the terms on the right hand side of (15):

(eh(0), wh(s)) ≤ ε1(wh(s), wh(s)) +
1

4ε1
(eh(0), eh(0)),

a1(eh(0), wh(s)) ≤ ε2a1(wh(s), wh(s)) +
1

4ε2
a1(eh(0), eh(0)),∣∣∣∣∣∣

s∫
0

(eh, ξh)dt

∣∣∣∣∣∣ ≤ ε3

s∫
0

(ξh, ξh)dt+
1

4ε3

s∫
0

(eh, eh)dt,

∣∣∣∣∣∣
s∫

0

a1 (eh, ξh)dt

∣∣∣∣∣∣ ≤ ε4

s∫
0

a1 (ξh, ξh)dt+
1

4ε4

s∫
0

a1 (eh, eh)dt,
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s∫

0

a2(eh, wh(t)− wh(s))dt

∣∣∣∣∣∣
≤ ε5

s∫
0

a2(wh(t), wh(t))dt+ sε5a2(wh(s), wh(s)) +
1

2ε5

s∫
0

a2(eh, eh)dt.

Choosing ε1 = ε2 = ε3 = ε4 = 1/2, and ε5 from condition ε1/2 + ε5T ≤ 1/4, from (15) we get the estimate

s∫
0

(ξh, ξh)dt+ σ

s∫
0

a1(ξh, ξh)dt+ a2(wh, wh)(s)

≤M

 s∫
0

a2(wh, wh)(t)dt+ (eh(0), eh(0)) + σa1(eh(0), eh(0))+ (wh(s), wh(s))

+σa1(wh(s), wh(s)) +

s∫
0

(eh, eh)dt+ σ

s∫
0

a1(eh, eh)dt+

s∫
0

a2(eh, eh)dt

 ,

where M = max(8, 1/T, 16T ). Applying Gronwall’s lemma, we obtain the error estimate

s∫
0

(ξh, ξh)dt+ σ

s∫
0

a1(ξh, ξh)dt+ a2(wh, wh)(s)

≤M [(eh(0), eh(0)) + σa1(eh(0), eh(0))] + (wh(s), wh(s)) + σa1(wh(s), wh(s))

+

s∫
0

(eh, eh)dt+ σ

s∫
0

a1 (eh, eh)dt+

s∫
0

a2(eh, eh)dt).

It’s obvious that k0 ‖wh(s)‖21 ≤ am(wh, wh)(s) ≤ k1 ‖wh(s)‖21, (ξh, ξh)(s) = ‖ξh(s)‖20. Therefore, we have the
final estimate for the error

s∫
0

‖ξh(s)‖20dt+ σ

s∫
0

‖ξh(s)‖21dt+

∥∥∥∥∥∥
s∫

0

ξh(t)dt

∥∥∥∥∥∥
2

1

≤M

‖eh(0)‖20 + σ ‖eh(0)‖21 +

s∫
0

‖eh(t)‖20 dt+ σ

s∫
0

‖eh(t)‖21 dt+

s∫
0

‖eh(t)‖21 dt

 . (16)

For solutions u(x, t) ∈W k+1
2 (Ω), ∀t ∈ [0, T ], there is an evaluation [13]:

‖eh(0)‖0 ≤Mhk+1‖u0‖k, ‖eh(0)‖1 ≤Mhk+1‖u0‖k+1,

‖eh(t)‖0 ≤Mhk+1‖u(t)‖k, ‖eh(t)‖1 ≤Mhk‖u(t)‖k+1.

Therefore, based on (16) and the triangle inequality ‖zh‖ ≤ ‖eh‖+‖ξh‖ the statement of the theorem holds.
The theorem uses the standart notation for the Sobolev space W k+1

2 from [13].

Accuracy research of discretization in time

Let us now turn to the estimation of the discretization error for problem (7) in time. Investigation of the
error in approximating scheme (8) using the Taylor formula, as already mentioned, leads to overestimated
requirements for the smoothness of the solution to the original problem. An alternative to this method of
estimating the accuracy is the application of the Bramble-Hilbert lemma. This method of accuracy estimation
is the main one in the theory of the finite element method for solving elliptic equations [13–16]. We also note the
paper [8], in which the Bramble-Hilbert lemma is used to estimate the accuracy of solving difference schemes
for elliptic problems.
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Let us apply the Bramble-Hilbert lemma to estimate the accuracy of the solution to the original problem
with respect to the time variable. Recall that the solution uh(t) of semi-discrete task (7) for each t is an element
of the discrete subspace uh(t) ∈ Hh.

The following theorem holds.
Theorem 2. Let A∗ = A > 0, D∗ = D > 0, AD = DA and the conditions of approximation (9) and stability

(10) are fulfilled. Then to solve the scheme (8) approximate solution to problem (7) such that d4uh
dt4 (t) ∈ L2[0, T ]

and the accuracy estimate√√√√√ t∫
0

‖uh(t′)− y(t′)‖20 dt′ + σ

√√√√√ t∫
0

‖uh(t′)− y(t′)‖21 dt′ +

∥∥∥∥∥∥
t∫

0

[uh(t′)− y(t′)] dt′

∥∥∥∥∥∥
1

≤Mτ4

‖uh(0)‖0 + σ‖uh(0)‖1 +

√√√√√(1 + σ)

t∫
0

∥∥∥∥d4uh
dt4

(t′)

∥∥∥∥2

1

dt′

 (17)

is correct.
Proof. Denote by Hτ argument function subspace t, which are a cubic Hermitian spline of the form (1) on

the interval [tn, tn+1] , n = 0, 1, 2, .... Consider scheme solution (8) to y(t) ∈ Hτ . Simultaneously for each t, y(t)
is an element of the subspace Hh. Actually y(x, t) ∈ Hτ

h = Hh ⊗Hτ .
Difference scheme (8) corresponds to the following weak setting

tn+1∫
tn

[
−(y(t), ϑ̇τ )− σ a1(y(t), ϑ̇τ ) + a2(y(t), ϑτ )

]
dt

+ [(y(t), ϑτ ) + σ a1(y(t), ϑτ )] |tn+1

tn
=

tn+1∫
tn

(f, ϑτ )dt, ∀ϑτ (x) ∈ Hτ
h , (18)

where y(t) is the cubic Hermitian spline (1).
In (18) select

ϑτ (t) = −
s∫
t

ξτ (t)dt′, t < s; ϑτ (t) = 0, t ≥ s.

It’s clear that ϑ̇τ (t) = ξτ (t), t < s and ϑτ (s) = 0. Substituting the function ϑτ (t) into (18) and performing
same transformations with the resulting identity that we used when evaluating zh = u − uh = eh + ξh, we get
the following energy identity

s∫
0

(ξτ , ξτ )dt+ σ

s∫
0

a1(ξτ , ξτ )dt+
1

2
a2(ϑτ , ϑτ )(0)

= (eτ , ϑτ )(0) + σa1(eτ , ϑτ )(0)−
s∫

0

[(eτ , ξτ ) + σa1(eτ , ξτ )− a2(eτ , ϑτ )] dt.

Denote by

wτ (t) =

t∫
0

ξτ (t′)dt′ ∈ Hh t < s, wτ (t) = 0 t ≥ s

and note that eτ (0) = uh(0)− uτI (0) = u0,h − u0,h = 0. Then the last identity becomes

t∫
0

(ξτ , ξτ )dt+ σ

t∫
0

a1(ξτ , ξτ )dt+
1

2
a2(wτ , wτ )(s)
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= −
s∫

0

[(eτ , ξτ ) + σa1(eτ , ξτ )− a2(eτ , wτ (t)− wτ (s))] dt. (19)

Applying the Cauchy-Bunyakovsky inequality, ε-inequality and Gronwall’s lemma, as in the estimate ξh(t), we
obtain from (19) the following estimate

s∫
0

‖ξτ (t)‖20 dt+ σ

s∫
0

‖ξτ (t)‖21 dt+

∥∥∥∥∥∥
s∫

0

ξτ (t)dt

∥∥∥∥∥∥
2

1

≤M

 s∫
0

‖eτ (t)‖20 dt+ σ

s∫
0

‖eτ (t)‖21 dt+

s∫
0

‖eτ (t)‖21 dt

 . (20)

Now let us estimate the error of the scheme (8) ζτ (t) = ξτ (t) + eτ (t). By the triangle inequality and
(a+ b)

2 ≤ 2(a2 + b2) we have

s∫
0

‖ζτ (s)‖20 dt+ σ

s∫
0

‖ζτ (s)‖21 dt+

∥∥∥∥∥∥
s∫

0

ζτ (t)dt

∥∥∥∥∥∥
2

1

≤ 2

 s∫
0

‖eτ (s)‖20dt+ σ

s∫
0

‖eτ (s)‖21dt

+

∥∥∥∥∥∥
s∫

0

eτ (t)dt

∥∥∥∥∥∥
2

1

+

s∫
0

‖eτ (s)‖20 dt+ σ

s∫
0

‖eτ (s)‖21 dt+

∥∥∥∥∥∥
s∫

0

eτ (t)dt

∥∥∥∥∥∥
2

1

 .

For the last term, we apply the Cauchy-Bunyakovsky inequality and get∥∥∥∥∥∥
s∫

0

eτ (t′)dt′

∥∥∥∥∥∥
2

1

≤

∥∥∥∥∥∥∥
√√√√√ s∫

0

1dt′

√√√√√ s∫
0

e2
τ (t′)dt′

∥∥∥∥∥∥∥
2

1

≤ s
s∫

0

‖eτ (t′)‖21 dt
′.

From this and (20) we have the estimate

s∫
0

‖ζτ (s)‖20 dt+ σ

s∫
0

‖ζτ (s)‖21 dt+

∥∥∥∥∥∥
s∫

0

ζτ (t)dt

∥∥∥∥∥∥
2

1

≤M

‖eτ (s)‖20 + σ ‖eτ (s)‖21 +

s∫
0

‖eτ (t)‖20 dt+ (σ + 1)

s∫
0

‖eτ (t)‖21 dt

 . (21)

Consider the linear functional eτ (uh) = uh − uτI . We introduce the change of variable t = tn + ητ,
0 < η < 1. Then, we get

ẽτ (ũh(η)) = eτ (uh) = uh(tn + ητ)− uτI (tn + ητ) = ũh(η)− ũτI (η).

This functionality is limited for continuous functions ũh(η) ∈ C[0, 1]. Moreover, it is limited for
ũh(η) ∈W 4

2 [0, 1]. So it is written as

|ẽτ (ũh)| = |ũh(η)− ũτI (η)| ≤M
4∑

m=0

 1∫
0

(
dmũh
dηm

)2

dη

1/2

.

This functional vanishes on polynomials up to the third degree inclusive in the variable η, i.e., on the segment
[0, 1] ũτI a third-degree polynomial that interpolates ũh. Based on the Bramble-Hilbert lemma, from the last
estimate one can obtain

|ẽτ (ũh)| = |ũh(η)− ũτI (η)| ≤ M̄

 1∫
0

(
d4ũh
dη4

)2

dη

1/2

.
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Returning to the previous variables we have the estimate

|eτ (uh(t))| = |uh(t)− uτI (t)| ≤ M̄τ7/2

 tn+1∫
tn

(
d4uh
dt4

)2

dt

1/2

, ∀t ∈ [tn, tn+1].

Then
s∫

0

‖eτ (t′)‖21 dt
′ =

m−1∑
n=0

tn+1∫
tn

‖eτ (t′)‖21 dt
′ ≤

m−1∑
n=0

tn+1∫
tn

M̄2τ7

tn+1∫
tn

∥∥∥∥d4uh
dt4

(t)

∥∥∥∥2

1

dtdt′

=

m−1∑
n=0

M̄2τ8

tn+1∫
tn

∥∥∥∥d4uh
dt4

(t)

∥∥∥∥2

1

dt =M̄2τ8

s∫
0

∥∥∥∥d4uh
dt4

(t)

∥∥∥∥2

1

dt.

Similarly, the estimate
s∫

0

‖eτ (t)‖20 dt ≤ M̄
2τ8

s∫
0

∥∥∥∥d4uh
dt4

(t)

∥∥∥∥2

0

dt

holds. If limitations
∥∥∥d4uhdt4 (t)

∥∥∥
0
are required for each t , then we obtain

‖eτ (s)‖20 ≤ M̄
2τ7

∥∥∥∥∥∥
tm∫

tm−1

(
d4uh
dt4

)2

dt

∥∥∥∥∥∥
0

≤ M̄2τ8max
t

∥∥∥∥d4uh
dt4

∥∥∥∥2

0

,

‖eτ (s)‖21 ≤ M̄
2τ8max

t

∥∥∥∥d4uh
dt4

∥∥∥∥2

1

.

Further, based on these estimates we obtain the statement of the theorem from (21).

On the convergence of the scheme

In order to estimate the approximation error we need to go from uh to the solution u in the right-hand sides
of z = u− y = (u− uh)− (y − uh).

For k = 0, 1 the following estimate holds [13]:

‖uh‖k = ‖u− u+ uh‖k ≤ ‖u‖k + ‖u− uh‖k ≤ ‖u‖k +Mh‖u‖k+1 ≤ M̄‖u‖k+1.

Therefore, estimate (17) has the form√√√√√ t∫
0

‖uh(t′)− y(t′)‖20 dt+ σ

√√√√√ t∫
0

‖uh(t′)− y(t′)‖21 dt+

∥∥∥∥∥∥
t∫

0

[uh(t′)− y(t′)] dt′

∥∥∥∥∥∥
1

≤ Mτ4

‖u(0)‖0 + σ‖u(0)‖1 +

√√√√√(σ + 1)

t∫
0

∥∥∥∥d4u

dt4
(t′)

∥∥∥∥2

2

dt′

 .

Thus, we formulate an assertion about the convergence of the solution of the vector scheme (8) to the
solution of the original problem (2)–(4).

Theorem 3. Let A∗ = A > 0, D∗ = D > 0, AD = DA and the conditions of approximation (9) and
stability (10) of scheme (8). Then for its solution, which approximates the solution to problem (2)–(4) such that

u(x, t) ∈ L2

{
[0, T ]; W k+1

2 (Ω) ∩
◦
W

1
2(Ω)

}
,
∂4u

∂t4
(x, t) ∈ L2

{
[0, T ]; W

2
2(Ω)

}
,
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the accuracy estimate√√√√√ t∫
0

‖u(x, t′)− y(x, t′)‖20 dt′ + σ

√√√√√ t∫
0

‖u(x, t′)− y(x, t′)‖21 dt′ +

∥∥∥∥∥∥
t∫

0

[u(x, t′)− y(x, t′)] dt′

∥∥∥∥∥∥
1

≤M

τ4

‖u(x, 0)‖0 + σ‖u(x, 0)‖1 +

√√√√√(1 + σ)

t∫
0

∥∥∥∥∂4u

∂t4
(x, t′)

∥∥∥∥2

2

dt′



+hk

‖u(x, 0)‖k + σ‖u(x, 0)‖k+1 +

√√√√√(1 + σ)

t∫
0

‖u(x, t′)‖2k+1 dt
′




is correct.

Algorithm for implementing the scheme

We consider one of the possible algorithms for implementing the scheme (8). We rewrite it as

m11ŷ +m12
ˆ̇y = ϕ1, m21ŷ +m22

ˆ̇y = ϕ2, (22)

where

ϕ1 = τφ1 +
(
D +

τ

2
A
)
y − τ2

12
Aẏ, ϕ2 = τφ2 + αAy +

(
γD +

τ

2
βA
)
ẏ,

m11 = D +
τ

2
A, m12 = −τ

2

12
A, m21 = αA, m22 = γD +

τ

2
βA.

Integrals in φ1 and φ2, for example, are calculated by Simpson’s formula. Assuming that the operators A and
D commute and excluding ˆ̇y from equation (22), we obtain

Cŷ = F. (23)

Here C = γ D2 + τ
2 (β + γ)AD + τ2

12 (3β + α)A2, F = m22ϕ1 −m12ϕ2.
Equation (23) can be solved either directly by inverting the operator C or by factoring it as

C = γC1C2 = γ
[
D2 − (x1 + x2)τAD + x1x2τ

2A2
]
, Ck = (D − xkτA), k = 1, 2.

Then equation (23) is solved using an algorithm

γ1C1ȳ = F, C2ŷ = ȳ. (24)

After finding ŷ from (24) solution ˆ̇y is calculated, for example, from the equation
(
γD + τ

2βA
)

ˆ̇y = ϕ2 − αAŷ.

Conclusion

Problems for the Aller moisture transfer equation are considered. On the basis of the finite element method
difference schemes of high order of accuracy are constructed and investigated. The high order of accuracy of
the circuit is achieved through special discretization of temporal and spatial variables. The convergence of the
constructed algorithms is proved. Estimates for the accuracy of the scheme are obtained under weak assumptions
on the smoothness of solutions to differential problems. Other boundary value problems can be studied similarly,
in particular, nonlocal boundary value problems for equation (1). In addition, these results can be carried over
to loaded equations with nonlocal boundary conditions.

Remark

A separate article will be devoted to computational experiments for test problems with local and non-local
boundary conditions.
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Жылу-ылғал тасымалдау теңдеуi үшiн жоғары дәлдiктi ақырлы
элементтер әдiсiнiң схемасының жинақтылығы туралы

Мақалада Аллердiң ылғал тасымалдау бейстационарлық теңдеуi үшiн жоғары дәлдiктегi ақырлы эле-
менттер әдiсiнiң айырымдық схемалары құрылып зерттелдi. Дәлдiктiң жоғарғы ретiне уақыт және
кеңiстiктiк айнымалыларын арнайы дискретизациялау арқылы қол жеткiзiледi. Құрылған сандық
алгоритмдердiң тұрақтылығы мен жинақтылығы дәлелдендi, дифференциалдық есептiң шешiмдерi-
нiң тегiстiгi туралы әлсiз болжамдармен схеманың дәлдiк бағалауларын алу үшiн пайдаланылған,
әртүрлi нормаларда сәйкес априорлық бағалаулар алынды.

Кiлт сөздер: Аллер теңдеуi, ақырлы элементтер әдiсi, айырымдық схемалары, тұрақтылық, априор-
лық бағалаулар, жинақтылық, дәлдiк.

Д. Утебаев1, Г.Х. Утепбергенова1, К.О. Тлеуов2
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информационных технологий им. аль-Хорезми, Нукус, Узбекистан

О сходимости схемы метода конечных элементов повышенной
точности для уравнения тепло-влагопереноса

В статье построены и исследованы разностные схемы метода конечных элементов высокого поряд-
ка точности для нестационарного уравнения влагопереноса Аллера. Повышенный порядок точности
достигается за счет специальной дискретизации временных и пространственных переменных. До-
казана устойчивость и сходимость построенных численных алгоритмов, получены соответствующие
априорные оценки в различных нормах, которые использованы в дальнейшем для получения оценок
точности схемы при слабых предположениях о гладкости решений дифференциальной задачи.

Ключевые слова: уравнение Аллера, метод конечных элементов, разностные схемы, устойчивость,
априорные оценки, сходимость, точность.
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On the Lie symmetries of the boundary value problems for
differential and difference sine-Gordon equations

In general, due to the nature of the Lie group theory, symmetry analysis is applied to single equations rather
than boundary value problems. In this paper boundary value problems for the sine-Gordon equations under
the group of Lie point symmetries are obtained in both differential and difference forms. The invariance
conditions for the boundary value problems and their solutions are obtained. The invariant discretization of
the difference problem corresponding to the boundary value problem for sine-Gordon equation is studied.
In the differential case an unbounded domain is considered and in the difference case a lattice with points
lying in the plane and stretching in all directions with no boundaries is considered.

Keywords: symmetry analysis, partial differential equations, difference equations, boundary value problems.

Introduction

There are many theoretical and numerical studies on the nonlinear wave equations such as sine-Gordon and
Klein-Gordon equations in the literature (see [1–3] and the references given therein). Sine-Gordon equations are
of particular interest since they attracted much attention in the recent decades due to the exitance of soliton
solutions. Solitons are nonlinear waves and have been used in many mathematical models.

Lie symmetries are one of the most powerful methods in obtaining exact solutions of many partial differential
equations (PDEs). Many researchers have been studying this field and publishing articles and books [1–21] which
investigate the general theory of these applications. However, there is relatively small number of studies that
deal with Lie symmetries of boundary value problems for the PDEs. There are some difficulties in the application
of Lie symmetries to boundary value problems (BVPs). In symmetry analysis every symmetry of a BVP must
be a symmetry of a given PDE, a mapping of the domain to itself and a symmetry of the boundary data. In
general, the prescribed initial or boundary conditions are not invariant under the group transformation of the
corresponding PDE.

To the extent of our investigation the study of Lie symmetries of BVPs were first done by V.V. Puk-
nachov [19] and G.W. Bluman [7]. For the theoretical aspects we refer to books [6, 20, 21] In the recent studies
R. Cherniha et al. [16, 17] defined a new formula. This formula applies for the invariance of BVPs in a wide
range of boundary conditions including free (moving) boundaries and boundaries at infinity.

In the present paper BVPs for nonlinear sine-Gordon equation in the differential and difference forms are
investigated. Under the transformation groups boundary curves and boundary conditions of the equations are
obtained. The formula for the invariance of BVPs presented by Cherniha [16] is used. The main object of
this work is to investigate the invariance of a BVPs for sine-Gordon equation in differential and discrete form
under the Lie point symmetries of the corresponding equations. Note that some of the results of this work was
presented, without proof, in [4].

Preliminaries
Symmetry analysis of differential and difference equations

In this section we present the theory and definitions in the Lie symmetry analysis. Let us consider the
system of differential equations

Fλ(x, u, u1, u2, . . . , us) = 0, λ = 1, 2, . . . ,m, (1)

*Corresponding author.
E-mail: ozgury@yildiz.edu.tr
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where x ∈ Rn, u ∈ Rm and us is the set of s-th partial derivatives. We can write the group of point transformati-
ons in the space (x, u) as

Gr = {xi
∗

= f i(x, u, a);uk
∗

= gk(x, u, a), i = 1, 2, . . . , n, k = 1, 2, . . . ,m}.

Using the power series and expanding the transformations about some neighborhood of the parameter aα = 0
gives

xi
∗

= xi + aα
∂f i(x, a)

∂aα
|a=0 +O((aα)2), α = 1, . . . , r,

uk
∗

= uk + aα
∂gk(u, a)

∂aα
|a=0 +O((aα)2), α = 1, . . . , r.

The derivatives of f i and gk are smooth functions and are called infinitesimals of the group Gr and denoted by
ξiα and ηkα.

Finding the Lie group of differential system (1) is equivalent to finding its infinitesimal operator(generator),
thus we seek for the infinitesimal operators of Gr in the following form

Xα = ξiα(x, u)
∂

∂xi
+ ηkα(x, u)

∂

∂uk
, i = 1, . . . , n, k = 1, . . . ,m, α = 1, . . . , r.

The set of tangent vectors to the manifold Gr at the identity element a = 0 is {Xα, α = 1, . . . , r} and is a
basis of the Lie algebra of the infinitesimal operators of Gr. The determination of the infinitesimal functions ξiα
and ηkα states the group of transformations. By Xα, one can determine the point transformations of the group
Gr by solving the Lie equations

∂f i

∂aα
= ξiα(f),

∂gk

∂aα
= ηkα(g), α = 1, . . . , r, i = 1, . . . , n, k = 1, . . . ,m (2)

with the initial conditions
f i|a=0 = xi, gk|a=0 = uk.

These equations obtain a one-to-one correspondence between vector fields (2) and the group of transformations
Gr. The Lie algebra vector field is prolonged to the derivatives in order to modify it with differential variables
uki ,

uki =
∂uk

∂xi
, i = 1, . . . , n, k = 1, . . . ,m.

From that the extended infinitesimal operators are obtained as

X̃α = ξi
∂

∂xi
+ ηk

∂

∂uk
+ ζ

(1)k
i

∂

∂uki
+ · · ·+ ζ

(s)k
i1i2...is

∂

∂uki1i2...is
. (3)

Here we denote
ζ

(1)k
i = Di(η

k)− ukjDi(ξ
j)

and
ζ

(s)k
i1i2...is

= Disζ
(s−1)k
i1i2...is−1

− uki1i2...is−1jDis(ξ
j),

Di =
∂

∂xi
+ uki

∂

∂uk
+ ukij

∂

∂ukij
+ · · ·+ uki1i2...in

∂

∂uki1i2...in
+ · · · .

Theorem 1. [13] Let the Lie group of point transformations in the space of independent variables (x, u, u1, u2, . . . , us),
dependent variables and all s-th order partial derivatives of dependent variables with respect to independent
ones be G̃r. Then system of differential equations (1) is invariant under the group G̃r if and only if

X̃αFλ(x, u, u1, u2, . . . , us)|(1) = 0, λ = 1, 2, . . . ,m. (4)

The invariance condition (4) is an overdetermined system of linear equations for the coordinates of infinitesimal
operator (3) and is called the system of determining equations.

Now, let us introduce the Lie symmetry analysis of difference equations. The difference scheme for the
solution of the system of differential equations (1) is denoted by

Hλ(x, u, h, Tu) = 0, λ = 1, 2, . . . ,m. (5)
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Here h = (h1, h2, . . . , hn) is the mesh space vector and T = (T1, T2, . . . , Tn) represents the shift operator along
the axis of the independent variables and given by

Ti[u](x1, . . . , xi, . . . , xn) = u(x1, . . . , xi + hi, . . . , xn).

We denote a group of transformations in the space of mesh variables (x, u, h) by Ghr and define as

Ghr = {xi
∗

= f i(x, u, a);uk
∗

= gk(x, u, a);hi
∗
}

= ϕi(x, u, h, a), i = 1, 2, . . . , n, k = 1, 2, . . . ,m

with the infinitesimal operator

Xh
α = Xα + ςiα(x, u, h)

∂

∂hi
, α = 1, . . . , r.

Here

ςiα =
∂ϕi

∂aα
, α = 1, . . . , r.

In the space of differential and difference variables (x, u, h, u1, u2, . . . , us) the prolongation operator of the group
of point transformations G̃(h)

α is X̃(h)
α .

Theorem 2. [13] Finite difference scheme (5) is invariant under the group of transformations G̃(h)
α if and only if

X̃(h)
α Hλ(x, u, h, Tu)|(5) = 0, λ = 1, 2, . . . ,m.

Symmetry analysis of the boundary value problem for PDEs

In this section we consider the Lie symmetry properties of BVPs. The invariance conditions under a group
of point transformations of a BVP for a scalar PDE satisfy if the group separately leaves invariant the boundary
conditions and the PDE of the BVP. The solution of the BVP resulting from the admitted point symmetry
is an invariant solution if the BVP is well-posed. On the other hand, the concerned boundary conditions are
in general not invariant under the symmetry of the considered PDEs. In view of this issue, one of the early
definitions on the invariance of a BVP was given by G.W. Bluman [5].

Let us consider a k-th order (k ≥ 2) scalar PDE represented by

F (x, u, ∂u, ∂2u, . . . , ∂ku) = 0. (6)

Here x = (x1, x2, . . . , xn) represents the coordinates corresponding to its n independent variables, u represents
its dependent variable, and ∂ju represents the coordinates with components

∂ju/∂xi1∂xi2 . . . ∂xij = ui1i2...ij , ij = 1, 2, . . . , n, j = 1, 2, . . . , k

corresponding to all j-th order partial derivatives of u with respect to x.
We assume that PDE (6) can be written in the following form in terms of some specific component of the

l-th order partial derivatives of u

F (x, u, ∂u, ∂2u, . . . , ∂ku) = ui1i2...il − f(x, u, ∂u, ∂2u, . . . , ∂ku) = 0, (7)

where f(x, u, ∂u, ∂2u, . . . , ∂ku) does not depend explicitly on ui1i2...il .
Now consider a BVP for PDE (7) defined on the domain Ωx in x-space [x = (x1, x2, . . . , xn)] with boundary

conditions
Ba(x, u, ∂u, . . . , ∂k−1u) = 0 (8)

described on boundary surfaces
ωa(x) = 0, a = 1, 2, . . . , s. (9)

Let us assume that problem (7)–(9) has a unique solution. We use an infinitesimal generator as follows

X = ξi(x)
∂

∂xi
+ η(x, u)

∂

∂u
. (10)

This infinitesimal generator defines a point symmetry acting on both (x, u)-space and on its projection to
x-space.
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Definition 1. [5] The point symmetry X in the form (10) is admitted by BVP (7)–(9) if and only if:
1 X(k)F (x, u, ∂u, ∂2u, . . . , ∂ku) = 0 when F (x, u, ∂u, ∂2u, . . . , ∂ku) = 0.
2 Xωa(x) = 0 when ωa(x) = 0, a = 1, 2, . . . , s.
3 X(k−1)Ba(x, u, ∂u, . . . , ∂k−1u) = 0 when Ba(x, u, ∂u, . . . , ∂k−1u) = 0 on ωa(x) = 0, a = 1, 2, . . . , s.
The above definition does not apply for BVPs with free boundaries or with boundary conditions given at

infinity. Therefore R. Chernica et al. (see [16], [17]) proposed a new invariance definition for BVPs which extends
Bluman’s definition to all possible boundary conditions. They formulated the definition of invariance for BVPs
at operators of conditional symmetry case expressing what kind of transformations can be applied to transform
boundary conditions at infinity to those containing no conditions at infinity. Consider a BVP for PDE (7) with
boundary conditions (8) and conditions defined at infinity:

γc(x) =∞ : γc(x, u, ∂u, . . . , ∂
kcu) = 0, c = 1, 2, . . . , p∞, (11)

where kc < k and p∞ are given numbers and γc(x) are specified functions that extend the domain on which the
BVP is defined at infinity. We assume that all functions arising in (7), (8), (9), and (11) are given such that a
classical solution of this BVP exists. Let us assume that the operator

Q = ξi(x, u)
∂

∂xi
+ η(x, u)

∂

∂u
(12)

is a Q-conditional symmetry of PDE (7) satisfying the criterion:

Q(k)F (x, u, ∂u, ∂2u, . . . , ∂ku)|F (x,u,∂u,∂2u,...,∂ku)=0 = 0, (13)

where Q(k) is the k-th prolongation of Q and Q(u) = 0 with Q(u) = ξi(x, u)uxi − η(x, u). Let us consider the
manifold for each c = 1, 2, . . . , p∞ as

M = {γc(x) =∞ : γc(x, u, ∂u, . . . , ∂
kcu) = 0}

in the extended space of variables x, u, ux, . . . , u
(kc)
x . Suppose that there exists a smooth bijective transformation

y = g(x), w = h(x, u), (14)

where h(x, u) is a smooth function, g(x) is a smooth vector function that maps the manifold M into

M∗ = {γ∗c (y) = 0 : γ∗c (y, u, ∂u, . . . , ∂k
∗
cu) = 0}

of the same dimensionality in the extended variable space y, w,wy, . . . , w
(kc)
y (k∗c ≤ kc) and

y = y1, . . . , yn.
Definition 2. [17] BVPs (7), (8), and (11) are Q-conditionally invariant under operator (12) if:
1 Criterion (13) is satisfied;
2 Q(ωa(x)) = 0 when ωa(x) = 0, Ba|ωa(x)=0 = 0, a = 1, . . . , s;
3 Q(k)(Ba(x, u, ∂u, . . . , ∂k−1u)) = 0 when ωa(x) = 0 and Ba|ωa(x)=0 = 0, a = 1, . . . , s;
4 There exists a smooth bijective transform (14) mapping M into M∗ of the same dimensionality;
5 Q∗(γ∗c (y)) = 0 when γ∗c (y) = 0, c = 1, 2, . . . , p∞;
6 (Q∗)(k∗c )(γ∗c (y, u, ∂u, . . . , ∂k

∗
cu)) = 0 when γ∗c (y) = 0 and γ∗c |γ∗c (y)=0 = 0, c = 1, 2, . . . , r.

This definition coincides with Definition 1 when Q is a Lie symmetry operator and there is not any boundary
condition defined at infinity.

Lie symmetry analysis of the problem with sine-Gordon equation

Let us consider the nonlinear hyperbolic problem for sine-Gordon equation

utt − uxx = sinu, t > 0,−∞ < x <∞, (15)

u(0, x) = ϕ(x), (16)

ut(0, x) = ψ(x). (17)
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Equation (15) admits three-dimensional Lie group [8] spanned by the operators

X1 =
∂

∂t
,X2 =

∂

∂x
,X3 = x

∂

∂t
+ t

∂

∂x
.

The operators generate one-parameter Lie groups

T1 : t∗ = t+ ε1, x
∗ = x, u∗ = u,

T2 : t∗ = t, x∗ = x+ ε2, u
∗ = u,

T3 : t∗ = t+ xε3, x
∗ = x+ tε3, u

∗ = u,

respectively. Since the group T1 corresponds to translation on the variable t, the invariance of the boundary curve
t = 0 is not preserved. Thus BVP (15)–(17) is not invariant with respect to the group T1. For the invariance of
boundary condition (16) with respect to the symmetry group T2, the equations

t∗|t=0 = 0, [u∗ − ϕ(x∗)]|u−ϕ(x)=0 = 0 (18)

must be satisfied. The first equation of (18) is an identity, while the second equation results

ϕ(x) = ϕ(x+ ε2). (19)

For the invariance of boundary condition (17) we need the first prolongation of the operator X2. Using the
prolongation formula for first-order derivatives

X(1) = X + (ηt + utηu − ut(ξ0
t + utξ

0
u)− ux(ξ1

t + utξ
1
u))

∂

∂ut

+ (ηx + uxηu − ut(ξ0
x + uxξ

0
u)− ux(ξ1

x + uxξ
1
u))

∂

∂ux
,

(20)

where ξ0, ξ1 are infinitesimals with respect to the variables t and x respectively, we get

X
(1)
2 =

∂

∂x
. (21)

Applying this operator to condition (17), we have

t∗|t=0 = 0, [u∗t − ψ(x∗)]|ut−ψ(x)=0 = 0,

which gives

ψ(x) = ψ(x+ ε2). (22)

BVP (15)–(17) is invariant under the group of transformations T2 if and only if equations (19) and (22) are
satisfied. These equations result is that the functions ϕ(x) and ψ(x) are constant functions.

Following the same way, we obtain the invariance criterions of boundary condition (16) with respect to the
symmetry group T3 if the equations

t+ xε3 = 0 when t = 0,
u− ϕ(x+ tε3) = 0 when u− ϕ(x) = 0

are satisfied. The first equation results with x = 0 or ε3 = 0 that gives the trivial group. Hence we arrive at
boundary condition (16), which is invariant under the group of transformations T3 with restriction

x = 0, ϕ(x) = ϕ(x+ tε3). (23)

To examine invariance of boundary condition (17) we apply the first prolongation of the operator X3 which is
obtained from formula (20)

X
(1)
3 = x

∂

∂t
+ t

∂

∂x
− ux

∂

∂ut
− ut

∂

∂ux
(24)
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to (17) and we get
x = 0, ψ(x)− ψ(x+ tε3) = uxε3. (25)

Combining equations (23) and (25) we conclude that BVP (15)–(17) is invariant under the group of transformati-
ons T3 with restriction ux(t, 0) = 0 and conditions:

(i) when t = 0 the arbitrary functions are functions of x variable only, such that ϕ(x) and ψ(x),
(ii) when t 6= 0 then the arbitrary functions ϕ(x) and ψ(x) are constant functions.
Considering all situations presented above, we infer that BVP (15)–(17) admits two-parameter Lie group

T2 ◦ T3 that corresponds to symmetries t∗ = t+ xε3, x
∗ = x+ tε3 + ε2, u

∗ = u if and only if ϕ(x) and ψ(x) are
constant functions.

Lie symmetry analysis of sine-Gordon equation in the difference scheme form

In this section we study the Lie point symmetries of difference model for nonlinear problem (15)–(17). Before
we proceed, let us present some preliminaries and notations about transformation groups and prolongations in
the space of discrete variables given in [13]. We denote the sequence space (x, u, u1, u2, ...) by Z with

x =
{
xi | i = 1, 2, ..., n

}
,

u =
{
uk | k = 1, 2, ...,m

}
.

We denote the set ofmn first partial derivatives as u1 =
{
uki
}
, the set of second partial derivatives as u2 =

{
ukij
}
,

etc. The formulas for the derivatives when n = 2 for x =
(
x1, x2

)
are

D1 =
∂

∂x1
+ u1

∂

∂u
+ u11

∂

∂u1
+ u21

∂

∂u2
+ ...,

D2 =
∂

∂x2
+ u2

∂

∂u
+ u12

∂

∂u1
+ u22

∂

∂u2
+ ...,

where

u1 =
∂u

∂x1
, u11 =

∂2u

∂ (x1)
2 , u21 =

∂2u

∂x2∂x1
, ....

In the proofs, for simplicity, the superscript k on uk is omitted. The two commuting Taylor groups [18] with
finite transformations T 1

a = eaD1 and T 2
a = eaD2 are generated by the given operators. In one dimensional case

the new coordinates
x∗ = Ta (x) = x+ a,

u∗ = Ta (u) =

∞∑
s=0

as

s!
us,

u∗1 = Ta (u1) =

∞∑
s=0

as

s!
us+1,

...

u∗k = Ta (uk) =

∞∑
s=0

as

s!
us+k

...

are generated by the action of operator Ta = eaD. Setting the arbitrary parameters h1, h2 > 0 the shift operators

S1
±h

= e±h1D1 ≡
∑
s≥0

(±h1)
s

s!
Ds

1,

S2
±h

= e±h2D2 ≡
∑
s≥0

(±h2)
s

s!
Ds

2
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are obtained. Using these shift operators, two discrete differentiation operators

Di
+h

= ± 1

h
(Si
±h
− 1), i = 1, 2

are obtained. In the
(
x1, x2

)
-plane, the set of points{

Sα
±h1

(
x1
)
, Sβ
±h2

(
x2
)}

, α, β = 0, 1, 2, ...

is called a uniform orthogonal difference mesh and denoted by ω
h
.

In two dimensional case with dependent variable u, independent variables t, x and mesh variables h1, h2

we denote the spaces of differential variables, difference variables and the product of those spaces which is the
space of sequences of power series by

Z̃ = (t, x, u, ut, ux, utx, . . .),

Z
h

= (t, x, u, ut
h
, ux
h
, utx
h
, . . . , h1, h2),

Z̃
h

= (t, x, u, ut, ux, . . . , ut
h
, ux
h
, utx
h
, . . . , h1, h2),

where

uij =
∂2u

∂xi∂xj
, uij
h

= Dj
+h

Di
+h

(u), . . . , ω
h

= ω1
h
× ω2

h

and ωi
h

is the difference mesh in the i-th direction, respectively.

Transformations in Z̃
h
is defined by the sequence of series with analytic coefficients,

zj∗ =
∑
s≥0

Ajs(z)a
s, Aj0 = zj ,

where zj is a coordinate of the vector (t, x, u, ut, ux, . . . , ut
h
, ux
h
, utx
h
, . . .) and these series form one-parameter

groups generated by infinitesimal operators

X = ξt
∂

∂t
+ ξx

∂

∂x
+ ηk

∂

∂uk
+
∑
s≥1

ζi1i2...is
∂

∂ui1i2...is
+
∑
l≥1

ζi1i2...il
∂

∂ui1i2...il
. (26)

Prolongating the operator (26) for the variables h1 and h2 gives

X̃ = · · ·+ h1D1
+h

(ξt)
∂

∂h1
+ h2D2

+h
(ξx)

∂

∂h2
.

For first-order difference derivatives the coordinates of prolongation operator are given by the formulas

ζt
h

= D1
+h

(η)− ut
h
D1
+h

(ξt)− S1
+h

(ux)D1
+h

(ξx), (27)

ζx
h

= D2
+h

(η)− S2
+h

(ut)D2
+h

(ξt)− ux
h
D2
+h

(ξx). (28)

If the considered mesh is invariantly uniform or invariantly orthogonal, then the corresponding formulas for the
invariant meshes must be satisfied in addition to prolongation formulas (27)–(28).

We presented the five-point difference scheme

û− 2u+ ǔ

h2
1

− u+ − 2u+ u−
h2

2

= sinu (29)

for sine-Gordon equation (15) on the uniform and orthogonal mesh

t̂− 2t+ ť = 0, x+ − 2x+ x− = 0
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in our paper [3]. Here we denote mesh variables by h1, h2 and t̂ = t+ h1, ť = t− h1, x+ = x+ h2,
x− = x− h2, û = u(t̂, x), ǔ = u(ť, x), u+ = u(t, x+), u− = u(t, x−). We used the prolongation operator

prX = ξt
∂

∂t
+ ξx

∂

∂x
+ η

∂

∂u
+ ξ̂t

∂

∂t̂
+ ξ̌t

∂

∂ť
+ ξx+

∂

∂x+

+ξx−
∂

∂x−
+ η̂

∂

∂û
+ η̌

∂

∂ǔ
+ η+

∂

∂u+
+ η−

∂

∂u−

in the discrete subspace (t, x, t̂, ť, x+, x−, u, û, ǔ, u+, u−) and obtained three-parameter transformation group
generated by the operators

X1 =
∂

∂t
+
∂

∂t̂
+
∂

∂ť
,X2 =

∂

∂x
+

∂

∂x+
+

∂

∂x−
,

X3 = x
∂

∂t
+ t

∂

∂x
+ x

∂

∂t̂
+ x

∂

∂ť
+ t

∂

∂x+
+ t

∂

∂x−
.

Difference equation (29) on the set of a finite number of points (xkn, t
k
n) can be expressed as

E1 :
uk+1
n − 2ukn + uk−1

n

h2
1

−
ukn+1 − 2ukn + ukn+1

h2
2

= sinukn (30)

on the uniformly spaced orthogonal lattice

E2 : tk+1
n − tkn = h1, E3 : xk+1

n − xkn = 0, (31)

E4 : tkn+1 − tkn = 0, E5 : xkn+1 − xkn = h2. (32)

D. Levi et al. mentioned certain independence criteria for difference schemes in two dimensional case [14].
By this criteria one can calculate the values of (x, t, u) at all points beginning from the point (xkn, t

k
n) and a

given number of neighboring points and assures the existence of solution of the system. The following condition
on the Jacobian

|J | =

∣∣∣∣∣ ∂(E1, E2, E3, E4, E5)

∂(tk+1
n , xk+1

n , tkn+1, x
k
n+1, u

k+1
n )

∣∣∣∣∣ 6= 0 (33)

is imposed by Levi et al. [14]. This condition allows to move upward and to the right along the curves passing
through (xkn, t

k
n) (with either k or n fixed). Difference scheme (30)–(32) satisfy certain independence criteria

(33) by
tkn = h1k + t0, x

k
n = h2n+ x0.

In this step, using difference equation (29) for the BVP (15)–(17), we write the difference problem

û− 2u+ ǔ

h2
1

− u+ − 2u+ u−
h2

2

= sinu, (34)

u0
n = ϕh(x), (35)

û1
n − u0

n

τ+
= ψh(x). (36)

In this paper the notation (t, x, u, ut
h
, ux
h
, utx
h
, . . . , h1, h2) for difference variables in two-dimensional case is used

for simplicity. Using these symbols, we rewrite the difference model (34)–(36) in the following form

utt
h
− uxx

h
= sinu, (37)

u(0, x) = ϕh(x), (38)

ut
h

(0, x) = ψh(x). (39)

Difference equation (37) admits three-parameter groups generated by operators [3]

X1 =
∂

∂t
,X2 =

∂

∂x
,X3 = x

∂

∂t
+ t

∂

∂x
. (40)
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Lie symmetry groups corresponding to the translation about time variable is described by the operator X1,
to the translation in space variable is described by the operator X2, and to the rotation is described by the
operator X3. The difference scheme (37)–(39) does not admit symmetry group generated by X1, because time
translation violates invariance of the boundary surface t = 0.

The invariance of boundary surface t = 0 generated by the operator X2 with respect to the transformation
group is trivial. Under the symmetry of space translationX2, boundary condition (38) is invariant if the equation

u− ϕh(x+ ε2) = 0 for u− ϕh(x) = 0

is satisfied. From that it follows the condition

ϕh(x) = ϕh(x+ ε2). (41)

For the invariance of boundary condition (39) we require the first-order prolongation formulas in space of discrete
variables. From (21) we know the coordinates for continuous derivatives in the prolongation of the operator X2

are zero. Using formulas (27)-(28), we obtain the coordinates of first-order difference derivatives

ζt
h

= D1
+h

(0)− ut
h
D1
+h

(0)− S1
+h

(ux)D1
+h

(1) = 0,

ζx
h

= D2
+h

(0)− S2
+h

(ut)D2
+h

(0)− ux
h
D2
+h

(1) = 0

for the operator X2 with η = 0, ξt = 0, ξx = 1. In this case X2
h

(1) = X2 where X2
h

(1) is the first prolongation of

the operator X2 in discrete space. Applying this prolongation to condition (39) we get the criterion

ψh(x) = ψh(x+ ε2). (42)

In consequence of combining criterions (41) and (42) one can say that difference scheme (37)–(39) is invariant
with respect to the transformation group defined by the operator X2 if and only if ϕh(x) and ψh(x) are constant
functions. Using the same procedure, we obtain the invariance criterion of condition (38) under the rotation
group spanned by the operator X3 as

t+ xε3 = 0 when t = 0, u− ϕh(x+ tε3) = 0 when u− ϕh(x) = 0

which results
x = 0, ϕh(x) = ϕh(x+ tε3). (43)

Under the symmetry group generated by this operator we need to prolong operator (24) for the first-order
difference derivatives in order to analyze invariance of condition (39). Substituting η = 0,
ξt = x, ξx = t in the operator X3 in (27)–(28), we obtain the coefficients

ζt
h

= −ux, ζx
h

= −ut

and the prolongation operator

X3
h

(1) = x
∂

∂t
+ t

∂

∂x
− ux

∂

∂ut
− ut

∂

∂ux
− ux

∂

∂ut
h

− ut
∂

∂ux
h

.

This operator generates the group t∗ = t+ xε3, x
∗ = x+ tε3, u

∗ = u, u∗t = ut − uxε3, u∗x = ux − utε3,
u∗t
h

= ut
h
− uxε3, u∗x

h

= ux
h
− utε3. Applying the operator to boundary condition (39) gives

t+ xε3 = 0 for t = 0,
ut
h
− uxε3 − ψh(x+ tε3) = 0 when ut

h
− ψh(x) = 0

and consequently
x = 0, ψh(x)− ψh(x+ tε3) = uxε3. (44)

From equations (43) and (44) under the group of transformations X3 and with the restriction ux(t, 0) = 0 we
conclude that difference scheme (37)–(39) is invariant in two cases:
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(1) if t = 0 for all arbitrary functions ϕh(x) and ψh(x),
(2) if t 6= 0 then ϕh(x) and ψh(x) are constant functions.

Remark. Note that in the prolongation operators X2
h

(1) and X3
h

(1) we omit the coordinates for the mesh variables.

Indeed, substituting the infinitesimals η = 0, ξt = 0 of the operator X2 in D1
+h

(ξt) and D2
+h

(ξx) gives zero.

For the operator X3 the infinitesimals are η = 0, ξt = x, ξx = t and we calculate D1
+h

(ξt) and D2
+h

(ξx) as

D1
+h

(x) =
1

h
(S1
h
− 1) = (D1 +

h1

2!
D2

1 + · · · )(x) = 0,

D2
+h

(t) =
1

h
(S2
h
− 1) = (D2 +

h1

2!
D2

2 + · · · )(t) = 0,

where
D1 =

∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ uxt

∂

∂ux
+ ...,

D2 =
∂

∂x
+ ux

∂

∂u
+ utx

∂

∂ut
+ uxx

∂

∂ux
+ ....

Conclusion

Some results discussed in this paper are as follows. We have investigated the BVP for sine-Gordon equation
in differential and difference cases which are defined on an unbounded domain and lattice respectively. We
obtain the invariance conditions for the problems under the group of transformations admitted by continuous
and discrete sine-Gordon equation by applying the invariance definition in [16]. The transformations act on the
difference scheme, lattices, and boundary conditions and preserve uniformity and orthogonality of the lattice.
We used the prolongation formulas in discrete space which are formulated by Dorodnitsyn in [13] and analyze
the invariance of the boundary conditions with derivative. On this basis we conclude that difference scheme
(37)–(39) is invariant under the same restrictions of differential form (15)–(17) with respect to the symmetry
groups generated by (40).
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О. Йылдырым, С. Чаглак

Йылдыз техникалық университетi, Стамбул, Түркия

Дифференциалдық және айырымдық теңдеулерi үшiн шеттiк
есептердегi Лидiң симметриялары туралы

Жалпы Ли топтары теориясының сипатына байланысты симметрияны талдау шеттiк есептерге емес,
жеке теңдеулерге қолданылады. Мақалада Лидiң нүктелiк симметриялар тобына қатысты синус-
Гордон теңдеулерi үшiн шеттiк есептер дифференциалдық және айырымдық түрлерiнде алынды.
Шеттiк есептердiң және олардың шешiмдерiнiң инварианттық шарттары анықталған. Синус-Гордон
теңдеуi үшiн шеттiк есепке сәйкес келетiн айырымдық есептiң инвариантты дискретизациясы зерттел-
дi. Дифференциалдық жағдайда шексiз облыс, ал айырымдық жағдайда — жазықтықта орналасқан
және барлық бағытта шекарасыз созылатын нүктелерi бар тор қарастырылған.

Кiлт сөздер: симметрияны талдау, дербес туындылы теңдеулер, айырымдық теңдеулерi, шеттiк есеп-
тер.

О. Йылдырым, С. Чаглак

Технический университет Йылдыз, Стамбул, Турция

О лиевских симметриях в краевых задачах для
дифференциальных и разностных уравнений

Ввиду природы теории групп Ли анализ симметрии применяется к отдельным уравнениям, а не к кра-
евым задачам. В статье краевые задачи для уравнений синус-Гордон относительно группы точечных
симметрий Ли получены как в дифференциальной, так и в разностной форме. Определены условия
инвариантности краевых задач и их решений. Исследована инвариантная дискретизация разностной
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задачи, соответствующей краевой задаче для уравнения синус-Гордон. В дифференциальном случае
рассмотрена неограниченная область, а в разностном — решетка с точками, лежащими в плоскости
и тянущимися во всех направлениях без границ.

Ключевые слова: анализ симметрии, уравнения в частных производных, разностные уравнения, крае-
вые задачи.
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