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Figure 3. (a)—(c): 1 =0, g2 = 5; (d)-(f): o1 = 5, 2 =
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Conclusion

In this study an original method for the numerical solution of the initial value problem for two-dimensional
conservation law with two-piecewise constant discontinuous initial condition that accurately describes the all
physical properties of the problem is proposed.

In addition to this, the auxiliary problem has provided the entropy condition, which provides the uniqueness
of the solution. In establishing efficient algorithms for the numerical solution of the two-dimensional Riemann
type problem the method incorporates an auxiliary problem that is equivalent to the original problem, and yet
has advantages over it.
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B. Cuncoiican', M. Pacymnos?, O. Enep?

L Moeyc ynusepcumemi, Cmambya, Typrus;
2 Dzipbatioican Yammo evuavm axademuacoimom, Mynati scone 2a3 urncmumymo, Baxy, Osipbatiocam;
3 Betixenwm ynusepcumemi, Cmambya, Typrus

Bacrankpr kyiige eki y3ijici 6ap Puman tunri
€Ki eJIIeM/Ii eceIlTi eIy iH, TOp dJIicCi

Beprreynin MakcaTbl — bacTankbl npoduii 6ap 6ip epkin y3ijgicTi cakTally 3aHBIHBIH, €Ki JIIeM/Ii TeH eyl
yuria Kommu ecebiniy canapbik menrimia asay. Ot yImiH HEri3ri ecernTiy 9JICi3 IIeNniMil aay/1a ce3iMTall 9IiCTi
KypyFa MYMKIHIIK OepeTiH apHailbl KOMEKIII ecen KYPbLIaIbl. ¥ CHIHBIIFAH KOMEKIIT €Cell, COHBIMEH KaTap,
KOMEKIII eCcenTi MeNnTiMHIH, >KaJIFbl3 60J1ybIHA KEIJIIK OepeTiH SHTPONUSHBIH IAPTTAPBIH TabyFa MYMKIH/IIK
6epei. CaHIbIK MIEITiM/Il 19T IIEeNIIMMEH CaJIbICTBIPY YIITIH aJIIbIMEH €CENTIH TEOPUSIIBIK, KYPBLIBIMbI, COTAH
KeliH COKKBI TOJKBIHIAPBI MEH CUPETY TOJIKBIHIAPBIHBIH 63apa OPEKETTECYl 3epTTEJIreH.

Kiam cesdep: GelCHI3BIKTBI CKAIAPbl 2D cakray 3aHbl, PUMaHHBIH ecenrepi, y3imicTi dpyHKImAIAp Kia-
CBIHJAFBI aKbIPJIbI-abIPBIMIbLI CXEMa, €Ki OJIIIEM/I] ecernTep.

B. Cuncoiican', M. Pacymnos?, O. Enep?

! Viueepcumem Joeye, Cmambyas, Typuus;
2 Hnemumym nedmu u 2aza Hayuonaavrot axademuu nayx Asepbatioocana, Baky, Asepbaidscan;
3 Vnueepcumem Betikenm, Cmambya, Typyua

CeTouHbI1 MeTO/1 pellieHus AByMepHOil 3ajauu tuna Pumana
C AByMsd pa3pblBaMM, UMEOINNMI HAYAJIbHOE COCTOAHUE

Ilens mamHOrO WCCIEIOBAHNST — MOJyYEHUE YUCICHHOTO pelreHns 3aaadqu Komm /11t IByMEepHOroO ypaBHe-
HUSI 3aKOHA COXPAHEHUs C OJTHUM IPOU3BOJIBHBIM Pa3PBbIBOM, MMEIOIIUM HA4YaJbHbIA npoduisb. as sToro
paspaboTaHa cCrenuajbHas BCIOMOTraTelbHAs 3aJlada, MO3BOJISIONAsT TOCTPOUTh YYBCTBUTE/HHBINA METO/T
JJIsl TIOJTy9eHust c1aboro pelreHns OCHOBHOM 3amaqun. [lpemraraemast BcmomoraTeabHast 3a/1a9a TAKXKE T10-
3BOJIAET HAWTU yCJIOBHE SHTPOINHU, rapaHTUPYIOIee eMHCTBEHHOCTb PellleHns BCIIOMOraTesbHON 3ajladvu.
st cpaBHEHUST TUCJIEHHOT'O PEIIEeHMsI C TOYHBIM CHAvYaJ I UCCJIeI0BaHa TEOPETHYECKas CTPYKTYpa paccMar-
TpUBaeMOH 3a/1a4M, & 3aTeM HU3Yy4YeHO B3aMMOJEHCTBHE yJapHBIX BOJIH M BOJIH Pa3perKeHU.

Kmouesvie caosa: HemmHENHBIN cKaJIApHEBIL 2D 3aKoH coxpaHeHud, 3ajada Pumana, KOHEYHO-pA3HOCTHAS
CXeMa B KJIacCe Pa3pPBIBHBIX (DYHKIUI, JBYMEPHOE YpaBHEHUE.
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On convergence of schemes of finite element method
of high accuracy for the equation of heat
and moisture transfer

In this paper difference schemes of the finite element method of a high order of accuracy for the non-
stationary equation of moisture transfer of Aller are constructed and investigated. The increased order
of accuracy is achieved through special sampling of temporal and spatial variables. The stability and
convergence of the constructed numerical algorithms are proved, the corresponding a priori estimates are
obtained in various norms, which are used later to obtain estimates of the accuracy of the scheme under
weak assumptions on the smoothness of solutions to the differential problem.

Keywords: Aller’s equation, finite element method, difference schemes, stability, a priori estimates, convergence,
accuracy.

Introduction

As it is known, research in the field of heat and moisture transfer is fundamental in solving many applied
problems, for example, problems of hydrogeology, agrophysics, ecology, building physics, etc. [1]. The interaction
of heat fluxes in the soil-ground and snow cover determines the processes of infiltration, migration and frost
heaving, evaporation and transpiration, metamorphism and snow melting. These processes determine conditions
for overwintering and growing crops. In addition, the role of moisture migration and infiltration in the formation
of productive moisture reserves in agricultural fields is of great importance. Mathematical models of these
processes are described mainly by the Aller or Aller-Lykov moisture transfer equation [2]. This paper considers
numerical methods for solving boundary value problems for the Aller moisture transfer equation written in a
more general form. In this case, difference schemes of the finite element method of the fourth order of accuracy,
constructed and investigated in [3], are used. These schemes have certain advantages over other schemes: a) high
order accuracy scheme (above two); b) in addition to the solution itself, its derivative (velocity) is simultaneously
found with the same accuracy; ¢) using interpolation representation

y(t) =y oo (t) + 9" o (8) +y" Tl ogy () + 5" (1), (1)

Boo(t) = 26> =387 + 1, gy (t) =362 — 282, ¢7,(t) = 7(€3 =267 +€), o1y (t) = 7(&* — &),

if necessary, it is possible to get a solution and its derivative at any time; d) since the scheme is two-layer, it
is possible to use a variable step without loss of accuracy; e) the scheme is conditionally stable and requires 4
times more arithmetic operations than the schemes of the finite difference method, but this scheme allows to
choose large time steps to achieve a certain accuracy. To obtain an estimate of the accuracy a special technique
for obtaining a priori estimates is used. The classical approach to the study of the convergence of difference
schemes based on the Taylor formula imposes high requirements on the smoothness of the desired solution.
Recently a number of results have been obtained on the estimation of the rate of convergence of difference
schemes for equations of mathematical physics. These results can be found in [4-8]. Similar studies for various
non-stationary problems were carried out by the authors in [3, 9-11].

*Corresponding author.
E-mail: dutebaev_ 56@mail.ru
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Statement of the problem

The problems of the thermal and water regime of the root layer of the soil, evaporation, transpiration, etc.
are described by the following equation (the Aller equation in general form) [1]

% = Lw—l—a% (Lou) + f(x,t), (x,t) eQr={ze€Q, 0<t<T}. (2)

Here Q = {z|z = (z1,22), 0 < x4 <la, a=1,2},

Pm 81,[,

0 m m
Lt =3 50— ('f <:c>axa> — " (@), TEQ pn=12,..,
a=1

0<ko<klz)<ky, ¢"(z)>0,m=1,2,

where o, ko, k1 are positive constants.
For equation (2) the initial condition

u(z,0) = uo(x), z€ (3)

is set and some local or non-local boundary conditions are given.
Local conditions are classical boundary conditions, for example, the first boundary value condition

u(z,t) =0, x€09Q, te(0,T). (4)

Conditions are called non-local if the boundary conditions are relations connecting the values of the sought
solution and its derivatives at the boundary and interior points of the domain. Similar conditions arise in the
mathematical modelling of processes of various natural phenomenon, for example, in the study of problems of
moisture transfer, thermal conductivity, mathematical biology, control, etc. For example, for equation (1) in the
one-dimensional case, the non-local boundary conditions

w(0,t) = Mu(l,t), wugy(0,t) = Aug(l,t), t€][0,T]

are given in [1-2].
Let us formulate a generalized statement of problem (2)—(4). We call the generalized solution of problem

(2)—(4) as the function u(x,t), in which each t € [0, 7] belongs to Sobolev space H = W4 (£2), has a derivative
%7; € L2(0,T) and satisfies the relations [12]

(dilff),ﬁ) +oay (Chc‘lf),ﬁ) T as(ult),9) = (£(1),9), ¥9(x) € H, u(0) = ug (5)
almost everywhere on (0,7). Here
am(u(t),d) = —(Lyu,9) = /Zm: (km(x) aaxu . 68719 + qm(x)uﬁ) dr, m=1,2.
o am1 oY e}

For bilinear form a,, (u,9) there is an evaluation a,,(9,9) > k[9||°.
Note that the dimension of the operators Ly, Lo can be different, i.e., p; # po, and so L; can be strongly
elliptical and Lo can be a degenerate operator that does not contain all second derivatives of variables z,,.

Discretization in space and time

We discretize problem (2)—(3) with respect to spatial variables using the finite element method. Let H, C H

be many elements of the form ¥, = vazl a;¢i(r). Here {¢; = ¢;(x)}Y, is the basis of piecewise polynomial
functions that are polynomials of degree on each finite element (a segment in one-dimensional case, a triangle

or rectangle in two-dimensional case, etc.).
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Let us write relation (5) a semi-discrete problem for ¢ € [0, T7:

(dugt(t)ﬁh) +o0ay (%,W) +ag (up(t),9%) = (f(t),9%), VI, € Hy, (6)

Uh(O) = UQ,h-

Problem (6) corresponds to the Cauchy problem in time for the system of ordinary differential equations of

the first order for coefficients of the approximate solution uy,(t) = Zf\il a;(t)¢; from Hy, :

da(t)

M
dt

+Ga(t) = ®(t), a(0)=a’.

Here, d(t) = {a:(t)}Y, {Zii(O)}ivzl are dimension vectors N; M = {(¢;, ¢j)}£vj:1 is the mass matrix,
G = {a(¢;, (blj)}?;.:l is the stiffness matrix and ®(t) = {@(t)}fvzl is a vector of the right side.

The same problem can also be written in the form of an operator equation

dup (1)
dt

D

+ Aup(t) = fr(t), un(0) = uo,n, (7)

up(0) = ug,p-
Here up(t) is the element of finite-dimensional space Hy, for any moment in time ¢, operators D and A
operate from Hj, to H,: D = M +0G1, A= Gy, M = ((¢i,¢j))£vj=1 is a subspace coordinate system mass

matrix Hy, and G, = (am(di, ¢j))£vj:1 is a stiffness matrix corresponding to the operator L,,u, m = 1,2 in
Hy,.

We approximate problem (7) with a three-parameter finite element method of the fourth order of accuracy
in time [3]:

a_ 2 ’.‘_. A+ o
Dizk - Ak 4 AR — g,

YDIZE 4 QA=Y 4 BATEL — ¢, (8)

0 _ 50
Yy = uo, Yy = U1,

where p J
n ~ n n Y o n Y
y=y"=yltn), §=y"" =yltn+7), y=9"=—(tn), y=9""" = —(tn + 1),
dt di
A 12
o1 = - / ft)dt, ¢2= =y f(t) <8119§1)+ 82?9%3)> dt,

tn tn

s1 =15y — 35a/3, So = 140y — 350@/3,
ol = 7(E+1/2), of) = 7( —3¢2/24¢/2), £=(t—t,)/T

Scheme (8) obeys the condition of the fourth order of approximation in time
at+B=7v a>0, 0<B<a/(3), a,B = 0%, 0<e<1. (9)
Circuit stability conditions are
a=7%/12, B3>0, v>0, , R>((1+¢)/4)A,
where R = 1 (’yD2 + %(35 + oz)AZ) , A=T1pA%

A high order of accuracy of the scheme is achieved due to a special discretization of temporal and spatial
variables [3].
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Investigation of the accuracy of discretization in space

Let us estimate the accuracy of the solution of problem (2)—(4). All notations are borrowed from [13]. The
following theorem holds.

Theorem 1 Let u(z,t) € Lo {[O,T]; W@ n W %(Q)} If a narrowing of space Hj, into a single finite

element is a polynomial of degree k, then for the solution of problem (7) there is an estimation of accuracy

t t
/ (e, ) — wn(a, )2 de’ + o0 / (e, #) — un(z, )| dt
0 0

t
+ /[U(x,t') —up(z,t)]dt'|| < ME* {[lu(z, 0], + ollu(z, 0)];,
0 1

t
+ [ 0) [t 0]y, de b o Vee 0.T) M = Mo b ).
0

Proof. We integrate identity (5) over ¢ from ¢, = n7, n = 0,1, ... to t,+1 = t, + 7 and apply the formula
for integration by parts

tn+t1

[ (), §) = o a1 (u(t), §) + az(u(t), 9)] di+ [(u(t),9) + o ax (u(t), V)] ;2"

tn
Lot
- (f(t),9)dt, ¥O(z) € H (11)
tn
Similar actions for identity (6) give
o1 29
[—(uh, Oy) — oay (up, 95) + ag(uh,ﬂh)} dt + [(un,9n) + oar(up, 9p)] [, = / (f,0p)dt, YO, (x) € Hy.
tn tn

Here and further @ = du/9dt. Choosing ¥ = ), € Hp, C H in (11) and subtracting both obtained identities, we

have
trnt1

{—(u — uh,ﬁh) —oai(u— uhﬂ?h) + as(u — uh,ﬁh)} dt
tn
+ [(w — up, ) + o a1 (v — up, )] \i:“ =0, Vy(x)€ Hy. (12)

Let z = u — up = e, + &, Let us choose a trial function
In(t) = —/fh(t’)dt’ € Hy, t<s; On(t) =0, t>s, In(t) = En(t), Dn(s) = 0. (13)
t

Taking into account the introduced designations, identity (12) can be written in the form:

tnt1

{*(Emfh) — o ay(€n,&n) + ag(Dn, 9p) | dt+ [(En, On) + o ar(En, 9n)] i:“

tn

trnt1

- / [(en,&n) + o ai(en,&n) — az(en, In)] dt— [(en, Vn) + Ual(eh’ﬂh)”izﬁ :

tn
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Since Clg(’léh,’l?h) = %%ag(’ﬁh,ﬂh), then the last identity can be written as:

tnt1 tn+1

[ (entdt—o [ @) di+ oa0n 0 tn) + (6h00) + oar(en )

tnt1

= — [(en,Un) + Ual(eh’ﬁh)m:“ + %‘12(1% In)(tn) + / [(en,&n) + oai(en,En) — azlen, Vn)] dt.

tn

(14)

Let us sum up (14) by n = 1, m — 1, where is the number m corresponds to the moment in time s = m7:

S S

~ [ (et = o [ ar(6n )it + 500,046 + (66,00 + ran n, 0]

0 0

S

— [(eh, ﬁh) + O’(ll(h,ﬁh)“(s) + %az(ﬂmﬁh)(()) + / [(eh,gh) + U(ll(e;“fh) — ag(eh, 19}1)] dt.
0

Considering the properties of the function ¥ (t) (see eq. (13)) and the initial condition &, (0) = 0, from the

last identity we have
S S

/(fhvfh)dt'f‘o'/al(gh»fh)dt"‘%GQ('ﬁh,'ﬁh)(O)
0 0

S

= —[(en, 9n)(0) + oai(en, ¥1)(0)] — / [(en,&n) + aar(en, &n) — az(en, Vp)] dt.
0

Let us introduce one more function
t
wy(t) = /gh(t’)dt’ € Hy, t <s; wp(t) =0, t>s.
0

Then ¥, (t) = wp(t) — wr(s), and, finally, we have the energy identity:

S S

[ @i+ o [arengi+ Sasonun)(s) = e0).un(s)

0 0

S

o (en(0), wn(s)) - / [(ens &) + o ar(en, €) — as(en, wn (t) — wn(s))] dt.
0

Let us estimate the terms on the right hand side of (15):

(en(0), wn(s)) < er(wn(s), wn(s)) + L(6h(0), en(0)),

461
aa(en(0),wn(s)) < exan(wn(). wn(s)) + 1 ar(en(0),(0))
/(6h,§h)dt Sé‘s/ (§h,§h)dt+é/ (en,en)dt,
0 0 0
/Ch (en,&n)dt| < 84/ ax (£h7§h)dt+é/ a1 (en, ep)dt,
0 0
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S

/ as(ep, wp(t) —wp(s))dt
0

1

< 55/ ag(wp (1), wy(t))dt + sesaz(wp(s), wr(s)) + E/ as(ep, ep)dt.
0 0

Choosing 1 = €3 = €3 = €4 = 1/2, and €5 from condition €1/2+¢e5T < 1/4, from (15) we get the estimate

/(fmfh)dt‘f'o'/al(fhafh)dt+a2(wh7wh)(5)

0 0

<M / az(wp, wy)(t)dt + (ex(0),er(0)) + cai(en(0), en(0))+ (wn(s), wn(s))
0

S S S

+oay(wp(s), wn(s)) +/ (eh,eh)dt—i—a/ al(eh,eh)dt—i—/ as(en, ep)dt |,
0 0 0
where M = max(8, 1/T, 16T'). Applying Gronwall’s lemma, we obtain the error estimate
/ (Eny En)dt + 0/611(&” En)dt + az(wp, wp)(s)
0 0

< M [(en(0),€n(0)) + oar(en(0), en(0))] + (wa(s), wn(s)) + oai(wa(s), wn(s))

—|—/ (emeh)dt—f—a/al (eh,eh)dt+/ as (e, ep)dt).
0 0 0

It’s obvious that ko [[wp(s)]|] < am(wh,wn)(s) < k1w (s)|3, (€n,€n)(s) = ||€n(s)]lo- Therefore, we have the
final estimate for the error

S S S 2
[+ o [l | [ oo
0 0 0 1

<M en @I + 0 lentOl + [ sl e+ [ len®lZat+ [ lentoliar). ()
0 0 0

For solutions u(z,t) € WEt1(Q), Vt € [0, T], there is an evaluation [13]:
len(0)llg < ME*luolly, len(O)ly < MA*Hfuolly 4,

llen(®llg < MA@y, llen(®)lly < MA|fu(t)]4s-

Therefore, based on (16) and the triangle inequality ||zp| < |len| + ||€r|| the statement of the theorem holds.
The theorem uses the standart notation for the Sobolev space WA ™! from [13].

Accuracy research of discretization in time

Let us now turn to the estimation of the discretization error for problem (7) in time. Investigation of the
error in approximating scheme (8) using the Taylor formula, as already mentioned, leads to overestimated
requirements for the smoothness of the solution to the original problem. An alternative to this method of
estimating the accuracy is the application of the Bramble-Hilbert lemma. This method of accuracy estimation
is the main one in the theory of the finite element method for solving elliptic equations [13-16]. We also note the
paper [8], in which the Bramble-Hilbert lemma is used to estimate the accuracy of solving difference schemes
for elliptic problems.
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Let us apply the Bramble-Hilbert lemma to estimate the accuracy of the solution to the original problem
with respect to the time variable. Recall that the solution wuy, () of semi-discrete task (7) for each ¢ is an element
of the discrete subspace up(t) € Hp,.

The following theorem holds.

Theorem 2.Let A* = A >0, D*=D >0, AD = DA and the conditions of approximation (9) and stability
(10) are fulfilled. Then to solve the scheme (8) approximate solution to problem (7) such that d;;ﬁlh( t) € L2[0,T]
and the accuracy estimate

t
/||uh () — y(t)|2 dt' + o /Huh () — y()| dt" + / ¢)] dt’
0

d4
< M7t lur (0)]lg + ollun(0)]; + 1+0/H Un )

dt’ (17)

is correct.

Proof. Denote by H, argument function subspace ¢, which are a cubic Hermitian spline of the form (1) on
the interval [t,,,t,+1] , » =0,1,2,.... Consider scheme solution (8) to y(t) € H,. Simultaneously for each ¢, y(t
is an element of the subspace Hj,. Actually y(z,t) € Hf = H, ® H,.

Difference scheme (8) corresponds to the following weak setting

tn+1

[~ (0). ) = 0 a(y(6),9:) + ax(y(t), 0-)| db

(), 95) + o an(y(t),0.)] [+ = / (f,0,)dt, ¥0,(x) € HY, (18)

where y(t) is the cubic Hermitian spline (1).
In (18) select

—/gf(t)dtﬁ t<s; 9.(t)=0, t>s.
t

It’s clear that U,(t) = &-(t), t < s and 9,(s) = 0. Substituting the function 9, (t) into (18) and performing
same transformations with the resulting identity that we used when evaluating z, = u — up = ep + &, we get
the following energy identity

[ i+ o [are g+ Jax(on,0.0)
0 0
= (er,9:)(0) + oay(er, V) / (er, &) +oar(er, &) — as(er, V)] dt.
0

Denote by
t

we(t) = /{T(t’)dt’ EHpt<s, w(t)=01t>s
0

and note that e,(0) = up(0) — u](0) = up,p, — up,r, = 0. Then the last identity becomes

t t
[ i+ o [ a6 e+ Jartunw)s)
0 0
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S

= _/ [(er, &) + oar(er, &) — az(er, wr(t) — w-(s))] dt. (19)
0

Applying the Cauchy-Bunyakovsky inequality, e-inequality and Gronwall’s lemma, as in the estimate &, (¢), we
obtain from (19) the following estimate

S S S 2
/ (]2 dt + 0 / & (1)1 dt + / &, (t)dt
0 0 0 1

<M /neT(t)n%dtw/ ||ef<t>|\?dt+/ lea ()2t | - (20)
0 0 0

Now let us estimate the error of the scheme (8) (.(t) = &-(t) + e-(t). By the triangle inequality and
(a+b)* < 2(a? + b2) we have

S S S 2 S S
Jiceiiaero [icika| [ cwa| <2{ [leiao [ el
0 0 0 1 0 0

S 2 S S S 2
+ /eT(t)dt +/||er(s)||gdt+a/||eT(s)||?dt+ /eT(t)dt
0 1 0 0 0 1

For the last term, we apply the Cauchy-Bunyakovsky inequality and get

2
s 2

/eT(t’)dt’ < /1dt’ /eg(t/)dt' gs/neT(t’)Hfdt’.
0

0 1 0 0 )

From this and (20) we have the estimate

S S S 2
Jlclide+o [1colta | oo
0 0 0 1

<M \Ier(8)||§+0\\er(8)llf+/Her(t)\lgdtﬂffﬂ)/Hef(t)\lfdf . (21)

Consider the linear functional e, (up) = up — u7. We introduce the change of variable ¢t = t,, + nr,
0 <n < 1. Then, we get

ér(un(n)) = er(un) = up(tn +n7) — uj(ty +n71) = Un(n) — a7 (n).

This functionality is limited for continuous functions wp(n) € C[0,1]. Moreover, it is limited for
an(n) € W20,1]. So it is written as

1/2

&7 ()| = Jiin(n) — a7 ()] < M / (dmﬂh)zd
0

m=0 dnm

This functional vanishes on polynomials up to the third degree inclusive in the variable 7, i.e., on the segment
[0,1] 4] a third-degree polynomial that interpolates @y. Based on the Bramble-Hilbert lemma, from the last

estimate one can obtain 1/2
1

@) = fan(o) - ar) < 07 | | (ddj;’)dn
0
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Returning to the previous variables we have the estimate

: 1/2
n+1 d4u 2
- - h
ertn )] = n(0) ~ 0] < 72| [ () ) et
tn
Then
S m—1 tnt1 m—1 tnt1 d
/wMMM:Z/meWSZ/MW i dm
0 n=0 tn n=0 tn

tny

d*u
dt*

~ (1)

m—1
=3 w2
n=0

duh
M2 8/
ﬁ Hﬁ4

Similarly, the estimate

dt

d*u
28 h
/H@ Wt < b1°r |MM

holds. If limitations H d;;ﬁﬁ (t)H are required for each t , then we obtain
0

t
s 4 2 4 2
2 -2 7 d Up 2 8 d Up
lex(s)]2 < 1%r / (dt4> il < 3t | T
m—1 0
L, 2

HeT(s)H1 M27'8max

Tdr
Further, based on these estimates we obtain the statement of the theorem from (21).
On the convergence of the scheme
In order to estimate the approximation error we need to go from uy; to the solution w in the right-hand sides
of z=u—y=(u—up) = (y—un).
For k = 0,1 the following estimate holds [13]:
lunlly = llu —w+unll, < [lull, + llu—unll, < llull, + Mhbjlull,, < M||u||k+1'

Therefore, estimate (17) has the form

t
/||uht’ ()2 dt + o /||uht’ ()2 dt + / )] dt’
0

4 2
ey |

< M7 uO)lly + ()l + | @+ 1) [ |55

Thus, we formulate an assertion about the convergence of the solution of the vector scheme (8) to the
solution of the original problem (2)—(4).

Theorem 8. Let A* = A >0, D* =D >0, AD = DA and the conditions of approximation (9) and
stability (10) of scheme (8). Then for its solution, which approximates the solution to problem (2)—(4) such that

4

0*u
) o

(o)

u(, 1) € Lo {[0,T); WET (@) W 3(9) (2,6) € Lo {[0,T]; W 3(Q)},
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the accuracy estimate

t
/||ux v =y )2t + o /||ux ) — y(a, )2 dt’ + / y(z, )] dt’
0

1

4

<M {7t | ul, 0)lly + ollu(z, 0)[l, + | (1+0) / Ha“@c )

2
dt’
ot 5

0

5 | Ntz Ol + olue O lr + | (1+0) [ )] d
0

is correct.
Algorithm for implementing the scheme
We consider one of the possible algorithms for implementing the scheme (8). We rewrite it as
Mg+ My = p1, M2+ maay = o, (22)
where
T T2 . T )
pr=7¢1 + (D + EA) y— A% p2=1é2tady+ (’YD + 561‘1) 2
T 72 T
mi1 = D -+ 514, mig = 75‘4, mo1 = OéA, Moo = ’)/D -+ 5[314

Integrals in ¢y and ¢9, for example, are calculated by Simpson’s formula. Assuming that the operators A and
D commute and excluding ¢ from equation (22), we obtain

Cj=F. (23)

Here C =y D? 4+ 5(8+7)AD + %(35 +a)A?, F =mapr — miaps.
Equation (23) can be solved either directly by inverting the operator C' or by factoring it as

C =~C1Co =7 [D? — (z1 + 22)TAD + 32272 A%],  Cp = (D —m7A), k=12
Then equation (23) is solved using an algorithm
nCiy=F, Cy=y. (24)
After finding ¢ from (24) solution g; is calculated, for example, from the equation ('yD +3 BA) g; = s — aAg.
Conclusion

Problems for the Aller moisture transfer equation are considered. On the basis of the finite element method
difference schemes of high order of accuracy are constructed and investigated. The high order of accuracy of
the circuit is achieved through special discretization of temporal and spatial variables. The convergence of the
constructed algorithms is proved. Estimates for the accuracy of the scheme are obtained under weak assumptions
on the smoothness of solutions to differential problems. Other boundary value problems can be studied similarly,
in particular, nonlocal boundary value problems for equation (1). In addition, these results can be carried over
to loaded equations with nonlocal boundary conditions.

Remark

A separate article will be devoted to computational experiments for test problems with local and non-local
boundary conditions.
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II. Otebaes!, I X. Yren6eprenosa!, K.O. Treyos?

L Bepdax amvindaes. Kapakarnax, memaexemmir yrusepcumems, Hywic, Oz6excman;
20n-Xopeamu amoindaes. Tawskenm axnapammoms mMerHoA02UANLD
yrusepcumeminiy, Hyxicmeei 6oaimweci, Hyxic, O3bexcman

2KbLTy-bIIFaJI TaChIMAJIIAY TEHJEYl YIITiH >KOFapbl JRJIAIKTI aKbIPJIbI

140

3JIEMEHTTEP J/IICiHIH, CXeMaChIHBbIH, YKNHAKTBLJIBLIFbI TYPaJibl

MaxkaJsaga Ajiepain bLIFaJI TachbIMaJIIay OeficTalmOHAPIIBIK, TEHIAEY1 YIIH XKOFaphl J9/IIIKTErl aKbIPJIbI dJ1e-
MEHTTEp OIICiHIH afbIPBIMJIBIK CXeMaJiapbl KYPbUIBII 3epTTesai. JoIiKTiH Koraprbl peTiHe yaKbIT YKOHE
KEHICTIKTIK alHbIMAJIbLIAPBIH apHAWBl JUCKPETU3AIUAIAY apKbLIbI KOJI »KeTkisineni. Kypbuiran canabik
aJIPOPUTMJIEP/IH TYPAKTBLIBIFBI MEH YKUHAKTBLIBIFBI JIDJIeIEH T, JuddepeHnaliIblK, eCenTiH, memrimIepi-
HiH TericTiri TypaJjbl 9Jici3 Oo/KaMIapMeH CXeMaHbIH, JIJIIIK Oarasiay/iapblH ajly YIIiH Mali aJIaHbLIFaH,
OPTYPJIi HOpMaJIap/ia COMKeC alprOPJIbIK Oarasayiap aJIbIH/IbL.

Kiam cesdep: Annep TeHeyi, aKbIPJIbl 3JIEMEHTTED SIICI, albIPBIMIIBIK, CXEMAJIAPDI, TYPAKTHIIBIK, allpuop-
JIBIK, Oarasiaysiap, YKUHAKTBLIBIK, JTOJITIK.

J. Vrebaes!, I'X. Vrenteprenosa!, K.O. Tneyos?

! Kapaxaanaxcruti zocydapemeennudl yrusepcumem um. Bepdaza, Hyxyc, Ysbexucman;
2 Hyxyceruti puavan Tawrenwmckoeo yrusepcumema
UHPOPMAYUOHHBLT MeTHOA02UT UM. anb-Xopeamu, Hykyc, Ysbexucman

O CXOAMMOCTHU CXeMbI MeTOoJa KOHEYHbIX 3JIeMEHTOB IOBBIIIIEHHO

TOYHOCTHA [IJId YpaBHE€HUA TEIlJIO-BJiaroriepeHoca

B crarpe mocTpoeHs! u HCCIeI0BaHBI PA3HOCTHBIE CXEMBI METOA KOHEYHBIX 3JIEMEHTOB BBICOKOI'O IIOPHAI-
K& TOYHOCTH Il HECTAIMOHAPHOIO ypaBHEeHUs Biarornepenoca AJuiepa. [TOBBIMIEHHBIA MTOPSIIOK TOYHOCTH
JOCTUTAETCS 33 CYeT CHEIUATHHON IUCKPETH3AIllNd BPEMEHHBIX M IPOCTPAHCTBEHHBIX NepeMeHHBIX. [lo-
Ka3aHa YCTOHYMBOCTBb M CXOJUMOCTb IIOCTPOEHHBIX YHMCJICHHBIX aJTOPUTMOB, IOJIy4YeHBbl COOTBETCTBYIOIIUE
aIIpUOPHBIE OIEHKN B Pa3JIMYHBIX HOPMaX, KOTOPbIE NCIIOJIb30BaHbI B TAJbHENIIIEM /I IIOJIYyYEHUSI OIIEHOK
TOYHOCTU CXE€MBI IPHU CJIAOBIX MPE/ITOIOKEHUIX O TVIAJKOCTH peleHuit quddepeHnnaabHoil 3a1a4un.

Karoweswie caosa: ypaBaeHue Ajuiepa, MeTOJ| KOHEYHBIX 3JIEMEHTOB, PA3HOCTHBIE CXEMBI, YCTONYIMBOCTS,
AIPUOPHBIE OLIEHKHU, CXOAUMOCTDb, TOYHOCTb.
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On the Lie symmetries of the boundary value problems for
differential and difference sine-Gordon equations

In general, due to the nature of the Lie group theory, symmetry analysis is applied to single equations rather
than boundary value problems. In this paper boundary value problems for the sine-Gordon equations under
the group of Lie point symmetries are obtained in both differential and difference forms. The invariance
conditions for the boundary value problems and their solutions are obtained. The invariant discretization of
the difference problem corresponding to the boundary value problem for sine-Gordon equation is studied.
In the differential case an unbounded domain is considered and in the difference case a lattice with points
lying in the plane and stretching in all directions with no boundaries is considered.
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Introduction

There are many theoretical and numerical studies on the nonlinear wave equations such as sine-Gordon and
Klein-Gordon equations in the literature (see [1-3] and the references given therein). Sine-Gordon equations are
of particular interest since they attracted much attention in the recent decades due to the exitance of soliton
solutions. Solitons are nonlinear waves and have been used in many mathematical models.

Lie symmetries are one of the most powerful methods in obtaining exact solutions of many partial differential
equations (PDEs). Many researchers have been studying this field and publishing articles and books [1-21] which
investigate the general theory of these applications. However, there is relatively small number of studies that
deal with Lie symmetries of boundary value problems for the PDEs. There are some difficulties in the application
of Lie symmetries to boundary value problems (BVPs). In symmetry analysis every symmetry of a BVP must
be a symmetry of a given PDE, a mapping of the domain to itself and a symmetry of the boundary data. In
general, the prescribed initial or boundary conditions are not invariant under the group transformation of the
corresponding PDE.

To the extent of our investigation the study of Lie symmetries of BVPs were first done by V.V. Puk-
nachov [19] and G.W. Bluman [7]. For the theoretical aspects we refer to books [6, 20, 21] In the recent studies
R. Cherniha et al. [16, 17] defined a new formula. This formula applies for the invariance of BVPs in a wide
range of boundary conditions including free (moving) boundaries and boundaries at infinity.

In the present paper BVPs for nonlinear sine-Gordon equation in the differential and difference forms are
investigated. Under the transformation groups boundary curves and boundary conditions of the equations are
obtained. The formula for the invariance of BVPs presented by Cherniha [16] is used. The main object of
this work is to investigate the invariance of a BVPs for sine-Gordon equation in differential and discrete form
under the Lie point symmetries of the corresponding equations. Note that some of the results of this work was
presented, without proof, in [4].

Preliminaries
Symmetry analysis of differential and difference equations

In this section we present the theory and definitions in the Lie symmetry analysis. Let us consider the
system of differential equations

FA(Z‘,U,U&,UQ,...,US):O,AZI,Q,...,m, (1)

*Corresponding author.
E-mail: ozguryQyildiz. edu.tr
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where x € R™,u € R™ and uy is the set of s-th partial derivatives. We can write the group of point transformati-
ons in the space (z,u) as

G, :{xi* :fi(x7u,a);uk* =g"(z,u,0),i=1,2,...,n,k=1,2,...,m}.

Using the power series and expanding the transformations about some neighborhood of the parameter a® = 0
gives

. . ofi
o =g 0B o) a =1, o,
da®
. OgF
W =ik e 2D L o) a =1,
da®
The derivatives of f and g* are smooth functions and are called infinitesimals of the group G, and denoted by

&, and n}.
Finding the Lie group of differential system (1) is equivalent to finding its infinitesimal operator(generator),
thus we seek for the infinitesimal operators of G, in the following form

Xo = € (0.0) 2 4 ()2 i =1

— i
axi auk
The set of tangent vectors to the manifold G, at the identity element a = 0 is {X,,a=1,...,r} and is a
basis of the Lie algebra of the infinitesimal operators of G,.. The determination of the infinitesimal functions £,
and 7 states the group of transformations. By X, one can determine the point transformations of the group
G, by solving the Lie equations

s k=1 ... ma=1,...,71.

of iy 09" 4 _ . _
p —fa(f),aaa =no(9),a=1,...,mi=1,...;,nk=1,...,m (2)

with the initial conditions
k

fla=o = ", 9" [a=0 = u*.
These equations obtain a one-to-one correspondence between vector fields (2) and the group of transformations
G,. The Lie algebra vector field is prolonged to the derivatives in order to modify it with differential variables

k
u;

b) k
ufz %,i: 1,....nk=1,...,m.
From that the extended infinitesimal operators are obtained as
- .0 0 e 0 k 0
%L —¢ k0 Law @ e 0 3
@ 5 al’z +"7 auk. +€z au’lf + + C2122~»-'Ls 8ué€1i2‘“is ( )
Here we denote .
1 ,
6" = Di(n*) —uf Di(&)
and (s)k (s—1)k j
Q‘fiz...is = Dis@fiz...is,l - Ufliz...is_ljDis (&),
0 0 0 0
D, — YR S S H HD Y, S T
2 ami uz auk uZ] 811151 ulllz...tn aufliz.“in
Theorem 1. [13] Let the Lie group of point transformations in the space of independent variables (x, u, u1, ug, . . ., us),

dependent variables and all s-th order partial derivatives of dependent variables with respect to independent
ones be G,.. Then system of differential equations (1) is invariant under the group G, if and only if

XQF,\(QC7U,U17UQ,...,US)|(1) =0,A=1,2,...,m. (4)

The invariance condition (4) is an overdetermined system of linear equations for the coordinates of infinitesimal
operator (3) and is called the system of determining equations.

Now, let us introduce the Lie symmetry analysis of difference equations. The difference scheme for the
solution of the system of differential equations (1) is denoted by

Hy(z,u,h,Tu) =0,A=1,2,...,m. (5)
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Here h = (hq, ha,...,hy) is the mesh space vector and T' = (11,75, ..., Ty,) represents the shift operator along
the axis of the independent variables and given by

Tilul(z1, .. @iy ey @n) = w(@r, ..o i 4+ Ry ooy Tp)e
We denote a group of transformations in the space of mesh variables (z,u, h) by G and define as
Gl = {2V = fi(z,u,a);u* = ¢"(z,u,a); "}
=o' (x,u,h,a),i=1,2,....,n,k=1,2,...,m

with the infinitesimal operator

, 0
XQ :Xa—&—gé(x,u,h)—_,a: 1,...,m7

oh;
Here ]
) 8@1
S = 5aa &= 1,...,m7
In the space of differential and difference variables (z,u, h, w1, ug, ..., us) the prolongation operator of the group

of point transformations (N}'((]h) is Xéh).

Theorem 2. [13] Finite difference scheme (5) is invariant under the group of transformations G if and only if
XM Hy(z,u,h, Tu)| ) = 0,A =1,2,...,m.
Symmetry analysis of the boundary value problem for PDEs

In this section we consider the Lie symmetry properties of BVPs. The invariance conditions under a group
of point transformations of a BVP for a scalar PDE satisfy if the group separately leaves invariant the boundary
conditions and the PDE of the BVP. The solution of the BVP resulting from the admitted point symmetry
is an invariant solution if the BVP is well-posed. On the other hand, the concerned boundary conditions are
in general not invariant under the symmetry of the considered PDEs. In view of this issue, one of the early
definitions on the invariance of a BVP was given by G.W. Bluman [5].

Let us consider a k-th order (k > 2) scalar PDE represented by

F(x,u,0u,8u,...,0%u) = 0. (6)

Here x = (1,22, ..., 2,) represents the coordinates corresponding to its n independent variables, u represents
its dependent variable, and 0’ represents the coordinates with components

u)0xs, 0y ... Oy, = Uiyiy..ayyi5 =1,2,...,m,f =1,2,.. .k
corresponding to all j-th order partial derivatives of u with respect to x.
We assume that PDE (6) can be written in the following form in terms of some specific component of the
[-th order partial derivatives of u

F(z,u,0u,0%u, ..., aku) = Uiy, — f2,u, ou, 0%u, . .. ,8ku) =0, (7)

where f(z,u,0u,0%u, ..., 8ku) does not depend explicitly on u;,i,.. 4,-
Now consider a BVP for PDE (7) defined on the domain 2, in z-space [z = (21, 2, ..., %,)] with boundary
conditions

B (z,u,0u,...,0" tu) =0 (8)
described on boundary surfaces
we(x) =0,a=1,2,...,s. (9)
Let us assume that problem (7)—(9) has a unique solution. We use an infinitesimal generator as follows
0 0
X =¢&i(z)— —. 1

This infinitesimal generator defines a point symmetry acting on both (z,wu)-space and on its projection to
x-space.
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Definition 1. [5] The point symmetry X in the form (10) is admitted by BVP (7)—(9) if and only if:

1 X®F(x, u, 0u,0?u,...,0%u) =0 when F(x,u,du,d?u,...,0"u)=0.

2 Xwg(x) =0 when we(z) =0,a=1,2,...,s.

3 X* VB, (z,u,0u,...,0"u) = 0 when B,(z,u,du,...,0" 'u) =0 on w(x) =0,a=1,2,...,s.

The above definition does not apply for BVPs with free boundaries or with boundary conditions given at
infinity. Therefore R. Chernica et al. (see [16], [17]) proposed a new invariance definition for BVPs which extends
Bluman’s definition to all possible boundary conditions. They formulated the definition of invariance for BVPs
at operators of conditional symmetry case expressing what kind of transformations can be applied to transform
boundary conditions at infinity to those containing no conditions at infinity. Consider a BVP for PDE (7) with
boundary conditions (8) and conditions defined at infinity:

Ye(x) = 00 : Ye(x, u, Ou, . . .,5‘k6u) =0,c=1,2,...,Poo, (11)

where k. < k and ps are given numbers and ~.(x) are specified functions that extend the domain on which the
BVP is defined at infinity. We assume that all functions arising in (7), (8), (9), and (11) are given such that a
classical solution of this BVP exists. Let us assume that the operator

Q = &) 2+ (e, u) L (12)

is a Q-conditional symmetry of PDE (7) satisfying the criterion:
Q(k)F(x, u, du, %, . .. ,8ku)|F(w,u’6u’62u““’8ku):0 =0, (13)

where Q(*) is the k-th prolongation of @ and Q(u) = 0 with Q(u) = & (z,u)u,, — n(x,u). Let us consider the
manifold for each ¢ =1,2,...,ps as

M = {v.(z) = 00 : ve(,u, du, .. .,8’fcu) =0}

in the extended space of variables x, u, uz, . . ., ué’“c). Suppose that there exists a smooth bijective transformation

y=g(z),w = h(z,u), (14)

where h(z,u) is a smooth function, g(z) is a smooth vector function that maps the manifold M into
M* = {y:(y) = 0: %} (y,u,0u,...,0%u) = 0}

of the same dimensionality in the extended variable space y, w, wy, ..., w@(,kC)(ka < k.) and
Y=Yi,---sYn-

Definition 2. [17] BVPs (7), (8), and (11) are @-conditionally invariant under operator (12) if:

1 Criterion (13) is satisfied,;

2 Q(wq(z)) = 0 when wq(z) = 0, Baly, (2)=0 = 0,a =1,...,s;

3 Q") (By(x,u,0u,...,0" ")) = 0 when wy(x) =0 and Balw,(z)=0 =0,a=1,...,s;

4 There exists a smooth bijective transform (14) mapping M into M* of the same dimensionality;

5Q"(v;(y)) =0 when 77 (y) =0,c =1,2,..., pe;

6 (Q*) ) (v*(y,u,Ou, ..., 0% u)) = 0 when v'(y) = 0 and 7} ye(y=0 = 0,c=1,2,...,r.

This definition coincides with Definition 1 when @ is a Lie symmetry operator and there is not any boundary
condition defined at infinity.

Lie symmetry analysis of the problem with sine-Gordon equation

Let us consider the nonlinear hyperbolic problem for sine-Gordon equation

Ut — Ugy = Sinu, t > 0, —00 < x < 00, (15)
U(va) = (p(l‘), (16)
ut(0,x) = (x) (17)
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Equation (15) admits three-dimensional Lie group [8] spanned by the operators

0 0 0 0
&,XQZ %,Xg,zl'a"'t%

X, =
The operators generate one-parameter Lie groups
Ti:t"=t+e, 2" =z,u" =u,
Ty :t" =t, 2" =z + e, u* = u,
T3 :t" =t +xe3, 2" = x +teg, u” = u,

respectively. Since the group T} corresponds to translation on the variable ¢, the invariance of the boundary curve
t = 0 is not preserved. Thus BVP (15)—(17) is not invariant with respect to the group Tj. For the invariance of
boundary condition (16) with respect to the symmetry group 75, the equations

t*|t:0 =0, [U* - (p(x*)”ufga(m)zo =0 (18)
must be satisfied. The first equation of (18) is an identity, while the second equation results
p(r) = p(z + €). (19)

For the invariance of boundary condition (17) we need the first prolongation of the operator Xs. Using the
prolongation formula for first-order derivatives

0
XU = X + (g + unu — (&) + wigl) — ua (&) + Utfi))af
Ut
g (20)
+ (N + ugnu — ug( 2 + Uxfg) - Ux(falc + ngi))au )
where £°, ¢! are infinitesimals with respect to the variables ¢t and z respectively, we get
0
x - < 21
2 ax ( )
Applying this operator to condition (17), we have
t*li=0 = 0, [y = ¥(&")][ur—p(@)=0 =0,
which gives
(@) =P(x +€2). (22)

BVP (15)—(17) is invariant under the group of transformations T3 if and only if equations (19) and (22) are
satisfied. These equations result is that the functions ¢(x) and ¢ (x) are constant functions.

Following the same way, we obtain the invariance criterions of boundary condition (16) with respect to the
symmetry group 73 if the equations

t+ xe3 = 0 when t = 0,
u— @(x+tez) =0 when u — p(z) =0

are satisfied. The first equation results with x = 0 or e3 = 0 that gives the trivial group. Hence we arrive at
boundary condition (16), which is invariant under the group of transformations T5 with restriction

z=0,0(x) = o(x + teg). (23)

To examine invariance of boundary condition (17) we apply the first prolongation of the operator X3 which is
obtained from formula (20)

x® =22 442 0 0

o o " ow  “on. (24)
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to (17) and we get
x=0,9(x) — Y(z + teg) = uges. (25)

Combining equations (23) and (25) we conclude that BVP (15)—(17) is invariant under the group of transformati-
ons T3 with restriction u,(t,0) = 0 and conditions:

(i) when ¢t = 0 the arbitrary functions are functions of x variable only, such that ¢(z) and ¥(z),

(ii) when ¢ # 0 then the arbitrary functions ¢(z) and ¢ (z) are constant functions.

Considering all situations presented above, we infer that BVP (15)—(17) admits two-parameter Lie group
T, o T3 that corresponds to symmetries t* =t + xes, 2* = © + teg + €2, u* = u if and only if ¢(z) and ¢(z) are
constant functions.

Lie symmetry analysis of sine-Gordon equation in the difference scheme form

In this section we study the Lie point symmetries of difference model for nonlinear problem (15)—(17). Before
we proceed, let us present some preliminaries and notations about transformation groups and prolongations in
the space of discrete variables given in [13]. We denote the sequence space (z,u,u1,us,...) by Z with

z={a'|i=1,2,..,n},

u= {uk | k=1,2,...,m}.

We denote the set of mn first partial derivatives as u; = {ul'} , the set of second partial derivatives as up = {ufj} ,

etc. The formulas for the derivatives when n = 2 for x = (J;l, x2) are

D, = 9 —I—mﬁ + uui -l-u21i + ..
Ozt ou 8U1 (’9u2 ’
Dy = 0 —I—Uzé + u12i -l-u22i + ..
8’132 ou (9’11,1 8u2 ’
where
ou 9%u 0%u
Uy = %71111 = W,Um = m,

In the proofs, for simplicity, the superscript k& on u* is omitted. The two commuting Taylor groups [18] with

finite transformations 7} = e*P1 and T? = 2P are generated by the given operators. In one dimensional case
the new coordinates
=T, (z) =z +a,
oo
u' =T, (u) = o
s=0

oo
a
uil =T, (u1) = Z STl

s=

S
Us,

S

o0
a
i = T () = 3 S
s=0 "’

are generated by the action of operator T, = e®P. Setting the arbitrary parameters h, ho > 0 the shift operators

S = eThiD1 = Z (£h) D7,

s!
+h e

Sy = eTh2D2 = Z (ihz)st
*h L ’
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are obtained. Using these shift operators, two discrete differentiation operators

1
Di=+-

S; —1),i=1,2
Di=45(5 —1),

are obtained. In the (9617 xg)—plane, the set of points

a (gl B (.2 _
{:I:Shl (I )’:I:ShQ (13 )}’avﬁ—071,2,...

is called a uniform orthogonal difference mesh and denoted by w.

In two dimensional case with dependent variable u, independent variables ¢,z and mesh variables hi, hs
we denote the spaces of differential variables, difference variables and the product of those spaces which is the
space of sequences of power series by

Z = (tuxauautauzautxv .. ')7

Z = (t,.’IJ,U,’U/t,U;w,U/tI,...,hl,hg),
h h h h
Z = (t,x,u,’ltt,ux,...,’U;t,Uz,U/tx,...,hl,hg),
h h h h
where
0%u

uij = = D;Di(u),...,w = w1 x wp

8I15 J’ l +h +h
and wj; is the difference mesh in the i-th direction, respectively.

h
Transformations in % is defined by the sequence of series with analytic coefficients,

= ZAg(z)aS,Aé =2,

s>0
where 27 is a coordinate of the vector (t,2,u,us, Ug, ..., Ut, Uz, Uts, - - .) and these series form one-parameter
R h h
groups generated by infinitesimal operators
t T 8
X=¢o+¢ —+ +Z<m +Zcmz R (26)
s>1 Yiria.. 1>1 Wiriz..oiy
Prolongating the operator (26) for the variables h; and ho gives
> 0 o 0
K=ot Dy (€) g + haDal€") 5

8h1 8h2

For first-order difference derivatives the coordinates of prolongation operator are given by the formulas

G =Di(n) —uDi(€") = S (1) D1 (€7), (27)
h  +h h +h +h

Co = Da(n) — Sz(ut)Dz(ﬁ ) = uz Da(E7). (28)
h  +h +h h +h

If the considered mesh is invariantly uniform or invariantly orthogonal, then the corresponding formulas for the
invariant meshes must be satisfied in addition to prolongation formulas (27)—(28).
We presented the five-point difference scheme

U—2u+u up—2u+u_
hi h3

=sinu (29)

for sine-Gordon equation (15) on the uniform and orthogonal mesh

t—2t4+t=0,2, —22+2_ =0
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in our paper [3]. Here we denote mesh variables by hy, ha and t=t+h,t=t—hy, 2y =x+ hy,
r_ = — hy, 0 =u(t,x), i =u(f,r),u; =u(t,r;),u_ = u(t,x_). We used the prolongation operator

o o 9 -0 -0 )
_ ¢t 7 T __ . t___ t_—_ x _ 7
P = e e e T T G T e T S e

0 0 0 0

xr a A >
&= Ox_ * 94 + "4 i Ouy - ou_

in the discrete subspace (t,,t,f, 2,2 ,u, 4, @, uy,u_) and obtained three-parameter transformation group
generated by the operators

0 0 0 0 0 0
XM=t T T o T an, T on
0 0 0 0 0 0

Xy=0e b f o e b
R T R TR A P

Difference equation (29) on the set of a finite number of points (z¥,t%) can be expressed as

k+1 k k—1 k _ k k
E - Up — — 2un +uy _ Upi1 Qun + Upil .k (30)
1- h,2 h2 = SN U,
1 2

on the uniformly spaced orthogonal lattice
By i thtl 4k — hy Bg o ahtl — ok =, (31)

Eyith  —th=0,F5:2F | — 2k = h,. (32)

D. Levi et al. mentioned certain independence criteria for difference schemes in two dimensional case [14].
By this criteria one can calculate the values of (z,t,u) at all points beginning from the point (z% ¢¥) and a
given number of neighboring points and assures the existence of solution of the system. The following condition
on the Jacobian

O0(Ey, Ey, B3, Ey, E5)
8(tﬁ+1, xf{“, tlfL+1v foH, uﬁ-&—l)

|J| = #0 (33)

is imposed by Levi et al. [14]. This condition allows to move upward and to the right along the curves passing
through (x%,tk) (with either k or n fixed). Difference scheme (30)-(32) satisfy certain independence criteria
(33) by

tﬁ = hlk + to,l’ﬁ = hQTL + Zo-

In this step, using difference equation (29) for the BVP (15)—-(17), we write the difference problem

U—2u+u Uy —2u+u_

= sinu, (34)
hi h3
uy = ¢"(2), (35)
1 0

Uy, — U h
— 5 =y (@ (36)
In this paper the notation (¢, , u, u, Uy, Utg, - - - , h1, ho) for difference variables in two-dimensional case is used

h h h

for simplicity. Using these symbols, we rewrite the difference model (34)—(36) in the following form

Upt — Ugg = SIN U, (37)
h h
u(0, ) = " (), (38)
ur(0, ) = V(). (39)
Difference equation (37) admits three-parameter groups generated by operators [3]
X1=%,X2=8%,X3:x%+ta%. (40)
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Lie symmetry groups corresponding to the translation about time variable is described by the operator X7,
to the translation in space variable is described by the operator X5, and to the rotation is described by the
operator X3. The difference scheme (37)—(39) does not admit symmetry group generated by X7, because time
translation violates invariance of the boundary surface ¢t = 0.

The invariance of boundary surface ¢t = 0 generated by the operator X5 with respect to the transformation
group is trivial. Under the symmetry of space translation X5, boundary condition (38) is invariant if the equation

u— "z +e)=0foru—"(x) =0

is satisfied. From that it follows the condition

P"'(x) = "z + e2). (41)

For the invariance of boundary condition (39) we require the first-order prolongation formulas in space of discrete
variables. From (21) we know the coordinates for continuous derivatives in the prolongation of the operator X,
are zero. Using formulas (27)-(28), we obtain the coordinates of first-order difference derivatives

Ct = D1 (O) - utDl(O) — Sl(uz)Dl(l) = O7
h +h h +h +h +h

Cm = DQ(O) — SQ(Ut)DQ(O) — Ung(l) =0
h +h +h +h h +h

for the operator Xy with n = 0,£! = 0,£% = 1. In this case X, = X, where X, is the first prolongation of
h

h
the operator X5 in discrete space. Applying this prolongation to condition (39) we get the criterion

1/1h(x) = wh(x + €2). (42)

In consequence of combining criterions (41) and (42) one can say that difference scheme (37)—(39) is invariant
with respect to the transformation group defined by the operator X» if and only if " (z) and " () are constant
functions. Using the same procedure, we obtain the invariance criterion of condition (38) under the rotation
group spanned by the operator X3 as

t+2e3 = 0 when t = 0, u — " (2 + teg) = 0 when u — " (x) =0
which results
z=0,0"x) = "(z + te3). (43)

Under the symmetry group generated by this operator we need to prolong operator (24) for the first-order
difference derivatives in order to analyze invariance of condition (39). Substituting 1 = 0,
&' = 12,6 =t in the operator X3 in (27)-(28), we obtain the coefficients

Ct = —Uyg, C:v = Ut
h h

and the prolongation operator

xm_,9,,9_ ,90 90 _,0 _ , 9
W Yot ox o Y ou, T Ouy L ou,
h h

This operator generates the group t* =1t 4 we3, ™ = = + teg, u* = u, uy = ur — Ug€z, UL = Uy — Us€s,

U = up — Ug€z, Uk = u, — urez. Applying the operator to boundary condition (39) gives
h h h h

t+xe3 =0 fort =0,

Uy — uges — Y (z + tez) = 0 when uy — " (z) =0
h h

and consequently
x=0,9"(x) — Y"(x + tes) = uges. (44)

From equations (43) and (44) under the group of transformations X3 and with the restriction wu,(¢,0) = 0 we
conclude that difference scheme (37)—(39) is invariant in two cases:
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(1) if t = 0 for all arbitrary functions ¢"(x) and ¥"(z),
(2) if t # 0 then ¢"(z) and ¥" () are constant functions.
Remark. Note that in the prolongation operators X>™M and X3Y we omit the coordinates for the mesh variables.
h

h

Indeed, substituting the infinitesimals 7 = 0,£! = 0 of the operator X5 in D1 (£%) and Do (£%) gives zero.
+h +h

For the operator X3 the infinitesimals are n = 0,£% = x,£% = t and we calculate Dy (£%) and Do (£7) as
+h +h

where

1 h
D *E(%*l):(Dl+2*?Df+"')(l’):07

Do(t) = 2(S2 1) = (Dy + SLD3 4+ - )(1) =0,

+h h
D g—i—u——i—u i-ﬁ-u 0 +
Y " ou " o, “t iy ’
D—g+ué+u 6+u a+
2 — ) xa txaut ac:caugc
Conclusion

Some results discussed in this paper are as follows. We have investigated the BVP for sine-Gordon equation
in differential and difference cases which are defined on an unbounded domain and lattice respectively. We
obtain the invariance conditions for the problems under the group of transformations admitted by continuous
and discrete sine-Gordon equation by applying the invariance definition in [16]. The transformations act on the
difference scheme, lattices, and boundary conditions and preserve uniformity and orthogonality of the lattice.
We used the prolongation formulas in discrete space which are formulated by Dorodnitsyn in [13] and analyze
the invariance of the boundary conditions with derivative. On this basis we conclude that difference scheme
(37)—(39) is invariant under the same restrictions of differential form (15)—(17) with respect to the symmetry
groups generated by (40).
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O. Ubuapipeiv, C. Yarmak

Hoindws mexnuranrvir, yrnusepcumems, Cmambya, Typrus

nddepeHnmaablK >koHe aiibIPpbIMABIK, TEeHAeYyJIepi YIMiH MIeTTiK

152

ecenrep/eri JIujain cuMmMmeTrpusijiapbl TypaJbl

2Kammsr JTu TonTapbl TEOPUSICHIHBIH, CUTIATHIHA, OARTAHBICTBI CHMMETPHUSIHBI TAJIIIAY MIETTIK eCcernTepre eMec,
JKeKe TeHjeyJiepre Kosgaubliaabl. Makasama JIugain HYKTeJdiK cuMMerpusijiap TOObIHA KATBHICTBI CHHYC-
Topmon Tenpeysepi yinin 1merTik ecenrep mauddepeHInaIblK, *KoHe albIPhIMIBIK, TYPJIEPiHIe AJIBIHIbI.
[ITeTTik ecemrep/iiH *KoHE OJAPIBIH IIENIIMIAEPIHIH NHBAPUAHTTHIK, MapTTapbl anbikTaaran. Cunyc-l'opmon
TeHJIeyl YIITIH IIEeTTIK ecernke CoiKec KeJeTiH aiflbIPbIM/IBIK, €CENITiH, MHBAPUAHTTHI JIMCKPETU3AIUSICHI 3€PTTE-
ni. duddepennmaaipik *Karaaiiaa meKcis obJIbIC, ajl aflbIPBIMIBIK, YKargaia — YKa3bIKTHIKTA OPHAJIACKAH
2KoHe OapJIbIK, OAFBITTa IIEKaPAChl3 CO3BLIATHLIH HYKTEIEPl 6ap TOp KapacTHIPBLIFAH.

Kiam cesdep: cummeTpusiHbL Tajay, 1epbec TybIHIbLIbI TeHJIEYIIeD, ailbIpBIM/IBIK, TEHEYJIepi, IeTTIK ecerl-
TEP.

O. Mewapipeiv, C. Yarmak

Texnuueckut ynusepcumem Hondws, Cmambya, Typyus

O ImeBCKUX CUMMETPHUAX B KPAeBbIX 33JIavax JIJIst
andpdepeHnuaabHbIX U PA3HOCTHBIX yPaBHEHM

Beumy npuposasr reopun rpymnmn Jlu anamms cuMMeTpun MIPUMEHSIETCH K OTACTbHBIM yPABHEHUSIM, & He K Kpa-
eBbIM 3ajiayaM. B craTbe KpaeBble 3a7a4u sl ypaBHEHUN cuHyc-I'OpIOH OTHOCUTEIBHO IPYIIIBI TOYE€IHBIX
cummerpuii JIu mostydens Kak B audpepeHnnaabHoil, TaK U B Pa3HOCTHON dopme. OmpeseeHbl yCaIoBUst
VHBAPUAHTHOCTH KPAEBbIX 3a7a4 U ux pemrenwnii. VcciemoBana nHBapraHTHAS NUCKPETU3AINS PA3SHOCTHOMN
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3aJ[a4n, COOTBETCTBYIOIIE KpaeBoil 3a1ade st ypaBHeHUs cuayc-lopmon. B nuddepennmaasaom ciaydae
paccMoTpeHa HeorpaHWYEeHHas 00JIaCTh, a B PA3HOCTHOM — PEIIETKa ¢ TOYKAMH, JIEXKAIIUMHU B IIJIOCKOCTH
¥ TSHYIUMUCS BO BCEX HAIPABJIEHHUSAX O€3 IPAHUIL.

Kmouesvie car06a: aHAIN3 CAMMETPUN, YPABHEHUs B YaCTHBIX IIPOU3BOJIHBIX, PA3HOCTHBIE YPABHEHUSI, Kpae-
BbIE 33/Ia9U.
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