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MATEMATUKA
MATHEMATICS

UDC 004.051

L. Giorgadze!, D. Alibiev!, G.De Chirico?, A.Sh. Kazhikenova!

' Ye.A. Buketov Karaganda State University, Kazakhstan;
2 Alpegagroup, Belgium
(E-mail: silverluka@moail.Tu)

Minimization of product defects by the means of implementing
correct test pyramid in the software development process

Article attempts to present one of the solutions towards the problem of flawed and delayed product
development. The history behind current most popular product development methodology (waterfall metho-
dology) is traced, as well the problems that this methodology presents such as calendar risks or high
employee turnover rate. The methodology that was created to solve those issues is gaining a lot of popularity
now, because it offers much more agile way of delivering a software product by splitting the whole develop-
ment process into manageable iterations. Customer can change the requirements and adapt the product
to the market changes from iteration to iteration. However, this new methodology (agile methodology)
presents some serious problems as well. This article concentrates tackles the main issue — insurance of the
product quality with each iteration. The solution that is presented by the article revolves around creating
and maintaining a correct test pyramid, with the specific description of all the layers of the pyramid. A small
study was conducted on a sample project, where it was calculated, that test pyramid allowed to decrease
the amount of defects by 25 %.

Keywords: software development, agile methodology, test pyramid, waterfall methodology, unit tests, integration
tests, system tests, acceptance tests.

Every customer is interested in a development process that would require least investment. This interest
has initially caused an emergence of the waterfall model [1], which sets a complete set of requirements and
deadlines, in a span of several consecutive stages:

— Analysis and determination of the product requirements, which results in the creation of the product
specification (also known as planning phase);

— Design of the product;

— Development of the product;

— Product testing;

— Fixing of defects that were found during the testing phase;

— Installation;

— Support.

Having dedicated phases yields manybenefits theoretically — every phase has specific time frame, therefore
it should be easy to manage and calculate necessary resources. However, this methodology introduces quite a
few risks [2]. It is generally agreed that there are five main risks:

Calendar risks, or planning mistakes

It is very hard to give precise time and resource estimations for the process of software development, because
many factors have to be accounted for: time spent on learning the technology stack, sick leaves, staff turnover

8 Bectnuk Kaparanmauickoro yHuBepcuTeTa
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rate, the stability of all machines, etc. Besides this, sales managers can try to lure the customer by initially
providing an overly optimistic time and resource estimations, or they could provide an erroneous estimations
due to lack of knowledge in a specific field.

Changes in the product requirements after the planning phase

Often times, the customer changes his opinion on how the product should look like, which results in changes
to the requirements. Usually, the bigger the product, the more changes will be done to the requirements after
the planning phase was concluded. This leads to two options:

a) Include some time and resources for potential requirements changes in the initial estimations. However,
how much time should be allocated for changes that are not known at the planning phase?

b) Prohibit making any changes to the requirements. However, what if the customer desperately needs some
major modifications due to, for example, recent market changes? Inability to adapt to new needs would leave
the customer dissatisfied.

Employee turnover

There is no guarantee that the initial team composition will persist throughout the whole development
phase — leaves are unavoidable. Leaves of experienced employees, who are familiar with the goals, requirements,
tasks, product architecture, technologies, who have established efficient communication chains with other team
members, will severely affect the development process. Furthermore, such cases would make it necessary to
spend time to find a suitable replacement and introduce that person the product. Figure 1 shows the economic
effects of high employee turnover rate.

Cost to Value of an Employee

A, Discretionary Effort
from High Engagement
Employee Engagement,
Recognition, Development,
Great Management

\ “Return Zone"

The arganization is
& New Assignment benefitting from you

& Training
» Time

€ Onboarding “Investment Zone™
The organization
&= New Hire isinvesting inyou

Economic Value to the Organization

Figure 1. Representation of the economic effects of employee substitution

Mistakes /inconsistencies/flaws in the specification

The process of writing a specification is quite long and grueling; therefore, it is extremely difficult to avoid
mistakes. Some flaws of the specification might be identified deep into the development phase, where it is quite
costly to fix them.

Fluctuating productivity

Team productivity and productivity of each individual team member is not a linear, but rather a dynamic
value as it is affected by many factors. These factors could be work related (team atmosphere, relationship
between the customer and the development team), or personal (some special circumstances in the lives of the
team members, their motivation, etc). According to Parkinson law, the development team reaches its top velocity
towards the end of the development phase, while working at about half of its potential during the majority of
the development phase [3]. Therefore, if the estimations were done with the regards to the top velocity of the
team, they will be erroneous. Tom DeMarco and Timothy Lister in "Waltzing with Bears: Managing Risk on
Software Projects’ provide peculiar statistics: if the initial estimation for a product was 26 months, probability
of meeting that estimation is 4 %. With 75 % probability work will be done in 38 months, and in 15 % of cases
the work will not be completed whatsoever [4].

In order to avoid these risks many projects have started to use the agile methodology, with which the
development process consists out of manifold short cycles that are called iterations. Each iteration is two to four

Cepust «Maremarnkas. Ne 4(88)/2017 9
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weeks long and is a miniature full development process, consisting of all phases, described in the beginning of
the article. Using such an approach provides the following benefits:

1. More precise estimation of the development cost due to planning requirements only for the next iteration,
not for the whole product.

Agile methodology aims to eliminate the cumbersome and archaic product specifications. Instead, the
customer provides a general idea for the desired product and a special human resource is allocated — the
product owner. Product owner is responsible for providing specific requirements for each iteration. Product
owner is a part of the development; he acts as a medium between the customer and the developers. As a result,
the development cycle of an iteration looks the following way:

a) Phase 1 — requirements analysis. During this phase, the needs of the product are analyzed and requirements
are formed. Requirements are stored in a form of an issue in special issue tracking systems, where they are
available to every interested person. Each issue should have an informative description (mini specification)
as well as acceptance criteria — criteria that will allow to unambiguously discern whether or not the issue
was implemented in the project. These issues should be prepared ahead of the iteration by the product
owner;

b) Phase 2 — iteration scope estimation. The iteration is kicked off with a meeting, during which the
created issues are estimated. The whole development team participates in this meeting, and everybody can
make suggestions and ask questions to clarify the requirements. There different ways to estimate the issues,
with man-hour and story point estimations being the most popular ones. After all issues have been estimated,
product owner chooses the scope for the iteration based on the priorities and the estimations. The fact that
the whole team participates in this meeting provides for a more accurate and efficient estimation as different
members of the development team (developers and QA specialists) are able to voice all types of concerns and
risks for all issues;

c¢) Phase 3 — development and testing. During the iteration, development and testing of the issues are done
concurrently. Test scenarios are being written and agreed upon with the product owner during the development
of the issue, and when the issue is completed, these scenarios are used by QA specialists to verify that the issue
complies with the acceptance criteria;

d) Phase 4 — demonstration session. The iteration is closed with a meeting, during which the completed
issues are demonstrated to the product owner. Product owner can point out things that were missed or suggest
improvements immediately. This immediate feedback provides for a product that fully meet the customer
needs [5].

2. Keeping the product up to date with the customer needs due to frequent planning phases.

As a result of introducing a product owner role, the customer has its own representative in the development
team at all times. This allows better controlling the resources at work and even changing the requirements during
the development phase, when the cost is the lowest. Furthermore, product owner has the complete picture of
the whole development process, the issues that the development team has, various blockers, etc.

3. Agile methodology does not necessarily solve the problem with employee turnover, but it does present
some engineering practices that help reduce the negative affects if such cases do take place.

4. Having the specification/requirements for the product in an issue tracking system.

Giving the development team free access to the whole storage of the existing issues, helps identify issues
/inconsistencies/flaws in the specification much earlier. Having the specification split into smaller pieces (issues),
provides for an easier way to get familiar with the required part of the product, instead of having to go through
the whole specification.

5. Immediate feedback and frequent results.

Having the development process split into many small iterations allows the customer to have a working
version of the product at the end of each iteration with the features that were developed during that iterations.
Customer can use this product, analyze how it fits, possibly provide changes to better suit his needs, etc, but
he does not have to wait for a long period of time to see the result of the work.

Even though the agile methodology solves many problems presented by the waterfall approach, it has
its own risks [6]. The main risk of the agile methodology is assuring the quality of the product — the more
functionality is added with each iteration, the bigger the product gets, the harder it gets to not break existing
features while developing new ones. The process of defects creation in already existing functionality is called
regression. Regression forces the quality assurance team to execute regression testing during each iteration, which
means that they have to make sure that all key existing features were not affected by the features added during
the iteration. Considering the fact that the amount of features grows with each iteration, the amount of regression
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testing required grows progressively and becomes quite an issue for the quality assurance team. To fit both new
feature testing and regression testing into one iteration, the QA team has to descope some issues, or reduce the
intensity of testing.

Fortunately, there are various ways to reduce the amount of manual regression testing done in each iteration
and in turn reduce the amount of resources required to be allocated for regression. There are practices for both
the development and the quality assurance teams. One of the most revered practice is writing and support of
tests by the software development team [7].

Each product flaw or defect is a result of a flaw in the product code (unexpected situation or a regular
mistake by the developer). Code defects are an avoidable part of the development — it is impossible to fully
eliminate them. However, it is possible to minimize such defects and therefore reduce the amount of bugs. To
ensure that the code does not contain mistakes, there is a practice of writing test code that tests the code of the
product. Test code imitates certain scenarios and checks the behavior of the product code in these scenarios.
Each test has the following steps:

— Test data preparation — specific data for the tested scenario is prepared;

— The tested code is executed;

— Results of the code execution are verified;

— Prepared scenario data is deleted.

There are various types of the code tests. Figure 2 depicts the test pyramid [8] which identifies four levels
of code testing and puts them into a structured hierarchy. Each level has a corresponding type of tests that are
targeted at different aspects of the code development process.

system

Figure 2. Test pyramide

1) Unit level and unit tests. Product code is atomized to single independent and isolated units. Units tests
focus these units separately, testing their behavior in solitude. All interactions between units are mocked —
simulated with the desired result for each particular interaction. This secures the fact, that all units’ logic is not
affected by the outside units. These tests are lightweight because they test only small pieces of the application,
easy to write and support as they are limited to testing only small parts of logic. Due to these factors, it
is possible to cover the majority of the product’s code base with such tests, and run these tests during each
build [9].

2) Integration level and integration tests. While unit tests guarantee that units work in isolation, inte-
gration tests verify how these units interact between one another or with some outside components. For
example, an integration test could verify how data is read and written to a database — in this particular
case we test that product code, responsible for connection and communication with the database performs
its functions well. We cannot conclude whether or not the code works without testing it with a real
database component. Obviously, interaction with an outside database component is quite resource-intensive
compared to the unit tests, therefore the number of these tests is considerably lower than that of the unit
tests.

3) System level and system tests. This level is responsible for testing how all the components work
together in an environment similar to a production environment (without any isolation or simulation
of outside components). Systems tests verify that all the units and outside components work well
together validate the database state during the logic execution, check the correctness of the interactions
between the components. Such tests are quite resource-intensive and take longer amount of time to fully
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run. Similarly, the amount of such tests is lower than that of integration or unit tests, because those tests
cover considerable amount of logic, while system tests make sure that the product works well as a whole
mechanism.

4) Acceptance level and ui tests. While previous three levels focus on how the code of the application
corresponds to the requirements, acceptance level is responsible for verifying the interaction between the
functionality core of the application and the user interface. Ul tests imitate user actions using the scenarios that
reflect what regular users are most likely to do in the application. These tests are the most resource-intensive
tests as they use the production environment (or an environment that replicates production environment). The
amount of these tests depends on how many most used user-cases there, but usually, there are not too many of
such tests. Such tests are not usually run with each build [10].

Besides providing a safety net against regression issues, unit tests help reduce the cost of identifying and
fixing bugs. Figure 3 illustrates the cost to bug identification time ratio — it can be seen that correcting issues
that are caught by unit tests is much cheaper, then correcting them after QA feedback.

Costs
y

Development | Unit Tests |QA Testing Time

Figure 3. Relation of time to defect fix cost

Addition and maintenance of tests to the software development process allows to significantly reduce
the amount of defects in the product, which provides for improvement of the user experience and therefore
maximizing the profit of the application. A sample moderately small project was monitored over a period of 6
months before unit tests were added to the development flow, and after. Figure 4 displays the amount of defects
per month before the test pyramid was introduced and implemented on the project.

Amount of defects found per month
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Figure 4. Amount of defects per month before test pyramid was introduced
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Amount of defects found per month
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Figure 5. Amount of defects per month after test pyramid was introduced

As we can see from Figure 5, the average amount of defects found per month gradually decreased from 8 to
6, which is a 25 % decrease.

10
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JI.'moprasze, 1. Ambues, /Ix./le Kupuko, A.Ill. Kaxxukenosa

BargapiaamMalbIiK KaMTaMaHbl KYPY OapbIChIHa HAKThI TECTLITIK
2KYiieHi KoJIay >KOJIbIMEH OHIMAIK aKayJapabl O0JIIbIpMay

Maxkasaa xkacasran 6argapraMaIap/IblH KETICIIeNTIH KepJIepiH 2KoHe YaKBITIIA TOKTAIl KAy MOCesIeIepiH
Iy KOJIapbl KapacThIpblaral. Ochl afThLIFAH MoCeIeIep/Ii ey 1iH 6aF1apiaMaJIblK, KAMTaMaHbl KYPy-
JIBIH, KOPHEKI 9/IiCTEMECIHIH, SIFHU CAPKBIpAMAJIbI 9MIICTIH, Taiga 60y TapuXbl MEH YKOJIIapbl KOPCETLITEH.
CapkbIpaMaJibl MOJIEJb/II MOCEJIEH] IIelLy YIIiH KYPbLIFaH d/icTeMe, GarmapaaMalIblK KAMTaAMAaHbI Kypy IIPO-
1ecin 6ackapaTblH OipHeIlle uTepalysira 6eJ1y apKbLIbl OargapiaMaJsblK KaMTaMaHbl Ky PY/AaFbl HKEM/Ii TOCLJT
GOJIBITT TAOBLIATHIHIBIKTAH, KAPKBIHIBI JaMy/1a. TanceIpbic GepyIili HAPBIKTAFbl TAJTANTaPFa CONKEC aKBIPFbI
eHiMl opbip mrepamus OapbIChIH/A ©3repTyre KoHe OeiliMueyre MyMKiHIIK ajaibl. Ajaiina Oy KaHa
barmapJyiamMa KypyJdarbl UKeM/Ii ojiicreMe GipkaTap Mocesesep/i memnryai Tajan ereji. by Makasiaia ocbl
MoceJIeNiep/IiH immiHgeri ey Heri3rici 60sbIn TabbLIATHIH, OaFmapaaMa Kypy KesiHeri opbip wTepariusaaFbl
OHIMHIH, CAllACHIH KAMTAMACKI3 €Ty MOCEJIECIH KAapPACThIpaMbI3. ABTOpJIAD YCHIHFAH MOCEJIEHI IIENLy YKOJIbI
OCBI KYieHiH op6ip KabaTTapblH KOPCETY YKOHE CUIATTay apKbUIbI AYPBIC KyPbUIFaH TeCTLIK XKyiieHin (mu-
PAMUJIAHBI) KYPY *KOHE OHBI KOJIJIayFa HerizenreH. 2Ko6a MbICATBIHIA KYPTi3UITeH 3epTTey HOTUKECIHIE
TecTLIiK nupaMuma akayaapasl 25 %-ra azaliTyra GOJIATBIHBIH KOPCETTI.

Kiam cosdep: GarmapiaMaJIblK, *KacaKTaMaHbl 93ipJiey, UKeMI1 9/iCHaMa, TECTiIey MMPaMUIAChl, CApKbIpa-
MaJIbl 9JicTeMe, IOHUT TEeCTiJIepi, MHTerpalusyIbIK, TeCTIep, XKyHesik Tecrisiep, Kabblagay TecTijiepi.

JI.'moprasze, 1. Ambues, /Ix./le Kupuko, A.Ill. Kaxxukenosa

Munumu3zalius g1edekKToB MPOrpaMMHBIX TPOYKTOB MyTeM
noJi/iep2KaHnd KOPPEKTHOM TECTOBOII NUPAMUJIbI B XOJIE
pPa3paboOTKM ITPOrpaMMHOTO obecIieueHuns

B crarbe npescraBien oguH 13 BO3MOXKHBIX IIyTeil peIleHus MpobiieM, BOSHUKAIONINX [IpU pa3paboTKe 1po-
rPaMMHBIX MPOJYKTOB, NUMEIOIINX HEJOUETHI, a TaKyKe CBII3aHHBIX C BpDEMEHHBIMHU 3aJlepKKaMu. PaccMoTrpe-
HBI UCTOPUS BOSHUKHOBEHUsT HANOOJTI€E MTOMYJ/ISIPHON METO0IOTHN pa3pabOTKU MPOrPAMMHOTO 00eCIIeIeHNUsT
— BOZIOIAJIHOM METO/I0JIOTUH, U Te MPOOJIEMbI, KOTOPbIE aHHAas METOMIOJIOrUs IpejacTasisier. Meromonorus,
KOTOpasi ObLI1a CO3/1aHa JJIsI PEIIeHns IPobJIeM BOJOIIAIHOM MOesH, HabupaeTr BCE GOJIBIILYIO MOILYISIPHOCTD
BBUJIy TOTO, YTO OHA IMO3BOJIsET OOJiee TMOKWU MyThb CO3MAHUsI TPOTPAMMHOIO ODECIEYeHUs 3a CIET Pas3-
JleJIEHUsI BCETO IIpoIiecca pa3paboTKU IPOrpaMMHOro obecredennst Ha HeOOJIbIINE YIPABIISIEMbIE UTEPAIHH.
3aKa3urK MOYXKET MEHSITh TPeOOBaHUs U aJalITUPOBATh UTOTOBBIN MPOAYKT K TPEOOBAHUSIM PBIHKA OT HTe-
pamuu K urepanuu. OJHAKO Ta HOBasg METOJOJOIUs — I'MOKas METOIOJIOTUs Pa3pabOTKU — CTABUT PsiJl
HOBBIX IIpobJieM. /JaHHast cTaThbs pacCMaTpPUBAET CAMYIO TJVIABHYIO IIPobiieMy — obecriedeHne KadecTBa IIpo-
JYKTa C KaXKI0# mreparmeil pa3spaborku. Perenne, mpeyio:KeHHOE B CTATHE, OCHOBBIBAETCS HA CO3IAHUN
¥ TIOJIJIEP’KAHNY TTPABUIHHOM TECTOBOW NMUPAMU/IBI, C YKA3AHMEM W OMNMCAHUEM BCEX CJIOEB JAHHON IHpa-
Muzbl. BbLIo 1IpoBesieHO uccieoBaHe Ha [IPUMepe IIPOEKTa, KOTOPOe II0Ka3aJI0, YTO TEeCTOBas IIMPAMUIA
MTO3BOJIAJIA YMEHBIINTD KOJMYECTBO AedeKToB Ha 25 %.

Karoueswie crosa: pa3zpaboTKa MPOrPaMMHOIO obecredeHus, TuOKasi METOIOJIOTHsI, TeCTOBas MUPAMULIA,
BOJIOTIa THAS METOJIOJIOTHS, IOHUT TeCThl, MHTErPAIIMOHHbIE TECThI, CUCTEMHbIE T€CThI, IPUEMOYHLIE TECTHI.
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OnrtuManbHbIE BJIOXKEHHNS MOTEHINAaJJ 0B Tuna Beccelis
n Pucca Ha 6a3e npocrpaHcTB JlopeHtia

B crarbe m3ydyeHO MPOCTPAHCTBO MOTEHIMAJIOB HA M-MEPHOM €BKJIMIOBOM IPOCTpaHCTBe. B wacTHOCTH,
B PACCMOTPEHHUE BKJIIOYEHBI IIPOCTPAHCTBA KJIACCUYECKUX MMOoTeHImaaoB beccenss n Pucca. OHu mocTpoensl
HA OCHOBE II€PECTAHOBOYHO-MHBAPUAHTHBIX IpocTpancTs (IIWII) ¢ moMommbio CBEPTOK € fapaMu O0LIEro BU-
Ja. YCTaHOBJIEHBI WHTErpajbHble CBOWCTBA MOTEHINAJIOB. [Ij1si HUX HaiieHbl Kpurepuu Bioxenus B [TNI]
¥ TIOJTy9YeHbI sBHBbIE onmcanusi onTtuMaabHbix [IWI] nms sTux BroXKeHmit B ciaydae 6a30BOrO BECOBOTO IIPO-
crpancrsa Jlopena.

Karoweswie caosa: cBepTKa, KOHYCHI YOBIBAIONIUX IIEPECTAHOBOK, IIEPECTAHOBOYHO-UHBAPUAHTHOE IIPOCTPAH-
CTBO, MMPOCTPAHCTBO MTOTEHITNAJIOB, 006061eHHbIe TToTeHabl Beccenst m Pucca.

Beedenue

B paboTe u3yuaercss IpOCTPAHCTBO moTeHmanos HG = H g(R”) Ha N-MEPHOM €BKJINJIOBOM IIPOCTPAHCTBE:
HE(R") ={U =Gxf:feER},

rae F(R™) — nepecraHoBOUHO-MHBapuaHTHOe poctparcTso (ITHTI).

MBbI ucnosib3yem 3jech akcuomaruky, paspuryio B Kuure K. Bennerra n P. Iapuiu [1, 2]. fapo ceeprku
Ha30BeM JIOIyCcTUMBIM, ecit G € Ly (R"™) + E'(R™). 3necy E'(R™) osnavaer acconmuposannoe NI prs TTATI
E(R"™). B pabore paccCMOTPEHbI JBa BAPUAHTA, JIOIIOJHUTEJILHBIX YCJIOBUIL Ha, jtoycTuMble sapa. CooTBeTcTByio-
II¥e IMOTEHIINAJIbI MOYKHO Ha3BaTh 0000IIEHHBIME MoTeHInaamMu beccenst u Pucca. B wactHOCTH, HccmenoBanne
oxBaTbIBaeT 0600IIeHNe KIacCHuuecKux norennnanos Beccess u Pucca, nocrpoennsix na 6ase L,(R"™) (ux Teo-
pusi passuta, HanpuMmep, B Kuurax C.M. Hukosbckoro [3], . Creiina [4] u B.I. Masbu [5]). B nanuoit pa6ore
0000ITIeHre cTpouTCst Ha Oa3e BecOBOro mpocTpaHcTBa Jloperra. 31ech MbI CYIIECTBEHHO UCIOJB3YEM DPEe3yJIb-
TaTbl paboTel [6], B KOTOPOIi ycTaHOBIIEHBI TOUHBIe TeopeMbl BioxKenus B [IUIT 1y 0606IIEHHBIX TOTEHIMAJIOB
Beccesns u Pucca:

HE(R™) c X(R™). (1)

B nux mpobsiema BIOXKEHHS PEayIIMPOBaHa K OIEHKAM HOPM KOMOWMHHUPOBAHHBIX OTMEPATOPOB THIA XapIu
Ha, TOJIOXKUTEILHON TOJIyOCH. YCTAHOBJIEHO TOUHOe omucanue ontumasbaoro I[INII, B koTopoe BIOYXKEHO TIpO-
CTPAHCTBO MOTEHIMAJIOB. D10 3HauuT, 4To onmcano ITNIT Xy(R™) Takoe, uro Bioxkenue (1) cnpaBesyinBo npu
X(R") = Xo(R™), u ecau jyist ITNTI Bepro Bitoxkenue (1), To cupaseymso Takxke Bioxkenue Xo(R"™) C X (R™).

IMess namnOit paboTel — JaTh sBHOe onucanue onTuMasbHoro ITUIT Xo(R™) qia Baoxenust (1) B ciydae,
korga Gasosoe ITNII E(R™) coBnamaeT ¢ BecOBBIM mpocTpancTBoM Jlopemna A, (u).

Obosnavenusn u npedsapumensvhoie c6edeHUs

Bcerogy B pabore Mbl cuuraeM, uro 1" € (1, 00) mis norennuasos Beccesst, T = oo miis norennuanos Pucca.
Hns TINI E = E(R™) o6o3nauaum uepes E' = E'(R"™) — acconumposannoe TN, | T.e. IINII, B koTopom
HOPMa, 381a€TCsI COOTHOIIIEHUEM

gl e = sup L/ lgfldpn = f € E;||flle <15,

auepes £ = E(Ry), B/ = E'(R,) — ux npencrasienns JliokcemGypra, T.e. Takue ITHII, aro

Il =1z llglle = lg"llz (2)
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I'.2K. Kapmsiruaa,

rae f* — yObBaromas mepectaHoBKa (byHKIUU f, T.e. HEOTPUIATEIbHAS, YyOBIBAIONIAs, HEIPEPLIBHAA CIPaBa
dyukuuga va Ry = (0,00) , koTropas paBHouzMepuma ¢ f :

oz € R™ ¢ |f(2)] >y} = m{t € Ry : f*(t) > y},y € Ry

3nech u — 3ro mepa JleGera (B R™ wmm ma R, coorBercrBenno, cM. [1; ri. 1, 2|). Beemem mpocrpancTBO
norenmmanos HY = HSG(R")
HE(R") ={F =Gxf:f€ER")} (3)

[Fllgg =inf{{lflle: feER"); Gxf=F} (4)
Anpo upescrasiienust G HA30BEM JIOIYCTUMBIM, €CJIU
G € Li(R™) + E'(R"). (5)

Ceeprka G * f onpejiesnsiercst Kak WHTErPAJT

(G f)(x) = (2m) "2 / Gl — ) f(y)dy (6)

Rn

(MBI BBes MHOZKHTEND (27)~"™/2 1151 ymoGerBa mpu menosb3oBanun mpeobpasosanns Oypee). B obmewm ciryaae
Jns manaon F e Hg HEe rapaHTHPOBAHA €JIMHCTBeHHOCTH dyHKIMK f € F| natomas npejcrasienne G x f = F.
IMostomy B (4) B3aT MHODUMYM 0 BeeM [ € F, maromuM narHoe nipeacrasieane ((bakTop-HOPMA).

Teopema 1. [6]. ycts G — momyctumoe sipo. Torma uaTerpad (6) cxomutes fiis noutn Beex & € R™. Kpome
toro, HS(R™) ecTh 6aHaxoBO MPOCTPAHCTBO, TPUYEM

HE(R") C E(R") + Loo(R"), (7)
lulletre <NGllzyallullpg, ue HE. (8)

M . B cayq IYCTUMBIX SJIep MbI MOXKEM [|Ifl IIOTEHIHAJIOB II JIUTH yOBIB u
3ameuanue 1. B ciaydae gomyc e OKe orenmuanos F € HE onpene OLIBaOITIe

nepectTaHoBKU F'* u
t

/F*(T)dT, teRy. 9)

0

~ | =

Ommmem npesicTaBiienre 0600IMEHHEBIX moTeHIMaI0B Beccenst u Pucca. Ilyers R € (0, 00]. Ckaxkem, uTo
byuxmus ¢ : Ry — Ry npuHajminexut kiaccy Sy, (R), eciin BBIIOJIHEHBI CIIEIYOIIEe YCIOBHUSI:

1) & y6eiBaer u HenpepsiBaa Ha (0, R);

CymecrByer noctostHaast ¢ € Ry, Takasi, 9T0

r

2) /@(p)p"‘ldp < c®(r)r", re(0,R). (10)

Hampumep, a1t KimaccmIecKux MOTEHITNAIOB Prcca
(I)(p) = pain € Sn(oo), (O <a< ’I’L)

st @ € &, B custy yObIBaHUSI CIIpABEINBA OIIEHKA,

T

/q)(p)p”_ldp >n"to(r)r", re (0,R). (11)

U3 (10) u (11) caenyer, uro qysa @ € 3, (R)

/@(p)p"ildp = ®(r)r", re(0,R).
0
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OnTuMaJIbHBIC BIIOXKCHUS IIOTCHIINAJIOB...

Hna @ € $,(R) oboznaunm
T=V,R"Re€ (0,00); T=o00, R=o0;

o(r) =@ ((r/Va)") €Su(T); falt,T) = min{p(t) ()}, t.7€ (0,T). (12)
Cuuraem, aro sipo G € Sr(P), eciu
G(z) = ®(p), p=lz|€(0,R). (13)
Ipednoncenue 1. Tycrs ® € I, (00);  fo(t;-) € E'(Ry), (t€ Ry); G € Sso(®). Torma G ymosnersopsier
yeaoBusM (5) U, CIe0BATENLHO, SIBJISIETCH JTOMYCTHMBIM.
Hoxazameavcmeo. s r € Ry obozuaunm B, = {x € R" : |z| <r}, BS= R"\B,. Torna

G=G,+G,; G,=Gxp, G=GCGxpe. (14)

ITpu stom G (z) = @(|z|)x B, () , Tak 9YTO0, MEpexois K chepuIecKiM KOOPANHATAM, HMeEeM

|Gyldz = [ ®(p)p"~dp < oo, (15)
L]
re. Gy € L1 (R"). Janee

Gr(x) < c®(|z])xp; (x) < cmin{®(r), ®(|z])}. (16)

Jist mamepumoit byukmun f : R™ — R obo3naunM depe3 ff cuMMeTpudecKyo mepecTaHoBKY (DyHKIIH, T.€.
paauaibHO CHMMETPUYHYI0 HEOTPHUIATETbHYIO (DYHKINIO, YOBIBAIOIIYIO U HEIPEPBIBHYIO CIOpaBa KakK (OYHKIIUs

cdepuueckoro pajguyca p = |z| u paBHoumsmepumyio ¢ f . U3Becrna Qopmyiia, cBs3bIBaiomas yOBIBAIONLYIO
[EPECTAHOBKY f* M CHMMETDPHYECKYIO TIepecTanoBKy f1. Vmenno
fi@) = £ (Val2|™), (17)

rue V,, — obbeM mapa exuauganoro paguyca. 13 (16) caempyer, aro
Gi(z) < emin {D(r), d(|z|)} .

ITosromy, o6osuauus t = V,r™; 7 = V,|z|™, uMmeeM OleHKY

G (r) < cmin{fb ((t/Vn)l/") . @ ((T/Vn)l/“)} = fa(t;7).

3ua4nr, ~ R
G llEr(rmy = 1G7 Ry < ellfat )l R,y < 00

Urak, npencrasienue (14) nokaseiBaer, uro supo G gomycrumo. Ormerum, uro yeiaosus fo(t;-) € E'Ry
SKBUBAJIEHTHBI MezK/ly cODOi IIpM pa3inyHbIX 3HaUeHusx ¢t € Ry [
Onpedenenue 1. B ycioBusix npejjoxenusi 1 nmorennuajiel F € Hg(R”) Ha30BeM MOTEHITUAJAMU TUIIA
Pucca [4-6]. 3nech

B(p) = p* " eSn(x); GeS(D), faolt;:)eE(Ry), teR, < 1/ 1e E(t,00).

Ipusenem npumep. Ecnn a < n/p, torma E=L,, 1<p < oco.

IIycTs
Bp={z€R": |zf[ <R}, ReR,, Gj%=Gxp, Gp= GXRrn/Bg- (18)
Onpedesenue 2. Ilycte R € Ry, ® € J, u X = X(R") asngaerca [TNUIIL.
Ecmm
(GR(p) = ®(p), pe(0,R), GieX(R"), (19)

rorga G € Sp(P; X).
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Ecnu
(GR)(x) = ®(p), p=|z| € (0,R), Gpe X(R"), (20)
tora G € S%(®; X). Scno, uro S%(®; X) C Sp(®; X).
3ameuanue 2. llyecrb R € Ry, ® € J, u G € Sg(P; E'). Torna G sBsieTcst JOIMYyCTUMBIM.
Onpedenenue 3. llyctrb R € Ry, ®€ J, u

GeSYP,LNE), /de #0. (21)
Rn

Torya norenmuaner F € HE(R™) mazosem norennumanamvu tuna Beccens [4-6].

ITpusenem Kpurepuil BioxKeHUsI MoTeHIMAIOB Tuia beccenss u Pucca B IIUIT X = X (R™) u onwmmmem on-
rumasbaoe [N Xy = Xo(R™) 1151 TaKOro BJIOKEHUS. BaKHEHIIyIo poJib 37eCh Urpaer KOMOMHUPOBAHHBIN
orteparop Tuna Xapam Ry 7 Eo(0,T) - X(0,T), T € (0,00,

%MM@=/B@ﬂWMﬂ%®$%g6%&ﬂ~ (22)
0
31ech
B0.1) = {g € EO.1): 0<gl gt+0)=gt).t e (0.1)}. (23)

OrmeruM, 90 BBUILY paseHCcTBa (12) 1 yObiBaHUs (DYHKIMEA ¢ CIIPABEJIMBO IIPEJICTABJIEHNE OIEPATOPA B BUJIE
CYMMBI JIBYX OIIEPATOPOB THUITa Xap/yu HA KOHyCe yObIBAarommX (pyHKITUIL:

t T
Roarlgl(t) = olt) [ g(r)ir+ [o(rigridr, te s g€ EoRy). (29

0 t

Teopema 2 ([6]). 1) Ionsa norennmasnos tuna Pucca Bioxenue (1) SKBUBAJIEHTHO OrPAHMYEHHOCTH OIIEPATOPA,
7 Eo(0,T) = X(0,T),T = .

2) Ins notennmanos tuna Beccenst Broxkenne (1) SKBUBAJIEHTHO COBOKYITHOCTH JBYX YCJIOBHIA:
a) orpammdentocTs oreparopa Ry, 1 Eo(0,T) — X(0,T);
6) cupaBeyuBoCcTh Bioxkenus F(R™) N Lo (R™) C X(R™)).

Ourumanbabiv s Biaoxkenus (1) asasierca TTUIT Xo(R™), HopMa B KOTOPOM, B IpejcTaBieHuu JIlokcem-
Oypra, nMeeT BUT

R,

)

11 0,7 = sup /f*g*dt 19 € Lo(R); [1Re, 79"l g 0,0y < 1 ¢ - (25)
0

Hexomopoie 6cnomozamenvhoie YymeepircoeHus u 0CHOBHAA MEOPEMa
Jlemma 1 [7]. CrpaBesyiiBo COOTHOIIIEHHE

||§R¢7THE(O,T)—>X(O,T) = ||m¢aT||EO(O,T)—>X(O,T)'
Jemma 2 [7]. CripaBeisinBo COOTHOIIEHKE
Rorlg"] = Rorlg"]-

Hoxazamenvemeo. Tak kKak ¢g* — yOblBalolnasl epecTaHOBKa (DyHKINU ¢, a ¢ — U3 KJIAcca MOHOTOHHBIX
dbyukumit I (00), To Ry r[g*] Kax dyukmus or ¢ HeoTpunaTeabHA U YObIBaeT. B cuiy mempepsisrocTH ByHKIMT
¢ U abcooTHON HempepbiBHOCTH uHTerpasta Jlebera Ry r(g*] dyuknms or ¢ aBnsercsa HempepoiBHoil. Takum
00pa3oM, BEPHO UCKOMO€E COOTHOIIIEHUE.
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IMUII — upocrpancrso Jlopenna E(R™) = AP(u) ¢ BecoM u onpeieisieTcst B CJSLYONEM BUJIE:

1

0o »
Ik f*p(t)u(t)dt) , 1 <p<oo;
1f1lar(u) = (0 (26)
ess sup {f*(tu(®)}, p= oo,
te(0,00)
ITpocrpancrsom Jlopeniia ¢ BecoMm U Ha3bIBaeTcs U IpocTpaHcTso I'P(u):
1
(T FR(8) (t)dt) " l<p<
u ) P < 00
[fllre(uy = § \O (27)
ess sup {f**(t)u(t)}, p = occ.
te(0,00)

ITpocrpancrso I'° (u) Ha3bIBAIOT TakKe IpocTpaHcTBoM Mapuunkesuva.
AccorurpoBaHHBIME K TIPOCTPAHCTBAM JIOpEHIa SBJISTIOTCST TIPOCTPAHCTBA, ONpeIeIsieMble CJIETYIONUM 00-
pasom (cM., Hanpumep, [8]):

[e%e) t .
r W>7p_17

N Ea10! .
Ap(u)/ — TP UP’(t)) 71 <p < o0 (28)
1 1 —
A (ess sup u(s)) P = 00.
0<s<t
IIycts
Q={f>0:f(r)l}. (29)

Beenem Bemmunmy
T %
(f(Buf)th)
Ho, (By) = sup ~——————
fe T a
(F)

B kamectse B), paccMOTpuM 0000IIEHHLIN onepaTop Xapau

, e p,q€ (1,00). (30)

(B, f)(t) = / fdp.

(t,T)

3nech B,, 1 — HeorpunaTeabHble Mepbl Bopens Ha (0, 7).
st dopmymposkE pesynbraToB 06 onenke Besnanasl Ho, (B),) BCIOIB3yeM cie/yone 0603HaIeHHs:

1
i P

wp(t)=| [dB] , te(0,T); (31)
/

‘I/(t,T):/du, O<t<T<Ty (32)

Vo (t) = /\pp’(t,f) <—d L;(T)D L ops, % + % — 1, (33)

W,(t) = / dv| te ) (34)
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Kpurepnii koneanocrun Ho(B,,) npu p < ¢ Gyer copMyIHpoBaH ¢ HOMOIIBIO CJIE/YIONIX BEeJIMYIH:

1
T q

1

E,, = sup /\Ilqt,Td’yt — |, p=<g 35
rq TE(O,T) ( ) ( ) wp(T) ( )
Fpy= sup [Vp(t)W,(t)], p<q (36)

T€(0,T)

1 T
Kpome Toro, caurtaem, uro § = Ny(1) & [di =1, [dS = .
0 1

IIpednooicenue 2. Ilycts 1 < p < g < oo, [ € Ny(1), u mycrs dyuxnun w, u W, zenpepsisust ma (0,7)
1 wp(+0) = 0. Torma cymecTByer mocrosiHast ¢1 = ¢1(p, ¢) € [1,00) Takas, ITO

Cfl(qu + Fpq) < Ho, (By) < c1(Epg + Fpq). (37)
Joxazameavcmeo. B pabore [9] 6bu10 1okazano, 4ro upu p < ¢
02_1(E'Pq + FPQ) < HQl (Bu) < 02(E'pq + qu)a (38)

rae « € (0,1) duxcupopano; &4 (1) = w, H(aw,(7)); 2 = ca(p, ¢, @) € [1,00);

1

Bl

T T q

. 1
E,;, = sup / /du dry(t
pa 7€(0,T) em \7 (¥ Wp(T)

Tak xax &, (7) € (0,7), T0, B cuity (32), mosy<anm

rne g‘r(g) = X(O,T)(E) €€y, mak kak 0 < 97—(§> = X(O,‘r)(g) i (HO £).

Orcrona
<f (f gdu> dv(t)>q
- = Ho,(B,).

pg < SUP T

gEN T P
(f gde)
0

U3 nostyueHHOT0 HEPABEHCTBA 1 JIeBOii 1acTu oneHkH (38) cienyer jesas gacts onenku (37). Ilpasas gacts
(37) oueBnana, Tak Kak E,q < E,,. IIperoxenne 2 1oKa3aHo.
Samevanue 3. JlokazanHOe TpejioKeHne 2 Oy/1eM ITPUMEHSITH B CJEAYIOMNX 0003HAUEHUSIX:

dp(t) = (p(t)t) o (t)dt,

t P
Te. wy(t) = <f(<p(7)7)pv(r)d'r) twp(T) = o0, du = p(r)dr.
0
Cdopmynupyem 0CHOBHOII pedysbrar padboTsl. [ycts 1 < p < oo, %—l—i =1, nycts T = 00 J1J1 IOTEHIINAJIOB
tuna Pucca, T € (1,00) auia norennuasos tuna Beccesst mycrs © — nsmepumast dyukuust, 0 < 4 < 0o Ho4Tu
seioay Ha (0,7) u nia ¢ € (0,7).

_ P u(t)p(t)

U(t) = /u(T)dT, v(t) = RO Vit) = /’U(T)dT.
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Teopema 3. IlycTh B 0003HAYEHUSX 3aMedaHnst 3 BeCOBble (DYHKIUI TAKOBBI, YTO BBIIOJHEHBI YCJIOBHS
Hq, (B,) < oc. (39)
Torna onrumasnbroe TN Xo(R™) st BIoXKeHUs
Hio ) (R") © X(R") (40)

“MeeT SKBUBAJIEHTHYIO HOPMY B Ipezcrasienun JIrokceMOypra:
1) s morenmmanos Tuna Pucca

112007y = N fllre ws0,7));3
2) quist moreHIaIoB Tuna Beccenst
11 50,7y = 1 fllre w0, + 1l 3R

rie

T
ar i () Ik P u(r)dr
t

w(t) - T p+1
(V(t) + 7' fT_p/U(T)dT>
t
3ameuarue 3. Kpurepuit BbinosHeHus ycsosuii (39) ObUI IPUBEJIEH B IIPEJJIOYKEHUN 2.

Joxazameavcmeo meopemo. Boctosbzyemcest popmyiioit (22) usz pasencrsa (28). 13 onpepesenust mpocrpan-
crBa Jlopenna s HopMEL oneparopa Ry ¢ B mpocrpancTse (AP(u))" mmeem

T ’
* _ * _ sk * ;D/ tp U(t)
1Bozlg vy = 1Borlg" N, o) = /(R¢,T[9 I(t)) o) @
0

ur’ ()

t

Orciona u3 Toro, uro ¢ € Ji(T), tak uro + [(7)dr = ¢(t), (B upennoxennn ouenku (10), u no emme 2
ciIezyer 0

4 »’

T[T ,
I552la” @01 = 1R rlo" O = |Rorly* ey = | [ | [ futtrdarryar | T
0 0

Hanee, ncionsayst onpenenenue GbyHKIun fy (¢, 7) 1 yIUTHIBas HEOTPHUIATEILHOCTD IOABIHTETDAIBHEIX (DYHK-
Ui, UMeeM

T t T 2 4
* * * tplu(t) ~
1 Bo,rlg"]ll (Ar(uyy = 0/ ¢(t)0/9 (T)dT‘Ft ¢(7)g" (T)dr UT(t)dt o
T t ' tp/ (t) i T T P’ tp/ (t) i
~Y * U * u _ .

e
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Tenepsb onenum ciaaraemoe Iy yepes ciraraemoe [g.
Ormernum, 9TO B cuity yObiBaHus (pYHKIUU ¥ mHTErpas I; MOXKHO OIEHUTH CHUBY:

T o
L > / GO (e at)dt | =S. (41)

0

Onennm [5 cBepxy depe3 S, T.e. JOKayKeM, ITO
12 < CS7 (42)

rie ¢ € (0,00) e 3aBucur or dyukuuu g € M(0,00), wusmepumoii no Jlebery.  Ormerum uTO
g€ M0,00) & f=g" €Q.

B pesysbrare nMeeM SKBUBaJIEHTHOCTH (42) < Hg, (B,) < oo mpu ¢ =p’.

Hns onenkn Benmunnsr Ho, (B,,) BOCIONb3yeMCs Pe3yIbTATOM HPEJIOKEHNS 2 U 3aMEUaHus 3, COIIACHO
KOTOPBIM

HQ1(BM) <00 e Eyq + Fyg<oo,

rje
-

E, = sup /\I/q(t,T)d*y(t)
T€(0,T)

T.€.

T q
Foo= sup [V,()W,(t)] = sup |V(t)a / U7 (t,7) (d[ q,l D

7€(0,T) 7€(0,T)
Usrerpupys 1o yactsam u yunresas, aro W (t,1) =0, w,(T) = oo,

/T\I/q/(t T) (—d [1]> = /Tld {\Ilq,(t T)} — q//T \I/ql_l(taT)d[‘I’(taT)].
| An)) S aeth oA (1)

t

Torua

/T‘I,q/(w) (_d [ 1 D _ q//T (th <p(€)d£> QI_lw(r)dT ) q’/T (th <p(§)d5> QI_lw(T)dT |

Uraxk, npu g = p’, .e ¢’ = p, monygaem (42) < Eqq + Fyq < 00, 1€

Foq = sup V(t)% q’/

7 <f w(&)df)ql_lw(f)df
=0 : <0f(sa(£>§>qv<f)d§)q_
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U3 (41) u (42) cnenyer, uro I + Iy =~ I, u Torna

T t
115 T = Vel Ty gy 1 = [ e [gnar| awir| -
0 0

up’ (1)

/ vz 1
P »’

r i 20"y, ’ 12y,
= [ e[| Gmdar| = | [lemaor Grda) -
0 0

0

T p’

e gy P () (t
—( [ = p2e i) < gl (13)
0

U3 dopmyast (25) Bugum, 9ro HOpMa B onTuMaabaoM TTATI )~(0(07 T') aBJisieTcsl AaCCONUUPOBAHHON K HOpME

(43), re.
Hf”)?(,(o,T) = ”fH[FP'(U)]'v (44)
roe
o - )
Uv(t)

B pa6ore [10] mokazano, uTo HOpMa, cTosmas B npaBoil actu (44), MoxKeT OBITH 3aIMMCAHA B CJIEIYIOMEM

BUJIE:

=

T e V() [ 7 o(r)dr

~ t
o = | [ - |
0 (V(t) + P fT_p'U(T)dT>
t

rae

V(t) = /U(T)dT = / TP ulT)er (1) I[L](;:)(f)p (7) dr;
0 0

T
P =1V () [P o(r)dr
t

w(t) - T p+1
(V(t) + 7' pr'U(T)dT>

i
Dynxnus w(t) sABILETCA BECOM, KOTODPBI BXOJUT B yCJIOBHE TEOPEMBL 3.

Takum 06pa30M, MBI TIOJIyYaeM, UTO:
1) ayis 06OOIIEHHBIX OTEHIMAIOB Pucca:

Hf”)fo(m) = fllrew;ry )

2) 11t 0GOBIIEHHBIX TOTEHIMAIOB Becces

1l %0 (ryy = Wl s,y + 1 5ery )

TeM CaMbIM, TEOPEMA JTIOKA3aHA.
3amenanue 4. B pabore [7] 6bum pacemorpennt 06obieHHble orernuasibl Pucca. [Ipu nosgydyenun onru-
masbaoro ITUIT nyis Bioxkenust (37) Ha BecoBble QYHKIMU ObLIO HAJIOXKEHO YCJIOBHE, TAPAHTUPYIOIIEe KOHEU-

HOCTBH BE€JIMYUHBI: L
oo /oo q q
(f (f ng) ’U(t)dt)
0 t

H(BM) = sup )
0<feM(0,00) q

(Zog(t)qtqv(t)dt) '
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a UMEHHO:

‘U‘H

T / o0

p’ P
H(B,) < oo« B=sup /t u(t)dt Ug)

X A Y <
r>0 Uv (1) |2y (t)

0
VcioBus, HAJIOKEHHBIE B JJAHHON paboTe, yuuThIBaIOT yobiBanue dyuknuit f € (1) u 9KBUBAJIEHTHBI KOHETHOCTH

sesmanasl Ho, (B,). 9Tu ycaoBus, IpUBeNeHHbIE B IPEIOKEHUN 2, MeHee XKeCTKHe, deM yciaoBue B < oo.
Kpowme Toro, B mammHoit paboTe B pacCMOTpPEHME BKJIIOYEHBI TaK»Ke 000OIIEHHbIE MOTeHITHAIL Beccertst.
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I 7K. Kapmbiruaa

JlopeH1y keHicTiri 6a3acbeiHaa becces xkoHe Pucc Typingeri
MOTEHINAJIJIAPALI TUIMJII iIIITeCTipy

Maxkasiaza n-ememM i eBKJIN KEHICTITIHIe TOTEHIUAIAAD KEHICTIr KapacThpbliabl. OJiap *KaJjnsl Type-
ri TY#iIHJAEP/IiH, OpaMIapbIHbIH, KOMEriMeH aJIMaCThIPbLIBIMIbI-MHBAPUAHTTHI KEHICTIKTEp HerisiHje Kypac-
Teipblran. COHBIH, iIiHEe KJIacCUKAJIBIK, beccesr skone Pucc morennuasigap kenicrikrepi 3eprresmi. CoHmgaii-
aK [MOTEHIINAJIIAP/IbIH, HHTErPAJIJIbIK, KACHETTEP] KOMBLIYBIH >K9HE OJIap YIIiH a/IMaCTbIPbLIBIMIb-MHBAPH-
aHTTHI KEHICTIKTEpre imrecTipy Kpurepuiiiepi rabburran. Canmmarbt 6ap JlopeHir KeHicTiri 6a3achbiHaa THIM/TI
IIITeCTipy KOJIBI JIQJI€JIIEHT€H.

Kiam cesdep: opam, KemimMesi aIMacTBIPBLIBIM LI KOHYCTAP, AJIMACTHIPHLILIMIbI-MHBAPUAHTTEI KEHICTIKTED,
MMOTEHIINAJIIAp KEHICTIri, »KaJnbluianran Beccest xoHe Pucc keHicTikTepi.
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G.Zh. Karshygina

Optimal embeddings potentials type Bessel and Riesz
on the base of Lorentz spaces

In this article, we study the spaces of potentials is n-dimensional Euclidean space. They constructed on
the basis of rearrangement-invariant spaces (RISs) by means of convolutions with kernels of general form.
In particular included in the consideration, the classical spaces of potentials of Bessel and Riesz. For them,
the criteria for embedding in the RIS are found, and explicit descriptions of the optimal RIS for these
embeddings are obtained in the case of the basic weight Lorentz space.

Keywords: convolution, cones of decreasing rearrangements, potential space, generalized Bessel and Riesz
potentials.
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IlocTpoenne 1moBepXHOCTU K CHUHTYJISIPHOMY OJHOCOJUTOHHOMY
penieHnio HeJimHeliHoro ypaBuenus llIpeaunrepa

OpHOM M3 aKTyaJIbHBIX 3aJ@d MATEMaTUKU SIBJISETCsl WCCJIEOBAHUE HEJMHEHHBIX auddepeHalibHbIX
yPpaBHEHUI B 9YaCTHBIX ITPOU3BOIHBIX. VcciteToBaHNe B JAHHOM HAIIPABJIEHUN OYE€Hb BaXKHO, TAK KaK PE3YIb-
TaThl HAXO/AT TEOPETUIECKOE U MpaKkTuieckoe npuMenenne. CyecTByIOT Pa3IndHbIe MOIX0/Ibl K PEIIEHUIO
JIAaHHBIX ypaBHeHMi. MeToabl TEOPUU COJIUTOHOB HO3BOJISIOT [TOCTPOUTD PEIIeHNUsT HeJIMHERHBIX quddepen-
IUAJIBHBIX yPABHEHUHN B YACTHBIX MPOU3BOAHBIX. OIHUM U3 METOJOB PEIeHNs YyKa3aHHbIX BbIIIE yPABHEHU
SABJIFAETCS METOJ, 0OpaTHOM 3aaun paccesinus. Llesb qanHol paboThl — MOCTPOEHUE MTOBEPXHOCTH, COOTBET-
CTBYIOLIEN CHHIYJISIDHOMY OJIHOCOJIMTOHHOMY DPEIeHMIO HeJinHeiiHoro ypasHenusi IIlpejauHrepa c mpurs-
skerneM B (1+1)-pasmepHocT. ABTOPOM PacCMOTPEHO NOCTpoeHue moBepxHocTH B (14-1)-pasmepHoctu B
cmbicsie Pokaca-Tenpdanga. Cormacno mannomy mogxomy B (1+1)-meprom ciayuae Hesuneitnbie audde-
pPEeHIMAJIbHbIE YPABHEHUsI B YaCTHBIX IIPOM3BOJHBIX JIAIOTCS B BUJE yCJIOBUI HYJIEBOH KPUBHU3HBI U SIBJISI-
FOTCSI yCJIOBHEM COBMECTHOCTH CHUCTEMBI JIMHEHHBIX ypaBHEHUil. B 5TOM ciydae CyIIecTByeT MOBEPXHOCTH
¢ uMMepcuoHHoit dyukiueit. [ToBepxHOCTh, ONpeieeHHas MOCPEICTBOM UMMEDPCUOHHON (DyHKIMM, UIEH-
THUMDUIUPYETCS C MOBEPXHOCTHIO B TpeXMepHOM mpocTpancrBe. C ITOMOIIBIO COJUTOHHON UMMEPCHM JJIst
CHHTYJIIPHOTO OJHOCOJIUTOHHOTO PEIlleHusi HeJnmHeHoro ypaBHenusi lllpemmHrepa HalifeHa MOBEPXHOCTH
C COOTBETCTBYIOMINMHU KO MDUIIMEHTAMA TEPBOl KBAIPATUIHON (DOPMBI.

Karouesvie crosa: HeMHeHOE ypaBHEHNE, IIOBEPXHOCTD, COJINTOHHOE pellleHne, dyHIaMeHTalbHasd hopma,
YCJIOBHE HYJIEBOM KPUBU3HBIL.

1 Bsedenue

Hexkoropsie nesmneiinbie auddepeHinaibable yPABHEHNS B YACTHBIX IIPOU3BOIHBIX SABJISIOTCA HHTEIPUPYE-
MBIMH, JOIIyCKAIOT (DU3MIECKN HHTEPECHBIE TOYHBIE PEIIeHNUsI, O0JIee TOr0, ITH UHTErPUPYeMble YPABHEHUS Pa3-
pelmMbl METOIOM O6paTHOl 3amadn paccesuusi [1-6]. Vcenenosanne maTerpupyembix ypasHeHuit B (1+1)-,
(2+41)-u3MepeHusIX SBISIOTCS AKTYyAJbHBIMA C TOUKH 3DEHUs] MaTeMaTndeckol ¢dbusukn [2-5]. NHTerpupyembie
YPaBHEHUS JOIYCKAIOT PA3JINIHbIE BUJIBI PEIEHUIT: OJJHOCOJUTOHHOE PEIIeHNe, PEIlleHIe JOMEHHOM CTEHKU, BUX-
peBoe perrieane u T.7. Bojiee TOro, pemreHns MHTETPUPYEMBIX YPABHEHUN MMEIOT T'€OMETPUIECKIE XapaKTepu-
crun. JI7s ucciie1oBanus reOMeTPUIECKIX CBONCTB PeIleHnil IpuMeHsieTcs Teopust nudepeHIuaIbHOl reo-
MEeTPHUH KPUBBIX U IIOBEPXHOCTEN.

O/1HOI M3 U3BECTHBIX MOJIEJIell sIBJIsieTCsl MOlesib (peppoMarteruka Ieiizendepra

St =S %X S.a,

rie X — BeKTopHoe npoussesienne; S = (51,92, 93); S = 57 + 52+ 52 = 1.

JIaKIIMaHAHOM YCTAHOBJIEHO, UTO JIaHHAs MOJeb pu S? = +1 9KBUBAJEHTHA B 'EOMETPUYECKOM CMbIC-
Jie HesmHeliHOMY ypasHeHuto I1IpequHrepa ¢ NpUTSZKEHHEM, KOTOPOE BaXKHO JIst (QU3MYECKUX NPHUIOKEHHUIL.
Ty 3KBHBAJEHTHOCTH HA3BIBAIOT JIAKIIMAHAHOBOH. OTMETHM, YTO JIAKIIMAHAHOBA SKBUBAJEHTHOCTH pa3pabo-
TAHA HE TOJBKO [l MHTETPHPYEMBIX, HO U /I HEMHTErPUPYEMBIX HEJMHEHHBIX uddepeHuanbHbx ypas-
HEHUil B YACTHBIX HPOU3BOJHBIX, U €€ 0OJIACTb IPUMEHUMOCTHU II0 OIPEIEJICHHUIO OIPDAHUYIEHA yCTAHOBJICHUEM
9KBUBAJIEHTHOCTHU CIIMHOBOI CHCTEMBI U HEKOTOPOTO HesmHEHHOTO nnddepeHnaabHoro ypaBHeHnsl B YaCTHBIX
[IPOU3BOJIHBIX, HAIIPUMED, IIPEMHIePOBCKOTO THIA. 3aMETHM, YTO JIJIs MHTErPUPYEMbIX HeJHHeHHbIX judde-
PEHIMAJIBHBIX YPABHEHHUI B YaCTHBIX IPOM3BOJIHBIX JAKIIMAHAHOBA S5KBHBAJCHTHOCTD HE HPEIIOIAraeT SHAHUS
[Ipe/ICTaBIIeHus Jlakca paccMaTpUBACMBIX HEJIMHEHHBIX 1uddepeHInaIbHbIX yPABHEHNI B YACTHBIX TPOU3BO/I-
HBIX.
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Ha cerommsa uzBecTHBI 0600IIEHNST PACCMOTPEHHOMN Bhiie Mogeau dbeppomarneruka [eitzenbepra B (2+41)-
usmMepenusx. Hanpumep, B pabore [5] paccmorpena obobriennast mojess (peppomarneruka Leiizenbepra ciery-
OIIEro BUJIA:

St = (S xSy + uS),;

Uy = 7(87 (Sx X Sy))a

r1e S — crnmH-BekTOp, S7 + S5 + 52 = 1; X — BEeKTOpPHOe NMPOU3BEJIeHNe; U — CKajapHas byHKIHs. Mbl
OTOXKIECTBIISIEM CIUH-BEKTOD S ¢ BEKTOPOM Iy corjacHo pabore [2]:

S=r,.
Torma obobIeHHas MOIETb hpeppoMarneTnka leiizenbepra TpUHUMAET BT
Tyt = (r:c X Ty + urx)x;

Uy = *(I‘m, (rzm X rzy))

TaknmM 06pa30M, eJMHBIH CIMHOBBIN TIOJIX0/] NCIOJIB3YeTCs IS NCCIIeIOBAHNS TeOMETPUIECKUX XapaKTeph-
CTHK DellleHus] HeJIMHEHHOTO yPaBHEeHH L.

B nmanHOil paboTe MBI pacCMaTpPUBaeM MOCTPOEHHE OBepXHOCTH B (1+41)-MEPHOM MPOCTPAHCTBE B CMBICJIE
Dokaca-Teapdanmna [3].

2 Iocmpoenue nogeprrocmu 6 cmwicae Poxaca-Ienvdarda

Corutacuo patore @okaca-Tesnbdanna [3] upuseiem nocrpoenue cosmronnoii nosepxuocru. B (1+1)-meprom
ciydae HemHeitable quddepennuaabable YpaBHEHHA B YACTHBIX IIPOU3BOJHBIX JAIOTCA B BUJIE YCJIOBUIN HYI€BOI
KPUBU3HBI:

U, -V, +[U,V]=0, (1)

rue [U, V] =UV — VU, marpuna U 3ajana, a Marpuna V' BbIpazKkaercsd B TeDMUHAX 3JIEMEHTOB Marpuiibl U.
OtHOM M3 XOPOIIO U3BECTHBIX MOJIEJIEl sIBJIsgeTcs HeqnHelHoe ypasuenue [Ipeaurrepa, KOTOpoe BayKHO s
bU3NTECKUX TPUIOKEHHIA,

Wy + Yaa + 28[9|*p = 0, (2)

rae 8 = +1, ¢ sBasieTcs KOMILIEKCHON (DYyHKITHEH.
Takzke Henunelinbe nudbepeHIIalbHbe yPABHEHUS B YACTHBIX IPOU3BOAHBIX (1) ABIAIOTCS YCJIOBUEM COB-
MECTHOCTH CHUCTEMBI JIMHEHHBIX yPaBHEHMIA:

be =U¢,¢r = V. 3)

B aroMm ciryuae cyriecrByer IIOBEPXHOCTDb ¢ IMMEPCHOHHOI (hyukuueii P(z,t), oupeuessemast cieLyomumMu hop-
MYJIaMU: ‘?)—1: =90 1Xo, %—f = ¢~1Y ¢. IlosepxHocTs, onpeesennas mocpejactTsoMm P(x,t), uaentudburmpyercs
C IOBEPXHOCTLIO B TPEXMEPHOM IIPOCTPAHCTBE, ONpPEAesIeHHOl Koopaunaramu ©; = Pj(z,t), j = 1,2, 3. Penep

Ha [OBEPXHOCTHU JIaeTcsi TPOHKOIM [3]:

o _
or

oprP

-1 _ 41 _ -1
¢ Xb, S-=9¢"Yé N=9¢Jo,

rae J = %, | X |= V< X, X >. 31ech 10 OIpeJIeJIeHIO
1
< X,Y >= fitT(XY),

rae X, Y saBasiorca HekoropbiMu Marpuniamu. 1lepsast u sTopas dynnamenTanbable popmbl B cmbiciie Pokaca-
lenbdanmga garorcest Kak

I=<X,X>de? +2<X,Y >dadt+ <Y,Y > dt?; (4)
0X 0X oY
IT =< %+[X,U],J>dx2+2< 5 TV > ddt < E+[Y,V},J>dt2. (5)
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Kak mokazano B pabore [3], dyuKUsT MMepcun P MOXKeT OBITH OIpeie/ieHa KaK
3
P=90""¢x+0"'Mip=>_Pf;,
j=1

rae My sBisierca MaTpuaHON GyHKIMel, onpeenrentoi mo A, z,t. 3aech f; = —50; ABIgeTca 6a3uCoM COOT-
BeTCTBYIONIeil anrebpset, o; Marpumnsl aynu u [f;, f;] = fi. B aroM cayuae X, Y moxkno 3ammcars Kax

X = U+ Myy + [M1,U],Y = vV + My + [My,V].
[Iycts marpunst X, Y, J umeior Bus,
b b
x = [ @1 012 Y= 11 012 CJ= i 2 ) (6)
a21 Aa22 bar  bao C21 €22
B sTom ciaydae snemeHTBI MaTpuiibl J BBIPAXKAIOTCS 4depe3 djeMeHTbl MaTpullbl X u Y B COOTBETCTBUU CO
caeayomuMu GOpMYyJIaMu:

o a2bay — b126121_ - az1(b11 — ba2) + ba1(aze — (111).
Cl1 = —— o7 3 Ca= ;
| (X, YT X, YT
Cry — biz(a11 — aze) + ai2(baa — b11) - az1bi2 — baraiz )
| [X, YT ’ X, Y]]
Torya nepsas byHIaMenTatbHas hopma (4) aByxmepHoit mosepxuoctu 6yaer I = Edx? + 2Fdxdt + Gdt?, rae
1 1
E= _5(‘1%1 + 2a10a91 + a3,y), F = —§(a11b11 + a12b21 + a21bi2 + azabas); (8)
1
G = —i(b% + 2b12ba1 + b3y). (9)

B xauecTBe npuMepa COJIMTOHHOTO yPaBHEHNUSI, IIPUBO/ISIIIETO K TAKOH MIMMEPCHHI, PACCMOTPUM HeJIMHEITHOe ypaB-
uerne lpesunrepa (2). B stom caywae marpunpt U, V umeror sux [4]

_ Ao _ (0 q),
U2Z,+U0,Uol<q 0),

iA? Lo (0 @ 0 @
V= - o3+ ilg|*o3 —iA ( g 0 + 0 0 ) (10)
CrpaBenuBa, CJIeIyIoIasi.

Jemma. Bmopas dyndamernmanvras gopma 6 cmoicae Poxaca-Ieavdarda, coomsememsyrowas cureyrip-
HOMY OOHOCOAUMOHHOMY PewerUut0 q Heauretinozo ypasnenus Llpeduneepa, umeem eud

IT = Lda® 4 2Mdxdt + Ndt?, (11)
rje
L= *%{anxcn + a12:C21 + a212C12 + A22:C20 — Aiazic12 — a1aco1)+
+ig(aizcir + agaciz — ariciz — aiacaz) +iq(agicoz + aricar — azaca1 — az1c11)}; (12a)
M = —%{@utcn + a12¢c21 + a21:C12 + An2eCa2 + 1A + 2|g|*) (az1c12 — ar2c91)+

(
+(qz + Aig)(ar1c12 + aracaz — araciy — azaciz)+
+(Ge — Aig)(ar1c21 + @122 — az1¢11 — a22C21) }; (12b)
N = _%{blltcll + biarar + barrciz + bagicon + i(A? + 2|q|?) (barc1z — biacar )+
+(qz + Aig)(b11c12 + bi2coa — biacin — bazciz)+
+(Gw — Niq)(br1co1 + baicag — barcin — baacar)}. (12¢)

[oxasameavemeo. Toncrapasiem marpurnst (6), (10) B (5). ITocae HekoTOphIx BhramMCsIeHUH nomyanm (11),
(12a)—(12c). JIlemma mokazama.
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3 Teope./vLa 0 NoseEPITHOCMU, coomeemcmeymmea CUHYAAPHOMY OJHOCOJIMTOHHOMY PEIICHUIO

Paccemorpum gacTubIil ciyvait umMepcun npu yg = 1,  M; = 0. B mamsoM ciaydae nmeem
1 )\ @ (o E—
2 q Vi

u P = ¢ '¢). UToObI BEIMUCIUTE SIBHBIE BBIPAXKEHMs I (DYHKIUHA MMMepcuu P, pacCMOTDHM CHHIYJISIPHOE
OJIHOCOJINTOHHOE DpellleHne HeJmHelHoro ypasHenus IIpeaunrepa, koropoe nmeer Buj [4]
exp(—2ifx — 4i(&€2 — n?)t — if)

sh[2n(z + 4&t — 2] ’

q(z,t) =27 (14)

rie ro = %ln|zgf [, 6 = argmoa — argmor, & = ReX, n = ImA.

Teopema. Cun2ysapHOMY 00HOCOAUMOHHOMY PeWeEHUI0 HeauHnelinozo ypasherusa [llpedunzepa coomeememey-
em nogeprHocmv 6 cmuicae Pokaca-Ieavganda co caedyrowumu xospduyuenmamu nepeoti Gyndamernmarvrot

popmui:

6472
O\ N)ishi[2q(x + 40 — 7o)
12872
(N = st [20(x + 46t — 20)
+26n?ch?[2n(x + 4€t — 20)]) (cos® (26w + 4(E% — n°)t + 6) — sin?(28x + 4(€% — n*)t +0)+
+(6n€? — 2n)cos(26x + 4(&% — )t + 8)sin(28x + 4(€2 — P )t + ) x

E = (20* + (&2 4 n°)sh*[2n(x + 4¢t — x0)]); (15a)

= (€(€% —n?)sh?[2n(x + 4&t — x0)]+

x sh[2n(x + 4&t — zg)]ch[2n(z 4 4E — x0)] + 27€); (15b)
_ 256772 2 2\2 7,2
G = iy (€ ~ s+ dt o)+
+4E% 0% ch?[2n(x + 46t — z0)] + 4€20%), (15¢)

rme A\ = const.
Loxazameavcmeo. Perenne smueiiHoON cUCTEMBI HAaileM B BUIE

iA2

b = e~ GFre+Fost), (16)
Yunreisas (16) u npumenss (10), umeem
)\0'3 /\0'3 )\0’3 )\0’3 )\0’3
— (—= — _ = — _ = |— . 1
(2 (2i + Uo )y v 5 V¥, HU¥ [Zi,¢]+U0¢ (17)
Bozbmem - ~
A ~ a b 1 0
=I-— A= I= T = . 1
P oA (é d)’ (0 1), A] — const (18)
IMoncrasum (18) B (17): .
B UsA 1. - i i
wx - UO )\*)\T 2.[0—33 ] 2@()\7)\’{)[03’A] (19)
C apyroii croponsl, u3 (18) ciemyer
Ay
e = ——2 2
Ve =T (20)
U3 (19) u (20) umeem } )
A, Ud 1. - AL .
— — _ — o2 . Al — — 1 (5. Al. 21
x0T s T ae A gp ol A @)
Takum obpazom,
- % ~ 1
Ay = UgA + 2*;[0’3714}7[]0 = Z[a?nA]' (22)
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3amMerum, 9To

—C

[0'3,14] = 0'3/17/10'3 = 2( 0..

o o
N—
—~
[\
w
=

arem, noacrasisia (23) B (7), moayaum

IMoncrasass (23) B (22), umeem

by ) _ 1
Co dy ) i
U3 (10) u (24) moxyunm

(0 g\ _ 1/ 0 b ig=1b b=—q
z(q O>_i<—c 0>:>{iq=—1c = c=q. (26)
TakunM 06pa3soM, Mbl HAIILIM MATPUILY A B SBHOM BHJE ¢ KOMIOHEHTAMH (25). Ucnonbays (14), nomxyanm

a = i2ncth[2n(x + 4&t — x0)] + c1. (27)

U3 (25) cnenyer a = f% - AN=a= f% [ @qdz. Ucnonszys (14), momyanm

1- 1
Torua )
~ Wy *
a = _7 — )\1 (29)
CieoBaresbho, u3 (25), (26) nmeem
- by i(—q)z e
d=—=——-XN=d= = — A\ =>d=——)\]. 30
1 (_q) 1 q 1 ( )
U3 (25), (26) cremyer
~ 1 -~

Boinee Toro, u3 (23), (31) crenyer
-1
d= n /q(jdac (32)
YunteiBasg (22), noxyunm (28) B Bue )
d=—a. (33)
CirenoBaTe/ibHO,
a = —i2ncth[2n(z + 4&t — x0)] + 1. (34)

Takum 06pazoMm, Marpuna A [is CHHIYJISIPHOIO OZHOCOJIUTOHHOrO perierus (14) HesnHEHHOrO ypaBHEHUsI
Ipemuurepa npuHIMaET BUT

. exp{i(26x+4(2—n>)t+5
i ( zQﬂcth[%(sz-F 44&2— 5520)] :01 —2n p{sh[zn(z,(WrZ@)s)] = ) (35)
exp{—i(2&x — t . :
ol Gt —igethl2n(z + 46t — 70)] + 1
Jaee Bozbmem ¢ = [ — ﬁ, rje A gBJISIETCA MOCTOAHHOMN, Torma u3 (13) umeem
A A

P=¢toy=(I —. 36
o ox = ( +)\_)\1)(/\_/\1)2 (36)
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C apyroii CTOPOHBI, MOJTY IHM

4

3 .3 i 1
_ et = 5P —3Pi— 3P

F EQRJJ 2225“’ (;Pl%ya iPy ' 37)

J= J=

2ia

U3 (36), (37) mocpencrBom (31) nmeem Py = . Tenteps ¢ momomnipio (33) Haiijem P; B AsBHOM BHJIE JIIs

(A —Ap)2
CHUHTYJISPHOTO OJIHOCOJIUTOHHOIO pelllenusi HeimHeiHnoro ypasuenus [Ipegunarepa:
4n 2icy
Py = ————cth|2 4€t — —_— 38
s = i et 48— )] + T (39)
U3 (36), (37) umeem Py = %. Taxum o6paszom,
i(é+b) (¢—b) 2id
P=—= P= ——, P3=
TSN TP =) T =2
U3 (36), (14), ucnons3ys usBecTHble (GOPMYJIBI
o — ¢ 6 4 ¢ eiC 1 e—ic i oic
h = — h = — = ) = ———
sh¢ = S5 eh¢ = S0 cos¢ = S sing = S, (39)
rae ¢ = 2n(x — xo + 4€t), moyIMM sIBHBIE 3HAUEHUs JJIsi KOMIOHEHTOB Py, Py Marpuis! P:
4insin(2 462 —n?
p _ _ dinsin(26o + 4 — )t +0) (100
(A — A2sh[2n(x + 4&t — 20)]
4 2 4(62 =)t + 6
p, _ Ancos(26z + 4(€ — )t +6). (400)
(A — \2sh[2n(a + 4L — o))
Temepnb BorauCINM KO3 DUIMEHTHI TIEPBOH DyHIaMEHTAJIBLHON (POPMBI, T.€.
E =P} +Pj + P, (41)

st sroro BeranciauM Py, Poy, Ps,. Bo3sosuM B KBaJpaT 1epBble IPOU3BOJHBIE U T10jicTaBuM B (41), Torma

6472
(A — N)4sh2n(x + 4&t — x))

E= (202 + (€2 + n?)sh?[2n(z + 4&t — x0)]).

[TomobubIM 06pazom, coryiacHO HOpMyIaM
F = Py Py + Py, Py + Py Py, G =Pj, + P, + P3,
[OJTy IMM 3HAYEHUST

12872

F= (A — N)4sh2n(x + 4&t — 7))

(£(&% —n?)sh®[2n(x + A€t — x0) ]+

+26n%ch?[2n(x + 4€t — x0)]) (cos® (2Ex + 4(E% — 1°)t + 6) — sin?(2Ex + 4(€% — )t + 0)+
+(6n€? — 2n)cos(26x + 4(&% — )t + 8)sin(28x + 4(€2 — n*)t + §) x
X sh[2n(x 4 4t — xo)]ch[2n(x + 48t — x0)] + 2nE);
256m?
O N shAln(a + 46t — wo)]
A eh?[2n(x + A€t — o)] + 4E77%).

G =

(€% = n*)?sh®[2n(x + A&t — x0)]+

Teopema mokaszana.
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4 Baxsouenue

Takum 06pa3oM, Mbl HCCJIEI0BAIN NOCTpoeHue roBepxHoctu B cMbicie Pokaca-lenbdanga B (1+1)-uzmep-

enun. B kauecrBe npumepa paccmorpenu (1+1)-meproe Hesuneiinoe ypasuenue lpenuarepa ¢ npuTsKeHuEM.
Haiinena neppasi byHmamenTambHast popMa ¢ coorsercTByOmmME Koadhdurmentamu (15) 1uist mHTErpupyemMoit
IMOBEPXHOCTHU, COOTBETCTBYIOIIEH CHHIYISPHOMY OJHOCOJUTOHHOMY PEIeHHI0 HeJIMHeWHOro ypasHenusi IlIpe-
IWHTepa ¢ mnputrszkeHueM. J[jist HaxoxkIeHusi moBepxHocTH npuMenenbl moaxon Pokaca-lempdanga u Teopust
b depeHnnaIbHOl TeOMETPUN TOBEPXHOCTE.
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7K. X. ZKynicoBa

Co3bikThI eMmec IlIpemauHarep TeHAeyiHiH CUHTYJISIPJIIbI
OipCOJIMTOHABIK, MIENTIiMiHe cdlikec OeT Kypy

CoI3BIKTBI emec Jiepbec TYBIHIBLIBL auddepeHnnaiIblK, TeHIeYep/ii 3epTrey — MaTeMaTUKAHbIH ©3€KTi
npobyieMaiapbIHbIH 6ipi. HoTukeepis, TeOPUSIIBIK, KoHE MPAKTUKAJIBIK, KOIIAHBICHI OOJFAHBIKTAH, Oy
OarbITTarbl 3epTTEyJiep MaHBI3ABL. Bya TeHzeynepmi merry yimmia oprypsi oaicrep 6ap. ChI3BIKTBI eMec
nepbec TYBIHABLUIBI TEHJIEYJIEP/IiH IIENIiMiH COJUTOHIAD TEOPUACHI DMICTEPIH KOJIIAHBIN Tabyra OOJIaJibl.
Kepi ceitiny ojici — afiTburran TeHeysep/l IIenryre apHajaras omicrep/iy 6ipi. 2KyMbIcTBIH MakcaTbl —
(1+1)-emmemmeri CuI3BIKTEL emec, LlIpeaunrep TeHIEyIHIH CHHTYIAPJBIK GIp COIMTOHIBIK MICIIIMIHE COli-
kec Ger Kypy. Makanana (1+1)-emmemue Pokac-Tenbdar MarbHACBIHAAFEL 6€TTI KYPY KapaCTHIPBLIFAH.
(1+1)-emmmemie ChIBBIKTBI eMec JIepOec Ty BIHABLIBI b hepEeHIMAIBIK, TEHIEY/IED HOJIK KACBIKTHIK, Iap-
THI APKBUIBL Oepisiesi KoHe CHI3BIKTHI TEHIEY/IEP/iH mapThl 6ok TabbutaAbl. Byl Karmaiiia nMMepcnsi-
JIBIK, (DYHKIUSICHI Oap 6eT Tabbliaabl. IMMepCHsaIbIK, (DYHKIUSICHI apKbLIbl aHBIKTAJIFAH OET VI eJIIeM/Ii
KeHicTikTeri 6ermnen coiikecreraipinesai. Cor3bikThl eMec [IIpenunrep TeH ey iHIH CUHTYIISIPIIBIK Oip COJTUTOH-
JIBIK, TIerriMine cotikec GipiHmm KBaapaTThik HopMaHbH KoddduimenTrepiMen 6epiireH 6T COMUTOHIBIK,
MMMEPCUS aPKBLIbI KYDPBLIA IbI.

Kiam cosdep: CHI3BIKTBI €MeC TEHJEY, OeT, COJIUTOHIBIK, MIENTM, (pyHIaAMEHTAIILIK, (POPMa, HOIIIK KUCHIK-
TBIK, TAPTHI.
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IlocTpoenue 1MOBEPXHOCTH K CHHTYJIAPHOMY. ..

Zh.Kh. Zhunussova

The surface to singular solitonic solution
of the nonlinear Schrodinger equation

One of the topical problems of mathematics is studying of nonlinear differential equations in partial
derivatives. Investigation in this area is important, since the results get the theoretical and practical
applications. There are some different approaches for solving of the equations. Methods of the theory
of solitons allow to construct the solutions of the nonlinear differential equations in partial derivatives. One
of the methods for solving of the equations is the inverse scattering method. The aim of the work is to
construct a surface corresponding to a singular onesolitonic solution of the nonlinear Schrodinger equation
with gravity in (1+1)-dimensions. In this work the construction of the surface in (1+41)-dimensions in
Fokas-Gelfand sense is considered. According to the approach the nonlinear differential equations in (1+1)-
dimension are given in the form of zero curvature condition and are compatibility condition of the linear
system equations. In this case there is a surface with immersion function. The surface defined by the
immersion function is identified to the surface in three-dimensional space. Surface with coefficients of the
first fundamental form corresponding to the singular onesolitonic solution of the nonlinear Schrodinger
equation is found by soliton immersion.

Keywords: nonlinear equation, surface, solitonic solution, fundamental form, zero curvature condition.
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JIuckpeTHoe BecoBoe HEPABEHCTBO XapJuW B pa3HOCTHOI dpopme

B crarpe MbI HaxXOMMM HEOOXOIUMBIE U HOCTATOYHBIE YCJIOBUS /IS BBIMOJIHEHUS JUCKPETHOIO HEPABEHCTBA
Xapay ¢ BecaMu, 3aIIMCAHHOIO B Pa3HOCTHON ¢opMe. 3a/1aua UCCIIeLyeTcsl Ha MHOXKECTBe (PUHUTHBIX IOCTIe-
noBaTesbHOCTEH. KimioueBoit pe3ysibraT TaHHOW CTATBU — 3TO HAXOXKJEHHE OIEHOK IS TOYHONH KOHCTAHTBI
HCCJIe/lyeMOro HepaBeHCTBA. JlaHHbIe OIeHKN B JaJibHEMIeM Oy/yT HAMHU NMPUMEHEHBI JJIS yCTAHOBJIEHUS
Ka4eCTBEHHBIX XapaKTEPUCTHUK, TAKUX KaK YCJIOBHUS OCHUJIISITOPHOCTU Y HEOCHIHMJISTOPHOCTHU, HEKOTOPBIX
Pa3HOCTHBIX ypaBHeHUi. Bojee Toro, Kak cjIeCTBUE OCHOBHBIX PE3YJIbTATOB, Mbl HAXOJAUM KPUTEPUU BJIO-
KeHUs HEKOTOPBIX IIPOCTPAHCTB U KOMIIAKTHOCTHU 3TOTO BJIOYKEHUS.

Karouesvie carosa: HEPABEHCTBO Xap/u, BECOBbIE IIOCJIEIOBATEILHOCTH, OIEPATOP, TPOCTPAHCTBO MOCJIEI0-
BATEJILHOCTEH, BJIOYKEHNE, KOMIIAKTHOCTD.

Beedenue

ITycrs 0 < p,q < oco. Iyers u = {u; }$2, — HeoTpunaTenbHast, a p = {p;}52; — MOJOKUTEIbHAS TIOCIIEI0BA~
TEJILHOCTH JNEHCTBUTEHHBIX THCE.
JIMCKpeTHBIM BECOBBIM HEPABEHCTBOM XAap/IM HA3bIBAETCS HEPABEHCTBO BUJIA

p

[e ] n q % o]
D ail | <O pilail? M
n=1 i=1 i=1

IS BCEX TIOCJICJOBATE/ILHOCTE! EHCTBUTEIBHBIX duceI a = {a;}52 .
Hepagencrso mist Beex 0 < p, ¢ < 00 MCCIE0BAHO JOCTATOMHO XOpOo B paborax [1-3], a B xkaure [4] manbr
MCTOPHS BOTIPOCA M CBOJIKA, MOJIy9eHHBIX PE3yJIbTATOB N0 HepaseHcTBY Xapau (1).
n
Ecimu B (1) momoxum y1 =0, Ypt1 = D @iy, AYn = Ynt1 — Yn, 7 = 1,2, ..., To HepaBeHcTBO (1) mepexonuT B
i=1
HepaBeHCTBO Xap/u B Pa3HOCTHOH (opme

Y valyal®) < C D pilAylP (2)

n=1 i=1

)

JUIS BCEX IIOCJIEIOBATENIbHOCTEH JIEHCTBATENBHBIX wmced Yy = {y;}52;, y Koropeix y; = 0, e v = 1,
Up = Up_1, N > 2.

ITycTb Y — MHOXKECTBO BCEX HEHYJIEBBIX [IOCIEA0BATEIBHOCTEN JeficTBITEeabHBIX nces y = {y; }5°,, KOTopble
(o]
MMEIOT KOHEYHOE YMCJIO HAYAJIBHBIX YJIEHOB, PaBHBIX Hys0. O003HaUNM depe3 Y MHOXKECTBO HETPUBHUAJIBHBIX

smemenToB Yy = {y;}32, GY, ISl KOTOPBIX cylnecTByeT 1esoe m = m(y) > 1 takoe, aro y; = 0 upu i > m.

IycTh w), — HPOCTPAHCTBO BCEX MOCIIEI0BATEIBHOCTEl Y = {y;}72, 1/Isl KOTOPBIX KOHEYHa (KBa3M) HOpMa
00 P
— AP
Wllwy = o]+ | D pilAuil? |, 1<p<oo. (3)
i=1
.1 ol - 1 o
O6ozHatmm 1epes w,, 1 W,, COOTBETCTBEHHO 3aMbIKaHUs MHOXKeCTB Y MNw,, n'Y 1o (KBasu) Hopme (3).
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JluckpeTHOE BECOBOE HEPABEHCTBO...

1 o1 1 o1 1
U3 onpejenenns MHOKeCTB W, U W,, CJeJyeT, 9To w,Dw, n y; = 0 jms JII00boro Y Ew,,. CeroBaTeIbHO,
1

HepaBeHCTBO (1) SKBUBATIEHTHO HEPABEHCTBY (2) Ha MHOMKECTBE W,,.

p

1
[e]
PaccmorpuM HepaseHCTBO (2) HA MHOXKECTBE W

p- OTMETHM, UTO HENPEPBLIBHBIN aHAJIOT TAKOH 3a1a4d mc-
161
caesioBal B paborax [5-7]. Ilonsarno, 4ro ecian w

p=W,, TO HePaBeHCTBO (1) SKBUBAJIEHTHO HepaBeHCTBY (2) Ha
ol .1 61
MHOKecTBe W), [losromy BbIsICHUM, KOrJa W, =W,,.
11 = 1-p/ 1,1
Jlemma 1. PaBeHCTBO W, =W, BBIIOJIHEHO TOT/IA U TOJIBKO TOL/IA, KOLIa Sopi ¥ =00, me s Ty = 1. Ecim
i=1

i=1

o0 ’ 1
1—p . o
> p; | <00, T0Yy; — 0 1pH i — 00 A Kaxkoro y = {y; )2, €W,
Zloxaszameavcmso. Ilyctn

ipf”' = . (4)
=1

1

1
o . .

Hocrarouno mokazats w,dw,. llycts 2 = {2z;}72; — NpomsBoIbHbIH dMeMeRT U3 W,. Beuay yemosusa (4) as
KaxkJ0r0 N > 1 Haiimerca mesoe n® takoe, 9To n* > n u

[~

n* TP ) »
1—p/
|2 Zpi b < ZPHAZHP . (5)
1=n 1=n
IIycTs

Zi, 1<y S n — ]_7

n* 17 , _1 n* 17 ,
yn,’i: Zn Zpip ijpa ’I’L<Z§’I’L*,

i=n Jj=t

) i >n*.

o
OueBunuo, 910 Yp = {Yn,i 152, €Y s Beex n. cnonssys ouenky (5), nmeeM

1
* P

n [e.¢] P
12 = gnlluy < | D pildzi = Aynal? |+ D pildzP | <
i=n i=n*
1 1 1
n* P n* P 00 P
< (S plazalr) + (S plagl?) +{ X pslazp) <
i=n i=n i=n*
_ L 1
e P n” , »’ 0o P
<2 > pilAzP | +lzl [ Yoo <3 (> pilAnf
i=n i=n i=n
ol ol .1
Orkyna ||z — ynHwé — 0 npu n — oco. CriesloBaTe/bHo, 2 €W, T.€. W, DW,,.
1ol

O6parno, nycrs w,=w,, HO

> /
> pi T < oo (6)
=1

: 1
ycrb y = {y:}$2, €w, U MOCIEIOBATETLHOCTD Y, = {Yn. i }ioy El%p TaKast, 4To ||y = Y1 — 0 mpu n — oo.

Torpa B cuity (6) mis moboro j > 1 nmeem

=

P

J S -
95 = Ynsl <D 1AW —yn)l < (D pi " 1y = Yl - (7)
=1 i=1
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1
Ecmn y; = 1 s jocratouno Gombmux i, To, B cuity (6), MPUHAIEXKHOCTD Y €w,, He Hapymaercs u u3 (7)

CIeNyeT Yp ; — Yj OIpU n — 00 mad Beex j > 1. IlosToMy mis mocTaToIHO OONBIMHUX j MMeeM Yy ; > 0. Ho

1 o1
=w, caeayer (4).

Yn,j = 0 mpm j > m = m(n) > 1. Ilomyuennoe mpoTHBOpeY e JOKA3BIBACT, 9TO U3 W, =W,

Ecnu semmosseno (6), o u3 (7) umeem y; — 0 mpu j — oo. Jlemma 1 nokasama.
1
. o
Ormerum, uTo ciiesiosanue u3 (4) paBeHCTBa W, =W, JOKA3aHO B [8] HECKOIBKO JPYTHM ITyTeM.
[e]

IMycts —00 < m < n < co. O6osnaunm 1vepe3 Y (m,n) COBOKYITHOCTH HEHYJIEBBIX MOCIEIOBATEIBHOCTE,
JUIst KOTOPBIX § = {y; },,, CyIecTBYIOT Iesble ducaa takue, 410 t = t(y), s =s(y): m <t <s<nuy; =0
mpum <1 <tms<i<n.

B macrosmeit pabore uccaeayeTcs HEpaBEeHCTBO

. : . i
(Z vi|y¢|q> <C (Z PilAin”> , Y €Y (m,n). ®)
i=m i=m

ol
Ipu m =1 u n = 0o HepaBeHcTEO (8) coBmasaeT ¢ HepaBeHCTBOM (2) Ha MHOXKecTBe w,,. Hepasencrso (8) mpu

KOHEYHBIX ™ 1 1 UMeE€T CaMOCTOATE/JIbHOE 3HAYCHUE.

TTosoxkum )
(£)
B, ,(m,n) = sup =t <
m<t<s<n —1 . 1-p noo 1-p]»
(Za7) +(E07)
1 1 1
a:infwvzy(q): 2q 2¢ \*( 20 \"
P75 (-1 00 g+1\qg+1 g—1 '
_ 20 1 ( 20 \" _ _ ek (N
71—71(q)—q+1q <q1> s 2 =72(9) = qq7 (¢),
1 1
Fﬂea‘f'?—l

Ocroehbie pe3yavmamal

Teopema 1. llyctb 1 < p < g < ooum —o0 < m < n < oo. Hepaserncrso (8) BBINOJHEHO TOJA U TOJIBKO
Torza, Korja By 4(m,n) < co. IIpu srom

=

By q(m,n) < C < 2v B, 4(m,n), (9)

e
Yo < ag < min{~y;,7y2,4} npu g # 2; (10)

1
()
g = npu q = 2,

n C' — HanMeHbIIast NOCTOsHHAS B (8).
Cravaja JOKayKeM CJICLYIOIIYIO JIEMMY.
1

Jemma 2. lycrs f(A) = M, 1 < ¢ < oo. CymecTByeT To4Ka A TaKasd, 9TO

—1
Ay = 1+2\/5 u qi—ql < A < min{q, 2} npu ¢ # 2; (11)

. A2 VB4 T :

/{f;flf(A):f()\q):W n f()\z):<\/51> ) (12)
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W IIpU ¢ # 2 UMEeT MECTO OIEHKA,
Yo < f(Aq) <min{vy1,72,4}. (13)
Joxazameavcmeo. Oyuxuusa  f(A) wneupepbiBuo uddepenuupyema tpu A > 1 u Alir{l fA) = oo,
—1+

lim f(\) = co. CureioBaresbio, oHa umeer MEHUMYM. [IpousBonnyio GyHKIMU f IpencTaBuM B BHJIE
A—00

N=DT oy = Lo,

P = A—1 (A—1)2(\a — 1)

Ipn g = 2 mveem d(A) = A3 — 202 + 1 = (A = 1)(A?2 = A — 1). Orxyna d(X2) = f/(A2) = 0, te Ay = 15

1
_ . o o \/54—7 2
CiietoBaTeIbHO, IPU ¢ = 2 UMeeM ;\I;fl F) = f(h) = (—\/571) .

rie p(\) = youg — xig md(N) = AT —2X7 + 1.

=]

Temeps pacemorpuMm caayuait ¢ # 2. [lyereb A = 1 4 €, € > 0. Ilpumensist GopMysny KOHEUHBIX TPUPAIICHUI

Jlarpamxa, nmeeMm
(1+¢)4 1 1
—=——(-1).

(1+¢)4 1
A) = S> e
e (Y e " qg(l+e)9t e g¢e

(14e9—1

Otkynma ¢(A) > 0, a Tem cambiM f'(A) > 0 pu A > q.
Dyuxius d(N\) B Touke \ = % JIOCTUTAeT CBOEro MUHUMyMa, yObiBaeT mpu 1 < A < % U BO3pacTaeT

upu A > %. Tak kax d(2) =1 > 0, to d(A) > 0 u f'(A\) > 0 opu XA > 2. Takum obpasom, f'(A) > 0 upu
A > min{g, 2}.

"3 d(1) = 0 u y6sBanus dbyskuun d(A\) mpu 1 < A < qzﬁ cienyer, aro f/(A) < Ompn 1 < A < %.
ITosromy, B cuity HenpepbiBHOCTH GyHKIUK f’, CylecTByeT TOUKa Ag, yaoBierBopsiomias ycaosuio (11). Tak
kak f'(A\g) = ¢(A;) = 0 u TOUKa )\, ABJFETCA TOUKON HepecedeHUsl IPadGUKOB ABYX yObIBaommx GyHKImil
)\q)‘—jl u ﬁ, To dyukuus f(A) yoesaer mpu 1 < A < )\, Bo3pacraeT mpu A > A\, U B TOUKE )\, IPHHHMAET
MHUHHOMYM, T.€. ;\I;fl fA) = f(Ag)- Honcrasnas Al — 1 = A (A, — 1), BorTexatomee u3 ¢(\,) = 0, B BeIpaKenne

2

Ag), moayanm f(A,) = Ll Takum obpazom, BoimoaHeHO (12).

q q T

(Aq_l)q/
DOyuxius g(t) = £ T B TouKe { = % npunuMmaer MuHuMyM. Tak kak A, > %, o f(Ag) > ¢ (%).

(t-1)a
[TosTomy
2q 2q 2¢ \7 ( 2q \7

Ag) > = = . 14
f(Aq) g(qul) q+1<q+1> <q1 Y0(q) (14)

C npyroit croponbr, u3 (11) umeem

s <min {7 (20 sta) s (15)

q+1

Q=

Herpyzmo 3ameruts, uro f(2) < 4. Uz ¢(Ag) =0 u A\; < ¢ cienyer qfil > q_% i q(q — 1)% > (g9 —1)q.
[TosTomy

g(g* — 1) ¢’ LN
f@= D o T d () = ta) (16)
4 (¢—1)«
OHQHI/IMf(%):
1
2q 2q q—l)q ]q
) =" (1+—) 1] <
f(q+1> q—lK g+1 B
2q q—1 2q K 2q 1 2q i
< = =) = . 17
< 2t () ] et ()" =) a7)

U3 (14)—(17), ¢ yaerom f(2) < 4, numeem (13). Jlemma 2 goxazama.
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Joxazameavcmeo meopemov, 1. Heobxodumocmn. IlycTh BITOIHEHO HEPABEHCTBO (8) ¢ HAMMEHBIIEH OCTO-
auanoit C' > 0. Ilycts a,t, s, f — nesble dnciia, yuoBieTBopsitonue ycaoBuio m < a <t < s < [ < n.
IMocTpouM pobHYTO IOCIEIOBATELHOCTD Y = {yk } Ciaemyiomum obpa3oM

k=l =l N\T!
Z P; b ( Z Pi p) , a<k<t,
i=a—1 i=a—1

1, t<k<

Y N
Pi > g s<k<p,
=k i=s

m<k<awmpf<k<n.

Y = y;:,t,s,ﬁ’ _

K2

)

o
OueBugno, aro y €Y (m,n). Torga

n % t—1 1-p B 1-p %
<Z piAin”> = (Z p§p> + (Zp}p> (18)

i=a—1

(Z 'Ui|yi|q> q > (Z 'Ui> q . (19)

s (8), (18) u (19) umeem

s % -1 1-p 8 1—1’1%
(Zr) =e|(Z) lze) ]

i=t i=a—1
OTKyna, B CHJLy HE3aBUCUMOCTH JIEBOI 4acTU OT (v ¥ (3, a TaK»Ke He3aBUCUMOCTH IocTostHHONl C' oT ¢ U s, uMeeM

By 4(m,n) < C. (20)

Jocmamounocmo. Ilycrs By, 4(m,n) < co. Ilycrs y = {y;} 6}3 (m,n). He orpanuuusag OOIIHOCTH,
Oynem cumrath Y; > 0 jus Beex ¢. Ilyers A > 1. Jlna sroboro 1mesioro 4ucia k OIPEJEINM MHOYKECTBO
Ty = Te(\,y) = {i : y; > \*}. B cuny orpanmdennocTn MHOKecTBa {y;} cymecTsyer resoe wucio T = 7(y, \)
rakoe, uro Ty # @, Tr11 = @. Honoxum ATy, = Tp\Ti+1. Torna

[m,n]: LTJ Tk: LTJ ATk (21)

k=—o0 k=—o0

Ecmun n = oo, To [m,n] = [m,o00). U3 onpenenenus Ty u uz T; # © cuaeayer, uro T}, # @ upu Bcex k < 7.
Iycts k < 7. Muoxkecrso Ty npexcrasum B Buge T, = [t], s1], [t], s th, sk] = @ npu i # j. Homoxum

J

Ml =T Nt st Qe ={j : M}l # @} u nas j € Qp oupenenum x;, = min My, z], = max M. Torna t], < 7,
z <slu

Tiwr © | 2).4]), AT > | ([tg;,x;;—l]U[zg+1,s{;}). (22)

JEQ JEQ

IIyctn t{c < 1’7@ Torma
Y 1 S A, Yo > AL AR(A = 1) = AR 2P < Ypi =Y 1 =
v ) i 1
w{c—l Ifc—l 4 zfc—l P

=Y Aus Y | D plawl

) S ]
1=ty 1=ty 1=ty
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OTrkyna
zifl 1=p 1 zifl
k 1—p’
AP Z Pi < m Z pil Ay;[P.
i=t] i=t]
Amnajrornano, eciaun zi < si, TO
1-p Si
1 ,
- A A P
Zp < O\_l)p sz|Ayz| .
= zk i:zi
Iycrs 2z = s7.. Toraa Yoi =Yg > AR+ Ysi 11 = Yai 11 < M\eu
Sk
k ) ) — — .
A(A—Dﬁyd—%“Jf—A%i—E:PA%)
7/_Z‘IJC
Orkyna
1-p
pi
pk “k P — p
MWeps = E:p < oo Al = E:me
i= Zk = ZK
Amnajiornyso, ecyiu t‘,i = a?i, TO
:ci—l 1=p D 1 l'i—l
pk, . _ \pk 1—p’ < Tl P AVNTAL
A paj';c—l A Z Pi == 1)p|Ay;c-)7€_1| A — 1) Z pi| Ay;lP.
i=t; —1 i=t; —1
Hepagsencrsa (23)—(26) MoxkHO, 00beIMHUB, HAIIUCATEL B BUJIE
;ci—l 1=p zk—l
k 1—p’
AP Z pi ¥ S Z pil Ay;l?;
i=t~',i i= t’
s7, 1=p
1—p’
Z Pi P S Z pz|Ay1 y
i:fi i= zk
rie fi = ti, ecu ti < mi, u tz = ti — 1, eciin ti = xi Us B, 4(m,n) < 0o nmeem
aq
zi 1;71 1=p =p]»
S w < Bl mn) || D" E:/v
i:zi i= tJ i= Zk

ITonoxum

wk —{]EQk' ti<xi, zi<si}7wk71:{j€§2k k—xk, zk<sk}

w,iQ:{jer: . < a7, zi:si}, w;:{jeﬁk: t, = a7, zi:si};

+ _ 4+ + _ .+ - _ - - _ -
Ak,l = Wi UWW’ Ak,? = Wi ka,h Ak,l = Wi ka,la Ak,2 = Wi ka,2~

Ouesnuno, uto ;= wi | Jwr.1 | Jwr2 | Jwy . U3 coornomenus s ATy, B (22) unveem
) k , s k

AT | U el -0 |Ul U E+ 15

jeat, jeaf,
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Tenepb MbI TOTOBBI OLEHUTH JIEBYIO dacTh HepasBeHcTsa (18). asee GyzeM cuuTaTh, 9TO CyMMa, [O IIYCTOMY
MHOKECTBY paBHa Hym0. 1loaTomy mmeem

Z vily|? < A2 Z Vi, (31)

I€AT, 41 I€AT) 41

BHE 3aBHCHMOCTH, IrycToe MHOXKecTBO ATyy; wmmm Her. Mcnmosmssysa (21), (22), (31) u paseHCTBO

k
AR = (1-X79) Y A umeem

t=—o00

F= kalyk|q— Z Z vy < Z N\a(k+2) Z v; =

k=—00 1€ AT} 41 k=—c0 1€AT 41
T—1
=N A N g =2 Z > ow Z AT <
k=—o0 1E€EAT 41 k=—001€AT)K 41 t=—o0
T—1 T—1
SMAT=1) DAY N =M —1) Y A Y =
t=—o00 k>t i€ ATy t=—o00 1€EAT 1
T—1
=X —1) Y Ay Z v;. (32)
k=—oc0 JEQk j= xk

Hoacrasnsas (29) B (32), a 3atem npumenss (27), (28) u mepaserncrso Memcena, mosyamm

j 1-p j 1-p %
T z3,—1 k
1—p’ : 1—
F <X\ —1)B2 (m,n) Z Z PR Z p; ° + AP Zpi P <
k=—o00 jEQ izfi i:z,];
i s v
A — 1) - 3 -
< WBZ,q(m,n) Z Z Z pil Ay;l? + Z pil Ayi? : (33)
k=—00jeQ | i=§ i=2]
Tak xax
x 1 $£—1 sf;
> ZmAyzl’”erzIAyzlp =D | 2o pldul+ Y pilAul oAy P+
JEQ 1= t’ i= z,C jEw,:' i=tfC izzi-&-l
s]
+ D0 | P P X pilAB o Ay 17 +
JEwka =21 41
a:fcfl
3D sl 4 oAy | Y (pag By 7 e |Ay ) =
JEWk2 \ i=t] jEw,
xléfl
= X X sildulr+ Y Z pildyl” | +
jeal | i=t] JeAL ,i=z]+1

+ Z Pai 118, |7 + Z P.ilAy |7 | = Fii + Fro,
j€AL Je€ALUAY,
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TO, MOJICTABIIsSI TI0JIyYeHHOe PABEHCTBO B (33), numeeM

AT(NT — 1)
o

B ()

Ha ocnoBanuu (30) umeem Fj, 1 <
1EATY

aq
p

T ) | (34)

Z (Fr1+ Fi2)

k=—oc0

[

> pilAy;|P. Tlosromy

(35)

Z Frpq < Z Z pz|AyZ|p_sz|Ay1‘p'

k=—o k=—00 i€AT)

/\k+1

I < \F HpH]GAklPIZk

npu j € Ak 9 UAk 5, TO CYIIECTBYIOT IIEJIble THCJIa

Tak tj 1 =g <
ki = ki(k,j) < k, ky = ko(k,j) > k maxue, aro z, — 1 € ATy, j € Ay m 2l € ATy, j € AL ,UA[,

Ormernm, uro AT, = T,. TlosTomy

Z Fi2 <

k=—o00

Taxkum obpasoM, u3 (34), (35) u (36) nomyanm

SN 1)
P2 STl

nJI
n

> vilyil?

i=m

A
)

(

Z > pilAyil?

k=—oc0 i€ ATy

p,q

1)%

1
1 1 q _
) §2p7

1

(36)

ZyzlAyzl”.

S

<Z pszzl”>

P7q

(Z mlA%l”)

JleBast wacTb 3TOrO0 HEpAaBEHCTBa HE 3aBUCAT OT A > 1, modTomy, Oepst nndumym mo A > 1 B upaBoii qacTu

IIOJIYIM
q

j

n

Zvﬂyi\q

i=m

(

1
AAT—1)d
b

rae 0 = ff 25

<2va,B

n) (Z Pi|Ayi|p> )

T.e. HePABEHCTBO (18) BBIIOJIHEHO C OIEHKO

C< Q%anpﬂ(m, n)

JUIsA HamMenbIneit nocrosmuoit C, koropast BMecte ¢ (20) maer (9). Onenka (10) cienyer u3 jsemmsr 2. Teopema

1 nokazaHa.

Iocrpoum upocroit npumep. Ilycts m = 1 u n = 3. Torua nepasercrso (8) i y €Y (

n) uMeeT BUL

(valy2|1) e < Clp1|y2l? + p2|y2|p)%, U OHO BBIIIOJIHEHO TOIJA M TOJIBKO TOLJA, KO

1
q
Uy

2

> Vi '

q
=2 )

< 00,

=

Bp,q(173) = i
(p1+p2)7* l(

1 HamMeHblnas ero koucraunra C' = By 4(1,3), T.e
oo

Credemeue 1. Ilyetb 1l <p<g<oom y p%
i=1

U TOJIBKO TOrja, Korga By 4(1,00) < oo. IIpu sTom

B;UJI(L OO)
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SC<2» qu7q(1,oo),
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1
[e]
Cnencrsue 1 gaer KpuTepuii HEIIPEPHIBHOrO BJIOXKeHUsT F w,— lgw, T1€ lg, — COBOKYITHOCTB BCEX HOCJIEJIO-

BaTenabHocTeR y = {y;}5°,, 1T KOTOPBIX KOHETHa HOPMa

- L
Iyl = (D wvilwl?] . 1<qg<o0,
=1

1
[e]
npiraem Hopma || E|| omepatopa snoxenns E :w,— ;. coBmasaer ¢ Hamvenbreit moctosunoit C' B (2).

Jlonoanumenvruie pe3ysomani

00 1
1—p’ o
Teopema 2. Illyctb 1 < p < g < oo m z:lpi P < oo. Torga Broxkenue £ ‘W, —> lg» KOMIAKTHO TOTJIa 1
i=
TOJIBKO TOTJIQ, KOTJIa

lim (B,.4): = 0, (37)

t—o0
rae

(Bp,q)t = sup T-
s>t -1 1-p 00 1-p] P
<Z pip/> + <Z pi“)
=1 1=s

1
[e]
Aorazamenvcmeo.  Heobzodumocmo. llycrs siowenume FE :w,— l;, xommaxkTtHo. Torma mmoxectso

1
(o]

M ={y: yecuw, ||y||w11j < 1} orpaHIYeHO U OTHOCHTEJILHO KOMIIAKTHO B Iy .. [10 KpuTepuio us [9] orHOCHTEILHO
KOMIIAKTHOCTH OTPAHUTIEHHOr0 MHOXKECTBA B [, , IMeeM

o0
lim sup E vi|yi|? = 0. (38)
n—o0 yEM i—n
t N
ITycrs y@tsF = {y* 8,8 } — mocseoBaTEILHOCTD, BBEIEHHAs B HEOOXOAUMOI dacTu Teopembl 1 ipu m = 1
un = oo.

ITonmoxkum, aro

10

1-p7 —

B
DI : (39)

t—1 1-p
— onts,B _ ,ant,s,f 1-p’
rT=x =y E P;

i=a—1

ol
Torna uz y®ts» G}S' (1,00) m (18) cmemyer, uto x €w,, u HIHw; < 1. Buauur, x € M. Iycrs {a,t,s,8} =
={a,t,5,0: 1<a<t<s<f<oo}. Uz (38) umeem

oo

o0
0= lim sup Zv,;hmq > lim sup Zvi|x?’t’s’ﬁ|q >

n—oo yGIVI i n—oo {a,t,s,,@}

=n i=n

S
> i
1=t

> lim sup = 7 = lim (B )¢,

— t—=00 SZt -1 ) , l—p o . , 1_p re) t—o0
—p —p
(zpz- ) n (zpi )
=1

=5

T.€. BbIIOJHEHO (37).
Locmamowrnocmo. Ilyers semmonneno (37). Torma merpyano 3amerurs, 9ro By (1, 00) < oo. Ilyctb n > 1 1

M,={y:y % (n,00), |lyllwy < 1}. Tax kax Byp,4(1,00) > By q(n,00), To Ha OcHOBaHUH Teopembl 1 nMeeM

q

Zvi\yir] < 2%anp,q(n, ), y € M,,. (40)
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W3 onpenenenus By, 4(n,00) caegyer, 4ro

Q=

()
B, 4(n,00) < sup =t - = sup(By ¢)t- (41)

s>t>n t—1 Ly 1-p SR 1-p]» t>n
> P +{ 2 p
i=1 i=s

Iycts n > 1. Jna y € My oupenenum nocsenosarensHocts y" = {y?'} rakyio, uro y! = y, n yI = 0 npn
i # n. Honoxnm z; = y; — y', i > n. Torma z = {%}2,, € M, Ilosromy na ocroBanun (40) n (41) numeem

Q=

o0 q [e9) q
lim sup v; |lyi|? < lim sup vilyi —yt? | + hm sup vi|lyit|? =
Jim sup. ; ilyil Jim sup ; ilyi — 7 up ; il
1
oo q
= nlgr;@ zselllvll)n Zvi\zﬂq + hm UpYn < 2paq nh%rr;o Egp(Bp t = hm (Bp )t =0. (42)

i=n
1

Baecs lim v,y, = 0 B cuty y €Y (1,00). Tak kak Y (1,00) Bcrogy mwioTHO B 1(1))17,
n—oo

1
o
Cnenosarenbuo, sroxenne E :w,— l; , komnaktao. Teopema 2 noxkaszana.

CymecrBennoit HopMoit oneparopa A, meficTByIomero m3 6aHaxXOBOrO MpocTpaHcTBa X B GAHAXOBO IPO-
CTPAHCTBO Z, Ha3biBaeTcsd IuCIIO || Alless = inf [|A —T||x—z, rae K — COBOKYIHOCTb KOMIIAKTHBIX OIIEPATOPOB
TEK

s X B 2. L

Teopema 3. Ilycte 1 < p < ¢ < oo. Torma 7jist CymecTBEHHON HOPMBI omepaTopa BioxKeHus F :”Lcl))p—> lgw

To u3 (42) umeem (38).

1 1 .
CIIPaBEIJINBA, OIEHKa 27 < ||E||essfy;; <2vqy, THE Vp g = thm sup(Bp,q)t-
i .

Jokasamesvemeo. Ilycrs {t;} — nociaeoBaTeIbHOCTD TIEJIBIX YHUCET TaKasl, YTO by — 00 Ipu k — 00 U

lim (B q)s, = lim sup(Bp q):.

k—oo ’ t—o0

W3 onpeieiennst BeJIMIUHbBI (Bp’q)t JJIST KazKJIoTo tj, CyIIeCcTBYeT IleJIoe YUCIIO S = sk(tk) > tj Takoe, 4YTO

Q=

Sk
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1=ty

(Bp,q)tk = 1i- (43)

tr—1 o 1-p o
( 2:1 Pi p) + Z Pi
i=

1=S8k

IIyctb  — HaumbouibIlee, a B — HAWMEHbIIee IeJIble YUCJIA, JJIs KOTOPBIX BBIIOJHEHB HEPABEHCTBA

tp—1 tp—1

oo B
ILRELI STCED WRE) 3ind (1)

i1=ar—1 1=Sg i=8Sp
[ycrs xtv = g@-tese:Br — nocenoparensuocts (39) npu o = ay, t = tg, § = s u 3 = Bj. dcuo, uro
1
o . ) .
xt cw,, sup H:ctk||wé <1u lim z* = 0 iz Beex i > 1. Kpome toro, u3 (19) npu m = 1 u n = 0o BMecTe ¢
k k—o0

(43) u (44) umeem

1
: tr = 9
lim [lz**||;, , > 27" lim (Bpq)e, = =2 Yp.q-
k—o0 k—o0
ol
Iyers T' — nponspoLHbI KOMIAKTHBI OnepaTop i3 U/ B lgy. Us khm zt* =0 nas seex i > 1 creyer,
— 00

YTO [OCIEA0BATENBHOCTD {{)} cxoquTes K Hy/mo caabo B [, ,. Torna khm [Tz, , =0mn
—00 ’

lim [z = Ty, > Hm [z, = 172",
k—o0 ) )

q,v —

1
= lim o, , = 27 3.
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DTO 03HAYAET, UTO
1
inf ||EF—T|o: > 27y, .. 45
=T, 2279, (45)
1
O6o3naunm uepes Ty, n > 1, oneparop, JeldcTBYIONMNA 13 1(1)11, B lg cilemyromum obpasom: Ty = y™ mis

ol

JI060T0 Y €W, T/Ie Tocaea0BaTeIbHoCTh ¥ = {Yf' }2, Takast, uto yi' = y; upu 1 <i <nu y; =0 npu i > n.

OueBnaHo, 9T0 oneparop 1, KOMIAKTEH U3 &p B ly,. Torma y — Ty € M,, u, B cuiry (40) u (41), umeem

1
00 q
1
lly — Ty”lq,v = <§ Ui|yi|q> <2raq fgp(BP,q)t-
. n
=n

3uaunr,

. 1
A B =Tl =20 aqpa

D10 HepaBeHCTBO U (45) J0Ka3bIBAET TEOpEMy 3.
B kadecTBe mpuMepa paccMOTPUM CIEKTPATBHYIO 38Ty

—A(piAyi) = MNiy1¥it1, 1= 1,2, ... (46)

¢ yciosueM Jlupuxite
11 =0, Yoo = lim y; = 0. (47)
71— 00

Ha ocnoBanuu reopembl Pesnnxa uzydenue crexrpa 3a1a4uu (46) u (47) MOXKHO CBeCTH K U3y YEHUIO OIIEPATOPa
1
o
E :wy— la, (em. [10, nmasa VI]). Torpa reopembl 1-3 OPUBOJAT K CIIEAYIOMUM PE3YILTATAM.
o0

Teopema 4. Tycrs > p;t < oo. Torna
i=1
(i) HoKHsS rpaHua crnektpa 3agadn (46) u (47) orieneHa OT HyJs TOIJA M TOJBKO TOTJA, KOTJA

B272(1,OO) < 00,
(ii) cmexTp 3amaqan (46) u (47) AUCKPETEH, €CJIU ¥ TOIBLKO €CJIN tlim (B2,2)t = 0;
— 00
(iii) gyt HEDKHEH TpaHM g TOYKH HAKOIUIEHHsI crekTpa 3agaqdu (46) u (47) cropaBenBa OleHKa

1
1, -2 2 1 _ (V5472
20" S Yy < 5, THE Gy = (ﬁ) .

Paboma evinosrena npu gunarncosot noddepocke Murucmepemea nayku u obpasosarus Kazaxcmana. I'parm
Ne 5495/GF4 no nanpasaenuto « Anmearexmyaivivili nomenyuanl Cmparss.
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A. Kansibait, P. Oitnapos, C. [Ilasrunbaesa

ABIPBIMABIK, TYPJEri JUCKPEeTTi caJMaKThl Xapau TeHCI3airi

Maxkasnazma aflbIpBIMIBIK, TYP/AE Ka3bLIFaH CAJIMaKTapbl 6ap AUCKPETTI Xapaw TEHCI3IriHIH OPBIHIAJIYbI
VIMH KaXKeTT1 »KoHe »KEeTKUTKTI maprrap Tabbliran. Ecenr dUHUTTI TiZ30eKTep »KUBIHBIHIA 3epTTeIl. by
MaKaJIaHbIH HEri3ri HOTHXKeCi 3epTTEeeTiH TEHCI3IIKTIH HAKTbl KOHCTAHTACBHIHBIH, OarajaysiapblH ajgy 0o-
sein Tabbutael. Ockl Garasmaynap Keiibip aflbIPDBIMIBIK TeHIEYAEPAiH, TepOeiMIiIiri koHe TepbeTiMci3miri
MIAPTTapbl CUAKTHI CAlAJIbIK, KACUETTEPIH aHBIKTAY VIIIH KOJJAaHbLIaAbl. Byran Koca, OChl HETi3ri HOTHKe-
JIepiHiH cayapbl peTiHge 6i3 Keilbip KeHICTIKTep/IiH eHri3iayin »koHe OyJI eHri3iyiHiH IIaFrbiH GOJIYBIHBIH
KpuTepuityiepin TabaMbI3.

Kiam cosdep: Xapau TeHCI3AIr1, caaMakThl Ti30eKTep, omepaTop, Ti36eKTep KEeHICTIri, eHrisiay, TeHcismik.

A. Kalybay, R. Oinarov, S. Shalginbayeva

Discrete weighted Hardy inequality in difference form

In this paper we find necessary and sufficient conditions for the fulfillment of the discrete Hardy inequality
with weights written in the difference form. The problem is investigated on the set of finitely supported
sequences. The key result of this article is finding of estimates for the exact constant of this inequality. These
estimates will be later used to establish qualitative characteristics, such as oscillation and non-oscillation
conditions, of certain difference equations. Moreover, as a consequence of the main results, we find criteria
for the embedding of some spaces and for the compactness of this embedding.

Keywords: Hardy inequality, weighted sequences, operator, space of sequences, embedding, compactness.
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AcuMmniToTnyeckoe pas3iiokeHre penieHusl CUHTYJISIPHO
BO3MYIIIEHHOII KpaeBoOil 3aa9i C TPAHUYHbIMUA CKadYKaMU

B crarpe paccmorpena cuHTYyISSpHO BO3MYIIEHHAsT 00IIast KpaeBas 3aa4a s udOepeHnaabHOrO ypas-
HEHUsI TPEThEro MOPsIJIKA B YCJIOBHO yCTOWYNBOM ciry4ae. OmpeiesieH BUJ aCUMIITOTUKU UCKOMOT'O PEIIeHUsT
C TOMOIIBIO YCTAHOBJIEHHBIX ACHMIITOTUIECKUX OIEHOK PEIIEeHUs] UCCIEIyeMOi CHHTY/ISIPHO BO3MYIIEHHOMN
KpaeBoil 3agaun. Onnucad aJropuTM, MPU MOMOIIHA KOTOPOTO OMPEIEISIIOTCS MOCTEOBATEIBHO BCE JIEHDI
aCHMIITOTMYECKOI'O PA3JIOXKEHUsI JJIs PACCMaTPUBAEMOI 3a/adu. YCTaHOBJIEHBI SKCIIOHEHIMAIbHBIE OIeH-
KU JIJIsl TOTPaHUIHBIX (hyHKImiA. [loydena oneHka acCHMITOTHYECKON TOYHOCTH, KOTOPYIO JIaeT YaCcTUIHAST
CyMMa aCHMITOTHYECKOTO PA3JIOXKEHUS PENIeHNsT PACCMATPUBAEMOI CHHTYJISIPHO BO3MYIIIEHHOH 001l Kpa-
eBoit 3aga4n. Jlokazana TeopemMa O CyIIeCTBOBaHUH, €AUHCTBEHHOCTH ¥ CIIPABEIJIMBOCTH aCUMIITOTHIECKOTO
pa3/IoKeHUsl pelreHnsl Kpaepoii 3agaun. VccaeaoBanbl BOMPOCHI MPEIETBHOTO MTEPEXOA PEIIEHUs] BO3MY-
IIEHHOM 33/1a9¥ K PEIEeHNI0 HEBO3MYIIEHHOM 3a/1a9/ IPU CTPEMJICHIH MAJIOr0 HapaMeTpa K HYJIIO, CyIIe-
CTBOBaHUS SIBJICHHs] TPAHUYHBIX CKadKoB. Haiinenbl popMyIIbl 1Jisi TPAHMYHBIX CKAYKOB, HOPSIJIKA CKAIKOB.

Krouesvie crosa: nuddepeHInaipHble ypaBHEHNS, CUHTYJIIPHBIE BO3MYIIIEHNsI, KDaeBas 33/1a4a, 'PDAHUYHbIE
CKa4YKM, MaJbli IapaMeTp, aCUMITOTHKA, IIPeJe/IbHBIN IIepexos.

Beederue

Jist TOCTPOEHUsT ACUMITOTHYECKUX TPUOIUKEHUIT PEIeHN HEKOTOPBIX CUHTYISPHO BO3MYIIEHHBIX KpPa-
€BBbIX 33/1a9 BO3HUKAET BOIPOC O IPEJIBAPUTEIBHOM OIIPEJEJIEHNN XapaKTepa POCTa ITPOU3BOJIHBIX HCKOMOT'O
pellleHns B TPAHUYHONU TOYKE MPU CTPEMJIEHUHM MAJIOTO MapameTpa K Hy/ao. K TakuMm 3amadaM MOXKHO OTHe-
CTH KpaeBble 33JIa4K ¢ HadalbHbIMU cKaukamu [1, 2]. B [3, 4] Bbluesenbl Kaacchl KpaeBbIxX 3a1ad, 00JIaIAl0NX
SIBJIEHUEM HAYAJBHBIX CKAYKOB, TOJIYyY€Hbl AaCHMITOTHIECKHUE OIEHKN perteHus 3TuX 3aa9. OHAKO B 9TUX pa-
6oTax HUYErO HE NOBOPUTCS O TOYHOCTU ACHMIITOTHYECKUX HPHUOJMKeHHil. EcTecTBeHHO mMOCTaBUTH BOIIPOC O
MOJIy4EHUY PABHOMEPHO# aCMMIITOTUKM PEIIEHUS U UX MTPOU3BOJIHBIX C TOYHOCTBIO /10 POU3BOJILHOTO TTOPSJIKA.
VMeHHO 3TO U SABJISIETCS TeJIBI0 HACTOAIIEH pabOTHI.

Hocmanoska 3adavwu. PaccMoTpuM CIteyIOIIy0 CHHTYIISPHO BO3MYIIEHHYIO KPAEBYIO 3a/1a9y:

Ley=ce%" +eA(t)y’ + B(t)y + C(t)y = F(t); (1)

L1y = a10y(0,€) + any'(0,€) + froy(1,€) = aus,
Loy = an1y'(0,€) + fa0y(1,€) = as;, (2)
L3y = asoy(0,€) + B30y(1, €) = as,
rie € > 0 — MaJIblil apaMeTp; a;, Qj, Bi; — KOHCTAHTHL
B paGore [1] 6bun yCTAHOBIEHBI CIIEYIONINE TIPEJIETbHBIE DABEHCTBA!

lim y (t.2) =7 (1), ogtg1,lir%y<j>(t,a)=g<j>(t), 0<t<l1, j=1,2, (3)
E—r E—r

rae y(t,e) — pemenue 3zamaau (1), (2); ¥ (f) — pemenue COOTBETCTBYIOIIEH BBHIPOKICHHON 3amauun. I3
(3) Bummo, uro 7Y (t), j = 1,2, MOXKHO HCIOIB30BATH B KAUECTBE ACHMITOTHYCCKOTO MPUO/IIKEHMIS
k y9) (t,€), j = 1,2, Tompko Ha mpomexxyTie 0 < to(e) < t < t1(g) < 1, IpIdIeM STH IPeIETbHbIC PABCHCTBA, HII-
YEero He FOBOPAT O TOYHOCTHU STHX MPUOIMZKEHUA. ECTEeCTBEHHO MOCTABUTD BOIPOC O HOJyIeHHH PABHOMEPHOTO
npuUbIMKEHH ¢ JII000H TOYHOCTBIO TI0 MAJIOMY [apaMeTpy.
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HocmpoeHue ACUMNMOMUYECKO20 PA3AOHCEHUA PEULEHUA npaeeoﬁ 3adau

g nocrpoenns acumnroruku perenns 3aga4u (1), (2) norpefyem BbIOJTHEHNsI CJIELY IO YCIOBHUIL:

L IIyemo xoappunyuenmo, A(t), B(t), C(t) u npasas wacmo F(t) ypasnenus (1) docmamounoe wucao pas
dugppepenyupyemo, na ompesxe 0 <t < 1.

1I. Hycmb B(t) 7’5 0 npu te [0, 1] U Q= 04100421530 — Oé300421ﬁ10 + 04110530ﬂ20 7é 0.

1I1. Jlonoarumensroe raparxmepucmuieckoe yYypasHeHue

pd + At)u® + B(t)u =0

uMeem padsuvHble KOPHU (11, fo, 3, npudem w1 = 0, Reps < 0, Repus > 0.
Vcxonst u3 onenku (18) paborsl [1], 3akiarogaeM, 94TO aCUMITOTHYIECKOE PA3jIoXKeHue peneHust 3ajaqn (1),
(2) cemyer nckarb B BUJIE

y(te) =y (t) teus (1) +we(s), T=—, s= ,0<t<1 (4)

IMoncrasum (4) B (1):

Bu. 1 d3w,

2, m 1 " idzus idzws
Sye () + dr3 + e ds3 ted() (ye (&) + €2 dr? + €2 ds?
, du. 1dw,
+B(0) () + e 4 2 0 (1) 2w () 4w () = F (). )

Tenepn, npupasiuBas B (5) BbIPasKeHUsl, 3aBUCAIIUE OT t, TH § 10 OTJEJHHOCTH, HOJTYIaeM:

2yl (1) +eA )yl (8) + B (1) yl (1) + C (1) ye (1) = F (1) ; (6)
d>u, du, du,
73 + Aler) 72 + B (eT) = +eC(em)ue (1) =0 (7)
dPw, Pw, dw,
73 +A(1+es) 72 + B(1+es) T +eC(1+es)w.(s)=0 (8)

Pemenue ypasuenus (6) uieM B BUJIE PA3JIOKEHUST

Ye (£) = yo (£) +eyn () + %2 (1) + ..., (9)

a pemenus (7) u (8) B Buje
ue (1) = o (1) + eup (1) + %ug (1) + ... . (10)
we () = wo () + wuy (s) + 2wy (5) + ... . (11)

Hoxncrasugas (9) B (6) u npupasHuBas K03bOUIUEHTHI IPU OJUHAKOBBIX CTEIIEHAX £, TOJIyTaeM:

B(t)yo (1) +C(H)yo (t) = F(1); (12)o
B)yy(t)+C (&) y1 (t) = —A(t) yo (1); (12),
B(t)y, () +C @) ye (t) = —At) g1 (1) =y (1) (12)k

Teneps, nojcrasisis (10) B (7), npeacrasnsis A (e7), B (e7), C(£T) B psiibl IO CTENEHSAM € U IPUPABHABAS
BBIPAKCHUS CTOSANIUX IIPH OJIMHAKOBDIX CTEIEHX €, HAXO/IM:

d3u0 d2U0 dUO
A B(0)— =0; 1
dr3 0) dr? +B(0) dr 0 (13)o
dBPuy d?uq duy
A B0)— =2 ; 1
dr3 (0) dr2 + (O) dr 1 (T) ) ( 3)1

48 Bectnuk Kaparanmauickoro yHUBepcuTeTa



AcuMITOTHYECKOE PA3JIOXKEHNE PEIIEHNS]. ..

d?’uk d2uk duk
A T 4 BOTE = e(r) k=23, (13)1
rie
A (0)T B (0)r
@, (1) = -0 %4 () - ﬁﬂuﬂﬂ+cu ()
ko (i ; k—1 k
A@D (0) 7 B(]) CU=1 (0) i1
o (r) = -3 O - RO A I
j=1 J: §=0 j=1 (- 1

3/1eCh TOUKH CBEPXY O3HAYAIOT IIPOU3BOJHBIE IO T.
Ananornuno, nozgcrasisst (11) B (8), npencrasisis A (1 +¢es), B(1+es), C(1+es) B paipl 00 CTENEHIM
€ W IIPUPABHUBAS BBIPAXKEHUS CTOAIINX IIPH OJIMHAKOBBIX CTEHEHIX & HAXOJUM:

dPwyg d>wy dwg
T AT B (o) (19
ds® ds? ds _1h !
dPwy, d*wy, dwy,
dS?’ +A(1) d82 +B(1) ds _Pk (S) ) k_2737~--7 (15)k
e
A (1) s . B'(1)s .
P (s) = —%wo (s) — §|) wp () + C(Dwg (s);
Zk: AD (1) ) 2 BU (1) ) Z CU=1 (1) s71 ” (16)
=y i (8) = Y ——L i (8) = Y ——————wp_; (8).
= e = £ = G- e

311ech TOUKH CBEPXY O3HAYAIOT HPOU3BOJHBIE 110 S.
st opso3HauHoro onpegenenus yy, (t), ug (1), wg(s) moxcrasum pasnoxenus (4), (9), (10), (11) B xkpaesble
ycsosus (2):

10 (Y0 (0) + ey1 (0) + .. 4+ Fyx (0) + ... + euo (0) + £%uq (0) + oo + ¥ up—y (0) +...) +

+ar1 (¥ (0) + ey (0) + ... + €y, (0) + ... + 1o (0) + ety (0) + ... + ¥y, (0) +...) +
+510 (Yo (1) +ey1 (1) + ... + e¥yp (1) + ... 4+ wp (0) + ewq (0) + ... +"wy (0) +...) = ax;
a1 (¥h (0) + ey/; (0) + .. 4+ ¥y (0) + ... + 110 (0) + £ty (0) + ... + ™1k (0) +...) +
+B20 (yo (1) +ey1 (1) + ... +e¥yp (1) + ... +wp (0) 4+ cwy (0) + ... + Fwy (0) + ...) = ay;
30 (Yo (0) + ey1 (0) + ... + ¥k (0) + ... + euo (0) + £%uq (0) + ... + eFup—y (0) +...) +
+830 (30 (1) +y1 (1) + o + €8x (1) + oo+ wp (0) + ewy (0) + ... + Fwy (0) +...) = aa.
Orcrosia, IpUpaBHUBAsT BBIPAXKEHUsI CTOSIIIUX TIPU OJIMHAKOBBIX CTEIEHSX £, MOy IaeM:
Liyo + a1 (0) + Browo (0) = ay;
Layo + aa1tip (0) + Bowo (0) = az; (17)
L3yo + Baowo (0) = as;
Lyyx + a1y (0) + Browk (0) = —arouk—1 (0);
Loy, + azyiy (0) + Baowy (0) = 0; (18)
Layk + Bsow (0) = —azouk—1 (0).
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CnesnoBaresibHO, yeiaoBue JJisi pemenust §(t) BbIpoxKjieHHOrO ypasHeHus (12)g MoxkHO nosyants u3 (17) B
BUJIE

Hy=ay(0) =a, (19)

rae & = ajo021B30 — az0021 810 + 11030520, @ = 2103001 — 1183002 + (11820 — @21 B10)as, 9TO ABISETCH
OJIHUM U3 0cOOeHHOCTEN uccseryemoit 3agaqu. Yciaosus I, 11 mozBosistior onpenesuts pemenue §(t) BBIPOXKIEHHON
sagaan (12)g, (19) oxuosnauno Ha orpeske 0 < ¢t < 1:

() =a"®) /1 Zigggdw'(ﬂ = duﬁét) + /1 nggig dot 28

o
O6parnmcest K cucreme (17). Vcnonbsyst nepsble jiBa ypaBHeHust cucreMbl (17) u HavanbHoe yeaosue (19),
HOJTy daeM:

y

o (0) = =20, (20)
i (0) = (:I_&T%(O)’ (21)

IJie G = Q103002 — Q2103001 + 211003, @ = 3082001 — 1082003 + (10830 — 30310)a2-
Teneps B (15)0, ucHonb3yst KOpeHb p = ug, rae Reps > 0, u ycaosue (20), nouaydaem:

a — ayo (1 a — ayo (1
wo (s) = %yo()eus(l)s’ s < 0310 (5) = ug(l)%}m()el‘m)s, $s<0 (22)

Awnanoruuno B (13)¢ ucnosnb3ys KOpenb = fig, rae Reps < 0, u yeaosue (21), noxygaem:

. . a — ay, (0) p2(0)T _ a — ay (0) p2(0)T
U (1) = — ¢ , ug (1) = 20)a e (23)
Kpowme Toro, n3 (22) u (23) naxonum
@ — ayo (1 a — ay} (0
i (s) = ug(l)%}’o()e#s(l)s’ §<0; i (1) = [LQ(O)LZJO()BHZ(O)T. (24)

W3 dbopmya (22)—(24) ms wo (s) , o (8), Wo (8), uo (T), Go (7) , o (T) HOTYINM SKCIOHEHIHATBHBIE OIIEHKH
()| < KO, r=0; [l ()] < Ke 2 s <0, j=0,1,2 (25)

Wrak, II0CTPOEHBI WIEHBI ACUMIITOTUKHA HyJIEBOIO OPsIKa. B ¢BoIO oyepe b u3 cucreMbr (18)y, oupeensiorcs
Ha4aJIbHbIE yCJIOBUS

Y(0) = ur—1(0), wi(0) = yk(0), @ (0) = —yy(1). (26)%
Tenepnb o6parumcst K ypasaenuto (12); u ycioBusam (26)1. OTkyzna mosydaem 3auady

B(t)y) () + C(#)yr (t) = —A(t) yg (£),51(0) = uo(0).

Orcrona onpenensiercst yy(t) mpu 0 < ¢ < 1.
Hanee obparumcst K ypasaerusim (15)1, (17); u pasercrsam (22). OTKysa nosydaeM 3a1a49u

d3’w1 d2w1 dw1

A(l)— +B(1)— = P. 01 (0) = 1): 27
L AT 5™ = by (). (0) = 1 (1) (27)
T 0B 4 p0) 2~ 0, (1) i (0) = =] (0) (28)
dr3 dr? dr ! i ! ’
Fﬂe B B
Dy (1) = eh2(0)7 Dy (1), 7>0,P(s) =P (s) 6“3(1)5, 5 <0,
(i]_ (T) — MHOTI'OYJIcH HepBOI?'I CTelleH OTHOCUTEJIBHO 7-; p]_ (S) — MHOI'OYJICH HepBOfI CTelleHu OTHOCUTEJIBHO S.

Torma, B cuiy yeaosug 111, 3anaua (27) umeer perierne

by (s) =y (1) e’2 W 52 (5)ersMs 5 <0, (29)
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rie dyuknus z1 (8) — MHOrOUJIeH nepBoit crenenu. 13 (29), ucnonn3ys tpebosanus w (s) — 0 mpu s — —o0,
HOJTy 9aeM:

v () s /700 3 (1)p v (1) /700 (1)
wy (s) = —=e 5 — z e dp, s <0,w;(0)= — z et3\ WP dp;
1 (s) () o 1(p) p 1 (0) B P 1(p) p
i1 (s) = pa(Dyr (1) e D® 4 (21 (s) + 521 (5) + 521 (s) pa(1)) e, s <0, (30)
B cuny yenosus 111 3amada (28) mmeer perenune
01 (1) = =y, (0) 2O 4 72 (1) 207 7> 0. (31)

3nech dyakms x1 (7) — MHOTOWIEH neppoii crenern. OTcroa, UCIOB3yst TpeboBanust u1 (7) — 0 mpu 7 — 400,
oIy 9aeM:

uy (7_) _ _yi (O> eug(O)T _ /Oopx1 (p) eug(O)pdp U (0> _ _yll (0) _ /oopxl (p) eug(O)pdp7 (32)
,UQ(O) T /1‘2(0) 0
a TaK>Ke nmMeeM
in (1) = =91 (0) p2(0)e"*O7 + (w1 (7) + 727 (7) + 71 (1) p2(0)) 27, 7 > 0. (33)

U3 dbopmya (29)—(33) BeITekaoT oreHKN Jyist wy (s), Wy (s), Wy (s), u1 (1), U1 (1), U1 (T):
‘u(j)(T)‘ < Kef207 7>, ‘w%j)(s)’ < Kefs(Ws g <0, j=0,1,2. (34)

Taxum 06pa30M, OIpeIesIeHbl YJIeHbl pasyoxenus (4) ¢ Homepom 1.

Omnpenenenye creayOMUX WICHOB aCAMITOTHKI IPOXOIUT II0 TAKOH 2Ke cxeMe a1 roooro k > 2. IlomycTum,
YTO y2Ke OIIPEJIeJIeHbI BCe WIEHBI ¢ HoMepaMu J10 k—1 BKIIoUnTes1bHO, IpudeM Jjist dyakuuit w; (s), w; (s), i; (s),
u; (1), w; (1), 4;(r), i=0,1,....,k — 1, momyvatorcsa Beipaxkerns tuna (22)—(24), (29)—(33):

i (1) =~ (0) pa ()" O 4 (a (7) + 72 (7) + 7 24 (7) paf0)) 27 7 > 0.

u; (1) = —y. (0) e O7 4 o, (1) et >, (35)

u; (1) = EACWROLS /Oopxi (p) " OPdp, 7> 0.
12(0) r -

i (s) = pa(Lyi (1) W 4 (2 (s) + s2{ (s) +s2i (s) pa(1)) =D, s <0,

w; (8) =y, (1) ets()s 4 g (s) etsMs g <. (36)
) — 00
w; (8) = v (1) ehaDs _ / pzi (p) e’ MPdp s <0.
N3(1) s

OTCIOJIA [IOCJIEIOBATEIBHO TIOJydaeM, 4To GyHkmma w; (8), w; (s), 4; (s), (i = 0,1,....,k — 1), upu s — —o0,
dyukumn w; (1), U (1), U; (1), (i =0,1,....k — 1), upu 7 — 400 GyLyT IKCIOHEHIIUAILHO YOBIBAIOIIMU:

(ugﬂ')(T)‘ < KemO7 1>, ‘ng)(s)’ < KemMs s<0, j=0,1,2. (37)
Torya u3 (12)k , (26)) moaydnm 3amady
Bt)ye () +C () yx () = =A®) yi—1 (1) =y 2 (), yx(0) = ug—1(0).

Orcrona opnozuagHo onpejessgercs Yy (t) upu 0 < ¢ < 1.

Pacemorpum @y, (1), Pi (s) u3 (14), (16), rme Py (7) BbIpaxkaercss depes UZ(-j)(T) (j =0,1,2; i < k),
a Py (s) — uepes w(s) (j = 0,1,2; i < k). Torma ¢ yuerom (22)—(24), (29)~(33), (35), (36) dpynxuym
Oy, (7),P (8) 3anMCHIBAIOTCS B BHJIE
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Dy (1) = 207 G, (r); 7>0,P;(s) = P, (s) ets()s , <0, (38)

®y, (T) — MHOrOU/IEH TIEPBOii CTENEHN OTHOCHTEIBHO T;5 Py, (§) — MHOIOWIEH IEPBOi CTEIIEHH OTHOCHTEILHO S.
C yuerom (38) u3 (13)y , (15) mist wy, (7), uk (T7) mosydaem ypaBHEHMe

dgwk dzwk dwk ~ s
= TAQ S +B)—= = Fi(s) et 5 <0; (39)
d3uk d2uk d’LLk p2(0)T &

Pemas (49), (50) ¢ yaerom (26)y:

wi(0) = yr(1), 1wk (0) = —y;(1),

HOJTydaeM peleHus
g (1) = =y, (1) 27T 4oy (1) et2(0)7 , T >0; (41)

g (1) =y (1) "M 452 (5) esDs 5 <0, (42)

Pemast (41), (42), ¢ yaerom tpeGosanuit uy (7) — 0 mpu 7 — 400, wy (1) — 0 upu s — —o0, HoIyIaeM
peleHus

yfg (0) 0 > (@
uk (1) = =5 el —/ pay (p) e OPdp, > 0;
2 T
Y. (1) 1 o 1
wg (T) = — ets(D)s —/ P2 (p) e WPdp, s <0. (43)
M3(1) s

1 HadaJIbHbIC yCJIOBUA

w0) = =B [ e Orap ()=~ [ yenray g
ns(1)  Jo 0

s (41), (42) 6yaem nmeTs

iy, (8) = —pa(L)yg (1) €% 4 (21 () + 524, (5) + 521 () pa(1) M5 < 0;

iig (1) = =y (0) u2(0)e2O7 4 (2 (1) + 72, (7) 4+ 725 (7) 2(0)) €207 7 > 0. (45)
s (41), (52), (43), (45) BBITEKAET CHPABEIIIMBOCTD CJIEIYIONIUX OIEHOK:

‘u;ﬁ(ﬂ’ < Ke2O7 7> ’w,@(s)’ < Kefs(Ms 5<0, j=0,1,2. (46)
Takum 06paszom, wWieHbl pasiokenus (4) upu Bcex k = 1,2, ... HOCTPOEHBI.
Jloxazamesvcmeo cnpasedsu6ocmu acuMNMOMUNECK020 PASAONCCHUA PEWEHUA KPaesot 3adauu

Jnst moKasaTesbCTBa CIPABEIJIMBOCTH ACHMITOTHIECKOTO pa3JioxkeHust pemenus 3amaan (1), (2) ompene-

JuM wieHbl pasznoxkenus (4), (9)—(11) mo HOMepa N BKJIHOYMTENBHO M 00pasyeM dacTuuHyo cymmy Yy (t,€)
pasnoxkenns (4):

N N N
L AW wr (21 o
Yy (t,e) = kgzos Yk (t) —i—skE:O & (s) € +’§:0 E < a )5 . (47)

Jemma. ycmo evinoanenv, yeaosus I-II1. Toeda dynruun Y (t,€), ewpasicaeman dopmyaot (47), ydo-
6AEMEOPAEM CUNRYAAPHO 603Mywennyto dadawy (1), (2) ¢ mowrnocmuio nopadka O (eNT1) npu e — 0:
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LYy (te)—F(@#)=0 "), 0<t<1; (48)
LiYy —a1 = O(ENTY), LYy —as =0 (exp (%)) . LYy —az =0 (eNH1)

Joxazamesvbcmeo JeMMBbl HEHOCDEICTBEHHO CJIelyeT U3 CaMoro crocoba mocrpoenus (yHKuuii yi (1),
Wk (T) .

Teopema. Ilycmov evinoanenovr yeaosus I-I11. Tozda npu docmamouno manvix € > 0 na ceemenme 0 <t <1
pewenue 3adavwu (1), (2) cywecmsyem, eduncmeenno u YoosAemMEOPAEM OUEHKE

y(t,e)=Yn(t,e)+O (N, 0<t <1 (49)

Joxasameavemeo. Tonoxum R (t,e) = y (t,€) —Yn (t,€), e y (t,€) — pemenne 3amaun (1), (2); Yy (¢,&) —
vacTuuHas cymma passoxenus (4). Tloncrasus y (t,e) = R (t,e) + Yn (¢, €) B 3amaay (1), (2), mag ocraTogHoro
wiena R (t,€) nosmydum 3amady

L.R=e*R" +cAt)R"+B(t)R' +C(t) R=F (t,¢); (50)
LiR=a; — LYy =0V, LyR= as— LoYy = —H(t,e), L3R = a3 — LsYy = O (V1) , (51)

e F (t,e) = F (t) — [2Y +eA(t) Y]+ B(t) Y + C (t) Yn| , xoTopas B cuiy (49), yaoBnersopsier npu
JIOCTATOYHO MAJIBIX € OIEHKAM

F(t,e)=0@E"T),0<t<1. (52)

Bagaua (50), (51) ynosnerBopsier BceM ycaosusiv TeopeMbl 1 pa6otst [1]. Ilpumensist Tenepb yTBEPKIeHMsI
9TOi TeopeMbl K Kpaesoii 3azade (50), (51) u onenky (52), MOIyIMM, YTO NIIPH JOCTATOYHO MAJIBIX € PelleHne
sagaun (61), (62) cymiecTByeT, eIMHCTBEHHO M YIOBIETBOPSAET OIEHKE Jnax |R(t,e)| = O (eN*1). Teopema
JIOKa3aHa. o

U3 joKa3aHHOM TEOPEMBI CJIeJIyeT, UTO

. — < . !/ — / .
E11_r>r(1)y(t,5) yo(t), 07t<17gl_r>r%)y(t,5) yo(t), 0<t<1,;

i Lo - ps(l) _
AO =1 1 — 1) = — — HO ! 1 — _ Hl .
I =limy(l,e) —p(1) = = (a— HYp), v'(1,e) = === (a— Hyg+O(e)) ;
AL =l (0,6) — 5(0) = = (@ - 729) , v"(1,e) = 20 G~ mig + 0())
0 c50 ) 0 O~é 0 ) ) 6& 0 )

e HYg = ay(0), Hyg = ag'(0).

Orcrofia 3aKII0OUaeM, 9TO CHHTYIISIDHO BO3MYIIeHHasi KpaeBas 3ajada (1), (2) B okpectHOoCcTH TOYKHA t = 0
obyraiaer sIBJIeHUEeM CKadKa IIepBOrO IIOPsIIKa, a B OKPECTHOCTH TOYKU ¢ = 1 — gBJIeHMeM CKadka HyJIeBOTO
MOPSAJIKA, UTO SBJISETCH OJHOM M3 OCOOEHHOCTEN M3yvIaeMoil 3a1a4n.
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JI.H. Hyprabwra, ¥.A. Bekim

IITeTTiK cekipici 6ap epeKmie aybITKbIFaH IITEKAPaJIbIK ecell
HIEHIIMIHIH aCHUMITOTUKAJBLIK KIKTeJIICl

Maxkasaza mapTThl OPHBIKTBI VITHIN peTTi auddepeHnuaiiblK TeHAeyaep YIIiH epeKIe aybITKbIFaH II1e-
KapaJiblK eCell KAPACTBIPBIIIbI. 3ePTTEII OThIPFAH €PEKIIe aybITKBIFAH eCell MIeNMiHIH aCUMIITOTHKAJIBIK,
GaraMIapbl ApKBLIBI 13/16JTIH/I1, MIENTIMHIH ACUMIITOTUKACHIHBIH, TYPl aHBIKTAIILI. KapacThIPBIILII OTHIP-
FaH ecell IMIENIIMiHIH aCHMITOTHKAJIBLIK YKIKTEJICiHIH OapjblK MeIeJepiH Ti30eKTel aHbIKTay aJrOpUTMI
kepcetinai. IlerTik dyHKIMAIAPDABIH SKCIOHEHINAJIBIK O6araM1aphl ajablHABI. KapacThIpbUIBII OTHIPFaH
€peKIle ayBITKBIFAH IIEKAPAJIbIK eCell IIENMiHIH aCUMITOTHKAJBIK, YKIKTeMICiHIH gepbec KOCBIHIBICHT Oe-
PeTiH aCHMIITOTUKAJIBIK, JTJIIIKTIH OaraMbl aHbIKTA I IbI. [1lekapaJsbik ecen menriMinig 6ap 601y b, KaJFbI3-
JIBIFBI YK9HE ACUMIITOTHUKAJIBIK 2KIKTeIiCTiH Herisiiiri TypaJsl TeopeMa mpJesniaenai. Kimkene napamerp
HeJITe YMTBUIFaHIa ayBITKBIFAH €Cell MIENTiMiHIH aybITKbIMaraH ecell IIelIiMiHe MeKTiK KOyl TypaJibl, IeT-
TiK cekipicTep KyObLIBICHIHBIH, 6apJILIFBI TYPaJIbl cypakTapbl 3eprresii. [TlerTik cekipicrep dpopmysiaiapsl,
OJIapJbIH, peTTepi TaObLIIbI.

Kiam cosdep: nuddepeHnmaablK TeHIEYIep, epeKile aybITKY, IIeKapaJIblK, eCell, MEeTTIK ceKipicTep, Kiri
mapameTp, ACUMITOTUKA, MEKKE KOTILY.

D.N. Nurgabyl, U.A. Bekish

Asymptotic expansion of the solution of a singularly perturbed
boundary value problem with boundary initial jumps

In this paper we consider a singularly perturbed general boundary value problem for a third-order differential
equation in the conditionally stable case. The form of the asymptotics of the desired solution is determined
with the help of the established asymptotic estimates for the solution of the singularly perturbed boundary-
value problem under study. An algorithm is described with which all the terms of the asymptotic expansion
for the problem under consideration are determined successively. Exponential estimates for boundary
functions are established. An asymptotic accuracy estimate is obtained that is obtained by the partial sum
of the asymptotic expansion of the solution of the singularly perturbed general boundary value problem
under consideration. A theorem on the existence, uniqueness, and validity of the asymptotic expansion
of the solution of the boundary value problem is proved. The questions of the limiting transition of the
solution of the perturbed problem to the solution of the unperturbed problem are studied with the small
parameter tending to zero, the existence of the boundary jump phenomenon. Formulas for boundary jumps,
and the order of jumps are found.

Keywords: differential equations, singular perturbations, boundary value problem, boundary jumps, small
parameter, asymptotic, limit transition.
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Mathematical model of non-isothermal flow
of oil through the trunk pipeline

In this article are described a non-isothermal current of high-viscosity oil. A non-isothermal current of
viscous liquid on the trunk pipeline it is characteristic of transportation of oil and oil products with
preliminary heating from places of production to a customer, of a current of hot water from combined
heat and power plant to inhabited arrays and production locations, etc. The one-dimensional mathematical
model of a non-isothermal current of viscous liquid and a formula of cost fuel — power expenses for the
stationary mode of a current are examined. It is spoken in detail the process of calculation of optimum speed
of a current for transportation of high-viscosity oil and oil products in the warmed-up state on pipelines at
which the total cost of energy costs of pumping and heating of oil would be minimum.

Keywords: high-viscosity oil, viscous liquid, non-isothermal current, stationary mode of a current, pipeline,
energy expenses, speed of current.

Introduction

The Kazakhstan oil is considered very viscous, and its transportation in the warmed-up state on pipes
requires big energy expenses. On the other hand, the considerable time pipelines work with plan underload.
Therefore, the choice of the modes of a current in case of which the cost of pumping will be minimum is very
demanded. The purpose of work — to investigate process of non-isothermal flow of high-viscosity oil in the
main pipeline and to find such management of process of a flow at which the total cost for power expences of
pumping and for heating of oil would be minimum when transporting by the pipelines working with planned
under loading [1].

For achieving the purpose it is necessary to solve the following problems:

— to study process of non-isothermal flow of high-viscosity oil in the main pipeline;

— to put and solve the problem of a thermo - hydraulic flow of liquid in the pipeline;

— to estimate the cost of transportation of high-viscosity oil;

— to calculate the optimum speed of a flow of oil at which cost would be minimum.

Basic calculations

Computation of optimum speed of operation of the underloaded oil pipeline were executed by means of
object-oriented programming language C#£.

Calculation of temperature, pressure and energy consumption for operation of the pipeline

Calculation of temperature at an entrance to each site. Calculation of temperature is calculated by means
of the following formula

a1

Tjtl = Tenv + (Tj_ - Tenv) e v

T = Tonin = 33°C.

For finding of temperatures on sites, it is necessary for us a difference of sites, which they are provided in
drawing from above under L; value (Fig. 1) [2].

L; = [x1, 2, 23, 24, 73] = [145000, 177000, 111000, 95000, 213000] k.
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T4*

T4

4 5

Figure 1. Distribution of temperature along the route of the oil pipeline

Calculation of pressure on an entrance to each site (Fig. 2). Calculation of pressure on an entrance to each
site is calculated by means of the following formula

;-1
APJ = PJT'_ - Pj_ =H;_1+ - wz_m[A]'—l - Bj—l . ATenv : w(e{#(zj_l_mj) - 1)];

P; = Pin = 2atm.

Ps* P4
P3- 4
Ps
3 4 5

Figure 2. Distribution of pressure along the route of the oil pipeline [2]

Calculation of energy consumption for exploitation of the pipeline. Calculation of cost is calculated by means
of the following formula

N
S=ae-w Z(,DJAPJ‘ +6-w ZyjATJ
j=1 j=1

Calculation of optimal speed

Calculation of optimal speed is calculated by means of the following formula
N

wzé-ATemZyjaj~eJTl +ae-E-wP "4 —m) AT, 'U"Zijj(@ - —1)-
j=1 j=1
N N e
—(3 - m) ZyjAj - ATenv ZijjajeT] :
j=1 j=1

N N
: [anngHj +4- ATenUZyj(e T = 1))
j=1

Jj=1

By means of the found speeds, we find anew temperature, pressure and cost. In which speed, cost will be
minimum — it will be optimum speed [3-5].

Results of thermal-hydraulic calculation for different seasons

Heat hydraulic calculation for spring. For spring temperature surrounding will be T¢,,, = 10 °C.

In Figure 3 provides the view of interface which gives the results of thermal-hydraulic calculation for spring.
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Fo 240 c 000 li [145000,177000.11100]

k D5 D 065 w 0.5 Hauams

a 01175 b 0.000925 i 0

Tmax 85 Pmax 55000000

Tmin 3 Pmin 200000

T1=49,1193396825508°C ol Ona ckopoctw[0] =0,5m/c: A

T2-53,9848767355601°C
T3-44,5389482662438°C
T4=42.5728644824365°C

T0-49,1198396825808°C
T1=53,9848767355601°C
T2-44.5380482662438°C

P[1]=632414,6369526

T3-42,5728644824365°C

Optimal speed w[1] = 0,617414846274554 m/c
Cost = 62,6501759315065 tenge/s = 225540,633353423 tenge/h

Figure 3. Window of results of thermal-hydraulic calculation for spring

From Figure 4, we can assume that at w = 0,61 speed, we have the minimum cost. Therefore, for spring it
will also be optimum speed.

a0

80

67 68

0,5 0,61

w, m/s
Figure 4. Dependence of working cost of the oil pipeline on speed

Thermal-hydraulic calculation for summer. For summer temperature surrounding will be T¢,, = 18°C.
In Figure 5 provides the view of interface which gives the results of thermal-hydraulic calculation for summer.

Ro 840 L 2000 L [145000.177000.11100]

k 05 D 065 w 05 i

a 01175 b 0.000925 Top 18

Tmax 65 Pmax 55000000

Tmin e Prmin | 200000

T1-43,5129359234222°C ol Ons ckopocti wil] = 0,5 mfe: A

T2=46,6857891753653°C
T3=40.5254010432025°C
T4=39.2431724885455°C

T0=435129389234222°C
T1=46,6857891753653°C
T2=40,5254010432025°C

P[1]=779379,40951854

T3-39,2431724885455°C

Optimal speed w[1] = 0,594072389784998 m/c
Cost = 43,764418559328 tenge/s = 157551,906813581 tenge/h

Figure 5. Window of results of thermal-hydraulic calculation for summer

From Figure 6, we can assume that at w = 0,59 speed, we have the minimum cost. Therefore, for summer
it will also be optimum speed.

Thermal-hydraulic calculation for winter.For summer temperature surrounding will be T¢,,, = 2 °C.
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Figure 6. Dependence of working cost of the oil pipeline on speed

In Figure 7 provides the view of interface which gives the results of thermal-hydraulic calculation for winter.

Ro 240 c 2000 L [145000.177000.11100
k 0.5 D 0.65 w |05 Havats
a 0.1175 b 0.000525 Tk [2
Tmax 65 Pmax  |35000000

3 Py (200000

Tmin

T1=54.7267404417393°C
T2-61.283964295755°C

T3=48.5524954892851°C
T4=45,9025564763274°C

P[1]=485449 864386659

v

Nns ckopoctuw{0] =05 m/c
T0=54.7267404417393°C
T1=61.283964295755°C
T2-48,5524954892851°C
T3=459025564763274°C

Optimal speed w[1] = 0,628709583285629 m/c
Cost = 81,592791588232 tenge/s = 293734,049717635 tenge/h

Figure 7. Window of results of thermal-hydraulic calculation for winter

From Figure 8, we can assume that at w = 0,62 speed, we have the minimum cost. Therefore, for winter it

will also be optimum speed.

120

107
1
100 . e =
81
80
-
2 60
)
g
5
40
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0
05 0,62 0,59 057
w, m/s

Figure 8. Dependence of working cost of the oil pipeline on speed
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In Figure 9 provide the change of optimum speed at different seasons, i.e. for spring, summer and winter.

0,625
0,62
0,615
0,61 -
0,605
06
0,595 -
0,59 -
0,585 -
0,58
0,575 -

w, mfs

10°C 18°C 2°C

Spring Summer Winter

Figure 9. The change of optimum speeds at different seasons

We can assume, in winter that transportation requires more speed than in other two seasons. And respectively,

there will be more energy consumption in the winter than in other two [6].

The received results

As a result of the conducted research, we can draw the following conclusions:

1. Process of transportation of oil through the pipeline is investigated.

2. Not isothermal current of high-viscosity oil is explored.

3. The one-dimensional mathematical model of not isothermal current of viscous liquid is investigated.

4. Calculation of temperature and pressure for different speeds of a current of oil with estimation of cost is

executed.

5. The technique of obtaining optimum speed of a current of oil at which working costs of the oil pipeline

are minimum is developed.
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['.Canranosa, T.Aiicuna

MyHaiiAbIH MarucTpaJaabl KYObIp apKblJIbl M30TEPMUSJIBIK, €MeC
KO3FaJIBICBIHBIH, MaTeMaTUKaJbIK MOJeJi

MakaJstajia TYTKBIPJIBIFBI XKOFapbl MYHAUJIBIH M30TEPMUSIJIBIK €MeC arblHbl cHmaTTajraH. MarucrpaJsibk
MyHait KyObIpbI OOMBIHITIA TYTKBHIP CYHBIKTBIKTBIH M30TEPMUSIIBIK €MeC aFbIHbI, MyHall MEeH MyHail eHiM-
JepiH eHIIpy aJlaHbIHAH TYTBIHYIIbIFa Aeiiin, 2KDO-nan TyprbiH yiljlep MeH OHIIpICTIiK HbICAHIapFa Jeiin
BICTBIK, Cy aFbIMBIH YKOHE Tafbl 6aCKa TachIMaJiay YIIH ToH. TYTKBIP CYWBIKTHIKTBIH U30TEPMUSLIIBIK, €MeC
AFBIHBIHBIH, OIpOJIIIIeM/ 1l MATEMATUKAJIBIK, MOJIE/T] YKOHE TYPAKTHI aFbIH TOPTIOiHE apHAJFAH OTBHIH-IHEPTHUST
MIBIFBIHIAPBIH ecenTeyAiH Heri3ri popMyaachl 3epTresigi. TYTKBIPJILIFEI KOFapbl MyHail MEeH MyHail ©HiM-
JIepiH KbI3ABIPBLUIFAH KYHiH/e KyObIpsiap GOMBIHINA TackIMaJIay YIIH MYHARIBI aiiiayFa *KoHe KbBIIBITYFa
KETETIH OTBIH-9HEPIHUsI IIBIFBIHIAPBIHBIH XKAJIIbI KYHBI a3 O0JIATBIHIAN aFbIHHBIH, OHTANIBI YKbLIIaMIBIFBIH
ecenTey Y/Iepici TOJIBIK, CUIIATTAJIFAH.

Kiam ce3dep: TYTKBIPJBIFBI *KOFapbl MYHAal, TYTKBIP CYNBIKTBIK, U30TEPMUSIIIBIK €MEC aFbIH, AFbIHHBIH,
CTAIMOHAPJIBIK TOPTIO, KYOBIP, S9HEPTEeTUKAJIBIK, IIIBIFBIH, AFBIH YKBLIIaM/IBIFDL.

['.Canranosa, T.Aiicuna

MaremaTtudeckass MO/1eJib HEM30TEPMUYIECKOTO JIBUKEHUSA HedTn
0 MarucTpajibHOMYy TPYyOOIIpOBOIY

B craTbe onmcano HemzoTepMUUeCcKoe TedeHMe BBICOKOBsi3KOW HedTn. Hemzorepmuueckoe TeveHne BI3KOM
KHUIKOCTH IO MaruCTPAIbHOMY TPYOOIPOBOY XapaKTEPHO JIJIsi TPAHCIOPTUPOBKU HEMDTH U HEDTEMPOTYK-
TOB C IIPE/IBAPUTEIBHBIM MOJOIPEBOM OT MECT JO0OBIYU K IIOTPEOUTEIIO, [IJIs TeUeHus ropsyei Boubl or TOL]
JIO YKUJIBIX MaCCUBOB U IMIPOU3BOJCTBEHHBIX MTOMEIEHUH u T.11. VlcciemoBaHbl OJHOMEPHAST MATEMATUIECKAST
MOJIETb HEM30TEPMUIECKOTO TEUEHHS BSI3KON KUIKOCTH U (POPMyJia CTOUMOCTH TOILTUBHO-9HEPTETUIECKUAX
3arTpar Jis CTAIMOHAPHOIO peKuMa TedeHus. [1oapobHO OmmcaH MpOINece BLIUKMCJIEHUS ONTUMAJIBHON CKO-
pOCTH TedeHUsI JJIs TPAHCIIOPTUPOBKU BBICOKOBSI3KOM He(TH M HEPTENPOIYKTOB B MOJOIPETOM COCTOSTHUU
o TPyOOIpPOBOZAM, IPU KOTOPOM ODIIasi CTOMMOCTb YHEPreTUIEeCKUX 3aTPAT Ha IEePEKAYKYy U MOJOTDEB
HedTH O6bIIa OB MUHUMAJILHOIA.

Karouesvie €r06a: BBICOKOBsI3Kasi HePTh, BI3Kasl YKUJIKOCTb, HEM30TEPMUIECKOE TEUYEHUE, CTAIMOHAPHBII
PEXKUM TeUYeHUsI, TPYOOIPOBOJI, SHEPIrETUIECKHE 3ATPATHI, CKOPOCTh TEUEHUSI.
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Hardy-type inequalities for matrix operators

We establish necessary and sufficient conditions the validity of the discrete Hardy-type inequality

(Z <Zai,jfj> uf) < <fovf> J={fi}i21 >0,
i=1

i=1 \j=1

with 0 < p < ¢ < co and 0 < p < 1, where the matrices (a; ;) is an arbitrary matrix and the entries of the
matrix (a;,;) > 0 such that a; ; is non-increasing in the second index. Also some further results are pointed
out on the cone of monotone sequences. Moreover, we give that the applications of the main results for the
non-negative and triangular matrices (a;,; > 0 for 1 < j <4 and a;; = 0 for @ < j).

Keywords: inequality, weighted sequences, matrix operators, integral.
1. Introduction and preliminaries
Let 0 < p,q < oo. Let w; = {w; x}52, and u = {u;}{2; be are non-negative real number sequences and

v = {v;}$2; be a positive real number sequence. f = {f;}32; is a non-negative sequence.
We consider the following inequalities:

(Z (Af)?U?> <C (Z ff’vf> p

i=1

Q=

Vf >0, (1)

and

S

Sl <c (fovf), Vi >0, (2)
j=1

i=1

for the operators in the following form:

(Af); = aijf;, i>1 (3)
=1

(A*f); = Zai,jfia Jj=1, (4)
=1

respectively, where C' and C* — are positive finite constants independent of f and (a; ;) is an arbitrary non-
negative matrix.

The main aim of this paper is to investigate that the problems necessary and sufficient conditions the validity
of inequalities (1) and (2) with the case 0 < p < ¢ < 00, 0 < p < 1 and under weaker conditions on the matrices
(a; ;) in operators defined by (3) and (4) for all sequences f > 0 (see theorems 2.1-2.2). Moreover, we study
these problems on the cone of monotone sequences (see theorems 2.3-2.6). Finally, we will get the applications
of the main results.

Notation. The symbol M <« K means that there exists a > 0 such that M < aK, where « is a constant
which may depend only on parameters such as p, ¢, r. If M < K < M, then we write M ~ K.
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We also need the following well-known result (see [1]):
Lemma A. [1]. Let v > 0. Then

j T k vl
(Z ﬂk.) ~> B (Z m) , VieN, (5)
k=1 k=1 =1

for all sequences {Bi}52, of positive real numbers and

~

N N N v-1
S ~3 4 (z @») | 0
k—j k—j i—k

for all j,k € {1,2,...,N}, N € NU {oo} and for all sequences {Br}3>, of positive real numbers such that

o0
> Br < oo
k=1

The main results
2. On nonnegative sequences

Our main results read as follows.
Theorem 2.1. Let 0 < p < g < 0o and 0 < p < 1. Let the entries of the matriz (a; ;) > 0 such that a; ; is
non-increasing in the second index. Then the inequality (1) holds if and only if

1
00 q
B = sup g ai juf vj_l < 00,

i1\,

holds. Moreover, B = C, where C' is the best constant in (1).
Theorem 2.2. Let 0 < p < g < 0o and 0 < p < 1. Let the entries of the matriz (a; ;) > 0 such that a; ; is
non-decreasing in the first index. Then the inequality (2) holds if and only if

holds. Moreover, B* = C*, where C* is the best constant in (2).
Proof of Theorem 2.1. Necessity. Let the inequality (1) holds. Let us show that B < co. For 1 < j <k <,

we assume that
ra Ty .7 17 j: ka
F=thy 5={¢ 128 )

By substituting f into the inequality (1) we get that

1
oo q
q ,4q
Cu > (E aLkui) .
i=1

Therefore
B<C. (8)

The proof of necessity is complete.
Sufficiency. Let B < oo. Now, we prove the inequality (1) holds. Let f = {f;}5°, be a non-negative sequence.
Then for 1 < n < co we assume that ¢ = {fF};:

fs_ fi"—sa 1S]Sna a5 _ ai,j+57 ISJSnv
i O7 j>’ﬂ, i Q; j>7l.

where d,¢ > 0.
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Since a;, > a;j,1 < k < j, then using the (5) we find that

n n n 7 p
e 5 pe § re ) €
g a;jf; < § a; i f; = E a; i f; E a; . fr
j=1 j=1 j=1 k=1

n j p—1 %
< (S (Rn)
j=1 k=1
From (9) its follows that
n =
Z Zawfj uf <
=1
. AN
< Z Za G5 ud <
=1
n n j p—1\ %
<[ (Sers(sa) ) o«
i=1 \j=1 k=1

Now, we apply Minkowski’s inequality for 4 > 1 and we find that
p

S=

n i p—1 n %
5 \4
no< (s (z fz) (Z () )
j=1 k=1 i=1
From gin% af ; = @i it follows that
0%

~
<
HM:
s
L)
i
=
N~
bS]
L
N
(7=
—
&
&
N~—
<
ﬁ@
N~
Qs
ke
IN

Since (f£)7' > (i fi

p—1
> for 0 < p < 1, we drive that
k=1

s =

L<B{Y ()]
j=1
where f7 — f; as € = 0. Consequently,

8=

Since Vn € N, we have that

1
q

5 zm ) <s (S

=1
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i.e.
C < B. (10)

Thus, by combining (8) and (10) its follows that B &~ C. The proof is complete. O
The proof of the Theorem 2.2 is completely analogous to the proof of Theorem 2.1, so we leave out the
details.

2.2 On monotone sequences

Assume that

Sy
|
VE
NS
“ ~
ngE
<
JL >
8
s .
: N~ —
=}
S
o =R
N~ ~—
Q=
3
-
<
3%
~__—
S [

D

Jj=1

N
*
|
wn
=
o}
N
(]
S
e
~
Q|-
8
N
[~]e
8
<.
~—
=
S
ST
8=

i=k
Our main result for the operators defined by (3) and (4) on the cone of monotone sequences reads as follows:
Theorem 2.3. Let 0 < p < g < 00 and 0 < p < 1. Then the inequality (1) on the cone of non-negative and

non-increasing sequences f = {fr}32, holds if and only if B < oo holds. Moreover, B ~ C, where C' is the best
constant in (1).

Theorem 2.4. Let 0 < p < g < 00 and 0 < p < 1. Then the inequality (2) on the cone of non-negative and
non-decreasing sequences f = {fi}72, holds if and only if B* < oo holds. Moreover, B* =~ C*, where C* is the
best constant in (2).

Theorem 2.5. Let 1 < p < q < 0o. Then the inequality

1 1
(S} <o (Seane) )
i=1 i=1
on the cone of non-negative and non-increasing sequences f = {fx}32, holds if and only if A < oo holds.
Moreover, A~ C, where C is the best constant in (11).

Theorem 2.6. Let 1 < p < q < 0o. Then the inequality

(fou?)qéc“* S| (12)

i=1 j=1

on the cone of non-negative and non-decreasing sequences f = {fr}32, holds if and only if A* < oo holds.
Moreover, A* =~ C*, where C* is the best constant in (12).

The proof of the Theorem 2.4 and 2.6 are completely analogous to the proof of Theorem 2.3 and 2.5
respectively, so we will only prove Theorems 2.3 and 2.5.

Proof of Theorem 2.3. Necessity. Suppose that the inequality (1) holds with the best constant C' > 0. We
take a test sequence fj, = {fy};i1 such that

jof L=<k
L0, J>k,

for 1 <k < oo.
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Substituting the test sequence fk in the inequality (1) we obtain that

k b o [ k 1 v
o(32) = (3 (D) )
i=1 i=1 \ j=1
i.e.
B < C. (13)

The proof of necessity is complete.
Sufficiency. Let the inequality (1) holds. We will show that B < co. We known that for all non-negative
and non-increasing sequence f = {f; }J“;l write in the form:

fj:fjJrc, c>0,
WhereijfjJrle7 foerlandjlijéloﬂzo.

o0 o]
We consider two cases separately: » vf = oo and ) v} < oo.
k=1 k=1

Let > v? = oco. Then ¢ = 0 and f; = f; for j > 1.
k=1
We suppose that {g;}§2o : g; > 0, g; > gj+1, lim g; = 0 and f§ = fj +eg;. Then f7 > ff,, lim f7 =0.
Let a; = Af; = fj — fiz1 >0, bj = Ag; > 0, ¢; = Af; > 0. Then ¢; = a; +¢b; and f§ = chi From (6) its
=j
follows that .
0o ') p—1\ »
fi = Zci (Z cfn> . (14)
k=j m=k

By using (14) and apply Minkowski’s inequality for zl) > 1, we find that

S =

IN

00 00 o) 00 p—1
€~ - £ £

E :ai,jfj ~ E :“m E :Ck E Cm

j=1 j=1 k=3

m=k

%) %) p—1 k P %
<(Xa(Xa) (e
k=1 m=k j=1
and s
I(f) = <Z(Af8)?u?> <
=1

Q=

aq
[eS) o0 [e%S) p—1 k P\ P
q
< (] (e |
k=1 j=1

i=1 o= m=k

Next, apply Minkowski’s inequality for % > 1 and using (6), we get that

I(f) < I(f) <

<3
=

00 oo p—1 0o k 4
£ £ q
< § Ck E Cm E Qi | Uy <
k=1 m=Fk i=1 \j=1
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Y
(]2
o
3o
N———
T
=
Q

i=1

~ B (Z o (ff)”) gy (15)

Since I(f) = I(f) and lim f¢ = lim VJ +eg;| = f we have that
e—0 e—0

B (Z o W’) |

Therefore,
C <« B. (16)
&)
Let Y v} < oo. Then
k=1
> i 0o o 1 a
0= (Sunt) =13 (S|
i=1 i=1 j=1
a 3 1
Since (Z (Z aw> uf) (Z vf) " < B, then from (15) we obtain that
=1 =1 =1
’ - 1 - 1
I(f)<B <va ij> + B <Zcpvp> R
i=1 i=1
- 1
- p\”
<5 (S (i+e)) -
i=1
- 1
=B (Z v f) (17)
i=1
Therefore,
C < B, (18)
and (1) holds. According to (14) and (18), we have that B ~ C, where C' is the best constant for which (1)
holds. The proof is complete. O

Proof of Theorem 2.5. The Necessity part in the same way as to proof of Theorem 2.3. Therefore,

A< C. (19)

o0
To prove sufficiency we proceed as follows. We assume that ) v} = co. By using (14) and apply Minkowski’s
k=1

= (Z (ff)%?>
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By using

<Z> <ay zam

=1 =

%APZ(Za”f> vl

Since J(f) = J(f) and hm fe= hm [fj +eg;

[Em—

= f we get that

) < A” Z awfj ol

Therefore,
C < A.

Let > v} < oo. From (20) and (21) its follows that
k=1
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p

= APZ Zai,jfj U?.
i=1 \j=1
Therefore,
A< C, (23)
and (11) holds. According to (19), (22) and (23), we have that A ~ C, where C' is the best constant for which
(11) holds. The proof is complete. ]

3. Applications

The inequalities (1) and (2) have been investigated for the case 0 < p,q < oo with a triangular matrix
(aij > 0for 1 < j <ianda;; =0 for i < j)in [2-5] and the references given therein. However, these
inequalities have not been studied for the case 0 < p < ¢ < oo and p < 1. Only, in 1991 G. Bennett [3] studied
the inequality (1) for the this case with the identity matrix. He proved that the inequality (1) holds if and only if

00 a
sup (Z uZ) v, P < o0,
neN P

holds for this case.

The continuous case it is known that the Hardy inequality is not holds for arbitrary non-negative measurable
functions in L,-spaces with 0 < p < 1, but it is able to found the sharp constant in the Hardy-type inequality
for non-negative monotone functions. Moreover,we can get the more informations about the direction in [7-11]
and the references given therein. Therefore the investigation of the Hardy inequalities for matrix operators one
of the big important question.

The corresponding results for the non-negative and triangular matrices (ai’j >0forl1<j<ianda;; =0
for i < j) could have the following.

Corollary 3.1. Let 0 < p < q < 0o and 0 < p < 1. Let the entries of the matriz (a; ;) such that a;; is
non-increasing in the second index. Then the inequality (1) holds if and only if

1

(oo}
— o \4,,9 -1
By = sup g (aig)'ui | v <oo
21 \i5;

holds. Moreover, By = C, where C' is the best constant in (2).
Corollary 3.2. Let 0 < p < g < 0o and 0 < p < 1. Let the entries of the matriz (a; ;) such that a;; is
non-decreasing in the first index. Then the inequality (2) holds if and only if

7 q

x q,4 -1
B 1—sl>1[1) E (aig) uj | vy <oo,
7 N
= j=1

holds. Moreover, B*y = C*, where C* is the best constant in (2).

From Theorems 2.3-2.6 we obtain immediately the validity of the following statements:

Corollary 3.3. Let 0 < p < ¢ < 00 and 0 < p < 1. Then the inequality (1) on the cone of non-negative and
non-increasing sequences f = {fr}%>, holds if and only if B, < oo holds. where

1
= 1
w [ k& 1 [V ~%
B = sup E a;j | ul E vb < 00.
1

k21 i=j \j= m=1

Moreover, B ~ C, where C is the best constant in (1).

70 Bectnuk Kaparanmauickoro yHuBepcuTera



Hardy-type inequalities ...

Corollary 8.4. Let 0 < p < ¢ < 00 and 0 < p < 1. Then the inequality (2) on the cone of non-negative and
non-decreasing sequences f = {fx}32, holds if and only if Bf < co holds. Where

1
i %) q q 00 _%
B = sup Z <Z am-) uf (Z vfn> < 00.
m=k

k21 \ 521 \i=k

Moreover, B* = C*. C* is the best constant in (2).
Corollary 8.5. Let 1 < p < g < oo. Then the inequality (11) on the cone of non-negative and non-increasing
sequences f = {fx}32, holds if and only if A < oo holds. Where

k A k P v
A :=sup <Z uf) Z (Z am) o? :
i=1

k21 j=1 \i=1

Moreover, A~ C. C is the best constant in (11).
Corollary 3.6. Let 1 < p < q < 0o. Then the inequality (12) on the cone of non-negative and non-decreasing
sequences f = {fx}32, holds if and only if A* < co holds. Where

1 P -2
oo q (oo} o0
A* = sup <Z uf) Z Z a;j | of
k21 \izk i=j \j=k
Moreover, A* = C*. C* is the best constant in (12).
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C.IMTaiimapman, C.IMlanrunbaesa

MaTtpunaJiblK onepaTopJap YIOiH Xapay THUITEeC TEeHCI3IIKTep

Maxkamama Xapan TunTec QUCKPETTI TEHCI3AIKTIH KAaXKeTTi YKoHe YKEeTKIJIKTI MmapTTapbl aJbIHFaH

(Z <Zai,jfj> uf) < <Zflpvf> J=A{fi}21 >0,
i=1

i=1 \j=1

0<p<g<oo 0<p<1, myaga (a;,;) — epkin marpuna, an (a; ;) > 0 xKoHe ai,j — EKIHNI WHIEK-
cre ecimciz. CoHpaif-ak >KyMbBICTa MOHOTOHJBI Ti30€KTEp/iH KOHYCHIHIA KeHbip HOTHMXKeJep KOPCETiJIreH.
CoHBIMEH KaTap Tepic eMec KoHe YIIOYPHIIITHl MaTPHUIaJIap YIIH HEri3ri KOCHIMINA HOTHUXKEeJIep Gepiaren
(a;; >0,1<j<ixonea;;=0,1i<j).

Kiam cesdep: TeHCI3mIK, Ti30eKTEP, MATPHUITAJIBIK, OTIEPATOPJIAD, HHTErPAJ.

C.ITaitmapman, C.IIanrunbaesa

HepaBenctBa tnna Xapau Jijis MAaTPUIHBIX OIIEPATOPOB

B crarbe ycranoBiIeHBI HEOOXOAUMbBIE U AOCTATOYHBIE YCIOBHUS NUCKPETHOTO HEPABEHCTBA TUIA XapIu

(Z < ai,jfj) Uf) < <Z fipvf> S ={fi}21 >0,
Jj=1

i=1 j= =1

0<p<gqg<oo0<p<1rue (a;,;) — upousBosbHag Marpuna, a Marpuna (a;;) > 0 Takas, 9TO
ai,j He BO3pacTaeT BO BTOPOM uHjekce. TakyKe yKazaHbl HEKOTOPBIE Pe3yJIbTaThl Ha KOHYCe MOHOTOHHBIX
ocyeToBaTeIbHOCTEH. KpoMe TOro, MaHBI MPUJIOXKEHNs] OCHOBHBIX PE3yJILTATOB JJIT HEOTPUIATEIHHBIX U
TpeyroibHbIx MaTpul (a;; > 0unl<j<ima;; =0ui<j).

Karouesvie caosa: HEpaBE€HCTBO, B3BEIIECHHDbIE I10CJ/IEOBATE/IbHOCTU, MaTPUYIHbIE OllepaTOpPbl, UHTErpaJl.
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Analysis of theoretical and methodological bases of teaching
object-oriented programming languages in higher school

One of the most urgent tasks of our time is the problem of teaching in higher education. The task of teachers
is to train young people in the field of the latest computer technologies. When teaching, the teacher must
also change the methodology of training specialists in higher education in an adequately changing pace of
development. Recently, there has been a definite bias towards the creation of software for complex systems,
the tasks under consideration are becoming much more complicated, so there are not enough old techniques
and methods used earlier to create simple or formalized programs. And in this regard, we will consider in
detail the paradigm of object-oriented technology, which is developing at the present time.

Keywords: analysis, development, complex systems, information, object-oriented approach, model, education,
methods, pedagogics, algorithmization.

Software changes due to the appearance on the market of new information technologies. The subject area
of computer science changes in an extremely dynamic way.

Teachers of higher school that teach subjects associated with the technology of software creation are
constantly faced with the problems of changing the content of curricula, working programs, methodical support
(lectures, labs, tests, etc.), the development of new teaching and learning aids.

In connection with the application in the educational process of the various versions of educational software,
teaching guides on the use of this software have to be accordingly changed.

A certain bias towards the creation of software for complex systems has been recently observed; the tasks
under consideration become much more complicated, so the old techniques and methods previously used to
create simple or formalized programs are not enough.

Teachers themselves have difficulties to acquire literature and e-learning programs. Lack of financial oppor-
tunities for the acquisition of high-quality scientific literature is a factor that the level of training teachers in
higher educational institutions lags behind the fast-changing pace of development of new information technologies.

Rapidly changing software and PC models require accordingly the change in the content of working programs
on the courses «Programming technology» and <«Algorithmization and programming languages». Students’
training for professional activities is based on a set of necessary information subjects. Such a set should contain
a sufficient number of theoretical and, especially, practical lessons.

Information profile subjects mentioned above are conducted in accordance with SES RK 23.08.1080-2012
curricula [1].

The Bachelor’s qualification characteristics (specialty 5B070300 — «Information Systems», 5B070500 —
«Mathematical and computer modelings») in the Kazakhstani universities standards reveal the content of
professional activities, which envisage the creation of information systems components, the production of
software and software systems. Requirements to the key competences of the Bachelor on the specialty 5B070300
— «Information Systems» point out that Bachelor should be able to program with the use of modern instrumental
tools to solve the professional tasks in a competent and responsible way. Thus, these educational standards reflect
the requirements of the modern information society to those skilled in the activity. Requirements to the key
competences of future specialists in computer science and information technologies declare the ability to create
software products for complex systems.

Analyzing the list of information subjects taught in the universities of Kazakhstan, we can get an idea
of what level of program complexity graduates will be able to develop on the basis of acquired knowledge,
proceeding from the content of the proposed subjects and their volume.
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Kazakhstani universities’ working plans have been considered and that showed a great variation in the
number and volume of information subjects.

As it follows from the analysis performed, many universities, with few exceptions, teach students of informat-
ion specialties to create programs for the formalized tasks or simple programs.

At the modern stage of social development, the needs of educational, industrial, commercial entities have
significantly increased, and simple programs no longer meet them. However, training of students of information
specialties today lags behind growing requirements. Education of students of information specialties has not
been provided yet with the necessary theoretical basis for the creation of complex software systems, the necessary
subjects are often presented in the curricula fragmentary, in the list of elective courses. They include systems
analysis, programming in real-time regime, systems theory, WEB-programming, multimedia programming,
object-oriented programming, CASE-technology and UML language, etc.

In order to justify the use of the methodology of teaching the technology of the creation of software for
complex systems in the educational process of information specialties it is necessary to consider its structure
and content in details.

Complex systems in their development (life cycle) go through the following stages: planning and risk
assessment; system analysis and requirements analysis; designing algorithms, data structures and program
structures; encoding; testing; support. The use of pedagogical complex «Creation of software products for
complex systems based on the use of object-oriented technologies» developed by the authors [2] is expedient
in the methodology of teaching the technology of the creation of software for complex systems. The role of the
pedagogical complex is that it contains special courses, workshops, tutorials, etc. that describe each of the above
mentioned stages, the sequence of their execution. Synthesizing, we obtain the software product for the initial
system.

As stated above, one of the ways to solve the problem of teaching programming at the level of the creation
of programs for complex systems is the use of the proposed pedagogical complex «Creation of software products
for complex systems based on the use of object-oriented technologies» in the educational process of information
specialties. The need for the introduction of this complex into the educational process is supported by the
results of the Kazakhstani universities curricula analysis, as the disciplines associated with the creation of
software products for complex systems are currently not comprehensively taught, which adversely affects the
preparation of information specialties students for their professional activities.

Obvious advantages of software creation technologies are the natural character of their methodology, the
use of similar terms application areas, the ability to use a friendly user’s interface. In addition, the software
creation technology assumes the unity and a small number of basic designs, openness, extensibility, reusability
of modules and their universality.

Software creation technologies would be best used in the development of bulk software products. The
intensification of information processes predetermines the need to improve education. It is possible to consider
various aspects of the problem; there are philosophical, social, psychological and pedagogical issues of the modern
information society’s functioning.

They determine the following ways to improve the system of education:

— an active use of information systems in the management of education;

— formation in the trainees of the desire for self-learning as an essential factor of the individual to adapt to
the changing conditions of the professional activity;

— the use of the modern means of communication to find information and get an access to it.

The current state of educational research related to the programming teaching process is characterized by
the search and application of formal methods, system-cybernetic approach to constructing methodical training
systems. But the development of educational technology of programming teaching, which allows achieving the
teaching objectives under the conditions of the object development of information processes, is far from being
completed.

Many believe that the solution of the modern pedagogical problems requires a significant upgrade of teachers’
relation to the definition and development of educational objectives, selection, structuring of their content,
searching for new teaching methods and technologies. We pay our attention to the necessity of timely teachers’
retraining with the use of innovative technologies for the development of new methods of work with students.

The study of innovative pedagogical technologies can be considered as the basic methodological approach
based on complementarity of methods of science and human cognition.

The following ones can be considered to be the leading features of pedagogical training technology: diagnosti-
cally specified objectives, reproducibility, determinism of teaching process, its division into stages, stages algori-
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thmization, determination of stages consequence, teaching process control, presentation of the studied
content in the form of the system of cognitive and practical tasks, orienting basis and ways of their
solution.

We should also pay attention on the fact that nowadays it’s necessary to conduct various researches on
such issues as the description and measurability of educational objectives, means, results, availability of the
educational content to the technological form of its presentation (training courses are often incorrect, illogically
designed, which doesn’t allow them to be technologized).

Extensive use of cybernetics, synergetics, information science in the development of innovative pedagogical
technologies is defined not only in teachers’ scientific researches but also in the regulatory educational documents
of many countries. For example, even the report «Education policy and new information technologiess at the
IT International UNESCO Congress in 1996 emphasized the special importance of information technologies
as components of computer science, taking into consideration their wide application in various subject
areas.

It also says that the distinguishing feature of the modern concept of teaching computer science in educational
institutions is the use of the latest achievements of information technologies for the systemic, modular formation
of training, based on the activity approach that allows, on the basis of the state educational standards, creating
a program oriented on the future professional activity of students, taking into account their personal interests
and abilities [3].

The analysis of theoretical research and practical experience on the path of improving teaching with the help
of information technology tools have led to the conclusion about the necessity of searching for a new apparatus
which can provide an overview of this subject area, in accordance with modern principles of didactics and an
appropriate subject area in conditions of information processes intensification.

The way of thinking and its typical programming techniques make the programming paradigm. There is a
direct link between the high-level programming languages and the existing programming paradigms.

The main part of the modern subject of information science, taught in most universities, represents questions
connected with the programming teaching, the development of algorithmic thinking in students, and their
preparation for the future professional activities using the latest instrumental systems and tools.

However, the increased requirements for this activity determine the need to improve the content and
methodology systems of teaching programming. The ever-increasing necessity for professionals, who are able
to handle procedural, object-oriented, logical and functional approaches to the development of algorithms and
programs, makes students necessarily manage all the programming paradigms [4].

Analysis of modern methods and organizational forms of teaching programming in the university computer
science courses determines the need to establish a system of courses based on the integration of programming
paradigms, which is designed in accordance with the concept of computer science as a scientific discipline.
Defining the essence of computer science subject and that of programming concept, it should be noted that
programming is an essential part of computer science. Programming accumulates engineering issues of the
algorithm implementation under the given spatio-temporal restrictions, taking into account the entire life cycle
of a software product. Modern computer science course is the basis for the use of computers and software in the
future professional activity of students.

Learning of several languages and programming paradigms enables us to use information technologies in
the educational process on a new level of quality, makes it possible to form the necessary professional qualities
of a future specialist.

The content of the training courses on computer science depends on the development of modern information
and telecommunication technologies and on this basis is constantly being improved. Today, there is the need to
develop a specialized system for training students, whose future profession is related to the area of computer
science and the use of information technologies.

These are university students, whose future professional activity field is the development and operation of
software, and students, who are studying for a degree in computer science. In the light of the development
of these students’ training due attention should be paid to the study of theoretical fundamentals and specific
algorithmization and programming techniques [5].

A modern course in programming, based on the study of all the approaches to the development of algorithms,
should give the necessary knowledge about the different linguistic means and other programming tools that allow
building information technologies at this stage of computer science development.

Analysis of the development of programming ideas and their teaching shows that the main factor in their
improvement has been the problem of creating software products for complex systems.
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In this connection, let us consider in more details the object-oriented technology paradigm, which currently
develops.

An integral part of this stage is a visual programming technology. Some examples of programming languages
used at this stage are Turbo Pascal version 5.5, Smalltalk, C ++, etc. The development of programming at this
stage is carried out in two related directions:

— the development of the object-oriented approach;

— the development of the environment for the production of software tools offering higher level principles of
decomposition, abstraction, and hierarchy.

It should be noted that after the development of structural programming standards an opportunity to put
software production process on an industrial scale has appeared. However, today due to the increasing complexity
of software and the requirement to reduce the time of its development, there appeared a need to create new
programming technologies. The result of studying methodological approaches to the problem of software design
is the development of methods of decomposition, abstraction, and the construction of a hierarchy. On this basis,
the object-oriented methodology has been created.

Processing of a variety of information is carried out today with the help of computer technologies,
which are improving very quickly. In the study of any models with the help of a computer user is studying
changes in the state of objects and their interactions, which requires a solid representation of an
object, and the software that defines the relationships between objects that are closely associated
with it. The object-oriented approach to the development of software meets best the solution of this
problem.

The modern stage of information science development is accompanied by the increase in requirements for
software quality, which leads to the formation of a new programming paradigm. In this regard, scientific-
methodological designs of the pedagogical information science deal with the issues of correspondence between
the content of teaching information science, in particular, programming and the current state of computer
science, which can be realized on the basis of the object-oriented approach.

At present the tendency of transition of software development to the object-oriented basis can be noticed.
Object-oriented programming is the main paradigm of the creation and development of the modern software
for complex systems.

In the theoretical and applied programming the object-oriented approach develops the most intensively. Its
systemic application gives an opportunity to create structured, reliable and easily modified software systems.
These circumstances explain the interest in the object-oriented approach and the object-oriented programming
languages.

Nowadays almost every programming system is characterized by the object-oriented features. Thus, high-
level programming languages that do not have means to work with classes and objects, acquire language
extensions that allow realizing the benefits of the object-oriented methodology. For example, the object-oriented
language creation in C++ can be considered as the necessary extension of C structural programming language.
Object-oriented interface is becoming more common in the modern software systems today. These methods are
being used in local as well as in global network systems.

Object-oriented development is a brand new mode of thought in programming, which is based on abstractions
that exist in the real world. It is a process of logical design, which gives an opportunity to express abstract notions
in a clearer way, it also makes an interaction between the customers and software products developers easier.
Object-oriented development serves as a medium for the specification, analysis, documentation and interface,
as well as for programming.

System requirements analysis for the object-oriented approach comes down to the development of this system
models. The applied-oriented program system design starts with the analysis of requirements, which the system
should meet. It is caused by the need to identify the purpose and conditions of system operation to make up
its preliminary draft. Modeling is a widely used method of studying complex objects and events. Models give
an opportunity to explore system working capabilities at the early stages of its development, help to clarify
system requirements, and if necessary, allow correcting system design at any stage or phase of its life
cycle.

In the object model, it is necessary to reflect notions and objects of the real world, which are important
for the system being developed; the model describes the structure of the objects that make up the developing
system, their attributes, operations and relations with other objects. Description of the set of objects and
actions performed on them defines the class concept. In accordance with the terminology of the object-oriented
programming language an object class is characterized as the defined base data type, and a separate object — as
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a variable of this type. The definition of object classes for a specific set of tasks allows the individual to describe
the problem in terms of the class of problems.

The object-oriented approach requires the following during the program development: the attribution of the
object used; the declaration of these objects; the creation of the necessary objects instantiations; the declaration
of their interconnections.

Object-oriented approach requires to identify classes of objects used in the program, to build their description,
and then to create samples of the necessary objects and to define interaction between them during the program
design.

In the process of object-oriented subject area analysis abstractions and their general properties, the presence
of which greatly simplifies the development of the applied task, are revealed. Object-oriented analysis has three
stages:

— building information model, abstracting real entities in terms of objects and attributes;

— constructing the state model to formalize life cycles of objects and display of this model through diagrams
and transition tables, where the interaction between objects involve sending messages about current events
happened to them;

— development of process models, in which the actions of states models are subdivided into fundamental
and reusable processes.

There are other approaches to the object-oriented analysis:

— formal description method, where nouns and verbs in the subject area description are revealed. Nouns are
considered as candidates to form classes, and verbs - as candidates to operate with these classes.

— structural analysis, wherein due to the system model, represented by the data flowcharts, external events
and objects, data basis, control flow and control flow transformation are noticed. Further, on the basis of the
data flow analysis and the control flow analysis, classes and class methods are revealed.

— designing, as we can see, implies taking into account the set of conflicting requirements. Its products are
models and algorithms that allow understanding the structure and functioning of the future system, balancing
requirements and outlining the scheme of its application. Each model describes a certain part of the considered
system in a certain aspect. Designing is to develop models of the future system.

Object-oriented designing is a progressive iterative process. The boundary between the object-oriented
analysis and designing is conventional, the construction of the software product consists of a series of cycles, in
which the descriptions of classes and the interactions between them are specified, programs that implement them
are developed, their debugging and testing are conducted and according to the results of each stage working
documents of the previous stages are clarified, descriptions of classes and programs are being finalized. These
cycles are repeated until the desired result.

In the object-oriented approach to the software development one should base on the following assumptions:

— program is a model of a real process, that is of a part of the real world;

— a model of the real world (or part thereof) can be described as a collection of interacting objects;

— an object should be described with a set of parameters, the values of which determine its condition, and
a set of operations that it can perform,;

— interaction between objects is carried out by sending messages from one object to another; a message
received by the object requires certain actions, for example, changes in the state of the object;

— class of similar objects is made up by objects described by the same set of parameters and capable of
performing the same set of actions.

Computer software used in the production, business, research and other areas are developed on the basis
of the real-world models. Models of real processes and systems are characterized by a set of variables called
variable states. Changing the state of the process or system corresponds to a change of model’s state variables.
Mathematical model is generally described by a set of state variables and the relationship between these
variables. State variables can be numeric or non-numeric, including words and sentences of a natural language.

Development and designing of complex systems programs is a time-consuming process. As an approach,
organizing the structuring of the mathematical model and the simplifying of its programming, there is the
object approach, which reflects the real system as a collection of interacting objects. The information model is
designed by the principles of the object-oriented approach to research, design and implementation of the real-
world models in computer environment. Object-oriented programming includes the best features of structural
programming, complements it with new ideas, which transfer it into a new quality approach to creating programs
that is ranked as the most modern approach to the creation of programs for complex systems. This technology
is justified not only in terms of the process of drawing up the algorithms, but also in terms of the results of
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current research in the field of psychology, where the separation of subject area into objects and identification
of their interactions most accurately correspond to the process of human mental activity.

Regulations on functional-system and object organization of mental processes are justified in psychological
and educational research. Based on the research results of mathematical modeling, psychological and pedagogical
aspects of the computerization of education and conclusions about the object-structural nature of human mental
activity, and taking into account the degree of preparedness and practical opportunities for students, as well
as the real need for the technological process of development of new information technologies, the need for
teaching object-oriented programming at universities that prepare specialists in computer science should be
noted. Application of object-oriented programming allows us to quickly develop complex software products.
Therefore, the study of subjects’ cycle on the object-oriented programming allows graduates of information
specialties change the direction of their work from the applied to the systemic, depending on the industrial
necessity.
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2Korapbl MeKTenTe 00bEeKTi/Ii-0arbITTajJIFaH OargapjaamMasaay
TIJIJIEPiHIH, TEOPUAIbI-9ICTEMEIIK HEeTi3AePiH OKBbITYIbI TAJAay

Bizain 3amMaHBIMBI3IBIH, €H ©3eKTi MiHaeTTepiHiH Gipi *KOFapbl 6LTIM 6epye OKBITY Moceseci GOJMBIT Ta-
ObLTaabl. MyraaiMaepain MiHIeTi — KacTap/bl »KaHa KOMIIBIOTEPJIK TEeXHOJIOIUsJIap CAJACBIHIA OKBITY.
OKBITKAH Ke37e MyFajiM »Korapbl 611iM Gepy cajachlHIaFbl MaMaHIAP/Ibl JasipJIay/IblH OJiCHAMACHIH ©3-
repryre tuic. Kasipri yakbiTTa Kypzemi )yitesgep yIimiH OarmapaMaliblK, KaCaKTaMaHbl KYPyFa KATBICTHI
Gesriii Gip Ke3Kapac 6ap, KapaJiblll OTBIPFAaH TAIIChIPMaJIap 9JIIeKail1a Kypaesai OOJIBbII Kesledi, COHIBIKTAH
KapanaiibiM Hemece bopMaJiIaHraH OargapaMaJIap/ibl XKacay YIIH OypbIH KOJIAHBLIFAH €CKi 9JlicTep MeH
omicrep xkericueiiai. Ocbrran GaltIaHBICTHI, OYTIHTI KYHI TaMBIT KeJjle XKaTKaH 00 beKTUBTI-OaFbITTAIFaH TeX-
HOJIOTHSJIAP/IBbIH, AP IMIMACHIH eryKei-TerKeilii KapacTblpaMbl3.

Kiam coesdep: Tannay, o3ipaey, Kypaesi xKyiiesiep, aknapar, 00beKTiIi-6arbITTa Fral KO3Kapac, MOJIe b, OiaiM
Gepy, oaicTep, Iegaroruka, ajaropuTM.
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AHaan3 TeopeTuKo-MeTOd0JIOTMYeCKIX OCHOB ITPEenoaaBaHUS
00'bEKTHO-OPUEHTUPOBAHHBIX S3bIKOB IIPOrPAMMIPOBAHUSI
B BBICIIICH IITKOJIE

O[1HO#t N3 caMBbIX AKTYaJIbHBIX 33129 HAIIIEI'O0 BPEMEHHU sIBJISI€TCsI TPOGJIeMa IIPENoIaBaHtsl B BBICIIIEH IIIKOJIE.
3a/1adeil MeIaroroB sIBJSIETCSI MTOJATOTOBKA MOJIOMBIX JIOEel B 06JIaCTH HOBEHIITNX KOMIIBIOTEPHBIX TEXHO-
soruit. [lpn npenomaBanun mesaror HOKEH a/IEKBATHO MEHSIIONIMMCS TEMIIAM PAa3BUTHUS M3MEHUTH TAKZXKe
METOJIUKY IIOATOTOBKH CIIENHMAJINCTOB B BbICIIEl ITKoJle. B mocsienHee Bpemsi HAOJIIOMAETCs OIpe e/ IEeHHbII
VKJIOH B CTOPOHY CO3JIaHMsI IPOrPAMMHOTO ODECIIedeHusT sl CJIOYKHBIX CHCTEM, PACCMaTPUBAEMble 33 a4N
3HAYUTEJILHO YCJIOXKHSIOTCS, ITO9TOMY HEJIOCTATOYHO CTAPBIX IPUEMOB M METOJIOB, IIPUMEHSIBIINXCS PaHee
JJIs CO3aHNS IPOCTHIX Miin (hOpMaIU3yeMbIX IporpaMM. V1 B 3T0it ¢BA3M 10IpOOHO PACCMOTPUM AP IUTMY
00BEKTHO-OPUEHTUPOBAHHON TEXHOJIOTUN, KOTOPasi pa3BUBAETCSI M B HACTOSIIEE BpEMsI.

Karoueswie crosa: ananmms, pa3paboTka, CIOKHBIE CHCTEMbI, HHMOPMAIUS, 00 bEKTHO-OPUEHTUPOBAHHBII
MIOZIXO/T, MOJZIe/Ib, OOPA30BaHUE, METO/IbI, IT€JJATOIHKA, AJITOPUTMHU3AIINA.
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Hcnonb30oBaHne MaTeMaTUdeCKOTo almnapara nNpu u3y4eHuu
MMoKa3aTeJieil connuaibHO-9KOHOMIUYECKOTO Pa3BUTUSA
Pecrry6simkn Kazaxcran

Baxkupim HanmpasiieHneM B MCCJIEIOBAHUN 3aKOHOMEPHOCTEH TUMHAMUKNA SKOHOMUYIECKUX MPOIECCOB SBJISIET-
cs u3ydeHue OOIIel TeHIeHIWH pa3BUTHA. B crarbe paccMoTpeHBI (hakTOPBI, (DOPMHUPYIONINE TEHIEHIINN
(TpeHzpl) COLMAIbHO-9KOHOMIYECKOro passutust PK, u npejcraBiieHbl pe3yJsbTaThl IPOBEJIEHHOIO UCCIIe-
JOBAHUS 110 aHAJIM3Y U MPOTHO3WPOBAHUIO MEPCIEKTUB PA3BUTHS OCHOBHBIX (DAKTOPOB 9KOHOMHUKHU CTPAHBL.
PaccmoTpens! kaTeropun S5KOHOMUYECKOI'O POCTA M PA3BUTHS B ACIIEKTE UX YCTONYIUBOCTU U CTaOUILHOCTH.
TloguepkHyTa AUaieKTHYIECKAsT B3AMMOCBSI3b (haKTOPOB MEXKy KATErOPUSMU HA YPOBHE COIMYMa, MaKpPO-
“ MUKPOIKOHOMHUKH. Kpome Toro, cozmambl 6a3ucHbIE OPUEHTUPHI JJIsi TOCTPOEHUST ITPOTHO3HBIX MOIETIEN,
GOPMUPYIONUX TaPAIUTIMy COHAIBHO-I9KOHOMUYECKOTO PA3BUTHS.

Karouesvie c106a: SKOHOMUIECKHUI POCT, IPOTHO3UPOBAHNE, PACIETHOE 3HAUEHNE, SKOHOMUIECKOE PA3BUTHE,
TEHJEHIUsI Pa3BUTHUsI, CTATUCTUIECKUE JTAHHBIE, COIUAIHLHO-9KOHOMUYECKNE (PAKTOPHI, MPOrHO3HBIE TMOKa-
3aTejd, BDeMEHHOI psJI.

OCcobEHHOCTHIO COBPEMEHHOM IBOJIIONUN SKOHOMUYECKUX CUCTEM B YCJIOBUSIX PBIHKA SIBJISIETCS (DEHOMEH KO-
HOMEUYIECKOTO pocra. [lo ompenesiennio m3BecTHOro SKOHOMUCTA Jaypeara Hobesesckoit mpemuu C. Kyszmerna,
COBPEMEHHBIN 9KOHOMHUIECKUIT POCT MpeJICTaBiisieT coDOil pa3BUTHE, IPU KOTOPOM JIOJITOCPOYHBIE TEMITHI POCTa
[IPOU3BOJICTBA YCTONYIMBO IPEBBIIMIAIOT TEMIIBI POCTa HaceseHus. K aToMy ciemyer J100aBUTh, 9TO TEMIIBI CO-
BPEMEHHOI'O POCTa JIOXO0B OILYIIAIOTCS Ha IPOTSZKEHUH XKU3HU OJHOIO ITOKOJIeHus. VIX cpejHsis BeJIMUYUHA 110
Menbineit mepe npepsimraer 0,1-0,2 % B ro.

Bo Bropoii nosopune XX BeKa TEMITbI pOCTa BAJIOBOTO BHYTPEHHETO TIPOLYKTA B Psijie OTIEIbHBIX CTPaH ObLIN
BEChbMa BBICOKM. [lOKa3aTeam CpesHerolOBbIX TEMIIOB POCTA 38 NATHJIETHHE NEPHOLI cocTaBasim j10 4,6 % B
Samnaanoit Espone, g0 5,0 % B CIIIA u mo 10,5 % B SInonun. Ouu gocruramu 7,7 % B Jlarunckoit AMepuxe u
9,4 % na Bamxuaem u Cpennem Bocroxke [1].

OpHaKo ciemyer OTMETUTh, YTO POCT He Beerja ObLa ycroituus. Ero Temibl Kojiebamch, OH IMepuoIuIecKn
MPEPBIBAJICS W CMEHSICS CIAaJI0OM B IEPUOIbI HAIMOHAJIBHBIX W MUPOBBIX Kpu3ucoB. Ha cCOBpeMEHHOM Ke dTa-
e BBI3BIBAET OCOOBINA MHTEPEC MPOIECC IKOHOMUIECKOTO POCTA, & TaK¥Ke BO3MOXKHOCTH €ro HamboJiee MOJTHOrO
BBIDAXKEHUsT Yepe3 aJIeKBATHYIO CHCTEMY MTOKa3aTesIeit.

Kaxk ormeuaer E.B. Topmenuna [2], «csrenoBano 66l IPOBOIUTH pasrpaHUYUeHUe HA J(Be TPYIIIbI BJIUSIONINX
roKasareJieil, OKa3bIBAIOIINX BO3J/IEHCTBIE HAa IKOHOMUUYECKUI pocT. B cocraB mepBoil Ipynmbl MOXKHO OTHECTH
daKTOPBI TEKYIIEr0 COCTOSIHUSI SKOHOMUKM, KOTOPBIe Oy/1yT BKJIOUATH B cebsi: T0JII0 3aHITOr0 HaceeHusi, BBII
cTpaHbl (PernoHa) Ha Iy HACEJIEHUsI, SHEPIOEMKOCTD, IKCIOPT 00pabaThIBAIONIMX OTPACJIeil CTpanbl (perunoHa)
u ap. Ko BTOpOit rpyrmme MOKHO OTHECTH (PAKTOPHI, /I KOTOPBHIX OYIyT XapaKTepHBI COBPEMEHHbIE (DAKTOPHI
pocra, Takue KaK HopMa cOepekeHmil (MHBecTHIWMil), chOPMUPOBAHHBIN 06pa30BaTEIbHBII IIOTEHIUNAT, YPOBEHb
OTKPBITOCTU KOHOMUKU, YPOBEHb JIOJIM MOCY/IaPCTBEHHBIX PaCXOI0B>.

HemocpencTBenHO 17151 OCHOBHBIX ITOKa3aTe €, KOTOPBIE OIIPEIE/ISIOT IMHAMUKY COMMAIbHO-IKOHOMUIECKOTO
pPa3BUTHS CTPAHbI, MPOBEPUM THIIOTE3Y O CYIIECTBOBAHUU TEHIECHIINU, XAapPAKTEPUIYIOIIEH TOJIOBPEMEHHYIO
OCHOBHYIO 3aKOHOMEPHOCTb PA3BUTHs UCCJEYEMOIrO SIBJICHWs], — TEHJEHIIMI0 POCTa MOKa3aTesiell SKOHOMUKU
CTPAHBI.

st 9TOrO TPOBOJUTCSI CPABHUTEJIBLHBIN aHAJN3 CPEJHMX YPOBHEN psijia: BPEMEHHON psiji JeJIMTCA Ha
JIBE IIPOIOPIIMOHAIBHBIE YACTH II0 YHCJIy WIEHOB, IJe KaXKJasi pacCMATPUBAETCs KaK CaAMOCTOSITeIbHAs BbIOO-
pOYHAasi COBOKYITHOCTb. B cilyvuae ecii BPpEeMEHHOH psifi OymeT WMeTh TEHIECHIWIO, TO CPEJIHNE BEJIUIUHBI
JIOJIXKHBI  CYIIECTBEHHO OTJIUYATHCS JPYyr OT Jpyra. B obpaTHOM Ke cjydae BpEeMEHHON psij He uMe-
er TeHmeHnuu. M3 3TOro ciemyer, 9YTO TPOBEpPKA HAJIMYMS TPEHJA B HUCCJIEIYEMOM BPEMEHHOM DSy

80 Becrnuk Kaparanmauackoro yHuBepcuTeTa



Wcnosnb30Banne MaTeMaTIIeCKOro allrrapaTa...

CBOJIUTCS K TOJTBEPXKJICHUIO WU OIPOBEPYKEHUIO TUIOTE3bI O PABEHCTBE CPEIHHUX JIBYX HOPMAJIBHO pac-
[IPEJIEJIEHHBIX COBOKYITHOCTEH [3].

OupezesiuM HaJU4Ue OCHOBHOW TEHIEHIHHU (TPEHJIA) IOKa3aTesell CONUaIbHO-IKOHOMUUECKOIO Da3BUTUS
Pecny6nukn Kazaxcran o manabiM BpeMeHHOro psna 3a 2009-2016 rr., npencrasienubix B Tabiuie 1.

Tabauma 1

OcHoBHbBIE COIIMAJIbHO-3IKOHOMMNYECKHNE IMoKa3aTeJin PeCHy6JII/IKI/I Kazaxcraun

ITokazarenmn 2009 1. 2010 1. 2011 1. 2012 1. 2013 1. 2014 . 2015 1. 2016 1.
YucieHHOCTh  HACEJIeHUSsT
Ha HadaJso nepuoja (rozga), 15982 16203 16440 16673 16909 17160 17417 17670
TBIC. YeJI.

EcrecrBennsrit npupoct Ha-
213140 221572 227857 238125 251277 269061 266372 277567

ceJleHusI, JeJl.

Cpenuemecsianas HOMU-
HaJIbHAs 3apaboTHAasI IJIaTa 67333 77611 90028 101263 109141 121021 126021 142351

OIHOro pabOTHUKA, TEHIe

BasnoBoit BHyTpeHHuMit mnpo-
AYKT MeTOJOoM mpoussoi- | 17007,647 | 21815,517 | 28243,052 | 31015,186 | 35999,025 | 39675,832 | 40884,133 | 46193,380

CTBa, MJIpJI TEHTI'€

O6beM NPOU3BOJICTBA MPO-

MBIIJIEHHOH — TIPOJYKITUU
9121,525 | 12105,526 | 15929,052 | 16851,775 | 17833,994 | 18531,774 | 14925,230 | 18559,213
(ToBapos, ycayr), MJIpA

TEHTe

Hpumenarue. Tabmuna cocrapiena no jganabiM OOJICTATY TPABICHUS.

rZ];Q.HI/IM pAd Ha ABE€ 9aCTU: 1y, 12. Ilo Ka)KILOfI BbIYUCJIAEM CpeaHNE 3HAYCHUA U BbI60pO‘IHbIe JAUCIIEPCUN:

ni ni ==\2
_ i=1Ti a2 Z':1($i —T)
== HVHIEE ; 1
Y1 n 1 T ( )
DY P> it (xy —7)?
Yo = —L——;55 = — ; (2)

N2 n2
Y, =16325 ; 512 =66670; yy =17290 ; 52 =80602.

IIpoBepsiem rurore3y o paBeHCTBe JUCIepcud IpU ypoBHe 3HaunMmoctu o = 0,05:
L2 2 .2 2
Hy:0{ =05,H: 07 #05.
OTBeroMm Ha 3TH BONPOCH! CaIy>KUT F-pacnpenenenne [4]:

S3/a2 80602
S%/o2 66670

Frpaen = = 1,208.

re o2 u 05 — TeHepaJbHBIC TICHEPCHN JBYX BBIOOPOK Tz T Ny .

Korma renepasbuble aucnepcuu paBHBI, pacdeTHOe 3HadYeHne F-pacipesiesienust IpuHuMaeT BU/T

S3 80602

22 o T2 1,208
S2 766670 T

F, pacw —
F- pacnpenesnenne siBisiercss TabysmpoBaHabiM. OHO ONpeJeisieTcst AByMsl TapaMeTpaMi V] U Vg — CTEIeHIMHI
CBODOIBI:
m=ng—livo=ny—1. v =4-1=3; 1, =4—-1=23. Fyy(0,05;3,3) =9,28.
Tak Kak Fpgew < Fip (0,05; 3,3), To Her ocHOBaHmil oTBepraTb HyJeBYIO rumoredy. 1o ZaHHBIM Ha-
GJTI0/ICHISA TUCTIEPCHN  TeHePATBHBIX COBOKYITHOCTEl PaBHBI 02 = 02, WCHPABJICHHBIC BHIOOPOYHBIE JIHCTIEPCHN
(S? u S2) paznmatoTcst He3HAUHTETBH (PACXOMKICHIE MeK Ty HUMH CTydaiino). Torma MOXKHO TTPOBEpUTH OCHOB-

HYIO THIIOTE3Y:
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Ho 7y =%y Hi:Yy # Yo

T _ Y1—Y2 \/m%
pact = f(n1—1)82+(n2—1)52 e
~ 16325—17290 . \/m ~ 5,030
/(4—1)-66670+(4—1)-80602 444 T

CpasmuBaeM Tpge., ¢ TaOyIMPOBAHHEBIM 3HAUEHHEM ty, (@ , K ) — KPUTHIECKOH TOUKON pacIpeleeHus
CrbioneHTa.

T'me K = n — 2 crenens cBOOOMBI; (v — 33JAHHBI YPOBEHD 3HAYUMOCTH.

K=8-2=06; ty. (0,05;6) =245

Tak xak |Tpacy|>txp (0,05; 6), To HeT ocHOBaHUIT OTBEPraTh HyJEBYIO THIOTE3Y O TOM, UTO BPEMEHHOM
PsiJT IMeeT TEHJICHITNIO, TaK KaK CPEJHUE BeJMYUHDBI, BHIYUCJICHHBIE JJIsT KaXKJI0M COBOKYITHOCTH, CYIIECTBEHHO
(3HAunMO) paznmyaiorcd Mexkay coboit. OTcioa BBIBOJ, YTO TPEHJ HOKa3aTess «IUCIeHHOCTh HACEJCHUs HA
HadaJIo nepuoga (roja)» IPUCYTCTBYET.

Pacuernbie 3HaueHNs Npyrux mnokasaresieil IpuBeJeHbl B Tabsuie 2.

Tabauma 2
TenneHus pa3sBUTHAsI OCHOBHBIX MOKAa3aTeJ el pa3BUTUS
sxkonomuku Pecnybanku Kazaxcrau
Fpace Thacs Hamrane
ITokazaresnb PASL | F-kpurepmii | P2 | T-xpurepunii
FTa6J'I. TTa6n. TEHJACHIINN
YucaeHHOCTh HACeJEHUsT HA HATAJIO 1.208 5,03
neprosia (rosia), ThIC. Yell. 9,28 Fpaca. <Fip. 2,45 Tpaca. >Tip. | Hpucyrersyer
, 1.082 6.21
EcrecTBenublit mpupocT HaceaeHus, Ie. 998 Fpacu, <Fixp. 9245 Tpaca. >Txp. | IIpucyrcrsyer
) b
CpennemecstaHast HOMIHAIbHAsT 3apaboT- 0,871 4.64
Has [JIaTa OJHOIO PAOOTHUKA, TEHTE 9,28 Fpacu. <Fip. 2,45 Tpaca. >Twp. | Hpucyrersyer
BaJioBoit BHyTpeHHMIT IIPOJIYKT METOI0M 0.445 491
[IPOM3BO/ICTBA, MJIPJ TEHTe 9,28 Fpacu. <Fip. 2,45 Tpaca. >Tip. | Hpucyrersyer
O6beM POU3BOACTBA MPOMBIITLIEHHOM 0.233 931 OTrcyrcTByer
npojtyKnuu (TOBapOB, YCJIyT), 678 Fpaca. <Fip. ;Z5 Tpaca. >Txp. (cabo
MJIDJL TEHTe ’ ’ BbIpazKeHa,)

Humewarue. Tabmuna cocraBjieHa Ha OCHOBE pacdyeTa CTaTHCTHIECKUX JaHHBIX 110 Peciybiuke Kazaxcran.

SHadeHus, IOJyYeHHbIE B XO/I€ PACUeTOB, XapaKTePU3yIOT HaIndne o0Iell TeHIeHIIN Pa3BUTH JUHAMUKN
rokasaTeJieit SKOHOMHUKH B 11esioM 1Mo Pecmrybiinke Kazaxcran. Hamu craBuTes 3a1a4da 0 BRISBIEHUIO OOTIIEH TEH-
JIEHIIMKM POCTa 3HAYEHU (PAKTOPOB COIUAJIBHO-9KOHOMHUYECKOIO PA3BUTHUS HA [IEPUOJL UCCIIELYEMOI0 HHTEPBAJIA
BpeMeHnu. /lanHoe pelieHne 00YCI0OBIEHO TEM 0OCTOSITEILCTBOM, UYTO, IIOMUMO BO3/IEHCTBUSI OIPEIeISIONNX (DaK-
TOPOB, HA 3HAYEHUE PACUETHOTO MOKA3ATE ISl TAKXKE OKA3bIBAIOT BJIMSHNE U JPyTHe MHOIOUUC/IEHHBIE CJIyYaiiHbIe
daxropst [5].

IIpu pasnuuHBIX METOAAX, PEAJN3YIONUX CIVIAXKUBAHIE BPEMEHHOI'O PAla, C IEeIbIo HAXOXKIAEHUsT OCHOBHOM
TEHJIEHIUN IIPEKIE BCEr0 UCXOIAAT U3 PA3BUTHUS JUHAMUKK [0 (PAKTY pPaCCMaTPUBAEMOIO IIEPHOIA BPEMEHU.
Yarre Bcero npuMeHsieMbIM METOJIOM CIJIayKUBaHUsI BPEMEHHBIX PsIJIOB BBICTYIIA€T METOJ, HAMMEHBIINX KBaIpa-
ToB. Vcmosib3yeMblil Ha IIpAKTUKe MaTeMaTHYeCKUil alnapar JJaHHOINO METOJa HAMMEHbBIINX KBaJIPaToOB OYeHb
[OPOGHO OIMCaH B HAaydIHON Jjureparype [5].

IIporaosubie MO/E/N HA OCHOBE SKCTPAIOJIAINN PAI0OB JUHAMUKI MOXKHO PEaJIM30BLIBAThL B (bopMe OIpeie-
JIEHHOT'O 3Ha4YeHns (pyHKIUU

til = f(yiv la aj), (3)
rzie Y/, ; — IPOrHO3HOe 3HaveHue MCC/Ie/lyeMOro psijia JUHAMUKY; yi — B3ATbIN 3a 0a3y 3KCTPAIOJIIUKE YPOBEHb
psiaa; | — yupexkaroniuii mepuor; ¢j — 3HaYEHue ImapaMerpa ypPaBHEHUs] TPEH/IA.

Peanuszarus mporietypbl critayKuBaHus BDEMEHHOTO psijia Ha 0a3e MeToJ[a HAMMEHBINUX KBaJIPATOB IMIO3BO-
JISeT HOJIYYNTh JUHEHHYI0 TPEHIO0BYIO 3aBUCUMOCTD CJIEAYIOMIEr0 BUIA:

Y = f(#). (4)
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BBIHO.HHQHI/IQ IKCTPAIOJJIANNN MO2KHO IIDOBOJAUTH IIYTEM IIOJACTAHOBKU B IIOJIYICHHOC YPaBHCHHUE TPCEHIA CO-
OTBETCTBYIOIIETO 3HAYCHUS HE3ABUCUMOI ITEPEMEHHOI {, KOTopasi Oy/IeT COOTBETCTBOBATH BEJUYUUHE IEPHUOIA
HaMeJaeMoro ymupexjaenns. Jlannas mporeaypa IpeoCTaBIsieT BO3MOXKHOCTD IOJyIUTh MATEMATHIECKHA TOY-
HOE pacyeTHOe 3HAYEHUE IIPOTHO3a, T.€. JAET OIEHKY IIPOrHO3UPYEMOTO MTOKA3aTe sl B MO3UINN 110 YPABHEHUIO,
KOTOpPO€ OIMHUCBhbIBaEeT TEHJICHIIUIO IIPOIHO3UPYEMOTO IIOKa3aTeJId.

3HavYeHne JOBEPUTETHLHOIO HHTEPBAJIA JIJIsl SKCTPAIOJNPYEMOTO BPEMEHHOTO Psifia PACCUUTHIBAETCS MO CJIe-
nyromeit hopmyiie:

Yt:-liK* 'Syv (5)

t=mn, [=1,2,...L

rje Y, — 3Ha¥eHne TOYEYHOro MPOrHO3a Ha MOMEHT BpeMenH (t+1); Sy — pacueTnas cpejHss KBajipaTudecKast
omubKa uccaeayeMoro rpenia; K* — rabyiupoBanHoe 3HAYMEHIE MHOXKHUTEJIS.

Tabauanoe 3uadenne K* mmeer szaucumocts o umcsa Habogenuit n (00mero KoJndecTsa ypoBHeH uc-
careryemoro psuaa) u | (yupexkmaemoro nepuoga). C pocroM duciia okasaresb 3Hadenus K* yMmMeHbInaeTcs, a B
caytdae pocta | oH OyIeT yBeJIu<InBaThCS.

3HaueHune cTaHIAPTHON (CpeHe KBAJPATHIECKON) OMUOKN NIl OIEHKH PACIeTHOrO MPOTHO3UPYEMOIO MO-
Kazarens S, BbUHCIgETCa 10 dopmye [3, 4]

=\ 2RI ©

rme Y — 3HaYeHWe YpPOBHSA MO (DaKTY; Yy — pacuauTaHHas 1O MOJIEJN OIeHKa WCCJIEyeMOTO TOKa3aTe s,
I — KOJIMYECTBO BBIOOPKHM BPEMEHHOI'O PsijIa; I — KOJIMYECTBO HapaMeTPOB B MCCJe/LyeMoii 3aBucuMoctu f(t).
Hcnonb3yem mpeaoKeHHbIH METOJ, C IEeIbI0 TTPOTHO3UPOBAHNS OCHOBHBIX TTOKa3aTe el pa3BUTHA SKOHOMU-
Ku Pecriyonuku Kazaxcram, 110 KOTOPBIM XapaKTePU3YeTCsl TUHAMUKA PA3BUTUsS SKOHOMUKH CTPAHBI.
Jl1sl IpoBeieHNsT BBIMUCJIEHUI BOCTIOJIB3yeMCsl JIAHHBIME BpeMeHHOro psja 3a 2009-2016 rr., mpeacTaBiieH-
HBIMEI B Tabsmre 1. B pe3ynbrare mIpoBeIeHHBIX BBIYUCICHUI MOIyIaeM JTMHEHHYIO TPEHIOBYIO 3aBUCHMOCTD:

Y, = 241,45 - t + 15720.

IIpoBoguMasi SKCTPAOJIALIAS OCYIIECTBIISIETCS [IyTEM IIOJCTAHOBKY B yDABHEHNE TPEH/IA 3HAYEHUs He3aBU-
CUMO#1 TIEpeMEHHOI {, KOTOpas COOTBETCTBYET 3HAYEHUIO IIEPUOIA YIIPEXKICHUSI.

Tabmnuma 3
Pacuernnie IIapaMeTpbl MoAdeJIn

Tog | T Yt Y, i-Y | (M —Y)?
2009 1 15982 15961,667 20,333 413,431
2010 2 16203 16203,119 -0,119 0,014
2011 3 16440 16444,571 -4,571 20,894
2012 4 16673 16686,024 -13,024 169,625
2013 5 16909 16927,476 -18,476 341,363
2014 6 17160 17168,929 -8,929 79,727
2015 7 17417 17410,381 6,619 43,811
2016 8 17670 17651,833 18,167 330,040

) 1398,905

Nmeem: n =8, m = 2,

S (Y- Yy)? 1398, 905
= = = = 15,269.
B s -

Suagenne K™ I ONEHKH JTOBEPUTEIBHBIX MHTEPBAJIOB IPOTHO3a TaOyIMPOBAHO.
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PesynbraTer pacdyera mpencraBiieHbl B Tadsmrie 4.

Tabauma 4
IIporuos pa3sBuTHUs OCHOBHBIX MOKa3aTeJeil SKOHOMUKH
Pecnybaunkn Kazaxcran Ha nepuon 2017-2019rr.

Ilokazarens YpaBHeHUs MOJIEIN Fompr [Iporuos

Y, =241,45 -t + 15720 2017 17893

YHuc/ieHHOCTh HAaCe/IeHUsI Ha HAaJaJI0 IEePUOJIaA R2 — 0.948 5018 1]135

(roma), Taic. e, Sy = 15,269 2019 18376
Y, =9663,7 -t + 202135 2017 289108

EcrecTBennbit mpupocT HaCeTEHUs, TeJT. R? = 0,971 2018 198772
Sy = 4385,867 2019 308436

Y, = 10334 -t 4 57844 2017 150850

CpeHeMecsiyHasi HOMUHAJIbHAS 3apab0OTHAS R2-0.993 5018 161184
maTa OJHOrO pabOTHUKA, TEHTe Sy :3215 778 5019 171518
. . Y; = 4034, 8 - t + 14448 2017 50761,2
BasoBoit BHyTpeHHUI MNPOIYKT METOJIOM IIPO- R2—0.982 5018 51796.0
HSBOJCTRA, MIPJL TEHre Sy = 1425.723 2019 53830.8

06 . Y; = 1059 -t + 10717 2017 20248

'bEM  IIPOU3BOJICTBA IIPOMBIIILJIEHHON IpPO- R2-0,697 5018 91307

JyKiuu (TOBApOB, YCJIYT), MIID/, TEHTEe Sy — 2289.317 5019 59366

Ipumevanue. Tabmuria cocraBieHa Ha OCHOBE pacdera CTATUCTHIECKUX JAHHBIX M0 Pecrnybnmke Kazaxcram.

3aKOHOI\/IepHOCTeI71 pa3BuTUA NIPOrHo3upyemMasi BeJIMINHA 6y,ZLeT JOCTUI'aTh PACIYCTHOI'O 3HAYCHUA.

Momenu, Ha OCHOBE KOTODPBIX OCYIINECTBJISJICS MPOTHO3, ¢ MPUHATHIM ypoBHeM BepogTHoctu 0,9, mpyrumu
cJI0BaMHU, C JIOBEPUTEJLHON BeposaTHOCTBIO 90 %, MO3BOMISAIOT yTBEpKIaTh, YTO IPH COXPAHEHUH CJIOMKUBIINXCS

Pestomupyst ciemyer orMeTuTh, YTO MOJEN, HOJYyYEHHBIE C TIOMOIIBIO MATEMATHIECKOrO aIlapaTa, JAl0T

BO3MOXKHOCTHb IIPDOTHO3UPOBATH BapUaHTBI Pa3BUTUA IKOHOMNYIECKUX IIPOIECCOB U HBJ’IGHI/Iﬁ, C IEeJIbIO U3y4dIeHud

TEHJICHIINA U3MEHEHUsI SKOHOMUYIECKUX MoKa3aTeseil, T.e. ciykKaT 6a30BbIM HHCTPYMEHTOM (POPMHUPOBAHUSI HA-
y4IHO OOOCHOBAHHBIX IIpejCKa3aHuii. Pe3ysibTaTsl IPOrHO3a, SBJISIIOTCS UCXO/HBIM MaTEPUAJIOM JIJIsl [IOCTAHOBKU
peasibHbIX SKOHOMUYECKUX TIeJIeil U 3aJ1ad, JIJIsl BhIABJICHUS ¥ IPUHSITUsI HAMJLY 9IIUX YIIPABJIEHIECKUX PEIIeHUH,
I pa3pabOTKU XO3sIHCTBEHHON 1 (DMHAHCOBON CTpPATErnii B OYIyIIeM.
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B.K. [MTagxmerosa, III.E. Omaposa, B.I'. JIposs,

Kazakcran PecniybG/inKachbIHBIH, 9JIey MEeTTiK-9KOHOMUKAJIBIK, JTaMYy
KOPCETKIIITEPIH 3epTTey/le MaTEMAaTUKAJIBIK allllapaTThl HaiiJaJdaHy

DKOHOMUKAJIBIK, IIPOTIECTED JTMHAMUKACHIHBIH, 3aHIaPBIH 3€PAe/IeYIiH MAHBI3IbI OAFBITHI JAMYIIBIH KAJIIbI
oniciH 3epTTey Oousbin TabbLIa bl Makamnana Kazaxcran Pecny6imKachIHBIH 9J1€yMETTiK-9KOHOMUKAJIIBIK
JIaMyBIHBIH, TeHIEHIUAIAPHIH (YPAICTEPIH) KAJIBINTACTHIPATHIH (DAKTOPJIAD KAPACTHIPHLIBII, €J1 S9KOHOMU-
KACBIHBIH, HETI3r1 (haKTOPJIAPBIH JAMBITY MEPCIEKTHBAJAPBIH TaJaay kKoHe OosrKay OOUBIHINA ©TKIi3iareH
3epTTeyJep/IiH HOTHXKeJepl KeITipiireH. DKOHOMHUKAJIBIK ©6CY MEH JAMY/IbIH CAHATTAPBI OJIAP/IbIH TYPAKThI-
JIBIFBI TYPFBICBIHAH KAPACTBIPBLIIBL. OJIEYMETTIK-9KOHOMUKAJIBIK, TaMY/IBIH MapaIUrMAChIH KAJIBIITACTBIPA-
TBHIH 6OJIKAMIBI MOJIEIbAEP/Il KYPY VIIH Heri3 6018 OTBIPBIN, MAKPO- YKOHE MUKDPOIKOHOMHUKAIAFBI MAaKPO-
JK9HEe MUKPOIKOHOMHUKAHBIH CAaHATTAPBI apACHIHIAFbI CAHATTAD apaCBhIHIAFbI INaJeKTUKAJBIK o3apa Oaiina-
HBIC aTall eTiJIi.

Kiam coesdep: s3KOHOMHUKAJBIK ociM, Ooskay, Oarajay Oarajapbl, SKOHOMHUKAJBIK [IaMYy, CTATUCTUKAJIBIK,
JIEPEKTED, 9JIEyMETTIK-9KOHOMUKAJIBIK, (haKTOpIap, 60JKAMIBIK, KOPCETKIIITED, YAKBITIIA CEPUSIIAP.

B.K. Shayakhmetova, Sh.E. Omarova, V.G. Drozd

Use of the mathematical apparatus in the study of indicators
of socio-economic development of the Republic of Kazakhstan

An important direction in the study of the laws of the dynamics of economic processes is the study of the
general trend of development. The article considers the factors that form the trends (trends) of the social
and economic development of the Republic of Kazakhstan and presents the results of the conducted research
on the analysis and forecasting of the prospects for the development of the main factors of the country’s
economy. The categories of economic growth and development are considered in terms of their stability and
stability. The dialectical interconnection of factors between the categories at the level of society, macro- and
microeconomics is emphasized, thereby forming the basic reference points for the construction of forecast
models forming the paradigm of social and economic development.

Keywords: economic growth, forecasting, estimated value, economic development, development trend, statistical
data, socio-economic factors, forecast indicators, time series.
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[.I1I. Nckakosa, K.C. ITaykenora, M.C. AnnubexoBa

Kapazandunckuti eocydapemeentoti yrusepcumem um. E.A. Byxemosa, Kazaxcman
(E-mail: iskakova.1975@mail.Tu)

O MHOroBEeCcOBOM AHN3O0TPOITHOM HEPaBEHCTBE BJIO2KEHM 1

B crarbe paccMmorpens! mpocrpatncTsa CoboJieBa, aHU30TPOITHBIE TIO MOPSIAKAM TPOU3BOIHBIX, IO TOKa3aTe-
JISIM CYMMUPYEMOCTH U TI0 BECOBBIM MHOXKHTEJISIM IIPHU STUX MPOU3BOIHBIX. 3a1a9M BJIOXKEHUS IIPOCTPAHCTB
dyHKIMH ¢ TeMU Wil UHBIME JuddepeHIraIbHBIMA XaPaKTEPUCTUKAMU aKTYaJIbHbI B CBSI3M C UX BAXKHBIMU
MIPUJIOYKEHUSIMU B T€OPUH /b PEePEHITNATBHBIX ONIEPATOPOB, B YUCIEHHBIX IMPUKJIAIHBIX 3a/1a9aX, B UCCJIe-
JIOBAHUU AMMPOKCHMATHBHBIX XaPAKTEPUCTUK WHTETPATBLHBIX OMEPATOPOB, AECHCTBYIOIINX B IPOCTPAHCTBAX
cyMMupyeMbIx dyHKIui. VccremoBanue TpoBEIEeHO METOIOM JIOKAIU3AME ISl OIIEHOK HOPM WHTErpaJib-
HBIX OIEPATOPOB B BECOBBIX NpocTpaHcTBax Jlebera. B craTbe moJsiyueHa MHOrOBECOBasl TEOPEMA BJIOYKEHUST
aHU30TPONHBLIX ITpocTpancTB CobosieBa OOIIEro THUIIA.

Kaouesvie caosa: BIOXKEHNE, aHU30TPOIHOE, MHOIOBECOBOE, MHOI'OIIAPAMETPUUIECKOE, HHTEIPAJIbHEIE OIle-
’ ’ ’ ’
paTOpbI, METO/ JIOKAJIU3aIlliul, BECOBbIE IPOCTPaHCTBA.

Beedenue

Hycrs G — obuacts B R™, I = (ly,...,1,), @ = (a1,..,,) — BEKTOPBI C TeAbIME KoopauHaTamu l; > 0,
(7 Z 0.

Hmwke mamm OymyT wucHomb30BaHBl obGosHauwenus: mis ¢ = (x;) = (x1,...,T,) € (—00,+00)",
y = (y;) € (0,400]", A = (\;) € (0,400)",t € (0,400) nycrb & < y, * < Yy — 3aIUCh HOKOOPAUHATHOIO

CpaBHEHWUS,
- T x; 1 1

A = (Nxg), (A, z) = ANiTi,— =T =l—, —= ;

_=(\img), (A, o) 21 e y ( ) ( )

Yy Yi

. /X
=20 2= () fely = s ™, 1= (1), o0 = (+o)
Hnsg z € R", muoxkects B, F C R" u X € (0,+00)™ mycTh
xExAE={y : y=axxtIz,z2€ E}, FxF={z : z=aty,x € E,ye F}.

ycrs Qo = (—1, 1)™, obuacts G C R™,

Gtt)=_{z : s=y+ () Q}ca
= {z : x €@, dist(z,0G) > t}.

IIycts namee l € N™, aa € Z™, a > 0.

Q=Qu=Qu) = {yeR" : |y —m|<d/2 i=1,...,n} = Quax),

upu A = (A1, ...y Ap), A1 = ... =\, = L. Ilosoxkum

7(z) % min (1, sup{d : 2Qq(z)C G});

d>0

Q(l‘) = %Q‘r(m) (.13),
U IIyCTh

r=J e : Qcem
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!
1-p,
[

Yepes 0(Q), 5:(Q), |Q| Gymyr obosmauarses coorsercrsenno [ vl [ p

, [ dx. Qs mynbrunHekca
Q Q Q

n
a=(a,...,an) la| =3 a;, nag ¢ € R
i=1

o = ()"
i=1

B(z;r)={yeR" : |y—z|<r}.

Yepes L,,(G), 6ymeTr 0603HaTATHCS BECOBOE JIEOETOBO IIPOCTPAHCTBO ¢ HOPMOit [1]

1/p
F: LG = (f fl”v) .
G

Huke zanucs A << B 6yuer ozuadars, uro A < ¢B.
Ob6ozuaunm 1epe3 M ™ f MakCuMaJIbHBIN OIEPATOP OTHOCUTENBHO nuddepeHnaIbHoro basmca

B=|JBs 345 B.={Q : Q=Q(rx, 1€QCQx)}

zeG
1

M*f(xz) = sup 0]

QEB,;, z€Q

1]
Q

Pacemorpum cayuait k = 1 — (o, A) — |A] > 0,
Teopema. ITyemv 1 <p<g<oo,1<p;,<qg<oo,i=1,...n, =1—(a, \) = |\ >0, aseca p;, v uw
noduunsromes ommocumennvro nekomopot dynxyuu T(x) u co € (0, 8] yeaosuam

1/q
Ag = sup ()" (@V=IA/P l Il (M*U(t))q“’/w(t)dt < 005
zeG Q)
a/p /a
By=|[ ( / f)(y)dy) () "9 NNy (1) da < 00;
G \G\3Q(x)
a/p; i
Ai=sup | [ 70| [ p&i w(t)dt <oo (i=1,..,n);
Q(x) Q(t)
zeG
a/p; Ha
B = | [ r(@) () < / m@)dy) de| <00 (i=1,..n).
G G\c3Q(z)
Torma cupasemmBa OIeHKA
1/q _
(f |D“u|qw(x)dx> <C ‘u; Wé’p(G; g, V)|, ueCCW.
G

C TOYHOU NMOCTOAHHON
n
Jj=0
rae ¢ > 0 ve 3aBucur G OT U BECOB p;, V.

Joxazamesvemeo. 3amernm, 9To G JIOKAJIBHO YIOBJIETBOPSIET YCJIOBHIO TMOKOTO [— pOra OTHOCHTEIHLHO
byukmmn p(t) = (t*,..., t)), a nmenno:

v+ VN2 0) =+ (] [p(t?)+t2*Qo] C 2*Q(z) 7@80 < § <1, T, = 7(x).
0<t<T,
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Hns N, = 1/1; (i =1, ..., n) upencrasienue [2]

T
FO@) = 15w, p(T) 4+ (1) oot
0

t’\ v
5 AL @) D sty

foi<

G

o~

IIepernnmeTcd B BU/IE

FO@) = £ (@, ) + (=D N DY Fy)N s(x, y — )y,
=1

rie

T@? —
Nis(z,y—z)= [t MN-(@NE, <yt/\x, 1, 1> x(t, y)dt,
0

X(t, y)— xapakrepucruueckas HyHKIMs HapaJjlleselnne/a 5’\Q(t, A ().
Hnsa | N, s(z, y)| u3 [2] umeem orenkn

N3, sz, )| << [ ¢ VTNH (860 — |y])dt =
0

:C{ (%H(‘Lf)‘l} 5A;8 K =1— A= (a, A) #0;
In 90Ts BAIS K =1 — |\ — (o, A) = 0;

ly[x?

3=

e { TrH(OT — [yly),  5Ai8 k> 0;
51_H‘y|§H(51Tx —lyla), 5A;8k <0

IN; 5(z, y)| < cln(51T1|y|;1), 5A;8 k = 0.

s nepsoro caaraemoro, B (1) B cuily omeHku

)Y — <=
’Qg(/ )(Tv 1)‘ < C3X21/A5Q<t,”(m)(y — ).

5 [2]
59 (2, )] = T fla+ )@ (&, 1) dy| <<
<< (@) W)Xt y = 2)dy.

Bamerum, aro QU (y) = 0, ecmu |y;| > (14 62) 7(x).
W3 npencrasnennsi(1) n onenok (3), (5) ciemyer norodedHasi OreHKa

£ @)= e [ Rolw, pFWldy + e i [ ke, )ID; F(y)ldy,
=1
rie
ki(z, y) = { T (@)H(017(x) — |y —x[x), 5A;8K>0;
ey ly — 2[SH(017(2) — [y — z[x), 5A;8 Kk <0;
ko(x, y) = 771 (@) H (807 (x) — |y — @[).

B cBoto ouepesip onenka (6) NpUBOAUT K HEPABEHCTBY

=

KD} £

<Kol fllp, e+ DA
=1

Lq o(G) Lg.w(G)

Bermuiiem 1151 oniepaTopos

Kif(@) = [ kiz, y)f()dy  (0=0,1,..., m)

ycaosus temM 1 u 2 B [3; 104], pacemarpusas K xax oneparop u3 L, (G) B Ly, ., (G), a K; xak omepaTop u3

Ly, p.(G)B Ly o(G). IIpri =0
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1/q
Ao, 0,9,v,0(T) = esssup ( [ Iko(t, y)|0¢3(t)w(f)dt> <<
yeQ@) N

1/q

1/p\ 1
<< esssupc(é)( / (T(t)_q(o"”_qp‘/p <|Q(J:)|_1 f)v(y)dy) ) w(t)dt) <<

Q(x) Q(t
yeQ(w)

1/q
<< 1(z)~(@N=IA/P (Q(f )(M*U(t))q/p’w(t)dt> .

Hyers x5(y) = x(=, y). Torna

q/p
=f< / ﬁ(y)dy> 7() " (x)dz.
G

G\ Q(=)

W3 onenok nemmsl 1 B [3; 104] crenyer, uro Ky € L(Ly, (G), Lq, (G)), ecnn
1/q
Ag = sup d(z) (@M -IA/P l / (M*U(t))q/p,w(t)dt] < 00;
Q)
zeG

a/p’ 1/a
By = | [ d(z) (@ N=A/Pag,(g) ( / U(y)dy) dx < 0.
G\c3Q(x)

G

ycrs r; = (1 — %)p;. Torna s k;(z, y)

1/p; 1/p;
wi(x):<Q(f_)|ki(w, y)”ﬁi(y)dy> << (Qf IT(w)I””ﬁi(y)dy> <<

1/p;
<< T(x)(lfa)ﬁ ( / ﬁi(y)dy> ;

Q(z)

1/q
[ ka(t, y)(’w?(t)w(t)dt> <<

Ai, o,q,v, w(l') = esssup
Q(=)

yeQ(x)
1/q

a/p;

<<esssup | [ |T(t)|“q< / ﬁi> w(t)dt =
Q(z) Q

yEQ(x)

(I/I)i
/ T(t)q<f ﬁi(y)dy> w(t)dt : 9)

Q(x) Q1)
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/ 1/q
a/p;
Bi=1/ [ ki, Y pi(y)dy | w(@)de| <<
G \G\c3Q(z)
a/p, M
<< [\ [ @ plydy |  wlz)de| <<
G \G\pQ(=)
a/p, Ve
<< | [7(z)"w(x) [ pi(y)dy dx (i=1,..,n). (10)
G G\cp Q(2)
U3 onenok (9), (10) caenyer, uro K; € L(Ly,, 5, (G), Lq,(G)), ecim
a/v, Ha
Ai=sup | [ 7" [ pi(y)dy w(t)dt <oo (i=1,..,n);
Q=) Q(t)
zeG
a/p; Ha
B = |[7(z)"w(zx) [ pily)dy dz <oo (i=1,..,n).
G G\ Q()

Teopema jgokazaHa.
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[III. Uckakosa, K.C. Hlaykenosa, M.C. AmiubekoBa

KencaiMaKTbl aHU30TPOIITHI KEHICTIKTEP/Al €HTi3y >KOHIH]Ie

Makastazia Ty BIHIBICEIHBIH, PETi, KOCBIHBIIAY KOPCETKIII K9HE OChI TYBIHIBLIAPIbIH CaJIMaKThl KOOEHTKIII-
Tepi Goitpiaima arn3oTponTsl CobOJIEB KEHICTIr KapacThipbliran. OyHKIMAIAPILIH KEHICTITIH eHri3y ecer-
Tepi e3iHiH guddepeHnmalabl CHIATTAMACBIMEH OJAPILIH IruddepeHITnaIIbl OIIepaTOpJIap TEOPHUICHIHIA,
KOJIT@HOAJIBI CAHBIK, €CENTeP/e, NHTErPAJIIBI OLIEPATOPJIAPIBIH AIIIPOKCUMAIUSIIBIK, CHIIATTAMACHIH 3€PT-
Tey/ie KOCBIHIBIIAHATHIH (OYHKIUSIAPIBIH KEHICTITiHE 9Cep eTeTiH MaHbBI3 bl KOCHIMITIAIaPbIHA OalTaHBICTHI
e3eKTi Macesie. 3epTTey caaMakThl Jleber KeHICTIriHiH MHTEerpaJIJIbIK, OlePATOPJIAPBIHBIH, HOPMAJIAPbIH HOara-
Jlay VIIiH OKIIaysay oiciMeH Kyprizimai. Makamaga »aansl Tunteri ann3orpontbl CoboseB KeHicTiKTepi
VIITiH KO CAJIMAKThI €HTi3y TeOpeMacChl aJIbIH/IbI.

Kiam cesdep: eHrizy, aHU30TPONTHI, KOIICAJIMAKTHI, KOII TapaMeTPJIi, HHTETPAJIILIK, OIIEPATOPIAD, OKIITAY &Y
97Iici, caJIMaKThl KEHICTIKTED.

90 Bectnuk Kaparanmauickoro yHuBepcuTeTa



O MHOrOBECOBOM aHU30TPOITHOM HEPABEHCTBE...

G.Sh. Iskakova, K.S. Shaukenova, M.S. Aldibekova

On a multi-weight inequality for the imbedding
of anisotropic spaces

In this paper we consider Sobolev spaces that are anisotropic in order of derivatives, in terms of summability
and weight factors for these derivatives. The problems of embedding spaces of functions with various
differential characteristics are relevant in connection with their important applications in the theory of
differential operators, in numerical applied problems, in the study of approximate characteristics of integral
operators acting in spaces of summable functions. The study was carried out by the localization method
for estimating the norms of integral operators in weighted Lebesgue spaces. In this paper we obtain a
multi-weight embedding theorem for anisotropic Sobolev spaces of general type.

Keywords: embedding, anisotropic, multi-weight, multiparameter, integral operators, localization method,
weighted spaces.
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