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Three-weight Hardy inequalities
with iterated operators and generalized kernels
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The well-known Hardy inequalities, formulated in both continuous and discrete cases, play an important
role in mathematical analysis, differential equations and many other branches of mathematics. The original
forms of these inequalities were subsequently extended and generalized in various directions, leading to the
development of Hardy inequalities as an independent and significant area of research. A central problem in
the theory of weighted inequalities is the characterization of conditions under which inequalities involving
Hardy-type operators hold. Many cases of weighted estimates for linear integral Hardy-type operators
have been considered, and there is a large number of books and scientific articles on this topic. More
recently, considerable attention has been given to iterated Hardy-type operators due to their application
in Morrey-type spaces. This paper analyzes a class of operators formed by iterating two operators, one
of which involves a kernel satisfying conditions that generalize those considered previously. The study
examines Hardy-type inequalities associated with these iterated operators and establishes necessary and
sufficient conditions for their validity. The characterization of weighted Hardy inequalities involving iterated
operators can now be applied to study of bilinear weighted Hardy-type inequalities.
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Introduction
For f > 0, we consider the inequalities

[e%9) T 0 T & q 0 2

/u(az) / /K(s, t)f(s)ds| w(t)dt| dx| <C /v(:z:)fp(x) dx (1)
0 0\t 0

and )

oo ) t r ¥ q 0o %
/u(a:) / /K(t, s)f(s)ds | w(t)dt| dz| <C /v(w)fp(x) dz | (2)
0 z \0 0

where u, v, and w are non-negative, measurable, and locally summable weight functions on I = (0, c0)
and K (-,-) is a measurable function referred to as the kernel.
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Three-weight Hardy inequalities ...

Define Ly, = Ly (), 1 < p < 00, as the Lebesgue space of measurable functions f on I satisfying

o0

1 £l = / o(@)|f@)Pdz | < oo

0

Then these Hardy-type inequalities (1) and (2) can be rewritten in the shortened form:

1T fllgu < Cllfllpws 0 < f € Ly, (3)
where T is one of the operators
T oo r :
s = | [ | [Kenres ) v
0 \t
1
o0 t r T

T ) = (/ (/I(@,@j(@ds w(t) dt
T 0

When K(-,-) = 1, inequalities (1) and (2) have been studied in [1-3] and the references therein.
Related results on inequalities (1) and (2) can also be found in [4-6]|. In [7], the problem of characte-
rizing inequality (2) for p = 1 was established. When K(-,-) satisfies the Oinarov condition O, which
states that there exists a constant A > 1 such that

(K () + K (t,5)) < K (2, ) < b (K(r,0) + K(t,5) (4)
for x > t > s > 0, inequalities (1) and (2) have been treated in [8-10]. In [8|, the simplest case
1 <p<g<ooand 0 < r < oo is addressed. The papers [9, 10| investigate all possible relations
between the summation parameters, though their characterizations depend on the use of an auxiliary
function. In [11], both cases 1 < p < g < oo and 1 < ¢ < p < oo are considered, but with the
restriction r < q.

In this paper, we study inequalities (1) and (2) for both cases 1 <p <g<ooand 1 < ¢ < p < o0,
but now allowing any 0 < r < co. Moreover, we assume that the kernels K (-,-) belong to the classes
OF, n >0, referred to as Oinarov classes, which generalize the class of kernels satisfying condition (4).

The importance of studying inequalities (1) and (2) is highlighted in recent papers [2] and [12],
which emphasize that, due to numerous applications, this topic has become highly fashionable in the
theory of Hardy inequalities. Since papers [2| and [12] thoroughly reveal all applications of these
inequalities, we omit their listing here.

Assume that % + z% =1, % + % =1, and % = % — L Let the symbol A < B denote that A < CB
for some constant C' > 0, and let the symbol A ~ B denote that A < B <« A.

First, we formulate the characterization of the inequalities (1) and (2) for a kernel that satisfies
Oinarov’s condition (4), which demonstrates the approaches and main ideas of the proof. This case is
a special case of the main results presented in Theorems 3 and 4. It is worse to mention that, in this
case, it is also possible to include the case 0 < ¢ < 1 < p < 0o, which is excluded in the main results.

i

Theorem 1. Let 1 < ¢ < p < oo and 0 < r < co. Let the kernel K (-, -) satisfy the Oinarov condition
O. Then (1) holds if and only if A = max{A;<p, Aoo, Ao1, A11} < 00, where

Agep = 7u(m) 7u(s)ds p(JZ;r(o,x))Ndx M,
0 T
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Ago = 0/ 0/ u(s) ( 0/ Kr(s,z)w(z)dz) ds ( / v P (s) ds) VP ()dE |
Ag = O/ O/U(s) (O/ w(z)dz) Ki(t, s) (t/vl -7 ) v P (dt |
A= 7 /tu(s) (/sw(z)dz) ;ds ; (/OOKP'(s,t)Ulp'(s) ds) p/u(t) (/tw(s)ds) ;dt H
0 0 0 t 0

Moreover, A ~ C, where C is the best constant in (1).

If we split the interior integral on the left-hand side of inequality (1) into two integrals, we obtain

q 1
T q

?u(:ﬁ) ( / (71((5,1&) £(5) ds) Tw(t) dt) dz
0 0 t

2
\
—
Tt~
=~

—s
=
w
N~ —
=3
=
~
3 )
Q
K

S

" /Ooum ( / (7K<s,t>f(s>ds)Tw<t>dt) dr | . (5)
0 0 T

Taking into account condition (4), from (5) we derive that the validity of (1) is equivalent to the
validity of the following three inequalities:

q
P

/ u(z) ( / ( / K(s,of(s)ds) w(t)dt) dr | <Culifih. (6)
0 0 t

/ (/K’"gjt ) (/f ) dr | < Col|fllpws (7)
7u(a:) (jw(t) dt> ' (7K(S,m)f(s) ds)qda: < Cs [ fllpo- 8)

0 0

Q=

Q|

Inequality (7) is a standard weighted Hardy inequality, which holds if and only if Agy < oo (see,
e.g., [13, Theorem 5|). Inequality (8) is a Hardy-type inequality involving a Volterra-type operator
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K~ f(z) = [ K(s,2z)f(s)ds, where K(-,-) satisfies the Oinarov condition O. Its validity follows from

the conditions Ag; < co and Aj; < oo, as established in [14].
In [15], it is proved that inequality (6) holds if and only if A,<), < oo, where

8 (8 " :
(f (fK(M)f(S) ds) w() d:c>

J (a0, B) = sup
el 0) =2 7

, 0<a< B < oo,

‘p,w(a,ﬁ)

as mentioned above, can be found in [14] when K(-,-), the kernel of the Volterra-type operator K,
satisfies the Oinarov condition O.

Unfortunately, inequality (6) has not received as much attention as inequality (1) due to its fewer
applications. Consequently, paper [15] has not garnered as many references as those discussing in-
equality (1), despite the fact that [15] addresses both cases, 1 < p < g < oo and 0 < ¢ < p < 00,
p > 1, for any 0 < r < oo, with the results presented in terms of the quantity J,, without imposing
any restrictions on the kernel involved. However, (6), being less popular than inequality (1), serves as
the basis for characterizing inequality (1), as demonstrated by the splitting in (5).

Let
B s/t r 1
(f (f K(t,s)f(s) ds) wl(t) dt)
T (a, B) = sup ~——

, 0<a<f<x.
£>0 |f

‘p,v,(a,ﬁ)

Similarly, we can derive characterizations for inequality (2) to hold when the kernel of the operator
T~ satisfies condition (4).

Theorem 2. Let 1 < ¢ < p < oo and 0 < r < co. Let the kernel K (-, -) satisfy the Oinarov condition
O. Then (2) holds if and only if B = max{By<p, Boo, Bio, Bi1} < 0o, where

o v s i
By<p = /u(x) /u(s)ds (J;,,(x,oo))“dx )
0 0
q % n %
oo P p

2 =
R4S
T =

L 1
[e’e] o0 o0 % P t ﬁ o] % .
By = / / u(s) / w(z)dz | ds / KP (t,s)v" P (s)ds | u(t) / w(s)ds | dt
0 t s 0 t

Moreover, B ~ C, where C is the best constant in (2).
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Theorems 1 and 2 are corollaries of the main results presented later in the paper, where inequalities
(1) and (2) are established for operators with more general kernels. We chose to present Theorems 1
and 2 in the Introduction because, for over 30 years since the Oinarov condition O was introduced in
1991, Hardy-type inequalities have been primarily studied for these kernels. The Oinarov classes O,
n > 0, were introduced in 2007 in [16]. However, despite the fact that the conditions for belonging to
these classes are significantly weaker than the condition O, they have not been as widely used as the
Oinarov classes yet.

Theorem 1 examines the case 1 < ¢ < p < oo and 0 < r < co. Since the case 1 < p < ¢ < ©
and 0 < r < oo was established in [8] using a similar splitting method, it has not been included in
the Introduction. However, it is worth noting that the conditions for the validity of standard Hardy
inequality (7) in the case 0 < ¢ < 1 < p < oo are known from [17]. When the kernel satisfies the Oinarov
condition, the missing characterizations for the validity of inequality (8) in the case 0 < ¢ <1 < p < o0
were recently provided in [18]. Furthermore, the condition A,«, < oo is necessary and sufficient for
the validity of inequality (6) when 0 < ¢ < p < o0, p > 1, and 0 < r < co. Since the simultaneous
validity of inequalities (6), (8), and (7) ensures the validity of inequality (1), we can easily derive
its characterizations for the case 0 < ¢ < 1 < p < oo and 0 < 7 < oo when the kernel satisfies
the condition O. The same arguments can be applied to determine the conditions for the validity of
inequality (2).

The structure of the paper is organized as follows. Section 1 is devoted to Oinarov’s classes. In
Section 2, we present our first main result, namely the characterization of inequality (1), and in the
next section, we present our second main result, namely the characterization of inequality (2).

1 The Oinarov classes of kernels

In the work [16], R. Oinarov introduced the classes of functions O, n > 0. Let us give the
definitions of these classes.

Let Q = {(z,8) : x > s > 0}. We define the classes O, n > 0, in a recurrent form as a set of
functions K (-, -) that are non-negative and measurable on the set  and satisfy certain conditions.

Definition 1. The class Of (Of) consists of functions of the form Ko(z, s) = r(s) (Ko(z,s) = r(x)).
Let the classes Oii be defined for i =0,1,....n—1, n > 1.

Definition 2. A function K(-,-) = K,(,-) € O;f, n > 1, if it is non-decreasing in the first argument
and there exist non-negative measurable on Q functions K;(-,-), Kyi(-,-), ¢ = 0,1,...,n — 1, and a
number h,, > 1 such that K;(-,-) € O, i =0,1,...,n — 1, and

1 n n
W > Kni(x, )Ki(t,s) < Kn(x,5) < hn Yy Ky (2, 1) Ki(t, s) (9)
i=0 1=0

for all z >t > s > 0, where K, ,(+,-) = 1.

Definition 3. A function K(-,-) = Ku(,-) € O, , n > 1, if it is non-increasing in the second
argument and there exist non-negative measurable on € functions Ki(-,-), Kin(-,-),i=0,1,...,n—1,
and a number h, > 1 such that K;(-,-) € O;,i=0,1,....,n — 1, and

n

Zn: Ki(z, ) Kin(t,s) < Kn(2,8) < by > Ki(z,£)Kin(t, s) (10)
=0 1=0

|-

for all z >t > s > 0, where K, ,(+,-) = 1.
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Let us present some examples. It is easy to see that the kernel I,,(z,s) = (z — s)®, a > 0, satisfies
the Oinarov condition O. However, if we slightly modify it to the form Kj(z,s) = (f(x) — g(s))%,
where f(-) is a non-negative function and ¢(-) is a non-negative increasing function, then it does not
satisfy (5). Indeed, since for all z > ¢ > s > 0, we have

Ki(z,s) = (f(x) = (1) + (9(t) — 9(s))" = Ki(2,t) + Koa(t, ),
where G(t,s) = (g(t) — g(s))® is taken as Ko(t,s), i.e., condition (10) holds for n = 1. Thus,
Ki(z,s) = (f(z) — g(s))* € O1, but it does not satisfy the Oinarov condition O.
One more kernel W(z,s) = fw(t)dt satisfies the Oinarov condition O. Let us modify it by
multiplying the weight w(t) by thes kernel K1(t,s) = (f(t) — g(s))* from the previous example, so that
the new kernel takes the form Ks(z,s) = f(f(t) —g(s))*w(t)dt. Then, for all x > z > s > 0, we have

Ka(e,9) = [ (70— gty + [ (£0) = gls)w(e)d
~ Koz, 5) + / (F() — g(2)w(t) di + (g(2) — g(5))° / w(t) dt

= Ko(z,2) + W(z,2)K12(2,5) + Ka(z, 5),

where now G(z,s) = (g(z) — g(s))* is taken as Kj2(z,s), i.e., the condition (10) holds for n = 2.
Therefore, Ka(z,s) € O .
In general, it was proved in [19] that the kernel

Ky(z,s) = /Kn(t, syw(t)dt, x>t>s>0,

belongs to the class O, if Ky(-,-) belongs to the class O,;, n > 0, and to the class O, | if Ky(-,)
belongs to the class O, n > 0.

2 Characterization of inequality (1)

Theorem 3. Let 0 < r < oo and the kernel K (-,-) belong to the Oinarov class O, , n > 1.
(i) f 1 < g < p < o0, then (1) holds if and only if A = max{As<p, Aji} < oo, where

S

q
T
~

) t s
Aji = max max / K;i(t, s)u(s) /Kfn(s,z)w(z) dz | ds
0o \D0 0

0<i<n 0<5<s

T

o

" /Kf’(57t)v1—p’(5)ds d —/Kf/(s,t)vl—l"(s)ds
t t

=R
q

Mathematics Series. No.2(122),/2026 95



A.A. Kalybay, A.M. Temirkhanova

©

p/
~ v 1/
Og%xngg?%ci / /KJ (s,t)v- P (s)ds
0\t

t s
/Kii(t, s)u(s) /Kfn(s,z)w(z) dz | ds

0 0

t s

q T

xd /Km-(t, s)u(s) /Km(s,z)w(z) dz | ds

0 0

Moreover, A ~ C, where C is the best constant in (1). N N
(i) If 1 < p < g < o0, then (1) holds if and only if A = max{A,<4, Ain} < 00, where

3k
[

Sk
T =

1

o

Apey=sw | [ut)d ] g 00.2),
z2>0

p P
q

Aip = sup max /vl_p/(x) /Kf(m,s)u(s) /K{n(s,t)w(t) dt| ds| dx
2>0 0<i<n ’
z 0 0

3

3
Q=

A sup max / /Kpa:s o' P (z)d / t)ydt | ds
2>0 0<i<n

Moreover, A ~ C, where C' is the best constant in (1).

Proof. Applying (10) to the second term in (5), we get

7u(m) / 7K(s,t)f(s)ds wt)dt | de
0 0 x

Y 7u(x) jK{n(x,t)w(t)dt ; ?Ki(s,x)f(s)ds qdm E
0 0 J

Thus, the validity of inequality (1) is equivalent to the simultaneous validity of inequality (6) and the
following n 4 1 inequalities:

3

Q

1=

s

[e%s} x [e%¢] q %
u(z) K}:n(:c,t)w(t) dt Ki(s,z)f(s)ds | dx <Ci|f
[\ /

where K;(-,-) belongs to the class O; , i =0,1,...,n.

p,v» (11)
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In the case 1 < ¢ < p < o0, it follows from [15, Theorem 3.1 that inequality (6) holds if and
only if A,<p < oo, while from [20, Theorem 14] it follows that inequalities (11) hold if and only if
A\ji < oo. Additionally, by combining the best constant C; of inequality (6) and the best constants
Cl,i=0,1,...,n, of inequalities (11), we obtain A~C.

Similarly, in the case 1 < p < ¢ < 00, it follows from [15, Theorem 3.1| that inequality (6) holds if

and only if Ap<, < oo, while from [16, Theorem 6] it follows that inequalities (11) hold if and only if
A;n < co. Moreover, in this case, A ~ C. O

3 Characterization of inequality (2)

Theorem 4. Let 0 < r < oo and the kernel K(,-) belong to the Oinarov class Of n>1.
(i) If 1 < ¢ < p < oo, then (2) holds if and only if B = max{By<p, ”} < 00, where

q
r

B. — q T
Bij = (hax max / /Ki’j(s,t) u(s) /Km(z,s)w(z) dz | ds
0 t s

122
q

=
=

¢ 0 ¢
/Kf (t,s)v" P (s)ds | d /Kf/(t,s)vl_p/(s)ds
0 0

t

o
/ ,
~ K? 1=p
[nax max / / (L s)v P (s)ds
0

0
/OOKg (s, t)u(s) 7}(;;,1.(2, syw(z)dz | ds

q T
xd /Kivj(s,t) u(s) /Km(z,s)w(z) dz | ds
t s

Moreover, B ~ C, where C is the best constant in (2). N
(i) If 1 < p < g < o0, then (2) holds if and only if B = max{By<q, Bni} < 0o, where

'@\‘t
3

SIS

RIS
==

1
Bp<q = sup /u(x) dx J;r(z,oo),

2>0
0

3

B,; = sup max /’Ul_p/(x) /Kf(s,x)u(s) /K,’;i(t, syw(t)dt | ds| dx
2>0 0<i<n ’
0 z

Q=

q
r

q
oo z F o0
A sup max / /Kfl(s,x)vl_p’(q:)dx u(s) /KT (t,s)w(t)dt | ds
2>0 0<i<n
z 0 s
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Moreover, B &~ C, where C is the best constant in (2).

Proof. Splitting the interior integral on the left-hand side of inequality (2), we get

7u(x) 7 /tK(t,s)f(s)ds Tw(t)dt de q
0 T 0
~ ?u(w) ?(/IK(t,s)f(s)ds Tw(t)dt ;dx E
0 T 0
+ 7u(m) 70 tK(t,s)f(s)ds Tw(t)dt ;dx q. (12)
0 T T

7u(:c) 7 /IK(t,s)f(s)ds Tw(t)dt ;dx E
0 x 0

1
q q

/Ki(x,s)f(s) ds | dx
0

S

n

~ 7u(x) 71{,2,@.(75, 2)w(t) dt

=0 \

Thus, the validity of inequality (2) is equivalent to the simultaneous validity of inequality

0o 0o t r % %
/ u(x) / K(t,s)f(s)ds | w(tydt| de| <OVl (13)
0 x T
and the following n + 1 inequalities:
n 0 o) % T q %
3 / u(x) / KTt xyw(t) di / Ki(z.s)f(s)ds | dz| <C'lfllpwr  (14)
i=0 0 T 0

where K;(-,-) belongs to the class Oj, 1=0,1,...,n.

In the case 1 < ¢ < p < o0, it follows from [15, Theorem 3.3| that inequality (13) holds if and
only if By<p < oo, while from [20, Theorem 11] it follows that inequalities (14) hold if and only if
Eij < o0. Additionally, by combining the best constant C7 of inequality (13) and the best constants
C!, i=0,1,...,n, of inequalities (14), we have B~C.

Similarly, in the case 1 < p < ¢ < 00, it follows from [15, Theorem 3.3] that inequality (13) holds
if and only if By<q < 0o, while from |16, Theorem 5] we have that inequalities (14) hold if and only if

B,; < oo. Moreover, in this case, B ~ C.
O
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Remark 1. Let us again consider inequality (1). Suppose that the kernel K(-,-) belongs to the
Oinarov class O;f, n > 1, but not to the Oinarov class O, , n > 1, as stated in the condition of

Theorem 3. Then, applying (9) to the second term in (5), we obtain the following inequality:

7u(m) / KT (2, t)w(t) dt
0

0

1
q q

/ Kni(s,2)f(s)ds | dx | <Ci|lflpo

S

instead of (11). The characterization of Hardy-type inequality (3) when the operator T is given by
oo

K~ f(z) = [ K(s,z)f(s)ds, without any restriction on its kernel K(,-), remains an open problem.
x

Since, by definition of the class O;f, n > 1, there are no restrictions on the non-negative measurable
functions K, ;(-,-), we cannot establish the validity of inequality (1) when the kernel K(-,-) belongs

to the Oinarov class O;f, n > 1; instead, we can only do so when it belongs to the class O, n > 1.

A similar situation arises for inequality (2): we can characterize it only if the kernel K(-,-) belongs to
the Oinarov class O;f, n > 1.

Conclusion

The necessary and sufficient conditions for the validity of the three-weight Hardy inequalities with
iterated operators and generalized kernels belonging to the Oinarov classes were obtained. The obtained
results can be used in harmonic analysis, in the theory of differential and difference equations, as well
as in other areas of mathematics. Moreover, the characteristics of weighted Hardy inequalities with
iterated operators can now be used to study bilinear weighted Hardy-type inequalities.
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