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Marcinkiewicz-type interpolation theorem for discrete net spaces
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In this paper, we investigate the interpolation properties of discrete net spaces ny (M) and examine their
applications to the analysis of linear operators acting on these spaces. These spaces are characterized by
the property that, for monotonically non-increasing sequences, the norm in np (M) coincides with the
norm of the discrete Lorentz space I q(M). At the same time, unlike Lorentz spaces, these spaces n,, (M)
may contain sequences that do not tend to zero, making them suitable for the study of more general
function spaces and operator classes. The main result of this paper is an analogue of Marcinkiewicz-
type interpolation theorem for discrete net spaces nyp q(M), which offers a powerful tool to study the
boundedness of linear operators within this framework. By extending classical interpolation techniques
to discrete nets, the theorem enables researchers to derive strong-type estimates for operators based on
weak-type estimates on local nets. Consequently, this approach provides a unified framework for obtaining
boundedness results, demonstrating the utility of discrete net spaces in analyzing operators within harmonic
analysis. These findings contribute significantly to understanding the structural properties of discrete net
spaces. Furthermore, they introduce innovative tools for applications in harmonic analysis, operator theory,
and related mathematical fields where such spaces naturally arise, ultimately paving the way for advanced
theoretical developments and broader analytical applications.
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Introduction

Let S be the set of all finite sets of indices from Z™. For a fixed set M C S we define the space
Npq(M) (0 < p,qg < 00) as the set of sequences a = {ap }mezn with quasinorm for 0 < p < oo,
0<g<oo

1
q

oo aq.
lalln, o) = | ke~ (@(M)?)
k=1
and for g =00, 0 < p < 00
1
alln, o(ary = sup krag(M),

1<k<oo

where

1
ar(M) = sup — Zam ,
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where |e| is the number of indices in e. Here, ax (M) denotes a discrete analogue of the averaging of a
function and is defined as the supremum of the average sums of the elements a,, over all e € M.

These spaces, introduced in [1], are called net spaces. Interpolation theory plays a fundamental
role in the analysis of operators in functional spaces [2,3].

The theory of net spaces has been extensively developed in recent decades, finding applications
in harmonic analysis, Fourier multipliers, and operator theory. Various embedding and interpolation
properties of net spaces on lattices and compact homogeneous manifolds were investigated in [4, 5].
In particular, [4] analyzes L, — L, Fourier multipliers on locally compact groups, providing precise
boundedness results, while [5] focuses on net spaces on lattices and establishes Hardy-Littlewood
type inequalities along with their converses. The general structure and foundational properties of net
spaces were systematically developed in [6], providing a theoretical basis for subsequent applications in
analysis and operator theory. Net spaces also play a significant role in the study of stochastic processes
and interpolation methods. Collectively, these works demonstrate that net spaces offer a unifying
and flexible framework for studying inequalities, operator boundedness, interpolation, and stochastic
processes. Modern developments in interpolation theory further explore multi-space frameworks with
functional parameters, providing tools that can be adapted to generalized sequences, grand net spaces,
and other non-standard function spaces, thereby bridging classical analysis with contemporary operator
theory.

Recently, generalizations of net spaces, including grand net spaces, have been introduced [7|. These
spaces provide a comprehensive framework for analyzing boundedness properties of integral operators
and for studying interpolation results in non-standard function spaces [8-10].

In addition, results on trigonometric Fourier series and convolution inequalities in A, ; and anisotropic
Lorentz spaces were obtained in [11,12], which are closely related to interpolation properties of net
spaces.

Related problems for Morrey-type spaces and metric interpolation frameworks were studied in
[13-15]. These developments emphasize the importance of interpolation methods for operators in
generalized function spaces.

Discrete net spaces are closely related to discrete Morrey spaces:

1 k+m D
m}/} = a={arlrez: supsup— Z la,[P] < oo
meN keZ "\ "=

In the case when a = {ay}rez, ar >0, for A =n (1 — %)

iy o (ary = llallpa-

Recent investigations consider intermediate and weak discrete Morrey spaces, highlighting new
inclusion and interpolation behaviors [16], and generalized local Morrey spaces with applications to
Calderon-Zygmund operators [17].

Interpolation properties of Morrey spaces were studied in several works, showing that this scale
is not closed under the real interpolation method [18,19]. Further developments include complex
interpolation methods and their applications to Morrey-type and related function spaces [20,21]. At the
same time, Marcinkiewicz-type interpolation theorems were established for Morrey-type spaces [22,23]
and similar ideas were applied to net spaces and their discrete analogues 24, 25].

Given functions F' and G, in this paper F' < G means that F < ¢ G (or ¢ F > G), where ¢ is a
positive number, depending only on numerical parameters, that may be different on different occasions.
Moreover, F' < G means that ' < G and G < F.
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1 Main result

Let b > 1. The parametric family G, = {Gy }ren will be called a local net in 2™, if

Gk — Gk+1 and ‘Gk’ = bk.

Here |Gy| is the number of elements in the set Gj.
The set Fg, = {Gk + @ }ren,zezn Will be called the global net generated by the net G.

Ezample. The set of cubes with edge length 2%, k € N in Z" is a global net generated by the net

of concentric cubes in Z" with edge lengths 2%, k € N.
We will use the classical Hardy inequalities for discrete sequences, which we formulate as the

following lemma.
Lemma 1 (Hardy’s inequality). Let a > 0, 0 < g,h < 0o and let the sequence {dj }ren satisfy the

following condition for some § > 1

d’“+1>5 k=23,... (1)
dg

Then the following inequalities hold:

5 (s (S0

q

>
Q
AN
o
Q
£}
N
3
—
QL
L
_R
>
ES
f—
=]
~_
|

k=0 r=0 k=0
1\ 9\ 3 1
00 00 h oo q
> (d (Z Ibrlh> < Cayg <Z (dgybk|)q>
k=0 r=k k=0
Proof. Let 0 < h < g <00, 0<e<a We will use Holder’s inequality.
S (s () ) ) < (3 (e () (Sa) ) )
= r=0 k=0 r=0 r=0
where 2 =1 — %. From the condition (1) we have ZT 0 di7 =< di7. Therefore
1\ 4\ 3 1
0 k h [e'e) q
> (4" (Z |br|h> < (Zd?f ‘”"Z ) >
k=0 r=0
1
00 00 q
_ (Z E\b ‘ Zd(a a)q) < ( (dr_a|br‘)q> ‘
r=0 r=0
Likewise,
~ SN A o L 1\ 7\ @
> (a(2mt) ) ) = (3 (o (Smr) (Lar)
k=0 r=k k=0 r=k r=k

Q=

< <Z dy TN <di|br|>q>
k=0 r==k
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- (Z (&b, )1 Zdﬁ*am) "< (Z <d$|br|>Q> N

r=0 k=0 r=0
Now let 0 < ¢ < h < 0o. Using Jensen’s inequality, we obtain

1

B o0 k i
< (deanIbrlq)q
k=0 r=0

q

1
00 k h
> (4" (Z\br!h)
r=0

k=0

= (Z Y d,;aq> = (Z (dTabeDq> .
r=0 k=r r=0

The second inequality also follows from Jensen’s inequality.

Lemma 1 is proved. O

Theorem 1. Let G = {G}}4>0 be alocal net, and let F' = |J, ;. (G + ) be the global net generated
by the net G. Assume that 0 < pg <p1 <ocand 0< gy <q1 <00,0<0<1,1<7 <00,

1 1-6 0 1 1-60 40
+

P p P 4 @ @
If a linear operator T satisfies the following inequalities for some constants My, My > 0

HTaani,oo(GJrz) < MiHaani,l(Ger)v relZ’ ae npijl(G -+ .’L‘), 1=20,1, (2)
then for any a € n ,(F), the following inequality holds:
[Tallng, 7(F) < cmax{Mo, M1 }||allnp, 7(F),
where the constant ¢ > 0 depends only on the parameters po, p1, qo, q1, p, q, T, 6.
Proof. Let a = {am}mez € np(F), v > 0. For any = € Z", s € N we define the sequences

ap,s = G’X(Gs—l-x)) a1,.s = CL(l - X(Gs+1'))7

where x@,+. denotes the characteristic function of the set Gs+x. It is easy to see that ag s € np, 1(G+2)
and a1 s € np, 1(G + ). Then a = ag s + a1, and

1 1
sup Tel| ‘ Z (Ta)m’ < sup Tenl ‘ Z (Tao,s)m‘
ey Gell | 2, vy |Gell 52,

1
+ sup ——
E>ty ’GS‘

Z (Tal,s)m’ =1+ Is.

meGe+z

First, let us estimate ;. According to inequality (2), we have

1
I; = sup G‘ Z (Taoys)m’
£Zt7| 5‘ meGe+x

_ty o 1 _ty
<b 9w supb® sup —— Z (Tao,s)m| =b | Tao,s|lngy o0 (G+a)
reN §2r ’G§| meGe+a
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_t
< Mpb o ”ao,s||np0,1(G+95)

v [~ 1
:Mob qg <pr0 Sup?

r=0 £2r ’ §| ’ meGe+z

1
aOs m' +pr0 Sup —— ' Z (ao,s)m'>-
‘ §| meGe+zx

r—s &>r
Let 0 <r <s,if £ <s, m e Ge+ x, we have ag s(Y) = amXG,+z = @m, if £ > s, then

|2, onl =] 2 ]

meGe+x

For the first sum, we have the following;:

Thus, we obtain
_ly i o s
I1 < Mob @ <Z broa(r, F) + broa(s, F)).
r=0
Similarly, we estimate 5. Applying inequality (2), we obtain

> (Tal,s)m‘

meGe+x

Iy = sup —

<b o sup b sup ——
reN s>r |Gs’

_ty
3 <Ta1,s>m\ bR (T sl ()

_iy y
< Mib = Hal,Sanl,l(G-i-x) Mib @ <Zb”1 sup

s>r s|

= o)

meGs+x

1
I O ET T D SR UPAES SR I BTN
meGe+x

r=0 &zr £| ‘ mGGng:Jc r=s &zr

— M @ (Jl T JQ).
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To estimate J; and Jo, we note that

Z (a1,6)m = {Ov § <s,

meGe+x ZmE(Gg-‘rl’)\(Gs—f—x) Am, 6 >S

0 for &<s,

‘ ZmGGng:Jc am — ZmeGerx am‘ < ‘ ZmeGngx am‘ + ‘ ZmEGSer am ' for § > 8.

Next, using this estimate, we have

J1 Sibl’rlsup‘Gld(‘Zam‘+‘ Z am

r=0 £

r—O

and

r=s &2 meGe+x meGs+x
o0 » oo ,
<Zb?1<d(bs,F)+’ Z am sup> §Zb1’1a(br F)
— miae e |Gel) T =
‘ Z am Zblsqu Vmeabr ' Z ambﬁ
meGs+x r=s ‘ 5’ meGs+x

< S bra, F) + brra(ht, F).

Combining the obtained estimates, we obtain the following estimate

I < Mybar <szﬁa(br, F)+ bzia(bs,F)).

Thus, we got

Sup ——
ety |G|

t id T S
> (Ta)m‘ < Mob~® (Z broa(b", F) + bPoc‘z(aS,F)>

meGe+zx r=0

t S [ s
FMyb @ (Z bera(b’, F) + b a(b®, F)>.

r=s

po p1 q0 q1

Let v = <1 — 1) / <1 — ) Using the equivalent normalization for d = b7

1
T L
T

[e.e]

ITally,. 7 =< | D |de sup % Y am

=0 E&%dt| ¢l meGe+a
X

Qe+
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Since |G¢| = b, from the inequality |Ge| > dt it follows that b¢ > d = b which implies & > tv.
Let s = t, Then, taking into account the obtained inequalities, we have

00 N L
t 1 &
HTCLan,T(F) = <Z <dq sup |G§|’ Z amD >

t=0 gé?n meGe+x

5 MoAq + MyAg + M1 As + My Ay,

where, taking into account that

and
1 1 1 1
(G-3)-0-a(3-3)
q q1 bo D1
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0o L N L 0o L 1 7
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o0 T 1
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= (X (et 7)) ) =
t=0
and

3=

N
i
|
7N
[]s
/N
IS8
Sin
2
-
=
Q
—~
L
>3
"
3
~~_
S
Il
7N
(]2
7N
o>
jo
|
2
=
’:B‘H
o
|
3»—‘
N——
o>
=
=3
L
3
~~_
3
'
I

[e'e] m 1
£7 T
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To estimate A7 and Az we use the Hardy inequalities from Lemma 1. Thus, we obtain

1T alln,. . (ry < cmax{Mo, Mi}|aln, . (#),

where the constant ¢ > 0 depends only on the parameters pg, p1, qo, q1, p, ¢, 7, 0
Consequently, we have obtained the desired estimate. The theorem is proved.
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Conclusion

In this paper, we studied the interpolation properties of discrete net spaces for a broad class of
nets. We established an analogue of the Marcinkiewicz-type interpolation theorem for linear operators,
extending existing results in the theory of interpolation. Our approach builds upon the ideas developed
in [22,23], where alternative analogues of Marcinkiewicz-type interpolation theorems for net spaces were
obtained [24, 25].

A comparison of our results with previous works shows that our findings provide a new perspective
on interpolation in net spaces, refining and generalizing existing methods. The scientific novelty of
this work lies in the further development of interpolation techniques adapted to discrete net spaces,
expanding their theoretical framework and potential applications.

The practical significance of our results is reflected in their possible applications to harmonic
analysis, operator theory, and stochastic processes, where net spaces serve as a fundamental tool.
Future research directions include the extension of interpolation results to nonlinear operators, the
exploration of stability properties, and the application of net space interpolation to more complex
functional spaces and applied problems.
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