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The quadratic B-spline method is a widely recognized numerical technique for solving systems of Volterra
integro-differential equations that involve both classical and fractional derivatives (SVIDE’s-CF). This study
presents an improved application of the quadratic B-spline approach to achieve highly accurate and compu-
tationally efficient solutions. In the method developed in this paper, control points are treated as unknown
variables within the framework of the approximate solution. The fractional derivative $DZ is considered
in the Caputo sense. First, we divide the domain into subintervals, then construct quadratic B-spline basis
functions over each subinterval. The approximate solution is presented as a quadratic combination of these
B-spline functions over each subinterval, where the control points act as variables. To simplify the system of
(VIDE’s-CF) into a solvable set of algebraic equations, the collocation method is applied by discretizing the
equations at chosen points within each subinterval. The Jacobian matrix method is employed to perform
computations efficiently. In addition, a careful, step-by-step algorithm for employing the proposed method
is presented to simplify its use, we implemented the method in a Python program and optimized it for
efficiency. Experimental example demonstrates effectiveness and accuracy of the proposed technique and
its comparison with present techniques in terms of accuracy and computational efficiency.

Keywords: system of Volterra integro-fractional differential equation (SVIDE’s), quadratic B-spline func-
tions, Caputo fractional derivative, collocation method, Jacobian matrix algorithm, Clenshaw-Curtis
quadrature rule.
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Introduction

Mathematicians have extended the classical concepts of differentiation and integration to fractional
(non-integer) orders over the centuries [1]. This kind of generalization, which is referred to as frac-
tional calculus (FC), is a more general mathematical framework for investigating complex systems [2].
Compared with the ordinary calculus that deals with essentially local and instantaneous changes, the
fractional calculus incorporates memory and hereditary properties and therefore is particularly suitable
to model those processes where the present state depends not only on the present status but also on the
past history [3,4]. Several real-life phenomena demonstrate such dynamics [5]. For example, diffusion
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in porous media, viscoelasticity, and biological systems with memory function regularly display dynam-
ics that are not possible to describe through classical models. In all these cases, fractional derivatives
give more accurate and flexible descriptions, accounting for long-range temporal and spatial depen-
dencies [6-8]. After that, researchers developed integro-fractional differential equations that combine
fractional derivatives with integral terms. Such equations extend traditional differential and integral
equations to include both instantaneous rates of change and accumulative past effects at the same
time. This makes them powerful tools for modelling dynamic processes where past states exert strong
impacts on current and future dynamics [8,9|. Furthermore, fractional integro-differential and integro-
differential equations of fractional order have garnered significant interest in the literature, leading to
the development of several unique methodologies. Benzahi et al. demonstrated a least squares method
[10]. Ghosh et al. presented an iterative difference scheme for solving an arbitrary order nonlinear
Volterra integro-differential population growth model [11]. Rahimkhani et al. illustrated nonlinear
fractional integro-differential equations using fractional alternative Legendre functions [12]. Akbar et
al. presented an analysis of delay [13|. Miran et al. presented Laplace transform multi-time delay
[14]. Akhlaghi et al. addressed fractional order integro-differential equations via Muntz orthogonal
functions [15]. Yuzbai et al. presented a fractional Bell collocation method [16]. In practice, most
linear Volterra integro-fractional differential systems with variable coefficients are too complex to solve
exactly using analytical methods. Because of this, researchers often turn to approximation techniques
and numerical methods. One of the most common and effective tools for this purpose is the use of
spline and B-spline functions [17,18]. These functions play a crucial role in solving both linear and
nonlinear functional equations. Many researchers use B-spline functions to solve various mathematical
problems because of their flexibility and accuracy [19-21].

This study presents an approximate method for solving the linear system associated with Volterra
integro-differential equations, encompassing classical and fractional orders (LSVIDE’s-CF). For the
derivation, it deals with quadratic B-spline interpolation functions. Which takes the following general
forms:

Pi(x) U (2) + aio(x) SDIU(x) + ain (2) SDIU () + ain(x)Us(x)

= Fi(x) +ZWij/ Kij(z,s) ngijL{j(s) ds. (1)
=0 Ja

Under the following conditions:

[Dﬁiui(x)} =Wk =01, — 1, and i = 0,1,...,m. 2)
The variable coefficients P;(x)(# 0), aio(x), aii(xz) € C([a,b],R) and K;; € C(O,R), © = {(z,s) :
a < s < x < b}, with fractional orders: o;1 > 040 > 0 and B, > Bitm-1) > -+ > Ba > Bio = 0.

Furthermore, the pu; = maX{Q,mfm}, where mfj -1 < By < mfy,mfj = [Bij], wij € R, for all
i,7 = 0,1,...,m. In the manuscript, we examined and assessed the systems of Volterra integro-
differential equations for classical and fractional orders (SVIDE’s-CF); according to the conditions,
fractional orders between 0 and 1. We approximate these integrals using the Clenshaw-Curtis quadra-
ture rule [17,22] in conjunction with quadratic B-spline functions. Four algorithms summarized the
information, and we later produced Python software to implement each algorithm. These algorithms
resolved a few test instances. The paper is structured as follows: in Section 1, we introduce some
notions of fractional calculus necessary for the description of our model, and then we define the fun-
damental concepts of B-spline functions. In Section 2, we introduce the numerical approximation that
we use throughout our work. The experimental outcomes are presented in Section 3. Lastly, the
concluding remarks on the proposed method are presented in Section 4.
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1 Basic definitions and notation

In this section, we will introduce and study the concepts.

Definition 1. [1,2] Let n — 1 < a < n (€ ZT), a € RT. The operators (¥D2V(z)) and ($D2V(x))
of fractional order « are defined as:

. 1 dr Ty
aR’DgV(.fL') = D’g (aja? V(Jf)) = den/a (x_s()sa)_i_l_nds, xTr > a, (3)
—ayn 1 ’ V(n)
CDEV) = T2 DV) = ot [ s e @)

Equation (3) represents the Riemann—Liouville fractional differential operator. Additionally, the
operator ,J*, known as the Riemann—Liouville fractional integral of order «, is defined as

1 T
oIV (x) = / (z —5) WV(s)ds, TV(z)=V(z), z>a.
(@) Jaq
Equation (4) defines the Caputo fractional differential operator. Similar to integer-order differen-
tiation, the Caputo fractional differentiation is a linear operation:

D5 [pVi (@) + p2Wa(w)] = pi1 DEVi () + p2g D Va(2).
Furthermore, the Caputo derivative of any constant function (say A € R) vanishes: DA = 0.

Lemma 1. |1,9] The function V(z) = (x — a)™ for n > 0 has a S-Caputo derivative (§ > 0), which
is given as follows: for n € {0,1,2,...,[5] — 1}, the 8-Caputo derivative vanishes, i.e., aCDfV(x) =0.
While for n € Nand n > [f] or n ¢ N and n > [5] — 1, where [/5] represents the least integer that is
not less than 3, it is given by:

(x —a)" P,

« D2V(x) = F(fz(ﬁ Jﬁr i) )

Definition 2. |17,22] In 1960, Clenshaw and Curtis established a method for evaluating a definite
integral by representing the integrand through a finite Chebyshev series. This involves sequentially
summing the individual terms the series. This approach proves to be highly effective, especially when
applied to integral equations.

-1 r=0 K=0
even

Remark:

(I) The symbol ) indicates that the initial and final terms should be divided by two before sum-
mation.
II) The transformation z = %5%¢ + 5% or t =2 (2=2) — 1, where z € [a,b] and t € [—1,1].
2 2 b—a
Definition 3. 23] Let Tyr = {xo,x1,...,2x} be a uniform or non-uniform partition of the interval

[a,b]. The KC-degree B-spline basis function BN (z), r > 0, is defined as follows:

r—x _ TrikK+1 — X C—1
BNz)= —— B ) T B x
T ( ) Typk — Ty T ( ) Tyl — Trpl r+1 ( )7
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0, otherwise.

Bo(x) _ {1, x € [Xp, Tri1), (5)

r—x 3
s, iae [Ty, Tri1),

1 ro— .
Bla) = { 2200 iy e [y, 0000), 6)
0, otherwise.

Equations (5) and (6) represent zero-degree and one-degree B-splines, respectively [24,25].

Note that the local support property is BN(x) = 0 for all # ¢ [x,, 2, x11) and the nonnegativity
property is BX(z) > 0 for all € [z, 2,4 xc41).

2  Methods analysis

In this section, we utilize the quadratic B-spline collocation method to compute the approximate
solution (SVIDE’s-CF) of equation (1) subject to equation (2), where the mesh points a = 29 < 1 <
o < -+ < xp—1 < xpr = b form a uniform partition of the solution domain [a, b] defined by the knots
T, with h = S = bfwa, r =0,1,..., NV — 1. The numerical solution for treating equations (1)
and (2) for all x € [a,b], U;i(z) = IP’Z.Q’2(m) for each @ = 0,1,...,m, using collocation techniques with
quadratic B-spline to find an approximate solution Pig’z(x) given by:

P22 (2 ZCZB i=0,1,...,m. (7)
Here, the general expression of a quadratic B-spline curve defined on the interval [a, ] is,

P22(z) = C° <z:z>2+2cl (fg:;‘) (Z:i) +C? <§:Z>2 © € [a,b). (8)

Now, the Caputo fractional derivative of order o € (0,1], and the recursive derivative formula for
quadratic B-spline curves for equation (8) are given, respectively:

CDeP ()
2(x —a)l™@

= (N3 —a) {C%l(x —a) = VW) (2 = )] + C' [NR)(2 — @) — (z — a)] + C*(x — a) }, (9)

0 1 2

d? @ pozg, 2(C0—2c +C?)
dz? " (Nh)? ’
where h is a step size and N is the number of iterations. For the numerical approximate solutions of
(SVIDE’s-CF) based on equation (1) the control points C£ are unknowns. Also, for all ¢ =0,1,...,m,
the control points C? are determined by initial conditions specified in equation (1), and the control

2
points C} = (NT}Z) %—FC? for the quadratic B-spline curve can be determined for eachi = 0,1,...,m,

to find CZ, from the (VIDE’s-CF) in equation (1). The unknown function IP’iQ’2(ac) is approximated by
B-spline interpolation of degree 2 as in equation (7), so the equation (1) becomes:

(10)

Pi(z )CZ; P22(z) + aio(z) SDIO[PR2(2)] + air (z) SDI P2 (2)] + ain(z) P22 (2)

+ZWU/ Kij(z,5) CDI P22 (s)] ds. (11)

7=0
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The fractional orders o041, 8i; € (0,1], ¥i,j =0,1..., m. Consequently, using equation (11), applying
the linearity property of fractional Caputo derivatives, and using equation (8), by defining [z, zy41]
and analyzing the collocation points, we use a quadratic B-spline function (K = 2, n = 2) in the interval
[, x,11] as established, from equations (9), and (10), yielding results for each r = 0,1,..., V=1 and
1=0,1,...,m, derive the following:

CY(—2(NR)(2 — 0io) + (2741 — a))
+2C} (Nh)(2 = gi) = 2(xr41 — a))

+2C* (241 — a)
[ C? (b=zrt1)?

1—050

ac0 ac} ac? (Tr41 — a)
Pi(xT—i-l) (Nh)2 - (NR)Z - (Nh) :| +a10(xr+l)(Nh)2F(3 _ UiO)

CH(=2(Nh)(2 = oir) + (2r41 — a)) wRE T

Typq1 —a)l o0 2CH (2,4 1—a) (b—2rs1)

() s | F2CH B2 = ) = 2o @) | + (o) | O
—|—2C?(£L’,’.+1 — a) + 1 (fﬁ}:) a)2

L ORI )+ 26— a)
Filaran +Z“w z / Kl ) =] |22 - 5) = 2s = )| ds
+2C]2(S—CL)

Tra1 (8 o a)l*ﬁij [ C;)(—2(Nh)(2 — ,81]) + 2(8 — a)) + 2631
+ IC'L r+1, d
/m ri1,9) WR)PL(3 = Big) |(WR)(2 — Bij) — 2(s — @) + 2C3(s — a) ’
2 [ran 0 1 2
+ wio Zo/x Kio(zr41,5) [ /\?2)2 (b—s)+ (E/C}f)z (s—a)(b—s)+ &72)2(3 - a)Q} ds
q= q

Tr+1 0 1 2
+/ Kio(zr41,5) [ A%)Z)Q (b—s)+ (K/C}?)z (s—a)(b—s)+ (./\(/';'](’)L)Q (s — a)Q} ds} .
T (12)

The quadratic B-spline function throughout the interval [x,,z,41] is optimized to simplify its
representation and promote efficient solution methods; it is also determined, and in practice, these
integrals must be approximated using the Clenshaw-Curtis quadrature rule; hence, the equation (12)
is applicable for r =0,1,..., N ' =1,i=0,1,..

*

H (0:0)CF + O} (00)C) + T (010)CY = Filwpin) + I wis (A2) G+ ey (S3) €}

j=1 j=1

+ wa (X'B”> CO ( W yKlO) CO + ( Wi 371(1-0> Cé + < (T)me) Cov
j=1

where
vy 2Pi(r1) | 2ai0(ze) (P + DR)' 770 (2040 — a)
Hilow) = (./\/'h); + (Nh)2T(3 — 00)
2a;1(r41) (1 + 1)h)170“ (Xr41 —a)  ap(@rg1)(Tpg1 — a)2
(NR)T(3 — 041) (Nh)? ’
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» —APi(zr11) | 2ai0(zrg1) ((r+ 1)h) 7 —
O = (/\/h)2+ (N+h)2r(3 — oio) (F2VR)T7 + 2y — @)
2a;1 (x,41) ((r + 1)h)' 7" —on 2ai2(Tr41) (Tr41 — @)
WRPTE o) (2T 2arn =) + =g = Ty
r 2Pi(mrg1) | aio (trg) ((r+ D)7 4
T = =y hPLG oy (2N (2= 0i0) +2 (a1 — 0))
ait (wr41) ((r+ 1h)' ™" iz (Zy41)
+ = (A}F;IL)QF@ “on) {—2WNh) (2 —0i1) +2(zr1 —a)} + (2./\/'h)+21 (b— z,41)%,
r—1 N 1—B;;
Bij Tqt1 —Tq o (2(Sk —a))"7 (S — a)
TAIC] - pr kzo [ - 5 Wk (41, Sk) (NR)2T(3 = By ]
N 1-Bi;
Tr41 — T (2(Sk - a’)) ! (Sk - Cl)
LT el ST e gy ()
r—1 N -
Bij LTg+1 — (Sk — a)l_ﬁ“ -
TS/Cm - purd kZO |: wklclj Tr+1, Sk) (./\/h)2F(3 — 5”):| [(Nh)(2 - ﬂz]) - 2(Sk - a)]
N iy
Ty — 2(S) — a)\—Pu
+ kzzzo |: + Wk:lclj(xr"rl, Sk) (Nh)QF(S — /81]):| [(Nh)(Q — BZ]) — Q(Sk — a)] y (14)
r—1 N -
Bij _ Tg+1 — a, T (Sk — a)l_ﬁ” _ _A.. —a
R = S5 [ o S (G ] A )+ 205 )
N Y
Tri1 — (S —a)™Ps 7 _ 3.
+ kzzo [ oK (24, ) VA3~ Bz’j)] [—2(NR)(2 - B;)], (15)
r—1 N 9
7V, = Wi Totl “%q Kio(xrs1,S )(b — )
K 0 {quZO [ kRiol@r+1, 56) =ri7pve ]

M=

r—1
wio\)
70 VK0 = Wio 5
q=0

i
o)

10

[mqﬂ —Zq

wk/Cio(ﬂfrH, Sk)

N X
+Z|: r+1 —

k=0

wmmmm&ﬂ&—wwﬂﬂ

(Nh)?

2 ok Kio (41, Sk)

N T
+Z[ r+1 —

k=0

Q(Sk — a)(b — Sk)
Wh)? ]}<m
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r—1

BITRY X x‘ﬁ’l <Sk_a)2
rl ylclo = Wwio E wk'IC’LO(xT‘Fl’ Sk?) (Nh)2
4=0 k=0

X —a 2
+Z{ o wk’Czo(er,Sk)(%vh); ]} (18)

From equations (13)—(18) the nodes ¢, where the integrand is evaluated at points corresponding to
the extrema of the Chebyshev polynomials on the interval [—1,1] and are defined as t; = cos ( ) for
k=0,1,...,N, for each subinterval [z, z4+1], the mapped node Sy is calculated by S = wt +
%. The weights wy, are coefficients that multiply the function values at the nodes to approximate
the integral given by wp = % Zj,yzg cos (T’“Wﬂ) These weights help the weighted sum of function
evaluations accurately represent the einntegrad over the chosen interval, and are determined following a
linear system (m + 1) x (m + 1) of algebraic equations, which is provided.

A-B=C, (19)
where
EYiS _ wooj; _ Aﬁol _ Aﬁoz _ AﬁOm 7
0(700) — $°° Vg wo1 Kot wo2 lCoz ce wWom  r Ao,
V1o —wi1 «4%111 —wig AIC12 cos —Wim 7"“4%111
A= =72 Via0 —wa1 TA]CQI —w22 TA]CQQ e —wom ARG , (20)
—“’mojf —w Aﬁml B A5m2 yr ( ) B A,Bmm
L r Kmo ml Wm2 T Yoo te m Omo Wmm ™ KCmm
B=[c2 ¢2 ¢ ... c&]", (21)
Folwrs1) — OFCH = TGC + oy woy (St ) €+ 7y wiog (027 ) €0 + (w0 Vicos O + (whoFicon)Ca
Fi(wpi1) = OFCH = Ty CY + 57 wij (Sed ) €+ Ty wny (047 ) €9+ (Vs )CF + (who Vi )
C= | Folwrs) = 050 = T3C+ L7y wa; (S0 ) CF + X5y was (A2 ) €0+ (whoican )Y + (o Vican )C
| Fon(@r+1) = OpCh = TaC8 4 S wms (S02) €+ S0y wmy (2277) €9 + (107,000 + (0T

(22)
An algebraic linear system consisting of (m + 1) equations is derived, containing (m + 1) unknown
control points CZ-Q,Z' =0,1,...,m. To solve for these control points, the linear system (m+ 1) equations,
as shown in equation (11), is efficiently solved using a Jacobian matrix method. Once the control
points Ci2, i=0,1,...,m, are determined, they are substituted into equation (7). Using initial condi-
tions (2), the control points C} = Agh s ( ) + CO for the quadratic B—sphne curve can be determined,
and their derivative parts can be determlned by CZ-1 using U/ (x )‘ R déa), Vi=20,1,...,m, and

in practice, these integrals must be approximated using the Clenshaw-Curtis quadrature rule. The
following algorithms are considered to solve (LSVIDE’s-CF) using quadratic B-spline functions:
Algorithm describing the approzimate solution (LSVIDE’s-CF) using quadratic B-spline.
INPUT:

(I) a, b, and N is the number of iterations, (m + 1) is the number of equations.

(I1) Pi(x), aio(x), ain(x), an(x), Fi(x), wij, Kij(x,s), CY, i, and B;j for each i,j =0,1,...,m.
OUTPUT: Solution vector B containing the control points C?, 1=0,1,...,m
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Steps:
(i) Construct arrays B, C of size (m+ 1) and matrix A from equation (20) of size (m+1) x (m+1).
(ii) Compute the step size: h = bw_ﬂ, N € N and partition points: z,41 = a + (r + 1)h,
r=0,1,..., N —1.
2
(iii) Compute the approximation: U] (x) ~ LB(;’:C(G), using the initial conditions.
r=a
(iv) Compute the elements of C from equation (22): C} = Nh dB ( ) 4 c),i=0,1,...
(v) Compute the elements of matrix A and vector C using the Jacobl iteration method
(vi) Apply the initial conditions C? to modify A and C.
(vii) Solve the system: A -B = C from equation (19), using numerical integration techniques such as
the Clenshaw-Curtis quadrature rule.

OUTPUT: Solution vector B from equation (21), containing the control points, i = 0,1,...,m.
—[c2 ¢z ¢z ... cz)"

L Algorithm (NCP2DBS): Normal Control Points Second Degree B-Spline.
We perform all steps in the previous main algorithm and follow the additional steps below:
(viii) For r =0,1,...,N — 1, set: .’13—11?7»_1,_1 =a+(r+1)h, n=2 k=2
(ix) Compute: }P’iQ’Z(xTH) S oCiBE(zy41), i=0,1,...,m
Output: IP)OQ’2($T+1), ]P’?’Z(:ETH), PR (zy41) are the approximate solutions for each function.
II. Algorithm (FCP2BS): First Control Point Second Degree B-Spline.
We perform all steps in the previous main algorithm and follow the following two steps:
(viii) Use: C2 = C?(z1), i=0,1,...,m
(ix) Compute: ]P’Z-Q’Q(:L'TH) ~ Y o ClBE(zr41), i=0,1,...,m
Output: IP’OQ’z(xTH), ]P’lg’Q(er), PR (zy41) are the approximate solutions for each function.
III. Algorithm (MCP2BS): Mean Control Point Second Degree B-Spline.
We perform all stepb in tlhe previous main algorithm and follow the following two steps:
(viii) Use: C? = N Zr o C3(zpg1), i=0,1,...,m
(ix) Compute: IP’Z HLpy1) ~ S CiBE(v41), i=0,1,...,m
Output: IP’OQ’Q(mTH), ]P’lg’Q(:er), PR (zy41) are the approximate solutions for each function.
IV. Algorithm (FFCP2BS): Average First and Final Control Point Second Degree B-Spline.
We perform all steps in the previous main algorithm and follow the following two steps:
(viil) Use: C? = 3 (CZ(z1) + C3(zn— )) , 1=0,1,....m
(ix) Compute: P?’Q(xrﬂ) S CiBE(v41), i=0,1,...,m
Output: IP’OQ’Q(JCTH), ]P’lg’Q(xTH), PR (zy41) are the approximate solutions for each function.

3 Numerical results

In this section, the validity and efficiency of the proposed systems are verified by using the Least
squares error. Numerical results are developed in Python 3.9, and those derived by the proposed
techniques are compared.

Example. Consider the following classical and fractional-order systems of Volterra integro-differential
equations (CF-VIDE’s) with variable coefficients on [0, 1]:

cos(x)UY (z) + 2 D3 Uy () + e*S DO Uy () + 22Uy ()

= Fo(x) + woo /0 sx3uo(s)ds + wo1 /0 (1+ sx2)ng‘7L{1(s)ds + wp2 /0 e$ZD2‘8Z/{2(s)ds,
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U () + sin(z) S DYU, () + 22DV () + In(a + 1)U (2)

— (@) + wio / (% — 5+ 1)Uo(s)ds + wnr / (2 + 22 DO9524, (5)ds + wio / (229)° DL (5)ds,
0 0 0

sin(x)Uy (z) + 3¢ DV4Uy () + cos(z)S DY Uy (z) + tan(z)Us (z)
= Fa(z) + wgo/ xsUp(s)ds + wai / (sin(x) — 1)$D3U, (s)ds + CL)QQ/ (2 — 522)SD%5Uy (s5)ds.
0 0 0
The given functions Fo(z), F1(z), and Fa(z) are defined as follows:

31,1.7 3$O.5€x

Fol(x) = 2Bz +2) — 0+ 2°
o) = vyt sy TG s+ )
B 2wo1 ﬁ n x23 _ wo2 eT 22
r23)\23 " 33) T2\ 22 )’
2sin(z)xlt 2242 2 3z 4 1, 4
= 2¢” 1 1 1) — —_ = - 2 2
Fi(z) = 2e* + T(2.4) +P(2.2)+ n(x+1)(@* +1) —wip 5~ % a2t 42

2W11 1,3.55 N 134'55 wW1a 1,5.5
['(2.55) \ 2.55 = 455 ) T(2.5) \ 3.5 )"

. 26 g3 cos(z) 1 2w 22 7sin(x) 227
) =) gy ) (32721 emtet ) (5 - )

W99 2.%'2'4 $5,4
T4\ 24  34)°
Together with the initial conditions: Uy(0) = 2, U1(0) = 1, Uz(0) = —1, while the exact solutions by:

Up(z) =32+ 2, Us(z) = 22+ 1, Up(z) = 2% — 1.
The coeflicients are defined as:

o — sin(0.3) o — sinh(0.7) e — cosh(30)
o cos(89) e — In(5) ~ sinh(0.3)
7 a0 M T ey (1)
o — cos(89) o — sin(179) s — sin(30)

We set the parameters as: N = 10, h = 0.1, . = a +rh, forr = 0,1,...,N — 1. We aim to
approximate the solutions IP’Z-Q’2(1‘) for i = 0,1,2, as defined in equation (7). The programs NCP2BS,
MCP2BS, FFCP2BS, and FCP2BS are executed to compute the unknown control points C?, Cil, and
Cl-2 for © = 0,1,2, we then use these control points to construct the approximate solutions for the
given system. The first table presents the values of all control points for POQ’2(33), Plg’g(a:), and IP’2Q’2(x)
according to the four methods, respectively.
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Table 1

The values of control points of PS%(z), P22 (), and PS> (x) for four methods NCP2BS, MCP2BS,
FFCP2BS, and FCP2BS

Control points for each function

Methods Interval POQ’Z(JJ) Plg’z(az) P2Q72(SU)
C§ = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10,0.1] ¢} = 3.500000000000 C;# = 1.000000000000 Ci = —1.000000000000
C3 = 4.991448639638 C? = 1.999999999997 (3 = —0.499999999434
C§ = 2.000000000000 €9 = 1.000000000000 €9 = —1.000000000000
10.1,0.2] €} = 3.500000000000 Ci = 1.000000000000 Ci = —1.000000000000
C3 = 4.978635126166 C3 = 1.999999999965 C3 = —0.499999998681
CY = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10.2,0.3] € = 3.500000000000 Ci = 1.000000000000 Ci = —1.000000000000
C2 = 4.966525349698 C? = 1.999999999855 (2 = —0.499999997856
CY = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10.3,0.4] €} = 3.500000000000 C{ = 1.000000000000 Ci = —1.000000000000
C3 = 4.957359583196  C7 = 1.999999999609 C3 = —0.499999997028
CY = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10.4,0.5]  C} = 3.500000000000 C;} = 1.000000000000 Ci = —1.000000000000
NCP2BS C2 = 4.952023072809 C? = 1.999999999169 C3 = —0.499999996274
CY = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10.5,0.6] C} = 3.500000000000 Ci = 1.000000000000 Ci = —1.000000000000
C2 = 4.950374272935 C? = 1.999999998489 (2 = —0.499999995668
C§ = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10.6,0.7] C} = 3.500000000000 Ci = 1.000000000000 Ci = —1.000000000000
C3 = 4.951655066708 C7 = 1.999999997543 (3 = —0.499999995271
CJ = 2.000000000000 €Y = 1.000000000000 CJ = —1.000000000000
10.7,0.8] € = 3.500000000000 Ci = 1.000000000000 Ci = —1.000000000000
C2 = 4.954905674858 C? = 1.999999996333 (2 = —0.499999995114
CY = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10.8,0.9] C} = 3.500000000000 C{ = 1.000000000000 Ci = —1.000000000000
C3 = 4.959250140980 C37 = 1.999999994883 (3 = —0.499999995189
CY = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
10.9,1] €} = 3.500000000000 C;i = 1.000000000000 C3 = —1.000000000000
C2 = 4.964022227702 C? = 1.999999993235 (3 = —0.499999999434
MCP2BS C§ = 2.000000000000 €Y = 1.000000000000 C§ = —1.000000000000
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Continued from previous page

Methods IP’(C)J’Q(:U) IP’?’2($) }P’?’Q(x)
10,1 €} = 3.500000000000 C{i = 1.000000000000 Ci = —1.000000000000
C3 = 4.962619915469 C7 = 1.999999997908 C3 = —0.499999996534
FFCP2BS CY = 2.000000000000 C? = 1.000000000000 C§ = —1.000000000000
10,1] €} = 3.500000000000 C{ = 1.000000000000 Ci = —1.000000000000
C2 = 4.977735433670 C? = 1.999999996616 C3 = —0.499999997407
FCP2BS CY = 2.000000000000 C? = 1.000000000000 C§ = —1.000000000000

10,1] €} = 3.500000000000 Ci = 1.000000000000 Ci =
C2 = 4.991448639638 C? = 1.999999999997 (3 =

—1.000000000000
—0.499999999419

From the equation (7), we obtain the approximate solution for the classical and fractional-order linear
systems of Volterra integro-differential equations (SVIDE’s-CF) with variable coefficients, as shown

below:

Py (x)

NCP2BS

PP (x)

NCP2BS
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71.000000000000(1 — :C)2 — 2.00000000000093(1 — x) — 0.499999999434x2, << 1—10,

—1.000000000000(1 — 1:)2 - 2.000000000000x(1 — 17) - 0.4999999986811‘2, 1—10 <x< %,

—1.000000000000(1 — )2 — 2.000000000000z(1 — ) — 0.4999999978562%, L <z < &

—1.000000000000(1 — )2 — 2000000000000z (1 — ) — 0.4999999970282%, & <z < 2,

P2?(z) —1.000000000000(1 — )2 — 2.0000000000002:(1 — x) — 0.49999999627422, 2 < & < L,

NCP2BS | —1.000000000000(1 — 2)% — 2.000000000000z(1 — x) — 0.49999999566822, 1 <z < 2,

—1.000000000000(1 — )2 — 2.000000000000z(1 — ) — 0.4999999952712%, 2 <z < L.

—1.000000000000(1 — )2 — 2.000000000000z(1 — ) — 0.4999999951 1422, = <z < 4,

—1.000000000000(1 — )2 — 2.000000000000z(1 — z) — 0.49999999518922, 4 <z < 2
—1.000000000000(1 — 2)2 — 2.0000000000002:(1 — ) — 0.49999999546122, % < 2 < 1.0,

Q.2
Py (x)

0 _ 2 2
————— = 42.000000000000(1 — 7.000000000000x(1 — 4.9626199154692“, 0<ax <1,
MCP2BS — 1 (1—o)"+ o(l—a)+ v v

Q.2

P (x)
—= —~ = {1.000000000000(1 — z)2 + 2.000000000000x(1 — 1.999999997908 2, O0<ax<1,
MCP2BS — 1 (1—2)"+ ol —o)+ v v
P5 (x)
—= = {_1.000000000000(1 — )2 — 2.0000000000002(1 — — 0.499999996534 2, 0<zx<1,
MCP2BS { (1-2) z(l - ) v =
Q.2
Py (x)

0 _ 2 2
—————— = 42.000000000000(1 — 7.000000000000x(1 — 4.9777354336702°, O0<x <1,
FFCP2BS — 1 (1—a)"+ ol —a)+ v v

Q.2

P (x)
—= 2 = £1.000000000000(1 — )2 + 2.000000000000z(1 — 1.999999996616 2, 0<z <1,
FFCP2BS — 1 (1—2)"+ (1 —o)+ v v
Q.2
Py (x)
—= - = 1§ _1.000000000000(1 — 2)2 — 2.0000000000002(1 — —0.49999999740722, O0<x <1
FFCP2BS { (1-2) z(1—z) "”’ =50
Q.2
Py (x)
0 _ 2 2
———— = 42.000000000000(1 — 7.000000000000x(1 — 4.991448639638z°, 0<x <1,
FOP2BS — 1 (1—2)"+ (1 —2)+ v v
PP ()
—————_ = 11.000000000000(1 — z)? + 2.000000000000z(1 — x) + 1.999999999997 2, 0<x<1,
FCP2BS { (1-=2) z(l - =) v =
Q.2
Py (x)
—=2 7 = 1_1.000000000000(1 — z)% — 2.000000000000z(1 — — 0.499999999419 2, 0<x<l1.
FCP2BS { (1-2) 2(1-2) . =

Tables 2-4 demonstrate a comparison of the approximate solution with the exact solution of Uy(x),
Uy (), and Us(z). By setting N =10, h = 0.1, and z, = a+rh for r =0,1,..., N — 1, we compare
four methods of quadratic B-spline curves: NCP2BS, MCP2BS, FFCP2BS, and FCP2BS, respectively.
Finally Table (5) compares the least square errors for two algorithms (FCP2BS) and (MCP2BS) with
various choices of step size.
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Table 2
Compares the exact and approximate based on a least square error of U (z)
Approximate Solution P (x) (10, 0.1)
zr  Exact Up(z) NCP2BS MCP2BS FFCP2BS FCP2BS

0 2.0 2.000000000000 2.000000000000 2.000000000000 2.000000000000
0.1 2.3 2.299914486396 2.299626199155 2.299777354337 2.299914486396
0.2 2.6 2.599145405046 2.598504796619 2.599109417347 2.599657945586
0.3 2.9 2.896987281472 2.896635792392 2.897996189030 2.899230377567
0.4 3.2 3.193177533311 3.194019186475 3.196437669387 3.198631782342
0.5 3.5 3.488005768202 3.490654978867 3.494433858418 3.497862159909
0.6 3.8 3.782134738256 3.786543169569 3.791984756121 3.796921510270
0.7 4.1 4.076310982687 4.081683758580 4.089090362498 4.095809833423
0.8 4.4 4.371139631909 4.376076745900 4.385750677549 4.394527129368
0.9 4.7 4.666992614193 4.669722131530 4.681965701273 4.693073398107
1 5.0 4.964022227701 4.962619915469 4.977735433670 4.991448639638
LS.E 4.29736734820x10~°  3.53970591382 x10~°  1.25578445284 x10~°>  1.85249498044 x10~ 7%
R.T./sec. 2.2315187454223 2.4110293388366 2.6110293388366 3.0368537902832
Table 3
Compares the exact and approximate based on a least square error of U ()
Approximate Solution P27 (z) (10, 0.1)
z, Exact U (z,) NCP2BS MCP2BS FFCP2BS FCP2BS
0 1.00 1.000000000000 1.000000000000 1.000000000000 1.000000000000
0.1 1.01 1.009999999999 1.009999999979 1.009999999966 1.010000000000
0.2 1.04 1.039999999998 1.039999999916 1.039999999865 1.040000000000
0.3 1.09 1.089999999986 1.089999999812 1.089999999695 1.090000000000
0.4 1.16 1.159999999937 1.159999999665 1.159999999459 1.160000000000
0.5 1.25 1.249999999792 1.249999999477 1.249999999154 1.249999999999
0.6 1.36 1.359999999455 1.359999999247 1.359999998782 1.359999999999
0.7 1.49 1.489999998796 1.489999998975 1.489999998342 1.489999999999
0.8 1.64 1.639999997653 1.639999998661 1.639999997834 1.639999999998
0.9 1.81 1.809999995856 1.809999998305 1.809999997259 1.809999999998
1 2.00 1.999999993237 1.999999997908 1.999999996616 1.999999999997
LS.E 7.0199557924x 1017 1.1086895011 x10~ 1"  2.9009973891 x10~ "  2.2801089911 x10~>°
R.T./sec. 2.2315187454223 2.4110293388366 2.6110293388366 3.0368537902832
Table 4
Compares the exact and approximate based on a least square error of U (z)
Approximate Solution PS2(z) (10, 0.1)
z.  Exact Us(z,) NCP2BS MCP2BS FFCP2BS FCP2BS
0 —1.000 —1.00000000000 —1.00000000000 —1.00000000000 —1.00000000000
0.1 —0.995 —0.99499999999 —0.99499999996 —0.9949999999°7 —0.994999999994
0.2 —0.980 —0.97999999994 —0.97999999986 —0.97999999989 —0.979999999977
0.3 —0.955 —0.95499999980 —0.95499999969 —0.95499999977 —0.954999999949
0.4 —0.920 —0.91999999952 —0.91999999945 —0.91999999959 —0.919999999909
0.5 —0.875 —0.87499999906 —0.87499999914 —0.87499999936 —0.874999999858
0.6 —0.820 —0.81999999843 —0.81999999877 —0.81999999908 —0.819999999796
0.7 —0.755 —0.75499999767 —0.75499999833 —0.75499999874 —0.754999999723
0.8 —0.680 —0.67999999686 —0.67999999782 —0.67999999836 —0.679999999638
0.9 —0.595 —0.59499999609 —0.59499999724 —0.59499999793 —0.594999999542
1 —0.500 —0.49999999545 —0.49999999659 —0.49999999744 —0.499999999434
LS.E 5.6479062171x10~ 17  2.9319410000 x10~'"  1.6511565195x10" 1" 8.1155790437x10"1°
R.T./sec. 2.2315187454223 2.4110293388366 2.6110293388366 3.0368537902832
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Table 5

The least square error with different step sizes for Uy(z), Ur(z), and Usz(x)

LS.E
Pg % (x) PP (x) P35 (x)
N =20 | 3.3804747524859968 x 10>  9.261094453318532 x 10~  2.853188809643298 x 1017
MCP2BS | AN =50 | 3.2834709955904783 x 10 °  8.28101310189266 x 10 ®  2.738736379765375 x 10~ 1"
N =100 | 3.2510081333708340 x 10~ °  7.972488621480216 x 10  2.7005547497925035 x 10 '~
N =1000 | 3.251008133370834 x 10~ >  7.696289581642592 x 10~  2.667571186072652 x 10~ 1"
N =20 2.499554593756400 x 10~°  9.86076131526260 x 10~°>2  1.596004257270100 x 10~ ™°
FCP2BS | N =50 1.564846997979940 x 10~ °  8.86076131526260 x 10 °2  1.745188520809840 x 10~ 2V
N =100 | 1.821769238662400 x 10~  7.86076131526260 x 10 2  3.468085471432110 x 10 =
N =1000 | 1.18952321777046 x 10°°  6.86076131526260 x 10 °2 1.01330642945647 x 10 =

4 Conclusion

In this paper, we constructed a numerical technique for solving systems of Volterra integro-differen-
tial equations that involve both classical and fractional derivatives (SVIDE’s-CF) with variable coef-
ficients based on quadratic B-spline functions. Four algorithms, NCP2BS, MCP2BS, FFCP2BS, and
FCP2BS, were successfully introduced. The control points were determined by converting the system of
VIDEs-CF into a system of linear algebraic equations, which was then solved using the Jacobian method
and the Clenshaw-Curtis quadrature rule. Numerical experiments demonstrated that all the proposed
methods are novel and significant for our research. Furthermore, we show that FCP2BS outperforms
the other algorithms in terms of accuracy and computational efficiency, simplifies the analysis and
ensures that computations remain manageable using software such as Python. In general, Table 5
demonstrates that as the value of N increases, the approximation significantly improves. As a future
direction, we aim to extend this framework by exploring more sophisticated spline functions, including
modified quadratic, cubic, trigonometric, and exponential B-splines.
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