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This paper investigates a nonlocal boundary value problem for a multi-parametric integral-differential equa-
tion involving a Caputo—Prabhakar type operator in a bounded rectangular domain. This operator gen-
eralizes both the classical Caputo fractional derivative and the Prabhakar integral, incorporating memory
effects through kernels expressed in terms of generalized Mittag-Leffler functions. The nonlocal conditions
are prescribed by partial integral expressions involving the unknown function and given continuous kernels,
supplemented by a boundary condition along a characteristic line. Using a known representation of the
solution to the corresponding Goursat problem in terms of bivariate and trivariate Mittag-Leffler-type func-
tions, we reduce the problem to a system of Volterra integral equations of the second kind for the unknown
boundary traces. Two cases, depending on whether an auxiliary constant vanishes, are analysed separately.
In the degenerate case, a first-kind Volterra equation arises and is transformed into a second-kind one by
differentiation. Based on the boundedness properties of the special functions involved, sufficient conditions
ensuring the existence and uniqueness of the solution are established, and an explicit rep-resentation of the
solution is obtained through the derived integral system.
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Introduction

Equations involving mixed partial derivatives of the form

0?u(t, x)

“otor Au(t,x) = f(t,x)

play an important role in the theory of hyperbolic-type equations and arise naturally in the study
of transport-type processes and related mathematical models (see [1-3|). Such equations are closely
connected with Goursat-type problems, where boundary conditions are prescribed along characteristic
curves.

A powerful approach to the analysis of such problems is based on the use of integral representations
of solutions. These representations allow one to reduce boundary value problems to systems of Volterra
integral equations of the second kind, which provide an effective framework for establishing existence
and uniqueness results.

A significant direction in the development of this theory concerns boundary conditions of nonlocal
type. In such problems, the values of the unknown function on the boundary are connected through
integral relations with given kernels. Problems with integral boundary conditions have been widely
studied; for instance, in [4-6], nonlocal conditions for related equations were considered, and the
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corresponding problems were reduced to Volterra integral equations. This approach made it possible
to establish existence and uniqueness theorems and to obtain representations of solutions.

In recent years, significant attention has been devoted to the study of integral-differential equations
with multi-parametric operators. Among them, Prabhakar-type operators |7] play an increasingly
important role due to their flexibility and ability to incorporate memory effects through special kernels
expressed in terms of Mittag-Leffler-type functions. These operators generalize classical fractional
derivatives and allow the construction of more general analytical models. Such operators allow one to
construct multi-parametric integral-differential models that extend classical equations while preserving
their analytical structure.

The analysis of these generalized equations is closely connected with the theory of Mittag-Leffler-
type functions. The main results and methodological contributions of the works under consideration are
discussed in detail in the subsequent paragraphs. These functions arise naturally in the representation
of solutions to integral-differential equations and play a role analogous to the exponential function in
classical analysis.

Using representations involving Mittag-Leffler-type functions, boundary value problems for multi-
parametric integral-differential equations can be reduced to systems of Volterra integral equations.
This reduction provides an effective tool for studying solvability, since the theory of integral equations
guarantees existence and uniqueness of solutions under appropriate conditions on the kernels and given
functions.

Despite the significant progress achieved in the study of nonlocal problems and integral-differential
generalizations, equations involving multi-parametric operators of Prabhakar type combined with
mixed derivative structures remain insufficiently investigated. In particular, the extension of equa-
tion (2) to the case of multi-parametric integral-differential operators leads to new classes of problems
that require further analysis. This motivates the present study.

In parallel, substantial progress has been made in the theory of special functions tailored to
fractional-order equations. Generalized Mittag-Leffler-type functions — including multivariate and mul-
tiparameter extensions — have emerged as natural solution kernels for fractional differential equations.
A significant contribution in this area is the introduction of the bivariate Mittag-Leffler-type func-
tions Fq(z,y) and Ea2(x,y) by [8]. Although the analytical properties of Fj(z,y) were thoroughly
investigated in that work, the corresponding properties of Es(x,y) remained unaddressed. This gap
was subsequently filled by a series of studies [9-11], which systematically examined the mathemati-
cal characteristics of Fo(x,y) and demonstrated its applicability to fractional-order partial differential
equations.

In [12], a novel trivariate Mittag-Leffler function was introduced, and its complex integral repre-
sentation, Laplace transform relations, and fractional derivative properties were systematically inves-
tigated, along with its applications to the solution of multi-term fractional differential equations. The
work in [13] presents a new class of Mittag-Leffler functions defined through triple series, together with
the development of associated fractional calculus operators, culminating in fully closed-form solutions.
In [14], four new trivariate Mittag-Leffler-type functions FS), Fg), Fg), and FS’) were introduced
and thoroughly examined; these functions constitute natural generalizations of the classical Lauricella
hypergeometric functions to three variables, and their fundamental properties, integral representations,
and relevance to fractional differential equations were established in detail. Similarly, several further
classes of trivariate Mittag-Leffler-type functions were introduced and investigated in [15-17].

Regarding boundary and nonlocal problems for fractional generalization of hyperbolic equations,
a growing body of literature has emerged in recent years. R.A. Pshibikhova [4] studied a nonlocal
boundary value problem for a generalized hyperbolic equation with Caputo fractional derivatives in
a bounded rectangular domain of the plane with two independent variables. The equation under
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consideration has the form
08,00, u(,y) + Au(z,y) = f(2,y), (1)

subject to nonlocal boundary conditions prescribed as partial integral expressions of the unknown
solution with respect to each variable:

b
/ M(z,y)u(z,y)dy =7(z), 0<z<a,
0

/0 K(z,y)u(z,y)de =n(y), 0<y<bh,

where M (x,y) and K(z,y) are given continuous kernels. Employing a previously obtained represen-
tation of the solution to the Goursat problem for this equation in terms of Wright-type functions, the
problem was reduced to a system of linear second-kind Volterra integral equations with respect to the
traces of the unknown solution on a part of the domain boundary. As a result, the existence and
uniqueness of the solution were established, and its representation was found in terms of the solutions
to the obtained system of integral equations. In [5,6], similar problems for equation (1) were also
investigated under mixed boundary-integral conditions. Kh.N. Turdiev [18] investigated two nonlocal
boundary value problems for a system of coupled hyperbolic equations in a mixed pentagonal domain,
deriving associated second-kind Volterra integral equations and proving solution uniqueness via the
general theory of integral equations. Further contributions to this direction appear in [19-21].

Despite this progress, nonlocal problems for hyperbolic-type equations governed by the Caputo—
Prabhakar operator — a multi-parametric integral-differential operator generalizing both the classical
Caputo derivative and the Prabhakar integral — have received virtually no attention in the literature.
This gap motivates the present work.

Contribution of the paper.
In this work, we investigate a nonlocal boundary value problem for a multi-parametric integral-
differential equation in a bounded domain. The main contributions are:

e reduction of the problem to a system of Volterra integral equations;

e proof of existence and uniqueness of the solution;

e derivation of an explicit representation of the solution in terms of Mittag-Lefller-type functions.

The obtained results contribute to the theory of nonlocal problems for integral-differential equations
and extend existing methods based on integral equation techniques.

1 Formulation of problem

We consider the following multi-parametric integral-differential equation

0 o,B,7,0 0 ,B,7,0
p PCDePoy (1, 2) — ag-u (t,z) —bTCDL 0w (t, ) = f (¢, x) (2)

in a domain Q = {(t,z) : 0 <t < ¢,0 <z < p}. Here f (t,z) is a given function and
PCDCV757775 t — PIavmiﬁvf'Y»éﬁ t
ot y(t) = ot dtmy( )

represents Caputo—Prabhakar multi-parametric integral-differential operator [22] and

t
PI ) = [ (- EL B -9y ©ds t>0
0
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represents Prabhakar fractional integral [7]. We note that above-given definitions are valid for «, 3, 7,
0, a,b,q,p € Rsuch that a >0and m—1< 8 <m.
Here E] ;(z) is the generalized Mittag-Leffler function [7]:

[e.9]

Y ( m z™
Eap(2) = ZO T (a:rf +B)ml

Problem N. We are interested to find a regular solution of the equation (2) with 0 < 5 < 1 in €,
satisfying boundary condition

u(t,0) =¢(t), 0<t<gq (3)
and nonlocal condition
q
_ /M(t)u(t, Dt = (@), 0<z<p, (@)
0
where ¢ (t), ¥(x) and M (t) are given functions (M (t) # 0), such that ¢(0 qu = (0).

0
Definition 1. We call a function u (t,x) as a regular solution of problem (2), (3)-(4), if u(t,z) €
C(Q), us(t,z) € C(Q), PCDL P u(t,z) € C(9).
We note that at 5 =1, § = 0, Eq. (2) becomes classical hyperbolic-type equation:

U (t, ) — aug(t,x) — buy(t, ) = f(t, x).
2  Main results

Let us introduce a notation
u(0,2) = 7(z), 0<z<p. (5)
Theorem 1. If ¢(0) = 7(0), 7(z) € C[0,1] N C*(0,1) and ¢(t) € C[0,q] N CY(0,q), f(t,x) =
t~1xme2fy (t,x), f1(t,x) € C (Q) and 0 < g1 < 3, 0 < &9 < 1, then the solution of Goursat problem
multi-parametric integral-differential equation (2), that satisfies the initial condition (5) and boundary
condition (3) will be represented as follows:
at? B
ot

v, 1,7;0,1;

ult:2) =7 (@) + (2 (1) = 9 (0) € + al (3) 7 (2) E» ( BB+ 157,71, 1

v, 1,y 1, 1,2
By, B+ 1;79,7v:1,2;1,1;1,1; 1, 1

X
— L,y 1, 1,2
abtﬁ/r(g)Fg) Ll
0 ﬁ?a‘)ﬁ—‘r1;7?’77171717]‘717171727

t
s Ly 1, 1,2
abx/t— (n) F (3) T
B,a, B;v,7:1,2;1,1;1,1; 1, 2;

0
r7 141,11
//t— 51 f)F(E) YLy L LS
By, By, 1,1;1,1;1,1; 1, 1
0 0

The solution to the Goursat problem exists and is unique (see for details [15]).

ap (0) t9F (

at®; br; 5to‘> +

at?;b(x —¢) ;6750‘) dé+

a(t —n)°;bx; 6(t — n)“) dn+

a(t —n)7;b(x — €);6(t — ?7)0‘> dndg.
(6)
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Here, Fs(-) is the bivariate Mittag—Leffler type function [8]:

x —
Yy
m k

ZZ a1m+ﬁlk+’h) (aam + 72) x Y
ot o) ' (asm + B2k + 61) F(a4m+52)f‘(/6’3k+53)’

5 aq, B1,715 a2, 2;
2
ag, B2, 01; o, 025 B3, 03;

V1,72, 01, 02,03, 2,y € R, min{oq, as, a3, ou, B1, B2, B3} > 0,

in which the double series converges for z,y € R, if a3 + a4 — a3 — g > 0, and 82 + 3 — f1 > 0.
FS)() is the trivariate Mittag-Leffler type function [15]:
3 Y; Z) =
—+00

3 U (onm + Bik + 61) T (ogm + y1j + 02) 2™y 2
T (agm + P2k 4 03) T (am 4 04) T (asm + 05) T (B3k + 66) T (y25 + 97) T (735 + )

F(3) ag, By, 015 a2, 71, 09;
as, P2, 03; au, 04; s, 055 83, 063 Y2, 07573, 085

m7j7k:0
(al)/Bi)ryhéna]:)y?Z € R7 min {Ollaﬁia%‘} > 07 (n = m) l= ]-7757 1= ]-773)) )
in which the triple series converges for z,y,z € R, if A; > 0, Ay > 0 and Az > 0. Here
Al=azt+astas—a1—ag, Do=7y2+7v3—m, Az= L2+ 83— b

To determine the function 7(z), we will use condition (4). Following the representation (6), and
considering the nonlocal condition (4), we obtain

q q
T(x)—f(x)/M Pt — e /M o (0)) dt—
0 0
q
/M )P B, (7’1’%0 X ati) dt+
) B+ 157,7; 1,15 0t

q
1,y 1,1,2;
ago(O)/M(t)t’BFEE) Rl
Bya, 8+ 1;9,7:1,2;1,1;1,1; 1, 1;
0

q z
717 7171727
ab/M(t)/T(g)tﬂFg) A
57 7/8—"_1;77771717171717171727
0 0

at®: ba; 5t0‘> dt—

at?; b (x — €) ;5#) dédt—

t

aba / M(e) [ (¢ =) ol
0

0
—(3) 771777171727
FE
/87 75;77771727171717171727

/qM(t)/t/m f(n,€) x
0 0
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-3 (vnLnLLL
FE
B,a, By, 1,1;1,1;1,1; 1, 15

By changing the order of integration, from equation (7), we deduce

a(t—n)"5b (z —€);8(t - 77)”) dnd&dt = (). (7)

q q
/M B dt - et /M(t)(sO(t)—w(O))dt—
0 0

q
b b ’0717
/M (£)t° B 7 g
/ a, B+ 17,7 1,1,

q
1,112
a0) [ TP (7
B0, B+ 1;7,7:1,2;1,1;1,1; 1, 1
0

at?
5t0‘> dt+

at®: ba; 5t°‘> dt—

q
717 7]‘7]‘72
ab/T(g)/M(t)tﬂF(E) T
Bya, B+ 1;79,v:1,1;1,1;1,1; 1, 2;
0

at?;b(x — € ;5#”) dtds—

q

aba / oln) [ Mo -0
0

n

-3 [ LrL1L,2
FE
187 75777771727171717171727

a(t —n)7;ba; 5(t — n)a> dtdn—

T

/q M(t) ] / (t—n)"""f (n,€) x
0 0 0

a(t —m)’;b (e —€);8(t - n)a> dndgdt = (). (8)

at?
5#1)) di,

at?; b(x— &) ;5ta> dt,

B,a,B;v,7:1,1;1,1;1,1; 1, 15

Let us introduce the following notation:

q
1,730, 1
- /M VW 1rar (P | 77
J B,a, B8+ 1,71, 1;

q
1y 11,2
/M (OFFY (7 7
0

717 7171717
FSE’) <7 Y

By, B+ 1;79,7:1,1;1,1;1,1; 1,2

9(2) = (z) + / M) ((t) — 0(0)) di—
0

q
Ly 1,1, 2;
/M thF Rt at?; ba; 6t | di+
Bya, 8+ 1;79,7:1,2;1,1;1,1; 1, 1,
0
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q

abs / o(n) [ Mo -0y
0

n

—=(3) v Ly 1, 1,2
FE
B,a,B;7v,7:1,2;1,1;1,1; 1,2

a(t —n)?;ba; 6(t — 77)0‘> dtdn+

T

/qM(t)/t/(t—U)’B_lf(nvﬁ)x
0 00

— 1,7v;1,1,1;
(3) (% Vi L L a(t—n)ﬂ;b(fc—ﬁ);ﬁs(t—n)a) dnd&dt.

FE
By, B57v,7:1,1;1,1;1,1; 1, 1

Considering the introduced notations, from equation (8) we deduce

T

Ar(a) = ab [ (€)Ma(¢,2)d¢ = g(a). (9)
!
Case 1. Let A # 0. Then, denoting
Mgy = D gy = 4,
from the last relation, we deduce
T(z) — ab/xT(f)Mg(ﬁ,x)df = G(x). (10)
4

Theorem 2. Let A # 0, a < 0,b <0, <0. If p(0) = G(0), ¢(t) € C[0,g
Cl0,q) N CH0,q), M(t) € Cl0,q], f(t,x) = ™=z~ =2fy (t,z), fi(t,z) € C(Q) and 0 < &1 < B,
0 < &9 < 1, then the solution to the problem N exists and is unique.

Here, G(0) = g(0)/A,

v, 1,7;0,1;
By, B+ 19,71, 1;

at?
)
Proof. According to the theory of integral equations, Volterra’s second-kind integral equation exists
and is unique, if the kernel Mj (€, x) of the integral equation and the right-hand side function G (z)
are continuous.
For the integral equation (10) to have a continuous Ms(&, z) kernel, the M; (&, x) kernel must be
continuous. Let M(t) € C[0,q]. Then, using the boundedness property of the function Fg) (see
Lemma 3.3, [15]) for negative arguments, we obtain

4(0) = (0) — (0) / M(t)dt — aT'(7)(0) / M) E, (
0 0

v, 1,71, 1,2
Bya, B+ 1;79,9:1,1;1,1; 1,151, 2;

q
My(€,z) = /M(t)tBF(bf’) ( at®; b (z — €) ;(5t0‘> dt <
0

q

Cy /M(t)tﬁdt < Oy,
0
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where C, Cy > 0 are constants. Hence, the kernel M; (€, x) is continuous.
If g(z) is continuous, then G(z) will be also continuous. If ¢ (z) € C[0,p], o(t) € C[0,q], M(t) €
C[0,q] and f (t,x) = t~=tx= %2 fy (t,x), f1(t,x) € C (ﬁ) and 0 < e1 < 3,0 < g9 < 1, then we could

prove the continuity of the function g(x) using the boundedness property of the function FS) (see
Lemma 3.3, [15]):

o) = (z) + & / M(t) ((t) — 9(0)) dt—
0

at®: ba; 5t°‘> dt+

q
— Ly 1,1, 2;
0) / MpPED [T
Bya, 8+ 1;79,7:1,2;1,1;1,1; 1, 1;
0

q

ab / oln) [ Mo -1y
0

n

-3 (L 12
FE
B,a,B;7v,7:1,2;1,1;1,1; 1, 2

/qM(t)/t/m f (&) x
0 0

a(t —n)’;b(x—€):6(t — n)“) dndédt < Cs.

a(t —n)?;ba; 6(t — n)a) dtdn+

F(3) 751575171517
B,a,B;v,v;1,1;1,1;1,1; 1, 1

Case 2. If A =0, then the integral equation (9) will become the first-kind of Volterra equation

x

—ab / T (€) My (€,2) dE = g (x). (11)

0

By taking the once derivative of the integral equation (11), we then obtain the following integral

equation:
xX

T(w)+/7(£)M*(£,x)d€zg*(w).

0
e (M3 (&, ) '
* Ml §,£L‘ ]-g (33‘)
M (&x):Tx, g*(x):—g 5
q
Ly 1,1, 3;
(M (€, ) /M O FED (T at®;b(x — &) ; 6t | dt,
By, B+ 1;79,7;1,1;1,1;1,1; 1, 35
0

g (z) = ¥ (z) + bet™ / Mt 5 (0)) di—
0
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at®: ba; (5t°‘> dt+

q
1,731, 1, 3;
aby (0 /M tﬁFE Rl
By, B+ 1;79,7:1,2;1,1;1,1; 1, 25
0

<ij@n/muww—nflx
0

n

Bya, Byv,v:1,2;1,1;1,1; 1, 1

q q
o B—1 7717770717
rwamm/Mwu ) @<@%&Wmm

1
b/qM(t)/t/x (m,€) X
0 0

a(t —n)’;b(x —€);0(t - 77)“) dndgdt,

— L1, 1,2
s (7 Y

a(t —n)?;ba; 6(t — 77)0‘> dtdn+

a(t —n)”
0t Z)“) dndt+

—=(3) 771777171727
FE
B,o, By, 1,1;1,1;1,1; 1, 2;

q
717 ’071’ /8
B =M, (z,z) = /M 1)t By 7 7 ) .
a, B;y,7; 1,15 0t
0
Theorem 3. Let A = 0 ,azl, <p<l,y=Ba<0,b<0,6<0 If7r(0) =g (0),

p(t) € C0,qf NC(0,q), ¥ (z) € C'[0,q] N C*(0,q), M (t) € C0,q], f(t,x) =t 27 f1 (t,z),
fi(t,z) € C(Q) and 0 < &1 < B, 0 < &9 < 1, then the solution to Problem N exists and is unique.
Here g* (0) = — [g' (0)]/ [abB),

g(0) = (0)+ [ M(0) (6 (1)~ (0)) de-
0

7, 1,73 1,35
B,a, B8+ 1;v,7,1,2;1,1;

i i B 1,7:0,1;
ab | () M@@HM1&<”
! /

wwm/Mawwm<
0

at?
5 ta> dt+

B,a, B;y,v; 1, 1;

Bya, Byv,7; 1,15

-

F(’Y)/f(n,x)/M(t) (t—n)° 1By <%1,'y;0,1;
0

where

g aq, B1,01; iz, 02;
13
as, 2, 03; 0, 043 s, 055 33, 06

i’f T (crm + Bik + 61) T (com + 63) ™y
oy I (043771 + Bk +d3) T (a4m +04) I (asm + 35) ' (B3k + d6) ’
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(alaﬁi75nax7y € Rv min{alw@i} > 07 (n - ]-7767 l :ﬁ) 1= ]-773)) )

in which the double series converges for x,y € R, if ag+ a4+ a5 — a3 —ag > 0, and fo + B3 — 51 >0
(E13(+) function was studied in [15]).

Proof. The proof of this theorem is similar to the proof of Theorem 2.
According to the integral representation of Eo (see Lemma 2 in [11]), if a =1,0< < 1,a <0,
0 < 0 and v = 3, then the following inequality holds for the bivariate Mittag-Leffler type function:

1,7;0,1; 8
" (; oz:;?r’l’;%v;l,l; gﬁQ) -0
From this statement,
f 71,701 at?
B =M (z,z)=T(y) /M(t)tﬁEQ (5’%5;%% " w) dt # 0.
0

Conclusion

In this paper, a nonlocal boundary value problem was studied for a multi-parametric integral-
differential equation involving the Caputo—Prabhakar operator in a bounded rectangular domain, sub-
ject to a boundary condition along a characteristic line and a nonlocal condition given as a partial
integral expression of the unknown function. Relying on the representation of the solution to the
corresponding Goursat problem in terms of the bivariate (Fs) and trivariate (FS)) Mittag-Leffler-type
functions, the problem was reduced to a Volterra integral equation with respect to the unknown trace
7(x).

Two cases were considered depending on the value of the constant A. When A # 0, a second-
kind Volterra integral equation was obtained, and the existence and uniqueness of the solution were
established under suitable conditions on the given data (Theorem 2). When A = 0, the resulting
first-kind Volterra equation was transformed, by differentiation, into a second-kind equation, and the
corresponding existence and uniqueness result was proved using the positivity of the bivariate Mittag-
Leffler-type function (Theorem 3). In both cases, an explicit representation of the solution was derived
through the solution of the obtained integral equation.

The results extend the integral-equation-based techniques to equations governed by multi-parametric
Prabhakar-type operators and may serve as a basis for further investigation of nonlocal and inverse
problems for fractional hyperbolic-type equations.
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