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This paper examines singular discrete Sturm—Liouville equations subject to transmission conditions, focus-
ing on their fundamental spectral and geometric properties. In mathematical physics and operator theory,
understanding the asymptotic behavior of solutions at singular boundaries is highly essential. While the
classical spectral theory for continuous systems has been comprehensively analyzed, the structural nuances
of their discrete counterparts containing interior discontinuities require a more detailed investigation. For
the discrete equations under consideration, Weyl’s famous alternative classification is successfully estab-
lished, dividing the underlying equations into limit-circle and limit-point cases based on the behavior of
their solutions. By incorporating transmission conditions at an interior point, this study bridges a critical
gap between discrete calculus and boundary value problems with transmission interactions. We construct
the corresponding Hilbert space framework and thoroughly investigate the core properties of the corre-
sponding Weyl function. Furthermore, the geometric characteristics of Weyl circles are systematically
derived. Ultimately, the generalized spectral characteristics established herein offer comprehensive insights
into discrete systems with transmission conditions, contributing significantly to the ongoing advancement
of the spectral analysis of discontinuous difference operators.
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Introduction

In differential equation theory, the Sturm—Liouville problem is one of the most studied problems.
The significance of the topic is increased by the appearance of such issues in the solution of partial
differential equations using the technique of separating their variables [1-3]. Such problems have
been studied under a variety of boundary condition types and situations [4-6|. Similar to impulsive
boundary conditions, these conditions have been extensively studied in the literature (see |7-9| and its
references).

For many mathematicians today, discrete equations are one of the most important topics to study.
Discrete equations come from the approximate solution of differential equations through discretization.
Nonetheless, they often manifest independently as mathematical encodings of various real-life events.
Using algorithmic techniques, computers can solve discrete equations with ease. Spectral theory of
difference equations has been addressed in [10-12]. In [13]|, the authors investigated the spectral
properties of the following second-order difference equation

a(C=1)z(C=1)+b()z(0)+a(Q)z(C+1)
= (2coshy)z(¢), CeN\{k— 1,k k+1} (N:={1,2,3,..}),
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2(0) =0 z(k+1)=01z(k—1),
o Az(k+1):02Vz(k—1), 01,02 € R,

where {a (Q)} ey, {b(Q)} cen are real sequences. Ergiin and Guseinov [14] studied the following dif-
ference equation

A% (C- 1) +a(0) ()
— M (O)2(0), CEV{0,1}, (2
2(=1)=2(1), Az(=1) = ¥ Az (1),
where z = z (¢) with ¢ € Z is a desired solution, ¢ (¢) € R for ¢ € Z\ {0,1}, § € [0, §), and

{0, 41,42, +3,..}),

e if np < —1,
p (C) - { 6727:5 if n > 2.

They gave simple conditions for the discreteness of its spectrum. In [15], Bairamov et al. considered a
discrete Schrédinger operator defined as

a(C—=1)z(C=1)+b(Q)z(¢Q)+a()z(C+1)
=Xz(¢), ¢ € N\{mg —1,mg,mog + 1},

z(mo+1) =mz(mo—1),
z(mo+2) —z(mo+1)=92(z(mo—1) —2(mg —2)),

where v172 # 0,71,72 € R; X is a spectral parameter, {a ({)} ¢cenu{o} and {b({)} cenu{o}are real
sequences satisfying the condition

S ¢t —a(Q)+1b(Q)]) < oo.

¢eN

By using the scattering solutions, they investigated the properties of the scattering function of this
problem.

In this study, we will transfer the famous classification given by Weyl [16] in 1910 for classical
Sturm—Liouville problems to discrete Sturm-Liouville problems with transmission conditions. It has
been studied in [10,12] for discrete Sturm—Liouville problems in the singular case without transmission
conditions.

1 Set up

In this paper, we consider the discrete Sturm-Liouville equation with transmission conditions

M) = g VPO A @) +a(0 () =22(0). (e, (1)
p(+1)zn+1)—dpn-1)z(n—-1)=0, @)

2(n+2) = gz (n) =0,

where A is the forward difference operator (Ay(¢) = y(¢+1) —y(¢)), and V is the backward difference
operator (Vy({) = y(¢{) —y(( —1)),and —co < a<n—-1<n<n+1<b< oo anbelZ,
and J = {[a,b]NZ}\{n,n+ 1}, X is a parameter, p({), ¢(¢), and w ({) are real numbers such that
w(¢)>0for ¢ € J and p(¢) > 0 for ¢ € J, ¢ () is a finite at n,n+ 1, and p (¢) is a positive at n,n+1,
and 0#deR.

Recently, the spectral properties of the problem (1)—(2) were investigated in the references [17, 18]
in the regular and singular cases.
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Theorem 1. [18] Let (o be a fixed point in [a,b] N Z. Then Problem (1), (2) has a unique solution
(= (O)CE[a,b}mz , such that
2 (Co) = k1, Az (Co) = k2,

where ki, ko € C.

Theorem 2. [18] Let E and © be solutions of the equation I'z = A\z. Then the Wronskian defined as

WI[z,0](Q) =p(C -1 [E()AB(C 1) =0 (()AZ((~1)]
is constant on each of the sets [a,n —1]NZ and [n+2,b0]NZ:

- _ W77 Ce[avn_l]mzv
W[“’@](O_{W+, ¢€n+2,bNZ.

Furthermore,
W-=WT,
and

WE,0] () = —éwﬁ

Definition 1. Problem (1)—(2) is singular when the interval [a, b] is infinite length.
Denote by 12 (.J) the Hilbert space with the inner product

n—1 b
(£,9) =Y _f(QgQuw)+ > F(QgQuw(C),
(=a ¢=n+2

where f,g € 12(J).
For any = and © in I2,(J), we have

where

=16 -2 -1)].

Tl
[
o
Il
T
i)
=
Il
=
2N
|
=
[1]
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2 The nested circles at b
Let us consider J; = {[c, '] NZ}\{n,n+ 1}, wherea <c<n—-1<n<n+1<b <bandlet x1
and x2 be solutions of Problem (1)—(2) satisfying

1
plc—1)

X1(c) =0, xa(e—1)=—

x2(c) =1, xa(c—1) =0,

It is clear that
Wix1, x2] (n)

— —éW_[XlaXﬂ ()plc—1)[x1 (c— 1) x2 (¢) — x1 () x2 (c — 1)] = é, ne .

Now consider the following regular problem:

F(Z) :AZ(C)v CE le (3)
z(c—1)=0, (4)

(V' +1)+kz (V) =0, kR, (5)
pn+1zMm+1)—dp(n—-1)z(n—1)=0, (6)

z(77+2)—éz(77):0.

For Im A # 0, let oy = x1 + my x2 be the solution of Problem (3)—(6). The function my is called the
Titchmarsh—Weyl function of Problem (3)—(6). Here ¢y and y2 must be linearly independent.

Proposition 1. Let = be a solution of 'u = Au and O is a solution of I'u = pu, both satisfying (4)
and (6). Then, for ¢ € Ji,

n—1 ¢
(A —p) (ZE MeMmuwr + > 5(’7)9(’7)10(7))

y=a Y=n+2

and

pw (7)0 (7) —q(7)© (v) = Vip(v) AO (7)].
Multiplying these equations, respectively, by © (v), —Z (), adding gives

A=WEMOM=VPHAEM]O(®) - VIpH)AGM]EM),

ie.,

A=—WEMOM=pMEN+1)OH) -E®)O(H+1)]
-p(y-DEM@OMH-1)-ECn-1)61)]. (7)
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Thus, we find

- Y pPG-DEMOH-D-EHr-1)60).

Y=n+2

By virtue of (4) and (6), we see that

n—1 ¢
(ZE M+ Y. EWeMmw ('y))

r=a Y=n+2

¢

+

1) —E(Q)6([+1)].
O

Theorem 3. Let Im X # 0. pp satisfies conditions (4)—(6) if and only if my lies on a circle Cy in
the complex plane. The equation of Cy is

Wew, ow] (b +1) =0, (8)

with radius

Ty = ‘W[X%E] (b/ + 1)|71 )

and center .
,,7/71)7: W[XLE} (b +1)
Wxe, x2] (/ + 1)
Proof. From (5), we obtain
ey (' +1)
k=— /
ey (V)
Since k € R, we have
/ / / /
0k _fo PO+l oy (U +1)

_ oy (0 oy (0 +1) —op (V' +1) ow (V)
o ()]

ie.,
Oy (b/) Dy’ (b, + 1) — Py (b/ + 1) Py (b/) =0
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Hence,
W[@b@@] (b/ + 1) = 0.

op (0 + 1) + kpy (V') = 0 is equivalent to

_xa (V1) +kxa (¥)
X2 (V' +1) + kxa (V)

my =

which describes a circle in the complex plane. By (8), we find
e |2 W 2, 3] (0 + 1) + my W xa, xa] (0 + 1)

myWxy, xal (O +1) + Wixa, xa] (¢ +1) = 0. (9)

Let
my =1Uu —I— Z"U, W[XQ,E] (b/ —|— 1) = 2ZA,

and
~Wixa, x1) (V' +1) = B+iC.

Then we obtain
Wix1, x2) (b' + 1) =B —-1iC,

and
Wixi,x1] (b +1) = 2iD.

Thus, by (9), we conclude that

(2iA) (u? +v?) — (u +iv) (B +iC) + (u — iv) (B — iC) + 2iD = 0.

C\? B\? B2+(C?—_4AD
U—— | +lv——| = ,
24 24 4A2?

__ C+iB_ B-iC Wi ¥ +1)

Hence,

which implies

YT T T 204 Wx2,x3) (0 + 1)’
and
B2+ C? -4AD . -1
= \/ 1A2 =W xal (0 +1)] .
O
Theorem 4. my is inside or on Cy if and only if
-l 2 Y 2 Im my
Yl QP w @+ Y lew QP w() <~
(=c ¢=n+2
Furthermore, we have
n—1 b’
1-2iImA Y 1 (O Quw@O+ Y xi(xzQw()
Ty = (=c (=n+2 7 (10)

n—1 v
2imA | Y e (OPw(Q)+ Y e QP w(Q)
(=c

¢=n+2
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and
n—1 v !
ry = 20mA | Y P (OF w(©)+ Y Ixe (OF w(C) (11)
(=c (=n+2
Proof. From (8) and (9), we see that my is inside or on Cy if and only if
o] (V41

Wixa, x2] (Y +1) —

Let = and © be solutions of (3), (6). From (7), we find

n—1 4
2iIm)\|: ()0 () w(C)+ ZE(C)@(Ow(C)]
(=c (=n+2

Thus, we obtain

Wixa, xz) (' +1)

n—1 v
= 2iTm {Z 2 OFw()+ D> 2 (QPw(Q)| = 2i4,
(=c (=n+2
and
W[Xl?ﬁ] (b/ + 1)
n—1 b’
— 14 2iTm ) {le OBOwO+ S mOBOWE)| =B-iC.
¢=c ¢=n+2
Therefore, we have
W[XQ?K] (b/ + 1)
n—1 v’
—1+42iTm )\ [ZXQ OTQw©O+ > x <<>1<<>w<<>] — —(B+iC),
(=c (=n+2
and
W[sz] (b/ + 1)
n—1 4
= 2iIm \ {Z M QP w(Q+ Y QP w)| =2iD.
(=c ¢=n+2
It follows from (9) that
Wiy, o] (' +1)
n—1 4
= my — Ty + 2iIm A {Z v (OPw () + Y lew (O w (<>] :
(=c ¢=n+2
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By virtue of (12), we conclude that my is inside or on Cy if and only if

n—1 b’
my — My + 2iImA | Y ey QP w(Q) + Y lew (OPw (Q)
=c (=n+2 < 0
n—1 4
2imA | Y e (OFw(Q)+ Y e QP w(Q)
=c C=n+2
From the previous calculations, we obtain (10) and (11). O
Theorem 5. The Cy circles are nested.
Proof. Let b” < V' < b. Then we obtain
n—1 b’
D lew (OFw(©)+ Y lew (OF w(c)
(=c ¢=n+2
i Y Im my
2 2 !
<D e OFw @)+ Y lew (OP w(¢) < =7
(=c (=n+2
From Theorem 4, we see that my is inside or on Cy. Hence the Cy circles are nested. O

Corollary 1. As b — b = +oo, the Cy circles contract to a limit-circle or a limit-point. Let
my — my and let ¢, = x1 + mp)2. Then we obtain

Immy

n-1 b
Db (O +mpxa (QFw(©+ 32 ha () +mxs (QF w(¢) < -5 =5,
(=c

¢=n+2

i.e., op € 12(J3), where J3 = {[c,b] N Z}\ {n,n + 1} . Moreover, my approaches m;, independently of
k. If we take k = 0, then we have
xi1 (b +1)
mp = — e
v—b xo (b + 1)

i) The limit-circle (LC) case: Let the Cy circles converge to a circle. By (11), we get

n—1 b
> 2 OPw(@Q+ Y Ixa (QFw(Q) < oo,
(=c (=n+2

i.e., all solutions of (3) in I2 (J3) .
ii) The limit-point (LP) case: Let the Cj circles converge to a point. From (11), we find

n—1 b
> 2 OPw(@Q+ Y Ixa QP w(¢) = o0,
(=c

¢=n+2

i.e., @ is the only linearly independent solution in 2 (J3) .

Theorem 6. For some value A, the limit-circle case holds at b = +o00. Then the same is true for all
u e C.

Proof. The proof is similar to [12, Theorem 3.2.7]|. O
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3  The nested circles at a

Let us consider the set Jy = {[a’,c — 1] NZ}\{n,n+ 1}, wherea <d' <n—-1<n<n+l<c-—1,
¢ < b. Then the problem of finding the solution of

I'(z) = Az (13)
satisfying the following conditions:
z(d'—1)+hz(d) =0, (14)
z(c) =0, (15)
pOr+1)z(n+1) —dp(n—1)z(n—-1) =0, (16)
z(n+2) = 32(n) =0,

is a regular self-adjoint problem on Jy. For Im A # 0, let ¢, = x1 + Mgy x2 be the solution of Problem
(13)—(16). Here ¢, and x2 must be linearly independent.

Theorem 7. Let Im A # 0. ¢, satisfies conditions (13)—(16) if and only if m, lies on a circle Cy/ in
the complex plane. The equation of Cy is
vV[@aﬁgz;}(ag ::Oa
with radius )
Ta! = |W[X27ﬂ] (a,)| )
and center o,
— Wi, x2] (d)
Mo = 7 — 7
Wix2, Xz] (a’)

Proof. The proof is similar to Theorem 3. O

Theorem 8. my is inside or on Cy if and only if

n-! c—1
> lew OFw©+ Y low OF w(e) <~
¢=a’

v Im A

Proof. my is inside or on Cy if and only if

Wlpw, Pa] (@)
W[@a’y@] (a/)

Let = and © be solutions of (13), (16). From (7), we obtain

<0. (17)

S WES) (-2 | Y 208w+ Y 2Q8Qw()
¢=a’ C=n+2

Thus, we get

n—1 c—1
Wixa,xal (@) = =2 A [ D" e (OPw )+ Y e QP w(©)],
(=a’
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W[Xb E] ((1/)

-7]—1 c—1 1
=-1-2ImA | Y v OuQuwO+ Y Qe uw)].
(=a J

¢=n+2

W[X% ﬁ] (a/)

_nfl c—1 i
=—1-2ImA [ D XT(O)x2Quw)+ > x(O)x2(Qw(Q)]
(=a’ |

¢=n+2

and
n—1 c—1
Wi, xi] (¢) = —2iTm A {Z i QP w(Q)+ Y ha (<)2w<c>]-
(=a’ ¢=n+2
Hence

W[@a’a@} (CL/) =My — My
=1 [ ma | [x2 (O + marXt (€) x2 (€)
w ()

+max (O Xz (€) + [x1 (O

=1 [ Imal? Ix2 (OF +maxi () x2 ()
—2iTm\ Y w (€)

C=n+2 +igx1 (€) Xz (€) + [x1 (O
n—1 c—1
= 2iIm (my) — 20 A  |ow (OP w Q)+ D lew ()P w(Q).
C=a’ C=n+2

By (17), we conclude that m, is inside or on Cy if and only if

n—1 c—1
Im () =ImAY | Jowr (OF w($) + D lew (OF w ()
¢=a’ ¢=n+2 <0.
n—1 c—1 -
—Tm ) {Z e QP w @+ D Ixe <c>2w<<>]
¢=a ¢=n+2
O
From the previous calculations, we get
n—1 c—1
1+2iImA [Z)ﬁ Ox@(Quw©O+ > xi (C)Xz(C)W(C)}
— ¢=a’ ¢=n+2
My =
n—1 c—1
~2iTm A {Z e OPw @+ Y e <<>2w<<>]
¢=a’ ¢=n+2
and 1
n—1 c—1
T = (2iTm X {Z X2 (QOPw(Q)+ > Ixe <<>2w<<>]
¢=a’ ¢=n+2
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Theorem 9. The Cy circles are nested.

Proof. The proof is similar to Theorem 5. OJ

Corollary 2. As a’ — a = —oo, the Cy circles contract to a limit-circle or a limit-point. Let
mg — mg and let ¢, = x1 + MmgXx2. Then we obtain

n—1
Z ‘Xl ( + maXQ Z |X1 "’ MaX2 (C)P w (C) <

C=n+2

i.e., pq € 12(J5), where J5 = {[a,c — 1] N Z}\ {n,n + 1} . Moreover, m, approaches m, independently
of k. If we take k = 0, then we have

/
—1
ma:_hmw

a—)aXQ((L —].)

i) The limit-circle (LC) case: Let the Cy circles converge to a circle. Then all solutions of (13) in
12(Js5).

ii) The limit-point (LP) case: Let the C, circles converge to a point. Then ¢, is the only linearly
independent solution in 2 (J5) .

Theorem 10. For some value A, the limit-circle case holds at a. Then the same is true for all u € C.

4 FExzistence of boundary conditions

Let \p be a complex number (possibly real in LC cases, but with nonzero imaginary part in LP
cases) and y2 be a solution of

['(z) = Aoz (18)
Let ¢ be a solution of Eq. (18) in [2 (J3) such that W{pp, x2] = —1.
Theorem 11. Let T'(z) = f, where z, f € 12 (J3). Then
i)
li b +1
bllgll)W[z,Xg]( +1)
exists when b = 400 is LC case, and
i)
li bV +1
b’lian[Z’ Q)Ob]( + )
exists in all limit cases.

Proof. 1) By assumption, we obtain

Vip(€) Az (Ol +¢(¢)z () =w(C) f(C)

and
VIp(€) Ax2 (O] 4+ a(€) x2 (€) = Aow (¢) x2 (C) -
Multiplying these equations, respectively, by x2 (¢), —z (¢), adding gives

Vip(Q) Az (O] x2(C) = VIp(Q) Axz (O] 2 (C)
= w (C) £ () x2 (¢) = Aow () x2 (¢) 2 (C)

ie.,

Wiz, x2] () = Wz, x2] (C+ 1)
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=w () f(¢) x2 (¢) = Aow (€) x2 (€) 2 (C) - (19)
From (19), we find

W[Z, XQ] (C) - W[Z, XQ] (77) + W[Z7X2] (77 + 2) - W[Z7X2] (b/ + 1)

1

=D [w(Q) Q) x2 () = Aow () x2 (¢) 2 ()]

C

3
|

T

y
+ Y w(Q) F () x2(¢) = Aow (¢) x2 (€) 2 (Q)]-

¢=n+2

Hence,
[Zv XZ] (b/ + 1) = W[Za XQ] (C) - W[Za XQ] (77) + W[Zv X2] (77 + 2)

n—1 b
— 1w @O F )X+ D wQ) FQ)xe (0]
(=c

¢=n+2

[n—1 v
X0 [ D w(Ox2() 2O+ D [w(C)Xz(C)Z(C)]]-
(=c

¢=n+2
In the LC case at b = +00, x2 € I?(J3). Consequently, limy _,; Wz, x2] (' + 1) exists.
ii) Similarly, we have
Vip(Q) Az (O +q(¢)z(¢) =w () f(C)
and
Vip(€) Aws (O] +a(¢) ws () = Aow (C) @1 (C) -
Then we find
[, 8] (U + 1) = Wz, ] (¢) = Wz, ] (n) + W[z, 0] (n +2)

n—1 b
~ D wQF Qe+ Y w(C)f(C)«pb(C)]
(=c

¢=n+2

[n—1 v
0 > w(Q) e (Qz(Q)+ > [w(C)%(C)Z(C)]]-
(=c

L ¢=n+2
Since ¢y € 1? (J3) , we see that limy _, W[z, @] (b + 1) exists in all limit cases. O

Similarly, let ¢, be a solution of Eq. (18) in ? (J5) such that W[g,, x2] = —1.
Theorem 12. Let T'(2) = f, where z, f € 12 (J5) . Then

i)
lim Wz, x2] (a')
a'—a
exists when a = —oo is LC case, and
ii)
lim Wz, o, (a/)
a’—a
exists in all limit cases.
Proof. The proof is similar to Theorem 11. O
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Conclusion

In this paper, we have successfully investigated the spectral and geometric properties of singular
discrete Sturm—Liouville equations subject to interior transmission conditions. The core achievement of
this research is the rigorous establishment of Weyl’s alternative classification for this class of discontin-
uous difference equations. By classifying the underlying configurations into limit-circle and limit-point
cases based on the behavior of their solutions, this work extends classical continuous operator theory
into the discrete and discontinuous domains.

Furthermore, we have constructed a robust Hilbert space framework that accommodates the dis-
crete dynamics alongside the jump conditions at the interior singular point. Through this structure,
the analytical properties of the corresponding Weyl function were thoroughly explored, and the ge-
ometric behavior of the associated Weyl circles was systematically derived. These results provide a
deeper understanding of how interior transmission conditions influence the overall spectral landscape
of discrete systems.

The generalized framework and methodologies developed in this study open new avenues for further
research. Future work may focus on extending these results to discrete non-selfadjoint operators. Ulti-
mately, the insights gained herein contribute significantly to the ongoing advancement of the spectral
analysis of discontinuous difference operators.
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