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Hypergeometric functions are divided into complete and confluent functions. Srivastava and Karlsson were
the first to propose a method for constructing the complete set of triple Gaussian hypergeometric series
and compiled a table containing definitions and regions of convergence for 205 distinct complete series in
three variables. Subsequently, several authors obtained various integral representations and transformation
formulas for the functions introduced by Srivastava and Karlsson. More recently, Ergashev identified
395 hypergeometric series of three variables that represent confluent forms of the known 205 complete
hypergeometric series. In the present study, new Euler-type integral representations are derived for certain
Gaussian hypergeometric functions of three variables. The main results are obtained using properties of the
gamma and beta functions. New integral representations are established for 14 functions from the list of
confluent hypergeometric functions of three variables. All derived integrals can be regarded as generalized
Euler type representations of the classical Gaussian hypergeometric functions of one and two variables. In
addition, it is demonstrated how one of these confluent functions, together with its integral representation,
can be applied to construct solutions of the three-dimensional singular Helmholtz equation.
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Introduction

The great interest in the theory of hypergeometric functions (including functions of one, two or
more variables) is primarily due to the fact that hypergeometric functions allow us to find solutions
to various applied problems related to thermal conductivity and dynamic processes, electromagnetic
oscillations, aerodynamics, quantum mechanics and potential theory. These functions, which relate to
higher and special functions [1-3], are often called special functions of mathematical physics.

It is known that hypergeometric function F'(a,b;c; z) was studied by Leonhard Euler, but the first
complete and systematic interpretation of it was given by Carl Friedrich Gauss in 1813. In the Gaussian
hypergeometric function F'(a,b;c; z) there are two numerator parameters a, b, and one denominator
parameter c¢. A natural generalization of this function is to introduce an arbitrary number of parameters
for both the numerator and the denominator. The resulting function, denoted as ,Fy, is called the
generalized Gauss function or generalized hypergeometric function (for more information, see [4, p. 19]).
In 1880, Appell introduced four series F; to Fy, each of which is an analogue of the Gauss function
F(a,b;c; z). Horn [5] introduced the following ten hypergeometric functions in two variables, denoting
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them as G1, Go, Gs3, Hy, ..., H7; he thus completed the set of all possible second-order (complete)
hypergeometric functions in two variables [4, p.24|. Humbert defined seven confluent forms for the
four Appell functions [6], and he denoted these confluent hypergeometric functions in two variables by
Dy, Oy, O3, Uy, Uy, =1, Zs. In addition, there exist 13 confluent forms of the Horn functions, which are
denoted by I'1, I'y, Hy, ..., Hi1 [5] (see, also [7]). A significant contribution to the further development
of the theory of hypergeometric series in two variables was made by Horn, who proposed a general
definition and classification of double hypergeometric series. He studied the convergence properties
of hypergeometric series in two variables and identified systems of partial differential equations to
which these series correspond. Horn investigated hypergeometric series of the second order. He found
that among them there are series that are expressed through one variable, or are products of two
hypergeometric series, each of which depends on one variable. In addition, according to his conclusions,
there are 14 complete and 20 confluent different convergent series of the second order. Definitions and
convergence conditions for all 34 hypergeometric series in two variables are also given in [7].
Lauricella |8, p. 114] further generalized the four Applell series F, Fy, F3, F to series in n variables

and defined his multiple hypergeometric series denoted by FXZ), F j(gn), Fén) and F ]gn); in this work he
introduced 14 complete hypergeometric series in three variables of the second order . He denoted his
triple hypergeometric series by the symbols Fy, Fs, ..., Fi4 of which I}, F5, F5 and Fy correspond,
respectively, to the three-variable Lauricella series FE)), F ](33), Fés) and F g’ ). The remaining series
Fs, Fy, Fg, F7,Fg, Fi,..., Fi4 of Lauricella’s set apparently fell into oblivion. Saran [9] initiated a
systematic study of these ten triple hypergeometric series of Lauricella’s set. Sahai and Verma [10,11]
proved new recursion and infinite summation formulas for the triple Lauricella functions. Currently,
Bezrodnykh [12-14] has obtained interesting results in the study of Lauricella functions.

In further study of Lauricella’s 14 hypergeometric series in three variables, Srivastava [15,16] disco-
vered three additional complete triple hypergeometric series of the second order. These series, labeled
Hy, Hp, and Ho, were not part of Lauricella’s set and had not been previously reported in the
literature. At present, the properties of various generalizations of the Srivastava’s triple hypergeometric
functions are being studied [17], integral representations are established for them, and they are applied
to solving fractional differential equations [18]. A (p, q)-extensions of H4, Hp, and H¢o are defined
and investigated in [19-21], respectively. Applications of the hypergeometric structures to the theory
of Feynman integrals are found recently in [22].

An extended presentation of results on hypergeometric functions of three variables, as well as
references to the original sources, is presented in the monograph by Srivastava and Karlsson [4], which
is considered a classic work in this area. This monograph contains an extensive bibliography, including
all relevant publications up to 1985. In particular, the authors compiled a table of 205 different
complete triple hypergeometric Gauss series, accompanied by references to their sources, if known.
Realizing the importance of integral representations of multiple hypergeometric functions for solving
applied problems, Hasanov and Ruzhansky [23| developed Euler-type integral representations for all
205 complete triple hypergeometric functions. Authors of the paper [24] established several new more
interesting integral representations of the Euler type and Laplace type for ten Gauss hypergeometric
functions of three variables. Later, a systems of partial differential equations that the indicated 205
functions satisfy are constructed and all their linearly independent solutions near the origin are found,
in those cases where such solutions exist [25].

However, comparatively less attention has been paid to the study of confluent hypergeometric
functions of three variables. In the work of Jain [26], individual functions representing confluent forms
of complete hypergeometric functions of three variables were investigated. In his paper [27] Ergashev
identified 395 degenerate hypergeometric functions of three variables, denoting them as Eq, ..., Esgs.
He thus probably completed the classification of all possible second-order confluent hypergeometric
functions for three variables. The study also includes an analysis of systems of partial differential
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equations associated with these 395 functions. In addition, particular solutions of some systems of
differential equations near the origin were found, if such solutions exist.

Here we present integral representations for the functions Ei, ..., E14 defined in [27]. We also
demonstrate the application of the confluent hypergeometric function Es by constructing particular
solutions of the three-dimensional Helmholtz equation with singular coefficients.

This paper uses standard definitions and notations, including the Pochhammer symbol ()\),,, the
beta function B(z,y), the gamma function I'(z), the Gauss hypergeometric function and its genera-
lization ,F, [7]|, the Appell functions [28|, the Humbert functions [6], the Horn functions [5] in two
variables, and the complete [4] and confluent [27] hypergeometric functions of three variables.

1 Preliminaries

A function

F(a,b;c;z)EF[a’b; z] ::ZM |z| <1, ¢#0,—-1,-2,... (1)

. "
¢ = ()r K

is known as the Gaussian hypergeometric function.

The Gaussian hypergeometric series F'(a, b; ¢; z) includes two numerator parameters a and b, and
one denominator parameter c. Its natural generalization is the introduction of an arbitrary number of
parameters in both the numerator and the denominator. The resulting series

B o7 2] =Bl = 3

is known as the generalized Gauss series [7, p. 182|, or simply, the generalized hypergeometric series.
Here p and ¢ are positive integers or zero (interpreting an empty product as 1), and we assume that
the variable z, the numerator parameters ay,..., a,, and the denominator parameters by, ..., b, take on
complex values, provided that b; # 0, —1, =2, ...; j = 1, ..., ¢. In general (that is, except for certain
integer values of the parameters for which the series terminates or is undefined) ,F, converges for all
finite z if p < g, converges for |z| < 1if p = ¢+ 1, and diverges for all z #0if p > ¢+ 1.

Gauss’ series (1) in the present notation is o F(a, b; ¢; 2) = F(a, b; ¢; 2).

The double Appell hypergeometric functions are defined as following [28|:

k
77 |Z|<1>
j= 1(‘k '

R o) = >0 DO O ooy oy <1, )
ol manmin!
Fs (a,b,b5¢,d2,y) = i (C(li;n (()) (!n)!”:xmy”, lz| + |y| < 1, (3)
m,n=0 n
Iy (a, a,b,b;c; x,y) = io: <a)m($/)i (:iafb/)”:cmy", max {|z|, |y|} < 1, (4)
ol manmin!
Ailobedin = 3 @iy s V<) )

here, in all definitions (2)—(5), as usual, the denominator parameters ¢ and ¢’ are neither zero nor a
negative integer.

Seven confluent forms of the four Appell series were introduced by Humbert [6], who denoted these
confluent hypergeometric series of two variables as follows:
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— (i B
Q1 (o, B3y52,Y) _m;O mx y", lzl <1, (6)
Oy (8,8 vimy) = Y mxmy” (7)
m,n=0 morn i
S (B)m m n
Q3 (B57;2,y) :m;()%nm!n!x v, (8)
Uy (a, 857,75 2,y) = Y W%my” 2] <1, 9)
m,n=0 m i
Uy (a57,752,y) = Z mxmyny (10)
m,n=0 m nooT
B (o, By, y) = > (a()vm - )ﬁli)vmxmy", |z <1, (11)
m,n=0 mAn
—_— > (Oé)m (/B)m m, n
Za (o, B5752,9) :m%:() Wfﬁ y", |z <1, (12)

where the denominator parameters v and +' are neither zero nor a negative integer. The hypergeometric
functions defined in (6)—(12) are called Humbert functions.
In this paper we will establish integral representations for the following functions:

e}

a a a a as)y, ™ y" ZP 1 1
El (al,ag,ag,a4,a5;c;l‘,y, Z) = Z ( 1)m( Q)m( S)n( 4)"( 5)p7|y7|7'; — +— > 1, (13)
o p=0 (mtn+p m!nl pl” |z |yl
0 m o, n ,p 1 1
Es (a1, a2,a3,a4;¢;2,y,2) = Z (al)m(az)m(ag)n(azl)nxi'yi‘zi‘, ot > 1 (14)
o p=0 ()mtntp m! nlpl™ fz[ |y
et m o, mn .p
By (01, 02,03, a8 G2, 9,2) = 3 etlm@ImlGshnlanp 282 g g

m,n,p=0 (C)m+n+p m! n! p!’

o0
(al)m(GZ)m(aii)n xm yn 2P
E4 (a1,a90,a3;¢;2,y,2) = g ——— 7| <1, 16
( 1,d2,43 ) ) (C)m+n+p m| TL' p| | | ( )

m,n,p=0

o0
(al)m(a2)n(a3)p ™yt 2P

Es (a1,a9,as3;¢;2,y,2) = —_— 17

5 (a1, a2,a3 Y, 2) E . [l pl (17)

m,n,p=0

Eg (a,b;¢;2,y,2) = Y (WLICLE el (18)

20 @msney 1

(a1)m4n(az)m(as)n(as)p 2™

(C)m-i-n—i-p !

n ,p
E7 (al,az,ag,a4;c;az,y,z) = Z %7) |l’| < 17 |y| < 17 (19)

m,n,p=0
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0o m ,n ,p 1 1
aq a2)m(as)plaq), ™ y™ z
ES (a’la az,as3,a4,Cx,Y, Z) = Z ( )m—HE() )m( )P( )pﬁjﬁu ﬂ + ﬂ > 1) (20)
o C)m+n+p m! n! pl x z
& mo,n .p
E9 (al,ag,ag;c;x,y,z) = Z (al)rrz+;(a2)m(a3)naj'y'2'7 |JI’ < 17 |y‘ < 17 (21)
o p=0 (& m+n+p m. n: p.
0 mo,mn .p
al a9 as)p r Yz
B (a1, a2, a3;¢;2,,2) = Y ( )WZJF)H( Jm )pﬁ*,*,a | <1, (22)
mp=0 C)m4n+p m. n: p:
9]

a b), ™ y™ 2P
Ey (a,b;¢2,y,2) = E (@mn(O)m (Z;n—f—:(—i-)m?n'i'ﬂ, lz| < 1, (23)
mtntp M nl pl

m,n,p=0
S m o, n .p
a1 )m4+n(02)n+plA3)m T Y 2
E12 (a17a27a3;c;x7y7 Z) = E ( )m (n)( )n p< )m YRR ‘$| < 17 ‘y| < 17 (24)
m,n,p=0 €)m+n+p me e p:
S

(@)mtn(b)ntp 2™ y" 27
Eis(a,b;c2,y,2) = — <1, 25
13 ( yz)= (©miney il nl |yl (25)

m,n,p=0
[eS)
(a1)m+ntp(az)m(az)n ™ y" 27
E14 (a17a27a3;c;x7y¢ Z) = Z m(Z) L = nilili'a ‘$| < 17 ‘y| < 1) (26)
S—— m4-n4p m: n: p:

New integral transforms for the two-variable analogous of the confluent hypergeometric functions
(13)—(26) are found in [29].

2 Single integral Representations

Theorem 1. If Re(ar) > 0 and Re(8) > 0, then each of the following integral representation for
E1—Esg holds true:

1
El (Oé, ag,ﬁ,a4,a5;c;:ﬁ,y,z) = kl/ Ea_l (1 _6)18_1 E7 (a+ﬁ,ag,a4,a5;c;x£,y—y§,z) dé.v (27)
0

1
E2 (a7a2767a47a’5;c;$7y72> = kl/ éa_l (1 - 5)6_1 E9 (a + ,3,@2,0/4;0; x{ay - yﬁ,Z) df? (28)
0

1
E3 (a,ag,ﬁ,a4;c;x,y, Z) :kl/ ga—l (1_5)6_1 EIO (a+67a2aa4;c; :l:fay_ygvz) dé.v (29)
0

Ey (a1, 0, 85¢1,y,2) = ka /01 e =P B (a+ Brars a8,y — y€, 2) d, (30)
Es (a, B, a5 52,9, 2) = /015“_1 (1-97 " Es(a+B,a; ;a6 +y — y&, 2) d&, (31)
E¢ (a, B ci2,y,2) = ka /0150“_1 (1-87 @ (a+ Bsca8 +y — y€, 2) &, (32)
Braa i) =h [ €700 B bt fer by @)
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1
E8 (alaaa6>a4;c;xayaz) = kl/ 504—1 (1 _5)5_1 E12 (a+ﬁ,a1,a4;c;z—z§,x§,y) dga (34)
0

I'(a+p5)
I'(e) I (B)
Proof. Using the definition of the Beta function

where k1 =

B(a, 8) = /015“(1 —&)P71d¢, Rea >0, Ref >0,

it is easy to establish the relation

(@)m(B)n _ I'(a+B8)
(a'i‘ﬁ)m-‘rn F(a)r(ﬂ)

B(a+m,8+n), mn=0,1,2,...,

ie.,

(@)m(B)
(a+ B)m

where (A), =I'(A+v)/T'(\) is a Pochhammer symbol.
Applying the relation (35), we obtain the integral representations (27)—(30).

1
o= kl/ gamttm —e)f=1nge Rea >0, Ref >0, m,n=0,1,2,...,
+n 0

(35)

The proof of the representations (31)—(34) can be distinguished from the others by using the well-

known property of double power series

[eS) m . n o0 k
S sm e =30

To give an example, by virtue of the definition of E5, we have

ad m ,n 1
E5 (Oé, ﬁ, a;c,x,y, z) — Z (Oé + B)ern(a)p x yizp / {a—l—f—m(l B §)5—1+nd§

(©)m+n+p W”'E 0

m,n,p=0
— ! é'a*l(l _ é)ﬁfl i (Oé + ﬁ)m-ﬁ-n(a’)p ('/”E&-)m (y — yg)n idg
—Jo () mtn+t m! n! pl
m,n,p=0 mnTp
Then using the property (36), we obtain
g L1 (@t B)rla)p (w6 +y —yn)k 2P
E5 (avﬁaa;c;aj)y?'z) :/ g 1(1_5)6 ' Z ( )k( )p( k! n) 7ld§7

0 fe.p=0 (k+p : p:

which asserts the validity of the representation (31). The Theorem 1 is proven.

Theorem 2. If Re (5) > Re () > 0, then the following integral representations are valid:

a—1(1 _ ¢\B—a-1
f_ l'é(;az (ﬁ)_ yé.)a,g, lFl (a47 ﬁ — a2 — Zé-) dfv

1 ¢ca—1 f-a-1
e (1-9
Eg (@, ag, a3, a4; B;7,y,2) = ]“32/0 (1—xz£)*

a—1 1— B—a—1
f_ Zlﬁé)aQ (ﬁ)_ yé-)ag OFI (_75 — oz = Zé.) d§7

1
E7 (o, a2,a3,a4; B3 2,y, 2) = k?2/ (
0

¥y (a3, a4; B — o 2 — 2€) dE,

1
Eg (v, a9, a3; 85 2,y,2) = k2/ (
0
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1 ¢ca—1 _ pf—a—1
Eio (o, a9,a3; 85 x,y,2) = kg/o 3 (1(1_ $§)>a2 eYe 1 Fy (a3; 8 — a; z — 2§) dE, (40)
1 ¢ca—1 _ f—a—1
Ei1 (o, b; 852,y,2) = k:2/0 S ((11_ fg))b o1 (—; B — a;z — 2€) dE, (41)

oa— B—a—1
S Gl y a1l <a2;5—04; Z<1_§)> dg, (42)

1
Ei2 (o, az,a3; 8;7,y,2) = kz/ (
0

1—28)" (1-y¢) 1 —y¢
B (a,b; B, y, 2) = /@/Dl 5a_1<(11__;£;a1 ¢y (b; 8- 21(1_—%5_)) e, (43)
B o B ) = [ S OO (44)
Ei4 (a1, , a3 32,9, 2) = k‘2/01 fa_l(il__m?)il_a_l Py (ah as; B — a; yl(l_;?7 ZF_;?) dg,  (45)
where ky = M)FF((’;)_Q)

Proof. To prove integral representations (37)—(45), Euler’s formula for Gauss function [7, p. 59|

Mo ety
T@lle—a) Jo — (1-aep

and the integral representation formula for Appell function

F(a,b;c;x) =

d¢, Re(c) > Re(a) > 0 (46)

P R S ¢ 3
Fi(a,b1,ba;c;2,y) = ()T (c — a) /0 (=€) (1 = yo)s d¢, Re(c) > Re(a) >0
are used.

Let’s consider the last equality (45) in Theorem 2. One can represent the confluent hypergeometric
function Eq4 in the form

> (al)n—i-p (ag)n yn Zp
Eus (a1, @, a3 85 2,y,2) = TF(%GJ tn+pft+n+pa) .
n,p=0 ( n+p nep-

Then, using the Euler’s formula (46) and the definition of the Humbert function ®; we obtain the
integral representation (45). The remaining integral representations in the Theorem 2 are proved
similarly. The Theorem 2 is proven. O

8 Double integral Representations

Theorem 3. If Re (a) > 0, Re () > 0 and Re () > 0, then the following integral representations
are valid:

1 1
El (ala az, as, a4, as5; & + /8 + VX, Y, Z) :k3/ / 50&—1 (1 - 6)6+’7_1 776_1 (1 - 77)7_1 X
0 JO

x2Fy (a1, az; a; x8) 2 Fy (a3, aq; B5yn (1 —§)) 1F1 (as; 752 (1 =€) (1 —n)) dédn, (47)

146 Bulletin of the Karaganda University



Integral representations for ...

E1 (o, a2, 8, a4, v;a + B+ i 2,9, 2) k‘s/ / S O U3 LAVl 6 ) L™

X (1— €)% (1 —yn + y&n)~* =90 geqn, (48)

1 rl
El (()4,,3,’)/,&47615; G, Y, Z) = k3/0 /() fa_l (1 - 5)/8—’—7_1 77/8_1 (1 - 77)7_1 X
XE15 (Oé + 5 + 7, a4, 05; C; x& (1 - 6) nYy (1 - g) (1 - 77) 72) dgd?% (49)

1 1
Ei (o, a2, 8,a4,7v; ¢y, 2) = k3/ / SR ¢ 3 L el § B L
0 0
xBi14 (ag + 7, a2, ag; c;2€n,y (1 — &) n, 2 (1 — n)) dédn, (50)

1 1
El (Oé, a27/87 a4, 7; a2 + VI Y, Z) = k3/ / 506_1 (1 - 5)5—1 7701-‘1-,3—1 (1 - "7)7_1 X
0 Jo

x (1 —x€n) ™ (1 — yn + y&n) ™ " dedn, (51)

1 1
Es (a1,a2,a3,a4,a5;0 +  +v;2,y, 2) = /<73/ / S O 3 LT G B) R
o Jo

x2Fy (a1, az; a; x€) 2 Fy (a3, aq; B;yn (1 —§)) oF1 (=572 (1 =€) (1 —n)) ddn, (52)

1 1
E2 (aaa25027a4)a5;a+ﬁ+’y;$7y? Z) = k3/ / ga_l (175)6+771 776_1 (177])’Y71 X
0 JO

x (1=x£)" 2 (1 —yn+yén) " oF1 (—;7:2(1— &) (1 —n)) dédn, (53)

1 1
E2 (@,,3,7,@4,@5; Gy, Z) = k3/ / ga—l (1 - 5)6—’—7_1 77/8_1 (1 - 77)7_1 X
0 Jo

xEi7 (@ + B +7,a4;¢26 (1 = &) my (1 =€) (1 —n), 2) dédn, (54)
E3 (al,a27037a4;0é+5+7§55ay7 kd/ / fa 1 ﬁ‘i”Y 1776 1(1 T’)’Yil X
x2F1 (a1, az; a5 x€) 1 F1 (as; B3 yn (1 — €)) 151 (aq;7; 2 (1 =€) (1 —n)) dédn, (55)

Es (o, a2, B,a4;a0 4+ B+ v;2,y,2) =

— kg/ / I 1 6+7—1 nﬁ 1 (1— n)v—l (1 — z€)™® e(l—f)(yn+z—zn)d§dn’ (56)

1 1
E3 (Oé, az,as, a4, T, Y, Z) = k3/ / 504*1 (1 - 5)571 na+671 (]‘ - 77)771 X
0 Jo
x®1 (a4 B+, a2;¢yn (1 = &) + 2 (1 —n), x€n) dndg, (57)

E3( /377a4acxy> _k3/ / ga 1 /8+7 177/8 1(1_77)7_1X
xE1g (a0 + B+ 7,028 (1 = §) =& (1 —mn),z)d&dn, (58)
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1,1
B4 (a1,a2,a3; a4 B+ v;2,y,2) = ks/ / S S LAt G E) L
0o Jo
X9 I (a1, az; a; x€) 1F1 (az; B;yn (1 — &) oF1 (=575 2 (1 =€) (1 —n)) dédn, (59)

1 1
Ey(a,B,7;¢3,y,2) = kg/o /0 1 - (1 -y x
xEyg(a+B8+vyc25(1 =& n,y(1—¢&)(1—n),z)didn, (60)

1 1
E5 (ala az,as; o + /8 + YT, Y, Z) = k3/ / 504—1 (1 - €)B+771 nﬂ_l (1 - ,,7)'7*1 X
0 Jo

x1Fy (a1; a5 28) 1 Fy (az; B3yn (1 —§)) 1F1 (as;v; 2 (1 =€) (1 —n)) dédn, (61)
Eg (a,b;a+ B+ v;2,y, 2) ks/ / et -M I 1) x
XlFl(a;O[;lf)lFl( ﬁayn(l_é DFl( Vi &2 (1_5)(1_77))dfd777 (62)

1 1
E7 (alu az,as, a4q; & + /B + YT, Y, Z) = k3/ / 504*1 (1 - 5)54’771 775*1 (1 - n)'Yfl X
0o Jo

X Fy (a1;a2,a3;a, B;x€,yn (1 — &) 1F1 (ag;7; 2 (1 — &) (1 —n)) dédn, (63)
, _ _ era=9 iy -t
E7(ﬁ,a2,a3,a4,a+ﬂ+7,x,y,z)—kg/o /0 (1_y77+y§77)a3 X
B (a3 = 0506 1= ) 1 (i (1= €) (1= ) e (04
go 1 E)a-i-ﬂ 1 ,'704 1 (1 _ n)ﬁ—l
E?(O[ CL27CL37CL4,2OZ+B,£U Y,z )_k4/ / 1_$£) (1_y77+y£77)a3
ol (anasias 2O 1 (0 12 (1 ©) (1 - ) ded (65)

E7 (a1,a2,a3,a1;0 4+ B+ v 2,9, 2) =

- Sl G () LS
k?’// 1—a:§ yn + yén)™ 1B (ag37;2 (1 =€) (1= 1)) %

x§ Y
xXFy | a1, — as, B — as; a, B; , )d{dn, 66
2<1 2 ° & +yn—yfn—1 z§+yn—yén—1 (66)

E7(CL1, aB V6T, Y, 2 _k3/ / §a 1 B ! OH_ﬁ 1(1 77)W_1><

X®p (a+ B+, a15¢ 2 — zn, x€n + yn — yén) dédn, (67)
go-lpatf=1(1 — )Pt (1 — !
—k
(alu )BVacxya 3/ / 1—Z—|—ZT]) X
X eIV g, <c —a—fB-y,a;0 % —x€n — yn + yfn) dédn, (68)
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1 1
Es (a1, az, a3, a; a0+ B+ i 2,9, 2) = kg / / (1 — )PP (1) x
0 0

x Wy (a1, a9; B, a;yn — y&n, €) o F1 (a3, as;v; 2 (1 =€) (1 —n)) dédn,

1 1
E8 (Oé, az,as,a4;C;2,Y, Z) = k3/ / Ea_l (]' - 5)571 77a+ﬁ_1 (1 - 7])771 X
0o Jo

xEo1 (a+ B+ 7, as; ¢; 2én?, 2, yén) dédn,

11
Eg (a1, a2,a3;04+ 6 +v; 2,9, 2) :kS/ / S € 3 Lt Ve O BR) R
o Jo

x Fy (a1, az, a3; a, B5 x&,yn — y&n) o F1 (=752 (1 = &) (1 —n)) dédn,

1 rl ¢a—1 _ A\BHy-1, -1 _ 1
(1= n°~ (1 —mn)
Eg (a1,a2,a3;a+ B+ v;2,y, 2 Zk// a X
0 (a1, a2, 03 )= hs o Jo (1 —yn 4+ y&n)*
x§
F 13— L — VoFi (=72 (1— 1-— déd
X 1<CL2,5 a3,a37aax§71_yn+y£n>0 1( ”Y’Z( 6)( 77)) én’

11
Eo(a1,a2,a3;04+ B+ v 2,9, 2) = ks/ / et -yt -y x
o Jo

x WUy (a1, a9;a, By x&,yn (1 — €)1 Fy (ag;v; 2 (1 — &) (1 —n)) dédn,

11
Eio (a1,a2,a3;a + f+vi2,y,2) = ka/ / S € 3 Lt Ve U) R
o Jo

6§ yn(1-§)
-1 1—xf

x Wy <a1, a — az;a, B; > 111 (az; ;2 (1 =€) (1 —n)) dédn,

1 1
Eu (a,b;a+ B +v;2,y,2) = kg/ / S O S Lamt L O T LA
0 0
XUy (a,b;a, By &, yn (1 — €)) o1 (=732 (1 = &) (1 — n)) dédn,

11

Ei(a1,a2,a3;0+ B+ v 2,9, 2) = k?s/ / S O I LA O W) LA
o Jo

xEe¢2 (a1, a2, a3; a, B,v;2&,yn (1 — &),z (1 — &) (1 —n)) dédn,

1 1

E12 (047/377; ar,yY, Z) = k3 é-oH—’y—l (1 - 5)5_1 na_l (1 - 77)7_1 X
/]
xHg (a+ B+7i628n (1 —n) +yE(1—&)n, 2 (1 —€)) dédn,

1 1
Eis(a,b;a+ B +v;2,y,2) = ks/ / EA=9TT I 1= X
0 JO
XE63 (CL, bv OC,B,’Y; xf?yﬂ (1 - f) y 2 (1 - 5) (1 - n))dfdnv
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11
Ei4 (a1, a2,a3;a 4+ +v; 2,9, 2) :ks/ / S € 3 Lt VL G B 7) R
o Jo

x By (a1, a2,a3;a, 8,7; 2, yn (1 = &), 2 (1 — &) (1 —n)) d&dn, (79)

1 1
E1<a,a2,a3,a4,a5;a+5+fy+5;x,y,z>—k5/ / SR O3 Ly Sl § W) L™
0 0

X 21 (a+B,a5, v+ da+B+v+0xén+y(1—&) (1 —n),z)ddn, (80)
where
o — I'(a+p+7) ks — I'(2a+ B) e — IF'(a+B)T (y+9)
T T(@T(B () 1 (@I (B) 7 T(@I (BT () (6)

confluent hypergeometric functions Ei5, E17, Eis, E19, Eo1, Eg2, Egs and Egy are defined in [27].

Proof. The proofs of the representations (47)—(80) are similar to the proofs of the previous theorems.
O

Theorem 4. If Re(a) > 0, Re(B8) > 0 and Re(vy) > Re () + Re(f), then the following integral
representations are valid:

1 pl ea—1(1 _ \B=1 _a+B-1(1 _ ,\7—a—B-1
(-89 (1-mn)
E aaﬁaa;’y;xaywz =k / / a X
2 )= ks 0 Jo (1 —yn — x&n + yén)

XOFl - Y - a—= /Baz_zn)dndgv (81)
Eg (v, 85732,y 2 —kﬁ/ / S 3 T R ) L
X eTEMHYIYEN B (—n o — Bz — ) dEdn, (82)
where
b I'(7)
s —

F(@)T (B (y—a—-p)

Proof. The proofs of the representations (81) and (82) are similar to the proofs of the previous
theorems. O

4 Triple integral Representations

Theorem 5. The following integral representations are valid under certain restrictions on the nu-
merical parameters:

T'(a
Es (a1,a2,a3,a4,as5;¢;2,y, 2) = (a) x

T (al) r (a2) T (ag) T (CL4)
1
[

1 1
//gal 1 a2+a371 nag—l (1 . n)agfl Ca1+a2+a3—1 (1 . C)a471 x
0 0
2( R 4a:5n<1—s><2+4y<1—5><1—n><<1—<>,z) dednd,  (89)

X

(1]

X

a:=ay+az+as+ag, Re(ar) >0, k=1,2,3,4;
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. | (o) )
s(ay.a9.a3.a4:C.T,Y,2) =
3 1,a2,a3,04;C 2, Y, F(al)r‘(az)r(QB)F(a4)
1 1 1
<[ [ e amgrmeyp g gt gt gt
0 0

—~ O

xHg (a;¢;2€ (1 =€) n¢?y (1 =€) (L —n) ¢ + 2 (1 = () dédndg,

a:=a;+az+as+ayg, Re(ap) >0, k=1,2,3,4;

T'(ag+a3) T (c1+co+c3) "
I'(a2)T (a3) T (c1) T (c2) T (c3)

1 1 1
[ ] [eta-gmatmtamme e ta - gntx
0 0 O

X Fy (a1, a2 + az;c1, c2; 08¢, yn (1 — &) (1 =€) 1F1 (ag; ¢332 (1 = &) (1 — 1)) ddndc,

E7 (a1, a2,a3,a4;¢1 + 2 + 352, y, 2) =

X

Re(a2) >0, Re(asz) >0, Re(ex) >0, k=1,2,3;

' (c)

E . e —
7<a17a27a37a4acax7y72) F(CLQ)F(CLE})P(CML)F(C_ as — as —(14)

X

1 1 1
% ///fan (1 o g)ag—l 7751471(1 o n)a2+a371Ca2+a3+a471 (1 o C)c—az—ag—a4—1 >
0 0
x (1 —zn¢)~ eﬂﬁfﬁ(ﬂ/(lff)(1*W)CdCd§dn7

Re(ax) >0, k=2,3,4, Re(c—az —ag—aq) > 0;

F(CLQ —|—a3) F(C1 + o —1—03)
T (ag) I (ag) T (Cl) T (62) T (63)

1 1 1
///501 1 CQ+C371 TICQ—I (1 _ n)Cgfl CQQ_I (1 _ C)G‘gfl X
0 0 0

x Fy (a1, a2 + az; 1, e2; 08¢, yn (1 =€) (1 = () oF1 (=5 ¢332 (1 =€) (1 — 1)) d€dnd,

Eg (a1,a2,a3;¢1 + 2 + 352y, 2) =

X

Re (az) > 0, Re(az) >0, Re(cy) >0, k=1,2,3;

I'(ap +a2) T'(cr+ca+c3) y
I (a1) T (a2) T (e1) T (e2) T (c3)

1 1 1
c1—1 . cot+c3—1 _ _co—1 - c3—1 ra1—1 _ as—1
x!/!f (1 — g)errenlyee=l (1 — )l gl (1 _ )ar=l

0
x Hy (a1 + az, az; c1, c2; 2EC(1 — €),ynC(1 = §)) oF1 (5 ¢352 (1 — &) (1 —n)) dédndc,

Eg (a1, a2,a3;¢1 + c2 + c352,y, 2) =

Re(a2) >0, Re(asz) >0, Re(ex) >0, k=1,2,3;
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T (Cl + co + 63) «
T (ag) T (Cl — CLQ) r (CQ) T (63)

[ [ [ a—geretyn - ye gt (- o
" 0/ 0/ 0/ (1 —ag0)™

Eio (a1,a2,a3;¢1 + c2 +c3;2,y, 2) =

yn (1 -§)

x 1 (al;c2; 1_7%5(

) VP (az; e3:2 (1 — €) (1 — ) dédnd. (89)

where

Re(c1 —a2) >0, Re(cgx) >0, k=1,2,3.

Proof. The proofs of the representations (83)—(89) are similar to the proofs of the previous theorems.
O

Similar integral formulas involving confluent hypergeometric functions of three variables are dis-
cussed in [30].

5 Application

The confluent hypergeometric function Ey has important applications. In the recent paper [31]
particular solutions, including the solution of the Dirichlet problem for the three-dimensional singular
Helmholtz equation

2 2 2
Umz+uyy+uzz—|—xux—&—yﬁuy—{—!uz—)?u:(], 0<2a,28,2v<1

in the infinite first octant Q = {(x,y,2) : 2 >0, y > 0, z > 0} are expressed through a function Es
(in the work [31] the function E; is denoted as Asz).

Another recent paper [32] derives important relations linking function E; with Appell function Fj,
Humbert functions ®1, ®2, ®3, Z1, =g, generalized hypergeometric function ,Fj; and Kampé de Fériet
function F}, n’ifb (for details on Kampé de Fériet function see [33-35]).

Conclusion

As is known [27], the list of confluent hypergeometric functions of three variables was compiled
recently, however, the confluent functions E;—Eq4 investigated in this paper were first introduced by
Jain [26] in 1966, who limited himself to composing systems of partial differential equations corres-
ponding to these functions. Until now, the scientific community has not known any applications of the
confluent hypergeometric functions Ei1—E14, except for the function Es discussed in the Application
section.

Author Contributions

A. Hasanov served as the principal investigator of the research and supervised the research process.
T.G. Ergashev collected and analyzed data and led manuscript preparation. A.R. Ryskan assisted in
data collection and analysis. All authors participated in the revision of the manuscript and approved
the final submission. All authors contributed equally to this work.

152 Bulletin of the Karaganda University



Integral representations for ...

Conflict of Interest

The authors declare no conflict of interest.

10

11

12

13

14

15
16

References

Brychkov, Y.A., & Savischenko, N.V. (2019). Application of hypergeometric functions of two
variables in Wireless communication theory. Lobachevskii Journal of Mathematics, 40(7), 938
953. https://doi.org/10.1134/S1995080219070096

Karlsson, P.W., & Ernst, T. (2024). Applications of quadratic and cubic hypergeometric transfor-
mations. Annales Universitatis Mariae Curie Sklodowska, Sectio A Mathematica, 78(1), 37-73.
https://doi.org/10.17951 /a.2024.78.1.37-73

Irgashev, B.Y. (2024). Application of hypergeometric functions to the construction of partic-
ular solutions. Complex Variables and Elliptic Equations, 69(12), 2025-2047. https://doi.org/
10.1080/17476933.2023.2270910

Srivastava, H.M., & Karlsson, P.W. (1985). Multiple Gaussian Hypergeometric Series. FEllis
Horwood Series in Mathematics and Its Applications. Chichester, West Sussex, England:
E. Horwood; New York: Halsted Press.

Horn, J. (1931). Hypergeometrische Funktionen zweier Veranderlichen. Mathematische Annalen,
105, 381-407. https://doi.org/10.1007/BF01455825

Humbert, P. (1922). The confluent hypergeometric functions of two variables. Proceedings of the
Royal Society of Edinburgh, 41(1), 73-96.

Erdelyi, A., Magnus, W., Oberhettinger, F., & Tricomi, F.G. (Eds.). (1953). Higher Transcen-
dental Functions, Volume I. New York, Toronto, London: McGraw-Hill Book Company, Inc.

Lauricella, G. (1893). Sulle funzione ipergeometriche a piut variabili. Rendiconti del Circolo
Matematico di Palermo, 7, 111-158. https://doi.org/10.1007/BF03012437

Saran, S. (1954). Hypergeometric functions of three variables. Ganita, 5, 77-91.

Sahai, V., & Verma, A. (2015). Recursion formulas for multivariable hypergeometric functions.
Asian-European Journal of Mathematics, 8(4), Article 1550082. https://doi.org/10.1142/S1793
557115500825

Sahai, V., & Verma, A. (2022). Infinite summation formulas of Srivastava’s general triple hy-
pergeometric function. Mathematics in Engineering, Science and Aerospace (MESA), 13(4),
212-221.

Bezrodnykh, S.I. (2018). The Lauricella hypergeometric function F' l()N), the Riemann—Hilbert
problem, and some applications. Russian  Mathematical Surveys, 73(6), 941-1031.
https://doi.org/10.1070/RM9841

Bezrodnykh, S.I. (2018). Analytic continuation of the Lauricella function Fl()N) with arbitrary
number of variables. Integral Transforms and Special Functions, 29(1), 21-42. https://doi.org/
10.1080/10652469.2017.1402017

Bezrodnykh, S.I. (2022). Formulas for computing the Lauricella function in the case of crow-
ding of variables. Computational Mathematics and Mathematical Physics, 62(12), 2069-2090.
https://doi.org/10.1134/S0965542522120041

Srivastava, H.M. (1964). Hypergeometric functions of three variables. Ganita, 15, 97-108.

Srivastava, H.M. (1967). Some integrals representing triple hypergeometric functions. Rendiconti
del Circolo Matematico di Palermo, 16, 99-115.

Mathematics Series. No.1(121),/2026 153


https://doi.org/10.1080/17476933.2023.2270910
https://doi.org/10.1080/17476933.2023.2270910
https://doi.org/10.1142/S1793557115500825
https://doi.org/10.1142/S1793557115500825
https://doi.org/10.1070/RM9841
https://doi.org/ 10.1080/10652469.2017.1402017
https://doi.org/ 10.1080/10652469.2017.1402017

A. Hasanov et al.

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

154

Choi, J., & Parmar, R.K. (2017). Generalized Srivastava’s triple hypergeometric functions and
their associated properties. Journal of Nonlinear Sciences and Applications, 10(2), 817-827.
https://doi.org/10.22436 /jnsa.010.02.41

Ata, E. (2024). M-Srivastava hypergeometric functions: integral representations and solution of
the fractional differential equations. Miskolc Mathematical Notes, 25(1), 93-108. https://doi.org/
10.18514/MMN.2024.4326

Parmar, R.K., & Pogény, T.K. (2017). Extended Srivastava’s triple hypergeometric Hy4 ;4 func-
tion and related bounding inequalities. Journal of Contemporary Mathematical Analysis, 52(6),
276-287. https://doi.org/10.3103/51068362317060036

Dar, S.A., & Paris, R.B. (2019). A (p, q)-extension of Srivastava’s triple hypergeometric func-
tion Hp and its properties. Journal of Computational and Applied Mathematics, 348, 237-245.
https://doi.org/10.1016 /j.cam.2018.08.045

Dar, S.A., & Paris, R.B. (2020). A (p, ¢)-extension of Srivastava’s triple hypergeometric function
Hc. Publications De L Institut Mathematique, 108(122), 33-45. https://doi.org/10.2298/PIM
2022033D

Bliimlein, J., & Schneider, C. (2023). Hypergeometric structures in Feynman integrals. Annals
of Mathematics and Artificial Intelligence, 91(5), 591-649. https://doi.org/10.1007/s10472-023-
09831-8

Hasanov, A., & Ruzhansky, M. (2019). Euler-type integral representations for the hypergeometric
functions in three variables of second order. Bulletin of the Institute of Mathematics, 2(6),
73-223.

Bin-Saad, M.G., Shahwan, M.J.S., Younis, J.A., Aydi, H., & Abd El Salam, M.A. (2022). On
Gaussian hypergeometric functions of three variables: Some new integral representations. Journal
of Mathematics, 2022, Article 1914498. https://doi.org/10.1155/2022/1914498

Hasanov A., & Ruzhansky M. (2022). Systems of differential equations of Gaussian hypergeomet-
ric functions in three variables and their linearly-independent solutions. Bulletin of the Institute
of Mathematics, 5(3), 50-142.

Jain, R.N. (1966). The confluent hypergeometric functions of three variables. Proceedings of the
National Academy of Sciences, India, 36(2), 395-408.

Ergashev, T.G. (2024). Confluent hypergeometric functions in three variables and associated
systems of partial differential equations. Bulletin of the Institute of Mathematics, 7(4), 121-215.
Srivastava, H.M., & Shpot, M.A. (2017). Reduction and transformation formulas for the Appell
and related functions in two variables. Mathematical Methods in the Applied Sciences, 40(11),
4102-4108. https://doi.org/10.1002/mma.4289

Belafhal, A., Nossir, N., Dalil-Essakali, L., & Usman, T. (2020). Integral transforms involving
the product of Humbert and Bessel functions and its application. AIMS Mathematics, 5(2),
1260-1274. https://doi.org/10.3934/math.2020086

Atash, A.A., & Bellahaj, H.S. (2018). Integrals formulas involving confluent hypergeometric

functions of three variables @gg) and \Ilg?’). University of Aden Journal of Natural and Applied
Sciences, 22(1), 143-149. https://doi.org/10.47372/uajnas.2018.nl.all

Arzikulov, Z.0., Hasanov, A., & Ergashev, T.G. (2025). Konfliuentnye gipergeometricheskie
funktsii i ikh primenenie k resheniiu zadachi Dirikhle dlia uravneniia Gelmgoltsa s tremia sin-
guliarnymi koeffitsientami [Confluent hypergeometric functions and their application to the so-
lution of Dirichlet problem for the Helmholtz equation with three singular coefficients.|] Vest-
nik Samarskogo gosudarstvennogo tekhnicheskogo universiteta. Seriia «Fiziko-matematicheskie
naukis — Journal of Samara State Techmical University, Ser. Physical and Mathematical

Bulletin of the Karaganda University


https://doi.org/10.18514/MMN.2024.4326
https://doi.org/10.18514/MMN.2024.4326
https://doi.org/10.2298/PIM2022033D
https://doi.org/10.2298/PIM2022033D

Integral representations for ...

Sciences, 29(3), 407-429. https://doi.org/10.14498 /vsgtu2156

32 Hasanov, A., & Yuldashova, H. (2025). Some functional identities of confluent hypergeometric
function E1 of three variables. Bulletin of the Institute of Mathematics, 8(5), 18-29.

33 Kim, I., Paris, R.B., & Rathie, A.K. (2022). Some new results for the Kampé de Fériet function
with an application. Symmetry, 14(12), Article 2588. https://doi.org/10.3390 /sym14122588

34 Choi, J., & Rathie, A.K. (2019). General summation formulas for the Kampé de Fériet function.
Montes Taurus Journal of Pure and Applied Mathematics, 1(1), 107-128.

35 Choi, J.J., Milovanovi¢, C.V., & Rathie, A.K. (2021). Generalized summation formulas for the
Kampé de Fériet functions. Azioms, 10(4), Article 318. https://doi.org/10.3390/axioms10040318

Author Information™

Anvar Hasanov — Doctor of Physical and Mathematical Sciences, Professor, Institute of
Mathematics, Uzbekistan Academy of Sciences, 4 University St., Tashkent, 700174, Uzbekistan;
e-mail: anvarhasanov@yahoo.com; https://orcid.org/0000-0002-9849-4103

Tukhtasin Gulamzhanovich Ergashev — Doctor of Physical and Mathematical Sciences,
Professor, Department of Higher Mathematics, “Tashkent Institute of Irrigation and Agricultural
Mechanization Engineer” National Research University, 39 Kari-Niyazi St., Tashkent, 100000,
Uzbekistan; e-mail: ergashev.tukhtasin@gmail.com; https://orcid.org/0000-0003-3542-8309

Ainur Ryskankyzy Ryskan (corresponding author) — PhD, Associate Professor, School of
Digital Technologies, Narxoz University, 55 Zhandosov St., Almaty, 050035, Kazakhstan; e-mail:
ryskan.a727@gmail.com; https:/ /orcid.org/0000-0002-8764-4751

*Authors’ names are presented in the following order: first name, middle name (if any), last name.

Mathematics Series. No.1(121),/2026 155



	Preliminaries
	Single integral Representations
	Double integral Representations
	Triple integral Representations
	Application

