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This paper investigates the conditions for the equivalence of regular surfaces with respect to the action of
a certain subgroup of linear transformations. This subgroup is pseudo-orthogonal and preserves a metric
structure defined by a matrix with specific sign properties. The study focuses on elementary surfaces, which
are considered as mappings from the square of the parameter domain (0, 1)×(0, 1) into an n-dimensional real
vector space. The regularity of a surface is determined by the non-vanishing determinant of a special matrix
composed of its partial derivatives. The paper also introduces the concept of surface equivalence. The
main theorem establishes necessary and sufficient conditions for the equivalence of regular surfaces under
the action of the pseudo-orthogonal group. These conditions are expressed through equalities between
products of matrices constructed from the partial derivatives of the surfaces and the pseudo-orthogonal
matrix. The obtained results provide a theoretical foundation for understanding the relationships between
regular surfaces under the action of the pseudo-orthogonal group and contribute to the further study of
their geometric properties and transformations.
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Introduction

In differential geometry, one of the central tasks is to establish convenient criteria for determining
the equivalence of elementary surfaces. This involves identifying properties that help us assess whether
two surfaces are geometrically identical, even if they are positioned differently in space.

A powerful approach to solving this problem relies on the theory of differential invariants. Diffe-
rential invariants are properties of surfaces that remain unchanged under specific geometric transforma-
tions. By utilizing these invariants, we can formulate equivalence criteria, which simplifies the process
of classifying surfaces and identifying their similarities, regardless of their position or orientation in
space.

Let Rn denote an n-dimensional linear space over the field of real numbers R, and let GL(n,R) be
the group of all invertible linear transformations of the space Rn. Elements of Rn are represented as
n-dimensional column vectors −→x = {−→x j}nj=1, while the transformations g ∈ GL(n,R) are represented
as n × n matrices (gij)

n
i,j=1, where xi, gij ∈ R for i, j = 1, . . . , n. The action of g ∈ GL(n,R) on the

vector −→x = {−→x j}nj=1 ∈ Rn is given by matrix-vector multiplication, denoted as g−→x .
An infinitely differentiable mapping x : (0, 1)× (0, 1)→ Rn is called an elementary surface. If G is

a subgroup of GL(n,R), then two elementary surfaces −→y (s, t) and −→x (s, t) are said to be G-equivalent
if −→y (s, t) = g−→x (s, t) for some g ∈ G and for all (s, t) ∈ (0, 1)× (0, 1).

In this paper, we reformulate the problem of G-equivalence of elementary surfaces for the pseudo-
orthogonal group O(n, p,R) using the language of differential algebra. This reformulation facilitates
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the application of an algebraic approach to solve the problem. Such an approach has previously been
employed to derive the necessary and sufficient conditions for surface equivalence in the context of
actions by the general linear, special linear [1], orthogonal, pseudo-orthogonal [2], symplectic [3], and
special pseudo-orthogonal groups [4–6].

1 Preliminaries

Let O(n, p,R) be the pseudo-orthogonal subgroup of GL(n,R), i.e.,

O(n, p,R) = {g ∈ GL(n,R) : gT epg = ep},

where gT is the transpose of the matrix g, and ep is an identity matrix in GL(n,R) given by
ep = (epij)

n
i,j=1, where

epij =


1 for i = 1, 2, . . . , p,

−1 for i = p+ 1, p+ 2, . . . , n,

0 for i 6= j, i, j ∈ {1, 2, . . . , n}

for some p ∈ {1, . . . , n− 1}.
For each elementary surface −→x (s, t) = (xj(s, t))

n
j=1, we define Ms(

−→x ) as the n × n matrix

(mij(s, t))
n
i,j=1, where the i-th column has coordinates mij(s, t) =

∂i−1xj(s,t)
∂si−1 , with i, j = 1, . . . , n,

and we set ∂0xj(s,t)
∂s0

= xj(s, t) for all j = 1, . . . , n, s, t ∈ (0, 1).

Let Mss(
−→x ) be the matrix

{
∂ixj(s,t)

∂si

}n

i,j=1
, Msss(

−→x ) be the matrix
{

∂i+1xj(s,t)
∂si+1

}n

i,j=1
, and Mst(

−→x )

be the matrix
{

∂ixj(s,t)
∂si−1∂t

}n

i,j=1
, while Msst(

−→x ) is the matrix
{

∂i+1xj(s,t)
∂si∂t

}n

i,j=1
.

Below, we consider only regular surfaces, i.e., elementary surfaces −→x (s, t) such that the determinant
detMs(

−→x )(s, t) 6= 0 for all s, t ∈ (0, 1).
Let Aff(Rn) be the group of all affine transformations of the n-dimensional linear space Rn.

Each affine transformation in Aff(Rn) is a composition of a non-degenerate linear transformation
g ∈ GL(n,R) and a translation by an element −→u = (ui)

n
i=1 ∈ Rn, i.e., any affine transformation

(−→u , g) ∈ Aff(Rn) acts in Rn according to the following rule:

(−→u , g)(−→x ) = g−→x +−→u ,

where −→x ,−→u ∈ Rn and g ∈ GL(n,R).
The multiplication operation in Aff(Rn) is defined by

(−→u , g)(−→v , h) = (−→u + g−→v , gh),

where −→u ,−→v ∈ Rn and g, h ∈ GL(n,R). This implies that Aff(Rn) is a semidirect product of the
groups Rn and GL(n,R), written as

Aff(Rn) = Rn CGL(n,R).

If G is a subgroup of GL(n,R), then the set

Rn CG = {(−→u , g) ∈ Rn CGL(n,R) : g ∈ G}

is a subgroup of Rn C GL(n,R), and is also referred to as the semidirect product of the groups Rn

and G.
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It is well-known (see, for example, [7, Chapter XVII, §2]) that the group Rn C O(n,R) coincides
with the group of all motions in Euclidean space (Rn, (., .)), i.e., the group of all bijections U from Rn

to Rn such that (Ux,Uy) = (x, y) for all x, y ∈ Rn. Similarly, the group Rn C O(n, p,R) is the group
of all motions in pseudo-Euclidean space (Rn, [., .]p), i.e., the group of all bijections V from Rn to Rn

such that
[V x, V y]p = [x, y]p for all x, y ∈ Rn,

(see, for example, [8, Chapter III, §1]).
Let G be a subgroup of Rn C GL(n,R). Two regular surfaces −→x (s, t) and −→y (s, t), defined in Rn,

are said to be G-equivalent if there exists (−→u , g) ∈ Rn such that:
−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

The following statement reduces the problem of RnCG-equivalence of regular surfaces −→x (s, t) and
−→y (s, t) to the problem of G-equivalence of regular surfaces −→x ′s(s, t) and −→y ′s(s, t).

Statement 1. Two regular surfaces −→x (s, t) and −→y (s, t), defined in Rn, are RnCG-equivalent if and
only if the regular surfaces −→x ′s(s, t) and −→y ′s(s, t) are G-equivalent.

Proof. If two regular surfaces −→x (s, t) and −→y (s, t) are Rn C G-equivalent, then there exist
−→u = {ui}ni=1 ∈ Rn and g = {gij}ni,j=1 ∈ G such that

−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

For each i = 1, . . . , n, we have
−→y i(s, t) =

n∑
j=1

gij
−→x j(s, t) + ui.

Taking the derivatives with respect to s, we get

−→y ′i(s, t) =
n∑

j=1

gij
−→x ′j(s, t). (1)

Thus, for all i = 1, . . . , n, we have
−→y ′s(s, t) = g−→x ′s(s, t), (s, t) ∈ (0, 1),

which implies that the regular surfaces −→x ′s(s, t) and −→y ′s(s, t) are G-equivalent.
Conversely, suppose that

−→y ′s(s, t) = g−→x ′s(s, t) for all (s, t) ∈ (0, 1),

for some g = {gij}ni,j=1 ∈ G. From equation (1), we deduce that

−→y i(s, t) =
n∑

j=1

gij
−→x j(s, t) + ui,

where ui(s, t) is a constant (independent of s and t). To find ui(s, t), we define −→u i(s, t) =
−→y i(s, t) −∑n

j=1 gij
−→x j(s, t), and compute the derivative with respect to s:

−→u ′i(s, t) = 0 for all (s, t) ∈ (0, 1).

Since −→u ′i(s, t) = 0, we conclude that −→u i(s, t) = −→u i(0), a constant for each i. Therefore, we define
−→u = {ui(0)}ni=1 ∈ Rn, and obtain the relation

−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

This shows that the two regular surfaces −→x (s, t) and −→y (s, t) are Rn CG-equivalent.
Thus, we have proven that two regular surfaces −→x (s, t) and −→y (s, t) are Rn C G-equivalent if and

only if −→x ′s(s, t) and −→y ′s(s, t) are G-equivalent.
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2 Equivalence of Elementary Surfaces

The following theorem provides necessary and sufficient conditions for the RnCO(n, p,R)-equivalence
of regular surfaces −→x (s, t) and −→y (s, t).

Theorem 1. Two regular surfaces −→x (s, t) and −→y (s, t) are Rn C O(n, p,R)-equivalent if and only if
for any (s, t) ∈ (0, 1), the following equalities hold:
(a) M−1ss (−→x (s, t))Msss(

−→x (s, t)) = M−1ss (−→y (s, t))Msss(
−→y (s, t));

(b) M−1st (−→x (s, t))Msst(
−→x (s, t)) = M−1st (−→y (s, t))Msst(

−→y (s, t));
(c) MT

ss(
−→x (s, t))epMss(

−→x (s, t)) = MT
ss(
−→x (s, t))epMss(

−→y (s, t)).

Proof. Let the surfaces −→x (s, t) and −→y (s, t) be Rn C O(n, p,R)-equivalent, i.e., there exists an
element g ∈ Rn CO(n, p,R) such that the following holds:

−→y (s, t) = g−→x (s, t) +−→u .

Consequently, by the definition of the matrices Mss(
−→x ), we have

Mss(
−→y ) = gMss(

−→x ).

We will now show that from this equality, the validity of equations (a), (b), and (c) follows. Indeed:

M−1ss (−→y (s, t))Msss(
−→y (s, t)) = (gMss(

−→x (s, t)))−1(gMsss(
−→x (s, t))).

This simplifies to

(Mss(
−→x (s, t)))−1(g−1g)(Msss(

−→x (s, t))) = M−1ss (−→x (s, t))Msss(
−→x (s, t)),

which shows that (a) holds.
Similarly,

M−1st (−→y (s, t))Msst(
−→y (s, t)) = (gMst(

−→x (s, t)))−1(gMsst(
−→x (s, t))).

This simplifies to

(Mst(
−→x (s, t)))−1(g−1g)(Msst(

−→x (s, t))) = M−1st (−→x (s, t))Msst(
−→x (s, t)),

which shows that (b) holds.
Finally, for equation (c), we have

MT
ss(
−→y (s, t))epMss(

−→y (s, t)) = (gMss(
−→x (s, t)))T ep(gMss(

−→x (s, t))).

This simplifies to

(Mss(
−→x (s, t)))T (gT epg)(Mss(

−→x (s, t))) = MT
ss(
−→x (s, t))epMss(

−→x (s, t)),

which shows that (c) holds.
Conversely, assume that the relations (a), (b), and (c) hold for the surfaces −→x (s, t) and −→y (s, t).

Since A(s, t) = As is invertible, assume that equalities (a) and (b) are valid. Differentiating the equality
A−1s As = AsA

−1
s = E, we get

(A−1)s = −(As)
−1Ass(As)

−1.

Mss(
−→x (s, t)) ·M−1ss (−→x (s, t)) = E,

(Mss(
−→x (s, t)) ·M−1ss (−→x (s, t)))s = 0,
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Msss(
−→x (s, t)) ·M−1ss (−→x (s, t)) +Mss(

−→x (s, t)) ·M−1sss(
−→x (s, t)) = 0,

Mss(
−→x (s, t)) ·M−1sss(

−→x (s, t)) = −Msss(
−→x (s, t)) ·M−1ss (−→x (s, t)),

M−1sss(
−→x (s, t)) = −M−1ss (−→x (s, t)) ·Msss(

−→x (s, t)) ·M−1ss (−→x (s, t)),

Mss(
−→y (s, t)) = gMss(

−→x (s, t)),

(Mss(
−→y (s, t))M−1ss (−→x (s, t)))s = 0.

Therefore, the equalities (a) and (b) can be rewritten as

(a’) (Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)))s = 0,

(b’) (Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)))t = 0.

These qualities imply that

Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)) = g = (gij)

n
i,j=1 ∈ GL(n,R),

where s, t ∈ (0, 1). Consequently, we obtain

Mss(
−→y (s, t)) = gMss(

−→x (s, t)),

and in particular,
−→y ′s(s, t) = g−→x ′s(s, t) for all (s, t) ∈ (0, 1).

Thus, for g = {gij}ni,j=1,
−→y (s, t) = {yi(t)}ni=1, and

−→x (s, t) = {xi(t)}ni=1, we have

−→y ′i(s, t) =
n∑

j=1

gij
−→x ′j(s, t).

Let −→u i =
−→y i(s, t)−

∑n
j=1 gij

−→x j(s, t), which yields

−→u = {ui}ni=1 ∈ Rn,

and for the element (−→u , g) ∈ Rn CO(n, p,R), we have the equality

−→y (s, t) = g−→x (s, t) +−→u for all (s, t) ∈ (0, 1).

Furthermore, due to equation (c), we have

gT epg = (Mss(
−→y (s, t)) ·M−1ss (−→x (s, t)))T ep(Mss(

−→y (s, t)) ·M−1ss (−→x (s, t))) = ep,

which implies that
gT epg = ep.

Thus, g ∈ O(n, p,R). Theorem 1 is proved.

Now consider the problem of the equivalence of k-dimensional surfaces. An infinitely differentiable
mapping x : [0, 1]k → Rn, where 1 ≤ k < n, is called a parameterized k-dimensional surface in the
finite-dimensional vector space Rn.
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Definition 1. [9] Two k-dimensional surfaces−→x (t1, . . . , tk) and−→y (t1, . . . , tk) are said to beG-equiva-
lent if there exists an element g ∈ G such that

−→y (t1, . . . , tk) = g−→x (t1, . . . , tk)

for all (t1, . . . , tk) ∈ (0, 1)k.

Definition 2. [3] A function f of −→x (t1, . . . , tk) and its finite number of partial derivatives is called
G-invariant if its values coincide for G-equivalent surfaces.

Let −→x (t1, . . . , tk) be a k-dimensional surface, and let s ∈ {1, . . . , k} be a fixed index. For each
surface −→x (t1, . . . , tk), the (n× n)-matrix Mts(

−→x ) has the form

Mts(
−→x ) = (−→x 0

ts , . . . ,
−→x n−1

ts ),

where the i-th column consists of the coordinates

∂i−1xj(t1, . . . , tk)

∂ti−1s

, j = 1, . . . , n, i = 1, . . . , n.

Let Mtsts(
−→x ) be the matrix

Mtsts(
−→x ) =

{
∂ixj(t1, . . . , tk)

∂tis

}n

i,j=1

,

and let Mtststl(
−→x ) denote the matrix

Mtststl(
−→x ) =

(
∂2x(t1, . . . , tk)

∂ts∂tl
, . . . ,

∂n+1x(t1, . . . , tk)

∂tns∂tl

)
.

Throughout the rest of the text, only regular surfaces are considered, i.e., surfaces −→x (t1, . . . , tk)
for which

detMts(
−→x )(t1, . . . , tk) 6= 0

for all (t1, . . . , tk) ∈ (0, 1)k and s = 1, . . . , k.
The following theorem provides the necessary and sufficient conditions for RnCO(n, p,R)-equivalence

of two surfaces.

Theorem 2. Two surfaces x(t1, . . . , tk) and y(t1, . . . , tk) in Rn are Rn CO(n, p,R)-equivalent if and
only if the following equalities hold

1. M−1tsts(
−→x )Mtststl(

−→x ) = M−1tsts(
−→y )Mtststl(

−→y ),

2. (Mtsts(
−→x ))T epMtsts(

−→x ) = (Mtsts(
−→y ))T epMtsts(

−→y ),
for all l = 1, . . . , k.

The proof of this theorem follows a similar approach to the previously established theorem.
Remark. For two-dimensional regular surfaces, Theorem 1 under the action of the groups G(n,C),

SL(n,C), O(n,C), SO(n,C), and Sp(2n,C) was obtained in [2,3,10], while for m-dimensional regular
surfaces (m < n) under the action of the same groups, it was obtained in [5]. For the semidirect product
of the same groups, the result was obtained in [4]. For two-dimensional regular surfaces, Theorem 1
and Theorem 2 under the action of the group SO(n, p,K) were obtained in [6], while for k-dimensional
regular surfaces (k < n) under the action of SO(p, q,K), they were obtained in [9]. Additionally, the
above theorems for paths and curves were studied in [11], while the differential invariants of surfaces
were examined in [12].
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Conclusion

In the article, the problem of determining the equivalence of elementary and k-dimensional surfaces
is considered. As the main result, the necessary and sufficient conditions for the equivalence of surfaces
with respect to the action of the pseudo-orthogonal group are identified. The equivalence of surfaces
under the action of this pseudo-orthogonal group is proven through the relations between special
matrices constructed on the basis of the partial derivatives of the surfaces. The results presented
in the article can be applied in the future for the classification and study of surfaces in differential
geometry.
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