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This article is devoted to the study of pseudo-differential operators generated by Dunkl operators, focusing
primarily on their boundedness properties. We establish that, under a set of suitable assumptions on the
symbols and the underlying function spaces, these operators are bounded on specific Banach spaces. In
addition, we define the composition of pseudo-differential operators generated by Dunkl operators and
rigorously prove that this composition also inherits boundedness properties under appropriate conditions.
The analysis is carried out using techniques based on the Dunkl transform, which provides a powerful tool
for handling operators associated with reflection groups and allows for the derivation of precise estimates.
Beyond the theoretical development, we illustrate an application of the obtained results, demonstrating
how these boundedness properties can be employed to address complex problems in mathematical physics
and harmonic analysis. Overall, the work contributes to a deeper understanding of Dunkl analysis and
the structure of pseudo-differential operators in this context. The results presented not only consolidate
existing knowledge but also open new perspectives for further investigations in the field, providing a solid
foundation for future research on Dunkl operators and their applications in both theoretical and applied
analysis.
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Introduction

Pseudo-differential operators T, (Definition 3), generated by the Dunkl operator were introduced
by A. Dachraoui in 2001 in [1|. In his paper, the author defined two classes of symbols, S and
S™ for m € R, with S™ C S§*, and introduced Sobolev-type spaces WaP (R, du,), where s € R,
p € [1,+00], and @ > —1/2 (definitions are provided below). He proved that the pseudo-differential
operator T, generated by the Dunkl operator with symbol a € S™, is continuous from W, ’I(R, dig)
to WS’”(R, djis), and from Wf’p(R, dite,) to Wg’p(R, diie,) for p > 1.

Definition 1. Let m be a real number. The function a : R x C — C is called a symbol in the class
Sy, if it satisfies

e for a fixed z in R, the function A — a(z, \) is a smooth function on R;

e for a fixed X in R, the function x — a(x, \) is a smooth function on R;

e for all k,n € N, there exists Cy, ,, ,, > 0, such that

’8k o"

wwa@,A)' < Crnm(L+AA) 72,

for all z € R and X € R.
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Definition 2. Let m be a real number. The function a : R x C — C is called a symbol in the class
S™, if it satisfies

e for a fixed x in R, the function A — a(x, \) is a smooth function on R;

e for a fixed X in R, the function z — a(z, \) is a smooth function on R;

e forall k,¢,n € N, there exists C ¢ m > 0, such that

ak on m—n
‘(1 + |x\2)gﬁwa(% /\)’ < Cranm(1+ NP2,

for all z € R and X € R.

Definition 3. Let a € S* and a > —1/2. The pseudo-differential operator associated with a symbol
a is defined on S(R) by

T.f(x) = /R B, Na(r, N Falf)(N) dia(N).

where E, is the Dunkl kernel defined by

Bo(2, ) = ja (@) +i—2 S (@), (1)

2(a+1

Ja is the normalized Bessel function of the first kind, F,[f] is the Dunkl transform given by

FalflV) = /R o~ 0) () dpta(2), (2)

and

|x‘2a+1

= 20+ (o 4 1) 4z, )

dpa ()

I' is a Gamma function.

Definition 4. The space Wa* (R, dj, ), where s is real number, and 1 < p < +o0, is defined as the
closure of the space of C*°-functions on R with compact supports, with respect to the norms

1 lwze = L+ A2 Fa[flllpas i 1<p< oo,

and
[ fllwgee == iug(l + A2 FLAN)] i p = +oo,
€

£ llpe = i//R\f(x)!pdua(a?)-

Then L? and LP-boundedness of the pseudo-differential operators 7T, associated with the Dunkl
operators were studied by the authors C. Abdelkefi, B. Amri, and M. Sifi [2] for classes of symbols
5?70, or simply S°, which contains symbols with property

where

n Ck,n
Ooka(z, /\)‘ < YR

for all k,n € N and x, A € R.
After, B. Amri, S. Mustapha, and M. Sifi [3] have extended L?-theorem of CalderénVaillancourt
to the pseudo-differential operator T, associated with the Dunkl operator on R.
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Theorem 1 (Calderén—Vaillancourt). Assume that 0 < p < 1 and a € S9

.p» Which is a € C*°(Rx R)
and satisfies

Oh0Ra(w, V)| < Co(1+ N4,

for all n,k € N and all , A\ € R. Then T, can be extended to a bounded operator on L*(R, dpi,)-

In [3], the LP-boundedness of the operator T, with symbols in S(l)(;, 0 < 6§ < 1, was established. A
symbol « is said to belong to the class S%(;, 0<d<1,ifa e C®(R x R) and satisfies

C
k an < TL,k
axa)\a(va)‘ = <1+ ‘)\Dn_(;ka

for all n, k € N and all x, A € R.

Theorem 2. Let a € 585, 0 < 6 < 1. Then T, can be extended to a bounded operator from
LP(R, dp,,) into itself for all 1 < p < 4o0.

In this paper, we establish several boundedness results for pseudo-differential operators generated by
the Dunkl operators on the space L(R, du,) (Definition 6) under certain assumptions. The techniques
used in this paper are adapted from [4] and [5].

For a comprehensive overview of recent developments in this area, the reader is referred to the
work [6].

1 Preliminaries

In this section, we recall some basic definitions from Dunkl analysis. The Dunkl operator

D, : C'(R) = C(R), o> —%,

associated with the reflection group Zs on R, is defined by
f(z) — f(==)

xT

Daf(a) = 5 1) + (a+ )

Following the definition of the Dunkl operator, we note that this operator was firstly introduced
by C.F. Dunkl [7].

Note that if @« = —1/2, then the Dunkl operator D, is a first order differential operator and
operator is well defined on other important function spaces, some of them listed below.

Lemma 1. [8, Lemma 2.2, p.6] If f € C™(R) with m > 1, then we have D, f € C™ 1(R).

Lemma 2. |9, Proposition 3.4, p. 28] The Dunkl operators leaves invariant
C*(R), CF(R) and S(R).

As we frequently work with the Schwartz space, let us recall its definition.

Definition 5 (Schwartz space S(R)). The Schwartz space S(R) is the topological vector space of
functions f : R — R such that f € C*°(R) and
dn
a:kdx—nf(a:) —0 as |z|] = o0

for all n, k € N.

Mathematics Series. No.1(121),/2026 89



B. Bekbolat, N. Tokmagambetov

Let &« > —1/2 and X € R. The equation

Do f(x) = irf(x)

with initial condition f(0) = 1 has a unique solution defined by (1). In the literature the function
E.(x,\) is called the Dunkl kernel. The Dunkl kernel has following properties:

for all A € C, the function z — E,(x,\) is a C*°-function on R;
for all x € R, the function A — E,(x, \) is an entire function on C;
Ey(xz,\) = Eq(\ x);

Ey(x,\) = Eqo(x,EN), €€C;

Eo(z,)\) = Eo(—2,\) = Eqo(z,—)\);

|Ea(z,A)] <1, XeR.

Note that the Dunkl kernel is the exponential function exp(iz\) when o = —1/2. The Dunkl kernel
leads to the Dunkl transform. Before introducing the Dunkl transform, we need to consider the LP
space with the du, measure (defined below).

The space LP(R, du,,), 1 < p < 400, is the space of measurable functions f on R, for which norms
defined as

1fllp.o = (//R\f(x)!pdua(x) <400, if 1<p< oo,

and
| flloo = esssup |f(x)| < +o0, if p=-+o0,
reR

where dpi, is defined by (3).
Using property of the Dunkl kernel, we obtain

1Falfllse < I1fll1as

where the Dunkl transform F, is defined by (2).
The inverse Dunkl transform is defined by

FIUAN) = Falfl(-N) = / Fa(z, N f(2)dua(z), AR,

If « = —1/2, then we obtain the classical Fourier transform and inverse Fourier transform. The
Dunkl transform has following important properties:

Theorem 3. (1) (Plancherel theorem) [10, Theorem 4.26, p. 160] The Dunkl transform has a unique
extension to an isometric isomorphism of L?(R, du,), i.e.,

1 Falf]

2.0 = | fllz.0s

for all f € L*(R, dja).

(2) [10, Corollary 4.22, p. 159] The Dunkl transform is a homeomorphism of S(R).

(3) (Inverse Dunkl transform) [10, Theorem 4.20, p. 159] Let f € L'(R, duy) and Fu[f] € LY (R, dpa),
then we have

f(x) = F U Falf)l(z)  ae.

We have the following product formula for the function j,(z\) with o > —% and parameter A € C
[11, Formula 1.11.23, p. 13]:

+oo
Jal2N)jaly) = / Jale\)ka(e,y, )22 dz,
0
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for x,y > 0, where

T(a+1) Az,y,2)*!

z 2) = 2a0—1
koa( Y5 ) 2 F(O{_{_%)F(%) (xyz)

Lla—ylo+y) (2)-

Here 14 is the indicator function of A and

Awy.2) = Vo Tyt Ay Ayt A+ 7)

denotes the area of the triangle with sides x,y,z > 0. The function k. (x,y, z) satisfies the following
properties [11, p.13-14]:

e for all z > 0, we have ko (z,y,z) > 0;

o for x,y > 0, we have

+o0o
/ ka(z,y,2)2*dz = 1;
0

e for all z,y,z > 0, we have
ka('xay? Z) = ka(y,x,z) and ka(x,y, Z) = ka($,2,y).

For our convenience, we fix some notations. For all x,y, z € R, we put

22 4y2— 22 .
)Ty i zy #0,
T,Y,2

0, otherwise,

and 1
P(% Y, Z) = 5(1 - bz,y,z + bz,w,y + bz,yﬂc)-

Theorem 4. (12, Theorem 2.4, p.5| (1) Let @ > —3 and A € C. The Dunkl kernel satisfies the
following product formula:

E.(xz,\)E, /E (2, \)dvg 4(2)
for z,y € R, where
Weolz,y, 2)|2|?*T dz, if z,y#0,
dvg y(2) == < db.(2), if y=0,
doy(z), it =0,
with kernel
Walz,y,2) = ka(|zl, [yl, |z p(z, y, 2).

(2) The measures v, , have the following properties:

® suppryy = [— !36\ [yl =Ml = ly[l} U {ll=] = [yll, =] + [y]] for 2,y # 0;
o vayll = fzg Walz,y,2)|z[** T dz < 4 for all z,y € R.

Remark 1. In Theorem 4, d, is the Dirac measure. So, we have
e if y =0, then

Eo(x,\) = Eq(z,\)Eqf(0,N) = / Eq(z,\)déy(2) = Eq(x, M),
R
e if x =0, then

Euly,\) = Ea(0,\)E /E (2, \dd,(2) = Ealy, \).
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Remark 2. Let x,y # 0. Then from

E.(x,\)E, /E 2, MWe(z,y, 2)| 2|2 dz
=2°FIP(a + 1) /R Eo(z, \Wqa(x,y, z)dpa(z),
we obtain
Wale.9.2) = gorrma gy L, Bl NEal@ A Ea o (). @

Lemma 3. Let x,y,z € R. Then
Walx, =y, 2z) = Wo(x,—2,y).
Furthermore, we have
Walz, =y, 2)|z[** " dzdpa(y) = Wz, 2, y) |y dydpa(2).
Proof. For any x,y, z € R a short calculation gives us the following equalities:

_:1:2+(—y)2—22 __$2+y2_zz

by —y = =
" T () 2y
b :zQ+x2—(—y)2:22+x2—y2
=Y 2zx 2zx ’
) _z2+(—y)2—x2__22+y2—x2
T 22(—y) N 22y ’
and
1
p(a:,—y,z) 5(1_bm—yz+bzm y+bz—yx)
_ly y N y? 4y
2 2xy 2zx 22y
1 22422 — 92 2 42— 22 2422 -2
_ 1 <1 n v LY Y
2 2zx 2xy 2zy
1
- 5(1 —by,—zy T by + by —20)
= p(x,—Z,y)-

Then using property of the function k,(z,y, z), we obtain

Wa(xa _yaz) = ka(’w‘7 | - y‘7 |Z’)p(fl’7 -y, Z)
= ka(lzl,| = z[, [y p(z, —2,9)
= WO&(£7 _Z7y)'

Thus, we have

W _ 2()5+1d d _W _ ’y‘2a+1
(@, =y, 2)|2| zdpa(y) = Walz, —2,y)

d 2a+1d
20+ (q + 1) ylzl ‘

= Wa(z, —2,y)|y[** dydpa ().

O
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For all z,y € R and f, continuous function on R, we define

e (y) = / F(2) vy (2).

The operators 7., € R are called Dunkl translation operators on real line.

Proposition 1. |13, Proposition 2, p. 20| The operators 7, z € R have the following properties:
o for all x € R and f € LP(R,du,), p € [1,+00], we have

172 Ip.oc < 401 fllp.a;
e forall \,z € Rand f € L'(R, du,), we obtain
fa[Txf]()‘) = Ea(xa)‘)}-a[f](A)'

For two continuous functions f and g on R with compact supports, we define the convolution
product x4 by

(f *a 9)(x) = ATxf(—y)g(y)dua(y), z €R,

where 7.,z € R is the Dunkl translation operators on R.

Remark 3. Note that *_1 is the standard convolution x*.
2

Proposition 2. [13, Proposition 3, p.21] (i) Let p,q,r € [1, 00] and satisfy % + % =1+ % Then the
map (f,g) — f*ag can be extended to a continuous map from LP(R, dus) x LY(R, dus) to L (R, duy,),
and

1S *a gllr.a < 4l fllp.allgllga-
(ii) For any f € LY(R,du,) and g € L*(R, du, ), we have

Falf *a gl(A) = FalfIN) Falgl(A), A €R.

Now we define our L(R, dus) space, as following:
Definition 6. Let us define the space L(R,duy), as following:

L(R,dpe) == {f € L'(R,dpa) : Falf] € L' (R, dpa)}

with the norm

171z = 1 Falflle = /R Fa IO dpa(N).

Remark 4. The space L(R,du,) is a subspace of L'(R, du,) and the norm || - ||, is defined equiva-
lently via the Dunkl transform. Additionally, the space (L(R,duq), | - ||z) is Banach space.

2 Main results

In this section, we obtain some boundedness results for pseudo-differential operators and the com-
position of pseudo-differential operators generated by the Dunkl operator on the space L(R, dpuy).

Assumption 1. We assume the symbol a € ,%(]R x R) is defined as:

@) = [ Eala V(€ Ndia),
where V (&, \) is a complex-valued measurable function on R x R, such that
V(M| < K(),

for all £, A € R, and K € L*(R, du,) is a continuous function.
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Remark 5. The integral (1) exists, because
la(z, )] < / |Ea(,©)V(E V) dpal€) < /R K () dpia(€) < +oc.
Theorem 5. Let f € S(R). Then the pseudo-differential operator
7.5() = [ Bale.Nale ) FalAIONdua ()

is a bounded linear operator under Assumption 1 on L(R, du,), i.e.,

[Tafllz < 4[1K

[fllz-

1,

Remark 6. In the statements of theorems, the operators are formulated as bounded operators on
the space L(R,du,). However, in the proofs, the corresponding estimates are first established for
functions from S(R). This is sufficient, since the Schwartz space S(R) is dense in L(R, du,), and the
operators under consideration are continuous with respect to the || - ||z, norm. Therefore, by a standard
density argument, each operator admits a unique continuous extension from S(R) to the whole space
L(R,dus), and all estimates obtained for Schwartz functions remain valid for arbitrary functions in
L(R, dpuq).

Proof. Let f € S(R). Then by the definition of the pseudo-differential operator we obtain
/R B, N, N Fal I\ dita(N)
= [ Butan ( / Ea<x,s>v<s,x>dua<5>) Fal N da()
- /R /R (1, \) Ba (2, )V (€, N Fa [ fI (N dita () dpta (V)
-/ ( / Ea(w,n)dw,s(n)> V() Falf) (N dpa()dpal)
RJR R
- /R /R /R (0, MV (€, N Fal FIO)Wal, £ 0) |02 dndpin () dpia(N)
_ /R /IR /IR (1, MV (€, N Fal F1 () Wal =2, 0, O dedpio (n)dpi(N)
- / / / B, )V (€, N Fal I\ dv—s () dpia(n)dpia (V)
RJRJR
= [ Buten ( | [ e A)]'—a[f](A)dV—/\,n(E)dua()\)> dbtal).

using above assumption and Fubini’s theorem. After applying Dunkl transform F, to the both sides
of the equation, we have

Pl = [ [ VENFN 7 @ia)
:/R/RV(s,A)fa[f](x)wa(_A,n,§)|§|2a+1d§duaw
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Hence, taking integral from both sides, we obtain
[Vl ldia(n)
///WfA Wa (=X n, O|E1** T dédpia(N)dpa(n)
///K IFal I Wa(=A, 1, 1€ dedpa(N) dpa(n)

- / / / K ()| Falf ) ) Wal &0 1012 dipdpia (€)dpra (V)
<4 / / K ()| Fal 1N bt (€)dpia()
<A K]0 / Fal AN da(N).

This completes proof of the theorem. O

Let f,g € S(R). The composition of two pseudo-differential operators

2= [ | Bl N Ea(=. Nata Ngl)disa(n)dpa
and
Tt () = | [ Buln a2 980 ()it ()ial).
with the symbols a(z, \) and b(y, £) respectively, is
TN = [ [ [ ] BalwNEa(=Nale, N Ealy O Bal =2, 0007 (2)
X dpa(2)dpa(§)dpa(y)dpa(N)
= [ ] Pale. a2 cla. 0 )i ()ana )
= [ Bulw et Fal (€ dual6)
where )
0.8 = gy [ [ Bl V(0 Ealy. E)ale Ny o) ().
Thus,

T.f(z) = To(Tyf)( / (2, €)e(a, ) Falf1(€)dial€)

is a pseudo-differential operator with symbol

1
C(x,f) = EM/R/REa(x’ )‘)Eoz(_ya )‘)Ea(y,g)a(xv )‘)b(y,g)dﬂa(y)d/‘a()‘)'

Now, let us discuss the existence of such an integral under Assumption 1. Let us have

alz, \) = /R Bz, m)Va (1, Nlpia (1) (5)
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and
b.6) = [ Ba0)Vh(o.€)dia(o). ()
where V,,(n,\) and V,(0,€) are complex-valued measurable functions on R x R, such that
Vi, V| < Ka(n) and  [Va(o, )] < Ki(o)

for all n,A\,0,& € R, and Ka,Kb € LYR,du,) are continuous functions. Then by using integral
expressions (5) and (6 ) of a(z, ) and b(y, &) respectively, we obtain

ol,€) = M [l N B 0 (b () ()

_ xg ////E (@, \) B~y \) Ea(y, €) Ea(z, 1) Ea(y, o)

X Vg (777 Vb ag, g d:uoz )d:ua( )d/‘a( )d.ua()‘)

= ;cg /// (2, \) (/ a(=y; N Ea(y, &) E (yva)dua@))

X Fa ( MVi(0, §)dpa(o)dpia(n)dpa(N)
- wf / / / Ea(2, NWa (&0, A) Ba(@,0)Va(1, )V (0, €) dia(0)dpia(n)dpa (V).

After taking absolute value from both sides of the equation, as following:

o(,6)] < /R /R /R (W&, 0, MVa (1, Va0 )l () dpta (n) dpia()

<A Kool K10,

we can see that the ¢(z, ) is a bounded function.

Corollary 1. Let T, and T; are pseudo-differential operators with symbols a and b, respectively.
Then under Assumption 1 their composition is a pseudo-differential operator T, 0T}, which is continuous
linear map on S(R).

Corollary 2. Let f € S(R). Then under Assumption 1 the composition of pseudo-differential
operators T, and T} is a bounded linear operator on L(R, dpuy), i.e.,

16
1Ta(To )l < m”Ka||1,oc||KbH1,oszHL~
Proof. Let f € S(R). Then we have
T(Tf)(a) = | Bl Na AVFa T 1ONdsa()

- [ B ( | Bl OVl Ndial€) ) Folof )N
and

FaolTa(Tof)](n)

. Eo(=z,m)Ta(Th f)(z)dpa(z)

— [ Eateon) ([ Buten) ([ Bale Ve N il®) ) FolTf| 0o V) i)
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- /]R /R /R Eo(=2,0)Ea(x, \) Eo (2, €)Va (&, N FalTo flI(N) dpia (€)dpa (N dpia (z)
:// (/ Eo(—z,n)Ea( :c,A)Ea(a:,f)dua(x)> (& ) FalTh fl(N)dpa(€)dpa(N)
R

— g [, [ We €Vl N FlT IOV (€ )

where we have used (4). Then taking absolute value and integrating, we have

[ )] di ()
< gy L L WO E Ve N FB AN die )N )

< gy L L Fe© 1T o ()

< gty Kol [ B0 ()

16
e et LA LA P REATCNENEN

Assumption 2. We assume the symbol a € S/%(R x R) is defined by

oz, A) = /R a2, V(€ Ndpial€)

satisfies

oz, \) = /R (2, VA ()Va(N) dpta(€) = Va(N) /R B, €V (€)dpa(©).

where V1 € L' (R, dpu,) is a continuous function.

Theorem 6. Let f € S(R). Then the pseudo-differential operator T, with symbol a(z, A), which
satisfies Assumption 2, has a representation

Tof () = 227 (a + D) F, (Vi %o VaFalf])(2)
and satisfies following inequality
ITafllz < 2°7°T(a + 1)[Vill1,alIVaFalf]l1a-
Proof. By using Assumption 2, we have
/R B, Na(@, ) Fal fl(N)dta (M)
= [ Buten (v ) [ Bale Odna(6) ) ZalINdia V)
= [ ] Pl ) Bao VA€ T AN di (€t (V)
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_ /R /R /]R B, ) VaOVA(E) Fal £\ divs ¢ (n) i (€) dpia(N)
:/RA/REOé(xan)‘/Q()‘)‘/l(f)Fa[f]()\)Wa()\7é‘,77)n‘2a+1dndﬂa(§)dﬂa()\)
:/R/R/REa(m,n)%()\)‘/l(g)fa[f]()\)wa(_)\’77’£)|€2a+1d£dﬂa(n>dﬂa(>\)

=21+ 1) [ [ ] Bl eV Fa IOV (€)dta () ()
=i+ ) [ Baen) ([ [ OO (o) ) dior)
:2a+1r(a+1)/REa(x,n) (/RTnvl(—)\)VQ()\)Fa[f](/\)dMa()\)> dpta(n)

=210+ 1) | Bule.)(Vi 50 VeFal D))
= 2°‘+1I‘(04 + 1).7-"(;1(V1 xq VaFolf])(x).
Thus, applying the Dunkl transform, we obtain
FalTafl(n) = 2710 (0 + 1) (Vi 50 VaFal 1) (). (")

By taking the integral of both sides of the above equation, we are able to calculate

/ | Falluf)(n)] dpa(n) = 27 T + 1) / (Vi %0 VaFal 1) ()] dpta()
R R
and
1 FalTo il = 227 (0 4+ D)|Vi %0 VaFalflll1a < 2730 (0 + DIVa Lo VaFalf] 10,

where we have used the Proposition 2. Furthermore, by using the Definition of the Sobolev-type space,
it can be written as

ITafllr < 2T (e + 1)|[VillalVaFalfllla-

Assumption 3. We assume the symbol a € S,Z‘&(]R x R) is defined by

@) = [ Eala OV(ENdae).
and satisfies

a(ﬂf#\)Z/REa(%f)%(f)Vz(A)dﬂa(&)=Vz(/\)/REa($,€)V1(€)dua(§)7

where V7 € LY (R, dug) is a continuous function and Va(A\) = A is a constant. So we have

a(w, ) = A /R B2, )V (€)djia(€).
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Theorem 7. Let f € S(R). Then the composition of the pseudo-differential operators Ty and T
with symbols a and b, which satisfy Assumption 3, has a representation

Tu(Tyf) (@) = (27T (a + 1)) A+ F7 Vi 40 (Wi 0 B - Falf)](2)
and satisfies the following inequality
ITu(Tof) ]l < 16 (27T (a + 1)) AB|[Vill1.a Wi ll1ol 112
Proof. Let f € S(R). Then we have
To(Tyf) ()
_ /R Ea(@, Na(z, N FalTh fl(N dpta(2)
= [ Bate ( [ Eatevite A)dua@) FalTof) (N dpta(N)
R R

) / / o (2, ) B, €)VA(€) FalTy fI(N) it (€)dte (V)

RJR
— 4 /R /R /R o, m)Vi (&) FalTh ) (N dvs ¢ () djia(€)dpia (V)
= 20+ (0 1 1)4 /R /R /R B, Vi (€) FalTy fl (N (€)dpta (7)dta(N)
— 2400+ 14 [ EaGe) ( [/ V1(f)fa[be](A)dV—A,n(f)dua()\)> dpta(n).

Now, applying the Dunkl transform, we obtain
FolTuTof ) = 210+ DA [ 5V (=N FalThf)NdtaV)
= 2T (@ + 1) A(Vy %o FalTof])(n).
Then by using (7), we obtain
‘Fa[Ta(be)](n) = (2a+1r(a + 1))2 A(Vl *ao (Wl *o B-Foz[f]))(n)a
so that

/R | FalTa(To )] ()] dpta(n) = (2°F'T(a + 1)) AB/R [(V1 %0 (W1 *a Falf])(n)] dpa(n).

Thus, we have

ITo(Tof) L = (2°HT (0 +1))* AB|Vi %0 (Wi #a FalfDll1a
< 4(2°7'(a + 1)) AB|[Vill1,a W *a Falflll1.a
<16 (2°*1(a + 1)) AB|V Lol Will1 ol Falf] 1.0
=16 (2°7'T(a + 1))* AB|[Vi |l 1o Wi 10l 112

This completes proof of the theorem. O
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3 Application

In this section, we present an application from the previous section. We also considered other
applications of the Dunkl analysis to inverse source problems, as discussed in [14, 15].

Corollary 3. Let
(@) = [ Baln OVHEdualo)

where V¥ € LY(R, dus) is a continuous function for all k. Then the operator

Pn,a = ZZ:() ak(x)wa
Dom(Pya) = S(R)

is a continuous linear operator from S(R) to L(R, dpuy). Moreover, we have

1Paaflle <227 T(a+ DIVl V3 Falfll1ay
k=0

where VJF(\) = (i\)*.

Remark 7. Here, the functions V{* and V¥ are chosen to satisfy Assumption 2.

Proof. Let f € S(R). Then
f(x) = /R a2, NEal )N dpta ()
and

Pn,af(x) ak(x)nyEa(x7 )‘>]:a [f](A)dMa()‘)

>
Il
<)

I
NE
s

Eq (.T, )‘)ak (fL‘) (’L)‘)k‘/ra[f] ()‘)dlu’a()‘)'

I
NE
5

b
Il

0

Hence, symbol of the pseudo-differential operator P, , expressed by the form

a(@, N) =) ap(z,A) = Y ar(@)(@N)" =Y (0" / Eo(z, VI (€)dpa(6)-
k=0 k=0 k=0 R
Then by applying Theorem 6, we obtain
1Proaflle <D 227 T(a + DIV el V2 Fal ey

k=0

where VJF(\) = (i\)*. O
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Conclusion

In this research paper, our aim is to obtain some boundedness results for pseudo-differential operator
generated by the Dunkl operator. We obtain the following main results:
e Let f € S(R). Then, under Assumption 1 the pseudo-differential operator

T, f(x) = /R Eolr, Nalar, ) Ful f1(N i (V)

is a bounded linear operator on L(R, du,).
e Let f € S(R). Then, under Assumption 1, the composition of pseudo-differential operators T,
and T} is a bounded linear operator on L(R, du,).
These results are obtained under the assumption that the symbol has an integral representation.
Future improvements could focus on obtaining these results without this restriction.

Acknowledgments

This research was funded by the Committee of Science of the Ministry of Science and Higher
Education of the Republic of Kazakhstan (Grant No. AP23487589).

The authors would like to thank the anonymous reviewer for the thorough evaluation of the
manuscript and for the insightful comments and valuable suggestions that greatly improved the quality
of this paper.

Author Contributions

All authors contributed equally to this work.

Conflict of Interest

The authors declare no conflict of interest.

References

1 Dachraoui, A. (2001). Pseudodifferential-difference operators associated with Dunkl operators.
Integral Transforms and Special Functions, 12(2), 161-178. https://doi.org/10.1080,/1065246010
8819342

2 Abdelkefi, C., Amri, B., & Sifi, M. (2007). Pseudo-differential operator associated with the Dunkl
operator. Differential and Integral Equations, 20(9), 1035-1051. https://doi.org/10.57262/die/
1356039310

3 Amri, B., Mustapha, S., & Sifi, M. (2010). On the boundedness of pseudo-differential operators
associated with the Dunkl transform on the real line. Advances in Pure and Applied Mathematics,
2(1), 89-107. https://doi.org/10.1515/apam.2010.028

4 Prasad, A., & Singh, M.K. (2019). Composition of Pseudo-Differential Operators Associated with
Jacobi Differential Operator. Proceedings of the National Academy of Sciences, India Section A:
Physical Sciences, 89, 509-516. https://doi.org/10.1007/s40010-018-0484-8

5 Prasad, A., & Singh, M.K. (2015). Pseudo-differential operators associated with the Jacobi diffe-
rential operator and Fourier-cosine wavelet transform. Asian-European Journal of Mathematics,
8(1), Article 1550010, 1-16. https://doi.org/10.1142/S1793557115500102

Mathematics Series. No.1(121),/2026 101


https://doi.org/10.1080/10652460108819342
https://doi.org/10.1080/10652460108819342
https://doi.org/10.57262/die/1356039310
https://doi.org/10.57262/die/1356039310

B. Bekbolat, N. Tokmagambetov

6

10

11

12

13

14

15

Verma, R.K., & Prasad, A. (2025). SG pseudo-differential operators in Dunkl setting. Georgian
Mathematical Journal Open source preview, 32(3), 501-513. https://doi.org/10.1515/gmj-2024-
2072

Dunkl, C.F. (1988). Reflection groups and orthogonal polynomials on the sphere. Mathematische
Zeitschrift, 197(1), 33-60. https://doi.org/10.1007/BF01161629

Rosler, M. (2003). Dunkl operators: Theory and applications. In Orthogonal Polynomials and
Special Functions. Leuven, 93-135.

Anker, J.-Ph. (2017). An introduction to Dunkl theory and its analytic aspects. In Analytic,
Algebraic and Geometric Aspects of Differential Equations. Trends in Mathematics. Cham:
Birkh&user, 3-58.

de Jeu, M.F.E. (1993). The Dunkl transform. Inventiones mathematicae, 113(1), 147-162.
https://doi.org/10.1007/BF01244305

Trimeche, K. (2001). Generalized Harmonic Analysis and Wavelet Packets: An Elementary Treat-
ment of Theory and Applications. Boca Raton: CRC Press. https://doi.org/10.1201/978148228
3174

Rosler, M. (1995). Bessel-type signed hypergroups on R. In H. Heyer, A. Mukherjea (Eds.),
Proceedings of the XI Probability Measures on Groups and Related Structures. Singapore: World
Scientific, 292-304.

Soltani, F. (2004). LP-Fourier multipliers for the Dunkl operator on the real line. Journal of
Function Analysis, 209(1), 16-35. https://doi.org/10.1016/j.jfa.2003.11.009

Bekbolat, B., & Tokmagambetov, N. (2025). The heat equation for singular Dunkl-Laplacian
operator. Georgian Mathematical Journal, 32(5), 789-798. https://doi.org/10.1515/gmj-2025-
2019

Bekbolat, B., Nalzhupbayeva, G., & Tokmagambetov, N. (2024). The Diffusion Equation Invol-
ving the Dunkl-Laplacian Operator in a Punctured Domain. Fractal and Fractional, 8(12),
Article 696. https://doi.org/10.3390/fractalfract8120696

Author Information™

Bayan Bekbolat — PhD, Assistant Professor, SDU University, 1/1 Abylai Khan St., 040900,

Kaskelen, Kazakhstan; e-mail: bayan.bekbolat@sdu.edu.kz; Senior Researcher, Institute of Mathematics

and

Mathematical Modeling, 28 Shevchenko St., Almaty, 050010, Kazakhstan; e-mail:

bekbolat@math.kz; https://orcid.org/0000-0003-2347-0630

Niyaz Tokmagambetov — PhD, Leading Researcher, Institute of Mathematics and Mathema-
tical Modeling, 28 Shevchenko St., Almaty, 050010, Kazakhstan; e-mail: tokmagambetov@math.kz;
https://orcid.org/0000-0001-5725-9740

*Authors’ names are presented in the following order: first name, middle name (if any), last name.

102

Bulletin of the Karaganda University


https://doi.org/10.1201/9781482283174
https://doi.org/10.1201/9781482283174

