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This paper investigates local derivations on the Schrédinger Lie algebra sy, the Lie algebra of the (n + 1)-
dimensional space-time Schrédinger group. As a finite-dimensional Lie algebra that is neither semisimple
nor solvable, the Schrédinger algebra plays an important role in mathematical physics, particularly as
the symmetry algebra of the free Schrédinger equation. While local derivations are well understood for
semisimple, solvable, and certain infinite-dimensional Lie algebras, much less is known for non-semisimple
algebras. We prove that for all integers n > 3, every local derivation on s, is a derivation. Our approach
uses the explicit structure of the Schrédinger algebra together with a detailed description of its derivation
algebra. First, we reduce the problem to derivations that act trivially on the semisimple part, and then
we perform a coefficient-wise analysis in a fixed basis. This shows that every local derivation is an ordi-
nary derivation. Moreover, such derivations decompose in the usual way into inner derivations and the
known outer derivations. Our result extends earlier low-dimensional cases and shows a uniform rigidity
phenomenon for all higher-dimensional Schrédinger algebras.

Keywords: Lie algebras, semisimple Lie algebra, solvable Lie algebra, nilpotent Lie algebra, Schrédinger
algebras, inner derivations, derivations, local derivations.
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Introduction

Local derivations are useful tools in studying the structure of rings and algebras, where there are
still many related unsolved problems. R.V. Kadison, D.R. Larson, and A.R. Sourour first introduced
the notion of local derivations on algebras in their remarkable paper [1,2]. Since then, many researchers
have been studying local derivations of different types of algebras (e.g., see [3-5]). In [6] the authors
proved that every local derivation on a finite-dimensional semisimple Lie algebra £ over an algebraically
closed field of characteristic zero is a derivation.

In [4], local derivations on solvable Lie algebras are studied. It is shown that within this class,
there exist solvable Lie algebras admitting local derivations that are not derivations, as well as solvable
Lie algebras for which every local derivation is a derivation. Moreover, it is proved that every local
derivation on a finite-dimensional solvable Lie algebra with a model nilradical and a complementary
space of maximal dimension is a derivation. In [5], the authors proved that every local derivations on
solvable Lie algebras whose nilradical has maximal rank is a derivation. In [3], the authors proved that
every local derivation on the conformal Galilei algebra is a derivation.

We note that the aforementioned algebras are finite-dimensional algebras. In the infinite-dimensional
case, the authors of [7-9| proved that every local derivation on some class of locally simple Lie algebras,
generalized Witt algebras, Witt algebras, and Witt algebras over a field of prime characteristic is a
derivation.
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The Schrodinger Lie group is the symmetry group of the free-particle Schrodinger equation (see [10]).
The Lie algebra s, in (n + 1)-dimensional space-time of the Schrodinger Lie group is called the
Schrodinger algebra, see [11,12|. The Schrodinger algebra s, is a non-semisimple Lie algebra and
plays an important role in mathematical physics. Recently there was a series of papers on studying
the structure and representation theory of the Schrédinger algebra s; in the case of (14 1)-dimensional
space-time, see [13-15].

In this paper, we generalize our previous result to all integers n > 2. In [16], we proved that for
n = 1,2, every local derivation on the Schrodinger algebra s, (in (n 4 1)-dimensional space-time) is a
derivation. Hence, the same result holds for all n € N.

1 Preliminaries

In this section, we first recall the definition of s, from [11] in a different form. We know that the
general linear Lie algebra gl,,, has the natural representation on C?" by left matrix multiplication. Let
{e1,e2,+ -+ ,ea,} be the standard basis of C?".

The Heisenberg Lie algebra b, = C?* @ Cz is the Lie algebra with Lie bracket given by

[e’iuen-‘ri] =z, [Zu bn] 207 1 S/L Sn
Recall that the Schrédinger Lie algebra s, is the semidirect product Lie algebra
s, = (slp & s0,) X by,

where sls is embedded in gl,,, by the mapping
a b . al, bI,
c —a cl, —al,

A65on»—><A 0 )

and so,, is embedded in gl,,, by

0 A

Here I,, is the n x n identity matrix, sly @ so,, acts on h,, by matrix multiplication, and [z, s,] = 0.
Next, we will introduce a basis of s,,. Let

I, 0 (0 I, (0 0
(5 5 =) ()
A 0 <i<j<
Sij ( 0 eij_@ﬁ), 1<i<y<n,

Ug = €k, Vg = epik, 1< k<,

where e; ; (1 <4,j < n) the n x n matrix with zeros everywhere except a 1 on position (i, j).
The Schrodinger algebra s, is a Lie algebra with a C-basis

{e,f,h,Z,Ui,Ui,Sjk(: _Skj) ‘ 1<i< n, 1 S] <k < Tl}
equipped with the following non-trivial commutation relations:
[h,@]:2€, [h’af]:_2f7 [e)f]:h7
[uia Ui] =z, [ha ul] = Uy, [h7 Ui] = —,
[6, vi] = Uy, [f7 uz] = Vi,
[Sk1, wi] = Ogur — Opsug,  [Ski, vi] = Oivg — dxvr,
[

Sijy Sk1) = Okjsit + OaSjk + 01jSki + Onisijs

56 Bulletin of the Karaganda University



Local derivation on the Schrédinger ...

where 0;; is the Kronecker Delta defined as 1 for ¢ = j and as 0 otherwise.
We fix an order on the basis as follows:

{€7f7h727ui7vi73jk(: _Skj) ‘ 1§Z§7’L, 1§]<k§n}

The Schrodinger algebra s, is a finite-dimensional Lie algebra that is neither semisimple nor
solvable. It can be realized as the semidirect product

Sy = (5[2 @5071) X bnv

where sly = Spanc{e, f, h} is the 3-dimensional simple Lie algebra, so,, = Spanc{sy | 1 <k <l <n}
is the orthogonal Lie algebra, and b,, = Spanc{z,u;,v; | 1 <i < n} is the Heisenberg Lie algebra.
A derivation on a Lie algebra L is a linear map D : £ — £ which satisfies the Leibniz rule:

D([z,y]) = [D(z),y] + [z, D(y)], forany x,ye€ L.

For any element y € £ the operator of right multiplication ady : £ — L, defined as ad,(x) = [y, z]
is a derivation, and derivations of this form are called inner derivations. The set of all inner derivations
of £, denoted by Inn(L), is an ideal in Der(L).

Definition 1. A linear operator A is called a local derivation if for any x € L, there exists a
derivation D, : L — L (depending on x) such that A(z) = D,(z). The set of all local derivations on
L we denote by LocDer(L).

We use the following definition given in [17].

Definition 2. The following derivations are outer derivations of s,,.
e When n > 2, the derivation o : 5, — s, is given by

ole)=0(f)=0c(h)=0(sp) =0, o(z) =2, o(u;) = %ui, o(v;) = %vi,

forall1<i<n, 1<k<l<n.
e When n = 2, the derivation 7 : o — §9 is given by

T(e)=7(f)=7(h)=7(2) = 7(wi) =7(v;) =0, T(s12) =2, 1 =1,2.
e When n = 1, the derivation o : 57 — 51 is given by

Ul(@) = Ul(f) = Ul(h) = 0, Ul(Z) =z, O’l(ul) = %ul’ 0'1(1)1) — %’Ul-

The following theorem is proved in [17].

Theorem 1. The derivations of the Schrédinger algebra s,, are given by

Inn(sy) & Coq, n=1,
Der(s,) = ¢ Inn(s2) ® Co® Cr, n=2,
Inn(s,) @ Co, n>2,

where o1, 7,0 are given by Definition 2.

For any x € 5, n > 3, there exists

n n
a = aee+aff+ahh+azz+ E Qg Ui + g Ay, V; + E Qsy, Skl
i=1 i=1 1<k<I<n
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and A € C such that, by Theorem 1, we can write
D(x) = [a,z] + Ao (z).
Now consider

D(e) = [a,e] + \o(e)

n n
= aee+aff+ahh+azz+ g Qo Ui + E Ay, U + E Gs, 4Sp,a» €
i=1 i=1 1<p<qg<n

n
= 2ape —aph — E O, Uy
i=1

D(f) = [CL, f] + AO’(f) = —2apf + ach — Zauiviv

=1

D(h) = [a,h] + Xo(h) = —2ace + 2a5f — Zauiui + Zavivi,
i=1 i=1

A
D(u;) = [a,us) + Ao (u;) = afv; + (ah + > Ui — Gy, 2 + Z s, Up — Z as; ,Uq,

2
1<p<t 1<q<n
A
D(v;) = [a,vi] + Ao(v;) = | —ap + 3 Vi + Qe + Ay, z + g s, ;Vp — E s, 4 Vg5
1<p<i 1<q<n
D(si1) = [a, ski] + Ao (8k,1) = —@u Uk + Gy W — Gy, Uk + Gy, U1+

+ Z Osp, 1 Sp,l + Z aSZ,q8q7k+

1<p<k, p#l 1<q<n, q#k
+ Z : asp,lsk7p + Z : ask,qsl7Q'

1<p<l, p#k k<g<n, l#q

2 Main results

In this section, we will prove that every local derivation on the Schrédinger algebra s, is a derivation.

Theorem 2. Every local derivation on the Schrédinger algebra s,,, n > 3 is a derivation.
To obtain this result, we first prove several lemmas.
Lemma 1. Let A be a local derivation on s, and D € Der(s,). Define A’ = A — D. Then

A'(z) € b, forall x € sp,.

Proof. By Theorem 1, every derivation D € Der(s,) can be written in the form

D(y) = [a,y] + Ao (y)

for some a € s, and A € C, where o is the outer derivation from Definition 2. Since A is a local

derivation, for each = € s,, there exists a derivation D, € Der(s,) of the same type such that

A(x) = Dy(z) = [a(z), z] + A(z) o(x).

We use the theorem of Ayupov and Kudaybergenov [6], which asserts that any local derivation on
a finite-dimensional semisimple Lie algebra is a derivation. Since sls and so, are semisimple, their

restrictions Alg, and Alg, are derivations, and hence such a D exists.
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We choose a derivation D € Der(s,,) satisfying
Dlsi, = Alsty,  Dlso,, = Also,,-
For arbitrary = € s,, we have
A (z) = A(z) — D(z) = [a(z) — a,z] + (A\(z) — X) o ().
Using (2) and the fact that a(s) —a € b, ® Cz, we obtain A’(s) = 0 for all s € sly U s0,,.

(2)

Consequently, a(z) —a € b, @ Cz for any = € s,. Because b, is an ideal of s,, and [Cz,s,] = 0, we
have [a(x) — a, x] € b,,. Moreover, by Definition 2, o(z) maps s, into h,. Therefore, both terms in (2)

belong to b,,, and hence
A(z) b, forall z € s,.

For each x € s, there exist an element a = a(z) € s, of the form

n n
a = aee+aff—i—ahh+azz+ E Qg Ui + g Ay, Vi + E Qs | Skl
i=1 i=1 1<k<i<n

and a scalar A = A\(x) € C such that, by Theorem 1,
A (z) = [a,x] + No(x).

Here ae,af,ap, az, ay,, ay;, as,,, and A are complex numbers depending on z.
By applying (1) to z = h and = = z, we get

A'(h) = — Z ag:)ui + Z ag’;)vi,
=1 i=1
A'(z) = A#z,

n
a&’f)ui + > ag,]f)vi. Consider the following statement
i=1 i=1

Let zg =
A" = A — ad(zg) — \Mo,
Then A” is a local derivation. By direct verification we have
A"(x) €bh,, forall z € sy,

and
A"(h) = A"(z) = 0.

Considering (3), we find the values of the operator A” in the basis elements:

A”(f) = - Z ag{)ﬂi,
=1

A//(e) = Z ag)i)uia
=1

w . A (u) . , 4
A" (uz) = alfv; + <ag )+ 5 )ui—a&“)w Y aliuy— Y alt,

1<k<i i<l<n

A\ (i) o
A (v;) = (2 — ag ”) vi + al’u; + agff)z + Z ag:izvk - Z agi_’il)vl,
1<k<i i<l<n

" (sk,1) (sk,1) (sk,1) (sk,1)
A(sp1) = —au, " U+ Gy U — ay v+ a0
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n n
We take an element b = bee + by f +byh+b.2+ > byui+ > byvi+ D> bs, 5k and p € C, where
i=1 i=1 1<k<l<n
b € 5, be, by, by, bz, by, by, bsy, ,, p are complex numbers depending on b.
Lemma 2. Coefficients agcui) and al""), (1 <7 <mn) in the formula (4) are equal to zero.

Proof. Fix i with 1 <14 < n and set x = e + u;. By the definition of a local derivation, there exist
b=0b(x) € s, and p = pu(x) € C such that

A"(z) = [b,x] + po(x).
Hence

A'(z) = A"(e+u) = [be+ui] + pole+w)

n n
— [bee Fbpf+bph+ b+ Y buui+ Y byvi+ Y by sk et uz} + pole+ u)
7j=1 j=1 1<k<i<n

n
= —brh+bsv; + *xe + Z *Uj + k2.
j=1

On the other hand, based on (4), we calculate the following equality:
n
A'(x) = A"(e+u;) = A"(e) + A (u;) = a}ui)vi + Z *Uj + 2.
j=1

Comparing the coefficients at the basis elements h and v;, we get by =0, by = a;u"), which implies

i) = 0.

Now, consider the element x = f + v; for fixed 1 < i < n,
A'(z) = A"(f +v;) = [b, f +vi] + po(f +v;) = beh + beu; + +f + i *0; + *2.
j=1
On the other hand,
A'(z) = A(f +v;) = A"(f) + A" (v;) = al"Du; + Zn: *vj + *2.
j=1

Comparing the coefficients at the basis elements h and u;, we get b, = 0, b, = aé’”), which implies

alv) = 0. O

(vi)

and ay,'’, 1 <1i < n in the formula (4) are equal to zero.

Lemma 3. Coefficients aq(,:”)

Proof. Fix i with 1 <i <n and set x = h + u;. Then
A"(x) = [b,h + ;] + po(h + u;)

n n
=2bsf + vajvj +bpv; — by, z + *e + Z*uj.
j=1 j=1
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On the other hand,

A"(z) = A" (h+ u;) = A"(h) + A (u;) = 2+ Z K.

Comparing the coefficients at the basis elements f, z and v;, we get by = b,, = 0, b, = aq(ff), which

implies
alt) = 0.

CH)

Fix 1 with 1 <i <n and set x = h +v;. Then
A"(z) = A"(h+v;) = [b,h +vi] + po(h +v;)

n n
= —2b.e — Z bu;uj + bew + by z + *f + Z *Vj.
j=1 j=1

On the other hand,

A'(z) = A"(h+v;) = A"(h) + A" (v;) = a2 + > wvj.
j=1

Comparing the coefficients at the basis elements e, z and u;, we get b, = b,;, =0, by, = al(ff), which

implies

aq(fl’_i) =0.

Lemma 4. A"(f) =0 and a (U’) — ’\(;” = 0 in the formula (4).

Proof. Take an element z = f — 3z 4+ v; (1 <4 < n). Then
A'(z)=[b, f— Lz + ] —i—,ua(f— 324 v;)

= —2byf + beh — Zbquj — bpv; + betti + by, 2

5
+ Z Dsy V% — Z bs; v +
1<k<i i<l<n
On the other hand,
n
A'(z) = A"(f) - A”( )+ A" (w) == > av; — af;
1=1
X e X w”
1 i)
. T
1<k<s i<I<n
Comparing the coefficients at the basis elements f, z and v;, (5) and (6), we get
—2by, =0,
bt ol —ai A
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which implies
oy A
e R (7)

Take an element x = f — %z — v;. Then

1 1 "
A(x) = {b,f —3%~ Ui] + po(f — 3%~ v;) = =2bp f + beh — Zbujvj
) - )
— —2+ bpv; — beuy — by, 2 — Z bsk’ivk + Z bsi,lvl — 5%.

2
1<k<i i<l<n

On the other hand,

A'(z) = A"(f) = A"(5) = A"(w) = = > alfv; +af v,

(v
= 3 et 3 el

1<k<i i<l<n

Comparing the coefficients at the basis elements f, z and v;, (8) and (9), we get

—2by, =0,
_bui +bh _ % — —aq(f:) +azi _ )\;i,
which implies
(vi)
alf) = a0 _ 2 (10)
g 2
Comparing (7) and (10), we obtain that
(vi)
() —g, o) = A
ay’ =0, a 5
So, A”(f) = 0 follows from equality (4). Thus, the coefficients satisfy the relation
(v3)
() _ A O
aj, 5 0.
Lemma 5. A" (e) = 0 and aéui) + ’\(;i) = 0 in the formula (4).
Proof. Take an element z = e + %z + u;. Then
” 1 1
A"(x) = [bye + §z—i—u¢] + po(e + 5z+u¢)
= p
= 2bh€—bfh—Z;ijUj+2Z (11)
‘7:

+ brv; + bpu; — by 2 + Z 'bskyiuk — Z bs; ,ur + %uz
1<k<i i<l<n
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On the other hand,

n

A(z) = A"(e) + A”( )+ A () = Z alu; + al"u;

vy
12
() )\(uz‘) (12)
+Z Skz Z g, ul—i— 5 U
1<k<q i<l<n
Comparing the coefficients at the basis elements e, z and u;, (11) and (12), we obtain that
2by, =0,
5 — by, =0,
—by, + b+ 4 = al()z)+a _’_)\217
which implies
)\(“1)
af) =y + - (13)
Next, we take an element z = e + %z — u;, then
" 1 1 - H
A"(z) = [be+ 5%~ u;] + po(e + 5%~ u;) = 2bpe — bph — vajUj + 5%
= (14)
— bpv; — bpu; + by, z — Z ‘bsk’iuk + Z bsi’lul — 5%
1<k<i i<l<n
On the other hand,
n
A(z) = A(e) + A”(%) — A(ui) = =Y alDu; — af
j=1
15
() (15)
- 2 aut Y q i
1<k<i i<l<n
Comparing the coefficients at the basis elements e, z and u;, (14) and (15), we get
2by, =0,
% + bvi =0,
by — by — & = —al) — gl — A
which implies
A\ ()
ass) = agu‘) - (16)
Comparing (13) and (16), we obtain that
A A\ (wi)
aq(jf) =0, aé“z) ==
Thus, A”(e) = 0 follows from equality (4). We have the following connection
(ui)
(ui) |, A
=0
a, "+ 5
between the coeflicients. d
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Lemma 6. A" (s0,) = {0} and A" (h,,) = {0}.

Proof. Let k,l (k # 1) fixed numbers in the set {1,2,...,n}. Next, set z = u + sx; (if [ < k, then
Skl = _Sl,k)- Then

A"(x) = [byug, + s1) + po(uk + Sk1)
= byvp + bpug — by, 2 + Z bsp’kup

1<p<k
b B — b b b b

- sk,q Ugq + §Uk — by Uk + Oy U — Oy U + Oy, 1y

k<q<n (17)
+ : : bsp,ksp:l + z : bsl,qsq’k

1<p<k, p#l I<q<n, g#k
+ z : bsp,lsk/'vp + E : bsk,qsl7Q'

1<p<i, p#k k<g<n, l#q

On the other hand,

A"(z) = A" (ug) + A(sgy) = Z agq;’;)uj - Z ag”:f,)uj

1<j<k kGEn (18)

(sk,1) (sk,1) (sk,1) (sk,1)
- a/’LLl uk’ + auk ul - avl Ul{: + a/’l)k Ul'

Comparing the coefficients at the basis elements z and vy, (17) and (18), we obtain that

which implies

Similarly, from equality:

A" (g + s ) = A" (ug) + A" (s) we obtain ag,fk’l) =0;
A" (v + sgy) = A" (vg) + A" (sg;) we obtain aq(flf’l) =0;
A" (v + s1) = A (v) + A" (s1) we obtain aq(flk’l) =0.

If we substitute the above four results into (4), we get A”(s;) =0, 1 <l <k <mn.
Then equation (18) can be rewritten as

A'(x) = A"(ur) + Alsea) = D alWuy;— D alu;, (19)
1<j<k k<j<n

Comparing the coefficients at the basis elements u; (j # k, j # 1) and s;;, (17) and (19), we obtain
that
o if j <k, then by,, = 0 and by, , = al"*;

o if j >k, then by, = 0 and by, , = ali*);
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we get
al) =0, (j#k). (20)
Take a number ¢ such that ¢ # k and ¢ # [.

A"(ug + s1,5) = A (ug) + A(sp.5) = altt) =0,

Sk,i

A" (v + sp5) = A (v) + A (s5) = o) =0, (j #k), (21)

Sk,]-
A"(vg + sp3) = A (v) + A (s1,0) = alX) = 0.

Sk,i

Thus, according to (4), (20) and (21), we have
A" (s0,) = {0} and A" (b,) = {0}. O

Now we are in position to prove Theorem 2.
Proof of Theorem 2. From (2) and Lemmas 2-6 we obtain

A" =0. (22)

Together (2) and (22) give
A’ = ad(zo) + \Mo. (23)

Together (1) and (23) give
A = D+ ad(zg) + \Mo.

Hence, any local derivation of the algebra s, (n > 3) is a derivation. (]

Conclusion

We study local derivations on the Schrodinger algebra s, in (n + 1)-dimensional space-time of
Schrodinger Lie groups for any integer n. We prove that every local derivations on the Schrédinger
algebra s, in (n + 1)-dimensional space-time are derivations.
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