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In this paper, a non-polynomial quartic spline technique with a fitting parameter is applied to solve a
second-order singularly perturbed differential-difference equation (SPDDE) having small shifts. Taylor series
expansion is employed for the delayed and advanced terms in the considered problem to produce a singularly
perturbed differential equation (SPDE), and then a non-polynomial quartic spline technique is applied. To
manage the layer structure, a fitting parameter is introduced in the proposed computational method; based
on the step size, this parameter is evaluated using the theory of singular perturbation theory. Two model
examples with left-end boundary layer behavior are considered to theory validate the theoretical finding.
The convergence method is analyzed, and the solutions are reported in terms of maximum absolute error
with quadratic convergence rate using the fitting parameter. For comparison, solutions without the fitting
parameter are reported for test problems. The graphs depict the layer profile for the values of perturbation
and shift parameters using the fitting factor and the oscillations without it. The proposed scheme gives
uniformly convergent and valid results.
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Introduction

The differential equation in which the highest derivative is multiplied by a small parameter and
having delay/advanced on the terms different from the highest derivative is known as a singularly
perturbed differential-difference equation (SPDDE). A challenging and frequent task in the mathema-
tical modeling of many physical, engineering, and biological problems is finding solutions for SPDDEs
in the interval of boundary conditions. Such problems include the initial exit time problem in neu-
ronal variability activation models [1] and oscillations of the human pupil light reflex with delayed and
mixed responses [2]. A comprehensive overview of SPDDEs is given in [3]. The efficient approxima-
tion schemes SCEM and MMAE to solve SPDDE were introduced in [4]. The authors suggested a
hybrid technique and a midpoint upwind strategy for inside and outside the boundary layer region on
the Shishkin mesh in [5]. In [6], the researchers proposed a numerical method for solving SPDDEs
with small and large delays using a non-polynomial spline. In [7], the authors developed two adaptive
methods based on the r-refinement strategy to solve SPDDE with mixed parameters. In [8, 9], the
authors suggested spline methods with fitting factor to solve the problem of SPDDEs. An exponen-
tially fitted spline method was proposed to solve SPDDE with delay in the convection term in [10]. The
authors of [11] came up with a way to solve the singularly perturbed boundary value problems with
mixed shifts using non polynomial splines. In [12], the authors developed a uniform convergent com-
putational technique for solving singularly perturbed delay reaction-diffusion equations. The authors
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of [13, 14] proposed numerical methods for solving SPDDE with mixed shifts using non-polynomial
cubic splines. The fourth-order finite difference method (FDM) with a fitting parameter is suggested
to solve SPDDE with mixed shifts in [15]. The mixed finite difference method (FDM) was proposed
to solve SPDDE with mixed shifts in [16]. The parametric spline approach developed by the authors
in [17] is used to solve differential-difference equations (DDEs) with mixed parameters having twin
layers. In [18], the authors proposed a second-order computational approach to solving SPDDEs using
Stormer’s method.

1 Description of the Problem

Consider the following linear SPDDE with mixed shifts

εu′′ (ϑ) + p (ϑ)u′ (ϑ− δ) + q (ϑ)u (ϑ+ η) + r (ϑ)u (ϑ) = s (ϑ) , 0 < ϑ < 1 (1)

with boundary conditions

u (ϑ) = ϕ (ϑ) , −δ ≤ ϑ ≤ 0; u ( ϑ ) = ψ (ϑ) , 1 ≤ ϑ ≤ 1 + η, (2)

where 0 < ε� 1 and p (ϑ) , q (ϑ) , r (ϑ) , s (ϑ) , ϕ (ϑ) and ψ (ϑ) are sufficiently smooth functions on
(0, 1) and 0 < δ = o(ε), 0 < η = o(ε), δ is the delay parameter, η is the advanced parameter.

The Taylor series expansions of u′ (ϑ− δ) , u (ϑ+ η) about the point ϑ, we have

u′ (ϑ− δ) = u′ (ϑ)− δu′′ (ϑ) + o
(
δ2
)

; u (ϑ+ η) = u (ϑ) + ηu′ (ϑ) +
η2

2
u′′ (ϑ) + o

(
η3
)
. (3)

Using Eq. (3) in Eq. (1), we get

εu′′ (ϑ) + a (ϑ)u′ (ϑ) + b (ϑ)u (ϑ) = f (ϑ) , 0 < ϑ < 1 (4)

with the boundary constraints u (0) = ϕ0 = ϕ (0) and u (1) = ψ1 = ψ (1) ,

where a (ϑ) =

(
p(ϑ) + ηq(ϑ)

1 − p(ϑ)δ
ε

+
q(ϑ)η2

2ε

)
, b (ϑ) =

(
q(ϑ)+r(ϑ)

1 − p(ϑ)δ
ε

+
q(ϑ)η2

2ε

)
and f (ϑ) =

(
s(ϑ)

1 − p(ϑ)δ
ε

+
q(ϑ)η2

2ε

)
.

2 Quartic Non-Polynomial Spline Approach

The interval [0, 1] partitioned into N sub intervals of equal length with constant step size h. Let
0 = ϑ0 < ϑ1 < . . . < ϑN = 1 be theN grid points. Then we have h = 1

N and ϑi = ih, i = 0, 1, 2, . . . ,N .
In [19], the authors explained about the non-polynomial quartic spline and defined in [ϑi, ϑi+1] ,

i = 0, 1, . . . ,N − 1 the spline is of the form

Gi (ϑ) = pi (ϑ− ϑi)2 + qi (ϑ− ϑi) + ri sin τ (ϑ− ϑi) + si cos τ (ϑ− ϑi) + ti, (5)

where pi, qi, ri, si and ti are unknown constants and the function Gi (ϑ) interpolates u(ϑi) at the
points ϑi by depending on arbitrary parameter τ and reducing to quartic spline in [0, 1] as τ → 0.

To examine the coefficients pi, qi, ri, si and ti in Eq. (5) in terms of ui, ui+1, Mi ,Mi+1,Fi and
Fi+1, we define

Gi (ϑi) = ui, Gi (ϑi+1) = ui+1, G′′i (ϑi) =Mi, G′′i (ϑi+1) =Mi+1, Gi(4) (ϑi) =
1

2
(Fi + Fi+1) .

By using the conditions, we calculate the coefficients in Eq.(5) as
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

pi = Mi
2 + Fi+Fi+1

4τ2
,

qi = 1
h( u

i+1
− ui)− ( 1

hτ2
+ h

2 )Mi + 1
hτ2
Mi+1 − h

4τ2
(Fi + Fi+1) ,

ri = 1
τ2 sinω

(Mi −Mi+1) + 1−cosω
2τ4 sinω

(Fi + Fi+1) ,

si = Fi + Fi+1

2τ4
,

ti = ui − 1
2τ4

(Fi + Fi+1) ,

where τh = ω.
Using continuity of first and third derivatives, Gi−1(m) (ϑi) = Gi(m) (ϑi) , m = 1, 3 then, we get

relations

4hτ3 sinω

2 (1− cosω)− hτ sinω

[
ui+1 − 2ui + ui−1

h2

]
+ (2Fi + Fi+1 + Fi−1)

=
2τ
(
2hτ cosω + h2τ2 sinω − 2 sinω

)
h [2 (1− cosω)− hτ sinω]

Mi−1 +
2τ
(
4 sinω + h2τ2 sinω − 2hτ (cosω + 1)

)
h [2 (1− cosω)− hτ sinω]

Mi (6)

+
4τ (hτ − sinω)

h [2 (1− cosω)− hτ sinω]
Mi+1,

(2Fi + Fi+1 + Fi−1) =
2τ2 cosω

(1− cosω)
Mi−1 +

2τ2 (cosω + 1)

(1− cosω)
Mi +

2τ2

(1− cosω)
Mi+1. (7)

Substituting Eq. (7) in Eq. (6), we get the consistent relation

ui−1 − 2ui + ui+1 = h2 [α (Mi−1 +Mi+1) + 2βMi] , i = 1, 2, . . . , N − 1, (8)

where

α =
ω2 − 2 (1− cosω)

2ω2 (1− cosω)
, β =

4 (1− cosω) + ω2 (1− 3 cosω)

4ω2 (1− cosω)
.

If h→ 0, then ω = hτ → 0. Thus, using L’Hospital’s rule, we have (β, α)→
(

5
12 ,

1
12

)
.

3 Numerical Algorithm

At each ϑi, Eq. (4) can be written as

εu′′i = −a (ϑi)u
′
i − b (ϑi)ui + f (ϑi) .

Using G′′i (ϑi) =Mi = u′′i in above equation, we get

εMj = −aj (ϑi)u
′
i − bj (ϑi)ui + fj (ϑi) for j = i, i± 1. (9)

Using Eq. (9) in Eq. (8) and then using u′j , for j = i− 1, i, i+ 1

u′i ≈
1

2h
(ui+1 − ui−1) , u′i+1 ≈

1

2h
(− 4u i + ui−1 + 3u i+1)

and
u′i−1 ≈

1

2h
(+ 4ui − 3 ui−1 − ui+1) ,

ε

h2
(ui+1 − 2ui + ui−1) = −αai−1

(−ui+1 + 4ui − 3 ui−1)

2h
− 2βai

(ui+1 − ui−1)
2h

−αai+1
(ui−1 − 4u i + 3ui+1)

2h
− αbi−1 ui−1 − 2βbiui − α ui+1 + (α(fi−1 + fi+1) + 2βfi ) .
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To control the oscillations and increase the accuracy of the solution, we introduce the fitting
parameter σ (ρ) in the proposed approach then, we have

εσ (ρ)

h2
(ui+1 − 2ui + ui−1) = −αai−1

(4ui − ui+1 − 3ui−1)

2h
− 2βai

(ui+1 − ui−1)
2h

− αai+1
(ui−1 − 4u i + 3ui+1)

2h
− αbi−1ui−1 − 2βbiui − αbi+1ui+1 +

(
αf i−1 + 2βfi + αf i+1

)
. (10)

Eq. (10) can be written as

Eiui−1 + Fiui +Giui+1 = Hi, i = 1, 2, . . . , N − 1, (11)

where
Ei = εσ − h3αai−1

2
− hβai + h

αai+1

2
+ h2αbi−1,

Fi = −2σε+ 2αhai−1 − 2αhai+1 + 2h2βbi,

Gi = εσ − hαai−1
2

+ hβai + h
3αai+1

2
+ h2αbi+1,

Hi = h2 (α(fi−1 + fi+1) + 2βfi) .

With the help of Thomas algorithm and boundary conditions u (0) = ϕ0, u (1) = ψ1 Eq. (11) can
be solved.

To calculate fitting parameter from singular perturbations theory, an approximation for the solution
of Eq. (4)

u (ϑ) = u0 (ϑ) +
a (0)

a (ϑ)
(ϕ0 − u0 (0)) exp

−
∫ ϑ
0

(
a(ϑ)
ε

)
dϑ

+o (ε) , (12)

where u0 (ϑ) is the solution of

a (ϑ)u′0 (ϑ) + b (ϑ)u0 (ϑ) = f (ϑ) , u0 (1) = ψ1.

If we expand a (ϑ) and b (ϑ) about the point zero using Taylor’s series, then Eq. (12) becomes

u (ϑ) = u0 (ϑ) + (ϕ0 − u0 (0)) exp
−
(
a(ϑ)
ε

)
ϑ

+o (ε) . (13)

From Eq. (13), we have
lim
h→0

u (ih) = u0 (0) + exp−a(ϑi)ρ (ϕ0 − u0 (0)) .

These limit values used in Eq. (10), we obtain the σ (ρ)

σ (ρ) = ρ (β + α) ai coth
(aiρ

2

)
, where ρ =

h

ε
.

4 Convergence Analysis

The local truncation error estimate for the computational scheme of Eq. (11) is

T (h) = h2 [1− 2 (β + α)] εu′′i +

h4
[
α
(
b′′i ui + a′′i u

′
i + 2b′iu

′
i − 2a′iu

′′
i + biu

′′
i +

ai
3
u′′′i − f ′′i

)
+
βai
3
u′′′i

]
+ o

(
h6
)
.

Hence, the truncation error of order four as (α, β)→
(

1
12 ,

5
12

)
.
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Using the boundary conditions in Eq. (2), the matrix form of Eq. (11) is

(Q + R)U + M̃ + T (h) = O, (14)

where

Q =



−2σε σε 0 0 ... 0
σε −2σε σε .. ... 0
0 .. .. .. ... 0
.. .. .. .. .. ..
.. .. .. .. .. ..
0 .. .. .. σε −2σε

 ,

R =



v1 w1 0 0 ........ 0
x2 v2 w2 0 ........ 0
0 x3 v3 w3 ........ 0
.. .. .. .. .. ..
.. .. .. .. .. ..
0 .. .. 0 xN−1 vN−1

 ,

with
xi = −3αhai−1

2
− βhai +

αhai+1

2
+ h2αbi−1, vi = 2αhai−1 − 2αhai+1 + 2h2βbi,

wi = −αhai−1
2

+ βhai +
3αhai+1

2
+ h2αbi+1, ∀ i = 1, 2, ..., N − 1,

and
M̃ = [m1 + (σε+ x1)ϕ0,m2,m3 , . . . ,mN−2,mN−1 + (εσ + wN−1)ψ1]

T ,

with mi = h2
(
α(f i−1 + fi+1) + 2βfi

)
for i = 1, 2, . . . ,N −1, T (h) = O

(
h4
)
; U = [U1, U2, ..., UN−1]

T ,

T (h) = [t̄1, t̄2, ..., t̄N−1]
T , O = [0, 0, ..., 0]T are corresponding vectors of Eq. (14).

Let u = [u1, u2, ..., uN−1]
T ∼= U which satisfies the equation

(Q + R)u+ M̃ = 0. (15)

If ei = ui − Ui, i = 1, 2, . . . ,N − 1 denote discretization error, then Ẽ = [ē1, ē2, ..., ēN−1]
T = u− U.

Subtracting Eq. (14) from Eq. (15), we obtain

(Q + R)E = T(h). (16)

Let |ai| ≤ P1, |bi| ≤ P2 so that if Ri,j is the (i, j)th element of matrix R, then

|Ri,i+1| = |wi| ≤ ε+ (hα+ hβ)P1 + h2αP2, i = 1, 2, . . . , N − 2,

|Ri, i−1| = |xi| ≤ ε+ (hα+ hβ)P1 + h2αP2, i = 2, 3 . . . , N − 1.

Thus, for relatively small h (h→ 0), we observe that

|Ri,i+1| < ε, ∀ i = 1, 2, . . . , N − 2,

|Ri,i+1| < ε, ∀ i = 2, 3, . . . , N − 1.

Hence (Q + R) is irreducible [20].
Let Si be sum of ith row elements of the matrix (Q + R), then

Si = −σε+ h
3αai−1

2
+ βhai − h

αai+1

2
+ h2 (αbi+1 + 2βbi) for i = 1,
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Si = h2 (α(bi−1 + bi+1) + 2βbi) for i = 2, 3, . . . , N − 2,

Si = −σε+ h
αai−1

2
− βhai − h

3αai+1

2
+ h2 (αbi−1 + 2βbi) for i = N − 1.

Let

P1∗ = min
1 ≤i≤ N−1

|ai|, P1
∗ = max

1 ≤i ≤N
|ai| , P2∗ = min

1 ≤i ≤N−1
|bi|, P2

∗ = max
1 ≤i ≤N

|bi|,

then 0 ≤ P1∗ ≤ P1 ≤ P1
∗, 0 ≤ P2∗ ≤ P2 ≤ P2

∗.
If h sufficiently small h (h → 0), then (Q + R) is monotone [20]. Hence, (Q + R)−1 exists and

(Q + R)−1 ≥ 0. Therefore, from Eq. (16), we have

||E|| ≤ ||Q + R||−1||T||. (17)

Let (Q + R)−1i,k be the (i, k)th element of (Q + R)−1 and define

||Q + R||−1 = max
1≤ i≤ N−1

N−1∑
k=1

(Q + R)−1i,k , and ||T(h)|| = max
1≤ i≤ N−1

|Ti|.

Since (Q + R)−1i,k ≥ 0 and
∑N−1

k=1 (Q + R)−1i,k , Sk = 1 for i = 1, 2, ...,N − 1, hence,

(Q + R)−1i,k ≤
1

Si
<

1

h2P2
, i = 1, (18a)

(Q + R)−1i,k ≤
1

Si
<

1

h2P2
, i = N − 1. (18b)

Furthermore,
N−1∑
k=1

(Q + R)−1i,k ≤
1

min
2≤i≤N−2

Si
<

1

h2P2
. (18c)

From Eq. (17) and Eq. (18a)–(18c), we get

||E|| ≤ O (h2).

This illustrates the quadratic rate of convergence for Eq. (11), as (α, β)→
(

1
12 ,

5
12

)
.

5 Numerical Illustrations

To examine the quality and robustness of the suggested technique, we solved two different test
problems and reported the numerical results in the form of maximum absolute errors (MAEs) with
and without fitting parameter and the computed rates of convergence (ROC) in the tables. The MAEs
are calculated with the double mesh principle because the exact solutions to test problems are unknown.

EN = max
0≤i≤N

∣∣u2i2N − uiN ∣∣,
where uiN and u2i2N are the numerical solutions of the problem forN and 2N mesh points respectively.
Further, formula was used to determine the numerical rate of convergence (ROC).

RN = log2

∣∣∣∣ ENE2N

∣∣∣∣ .
222 Bulletin of the Karaganda University



Numerical Scheme for ...

Example 1.

εu′′ (ϑ) + (1 + ϑ)u′ (ϑ− δ) + exp (−2ϑ)u (ϑ+ η)− 2 exp (−ϑ)u (ϑ) = 0,

with boundary constraints u (ϑ) = 1; −δ ≤ ϑ ≤ 0, u (1) = 0.

Example 2.

εu′′ (ϑ) + (1 + ϑ)u′ (ϑ− δ) + sin (2ϑ)u (ϑ+ η)− exp (−ϑ)u (ϑ) = sin (2ϑ) + 3 exp (−ϑ) ,

with boundary constraints u (ϑ) = −1; −δ ≤ ϑ ≤ 0, u (1) = 1.

T a b l e 1

MAEs and ROCs of Example 1 (with fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 5.6311e-04 1.3401e-04 3.3083e-05 8.2448e-06 2.0596e-06 5.1483e-07

2.0710 2.1199 2.0045 2.0011 2.0001
2−2 9.6942e-04 2.2072e-04 5.3696e-05 1.3362e-05 3.3344e-06 8.3321e-07

2.1349 2.0393 2.0104 2.0066 2.0006
2−3 2.3099e-03 4.2972e-04 9.8534e-05 2.4310e-05 6.0432e-06 1.5087e-06

2.4263 2.1247 2.0313 2.0190 2.0020
2−4 5.9356e-03 1.0579e-03 2.0386e-04 4.7300e-05 1.1613e-05 2.8940e-06

2.4881 2.3755 2.1076 2.0260 2.0046
2−5 1.1620e-02 2.8395e-03 5.0813e-04 9.9643e-05 2.3249e-05 5.7093e-06

2.0329 2.4823 2.3503 2.0995 2.0257
2−6 1.4231e-02 5.8252e-03 1.3925e-03 2.4936e-04 4.9330e-05 1.1542e-05

1.2886 2.0646 2.4813 2.3376 2.0955
2−7 1.4493e-02 7.3470e-03 2.9211e-03 6.9013e-04 1.2358e-04 2.4555e-05

0.9801 1.3306 2.0815 2.4814 2.3313
2−8 1.4524e-02 7.5002e-03 3.7407e-03 1.4634e-03 3.4363e-04 6.1524e-05

0.9534 1.0036 1.3539 2.0903 2.4816
2−9 1.4538e-02 7.5104e-03 3.8238e-03 1.8884e-03 7.3247e-04 1.7147e-04

0.9528 0.9738 1.0178 1.36623 2.0948

T a b l e 2

MAEs of Example 1 (without fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 2.5261e-03 6.2615e-04 1.5621e-04 3.9031e-05 9.7564e-06 2.4391e-06
2−2 8.1260e-03 1.9974e-03 4.9626e-04 1.2401e-04 3.0985e-05 7.7463e-06
2−3 3.2720e-02 7.0941e-03 1.7178e-03 4.2932e-04 1.0711e-04 2.6766e-05
2−4 1.1969e-01 2.9731e-02 6.5329e-03 1.5862e-03 3.9373e-04 9.8484e-05
2−5 3.3077e-01 1.1540e-01 2.8201e-02 6.2431e-03 1.5181e-03 3.7697e-04
2−6 6.6691e-01 3.3194e-01 1.1324e-01 2.7433e-02 6.0967e-03 1.4837e-03
2−7 1.0199e+00 6.9033e-01 3.3256e-01 1.1217e-01 2.7049e-02 6.0235e-03
2−8 1.2902e+00 1.0854e+00 7.0056e-01 3.3292e-01 1.1164e-01 2.6858e-02
2−9 1.4613e+00 1.3962e+00 1.1125e+00 7.0578e-01 3.3312e-01 1.1137e-01
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T a b l e 3

MAEs and ROCs of Example 2 (with fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 5.8352e-03 1.8204e-03 5.1499e-04 1.3599e-04 3.4639e-05 8.7050e-06

1.6805 1.8216 1.9210 1.9730 1.9924
2−2 1.0479e-02 3.6556e-03 1.1655e-03 3.5046e-04 1.0087e-04 2.7900e-05

1.5193 1.6491 1.7336 1.7967 1.8541
2−3 1.5717e-02 5.9555e-03 2.0005e-03 6.2793e-04 1.8872e-04 5.5003e-05

1.4000 1.5742 1.6716 1.7343 1.9153
2−4 2.0188e-02 8.6036e-03 3.1435e-03 1.0417e-03 3.2435e-04 9.6961e-05

1.2304 1.4525 1.5934 1.6833 1.7420
2−5 2.2262e-02 1.0756e-02 4.4448e-03 1.6094e-03 5.3115e-04 1.6496e-04

1.0494 1.2749 1.4655 1.5993 1.6870
2−6 2.2569e-02 1.1731e-02 5.5199e-03 2.2582e-03 8.1433e-04 2.6826e-04

0.9440 1.1740 1.2894 1.4714 1.6019
2−7 2.2572e-02 1.1895e-02 6.0190e-03 2.7959e-03 1.1381e-03 4.0962e-04

0.9241 0.9827 1.1062 1.2966 1.4742
2−8 2.2569e-02 1.1900e-02 6.1045e-03 3.0472e-03 1.4070e-03 5.7135e-04

0.9233 0.9630 1.0023 1.1148 1.3001
2−9 2.2568e-02 1.1899e-02 6.1074e-03 3.0909e-03 1.5330e-03 7.0573e-04

0.9234 0.9622 0.9825 1.0116 1.1191

T a b l e 4

MAEs of Example 2 (without fitting factor)

ε ↓ N → 24 25 26 27 28 29

η = δ = 0.5ε
2−1 4.4262e-03 1.0866e-03 2.7065e-04 6.7609e-05 1.6897e-05 4.2241e-06
2−2 1.3543e-02 3.2492e-03 8.1299e-04 2.0259e-04 5.0602e-05 1.2647e-05
2−3 5.2911e-02 1.1506e-02 2.7860e-03 6.9285e-04 1.7304e-04 4.3238e-05
2−4 1.9685e-01 4.8317e-02 1.0644e-02 2.5854e-03 6.4179e-04 1.6035e-04
2−5 5.4951e-01 1.9032e-01 4.6290e-02 1.0263e-02 2.4963e-03 6.1989e-04
2−6 1.1029e+00 5.5157e-01 1.8761e-01 4.5356e-02 1.0088e-02 2.4554e-03
2−7 1.6521e+00 1.1505e+00 5.5337e-01 1.8642e-01 4.4912e-02 1.0005e-02
2−8 2.0454e+00 1.8037e+00 1.1678e+00 5.5460e-01 1.8587e-01 4.4696e-02
2−9 2.2859e+00 2.2936e+00 1.8556e+00 1.1768e+00 5.5530e-01 1.8561e-01
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Figure 1. Solution profile of Ex.1 for η = 0.5ε = δ with and without fitting parameter
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Figure 2. Solution profile of Ex.2 for η = 0.5ε = δ with and without fitting parameter

Conclusion

A simple and efficient computational non polynomial quartic spline technique is presented for
solving second-order SPDDE with mixed parameters on the convection and reaction terms. To illustrate
the accuracy and effectiveness of the approach, we solved two example problems for different values
of ε,N with η = δ = 0.5ε and reported the numerical results in terms of maximum absolute errors
(MAEs) and rate of convergence (ROC) with and without fitting factor. Using MATLAB, the results
of the examples are listed in Tables 1, 2, 3, and 4 in terms of MAEs. Numerical solutions of Example 1
and Example 2 with fitting factors are shown in Table 1 and Table 3 in terms of MAEs and numerical
ROCs, and Tables 2 and 4 show the numerical solutions of Examples 1 and 2 without fitting factor. The
figures (1-2) depict graphs of the solutions of test problems with and without fitting factor respectively.
As ε decreases for different values of N , the solution can exhibit oscillatory behaviour. To manage
these drawbacks in solutions of test problems, we introduced a fitting parameter so that we can control
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the layer structure shown in Figures 1-2. The maximum elapsed time is approximately 0.77 seconds
for various values of N and ε for two test problems.
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