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This article deals with the problems of constructing and analyzing a collective risk model for an insurance
company when the time evolution is defined on a general time scale. The relevance of the study is determined
by the need to describe premium accumulation and claim payments occurring at discrete or irregular time
instants within a unified analytical framework. The characteristic features of the classical risk model and its
extension to time scales are analyzed, and the need to investigate the behavior of the non-ruin probability
under such a generalization is identified and justified. On the basis of the study, the authors construct
an analogue of the classical model on time scales and derive a dynamic equation for the distribution of
the number of claims. An integral equation on a time scale for the non-ruin probability is formulated.
Conditions ensuring the correctness of the constructed model are established. It is proved that the non-
ruin probability defined on a family of time scales converges pointwise to the corresponding probability
in the classical continuous-time risk model as the graininess function tends to zero. It is shown that the
proposed approach provides a rigorous justification of the transition from discrete to continuous risk models.
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Introduction

In modeling the operation of an insurance company, the classical risk model is well known (see,
e.g., [1,2]). According to this model, premium income from policyholders accumulates linearly over
time as ct, where ¢ > 0 denotes the premium intensity. At random times 71, 7,..., 7Ty, ..., insurance
claims are paid out, with claim sizes described by a sequence of independent and identically distributed
random variables Y7,Ys,...,Y,,.... It is assumed that the claim arrival times form a Poisson process
with intensity o > 0, that is, the stochastic process V¢, representing the number of claims occurring in
the interval [0,¢), is a Poisson process. The total capital (surplus) of the insurance company at time ¢
is given by

U =u+ct— 5,

where u denotes the initial capital of the company and S is the aggregate claims up to time ¢. Clearly,
Ny
Si=> Vi
k=1

The main quantitative characteristic of this model is the function ¢(u), which represents the non-
ruin probability, defined by
o(u) = P{U; > 0 for all t > 0}. (1)
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It is well known that this function satisfies the following integro-differential equation:

; o a Y

d )=o) = 2 [ plu 2P,
& Cc Jo

where F'(z) is the distribution function of the claim sizes Y.

However, in practical applications, premium income does not accumulate continuously according
to the linear law ct, but rather occurs at discrete or irregular time instants. Such time structures can
be naturally described within the framework of time scale calculus.

The theory of dynamic equations on time scales, introduced in the pioneering work of S. Hilger [3],
provides a unified approach to the study of continuous and discrete dynamical systems. Comprehensive
treatments of the theory can be found in the monographs [4-6|. Recent developments and applications
of dynamic equations on time scales are discussed, for example, in [7-9].

In this paper, we construct and study a mathematical model of an insurance company operating
on time scales. First, under suitable assumptions, we develop an analogue of the classical risk model
in this setting. Next, we derive a dynamic equation on a time scale for the function P,(t), defined by

Pu(t) = P{N, = n}. (2)

At a subsequent stage, we derive an integral equation on a time scale for the non-ruin probability ¢ (u).

The aim of this work is to show that the non-ruin probability ¢y (u), defined on a family of time
scales T, converges pointwise to the function ¢(u) as the graininess function py(¢) tends to zero. Here,
©(u) denotes the probability of non-ruin in the classical continuous-time risk model.

Noteworthy results concerning dynamic equations on time scales with complex topological struc-
tures (for example, Cantor-type sets) were obtained in [10,11]. It should be noted that quantum
calculus (or g-calculus) can be viewed as a particular case of the theory of dynamic equations on time
scales, corresponding to time scales of the form T = ¢™° or their modifications. Recent investigations
of differential equations in the framework of g-calculus include, for example, [12-14].

Various properties of solutions have been investigated in the context of transitions between differen-
tial and dynamic equations. In particular, optimal control problems for ordinary differential equations
and dynamic equations on time scales have been studied in [15-17], which is important for applica-
tions. Related questions concerning qualitative properties and boundary-value problems for dynamic
equations on time scales were also studied in [18-20].

Applications of dynamic equations on time scales arise in various fields. In [21-23|, a population
model of Beverton—-Holt type is investigated. Economic applications include the Solow growth model
studied in [24,25]. Furthermore, in [26,27], an Arrow—Pratt type model on time scales is considered
in the context of optimal insurance decisions.

Despite the extensive development of both risk theory and time scale calculus, collective risk models
describing the operation of insurance companies within the framework of time scales have not been
sufficiently studied. The present work aims to address this gap.

The paper is organized as follows. In Section 1, we introduce basic notions related to time scales and
present auxiliary results. In Section 2, we construct a mathematical model of an insurance company
operating on a time scale. Section 3 contains the main result concerning the convergence of the non-
ruin probability ¢y (u) for models defined on a family of time scales to the non-ruin probability ¢ (u)
of the classical risk model.

1 Preliminaries
1.1  Time scales and basic definitions

We begin by recalling some basic notions from the theory of time scales (see, e.g., [4,5]). A time
scale T is a nonempty closed subset of R. For a given set A C R, we define Ay := ANT.
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The forward jump operator o : T — T is defined by
o(t):=1inf{s € T: s > t}.
Similarly, the backward jump operator p: T — T is given by
p(t) :=sup{s € T : s < t}.

A point ¢ € T is called left-dense (LD), left-scattered (LS), right-dense (RD), or right-scattered (RS)
if p(t) =t, p(t) <t,o(t)=t,or o(t) > t, respectively.

If T has a left-scattered maximum M, then we define T" := T \ {M }; otherwise, we set T" :=T.

The graininess function p: T — [0, 00) is defined by

and characterizes the local structure of the time scale.
A function f: T — R? is said to be A-differentiable at a point t € T* if the limit

FA(t) == lim flo(t)) — f(s)

sot o(t)—s

exists in R?. In this case, f2(t) is called the A-derivative of f at t.
If f is continuous at ¢ and t is right-scattered, then f is A-differentiable at ¢ and

A =
0
If ¢ is right-dense, then f is A-differentiable at ¢ provided that the limit
1)~ f(5)

s—t t—s

exists, and in this case
A _f(t) — f(s)
t) = lim ————.
f ( ) slgfllf t—s
Analogously to the classical approach based on the Carathéodory construction, one can introduce
the notion of the Lebesgue A-measure on a time scale T, which is denoted by pa.
The following properties hold:
1) for any tp € T", one has

pa({to}) = u(to);
2) if a,b € T and a < b, then

pa(la,0)) =b—a, pa((a,b)) =b—o(a), pa((e,b]) =o)—ola), pa(la,b])=o(b)-a.

The Lebesgue integral associated with the measure pa is called the Lebesque A-integral on the
time scale T.
For a A-measurable set £ C T and a function f : E — R, the corresponding integral of f over F

/E (1) At.

Consequently, all results of the general theory of Lebesgue integration, including theorems concer-
ning limit processes, are valid for the Lebesgue A-integral on T.

is denoted by
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Let A C T\ {supT} be a ua-measurable set. Consider a function f, defined A-almost everywhere
on A, with values in R
Define the set

A=Au |J (o),

re ANRS

and introduce the function f, which is an extension of f defined almost everywhere on Z, by

ry o f(t)7 tGA,
ﬂﬂ_{ﬂm,tewmwm r e AN RS.

Note that the function f is ua-measurable on A if and only if the function fis Lebesgue measurable
on A. The following result holds.

Theorem 1. 28] The function f is A-integrable on A if and only if the function f is Lebesgue

integrable on A, and
/f(t) At:/~f(t) dt.
A A

In what follows, the exponential function on a time scale, denoted by ep(t, s), will play an essential
role. Specifically, the function ep(-,s) is defined as the unique solution of the matrix initial value
problem

#2(t) = P(t)a(t), (s) = E,

where P(t) is a matrix-valued function and E denotes the identity matrix of size d x d.
Throughout the paper, |z| denotes the Euclidean norm of a vector z € R, and || A|| denotes the
matrix norm of A € R¥? induced by the Euclidean vector norm.

1.2 On the correspondence between solutions of dynamic equations on time scales and ordinary
differential equations

For the subsequent analysis, we require several results concerning the relationship between the
properties of solutions of dynamic equations on time scales and solutions of the corresponding ordinary
differential equations.

We consider the system of ordinary differential equations on the semi-axis ¢t > 0 given by

dx .
— =i =f(), (0)=u0, (3)

and the corresponding family of initial value problems for dynamic equations on time scales T, where
A€ ACRand A =0 is a limit point of the set A.
We denote
[0, T])\ = [0, T] NT)y

and assume that the points 0 and T" belong to all time scales T). The corresponding dynamic initial
value problems are of the form

23 = f(z), 2(0) = wo. (4)
Here z € B,, B, :={x € R%: |z| <7}, 7 >0, and f : B, — R% Let uy(t) : Ty — [0,00) denote
the graininess function of the time scale T). We set

oy = sup px(t),
teTy

and assume that puy — 0 as A — 0.
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Assume further that the function f is continuously differentiable on B,. That is, there exists a
constant C' > 0 such that
of (z)

ox

~—

@+

‘gc 5

for all x € B,.

We will need a result on the preservation of exponential stability when passing from ordinary diffe-
rential equations to dynamic equations on time scales. In our opinion, this result is also of independent
interest.

We assume that the function f(x) is defined for # € B, and that condition (5) holds on this set.
Moreover, we impose the following assumptions:

(al) sup Ty = oo for all A € A;

(a2) pux — 0 as A — 0.

We also assume that (3) and (4) admit the trivial solution, i.e., f(0) = 0.

Definition 1. A function 3 : [0,79) x [0,00) — [0, 00) is said to belong to the class K if the following
conditions hold:
1) the function 5(r,t) is continuous with respect to the variables r € [0,rg) and ¢ > 0;
2) for every t > 0, the function (-, t) is strictly increasing with 3(0,¢) = 0, and for every r € [0,r¢),
the function §(r,-) is strictly decreasing and tends to zero as t — oc.

Definition 2. Systems (3) and (4) are called locally asymptotically stable (LAS) if there exists a
function g € K such that

|l’(t7t0,$0)| S,B(|$D|,t—t0), /B(|$Q|,t—t0)_>0 as t — 00,

and
’a})\(t,to,x())‘ S,@(‘xo‘, t—to), ,3(|$0‘,t—t0)—>0 ast— o0, t,tg€ Ty.

Here x(t, tg, xo) and x)(t,to, z9) denote the solutions of the corresponding Cauchy problems with the
initial condition
(to, to, v0) = wa(to, to, To) = To-

The given notion, as well as the more general concept of input-to-state stability (ISS), was intro-
duced by E. Sontag |29] to characterize the robust stabilization of nonlinear systems. In this context,
the dependence of the function 5 on |z¢| describes the rate at which solutions converge to zero.

For example, for an exponentially stable system, one can take

B(|lzol,t — to) = |zole @) o > 0.

3

For the nonlinear equation & = —z°, we have

|0
V23 (t — to) + 1

In the general case, ISS is characterized in terms of Lyapunov functions (see, e.g., [30,31]).
Concerning the relationship between the local asymptotic stability of systems (3) and (4), the
following theorem holds.

B(lzol,t —to) =

Theorem 2. Suppose that the following conditions hold:
(A1) System (3) is locally asymptotically stable for z¢ € D.
(A2) There exists € > 0 such that the trivial solution = 0 of (3) is exponentially stable in B, i.e.,
there exist constants L > 0 and v > 0 such that

|z (t, to, z0)| < Le YE70) |51, t>ty, |zo| <e.
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A3) For |x| <r, x # 0, the inequality
(f(z),z) <0

holds, where (-,-) denotes the scalar product in R%.
Moreover, conditions (al) and (a2) are satisfied.
Then there exists A\g € A such that for all A < A\g system (4) is also locally asymptotically stable
for zg € D.

Proof. Without loss of generality, we set tg =0 € T, for all A € A.

From condition (A3) it follows that %\m(t,wo)P = 2(x(t, o), f(z(t,30))) < 0. Hence, the function
|z(t, x0)| is non-increasing and therefore |z(t, zo)| < |zo| for ¢ > 0.

Moreover, by condition (A3) and the compactness of the set A := {x € R? : ¢ < |z| < r}, there
exists a constant a > 0 such that (f(z),2) < —a for all z € A.

Now consider a solution x(t,zo) of system (4) with x9 € A on the interval [0,t})r,, where ¢}
denotes the first exit time of the solution from the set A.

For t € [0,t})1,, we compute the A-derivative

A 1
%‘x)\(t,xo)‘Q = </0 2(1‘)\@,1‘0) + hﬂ)\(t)f(x)\(t, xo)))dh, f((L')\(t,.’L'o))>

= 2(zx(t, 20), f(2a(t,20))) + pa(t) | f(2a(t,20))|* < —20+ 1y Sup |f ().

Choose A1 € A such that

—20 4 pysup |f(z)]? <0 forall A< .
€A

Then |z)(¢,xz0)] < 7 for all t € Ty, A < A;. Therefore, for all ¢ > 0 with ¢ € T}, the solutions of
systems (3) and (4) remain in the ball B,, provided that |zg| < r and A < Ap.
From condition (A1) it follows that there exists a function § € K such that

2(t,20)| < BlJzol ) < A(rt) =0, ¢ o0,
Hence, there exists 77 > 0 such that
€
|.’E(7f,330)‘ < Z’ t>1T.
We choose A2 € A, XAy < Ay, such that the interval [T, T + 1] contains a point 77 € T for all

A < o
Next, we need the following proposition.

Proposition 1. Let tg € T, and let z(¢) and x,(t) be the solutions of systems (3) and (4), respec-
tively, satisfying the initial condition x(ty) = x)(t9). Assume that

x(t) € B, fort € [to,to + T, zz\(t) € B, fort € [tg,to+ T, .

Then, for all ¢ € [to,to + T|t,, the estimate

2(t) —ax(t)] < pa K(T,Cr)  max | f(2(s))] (6)
SG[to,to—l-T]
holds, where C) := maxep, {\f(a:)], ’85(;) }
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Proof. The proof follows from the proof of Lemma 2.1 in 32, p. 2102], provided that we observe that
the constant C} in inequality (2.12) of [32, p. 2103 can be chosen as C} = maxejy, 1+7] W f(z(t)],
which completes the proof of Proposition 1.

We now proceed with the proof of the theorem. Since f(0) = 0, it follows that

|f(z)] < sup (7)
xEBr
Then, from assumption (A3), inequalities (6) and (7), we obtain
[2(t) — 2x(t)| < pa K(T, Cy) [x(to)|.
Hence, for ¢t € [0, T} \]r,,
[2A(®)] < Jz(t)| + [x(t) — 2x(t)] < B(lwol, t) + prK|zol. (8)
In particular,
€
ex(Tan)] < B(J@ol, Tip) + Kol < 7+ paKlaol-
Now choose A3 < Ay such that for all A € (0, As],
€
paET < 1 (9)

Then, from (8) and (9), we obtain

lzA(t)] < B(|wol,t) + paK|zol and  [zx (T )| < B(lwol, Tin) +

.-b\m
| ™

Next, by condition (A2), we obtain

t 1
()l fort —to > T := —In(8L).

x(t,zg)| < , z
2(t,20)| < 5 .

Let z7(t) be the solution of system (3) such that xp (71 )) = xA(115).

Consider the interval [T} x,To |1, , where Ty y € [Ty x+ T, Thx + T + 1].

From the condition puy — 0 as A — 0, it follows that for all sufficiently small A < Ay < A3 such a
point T3 y exists. Therefore, for t € [T} 5, T3 ], we obtain

[z (8)] < fea(Tia)| < B(lwol, Tin) + paK]zol-

Now choose A5 < A4 such that for all A < A5

1
Then 2ol
x
er(®)] < B(lwol. Tia) + 5
Hence,
1 9
A < ler (i) + glea(Tip)l = |=T>\(T1 M| < g( (lzol, 1) + |ol), (10)
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and

—_

[ZA (T2 )| < %\ﬂfx(Tl,A)\ < —(B(|wol, T1,2) + |ol).- (11)

4

Next, consider the interval [Ts y, T3 5], where T3 y € Ty and T3 5 € [T1 5 + 2T, Th ) + 2T + 1].
Let zo7(t) be the solution of system (3) such that o7 (75 1) = x1(T3,5). Then, from (10), we obtain

9 9 1
[zA(t)] < g!ﬂ?A(TQ,,\)! <3 1(5(|$0\7T1,A) + |ol),
and from (11) we get
1 1\?
on(Ta)l < ghoa(Tan) < (5) (3ol Tia) + ool (12)

Proceeding inductively, on the interval [T} x, Tk+11]T,, we similarly obtain

k

k—1
1< 5 (3) Gl T+l Jo@eanl < (5) @l i)+l 03)

This completes the proof of the theorem. O

Remark 1. It follows from the proof of Theorem 2 (see estimates (12) and (13)) that if the trivial
solution of system (3) is globally exponentially stable, then for sufficiently small A the trivial solution
of system (4) is also globally exponentially stable.

2 Construction of the mathematical model

Let T be a time scale satisfying sup T = +oo and p(t) < 1for allt € T. In this section, we construct
a mathematical model of an insurance company whose dynamics evolve on the time scale T.

We assume that the insurance company starts its operation at time ¢ = 0 (with the initial moment
included, 0 € T) with an initial capital © > 0. Premiums are assumed to be received continuously
according to a linear law ct, where ¢ > 0 denotes the premium intensity. Insurance claims occur at

random time instants 71,79,...,Tn,.... Let T1,7Ta,...,Tp,... denote the points of the time scale T
immediately to the right of 71, 72,...,7p,..., at which insurance payments (claims) are made.
The corresponding claim amounts Y7, Yo, ...,Y,,... form a sequence of independent and identically

distributed random variables defined on a probability space (€2, F,P). Obviously, ¥;, > 0 almost surely.

Let F'(y) denote the distribution function of Y,,, with F'(0) = 0. Moreover, the first two moments
are assumed to exist: EY;, = p and Var(Y;,) = 0. We further assume that the claim sizes {Y;} are
independent of the claim arrival times {7 }. Let N(¢) denote, as above, the number of insurance claims
occurring on the interval [0, ).
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With respect to the claim arrival process, we impose the following assumptions:

1. The numbers of claims occurring on disjoint time intervals are independent random variables.

2. (a) If t is a right-scattered point of the time scale T, then the probability that exactly one
insurance claim occurs at time ¢ equals a pu(t), where o € (0,1) is the claim intensity. The
probability that more than one claim occurs at such a point is equal to zero.

(b) If ¢ is a right-dense point of T, then the probability that at least one insurance claim occurs

on the interval [t,t + h)7 is equal to ah + o(h) as h — 0, while the probability that more
than one claim occurs on [t,t + h)r is o(h) as h — 0. Here he V; .= {5 >0:t+ g € T}.
Moreover, the distribution of the number of claims on [¢,¢ + h)1 depends only on A.

Recall that we have previously introduced the risk process as a random process equal to the total

capital (surplus) of the insurance company on the interval [0, ¢)r, namely,

Ut:quct—St,

where S; = Zg;l Y:. Here it is assumed that 22:1 Y, =0.

Recall also that the non-ruin probability in this risk model is defined by formula (1).

Similarly to the classical risk model, we now derive an equation for the function P, (¢) defined
by (2). We begin with the function Py(¢), which is the probability that no insurance claims occur on
the interval [0, ¢)r.

Let ¢t be a right-scattered point of the time scale T. Then the event

A = {no insurance claims occur on [0,0(t))r}
can be represented as the intersection of the two events
A1 = {no insurance claims occur on [0,¢)7} and Ay = {no claim occurs at time ¢}.

By assumption 1 on the claim arrival process, the events A; and A, are independent.
Therefore,
P(A) = P(41) - P(43).

By the definition of Py(t), it follows that Py(c(t)) = Po(t)(1 — au(t)), or, equivalently,

Bo(o(t) = Po(t)

(D) = —« P()(t).

Thus, in this case we obtain
POA(t) = —a Py(t).

If the point ¢ is right-dense, then the same arguments yield
Py(t+h) = Py(t)(1 — ah + o(h)), h — 0.
Hence, P (t) = —a Py(t). Therefore, the function Py(t) satisfies the dynamic equation
PA(t) = —a Po(t). (14)

with the obvious initial condition Py(0) = 1.
The solution of this Cauchy problem is given by the exponential function on time scales,
e_a(t,0) = e_4(t). Consequently,
Po(t) = e_aft). (15)
Ezxample 1. Let T = R. Then the exponential function on time scales coincides with the classical
exponential, i.e., e_(t) = e t € R.
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Example 2. Let T = hZ with h > 0. Then the exponential function on this time scale is given by
e_a(t)=(1—ah)r, teT. (16)
Let now n > 1. Assume that ¢ is a right-scattered point of the time scale T. Then the event
A = {exactly n insurance claims occur on [0,0(t))r}

can be represented as the union of two mutually exclusive events A = A; U As.
The event A is the intersection of two independent events A; = B11 N Big, where

Bi1 = {exactly n insurance claims occur on [0,¢)7}, B2 = {no insurance claim occurs at time ¢}.
Similarly, the event As is the intersection of two independent events Ay = By N Bag, where
B = {exactly n — 1 insurance claims occur on [0,¢)1},

Bgg = {exactly one insurance claim occurs at time ¢}.
Consequently,
Pn(U(t)) = P(A) = P(BH)P(Blg) + P(BQl)P(BQQ) = Pn(t)(l — oz,u(t)) + Pnfl(t) oz,u(t).
Hence,
P2(t) = —aPy(t) + aP,_1(t), n>1. (17)
If the point ¢ is right-dense, then by assumption 2 on the claim arrival process, analogous arguments
show that the same relation holds. Indeed, the event

A = {exactly n insurance claims occur on [0,t+ h)T},

with h € V4, can be represented as a union of mutually exclusive events A = (I, A;, where each event
A; is the intersection of two independent events, A; = Bj; N Bjo, with

Bj1 = {exactly i insurance claims occur on [0, )},

B;s = {exactly n — i insurance claims occur on [t,t + h)}.

By the assumptions on the claim arrival process, we have P(B;1) = Pi(t), P(Bi2) = Pn—i(h).
Therefore,

Po(t+h) = Po(t)Po(h) + Po1(t)Pr(h) + > Pap(t) Pu(h). (18)
k=2

However, by assumption 2b we have > o P,,_1(t)Pp(h) = o(h) as h — 0. Hence, from (18) it
follows that

P, - P,
CHN =Pl apy(t) + aPua(t) + 2.
Passing to the limit as h — 0, we obtain
PA(t) = —aP,(t) + aPy_1(t), n=1,2,.... (19)

Hence, taking into account (17) and (19), the function P,(t) satisfies the following infinite system
of linear dynamic equations:

PA(t)=—aP,(t)+aP,1(t), teT, n=12,... (20)
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with the initial conditions
P,(0) =0, n=12,...

The system (20) can be simplified by introducing the substitution
Pu(t) = e—a(t) Qn(t). (21)

According to the product rule for the A-derivative, we obtain
PR (1) = —ae—a(t) Qu(t) + e—a(o(t) Q (1).

Since the exponential function on time scales satisfies e_q (0 (t)) = (1 — a p(t))e_a(t), from (21)

and (20) we obtain
A . (6

Note that Qo(0) =1 and @,(0) =0, n > 1. Therefore,

Qult) = /0 Y () As,

1 —apu(s)
and hence .
Po(t) = e_a(t) /0 #M(S) Qn_1(s) As. (22)

Remark 2. Expression (22) takes a particularly simple form in the case T = R. Indeed, in this case
the exponential function on time scales reduces to the classical exponential, e_,(t) = ¢! and we
have Qo(t) = 1, while Q,(t) = fg a @Qn—1(s) ds. Therefore,

(at)®
n!

P(t) = e ™ , n=0,1,2,...

3 Non-ruin probability

As noted above, the principal quantitative characteristic used to assess risk is the non-ruin proba-
bility function ¢(u), defined by ¢(u) = P{U; > 0, t > 0}.

In this section, similarly to the classical risk model, we derive an integral equation for this function
and study the convergence of the family of non-ruin probability functions {¢x(u)} for risk models
defined on a family of time scales, under the assumption that the graininess function tends to zero.

To derive an equation for ¢(u), we employ an integral analogue of the law of total probability.
First, we condition on the time 71 of the first insurance payment, and then on the corresponding claim
size Yl.

Since p(u) = P{U(t) > 0, Vt > 0} = P(A), where the event A means that ruin does not occur for
the insurance company with initial capital u, by the law of total probability, conditioning first on the
time 77 of the first insurance payment and then on the corresponding claim size Y7, we obtain

o(u) = P(A) = /DOO P{A| 71 = s} dOFx (s) = /OOO /OOO PLA |71 =5, Vi = 2} dF(2) d>Fx, (s)
_ /0 - /0 T Bl T = s, Vi = 2} dF(2) O (s),

where Fr, (s) denotes the distribution function of the first insurance payment time.
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By the assumptions of the model on the independence of 77 and Y7, it follows from the previous
formula that

00 u+cs
= / / o(u+ cs — z) dF(z) d® Fx, (s). (23)
o Jo
Since
Fr (s)=P{T1 <s}=P{N(s) >1} =1—P{N(s) =0} =1 —e_q(s),
according to (15), we obtain d® Fr, (s) = ae_q(s) As. Substituting this expression into (23), we obtain

o} u—+tcs
u) = a/o /0 o(u+cs —2)dF(z) e_q(s) As. (24)

Equation (24) is the non-ruin probability equation on a time scale. It is a linear dynamic integral
equation defined on T.

Theorem 3. If the distribution function F'(z) is continuous, then equation (24) has a unique solution

in the class of functions continuous on [0, c0).

Proof. Clearly, ¢(u) € [0,1] for all w > 0. In the metric space B = C([0,00),R), we consider the
closed unit ball B;(0) := {¢ € B : max,>o|¢(u)| < 1}.
Define the mapping H by

p) = Oé/ooo /OUMS o(u+cs —2)dF(z) e_q(s) As.

We show that H(B1(0)) C B1(0) and that H is a contraction mapping.
We establish the continuity of H(y)(u). Suppose that u — ug and u < ug. We have

u-+tcs
ulggoH( uli)rzloa/ / o(u+cs —2z)dF(z) e_q(s) As
ug+cs
= lim a/ / o(u+cs —z)dF(z) e_q(s) A
U—UQ
u-+cs up+cs
+ lim a/ [/ o(u+cs—z)dF(z / o(u+cs—2z)dF(z)| e_q(s) As
U—uQ 0 0 0

=: lim I1(u) + lim Iy(u).
U—UQ

uU—ruUQ
(25)

Since

/Ooo /OHCS o(u+cs —2)dF(z) e_q(s) As < /000 /000 dF(z) e—a(s) As < 0o,

the continuity of the first term in (25) follows from the Lebesgue dominated convergence theorem, i.e.,

lim Il(u) = Il(u()).

U—UQ

For the second term in (25) we have

/0 > [ /0 T ot e — 2) dF(z) — /O T ot es— 2) dF(z)] e—a(s) As

up+-cs
/ o(u+cs —z)dF(z)|e—
u+cs

(26)

o0
</
0
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Since the distribution function F(t) is continuous, we have F(ug+ cs) — F(u+ ¢s) — 0 as u — ug.
Hence, the convergence of expression (26) to zero again follows from the Lebesgue dominated conver-
gence theorem.

The case u > ug can be treated analogously.

Next, we have

ig}g |H (o) (u)] < a/o /0 dF(z)e_q(s) As < a < 1.

Therefore, the mapping H maps B(0) into itself.
We now prove that H is a contraction mapping. We have

u>0 u>

sup [H (¢1)(u) — H(p2)(u)| < a//igg\w(w —p2(u)| dF(2) e—a(s) As < arsup 1 (u) — p2(u)].
0 0 -

Since a € (0,1), the contraction property is proved. Hence, by the Banach fixed-point theorem,
equation (24) has a unique solution. The theorem is proved.
O

Let {Tx} be a family of time scales such that sup Ty = oo for all A € A, and sup;cy, pa(t) = px — 0
as A — 0. On each time scale T, we consider the risk model described above and denote by ¢y (u) the
corresponding non-ruin probability. We assume that the parameters of the risk process ¢, a, and the
distribution function F'(t) are the same for all time scales.

Theorem 4. If the distribution function F'(t) is continuous, then
ox(u) = o(u) forallu>0, as\—0,
where ¢(u) denotes the non-ruin probability in the classical risk model.

Proof. Clearly, [ [poa (z)]* dF(z) < 1. Thus, the family {p(u)} is weakly compact in L*(R, F/(z))
and, consequently, contains a weakly convergent subsequence {¢), (u)} such that

©r, =9 in LA(R, F(z)). (27)

On the other hand, by (24), each function ¢, (u) satisfies the equation

[e’e] u+cs
o, (u) = a/ / ox, (u+cs—2z)dF(z) e(_)‘g)(s) Ay, s. (28)
0 0

(An)

Here e’ (s) denotes the exponential function on the time scale Ty . From (27) we have

u+-cs u-+tcs
/ oz, (u+cs—2)dF(z) — / Y(u+cs—z)dF(z), as A\p, — 0. (29)
0 0

The functions e(_’\g)(s) are solutions of equation (14), which satisfies all the assumptions of Theo-

rem 2. Moreover, the limiting equation corresponding to (14) has the form

with the obvious solution.
According to Proposition 1, we have

(An)

el (s) —e_a(s) >0, as A, =0, seT,,. (30)
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Moreover, analyzing the proof of Theorem 2, we note that the constant 1" in the present case is
equal to lns
Next, We have

0o Tht1,7
/ P (s) Ay s = g / 5) Ay, S, (31)
0

Tk A

where we used the decomposition of [0,00)T, —into the intervals [T} x, Tk11a]T,, introduced in the
proof of Theorem 2 and the additivity of the A-integral.
Note that, according to the choice of the points T}, y, we have

Tprin — Ty <max{T,T1}+1,

where T and T} are fixed constants. Therefore, from formula (31) we obtain

2 Try1n ) 271\ k1
Z/ el n(s) Ay, s < Z <4> (7T +1) (max{T,T1} + 1) < oo. (32)
k=17 Tk k=1

Thus, from (29), (30), and (32), taking into account the Lebesgue dominated convergence theorem,
it follows from (28) that

u) =« /OOO /OHCS Y(u+cs—z)dF(z)e “*ds. (33)

By the uniqueness of the solution to equation (33), we conclude that ¥ (u) = ¢(u). Consequently,
ox(u) = p(u) for all w >0 as A — 0.
O

Ezample 3. Tt is well known that in the classical risk model, under the assumption that the claim

1—e?#/1t 2>0
Fy (z) = ’ =7
(2) {0, 2 <0,

sizes are exponentially distributed,

the probability of non-ruin can be found explicitly: p(u) =1 — +pe ~ R , where p = ﬁ -1
Now consider a time scale of the form T = {kh |t = kh, k=0,1,2,...}, for which the exponential
function is given by (16). Accordingly, equation (24) takes the form

a o u+ckh
op(u) = MhZ/ on(u+ ckh — z) e */*dz (1 — ah)®.
k=00

By Theorem 4, it follows that for every u > 0,

op(u) =1 — e_<1+pp>u“7 as h — 0.

I+p
Conclusion

We developed a collective risk model for an insurance company on time scales, deriving a dynamic
equation for the probabilities P,(t) and an integral equation for the non-ruin probability. The main
result proves the pointwise convergence of the non-ruin probability ¢ (u) to the classical probability
©(u) as the graininess function tends to zero. This rigorously justifies the classical risk model as a
limiting case of models defined on arbitrary time scales. The approach extends time scale calculus to
actuarial mathematics and opens perspectives for studying more general claim processes, stochastic
perturbations, and optimal control problems on non-uniform time scales.
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