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The space-dependent source identification problem for the two-dimensional neutron transport equation
with spatially variable coefficients and periodic boundary conditions is investigated. The neutron transport
equation is a fundamental model for neutron propagation in a medium, accounting for both streaming and
collision events, and is critical for nuclear reactor safety analysis. While the source identification problem
has been extensively studied for parabolic, elliptic, and hyperbolic equations, recent research has extended
these methods to transport equations as well. The investigation begins with the homogeneous problem
with constant coefficients, where an explicit solution is derived using the method of characteristics. This
solution serves as the basis for studying the variable-coefficient case. A function is introduced to quantify the
deviation of variable coefficients from constant values. Under suitable assumptions, a stability estimate is
established, showing that the solution operator is exponentially bounded in time. Building on these results,
this study investigates the inverse problem of identifying space-dependent source terms. By analyzing the
equation structure and applying the stability estimate for the homogeneous problem, the study derives
conditions for stable recovery of source terms from measured data. We introduce a time interval parameter
and a contraction condition to make sure the solution is unique and depends continuously on the data. The
main result provides stability estimates, showing that small changes in measured data lead to small changes
in the identified sources. These theoretical contributions enhance the understanding of inverse problems
for transport equations and have potential applications in reactor physics and related fields.
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Introduction

The neutron transport equation (NTE) describes the distribution of neutrons as a function of spatial
position, angular direction, energy, and time, accounting for both streaming and collision processes.
Fundamental studies have provided comprehensive analyses of the NTE’s computational methods,
numerical techniques, and mathematical theory [1-3], while recent research has addressed the latest
theoretical and computational developments [4]. The theory of linear differential equations in Banach
spaces [5] and the method of positive operators [6] provide key tools for such analyses. The time-
dependent NTE is fundamental to safety analysis for nuclear reactor systems.

Inverse problems, notably those involving the identification of unknown source terms, are central
to numerous scientific disciplines. The literature presents extensive conceptual models and applica-
tions [7-9], including recent progress in fractional Schrodinger-type equations [10]. Parabolic equations
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have been investigated numerically for reconstructing distributed sources [11| and for using stability
estimates in delay problems [12]. Further studies address well-posedness [13] and source identifica-
tion in reverse problems [14]. For elliptic partial differential equations, research has focused on stable
difference schemes for mixed boundary conditions [15] and source identification in elliptic-telegraph
equations [16]. Investigations of hyperbolic equations include identification in hyperbolic-parabolic
systems [17], source identification for hyperbolic differential equations [18], and combined parabolic-
hyperbolic formulations [19]. Recent studies have expanded the scope of the neutron transport equation
(NTE) by analyzing fractional spaces generated by neutron transport operators 20|, examining their
structure in two-dimensional contexts [21], and addressing source identification problems for neutron
transport equations [22]. Related research explores nonlocal problems and operator positivity, with
particular attention to the positivity of differential operators generated by hyperbolic systems [23].
Building on these foundations, the present study investigates the simultaneous determination of two
space-dependent source terms in the NTE. This problem also arises in heat conduction, where sim-
ilar simultaneous identification challenges have been addressed for two-dimensional heat conduction
equations [24].

This paper presents stability estimates for the space-dependent source identification problem in the
two-dimensional neutron transport equation with spatially variable coefficients and periodic boundary
conditions

PG — (o, m) PG = b (o) PG 4 Gu (t )
=p(z1,22) + f (t, 21, 22),

te (0,T), x1,22 € (0,1),

w(t0.02) = u(tLws), t€ 0.7, v € [0.1], 0

U(t,l‘l,O) :U(t,CCl,l), te [O)T]v T € [071]7

u(Ty, z1,x2) = u (0,21, 22) + Y1 (x1,22), Th € (0,7T),

U(Tg,xl,l‘g) = Y9 (:L'l,ZL'Q), r1,To € [0, 1], T <Ts, Th € (O,T].

Here, u(t, x1,x2) and p(z1, r2) denote unknown functions, whereas f(t, x1,x2), 11 (x1, v2), and 9(x1, x2)
are sufficiently smooth functions. All compatibility conditions are assumed to be satisfied. a(x1,x2)

and b(x1,x2) specify the directional components of the transport velocity. The parameter § > 0 is

an absorption coefficient that models a sink or loss term. The problem is defined on the space-time

domain (t,z1,22) € (0,T) x (0,1)?, with periodic boundary conditions in both spatial directions.

1 Preliminaries

The Banach space C([0,7],E) = C(F) is introduced to support the results. For all abstract
continuous functions ¢(t) with the values in E, which has the maximum norm, maps the interval [0, 7]
into the set F,

6l = guas 16(0)]e
Let © = [0, 1] x [0, 1] be the spatial domain, and define £ = C(2) as the space of continuous functions
(x1,x2) defined on Q equipped with the norm

1¥]lc@) = ma§< QW($17332)|,

(1,22
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and let C™M(Q) denote the space of continuously differentiable functions 1 (z1, z2) on Q with the norm

[Yllem @y = Ivllcw + ma§<€Q|¢x1($17w2)! T s (21, 22) |-

(w1,22 T1,T2)
Positive definite operator A@1:%2) defined by the formula

ov(xy,x2)
(9951

ov(xy,x2)

+ b(a:l,flfg) axg

AlELe2)y — (a(wl, x2) —dv(xy, m)) (2)

which acts on the domain
D(A(xl’“)) = {v S C(l)(Q) :0(0,z2) = v(1, x2), v(z1,0) = v(x1,1), Vai, 29 € |0, 1]}

The following section presents a fundamental property of the homogeneous neutron transport equation,
which is essential for stability analysis. It can be established that v(¢,z1,x2) is the solution of the
following problem

( Bv(t,gtl,:fcg) — a(z1,22) 81}(1‘5211,902) —b(x1,29) 81)(%9;12,932) +6v (t,z1,22) = 0,
te(0,T), x1,22 €]0,1],
v (0,21, 22) = ¢ (v1,22), 21,22 € [0, 1], (3)

v (t,0,20) = v (t,1,22), t€][0,T], 22 €0,1],

L v (t,r1,0) = v (t,21,1), t€[0,T], z1 €[0,1].

Here, v(t, z1, z2) is the unknown function, ¢(x1,x2), a(x1,x2), and b(x1,x2) are periodic and smooth
functions. & > 0 is a constant. By applying the method of characteristics to equation (3), one can
demonstrate that for constant coefficients ag = a(xg,yo) and by = b(xg,yo) with 6 > 0, equation (3)
has the unique solution

o(t, z1,20) = e p(x1 + aot, T3 + bot). (4)

We can analyze this solution by examining the semigroup generated by the differential operator Aoyo)
—tA(0,y0) _
e tATOO d(x1,m0) =€ &gi)(xl + aot, 2 + bot). (5)

Taking the maximum norm on E = C () with = [0, 1]? and from (4), we obtain the estimate

He—tA@O*yO) HE—>E < e—&t'

—T A=Z0,%0)

Consequently, the operator I — e is invertible and its inverse obeys

1

—TA0:y0) \ —
17 =) lpon < 775

2 Stability analysis

Theorem 1. Let 6 > 0, and let a(z1,22) and b(z1,x2) be smooth periodic functions on €. Set
ap = a(xg,yo) > 0 and by = b(zg,yo) > 0, and define

a(x1,$2) — ap + b(l’l,l‘Q) — b(]. (6)

a(zy,z2) = 20 b
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Assume that
1+ a(zy,z2) #0, (x1,x2) € Q.

Introduce the constants

1

M, = max o —— 7, My = max 1+041',IZ}‘ ,
1 (z1,22)€Q |1 + a1, 2)| 2 (x17x2)eﬂ| (z1,22)]
and
d
L= max |da(z1+a(t—s), z2+bo(t —s)) + —a(z1 + ao(t — s), 2+ bo(t — s))| .
($11$2)EQ dS
0<s<t<T

Then, for 0 <t < T, the semigroup e tATT2) gatisfies the estimate

< Me™, (7)

He_tA(wLw)
C(Q)—C(Q)

where M = My MyeMLT

Proof. Now, we investigate v(t,z1,z2), defined by equation (3) with ag, by, 6 > 0, and periodic
boundary conditions. We have that

v (t,r1,22)  Ov(t,x1,72) v (t,x1,x2)
py =a0— 5 + bo s ov (t,x1,x2) + R(t, 1, x2), (8)
where Bt Bl
Rit,1,22) = (a(on,22) — 00) LT (301, — ) UL 22, )
We can rewrite (8) in abstract form
du(t
U o) 1 (), o(0) =6 (10)
where R(t) = R(t,z1,x2). Therefore, we have the following formula (see [25])
t
w(t) = e AT g 4 / e~ (=) AT By g (11)
0
for the solution of (10). Substituting (5) and (9) into (11), we obtain
v(t, 1, T2) = e*&gﬁ(ml + aot, z2 + bot)
(12)

t
+ / e 0(t=5) R(s, x1+ ag(t — 8),z2 + bo(t — s)) ds = Go(t, 1, x2) + G1(t, 21, 22),
0

where

GO(ta X, ':U2> = 6_6t¢($1 + a0t7 T2 + bot)v
ov(s, 1 + ag(t — s),x2 + bo(t — $))

Gi(t,z1,22) = /0 e0(t=s) [(a(azl +ao(t —s),z2+ bo(t —s)) — ao) s +aolt —5))
0v(s, 1 + aop(t — s),x2 + bo(t — s))

6(:1;2 + bg(t — S))

+ (b(x1 + ap(t — ), z2 + bo(t — s)) — by) ds.
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Applying integration by parts to Gy (¢, x1,x2), we get

a(r1,z2) —a b(x1,x2) — b
Gl(t7x1,x2):—{ @ ai) °+ @ bi) O}v(t,xl,xz)

} et 0(0, 1 + agt, z2 + bot)

a(xy + apt,z2 + bot) —ag  b(z1 + aot, zo + bot) — by
+ a * b
0 0

a(x1 +ag(t — s),z0 +bo(t —s)) —ag  blx + ag(t — 8),x2 + bo(t — s)) — bo
+5 " + 2
0 0

x ¢~ 0(t=s) v(s, @1+ ao(t — s), 22 + bo(t — s)) ds

n /t i a(.lj + ao(t — S),:BQ + bo(t — 8)) — ag n b(iL‘1 + ao(t — 8),%2 + bo(t — 8)) — by
0 ds aq bo

x e 0(t=s) v(s, 1 + ao(t — s),x2 + bo(t — 5)) ds.
Multiplying (12) by the factor e’ gives
e”v(t, x1,9) = (1 + aot, x + bot)

B {a(ZEl’iEZ) — Qo + b($17x2) _ bO } eétv(tyxl)l?)
ap bo

" {a(:ﬂl + aot, x9 + bot) —aop " b(:Cl + apt, x2 + bot) — by

o b } (1 + aot, x2 + bot)

x1+ap(t —s),z0+bo(t —s)) —ag  blxy + ap(t —s),z2 + bo(t — s)) — by
+5/ { iy n . }

X v(s, 1 +ao(t —s), w2+ bo(t — s)) ds

. /t 6581 a(x1 + ap(t — s),x2 + bo(t — 8)) — ao N b(xy + ap(t — s),x2 + bo(t — s)) — bo
0 ds ag bo

xv(s, 1 +ao(t —s), 2+ bo(t — s)) ds.

Applying the substitution
z2(t,x1,29) = e‘stv(t, x1,T2), (13)

and using condition (6), we obtain

2(t, x1,2) = p(x1 + aot, v2 + bot) — a(wy, x2)2(t, 1, 22)
+ a(x1 + apt, x2 + bot) (1 + apt, T2 + bot)

t
+ 5/ oz +ao(t — s),z2 + bo(t — 8))z(s,z1 + ao(t — s), m2 + bo(t — s)) ds
0

t
d
+ / %a(azl + ag(t — s), w2 + bo(t — 5))z(s,21 + ao(t — s), 22 + bo(t — 5)) ds.
0
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Therefore,

(1 + a@1,2))2(t, 1, 22) = d(21 + aot, z2 + bot) (1 + a1 + aot, z2 + bot))

t
+ 5/ a1 + ao(t — ), x2 + bo(t — 8))z(s, 21 + ao(t — ), x2 + bo(t — s)) ds
0
td
+ / %a(xl + ao(t — ), z2 + bo(t — )z (s, x1 + ao(t — s), x2 + bo(t — s)) ds.
0
Equivalently, dividing by 1 + a(z1,x2), we have

1

t - -
2(t, 21, 72) 1+ a(zy,x2)

{¢(x1 + aot, z2 + bot) (1 + a1 + aot, T2 + bot))
t

+ (5/ azy 4+ ao(t — s),z2 + bo(t — ) z(s, @1 + ao(t — s), w2 + bo(t — s)) ds
0

td
+/ dsa(m—i—ao(t—s),xg—|—bo(t—s))z(s,x1—l—ao(t—s),xg—i-bo(t—s))ds}.
0

Combining the integrals, we get

1
- 1
2(t, w1, 29) ol o) {qb(xl + apt, 2 + bot) (1 + a(x1 + agt, z2 + bot))
t d
+ / (5&(561 +ap(t —s), zo + bo(t — s)) + ga(:cl +ap(t —s), zo + bo(t — s))) (14)
0
X z(s,x1 +ag(t —s),x2 + bo(t — s)) ds}.
Using the triangle inequality and applying the maximum norm || - [|¢(q) to (14), we obtain

12l o) < MiMz||¢llc@) + MlL/Ot 12(s)llc(e) ds-
Applying Gronwall’s inequality, we get
lz®)lc@) < Moo, 0<t<T.
From this inequality and (13), it follows that

lv(®)llc@) < Me | ¢llc)-

Therefore,
He—tAleW < Me=dt.
c(Q)—=C(Q) —
This establishes the result as stated in Theorem 1. O
Remark 1. The operator T — e~ TA“"*2) i invertible for § > +1In M, and the following estimate
holds .
_TA(®1,22)\ 1
(I —e ) Hle@—c@ < =k (15)
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8  The main theorem

This section establishes stability estimates for the space-dependent source identification problem
associated with the two-dimensional neutron transport equation with spatially variable coefficients and
periodic boundary conditions, as given in (1).

Theorem 2. Assume that the conditions of Theorem 1 are satisfied. The following estimates hold

-1
lulleceion + | (4=4=) 5| < da(Wrllray + Il + I lercian).

c@)

and
luellee@y + lulloem@) +11plleg) < M3(”1/)1”C<1)(Q) + l[t2llco @

+ min {HfHC(C(l)(Q))7 £ (0)[lco) + Hf/HC(C(Q))}>-
Here, M3 depends only on 11,75,6, M.
Proof. We can rewrite problem (1) in the following abstract form:
u'(t) + Au(t) = p+ f(t), te€(0,T),
U<T1> = u(O) 4+, 11 € (O,T), (16)
’LL(TQ) =)o, Th € (O,T],
in a Banach space E = C(Q) with a positive operator A = A(*1:#2) defined by (2). The proof of

Theorem 2 is based on the positivity of the operator A in E = C(92) and the following abstract
theorem. O

Theorem 3. Let 11,12 € D(A) and f € C(D(A4)) N CU(E). The following estimates are valid for
the solution of problem (1)

lu@®llz + APl 5 < Ma(llile + l2lle + 1 flow),

and

lutllcmy + llullos) + [Iplle < M4<H1/11HD(A) + (1121l pay

(17)
+min{|| flleweay, 1F0)e+ ||f’||0(E)}>-
Here, M, depends only on 17, 75,6, M.
Proof. Applying the formula (16), we obtain
—t—adu(s) | __g)a —(t—s)A
e — +e Au(s) =e (p + f(s))
for 0 < s <'t. Then, taking the integral with respect to s from 0 to ¢, we get
t
u(t) = e u(0) + / e~ (t=9)4 (p+ f(s)) ds. (18)
0

Evaluating (18) at t = T} and using u(77) = u(0) + 1 yields

T
u(0) + 11 = e 4w (0) + / e~ M=94(p 1 f(s)) ds,
0
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which can be rearranged as

Ty
(I- e*TlA)u(O) = -t +/ e~ M=9A41(s) ds + (- eleA)Aflp.
0

TiA

Since [ — e~ is invertible, we obtain

T1
’LL(O) — —(I— e—TlA)*lwl + (I— e—TlA)l/ 6_(T1_8)Af(5) dS+A_1p. (19)
0

Now evaluating (18) at t = T and using u(72) = 13 yields
Ts
¢2:e45%4m41/ e~ TmDAf(s) ds + (I — e 24) A 1p. (20)
0
Substituting (19) into (20) gives

T
Yo = —e AT e’TlA)_lwl +e AT — e’TlA)_1 / e~ M=941(s) ds
0

Ty
+/ e~ (=) A f(s) ds + A p.
0

Solving for A~!p, we obtain

Ty

Ay =ty + e_T2A(I — e_TlA)A?h — e A (I — e_TlA)fl / e_(Tl_S)Af(s) ds

- 0 (21)
—/ e*(Trs)Af(s) ds.

0

After taking the norm in E and applying the triangle inequality, we obtain

1A plle < Ms(Jlnlle + lvalle + 11 f o ) (22)
where Ms5 is defined by
Me T2 M(2 - 6_5T1)
M5—max{1, =i 5 }

From (21), we can obtain
1 M
p= Ay + e 24 (I- e_TlA)f Ay — e 24 (I- e_TlA)f / e~ M=94 41 (s) ds
0
1>
- / e =94 A1 () ds.
0

Taking norms in F and using the triangle inequality, we obtain

Iplle < | Avo|lp + ||e AT — e " Ay ||,

T |l - e / "m0t g () as|| +| / P nm9a g4 ) as|| .
0 E 0 E
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By using the estimates (7) and (15), we obtain

Me 912 MZe"sT?(l — e"STl) M(1 - e"STQ)
Iplle < [[¥2llpea) + w”¢l”D(A) + < 5(1 = Me 71 + 5 ) | fllcpay)-
Therefore, it follows that
Iplle < M6<||¢1||D(A) +l2llpeay + ||f||C(D(A))>- (23)

Here, Mg depends only on T7,75,9, M.
Now using (20) and substituting (19), we obtain

(L= ™ Mu(0) = = (I—e ") oy 4 (T —e 147 /OTl e~ M=4 1 (s) ds — v,

Ts
+/ e T2=9A1(5) ds + (21 - e_TQA)A_lp.
0

oA

Since [ — e~ is invertible, we obtain

w(0) = (1= P4 = (1= ™) gy 4 (1 - T /OTl e~ M=) f(s) ds — 1y

T
+ / 2 e (=) A f(5) ds + (21 — e_TQA)A_lp].
0

By applying the norm in E and using the triangle inequality, we obtain

1 1 M(1—e 0T
0 T —— (1 i lls + 5 s e

M(1 - e*‘sT?)

+ [|2||E + 5

I lloge) + (2 + Me™*T2) HA_lplE> :

Therefore, it follows that

lu©)lls < Mz (]l + 1alle + 1 fllow) + 147 plg)- (24)

Here, M7 depends only on 17,75,6, M.
Substituting the estimate for (22) into the inequality for (24) gives

[u(0)le < Ms(|lille + Ielle + 1fllc)),

where the constant Mg is depending only on 11,75, 9, M.
Rewriting the term involving p in (18) leads to

t
u(t) = e~ u(0) + / e A (s)ds + ATHI — e7Hp. (25)
0
By applying the norm in £ and using the triangle inequality, we obtain

t
lu@®lle < e z-p lu(0)] +/0 le™ A msp £ ()5 ds + AT — e )pll -
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From the semigroup estimate (7), the inequality |1 — e *||p <14 Me % < 1+ M, and estimate

L ——9)A M
LI 16 ds < 5l

it follows that v
lu®) e < Mu(0)|[£ + Fl\f\lcw) +(1+ M)A "p|e.

Substituting the estimate for (22) into the inequality for (24) yields
lu@®lle < Mo(llvnlle + 1v2lle + 1flem))- (26)

Here, My depends only on 17,75, d, M. Now we take derivative of formula (25)

w(t) = —e M Au(0) + f(t) — /Ot e DAAf(s) ds + e Hp. (27)

By applying the norm in E and using the triangle inequality, we obtain

lue(@)llz < e z-pllAvllz + 1A eselAfOlE + e e Ellplle

t
4 / e~ o Bl AF(3) | 2 ds.
0

It is easy to see that

M
5

t
/O le™ = o pllAf ()]l 5 ds < == (1 =) If lepay- (29)

Substituting the semigroup estimate ||e *4|| g,z < Me% from (7) and (29) into (28) yields

_ _ . M _
lue ()l < Me™* | Au(0) | + A~ | e Bl AF (D)l + Me™|Iplle + S (1 Nileway, (30)

for all ¢ € [0,T]. Applying integration by parts to the integral term in (27), we obtain

/t e m9AAf(s)ds = f(t) — e A f(0) — /t e IS (s) ds,
0 0

and then equation (27) becomes

t
wlt) = ¢ Ao+ £(0) — Au() + [ e CIf(s)ds.
0
By applying the norm in E and using the triangle inequality, we obtain

_ . _ M _
()| < Me™ || Au(O) | + Me™* | f(0)][& + Me™[Ipllp + 5 (1 = ™)1l cm), (31)

for all ¢ € [0,7]. Combining (30) and (31) with the estimates for ||uc(g) and [|p[|g in (23) and (26)
and taking the maximum norm yields inequality (17).
This establishes the result as stated in Theorem 3. O
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Conclusion

This article investigated the space-dependent source identification problem for the 2D NTE with
spatially variable coefficients and periodic boundary conditions. We first presented a fundamental for-
mula for an explicit solution to the homogeneous problem with constant coefficients. Using this result,
we then established a stability estimate for the homogeneous problem with variable coefficients. Finally,
we employed these findings to derive stability estimates for the space-dependent source identification
problem in the two-dimensional periodic transport equation with variable coefficients.

Acknowledgments

This publication was prepared with the support of the RUDN University Program 5-100 and was
published under the target program BR24993094 of the Science Committee of the Ministry of Education
and Science of the Republic of Kazakhstan.

Author contributions

All authors contributed equally to this work.

Conflict of interest

The authors declare no conflict of interest.

10

References

Lewis, E.E., & Miller, W.F. (1984). Computational methods of neutron transport. New York:
John Wiley & Sons.

Marchuk, G., & Lebedev, V.I. (1986). Numerical methods in the theory of neutron transport.
New York: Harwood Academic Publishers.

Mokhtar-Kharroubi, M. (1997). Mathematical topics in neutron transport theory: New aspects.
Singapore: World Scientific.

Kuridan, R. (2023). Neutron transport: theory, modeling, and computations. In: Neutron trans-
port. Graduate Texts in Physics. Springer, Cham. https://doi.org/10.1007/978-3-031-26932-5
Krein, S.G. (1971). Linear differential equations in Banach space. Providence, R.I.: American
Mathematical Society.

Hamad, A.O.A. (2019). Strongly positive operators with nonlocal conditions and their applications
(PhD Thesis). Nicosia: Near East University.

Isakov, V. (2006). Inverse problems for partial differential equations. Springer, USA.
Kabanikhin, S.I. (2011). Inverse and ill-posed problems: Theory and applications. Berlin, Boston:
De Gruyter. https://doi.org/10.1515/9783110224016

Dehghan, M. (2001). An inverse problem of finding a source parameter in a semilinear parabolic
equation. Applied Mathematical Modelling, 25(9), 743-754. https://doi.org/10.1016/S0307-
904X(01)00010-5

Ashurov, R.R., & Shakarova, M.D. (2022). Time-dependent source identification problem for
fractional Schrodinger type equations. Lobachevskii Journal of Mathematics, 43(2), 303-315.
https://doi.org/10.1134/S1995080222050055

Mathematics Series. No. 3(123),/2026 71


https://doi.org/10.1007/978-3-031-26932-5
https://doi.org/10.1515/9783110224016
https://doi.org/10.1016/S0307-904X(01)00010-5
https://doi.org/10.1016/S0307-904X(01)00010-5
https://doi.org/10.1134/S1995080222050055

A. Ashyralyev, A. Taskin

72

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

Borukhov, V.T., & Vabishchevich, P.N. (2000). Numerical solution of the inverse problem of
reconstructing a distributed right-hand side of a parabolic equation. Computer Physics Commu-
nications, 126(1-2), 32-36. https://doi.org/10.1016/S0010-4655(99)00416-6

Agirseven, D. (2012). Approximate solutions of delay parabolic equations with the Dirichlet
condition. Abstract and Applied Analysis, 2012, Article 682752. https://doi.org/10.1155/2012/
682752

Cholli, M., & Yamamoto, M. (1999). Generic well-posedness of a linear inverse parabolic
problem with diffusion parameters. Journal of Inverse and Ill-posed Problems, 7(3), 241-254.
https://doi.org/10.1515/jiip.1999.7.3.241

Ashyralyyev, C., & Sadybekov, M. (2025). Reverse parabolic source identification problem.
TWMS Journal of Pure and Applied Mathematics, 16(2), 271-280. https://doi.org/10.30546/
2219-1259.16.2.2025.271

Ashyralyyev, C., & Dedeturk, M. (2015). Approximation of the inverse elliptic problem with
mixed boundary value conditions and overdetermination. Boundary Value Problems, 2015,
Article 51, 1-22. https://doi.org/10.1186/s13661-015-0312-x

Al-Hammauri, A.M.S. (2020). The Source Identification Problem for Elliptic- Telegraph Equations
(PhD Thesis). Nicosia: Near East University.

Ashyraliyev, M., & Ashyralyyeva, M. (2024). Stable difference schemes for hyperbolic-parabolic
equations with unknown parameter. Boletin de la Sociedad Matemdtica Mezicana, 30, Article 14.
https://doi.org/10.1007 /s40590-023-00585-1

Embharab, F. (2019). Source identification problems for hyperbolic differential and difference
equations (PhD Thesis). Nicosia: Near East University.

Ashurov, R., & Saparbayev, R. (2024). Time-dependent identification problem for a fractional
Telegraph equation with the Caputo derivative. Fractional Calculus and Applied Analysis, 27(2),
652-676. https://doi.org/10.1007/s13540-024-00240-0

Taskin, A. (2016). Structure of fractional spaces generated by differential and difference neutron
transport operators (PhD Thesis). Istanbul: Istanbul University.

Ashyralyev, A., & Taskin, A. (2019). The structure of fractional spaces generated by a two-
dimensional neutron transport operator and its applications. Advances in Operator Theory,
4(1), 140-155. https://doi.org/10.15352/aot.1711-1261

Taskin, A. (2024). Source identification problems for the neutron transport equations. Bulletin
of the Karaganda University. Mathematics Series, 3(115), 137-149. https://doi.org/10.31489/
2024m3/137-149

Prenov, R. (2023). The positivity of the differential operator generated by hyperbolic system
of equations. E-Journal of Analysis and Applied Mathematics, 2023 (1), 54—63. https://doi.org/
10.62780/ejaam /2023-005

Qiao, Y., & Xiong, X. (2023). Simultaneous determination of the space-dependent source and
initial value for a two-dimensional heat conduction equation. Computers & Mathematics with
Applications, 147, 25-37. https://doi.org/10.1016/j.camwa.2023.07.009

Ashyralyev, A., & Sobolevskii, P.E. (1994). Well-Posedness of Parabolic Difference Equations.
Operator Theory: Advances and Applications, 69. Basel: Birkhiauser. https://doi.org/10.1007/
978-3-0348-8518-8

Bulletin of the Karaganda University


https://doi.org/10.1016/S0010-4655(99)00416-6
https://doi.org/10.1155/2012/682752
https://doi.org/10.1155/2012/682752
https://doi.org/10.1515/jiip.1999.7.3.241
https://doi.org/10.30546/2219-1259.16.2.2025.271
https://doi.org/10.30546/2219-1259.16.2.2025.271
https://doi.org/10.1186/s13661-015-0312-x
https://doi.org/10.1007/s40590-023-00585-1
https://doi.org/10.1007/s13540-024-00240-0
https://doi.org/10.15352/aot.1711-1261
https://doi.org/10.31489/2024m3/137-149
https://doi.org/10.31489/2024m3/137-149
https://doi.org/10.62780/ejaam/2023-005
https://doi.org/10.62780/ejaam/2023-005
https://doi.org/10.1016/j.camwa.2023.07.009
https://doi.org/10.1007/978-3-0348-8518-8
https://doi.org/10.1007/978-3-0348-8518-8

A note on the space-dependent source ...

Author information™

Allaberen Ashyralyev — Doctor of Physical and Mathematical Sciences, Professor, Depart-
ment of Mathematics, Bahcesehir University, Istanbul 34353, Turkey; e-mail: aallaberen@gmail.com;
https://orcid.org/0000-0002-4153-6624

Abdulgafur Taskin (corresponding author) — Doctor of Mathematical Sciences, PhD,
Department of Mathematics, ENKA Schools, Istanbul, Turkey; e-mail: gafurtaskin@hotmail.com;
https://orcid.org/0000-0001-7432-7450

*Authors’ names are presented in the following order: first name, middle name (if any), last name.

Mathematics Series. No. 3(123),/2026 73


https://orcid.org/0000-0002-4153-6624
https://orcid.org/0000-0001-7432-7450

