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This paper investigates a time-fractional parabolic equation with Zaremba-type boundary conditions. The
main objective of the present work is to construct reliable and efficient numerical approximations for such
problems. To this end, stable finite difference schemes are developed within a consistent analytical frame-
work. A key result is obtaining a coercive stability estimate for the first-order scheme, which guarantees
its consistency and supports its practical use in computations. In addition, both first- and second-order
schemes are implemented in the one-dimensional case using a modified Gaussian elimination approach.
This implementation simplifies the solution process and improves computational reliability when handling
the resulting systems. The behavior of the proposed methods is examined through several numerical ex-
periments designed to reflect different parameter choices and settings. The results demonstrate that the
schemes achieve the expected levels of accuracy, consistency, and efficiency. An accompanying error analysis
explains the observed outcomes and supports the theoretical findings. The numerical results, presented in
tables, show strong agreement with the theoretical predictions, thereby confirming the validity and effec-
tiveness of the proposed approach. These conclusions highlight the practical applicability of the proposed
numerical schemes for solving this fractional parabolic problem with mixed boundary conditions.
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Introduction

The analysis of fractional partial differential equations has gained considerable attention in recent
decades due to their wide applicability in physics, engineering, and mathematical biology [1-3|. Among
them, the time-fractional diffusion and parabolic equations [4,5] are of particular interest because they
provide realistic models for anomalous diffusion processes with memory effects. We may refer to [6, 7]
and [8-10]| for further studies.

The study of boundary value problems for parabolic equations with classical derivatives has a long
history. Zaremba [11], following a suggestion by Wirtinger, introduced the mixed Dirichlet—Neumann
boundary problem (now known as the Zaremba problem) for the Laplace equation. Modern studies
have extended these ideas in various directions, including the analysis of singular interfaces [12].

In [13], fractional powers (FPs) of positive operators (POs) were investigated. The author examined
the conditions under which the sum of coercively POs retains positivity and defined their FPs. This
work has provided a theoretical foundation for the analysis of fractional operator powers in Banach
and Hilbert spaces, which is fundamental for applications in differential and integral equations.

The paper [14] established the well-posedness results for a boundary value problem of fractional
parabolic equations (FPEs) with mixed conditions. The authors derived coercive stability estimates
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for the solution associated with the mixed problem and presented stable difference schemes (DSs) for
its approximate solution. They considered first and second order accurate DSs in time and first-order
accuracy in space, applying a modified Gaussian elimination method for their numerical solution.

Despite these advances, study of time-FPEs with Zaremba-type boundary conditions remains lim-
ited. In particular, the development of stable numerical methods and stability estimates for such
problems has not been fully addressed in the literature.

This paper is devoted to the study of the time-FPE with Zaremba-type (mixed Dirichlet—-Neumann)
boundary conditions:

Di'u(t,z) — ;)Z (&(2) uy(t,2)) + nu(t,z) = g(t,z), t€(0,T), ze (0,L),

u,(t,0) =0, wu(t,L)=0, te]|0,T], (1)

uw(T,z) =0, =ze€l0,L].
Here, D}’ = D% stands for the right-sided Riemann-Liouville fractional derivative (FD) of order
p € (0,1) [15]. We assume that £(z) and ¢(t,z) are smooth functions for ¢ € (0, T) and z € (0, L),
with £(z) > a > 0 and n > 0. We construct stable DSs for the approximate solution of the boundary
value problem (1) and derive coercive stability estimate for the first-order DS. Additionally, a modified

Gaussian elimination method is employed to solve both the first and second order accurate DSs for
FPEs.

1 Preliminaries

The following statements are established and are used throughout this article.

Let K be a Banach space, and let A : D(A) C K — K be a linear and unbounded operator that is
densely defined in K. A is said to be strongly PO in K if its spectrum 7n(A) lies entirely within a sector
of angle ©, with 0 < © < 7/2, symmetric w.r.t. the real axis. On the edges of this sector,

510) = {pe™® : 0 < p< oo}, $2(0) = {pe® 0 < p < oo},
and outside the sector, the resolvent (A\I — A)~! satisfies the estimate [16]

1 M
IO7 = )7 < 7
The infimum of all such angles is referred to as the spectral angle ©(A, K) of A.

In what follows, M stands for a positive constant, which may take different values in each occur-
rence. When it is necessary to indicate the dependence of this constant on certain parameters, we
write M («, 5,7, ...).

Ais a PO in K. For 0 < v < 1, we define the fractional space K, = K, (K, A) as the set of all u € K
for which the norm

Jullk, = sup A[I(A + AT ul + [lull
A>0

is finite.

Theorem 1. [13] If A and B are two commuting POs with ©(A,K) + 0(B,K) < 7, the bounded
operator (A + B)~! defined in K exists. In addition, for every v € (0,1) and every g € K, the problem
Au + Bu = g admits a unique solution u = u(g) and the next estimates hold:

[Aullk, «,B) + | Bullk, k,B) + [[Bullk, k4 < M) 9lk,x.B):
[Aullk, k) + | Bullk,k,4) + [Aullk, k) < M) 9llk, K 1)
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Theorem 2. [17] Suppose A is a PO with ©(A,K) < 7. Then, for v < %, the FP A7 is also a PO
with ©(A47,K) < T.

Theorem 3. [18] Assume A is the operator in K = C[0, T] given by (Aw)(t) = —w'(t), whose domain
isD(A) ={w e C[0,T] :w" €C[0,T], w(T) =0}. This implies that A is a PO on the space K = C[0, T].
Moreover, for every g € D(A) and every v € (0, 1), the identity

Ag(t) = D _g(t)

holds.

Theorem 4. Suppose A and B are POs with ©(A,K) < 7 and ©(B,K) < . Consequently, for
every v < %, the operator (DY + B)~! exists as a bounded operator on K. Additionally, for each g € K,

there is a unique solution u = u(g) of the equation DYu + Bu = g, and the next estimate holds:

1D ull, k,B) + [ Bullk, k,5) < M) [19llk, x,5)-
B”, the differential operator of order two, is defined by

Bru(s) =~ (€()ua() + yus) )

whose domain is D(B?) = {u : u,u,u” € C[0, L], v'(0) =0, u(L) = 0}.
For v € (0,1], let C7[0, L] be the Banach space of all continuous functions ¢ (z) on [0, L] satisfying
a Holder condition, with the norm

[¥llevio,n) = l[¥lleo,) + sup [9(z1) = 9(z2)|

71722 ’ZI - ZQ”Y ’

where C[0, L] is the Banach space consisting of continuous functions ¢(z) on [0, L], endowed with the
norm [[$lop0,0) = maxgepo.) 12|

The positivity of B* in C[0, L] has been proved. Furthermore, for any v € (0,1/2), the norms in
the spaces K, (K, B) and C?7[0, L] are equivalent.

Theorem 5. The norms in the space K, (C[0, L], B%) and the Holder space C?7[0, L] are equivalent
if v € (0,1/2).

The proof of Theorem 5 relies on the following estimates for the Green function G* of the operator
B?* defined in (2):

[ntx
G? A < M(n,a) e WT(Z_ZO), 0<zy <z
| (Z7ZO) )| = \/m 1 "+>‘(Zofz)
2V a z<zy< L,

|G (2,20, M) < M (1, a)

1 _
e 2V a (2077) z<z9<L.

Theorem 6. For the solution u(t,z) of problem (1), the following coercive SE holds:

Il ey < ) e
() lergo. < MOt )lerp

for M () that is independent of g(¢,z) when ¢t € [0, T], z € [0, L] and 0 < y < 1.

The proof of Theorem 6 relies on the positivity of the differential operator B* (see (2)), on Theorem 3
establishing the relationship between FDs and FPs of positive operators, on Theorem 2 concerning the
spectral angle of FPs, and on Theorem 4 regarding the FPs of coercively positive sums of two operators.
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2 Main results
Problem (1) is discretized in two stages as follows. Firstly, we introduce the discrete mesh
[0,L], ={2n:2n, =nh, h=L/M, 0<n<M}.
To the differential operator B* defined in (2), we associate the difference operator B} given by

, 0
Bhuh(z) = —a

(&(2)uy(2)) +nul(2), (3)
which acts in the space of grid functions u”(z) subject to the boundary conditions

DMM0) =0, WML)=0,

where D"u"(0) denotes the approximation of u, at z = 0.
Using the operator By, we consider the boundary value problem

Dyw(t,z) + Bjw"(t,2) = g"(t,2), t € (0,T), z € [0, L]y,
Wwh(T,2) =0, z€ [0, L]

which represents a finite system of ordinary fractional differential equations.
Secondly, applying the first order of approximation formula [18§]

N
1 D(r—k—p+1)u —ur—
Dty = — 1<kE<N
7 Uk F(l—u)g Mir—k+1) T - -
for
Iz 1 ! —tt,,!
DTu(tk):—m t (s —tp) Hu'(s)ds
k

and applying the first-order accurate stable DS for parabolic equations, the first-order accurate DS in
time can be formulated as

1 N T —k—p+1 ul(z) —ul | (z
_ Z ( K ) ( 1(2)

B? h — 4h
(1 —p) ~ L(r—k+1) Th + Bjug(z) = gi(2),

gI}cL(Z) = gh(tk‘az)v ly = kTa T = T/Nv 1< k < Na S [07L]h> (4)
ul(z) =0, zel0,L],

which represents the approximate solution of problem (1). In addition, employing the second-order
approximation formula for 1 < k < N — 2,

N
Dtuy =d {wlukl + wouy + waugry + Z [a(k, m)um—2 + b(k, m)um—1 + c(k, m)um]} , ()
m=k-+2
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for k=N —1,
3l-n 1 32w 1
Dfuy = d | — -
T [ 22_“1—/~L+22_“(1—M)(2—/~LJUN ’
g3 s 1
" [2“ 1—u_21“(1—u)(2—u)]uN1
P I A S s 1
i [_22‘“1—M+22‘“(1—/0(2—#)}UN’
for k=N,
11 1 1
Dfuy =d | — _
T d[ 22‘“1—u+22‘“(1—u)(2—u)}UN ’
. 1 1
2T (AR
gl 1
21— 22—
for
DEu(ty, — 7/2) ——1/T (s —tp +7/2) " H 4/ (s) ds
T F<1_/’L) te—7/2

and employing the Crank—Nicolson DS for parabolic equations, a second-order accurate DS in both ¢
and z can be formulated as

1 Z
Diuli(z) + 5B, (uk(2) + uf_1(2)) = gh(2),
9(z) = g"(ty —7/2,2), tpy=Fkr, T=T/N, 1<k<N, z€l0,L], (6)

UR}(Z) = 07 z € [OaL}h

which represents an approximation for the solution of problem (1).
In (5), it is denoted that

_ I T B S S
=ty W1=-9=wiy T 2 ipea,
_ 3=+ 1 32n 1 32—+ 1 32—k 1
W2 S g Ty (mpeee W3 T TR T e mpea

22 I-p —p)(2—p)’ © (1-p)(2—p)’
m—k m—k m—k
c(k,m) = _q12(—2u) o qg(l—u b (1quﬁ)(2—)u)'

We note that all computations concerning the problem (6) are conducted for T = 1.
Now, consider the discrete problem

Biu" + Ml = g", (7)

in the case £(z) = 1.
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Lemma 1. Assume A > 0. Then, equation (7) admits a unique solution, which is given by the
formula

M
M-1
= Bi+ )" =S > Gl m A+ mgihp (8)
J=1 0

where
h(R" — R2M—n)(Rj _ RQM—j) h(Rln—jHl _ R2M—n—j+1)
1RO —-RY) —R? ’

forl1<j<M-landl1<n<M

G(j,mA+n) =

1

h h?
S — — _ 2
o ) 2(>\+n)+\/4(/\+77) + (A + 7).

Here, G(j,n; A + 1) is said to be the Green’s function of the equation (7), for which we derive the

next formula
-1

ZG],n)\—i-??h
7j=1

1 1 RM-n 4 RMin—t

9
A+n A+n 14+ R ©)

To demonstrate positivity of B} in the Banach space Cj,, we first require the next supplementary
lemma.

Lemma 2. The estimates

h
\5|2max{2|)\+7]|,\/\)\+77\}, (10)

<1, | < g (11)

1
<
< 14+ /|A+ n|hcos(0)

are satisfied.

Theorem 7. (M + B%)~! defined by (8) holds the next estimate

M(8,n)

M + Byt <
”( + h) Hch_>ch = 1+ ‘)\’ y

(12)

for every A lying in the set {)\ dlarg A\ <60,0<0 < g}

Proof. Firstly, we consider the operator Bj defined by formula (3) for the case {(z) = 1. If we set
n =0, we get

2 2M—2 M— 1
up = MR (1~ R o+ L — R*M=) g
(1 +R2M—1) (1 _ R) (1 +R2M 1 j:2 J
Then it follows that
2 R 2
Juol < 202 |25 lon] + 2 " (IRF +IRPY ) gy < 202 g" e, {] e |+ () } (13)

Now, we estimate |u,| for 1 < n < M — 1. Applying the triangle inequality in the formula (8), we

achieve
2h2 M-—1 2 M-—1

. h )
1 —
< g 2 2RI el gy D2 2 1R gl
J=1 j=1

||
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If we compute the geometric series, we obtain

Rl \*> 4 R 1
ol < 2h2(|g" | . 14
Then using the estimate (11), we arrive at
B\ 1
< . 15
(1—\R[ ~ |[A+n|h?cos? 0 (15)

In addition, we have that
IAN+n| = |(|\cos@ +n)+i|Asind| > (|| +n) cosb.

Therefore, we achieve

1
1 < ncos O < M(eun)

. 16
el STHIN S T4 (16)
Using the estimates (15) and (16), we deduce
2 1
< |R| > 12 < cos? 6 < M(ean) (17)
1—|R| IX+n| = 14+ A
By the estimates (10), (16) and the definition of R, we have
h 2 M
1-R 0] = (A +n] = 1+])

As a result of (13), (14), (17) and (18), we prove that

M(0,n)
1+ |A

1" le, < 19" le,

Hence, we obtained the estimate (12) when £(z) = 1. Additionally, assuming that A > 0 is sufficiently
large, we employ the fixed-point theorem to derive analogous results for the Green’s function (8),
thereby completing the proof. O

Theorem 8. Suppose that A >0 and 0 < v < % The norms in the spaces K, (Cp, B}) and Civ are
equivalent uniformly in h for 0 < h < hyg.

Proof. Tt follows from (8) and (9) that

(AVB,ZL(B,?L ) gh>

n

M—-1
77)\’Y )\’Y+1 RM—n RM+n—1 . )
- - o+ NS GG A+ 1) (90 — g5)h
)\+ng A+1n 14+ R2M-1 g P (J;m ) (gn — 95)

We apply the triangle inequality to obtain the next estimate

‘ ()C/B,ZL(B,ZL + AI)_lgh)n‘

_ — M-1
Ny XL RIM T 4 RM A 1 .
S ‘gn|+ oIM —1 ’gn‘+)\7 Z |G(]>n7)\+77)"gn_gj|h
A+n A+7 1+ R ] =
M—-1
n\Y A+ A+ e ) 9 9
SVaan Ty M0 e Z; RV (n = P g g8 < M) llg"lIg)
]:
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for A > 0 and z € [0, L]. Thus, we conclude that g" € K, (Cp, B?) and
19" I (cn. 2) < M(n)llg" &)

Now, we prove the reverse inequality. We have the identity for a PO B/ as follows:

Gn = / (B + M) 7' B (BE + M)t g,d\

0o M—1
/ ZG;,nAJrn)Bh(BthM) gj hdA.

Then we derive that
oo M—1
Gn = Gnir = / AT (GG A+ ) = Glan+ 1 A+ ) NVBE (Bf, + M)~ g hd),
0 -
7j=1

from which it follows

M-1

lgn — gn+rll < /0 AT GG s A+ ) — GG n+ s A +n)| hdAlg" k. c,.57)-
j=1
If we denote that
oo M—1
JIh = 1/ AT Z |IG(j,m; A+ 1) — G(G,n+r; X+ n)| hdX
|’rh"7 0 J:1 9 ) ) b )
then we arrive at || I
9In — Gn+r h
AP < I llg" Ik, (cn,B2)-

Based on the Lemma 2, we get the next estimate

”gn — gn+rH < M
|rh|Y “y(1-2

h
] 19" Ik, coyz)y T<n<n4r<M-1

That is, we deduce
e L
T oy(l—279) TR

This completes the proof for the case {(z) = 1. Now, suppose that £(z) is a continuous function, with
z,70 € [0, 1] being fixed points. Since

! <M

Ch—>Ch - ’

|(B: = B2y (B

and, moreover, the following formula holds:
B (Bi+ M)~ " = B (B + M) g
B+ AD T (B - ByY) (BiY) T By (B + M) g
we conclude that

v h 2
AN'Bj (B, + M)~ ‘ < 19"k, .5 w0y + MiA H (Bh + M)~ Hch—wh 197k ¢, B70)-
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Therefore,

-1
X'B (B + M) g < M lg* . ¢, 50

Thus, we obtain

9" k. o) < M Nlg" I, e, 570

which completes the proof of this theorem. O

N
Theorem 9. [18] Suppose A is an operator in K, = C[a, b], that is given by A w™ = {—M}l
with wy = 0. Then, the operator A, is positive in K, and the following relation holds:

N Pm—k—y+1) "
(m — v Gm — Gm—1
AlgT = E .
a4 { (1—~ — 'm-—k+1) hY }1

In addition, the fractional difference derivative is defined as follows:

NF k +1) gm "
m Y — 9m—1

DYg" = .
79 { 1—~ Zkrm—kﬂ) B }1

Thus, we arrive at the next theorem.

N
Theorem 10. Suppose A, is an operator in K; = C|a, b]; that is given by A,w™ = {—%}1 ,

whose domain is
Wk — Wg—1

D(A;) = {wT : e Ky, wy = O} .

T

Then the operator A; is positive in K., and we have
Alg" = Dlg"

for all g7 (t) € D(A;).
Hence, we deduce the next result regarding the coercive stability of the DS (6).

Theorem 11. Let 7 and h be sufficiently small positive numbers, and let 0 < v < 1. Then, the
solution of the DS (6) satisfies the coercive stability estimate

M—1
— 2u + uk
n+1 n—1
<M
1I§I}cagXN H { } 0Ll () 1r<r}€a<XNH9kHCW[O Llps

n=1

where M () is independent of 7, h, and gli’ for 1<k <N.

The proof of Theorem 11 is based on the positivity of the difference space operator B} defined in the
formula (3), on Theorem 8 concerning the structure of the fractional space E.(Ch, B}), on Theorem 3
regarding the relationship between FDs and FPs of positive operators, on Theorem 2 regarding the
spectral angle of FPs of POs, and on Theorem 4 addressing the FPs of coercively positive sums of two
operators.
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8 Numerical illustrations

For the numerical illustrations, we present the following problem:

2u(t,z
Diu(t,z) — 88(;2’) +u(t,z) = g(t,2),
2(1 — )2+ Z 72 (1 —t)?
g(t,z) = TG-a cos? (?) + — cos(7z)
+ (1 —t)%cos? (%) ,
te(0,1), ze(0,1), (19)

u(l,z) =0, =ze€]l0,1],
ug(t,0) = u(t,1) =0, tel0,1]
which represents a one-dimensional FPEs with 0 < p < 1.
Problem (19) has the exact solution u(t,z) = (1 — ¢)?cos® (%2). Observe that the solution is

independent of p, whereas g(t,z) is dependent explicitly on p.
Utilizing the DS (4) for the estimate solution of (19), we arrive at

N _
1 3 F(m—k—ﬂ)uﬁ—unm1_“ﬁ+1—2“§+“ﬁ—1+uk:¢k
(11— p) T'(m —k) TH h? v
m=k-+1

O = g(tp,zn), to=kr, 0<kE<N-1, Nr=1,
zn=nh, 1<n<M-1, Mh=1,
uﬁf =0, 0<n<M,
M=k, uk, =0, 0<E<N.
The resulting system of equations can be expressed in matrix form

AUp+1 + BU, +CUp—y = D, 1<n< M —1,

_ i (20)
Up—Uy =0, Uy =0,
where
a, 0 O 0O 0 O 1 0 0 0 O
0 a, O 0O 0 O 1 0 00
0 0 ap 0O 0 O 0 1 0 0 O
A=C = S D= - - . . . . 7
0 0 0 - a 0 0 000 -100
0 0 0 - 0 an 0 00 0 10
o 0 0 -0 00 (N+1)x(N+1) 000000 (N+1)x(N+1)
bir b2 biz - bin—1 bi,N b1, N1
0 ba2 bz - ban—1 ba N ba N4+1
0 0 bz - b3n-1 b3, N b3, N+1
B: . . . . ,
0 0 0 - by—iN—1 bNoinN DN—1N41
o o 0 - 0 bn N bn N1
0O 0 0 - 0 0 bN+1,N+1 (N+1)x (N+1)
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i Up
5 Ug
n Up
¢n: . 7Up: . ,pE{n—l,n,n—Fl}’
N—2 N2
A P
¢N—1 UN_l
nN (]}N
" (N+1)x(1) » (N+1)x (1)
0 1<j<i—1,
o+ 1+ g j=1i,
r2—up)-T(1—pup) .
bij = W) ] =1+ 17
1 D(j—itl-p)  D(i—i—p) , ‘
T(I—p)rH ( F(j—z’+1)u T TG ) , 1+2<j<N,
D(N—it+1—p) .
T TI—mT(N—=i 17 j=N+1

fort=1,2,...,N — 2, and

1 1 2 F2—p —I1—mp)
an p2 ON-LN-1= + 1+ p20 UN-LN T(1— ) )

T2 - p) 1 2 1

by— = = —+1+-—=, b =——, b =1
N—1,N+1 T(1— p)rt’ NN = 4 + 1+ p20 ONN+1 —n ON+LN+1
and
—kT)2— 2( mnh
¢fL _ 20 kT)F(;f)S (=5") + %(1 — k7)%cos(mnh) + (1 — k7)? cosz(—”gh) .

To solve the problem (20), the procedure of modified Gaussian elimination method is utilized. We
seek the solution of the matrix equation in the following form:

Uj:aj—lUj—l"’_ﬁj—h j:1727"')M_17 UOZ(I—O[())il,BO,

where a;’s are (N + 1) x (INV + 1) square matrices and §;’s are (N + 1) x 1 column matrices defined
forj=M-1,M—-2,---,1 by
Qj_1 = — (B + AO&j)il C,

Bi—1 = (B+ Aaj) ' (Do; — AB;).

Here, aps—1 denotes the zero matrix (N +1) x (N +1), and Sar—1 denotes the zero matrix (N +1) x 1.

Furthermore, by utilizing the DS (6), we obtain a second-order accurate DS in both ¢ and z.
Specifically, the Crank-Nicolson scheme for parabolic equations can be employed to represent a second-
order accurate DS with respect to ¢t and z

! ]
5 bl = ok,

k k k k—1 k—1 k—1
1 [upyq — 2uy +up 4 (O 2uy "+ u,
TN 2

k
Dy, — 5 h2 12

¢Z:g(tkigazn)7 tk:k7—7 Zn:'n/h7 NT:]_’ Mh:]_’
1<k<N, 1<n<M-1,

U,JPLVZO, OSTLgM,
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3uf —4uf +ub =0, uh, =0, 0<Ek<N,
where D¥u” is defined by (5). This yields the system of equations in matrix form

AUn+1+BUn+CUn—1 =D¢p, 1<n<M-—1,

; (21)
3Ug—4U1 +Us =0, Uy =0,
where
a, a, 0O 0O 0 O 1 00 0 0 0
0 an, ap 0O 0 O 010 0 0 O
0 0 agm 0O 0 O 0 1 0 0 O
A == C — . s D = s
0O 0 O an, a, 0 0 00 1 0
0O 0 O 0 an, ap 0 0 O 1 0
0 0 0 0 0 0 (N+1)x(N+1) 000000 (N41)x (N+1)
bin b2 biz - bin—1 bi,n bi,N+1
0 b bz - ban-—1 ba,N ba, N 11
0 0 bz - b3n-1 b3 N b3 N1
B— ) ) . ) :
0 0 0 - by—in-1 NN DN—1N41
o 0 0 - 0 bn,N bN,N+1
o 0 0 - 0 0 ON+1.N+1 (N+1)x (N+1)
% ’
; o
n Up
¢n: ' aUp: : 7p€{n717nan+1}a
¢nN72 Ué\f72
N—-1 UN—l
N PN
¢n (N+1)x(1) UP (N+1)x(1)
d.wi+ 75 + 3, j =1,

d(a(i,i+2) +ws) + 75 + 3, j=i+1,
d(a(i,i+3) +b(i,i+2) +ws), j=i+2,
d(a(i,j+1)+b(,§) +ecli,j—1)), i+3<j<N-1,
d(b(i, N) + (i, N — 1)), j=N

d.c(i, N), j=N+1
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fori=1,2,...,N —4, and

L 11

In = =59 bv-gn—g=dwit 5+,

1 1

by-3 -2 =d(a(N =3, N —1) +wa) + o5 + 7,

bN_37N_1:d( (N—3 N)+b(N—3,N—1)—|—w3),

beB,N = d(b(N 3, N) +C(N*3,N* 1)), bN73,N+1 =d. C(N*3,N),
1 1 1
by_ 2N— Q—dwl+h2 5, bn_ 2,N— 1—d(a( —2,N)+w2)+ﬁ+§,
beQ,N = d(b( -2 N) +w3), bN,Q,N+1 =d. C(N— 2,N),
b S R S S . PR
N=LN=1 = 2 nl—p  2Zr(1-pm2—p)) K2
b J 3l=r 1 32 1 i+l
NN 2-n 1—p 2lm (1—u)(2 W) h2
, S
N—-1,N+1 — (_22_,“1_ 22 “(1— )
1 1 1
bnN-1=d (_22—u - + 5o i )
vy —d (] tog+s
MY\ 21— 21*“(1—10(2— M) 2’
3 1 1
byni1=d (—22# T + 2 (1= ) *, byiinsr =1
and
—kT+I)2-H cosg2( Tnh
oF = 20—k +%237:) (3 ) %(1—k7’+ ) cos(mnh) + (1 — k7 + 5)2 cos? (™2L) .

To solve the difference problem (21), we use the previous algorithm with

Uo = (31 — 4ag + ar1ag) 1 (41 — o) Bo — B1)-

By utilizing the DSs (4) and (6) for the approximate solution of (19), we established the first and
the second order accurate DSs. Computational results indicate that the Crank-Nicolson DS exhibits
higher accuracy than the first-order scheme. Moreover, all numerical outcomeb are independent of the

choice of p € (0,1). To illustrate, Tables 1 and 2 present the results for y = § and p = respectlvely,
for N = M with values 10, 20, 40, 80, 160.
Table 1
Analysis of errors of first-order and Crank-Nicolson DSs for u=1/2
Method N=M=10 | N=M=20 | N=M=40 | N=M=80 | N=M=160
First-order DS 0.1394 0.0676 0.0333 0.0165 0.0082
Crank-Nicolson DS | 0.004502 0.000496 0.000111 0.000027 0.000008
Table 2

Analysis of errors of first-order and Crank-Nicolson DSs for = 2/3

Method N=M=10 | N=M=20 | N=M=40 | N=M=80 | N=M=160
First-order DS 0.1320 0.0635 0.0311 0.0154 0.0077
Crank-Nicolson DS | 0.004611 0.000468 0.000107 | 0.000026 0.000007
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Conclusion

This study established coercive stability estimates for a FPE with Zaremba-type boundary condi-
tions. First- and second-order time-accurate, as well as first-order space-accurate, DSs were analyzed,
and their numerical implementation was carried out using a modified Gaussian elimination method.
This approach further enables the construction of higher-order schemes in z.

In the future, it would be of interest to investigate alternative definitions of FDs beyond the
Riemann—Liouville type, in order to determine if comparable effects arise. Another promising direction
of research is the study of various boundary value problems involving nonlocal conditions [19].
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