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Academician Olga Ladyzhenskaya highlighted the significance of developing a fundamental system in the
space of solenoidal functions for canonical domains such as cubes, squares, and related geometries. In
principle, such a construction could be obtained through the solution of the spectral problem associated
with the Stokes operator in these standard domains. In the present paper, we investigate a class of
fourth-order ordinary differential operators defined on a finite interval. In the corresponding spectral
problems naturally arise in the construction of a fundamental system in the space of solenoidal functions
for a cubic domain. It is established that each problem from the considered family possesses a discrete
countable spectrum, while the associated eigenfunctions form an orthogonal basis in an appropriate Sobolev
functional space. Moreover, the basis property remains valid for the triple direct product of the constructed
system. The analysis relies on functional-analytic methods, compact operator theory, and Hilbert—Schmidt
spectral theory, providing a rigorous framework for the proposed construction and further developments.
By additionally exploiting the properties of the curl operator, one can achieve the original objective without
explicitly solving the spectral problem for the Stokes operator.
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Introduction

Research article

Throughout this work, let ©; C R%, with d > 2, be a domain with Lipschitz boundary 99, and

let Q = (0,1)% C R

O.A. Ladyzhenskaya notes in [1, p. 4835|: “Our term Fundamental system {¢}}7°; does not require
the assumption of linear independence of elements of the system. Instead, the following property is

o Ne
required: for any ¢ > 0 and any ¢ €W3(€;) there exists a sum &) = > arpr, Ne < oo, such that

k=1
IV (0 = N2,y < €7

We introduce the function spaces

L2() = (L7(1))" = H() & HH (), (1)
H(Q) = {w]w € L), divd = 0, @ - 7i|gq, = 0}, (2)
HY(Q) = {w| @ € L?(), @ = gradq, ¢ € W)}, (3)
V() = {@] @ eWL(Qy), divd = 0}, (4)
W) = (W ()" (5)
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Note that here we have a dense and continuous embeddings
V(Ql) — H(Ql) = H,(Ql) — V,<Ql)

Problem A: Construct a system of functions in V() (4) that is fundamental (in the sense of
Ladyzhenskaya) for the space H(Q) (2) (where H(Q) is the orthogonal complement of H-(Q) (3)).

1 The spectral problem for the Stokes operator. The curl operator

Let © = (21,...,2q) € Q; C R? where d > 2, and let Q; be a bounded, simply connected open
domain with boundary 9€;. We seek nontrivial solutions {w(x), pr(z), with x € Q;, k € N}, along
with the corresponding eigenvalues {\;, k € N} for the following boundary value problem:

—Ad(z) + Vp(z) = Mi(x), =€ Qy, (6)
div{w(z)} =0, =z € Q, (7)
w(r) =0, x€ . (8)

First, let us consider the boundary value problem for the Stokes operator

—

—AW(x) + Vp(z) = f(z), =€ Q, 9)
div{w(z)} =0, ze€Qy, (10)
w(x) =0, x € 08y. (11)

As is well known, this problem admits the following variational formulation
d
S (Y, Vo) € ((@5,9) = (£,9) Ve V(). (12)
j=1

The following theorem holds (see [2, Chapter I, Section 2.2|).

Theorem 1. For an arbitrary open domain €; C R? bounded in at least one direction, and for
every f € L%(Qy), problem (9)(11) admits a unique solution w € V(£2;).

Let us return to the spectral problem (6)—(8). According to Theorem 1, the mapping G : f —w
is linear and continuous from L?(€;) (1) into V(Q4) (4), and hence into Wi(€2;) (5). Since Q is

bounded, the compactness of the embedding W1(€;) < L2(Q;) implies that the linear operator
G : L2(©) — L%*(Qy) is compact. This operator is also self-adjoint because, in view of (12) and the
symmetry of the operator A = G, i.e.,

(MG, 7) = (5,AT) Yw,0€ 2(A) = V(Q)NWI(Q1), where W2(Q1) = (W2(Q))%
the following equalities hold:
(Gf1, f2) = (W1, f2) = (@1, Mba) = (@, W2)) = (A, 02) = (f1,52) = (f1,G fa),
where Gf; = wj, j=1,2.

As a result, we obtain the following theorem.

100 Bulletin of the Karaganda University



On a family of spectral problems ...

Theorem 2. |2, chapter I, Point 2.6] For a bounded open domain €; € R? with Lipschitz boundary
004, the operator G possesses an orthonormal sequence of eigenfunctions {wk(x), k € N} such that
the following relations hold:

AU, = MWy, K>1, A >0, A\p = 400, k— 400, (13)
Wi (z) € V(1) : (W, V) = AW, ¥) VT € V(Q), (14)
(lﬁk,lﬁm) = 5k’m7 ((ﬁk,wm)) = )\kékm Vk‘, m € N. (15)

Thus, the spectral problem (6)—(8) admits a solution satisfying conditions (13)—(15). However, the
explicit construction of the system of eigenfunctions {wy(x), k € N} is an intractable problem, except
for the case when the boundary conditions (8) are replaced by periodicity conditions. Similar spectral
constructions and basis properties for higher-order differential operators have been extensively studied
in recent years [3-5].

The main objective of the present work is to construct a system of functions that is fundamental
(in the sense of O.A. Ladyzhenskaya) in the space H({2;) without solving the spectral problem (6)—(8).

In this work, for simplicity, we will primarily consider the 3-D case. Assume that

d=3,z=(r1,22,73) € Y CR3,
and let
U(z) = (Ur(x), Uz(x), Us ().
The components of the velocity vector W(z) = (wy(z), wa(x), ws(x)) are related to the vector-valued

function U (x) via the curl operator as follows:

W(z) = cwrl{T ()} “ (8,,Us — 05,Us, 9y Us — 8y, Us, 8y, Us — 0, U1). (16)

In the 3-D case the stream (current) function was not defined.
The following propositions are true [2, Theorem 1.1.2-1.1.4, Lemma I.1.3; Appendix I: Propositions
1.2, 2.1].

Proposition 1. Let 3 = Q = (0,1)3. Then the mapping (16)

curl : (I/?/%(Q))3 N (ker{curl})* — curl{(l/({/g(ﬂ))g} =V(Q)

is an isomorphism, where ker{curl} = (H(£2))* in space L?(12).
Proposition 2. Let Q1 = Q = (0,1)3. Then the mapping (16)

curl : (WA(Q))3 N (ker{curl})* — curl{(WA(Q))3} = H(Q)

is an isomorphism, where ker{curl} = (H(2))* in space L?(€2).
According to Propositions 1 and 2, it is sufficient to construct a fundamental system of functions in

the space (I/Io/%(Q))?’ that is orthogonal in the space (V?/%(Q))?’ Then, by using the operator curl (16),
we will be able to construct a fundamental system of functions (in the sense of O.A. Ladyzhenskaya)
in the space H(Q2) (2).

At this point, there arises the necessity of solving a certain family of spectral problems for fourth-
order ordinary differential operators. Related spectral problems for fourth-order differential operators
and their self-adjoint extensions have also been investigated in various settings [6-8]. Compactness
arguments, spectral asymptotics and basis properties for fourth-order operators continue to play an
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important role in the modern theory of operator differential equations [9-11]. The remainder of the
paper is devoted to this issue: the formulation of the main result (Theorem 3) is presented in Section 2,
while its proof is given in Section 3.

As for the construction of a fundamental system of functions in the space H(2) (2), it can be carried
out in a manner similar to that used in our previous works [12-14].

2 A family of spectral problems for fourth-order ordinary differential operators

Let 2 = (0,1). We introduce the following definitions.

Definition 1. Denote by V1(0,1) and V2(0,1) the Hilbert spaces endowed with the inner products
and the norms
(u'(x),v"(2)) 12004y V1, v €W5(0,1),
Vi(0.1) o S (a7
lullvioay = [(W (@), 0/ (2)) 200.] 7

((u,0)) = ("(2),0" () 20y Vv €W3(0,0),

V2(0,1) : o (18)
lullvao) = [((u(z), (@)
We consider the following family of spectral problems:
XWVi(x)+pX(x) = =NX"(z), xe€(0,1), (19)
X0)=X(1)=X'(0)=X'() =0, peR,

for which the following theorem holds true.

Theorem 8 (Main result). For each fixed value of the parameter p € R!, the spectral problem (19)
has a countable spectrum {\2, n € N} with a single limit point A2 = +00. The corresponding system
of eigenfunctions { X, (z), n € N} C V5(0,1) (18) forms an orthogonal basis in the space V;(0,1) (17).

3 Proof of Theorem 8
To solve X (z) € V5(0,1) of the boundary value problem (19) we obtain the integral identity
(X, V) + pg(X,Y) = A2(X',Y") forall Y(z) € Va(0,1), (20)

where
l

(XY )vaon < (X, 7)) = / X"(2) Y" () de,

0
l
V)= [ X@Y @) ds < alXlool¥ von < alX oo Y oo (21)
0
!
Y) = [ X@)Y @) ds < @l XY Iuon < el Xhaeo ¥ uen: (22
0

By F. Riesz’s theorem, the functional g(X,Y") is uniquely representable as a scalar product

9(X,Y) = ((AX,Y)), VY € V5(0,1), (23)
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where A is a bounded linear operator in V5(0,[) with norm not exceeding ¢; from (21). Next, we have
!

(BX.Y) = [ X'(@)Y'(a)dz, VY € Va(0.1), 29
0

where B is a bounded linear operator in V5(0,1) with norm not exceeding cs from (22). The operators
A and B are linear and completely continuous in the space V2(0,1) (as will be shown below). Moreover,
the operator A is symmetric and the operator B is symmetric and positive, i.e.

(BX,Y))=((X,BY)), VX,Y € V»(0,]); (BX,X)) >0 VX #0. (25)
As a result, we arrive at the functional equation
X + pAX = A’BX (26)
in the space V52(0,1). We represent the equation (26) as
(I +pA+NB)X = (\* + \)BX, (27)

where I is the identity operator. Obviously, for a sufficiently large real A2, the operator D = I + uA+
A2B has a bounded inverse, i.e.,
X =0\ +X)D'BX.

The operator D™!B, as a product of a bounded operator and a completely continuous operator, is a
completely continuous operator.

Let us show that for a sufficiently large real )\%, the operator D = I + uA + )\(Q)B has a bounded
inverse. We denote DX = Z. According to (23)—(24), the equality (27) is equivalent to the integral
identity (20) if we accept the assumption: A? = A\2. Then from the identity (20) and the inequality

(X, X)) + g (X, X) > 1 X [Fy0,0) — lelesl XN, 00):

we obtain (2, X)) = (X, X)) + ug(X, X) + AIIX 2, o

Z ||X||%/2(07l) + ()\% - |M|C3)||X||%/1(O,l)

Hence, for A3 > |pu|ecs we obtain

X0, < 1 Z1lva00) = IDX a0, 1D Zllvago) < 11Z11va 0

i.e., the operator D for such A3 has a bounded inverse.
We use the following assertion: Corollary from the monograph [15, Chapter XII, §2, pp. 460-461]:

Corollary. A continuous inverse operator D~! exists if and only if a continuous inverse operator

D*)~! exists. M :
(D*)~* exists. Moreover (D*)_l _ (D_l)*. (28)

Using the self-adjointness of the operator D, from (28) we obtain the self-adjointness of the inverse
operator D1, i.e.,
D' =(D*) "= (D"~

Along with the previous Corollary, one could also use Theorem 5.30 from [16, Chapter III, §5,
p. 169]:
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Theorem 5.30. Let D € €(X,Y) be densely defined. If D~! exists and belongs to %(Y, X), then
(D*)~! exists and belongs to Z(X*,Y*), with
(D)~ = (D7) (29)
Conversely, if (D*)~! exists and belongs to Z(X*,Y*), then D! exists and belongs to %(Y, X) and
(29) holds.
The set of all closed operators from X to Y is denoted by € (X,Y"). The set of all bounded operators

from X to Y is denoted by A(X,Y).
Furthermore, the following assertions are needed for the proof of our main result:

Theorem 2 from [17, chapter IV, § 6, p. 243|:
Theorem 2. If C' is a compact operator and D is a bounded operator, then the operators CD and
DC' are compact.

Theorem 2 from [18, chapter IV, §18.2, p. 189]:
Theorem 2. Let operators C' and D be self-adjoint. The operator CD is self-adjoint if and only if
C' and D are permutable.

Let us show that the self-adjoint operators D! and B from (27) are permutable. For this, we use
Proposition g) from [19, chapter VIII, point 116, pp. 300-301]:

Proposition. Let A be a bounded linear operator and B is a (general) linear operator. Then the
permutability relation satisfies the following rule:

(g) If the operator B! exists, then the permutability of A and B implies that A and B~}
permutable.

Proof of point (g) of the above Proposition. For all f € 2(B~!), we have
Af = ABB~'f = BAB™ 'Y},
therefore, Af € 2(B~1) and
B7'Af =AB'f Vfe2(B™).
It remains to establish that the operators A and B are permutable. This will be shown below.

Thus, it remains to use the spectral properties of a completely continuous self-adjoint operator
[17, chapter IV, §6, pp. 246247, Hilbert—Schmidt Theorem]|, which completes the proof of Theorem 3.

With respect to relations (21) and (23) we have

l

l T T
_O/X(x)y(g;) dx:/o/x’(g)dgo/y’(g)dgdx
:/d /( £)de /Y ) = — /l/x— ()de Y (z)dx
0 0 0
l

= —((AX(z),Y(x))), where A€ .Z(V2(0,1),V2(0,1)) (30)
T — 5
ax) = [ xgae (31)
0
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With respect to relations (22), (24)—(25) we have

l

/X’() /ZX Y (x
0

0
I =z l
— [ [@-0x"@dey @) da = [1BX@)" V") do
0 0 0
= ((BX(z),Y(z))), where B e Z(V2(0,1),V2(0,1)), (32)
T . 3
Rﬁ@:—/% f)xwmg (33)
0

Next, from (31) and (33) we obtain the equalitigs (where X (z) € V5(0,1)):
x 1

_720ABX — / (2 — £1)° / (61— €°X"(€) de dey
0 0

5

-2 O/ g/ (z — &)4(& — ) ey X" (€) de,
&
—T20BAX = [ (z—&)% [ (&1 — &)°X"(¢) de d&,
Jemer]
:i//@—&ﬂ&—awﬁxﬁma
0 ¢
_ 4 _ (93 - 5)9
(0 - &' e - & g =,
9
3

which implies that AB = BA. Therefore, A and B are permutable.

We show that A is a completely continuous operator in V5(0,1). For this purpose, we verify that
any weakly convergent sequence {v;}7°, in V2(0,1) is transformed by A into a strongly convergent
sequence {Av}72 . Since A is bounded, {Avy}7°, weakly converges to Au, where u(z) is the weak
limit of {vy}2,.

Further, in view of the compactness of the embedding operator V5(0,1) < V;(0,1), the sequences
{vr}g, and {Av}32, converge strongly in V1(0,1) to v and Au, respectively. Using (23) and (30) of
the operator A, we obtain the estimate

((A(vk - Um)a A(Uk - vm))) = g(vk — Um, A(Uk - Um))
< éllvk = vmllvy o AWK = vm)lvi(0.0)-

From this it is clear that as k,m — oo the right-hand side tends to zero, and therefore {Auvy}3°,
is indeed a sequence strongly convergent in V5(0,1). Note that the constant ¢ is taken from
inequality (21).

Thus, the complete continuity of the operator A is proven.
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We show that B is a completely continuous operator in V5(0,1). For this purpose, we verify that
any weakly convergent sequence {vy}72, in V5(0,1) is transformed by B into a strongly convergent
sequence {Bug}72 .

Since B is bounded, {Bvy};2, weakly converges to Bu, where u(x) is the weak limit of {vj}72;.

Further, in view of the compactness of the embedding operator V2(0,1) < V1(0,1), the sequences
{ve}22, and {Buvy}72, converge strongly in Vi(0,() to u and Bu, respectively. Using (24) and (32) of
the operator B, we obtain the estimate

l
((B(vr = vm), B(vg —vm))) = /(vk — U [B(vk — vm)]" d
0

< &llvr = vmllvi 0.0 1Bk = vm)llv; 0.)-

From this it is clear that as k,m — oo the right-hand side tends to zero, and therefore {Buy}3°,
is indeed a sequence strongly convergent in V5(0,l). Note that the constant é; is taken from
inequality (22).

Thus, the complete continuity of the operator B is proven.

Conclusion

In this work, we studied a family of spectral problems for fourth-order ordinary differential operators
on a finite interval. These spectral problems arise in the construction of a fundamental system in
the space of solenoidal functions for a cubic domain. We showed that each spectral problem in the
considered family has a countable spectrum, while the corresponding system of eigenfunctions forms
an orthogonal basis in a Sobolev functional space. These results can be used for the construction of a
fundamental system in the space of solenoidal functions for a cubic domain. The proposed approach
is also consistent with recent developments in spectral analysis of higher-order operators, biharmonic
problems and generalized Helmholtz/curl decompositions [20-22].
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