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This article deals with the problems of model-theoretic characterization of J-superstable Jonsson theories.
The characteristic features of such theories are analyzed in terms of J-stability, J-P -superstability, and
J-nonmultidimensionality. The need to generalize classical stability notions to the framework of Jonsson
theories is identified and justified. The concepts of J-stationary and J-orthogonal types are introduced, and
their role in describing the dimensional structure of existentially closed models is examined. It is shown
that every JFα

λ -saturated model embeds as a submodel of the semantic model of a Jonsson theory T .
Based on the notion of J-stationarity, a theory of independence for existential types is developed, and
the notions of J-basis and J-dimension are defined. The equivalence between J-nonmultidimensionality,
J-P -superstability, and J-P -stability is established, providing precise criteria for the model-theoretic classi-
fication of Jonsson theories. The results contribute to the refinement of model-theoretic tools for analyzing
stability and dimensionality within the framework of Jonsson theories and place these findings in the
broader context of modern classification theory, highlighting Jonsson theories as a natural generalization of
elementary theories. These results clarify the interaction between saturation, independence, and dimension-
ality in Jonsson theories and provide a unified framework for further developments in their model-theoretic
classification.
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Introduction

Model-theoretic stability is a central topic in contemporary mathematical logic and model theory.
In particular, the notions of stability and superstability play a crucial role in the classification of
theories and the analysis of their model structures. Among the various developments in this field,
Jonsson theories, which are characterized by the existence of infinite models preserving homogeneity
with respect to subsets of a fixed cardinality, have attracted significant attention.

The relationship between the properties of a complete theory T and those of the theory of elemen-
tary pairs TP was first studied by B. Poizat [1], who formulated the problem of determining under
what conditions the theory of elementary pairs is complete. This line of research was later extended by
E. Bouscaren [2] and others. Bouscaren demonstrated that the completeness of the theory of elemen-
tary pairs depends on the nature of the underlying stable theory, providing necessary and sufficient
conditions for both the stable and the superstable cases.

In 1990, in the Proceedings of the Soviet–French Colloquium on Model Theory, A. Nurtazin
solved this problem for uncountably categorical theories, and T. Mustafin introduced the concept of
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T ∗-λ-stability, studying its properties, including P -stability. E. Palyutin [3] proposed the notion of
E∗-stability and proved the definability of types for such theories. In particular, in [4], a classification
of ω-stable theories by P -stability was obtained. Further, A.R. Yeshkeyev showed the equivalence of
the conditions of P -stability and J-P -stability for ∃-complete perfect Jonsson theories. In the paper
[4] authors investigated the concept of P -superstability with respect to the nonmultidimensionality
property. The study of J-P -stable theories was also continued in [5] and [6].

In recent years, the toolkit for studying Jonsson theories has expanded markedly. This development
is reflected in the diverse approaches of works [7–9], which emphasize foundational aspects; studies
[10–12], which examine generalizations and structural properties; and research [13], which explores
new applications and classification problems.

This article focuses on J-superstable Jonsson theories, in which the notions of J-stability and its
variants, such as J-P -superstability and J-nonmultidimensionality, play roles analogous to the classical
stability properties. The relevance of this study lies in the need to extend classical stability methods
to broader classes of theories, including Jonsson structures, and to clarify the relationships between
different forms of J-stability and the inheritance of structural properties within a theory.

The main objective of this work is to analyze the model-theoretic properties of J-superstable
theories, formulate classification criteria, and investigate the structural and dimensional behavior of
their models. Special attention is given to the introduction of J-stationary and J-orthogonal types,
which provide a refined understanding of model structure and allow the identification of essential
patterns of property inheritance.

Through this study, we establish the equivalence of J-nonmultidimensionality, J-P -superstability,
and J-P -stability, and show that every J-P -superstable perfect Jonsson theory preserves its funda-
mental structural properties under admissible extensions. These results enhance the model-theoretic
tools available for analyzing stability and dimensionality in the context of Jonsson theories and lay the
groundwork for further research in generalized stability theory.

1 Preliminaries on Jonsson Theory

The first section discusses the basic concepts and fundamental results related to Jonsson theories,
providing an overview of their model-theoretic foundations, key definitions, and the main developments
that have shaped their study within the broader context of stability theory.

Definition 1. [14, p. 80] A theory T is called a Jonsson theory if the following conditions are satisfied:
1. The theory T has at least one infinite model.
2. T is inductive, that is, it is equivalent to a set of sentences of the form ∀∃.
3. T has the joint embedding property (JEP), meaning that for any two models A,B |= T , there

exists a model C |= T into which both A and B can be embedded isomorphically.
4. T has the amalgamation property (AP): for any models A,B1, B2 |= T and isomorphic embed-

dings f1 : A → B1 and f2 : A → B2, there exists a model C |= T together with isomorphic
embeddings g1 : B1 → C and g2 : B2 → C such that g1f1 = g2f2.

It is worth noting that Jonsson theories naturally appear in various classical areas of algebra and
model theory. In particular, typical examples of Jonsson theories include:
• the theory of groups;
• the theory of abelian groups;
• the theory of fields of fixed characteristic;
• the theory of Boolean algebras;
• the theory of polygons over a fixed monoid;
• the theory of modules over a fixed ring;
• the theory of linearly ordered sets.
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Hence, Jonsson theories encompass a broad class of algebraic and logical structures characterized by
strong embedding and amalgamation properties, making them a significant object of study in modern
model theory.

Further, let us consider in more detail the semantic and syntactic invariants associated with Jonsson
theory. These invariants play a fundamental role in understanding the structural properties and model-
theoretic behavior of Jonsson theories.

Definition 2. [15] A model CT of a Jonsson theory T such that |CT | = 2ω is called a semantic
model, if it is ω+-homogeneous-universal.

Definition 3. [15] The center of a Jonsson theory T is the elementary theory of its semantic model
CT , denoted by T ∗, where T ∗ = Th(CT ) is a complete theory.

Further, we note that a Jonsson theory may exhibit an additional property called perfection, which
is related to the saturation of its semantic model.

Definition 4. [15] A Jonsson theory T is said to be perfect, if CT is ω+-saturated.

In Jonsson theory, the notion of perfection is closely tied to the class of existentially closed models.
Such models play a key role in understanding the realizability of existential statements within larger mo-
dels of the theory, providing a natural link between semantic completeness and structural homogeneity.

Definition 5. [14, p. 97] A model A of a theory T is said to be existentially closed in T if for
every model B and every existential formula ϕ(x) with parameters from A, whenever A ⊆ B and
B � ∃xϕ(x), we also have A � ∃xϕ(x).

Denote by ET the class of all existentially closed models of the Jonsson theory T .

Theorem 1. If T is a perfect Jonsson theory, then ET = ModT ∗.

In the study of Jonsson theories, the behavior of types over small subsets of existentially closed
models plays a crucial role in understanding the theory stability properties. To capture this behavior,
the notions of J-λ-stability, J-stability, and J-superstability are introduced, which formalize the control
over the number of J-types realized over subsets of a given size.

Let T be a Jonsson theory, SJ(X) be a set of all existential complete n-types over X, consistent
with T , for each finite n.

Definition 6. (A.R. Yeshkeyev) A Jonsson theory T is called J-λ-stable if for any existentially
closed model A and any its subset X: |X| ≤ λ⇒ |SJ(X)| ≤ λ.

We say that a Jonsson theory T is J-stable if it is J-λ-stable for some cardinal λ.

Definition 7. We say that a Jonsson theory T is J-superstable if it is J-λ-stable for some cardinal
λ and λ ≥ 2ω.

Let us consider the theorem that connects the Jonsson stability and the classical stability, which
is an important property for Jonsson theories.

Theorem 2. (A.R. Yeshkeyev) Let T be a perfect ∃-complete (complete for existential sentences)
Jonsson theory, λ ≥ ω. Then the following conditions are equivalent:

1) T is J-λ-stable;
2) T ∗ is λ-stable (in classical sense), where T ∗ is the center of T .

Let T be an arbitrary Jonsson theory of a signature σ, and let CT be its semantic model. Let
A ⊆ CT , and let P be a new unary predicate symbol.

Consider the (generally incomplete) theory in the signature σP (A) = σA ∪ {P}, defined as follows:

T JP (A) = Th∀∃(CT , a)a∈A ∪ {P (ca) | a ∈ A} ∪ {“P ⊆ ”},

where
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• Th∀∃(CT , a)a∈A is the set of all universal-existential sentences true in the structure (C, a)a∈A;
• {P (ca) | a ∈ A} asserts that all elements of A are included in the interpretation of the predicate
P ;
• {“P ⊆ ”} is an infinite set of sentences expressing that the interpretation of P is an existentially

closed submodel in the signature σ.
Remark. The requirement of existential closedness of the submodel is essential in the sense that

the submodel must not be finite.
Let SJp (A) denote the set of all ∃-completions of the theory T JP (A).
Let λ be an arbitrary cardinal.

Definition 8. (A.R. Yeshkeyev) A Jonsson theory T is said to be Jonsson P -λ-stable (or, briefly,
J-P -λ-stable) if for every set A of cardinality at most λ, the following holds:

|SJP (A)| ≤ λ.

Definition 9. (A.R. Yeshkeyev) A Jonsson theory T is said to be Jonsson P -stable (or simply
J-P -stable) if T is J-P -λ-stable for some cardinal λ.

Definition 10. A Jonsson theory T is said to be Jonsson P -superstable (or simply J-P -superstable)
if there exists a cardinal λ0 such that for all λ ≥ λ0, the theory T is J-P -λ-stable.

That is, for all λ ≥ λ0 and for every set A ⊆ CT with |A| ≤ λ, the number of existential types with
predicate P over A satisfies |SJP (A)| ≤ λ.

Definition 11. A Jonsson theory T is called Jonsson P -unstable (or simply J-P -unstable) if it is
not J-P -λ-stable for any cardinal λ.

The following theorem establishes a connection between the P -λ-stability studied in [4] and
J-P -λ-stability in the context of a perfect ∃-complete Jonsson theory. It is fair to say that, thanks to
this theorem, attributed to the first author, a number of significant results have been obtained within
the framework of Jonsson theories.

Theorem 3. (A.R. Yeshkeyev) Let T be a perfect ∃-complete Jonsson theory. Then the following
conditions are equivalent:

1) the center of the theory T is P -λ-stable (in the sense of [4]),
2) the theory T is J-P -λ-stable.

Definition 12. (A.R. Yeshkeyev) Let K be a class of L-structures. The following set JSp(K) of
Jonsson theories is called a Jonsson spectrum of the class K:

JSp(K) = {T | T is a Jonsson theory and A |= T for any A ∈ K}.

Definition 13. (T.G. Mustafin) Let T1 and T2 be Jonsson theories, CT1 and CT2 be their seman-
tic models, correspondingly. Then T1 and T2 are called cosemantic (T1 ./ T2) Jonsson theories, if
CT1 = CT2 .

It is easy to see that the cosemanticness is an equivalence relation.
Let L be a first-order language, and let T be a Jonsson theory formulated in L. Assume that

K ⊆ ET . We now consider the Jonsson spectrum JSp(K) and define on it a relation of cosemantic
equivalence, denoted by ./. Factoring JSp(K) by this relation yields the quotient set JSp(K)/./.

Denote by [T ] the cosemantic class of a theory T , where T ∈ JSp(K). The class [T ] consists of
all Jonsson theories that are cosemantically equivalent to T . For every theory ∆ ∈ [T ], we associate
a corresponding semantic model C∆. By the definition of the cosemantic class, these models coincide
with the semantic model CT of some fixed representative T ∈ [T ]. Thus, the entire class [T ] shares a
single common semantic model, which we denote by C[T ] = CT .
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Consider now the elementary theory of this model. We refer to it as the center of the Jonsson class
[T ] and denote it by

[T ]∗ = Th(C[T ]).

This center is identical to the centers of all individual theories ∆ ∈ [T ], that is,

[T ]∗ = Th(C∆) for all ∆ ∈ [T ].

Furthermore, let
E[T ] =

⋃
∆∈[T ]

E∆

be the collection of all existentially closed models corresponding to the theories in [T ]. Observe that
the intersection ⋂

∆∈[T ]

E∆ 6= ∅,

since at least the model C[T ] is contained in every E∆.
Consequently, all theories belonging to the class [T ] possess a shared semantic model and the same

center. This provides a coherent structural framework for analyzing Jonsson theories and their models
within a unified semantic context.

2 On the classification and structural properties of J-superstable theories

In the study of the model-theoretic properties of Jonsson theories, it is essential to introduce
analogues of classical notions such as stationarity, independence, and orthogonality, but formulated in
terms of existential types. These concepts play a central role in the classification theory of Jonsson
structures and in the analysis of their dimensions.

Let us look at the following definitions, where “J-forks over A” is used in the meaning of
Theorem 2.1.2 from [15].

Definition 14. [6] Let p be a complete ∃-type over A, where A is a Jonsson subset of CT . Then p
is called J-stationary over A if:

1) p does not J-fork over A;
2) p has a unique consistent extension that does not J-fork over A.

Definition 15. Let p(x̄) and q(ȳ) be ∃-types over M , where M is a Jonsson subset of CT . p and q
are said to be J-perpendicular (p ⊥J q) if p(x̄) ∪ q(ȳ) determines a complete ∃-type over M .

Definition 16. 1. A non-algebraic type p ∈ SJ(A) is J-regular if for every subset B ⊇ A of CT and
every r ∈ SJ(B) with p ⊆ r,

r J-forks over A =⇒ p ⊥J r.

2. A J-stationary type p is J-regular if its stationarization over Dom(p) is J-regular.

Before we formally define JFαλ -saturation, let us clarify the intuition behind it. In stable theories,
not all types need to be realized; it suffices to realize those types that are almost over small sets.

In this context, “almost over A” means that there exists A0 ⊆ A with |A0| < λ such that p does
not J-fork over A0.

Definition 17. An existensional closed model M is called JFαλ -saturated if for every subset A ⊆M
with |A| < λ and every ∃-type p(x) ∈ SJα(A) that is almost over A, there exists an element a ∈ M
that realizes the ∃-type p, i.e., a satisfies all formulas in p.

JFαλ -saturated models are submodels of the semantic model of the Jonsson theory T .
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The notion of J-stationarity allows us to define a structural measure of independence for existential
types in Jonsson theories. This leads naturally to the concept of a J-basis and the corresponding notion
of dimension.

Definition 18. Let I be a set of tuples and A a set of parameters. We say that I is J-independent
over A if for every b ∈ I,

tp(b/A ∪ (I \ {b})) does not J-fork over A.

Definition 19. Let T be a Jonsson theory, M be an existentially closed model of T , A ⊆ M , and
let p ∈ SJ(A). A set I ⊆M is called a J-basis for p in M if

1) every element of I realizes p in M ;
2) I is J-independent over A;
3) I is maximal with these properties.

The dimension of p in M is defined by

dimJ(p,M) = |I|,

where I is any J-basis for p in M .
Definition 20. [6] 1. Let p(x̄1), q(x̄2) be complete ∃-types over A, where A is a Jonsson subset of

CT . Then p is said to be J-weakly orthogonal to q if and only if p(x̄1) ∪ q(x̄2) is a complete ∃-type
over A.

2. Let p1, p2 be either ∃-complete or J-stationary types. Then p1 is J-orthogonal to p2 if for
any set A such that Dom(p1) ∪Dom(p2) ⊆ A, where A is the universe of an ∃1-saturated model, and
for any J-non-forking extensions q1, q2 of p1, p2 over A respectively, the types q1 and q2 are weakly
J-orthogonal.

The orthogonality of existential types allows us to describe the multidimensional structure of
Jonsson theories. The following definition formalizes the notion of multidimensionality within the
framework of Jonsson theories.

Definition 21. [6] Let A be a Jonsson subset of the semantic model CT , where T is a Jonsson theory.
An ∃-complete type p is said to be J-multidimensional if it is J-orthogonal to any complete ∃-type
over A. If T has a J-multidimensional type, then T is called a J-multidimensional theory. Otherwise,
T is called a J-nonmultidimensional theory, or a theory of J-restricted dimension.

The following theorem was obtained in [6]:
Theorem 4. Let T be a perfect, J-λ-stable, ∃-complete Jonsson theory:
1) the theory T ∗ is nonmultidimensional (in the classical sense);
2) the theory T is J-nonmultidimensional.
Since we rely on Lemmas 2 and 3 from [4] and for them the lemmas that we will consider to prove

our main theorem are satisfied.
Lemma 1. Let T be a perfect, hereditary ∃-complete Jonsson theory, K ⊆ ET , [∆] ∈ JSp(K)/./,

[∆]∗ = Th(C[∆]) be its center. Let M,N1, N2 ∈ Mod([∆]∗) with A ⊆ C[∆] and N1, N2 ≺∃1 C[∆],
M ≺∃1 N1, M ≺∃1 N2, where the models M,N1, N2 are JFαω -saturated. Let {pi | i ∈ I} be a maximal
set of pairwise orthogonal J-regular types from SJ(M). Define JS ⊆ I by

JS = {i ∈ I | dimJ(pi, NS) < ω}, S = 1, 2,

and assume J1 = J2. If for every i ∈ J = J1 = J2 we have dimJ(pi, N1) = dimJ(pi, N2), then the pairs
of models

(N1,M) ≡∃1 (N2,M)

in the signature σP (A).
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Proof. Since {pi | i ∈ I} is a maximal set of orthogonal J-regular types over M and N1, N2 are
JFαω -saturated, we can write

NS = M ⊕
⊕
i∈I

X
(S)
i , S = 1, 2,

where X(S)
i denotes the set of realizations of pi in NS , and dimJ(pi, NS) = |X(S)

i |.
For i ∈ J , the sets X(1)

i and X(2)
i have the same finite cardinality. For i ∈ I \ J , both X(S)

i are
infinite by saturation, so their finite partial substructures can always be matched.

Define f : M →M as the identity. For each i ∈ J , choose a bijection

fi : X
(1)
i → X

(2)
i .

For i ∈ I \ J , by JFαω -saturation, any finite subset of X(1)
i can be matched with a corresponding finite

subset of X(2)
i .

Since the types pi are pairwise orthogonal, the realizations of different pi are independent. There-
fore, the partial isomorphisms on each X(S)

i can be combined with the identity on M to form a partial
∃-isomorphism from N1 to N2 over M .

Hence, for any ∃-formula ∃x̄ ϕ(x̄, m̄) with parameters m̄ ⊆M , we have

N1 |= ∃x̄ ϕ(x̄, m̄) ⇐⇒ N2 |= ∃x̄ ϕ(x̄, m̄),

which proves (N1,M) ≡∃1 (N2,M) in σP (A).

Lemma 2. Let T be a perfect, hereditary ∃-complete Jonsson theory, K ⊆ ET , [∆] ∈ JSp(K)/./,
[∆]∗ = Th(C[∆]) be its center. Let M1,M2, N1, N2 ∈ Mod([∆]∗) with A ⊆ M1 ∩M2 and N1, N2 ≺∃1
C[∆], M1 ≺∃1 N1, M2 ≺∃1 N2. Then there exist JFαω -saturated models M,N ′1, N

′
2 satisfying:

1) A ⊆M ;
2) M ≺∃1 N ′1 and M ≺∃1 N ′2;
3) (N1,M1) ≡∃ (N ′1,M) and (N2,M2) ≡∃1 (N ′2,M) in the signature σP (A).

Proof. LetM be any JFαω -saturated model containing A and existentially embedding bothM1 and
M2 in the sense that

M1 ≺∃1 M, M2 ≺∃1 M.

Such a model exists by standard chain arguments for Jonsson theories and saturation: take an in-
creasing chain of countable extensions starting from A that embeds M1 and M2, and then take a
JFαω -saturated elementary extension.

Consider N ′1 to be a JFαω -saturated model such that

N1 ≺∃1 N ′1 and M ⊆ N ′1.

Similarly, let N ′2 be a JFαω -saturated model extending N2 with M ⊆ N ′2. By the properties of Jonsson
theories and JFαω -saturation, these extensions can be chosen so that

(N1,M1) ≡∃1 (N ′1,M), (N2,M2) ≡∃1 (N ′2,M)

in the signature σP (A).
1. By construction, A ⊆M .
2. M ≺∃1 N ′1 and M ≺∃1 N ′2 hold since N ′1 and N ′2 are built as saturated extensions containing M .
3. The existential equivalences follow from the JFαω -saturation and the fact that M1 ≺∃1 N1,
M2 ≺∃1 N2. Any existential statement over M true in N ′1 or N ′2 can be mirrored in N1 or N2

via embeddings extending M1 and M2.
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Hence, the models M,N ′1, N
′
2 satisfy all required properties.

We now turn to our main result. This result generalizes Theorem 1 of [4] in the context of the
Jonsson spectrum of class K.

Since K is a subclass of ET , the Kaiser hull of any model in K is a Jonsson theory. Let ∆ be one
of them.

Theorem 5. Let T be a perfect, hereditary ∃-complete, J-superstable Jonsson theory, K ⊆ ET ,
[∆] ∈ JSp(K)/./, [∆]∗ be its center. Then the following conditions are equivalent:
(a) [∆] is J-nonmultidimensional;
(b) [∆] is J-P -superstable;
(c) [∆] is J-P -stable.

Proof. It is obvious that (b) implies (c). We shall show that (a) implies (b), and that (c) implies (a).
In the proof of (a)⇒ (b):
A class [∆] of Jonsson theories is J-nonmultidimensional if every theory in the class is J-nonmulti-

dimensional. Let ∆ a be J-nonmultidimensional theory. By Theorem 4, it follows that ∆∗ is a
nonmultidimensional theory.

Nonmultidimensionality implies that all regular types are related, meaning that the behavior of
models can be described in terms of only one dimension.

From nonmultidimensionality it follows that all regular types are connected, that is, the behavior
of models can be described via a single dimension.

Lemma 1 states: if the dimensions coincide, then the models are logically indistinguishable in the
signature σP .

Therefore, the set of possible pairs (N,M) is bounded, and hence the ∆∗ is P superstable.
Before doing so, let us prove the following auxiliary statement.
Lemma 2 is needed to estimate the number of extensions or models, that is, to turn the qualitative

result of Lemma 1 (extensions with the same types are equivalent) into a quantitative estimate of the
number of such extensions. It is used to control cardinalities and for the subsequent derivation of
superstability or bounds on the number of types.

Here we have shown that if ∆∗ is nonmultidimensional, then ∆∗ is P -superstable. We now need to
show that ∆ is J-P -superstable.

By Theorem 3 stability properties of ∆∗ and ∆ are preserved under this correspondence.
Assume that ∆∗ is P -superstable. Then there exists a cardinal λ0 such that ∆∗ is P -λ-stable for all

λ ≥ λ0. By the equivalence above, ∆ is J-P -λ-stable for all such λ. Hence, every ∆ is J-P -superstable.
Then [∆] is J-P -superstable.

Combining Lemmas 1 and 2, we complete the proof of Theorem 5 in the direction (a)⇒ (b).
(c) ⇒ (a) Assume [∆] is J-P -stable.
Suppose, towards a contradiction, that [∆] is multidimensional. Then there exist two J-orthogonal

regular types p and q.
Orthogonal types generate uncontrolled growth in the number of possible types over substructures

(any combination of realizations of p and q is possible).
This contradicts J-P -stability, which requires the number of J-types to be bounded.
Hence, [∆] must be J-nonmultidimensional.
We have established the chain of implications:

(a)⇒ (b)⇒ (c)⇒ (a),

and therefore all three properties are equivalent.
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Conclusion

In this article, we studied the properties of Jonsson theories with additional predicates, focus-
ing on J-stability and J-superstability. We established conditions under which models exhibit these
properties and provided a systematic construction of T JP (A), which preserves existential completeness
while extending models with new predicates. The results generalize earlier work on superstable theo-
ries and offer a broader perspective on stability in models with added structure. The introduction of
J-P -stability and the analysis of types in Jonsson structures with predicates represent a novel contri-
bution to model theory and provide a foundation for further research in combinatorial and algebraic
model theory. Future work may explore multidimensional types, their interactions with additional
predicates, and extensions to more general classes of theories. Overall, this study deepens the under-
standing of the structure and classification of models in Jonsson theories, highlighting both theoretical
significance and potential applications.
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