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The article investigates a boundary value problem for a hyperbolic equation with the Riemann-Liouville
fractional derivative, which is periodic in one variable. Such equations are widely used in modeling complex
physical processes with memory effects, including viscoelasticity, anomalous diffusion, and thermoviscoelas-
ticity phenomena, where classical integer-order models fail to adequately describe the hereditary properties
of materials and transport processes. To solve this problem, an iterative algorithm is proposed based on do-
main decomposition and the reduction of the original problem to a system of integro-differential equations.
A theorem on the existence and uniqueness of the solution is proved, and an estimate of the convergence
rate of the method is obtained using matrix analysis and a strengthened Gronwall-Bellman inequality. It
is established that the choice of the decomposition step plays a key role in ensuring the stability of the
algorithm. The conducted analysis extends the class of problems for which efficient computational algo-
rithms can be constructed and may serve as a foundation for studying more complex nonlinear cases and
problems in irregular domains.
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Introduction

In modern mathematical physics, considerable attention is devoted to the study of differential
equations with fractional derivatives, which are applied to modeling memory processes such as vis-
coelasticity, anomalous diffusion, and thermo-viscoelasticity [1-3]. Hyperbolic equations containing
fractional derivatives are of particular interest [4—6], as they describe wave phenomena in media with
hereditary properties. This work considers a periodic boundary value problem for a hyperbolic equation
with the Riemann—Liouville fractional derivative, which arises in the study of processes with periodic
boundary conditions. An iterative algorithm is proposed, based on decomposing the spatial domain
and reducing the original problem to a system of integro-differential equations. The paper proves a
theorem on the existence and uniqueness of the solution, as well as derives estimates of the convergence
rate of the proposed method. The use of the parametrization method [7| enabled establishing sufficient
convergence conditions for the algorithm. The results of this work extend the class of problems for
which efficient computational algorithms can be constructed and can be applied to the numerical sim-
ulation of memory processes [8-10]. The conducted research broadens the range of problems for which
effective computational algorithms can be developed [11,12]. The obtained results are consistent with
known approaches described in and complement them with new estimates [13, 14].

*Corresponding author. E-mail: zh.botagoz.b@gmail.com
This research was funded by the Science Committee of the Ministry of Science and Higher Education of the Republic
of Kazakhstan (Grant No. AP23488729, 2024-2026).
Received: 22 April 2025; Accepted: 12 December 2025.

(© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

194 Bulletin of the Karaganda University



On a solution of the periodic ...

1 Problem statement

Consider a periodic boundary value problem for a hyperbolic equation with fractional derivative

w - A“’”W +B(t,z)Dfw(t,x) + f(t,x), (t2) €2=[0,T]x[0,X], weR", (1)
w(0,z) =0,  x€[0,X], )
w(t,0) = w(t, X), t € 0,77, (3)

where the (n x n) matrices A(t,z), B(t, z), and the n-vector function f(x,t) are continuous on 2,

n
Z”tx|<ﬂ,

a, 3 = const, 0 < p < 1, D{w(t, z) is the Riemann-Liouville fractional derivative of order p, defined
by the formula

n
lwlf = max !wzl IA(t 2)|l = max Y " lay(t,2)| < a, || B(t,2)
i= i=1,n "% i=1

Jj=1

t
1 d [ w(r,z)
Diw(t,xz) = — ——dr, t T
rwlt,) F(lp)dt/(tT“ . teloT],
0
where I'(z) is gamma function: I'(z f r* e %dx.

Let C(Q,R™) be the space of contlnuous functions w : 2 — R™ on {2 with the norm

ot @)l = max Jlw(t,z)]

The function w(t, z) € C(£2,R™), having partial derivatives dw(t 2) ¢ C(Q,R"), 825;(92’635) e C(2,R"),
provided that D}‘w(t,z) exists in the Riemann-Liouville sense IS called a solution of the problem
(1)—(3), if it satisfies the system (1) for all (¢,z) € Q, has zero value on the characteristic ¢ = 0, and
has equal values on the characteristics z = 0, z = X for all ¢t € [0, T].

w(t,x)

To solve this problem, we introduce a new function u(t,z) = ==, then w(t,z) = [ u(r,x)dr.

o o

Substituting u(t¢, x) into equation (1) gives

ou(t, )
Ox

= A(t,z)u(t,z) + B(t,x D“(/UT x dT) + f(t,z), (t,z)e Q=1[0,T] % [0, X],
0

with the boundary condition:
u(t,0) = u(t,X), telo,7T).
Let us partition the interval [0, X] into N parts with a step size h = X/N. We introduce the partition
points: z, = (r—1)h, r =1,2,..., N. We define the restrictions of the function u(¢, z) on each interval
ur(t,x) = u(t,x), x € [(r — 1)h,rh).
The original problem is equivalent to the problem

8“:9(335) A(t,z)u(t,z) + B(t,x D”(/ur T, X d7'> + f(t,x), (4)
0
uy(t,0) = x_}l}i\rfr}%_o un(t,x), tel0,T], (5)
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lim wu,(t,x) = upq1(t,vh), r=1,2,..,N—1, (6)

z—rh—0

where (t,x) € Q, = [0,T] x [(r — 1)h,rh), (6) is the matching condition of the solution on the internal
partition lines,

.

[ (1, 2)dm

0

t t t
1 d 1 up (7, )
</u7«7'$d7'>— Bt/ G— dT_F(l—u)/t—T)“dT'
0 0 0

2  Main results

We introduce the substitution v,(t,2) = wu,(t,x) — A:(¢), where A\.(¢) = u,(¢,(r — 1)h). Then
ur(t,x) = vp(t,x) + A\ (t). Substituting into equations (4)—(6), we obtain

&)Ta(i’:z) = A(t,z)v,(t, z) + A(t, )\ () +
/ vy (T, ) B(t,z) / Ar(T)
O/ —T r(1—u)0/(t—7)ud7+f(t’$)’ ")
v(t,(r—1)h) =0, te€l[0,T], r=1,N, (8)
A1 (t) = )\N(t) + z%liglio UN(t,x), t e [O,T], (9)
Ar(t)+ lm v (t,x) = Ap1(t), r=1,2,...N—1 (10)

z—rh—0

The problem (7), (8) with fixed A,.(t) is a one-parameter family of Cauchy problems for systems of
integro-differential equations, where t € [0, 7], and is equivalent to the integral equation

/ A(t, €)v,(t, €)dE + Mo (t / A(t, €)de+

(r—1)h (r—1)h
T t . . i
B(?) Ur\T 75 )\r
" / (- p) /(t Py dTde T / i / B(t,€)d¢ + / f(t,6)de. (1)
(r—1)h 0 0 (r—1)h e

Passing to the limit as # — rh — 0 in (11) and substituting in (9), (10) instead of 111}111 Ovr(t,a:),
x—rh—

r = 1, N, the corresponding right-hand sides for the unknown functions \.(t), » = 1, N we obtain a
system of equations

Nh
hAL(E) = AN (D) + I / A(t, €Yo (1, €)de + han(?) / At €)de+
(N=1)h (N=1Dh
t t ) Nh Nh
h / / oN Tf ) e + / n(T / B(t,€)d¢ + b / 1t €)de,
(N1 0 0 (NZ1)h (NZ1)h
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rh rh rh t
M(t) + / At €0 (1, €)dE + A (1) / At €)de + / il / or 75 ) drac+
(r=1)h (r=1)h (r—=1)h 0
] t N ( ) rh rh
r\T _ _T N7
— [ [ Beoder [ eod=ra0. r=TF-T
0 (r—1)h (r—=1)h

This system can be written in matrix form as
Q(h))\(t) = _A(tv ha )‘) - VYl(t hv U) - VYQ(ta h> U) - F(t7 h)7 (12)

where A(t) = (A1(t), Aa(2), .. ‘7)‘N(t)),’

Nh
h 0 0 —h<1+ | A(t,g)dg)
(N—1)h
h
+ [ A(t,€)de 1 0 0
0
Qh) = 0 1+ thA(t,g)dg 0 0 ’
h
(N—1)h
0 0 1+ [ A(t,€)de -1
(N—=2)h
Nh t )
A(t, b, A\ (h B(t N
(N—/l)h o/
/hB(t ey — /t M) (N/_ ' B(t j Na(r) ) /
’ Tl—p)) =7 7777 t—T)N
0 0 (N=2)h 0
Nh (N-1)h /
Vi(t, h,v) = <h / A(t, §)th§d§,/At§v1 t,6)de, ..., / A(t, &) un_1(t, §)d§>
(N=1)h (N=2)h
t
Va(t, h,v) = ( L d dg,
(N/1)h 0/
t - t /
B(v ) V1T 76 B(7 ) UN 1
/r( #O/(t ST, _/ fa “0/ = ddé)
Nh h (N=1)h
F(t,h) = (h | o [ e .. / ft.e d£>
(N=1)h 0 Z92)h

To find the system consisting of the functions {\,(t), v, (¢, x)} r =1, N, we have a closed system
consisting of equations (11) and (12).
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Suppose the matrix Q(h) is invertible for all ¢ € [0, 7] [15]. Taking as the initial approximation
vr(t,x) = 0, from system (12), we find A0 (t), r = 1, N. From equation (11) with \,(t) = A0 (t), we
find vﬁo) (t,z),r=1,N.

Step 1. Using equation (12) with v,(t,z) = o0 )(t x), we find A (t), =1, N. From equation (11)
with A\.(¢) = 511)(t), we find vq(nl)(t, xz),r=1,N.

Continuing the process, at the k-th step, we obtain a system of pairs {/\7(}3) (t),v () (t,z)}.

Sufficient conditions for the feasibility and convergence of the proposed algorlthm, as well as an
estimate of the difference between the exact and approximate solutions, are established by

Theorem 1. Let for some h > 0: Nh = X, N = 1,2,..., (nN x nN) matrix Q(h) is invertible and
the inequalities hold

1) QW] < ~(h),

T(2—p)

A sri—n
2) ¢(h) = h* max{1, h}<a+ F% M)> Bi—y(hy(h) max{1,h} - - T'"*)e < Mo > <1,

_ max{1,h}-B-T 1+ F
where Ei_, (hy(h) max{1,h} -3 -T'7F) = 37, G F((l{u)gﬂ) ) 0 < <1, A 2)] € a,

|B(t,z)|| < . Then the boundary value problem (1)-(3) has a unique solution w*(¢,z) and the
estimate holds

lw*(t, z) — w (¢, 2)|| <

1—
< T(l + hmax{1l,h} <a + I%)El#(hv(h) max{1,h}- [ Tl_“)) mM(h)Hf(t,x)Hl

Proof. The following inequalities hold

¢
AL, b, A)|| < max{l h}hﬁH/ max{1, h}hfS 1

t—T H (1 —p) / (t=7)H =

max [|A,(7)||dr,
1,N

)

IVi(t, h,v)| < max{l, h}ah max sup l|lvor(t, )]l
r=1,N ze[(r—1)h,rh)

t
Vot o)) < BB [ 1 sup e(na)ldn,
INOED) / (t = T) +=T.N ze[(r—1)h,rh)

[1E@, h)|| < hmax{1, h}|[f(t, )]

Assume that the matrix Q(h) is invertible. Taking as the initial approximation v, (¢, z) = 0, from
system (12), we find A0 (t).
Let us use the generalized Gronwall-Bellman inequality for equations with a fractional integral [16]

N = ma%!\/\ﬁo)(t)!! < hoy(h) max{1, A} - ||f(t, )1 - Er—p(hy(h) max{1,h} - 3 - 7F),

r=1,

where E1_, (hy(h) max{1,h} - 8- t'7*) is the two-parameter Mittag-Leffler function.
So, we have

IOl = max, INO@)I < hry(h) max{1, b} By, (hy(h) max{1,h} - 8- T'7#) | f(t, ).
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Under our assumptions, the Cauchy problem (7), (8) with A\.(t) = A0 (t), has a unique solution

Uﬁo)(t’ x). By the Gronwall-Bellman inequality,

0t lls = mae mae o6, )l <
r=1 t,x E T

<[ (a+ Fﬁ(f_m) N Ol + 156,211 h<+ﬁ”> < MOS0,

at 2Lk

M(h) = fl[<a-+ ﬁglLB)lryUUInax{l,h}Eh_M(hv(h)rnaX{l,h}-/3-7““)—%l}eh< e “)>_

According to the algorithm, we determine A(V(¢) and estimate )\7(01)(75) 20 (t). Let us use the
generalized Gronwall-Bellman inequality for equations with a fractional integral [16]

AV () = XD (@)l <
1—
< hmax{1, h} <04 + %)El_u(m(m max{1, h} - 8- T#) [0 (¢, )5

Then
[ 2) .2, < a®® (e, )]s

Continuing the iterative process, we obtain a sequence of systems of pairs {/\1(]6) (t),v (k) (t,z)},
r=1,2,..,N, k=12 ..:
A (@) = AB (@) <
BT 7" BT [P (g ) — D)
Ey_y(hy(h) max{1,h} - B- T )| (t,z) — v (t,z)||s, (13)

< hmax{l, h} <a + m

[o®FD (¢t 2) — o™t 2) |5 < q(h) v (¢, 2) — o F VD (E, 2|5, k=1,2,... (14)

By virtue of condition 2) of Theorem 1 and inequalities (13), (14), the sequence {)\gk)(t),vfnk) (t,x)}
converges to {\:(t), v (t,x)} as k — oo and the following estimates hold:

A (1) = AP @)z <

BT .
I‘(Q_M)>E1u(h7(h) max{1,h} - 8- T'7H)

[a(h)]*
1— q(h)M(h)Hf<t,.%')H1

Since {Af(t),vi(t, )} is a solution of the problem (7)—(10), the function w*(¢,x), obtained by joining

< hmax{1,h} (a+ LEOL vy £t )]s

lo* (¢, @) — o™ (¢, 2)|3 <

together the systems of functions f (A7) + v (7, x))dr, will be a solution of the original problem

(1)-(3), and the estimate of the Theorem 1 holds.

Let us prove uniqueness. Suppose that w** (¢, z), w*(t, ) are two solutions of the problem (1)—(3).
Then the corresponding systems of pairs {\*(¢), v * (¢, z)}, {\:(t), vi(t,z)}, r = 1, N, will be solutions
of the boundary value problem (7)—(10), and similarly to (13), (14):

/8 1_ > 1- * *
Ei_,(hy(h) max{1,h}-B8-T 7*)||v*(t,2) —v™ (¢, z)||3,
£ ) (W) max {1, k5T o () =0 (10|
[0t ) — o™ (¢, 2)lls < q(B)[|v™* (¢, @) = o™ (t,2)[l3,  q(h) <1.
It follows from this that X5(t) = N (¢), v (¢, x) = v * (¢, x), i.e. w™*(t,z) = w*(t, z), for (t,x) € Q. The
theorem is proved. O

A () — A" (t)||2 < hmax{1l,h} <a+
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Conclusion

An iterative algorithm has been proposed in this work for solving the periodic boundary value
problem of a hyperbolic equation with the Riemann—Liouville fractional derivative. A theorem on the
existence and uniqueness of the solution has been proved, and estimates of its approximate values have
been established. The convergence conditions of the algorithm have been derived using matrix analysis
and the Gronwall-Bellman inequality. It has been shown that the choice of the partition step of the
spatial interval plays a key role in ensuring the stability of the method. The results of this work can
be applied to the modeling of a wide class of physical processes with memory and periodic boundary
conditions. Further research may be aimed at solving nonlocal boundary value problems for nonlinear
hyperbolic equations with a fractional derivative.
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