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Automorphisms of free braided nonassociative algebras of rank 2

R. Mutalip, B.A. Duisengaliyeva, A.S. Naurazbekova*

L.N. Gumilyov Eurasian National University, Astana, Kazakhstan
(E-mail: mutalipriza@yahoo.com, bibinur959@gmail.com, naurazbekova82@gmail.com)

We prove the elementary reducibility of any nonaffine automorphism of a free nonassociative algebra of
rank two over an arbitrary field. Using this result we establish a property of automorphisms of this algebra
that will be needed later. We then derive a necessary and sufficient condition for the isomorphism of
two free braided nonassociative algebras of rank two over a field with diagonal braidings. We describe
the automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over an arbitrary field of characteristic not equal to two. Depending on the form of the diagonal
involutive braiding, five different automorphism groups of a two-generated free nonassociative algebra arise
in this case: 1) the group of all automorphisms, 2) the group of all odd automorphisms, 3) the subgroup of
the group of triangular automorphisms, 4) the toric automorphism group, 5) the semidirect product of the
toric automorphism group with the subgroup generated by an automorphism that permutes two variables.
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Introduction

A braided space (see, for example, [1,2]) is a linear space V over an arbitrary field K with a linear
map f: VRV = VRV, called a braiding, that satisfies the Yang—Baxter equation

(Beid)(ide® B)(f®id) = (Id® B)(8 ®id)(id ® ). (1)
Let X = {z1,x2,...,z,} be a basis of V. The linear map
B:x; Qs> Bists ® wi, where Bis € K, 1 <i,s <mn, (2)

is a braiding and it is called a diagonal braiding. In the case 5% = id the braiding 3 is called involutive.
The diagonal braiding 3 is involutive if and only if

BBy =1, forall 1<ij<n. (3)

In particular, 8;; = £1 for all 7.

Every braiding 8 of V' can be uniquely extended to the free associative algebra K (X) [3]| and to the
free nonassociative algebra K{X} [4] freely generated by set X over a field K so that K (X) and K{X}
are braided algebras. Moreover, they also proved that the free braided algebra K{X} has a natural
structure of a braided nonassociative Hopf algebra [4]. This algebra plays an important role in quantum
Lie theory (see, for example, [3,5]). R. Mutalip, A. Naurazbekova and U. Umirbaev [6] described all
automorphism groups of free braided associative algebras of rank 2 with diagonal involutive braidings
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over a field of characteristic # 2. Many papers are devoted to the investigation of structures of braided
algebras (see, for example, [7-9]).
Consider the following grading
K{ml,mg} =CodCy (4)

of the free nonassociative algebra K{z1,z2} in two variables x1,z9 over K, where Cy and C; are the
linear spans of all even length monomials and a linear span of all odd length monomials, respectively.

Denote by AutA the automorphism group of an algebra A. Let us call an automorphism
v € AutK{x1, 29} odd if p(z1), p(x2) € C1. The set of all odd automorphisms of K{z1,z2} denote by
Goqq- It is clear that Goqq is subgroup of AutK{z1,z2}.

Let (K {z1,x2}, ) be a free braided nonassociative algebra in two variables x1, zo with a diagonal
involutive braiding 5 = (811, f12, Ba1, B22) over a field K of characteristic # 2. In this paper we show
that

(1) if B;; = 1 for all 7, j then Aut(K{z1,z2}, f) = AutK{z1, x2};

(2) if Bi; = —1 for all 4, j then Aut(K{z1,22}, ) = Goda;

(3) if B11 = Baa, P12 = Po1, and PB11P12 = —1 then Aut(K{z1, 22}, 8) = (K* x K*) X Zs, where Zs
is the subgroup of AutK{x;,z2} generated by (z2,z1);

(4) if Bra = 1 and B11Be2 = —1 then Aut(K {z1, 2}, B) = {p € AutK {z1, 22} | p(x1) = az1 + g(x3),
p(w2) = baa, a,b€ K*, g(z) € K {a}};

(5) if P12 # 1 or P12 = —1, B11P82 = —1 then Aut(K{x1,z2},5) = K* x K*.

The paper is organized as follows. In Section 1, we give some definitions and facts on free braided
nonassociative algebras. In Section 2, we prove elementary reducibility of any nonaffine automorphism
of a free nonassociative algebra of rank two over an arbitrary field. Using this result we prove the
property of automorphisms of this algebra that we need in the future. In Section 3, we derive a
necessary and sufficient condition for the isomorphism of two free braided nonassociative algebras of
rank two over a field with diagonal braidings. In Section 4, we describe all automorphism groups of
free braided nonassociative algebras of rank 2 equipped with diagonal involutive braidings over a field
of characteristic # 2.

1 Free braided nonassociative algebra

The braid monoid B, [3]| is an associative monoid generated by elements by, bo,...,b,—1, called
braids, subject to the following relations:

bibsy1bs = byy1bibi1, bibj =bjb;, 1<t<n—1, |i—j|>1 (5)

Let V be a linear space over a field K equipped with a braiding f: V@V — V ® V. Using (1), it
is easy to see that the linear maps

B =id®0 ) g B @ id®—i=D e e 1 <<,

satisfy all relations (5).
Introduce the following notation:

[t:t] =1, [mit] = Bi—1Bi—2- - Bnt1Bm»  [tsm] = BmPms1 -+ Bi—2Bi—1, m < t.

Define the map 2" : V& — V&1 ¢ < < n as a superposition of maps f3;:

e L N B e R e R A L
V. Kharchenko proved [3], that

I/f;’”: [nyr]n— 1 — 1)+ [n— r + ¢ t].
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An algebra A with a multiplication m: A ® A — A is called a braided algebra [1] if A is a braided
space and

(m®id) = f2pf1(id @m), (id®m)B = B12(m ®id)

(the operators in the superposition act from left to right).
A linear map ¢ : V — V' of linear spaces V and V' equipped with braidings 8 and 3, respectively,
is called a homomorphism of braided spaces if

Ble®p)=(p®p)p. (6)

A homomorphism of braided algebras is a linear map that is simultaneously a homomorphism of algebras
and braided spaces.

Let X = {x1,22,...,2,} be a basis of V. Denote by K(X) the free associative algebra generated
by the set X over a field K. The set of all associative words X’ in the alphabet X forms a linear basis
of K(X). Set mdeg(z;) = e;, where ey, ..., e, is the standard basis for Z". If v = z;, x4, ... x;, € X',
then we put

k
d(v) =k and mdeg(v) = Zmdeg(xij).
j=1

Consider the tensor algebra T'(V) = @;°, V¥ of a linear space V. It is clear that T'(V) = K(X).
We will write v1vs . .. vy, instead of v] @V ®...®@wvg € VEX. Denote by m’ : T(V) &' T(V) — T(V) the
product in T(V'), where ® is the tensor product ® with the separation function of a pair of tensors.
So, (u® v)m’ = u ® v, where u,v € T(V).

Consider the linear map

0, : VO 5 VO g vt g <t <,

defined by

/
n
( 11419 7 ) t 11419 ’Lt® 141 7

n*

V. Kharchenko [3] proved that every braiding 8 of V has a unique extension 5’ on K(X) so that
K(X) is a braided algebra. The braiding 8" is defined in [3]| by

(u® 0)f = (u@ V), Oy, ueV® veyVent, (7)

We set (1@ v)f =v® 1and (u®' 1) =1&" u.

Denote by K{X} and K{y} free nonassociative algebras over a field K freely generated by the
set X and one variable y, respectively. The set of all nonassociative words X* in the alphabet X
and the set of all nonassociative words Y* in the alphabet y form linear basis for K {X } and K{y},
respectively.

Every nonassociative word vf € X* of length ¢ has a unique representation vf = v - f, where
ve X', feY* dv)=d(f) =t. We can consider f as a linear map

f:V® - K{X}.

We can linearly extend the action f on K(X) by V" f =0 if n # t. We also can extend this action
on K(X) to an action of the algebra K{y} by linearity. The linear map [4]

K(X)® K{y} - K{X} defined by (a®g)—a-g

is an isomorphism of linear spaces.
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Let we X', f e Y* and d(u) = d(f) =t . Then uf € X*. Using this, we have

(uf)(vg) = (w)(fg), w,veX', fgey™

U. Umirbaev and V. Kharchenko [4] proved that the every braiding 5 of V' has a unique extension
f* on K{X} so that K{X} is a braided algebra. The braiding £* is defined in [4] by

(uf ®vg)B8" = (u@ v)B'(g® f), (8)
where u,v € X', f,g € Y*, and ' is the braiding of K(X) defined by (7). It is clear that
(1®vf)f*=vf®1 and (ug®1)* =1R®ug

(9)
For convenience, denote the extensions 3’ and 3* by the same symbol 3

Let w € X* and let w = w'f, where w’ € X' and f € Y*. We put

mdeg(w) = mdeg(w').

Lemma 1. Let V be a linear space over a field K with a linear basis X = {z1,xo,
a diagonal braiding 8 :

.y Tp} and
: CL',L'®33j — ,BZ].%‘]@I‘Z
mdeg(v) = (I1,12,...,1,), then

.., kp) and

If u,v € X*, mdeg(u) = (ki, ko, .

(u®wv)p Hﬁw (v®u).

Proof. Let u,v € X*. Denote by v’ and v’ the associative words obtained from the nonassociative
words u and v, respectively, by removing all brackets. Then v = «'f and v = v'g for some f,g € Y*
It is proven in [6] that

(v @B = H @kjilj (v @ ).
ihj
By this and (8), we have

(u@v)B=Wfevg)p =W & v)8ge f) = Hﬁ v &' ) (g® f)

=[I8 wgeus) = Hﬁ
1,J

v®u

2 Properties of automorphisms of K{x1,x2}

Denote by deg(u) the degree function on X* such that deg(z;) = 1 for all i. Every nonassociative
word u of degree > 2 is uniquely represented as u = uj - uz, where deg(u1), deg(ug) < deg(u)
Set 1 < mp < --

9y
- < n. Let u,v be arbitrary elements of X*. We say that u < v, if
deg(u) < deg(v). If deg(u) = deg(v) > 2, where u = uj - ug, v = v; - va, then we say that u < v if
up < vy or if up = v1 and us < vy
It is not difficult to see that the statement of next lemma is true

Lemma 2. Let u,v,w € X*. If u > v then wu > wv and uw > vw
Arbitrary element f € K{X} can be uniquely written as

f=a1fi+tasfo+--

where f; € X*, 0 # a; € K for all i and f1 > fo >
by f.

-+ akfk?

> fr. Let us call f; the leader of f and denote it
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Corollary 1. Let 0 # f,g € K{X}. Then

Fg=7F-3 and deg(f-g) = deg(f) + deg(g).

Lemma 3. Let u,v be nonassociative words of K{y} and let f € X*. If u > v, then u(f) > v(f).

Proof. Tt is clear that u(f),v(f) € X*. Let deg(v) = k. Establish the lemma’s statement by
induction on k. If deg(v) = 1 then v = y and the inequality v > v holds if and only if deg(u) > 1.
Therefore, u(f) > v(f).

Let deg(v) > 2. We can represent u and v as u = uj - ug and v = vy - v9, respectively. u > v implies
that one of the following conditions is satisfied: 1) deg(u) > deg(v); 2) deg(u) = deg(v) and u; > vy;
3) deg(u) = deg(v), u; = vy, and ug > va.

If deg(u) > deg(v) then deg(u(f)) > deg(v(f)) and u(f) > v(f).

If deg(u) = deg(v) and w; > wv; then, by induction proposition, ui(f) > vi(f). Therefore,

u(f) >v(f)
If deg(u) = deg(v), uy = v1, and ug > w9 then, by induction proposition, ui(f) = v1(f) and
u2(f) > va(f). Therefore, u(f) > v(f). O

Denote by K{x1,x2} the free nonassociative algebra in two variables x1,x9 over a field K. The
next corollary follows immediately from Corollary 1 and Lemma 2.

Corollary 2. Let uw € K{y} and 0 # f € K{z1,22}. Then

—_— o~

u(f) = u(f) and deg(u(f)) = deg(u) - deg(f)-

Denote by ¢ = (f1, f2) the automorphism of K{xz1, 2} such that p(x1) = f1, ¢(x2) = fo. If f; = x4,
fi=oax;+g(z;),1# j,0# a € K, g€ K{x;}, then the automorphism ¢ is called elementary. The
automorphism generated by elementary automorphisms is called tame.

P. Cohn [10] proved that all automorphisms of free Lie algebras of a finite rank over a field are
tame. J. Lewin [11] extended this result to free algebras in Nielsen—Schreier varieties. It is well known
that the variety of all nonassociative algebras [12]| over a field is Nielsen—Schreier (see also [13]). As a
consequence, every automorphism of K{z1,z2} is tame.

The degree of ¢ = (f1, f2) is defined by

deg(p) = deg(f1) + deg(f2).

An automorphism ¢ is called elementary reducible if there exists an elementary automorphism A such
that deg(p o \) < deg(y).
Every nonzero element g € K{x1,z2} can be uniquely represented as

g=go+ag1+ -+ gm-1+ 9m,

where g; is homogenous element of degree i, g, # 0. Let us call g, the highest homogeneous part of g
and denote it by g.
Let AfK{x1,x2} be the affine automorphism group of K{z1,z2}, i.e., the group of automorphisms
of the form
(@121 + bixa + c1, azx1 + baxa + ¢2),

where a;, b;, ¢; € K, a1ba # agby, let TrK{xy, z2} be the triangular automorphism group of K{z1,z2},
i.e., the group of automorphisms of the form

(axy + f(x2),bxs + ),
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where 0 # a,b € K, c € K, f(x2) € K{z2}, and let C = AfK{x1, 22} N TrK{x,z2}.

The notation h;(x2) means that h;(z2) € K{x2} is a homogeneous element of degree i with respect
to the degree function deg in one variable xy. It is clear that ho(z2) € K.

A. Alimbaev, A. Naurazbekova, and D. Kozybaev [14]| showed that the system of elements

Ap = {id = (z1,22),7 = (22,21 + ax2)|a € K}
is a left coset representative system for Af K{x,z2} modulo C, and the system of elements

By = {6 = (21 + q(22), 22)|q(22) = ho(22) + ... + hn(22)}

is a left coset representative system for TrK{z;,2z2} modulo C. They also proved the following two
lemmas.

Lemma 4. [14] Any automorphism ¢ of K{x1,z2} can be representation as
@=710010720020...07,00,0A,

where v; € Ao, v2,...,7% # id, & € By, d1,...,0, # id, and A € AfK{xi,z2}. Moreover, this
representation of ¢ is unique.
Lemma 5. [14] Let
Yk =01 0720020...07 00,
where id # v; € Ag, id # §; € By for all 4. If 6; = (z1 + ¢i(x2),22) and deg(g;(x2)) = n; for all
1 <17 <k then
deg(pr(x1)) = ning ... ng_1ng,

ning...Ng_1, if k>1,

deg(pr(x2)) = {1’ if k=1

Proposition 1. Nonaffine automorphisms of a free nonassociative algebra K{z1,z2} of rank 2 over
an arbitrary field K are elementary reducible.

Proof. Let ¢ be a nonaffine automorphism of K{z1,x2}. It is not difficult to see that if v~ o ¢,

where v € Ap, is elementary reducible then ¢ is also elementary reducible. By Lemma 4, ¢ can be
uniquely represented as the product

Y=710010720020--0Y 000N\,

where ~; € Ao, v2,..., #id, 5 € By, 01,...,0, # id, and X € AfK{x1,x2}.
Let A =id. Then as in Lemma 5

71_1090:9016:510720520"'0')’190(%:(?1@71O’Yko(sk-

Put pr_1 = (u1,u2). By Lemma 5, deg(u;) > deg(ug). Since v, = (x2,x1 + arz2), ax € K, and
Ok = (21 + qr(x2), x2) it follows that

Yk—1 0k = (ug, u1 + apuz)

and
Ok = Pk—1 0 Yk 0 0 = (u2 + qr(u1 + agug), u1 + aruz) = (w1, w2).

By Lemma 5,
degw; > degwy = deg(uy + aguz) > deg(ug). (10)
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Consequently,
deg(ipr—1 0 7k) < deg py.
Since 6, is the elementary automorphism, it follows that the automorphism ~; Loy = ¢y, is elementary
reducible. This means that ¢ is also elementary reducible.
Let now
A= (a1$1 + bixs + c1,a0x1 + boxo + 02) #id,

where a1by — ash; € K*. We have
’Yl_l 0@ = oA = (a1wy + byws + c1, asw; + bawa + c2) = (f1, f2).

Let a1, a2 be non-zero. Consider the automorphism
— a ai ai
Vit oo (x1 — —a2,22) = (f1, f2) 0 (21 — — 2, 32) = (f1 — — fo, fo).
a2 a2 a2

By Lemma 5, deg(f1 — Z—; f2) < deg f1. Consequently, the automorphism ¢ is elementary reducible.
Let now one of two coefficients a1, as be zero. Without loss of generality, we may assume that
a; =0 and ag # 0. Then b; € K*.
Since K{ws} = K{bjwa + 1}, it follows that there exists vg(y) € K{y} such that

vp(brwa + ¢1) = qi(w2).

Consider the automorphism

=77 opo (w1,a;5 w2 — vp(x1)) = (f1,a3 " fo — vk(f1))

= (blwg + cq, a;l(agwl + bows + CQ) — ’Uk(blwg + 61)),

where
(12_1(CL2U)1 + bows + c2) — vk (bywa + ¢1) = wy + az_l(bgwg + c2) — q(w2)

= ug + qk(wQ) + ag_l(bng + 02) — qk(wg) = us + a;l(wag + 02).

By(10), degy < deg 7{1 o ¢. Since (xl,aglxg — vg(x1)) is the elementary automorphism, it follows
that the automorphism ¢ is elementary reducible. O

Proposition 2. If ¢ = (f1,f2) is an automorphism of a free nonassociative algebra K{zi,z2}
in two variables x1,x2 over a field K and deg(y) > 3, then fi, fo are homogeneous elements of a
free nonassociative algebra K{axj + bxs} in one variable ax; + bze, a,b € K, (a,b) # (0,0), and

deg(f1) | deg(f2) or deg(f2) | deg(f1).
Proof. Let ¢ = (f1, f2) be an automorphism of K{xi,x2} with deg(¢) > 3. Without loss of
generality, we can assume that deg(f1) < deg(f2). Establish the proposition’s statement by induction

on deg(p) = deg(f1) + deg(/f2)-
By Proposition 1, ¢ is elementary reducible. Therefore, there exists an elementary automor-

phism € = (x1,cx2 — g(x1)), where ¢ # 0, g(x1) € K{z1}, such that deg(p o €) < deg(yp). Since
poe=(f1,cfa—g(f1)), it follows that deg(f2) = deg(g(f1)). By Corollary 2,

deg(g(f1)) = deg(g) - deg(f1).

It means that deg(f1) | deg(f2). If deg(poe) > 3 then, by the induction proposition, fi is homogeneous
element of K{ax; + bxa}. Notice that this is true even if deg(p o €) = 2. Hence, by Corollary 2,
cfa = g(f1) = g(f1). Consequently, f2 is the homogeneous element of K{axi + bxa}. O]
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3 Diagonal braidings on K{xi,x2}

Let V' be a linear space over a field K with a linear basis x1, z2 and with a diagonal braiding

B = (b1, P12, Ba1, B22)
defined by (2). Denoted by

/B = (/8227 ﬂ217/3127/811)

the diagonal braiding obtained from g by exchanging the variables x1 and x».

Proposition 3. Let (K{z1,z2},3) and (K{z1,z2},7) be free braided nonassociative algebras in
two variables x1,x9 over a field K equipped with diagonal braidings § and <, respectively. Then
(K{z1, 22}, ) is isomorphic to (K{z1,z2},7) if and only if v = 3 or v = 8.

Proof. Let ¢ : (K{x1, x2},8) — (K{x1, z2},7) is an isomorphism and ¢(x1) = g1, p(z2) = g2
Denote by Lin(g) the linear part of g. Let Lin(g1) = a1x1 + bixo and Lin(ga) = asxy + baza. Since ¢
is an isomorphism, it follows that

a1b2 - agbl 75 0 (11)

and
((zi ®@2;)B)(p ® ) = (z: ® 7;) (¢ ® @)y, where 1 <4,j < 2.

Denote by Qu(g) the quadratic part of g. Let 8 = (S11, B2, B21, B22) and v = (711, V12, V21, V22)-
Then
Qu(Bij(p(z;) ® p(z:))) = Qu ((p(zi) ® (z;))v), 1 <4,j <2.
It follows that
Bij(ajaiz1 @ x1 + bja;xe @ x1 + ajbjxy @ xo + bjbizs ® x2)
= Y11a;0jT1 @ T1 + Y21b;a;21 @ T2 + Y12a;bjT2 @ 21 + Y22bibjx @ T2

(12)

since, by (9), for any w € X* and any ¢ € K

(wee)B)lpep)=(c@w)(pyp)=(c®pw)) = (pw)@c)y = ((wec)(prep)y

Comparing the coefficients of the terms x; ® x; in (12), we obtain

(711 — Bij)aia; = (y21 — Bij)a;b; = (y12 — Bij)aib; = (v22 — Bij)bibj =0, 1 <4, < 2. (13)
By (11), a1be # 0 or agby # 0. If a;bs # 0 then (13) implies that
(M1, 72, Y21, 722) = (Bi1, P12, P21, B22)-
If agb; # 0 then (13) implies that

(m1,712, V21, 722) = (B22, P21, P12, B11)-

Hence, if (K{x1,22},3) is isomorphic to (K{z1,22},v) then v = 8 or v = 5.

Let ¢ be an automorphism of K {x1, x2} such that ¢(z1) = x2 and p(z2) = z1. Let u,v € X*,
mdeg(u) = (k1, k2) and mdeg(v) = (I1,l2). Then mdeg(p(u)) = (ke, k1) and mdeg(p(v)) = (I2,11). By
Lemma 1, we have

(w©v)B)(p©¢) = Bii" 613 B3 Bys (¢ (v) @ p(w))

and
(u@v)(p ® @) = Bri" B3 B3 533 (o(v) ® p(u).
Hence,
(u@v)B)(p®¢) = (u®v)(p® )b,
and (K{x1, 22}, ) is isomorphic to (K{z1, 22}, 3). O]
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If n = 2 then, by (3), the braiding $ is involutive if and only if

Bi1 = £1, Bog = %1, P12f21 = 1.

Note that if 3 is involutive then /3’ is also involutive.

4 Automorphisms of (K{z1, x2}, )

Introduce the following notations:

(1) G1 = {p € AutK{z1,22} | ¢ = (@121, bax2) or ¢ = (b1x2, azx1), ai,bs,az,by € K*};

(2) Go = {p € AutK{x1, 22} | ¢ = (@121 + g(23), bam2), a1, by € K*,g(z) € K {x}};

(3) Gior = {p € AutK{x1, 22} | ¢ = (@121, b222), a1, by € K*} is the group of all toric automor-
phisms of K{x,x2};

(4) Zs is the subgroup of AutK{x1,z2} generated by (zo,z1).

Note that, by (6), if ¢ € AutK{z1,x2} then ¢ € Aut(K{z1,z2}, ) if and only if

Ble®p) = (p®p)B. (14)

The main result of this section is the following theorem.

Theorem 1. Let (K{x1,x2}, B) be a free braided nonassociative algebra in two generators x1, x2 over
a field K of arbitrary characteristic # 2 equipped with an involutive diagonal braiding

B = (b1, P12, P21, B22). Then
(1) Aut(K{z1, 22}, B) = AutK{x1,z2} if B;; =1 for all 4, j;
(2) Aut(K{x1, 22}, 8) = (K* X K*) X Zy if 11 = Paz, Pi2 = P21, and P11512 = —
(3) Aut(K{x1, 22}, B) = Goqq if Bij = —1 for all 4, j;
(4) Aut(K{z1, 22}, f) = Go if f12 =1 and B11522 =
(5) Aut(K{z1, 72}, 8) = K* x K* if B3 # +1 or 512 = —1 , B11B22 =

Following Lemmas 6, 7, 8, 9, 10, and 11 immediately imply the statement of this theorem.
Lemma 6. If p;; = 1 for all ¢, j then Aut(K{z1, 22}, ) = AutK{x1, x2}.
Proof. Let ¢ € AutK{z1,x2} and let u, v € X*. By Lemma 1, we have

(u@v)B) (e @) =(vRu)(P®p) =) pu) = (o) ®pw))s=(uev)(r)s.
By (14), ¢ € Aut(K{x1,x2}, ). Consequently, Aut(K{x1,x2}, 8) = AutK{z1,z2}. O]

Lemma 7. If B11 = Bog, B12 = P21, and 115812 = —1 then Aut(K{:cl,xQ},B) =G & (K*XK*)NZQ.
Proof. By Proposition 3, f = (—1,1,1,—1) or § = (1,—1,—1,1). Let ¢ = (f1, f2) is an automor-
phism of (K{x1,x2},3) and deg(y) > 3. Since Aut(K{x1,z2}, ) C AutK{x1,z2}, it follows that, by

Proposition 2,
f1 = hi(azy + bxa), fo = ha(axy + bxs), (15)

where hi, hy are homogeneous elements of K{y}, deg(hi) = mi, deg(ha) = ma, my | mg or mg | my,
a,b € K, and (a,b) # (0,0). By (14), we get

(i @)B)(p @ ¢) = ((z: @) (p @ 9))B, 1<14,j <2

Hence,

Bije(x;) @ p(ai) = (p(x:) ® ()8, 1<4,j<2.
Using (15), we get

Bijhj(ax1 + bxa) ® hi(axi + bxa) = (hi(axi + bxe) ® hj(axy + bxo)) B, 1<14,5 <2. (16)
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We can write hy(azi + bxa) as
hi(axy + bxa) = a™*hi(x1) + 0™ hi(x2) +wg, 1 <k <2,

where each term of w;, contains both z; and 5.
Using Lemma 1 and comparing coefficients of the terms hj(z1) ® hi(z1), hj(z2) @ hi(z1),
hj(x1) @ hi(x2), hj(z2) ® hi(z2) in (16), we obtain

(&j _ ﬁimj>ami+mj _ (5” . gimj)a’n’ubmj — (51] _ glzimjmmJ'bmi (17)
_ (ﬁl] . gimj)bmi‘f'm]' =0, 1<4,5<2.

If 6= (-1,1,1,—1) then, by (17),
(Bij = (=)™ = (B — (<) =0, 1<, <2
This implies that
(=1 = (=1)™)a?™ = (1= (=)™ = (1= (=1

=(1- (_1)m1m2)bm1+m2 =(-1— (_1)m§)a2m2 =(-1— (_1)m§)b2m2 0.

It easily follows from this that a = b = 0 over a field of characteristic # 2.
If 6=(1,-1,-1,1) then, by (17),

(Bij — 1)a™ ™™ = (B; — ™™ =0, 1<i,5<2.

This implies that
_2am1+m2 — _Qbm1+m2 =0.

Hence, a = b = 0 over a field of characteristic # 2.
Consequently, if § = (=1,1,1,—1) or 8 = (1,—1,—1,1) then (K{x1,x2},3) has only automor-
phisms of degree 2. Therefore,

p = (alxl + bixo + c1, asx1 + boxs + 62), a;, b, ¢; € K.

Using (14), we get
(@i @z))B)p@p=(xi@z))p®@p)B, 1<i,j<2

Hence,
,Bij(aj$1 + bj$2 + Cj) & (aixl + bjxro + CZ‘) = ((aixl + bjxo + CZ') & (ajarl + bjl’z + Cj))ﬂ, 1<4,5 <2.

By comparing the coefficients of the terms z; ® z;, ;, 1 < 4,7 < 2, and the term 1 on both sides of
the equality, we obtain the following relations:

(Bij — Bi1)aiaj = (Bij — Bi2)aib; = (Bij — Ba1)a;b; = (Bij — Ba2)bib;
= (ﬂ,] — 1)(0,2‘0]‘ + ajci) = (ﬂ” - 1)(bicj + bjci) = (,3” — 1)CZ'C]‘ = 0, 1 S i,j S 2.
Varying the values of 1 <i,5 < 2, we get

(B11 — Brz)arbr = (Bi1 — Ba1)aibr = (P11 — Baz)bi = (B11 — Darex

18
= (B11 — Dbier = (B11 — 1)ci =0, (18)
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(B12 = Bi1)araz = (Bi2 — Pa1)azby = (B2 — Pa2)b1b2

19
= (P12 — 1)(arc2 + ager) = (P12 — 1)(bica + bact) = (P12 — 1)eica = 0, (19)
(B21 — Bi1)araz = (B21 — Pr2)azby = (B21 — P22)b1b2 (20)

= (P21 — 1)(azc1 + arc2) = (P21 — 1)(bact + bica) = (a1 — 1)eact =0,
(Baz — B11)a3 = (Baz — Pra)azbs = (Baz — B21)azbs = (B2a — 1)asca (21)

= (Ba2 — 1)baca = (B2 — 1) = 0.
Ifg=(-1,1,1,-1) or g =(1,—1,—1,1), then it follows from (18), (19), (20), and (21) that

a1b1 = ajag = blbg = ang = C% = C% =0

or

arby = araz = b1by = azbs = aico + azcr = bica + bacy = creo = 0,
respectively. Using (11), this implies

al;éO, bg#O,b1:a2201202:0
or
1)17&0, ag#o, a1:62:01:02:0.
So we have
¢ = (a1x1, bexa) or ¢ = (byxe, asxy).

Using Lemma 1, it is easy to see that ¢ € Aut(K{z1,z2},3). Consequently, Aut(K{x1,z2},5) =G

Lemma 8. If p;; = —1 for all 4, j then Aut(K{z1,z2},5) = Goda.

Proof. Let u,v € X* with mdeg(u) = (mi,m2) and mdeg(v) = (t1,t2). If B;; = —1 then, by
Lemma 1,
(@) = (~1)tmrmtte)(p g ).

It is clear that (—1)(m1+m2)(t1+t2) = —1 is equivalent to both m; +msg and t; 4¢3 being odd, and hence
we conclude

(fegs=(-1"(gef), (22)

where f € C; and g € C; with respect to the grading (4).
Let ¢ € Goaq. Therefore p(C;) C C;. Using (22), we obtain

(f@g)Ble®e)=(-1)"(go )¢ )

= (=1)%(plg) ® () = ((f) @ 9(9)B = (f ® 9) (v ® ¥) -

(f
By (14), ¢ € Aut(K{x1, 22}, ) and Goaq € Aut(K{z1, 22}, 3).
Let ¢ = (f1, f2) € Aut(K{z1,z2}, ), deg(f1) = m1 and deg(f2) = mgy. We prove that ¢ € Goqq
by induction on deg(p) = m1 + ma. Let deg(y) = 2, i.e.,

v = (a121 + bixa + ¢1, a2y + boxa + c2), a;, b, ¢ € K.
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It follows from (18), (19), (20), and (21) that ¢; = ca = 0. So we have
¢ = (a171 + b122, asx1 + baxa) € Goda-
Assume that deg(p) = my + mg > 3. Then (17) implies that

(L= (—1)™)aH S = (<1 ()G = (<1 = (~1)" b

= (=1 — (=1)™mipmtmi =0, 4, j e {1, 2} (23)

Assume that mymeg is even. It follows from (23) that a = b = 0 over a field of characteristic # 2.
Consequently, mimo is odd. This means that m; and mo are odd. Without loss of generality, we

can assume that m; < mg. By Proposition 2, mq|ms. Then there exists the odd automorphism
ma/m

A = (1,22 + dzy ), where d € K*, such that deg(p o \) < deg(y). Since X € Goaqa C
Aut(K{x1,x2}, B) it follows that o € Aut(K{x1,z2}, 5). By the induction proposition, o € Goqq.
Consequently, ¢ € Gogq- O

Lemma 9. If B12 = 1 and (11822 = —1 then Aut(K{xl,xQ},ﬂ) =~ Gs.
Proof. By Proposition 3, § = (1,1,1,—1). Consider the grading

K{z1,22} = Do ® Dy

of K{x1,z2}, where Dy and D; are linear spans of all monomials of even degree and all monomials of
odd degree in variable xo, respectively.
Let u,v € X*, mdeg(u) = (s,s") and mdeg(v) = (¢,t'). By Lemma 1,

(u®v)B = (—1)*"(v®u).

(_1)5%’ = —1 is equivalent to both s’ and ¢’ being odd. Therefore, for any homogeneous elements
fGDiandgeDj, -
(f©@g)B=(=1)"(g® ) (24)
Let ¢ € Go. Then ¢(D;) C D;. Using (24), we obtain

(f@g)Ble®e)=(-1)"(g® )¢ )

= (=17 ((9) @ 9(f)) = ((f) @ (9))8 = (f ® 9)(v ® ©)B.

Consequently, ¢ € Aut(K{z1,z2}, 5) and Ga C Aut(K{z1,z2}, ).
Let ¢ = (f1, f2) € Aut(K{x1,x2}, B) with deg(f1) = m and deg(f2) = ma. We prove that ¢ € Gy
by induction on deg(y) = mj + mq. Let

¢ = (a1x1 + bixa + 1, a91 + boxa + ), a4, b;, ¢ € K.
It follows from (18), (19), (20), and (21) that
b% = blbg = a% = a2b2 = agCy = bQCQ = C% =0.

Using this and (11), we get
al;éO, 627&0, b1:a2:02:0.

So
v = (a1x1 + c1, bexa) € Ga.

Assume that deg(¢) = mq + mg > 3. Then (17) implies that
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(1= 178)a?m2 = (1 — (—1)™)p?™ = (1 — (—1)™m2)pmitme = (—] — (~1)"3)p>™2 = 0. (25)

It follows from this a = 0 over a field of characteristic # 2. By (25), b # 0 in the case m; is even and
mg is odd. Therefore, by Proposition 2, mga|my and mq/mg is even. Then there exists the automorphism

A= (x1+ d:z;m/mQ, x2) € G2 such that deg(p o A) < deg(y). Since A € Go C (K{x1,z2}, ) it follows
that p o A € (K{z1,x2}, ). By the induction proposition, ¢ o A € G2. Consequently, ¢ € Ga. O]

Lemma 10. If B19 = —1, B11822 = —1, then Aut(K{z1, 22}, ) = Gor = K* x K*.
Proof. By Proposition 3, = (1, —1,—1,—1). Let ¢ = (f1, f2) € Aut(K{z1,x2}, ), deg(f1) = ma
and deg(f2) = ma. If deg(yp) = my + mg > 3, then (17) implies that
(_1 _ 1m1m2)am1+m2 — (1 _ (_1)m%)b2m1

_ (_1 B (_1)m1m2>bm1+m2 _ (_1 _ (_1)m§)62m2 —0.

It follows from this that a = b = 0 over a field of characteristic # 2. Thus, the algebra (K{z1,z2}, )
has only automorphisms of degree 2.
Let

¢ = (a121 + biz2 + 1, agxy + baxa + ¢2), a;, b, ¢; € K.
It follows from (18), (19), (20), and (21) that
aib; = b% =aia9 = a1¢2 + ascy = bico + bacy = cr1eo = a% = agcy = bocy = c% =0.
By this and (11), we get
a1 #0,b0 #0,by =as =c;1 =co =0.

So
¢ = (a121, baza) € Gior.

Using Lemma 1, it is not difficult to show that Gior € Aut(K{x1,z2}, ). Consequently,
AUt(K{xlv x?}a ﬁ) = Gior

Lemma 11. If B1a # £1 then Aut(K{x1,z2}, B) = Gior = K* x K*.

PTOOf' By (3)7 1611 - :l:l, BQ? == :l:17 ﬁ21 ;é /6127 /612 7& +1. Let Y = (f17 f2) S Aut(K{JJ]_,SUQ}76),
deg(f1) = my and deg(f2) = ma. If deg(yp) = m1 + ma > 3, then it follows from (17) that a = b =0
over a field of characteristic # 2. Thus, the algebra (K{x1,z2}, 8) has only automorphisms of degree 2.

Let

¢ = (a1x1 + bixa + c1, agxy + baxe + ¢2), a4, b, ¢; € K.
It follows from (18), (19), (20), and (21) that
a1by = ajas = asby = b1by = asby = ascy + ajco = bacy + bica = c1eo = 0.
Using this and (11), we get
alyé(), bg#o, b1:a2201202:0.

So
¢ = (a121, baxa) € Gior-

Using Lemma 1, it is easy to see that Gior € Aut(K{z1, 22}, 8). Consequently, Aut(K{x1,z2}, 5) = Gior-
O]
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Conclusion

Using properties of automorphisms of a two generated free nonassociative algebra we describe the
automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over a field of characteristic not equal to two. The obtained results can be used to study
automorphisms of other free nonassociative braided algebras.
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