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We prove the elementary reducibility of any nonaffine automorphism of a free nonassociative algebra of
rank two over an arbitrary field. Using this result we establish a property of automorphisms of this algebra
that will be needed later. We then derive a necessary and sufficient condition for the isomorphism of
two free braided nonassociative algebras of rank two over a field with diagonal braidings. We describe
the automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over an arbitrary field of characteristic not equal to two. Depending on the form of the diagonal
involutive braiding, five different automorphism groups of a two-generated free nonassociative algebra arise
in this case: 1) the group of all automorphisms, 2) the group of all odd automorphisms, 3) the subgroup of
the group of triangular automorphisms, 4) the toric automorphism group, 5) the semidirect product of the
toric automorphism group with the subgroup generated by an automorphism that permutes two variables.
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Introduction

A braided space (see, for example, [1,2]) is a linear space V over an arbitrary field K with a linear
map β : V ⊗ V → V ⊗ V , called a braiding, that satisfies the Yang–Baxter equation

(β ⊗ id)(id⊗ β)(β ⊗ id) = (id⊗ β)(β ⊗ id)(id⊗ β). (1)

Let X = {x1, x2, . . . , xn} be a basis of V . The linear map

β : xi ⊗ xs 7→ βisxs ⊗ xi, where βis ∈ K, 1 ≤ i, s ≤ n, (2)

is a braiding and it is called a diagonal braiding. In the case β2 = id the braiding β is called involutive.
The diagonal braiding β is involutive if and only if

βijβji = 1, for all 1 ≤ i, j ≤ n. (3)

In particular, βii = ±1 for all i.
Every braiding β of V can be uniquely extended to the free associative algebra K 〈X〉 [3] and to the

free nonassociative algebra K{X} [4] freely generated by set X over a field K so that K 〈X〉 and K{X}
are braided algebras. Moreover, they also proved that the free braided algebra K{X} has a natural
structure of a braided nonassociative Hopf algebra [4]. This algebra plays an important role in quantum
Lie theory (see, for example, [3, 5]). R. Mutalip, A. Naurazbekova and U. Umirbaev [6] described all
automorphism groups of free braided associative algebras of rank 2 with diagonal involutive braidings
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over a field of characteristic 6= 2. Many papers are devoted to the investigation of structures of braided
algebras (see, for example, [7–9]).

Consider the following grading
K{x1, x2} = C0 ⊕ C1 (4)

of the free nonassociative algebra K{x1, x2} in two variables x1, x2 over K, where C0 and C1 are the
linear spans of all even length monomials and a linear span of all odd length monomials, respectively.

Denote by AutA the automorphism group of an algebra A. Let us call an automorphism
ϕ ∈ AutK{x1, x2} odd if ϕ(x1), ϕ(x2) ∈ C1. The set of all odd automorphisms of K{x1, x2} denote by
Godd. It is clear that Godd is subgroup of AutK{x1, x2}.

Let (K {x1, x2} , β) be a free braided nonassociative algebra in two variables x1, x2 with a diagonal
involutive braiding β = (β11, β12, β21, β22) over a field K of characteristic 6= 2. In this paper we show
that

(1) if βij = 1 for all i, j then Aut(K{x1, x2}, β) = AutK{x1, x2};
(2) if βij = −1 for all i, j then Aut(K{x1, x2}, β) = Godd;
(3) if β11 = β22, β12 = β21, and β11β12 = −1 then Aut(K{x1, x2}, β) ∼= (K∗ ×K∗)oZ2, where Z2

is the subgroup of AutK{x1, x2} generated by (x2, x1);
(4) if β12 = 1 and β11β22 = −1 thenAut(K{x1, x2}, β) ∼= {ϕ ∈ AutK{x1, x2} | ϕ(x1) = ax1 + g(x22),

ϕ(x2) = bx2, a, b ∈ K∗, g(x) ∈ K {x}};
(5) if β12 6= ±1 or β12 = −1, β11β22 = −1 then Aut(K{x1, x2}, β) ∼= K∗ ×K∗.
The paper is organized as follows. In Section 1, we give some definitions and facts on free braided

nonassociative algebras. In Section 2, we prove elementary reducibility of any nonaffine automorphism
of a free nonassociative algebra of rank two over an arbitrary field. Using this result we prove the
property of automorphisms of this algebra that we need in the future. In Section 3, we derive a
necessary and sufficient condition for the isomorphism of two free braided nonassociative algebras of
rank two over a field with diagonal braidings. In Section 4, we describe all automorphism groups of
free braided nonassociative algebras of rank 2 equipped with diagonal involutive braidings over a field
of characteristic 6= 2.

1 Free braided nonassociative algebra

The braid monoid Bn [3] is an associative monoid generated by elements b1, b2, . . . , bn−1, called
braids, subject to the following relations:

btbt+1bt = bt+1btbt+1, bibj = bjbi, 1 ≤ t < n− 1, |i− j| > 1. (5)

Let V be a linear space over a field K equipped with a braiding β : V ⊗ V → V ⊗ V . Using (1), it
is easy to see that the linear maps

βi = id⊗(i−1) ⊗ β ⊗ id⊗(n−i−1) : V ⊗n → V ⊗n, 1 ≤ i < n,

satisfy all relations (5).
Introduce the following notation:

[t; t] = 1, [m; t] = βt−1βt−2 · · ·βm+1βm, [t;m] = βmβm+1 · · ·βt−2βt−1, m < t.

Define the map νt,nr : V ⊗n → V ⊗n, t ≤ r < n as a superposition of maps βi:

νt,nr = [t; r + 1][t+ 1; r + 2] · · · [t+ n− r − 1;n].

V. Kharchenko proved [3], that

νt,nr = [n; r][n− 1; r − 1] · · · [n− r + t; t].
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An algebra A with a multiplication m : A⊗A→ A is called a braided algebra [1] if A is a braided
space and

(m⊗ id)β = β2β1(id⊗m), (id⊗m)β = β1β2(m⊗ id)

(the operators in the superposition act from left to right).
A linear map ϕ : V → V ′ of linear spaces V and V ′ equipped with braidings β and β′, respectively,

is called a homomorphism of braided spaces if

β(ϕ⊗ ϕ) = (ϕ⊗ ϕ)β′. (6)

A homomorphism of braided algebras is a linear map that is simultaneously a homomorphism of algebras
and braided spaces.

Let X = {x1, x2, . . . , xn} be a basis of V . Denote by K〈X〉 the free associative algebra generated
by the set X over a field K. The set of all associative words X ′ in the alphabet X forms a linear basis
of K〈X〉. Set mdeg(xi) = ei, where e1, . . . , en is the standard basis for Zn. If v = xi1xi2 . . . xik ∈ X ′,
then we put

d(v) = k and mdeg(v) =
k∑

j=1

mdeg(xij ).

Consider the tensor algebra T (V ) =
⊕∞

i=0 V
⊗i of a linear space V . It is clear that T (V ) = K〈X〉.

We will write v1v2 . . . vk instead of v1⊗v2⊗ . . .⊗vk ∈ V ⊗k. Denote by m′ : T (V )⊕′ T (V )→ T (V ) the
product in T (V ), where ⊗′ is the tensor product ⊗ with the separation function of a pair of tensors.
So, (u⊗′ v)m′ = u⊗ v, where u, v ∈ T (V ).

Consider the linear map

θt : V
⊗n → V ⊗t ⊗′ V ⊗(n−t), 0 ≤ t ≤ n,

defined by
(xi1xi2 · · ·xin)θt = xi1xi2 · · ·xit ⊗′ xit+1 · · ·xin .

V. Kharchenko [3] proved that every braiding β of V has a unique extension β′ on K〈X〉 so that
K〈X〉 is a braided algebra. The braiding β′ is defined in [3] by

(u⊗′ v)β′ = (u⊗ v)ν1,nt θn−t, u ∈ V ⊗t, v ∈ V ⊗(n−t). (7)

We set (1⊗′ v)β′ = v ⊗′ 1 and (u⊗′ 1)β′ = 1⊗′ u.
Denote by K{X} and K{y} free nonassociative algebras over a field K freely generated by the

set X and one variable y, respectively. The set of all nonassociative words X∗ in the alphabet X
and the set of all nonassociative words Y ∗ in the alphabet y form linear basis for K

{
X} and K{y},

respectively.
Every nonassociative word vf ∈ X∗ of length t has a unique representation vf = v · f , where

v ∈ X ′, f ∈ Y ∗, d(v) = d(f) = t. We can consider f as a linear map

f : V ⊗t → K{X}.

We can linearly extend the action f on K〈X〉 by V ⊗nf = 0 if n 6= t. We also can extend this action
on K〈X〉 to an action of the algebra K{y} by linearity. The linear map [4]

K〈X〉 ⊗K{y} → K{X} defined by (a⊗ g) 7→ a · g

is an isomorphism of linear spaces.
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Let u ∈ X ′, f ∈ Y ∗, and d(u) = d(f) = t . Then uf ∈ X∗. Using this, we have

(uf)(vg) = (uv)(fg), u, v ∈ X ′, f, g ∈ Y ∗.

U. Umirbaev and V. Kharchenko [4] proved that the every braiding β of V has a unique extension
β∗ on K{X} so that K{X} is a braided algebra. The braiding β∗ is defined in [4] by

(uf ⊗ vg)β∗ = (u⊗′ v)β′(g ⊗ f), (8)

where u, v ∈ X ′, f, g ∈ Y ∗, and β′ is the braiding of K〈X〉 defined by (7). It is clear that

(1⊗ vf)β∗ = vf ⊗ 1 and (ug ⊗ 1)β∗ = 1⊗ ug. (9)

For convenience, denote the extensions β′ and β∗ by the same symbol β.
Let w ∈ X∗ and let w = w′f , where w′ ∈ X ′ and f ∈ Y ∗. We put

mdeg(w) = mdeg(w′).

Lemma 1. Let V be a linear space over a field K with a linear basis X = {x1, x2, ..., xn} and
a diagonal braiding β : xi ⊗ xj 7→ βij · xj ⊗ xi. If u, v ∈ X∗, mdeg(u) = (k1, k2, . . . , kn) and
mdeg(v) = (l1, l2, . . . , ln), then

(u⊗ v)β∗ =
∏
ij

β
kilj
ij (v ⊗ u).

Proof. Let u, v ∈ X∗. Denote by u′ and v′ the associative words obtained from the nonassociative
words u and v, respectively, by removing all brackets. Then u = u′f and v = v′g for some f, g ∈ Y ∗.
It is proven in [6] that

(u′ ⊗′ v′)β′ =
∏
i,j

β
kilj
ij (v′ ⊗′ u′).

By this and (8), we have

(u⊗ v)β = (u′f ⊗ v′g)β∗ = (u′ ⊗′ v′)β(g ⊗ f) =
∏
i,j

β
kilj
ij (v′ ⊗′ u′)(g ⊗ f)

=
∏
i,j

β
kilj
ij (v′g ⊗ u′f) =

∏
i,j

β
kilj
ij (v ⊗ u).

2 Properties of automorphisms of K{x1, x2}

Denote by deg(u) the degree function on X∗ such that deg(xi) = 1 for all i. Every nonassociative
word u of degree ≥ 2 is uniquely represented as u = u1 · u2, where deg(u1), deg(u2) < deg(u).

Set x1 < x2 < · · · < xn. Let u, v be arbitrary elements of X∗. We say that u < v, if
deg(u) < deg(v). If deg(u) = deg(v) ≥ 2, where u = u1 · u2, v = v1 · v2, then we say that u < v if
u1 < v1 or if u1 = v1 and u2 < v2.

It is not difficult to see that the statement of next lemma is true.

Lemma 2. Let u, v, w ∈ X∗. If u > v then wu > wv and uw > vw.

Arbitrary element f ∈ K{X} can be uniquely written as

f = α1f1 + α2f2 + · · ·+ αkfk,

where fi ∈ X∗, 0 6= αi ∈ K for all i and f1 > f2 > ... > fk. Let us call f1 the leader of f and denote it
by f̂ .
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Corollary 1. Let 0 6= f, g ∈ K{X}. Then

f̂ · g = f̂ · ĝ and deg(f · g) = deg(f) + deg(g).

Lemma 3. Let u, v be nonassociative words of K{y} and let f ∈ X∗. If u > v, then u(f) > v(f).

Proof. It is clear that u(f), v(f) ∈ X∗. Let deg(v) = k. Establish the lemma’s statement by
induction on k. If deg(v) = 1 then v = y and the inequality u > v holds if and only if deg(u) > 1.
Therefore, u(f) > v(f).

Let deg(v) ≥ 2. We can represent u and v as u = u1 ·u2 and v = v1 · v2, respectively. u > v implies
that one of the following conditions is satisfied: 1) deg(u) > deg(v); 2) deg(u) = deg(v) and u1 > v1;
3) deg(u) = deg(v), u1 = v1, and u2 > v2.

If deg(u) > deg(v) then deg(u(f)) > deg(v(f)) and u(f) > v(f).
If deg(u) = deg(v) and u1 > v1 then, by induction proposition, u1(f) > v1(f). Therefore,

u(f) > v(f).
If deg(u) = deg(v), u1 = v1, and u2 > v2 then, by induction proposition, u1(f) = v1(f) and

u2(f) > v2(f). Therefore, u(f) > v(f).

Denote by K{x1, x2} the free nonassociative algebra in two variables x1, x2 over a field K. The
next corollary follows immediately from Corollary 1 and Lemma 2.

Corollary 2. Let u ∈ K{y} and 0 6= f ∈ K{x1, x2}. Then

û(f) = û(f̂) and deg(u(f)) = deg(u) · deg(f).

Denote by ϕ = (f1, f2) the automorphism ofK{x1, x2} such that ϕ(x1) = f1, ϕ(x2) = f2. If fi = xi,
fj = αxj + g(xi), i 6= j, 0 6= α ∈ K, g ∈ K{xi}, then the automorphism ϕ is called elementary. The
automorphism generated by elementary automorphisms is called tame.

P. Cohn [10] proved that all automorphisms of free Lie algebras of a finite rank over a field are
tame. J. Lewin [11] extended this result to free algebras in Nielsen–Schreier varieties. It is well known
that the variety of all nonassociative algebras [12] over a field is Nielsen–Schreier (see also [13]). As a
consequence, every automorphism of K{x1, x2} is tame.

The degree of ϕ = (f1, f2) is defined by

deg(ϕ) = deg(f1) + deg(f2).

An automorphism ϕ is called elementary reducible if there exists an elementary automorphism λ such
that deg(ϕ ◦ λ) < deg(ϕ).

Every nonzero element g ∈ K{x1, x2} can be uniquely represented as

g = g0 + g1 + · · ·+ gm−1 + gm,

where gi is homogenous element of degree i, gm 6= 0. Let us call gm the highest homogeneous part of g
and denote it by g.

Let AfK{x1, x2} be the affine automorphism group of K{x1, x2}, i.e., the group of automorphisms
of the form

(a1x1 + b1x2 + c1, a2x1 + b2x2 + c2),

where ai, bi, ci ∈ K, a1b2 6= a2b1, let TrK{x1, x2} be the triangular automorphism group of K{x1, x2},
i.e., the group of automorphisms of the form

(ax1 + f(x2), bx2 + c),
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where 0 6= a, b ∈ K, c ∈ K, f(x2) ∈ K{x2}, and let C = AfK{x1, x2} ∩ TrK{x1, x2}.
The notation hi(x2) means that hi(x2) ∈ K{x2} is a homogeneous element of degree i with respect

to the degree function deg in one variable x2. It is clear that h0(x2) ∈ K.
A. Alimbaev, A. Naurazbekova, and D. Kozybaev [14] showed that the system of elements

A0 = {id = (x1, x2), γ = (x2, x1 + ax2)|a ∈ K}

is a left coset representative system for AfK{x1, x2} modulo C, and the system of elements

B0 = {δ = (x1 + q(x2), x2)|q(x2) = h2(x2) + . . .+ hn(x2)}

is a left coset representative system for TrK{x1, x2} modulo C. They also proved the following two
lemmas.

Lemma 4. [14] Any automorphism ϕ of K{x1, x2} can be representation as

ϕ = γ1 ◦ δ1 ◦ γ2 ◦ δ2 ◦ . . . ◦ γk ◦ δk ◦ λ,

where γi ∈ A0, γ2, . . . , γk 6= id, δi ∈ B0, δ1, . . . , δk 6= id, and λ ∈ AfK{x1, x2}. Moreover, this
representation of ϕ is unique.

Lemma 5. [14] Let
ϕk = δ1 ◦ γ2 ◦ δ2 ◦ . . . ◦ γk ◦ δk,

where id 6= γi ∈ A0, id 6= δi ∈ B0 for all i. If δi = (x1 + qi(x2), x2) and deg(qi(x2)) = ni for all
1 ≤ i ≤ k then

deg(ϕk(x1)) = n1n2 . . . nk−1nk,

deg(ϕk(x2)) =

{
n1n2 . . . nk−1, if k > 1,

1, if k = 1.

Proposition 1. Nonaffine automorphisms of a free nonassociative algebra K{x1, x2} of rank 2 over
an arbitrary field K are elementary reducible.

Proof. Let ϕ be a nonaffine automorphism of K{x1, x2}. It is not difficult to see that if γ−1 ◦ ϕ,
where γ ∈ A0, is elementary reducible then ϕ is also elementary reducible. By Lemma 4, ϕ can be
uniquely represented as the product

ϕ = γ1 ◦ δ1 ◦ γ2 ◦ δ2 ◦ · · · ◦ γk ◦ δk ◦ λ,

where γi ∈ A0, γ2, . . . , γk 6= id, τi ∈ B0, δ1, . . . , δk 6= id, and λ ∈ AfK{x1, x2}.
Let λ = id. Then as in Lemma 5

γ−11 ◦ ϕ = ϕk = δ1 ◦ γ2 ◦ δ2 ◦ · · · ◦ γk ◦ δk = φk−1 ◦ γk ◦ δk.

Put ϕk−1 = (u1, u2). By Lemma 5, deg(u1) > deg(u2). Since γk = (x2, x1 + akx2), ak ∈ K, and
δk = (x1 + qk(x2), x2) it follows that

ϕk−1 ◦ γk = (u2, u1 + aku2)

and
ϕk = ϕk−1 ◦ γk ◦ δk = (u2 + qk(u1 + aku2), u1 + aku2) = (w1, w2).

By Lemma 5,
degw1 > degw2 = deg(u1 + aku2) > deg(u2). (10)
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Consequently,
deg(ϕk−1 ◦ γk) < degϕk.

Since δk is the elementary automorphism, it follows that the automorphism γ−11 ◦ϕ = ϕk is elementary
reducible. This means that ϕ is also elementary reducible.

Let now
λ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2) 6= id,

where a1b2 − a2b1 ∈ K∗. We have

γ−11 ◦ ϕ = ϕk ◦ λ = (a1w1 + b1w2 + c1, a2w1 + b2w2 + c2) = (f1, f2).

Let a1, a2 be non-zero. Consider the automorphism

γ−11 ◦ ϕ ◦ (x1 −
a1
a2
x2, x2) = (f1, f2) ◦ (x1 −

a1
a2
x2, x2) = (f1 −

a1
a2
f2, f2).

By Lemma 5, deg(f1 − a1
a2
f2) < deg f1. Consequently, the automorphism ϕ is elementary reducible.

Let now one of two coefficients a1, a2 be zero. Without loss of generality, we may assume that
a1 = 0 and a2 6= 0. Then b1 ∈ K∗.

Since K{w2} = K{b1w2 + c1}, it follows that there exists vk(y) ∈ K{y} such that

vk(b1w2 + c1) = qk(w2).

Consider the automorphism

ψ = γ−11 ◦ ϕ ◦ (x1, a
−1
2 x2 − vk(x1)) = (f1, a

−1
2 f2 − vk(f1))

= (b1w2 + c1, a
−1
2 (a2w1 + b2w2 + c2)− vk(b1w2 + c1)),

where
a−12 (a2w1 + b2w2 + c2)− vk(b1w2 + c1) = w1 + a−12 (b2w2 + c2)− qk(w2)

= u2 + qk(w2) + a−12 (b2w2 + c2)− qk(w2) = u2 + a−12 (b2w2 + c2).

By(10), degψ < deg γ−11 ◦ φ. Since (x1, a
−1
2 x2 − vk(x1)) is the elementary automorphism, it follows

that the automorphism ϕ is elementary reducible.

Proposition 2. If ϕ = (f1, f2) is an automorphism of a free nonassociative algebra K{x1, x2}
in two variables x1, x2 over a field K and deg(ϕ) ≥ 3, then f1, f2 are homogeneous elements of a
free nonassociative algebra K{ax1 + bx2} in one variable ax1 + bx2, a, b ∈ K, (a, b) 6= (0, 0), and
deg(f1) | deg(f2) or deg(f2) | deg(f1).

Proof. Let ϕ = (f1, f2) be an automorphism of K{x1, x2} with deg(ϕ) ≥ 3. Without loss of
generality, we can assume that deg(f1) ≤ deg(f2). Establish the proposition’s statement by induction
on deg(ϕ) = deg(f1) + deg(f2).

By Proposition 1, ϕ is elementary reducible. Therefore, there exists an elementary automor-
phism ε = (x1, cx2 − g(x1)), where c 6= 0, g(x1) ∈ K{x1}, such that deg(ϕ ◦ ε) < deg(ϕ). Since
ϕ ◦ ε = (f1, cf2 − g(f1)), it follows that deg(f2) = deg(g(f1)). By Corollary 2,

deg(g(f1)) = deg(g) · deg(f1).

It means that deg(f1) | deg(f2). If deg(ϕ◦ε) ≥ 3 then, by the induction proposition, f1 is homogeneous
element of K{ax1 + bx2}. Notice that this is true even if deg(ϕ ◦ ε) = 2. Hence, by Corollary 2,
cf2 = g(f1) = g(f1). Consequently, f2 is the homogeneous element of K{ax1 + bx2}.
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3 Diagonal braidings on K{x1, x2}

Let V be a linear space over a field K with a linear basis x1, x2 and with a diagonal braiding

β = (β11, β12, β21, β22)

defined by (2). Denoted by
β = (β22, β21, β12, β11)

the diagonal braiding obtained from β by exchanging the variables x1 and x2.
Proposition 3. Let (K{x1, x2}, β) and (K{x1, x2}, γ) be free braided nonassociative algebras in

two variables x1, x2 over a field K equipped with diagonal braidings β and γ, respectively. Then
(K{x1, x2}, β) is isomorphic to (K{x1, x2}, γ) if and only if γ = β or γ = β.

Proof. Let ϕ : (K{x1, x2}, β) → (K{x1, x2}, γ) is an isomorphism and ϕ(x1) = g1, ϕ(x2) = g2.
Denote by Lin(g) the linear part of g. Let Lin(g1) = a1x1 + b1x2 and Lin(g2) = a2x1 + b2x2. Since ϕ
is an isomorphism, it follows that

a1b2 − a2b1 6= 0 (11)

and
((xi ⊗ xj)β)(ϕ⊗ ϕ) = ((xi ⊗ xj)(ϕ⊗ ϕ))γ, where 1 ≤ i, j ≤ 2.

Denote by Qu(g) the quadratic part of g. Let β = (β11, β12, β21, β22) and γ = (γ11, γ12, γ21, γ22).
Then

Qu(βij(ϕ(xj)⊗ ϕ(xi))) = Qu ((ϕ(xi)⊗ ϕ(xj))γ) , 1 ≤ i, j ≤ 2.

It follows that

βij(ajaix1 ⊗ x1 + bjaix2 ⊗ x1 + ajbix1 ⊗ x2 + bjbix2 ⊗ x2)
= γ11aiajx1 ⊗ x1 + γ21biajx1 ⊗ x2 + γ12aibjx2 ⊗ x1 + γ22bibjx2 ⊗ x2

(12)

since, by (9), for any w ∈ X∗ and any c ∈ K

((w ⊗ c)β)(ϕ⊗ ϕ) = (c⊗ w)(ϕ⊗ ϕ) = (c⊗ ϕ(w)) = (ϕ(w)⊗ c)γ = ((w ⊗ c)(ϕ⊗ ϕ))γ.

Comparing the coefficients of the terms xi ⊗ xj in (12), we obtain

(γ11 − βij)aiaj = (γ21 − βij)ajbi = (γ12 − βij)aibj = (γ22 − βij)bibj = 0, 1 ≤ i, j ≤ 2. (13)

By (11), a1b2 6= 0 or a2b1 6= 0. If a1b2 6= 0 then (13) implies that

(γ11, γ12, γ21, γ22) = (β11, β12, β21, β22).

If a2b1 6= 0 then (13) implies that

(γ11, γ12, γ21, γ22) = (β22, β21, β12, β11).

Hence, if (K{x1, x2}, β) is isomorphic to (K{x1, x2}, γ) then γ = β or γ = β.
Let ϕ be an automorphism of K {x1, x2} such that ϕ(x1) = x2 and ϕ(x2) = x1. Let u, v ∈ X∗,

mdeg(u) = (k1, k2) and mdeg(v) = (l1, l2). Then mdeg(ϕ(u)) = (k2, k1) and mdeg(ϕ(v)) = (l2, l1). By
Lemma 1, we have

((u⊗ v)β)(ϕ⊗ ϕ) = βk1l111 βk1l212 βk2l121 βk2l222 (ϕ(v)⊗ ϕ(u))
and

((u⊗ v)(ϕ⊗ ϕ))β = βk1l111 βk1l212 βk2l121 βk2l222 (ϕ(v)⊗ ϕ(u)).
Hence,

((u⊗ v)β)(ϕ⊗ ϕ) = ((u⊗ v)(ϕ⊗ ϕ))β,
and (K{x1, x2}, β) is isomorphic to (K{x1, x2}, β).
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If n = 2 then, by (3), the braiding β is involutive if and only if

β11 = ±1, β22 = ±1, β12β21 = 1.

Note that if β is involutive then β′ is also involutive.

4 Automorphisms of (K{x1, x2}, β)

Introduce the following notations:
(1) G1 = {ϕ ∈ AutK{x1, x2} | ϕ = (a1x1, b2x2) orϕ = (b1x2, a2x1), a1, b2, a2, b1 ∈ K∗};
(2) G2 = {ϕ ∈ AutK{x1, x2} | ϕ = (a1x1 + g(x22), b2x2), a1, b2 ∈ K∗, g(x) ∈ K {x}};
(3) Gtor = {ϕ ∈ AutK{x1, x2} | ϕ = (a1x1, b2x2), a1, b2 ∈ K∗} is the group of all toric automor-

phisms of K{x1, x2};
(4) Z2 is the subgroup of AutK{x1, x2} generated by (x2, x1).
Note that, by (6), if ϕ ∈ AutK{x1, x2} then ϕ ∈ Aut(K{x1, x2}, β) if and only if

β(ϕ⊗ ϕ) = (ϕ⊗ ϕ)β. (14)

The main result of this section is the following theorem.

Theorem 1. Let (K{x1, x2}, β) be a free braided nonassociative algebra in two generators x1, x2 over
a field K of arbitrary characteristic 6= 2 equipped with an involutive diagonal braiding
β = (β11, β12, β21, β22). Then

(1) Aut(K{x1, x2}, β) = AutK{x1, x2} if βij = 1 for all i, j;
(2) Aut(K{x1, x2}, β) ∼= (K∗ ×K∗)o Z2 if β11 = β22, β12 = β21, and β11β12 = −1;
(3) Aut(K{x1, x2}, β) = Godd if βij = −1 for all i, j;
(4) Aut(K{x1, x2}, β) ∼= G2 if β12 = 1 and β11β22 = −1;
(5) Aut(K{x1, x2}, β) ∼= K∗ ×K∗ if β12 6= ±1 or β12 = −1, β11β22 = −1.
Following Lemmas 6, 7, 8, 9, 10, and 11 immediately imply the statement of this theorem.

Lemma 6. If βij = 1 for all i, j then Aut(K{x1, x2}, β) = AutK{x1, x2}.
Proof. Let ϕ ∈ AutK{x1, x2} and let u, v ∈ X∗. By Lemma 1, we have

((u⊗ v)β)(ϕ⊗ ϕ) = (v ⊗ u)(ϕ⊗ ϕ) = ϕ(v)⊗ ϕ(u) = (ϕ(u)⊗ ϕ(v))β = (u⊗ v)(ϕ⊗ ϕ)β.

By (14), ϕ ∈ Aut(K{x1, x2}, β). Consequently, Aut(K{x1, x2}, β) = AutK{x1, x2}.

Lemma 7. If β11 = β22, β12 = β21, and β11β12 = −1 then Aut(K{x1, x2}, β) = G1
∼= (K∗×K∗)oZ2.

Proof. By Proposition 3, β = (−1, 1, 1,−1) or β = (1,−1,−1, 1). Let ϕ = (f1, f2) is an automor-
phism of (K{x1, x2}, β) and deg(ϕ) ≥ 3. Since Aut(K{x1, x2}, β) ⊆ AutK{x1, x2}, it follows that, by
Proposition 2,

f1 = h1(ax1 + bx2), f2 = h2(ax1 + bx2), (15)

where h1, h2 are homogeneous elements of K{y}, deg(h1) = m1, deg(h2) = m2, m1 | m2 or m2 | m1,
a, b ∈ K, and (a, b) 6= (0, 0). By (14), we get

((xi ⊗ xj)β)(ϕ⊗ ϕ) = ((xi ⊗ xj)(ϕ⊗ ϕ))β, 1 ≤ i, j ≤ 2.

Hence,
βijϕ(xj)⊗ ϕ(xi) = (ϕ(xi)⊗ ϕ(xj))β, 1 ≤ i, j ≤ 2.

Using (15), we get

βijhj(ax1 + bx2)⊗ hi(ax1 + bx2) = (hi(ax1 + bx2)⊗ hj(ax1 + bx2))β, 1 ≤ i, j ≤ 2. (16)
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We can write hk(ax1 + bx2) as

hk(ax1 + bx2) = amkhk(x1) + bmkhk(x2) + wk, 1 ≤ k ≤ 2,

where each term of wk contains both x1 and x2.
Using Lemma 1 and comparing coefficients of the terms hj(x1) ⊗ hi(x1), hj(x2) ⊗ hi(x1),

hj(x1)⊗ hi(x2), hj(x2)⊗ hi(x2) in (16), we obtain

(βij − β
mimj

11 )ami+mj = (βij − β
mimj

12 )amibmj = (βij − β
mimj

21 )amjbmi

= (βij − β
mimj

22 )bmi+mj = 0, 1 ≤ i, j ≤ 2.
(17)

If β = (−1, 1, 1,−1) then, by (17),

(βij − (−1)mimj )ami+mj = (βij − (−1)mimj )bmi+mj = 0, 1 ≤ i, j ≤ 2.

This implies that

(−1− (−1)m2
1)a2m1 = (−1− (−1)m2

1)b2m1 = (1− (−1)m1m2)am1+m2

= (1− (−1)m1m2)bm1+m2 = (−1− (−1)m2
2)a2m2 = (−1− (−1)m2

2)b2m2 = 0.

It easily follows from this that a = b = 0 over a field of characteristic 6= 2.
If β = (1,−1,−1, 1) then, by (17),

(βij − 1)ami+mj = (βij − 1)bmi+mj = 0, 1 ≤ i, j ≤ 2.

This implies that
−2am1+m2 = −2bm1+m2 = 0.

Hence, a = b = 0 over a field of characteristic 6= 2.
Consequently, if β = (−1, 1, 1,−1) or β = (1,−1,−1, 1) then (K{x1, x2}, β) has only automor-

phisms of degree 2. Therefore,

ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

Using (14), we get
((xi ⊗ xj)β)ϕ⊗ ϕ = ((xi ⊗ xj)ϕ⊗ ϕ)β, 1 ≤ i, j ≤ 2.

Hence,

βij(ajx1 + bjx2 + cj)⊗ (aix1 + bix2 + ci) = ((aix1 + bix2 + ci)⊗ (ajx1 + bjx2 + cj))β, 1 ≤ i, j ≤ 2.

By comparing the coefficients of the terms xi ⊗ xj , xi, 1 ≤ i, j ≤ 2, and the term 1 on both sides of
the equality, we obtain the following relations:

(βij − β11)aiaj = (βij − β12)aibj = (βij − β21)ajbi = (βij − β22)bibj

= (βij − 1)(aicj + ajci) = (βij − 1)(bicj + bjci) = (βij − 1)cicj = 0, 1 ≤ i, j ≤ 2.

Varying the values of 1 ≤ i, j ≤ 2, we get

(β11 − β12)a1b1 = (β11 − β21)a1b1 = (β11 − β22)b21 = (β11 − 1)a1c1

= (β11 − 1)b1c1 = (β11 − 1)c21 = 0,
(18)
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(β12 − β11)a1a2 = (β12 − β21)a2b1 = (β12 − β22)b1b2
= (β12 − 1)(a1c2 + a2c1) = (β12 − 1)(b1c2 + b2c1) = (β12 − 1)c1c2 = 0,

(19)

(β21 − β11)a1a2 = (β21 − β12)a2b1 = (β21 − β22)b1b2
= (β21 − 1)(a2c1 + a1c2) = (β21 − 1)(b2c1 + b1c2) = (β21 − 1)c2c1 = 0,

(20)

(β22 − β11)a22 = (β22 − β12)a2b2 = (β22 − β21)a2b2 = (β22 − 1)a2c2

= (β22 − 1)b2c2 = (β22 − 1)c22 = 0.
(21)

If β = (−1, 1, 1,−1) or β = (1,−1,−1, 1), then it follows from (18), (19), (20), and (21) that

a1b1 = a1a2 = b1b2 = a2b2 = c21 = c22 = 0

or
a1b1 = a1a2 = b1b2 = a2b2 = a1c2 + a2c1 = b1c2 + b2c1 = c1c2 = 0,

respectively. Using (11), this implies

a1 6= 0, b2 6= 0, b1 = a2 = c1 = c2 = 0

or
b1 6= 0, a2 6= 0, a1 = b2 = c1 = c2 = 0.

So we have
ϕ = (a1x1, b2x2) or ϕ = (b1x2, a2x1).

Using Lemma 1, it is easy to see that ϕ ∈ Aut(K{x1, x2}, β). Consequently, Aut(K{x1, x2}, β) = G1.

Lemma 8. If βij = −1 for all i, j then Aut(K{x1, x2}, β) = Godd.
Proof. Let u, v ∈ X∗ with mdeg(u) = (m1,m2) and mdeg(v) = (t1, t2). If βij = −1 then, by

Lemma 1,
(u⊗ v)β = (−1)(m1+m2)(t1+t2)(v ⊗ u).

It is clear that (−1)(m1+m2)(t1+t2) = −1 is equivalent to both m1+m2 and t1+ t2 being odd, and hence
we conclude

(f ⊗ g)β = (−1)ij(g ⊗ f), (22)

where f ∈ Ci and g ∈ Cj with respect to the grading (4).
Let ϕ ∈ Godd. Therefore ϕ(Ci) ⊆ Ci. Using (22), we obtain

(f ⊗ g)β(ϕ⊗ ϕ) = (−1)ij(g ⊗ f)(ϕ⊗ ϕ)

= (−1)ij(ϕ(g)⊗ ϕ(f)) = (ϕ(f)⊗ ϕ(g))β = (f ⊗ g)(ϕ⊗ ϕ)β.

By (14), ϕ ∈ Aut(K{x1, x2}, β) and Godd ⊆ Aut(K{x1, x2}, β).
Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β), deg(f1) = m1 and deg(f2) = m2. We prove that ϕ ∈ Godd

by induction on deg(ϕ) = m1 +m2. Let deg(ϕ) = 2, i.e.,

ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.
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It follows from (18), (19), (20), and (21) that c1 = c2 = 0. So we have

ϕ = (a1x1 + b1x2, a2x1 + b2x2) ∈ Godd.

Assume that deg(ϕ) = m1 +m2 ≥ 3. Then (17) implies that

(−1− (−1)mimj )ami+mj = (−1− (−1)mimj )amibmj = (−1− (−1)mimj )amjbmi

= (−1− (−1)mimj )bmi+mj = 0, i, j ∈ {1, 2}.
(23)

Assume that m1m2 is even. It follows from (23) that a = b = 0 over a field of characteristic 6= 2.
Consequently, m1m2 is odd. This means that m1 and m2 are odd. Without loss of generality, we
can assume that m1 ≤ m2. By Proposition 2, m1|m2. Then there exists the odd automorphism
λ = (x1, x2 + dx

m2/m1

1 ), where d ∈ K∗, such that deg(ϕ ◦ λ) < deg(ϕ). Since λ ∈ Godd ⊆
Aut(K{x1, x2}, β) it follows that ϕ◦λ ∈ Aut(K{x1, x2}, β). By the induction proposition, ϕ◦λ ∈ Godd.
Consequently, ϕ ∈ Godd.

Lemma 9. If β12 = 1 and β11β22 = −1 then Aut(K{x1, x2}, β) ∼= G2.
Proof. By Proposition 3, β = (1, 1, 1,−1). Consider the grading

K{x1, x2} = D0 ⊕D1

of K{x1, x2}, where D0 and D1 are linear spans of all monomials of even degree and all monomials of
odd degree in variable x2, respectively.

Let u, v ∈ X∗, mdeg(u) = (s, s′) and mdeg(v) = (t, t′). By Lemma 1,

(u⊗ v)β = (−1)s′t′(v ⊗ u).

(−1)s′t′ = −1 is equivalent to both s′ and t′ being odd. Therefore, for any homogeneous elements
f ∈ Di and g ∈ Dj ,

(f ⊗ g)β = (−1)ij(g ⊗ f). (24)

Let ϕ ∈ G2. Then ϕ(Di) ⊆ Di. Using (24), we obtain

(f ⊗ g)β(ϕ⊗ ϕ) = (−1)ij(g ⊗ f)(ϕ⊗ ϕ)

= (−1)ij(ϕ(g)⊗ ϕ(f)) = (ϕ(f)⊗ ϕ(g))β = (f ⊗ g)(ϕ⊗ ϕ)β.

Consequently, ϕ ∈ Aut(K{x1, x2}, β) and G2 ⊆ Aut(K{x1, x2}, β).
Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β) with deg(f1) = m1 and deg(f2) = m2. We prove that ϕ ∈ G2

by induction on deg(ϕ) = m1 +m2. Let

ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

It follows from (18), (19), (20), and (21) that

b21 = b1b2 = a22 = a2b2 = a2c2 = b2c2 = c22 = 0.

Using this and (11), we get
a1 6= 0, b2 6= 0, b1 = a2 = c2 = 0.

So
ϕ = (a1x1 + c1, b2x2) ∈ G2.

Assume that deg(ϕ) = m1 +m2 ≥ 3. Then (17) implies that
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(−1− 1m
2
2)a2m2 = (1− (−1)m2

1)b2m1 = (1− (−1)m1m2)bm1+m2 = (−1− (−1)m2
2)b2m2 = 0. (25)

It follows from this a = 0 over a field of characteristic 6= 2. By (25), b 6= 0 in the casem1 is even and
m2 is odd. Therefore, by Proposition 2,m2|m1 andm1/m2 is even. Then there exists the automorphism
λ = (x1 + dx

m1/m2

2 , x2) ∈ G2 such that deg(ϕ ◦ λ) < deg(ϕ). Since λ ∈ G2 ⊆ (K{x1, x2}, β) it follows
that ϕ ◦ λ ∈ (K{x1, x2}, β). By the induction proposition, ϕ ◦ λ ∈ G2. Consequently, ϕ ∈ G2.

Lemma 10. If β12 = −1, β11β22 = −1, then Aut(K{x1, x2}, β) ∼= Gtor
∼= K∗ ×K∗.

Proof. By Proposition 3, β = (1,−1,−1,−1). Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β), deg(f1) = m1

and deg(f2) = m2. If deg(ϕ) = m1 +m2 ≥ 3, then (17) implies that

(−1− 1m1m2)am1+m2 = (1− (−1)m2
1)b2m1

= (−1− (−1)m1m2)bm1+m2 = (−1− (−1)m2
2)b2m2 = 0.

It follows from this that a = b = 0 over a field of characteristic 6= 2. Thus, the algebra (K{x1, x2}, β)
has only automorphisms of degree 2.

Let
ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

It follows from (18), (19), (20), and (21) that

a1b1 = b21 = a1a2 = a1c2 + a2c1 = b1c2 + b2c1 = c1c2 = a22 = a2c2 = b2c2 = c22 = 0.

By this and (11), we get
a1 6= 0, b2 6= 0, b1 = a2 = c1 = c2 = 0.

So
ϕ = (a1x1, b2x2) ∈ Gtor.

Using Lemma 1, it is not difficult to show that Gtor ∈ Aut(K{x1, x2}, β). Consequently,

Aut(K{x1, x2}, β) = Gtor

Lemma 11. If β12 6= ±1 then Aut(K{x1, x2}, β) = Gtor
∼= K∗ ×K∗.

Proof. By (3), β11 = ±1, β22 = ±1, β21 6= β12, β12 6= ±1. Let ϕ = (f1, f2) ∈ Aut(K{x1, x2}, β),
deg(f1) = m1 and deg(f2) = m2. If deg(ϕ) = m1 +m2 ≥ 3, then it follows from (17) that a = b = 0
over a field of characteristic 6= 2. Thus, the algebra (K{x1, x2}, β) has only automorphisms of degree 2.

Let
ϕ = (a1x1 + b1x2 + c1, a2x1 + b2x2 + c2), ai, bi, ci ∈ K.

It follows from (18), (19), (20), and (21) that

a1b1 = a1a2 = a2b1 = b1b2 = a2b2 = a2c1 + a1c2 = b2c1 + b1c2 = c1c2 = 0.

Using this and (11), we get
a1 6= 0, b2 6= 0, b1 = a2 = c1 = c2 = 0.

So
ϕ = (a1x1, b2x2) ∈ Gtor.

Using Lemma 1, it is easy to see thatGtor ∈ Aut(K{x1, x2}, β). Consequently, Aut(K{x1, x2}, β) = Gtor.
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Conclusion

Using properties of automorphisms of a two generated free nonassociative algebra we describe the
automorphism groups of two generated free braided nonassociative algebras with involutive diagonal
braidings over a field of characteristic not equal to two. The obtained results can be used to study
automorphisms of other free nonassociative braided algebras.
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