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Criterion for a formula-definable quasivariety
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In this paper, we study classes of models of a first-order language L with a countable signature σ. For a
model A, let Th(A) denote the set of all sentences of L that are true in A, called the elementary type of A.
The cardinality of the set T of all elementary types of the signature σ does not exceed the continuum. The
product of elementary types of models A and B is defined by Th(A) · Th(B) = Th(A × B), where A × B
is the Cartesian product of A and B. Infinite products, ultraproducts, and ultrapowers of elementary
types with respect to an ultrafilter D are defined analogously. This yields an algebra 〈T, ·〉, which is a
commutative semigroup with identity and zero. A binary absorption (recognition) relation is introduced
in this semigroup. An elementary type N absorbs an elementary type M if N · M = N . This notion
leads to the concept of a formula-definable class of models. Formula-definable classes are closed under
ultraproducts as well as finite and infinite direct products; they are idempotently formula-definable and
axiomatizable. Varieties and quasivarieties are also considered. All varieties form formula-definable classes
of models. Examples of a formula-definable class of models and of a class that is not formula-definable are
given. An example of a formula-definable quasivariety that is not a variety is presented. It is shown that
not all quasivarieties are formula-definable. Criteria are obtained for a quasivariety to be formula-definable
and for a formula-definable class of models to be a quasivariety.
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Introduction

Let L be a first-order language with a countable signature σ. For any model A (that is, an algebraic
structure of signature σ) of the language L, denote by Th(A) the set of all sentences (closed formulas)
of L that are true in the model A. We call the theory Th(A) the elementary type of the model A.

The abstract class of all models of a countable signature σ of the language L is partitioned into
classes by the relation of elementary equivalence of models (A. Tarski [1]).

Thus we obtain ThL, the set of all elementary types of the signature σ in the language L. The
cardinality of the set ThL of all elementary types of a countable signature σ of the language L does
not exceed 2ω.

In what follows, let T ∈ ThL denote an elementary type of the signature σ of the language L of
some model.

If K is a class of models of the signature σ of the language L, then the set of elementary types of
all models from K is denoted by ThL(K). That is, if V is a quasivariety, then ThL(V ) is the set of
elementary types of all models of the quasivariety V .

If H is a set of elementary types of signature σ of language L, then KH is the class of all models
of all elementary types from the set H.
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1 Formula-Definable classes of models

Definition 1. [2] The product of the elementary type T1 of a model A and the elementary type T2
of a model B, both of signature σ of the language L, is defined as

T1 · T2 = Th(A×B),

where A×B is the Cartesian product of the models A and B. Similarly, one defines the infinite product∏
i∈I Ti, the ultraproduct

∏
i∈I Ti/D, the ultrapower T I/D with respect to an ultrafilter D, and the

filtered product of elementary types.
The algebra 〈ThL, ·〉 is a commutative semigroup with identity and zero [2]. In this semigroup we

introduce a binary absorption (“recognition”) relation.
Definition 2. [2] An elementary type T2 absorbs an elementary type T1 if

T1 · T2 = T2.

An elementary type T is called idempotent if T · T = T . A model A absorbs a model B when

Th(A×B) = Th(A).

A model A is called idempotent if
Th(A×A) = Th(A).

Theorem 1. [2] Let T1, T2, T3 be elementary types from ThL. If

T1 · T2 · T3 = T3,

then
T1 · T3 = T3.

Definition 3. [2] A class of models K is called a formula-definable class of models if there exists a
model A of signature σ such that for any model B of signature σ,

B ∈ K if and only if Th(A×B) = Th(A).

In this case, the model A is called a determiner of the class K. If, in addition, the model A is
idempotent, then the class K is called an idempotently formula-definable class of models.

In other words, in an idempotently formula-definable class of models, there exists an idempotent
model that absorbs (“recognizes”) only the models of this class.

Examples:
1. The class of models of a single equivalence relation is formula-definable. A determiner of this

class of models is a model with an infinite number of equivalence classes, each of which is infinite [3,4].
2. The class of all ω-stable models, the class of all superstable models, the class of all stable models,

and the class of all unstable elementary types are not formula-definable sets of elementary types [2,5,6].
The main point of the subsequent discussion is that one moves from studying the properties of

classes of models to studying the properties of the sets of elementary types of these classes. This
approach allows us to consider the semigroup 〈ThL, ·〉 and the properties of its subsemigroups [7,8], as
well as to discover some new properties of classes of models using the operation of the direct product
of models [9, 10].

Theorem 2. [2] A formula-definable class of models is closed under ultraproducts, finite and infinite
direct products. Moreover, it is an idempotently formula-definable class of models and an axiomatizable
class of models.
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2 Formula-Definable Quasivarieties

Formulas of the form

P
(
f1(x1, . . . , xm), . . . , fn(x1, . . . , xm)

)
, f(x1, . . . , xm) = g(x1, . . . , xm),

where f, g, f1, . . . , fn are terms of signature Ω and P ∈ Ω, are called quasi-atomic formulas of signature
Ω in the variables x1, . . . , xm.

If
A1(x1, . . . , xm), . . . , As+1(x1, . . . , xm)

are some quasi-atomic formulas of the signature Ω (including equality) in the variables x1, . . . , xm,
then formulas of the form

(∀x1 . . . xm)A1(x1, . . . , xm)

are called identities, and formulas of the form

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
are called quasi-identities.

Every identity
(∀x1 . . . xm)A1(x1, . . . , xm)

is equivalent to the quasi-identity

(∀x1 . . . xm)
(
x1 = x1 → A1(x1, . . . , xm)

)
.

A class K of systems of signature Ω is called a variety (respectively, a quasivariety) if there exists a
set Σ of identities (respectively, quasi-identities) of signature Ω such that K consists precisely of those
systems of signature Ω in which all formulas from Σ are true [1]. In this case, the set Σ is called the
defining set of identities (respectively, quasi-identities) of the variety (quasivariety) K.

Theorem 3. [1] A class of models V is a quasivariety if and only if it is:
1) closed under ultraproducts;
2) hereditary;
3) multiplicatively closed;
4) contains the trivial model.
Theorem 4. A formula-definable class of models is a quasivariety if and only if it is hereditary and

contains the trivial model.
Proof. This follows from Theorem 2 and Theorem 3.
Thus, the notion of a formula-definable quasivariety is effectively introduced here.
Theorem 5. [2] Every variety is an idempotently formula-definable quasivariety.
The example given above (Example 1) is an idempotently formula-definable quasivariety, but it is

not a variety.
Theorem 6. A quasivariety defined by the quasi-identity

∀x (P1(x)→ P2(x) )

is not a formula-definable quasivariety. However, a quasivariety defined by the quasi-identity

∀x (x = a→ P (x) ),

where a is a constant in the signature, and is a formula-definable quasivariety.
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Proof. Let the quasivariety V be defined by the quasi-identity

∀x (P1(x)→ P2(x)).

Then the quasivariety V also contains a model M in which P1(x) is false for all x ∈M .
Consider the direct product of all countable models of the quasivariety V until an idempotent

model is obtained; such an idempotent model belonging to V exists because V is closed under Cartesian
products and because the set of elementary types has bounded cardinality (the language has a countable
signature). Denote this model by N ∈ V .

By Theorem 1, the model N absorbs all models of the quasivariety V . However, in the model N ,
the formula P1(x) is false for all x ∈ N . Hence N also absorbs a model S in which the quasi-identity

∀x (P1(x)→ P2(x))

is false.
Therefore, V is not a formula-definable quasivariety.
Now let V be a quasivariety defined by the quasi-identity

∀x (x = a→ P (x)),

where a is a constant in the signature. By the same construction as in the previous case, we obtain an
idempotent model N ∈ V that absorbs all models of the quasivariety V . It is clear that the model N
is a determiner of the quasivariety V .

Definition 4. Let
A1(x1, . . . , xm), . . . , As+1(x1, . . . , xm)

be quasi-atomic formulas. Formulas of the form

∃x1 . . . xm
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)

)
∧

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
are called h-quasi-identities.

Thus, an h-quasi-identity can be viewed as a certain restriction of the corresponding quasi-identity.
For example, the quasi-identity

∀x (x = a→ P (x))

can be written as
∃x (x = a) ∧ ∀x (x = a→ P (x)).

Similarly, as in Example 1, the quasi-identity

∀x ∀y ∀z (xEy ∧ yEz → xEz)

can be written as the h-quasi-identity

∃x (xEx) ∧ ∀x ∀y ∀z (xEy ∧ yEz → xEz).

Every identity can be represented as an h-quasi-identity.
We now give a criterion for when a quasivariety is a formula-definable quasivariety.
Theorem 7. A quasivariety V is a formula-definable quasivariety if and only if all quasi-identities

defining this quasivariety are bounded by the corresponding h-quasi-identities.

106 Bulletin of the Karaganda University



Criterion for a formula-definable quasivariety

Proof. Let the quasivariety V be formula-definable, and suppose that some quasi-identity

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
defining this quasivariety is not bounded by the corresponding h-quasi-identity. Then there exists a
model in V in which the premise of this quasi-identity is false for all x1, . . . , xm.

Consider the Cartesian product of all models of this quasivariety until we obtain an idempotent
model that absorbs all the models of V . In this resulting model, the premise is as follows.

A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)

is also false for all x1, . . . , xm.
It is clear that this model will absorb a model in which the quasi-identity

(∀x1 . . . xm)
(
A1(x1, . . . , xm) ∧ · · · ∧As(x1, . . . , xm)→ As+1(x1, . . . , xm)

)
is false. Therefore, the quasivariety V is not formula-definable.

Now, suppose that all quasi-identities defining the quasivariety V are bounded by the corresponding
h-quasi-identities. Then, by taking the product of all models of this quasivariety, we obtain an idempo-
tent model that absorbs all models of V . It is clear that this model does not absorb any model in which
the corresponding quasi-identities are false. Therefore, the quasivariety V is formula-definable.

By combining different sets of quasi-identities and h-quasi-identities, one can construct various
examples of formula-definable and non-formula-definable quasivarieties.

Conclusion

In a number of papers published between 2020 and 2025 by Kazakhstan [11–13] and foreign [14,15]
authors, various relations between elementary types have been actively studied. In the present paper,
an algebraic structure is defined as a semigroup of elementary types with respect to the direct product.
By introducing a binary absorption (recognition) relation, this structure is studied as an algebraic
system. As a result, it becomes possible to investigate formula-definable classes of algebraic systems,
which turn out to be axiomatizable classes. As noted above, all varieties form formula-definable classes.
However, not all quasivarieties are formula-definable. The main result of the paper is a criterion for
the formula-definability of a quasivariety.
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