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In this article, a two-point boundary value problem for an integro-differential equation in which the highest-
order derivatives appear in the integral term is considered. The Dzhumabaev parametrization method is
applied to solve the problem. The original problem is reduced to an equivalent problem for an integro-
differential equation with parameters. The resulting problem includes an integro-differential equation with
parameters, an initial condition, and an additional relation. Conditions for the existence and uniqueness of
a solution to the integro-differential equation with parameters are established in terms of the coefficients
and kernels of the equation, as well as the boundary functions. An explicit representation of the solution
in terms of the parameters is constructed. The unique solvability of the original two-point boundary value
problem is established in terms of the initial data. A special case of the integro-differential equation with
the highest-order derivative appearing in the integral term, subject to two-point boundary conditions, is
also investigated. The Dzhumabaev parametrization method is used to solve the problem. An explicit form
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Introduction

We consider a two-point boundary value problem for the integro-differential equation with higher-
order derivatives in the integral term

Aq(2)2 (2) + Ap(2)2(2) = F(x)+
1
+ /{Kg(x)Lo(s)z”(s) + K1 (z)L1(s)2'(s) + Kg(a;)Lg(s)z(s)}ds, xz €[0,1], (1)
0

Bz(0) + Cz(1) = d, 2)

where z(z) is the unknown function; the functions Ag(z), Ai(x), and F(z) are continuous on [0, 1];
the functions Kj(x), j = 0,1,2 are continuous on [0, 1]; the functions L;(s) and Lo(s) are continuous
on [0,1]; Lo(s) is continuously differentiable on [0, 1]; and B, C, and d are constants.

Let C([0,1],R) denote the space of real-valued continuous functions on [0, 1], equipped with the

norm ||z = Imax ||Z\T)]|]|.
lello = max [|=(x)]|
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A function z(x) € C([0, 1],R) is said to be a solution of the two-point problem (1)—(2) if:
1) z(x) possesses derivatives 2/(x) and 2”(z) at each point z € [0,1];

2) z(z) satisfies the integro-differential equation (1) for all x € [0, 1];

3) z(x) satisfies the boundary condition (2) at the points z = 0 and = = 1.

The necessity of mathematical modeling of processes involving singularities and small parameters
has stimulated the development of the theory of integro-differential equations with different derivative
orders in their differential and integral parts [1,2]. A substantial subclass of such equations consists of
first-order integro-differential equations in which higher-order derivatives appear in the integral term.

The existence and uniqueness of solutions to initial value problems for integro-differential equations
of various orders, as well as their asymptotic behavior and stability, have been extensively investigated
(see the references therein). Integro-differential equations with highest-order derivatives in the integral
part were studied in [3-5]. The works [6-8] were devoted to investigate an important class of such
equations.

It should be emphasized that integro-differential equations with highest-order derivatives in the
integral part are particularly effective for modeling processes with aftereffect phenomena, as well as
biological and medical systems involving memory.

If the coefficients Ag(x), A1(x), the right-hand side F'(z), and the kernels K;(x), j = 0,1,2, are
continuously differentiable on [0, 1], then equation (1), after differentiation of both sides with respect
to z, can be reduced to an integro-differential equation of neutral or Fredholm type. In that case, the
order of the derivative in the integral term becomes equal to or lower than that in the differential part.
Numerous works have been devoted to solvability issues in this setting.

More interesting and technically challenging are the cases where the coefficients Ag(x), Ai(x), the
function F'(x), and the kernels K;(x), j = 0,1,2, are only continuous on [0, 1].

The present paper is devoted precisely to this situation. We investigate the solvability of a two-
point boundary value problem for an integro-differential equation in which the integral term contains
derivatives of higher order than those appearing in the differential part.

New approaches to solving boundary value problems for systems of integro-differential equations,
as well as for loaded differential equations, were proposed in [9-11]. In the works of Dzhumabaev
[12-14], coefficient criteria for the unique solvability of boundary value problems for Fredholm systems
of integro-differential equations were established. Significant results were also obtained for systems
of first-order Fredholm nonlinear integro-differential equations in [15]. Problems with parameters for
Fredholm systems of integro-differential equations were investigated in [16,17|. In the works [16,17],
also numerical algorithms were proposed, and analysis were carried out for integro-differential systems
with integral conditions [18].

In the works of Dzhumabaev [9-11], systems of first-order Fredholm integro-differential equations
with two-point conditions for various types of integral kernels were investigated.

The integro-differential equation considered in this paper cannot be reduced to a system of first-
order integro-differential equations for two reasons. First, the order of the derivative in the differential
part cannot be increased to second order, since the coefficients of the differential part, A;(z), Ao(z),
and the right-hand side F'(x) are only continuous functions on the interval [0,1]. Second, integro-
differential equation (1) cannot be differentiated twice with respect to x.

Thus, we cannot increase the order of the derivative in the differential part to second order. This
class of integro-differential equations requires special study and the development of methods for solving
boundary value problems for such equations.

In this paper, we study the solvability of the first-order integro-differential equation with highest-
order derivatives appearing in the integral part (1)—(2).
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1 Scheme of the Parametrization Method and Equivalent Problem

To solve the two-point boundary value problem (1)—(2), we apply the Dzhumabaev parametrization
method [19].

Let A = 2(0). Introducing a new function z(z), we perform the change of variables in problem
(1)—(2) given by

z(z) = z(x) + A, x € [0,1].

As a result, we obtain an equivalent problem for an integro-differential equation with a parameter

1
Ay (2)Z (x) = —Ap(2)Z(x) — Ao(x)\ + /Kg(x)Lg(s)ds)\ + F(x)+
0

[B+ C)A + CZ(1) = d. (5)

A pair (Z(x), ) is said to be a solution of the problem for the integro-differential equation with
parameter (3)—(5) if:

1) Z(x) possesses derivatives 2'(x) and z”(z) at each point x € [0, 1];

2) Z(x) and X satisfy the integro-differential equation (3) for all x € [0, 1];

3) the initial condition (4) is satisfied by z(x) at the point x = 0;

4) condition (5) is satisfied by z(z) and A at the point x = 1.

For a fixed value of \, equation (3) together with condition (4) constitutes a Cauchy problem for the
integro-differential equation with parameter. The parameter \ is then determined from relation (5).

Next, we describe the construction of a solution to the Cauchy problem for the integro-differential
equation with parameter (3), (4).

First, we introduce the following notation

0/1L0 Z"(s)ds, 01 0/1L1(s)2'4(s)ds, 0 0/1L2(S)5(5)ds.

Let Aj(x) # 0 for all = € [0,1] and

/ N Ag(s)ds,  x e [0,1].
0
The solution to the Cauchy problem for the integro-differential equation with parameter (3), (4) can

50 Bulletin of the Karaganda University



On integro-differential equations ...

be represented in the following form:

Z(z) = @ [ e [A ()] F(s)ds—
/

1
— ea(az) /e“(s) [Al(s)]fle ds)\—i—e /6 1K2 /L2 81 dslds)\—i—
0
/ e )" Ko (s)dsby + e / e O [Ay ()] K (s)dsb +
0 0

T

+ €@ / e "O[Ai(s)] Ka(s)dsha,  x €[0,1]. (6)
0

Let

T

1
L= [ Ly(s1)ds, Uz, Z) = e [ e749[A(s)] 71 Z(s)ds, x € [0,1],
/ /

where Z(z) is an arbitrary function, continuous on [0, 1].
Next, representation (6) can be rewritten in the following form:

E(x) = U(.T}, F) - U(x, Ao)A—I—U(x, Kg)fz/\—i-U(l', Ko)@o—i—U(x, K1)91 —i—U(.T}, KQ)QQ, S [0, 1]. (7)

Introduce the notations
1 1 1
Di(F) = / LU, F)de,  Di(Ao) = / L{OU(E, Ap)de, Di(Kj) = / Li©)U(€, K ),
0 0 0

i=1,2 j=0,1,2.
Replacing x by &, multiplying both sides of (7) by L1(§) and La(€), and then integrating over the
interval [0, 1], we obtain two equations for §; and 6s:

01 = D1(F) — D1(Ag)A + D1 (K2) L)\ + Dy (K)o + D1(K1)0; + D1 (K2)02, (8)

0y = DQ(F) — DQ(A())/\ + DQ(KQ)E/\ + DQ(K())@() + D2<K1)91 + DQ(KQ)HQ. (9)
Suppose that & = 1 — Da(K3) # 0. Then equation (9) uniquely determines 6so:

Oy = — By  Dy(Ag)A + @5t Do(Ka) LA + &5 Do (K)o + @5 ' Do(K1)0; + &5  Do(F). (10)

Substituting the expression for s into (8), we derive

1—Dl(Kl)—Dl(KQ)éngQ(KI)} 0, = [DI(KQ)E—Dl(AO)+D2(K2)<1>2—1[D2(K2)E—DQ(AO)] A

+ [Dl(Ko) + DQ(KQ)cb;lDQ(KO)] 0o + D1(F) + D1 (K2)®5 ' Do(F). (11)

Suppose that ®; = 1— D1(K7) — Dl(Kg)CDQ_lDQ(Kl) # 0. Then equation (11) uniquely determines 6;:

01 = Ui\ + Vi6y + Gy, (12)

Mathematics Series. No.2(122),/2026 51



A.T. Assanova et al.

where Up = @ [Dl(KQ)E — D1(Ag) + Da(K2)®5 ' [Da(F) L — DQ(AO)]],
V, = o [Dl(Ko) + DQ(KQ)éngQ(KO)}, G1 = 7LDy (F) + 71Dy (Ky) D5 L Dy(F).
Thus, we have expressed #; in terms of A and 6.
Substituting the obtained expression for #; into (10), we obtain

Oy = Us X + Valby + G, (13)

where Up = @;l{Dz(IQ)E — Dy(Ag) + Do(Fy) D7 [Dl(Kz)i — Dy (Ag)+
+Ds(K2)®; ' [Da(Ks) L — D2(Ao)]} }
Vo = {@;11)2(1(0) + Dy LDy () Dy ! [Dl(Ko) + DQ(KQ)@;DQ(KO)} }

Gy = ®3 ' Da(F) + @5 Dy(K1) [@7 D1 (F) + @7 Dy (K2)®5 ' D(F)]
Consequently, 1 and 0y are represented in terms of A and 6.
We now proceed to consider

By integrating the integral in this expression by parts, we obtain

1 1
/ Lo()2"(s)ds = Lo(1)Z'(1) — Lo(0)Z'(0) — / Lh ()7 (s)ds.
0 0
We have .
B0 = Lo(1)7(1) — Lo(0)Z(0) — / L(5)7(5)ds.
0

1
Using (3), (4) and (7), we determine z'(1), 2’(0) and [ L{(s)z'(s)ds :
0

=~

7 (1) = —[A1 (1)) Ag(1)Z(1) — [Ar(1)] " Ao (DA + [Ar (1)] ' Ko (1) LA + [Ay (1)) F(1)+
+ [A1 ()] Ko (1)8g + [A (D] 1K (1)01 + [A1(1)]1K2(1)8,, (14)

Z(0) = —[A1(0)] " Ao (0)A + [A1(0)] ' K2(0) LA + [A1(0)] ' F(0)+

+[A1(0)] 7" Ko(0)bo + [A1(0)] T K1(0)6:1 + [A1(0)] T K2(0)62, (15)

1 1
/L{)(s)?’(s)ds =— / L6(S)[A1(S)]ile(S)z(S)dS + [El(KQ)f/ — E1(Ag)] A+
0

+ El(F) + E1(Ko)bo + Ey (K1)91 + El(KQ)HQ, (16)

where

Ei(40) = [ (o)) Ao(s)ds, E(F) = [ Ly(s)A(s)] Fls)ds,
0 0
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1
By (K;) = / Ly(s)[An(s)) K (s)ds,  §=0,1,2.
0

We find

1
/ L (5)[Av(5)) " Ao(s)3(s)ds = Ba(F) + Ea(Ka)LA — Ea(Ao)A+
0

+ Es(Ko)0o + Eo(K1)0h + E2(K2)b2, (17)

where

1 1
Es(F) = / L (s)[Ar(s)) " Ao()U (s, F)ds, Es(Ao) = / L) (5)[A1 ()]~ Ao(s)U (s, Ao)ds,
0 0

1
Ba(k)) = [ Lfs)la(o))  Aa(s)U (s, K s, 5= 01,2
0

We also find
Z1) =U(1,F) = U1, A))A + U(1, Ko) LA + U(1, Ko)0 + U(1, K1)61 + U(1, K2)6a. (18)
Next, we replace Z(1) in (14) with the expression given in (18):
7(1) = {Al( ITHE(L) = [A (D)) Ao (WU (L, F)+
+ { )7 Ao (1)U (1, Ag) — [A1(1)] 7T Ao(1)U (1, Ko) L — [A1(1)] " Ag(1) + [A1(1)]*1K2(1)i}A+
{[Al(l)]‘lKo(l) - [Al(l)]‘le(l)U(LKo)}90+
+ { A K (1) — [ ()] A (U (1, K) Jor+
+ {[Al(l)]_lKg(l) - [Al(l)]_le(l)U(l,Kg)}ﬂz. (19)

Finally, using (19), (15) and (16), (17), we find an expression for 6p:

0o = W(F) + [W(K2)L — W(Ao)]A + W (K)o + W (K1)01 + W (K2)0s, (20)

W(F) = Lo(D[Ai(D] 7 F(1) = [4(1)] 7 Ao(DU(L, F) = Lo(0) [41(0)]F(0) + Ba(F) - By (),
W (4) = Lo(W){ [ (1] A1)~ [41 (1] AU (L, Ao>}fL (0)[A1(0))~" Ao(0) + Ex(Ao) — Ex (),
W (Ko) = Lo(W){ [A1 (1)) Ko (1)=[As(1)] " A (U (L, Ko) }~Lo(0)[A1 (0)) " Ko(0)+ B (Ko) — B (Ko),
W) = Lo(D{ 141 ()] 7 K () ~[Ar (D] Ap(DU (L, K1) = Lo(0) [ A1 (0)] " K1 (0)+ B ()~ B (K),
W () = Lo(1){ [A1 (1)) Ko (1)~ [A1 (1)] 7 A (1)U (1, Kz2) b~ Lo(0)[ A1 (0)] ™ Ko (0)+ Ea(K) — B (Ka).

Substituting the expression (18) for z(1) into condition (5), we obtain

[B+CIAN+C[U(1, K2)L—U(1, Ag)]A+CU(1, Ko)0o+CU (1, K1)0; +CU (1, K9)fy = d—CU(1, F). (21)
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Using the expressions (12) and (13), and substituting them into (20), we have
{1 —W(Ky) — W(K1)Vi — W(KQ)VQ}QO -
= {W(Ko)L = W (Ao) + W(EN)UL + W (K2)Us b+ W (F) + W (K)Gy + W (K2) G (22)
Let Q1 =1—W(Kp) — W(K;)Vi — W(K2)V, and assume that Q1 # 0.

From (22), we obtain
0y = [Ql]—l{W(Kg)E — W(Ag) + W (K1)U; + W(KQ)UQ}M
+ (@ WF) + W(K1)Gy + W(KR)Ga ). (28)
Substituting the expression (23) for 6 into (12) and (13), we get
01 = Ui\ +VA[QU ™ { W (K2) L — W (Ao) + W(K1)Us + W (Ko)Us bAt

+ G+ [Ql}_l{W(F) +W(K)Gy + W(K2>G2}, (24)

02 = UsA+ ValQu ™ { W (Ka2) L — W (Ag) + W (K1)Us + W (Kz)Us fA+
+ G+ [ W(F) + W(K)Gy + W(ER)Ga . (25)
Using the values of 6, 01, and 6, found from (23)—(25), and substituting them into (21), we have

{B +C+ClUL, Ko)L — UL, Ag) + UL, K1)Uy + U(1, K2)Us]+

+C[U(1, Ko) + U(1, K1)V} + U(1,K2)V2][Q1]—1{W(K2)E — W (Ag) + W (KU, + W(KQ)UQ}}/\ —
=d—CU(1,F)—CU(1,K,)G1 — CU(1, K3)Gy—
— ClUQ, Ko) + UL, Ky) + U(1, KQ)][erl{W(F) +W(K)G + W(KQ)GQ}. (26)
Let

Qs = B+ C + ClU(L, Ko)I — U(1, Ag) + U(1, K1)Us + U(1, K2)Us] +
+ClU(1, Ko) + U(1, K1)V1 + U(LK2)V2HQ1]_1{W(K2)E — W(Ao) + W(K1)Ur + W(Kz)U2}

and assume that Q2 # 0.
It then follows from (26) that A is uniquely determined:

A= [Q2]—1{d — CUQ,F) - CU(L, K1)Gy — CU(1, KQ)GQ}—
— [Qu) 7' CIU (1, Ko) + UL, K) + U (LK) { W(F) + W (K )Gy + W(K2)Ga . (27)
We have
00 = Q1] { W (K2 L — W (Ao) + W (K1) + W(KQ)UQ}[QQ]l{d — CU(1,F)-
—CU(1,K)Gy — CU(1, K)Gy — CIU(1, Ko) + U(1, K1) + U(1, K2)][Q1] " x
X {W(F) +W(KDGh + W(K2)G2}} + [Qﬂ‘l{W(F) +W(KDGh + W(KQ)GQ}. (28)

Finally, using the expression for A in (27) and for y in (28), we find an explicit forms for §; and 65.
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2 Main Results

Based on the above, the following statement can be formulated.

Theorem 1. Assume that

a) the functions Ag(z), Ai(x), and F(z) are continuous on [0, 1]; A;(z) # 0 for all z € [0, 1];

b) the functions Kj(z), j = 0,1, 2 are continuous on [0, 1], Li(s) and La(s) are continuous on [0, 1];
Lo(s) is continuously dlfferentlable on [0,1];

¢) B, C and d are constants;

d) ®y=1— Dy(Ky) #0 and &y = 1 — Dy (Ky) — Dy (K2)®5 Dy (Ky) # 0;

e) Ql =1-W(Ko) — W(K1)Vi — W(K2)V2 # 0;

) Q=B+ C+C[U1,Ky)L—U(1,A0) + U1, K1)U1 + U(1, K2)Us]+

+C[U(1, Ko)+U(L, K1)V +U(1, KQ)VQ][Ql]*l{W(KQ)i—W(A0)+W(K1)U1 +W(K2)U2} £0

where
X

a(x) = —/[Al(s)]lAg(s)ds, zel0,1); L= /Lg(s)ds
0

Di(Z) =

[e=]
= o

L(OU(E 2)de, Ulw,2) = e [ o0 (s)) Z(s)dss i = 1.2
0

W(Z) = Lo(1 >{[A1<1>rlz< ) = [Au(D)] M AU (L, >} Lo(0)[A1(0)] 1 Z(0) + Ea(Z) — Ex(2),
Vi = 7! Dy(Ko) + Da(K2)®3 ' Da(Ko)]
Va = { @3 Dy(Ko) + 3" Da(K1)®; ! [ Dy (Ko) + Da(K2)®; " Da(Ko)] |,
Ur = @7 | Di(K2) L — Di(Ao) + Da(K2)®3 [Da(K2) L — Da(Ao)]
Uy = @ {D (K2)L — Ds(Ag) +D2(K1)<I>;1[D1(K2)I;—DI(A0)+

+Da(K2) @3 [Da(K2) L = Da(Ao)]] |

1
1
E\(Z) = /La(s)[Al(s)]lZ(s)ds, Ey(Z) = bfLE)(S)[Al(s)]_lAO(S)U(S,Z)ds, Z is Ag or Kj,
0

i=0,1,2.
Then problem for integro-differential equation with parameter (3)—(5) has a unique solution.

Proof. Consider problem (3)—(5).
Using assumptions a)-f) and notations, we construct A*, 6, 67 and 65:

- [Qg]_l{d _CU(1,F) - CU(1, K\)G1 — CU(1, KZ)GQ}—
— Q) 'CIU(1, Ko) + U(1, K1) + U(1, KQ)][Ql}il{W(F) +W(K1)G1 + W(K2)G2}, (29)

65— Q1 {W ()L W (o) + W (KU + W () } @2l - CU1 )~
— CU(1, K1)G1 — CU(1, K2)Go — C[U(1, Ko) + U(1, K1) + U(1, K3)][Q1)

X {W(F) Y W(K)G + W(KQ)GQ}} n [Qﬂ‘l{W(F) Y W(K)G + W(KQ)GQ}, (30)

GT = U1\ + ‘/198 + G1, (31)
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0; = U \" + VQQS + G, (32)

where Gy = @ Dy (F) + ®, ' D1(K2)®; ' Dy(F),
G2 = ®; ' Da(F) + @3 ' D2(K1) [@7 ' Di(F) + @7 D1 (£K2)®3 ' Da(F)],
1 T
Di(F) = / LU F)dg, i=12, U, F)=e" / e IAi(s)] T F(s)ds, @ € [0,1],
0 0
Then, using the expressions (29)—(32), the unique solution to the Cauchy problem (3)-(4) has the
following form

T (x) = Uz, F)+[U(z, K2)L— Uz, Ag)]N +U (z, Ko)0E+-U (w, K1)0: +U (z, K2)03, = € [0,1]. (33)

The pair (z*(x), \*), determined by (29) and (33), is the unique solution to the problem for the
integro-differential equation with parameter (3)—(5).
Theorem 1 is proved. O

Theorem 2. Assume that the conditions a)—f) of Theorem 1 are fulfilled. Then two-point problem
for integro-differential equation with higher-order derivatives in integral term (1)—(2) has a unique
solution.

Proof. Under the assumptions of Theorem 1, the problem for integro-differential equation with
parameter (3)-(5) admits a unique solution, given by the pair (2*(x), \*).
We define
2¥(x) = Z%(x) + N7, z € [0,1].

According to the scheme of the method, this function is the unique solution of the two-point
boundary value problem for integro-differential equation with higher-order derivatives in integral term

(1)-(2).

Theorem 2 is proved. O

3 Special Case

We consider special case of the integro-differential equation with second-order derivative in integral
term

1
Ao(2)2 (x) + A1(2)2(z) = F(x) + K(x) /L(s)z”(s)ds, x € [0,1], (34)
0

Bz(0) 4+ Cz(1) = d, (35)

where the function z(x) is the unknown function; A4;(x), i = 0,1, and F(x) are continuous on [0, 1];
K(x) is continuous on [0, 1]; L(s) is continuously differentiable on [0, 1]; B, C' and d are constants.

A function z(x) € C(]0,1],R) is a solution of two-point problem (34)—(35) if:

1) z(x) has derivatives 2'(x), 2”(z) at each point z € [0, 1];

2) z(z) satisfies to the integro-differential equations (34) on [0, 1];

3) the two-point condition (35) is satisfied by z(z) and 2’(x) at the points z = 0, z = 1.

Integration by parts is applied to the integral in the integro-differential equation (34).

We have

1 1
K(x) / L(s)?"(s)ds = K (z)L(1)2'(1) — K (2)L(0)2'(0) — K () / ()2 (s)ds.
0 0
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Then, the integro-differential equation (34) can be written in the form
Ag () (x) = = Ay (2)2(2) + F(2)+

+ K(z)L(1)2' (1) — K(z)L(0)2'(0) — K(:U)/L’(s)z'(s)ds, x € [0,1]. (36)
0

Therefore, we obtain the two-point problem for the neutral integro-differential equation with functional
terms (36) and (35). The functional terms include piecewise-constant generalized arguments with
respect to the derivative of unknown function at the points x =0 and = = 1.

We apply Dzhumabaev parametrization method for solving problem (36)—(35).

Let A = z(0). Introducing the new function z(z), we perform in problems (36), (35) the change of
variables

z(z) = Z(x) + A, x € [0,1].

We obtain the following equivalent problem for the neutral integro-differential equation with pa-
rameter and functional terms

Aq(2)Z () = —Ao(2)Z(x) — Ao(z)\ + F(x)+

1
+K@nmﬂn_K@umwm—m@/y@ﬁ@@,xepu.@n
0

(0) =0, (38)
[B + C)A+ C3(1) = d. (39)

A pair (Z(z),A) is a solution to problem for the integro-differential equation with parameter
(37)-(39) if:
1) Z(z) has derivatives 2'(x), 2" (x) at each point z € [0, 1];
2) Z(x) and X satisfy to the integro-differential equation (37) on [0, 1];
3) the initial condition (38) is satisfied by z(z) at the point = = 0;
4) the condition (39) is satisfied by z(z) and A at the point x = 1.
x

Let Ai(z) # 0 for all z € [0,1] and a(z) = — /[Al(s)]_lAg(s)ds. Then we can rewrite the integro-

0
differential equation with parameter and functional terms (37) in the form

?(2) = ~[A1(2)] " Ao(2)Z(x) — [Ar(2)] T Ao (@) + [As(2)] T F(2)+
1

+ [A1(2)] T K (2) L(1)Z' (1) — [Ax(2)] T K (2) L(0)Z'(0) — [Al(x)]_lK(x)/L’(S)?(S)d& € [0,1].
0

(40)

Introduce notations
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Solution to the Cauchy problem for integro-differential equation with parameter and functional terms
(37)—(38) can be written in the form

x x

Hz) = —eol@) / =9[4y ()]~ Ag(s)dsA + e2®) / =) [ A, ()] F(s)ds+
0

—i—ea(x)/e“(s)[Al(s)]lbl )ds?' (1) — e /e U4y (s)] M bo(s)dsZ' (0)—
0

x

— @) / e O[A ()T K (s)dsh,  xe[0,1]. (41)

0

Let Uz, Z) = ¢*®) /6_“(5) [A1(s)] 7' Z(s)ds; i =1,2; Z is an arbitrary function.
Then we can rewgite the expression (41) in the next form
Z(z) = -U(z, A)A+ U(z, F) + U(z,b1)Z'(1) — U(x,b9)z'(0) — U(z, K)8, z € [0,1]. (42)
From (42) we determine the value z(t) at ¢t = 1:

2(1) = —U(1, Ag)A + U(L, F) + U(L,b1)Z(1) — U(1,bo)Z'(0) — U(L, K)8. (43)

From (40), and taking into account the notation, we also obtain

() = —[A1(2)] T Ao(2)Z(2) — [Ar(2)] T Ao(@)A + [Ar(2)] 7 F(2)+
+1(2)2'(1) = bo(2)Z'(0) — [Ar(@)) 'K ()0, w€[0,1]. (44)

We substitute for z(z) in (44) the corresponding expression given in (42)

() = [A(2)] " Ao()[U(z, Ag) — LA+ [A1 (2)] 7 [F(x) — Ao(2)U (z, F)]+
+ [ba(w) — [Ar(2)] " Ao (@)U (2, b1)]Z' (1) — [bo(x) — [A1(2)] " Ao(2)U (2, bo)]Z' (0)~
— (AL (2)] K (z) — Ag(2)U(z, K))6, x €[0,1]. (45)

Changing = by &, multiplying both parts of (45) by L/(£) and integrating from 0 to 1, we get equation
for 6:

1 1
9:/L’(E)[A1(£)]_1Ao(£)[U(€,Ao)—1]d€>\+/ L'(©[A1(&)] T F(€) — AU (&, F)ldé+
0

1 1
+ [ 2©Om© - O AUl ) - [ A4(6)] Ao(©)U (€, bo)dEZ' (0)—
’ X
/ e K(€) - A€)U(€, K)]déo.  (46)
0
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From (45) we determine equations for finding z’(1) and z’(0):

[ = b1(1) + [A ()] AU (1, b1)]Z' (1) = [Ar(1)] ™ Ao (1)[U (1, Ao) — 1A+
+ A1) E(L) = Ao (1)U (L, F)] = [bo(1) — [A1(1)] ™" Ao(1)U (1, bo) ' (0)
=[] THE (L) = Ao(1)U (L, K)J8,  (47)
Z(0) = —[A1(0)] 7 Ao (0)A + [A1(0)) T F(0) + b1(0)'(1) — bo(0)2'(0) — [A1(0)] 'K (0)8.  (48)
Assume that By = 1 — by (1) + [A1(1)]7*Ag(1)U(1,b1) # 0. Then from (47) we uniquely determine
Z'(1) through A, z’(0) and 6:
7(1) = By '[A()] T Ao (1)[U (1, Ao) — 1A+ By A1 ()] T F(1) = Ao()U (1, F)]~
= By 'bo(1) = [A1 ()] Ao(DU (1, 50)]Z'(0) — By '[A1(1)] 7K (1) — Ao(1)U(1, K)J6.  (49)

Substituting the found z’(1) into (48), we obtain

14 bo(0) -+ b1 (0) By bo(1) — [A1 (1)] ™ Ao(1)U (1, bo)] | Z'(0) =
= b1 )BT AL D] Ao (DU (L, Ao) = 1] = [41(0)] A0 (0) | A+

+[AL(0)] 7T F(0) + b1(0) By A (V)] THF (1) = Ao(D)U(L, F)]—
= b1(0)By A1 (1)) THE (1) — Ag(WU (L, K)J8 — [A1(0)] 'K (0)6-  (50)

Assume that By = 1+ by(0) + b1(0)By *[bo(1) — [A1(1)] " Ao(1)U(1,b0)] # 0. Then from (50) we
uniquely determine z’(0) through A and 6:

54(0) = apA — Bob + Yo, (51)
where ag = B! [51(0)3;1[A1(1)]*1A0(1)[U(1 Ag) — 1] — =1 40(0 ]
fo = By [0 BT A (D] K (1) — AU (L, ﬂ mun mﬂ
% =By [[Al(o)]*lF(o) +b1(0) By AL(D)]THF(1) — Ag(1)U(1, }

Substituting the found z’(0) in (49), we have
24(1) =1\ — (10 + 7, (52)

where a3 = By H[A1(1)] 7 Ao (1)[U(1, Ag) — 1] — By [bo(1) — [A1(1)]7F Ag(1)U (1, bo)]exo,
B =By [A1(1)]7HE (1) = Ao()U (1, K)] + By ' bo(1) — [A1 (1)} Ao(1)U (1, bo)] o,
(1))~ Ao(1)U (1, bo)0-
1) by corresponding representations

v =By A TEQ) = AU (L F)] = By Hbo(1) — [As
Now, we return to expression (46). We replace 2’'(0) and 2'(
(51) and (52):

[1+ 61— 181+ @obolf = [p2 + pra1 — poao]A + é3 + L1711 — Y070, (53)
where ¢ = f L'(©[A1Q]TH K (€) — AU (&, K)]de,
= bfL’ A1 (O] AU (€, Ao) — 1ldS,  ¢3 = [ L)AL F () — Ao(&)U(&, F)]dg,
= ({1L’(f)[bl(S)—[Al(f)]‘le(é)U(& bu)ldg, o= [ L'(€)[bo(€)—[A1(&)] " Ao(§)U (&, bo)]dE.
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Assume that Co = 1+ ¢1 — @181 + wofo # 0. Then, from (53) it follows
0 = Cy 2 + pron — @oao)A + Cy M ds + @171 — o0)- (54)

Using the expression (43) for z(1) and taking into account formulas (51), (52), and (54), we get

2(1) = {—U(l, Ao) + U(1,b1)ar — U(1, by)ao—
—[U(1,01)B1 — U(1,b0)Bo + U(1, K)|Cy Hpa + pra1 — gpoag]})\ +UQ,F)+U,by)y—
— U(1,b0)v0 — [U(L,b1)B1 — U(1,b0)Bo + U(L, K)|Cy [p3 + 171 — wov0).  (55)

Further, substituting the expression (55) into (39), we obtain

|:B + C{l - U(l, Ao) + U(l, bl)al — U(l, bo)ao—
— [U(1,b1)B1 — U(1,b0)Bo + U1, K)|Cy Yo + pr0 — gooao]H A=d— C{U(l,F)+

+ U(1,b1)v1 — U(1,bo)vo — [U(1,01)B1 — U(1,bo)Bo + U(1, K)]Cqy g3 + o171 — 90070]}- (56)
Assume that

Qo = [B + C{l —U(1, Ag) + U(1,b1)ar — U(1, b)ag—

— [U(1,b1)B1 — U(1,bo)Bo + U(1, K)]Cy Hp2 + o100 — 4/70040]}} # 0.

Then from (56) we uniquely determine A:

A=1[Qo]™" [d . C{U(l, F)+ U1, b))y — U(L, bo)vo—

— [U(1,b1)B1 — U(1,b0)Bo + U(1, K)]C; s + p1m1 — 80070]}]-

Therefore, we found A, 6, Z(1) and z(0). Then from (42) we can define the explicit form of solution to
the Cauchy problem for integro-differential equation with parameter and functional terms (37), (38).

Theorem 3. Assume that

a) Ai(x),i=0,1, and F(z) are continuous on [0, 1]; let A;(z) # 0 for all z € [0,1];

b) K (x) is continuous on [0, 1]; L(s) is continuously differentiable on [0, 1]; B, C and d are constants;

¢) Bi =1—by(1) + [A1(1)] 1 Ae(1)U(1,b1) # 0 and

By =1+ bo(0) + b1(0) By bo(1) — [A1 (1))~ Ao(1)U (1, bo)] # 0;
d) Co =1+ ¢1— ¢181 + wofo # 0;
¢) Qo= B +C{1-U(1,Ag) + U(1,br)ar — U(1, bp)ao—

~[U(1,b1)B81 = U(1,b0) B0 + U(L, K)]C; o + pran — @oao]}] #0,

where a(z) = — /[Al(s)]le(s)ds, bp(x) = [A1(z)] 'K (z)L(p), p=0,1, z€]0,1],

0
T

Uz, Z) = ) /e_a(s)[Al(s)]_lZ(s)ds, x€[0,1], i=1,2, Zis Ay, b1, bp and K,
0
a0 = By [b1(0) BT A (D] Ao()[U (1, Ag) = 1] = [41(0)] 4o 0),

60 Bulletin of the Karaganda University



On integro-differential equations ...

a1 = By [A1(1)] T Ag(D)[U(1, Ao) — 1] = By ' [bo(1) — [Ai(1 )] le( U (1, bo)]exo,
Bo = By [b1(0) BT AT (1) = AU (L K)] + [A4:(0)] 7 K(0)]
51.= B AL K () — Ao(DU(L K]+ By (1) - [4 <>] L4y (1)U (1, bo) o,
1
= [ OO K©) ~ AU e, 62 = OfL’(&)[Al(é)]‘le(f)[U(& Ao) — 1)de,

p1 = b}L/(ﬁ)[bl(é) — [T AU (&, bu)lde, w0 = jL’(é)[bo(§) — [A1(§)] 7 Ao(§U (&, bo)]de.

Then two-point boundary value problem for integro-differential equation (34)—(35) has a unique
solution.

Proof. Let’s consider problem (34)—(35). We apply the parametrization method and move on to the
equivalent problem (37)-(39). Let the conditions of the theorem be satisfied. Then we will uniquely
determine the unknowns A, 6, z(0), and z(1).

We have

= [Qo ! [a - c{U(1, F) + U1, b — U(L, bo)ro—

— (U018~ U(Lb0)Bo + UL K)ICs (63 + o1 = wonol ]

0* = Cy ' [¢2 + @101 — o] A* + Cy s + @171 — o0l
2Y(0) = ap\* — Bof* + 0,

ZY(1) = ag A* — 316" + 1,
where
%0 = B3 |[A1(0))] 1 F(0) + b1 (0) B [A ()] F(1) = AU (L, )],
1 = By Ai(D)] T F(L) — AU (L, F)] — By (1) — [A1 (1] Ao (DU (1, bo) o,
— [ OO - A9 (e, Plde

Then, we obtain

Z5(x) = =U(z, AN + U(z, F) + U(z,b1)2' (1) — U(x,b0)z"(0) — U(x, K)6*, x € [0,1],

T
where U(z, F) = ™) /6_“(5) [A1(s)] " F(s)ds.
0
Therefore, problem for integro-differential equation with parameter and functional terms (37)—(39)
admits a unique solution, given by the pair (z*(x), \*).

We define
2¥(x) = Z%(z) + A7, z € [0,1].

According to the scheme of the method, this function is the unique solution of the two-point boundary
value problem for integro-differential equation with higher-order derivative in integral term (34)—(35).
Theorem 3 is proved. O
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Conclusion

We propose a method for solving boundary value problems for integro-differential equations with
higher-order derivatives appearing in the integral term. Unlike classical works and the works of
Dzhumabaev, this paper proposes a new approach to solving boundary value problems for integro-
differential equations with higher-order derivatives in the integral term, where the coefficients of the
equation are assumed to be continuous functions only.

This approach is planned to be extended to problems where the order difference between the
differential and integral parts is greater than two, with the goal of refining solvability results for a
broader range of boundary value problems.
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