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We study one-dimensional Fokker—Planck equations on homogeneous time scales with spatially depen-
dent drift and diffusion coefficients. The model is formulated under reflective boundary conditions and is
transformed, through the stationary density, into an abstract Cauchy problem governed by the backward
Fokker—Planck operator in a weighted Hilbert space. Using semigroup methods on time scales, we prove
the existence and uniqueness of mild solutions and characterize when such solutions are classical. The
relation between the forward Fokker—Planck operator and the backward operator is clarified through a
conjugacy with the stationary profile, which also preserves the spectral structure. Under the stated as-
sumptions, the backward operator is positive, self-adjoint, and has a discrete spectrum. These properties
yield well-posedness of the time-scale Fokker—Planck problem and asymptotic stability of solutions toward
the normalized stationary density. The homogeneous time-scale setting covers both continuous and discrete
dynamics in a unified framework and allows spectral representations of the resulting evolution. The appli-
cability of the theory is illustrated by the Ornstein—Uhlenbeck process and the geometric Brownian motion,
showing how classical stochastic models can be represented within the proposed time-scale formulation.
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Introduction

The Fokker—Planck equations (FPEs) are central in the study of stochastic dynamics, providing
deterministic descriptions of probability density evolution for diffusion processes. Classically, FPEs
arise from stochastic differential equations driven by Wiener processes and provide a fundamental
framework for stochastic dynamics [1], with applications in control and spectral analysis [2,3], nonlinear
dynamics [4], entropy production [5-7|, plasma and kinetic models [8,9], biology [10], and economic
and financial modeling [11,12]. For one-dimensional FPEs, Bluman [13] initiated the analysis of exact
solutions. In general, the transition density u(x,t) on a bounded interval with drift f(z) and diffusion
D(z) > 0 satisfies the forward form

ou 0 0? p
5 = ~gelf@ul+ 5 | ), M

and the backward form 5

U
[14]. Both are parabolic PDEs, whose well-posedness follows classical results [15] and which relate
closely to advection—diffusion equations [11,16]. This makes it natural to reformulate them as abstract
Cauchy problems and apply Cp-semigroup methods [17,18|.
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In the literature, FPEs are treated either in continuous time, yielding PDEs on R, or in dis-
crete time, leading to recurrence equations on Z*. A general framework that unifies both cases, and
potentially hybrid dynamics, remains underdeveloped. Time-scale calculus, introduced by Hilger [19],
provides precisely such a framework by allowing dynamical equations on arbitrary closed subsets of R
that may combine continuous and discrete intervals. Time-scale methods have been developed exten-
sively for dynamic equations and differential or difference equations [20-22|, variational problems [23],
and controllability of dynamic equations [24,25|. However, their application to stochastic processes,
and to the FPE in particular, remains largely unexplored.

The extension of Cp-semigroup theory from RT to time scales has been investigated in recent
works [26-28|. In particular, Hamza and Oraby [26,27] proposed semigroup formulations under strong
assumptions. In analogy with classical semigroup theory for infinite-dimensional systems [29], abstract
dynamic equations on time scales have been developed through operator-semigroup and Cauchy-
problem frameworks [27, 28, 30|, with related models including Gompertz-type and heat equations
on time scales [31,32]; stability and controllability aspects are treated in [24,26,33|.

This paper develops a unified time-scale theory of FPEs, covering continuous, discrete, and mixed
temporal domains. Under suitable assumptions on the drift and diffusion coefficients, we prove
existence and uniqueness of mild solutions, establish stability, and show consistency with the clas-
sical PDE formulation when T = R and with difference-type FPEs when T = Z or hZ. The frame-
work also reveals intermediate dynamics on hybrid grids. Its applicability is illustrated through the
Ornstein-Uhlenbeck process (OUP) and the geometric Brownian motion (GBM), for which explicit
or semi-explicit time-scale FPE solutions and numerical experiments show how nonuniform temporal
domains modify distributional evolution, with implications for financial modeling, diffusion approxi-
mation, and systems subject to nonuniform interventions.

1 Preliminaries

The calculus on time scales unifies continuous and discrete analysis by allowing dynamic equations
on closed subsets T C R. For ¢ € T, the forward and backward jump operators are defined by

o(t) :=1inf{s € T : s > t}, p(t) :==sup{s € T : s < t}.

The graininess function u(t) := o(t) —t measures the local step size. A time scale is called homogeneous
when p(t) is constant. Throughout this paper, we consider homogeneous time scales with constant
graininess p and assume 0 € T. This setting provides a tractable framework for studying the associated
Fokker—Planck operator and its Cp-semigroup.

For a,b € T, let [a,blr :={t € T : a <t < b}. If X is a Banach space, a function f: T — X is
called rd-continuous if it is continuous at right-dense points and has finite left-sided limits at left-dense
points. The space Cyq([a, b, X), equipped with the supremum norm, is a Banach space [20-22].

For f: T — X, write f7 = f oo. The A-derivative of f at t € T* is the element f2(t) € X, if it
exists, such that

1£7(8) = £(s) = () (a(t) = 5)|| < elo(t) — s
for all s sufficiently close to ¢. Equivalently |21, Theorem 1.16],

f7@) — f(t)
Ay =4 o=t (t) > t,
lim f(t) = f(s) o(t) =t

Basic rules mirror classical calculus:

(f+9)2 =2+ (af)*=af (f9)° =f2g+ 179" =fg* + f29°.
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The Laplace transform £ on time scales [20,21] extends the classical case. For f : T — R rd-
continuous,

L{f}H) = /0 " F(t) es(o(t),0) At,

with e, (¢, s) is the generalized exponential. These standard properties remain valid on T.
Similarly to the classical case, if an operator A generates a Cy-semigroup 1" on the time scale T,
then T solves the abstract Cauchy problem

ut(t) = Au(t), teT, wu(0)=up,
with solution u(t) = T'(t)up [24]. The Laplace transform connects to the resolvent
LAT(-uo}(2) = (21 — A) " ug,

valid for R(z) large. Analogues of the Hille-Yosida theorem provide generation criteria for semigroups
on T [34]. These tools form the foundation for analyzing well-posedness of Fokker—Planck equations
on time scales.

2 Fokker—Planck equations on time scales

In the classical Fokker—Planck framework, boundary conditions may be absorbing, reflective, or
periodic. We focus on reflective conditions, as they ensure conservation of probability and fit naturally
with the time-scale setting. The dynamic FPEs (1) can be generalized with initial data and reflective
boundaries, with = € [a,b] and t € Tg:

2
wast) =~ [f (@l + 55 [22] e e b, te T {0,
J(w)(a) = J(u)(b) =0, )
u(0,z) = up(x), x € la,b],

where
J(u)(@) = f(@)u(z) — 12 (D(@)u(a)).

The well-posedness and long-time behavior of (2) will be studied via semigroup methods.
Problem (2) can be written as a time-scale Cauchy problem

u(0) = uo,

where A is the Fokker—Planck operator defined by

Au = —% [f(z)u] + % [Dgx)u}

on a domain D(A) := {u € C?*(a,b) : J(u)(a) = J(u)(b) = 0}.
To simplify boundary conditions, we instead use the backward Kolmogorov operator A, after
introducing the stationary solution us of (2), obtained from

8

~ &(F@us(@) - 3 (D@)us())) = 0.
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Integrating and imposing J(us) = 0 gives

ug(z) = Nt D%m) exp| 2 é((:)) r |, (3)
0

with N the normalization constant given by

N = /angm)exp (2 /Oz j;((:)) dT) dz.

Writing u(z,t) = us(z)v(z,t) leads to

v2(t) = Av(t), v(0) = v = u; uo, (4)
where D
Av = f(z)® + ;x) &y (5)

on the domain D(A) = {v € C%(a,b) : v'(a) = v'(b) = 0}.
Eristence and uniqueness. Let X = L?(a,b) with inner product

b
(U, W)y, :/ v(x)w(x)us(z) de.

A mild solution of (4) is defined as
t
v(t) = v + A/ v(s) As, te Ty, (6)
0

where fg v(s)As € D(A). Under sufficient regularity assumptions, classical and mild solutions coincide
[28], as stated in the following theorem.

Theorem 1. A mild solution v of (4) is a classical solution if and only if v € CL(T{, X).

The following auxiliary results, adapted from [35], describe the relationship between the operators
A and A, and summarize several basic properties of A in the Hilbert space X.

Lemma 1. If u(z) = v(x)us(z) for v € D(A), then Au = usAv and both have common eigenvalues.

Here, we write u(z) and v(z) in place of u(z,-) and v(z, -), respectively, since the operator A acts
only on the spatial variable = € [a, b] and is independent of the time variable ¢.

Lemma 2. Operator A has properties:
(a) —A is a positive operator on X.
(b) The null space of A consists of constants.
(c) A is self-adjoint with a discrete spectrum in the Hilbert space X.

By Lemma 2, A is a closed self-adjoint operator on X with eigenvalues 0 = Ag < Ay < Ay < -+,
whose associated eigenfunctions {¢, }n>0 form an orthonormal basis of X, with ¢g = 1. Hence,

Av =" =X (0, $n)u,dn, @ € D(A). (7)
n=0
Moreover, operator A generates a Cp-semigroup
Tt =€y (t,0)(v, pn)u,¢n, vE X. (8)
n=0

On the other hand, if \,, € R, by combining Theorem 3.3 in [28| with the remark following Theorem 2.3
in [24], we arrive at

€2, (£, 0)] <

te T, 9
14+ A\t <o (9)
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Theorem 2. Let T'(t) be the Cy-semigroup on X given in (8). Then:
(a) v(t) =T (t)vg is a mild solution of (4) for all vy € X;
(b) v(t) =T(t)vo is a classical solution if and only if vg € D(A).

Proof. (a) Let wy, := (vo, dn)u,, n € N. We can easily verify that the scalar equation
V() = =Avn(t),  v,(0) =w,, teTy

n

has solution v, (t) = €7 (t,0)wy satisfying, see (9),

[on (B)] <

nl- 10
1+)\nt‘w | (10)

Moreover, by virtue of the Fundamental Theorem of Calculus, we obtain

t
—)\n/ U (T)AT = v, (t) —wp, t€TY
0

which implies that

t 1 1
W(TAT| < — (1 nl, teTt. 11
[entmar) < o (14 g el e (1)
We define -
v(t) :=> vn(t)pn, teT]. (12)
n=0

Equation (10), together with the convergence of series (8), ensures that this definition is well-defined.
Moreover, the uniform convergence of the series (12) implies that

o0

/Ot“(T)AT =2 (/Ot vn(r)m> $n, teTg.

n=0

In addition, using (11), we obtain

00 + 2 00 2 00
1
2 2 2
ngzo)\n /0 op(T)AT| < E <1+1 )\nt) |wn| §4E |[wy|® < oo

n=0 n=0
Therefore .
/0 v(T)AT € D(A).
By (7) and the orthonormality of {¢y}, we have
A/(:U(T)AT = i —An </Ot Un(T)AT> On = i(vn(t) — Wp)bn, = v(t) — vy.
n=0 n=0

Thus, v is a mild solution of (4) and (12) yields v(t) = T'(t)vo for t € Tq.
(b) Let vg € D(A). Since A is closed, the mild solution v(t) = T'(t)vg in (6) can be expressed as

t
T(t)vo = vg —i—/ T(s)Avg As, teTg.
0

Hence, it is clear that T' € Crld (’JI‘Sr , X ), and the assertion follows from Theorem 1. Conversely, suppose
that v(t) = T'(t)vp is a classical solution. By definition, vy = T'(0)vg € D(A). O
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We see that if vy is the one referred to in (4), then w, defined earlier in the proof to be (ug, ¢n),
the usual inner product.

Theorem 3 (Stationary solution and stability). The Fokker-Planck problem (2) is well-posed. More-
over, for any ug, the solution satisfies

b
lim u(z,t) = wous(x), wo= / uo(x) de. (13)
t—o0 a
Proof. For ug € X there is vg as in (4). For this vp, the function v(t) = T'(t)vy is the solution of

(4) giving

o0

= Z wpe?, (t,0)¢n,

n=0

where w, = (ug, ¢p,). Lemma 1 concludes that the function

u(z,t) = wous(x) + us(x ane a6 0)on(z), teT], a<z<b,

n=1

is a unique solution of the Fokker—Planck problem (2) on the time scales T§. Lemma 2.18 of [28] gives
lim; 00 €7 (£,0) =0, and (13) follows. O

Remark 1 (Mass conservation on time scales). Assume u(-,t) € H?(a,b) for each t € T§. The
regularity assumptions allows the interchange of the A-derivative in ¢ with the spatial integral. Hence,
integrating PDE (2) over [a, b] and using the zero-flux boundary conditions yields

AL / u(z,t) d:):—/ A(:):,t)dx—/a .Au(:n,t)d:)::J(u)(x,t)‘zj;:O.

Thus, the total mass is conserved on the time scale:

b b
/u(:c,t)da::/ uo(x) dr =: wo, VteTy.

This identity shows that the total mass is conserved on the time scale, i.e.,

b
M(t) := / u(x,t) dz, te Ty,

remains constant. In particular, the conservation holds both at right-dense and right-scattered points,
ensuring that the total probability is preserved regardless of whether time evolves continuously, dis-
cretely, or in a hybrid manner.

Theorem 4 (Uniqueness of the stationary profile). Under the hypotheses of Theorem 3, any nontriv-
ial stationary solution us is unique up to multiplication by a constant. In particular, if us is normalized
so that f; us(x) dx = 1, then ug is unique.

Proof. Stationary states solve the elliptic equation Au = 0 with zero-flux boundary conditions.
Under the hypotheses imposed on f(z), D(x) (regularity and D(xz) > 0 on [a,b]) the operator —A
admits a discrete real spectrum

O=X <M< A< An = 00,

see Lemma 1, and an orthonormal basis of eigenfunctions {¢,} in the weighted Hilbert space (as used
in Theorem 3). The eigenfunction corresponding to \g = 0 is precisely the (nonnegative) steady profile
us. Moreover, Lemma 2 provides that the kernel ker(.A) is one-dimensional, hence any stationary
solution is a scalar multiple of us. Normalizing the mass fixes the scalar and gives uniqueness. O
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Remark 2 (Rate of convergence). From the eigen-expansion used in Theorem 3,

u(+,t) — wous = us(*) anei)\n(t70)¢n(')-

n=1

Moreover, since A1 > 0 and ‘e‘i/\n (t,0)| < ‘e‘i/\l (t,0)| for all n € N, we can estimate the decay in terms
of €7, (t,0), so that there exists C' > 0 with

Hu(-,t) — wousHX < C sup jwy|e?y, (,0),
n>1

showing exponential-type decay governed by the spectral gap A;.

3 Applications to stochastic processes

For Brownian motion in R, there are several problems of the stochastic processes in one dimension
corresponding to the FPEs that can be solved analytically. The Ornstein—Uhlenbeck process and
geometric Brownian motion are two well-known examples, modeled as SDEs. In this section, we will
discuss both processes when the Brownian motion is allowed to operate on the time scales.

3.1 The Ornstein—Uhlenbeck process

The Ornstein—Uhlenbeck process (OUP) is a fundamental stochastic model describing the velocity
of a Brownian motion subject to friction. It is governed by the SDE:

dX; = —aX;dt + V2DdW;, X (0) = o, (14)

where @ > 0 denotes the drift (or relaxation) coefficient, and D > 0 represents the diffusion coefficient.
The initial condition xg may be specified deterministically or randomly from a distribution independent
of the Brownian motion W;.

The OUP (14) can also be characterized through its associated probability density function p(z,t),
which describes the likelihood of the process occupying state x at time ¢. If ¢ represents the time scale
and z € R, OUP (14) is equivalently formulated in terms of the time-scale FPE

A(xt):ag[xH—D@ reR, teTy\ {0}
p ’ 855 p 8.’1727 ’ 0 9
lim J(z,t) = lim J(z,t) =0, (15)
r——00 r—+00
p(z,0) = po(x).
In this case, we consider f(z) = —ax and D(z) = 2D, with the system constrained by reflective

boundary conditions. By employing the eigenvalues and eigenfunctions of the generator of OUP, the
time-dependent problem can be solved, leading to an explicit expression for the probability density
function. It can be shown that the eigenfunctions of OUP are the Hermite polynomials. Referring
to (3), we find the stationary solution of (15):

a —2a?

ps(gg) = sp-€ 2D

The operator A in (5) has the form

dv d*v

176 Bulletin of the Karaganda University



Fokker—Planck equations on homogeneous ...

with D(A) = {v € C*(R) : limy—00 v'(x) = 0}. This operator is the generator of the OUP (14).
Theorem 4.2 [1] implies that the operator —A has the eigenvalues

An = an, n=20,1,2,...

and the corresponding eigenfunctions are the normalized Hermite polynomials:

() = \/%Hn (\/52). (16)

where

We see that the orthonormality of the modified Hermite polynomials ¢,, defined in (16) implies that

/ (@) o (2)ps () A = B
R

Therefore, the associated Cauchy problem (4) has the solution
o(wt) = > wney (E0)6ue),  w, = /R Po(2)én(z) da
n=0

for any initial distribution py € L2(R)p;1. We note that w, is equivalent to the one in the proof of
Theorem 2. Finally, the solution of the problem (15) is given by

p(x,t) :ps($) anei)\n(tao)¢n(x)' (17)
n=0

It is evident that, as the friction coefficient v goes to 0, the transition probability given in (17) converges
to the transition probability of the Brownian motion. Moreover, we find that

Jim p(z,t) = ps(x),  teT],

This corroborates the conclusion of Theorem 3. As anticipated, the OUP, being an ergodic Markov
process with a Gaussian invariant distribution ps, naturally leads to this outcome. The result closely
mirrors the corresponding case for Brownian motion on R.

The analysis reveals that the relaxation rate of the OUP is governed by the first nonzero eigenvalue
A1 = «, implying a universal convergence time scale 1/a, which represents the characteristic time
required for the solution to approach equilibrium. In particular, the dominant decay mode behaves as
e~ so that larger values of o produce faster relaxation. This convergence scale is independent of the
underlying time domain. The effect of the time scale enters only through the decay factors e?, (¢,0),
which are exponential in the continuous case, polynomial-like in the discrete case, and intermediate
for hybrid domains. Consequently, finer graininess u accelerates convergence while coarser p slows it
down. Nevertheless, the invariant distribution ps remains Gaussian for all time scales, demonstrating
that the ergodicity of the OUP is robust under continuous, discrete, and hybrid temporal structures.

Mathematics Series. No. 3(123),/2026 177



S. Sutrima et al.

We present simple illustrations of the dynamics of p on several representative time scales, namely
R, Z* and hZ™. The corresponding Cp-semigroups on these time scales are:

o0
=> cae Mg, teRT, (18)
n=0
o0
+
=D cn 1+ M )t+1¢n’ telZr, (19)
n=0
- 1
Jr
E Chn———— tehZz 2
A O LE BT, (20)
n=0
where ¢, := (v, ¢ ), for v € L2(R).
L2 — PO(x) =1 o PO(x) =1
10 = ket 20) 10 R ol ac)
0.5 0.5
lo.o = ln.o ..... o o o TSR
-05 -0.5
-1.0 -1.0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t
@ ®)
B e PO(X) =1 s e | .
10 & :oii:yexp(—u x120) 10 L
0.5 0.5
= 0.0 = 0.0
=035 -0.5
e 0 5 10 15 20 25 30 e ; A 5 10 15 20 25 30
i L
(O] (d)

Figure 1. Dynamics of p for oo =
(a) T=R; (b) T=2%;

OUP on R — Problem1: po=exp(-x"2)

(c

0.05, D =0.6, h=0.2 and z = 5 on:
) T=hZ"; (d) T=hZ" UR"

OUP 0n Z — Problem1: po=exp(-x~2)

Py

OUP on hZ, h=0.2 — Problem1: po=exp(-x"2)

xt)

Figure 2. Dynamical behavior of p relative

to ps, under the initial distribution po(z) = e~

Figures 1-2 illustrate the implications of Theorem 3. Figure 1 shows the behavior on selected
time scales Tar with respect to t for fixed x, while Figure 2 displays the spatial variation in x over its
prescribed interval for fixed t. In particular, Figure 2 demonstrates that the OUP rapidly converges
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to the Gaussian invariant distribution for large |z|, whereas the convergence is significantly slower in
a small neighborhood of 0.

Heatmap pix.t). scale=Z

Heatmap pix.t), scale=hybrid

Figure 3. Heatmaps show how time scales shape convergence: smooth on R, stepwise on Z™, nearly
continuous on hZ™", and mixed freezing—stepwise behavior on the hybrid scale
Figure 3 shows that the bright region near x = 0 at ¢ = 0 corresponds to the initial profile py(x) = e~
As time evolves, the density relaxes according to the underlying time scale toward the stationary
Gaussian distribution ps(x). The symmetric contraction of the heatmap reflects the mean-reverting
nature of the OUP, which progressively drives the probability mass toward equilibrium.

3.2 Geometric Brownian motion

Geometric Brownian Motion (GBM) is a well-known stochastic process, particularly in mathe-
matical finance, for describing the dynamics of asset prices such as stocks. It is a continuous-time
model in which the logarithm of the asset price evolves as a Brownian motion with a constant drift.
This formulation captures both the inherent randomness of market movements and their tendency to
fluctuate around an underlying trend. The model is governed by two key parameters: the drift o, rep-
resenting the average rate of return, and the volatility 5, representing the magnitude of fluctuations.
Mathematically, GBM arises as the solution to a scalar linear SDE with multiplicative noise

dX¢ = aXidt + BXdWry, X(O) = xq. (21)

This represents a basic framework for describing population dynamics under environmental fluctua-
tions.

In an alternative formulation, when we take f(z) = oz and D(z) = & 22362 confined to the interval
[1, ] with decay at the boundaries, the process (21) simplifies to the FPE subject to absorbing boundary
conditions. Furthermore, if the time is allowed to evolve over the time scale ']I‘(J)r rather than being purely
continuous, this framework naturally extends to the FPE on the time scale ’]I‘ar with absorbing boundary

conditions 5 5 T
A _a 0% B
u=(x,t) = o [azu] + 522 [2
u(1,t) =u(b,t) =0, teTg,
u(z,0) = up(z), = €]ll,bl.

u] , xe[Lb], teT§\ {0}
(22)

The generator of this process is
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the linear operator defined on the domain
D(A) = {u € L*(1,b) : u,u’ are absolute continuous, u" € L*(1,b), u(1) = u(b) = 0}.

We see that this operator is not uniformly elliptic due to the diffusion coefficient vanishes at x = 0.
This is the reason why we consider the domain to be the interval [1,b].
By applying the Dirichlet condition, we can easily find out the stationary solution of the forward
FPE (22):
us(z) =0, 1<x<b.

By reducing the eigenproblem Au = —Au to a Cauchy-Euler equation, we obtain the eigenvalues and
the corresponding normalized eigenfunctions of A as

Continuous (R) Discrete (Z)
1.0 10 ° ® x=12
® x=15
08 08 ® ® x=20
06 06 .
s 0.4 = 0.4 ‘
L] .
.
0.2 02 . H
. :
0.0 — 0.0 ° © :
] 1 2 3 4 5 6 0 1 2 3 4 5
t t
Discrete step h=0.2 (hZ)
o1 ® x=12 1o — x=1.2
L] ® x=15 —— x=1.5
08 o e o x=20 08 — x=20
0.6 0.6
; 0.4 = 0.4
0.2 0.2
00 00 —
o 1 2 3 4 5 6 o} 1 2 4 5 6
.
. . . . . m(x—1 .
Figure 4. Dynamics of u with parameters a = 0.3, 5 = 0.6, step size h = 0.2, for ug(z) = sin (2_71) on time

scales: (a) T=R"; (b) T=2Z%; (¢) T=hZ"; and (d) T = [0,2] U (hZ*T N [2,4]) U [4, 6]

Continuous R Discrete 7
1.2 12
=01 =01
t=0.5 t=0.5
10t . — =0 qob . — =10
L Ny t=2.0 - RN =20
e " = wnlx) Ve N -=- uln)
0.8 08 .
0.6 0.6
//‘ ‘\‘
0.4 0.4
02} 7 N 02f 7
0 op - - -
.00 125 150 175 2.00 225 2.50 .00 125 150 175 200 225 2.50
Scaled hz Mixed hZu R
1.2 1.2
t=0.1 t=01
=0.5 =05
1.0 e e T I | ] e s W — t=10
L R t=2.0 : T . =20
- N ) Py N --- ualx
0.8 0.8 & X
0.6 0.6
0.4 0.4
02t S 02
/ N\
/
0p op
00 125 150 175 200 225 250 00 125 150 175 200 225 250

m(z—1

e—1

Figure 5. Dynamics of u for « = 0.3 and 8 = 0.6, starting from wug(x) = sin ( ), imposed with absorbing

boundary conditions
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2 .4 . (nm a 1
on(x) = mnp? sm(mlnx), 7‘:@—5, n €N,

where the eigenfunctions are orthonormal with respect to the weight function p(x) = 172", Therefore,
for an arbitrary initial condition ug € L?(1,b), the mild solution of (22) is given by

o
u(@,t) =) wne?y, (t,0)pn(2), (23)
n=1
where w,, = flb uo(x)pn(x)p(x)dr. It is evident that the presence of noise in equation (21) can

fundamentally change the qualitative behavior of the solution. In particular, if a > 0, the solution
to the deterministic equation (5 = 0) exhibits exponential growth as ¢ — oo. In contrast, for the
stochastic formulation, equation (23) demonstrates that the solution converges to 0 with probability
one. This phenomenon is consistent with the fact that all Brownian particles are eventually absorbed
at the boundary.

Figures 4-5 illustrate that under absorbing boundary conditions, the geometric Brownian motion
u(x, t) converges to the stationary state us = 0 on all considered time scales. The convergence is smooth
on the continuous time scale RT, stepwise on the discrete scales Z or hZ™, and exhibits intermediate
behavior on the hybrid scale T = hZ*T URT. The eigenfunction expansion (23) shows that higher
modes decay faster, so the long-time dynamics are dominated by the slowest-decaying mode, providing
an estimate of the convergence rate. Moreover, the Cy-semigroup simulations reveal that transient
dynamics strongly depend on the time-scale structure, even though the ultimate absorption at the
boundaries is time-scale independent. These findings highlight the influence of continuous, discrete,
and hybrid temporal representations on the evolution of stochastic processes with multiplicative noise.

Referring to the semigroups in (18), (19), and (20), and replacing us with p, we perform simulations
of the geometric Brownian motion on the time scales R™, Z*, and hZ™ for x € [1,¢].

Heatmap: R Heatmap: Z

Heatmap: hZ, h=0.2

0.7
0.6
0.5
0.4
x
0.3
0.2
0.1
o 12 34 5 6 00
t

Figure 6. Heatmaps of solution decay to zero across the time scales R™, Z™, and hZ™, consistent with the
asymptotic behavior of GBM with absorbing boundary conditions. The temporal evolution appears smooth in
the continuous case and stepwise in the discrete cases

5 6
t t

5 6

Figure 6 illustrates the temporal decay of the GBM solution on different time scales. In all cases, the
solution converges toward zero as time increases, reflecting the dissipative nature of the system under
absorbing boundary conditions. For the continuous time scale R™, the decay is smooth and exponential-
like, corresponding to the classical continuous semigroup evolution. On the discrete time scales Z and
hZT, the evolution exhibits a stepwise structure induced by the discrete temporal dynamics. Moreover,
the finer graininess in the hZ™ case produces a smoother transition and faster relaxation compared
with the standard discrete case. These observations confirm that the qualitative asymptotic behavior
of the GBM remains stable across different time-scale structures, while the temporal regularity and
convergence profile are influenced by the underlying graininess.
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Conclusion

We have shown the well-posedness of the one-dimensional Fokker—Planck equations on homogeneous
time scales with reflective boundary conditions by employing the backward Fokker—Planck operator
framework. The analysis ensures existence, uniqueness, and asymptotic stability of solutions, con-
verging to a unique stationary distribution as ¢ — oco. This unified time-scale formulation naturally
incorporates continuous, discrete, and hybrid dynamics, as illustrated through the Ornstein—Uhlenbeck
process and the geometric Brownian motion, and thus provides a versatile foundation for further studies
of stochastic processes.
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