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This paper investigates the asymptotic properties of a system of parabolic equations with nonlinear
boundary conditions. Systems of parabolic equations describe the behavior of various processes over time,
such as heat propagation and material diffusion. Nonlinear boundary conditions involve complex properties
that differ from the usual local conditions at the boundaries of the system, which influence the solutions of
the system. In this article, a system of parabolic differential equations associated with nonlinear boundary
conditions is reduced to a system of self-similar equations by means of certain transformations using the
self-similar approach, and the asymptotic behavior of solutions with compact support is found. In addition,
the reaction-diffusion system is approximated using implicit difference schemes and an iterative process for
the numerical solution is constructed. It is known that the main problem for the iterative process is the
choice of the best initial approximation. The article proposes to use the constructed asymptotic formula to
solve this problem. Computational experiments were carried out with different values of numerical param-
eters and the results are presented graphically. The numerical results obtained in the case of slow diffusion
p > 2 of a nonlinear reaction-diffusion system show that the reaction-diffusion process proceeds at a finite
rate.
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Introduction

In this paper, we investigate the asymptotics of self-similar solutions for the following system of
perturbed parabolic-type equations in the domain Q = {(x, t) | x ∈ R+, 0 < t < T}

∂tui =
(
| ∂xui|pi−2∂xui

)
x
, i = 1, 2, . . . , k, x > 0, 0 < t < T, (1)

with nonlinear boundary conditions

− | ∂xui|pi−2∂xui(0, t) = uqii+1(0, t), i = 1, 2, . . . , k, uk+1 = u1, 0 < t < T, (2)

and initial conditions
ui(x, 0) = ui0(x), i = 1, 2, . . . , k, x > 0. (3)

The problem (1)–(3) is considered under the conditions pi > 2, qi > 0, where pi is associated with
the governing equation (1), and qi arises in the nonlinear boundary condition (2). The initial functions
ui0 (x) (i = 1, 2, ..., k) are nonnegative continuous functions with compact support in R+.
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Asymptotics of solutions ...

The system of nonlinear parabolic equations (1) is widely used in the mathematical modeling of
processes such as turbulent diffusion, population dynamics, chemical reactions, and heat transfer [1,2].
Furthermore, system (1)–(3) describes many other physical processes [3–5].

Throughout the paper, we write ui where the index i is assumed to range over {1, . . . , k} unless
otherwise specified. It is known that in the region where ui = 0, the system of equations (1) is
degenerate and does not have a solution in the classical sense. In such cases, we consider generalized
solutions that satisfy the property | ∂xui|pi−2∂xui ∈ C (Q) , 0 ≤ ui ∈ C (Q) and these solutions satisfy
the system of equations (1) in the sense of an integral identity [1, 2, 6].

Unbounded (blow-up) and global solutions of nonlinear parabolic systems of equations, as well as
the conditions for their existence, have been widely studied in [7–9].

In [10], the critical global existence curve was established for fast diffusive polytropic filtration
equations with nonlinear boundary fluxes, and a Fujita-type critical curve was conjectured.

S.N. Zheng, X.F. Song, and Z.X. Jiang [11] considered the following problem with a nonlinear
boundary conditions:

∂tu = ∂x (∂xu
m) , ∂tν = ∂x (∂xν

n) , x > 0, 0 < t < T,

−∂xum(0, t) = uα(0, t)νβ(0, t), −∂xνn(0, t) = uθ(0, t)νφ(0, t), 0 < t < T, (4)

u(x, 0) = u0(x), ν(x, 0) = ν0(x), x > 0.

It was proved that the solutions of problem (4) are global if the conditions α < 1
2(n+1), β < 1

2(n+1),
pq ≤

(
1
2(m+ 1)− α

) (
1
2(n+ 1)− β

)
are satisfied.

If, however α > 1
2(m+ 1) or β > 1

2(n+ 1), then the solutions become unlimited (blow up) in finite
time.

In the case when α > 1
2(m + 1), β > 1

2(n + 1), pq >
(
1
2(m+ 1)− α

) (
1
2(n+ 1)− β

)
if at least

one of the conditions l1 < k1, l2 < k2 or l1 = k1, l2 = k2 is being carried out, then any nonnegative
nontrivial solution blows up in finite time.

On the other hand, l1 < k1, l1 > k1 it has been shown that for sufficiently large initial data the
solutions blow up, whereas for small initial data the solutions remain global.

k1 =
2p+ n+ 1− 2β

4pq − (n+ 1− 2α) (m+ 1− 2β)
, l1 =

1− k1 (m− 1)

2
,

k2 =
2p+m+ 1− 2β

4pq − (n+ 1− 2α) (m+ 1− 2β)
, l2 =

1− k2 (n− 1)

2
.

Z.Y. Xiang, Q. Chen, and C.L. Mu [12] investigated the following system:
∂tui = ∂x(| ∂xui|mi−1∂xui), (i = 1, 2, . . . , k), x > 0, 0 < t < T,

− | ∂xui|mi−1∂xui(0, t) = upi+1(0, t), (i = 1, 2, . . . , k), uk+1 = u1, 0 < t < T,

ui(x, 0) = ui0(x), (i = 1, 2, . . . , k), x > 0.

(5)

Here the parameters are specified as follows: k ≥ 2, m > 1, pi > 0, ui0 (i = 1, 2, ..., k) are
continuous and nonnegative functions. The authors obtained the conditions for the global existence
of solutions and the values of the Fujita-type critical exponent. In [13], the properties of solutions to
problem (5) in the case of fast diffusion were studied.

Jiang Zheng [14] investigated the following equation:
∂tu =

(
| ∂xu|β∂xum

)
x
, x > 0, 0 < t < T,

− | ∂xu|β∂xum(0, t) = up(0, t), 0 < t < T,

u(x, 0) = u0(x), x > 0.
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Here m ≥ 1, p > 0, β > 0. They showed that p0 = 2β+m+1
β+2 is the critical exponent for global

existence, and when pc = 2β + m + 1 is the Fujita critical exponent. These results represent a
generalization of the works of Galaktionov and Levine [15].

In [16–18], the main focus is on determining the critical conditions for the solutions of systems of
degenerate parabolic equations, with particular emphasis on deriving theoretical results that charac-
terize the threshold between global existence and blow-up phenomena, especially in the presence of
nonlinear boundary fluxes.

In [19, 20], conditions for the existence of global-in-time and blow-up solutions were established
for a model of heat and moisture transfer in a two-component medium, described by a cross-diffusion
system with nonlinear boundary conditions.

In addition, in [21], the properties of solutions to the following diffusion problem with a source were
investigated:

∂ui
∂t

=
∂

∂x

(∣∣∣∣∂uki∂x
∣∣∣∣m−1∂uki∂x

)
+ upii , x ∈ R+, t > 0, i = 1, 2, (6)

−
∣∣∣∣∂uki∂x

∣∣∣∣m−1∂uki∂x
∣∣∣∣∣
x=0

= uqi3−i(0, t), t > 0, i = 1, 2,

ui|t=0 = ui0(x), i = 1, 2. (7)

Here m > 1, k ≥ 1 and qi, pi > 0 are given numerical parameters, while ui0(x), i = 1, 2 are functions
defined on R+, nonnegative and continuous.

The authors proved that if the inequalities q1q2 >
(
m(k+1)
m+1

)2
, 1
m < pi ≤ 1, (i = 1, 2) hold and if

ξi →
(
di
Di

) m
m+1

= ξi0, (i = 1, 2) then the solutions of problem (6)–(7) with compact support possess
the following asymptotics:

ui (x, t) = (T + t)αiϕi(ξi) (1 + o (1)) , (i = 1, 2) ,

here

αi =
1

1− pi
, βi =

pi − km
(pi − 1)(m+ 1)

, ξi = x(T + t)−βi ,

ϕi(ξi) =

(
di −Diξ

m+1
m

i

) m
mk−1

, di = const ≥ 0, Di =
β

1
m
i (mk − 1)

k(m+ 1)
.

Charkaoui A. and El Guermai G. [22] studied the following system and its particular cases:
∂tui − di∆ui = fi(u1, . . . , um) on (0, T )× Ω,

αi
∂ui
∂n + (1− αi)ui = βi on (0, T )× ∂Ω,

ui(0, ·) = ui0,

(8)

where the fi : Rm → R are C1 functions of u = (u1, . . . , um), di ∈ (0,∞), αi ∈ [0, 1], 0 ≤ βi ∈
C2([0, T ]× Ω), T > 0, i = 1, . . . ,m, Ω ⊂ RN .

The authors proved the existence of a global classical solution for the reaction-diffusion system (8)
in the case αi = 0, under the assumptions of quasipositivity and at most polynomial growth for the
function f . They utilized a lower triangular invertible matrix P with nonnegative entries that satisfies
a specific linear growth constraint, along with L∞ initial data.
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They have extended upon the results of Pierre M. and Schmitt D. [23], showing that a blow-up
phenomenon can occur under some conditions in the case αi = 0, m = 2. To support their findings,
they used the following forms of solutions:

u(t, x) =
a1(T − t) + b1|x|2

(T − t+ |x|2)γ
, v(t, x) =

a2(T − t) + b2|x|2

(T − t+ |x|2)γ
, aj , bj > 0, γ > 1, j = 1, 2.

The authors further demonstrated the existence of global weak supersolutions for bounded L1-
nonlinearities by reformulating the original problem (8) as an approximate problem. Additionally, they
reviewed relevant literature and highlighted open problems related to specific cases of the system (8).

In [24], the authors reviewed the global existence of solutions to reaction-diffusion systems with
positivity preservation and uniformly bounded mass. The paper summarizes existing theoretical results,
highlights unresolved problems, and discusses conditions under which global solutions exist.

In [25], Charkaoui et al. propose a nonlinear parabolic system with variable growth conditions
for image denoising and restoration. The authors establish the existence and uniqueness of weak
solutions within the framework of Musielak–Orlicz spaces using the Faedo–Galerkin method. Numerical
experiments on grayscale and MRI images demonstrate the efficiency and robustness of the proposed
approach in noise removal compared with several existing methods.

The work in [26] investigates the asymptotic behavior of stochastic Allen–Cahn-type reaction-
diffusion equations with time white noise. The authors show that the long-term dynamics are governed
by curvature-driven interface motion under stochastic perturbations. Using the theory of stochastic
solutions and generalized front propagation, they establish global-in-time results without imposing
regularity assumptions on the moving interface.

In [27, 28], recent studies have focused on the qualitative properties of nonlinear parabolic and
reaction-diffusion systems, including global existence, blow-up phenomena, periodic weak solutions,
and problems with nonlinear boundary conditions. In particular, the existence and uniqueness of weak
periodic solutions for quasilinear parabolic systems have been established using topological and vari-
ational approaches, while several works investigated global solvability together with mass control and
dissipation effects in reaction-diffusion models. These studies provide important theoretical founda-
tions for the analysis of nonlinear evolution equations and are methodologically related to the problem
considered in the present work.

In the p-Laplacian model, the case pi > 2 corresponds to the degenerate (slow) diffusion regime,
whereas the range 1 < pi < 2 leads to singular (fast) diffusion. In this work, we consider the case pi > 2,
which is consistent with the physical and analytical framework of the problem under consideration.

The main contributions of this paper are summarized as follows. First, we investigate a system of
p-Laplacian type equations coupled through nonlinear boundary conditions, generalizing existing mo-
dels in the literature to a multi-component system of k equations. Second, we focus on the degenerate
diffusion regime (pi > 2) and establish novel asymptotic properties of the corresponding self-similar
solutions. Finally, we develop a comprehensive analytical framework complemented by numerical
experiments that characterize the qualitative behavior of the solutions.

1 Research methodology

In this work, we construct a self-similar solution to problem (1)–(3) and derive the asymptotics of
the self-similar solution. We seek the self-similar solution in the following form:

ūi(x, t) = (T + t)−αiϕi(ξi), ξi = x(T + t)−λi , (9)

here T > 0, λi = 1−αi(pi−2)
pi

, αi+1 = (pi−1)(2αi+1)
piqi

, (i = 1, 2, ..., k).
Substitution of (9) into (1)–(2) leads to the following system:
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
(∣∣ϕ′i∣∣pi−2ϕ′i)′ + λiξiϕ

′
i + αiϕi = 0,

−
∣∣ϕ′i∣∣pi−2ϕ′i∣∣ξi=0

= ϕi+1
qi(0), t > 0, ϕk+1 = ϕ1, i = 1, 2, ..., k.

(10)

Let us consider the following function:

ϕi =

(
ai − biξ

pi
pi−1

i

) pi−1

pi−2

+

,

here ai > 0, bi = pi−2
pi
λi

1
pi−1 > 0, (y)+ = max(0, y).

Theorem 1. For the solution of problem (10) with compact support, when ξi →
(
ai
bi

) pi−1

pi the
following asymptotics holds:

ϕi(ξi) = ϕi (1 + o (1)) . (11)
Proof. We seek the solution of system (10) in the following form:

ϕi(ξi) = ϕi(ξi)wi(τi), (12)

where τi = − ln

(
ai − biξ

pi
pi−1

i

)
and the function wi (τi) is nonnegative and bounded.

We first perform the basic calculations required for the transformation of arguments:

dτi
dξi

=
pi

pi − 1
b
pi−1

pi
i eτi

(
ai − e−τi

)1/pi ,
dϕi
dξi

=
d

dτi

(
e
− pi−1

pi−2
τi wi

)dτi
dξi

=
pi

pi − 1
b
pi−1

pi
i e

− 1
pi−2

τi(ai − e−τi)1/pi(dwi
dτi
− pi − 1

pi − 2
wi

)
. (13)

Applying the relations (12)–(13) to (10), we obtain the following expression:

d

dτi

(
Liwi

)
+ ai1Liwi + ai2w

∗
i + a3iwi = 0, (14)

where ai1 = pi−1
pi
ai0 − pi−1

pi−2 , ai0 = e−τi
ai−e−τi

, ai2 = λipi
pi−1b

∗
i , b∗i =

∣∣∣∣pi−1pi
b
1−pi
pi

i

∣∣∣∣pi , a3i = αiai0b
∗
i ,

w∗i = dwi
dτi
− pi−1

pi−2wi, Liwi =
∣∣w∗i ∣∣pi−2w∗i .

The study of the solutions of the last equation is equivalent to the study of the solutions of equa-
tion (1), and each of them, on the interval [τi0,+∞), satisfies the following inequalities [29]:

wi > 0, w∗i 6= 0.

Let us verify that the solution wi(τi) of equation (14) either has a finite limit wi0 or becomes
unbounded as τi → +∞.

Suppose that νi(τi) = Liwi. Then, for the derivative of the function νi(τi) we get the following:

ν ′i = −
(
ai1νi + ai2w

∗
i + a3iwi

)
.

To analyze the solutions of the last equation, we introduce an auxiliary function

θi(τi, µi) = −
(
ai1µi + ai2w

∗
i + a3iwi

)
,
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where µi is a real number. From this, it is easy to see that for each value of µi, the function θi(τi, µi)
preserves its sign on some interval [τi1,+∞) ⊂ [τi0,+∞), and for all τi ∈ [τi1,+∞), one of the
inequalities holds:

ν ′i(τi) > 0, ν ′i(τi) < 0.

Then, analyzing (14) with account of Bolzano’s theorem, it follows that the function νi(τi) has a
limit as τ → +∞. Now let us perform a limiting transition. Taking into account the last limit and the
fact that w′i = 0 from (14), for wi we obtain the following results:

lim
τi→∞

ai0 = lim
τi→∞

ai3 = 0,
0
ai1 = lim

τi→∞
ai1 = −pi − 1

pi − 2
,

0
ai2 = lim

τi→∞
ai2 =

λipi
pi − 1

b∗i ,

0

w∗i = lim
τi→∞

w∗i = −pi − 1

pi − 2

0
wi,

0
µi = lim

τi→∞
Liwi = −

∣∣∣pi − 1

pi − 2

∣∣∣pi−1( 0
wi
)pi−1, 0

wi = lim
τi→∞

wi.

Consequently, we obtain the following result:

0
ai1

0
µi +

0
ai2

0

w∗i = 0,

which is equivalent to this
0
wi

[( 0
wi
)pi−2 − λi∣∣∣∣pi − 2

bipi

∣∣∣∣pi−1] = 0,

whose solution is 0
wi =

[
λi

∣∣∣pi−2bipi

∣∣∣pi−1] 1
pi−2

= 1, and by virtue of (12) ϕi(ξi) = ϕ (ξi)(1 + o(1)).

2 Computational experiment and visualization results

In this section, we construct a numerical scheme to solve (1)–(3) for the case k = 2. In the domain
Ω = {(x, t) : 0 ≤ x ≤ b, 0 ≤ t < T}, we discretize time and space into a grid as follows: τ = T

n , h = b
n .

For the numerical solution of problem (1)–(3), we use an implicit scheme:
Vτ = {tj = jτ, τ > 0, j = 1, 2, ...,m; mτ = T, T > 0}; Sh = {xι = ιh; h > 0; ι = 1, 2, ..., n; nh = b}

yj+1
ι − yjι
τ

=
1

h2

[
Dj
ι+1(yι+1

j)
(
yj+1
ι+1 − y

j+1
ι

)
−Dj

ι (yι
j)
(
yj+1
ι − yj+1

ι−1

)]
,

zj+1
ι − zjι
τ

=
1

h2

[
M j
ι+1(z

j
ι+1)

(
zj+1
ι+1 − z

j+1
ι

)
−M j

ι (zjι )
(
zj+1
ι − zj+1

ι−1

)]
,

(15)

ι = 2, . . . , n− 1; j = 0, 1, . . . ,m− 1,

y0ι = y(xι, 0), z0ι = z(xι, 0), i = 0, 1, ..., n,


−D1(y1) ·

yj+1
1 − yj+1

0

h
=
(
zj0

)q1
,

−M1(z1) ·
zj+1
1 − zj+1

0

h
=
(
yj0

)q2
,

yjn = ϕ1(tj), zjn = ϕ2 (tj) , j = 2, 3, ...,m.
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a) 
Dj
ι (y

j
ι ) = Dj

ι

(
yjι + yjι−1

2

)
,

M j
ι (zjι ) = M j

ι

(
zjι + zjι−1

2

)
,

(16)

b) 
Dj
ι

(
yjι
)

=
Dj
ι (y

j
ι ) +Dj

ι−1(y
j
ι−1)

2
,

M j
ι

(
zjι
)

=
M j
ι (zjι ) +M j

ι−1(z
j
ι−1)

2
.

(17)

Here, (16)–(17) are written using the Samarskii-Sobol scheme. If we take according to formula (16),
then 

Dj
ι (y

j
ι ) =

∣∣∣∣∣y
j
ι − yjι−1
h

∣∣∣∣∣
p1−2

,

M j
ι

(
zjι
)

=

∣∣∣∣∣z
j
ι − zjι−1
h

∣∣∣∣∣
p2−2

,

if we take according to formula (17), then


Dj
ι (y

j
ι ) =

∣∣yjι − yjι−1∣∣p1−2 +
∣∣yjι−1 − yjι−2∣∣p1−2

2hp1−2
,

M j
ι (zjι ) =

∣∣zjι − zjι−1∣∣p2−2 +
∣∣zjι−1 − zjι−2∣∣p2−2

2hp2−2
,

system (15) is a system of nonlinear equations with respect to yj+1 and zj+1. The system (18) is solved
numerically by freezing the nonlinear coefficients at the s-th iteration to linearize the equations for the
(s+ 1)-th step.


s+1
y j+1

ι −
s
y jι

τ
=

1

h2

[
Dj
ι+1(y

j
ι+1)

(
s+1
y j+1

ι+1 −
s+1
y j+1

ι

)
−Dj

ι (y
j
ι )

(
s+1
y j+1

ι −
s+1
y j+1

ι−1

)]
,

s+1
z j+1

ι − s
z jι

τ
=

1

h2

[
M j
ι+1(z

j
ι+1)

(
s+1
z j+1

ι+1 −
s+1
z j+1

ι

)
−M j

ι (zjι )
(
s+1
z j+1

ι − s+1
z j+1

ι−1

)]
,

(18)

here, s = 0, 1, 2, . . .

The choice of the initial approximation determines the efficiency of the iterative method, since
it ensures rapid convergence to the solution and preserves the physical meaning of the problem. As
such an initial approximation, it is reasonable to use the asymptotic solutions of the problem [30]. At

each time step, the initial values of the iterations
s+1
y ι,

s+1
z ι are taken from the previous time step:

0

yj+1 = yj ,
0

zj+1 = zj . In computations using the iterative scheme, the accuracy of the iterations is
determined, and at the same time
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
max
0≤ι≤n

∣∣∣∣s+1
y ι −

s
y ι

∣∣∣∣ < ε,

max
0≤ι≤n

∣∣∣s+1
z ι −

s
z ι

∣∣∣ < ε.

(19)

We introduce the following notation: y ι = yj+1
ι , z ι = zj+1

ι . Then the system (18) can be written
in the following form: 

s
A1ι

s+1
−
y ι−1 −

s
C1ι

s+1
−
y ι +

s
B1ι

s+1
−
y ι+1 = −

s
F1ι ,

s
A2ι

s+1
−
z ι−1 −

s
C2ι

s+1
−
z ι +

s
B2ι

s+1
−
z ι+1 = −

s
F2ι ,

(20)

here

s
A1ι =

τ

h2
Dj
ι

( s

yjι

)
,

s
A2ι =

τ

h2
M j
ι

( s

zjι

)
,

s
B 1ι =

τ

h2
Dj
ι+1

( s

yjι+1

)
,

s
B 2ι =

τ

h2
M j
ι+1

( s

zjι+1

)
,

s
C1ι =

τ

h2

(
Dj
ι

( s

yjι

)
+Dj

ι+1

( s

yjι+1

))
+ 1,

s
C2ι =

τ

h2

(
M j
ι

( s

zjι

)
+M j

ι+1

( s

zjι+1

))
+ 1,

s
F1ι =

s

yjι ,
s
F2ι =

s

zjι .

The values of the required quantities at the end of the interval 0 ≤ x ≤ b can be obtained using
Milne’s formula of second-order accuracy.

∂y

∂x

∣∣∣∣
0

≈ −y2 + 4y1 − 3y0
2h

,
∂y

∂x

∣∣∣∣
n

≈ 3yn − 4yn−1 + yn−2
2h

, (21)

∂z

∂x

∣∣∣∣
0

≈ −z2 + 4z1 − 3z0
2h

,
∂z

∂x

∣∣∣∣
n

≈ 3zn − 4zn−1 + zn−2
2h

.

To obtain numerical solutions of the system of linear algebraic equations (20), we use the sweep method
(Thomas algorithm). According to the sweep method:{

y ι = α1ιy ι+1 + β1ι,

z ι = α2ιz ι+1 + β2ι.
(22)

Here, α1ι, α2ι, β1ι, β2ι are coefficients that are computed using the following formulas:
α1 ι+1 =

B1ι

C1ι − α1ιA1ι

β1 ι+1 =
A1ιβ1ι + F1ι

C1ι − α1ιA1ι

,


α2 ι+1 =

B2ι

C2ι − α2ιA2ι

β2 ι+1 =
A2ιβ2ι + F2ι

C2ι − α2ιA2ι

. (23)

Here ι = 1, 2, ..., n. The values α10, α20, β10, β20 are obtained from the boundary conditions (21).
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It is known that inequality,

∣∣∣∣ s
C1ι

∣∣∣∣ =

∣∣∣∣ s
A1ι +

s
B1ι + 1

∣∣∣∣ ≥ ∣∣∣∣ s
A1ι +

s
B1ι

∣∣∣∣ , ∣∣∣∣ s
C2ι

∣∣∣∣ =

∣∣∣∣ s
A2ι +

s
B2ι + 1

∣∣∣∣ ≥ ∣∣∣∣ s
A2ι +

s
B2ι

∣∣∣∣ ,
holds for system (20). Therefore, since the condition of diagonal dominance is satisfied for system (20),
the applicability of the sweep method (22) and the stability of system (23) are ensured [31, Chapter 8],
[32, Chapter 4], that is

∣∣∣∣ s
C1ι

∣∣∣∣ ≥ ∣∣∣∣ s
A1ι +

s
B1ι

∣∣∣∣ , ∣∣∣∣ s
C2ι

∣∣∣∣ ≥ ∣∣∣∣ s
A2ι +

s
B2ι

∣∣∣∣ .

The iterative process continues until condition (19) is satisfied. Using the numerical scheme con-
structed above, a computational experiment was carried out. We present some of its results. For the
computations, the grid step was chosen as h = 0.05, the number of nodes n = 300 and the iteration
accuracy ε = 10−5. Formulas (9) and (11) were used as the initial approximation for the iterative
process.

Figure 1. Numerical solution of problem (1)–(3).
p1 = 2.0101, p2 = 2.0105, q1 = 1.85, q2 = 1.95
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Figure 2. Numerical solution of problem (1)–(3). p1 = 2.11, p2 = 2.18, q1 = 2.6, q2 = 2.7

Figure 3. Numerical solution of problem (1)–(3). p1 = 2.19, p2 = 2.35, q1 = 2.6, q2 = 2.7
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Figure 4. Numerical solution of problem (1)–(3).
p1 = 2.5, p2 = 2.4, q1 = 3.201, q2 = 3.302

Figures 1–4 show the results of the numerical solution of the problem (1)–(3) for pi > 2, cor-
responding to the case of slow diffusion. (9), (11) were taken as the initial approximation for the
iterative process. For pi > 2, as follows from the asymptotic formulas (11) of the graphs, the heat
propagation occurs at a finite rate. The penetration depth of a thermal wave depends on the time and
the wave front (the point at which ui(x, t) becomes zero) for each medium located at the final point:

xφui =
(
ai
bi

) pi−1

pi (T + t)λi <∞.
Numerical experiments have shown that the iterative processes converge within 10–12 steps. The

asymptotics of self-similar solutions with compact support, taken as the initial approximation, played
an important role in the convergence of the iterative process. The graphs presented above demonstrate
that, for the given values of the numerical parameters, the reaction-diffusion processes occur at a finite
speed.

Conclusion

It is well known that in the numerical solution of nonlinear problems, one of the main issues is
the choice of the initial approximation, which ensures rapid convergence of the iterative process to
the exact solution while preserving the qualitative properties of nonlinear processes. This problem
was resolved by employing the asymptotic formulas constructed above, depending on the values of the
numerical parameters, as the initial approximation.

The results of several computational experiments on the problem, the corresponding graphs, and
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the analysis of the numerical solutions are presented. The outcomes of the computational experi-
ments demonstrated the efficiency of the proposed methods, while the numerical solutions reflected
the nonlinear features of the problem.
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