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This paper addresses two classical and interrelated questions in universal algebra and lattice theory con-
cerning the finite axiomatizability of quasivarieties and the standardness of topological quasivarieties gen-
erated by finite lattices. These problems have long attracted significant attention due to their central role
in understanding the boundary between algebraic structure and logical definability. Although a general
characterization remains elusive, specific families of finite lattices provide valuable insight into the com-
plexity of quasi-equational theories. In this work, we investigate the quasivariety generated by the so-called
(3-3)-snake lattice, a finite structure known for its intricate congruence behavior. We demonstrate that
the quasivariety determined by this lattice is neither finitely axiomatizable nor standard in the topological
sense. This result contributes to the broader program of identifying finite lattices whose quasi-identities
inherently resist finite axiomatizability and whose associated Boolean topological algebras fail to exhibit
profiniteness. In addition to establishing the main theorems, we present a generalization that expands the
scope of the construction, offering an illustrative example and a corollary that highlight the robustness of
the method. The findings underscore the continued importance of studying finite lattices with atypical
quasi-equational properties and enrich the existing landscape of nonstandard quasivarieties.
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Introduction

The following two closely related and well-known problems arise in universal algebra and lattice
theory.

The first problem is “Which finite lattices generate finitely based quasivarieties?”
The second one is “Which finite lattices generate standard topological quasivarieties?”
The first problem, often referred to as the finite axiomatizability problem, was first brought to

light by V.A. Gorbunov and D.M. Smirnov [1] in 1979. The problem, which concerns the standardness
of (quasi)varieties, was formally introduced in 2008 by D.M. Clark, B.A. Davey, M.G. Jackson, and
J.G. Pitkethly [2].

Historically, R. McKenzie [3] proved in 1970 that a finite lattice generates a finitely based variety.
However, in 1978, V.P. Belkin [4] provided a finite lattice that generates not finitely based quasivariety.
Belkin’s example was later extended in 1984 by V.I. Tumanov [5], who identified a broad class of
finite lattices that generate not finitely axiomatizable quasivarieties. In that same article he also
proposed a conjecture asserting that a finite (modular) lattice has an infinite quasi-identity basis
precisely when the quasivariety it generates is proper. This claim, however, does not hold universally.
In 1989, W. Dziobiak [6] constructed a counterexample: a finite non-modular lattice whose generated
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quasivariety is proper yet admits a finite quasi-identity basis. The modular case, however, remains
open.

This problem is also connected with the second problem on standardness of topological quasiva-
rieties. In [2] was established, in particular, that the topological quasivariety generated by Belkin’s
lattice is non-standard. The fact that a finite lattice generates a standard topological variety was proved
in [7] (with a shorter proof given in [8]). More recently, in [9] was shown that the Tumanov’s lattices
generate non-standard topological quasivarieties. Further results related to finite axiomatizability and
standardness for quasivarieties of lattices were obtained in [10–12]. Sufficient conditions implying the
existence of continuum many non-standard subquasivarieties, along with several applications of this
result, were established in [13].

The primary focus of the present work is to establish that the quasivariety generated by (3-3)-snake
lattice is neither standard nor finitely axiomatizable. We conclude the paper by presenting a general-
ization of this result, along with an illustrative example and a corresponding corollary.

1 Preliminaries and basic concepts

We start with a short review of the fundamental notions and facts about quasivarieties that will
be required in the sequel. Further background on the concepts of universal algebra and lattice theory
employed here can be found in [14,15].

A class of algebras axiomatized by a set of quasi-identities is called a quasivariety. By quasi-identity
we mean a sentence of the form

(∀x̄)[p1(x̄) ≈ q1(x̄) ∧ . . . ∧ pn(x̄) ≈ qn(x̄)→ p(x̄) ≈ q(x̄)],

where x̄ = (x1, . . . , xm), and p, q, p1, q1, . . ., pn, qn are terms of the algebraic signature. By the
Birkhoff-like theorem (see [15]), a class of algebras is a quasivariety if and only if it is closed under
subalgebras, direct products, and ultraproducts.

A variety is a class of algebras axiomatized by a set of identities, where an identity is a sentence
of the form (∀x̄)[s(x̄) ≈ t(x̄)] for some terms s(x̄) and t(x̄). By Birkhoff’s theorem [15], a variety is
exactly a quasivariety that is closed under homomorphisms.

Let Q(A) (V(A)) be a quasivariety (variety) generated by an algebra A.
Let K be a class of algebras quasivariety. A congruence α on an algebra A is called a K-congruence

if A/α belongs to K. It is easy to see that A ∈ K if and only if the diagonal relation ∆A on A is a
K-congruence. The set ConKA of all K-congruences of A forms an algebraic lattice with respect to
inclusion ⊆. By θK(A) we denote the least congruence with property A/θK(A) ∈ K. Let an algebra
A ∈ K and (a, b) ∈ A× A. The least K-congruence on algebra A containing the pair (a, b) is called a
principal K-congruence, and denoted by θK(a, b). If K is a variety, the congruence θK(a, b) is the usual
principal congruence that we denote θ(a, b).

For a quasivariety K, an algebra A ∈ K is subdirectly K-irreducible if the least congruence ∆A is
completely meet-irreducible in ConKA. By the Birkhoff-like theorem for quasivarieties, every algebra
of a quasivariety K is a subdirect product of subdirectly K-irreducible algebras [15]. It is known that
for a finite algebra A, every subdirectly Q(A)-irreducible algebra is isomorphic to some subalgebra
of A.

A one-element algebra is called trivial. A congruence θ on algebra A is trivial if it is the diagonal
relation ∆A on A or A×A. A subalgebra B of algebra A is proper if it is not trivial and B ̸= A.

A triple ⟨A, σ, τ⟩ is called a topological algebra if ⟨A, σ⟩ is an algebra of the signature σ, and ⟨A, τ⟩
is a topological space such that each operation belonging to σ is continuous under the topology τ .

A topological space is Boolean if it is compact, Hausdorff, and totally disconnected. A topological
algebra Aτ = ⟨A, σ, τ⟩ is Boolean if its topological reduct ⟨A, τ⟩ is Boolean.
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For a finite algebraA equipped with the discrete topology, the class of topological algebras consisting
of all topologically closed subalgebras of non-zero direct powers of A, endowed with the product
topology is called a topological quasivariety Qτ (A). An algebra is called profinite if it is isomorphic
to the inverse limit of finite algebras. An algebra is profinite with respect to class of algebras K if it
is isomorphic to the inverse limit of finite algebras from K. It is well-known that profinite algebras
are equipped with Boolean topologies. A quasivariety K is profinite if every profinite algebra in K is
profinite with respect to K.

A quasivariety Q(A) is standard if every Boolean topological algebra with its algebraic reduct in
Q(A) is profinite with respect to Q(A), that is, belongs to Qτ (A). In this case, we say that the algebra
A generates a standard (topological) quasivariety.

2 (3-3)-snake lattices and their basic properties

The lattices M3, M3,3 and M3−3 are illustrated in Figure 1.

M3

a b c

M3,3

u = a′

v = c
a b

b′ c′

M3−3

p q r

p′ q′ e = r′

u

v

Figure 1. Lattices M3, M3,3, M3−3

Let L be a lattice and let a ∈ L. We write a ↓ (a ↑) for the principal ideal (filter) of a lattice L,
that is, a ↓= {x ∈ L | x ⩽ a} (a ↑= {x ∈ L | x ⩾ a}). A pair (a, b) ∈ L × L is said to be splitting
(semi-splitting) whenever L = a↓ ∪ b↑ and a↓ ∩ b↑= ∅ (L = a↓ ∪ b↑ and a↓ ∩ b↑̸= ∅). For example,
by notation of Figure 1, the pair (u, v) is a semi-splitting pair in M3,3, and a splitting pair in M3−3.

The following construction was suggested in [5].
Let L be a finite lattice with semi-splitting pair (u, v). Let P be a finite modular lattice with

coatom e. Define Luv(P, e) as the subset of L× P given by

Luv(P, e) = {(x, p), (y, e), (z, 1), (v, q) | x, y, z ∈ L, p, q ∈ P,
p < e, x ⩽ v, y ⩽ u, v ⩽ z, q ̸⩽ e, q < 1}.

We show that Luv(P, e) is a sublattice of L×P . One can see that Luv(P, e) = Lxp∪Lye∪Lz1∪Lvq,
where

Lxp = {(x, p) | p < e, x ⩽ v},
Lye = {(y, e) | y ⩽ u},
Lz1 = {(z, 1) | v ⩽ z},
Lvq = {(v, q) | q ̸⩽ e, q < 1}.

Suppose (a, s), (b, t) ∈ Luv(P, e). And let (g, h) = (a, s) ∧ (b, t) = (a ∧ b, s ∧ t), and (g′, h′) =
(a, s) ∨ (b, t) = (a ∨ b, s ∨ t). We show that (g, h), (g′, h′) ∈ Luv(P, e).

Let (a, s) ∈ Lxp. Since a ⩽ v, s < p, then g = a ∧ b ⩽ v and h = s ∧ t < p. Hence (g, h) ∈ Lxp ⊆
Luv(P, e).
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Let (a, s) ∈ Lye. Since a ⩽ u, s = e, then g = a ∧ b ⩽ u and h = e ∧ t ⩽ e. If h = e, then
(g, h) ∈ Lye. If h < e, then (g, h) ∈ Lvq. Hence (g, h) ∈ Luv(P, e).

Let (a, s) ∈ Lz1. Since a ⩾ v, s = 1, then g = a ∧ b ⩾ v and h = s ∧ t = t ⩽ 1. If h = 1, then
(g, h) ∈ Lz1. If h < 1, then (b, t) ∈ Lvq, whence t ̸⩽ e. Hence (g, h) = (v, t) ∈ Luv(P, e).

At last let (a, s) ∈ Lvq and (b, t) ∈ Lvq. Thus g = v and h < 1. If h = e, then (g, h) ∈ Lye. If
h < e, then (g, h) ∈ Lxp. If h > e, then (g, h) ∈ Lvq. Hence (g, h) ∈ Luv(P, e).

Therefore, Luv(P, e) is closed under intersection ∧.
By the same arguments one can check that Luv(P, e) is closed under union ∨.
It means that Luv(P, e) forms a sublattice of L× P . Moreover L ⩽s L× P .
Let L and P be finite modular lattices. We say that a lattice K is obtained by splitting if

K ∼= Luv(P, e) for some semi-splitting pair (u, v) of L and a coatom e of P .
We provide an example of splitting.

Example 1. The lattice Luv(M3−3, c
′) depicted in Figure 2 is obtained by splitting the lattice

M3,3 from Figure 1 by M3−3. Note that the pair ((u, e), (v, 0)) is a semi-splitting pair and the pair
((0, u), (v, v)) is a splitting pair.

(v,v)

(0,u)

(a,e) (b,e) (c,e)

(0,e)

(u,e)
(v,1)

(1,1)

(a′,1)
(b′,1)

(c′,1)

(v,p′)
(v,r′) (v,q′)

(v,p)(v,r) (v,q)

(v,u)

(0,r)

(0,0)

(v,0)

Figure 2. Lattices Luv(M3−3, c
′)

We note if P is a two-element lattice, then Luv(P, e) is a partial case of Day’s doubling construction.
Let L be a modular lattice, and (u, v) is a splitting pair, and θ = θ(u ∧ v, v). Since L is modular,

then (u/θ, v/θ) is a semi-splitting pair in L/θ. For a splitting pair (u, v), we assume

Luv(P, e) = Lu/θv/θ(P, e).

Let L and P be finite modular lattices. We say that a lattice K is obtained by gluing the lattice P
to L if K ∼= Luv(P, e) for some splitting pair (u, v) of L and a coatom e of P .

Example 2. The lattice Luv(M3−3, c
′) depicted in Figure 2 is obtained by gluing the lattice M3−3

to M3−3.

We define the modular lattice Sn inductively by gluing M3−3 to Sn−1 as follows:
1. n = 0. S0 ∼=M3−3.
2. n = 1. S1 = Lu1v1(M3−3, e), where L = S0 and (u1, v1) = (a1 ∨ b1, a0 ∧ a′1).
3. n = 2. S2 = Lu2v2(M3−3, e), where L = S1 and (u2, v2) = (a2 ∨ b2, a1 ∧ a′2).
4. n > 2. Sn = Lunvn(M3−3, e), where L = Sn−1 and (un, vn) = (an ∨ bn, an−1 ∧ a′n).
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For n = 0, 1, 2, 3, the lattice Sn is depicted in Figures 3 and 4.
We refer to the lattice Sn as the (3-3)-snake lattice. Based on its construction, it is clear that Sn is

generated by its double irreducible elements, and the total number of these elements equals s = 3n+4.

S0
∼=M3−3

c′0 b′0 a′
0

c0 b0 a0

u0v0

c′1 b′1 a′
1

c1 b1 a1

a0 b0 c0

a′
0 b′0 c′0

S1 = Lu1v1(M3−3, e)

u1

v1

Figure 3. Lattices S0, S1
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a2 b2 c2
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2 b′2 c′2

a0 b0 c0

a′
0 b′0 c′0

S2 = Lu2v2(M3−3, e)

u2

v2

c′1 b′1 a′
1

c1 b1 a1

c′3 b′3 a′
3

c3 b3 a3

a2 b2 c2

a′
2 b′2 c′2

a0 b0 c0

a′
0 b′0 c′0

S3 = Lu3v3(M3−3, e)

u3

v3

Figure 4. Lattices S2, S3

Lemma 1. Let R be a quasivariety not containing M3,3. If Sn ∈ R for some n ⩾ 0, then (a0, b0) ∈ θ
for every non-trivial R-congruence θ on Sn.

Proof. We proceed by induction on n.
For n = 0: S0 ∼= M3−3. The lattice M3−3 has exactly two non-trivial congruences, let us call

them α and β, whose quotients are isomorphic with M3,3 and 2. Since M3,3 /∈ R, α cannot be an
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R-congruence. Therefore, the lattice of R-congruences of M3−3 has exactly three congruences: the
diagonal ∆, β, and the universal congruence ∇. Any non-trivial R-congruence θ must therefore contain
β, and since (a0, b0) ∈ β, the conclusion clearly holds.

For n > 0: Assume the statement holds for Sn. Let θ be a non-trivial R-congruence on Sn+1. Since
θ is non-trivial, there exists a covering pair x ≺ y in Sn+1 such that (x, y) ∈ θ.

Recall that Sn+1 is constructed by gluing a new M3−3 block, which we denote as M (n+1), to Sn.
Based on the placement of x and y, we consider four exhaustive cases:

1. x, y ∈ Sn. In this case, both elements belong to the base lattice. The restriction θ|Sn is a non-trivial
R-congruence on Sn. By the induction hypothesis, we immediately obtain (a0, b0) ∈ θ|Sn ⊆ θ.

2. x, y ∈ M (n+1). The restriction θ|M(n+1) is a non-trivial R-congruence on M (n+1) ∼= M3−3. As
shown in the base case, any non-trivial R-congruence on M3−3 must contain the congruence β,
which collapses the elements of the gluing interval. Since the gluing interval belongs to Sn, θ
inevitably identifies distinct elements within Sn. This makes the restriction θ|Sn non-trivial. By the
induction hypothesis, (a0, b0) ∈ θ.

3. y ∈ M (n+1) and x /∈ M (n+1). By taking the join with the zero element of Sn (denoted 0Sn), the
congruence yields (x∨0Sn , y∨0Sn) ∈ θ. This operation projects the pair such that y∨0Sn = vn

⋀︁
un

and x ∨ 0Sn = 0Sn where both resulting elements 0Sn , vn ∧ un lie strictly in Sn and are distinct.
This implies that the restriction θ|Sn is non-trivial. Thus, by the induction hypothesis, (a0, b0) ∈ θ.

4. x, y /∈ M (n+1). By taking the join with the zero element of M3−3 (denoted 0M3−3), we get
(x ∨ 0M3−3 , y ∨ 0M3−3) ∈ θ. These projected elements are distinct and both lie entirely within
M (n+1). This means the congruence non-trivially restricts to M (n+1), which reduces our problem
to Case 2. Hence, (a0, b0) ∈ θ.
The case y ̸∈ Sn implies x ̸∈ Sn. The case where y ∈ Sn and x /∈ Sn implies y = 0Sn or y ∈M (n+1).

These both cases are covered by cases 2, 3 and 4. This strictly exhausts all possibilities for the covering
pair x ≺ y, completing the proof.

We construct a modular lattice Km for Sn by induction on m.
1. m = 0. K0 = Sn.
2. m = 1. K1 is a modular lattice generated by K0 ∪ {an+1, bn+1, cn+1} satisfying
⟨{an+1, bn+1, cn+1}⟩ ∼=M3 and cn+1 = (an ∨ cn) ∧ an−1, an+1 ∨ bn+1 = a′n ∧ an−1

and an+1 ∧ u, bn+1 ∧ u /∈ K0 for any u ∈ K1.
3. m > 1. Km is a modular lattice generated by Km−1 ∪ {an+m, bn+m, cn+m} satisfying
⟨{an+m, bn+m, cn+m}⟩ ∼=M3 and cn+m = (an∨ cn)∧an+m−1, an+m∨ bn+m = an+m−1∧ cn+m−1

and an+m ∧ u, bn+m ∧ u /∈ K0 for any u ∈ Km−1.
Equivalently, the lattice Km may be described inductively by splitting the lattice Km−1 by M3 as

follows:
1. m = 0. K0 = Sn.
2. m = 1. K1 = Lu1v1(M3, c) with L = K0, where c is a coatom of M3 and (u1, v1) = (an+1 ∧
cn+1, an ∨ cn).

3. m > 1. Km = Lumvm(M3, c) with L = Km−1 and (um, vm) = (an+m ∧ cn+m, an ∨ cn).
For instance, the lattices K1, K2 for S2 are depicted in Figure 5 and the lattice Km for S2 is

depicted in Figure 6. We observe that (u1, v1) is a splitting pair in Sn, whereas (ui, vi), i > 1 is a
semi-splitting pair in Km−1.

Lemma 2. Let R be the quasivariety generated by Sn. Then, for every m ⩾ 1, we have:
i) (a0, b0) ∈ θR(Km) and Km /∈ R;
ii) Every subalgebra generated by m elements of Km belongs to R.
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Figure 5. Lattices K1, K2 for S2
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Figure 6. Lattices Km, Km \ {b4} for S2

Proof. i) We proceed by induction on m.
For m = 1: K1 = Lu1v1(M3, c) with L = K0, where c is a coatom of M3 and (u1, v1) = (an+1 ∧
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cn+1, an ∨ cn). Since K1 is obtained by gluing M3, which we denote as M (1), to Sn, then Sn ≤ Km.
Let θ be an R-congruence on K1 and (x, y) ∈ θ with x ≺ y.

Based on the placement of x and y, we consider two exhaustive cases:
1. If x ∈ Sn, then y ∈ Sn, and (a0, b0) ∈ θ by Lemma 1.
2. If x ̸∈ Sn, then x ∈ {an+1, bn+1, an+1 ∧ bn+1, 0K1}.

If y ∈M (1), then θ collapses the elements of the gluing interval. If y ̸∈M (1), then θ collapses the
elements 0Sn and 0K1 , hence two elements from M (1). It follows θ collapses the gluing interval.
and we are in Case 1. Thus we get that (a0, b0) ∈ θ for any R-congruence θ.

Since (a0, b0) ∈ θ for every R-congruence on K1, then K1 is subdirectly R-irreducible. Since every
subdirectly R-irreducible lattice is a sublattice of Sn, it would follow K1 ⩽ Sn. It’s impossible because
of the size of K1 is strictly greater than the size of Sn. Therefore K1 /∈ R.

For m > 1: We show that (a0, b0) ∈ θ, where θ = θR(x, y) with x ≺ y.
It is straightforward to verify that φ : Sn → Km defined by φ(x) = x for x ∈ {ai, a′i, bi, b′i, ci, c′i, },

i = 0, 1, . . . , n, is an embedding.
Based on the placement of x and y relatively to Sn, we have the following four exhaustive cases:
1. Let x, y ∈ Sn. Then Lemma 1 yields (a0, b0) ∈ θ.
2. Let x ∈ Sn and y ̸∈ Sn. Then x = {an ∨ bn, cn, an−1 ∧ cn} and y = x ∨ an+m. It follows

that (an+m, an+m ∧ bn+m) ∈ θ as x ∧ an+m = an+m ∧ bn+m and y ∧ an+m = an+m. Hence, for
θ′ = θ(x, y), we have Km+1/θ

′ ∼= Km and θR(x/θ
′, y/θ′) = θR(∆) = θR(Km), since θ′ ⊆ θ. By

induction (a0, b0) ∈ θR(Km). Therefore (a0, b0) ∈ θ.
3. Let x /∈ Sn and y ∈ Sn. Then y ∈ {a′n, a′n ∧ b′n, a′n ∧ an−1, cn ∧ an−1, an ∧ an−1}.

(a) If y = a′n or y = a′n ∧ b′n, then x = an ∨ cn+1 or x = cn ∨ cn+1 respectively. It follows that
(an+1, an+1 ∧ bn+1) ∈ θ as x ∧ an+1 = an+1 ∧ bn+1 and y ∧ an+1 = an+1.

(b) If y = a′n ∧ an−1 = an+1 ∨ bn+1, then x ∈ {an+1, bn+1, cn+1}. It follows that (an+1, an+1 ∧
bn+1) ∈ θ as M3 is a simple lattice.

(c) If y ∈ {cn ∧ an−1, an ∧ an−1}, then x = y ∧ an+1. It follows that (an+1, an+1 ∨ bn+1) ∈ θ as
x ∨ an+1 = an+1 and y ∨ an+1 = an+1 ∨ bn+1.

Hence Km+1/θ
′ ∼= Km and θR(x/θ′, y/θ′) = θR(∆) = θR(Km). By induction (a0, b0) ∈ θR(Km).

Therefore (a0, b0) ∈ θ.
4. Let x, y /∈ Sn. Since Ki+1 is obtained by splitting Ki by M3, we denote this lattice M3 by M (i).

There are two options. The first one – θ gluings two distinct elements in Sn. Then by Lemma 1
θ collapses (a0, b0). The second one – θ gluings two distinct elements an+i, bn+i in M (i) for some
i > 0, then for θ′ = θ(an+i, bn+i) we have Km+1/θ

′ ∼= Km and θR(an+i/θ
′, bn+i/θ

′) = θR(∆) =
θR(Km). By induction (a0, b0) ∈ θR(Km). Therefore (a0, b0) ∈ θ.

Since (a0, b0) ∈ θ for every R-congruence on Km+1, then Km+1 is subdirectly R-irreducible. Since
each subdirectly R-irreducible lattice is a sublattice of Sn, this would imply Km+1 ⩽ Sn. However, it’s
impossible because of the size of Km+1 is strictly greater than the size of Sn. Therefore Km+1 /∈ R.

ii) The set of generators of the lattice Km consists of

{ai, bi, ci, a′i, b′i, c′i | 0 ⩽ i ⩽ n} ∪ {ai, bi, ci | n < i ⩽ n+m}.

Here {ai, bi, ci, a′i, b′i, c′i | 0 ⩽ i ⩽ n} generates Sn and {ai, bi, ci} generates M3 for each n < i ⩽ n+m.
Let Lm be a sublattice of Km generated by m elements. Because an+i, bn+i are double irreducible

elements, one necessarily has Lm ⩽ Km \ {an+i} or Lm ⩽ Km \ {bn+i} for some index 0 < i ⩽ m.
We show that Km \ {an+i} is a sublattice of Sn ×M m−1

3 .
Let α be a congruence on Km generated by

⋃︂
j ̸=i

M (j) ∪ {(0M(i) , cn+i))}.
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Then (Km \ {an+i})/α ∼= Sn.
Let β be a congruence on Km generated by gluing all elements in Sn but asd

β = θ
(︂⋃︂
i⩽n

{(ai, bi) | i ⩽ n}
)︂
.

Then (Km \ {ai})/β ⩽
∏︂

0<j⩽m

M (j).

We show that α ∩ β = ∆. Let x ≺ y and (x, y) ∈ α ∩ β. By (x, y) ∈ α, we get x = an ∨ z and
y = 0Sn ∨ z or x = an−1 ∧ z and y = (an−1 ∨ bn−1) ∧ z for some z on Km \ {ai}.

By x ∈ β, we get x = 0k+n ∨ z′, y = ak+n ∨ z′.
So an ∨ z = 0k+n ∨ z′ and 0Sn ∨ z = ak+n ∨ z′. One can see that it’s impossible.
Thus α ∩ β = ∆ and Km \ {ai} ⩽s Sn ×Mm−1

3 . So Km \ {ai} ∈ R. Since Lm ⩽ Km \ {ai}, then
Lm ∈ R.

3 Main result

The following two theorems are the main results of this paper.
Theorem 1. A quasivariety generated by finite (3-3)-snake lattice is not finitely axiomatizable.
Proof. To establish non-finite axiomatizability, we use the following folklore lemma (see [15]):
A locally finite quasivariety K is not finitely axiomatizable whenever, for each positive integer n

there exists a finite algebra Xn such that Xn /∈ K, and every subalgebra generated by n elements of
Xn belongs to K.

Let R = Q(Sn). We show that for R the lattice Xm = Km+n, m > 0, satisfies the condition of the
above mentioned folklore lemma. Indeed by Lemma 2(i) Xm /∈ R for all m ⩾ 1, by lemma 2(ii) every
subalgebra generated by m elements of Xm belongs to R. Consequently, the quasivariety R generated
by finite (3-3)-snake lattice is not finitely axiomatizable.

To demonstrate that the topological quasivariety generated by Sn is non-standard, we use the
lemma below, derived from [2, Lemma 3.3].

Lemma 3. Let K be a quasivariety, and let X = lim←−{Xn | n ∈ N} be a surjective inverse limit of
finite algebras. Assume that X ∈ K and there exist a, b ∈ X with a ̸= b and φ(a) = φ(b) for any
homomorphism φ : X →M , where M ∈ K and M is finite. Then K is not standard.

Theorem 2. The topological quasivariety generated by finite (3-3)-snake lattice is not standard.
Proof. Let R = Q(Sn) for some (3-3)-snake lattice. Let φn,n−1 be a homomorphism from Kn to

Kn−1 such that kerφn,n−1 = θ(an, bn), and let φn,n be an identity map on Kn for all n > 1. For
m < n, let

φn,m = φm+1,m ◦ · · · ◦ φn,n−1.

Note that {Kn;φn,m,N} forms an inverse family where N is the linearly ordered set of positive
integers. We denote K = lim←−{Kn | n ∈ N}.

We first establish that K ∈ R. Our reasoning follows the approach of [16] (cf. [11]). Consider a
quasi-identity ξ of the form

&i≤r pi(x0, . . . , xn−1) ≈ qi(x0, . . . , xn−1)→ p(x0, . . . , xn−1) ≈ q(x0, . . . , xn−1).

Suppose that ξ is valid on R and K |= pi(d0, . . . , dn−1) = qi(d0, . . . , dn−1) for all i ⩽ r and some
d0, . . . , dn−1 ∈ K. By definition of the inverse limit, K ≤s

∏︁
n∈NKn. Hence

Ks |= pi(d0(s), . . . , dn−1(s)) = qi(d0(s), . . . , dn−1(s)) for all s > 0, i ⩽ r.

Mathematics Series. No. 3(123)/2026 57



M.A. Arapbay, A.M. Asanbekov

By Lemma 2(ii), every subalgebra generated by m elements of Km belongs to R for all s > n.
Therefore, ξ is true in Ks. Consequently,

Ks |= p(d0(s), . . . , dn−1(s)) = q(d0(s), . . . , dn−1(s)).

Since di(m) = φs,m(di(s)) for all 0 ⩽ i ⩽ n and m < s, it follows that

Km |= p(d0(m), . . . , dn−1(m)) = q(d0(m), . . . , dn−1(m)) for all m < s.

Hence, K |= p(d0, . . . , dn−1) = q(d0, . . . , dn−1). Thus K |= ξ, for every ξ that is valid on R. Conse-
quently, K ∈ R.

From the definition of φn,n−1 it follows that φn,m(a0) = a0 and φn,m(b0) = b0. By the definition of
inverse limit,

a = (a0, . . . , a0, . . .), b = (b0, . . . , b0, . . .) ∈ K.

Let φ : K → M be a homomorphism, M ∈ R and M finite. By the universal property of inverse
limit, there exists n > 2 and homomorphism ψM : Kn →M such that φ = φn ◦ψM for some surjective
homomorphism φn : K → Kn.

Since M ∈ R, we have kerψM is an R-congruence on Kn.
By Lemma 2(i), we have (a0, b0) ∈ θR(Kn). Since θR(Kn) ∈ kerψM , it follows that ψM (a) =

ψM (b), and hence φ(a) = φ(b).
Applying Lemma 3, we conclude that R is not standard.

4 Generalization, examples, and corollary

By h(L) we denote the height of a lattice L, that is, the maximum length among all chains in L.

Theorem 3. Let L be a finite lattice with h(L) = k. If there is a (3-3)-snake lattice Sn ⩽ L and K1

for Sn such that h(K1) ⩾ h(L) and K1 /∈ Q(L), then Q(L) is not finitely axiomatizable as well as not
standard.

Sketch of the proof. It is straightforward to check that the lattices Km from Lemma 2 satisfy the
following conditions:

i) Km /∈ Q(L) and (a0, b0) ∈ θQ(L)(Km);
ii) Every subalgebra generated by m elements of Km belongs to Q(Sn) ⊆ Q(L).

Using arguments analogous to those in Theorems 1 and 2, the required statement follows.

Example 3. Let L be the lattice shown in Figure 7. It is clear that S1 is a proper sublattice of L and
M3,3 ⩽̸ L. Moreover, K1 for S1 does not belong to Q(L). Therefore, by Theorem 3, Q(L) is neither
finitely axiomatizable nor standard. Note also that Q(S1) ⊂ Q(L), and, in addition, V(S1) ⊂ V(L).

The reader can construct many other examples that satisfy the conditions of Theorems 1 and 2.
A direct corollary from Theorem 1 is V. P. Belkin’s result in [4]:

Corollary 1. [4] A quasivariety generated by M3−3 is not finitely axiomatizable.

The reader can easily construct (m-n)-snake lattices and adapt the proofs of the theorems to such
lattices.

Conclusion

The results of this work contribute to the study of finite lattices whose quasi-identities resist fi-
nite axiomatizability and whose associated Boolean topological algebras do not exhibit profiniteness.
We established the principal results, provided a generalization of the construction, and illustrated its
applicability through an example and a corollary. These findings emphasize the ongoing significance
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Figure 7. Lattice L

of investigating finite lattices with atypical quasi-equational behavior and show how such examples
continue to shape and refine our understanding of nonstandard quasivarieties. The results presented
here reinforce the view that even comparatively small finite lattices may encode complex logical prop-
erties, motivating further research into the connection between algebraic structure, axiomatizability,
and topological properties.
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