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The stability of differential equations with periodic and quasiperiodic coefficients is a central topic in modern
stability theory, with important applications in mechanics, physics, and dynamical systems. A classical re-
sult in this area is the Lyapunov integral criterion, which provides stability conditions for linear second-order
equations with periodic coefficients. In this paper, we extend this criterion to equations with quasiperiodic
coefficients. Our analysis is based on the method of periodic characteristics, which has proven effective
in the study of multiperiodic solutions for systems with a diagonal differentiation operator. Within this
framework, the multiperiodicity condition is reduced to a functional equation, and a Floquet-type represen-
tation of the matricant of the associated system is derived. This representation shows that multiperiodicity
of solutions follows from the purely imaginary nature of the characteristic multipliers and the periodicity
of the helical characteristics. The obtained results confirm that the Lyapunov integral criterion remains
valid for equations with quasiperiodic coefficients. More generally, they demonstrate the effectiveness of the
characteristic method for analyzing stability in complex dynamical systems, thereby extending the scope
of classical stability theory.
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Introduction

The Lyapunov integral criterion for the stability of linear second-order differential equations with
periodic coefficients is a fundamental result in stability theory. In this paper, we extend this criterion
to the case where the coefficients are quasiperiodic. Thus, our study addresses the stability of linear
equations with both periodic and quasiperiodic coefficients.

The analysis is based on the method of periodic characteristics developed in [1,2], which has been
successfully applied to the study of multiperiodic solutions of systems with the diagonal differentiation
operator. Classical results on the theory of stability and periodic solutions of differential equations,
including the Lyapunov integral criterion, are presented in [3,4]. Fundamental results on systems
of partial differential equations and characteristic methods are discussed in [5]. The theory of almost
periodic and almost multiperiodic solutions for ordinary, partial, and evolutionary differential equations
is developed in [6-8]. These works provide the theoretical background for the stability analysis and
the formulation of multiperiodicity conditions in terms of functional-difference equations.

Unlike traditional approaches, the method proposed in [1,2]| represents the multiperiodicity con-
dition for D-equations as a functional equation, enabling the use of a Floquet representation for the
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matricant of the associated system. The multiperiodicity of solutions then follows from the purely
imaginary nature of the multipliers and the periodicity of the helical characteristics.

Research on multiperiodic solutions of systems with differentiation along characteristics has been
further advanced in [9-11|. Further developments concerning periodic and impulsive evolution equa-
tions are discussed in [12-14]. The existence and multiplicity of periodic and multiperiodic solutions for
second-order and parameter-dependent equations are investigated in [15-18|. Methods based on differ-
entiation along characteristics and diagonal operators have received international recognition through
publications in leading scientific journals [19,20]. Related solvability and boundary value problems
for parabolic, nonlocal, loaded, and hyperbolic equations are considered in [21-23], as well as in more
recent studies [24].

Beyond its theoretical significance, stability analysis of systems with periodic and quasiperiodic
coefficients has a wide range of applications. These include oscillatory processes in mechanics, signal
propagation in physics and engineering, and models of dynamical systems with multiple interacting fre-
quencies. In such contexts, stability criteria are essential for predicting long-term behavior, preventing
undesirable oscillations, and ensuring reliable system performance.

The purpose of this article is twofold: (i) to establish the applicability of the Lyapunov integral
criterion to linear second-order equations with quasiperiodic coefficients, and (ii) to demonstrate the
effectiveness of the periodic characteristics method in stability analysis of such equations.

1 Main results

Consider the equation with respect to z = z(7,t), 7 € (—00,+00) = R, t = (t1, ..., t;m) € RX...XR =
R™ of the form

d = 0
2 _ _ Y v
D*z+a(r,t)Dz 4+ b(1,t)z=0, D= 5 + ]21 (,%j, (1)

a(r +0,t +w) = a(r,t) €% CLE(R x R™), b(r +0,t +w) = b(r,t) € C7 (R x R™),
wo =10, w=(W1,.e,wWm), wi/wj € Qi,j=0,m), D*2= D(Dz),

where @ is the set of rational numbers.

e’wC'ff(R x R™) is class (0, w)-periodic in (7,t) € R x R™ function smoothness in them («, ).

1) In the study of any problem for multiperiodic equations with a directional differentiation ope-
rator, the Cauchy characteristic method is used. The characteristic equations link the independent
variables, and some of them lose their independence. For example, in our case, the variables ¢;,j = 1,m
become functions of the variable 7 : ¢; = h;(7), j = 1,m. Since the system is #-periodic with respect
to 7, it is desirable that h;(7) have the property of #-periodicity: h;(7 4+ 0) = hj, j =1,m.

If the characteristic equation of the operator D

j—f_ =e, e=(1,...,1), (2)
on a manifold of the type of Euclidean space with Cartesian coordinates, then the characteristics do not
possess this periodicity property. Consequently, it is necessary to change the type of manifold where the
field (2) defines #-periodic characteristics. It turns out that the typical manifold is a multidimensional
cylindrical surface [1, 3].

dt;

dr
Consider the surface of a straight circular infinite cylinder with circumference Sy of length 6 = 27r.
Then the solutions t; = n; + 7 — & = (1 — £, ;) along the cylinder perform a helical motion of the
period 6, i.e., the point (7,t;) moves along a helical line. Consequently, the direct product of such

~1. (3)
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motions is a motion on the surface m of an M™ = M x ... x M, (1,t;) e M =R x Sy, j =1,m
multidimensional cylindrical surface.
Thus, according to [1,2], the equation

t=p(r=&n) = Bt =& m), o BT = & 1m)) (4)

represents a multidimensional helical line defined by the equation (2)-(3), possessing the properties of
periodicity and the group
/B(T+0 _5777) = ﬁ(T _§7n)7

Blr=&n+w) =BT —&n) +w, ()
P& —0,B(c—7,t) =€ = T:1),

where n = (1, ..., m)-
It turns out that, for our purpose of multiperiodic solutions, it is expedient to consider the problem

on m-dimensional cylindrical surface (7,t) € M™.
Note that the equation (4) represents the characteristics of the operator D, and equation

n=pB(E-T1) (6)

there is an equation of the first characteristic integrals:

Dp(& —T,t) =0. (7)

Usually, the problem is investigated along the characteristics (4), and the results of the investigation
are formulated in terms of the first integrals (6). The transition from characteristics to integrals and
vice versa is realised by the property of the group from (5).

A sign of the appropriateness of the manifold is the equivalence of (0, w)-periodicity of the solution
x(7,t) of the system according to (7,t) with (6, 8, w)-periodicity of the composition z(o, f(o — 7,t)) =
z(&,m) o (o, B(0 — 7,t)) according to (o, 7,t) on this manifold at o € R.

It is obvious that this principle holds only on the cylindrical manifold M™.

2) It is widely known in the literature [3| that Lyapunov’s integral criterion for the stability
of periodic motions described by a second-order equation with an ordinary differentiation operator
D=4,

An interesting question is whether this property remains valid when the motions are multi-frequency,
i.e., quasiperiodic.

This question will be explored below based on a rotational-linear modification [1,2] of Kharasahal’s
method [6].

To make it easier to control the equation (1), we should reduce the number of determining para-
meters a and b. To this end, let us set

_1
2
z=e€

O—3

a(o,B(c—T,t))do
x, (7,t)e M™. (8)

Taking into account (7), we write the equation (1) as
D2z + p(r,t)z =0 9)

with a single coefficient p(7,t) of the form

1 1 .
p(r+0,t +w) = p(r,t) = b(r. 1) = Ja(r, £)? — jDalr,1) € S (mm).
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3) Next, we represent the equation (8) as a system

DZEl = T2,
0 =~ 0
Dzy = —p(1,t)z1, D= —+ Z -, (10)
or = ot;

p(7 +0,t +w) = p(r,t) € CO (M™),

where x = 7.
In order to construct a fundamental system of solutions

_(elnt wm
X0 = (5500 D) )

From (10), we will construct solutions ¢(7,t) and (7, t) of equation (9) that satisfy the conditions
o(T,t)lr=0 =1, De(7,t)lr=0 =0, (12)
(7, t)lr=0 =0, Dip(7,t)|r=0 = 1. (13)

We will determine these solutions using the auxiliary equation
D% = up(r, )% (14)

in the form of power series with respect to the parameter pu.
In accordance with this, we set

o(r,t,p) = ngth (15)

Substituting (15) into (14) and equating the coefficients with the same powers of the parameter p,
we have
D*po =0, ¢0(0,t) =1, Dyo(0,) =0, (16)

D2Q0k<7—7 t) = p(T7 t)@k,l(T, t)? QDk(O,t) = Dgpk(07t) =0, k=1,2,.. (17)
Then, from (16) and (17) we have

wo =1, i(1,t) = /dal/p(@ﬁ(a—ffl,ﬂ(al —7,t)))do =
0 0

I
\ﬂ
IS

o1 p(Uuﬁ(O-_Tv t))da =
/

0
- / (r — 0)pla, Blo — 7))o,
0

(r—0o)p (o0 —=7,t) - pr—1(0,B8(c — 1,t))do, k=1,2,... (18)

o\
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Evaluating (18) at |p(7,t)| < A = const > 1, we obtain

A 2
’@17t|<A/T—U |27'—‘7
/ !
.
AO_Q A T0'3 0‘4 T A27_4
ferlm B)] < /(T_O)A'z! ] [3_4] T

0
If we set |pr(T,t)| < A%, then ¢g11(7,t) satisfies the estimate

° Nk g2k
lpkr1(T,t)| < /(T—O’)A' k) do| <
0

Ak'H
<
= (2k)!

Therefore, by virtue of (16)—(19), the series (15) converges at |u| < po, |7| < T with any finite
constants pg and 7.

,7_0.2k+1 2k+2

2%k+1  2k+2

Ak—&-l ‘7_|2k+2

k=0,1,2,... 19
’0 (2]€+2)' ) 5ty Ay ( )

Then, setting ;x = —1, we obtain the solution
(0.9]
p(r1) = = 3 (-1, 1) (20)
k=0

of equations (14) at u = —1, therefore, equations (10) satisfy the condition (12).
In a similar way, we determine the solution v(7,t) of the initial problem (10)-(13), setting

Y(1,t) = (1, t, 1)|y=—1 and

Bt ) = Zwm Bt om0 = 0, DOyt p)lrmo = 1, (21)

where ¢(7,t, p) is the solution to problem (14) with initial condition (21) with coefficients (T, 1),
k=0,1,2,..., which are determined sequentially by the formulas

T

Yo(r,t) =7, Yi(r,t) = /(T —o)p(o, B(o —7,t))Yg—1(0, (0 — 7,t))do, k=1,2,.. (22)

0
Thus, we have estimates
T r To o3 LR
in(rl < I il < | [t = oyodo| < 2T - T g = 2L
0
AR (2h1 o Ak |72k
()< =—— ] < A — o) APy = —
s ()] € S Wlno) < 8| [ (7= o)k lo | = Sl

0

for which the series (21) converges absolutely and uniformly in finite domains: |u| < po, 7| < T
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Then we obtain the second solution (7,t) of equation (10) in the form

o0

= (—=)Fyu(r,1), (23)

k=0

by setting = —1 from (21) with coefficients (22).
It is not particularly difficult to show that these solutions (20) and (23) are differentiable.
Thus, we have

=Y (-0 Dau(rnt), Dalrit) = [ p(o 5o - m )il flo -~ m)do, (20
0

k=1

T

1+ Y (-0 DU ), Diu(rit) = [ plo: 5o = 7.)inr(a: 6o — 7. 0))do

k: 0

and based on them we obtain the matrix X (7,t) of system (10).
4) It is easy to show that the determinant

w(T,t) = det X (7,t)
of the matrix X (7,¢) of system (10) satisfies the equation
Dw = SpP(7,t) - w, w|r=0 = detX(0,1),

where SpP(7,t) is the trace of the matrix. P(7,t) of the form

P(r 1) = <_p(07, ) (1)>

of system (10) and is equal to the sum of its diagonal elements:
SpP(r,t) =0.

Therefore,
w(T,t) = 1.

The proof of this Ostrogradsky-Jacobi formula is similar to the proof based on linear characteris-
tics [6]. Therefore, we will not dwell on the proof.
Statement 1. For the matricant (11) of system (10), the Ostrogradsky—Jacobi formula holds true

fTSpP(O',B(O',T,t))dO'
detX (1,t) = €0 =1
5) The matricant X of the system
D= P(r, ), P(r+0,t+w) = P(r,1) €% C5(M™) (25)

has the properties
X(7,t) = P(r,t) X (1,t), X(0,t) =

X(r,t+w) = X(r,1) €% ClL) (M™), (26)

X(t+6,t) = X(1,t)X(0,8(—71,t)), (7,t) € M™,
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where E is the identity matrix.
Then, by virtue of (26), we have

X(1+k0,t) = X(1,6)X*(0, B(—7,1)), k=0,1,2,....
Hence, setting 7 = 0, we obtain
X (k6,t) = X*(0,t), (kb,t) € M™, k=0, Foo.

For any fixed value of t = 7, we have the logarithm

1 1
@LnX(kG,n) = éLnX(G,n), k=1,00.

From here, moving to the limit at £ = k@ — oo, we obtain

1

1
0 *L”X(fﬂ?)a (6377) e M™.

= lim
£—00 {

LnX(6,n)
Further, setting
LnX(0,n) = A(n), (6,n7) € M™,

we have the representation
X(0,n) = e, ne sy

Due to the arbitrariness of n € Sp*, from the properties (26) we obtain
Aln+w) = An) € I (S5).

For the first integral n = B(—7,t) corresponding to the value 1 from the last two equalities, the pro-
perties follow
X(0,8(—7,t) = e/\(ﬁ(—ﬂt))7

A(/B(_T - (9,75)) = A(ﬁ(_T’t))’
AB(—7,t+w)) = AB(—T,t) + w) = A(B(—T,1)), (1,t) € M™.

As a result, due to last equalities from (26), we have the Floquet representation for the system (25)
of the form

X(7,t) =Y(r,)ed M0 (2 8y € M™, (27)
Y(r,t) = X(r,0)e P Y (7 46,t + w) = Y (7, 1) € O (M),

Then we can formulate the reducibility theorem.

Theorem 1. The linear system (25) can be reduced to the form
z=Y(r,t)y, (r,t)eM™ (28)

using the transformation can be reduced to the system

Dy = %A(B(—T, )y, () € M™. (29)
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Corollary 1. A quasiperiodic linear system

dx dt
_— = P -_— =
dr (.1)z, dr

by means of a quasiperiodic substitution

e, P(r+0,t+w)=P(r,t) e *“C%) (R x R™) (30)

x=Y(r,0(r,n))y, TER, neER" (31)
can be reduced to the system
Y= Aw) (32)
ar g Y

with any fixed n € R™, where 7 is the value t in the neighbourhood of which the question of reduction
is considered, t = §(7,n) is the diagonal characteristic originating from the point (0, 7).

Theorem 1 remains valid for rectilinear motions, therefore, the characteristic ¢ = g(7,n) can be
replaced by t = §(7,7n). Then, from the theorem follows consequence 1 regarding equations (30), (32)
and transformation (31) in accordance with systems (25), (29) and substitution (28).

Note that if we wrap an isosceles right triangle with side 6 around a straight circular cylinder with
circumfgrence 6, then the hypotenuse of the triangle becomes a harmonic spiral with pitch ¢ = 45° :

t .
tgo=4=1
. 2T T 2nT T
u=7T, v=rsin— =rsin—, w=7COS—— =7COS—.
r

0 r 0

S i = Sei = 7 the length of the arc AC and the length of the rise CE are equal to 7.

These geometric interpretations clearly show the connection between rectilinear and circular mo-
tions. The measurement of the lengths of circular arcs of a helical line is automatically transferred to
the measurement of segment lengths. The main barrier to understanding is psychological in nature
and related to the topology of surface lines.

Next, we will examine the question of the stability of the motions described by the system of
equations (10) based on the multipliers of the monodromy matrix X (6, 7).

To this end, let us consider the characteristic equation of the matrix X (0,n) and, based on
(10)-(13), (20) and (23), we have

wm) —p  P(0,n)
det| X (0,n) — pFE] = =
X0 =L =1"Doo,n)  Duo.m) —p
Obviously, from the characteristic equation h(n, p) = det| X (6,7n) — pE] of the monodromy matrix
X (0,n), it follows that the function h(n, p) is w-periodic in 1 and continuously differentiable with res-
pect to its arguments; moreover, in our case, the roots are distinct: p1(n) # p2(n) and nonzero. When

the multiplicities of the roots do not depend on the independent variable 7, they can be determined
using the implicit function theorem, according to which the properties of the coefficients are inherited
by the roots of the equation. Consequently, we obtain p;(n + w) = p;(n) € C',(Ze) (R™),i=1,n and the
existence of the logarithm of the monodromy matrix X (6, 7).

From this, taking into account Statement 1, we obtain

p?—ap+1=0, (33)
where a = a(n) is determined by the relation
a(n) = @(0,1) + DY(8,7), a(n+w) = a(n) € CL (S5, (34)

which can be called the Lyapunov’s multiperiodic characteristic coefficient with respect to the param-
eter n for the system (10).
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By virtue of (18) from (20) we have

0
9 77 _1 / —01 01, (Jl,n))d01+
0

7] o1
+/ — o1)p(o1, B(o1,1))doy /(01 — 02)p(o2, B(0o2,n))dos + ...+
0 0

/dalo/daz 0/ —o1)(01 — 02)...(0k—1 — ox)p(o1, B(01,m)))...p(0k, B(ok,n))dok + ...

Similarly, due to (23) and (24), we have

0
Dy(0,m) =1 — /alp(al,ﬁ(al,n))daﬁ
0

0 o1 0 o1
+ p(Ul,B(Jl,n»dUl (01 —Jg)ng(Ug,ﬂ(Jg,?]))dUg—i—...—i—(—l)k do dos...
/ / [

Ok—1

: / (0 — o1+ 02)(01 — 02)...(0k—1 — ox)p(01, B(o1,n))p(0o2, B(02,M))...D(0k, Blok, n))dok + ...
0

Due to last two equalities, from (34) we define the Lyapunov characteristic coefficient of equa-
tion (33) for the second-order multiperiodic system (10) in the form

0
a() =20 / p(01, Blor,m))dor +
0

/d0'1 / — 01 + 02 Ul - 0'2)17(0'1’ ﬁ(alan))p(027 5(‘72777))d02 + ..+

—1)]€ do dos... dog_1 (9—01+ak)(01—02)...(ak,1—ak)p(al,ﬁ(al,n))...x
[ [ [ ]
X ...p(ok, B(ok,n))dok + ... (35)

Next, let us assume that p(7,¢t) < 0 on M™, i.e., a sign-negative function, and there exists a point
(&,m) € M™ such that

p(&,n) <0, (§n) € M™. (36)
Then fep(a, B(o,n))do < 0 and
0
0 o1 Ok—2 Ok—1
(—1)* [ doy [ do ... dog—1 [ (0 —o1+0x)(01 — 02)...(0k—1 — ok)p(01, B(071,7))... X
[ ] o]
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X...p(ok, B(ok,n))dor, >0, k=1,2,...
Consequently, from (35) and (36) we have
a(n) > 2

and the roots p1 2 of equation (33) are distinct and real, and

1 1
,0125((1— a? —4) <1, P2=§(a+\/m>>l‘ (37)

Since the solution z(7,t) of system (10) with the initial condition
#(r Ole= = 2°(1) € €17 (57")
by virtue of (27) at n = S(§ — 7,t), in accordance with Theorem 1, defined by the relation
z(r,t) = Y (7, 0)ed "X OPETNL0(5(¢ - 7.1)),

then from the properties of the multipliers p; 2 (37) we have the instability of the system (10), and
therefore of the equation (9).
Thus, we can formulate Theorem 2.

Theorem 2. Equation (9) with (6,w)-periodic (0, e)-smooth sign-negative function p(7,t) # 0 at
(1,t) € M™ is unstable, and its multipliers are positive, with one of them greater than unity and the
other less than unity.

Now let us consider the case where p(7,t) # 0 is positive, i.e. there exists a point (£,7) where

p(&n) > 0.
Next, we estimate the multiperiod Lyapunov characteristic coefficient a = a(p), which depends on

the parameter p € Sg*, and we have the inequality

0
Il = 9/19(01,5(0'1,77))610'1 > 07 pe S;n
0

Along with this, let us assume that p(7,t) satisfied the condition

6
9/p(0—175(017n))d0—1 S 4, pE Sgl (38)
0

Then, taking into account 0 < o} < 01, 6 — 01 + 0 < 6 and
(0 — o014 0pt1)(0k — Op41) < Z(Q—Jl—l—ak) < 1(9—01"‘010

by virtue of the estimate zy < ( xQﬁ)Q, we obtain the following estimate:

0 o1 Ok—1 (3
Ty I/dfn/daz--- / doy, /(9—01+0k+1)(01 — 02)...(0) — ok41)p(01, B(01,7))...
0 0 0 0
0 o1 Ok—2 Ok—1
X...p(0k+1,ﬁ(0k+1,n))d0k+1—/ddl/ddg... / dog_1 /(9—01+0k+1)(01—02)...x
0 0 0 0
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ok
X...(ok—1 = op)p(a1, B(o1,m))...p(ok, B(ok,n))doy, - /(Uk = 0k+1)P(Okt1, B(Oky1,1m))diy1 <
0
0 o1 Ok—2 Ok—1
< /(9 — 01+ k1) (0% — Ok+1)d0k41 /do’l... / dog_1 / (01 — 02)...(0k—1 — o)) X
0 0 0 0

0
><p(01,5(01,U))---P(Ukyﬁ(ak,n))dak/p(0k+1,5(0k+1777))d0k+1 <
0

0 o1 Ok—2 Ok—1
0
< /dal/dag... / dop_1 / 1(9—01—1—0@(01 —09)...(0k—1 — or)p(o1, B(o1,Mm))... X
0 0 0 0

0 0
<o, Blow oy [ plo, 8o m)do = [ p(o.Blon))do - .
0 0

From this, by virtue of (38), we have
0<Ixi1(n) <Ix(n), Ix(n) =0 at k— co.
It is obvious that the series

a(n) =2—Ti(n) + L(n) — Is(n) + ... + (=" L(n) + ..., n€ S5,

are series. Leibniz, however, the estimate

0
H/paﬂan ))do < a <2, nesSy,
0

ie., —2<a<?2.
Consequently, the roots p;/9(n) = % )+ a — 4] are distinct and complex conjugate, and

’p1/2(77)’ =1
Thus, the solution of the system (10), and therefore the equations (9), are bounded for all n € Sp*,

i.e., they are stable.

Theorem 3. Equations (9) with (0, w)-periodic smooth positive function p(r,t) # 0 multipliers
p1.2(n) under the condition of Lyapunov

0
0<0 [ (0.l )dr <4, ne sy (39)
0
are distinct, complex conjugate, and their moduli |py/5(n)| = 1, and therefore equation (9) is stable.

In conclusion, considering that equation (9) is an extended representation of an ordinary differential
equation with a quasi-periodic coefficient of the form

d2
r?
p(7 40, +w) = p(r,t) € CGV (R x R™), p(r,t) #0,

the Theorem 3 is also valid in the case of (40), and we have the following important corollary, where
er = B(r,0).

x(r,er) + p(r,er)x(1,eT) = 0, (40)
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Corollary 2. If the coefficient p(7,t) of equation (40) is positive and satisfies inequality

0
0< H/p(o', eo)do < 4,
0

then all solutions of this equation are limited along with their first-order derivatives on the numerical
axis R, therefore, equation (40) is stable, and the multipliers p; /5(0) are different, complex conjugate
and [py2(0) = 1.

The proof of Corollary 2 follows from Theorem 3 at n = 0, and last condition is derived from (39)
at zero 1. The limitation of the first derivatives of solutions is due to the fact that equation (40) is
equivalent to a system of two first-order equations.

Conclusion

It should be noted that the Lyapunov method is closely related to the approach proposed
by V. Kharasakhal concerning the transition from the ordinary differentiation operator to the
D-differentiation operator along the diagonal, defined on a multidimensional cylindrical manifold.
Within this framework, it becomes possible to investigate the stability of the Mathieu equation with
quasiperiodic coefficients, which represents an important applied aspect of the present study.

If the multiperiodic coefficient of the considered equation is given in a stepwise form with respect
to each variable, then, in the purely periodic case, methods of numerical analysis can be effectively
employed for qualitative investigations.

Overall, the conducted research provides promising prospects for the further development of the
theory of multifrequency oscillations described by Lyapunov-type equations.
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