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We consider the qualitative properties of solutions to a coupled system of nonhomogeneous doubly non-
linear parabolic equations on the whole line with an exponentially varying density. The characteristic
features of degeneracy at vanishing values and gradients are analyzed, and the need for weak solutions and
reliable comparison estimates is identified and justified. Using a nonlinear splitting method, we construct
explicit comparison functions and, on this basis, apply a comparison principle to obtain global existence
of nonnegative solutions for sufficiently small initial data in the slow-diffusion regime. In addition, a
self-similar reduction is performed via a nonlinear change of variables, which converts the problem into
an auxiliary system for similarity profiles. An asymptotic representation of these self-similar solutions is
derived, and the dependence of the solution behaviour on the governing parameters is clarified. It is shown
how the parameters affect spatial localization and finite-speed propagation, and a Fujita-type criterion is
obtained that provides conditions for the existence and nonexistence of global solutions. To support the
analytical results, numerical simulations implemented in Python produce solution profiles and graphical
illustrations of the nonlinear diffusion dynamics. The computations agree with the qualitative predictions
and help visualize the transition between parameter regimes.
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Introduction

We investigate a system of parabolic partial differential equations expressed in divergence form,
defined on the domain @ = {(¢t,z) |t > 0,2 € R}:

p—2

o) = & (o[22 ) + plarom,
90 | P—2

oot = & (1 1857 ) + ooy

(1)

= ’LL()(.T) > 07
— UO('CL') Z 07

ul,_g Vo € R, 2)

v}t:(]

where p > 2, 0, >0, ¢ >0 (i =1,2), qig2 #1, a € R, p(z) = e** are the numerical parameters
and u = u(t,z) >0, v =v(t,z) > 0.
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The system (1)—(2) arises in the mathematical modelling of several nonlinear processes observed
in applied sciences, including heat propagation [1-3], nonlinear diffusion in a two-component medium
[4-6], gas filtration through porous structures |7, 8|, and fluid dynamics in heterogeneous domains.
Furthermore, system (1)—(2) describes many physical processes [9-11].

H. Murakawa [12]| investigates the connection between cross-diffusion and reaction-diffusion sys-
tems, examining their structure and the ways in which these two classes of systems are interconnected.
The author offers new considerations on how to view cross-diffusion terms in mathematical models
of species interactions or chemical processes as a special case of reaction-diffusion equations. This is
beneficial to understand how complex dynamics behave in systems with multiple components.

X. Xu and T. Cheng studied a strongly coupled nonlinear filtration system with nonlocal source
terms [13], arising in non-Newtonian fluid flow and a polytropic filtration system:

up = div(|[Vu™P2Vu™) + [u*dz [,v"dz, (z,t) € 2 x (0,00),
v = div(|Vo"|972Vo") + fQ u dx fn vidr, (z,t) € 2 x(0,00),

where p,q¢ > 1, m,n,r,s >0, o, >0, m(p — 1),n(p — 1) < 1, 2 C R¥ is a bounded domain with
smooth boundary, and the non-negative non-trivial initial data (ug,vo) satisfy (ug’, vg) € (L*°(£2) N
VVO1 P(Q),L>*(2)N VVO1 1(£2)). The authors establish explicit conditions ensuring finite-time extinction
of solutions. That is, if the parameters satisfy a certain balance condition between diffusion and
reaction, the solution satisfies:

u(z,t) =v(x,t) =0, Vit> Tex,

for some finite Teyxt. If extinction does not occur, the authors derive the long-time decay rate for
solutions:

[l Ol zee + fo( )l < O,

where v depends on the exponents m,n,p,q, a,r, s, 3.
X. Sun, B. Liu, and F. Li [14] considered the following system of parabolic equations with a time-
dependent source

up = Au+ 7 (14 |x|2)n/2u°‘v1’,
Ut:Av+t"2(1+\x|2)m/2u%5, zeQCcRYN, 0<t<T.
u=v=0,2x€0 0<t<T,

u(z,0) =wug(z) >0, v(x,0) =v9(z) >0, e

where p, q, a, B, m, n, 01, 09 are non-negative numbers, and 7' is the limit of the existence time of
classical solutions of the problem. X. Sun et al. have shown that the problem admits global solutions
when the conditions pg < (1 —a)(1—8),a < 1,5 < 1 are satisfied; They further proved that
solutions blow up in finite time when the inequality (1 —a) (1 —3) < pg < (pg). or 1 < o < a, or
1 < B < B is satisfied; pg > (pq),, @ > ae, B > B. and proved that both global and non-global
solutions exist under the conditions where

(pa). = (1- ) (1= B) + =
1

n+2(o1 +
#,66214_

max {o (p,1—),0(1 —a,q),0},
7”L+2(0'2+1)
N )

)(1+ o3) + b(1 + g)(l + o).

)

a.=1+

|32

o(a,b) =a(l+

18 Bulletin of the Karaganda University



Qualitative analysis of a system ...

R. Castillo, et al. [15] considered the following system in a time-dependent, heterogeneous environment

up = div (w(z)Vu) + t"vP,
vy = div (w(x) Vo) + t50P, 2 e RN 0 <t < T,
v

u (2,0) = ug (z), v (z,0) = vg (), x € RV,

where 0 < ug, vg € L™ (]RN),
p,q>0, pg>1, r,s>—1

and w(z) = |z, a > 0. R. Castillo et al. showed that the Cauchy problem has local and global
solutions, and that for the solution

__ N __ N
[uls O)lloe < CA+1) C=m1, o(, t)|lee < C(1+1) P

. . N(pg—1) o N(pg—1)
proved that the bounds are valid, where r; = (2ia)(rf‘i+p(s+1)), ro = (27a)(sf‘f+q(r+1)).
X. Tao and Z.B. Fang [16], L.E. Payne, and G.A. Philippin [17], and the following system with a

time-dependent function was considered

up = Au + ky (t)uPoe,

v = Av+ ky(t)utv", € QC RN, 0 <t < T,
u=v=0, €0 0<t<T,

u(z,0) =wug (x), v(z,0) =v(x), z €,

where p, q, 7, s > 0, kyi(t), ka(t) € C! are positive, and ug(z),vo(z) € C' are non-negative functions.
The authors showed that there exist global solutions to the Cauchy problem for sufficiently small initial
functions under the conditions p+ ¢ < 1, r+s < lorp > 1, r+ s > 1, that for sufficiently large
initial functions under the conditions p > 1, r + s > 1 the solutions to the problem tend to infinity in
a finite time, and that Sobolev estimates were obtained.

In [18], self-similar and approximate self-similar solutions to a nonlinear reaction-diffusion problem
were studied by Sh.A. Sadullaeva:

Aelw) — Qi (|z[mo™ L VuP~2Vu) + pla)y(t)us,
a(pgf)”) = div (|z["um2 = Vo P=2V0) + p(z)7(t)v?2,
u(0,2) = up(x) 20, v(0,2) =wo(z) >0, z€RY,

where m;,n € R, B; > 1, p > 2 were given positive numbers, and ug(z), vo(z) > 0, p(z) = |z| 7,
1>0,0<~(t)e C(Ry), i=1,2.

In [19], D.B. Nigmanova examined the Fujita-type [20] global existence and blow-up conditions for
a nonlinear parabolic system with initial conditions and variable density. Moreover, the author studied
solution estimates and the asymptotic behaviour of self-similar solutions under slow, fast, and critical
diffusion cases, highlighting the role of spatially varying density:

2l 715 =V (" VaPEult) + el ~uron,
o138 = 9 (lel"[Vokp=2902) + efal o,
u(0,2) = ug(z) >0, v(0,2) =vo(x) >0, x€cRN,

where e = +1, k, my, q;, I; > 1,1 =1,2, p > 2, n,l are given parameters.
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In [21,22], a nonlinear parabolic equation involving a source term and non-uniform density was
investigated by the authors in the following form:

p(x)((;; = div (" |VuP2Vu) + u?,
and S
pla) 5y = div (u" [Vl V) + pla)u’, @ e RV,

where p(z) = |z|™" or p(x) = (1 + |z|)™™, n > 0.

The authors established criteria for finite-time blow-up of solutions to the Cauchy problem.

D. Aronson and J. Graveleau focus on the porous medium equation and derive self-similar solu-
tions to describe the hole-filling phenomenon [23|. The authors rewrite the radial dynamics using the
logarithmic transformation s = logr. This substitution converts the governing system into a weighted
porous-medium equation

p(x)uy = (u")ze (3)

defined on Q@ = R, x RY| characterized by the exponential density function p(z) = ¢?*. This expo-

nential structure is fundamental for determining support of the solution, [—a, o0), and analyzing the
finite-time loss of the inner interface, where a is a free positive parameter describing the initial left
endpoint of the support in the x variable or rg = e¢=% > 0.

For the nonlinear equation, the density functions of the medium encountered in the
p(z) = {|z|~*, e, e "} forms in the work of V. Galaktionov and J. King [24] relate to the asymptotic
behaviour of blow-up solutions of the equation (3) with the Cauchy problem.

D. Andreucci and A. Tedeev take the density function as p(z) = e9(*D and proved for the solutions
sup estimates or the decay rate at infinity, the property of finite speed of propagation and support
estimates for the following equation [25]:

oz )?;Z = div(p(z)u™ " |VulP~2Vu),

with the initial condition and under some assumptions for g(|x|) function.
In [26], self-similar solutions to the Cauchy problem for a doubly nonlinear equation incorporating
exponential effects were investigated. The equation is given by:

8u 0 Ou |P—20u
2= 22" %), wee

u|t:O =up(xz) >0, zeR,

where Q = {(t,z) : t >0, x € R}, p > 2, 0 € Ry, and p(z) = e”.

They established the conditions for the existence of Fujita-type global solutions and identified the
criteria under which a sub-solution exists for the equation.

The system (1)—(2) may be degenerate at the points where u = 0 or g—: =0and v =0 or g—” =0
[27-29]. Given that classical solutions may not exist in general, we focus on non-negative weak solutions
defined by the following weak formulation.

Definition 1. A non-negative function u(t, z) and v(t, z) are a weak solution to the problem (1)—(2)
in @ if for any compact subset 2 C R and any sub-interval [t1,t2] C (0,7 :

P+0'1 pt+o2

0<u,veC(0,T:Lay(Q), u » ,v » €Ly (0,T: W),

/ /p( Y dzdt < oo, / / z)udrdt < oo,
0 Q
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and for any test functions ¢, € W3 (0,T : La(Q)) N Ly, (0,7 : Wpl’O(Q)) :

to 12 ta
/ updr| + / / (—uqSt + Ut ug [P uxqu) dxdt = / / v pdadt,
Q 31 t1 JQ t1 JO
to to to
/ vipdx| + / / <—m/1t + v7? ‘%’p—2 U:ﬂﬁm) dxdt = / / u®1pdxdt,
Q t1 1 JQ t1 JQ

and take the initial data as follows

lim u(t,x)go(x)dx:/Quo(a:)gp(a:)d:v,

t—0 Q
lim v(t,w)x(x)dac:/vo(x)x(:r)dac,
t—0 Jo QO

for any smooth compactly supported functions ¢ and y.

A self-similar equation refers to a differential equation whose solution can be expressed as a func-
tion of a combination of independent variables, reflecting the scaling invariance of the process being
considered. Self-similar solutions to differential equations are characterized by the fact that the solu-
tion depends on a particular combination of the independent variables, such as £ = xt~%, rather than
on each variable separately [30,31]. This property allows the problem involving partial differential
equations to be reduced to an ordinary differential equation, significantly simplifying its analysis.

1 Formulas and theorems
1.1 Formulation of a self-similar system of equations

By applying the following transformation, system (1)—(2) is reduced to the auxiliary system (4):

=) (R, (4)

{u(@x) = (t+ 1)~ £(€)
o(t,z) = (t+T)"*2p(&)

where a; = qf;jll, yp=14a;(c;+p—2), i=1,2, T >0, for (&) and ¢ (§), we obtain the system

of ordinary differential equations:

et d G

51}1 1 dﬁ (fp Lpo2

df’ di)+a1f+7§ + ¢ =0,

“l o)
d&’ d§>+a290+75d +f2=0.

Based on the initial formulation of the problem, our goal is to find a non-trivial, non-negative solution
to equation (5) that satisfies the following condition:

, 0<d < oo,
, 0 < dy < .

f’(o) 0, f(d)=
0,

1.2 Slow diffusion case: o; +p—2>0 (i =1,2). A global solution to the problem

A comparison principle, as presented in 32, chapter I]; [33, p. 21| is employed to prove the global
existence of weak solutions to system (1)—(2). Accordingly, a new system of equations is formulated
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based on the standard method outlined in [32, p. 19|, [34,35] with the Barenblatt profile [7]:

1
where a > 0, 4; = ‘W%E)H T =1,2, (k) = max(0,k).

For convenience, we introduce the following notation:

P-Vau  p-1

i = ,
"ozt p—2 oitp-—2

m; = A;TAY L i=1,2.

o3—i +p—2
git+p—2

uy(0,2) > up(z), v4(0,2) >vo(z), zeR.

Theorem 1. Let o; +p—2 >0, q; > cai(o; +p—2)+mat <1, i=1,2,

If the initial functions ug(x) and vg(z) are sufficiently small, then the following property holds:
U(t,l‘) < U+(t,l‘), U(t,l‘) < UJr(t"r) n Q7
where uy (z) and vy (x) above-mentioned functions.

Proof. Theorem 1 is established using the solution comparison method with w4 (x) and v (z) taken
as auxiliary comparison functions. By substituting expression (6) into system (1)-(2), we derive the
following inequality:

Lo
£p1 i (£p 1, .02

With the specific expressions for f(¢) and %(£) given in (7), inequality (8) simplifies to the following
form:

% d—f)+a1f+v£d +on <0,

dc,opi2

(8)

p
{—1+qi;;‘“1(01+p 2) + (a—gp:)igo
—1+q1;;q_21(02 +p—2)+ mz(a—fpfl)j <0.

It can be readily verified that

l

ml(a—gp%l)ligmlal, ¢

mg(a—gﬁ)lj < msa™.

Then, taking into account the assumptions of Theorem 1, applying the comparison principle, and the
initial functions satisfied the following inequality:

ut(0,%) 2 uo(x), v4(0,7) > wo(x), z€R.
We obtain the following result:
U(t,[L‘) < U+(t, ‘/E)v ’U(t,[L‘) < U-i-(ta l‘)

This completes the proof of the theorem. O
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1.8 Asymptotic behaviour of the self-similar solutions

We now investigate the asymptotic behaviour of self-similar solutions corresponding to system (5).
A self-similar solution is considered in the form:

FE&)=F©yMm), &) =5(&) =), (9)

where
p—1 p—1

n=-ln(a-&), FO=(a-")777, B =(a— )BT, a0

Under the assumption that y(n) > 0 and z(n) > 0, substitution of expression (9) into system (5) yields
the following nonlinear system of equations:

(D) + b () Ly + bia(n) (G + bro(m)y ) + bis(m)2® + bia(n)y =0, (10)
i (L22) + bar(m) Loz + bao () ( G5 + bao(m)2 ) + bas(m)y®™ + baa(n)z = 0,
here
p—1 e " p—1 p—1\P
T . E SR MY S N RPN (et
o(n) P 1) = -D{-— = oy _a) 2=,
p—1\p e %" p—1\P e p—1 p—1 )
bi:< , bia = z< : , s =1 i — =1,2),
3 p ) a—e " 1=a p > a—e N ° +03,i+p—2q oi+p—2 (i )
dy p=2 rdy dz p=2/dz
Liy =y |5+ buomy| (52 +bro)y), Loz = 22| 5 +baom)z| (5 +bao(m)2).
W=yt 10(n)y an 10(ny), Loz =z an 20(n)z an 20(n)z

p—1

There was supposed to be a domain £ € [p,&1), where 0 <y < &1, and & =a 7 .
Therefore, the function (&) satisfies the following properties [36, 37

(&) >0 atéel,&), no=n()>0, gl_igl_ n(§) = +oo.

The auxiliary system of equations (10) is considered below under the following conditions:

lim bjj(n) =by; (i=1,2;j=0,1,23,4),

n—+o00

are assumed to exist, be finite and non-negative, that is:
0 <[] < 4o0.

To explore the behaviour of system solutions (1) as n — +oo, we first apply the transformations
given in equations (4) and (9). This reformulates the original problem into the study of system (10),
under the assumption that its solutions satisfy certain conditions in the vicinity of 400 [38, 39].
Specifically, the functions must remain positive and obey the inequalities:

y(n) >0, ' +bio(n)y #0,

z(n) > 0, 2+ bao(n)z # 0.

Our focus now turns to examining the asymptotic properties of such positive solutions to system (10),
particularly those that converge to a finite, nonzero value as 1 — —+oc.
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2 The main theoretical results

To simplify the presentation, we define the following notation:

—1 D -1 — 1\P —1\r 1 .
Cz‘1=(p7), Cig = —7 - P '(p )7 Ci3:<L> = (i=1,2).

o;+p—2 oi+p—2 P P

Let y(n) = v + o(1), z(n) = 2" + o(1), 0 < ¥, 2" < 400, as n — +oo, and suppose the following
equality holds:

(I+aq)(o1+p—2) = (1+g)(o2+p—2).
Then the following theorems are valid.

Theorem 2. Let sy = sy = 0, then the self-similar solution of equations (1) has the following
asymptotic form:

1+q az B %
walt ) ~ <T+t>1q&Q(“_((Zwti%w)p1) 1+ o)),
p—1 (11)

o3

altoa) 2= (470 (0 (B ) )) T o),

-1
as x — Z1n <%ap7(T + t)”) , where w1, wo solutions of the following system:

o;+p—1 ; .
cnw! T+ cpwi +cpwi =0 (i=1,2).

Theorem 3. Let s; = 0 and s > 0, then the self—sumlar solution of system (1)—(2) has the asymp-

totic expansion of the form of (11) as 2 — £ 1n (Ea (T +1t)" ) , where wy, ws solutions of the following

system:
o1+p—1 q1 __
c11wy + cipwy + c13wy =0,
oo+p—1
C21Wsq 27PE coowo = 0.

Theorem 4. Let s1 > 0 and sg = 0, then the self-similar solution of system (1)—(2) has the asymp-
totic expansion of the form of (11) as

x—)pln<aa p (T +1t) >
«Q p

where w1, ws solutions of the following system:

o1+p—1 .
criwy + crowy =0,
oo+p—1
021w22 P=t 4 CooWo + 02311132 =0.

Theorem 5. Let s1 > 0 and sg > 0, then the self-similar solution of system (1)—(2) has the asymp-
totic expansion of the form of (11) as

a:—>pln<aa r (T +t)" >
aQ p

where w1, wy solutions of the following system:

i+p—1
Cilw?ﬁp

+ cpow; =0, 1=1,2.
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Proof. Assuming that the system (10) takes the form

gl(n) - Lly: 92(77) = L2Za (12)
we obtain the following identities:
1 _ 91
{g’l(n) = —bu(n)g1(n) — blz(n)gl(n)m;ly P=1 —byg(n)29 — bia(n)y, (13)
1 _ 92
g5(n) = —b21(n)g2(n) — baa(n)g2(n)nr—T2" =1 — baz(n)y® — baa(n)z.

Now, consider the auxiliary functions

T2

1 _ 91
{hl(xm) = —bu(mx1 — biz(n)xanr—Ty =T — b1z3(n)z? — b1a(n)y,
1
ha(x2,m) = —bar(n)x2 — baa(n)xanr=T2z »=1 — baz(n)y® — bas(n)z,

where y; e R (i =1,2).

Assume initially that s; = 0 (¢ = 1,2). In this case, the functions h;(x;,n) (i = 1,2) retain a
constant sign on the interval [n;,+00) C [ny,+00) for each fixed value of x; (i = 1,2), provided it
differs from the value that satisfies the system

1 o

-9 x1 — b(lJzXf? (?JO)Fi — b0y (zo)ql - b0 =0,

—0o

W~ Mg ()T b () 0 =0,

Suppose s; > 0 for i = 1,2. Then, for every fixed x; # x; not satisfying the corresponding system,
the behaviour of the functions h;(x;,n) (i = 1,2) differs from the special case x; = xJ, where x;
satisfies the following system of equations:

L —or

—b1x1 — b‘bxf:l (1) 7" —bdy° =0,
— —92

_b31X2 - ngngl (ZO) Pt — b8420 =0

O

The functions h;(xs,n) (i = 1,2) preserve their sign throughout the interval |12, +00) C [19, +00).
When they can be expressed in an alternative form as follows:

1 91 _
{hl(Xla n) = -bum)xi—biamxinr Ty 1 —bis(n)y (¥~ + bua(n)biz (n)),
1 o2 _
ha(x2,m) = —ba1(n)x2 — baa(M)x2n?=T 2~ -1 — bag(n)z (27 1y + baa(n)bys (n)) -
From here, we find
. p—1 . p—1\P
I FRE LS Y S (e
Jim b 1(n) P n;glmbz(n) "7
(1 - 1/p)pl7 S = 07
lim big(n) = @ lm biu(n) =0 (i=1,2),
. bis () {07 >0, T a(n) (3 )

implies that the functions h;(x;,7) (¢ = 1,2) maintain a constant sign on the interval [n, +00) C
[0, +00), where x; # 0 (i = 1,2). That means the functions h;(x;,n) (i = 1,2) for all n € [n;, +00)
(1 = 1,2) satisfy one of the inequalities:

hi(xi,m) >0 or hi(xi,n) <0 (i=1,2). (14)
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Assume now that the functions g;(n) (¢ = 1,2) do not have a limit as n — +o00. Let us consider
the case where at least one of the inequalities in (14) holds.

Given the oscillatory nature of the functions g;(n) (i = 1, 2), their graphs must intersect the straight
line g;(n) (¢ = 1,2) infinitely many times within the interval [n;, +00) (i = 1,2).

Then

p—2 o _

g =y |5+ by (% +buomy) = (1°)7 B85 2000° + o(1),
p—2 o _

T bag(m)z] (% bao(m)z) = (20)7 1892020820 + o(1),

g2(n) =z

as 1 — +o00. And according to relation (13), the derivative of the functions g;(n) (i = 1,2) tends to a
finite limit as n — 400, and this limit is zero.

As a result, it is important to

71

_ %91 _1 .

limy, 400 (D11(7)g1(n) + b12(n)y P~Inr=Tg1(n) ) + limy oo (b13(17)29 + b1a(n)y) =0,
_ %2 _1 .

limy, s oo (b21(7)82(n) + ba2(n)z P~ Inr=Tga(n) ) + limy 10 (b23(n)y® + bay(n)z) = 0.

It readily follows from this that at s; < 0 (i = 1, 2), system (12) cannot have solutions (y(n), (1)) with
a finite non-zero limit as n — +oo, and at s; > 0 (i = 1,2). For such solutions to exist, the conditions
stated in Theorems 2, 3, 4, and 5 must be fulfilled.

Consequently, due to the transformations introduced in (4) and (9), the self similar solution of

nd (9)
system (1)—(2) exhibits the following asymptotic behaviour as z — £1n (% (T +1) )

0'1+p 2

(t,2) ~ (T + 1) sz (P
~ —4q192 — -
tath =y “~\a t+T

)
vA(t,z) ~ (T + 1) (a _ ((P >) T2

« t+T

The theorems are proved.

8  Numerical experiments

To complement the qualitative analysis, we computed representative solution profiles for system
(1)—(2) with the exponential density p(z) = e**. The computations follow the scheme and implemen-
tation principles described in [40] and are written in Python. The diffusion terms are discretized in
conservative form, which is natural for divergence operators and helps control the support propagation
[32, pp.258-264|. The degeneracy at u = 0 and u, = 0 is handled by a small regularization of the
nonlinear mobility, which is a standard practice for degenerate parabolic equations and helps avoid
spurious oscillations near interfaces [32, pp. 525-542], |41, pp. 332-356]. Non-negativity is enforced by
the update choice and by using non-negative initial data. Figures 1-4 show typical solution profiles for
several parameter sets. They illustrate finite-speed propagation, localization driven by the exponential
density, and the change of growth rate, in agreement with the comparison estimates and the Fujita-type
threshold discussed in the theoretical part [7,41]. Furthermore, we listed the graphics of the solution
in some particular cases:
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Figure 1. y9g=1.5,20=1.0,a=1.0,p=22,T=10,a=12, ¢ =04, ¢ =1.5,01=1.1,00, = 1.7

Graph of u_A and v_A for different values of t

| — UA
25 41 v + = VA

20 1
<\
>
=]
c »
T 15 4
<\
=]
2
o
wn
$ 10
g
5 -
0 -
T T T T T T T
-3 -2 -1 0 1 2 3
X

Figure 2. yo = 1.5, 20 = 1.5, a = 1.0, p=2.2, T = 1.1, a = 1.0, ¢1 = 0.3, g = 0.8, o1 = 1.2, g9 = 0.7
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ua(t, x) va(t, x)

Figure 3. y9=1.5, 20 =13, T=10,a=10,p=2.1, a=1.0,¢1 =04, g =1.5, 01 = 1.1, 05 = 1.7

ua(t, x) va(t, x)

Figure 4. yo=1.1,20=13,T=1.0,a=12,p=25,, a=1.0,q1 = 0.7, ¢o = 0.5, 01 = 0.5, 00 = 1.3

Conclusion

The main novelty of this work is a unified qualitative analysis for a non-homogeneous, doubly
nonlinear coupled system under an exponential density p(x) = e**. that links three components:
comparison estimates, self-similar structure, and computation. The comparison part is based on explicit
compactly supported super-solutions constructed from Barenblatt-type profiles and yields global sol-
vability for small initial data in the slow-diffusion range. The self-similar change of variables consistent
with the weight converts the PDE system into an auxiliary profile system, which allows us to classify
the leading asymptotics of self-similar solutions and to reveal how the parameters control localization
and propagation. The resulting Fujita-type criterion provides a clear borderline between the global
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existence and non-existence of global solutions. Numerical experiments in Python reproduce finite-
speed propagation and spatial localization induced by the weight and illustrate the change of qualitative
behaviour, in agreement with the theoretical thresholds.
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