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The notion of statistical convergence is a natural extension of ordinary convergence which has been studied by several
authors in different spaces. Recently, several studies have shown a growing interest in convergence theory in neutro-
sophic spaces. In this research article, we investigate the statistical convergence and related notions of sequences in a
non-Archimedean neutrosophic n-normed space. By combining natural density with the three neutrosophic compo-
nents of truth-membership, indeterminacy-membership, and falsity-membership, we formulate statistical convergence
with respect to the neutrosophic n-norm structure. Several equivalent characterizations of statistical convergence
are established, including formulations in terms of exceptional index sets of natural density zero and componentwise
statistical limits. We prove that the statistical limit, whenever it exists, is unique. Moreover, we show that ordinary
convergence with respect to the neutrosophic n-norm implies statistical convergence, and we examine the correspond-
ing behavior of algebraic operations, particularly the preservation of statistical convergence under addition. Statistical
Cauchy sequences are also introduced and studied. In particular, every Cauchy sequence in the neutrosophic n-norm
sense is shown to be statistically Cauchy. The notion of statistical completeness is then discussed through statistically
Cauchy sequences and their statistical limits. Finally, illustrative examples in finite-dimensional real spaces are pro-
vided to clarify the abstract definitions and demonstrate sequences that are statistically convergent even when ordinary
convergence fails. These results extend classical statistical convergence concepts to a neutrosophic non-Archimedean
setting. The developed framework also provides a foundation for investigations of summability, approximation, and
nonlinear analytical problems.
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Introduction

The notion of statistical convergence was introduced by Steinhaus [1] and Fast [2], independently. Since
then, statistical convergence has been studied in many generalized settings. Suja and Srinivasan considered
statistically convergent and statistically Cauchy sequences in non-Archimedean fields [3], while Chu and Ku
studied non-Archimedean n-normed spaces in connection with the Mazur–Ulam problem [4].

The development of generalized normed spaces is closely related to the theory of fuzzy sets introduced by
Zadeh [5]. Fuzzy n-normed linear spaces were later introduced by Narayanan and Vijayabalaji [6]. Deferred
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statistical convergence in intuitionistic fuzzy normed spaces was studied by Melliani et al. [7], and generalized
statistical convergence in non-Archimedean L-fuzzy normed spaces was investigated by Eghbali and Ganji [8].
Intuitionistic fuzzy n-normed linear spaces were developed by Vijayabalaji et al. [9], while statistical convergence
in intuitionistic fuzzy n-normed linear spaces was studied by Sen and Debnath [10]. Konwar and Debnath further
considered intuitionistic fuzzy n-normed algebra and continuous product structures [11]. Recently, Saranya and
Suja examined statistical convergence on intuitionistic fuzzy n-normed spaces over non-Archimedean fields [12].

Further developments in convergence theory include multidimensional sliding window Pringsheim conver-
gence for measurable functions studied by Savaş and Patterson [13], summability approximation theorems
of double random variables [14], and multidimensional characterizations of asymptotically Iσ2 -equivalent se-
quences [15]. In the neutrosophic setting, Shankar et al. investigated lacunary ∆m-statistical convergence
in neutrosophic normed spaces [16]. Debnath et al. studied deferred statistical convergence of sequences in
neutrosophic normed spaces [17]. Kirişci and Şimşek introduced neutrosophic normed spaces and statistical
convergence [18]. Mursaleen developed λ-statistical convergence [19], and Kumar et al. studied neutrosophic
n-normed linear spaces [20]. Recently, Kişi studied ideal convergence in neutrosophic normed spaces [21] and
also investigated Iθ-convergence in the same setting [22]. Kişi and Gürdal examined triple difference sequences
in neutrosophic normed spaces [23]. Khan et al. studied neutrosophic normed spaces via Tribonacci conver-
gent sequence spaces [24], while Khan et al. also considered neutrosophic λ-statistically convergent sequence
spaces and their properties [25]. Gönül Bilgin investigated arithmetic statistical convergence [26] and Hilbert
I-statistical convergence in neutrosophic normed spaces [27]. Khan et al. studied statistical convergence of
sequences of functions in neutrosophic normed spaces [28], and rough lacunary statistical convergence was ex-
amined by Khan et al. [29]. Ersan considered ρ-statistical convergence in neutrosophic normed spaces [30].
Rough ideal statistical convergence was studied by Antal et al. [31], and λ-∆m-statistical convergence was
investigated by Antal and Chawla [32]. Khan et al. introduced neutrosophic fuzzy Tribonacci I-lacunary
statistical convergent sequence spaces [33]. Mursaleen et al. studied rough deferred statistical convergence
in neutrosophic normed spaces [34]. Kaur et al. investigated neutrosophic Copson type rough I-statistically
convergent sequences [35]. Jenifer et al. examined rough ideal statistical convergence in neutrosophic normed
spaces [36]. Khan et al. studied Hilbert ideal convergent sequence spaces in neutrosophic normed spaces [37].
Khan and Arshad applied neutrosophic normed spaces to the convergence of sequences involving neutrosophic
operators [38]. Most recently, Kişi et al. discussed recent advances in the convergence of function sequences in
neutrosophic normed spaces via ideals [39].

Motivated by the above developments, this paper investigates statistical convergence in non-Archimedean
neutrosophic n-normed spaces. We introduce statistical convergence with respect to the neutrosophic n-norm
(Ω,Υ,Θ)n, establish equivalent characterizations, prove the uniqueness of the statistical limit, and study alge-
braic properties such as preservation under addition. Statistical Cauchy sequences are also introduced, and the
relationship between ordinary Cauchy sequences and statistically Cauchy sequences is discussed. The notion of
statistical completeness is then considered, and examples are provided to illustrate that statistical convergence
may hold even when ordinary convergence fails.

In this study, we work with sequences defined over a non-Archimedean field K. Unless stated otherwise,
K refers to a complete non-Archimedean field equipped with a nontrivial valuation, and n represents a po-
sitive integer. The study begins with a brief overview of essential notations and definitions that will be used
throughout.

1 Preliminary concepts

Definition 1. [12] Let U be a vector space of dimension d ≥ n over a valued field K, equipped with a
non-Archimedean valuation | · |. A mapping

‖·, ·, . . . , ·‖ : U × U × · · · × U︸ ︷︷ ︸
n times

→ [0,∞)

is called a non-Archimedean n-norm if it satisfies the following conditions:
(i) ‖x̃1, x̃2, . . . , x̃n‖ = 0⇔ x̃1, x̃2, . . . , x̃n are linearly dependent;
(ii) ‖x̃1, x̃2, . . . , x̃n‖ = ‖x̃r̃1 , x̃r̃2 , . . . , x̃r̃n‖ for every permutation (r̃1, r̃2, . . . , r̃n) of (1, 2, . . . n);
(iii) ‖ax̃1, x̃2, . . . , x̃n‖ = |a| ‖x̃1, x̃2, . . . , x̃n‖;
(iv) ‖x̃+ ỹ, x̃2, x̃3, . . . , x̃n‖ ≤ max {‖x, x̃2, . . . , x̃n‖ , ‖y , x̃2, . . . x̃n‖} for all α ∈ K and x̃, ỹ, x̃2, . . . , x̃n ∈ U . Then
(U , ‖., ., ., . . . , .‖) is a non-Archimedean n-normed space.
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Example 1. Let U = Rn and define the n-norm ‖·, · · · , ·‖
M̃

for vectors x̃1, x̃2, . . . , x̃n ∈ Rn by

‖x̃1, x̃2, . . . , x̃n‖M̃ =

n∏
j=1

max
1≤i≤n

|x̃ij |,

where x̃i = (x̃i1, x̃i2, . . . , x̃in) for i = 1, 2, . . . , n. This n-norm takes the maximum absolute value in each column
across all vectors, then multiplies these maximums together. For example, if n = 2 and x̃1 = (1, 3), x̃2 = (4,−2),
then

‖x̃1, x̃2‖M̃ = max(|1|, |4|) ·max(|3|, |−2|) = 4 · 3 = 12.

This function satisfies the properties of an n-norm and defines a normed structure on Rn.

Definition 2. [17] A binary operation C: [0, 1]× [0, 1]→ [0, 1] is called a continuous t-norm if it satisfies the
following conditions:
(a) C is associative and commutative;
(b) C is continuous;
(c) ãC 1 = ã for all ã ∈ [0, 1];
(d) ãC b̃ ≤ c̃C d̃, whenever ã ≤ c̃ and b̃ ≤ d̃ for each ã, b̃, c̃, d̃ ∈ [0, 1].

Definition 3. [12] A binary operation � : [0, 1]× [0, 1] is considered a continuous t-conorm if
(a′) � is associative and commutative;
(b′) � is continuous;
(c′) ã� 0 = ã for all ã ∈ [0, 1];
(d′) ã� b̃ ≤ c̃� d̃ whenever ã ≤ c̃ and b̃ ≤ d̃ for each ã, b̃, c̃, d̃ ∈ [0, 1].

Definition 4. The neutrosophic n-normed space over K is defined as follows. The six-duple (U ,Ω,Υ,Θ,C,�)
is said to be an NA-NnN space if U is a vector space over a field K,� is a continuous t-conorm, C is a
continuous t-norm, and Ω,Υ,Θ are functions of U × R to [0, 1] satisfying the following conditions. For every
(x̃1, x̃2, . . . x̃n) ∈ Un and u, v ∈ K
(a) Ω (x̃1, x̃2, . . . x̃n, ũ) + Υ (x̃1, x̃2, . . . x̃n, ũ) ≤ 1.
(b) Ω (x̃1, x̃2, . . . x̃n, ũ) > 0.
(c) Ω (x̃1, x̃2, . . . x̃n, ũ) = 1⇐⇒ x̃1, x̃2, . . . , x̃n are linearly dependent.
(d) Ω (x̃1, x̃2, . . . , x̃n, ũ) is invariant under any permutation of x̃1, x̃2, . . . , x̃n.
(e) Ω (x̃1, x̃2, . . . , c.x̃n, ũ) = Ω

(
x̃1, x̃2, . . . , x̃n,

u
|c|

)
for c 6= 0, c ∈ K.

(f) Ω (x̃1, x̃2, . . . , x̃n, ũ) C Ω (x̃1, x̃2, . . . , x̃
′
n, v) ≤ Ω (x̃1, x̃2, . . . , x̃n + x̃′n,max{u, v}).

(g) Ω (x̃1, x̃2, . . . , x̃n, ·) : (0,∞)→ [0, 1] is continuous.
(h) limu→∞ Ω (x̃1, x̃2, . . . , x̃n, ũ) = 1 and limu→0 Ω (x̃1, x̃2, . . . , x̃n, ũ) = 0.
(i) Υ (x̃1, x̃2, . . . , x̃n, ũ) < 1.
(j) Υ (x̃1, x̃2, . . . , x̃n, ũ) = 0⇐⇒ x̃1, x̃2, . . . , c · x̃n are linearly dependent.
(k) Υ (x̃1, x̃2, . . . , x̃n, ũ) is invariant under any permutation of x̃1, x̃2, . . . , x̃n.
(l) Υ (x̃1, x̃2, . . . , c.x̃n, ũ) = Υ

(
x̃1, x̃2, . . . , c.x̃n,

u
|c|

)
for each c 6= 0, c ∈ K.

(m) Υ (x̃1, x̃2, . . . , x̃n, ũ)�Υ (x̃1, x̃2, . . . , x̃
′
n, v) ≥ Υ (x̃1, x̃2, . . . , x̃n + x̃′n,max{u, v}).

(n) Υ (x̃1, x̃2, . . . , x̃n, ·) : (0,∞)→ [0, 1] is continuous.
(o) limu→∞Υ (x̃1, x̃2, . . . , x̃n, ũ) = 0 and limu→0 Υ (x̃1, x̃2, . . . , x̃n , ũ) = 1.
(p) Θ (x̃1, x̃2, . . . , x̃n, ũ) < 1.
(q) Θ (x̃1, x̃2, . . . , x̃n, ũ) = 0⇐⇒ x̃1, x̃2, . . . , c · x̃n are linearly dependent.
(r) Θ (x̃1, x̃2, . . . , x̃n, ũ) is invariant under any permutation of x̃1, x̃2, . . . , x̃n.
(s) Θ (x̃1, x̃2, . . . , c.x̃n, ũ) = Θ

(
x̃1, x̃2, . . . , c.x̃n,

u
|c|

)
for each c 6= 0, c ∈ K.

(t) Θ (x̃1, x̃2, . . . , x̃n, ũ)�Θ (x̃1, x̃2, . . . , x̃
′
n, v) ≥ Θ (x̃1, x̃2, . . . , x̃n + x̃′n,max{u, v}).

(u) Θ (x̃1, x̃2, . . . , x̃n, ·) : (0,∞)→ [0, 1] is continuous.
(v) limu→∞Θ (x̃1, x̃2, . . . , x̃n, ũ) = 0 and limu→0 Θ (x̃1, x̃2, . . . , x̃n , ũ) = 1.

Here, ( Ω,Υ,Θ ) is called a non-Archimedean neutrosophic n-norm.

Example 2. Let (U , ‖ · ‖) be an n-normed space over Rn with a standard n-norm ‖ · ‖ (e.g., determinant−
based).
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Define the operations and mappings as follows for ã, b̃ ∈ [0, 1]: ãC b̃ = min{ã, b̃}, ã� b̃ = max{ã, b̃},

Ω(x̃1, . . . , x̃n) =
1

1 + ‖x̃1, . . . , x̃n‖
, Υ(x̃1, . . . , x̃n, ũ) =

‖u, x̃2, . . . , x̃n‖
1 + ‖x̃1, . . . , x̃n‖

,

Θ(x̃1, . . . , x̃n, ũ) = 1− Ω(x̃1, . . . , x̃n).

Then, the structure (U ,Ω,Υ,Θ,C,�) forms a Neutrosophic n-Normed Space (NnNS).
For instance, let x̃1 = (1, 0), x̃2 = (0, 1) in R2, with n = 2 and the 2-norm defined by ‖x̃1, x̃2‖ =

|det(x̃1, x̃2)| = 1. Then,

Ω(x̃1, x̃2) =
1

1 + 1
=

1

2
, Θ(x̃1, x̃2, x̃1) = 1− 1

2
=

1

2
, Υ(x̃1, x̃2, x̃1) =

|det(x̃1, x̃2)|
1 + |det(x̃1, x̃2)|

=
1

2
.

This example satisfies the neutrosophic space structure using bounded norm-based mappings.

Definition 5. [18] Let {x̃Q} be a sequence in a non-Archimedean neutrosophic n-normed space
(U ,Ω,Υ,Θ,C,�). The sequence is said to converge to ` ∈ U with respect to (Ω,Υ,Θ)n if, for every ε > 0
and u > 0, and for all fixed elements ỹ2, ỹ3, . . . , ỹn ∈ U , there exists an integer Q0 ∈ N such that for all Q ≥ Q0,
the following inequalities hold: 

Ω(x̃Q − `, ỹ2, . . . , ỹn, ũ) > 1− ε,
Υ(x̃Q − `, ỹ2, . . . , ỹn, ũ) < ε,

Θ(x̃Q − `, ỹ2, . . . , ỹn, ũ) < ε

 .

This type of convergence is denoted by (Ω,Υ,Θ)n- lim x̃Q = `.

Definition 6. [19] A sequence x = {x̃Q} is said to be statistically convergent to a real number ` if, for each
ε > 0, the set {Q ∈ N : |x̃Q − `| ≥ ε} = 0. In other words, the relative frequency of terms that differ from ` by
at least ε approaches zero as Q→∞. This is denoted by: Stat- lim x̃Q = `.

Example 3. Consider the sequence y = {ỹQ} defined by ỹQ =

{
1

2Q , if Q is prime
0, otherwise.

Now, we consider this

sequence in the 2-adic number field Q2, using the 2-adic absolute value | · |2.
Observe that for each prime Q, we have |ỹQ|2 =

∣∣ 1
2Q

∣∣
2

= 2Q, which tends to∞ as Q→∞, but recall that in
Q2, higher exponents correspond to smaller values in the usual sense (i.e., |2−Q|2 = 2Q is large, but the number
itself is small).

In particular, ỹQ → 0 in the 2-adic topology on a sparse set (the primes), and ỹQ = 0 elsewhere.
The density of the primes among the natural numbers is zero:

lim
n→∞

|{Q ≤ n : Q prime}|
n

= 0.

Thus, for any ε > 0, the set Aε = {Q ∈ N : |ỹQ|2 > ε} is contained in the primes and hence has density 0.
Therefore, {ỹQ} is statistically convergent to 0 in Q2.

2 Statistical convergence in NA-NnNS

Definition 7. [18] Let (U ,Ω,Υ,Θ,C,�) be a non-Archimedean neutrosophic n-normed space. A sequence
x = {x̃Q} ⊆ U is said to be statistically convergent to ` ∈ U with respect to the neutrosophic n-norm (Ω,Υ,Θ)n

if, for every ε > 0, u > 0, and for any ỹ2, ỹ3, . . . , ỹn ∈ U , the following condition holds:

lim
n→∞

1

n

∣∣∣∣
Q ≤ n :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε


∣∣∣∣ = 0.

In this case, we write Stat(Ω,Υ,Θ)n - limx = `.
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Lemma 1. Let (U ,Ω,Υ,Θ,C,�) be a neutrosophic n-normed linear space (NnNLS). Then, for any ε > 0
and u > 0, and for all fixed elements ỹ1, ỹ2, . . . , ỹn−1 ∈ U , the following statements are mutually equivalent:
(a)

Stat(Ω,Υ,Θ)n - limx = `;

(b)

lim
n→∞

1

n

∣∣∣∣
Q ≤ n :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε,
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε,
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε


∣∣∣∣ = 0;

(c)

lim
n→∞

1

n

∣∣∣∣
Q ≤ n :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) > 1− ε, and
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) < ε, and
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) < ε


∣∣∣∣ = 1;

(d)

lim
n→∞

1

n

∣∣∣∣
Q ≤ n :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) > 1− ε,
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) < ε,

Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) < ε


∣∣∣∣ = 1;

(e)

Stat- lim Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) = 1, and Stat- lim Υ (x̃Q − `, ỹ2, ỹ3, . . . ỹn, ũ) = 0,

and Stat- lim Θ (x̃Q − `, ỹ2, ỹ3, . . . ỹn, ũ) = 0.

Theorem 1. Let (U ,Ω,Υ,Θ,C,�) be a non-Archimedean neutrosophic n-normed space (NA-NnNS). If a
sequence x = {x̃Q} ⊆ U is statistically convergent with respect to the neutrosophic n-norm (Ω,Υ,Θ)n, then
the statistical limit Stat(Ω,Υ,Θ)n - lim x̃Q exists and is uniquely determined.

Proof. Assume that Stat(Ω,Υ,Θ)n - limx1 = `1 and Stat(Ω,Υ,Θ)n - lim x̃ = `2. Let ε > 0 be given. Choose
d ∈ (0, 1) such that (1 − d̃) C (1 − d̃) > 1 − ε and d � d < ε. For any u > 0 and for all ỹ1, ỹ2, . . . , ỹn−1 ∈ U ,
we define the following sets:
QΩ,1(d, ũ) :=

{
Q ∈ N : Ω (x̃Q − `1, ỹ2, ỹ3, . . . ỹn, ũ) > 1− d̃

}
,

QΩ,2(d, ũ) :=
{
Q ∈ N : Ω (x̃Q − `2, ỹ2, ỹ3, . . . ỹn, ũ) > 1− d̃

}
,

QΥ,1(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `1, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ d̃

}
,

QΥ,2(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `2, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ d̃

}
,

QΘ,1(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `1, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ d̃

}
,

QΘ,2(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `2, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ d̃

}
.

Assuming Stat(Ω,Υ,Θ)n - lim x̃ = `1, we deduce from Lemma 1 that

lim
n

1

n
|{QΩ,1(ε, ũ)}| = lim

n

1

n
|{QΥ,1(ε, ũ)}| = lim

n

1

n
|{QΘ,1(ε, ũ)}| = 1

for all u > 0.

Moreover, based on the assumption that Stat(Ω,Υ,Θ)n - lim x̃ = `2, we conclude

lim
n

1

n
|{QΩ,2(ε, ũ)}| = lim

n

1

n
|{QΥ,2(ε, ũ)}| = lim

n

1

n
|{QΘ,2(ε, ũ)}| = 1

for all u > 0.

Let us now consider,

QΩ,Υ,Θ(ε, ũ) = (QΩ,1(ε, ũ) ∩QΩ,2(ε, ũ)) ∪ (QΥ,1(ε, ũ) ∩QΥ,2(ε, ũ)) ∪ (QΘ,1(ε, ũ) ∩QΘ,2(ε, ũ)) .
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In the next step, limn
1
n |{QΩ,Υ,Θ(ε, ũ)}| = 1. Suppose Q ∈ QΩ,Υ,Θ(ε, ũ). Our initial focus is on Q ∈ (QΩ,1(ε, ũ)∩

QΩ,2(ε, ũ)). Then we have

Ω (`1 − `2, ỹ2, ỹ3, . . . ỹn, ũ)

≥ Ω (x̃Q − `1, ỹ2, ỹ3, . . . ỹn, ũ) C Ω (x̃Q − `2, ỹ2, ỹ3, . . . ỹn, ũ)

> (1− d̃) C (1− d̃).

Given that (1− d̃)C (1− d̃) > 1− ε, it follows that Ω (`1 − `2, ỹ2, ỹ3, . . . , ỹn, ũ) > 1− ε. Since ε > 0 is arbitrary,
we conclude

Ω (`1 − `2, ỹ2, ỹ3, . . . , ỹn, ũ) = 1 for all u > 0 and ỹ2, ỹ3, . . . , ỹn ∈ U .
Hence, it must be that `1 = `2.

On the other hand, assuming Q ∈ QΥ,1(ε, ũ) ∩QΥ,2(ε, ũ), we have

Υ (`1 − `2, ỹ2, ỹ3, . . . , ỹn, ũ)

≤ Υ (x̃Q − `1, ỹ2, ỹ3, . . . , ỹn, ũ)�Υ (x̃Q − `2, ỹ2, ỹ3, . . . , ỹn, ũ)

< d� d < ε.

Since ε can be chosen freely, it follows that Υ(`1−`2, ỹ2, ỹ3, . . . , ỹn, ũ) = 0 for every u > 0 and all ỹ2, ỹ3, . . . , ỹn ∈
U . This implies that `1 must be equal to `2.

As a result, if Q ∈ (QΥ,1(ε, ũ) ∩QΥ,2(ε, ũ)), then

Θ (`1 − `2, ỹ2, ỹ3, . . . , ỹn, ũ)

≤ Θ (x̃Q − `1, ỹ2, ỹ3, . . . , ỹn, ũ)�Θ (x̃Q − `2, ỹ2, ỹ3, . . . , ỹn, ũ)

< d� d < ε.

Since ε is arbitrary, it follows that Θ (`1 − `2, ỹ2, ỹ3, . . . , ỹn, u) = 0 for all u > 0 and ỹ2, ỹ3, . . . , ỹn ∈ U , which
implies `1 = `2. Therefore, the Stat(Ω,Υ,Θ)n - lim x̃ is unique.

Theorem 2. Let (U ,Ω,Υ,Θ,C,�) be an NA-NnNS. If (Ω,Υ,Θ)n- lim x̃ = `, then Stat(Ω,Υ,Θ)n - limx = `.
Proof. Assume that (Ω,Υ,Θ)n- lim x̃Q = `. Then, for any ε > 0, d > 0, and fixed elements ỹ1, ỹ2, . . . , ỹn−1 ∈ U ,

there exists a positive integer n0 ∈ N such that for all Q ≥ n0, the following conditions are satisfied: Ω (x̃n − x̃m, ỹ2, . . . , ỹn, ũ) > 1− ε,
Υ (x̃n − x̃m, ỹ2, . . . , ỹn, ũ) < ε,
Θ (x̃n − x̃m, ỹ2, . . . , ỹn, ũ) < ε

 .

Thus, the set of indices where these inequalities are violated,Q ∈ N

∣∣∣∣∣∣
Ω (x̃Q − `, ỹ2, . . . , ỹn, ũ) ≤ 1− ε
or Υ (x̃Q − `, ỹ2, . . . , ỹn, ũ) ≥ ε
or Θ (x̃Q − `, ỹ2, . . . , ỹn, ũ) ≥ ε


is finite, which implies

lim
n→∞

1

n

∣∣∣∣
Q ∈ N :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε


∣∣∣∣ = 0.

Therefore, Stat(Ω,Υ,Θ)n - lim x̃ = `.
Note: Interestingly, the converse of the above theorem, which is not classically true, is true in NA-NnNS as

shown below.
Let x = {x̃Q} be Stat(Ω,Υ,Θ)n that converges to ` ∈ U . Subsequently, for every ε > 0 and u > 0,

lim
n→∞

1

n

∣∣∣∣
Q ∈ N :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε


∣∣∣∣ = 0.
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We now prove that {x̃Q} is (Ω,Υ,Θ)n - convergent to ` ∈ U . i.e., to proveQ ∈ N :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) > 1− ε and
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) < ε and
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) < ε

 .

We assume that

{Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε}
⇒{Q ∈ N : Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or

Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε}

has infinitely many terms.

lim
n

1

n

∣∣∣∣
Q ∈ N :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε


∣∣∣∣ 6= 0.

However, this finding is contradictory. Thus, {x̃Q} is (Ω,Υ,Θ)n, which converges to ` ∈ U .

Theorem 3. Let (U ,Ω,Υ,Θ,C,�) be an NA-NnNS. If Stat(Ω,Υ,Θ)n - limxQ = x̃ and Stat(Ω,Υ,Θ)n - limyQ = ỹ,
then Stat(Ω,Υ,Θ)n − lim (x̃Q + ỹQ) = x̃+ ỹ.

Proof. Given any ε > 0, choose d > 0 such that (1− d̃)2 > 1− ε. Let `1 and `2 denote the statistical limit
points of the sequences (x̃Q) and (ỹQ), respectively. Then, for any ũ > 0 and elements ỹ2, ỹ3, . . . , ỹn ∈ U , we
define the following sets:
QΩ,1(d, ũ) :=

{
Q ∈ N : Ω (x̃Q − `1, ỹ2, ỹ3, . . . , ỹn, ũ) > 1− d̃

}
,

QΩ,2(d, ũ) :=
{
Q ∈ N : Ω (x̃Q − `2, ỹ2, ỹ3, . . . ỹn, ũ) > 1− d̃

}
,

QΥ,1(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `1, ỹ2, ỹ3, . . . , ỹn, ũ) < d̃

}
,

QΥ,2(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `2, ỹ2, ỹ3, . . . ỹn, ũ) < d̃

}
,

QΘ,1(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `1, ỹ2, ỹ3, . . . , ỹn, ũ) < d̃

}
,

QΘ,2(d, ũ) :=
{
Q ∈ N : Υ (x̃Q − `2, ỹ2, ỹ3, . . . ỹn, ũ) < d̃

}
.

As
Stat(Ω,Υ,Θ)n − limxQ = x̃ and Stat(Ω,Υ,Θ)n − limyQ = ỹ,

lim
n

1

n

∣∣∣{QΩ,1(ε, d̃)
}∣∣∣ = lim

n

1

n

∣∣∣{QΥ,1(ε, d̃)
}∣∣∣ = lim

n

1

n

∣∣∣{QΘ,1(ε, d̃)
}∣∣∣ = 1,

and
lim
n

1

n

∣∣{QΩ,2(ε, t)}
∣∣ = lim

n

1

n

∣∣{QΥ,2(ε, d̃)}
∣∣ = lim

n

1

n

∣∣{QΘ,2(ε, d̃)}
∣∣ = 1.

Let

QΩ,u = (QΩ,1(ε, ũ) ∩QΩ,2(ε, ũ)) ∪ (QΥ,1(ε, ũ) ∩QΥ,2(ε, ũ)) ∪ (QΘ,1(ε, ũ) ∩QΘ,2(ε, ũ)) .

Then,

lim
n

1

n

∣∣{QΩ,Υ,Θ(ε, ũ)}
∣∣ = 1.

If Q ∈ QΩ,Υ,Θ(ε, ũ) at the outset, consider Q ∈ (QΩ,1(ε, ũ) ∩QΩ,2(ε, ũ)) . Following that, we arrive at

Ω (x̃Q + ỹQ − x̃− ỹ, ỹ2, ỹ3, . . . ỹn, ũ)

≥ Ω (x̃Q − x̃, ỹ2, ỹ3, . . . ỹn, ũ) C Ω (ỹQ − ỹ, ỹ2, ỹ3, . . . ỹn, ũ)

> (1− d̃) C (1− d̃)

> 1− ε.
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Since, ε is arbitrary, Ω (x̃Q + ỹQ − (x̃+ ỹ), ỹ2, ỹ3, . . . , ỹn, ũ) = 1.
In a similar way,

Υ (x̃Q + ỹQ − (x̃+ ỹ), ỹ2, ỹ3, . . . , ỹn, ũ) = 0, and also Θ (x̃Q + ỹQ − (x̃+ ỹ), ỹ2, ỹ3, . . . , ỹn, ũ) = 0.

Thus, Stat(Ω,Υ,Θ)n - lim (x̃Q + ỹQ) = x̃+ ỹ.

Theorem 4. Let (U ,Ω,Υ,Θ,C,�) be an NA-NnNS over K. If


lim
Q→∞

Ω(x̃Q − `, ỹ2, . . . , ỹn, ũ) = 1,

lim
Q→∞

Υ(x̃Q − `, ỹ2, . . . , ỹn, ũ) = 0, and

lim
Q→∞

Θ(x̃Q − `, ỹ2, . . . , ỹn, ũ) = 0

 .

Then, Stat(Ω,Υ,Θ)n - limQ→∞ x̃Q = `.

Proof. Assume that the following limits hold:
lim
Q→∞

Ω(x̃Q − `, ỹ2, . . . , ỹn, ũ) = 1,

lim
Q→∞

Υ(x̃Q − `, ỹ2, . . . , ỹn, ũ) = 0,

lim
Q→∞

Θ(x̃Q − `, ỹ2, . . . , ỹn, ũ) = 0

 .

Then, for any ε > 0 and u > 0, there exists a natural number Q0 ∈ N such that for all Q ≥ Q0, we have
Ω(x̃Q − `, ỹ2, . . . , ỹn, ũ) > 1− ε,
Υ(x̃Q − `, ỹ2, . . . , ỹn, ũ) < ε,

Θ(x̃Q − `, ỹ2, . . . , ỹn, ũ) < ε

 .

Hence, the count of elements Q ≤ n for which these conditions are violated tends to zero as n→∞.Q ∈ N :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε

 = 0

is finite. So,

lim
n→∞

1

n

∣∣∣∣
Q ∈ N :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε or
Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε or
Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε


∣∣∣∣ = 0.

Thus, Stat(Ω,Υ,Θ)n - lim x̃Q = `.

3 Statistical cauchy sequence in NA-NnNS

Definition 8. [18] Let (U ,Ω,Υ,Θ,C,�) be a non-Archimedean neutrosophic n-normed space (NA-NnNS).
A sequence {x̃n} ⊂ U is said to be a Cauchy sequence with respect to the neutrosophic n-norm (Ω,Υ,Θ)n if for
every ε > 0 and u > 0, there exists n0 ∈ N such that for all n,m ≥ n0 and for all ỹ2, . . . , ỹn ∈ U , the following
conditions hold:  Ω (x̃n − x̃m, ỹ2, . . . , ỹn, ũ) > 1− ε,

Υ (x̃n − x̃m, ỹ2, . . . , ỹn, ũ) < ε,
Θ (x̃n − x̃m, ỹ2, . . . , ỹn, ũ) < ε

 .

Definition 9. [18] Let (U ,Ω,Υ,Θ,C,�) be a non-Archimedean neutrosophic n-normed space (NA-NnNS).
A sequence x = {x̃Q} ⊂ U is called a statistically Cauchy sequence if for every ε > 0 and u > 0, there exists
N ∈ N such that for all ` ≥ N ,

lim
n→∞

1

n

∣∣∣∣
Q ∈ N :

Ω(x̃Q − x̃`, ỹ2, . . . , ỹn, ũ) ≤ 1− ε or
Υ(x̃Q − x̃`, ỹ2, . . . , ỹn, ũ) ≥ ε or
Θ(x̃Q − x̃`, ỹ2, . . . , ỹn, ũ) ≥ ε


∣∣∣∣ = 0.
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The NA-NnNS is said to be complete if every (Ω,Υ,Θ)n-statistically Cauchy sequence converges statistically in
the same norm. Such a space is called a non-Archimedean neutrosophic Banach space.

Theorem 5. In the NA-NnNS (U ,Ω,Υ,Θ,C,�) over K, every Cauchy sequence with respect to (Ω,Υ,Θ)n

is statistically Cauchy.
Proof. Assume that {x̃Q} is a Cauchy sequence with respect to the neutrosophic n-norm (Ω,Υ,Θ)n. Then

for every ε > 0 and u > 0, there exist n0 ∈ N and a constant p ∈ N such that for all Q ≥ n0, Ω(x̃Q+p − x̃Q, ỹ2, . . . , ỹn, ũ) > 1− ε,
Υ(x̃Q+p − x̃Q, ỹ2, . . . , ỹn, ũ) < ε,
Θ(x̃Q+p − x̃Q, ỹ2, . . . , ỹn, ũ) < ε.

 .

Moreover, the set where these conditions fail has zero natural density:

lim
n→∞

1

n

∣∣∣∣∣∣
Q ∈ N :

Ω(x̃Q+p − x̃Q, ỹ2, . . . , ỹn, ũ) ≤ 1− ε,
Υ(x̃Q+p − x̃Q, ỹ2, . . . , ỹn, ũ) ≥ ε,
Θ(x̃Q+p − x̃Q, ỹ2, . . . , ỹn, ũ) ≥ ε


∣∣∣∣∣∣ = 0.

Thus, {x̃Q} is statistically Cauchy with respect to (Ω,Υ,Θ)n.

Example 4. Let U = Rn over K = R and define the usual n-norm by ‖z1, z2, . . . , zn‖n = |det(z1, z2, . . . , zn)| .
For u > 0, define as

Ω(z1, . . . , zn, u) =
u

u+ ‖z1, . . . , zn‖n
, Υ(z1, . . . , zn, u) =

‖z1, . . . , zn‖n
u+ ‖z1, . . . , zn‖n

,

and
Θ(z1, . . . , zn, u) =

‖z1, . . . , zn‖n
2u+ ‖z1, . . . , zn‖n

.

Take x̃Q = 1
Qe1, Q ∈ N, where e1, e2, . . . , en are the standard basis vectors of Rn. We show that {x̃Q} is

statistically Cauchy with respect to (Ω,Υ,Θ)n.
Fix p ∈ N, u > 0, and let ỹ2 = e2, ỹ3 = e3, . . . , ỹn = en. Then,

x̃Q+p − x̃Q =

(
1

Q+ p
− 1

Q

)
e1 = − p

Q(Q+ p)
e1.

Hence,
‖x̃Q+p − x̃Q, e2, . . . , en‖n =

p

Q(Q+ p)
.

Therefore,
Ω(x̃Q+p − x̃Q, e2, . . . , en, u) =

u

u+ p
Q(Q+p)

→ 1

as Q→∞, while

Υ(x̃Q+p − x̃Q, e2, . . . , en, u) =

p
Q(Q+p)

u+ p
Q(Q+p)

→ 0, and Θ(x̃Q+p − x̃Q, e2, . . . , en, u) =

p
Q(Q+p)

2u+ p
Q(Q+p)

→ 0.

Thus, for every ε > 0, there exists Q0 ∈ N such that for all Q ≥ Q0,

Ω(x̃Q+p − x̃Q, e2, . . . , en, u) > 1− ε, Υ(x̃Q+p − x̃Q, e2, . . . , en, u) < ε, and Θ(x̃Q+p − x̃Q, e2, . . . , en, u) < ε.

Consequently, the set Q ∈ N :
Ω(x̃Q+p − x̃Q, e2, . . . , en, u) ≤ 1− ε,
or Υ(x̃Q+p − x̃Q, e2, . . . , en, u) ≥ ε,
or Θ(x̃Q+p − x̃Q, e2, . . . , en, u) ≥ ε


is contained in the finite set {1, 2, . . . , Q0 − 1}. Hence its natural density is zero. That is,

lim
m→∞

1

m

∣∣∣∣∣∣
Q ≤ m :

Ω(x̃Q+p − x̃Q, e2, . . . , en, u) ≤ 1− ε,
or Υ(x̃Q+p − x̃Q, e2, . . . , en, u) ≥ ε,
or Θ(x̃Q+p − x̃Q, e2, . . . , en, u) ≥ ε


∣∣∣∣∣∣ = 0.

Therefore, {x̃Q} is statistically Cauchy with respect to (Ω,Υ,Θ)n.
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Theorem 6. Let (U ,Ω,Υ,Θ,C,�) be a non-Archimedean neutrosophic n-normed space over the field K. If
a sequence {x̃k}k∈N is statistically convergent, then its statistical limit is unique.

Proof. Suppose the sequence {x̃Q} is statistically convergent to `. Then for every ε > 0, ũ > 0, and
ỹ2, ỹ3, . . . , ỹn ∈ U , it holds that

lim
n→∞

1

n

∣∣∣∣∣∣
Q ≤ n :

Ω(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≤ 1− ε,
or Υ(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≥ ε,
or Θ(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≥ ε


∣∣∣∣∣∣ = 0.

Next, consider the set

lim
n→∞

1

n

Q ≤ n :
Ω(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≤ 1− ε,
or Υ(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≤ 1− ε,
or Θ(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≤ 1− ε

 = 0.

By using the operations C and �, it follows that

lim
n→∞

1

n

∣∣∣∣∣∣∣∣∣∣∣∣


Q ≤ n :

Ω (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ)
CΩ (x̃` − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≤ 1− ε,

or Υ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ)
�Υ (x̃` − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε,

or Θ (x̃Q − `, ỹ2, ỹ3, . . . , ỹn, ũ)
�Θ (x̃` − `, ỹ2, ỹ3, . . . , ỹn, ũ) ≥ ε



∣∣∣∣∣∣∣∣∣∣∣∣
= 0.

4 Statistical completeness in NA-NnNS

Definition 10. [20] A non-Archimedean neutrosophic n-normed space (U ,Ω,Υ,Θ,C,�) over the field K
is called statistically complete if every sequence that is statistically Cauchy with respect to the neutrosophic
n-norm (Ω,Υ,Θ)n also statistically converges within the same norm.

Theorem 7. Every NA-NnNS (U ,Ω,Υ,Θ,C,�) over K is statistically complete with respect to (Ω,Υ,Θ)n.
Proof. Assume that {x̃Q} is statistically Cauchy but not statistically convergent to ` ∈ U ; then, we have

lim
n→∞

1

n

∣∣∣∣∣∣∣∣∣∣


Q ≤ n : at least one of the following holds:

Ω(x̃Q − x̃`, ỹ2, . . . , ỹn, ũ) ≤ 1− ε,
Υ(x̃Q − x̃`, ỹ2, . . . , ỹn, ũ) ≥ ε,
Θ(x̃Q − x̃`, ỹ2, . . . , ỹn, ũ) ≥ ε



∣∣∣∣∣∣∣∣∣∣
= lim
n→∞

1

n

∣∣∣∣∣∣∣∣∣∣


Q ≤ n : at least one of the following holds:

Ω(x̃Q − `, ỹ2, . . . , ỹn, ũ) C Ω(x̃` − `, ỹ2, . . . , ỹn, ũ) ≤ 1− ε,
Υ(x̃Q − `, ỹ2, . . . , ỹn, ũ)�Υ(x̃` − `, ỹ2, . . . , ỹn, ũ) ≥ ε,
Θ(x̃Q − `, ỹ2, . . . , ỹn, ũ)�Θ(x̃` − `, ỹ2, . . . , ỹn, ũ) ≥ ε



∣∣∣∣∣∣∣∣∣∣
= 0.

However, this finding is contradictory.

Example 5. Let U = Rn over K = R and define the usual n-norm by ‖z1, z2, . . . , zn‖n = |det(z1, z2, . . . , zn)| .
For u > 0, define

Ω(z1, . . . , zn, u) =
u

u+ ‖z1, . . . , zn‖n
, Υ(z1, . . . , zn, u) =

‖z1, . . . , zn‖n
u+ ‖z1, . . . , zn‖n

,

and
Θ(z1, . . . , zn, u) =

‖z1, . . . , zn‖n
2u+ ‖z1, . . . , zn‖n

.

Together with aC b = ab, a� b = min{a+ b, 1}, this gives a standard example of an NA-NnNS.
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Now, we define a sequence {x̃Q} in Rn by

x̃Q =

{
e1, Q = k2 for some k ∈ N,

0, otherwise,
where e1 = (1, 0, . . . , 0).

We claim that {x̃Q} is statistically convergent to 0 with respect to (Ω,Υ,Θ)n. Let ε > 0, u > 0, and
ỹ2, . . . , ỹn ∈ Rn be fixed. Consider the set

Aε,u =

Q ∈ N :
Ω(x̃Q − 0, ỹ2, . . . , ỹn, u) ≤ 1− ε,
or Υ(x̃Q − 0, ỹ2, . . . , ỹn, u) ≥ ε,
or Θ(x̃Q − 0, ỹ2, . . . , ỹn, u) ≥ ε

 .

If Q is not a perfect square, then x̃Q = 0. Hence,

Ω(0, ỹ2, . . . , ỹn, u) = 1, Υ(0, ỹ2, . . . , ỹn, u) = 0, and Θ(0, ỹ2, . . . , ỹn, u) = 0.

Therefore, the above inequalities can fail only when Q is a perfect square. Thus, Aε,u ⊆ {k2 : k ∈ N}. Since the
set of perfect squares has natural density zero, we have

lim
m→∞

1

m

∣∣{Q ≤ m : Q = k2 for some k ∈ N}
∣∣ = lim

m→∞

b
√
mc
m

= 0.

Hence, limm→∞
1
m |Aε,u ∩ {1, 2, . . . ,m}| = 0. Therefore, Stat− limQ→∞ x̃Q = 0 with respect to (Ω,Υ,Θ)n.

Consequently, {x̃Q} is statistically convergent, and hence it is statistically Cauchy. This example shows
how a sequence may fail to be ordinarily convergent but still becomes statistically convergent in an NA-NnNS
because its exceptional terms occur only on a set of natural density zero.

5 Statistically continuous in NA-NnNS

Definition 11. [2] Consider the space (U ,Ω,Υ,Θ,C,�), which forms a non-Archimedean neutrosophic n-
normed space (NA-NnNS) over the field K. A function f : U → U is said to be continuous at a point x ∈ U
with respect to the neutrosophic n-norm (Ω,Υ,Θ)n if whenever a sequence {x̃n} converges to x̃ in this space,
the image sequence {f(x̃n)} converges to f(x̃) in the same neutrosophic n-norm.

Definition 12. [2, 18, 20] Let (U ,Ω,Υ,Θ,C,�) be a non-Archimedean neutrosophic n-normed space (NA-
NnNS) over the field K. A mapping f : U → U is said to be statistically continuous at a point x̃ ∈ U if for every
sequence {x̃n} in U ,

Stat(Ω,Υ,Θ)n - lim x̃n = x̃

implies that
Stat(Ω,Υ,Θ)n - lim f(x̃n) = f(x̃).

Theorem 8. Consider (U ,Ω,Υ,Θ,C,�) as a non-Archimedean neutrosophic n-normed space over the field
K. A function f : U → U is said to be statistically continuous if it is continuous with respect to the neutrosophic
n-norm (Ω,Υ,Θ)n.

Proof. Let {x̃n} be a sequence in U such that Stat(Ω,Υ,Θ)n- lim x̃n = x̃. Then, for every ε > 0 and ũ > 0,
the following conditions hold: 

Ω
(
x̃n − x̃, ỹ2, ỹ3, . . . , ỹn, ũ

)
> 1− ε,

Υ
(
x̃n − x̃, ỹ2, ỹ3, . . . , ỹn, ũ

)
< ε,

Θ
(
x̃n − x̃, ỹ2, ỹ3, . . . , ỹn, ũ

)
< ε.

These imply: 
Ω
(
f(x̃n)− f(x̃), f(ỹ2), f(ỹ3), . . . , f(ỹn), ũ

)
> 1− ε,

Υ
(
f(x̃n)− f(x̃), f(ỹ2), f(ỹ3), . . . , f(ỹn), ũ

)
< ε,

Θ
(
f(x̃n)− f(x̃), f(ỹ2), f(ỹ3), . . . , f(ỹn), ũ

)
< ε.
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Due to the continuity of f, the setn ∈ N :
Ω
(
f(x̃n)− f(x̃), f(ỹ2), . . . , f(ỹn), ũ

)
≤ 1− ε,

or Υ
(
f(x̃n)− f(x̃), f(ỹ2), . . . , f(ỹn), ũ

)
≥ ε,

or Θ
(
f(x̃n)− f(x̃), f(ỹ2), . . . , f(ỹn), ũ

)
≥ ε


is a subset of n ∈ N :

Ω
(
x̃n − x̃, ỹ2, . . . , ỹn, ũ

)
≤ 1− ε,

or Υ
(
x̃n − x̃, ỹ2, . . . , ỹn, ũ

)
≥ ε,

or Θ
(
x̃n − x̃, ỹ2, . . . , ỹn, ũ

)
≥ ε

 .

Since Stat(Ω,Υ,Θ)n- lim x̃n = x̃, we get

lim
n→∞

1

n

∣∣∣∣∣∣
n ∈ N :

Ω(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≤ 1− ε,
or Υ(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≥ ε,
or Θ(x̃n − x̃, ỹ2, . . . , ỹn, ũ) ≥ ε


∣∣∣∣∣∣ = 0.

Therefore,

lim
n→∞

1

n

∣∣∣∣∣∣
n ∈ N :

Ω(f(x̃n)− f(x̃), f(ỹ2), . . . , f(ỹn), ũ) ≤ 1− ε,
or Υ(f(x̃n)− f(x̃), f(ỹ2), . . . , f(ỹn), ũ) ≥ ε,
or Θ(f(x̃n)− f(x̃), f(ỹ2), . . . , f(ỹn), ũ) ≥ ε


∣∣∣∣∣∣ = 0,

which means Stat(Ω,Υ,Θ)n - lim f(x̃n) = f(x̃). Hence, f is statistically continuous.

Conclusion

In this study, we investigated statistical convergence in non-Archimedean neutrosophic n-normed spaces
by combining natural density with the truth-membership, indeterminacy-membership, and falsity-membership
components. Several basic properties were established, including equivalent characterizations, the uniqueness of
the statistical limit, preservation under addition, and the relation between ordinary convergence and statistical
convergence. Statistical Cauchy sequences and statistical completeness were also discussed. The examples
show that this approach is flexible enough to handle sequences that are not ordinarily convergent but are
statistically convergent. These results extend the classical theory of statistical convergence to the neutrosophic
non-Archimedean n-normed setting and may motivate further studies on ideal convergence, lacunary, and rough
statistical convergence in this framework. These results open avenues for a deeper exploration of convergence
concepts in more generalized and uncertain environments.

Building on the results of this study, future research may focus on extending the concepts of statistical
convergence and completeness to other generalized neutrosophic structures, such as fuzzy or neutrosophic n-
normed spaces. Additionally, exploring the relationships between statistical convergence and other types of
convergence (e.g., ideal convergence or lacunary statistical convergence) in the non-Archimedean neutrosophic
setting could yield deeper insights. Applications of these concepts to functional analysis, fixed point theory,
and decision-making problems under uncertainty also present promising directions for further investigation.
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18 Kirişci, M., & Şimşek, N. (2020). Neutrosophic normed spaces and statistical convergence. The Journal
of Analysis, 28 (4), 1059–1073. https://doi.org/10.1007/s41478-020-00234-0

19 Mursaleen, M. (2000). λ-statistical convergence. Mathematica Slovaca, 50 (1), 111–115. https://dml.cz/
dmlcz/136769

16 Bulletin of the Karaganda University

https://doi.org/10.4064/cm-2-3-4-241-244
https://doi.org/10.24297/jam.v6i3.3659
https://doi.org/10.24297/jam.v6i3.3659
https://doi.org/10.1186/1029-242X-2013-34
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1155/IJMMS.2005.3963
https://doi.org/10.7546/nifs.2018.24.3.64-78
https://www.azjm.org/volumes/0601/0601-2.pdf
https://www.azjm.org/volumes/0601/0601-2.pdf
https://doi.org/10.4134/BKMS.2007.44.2.291
https://doi.org/10.1007/s12543-011-0082-9
https://doi.org/10.4067/S0716-09172018000100068
https://doi.org/10.5391/IJFIS.2024.24.2.153
https://doi.org/10.1007/s12215-023-00943-y
https://doi.org/10.1007/s12215-023-00943-y
https://doi.org/10.1080/03610926.2021.1901920
https://doi.org/10.1080/03610926.2021.1901920
https://doi.org/10.2298/FIL2517777S
https://doi.org/10.3934/mfc.2025023
https://doi.org/10.3934/mfc.2025023
https://doi.org/10.22130/scma.2022.544537.1031
https://doi.org/10.1007/s41478-020-00234-0
https://dml.cz/dmlcz/136769
https://dml.cz/dmlcz/136769


Statistical properties of neutrosophic ...

20 Kumar, V., Sharma, A., & Murtaza, S. (2023). On neutrosophic n-normed linear spaces. Neutrosophic
Sets and Systems, 61, 275–288. https://fs.unm.edu/nss8/index.php/111/article/view/3793
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