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In this paper, we provide a characterization of the boundedness of positive sublinear operators that are
superposition of three operators: Copson, Hardy, and Tandori (supremal) operators defined on the half-
axis from a weighted Lebesgue space Lp(v) to another weighted Lebesgue space Li(w), where v and w
are weight functions on the half-axis (0,00), and 1 < p < oco. Our characterization is entirely different
from existing results in the literature. The motivation for investigating such inequalities stems from the
problem of finding a minimal rearrangement invariant space that contains the cones of non-increasing
rearrangement of the functions represented by generalized fractional maximal function acting on functions
from weighted Lorentz function spaces. More specifically, by obtaining two-sided estimates for the best
constant in the corresponding inequality, we derive a characterization of the associate space of minimal
rearrangement invariant spaces containing cones of non-increasing rearrangement of generalized fractional
maximal function. To achieve this goal, we are using discretization and anti-discretization methods. In
particular, we extend existing discretization techniques to handle the operators formed by iterating the
Copson, Hardy, and Tandori operators. We first establish a discrete characterization in Theorem 3. Then,
applying anti-discretization techniques, we derive a continuous characterization in Theorem 1.
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Tandori operator, best constant, superposition of operators, discretization.
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Introduction

In this paper, we study weighted one-dimensional inequalities for operators generated by iterating
the Copson, Hardy, and Tandori operators. We do this by developing the methods of discretization
and anti-discretization from the paper [1].

In the paper [2], it was shown that the boundedness of the fractional maximal function M., between
classical Lorentz spaces is equivalent to the following weighted inequality

() (e [L ) qw(t)dtf <o fp(t)v(t)dt>;

*Corresponding author. E-mail: azhar.abekova@gmail.com

This research of A.N. Abek and A. Gogatishvili was funded by the grant Ministry of Science and Higher Education of
the Republic of Kazakhstan (project no: AP22686420). The research of A. Gogatishvili was partially supported by the
grant project 23-04720S of the Czech Science Foundation (GACR), The Institute of Mathematics, CAS is supported by
RVO0:67985840, by Shota Rustaveli National Science Foundation (SRNSF), grant no: FR22-17770. Part of this work was
completed during A. Gogatishvili’s visit to Kirikkale University with the support of TUBITAK 2221 program Project No:
1059B212400044. Research of N.A. Bokayev, A.N. Abek, A. Gogatishvili was funded by the grant Ministry of Science
and Higher Education of the Republic of Kazakhstan (project no: AP26196065).

Received: 3 July 2025; Accepted: 30 March 2026.

(© 2026 The Authors. This is an open-access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

166 Bulletin of the Karaganda University


https://doi.org/10.31489/2026M2/166-180
http://creativecommons.org/licenses/by-nc-nd/4.0/

Characterization of weighted inequalities ...

for all non-increasing functions f on (0,00), 0 < p,q < oo and v € (0,n), n € N. The last estimate
can be interpreted as the boundedness of non-linear operators 7', defined by

(T, )(t) = esssup 531 /O " Fy)dy

t<s<oo

on the cone of non-increasing functions defined on (0,00). The operator T, was studied in [3|, and
it was named as a Hardy-type operator involving suprema. Various aspects of these operators were
studied in [4-6] and their extensions and applications were further considered in [7-9]. More recent
results, including weighted estimates for iterated operators, can be found in [10-12]. Additional results
are given in [13,14], as well as in [15,16]. A systematic exposition of the theory is presented in the
monograph [17].

The weighted inequalities with quasilinear integral operators restricted on the cone of monotone
functions arise in connection with the studies of boundedness of the operators of harmonic analysis in
Lorentz spaces. In the papers mentioned above, the authors use the reduction method for quasilinear
operators of iterated type. The inequality restricted to the cone of monotone functions is reduced to
the inequalities on all non-negative measurable functions. In this case, reduced inequalities contain
the iteration of three operators.

To find a minimal rearrangement invariant space for generalized Besov, Sobolev, and Caldéron
spaces is reduced to finding a minimal rearrangement invariant space for cones consisting of decreasing
functions of Riesz and Bessel potential of functions from function spaces (see, [18]). This approach
was used in the papers [19] and [20] to obtain a characterization of minimal rearrangement invari-
ant spaces for generalized Sobolev and Bessel spaces. In a recent paper [21], general methods were
developed to describe a minimal rearrangement invariant space for the cone of decreasing functions
related to the generalized fractional maximal functions M,. To achieve this goal, we need to obtain the
characterization of iterated inequality containing Copson, Hardy, and Tandori(supremal) operators.

Let 1 < p < oo. Let w and v be weight functions i.e. non-negative measurable functions on (0, 00).
Let ¢ be a non-negative, non-decreasing quasi-concave function on (0,00). Our goal in this article is
to find the conditions on v, w, and ¢ under which the inequality

[ et f (7 oo )ovva s [m)?

is satisfied for all non-negative measurable functions h on (0, 00). Using Fubini’s Theorem, we obtain
an equivalent form of this inequality as follows:

[sssts ([ s [ Yot <o [Cwnon)’. o)

As we already mentioned above, the related inequalities

[ st ([ o) < [“wonion)’ 2

0
/OOO oss Sups( :O h(T)dT>w(t)dt < c( OOO hp(t)v(t)dt>; 3)

t<s<o0 <,0(8)

have been studied intensively over the last twenty years. The characterization of inequality (1) is, in
fact, equivalent to the characterization of inequalities (2) and (3). Each of the latter yields two separate
conditions, resulting in a total of four conditions. However, such a formulation is not convenient
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for future applications, where a single, unified condition is preferable. To achieve this, we employ
discretization techniques as developed in [1] and further elaborated in the monograph [17].
Throughout the paper, for p > 1, p’ = p/(p — 1). We always denote by ¢ or C' a positive constant
which is independent of the main parameters, but it may vary from line to line. We write A < B (or
A 2 B)if A< c¢B (or cA > B) for some positive constant ¢ independent of appropriate quantities
involved in the expressions A and B, and A~ B if A < B and A 2 B.
To formulate our main result, we need some definitions.

Definition 1. [1, Definition 2.2] Let ¢ be a continuous strictly increasing function on [0, c0) such
that ¢(0) = 0 and limy;_,~ ¢(t) = co. Then we say that ¢ is admissible.

Let ¢ be an admissible function. We say that a function h is ¢p-quasiconcave if h is equivalent to
an increasing function on [0, 00) and % is equivalent to a decreasing function on (0,00). We say that
a (p-quasiconcave function h is non-degenerate if

1
lim h(t) = Tim —— = tim " _ i 2O
50+ t=oo h(t)  t—oo (t)  t—0+ h(t)

The family of non-degenerate ¢-quasi-concave functions will be denoted by €. If ¢(t) = t we say that
h is quasi-concave. If h is a non-degenerate quasi-concave function, we write h € 5.
Definition 2. |1, Definition 2.9] Let ¢ be an admissible function and let v be a non-negative Borel

measure on [0,00). We say that the function h, defined as

B dv(s)
h(t) = ¢(1) /[0700) o(5) + o) t € (0,00),

is the fundamental function of the measure v with respect to . We will also say that v is a represen-
tation measure of h with respect to .

We say that v is a non-degenerate measure with respect to ¢ if the following conditions are satisfied
for every t € (0, 00):

7(1”(8) o0 o0 an dy(s): Vis) =00
/M o) 4o o 1€ (000) and /[0,1] o(s) /Md” ‘

The main result of this paper is presented in the following theorem. To this end, define

/ /
/ TP sP

H(t) := ¢P (t) esssup p/l(s) ( /Ooo lepl(T)dT>. (4)

t<s<oo P

Observe that H € Q(pp/. There exist a representation measure v of H with respect to gop,, (see,
Lemma 1), i.e.,

Y A0 "
10 = [ Sl e ©)

Theorem 1. Let 1 < p < co. Assume that v and w are non-negative measurable functions on (0, co)

and that ¢ is a quasi-concave admissible function on (0, 00). Then following statements are equivalent:
(i) There exists a constant C' > 0 such that inequality (1) holds for all non-negative measurable

functions h on (0, c0).

(ii) C1 < oo, where
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and v is a representation measure of H (defined in (4)) with respect to ¢ ie, satisfies (5).
(iii) Cy < oo, where

coom (7 ([t} o s ([ = et )

Moreover, the best constant C' in (1) satisfies C ~ C; ~ Cs.

The results obtained may have important applications in the theory of integral operators, inter-
polation theory and nonlinear analysis, especially in problems related to three-weight estimates and
non-standard function spaces.

The paper is organized as follows. Section 1 provides several auxiliary definitions and preliminary
lemmas. In Section 2, we develop a discrete characterization of inequality (1). Section 3 contains the
proof of the main result, namely, the proof of Theorem 1.

1 Definitions and Preliminaries
This section provides the necessary definitions and supporting known statements that are used in
the proofs of the main theorems.

Definition 3. |1, Definition 2.1] Let {ax } ez be a sequence of positive numbers. We say that {ay }rez
is strongly increasing or strongly decreasing and write ay ] or ag || if

e Akl Ap+1
inf = > 1 or sup <
keZ ay, kez Ok

)

respectively.

Definition 4. |1, Definition 2.4] Assume that ¢ is an admissible function and h € Q.. We say that
{1 }rez is a discretization sequence for h with respect to ¢ if

(i) po = 1 and @(u) 113

(i) () 17 and 225 |

(iii) there is a decomposition Z = Zq U Zy such that Z1 N Zy = () and for every t € [pug, pk+1],

W) ~ h(t) if ke Z,
M) _ hi)
o) "oty T REE

By Lemma |1, Lemma 2.7], for every admissible function ¢ and h € €, there exists, a discretization
sequence for h with respect to ¢.

Lemma 1. |1, Lemma 2.8 Let ¢ be an admissible function. Then the following statements are
equivalent:

(i) h € Q.

(ii) There exists a non-negative, a non-degenerate Borel measure v on [0, 00) with respect to ¢ such

that
dv(s)

h(t) ~ o(t) /[Oﬁoo)w, t € (0,00).

Let us now present special cases of some well-known results concerning the discretization of integral
expressions, as found in [1,17].
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Lemma 2. |1, Corollary 2.13] Assume that ¢ is an admissible function, f € €, v is a non-negative
non-degenerate Borel measure on [0,00) and h is the fundamental function of v with respect to . If
{zk }kez is a discretization sequence for h with respect to ¢, then

LIQNASEE (GO
Jymy 0 2 () )

Lemma 3. |1, Lemma 3.5] Let 1 < p < co. Assume that ¢ is an admissible function, f € Q, and
g € Qup. If {x }rez is a discretization sequence for f with respect to ¢ and {\g}rez is a discretization
sequence of g with respect to ¢P. Then

/

fa)? = FO)P

and

sup T T
te(0,00) g(t)p keZ g(gk_):v

Lemma 4. |1, Lemma 3.6] Let 0 < r < oo. Assume that ¢ is an admissible function, v is a non-
degenerate positive Borel measure on [0, 0o) measure with respect to ¢", h is the fundamental function
of v with respect to ¢" and f is a measurable function on [0, 00). If {x} }rez is a discretization sequence
for h with respect to ¢". Then

kEZ

Lemma 5. [1, Lemma 3.7 Assume that ¢ is an admissible function, v is a non-degenerate non-
negative Borel measure on [0,00), h is the fundamental function of v with respect to ¢ and f is a
measurable function on [0, 00). If {zx}rez is a discretization sequence for h with respect to ¢, then

|f(y)] 1
—d =~ h(y).
fy 8 g @) = 2 e 1l A0

Lemma 6. |1, Lemma 3.1] (see also [22] for related results). Let {ax}rez, {bk}rez and {0k }rez be
sequences of non-negative numbers.

If 7, ||, then
k

S @) wxYdn ©

k€Z ~m=—o00 keZ
If o1 11, then
& q
Z(zwgﬁzzﬁ% )
k€Z “m=k keZ

Lemma 7. |1, Lemma 3.2| Let {ax }kez, {0k }rez and {0k }rez be sequences of non-negative numbers.

If o1 11, then
Z < sup am> oL~ Zakak. (8)

keZ k<m<oo keZ
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Lemma 8. [1, Proposition 4.1, (ii)] Let 1 < p < oo and {vk }rez be a sequence of positive numbers.

Then inequality
1/p
S <o at)

k€EZ keZ

is satisfied for every sequence {aj}rez of non-negative numbers if and only if
A VP
By = (Z UZ > < 00.
keZ

Moreover, the best constant ¢ in inequality (8) satisfies ¢ =~ Bj.

Theorem 2. |17, Theorem 2.4.3] Let 0 < r < co. Assume that ¢ is an admissible function and f is
a non-negative measurable function on (0,00). Then

([ G = o ) [ R "

2 Auziliary results and Discrete characterization

In this section, we present the necessary lemmas, propositions, and proofs to establish the main
theorems. The results presented here play a crucial role in the analysis of weighted inequalities and
their discretized forms. We rely on known properties of integral operators to establish a connection
between the continuous case and its discrete counterpart.

The following lemma provides a discretized formulation of the left-hand side of inequality (1). To
formulate the next result, define

Gty = olt) [ (10)

Observe that by Lemma 1, G € (.

Lemma 9. Let h and w be non-negative measurable functions on (0, 00) and ¢ be a quasi-concave
admissible function on (0, 00). Assume that G is as defined in (10) and let {z }rez be a discretization
sequence of G with respect to ¢. Then

[ s ([ enar s [ nar)wi
~ Z ess sup G(s) (/: Th(r)dr + s/jk+1 h(T)dT). (11)

ez TR <S<Tit1 90(8) &

Proof. As ( [y Th(r)dr + s [ h(T)d7) is increasing, we have

g () s [ o)
— max {s;t) esssup < /0 " rh(r)dr + 5 / h h(T)dT> ,
esssup e ([ iy s [ nieyir) |

“mpen o gt (], o [ o)
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Moreover, using the elementary inequality

M = min { sogt)’ @(18) } = o0) -2F o(t)’ (12)
we get
g gt f (f, 7o )
%%issilgm< /0 Th(r)dr + / h(T)dT)
Therefore,

/000 Css Sup @(18) </Os Th(r)dr + s /:O h(T)dT>w(t)dt

~ /Ooo csssup M ( /0 Th(r)dr + 5 /:O h(T)dT> w(t)dt.

Let {zy }rez be a discretization sequence for G with respect to ¢. Applying Lemma 5 with a function
s) = [y h(r)dr + s [ h(7)dT, and measure dv(z) = w(x) dz, we get

[ esssw s ([ nirar s [ nearucar

~ %M%M ( /O Crh(r)dr + s / h h(r)dv-) o 1(5)G(s).

Since ), < s < @p41, by decomposing the integrals as [; = [;* +f;k and [0 = [M 4 kaﬂ we

obtain
oo 1 S o
ess sup —— T)dT + s/ h dT) t)dt
/ t<s<£¢(s)(/ h(r) (r)dr ) w(t)
3) / Th41
R sup Th(r)dr + s/ h(r)dr
Z$k<8<$k+1 2 3) ( s ( ) )

kEZ

—{—Z sup s)/ Th(T dT+ sup G(S)s/ h(r)dr
ke Z$k<8<$k+1 2 5) 0 ke Zﬁ?k<s<$k+1 80(5) T

=+ 1+ Is. (13)

G(l‘k

Since € ¢ and ¢¢, according to (6), we have

< Z sup Gls) /S Th(T)dr

ez, Th—1<5<z w(s)

<.
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Next, as EE’““ 1 and G(xp11) 17, it follows that % 1. Applying (7), we get
G oo
I3 = Z ( )$k+1/ h(r)dr
keZ ( ) Tr+1
G T x’"L+1
Syl y [
m=k+1
Z G(zg41)
2 o)

Th+2
< Z sup Gls)s / h(r)dr
keZ Th41<S<Tk42 90(8) s

<I.

&
S
+
=

H
E
+
—

Q

Tr42
— Tk / h(T)dr

k+1

H
E
+
—

Therefore,
L+L+Is~1;

holds, and from (13) follows (11). O

Proposition 1. Let 1 < p < 0o, w,v be non-negative measurable functions on (0,00) and ¢ be a
quasi-concave admissible function on (0, 00). Assume that G is as defined in (10) and let {zy}rez be
a discretization sequence of G with respect to ¢. Then, there exists a positive constant C' such that
(1) holds for all non-negative measurable functions h on (0,00) if and only if there exists a positive
constant C such that

éxffiiﬁgl i((j)) </zk Th(r)dr + S/:M h(T)dT> = 5(2 / jkﬂ hp(T)v(T)dT>; (14)

kez’?®

holds for all non-negative measurable functions h on (0,00). Moreover the best constants C' and C,
respectively in (1) and (14) satisfy C' ~ C.

Proof. Let {xy}rez be a discretization sequence of G. Applying (11), for the left hand side of (1),

we have
oo 1 S o0
/ esssup(/ Th(T)dT—i-s/ h(T)dT>w(t)dt
0 t<s<oo QO(S) 0 s
s Th+1
~ Z ess sup G(8)</ Th(T)dr + s/ h(T)dT),
kezxk<5<$k+1 (p(s) Tp s

on the other hand, for the right-hand side of (1), we have

(/Ooohp(T) ) <k%/xk+1 dT)l.

Then, it is clear that there exists a positive constant C' such that inequality (1) holds for all
non-negative measurable functions h on (0, 00) if and only if there exists a positive constant C' such
that (14) holds for all non-negative measurable functions h on (0, 00). Moreover, C' =~ C. O
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The next proposition establishes an inequality that is equivalent to inequality (11). For this purpose,

t Th41
ess sup GE;?(/ Th(T)dT+t/ h(T)dT)
Mg, wg1) = sup = E A . , (15)

h=0 Tr41 a
ka hp(T)v(T)dr
where 1 < p < 00, and the functions ¢ and G are as specified in Proposition 1.

Note that, using the characterizations of weighted iterated Copson and Hardy inequalities
(see [17, Theorem 5.3.1]), we have

denote by

Y e

t ’ / / Th+1 /
M (zg, T)y1) & esssup G(t)(/ P P (Y dr + 1P / vl P (T)d(T)> . (16)
Ty t

T <t<Tpii gD(t)

Proposition 2. Let 1 < p < oo, w,v be non-negative measurable functions on (0,00) and ¢ be a
quasi-concave admissible function on (0, 00). Assume that G is as defined in (10) and let {zy}xez be
a discretization sequence of G with respect to ¢. Then, there exist, a positive constant C such that
inequality (14) holds for all non-negative measurable h on (0,00) if and only if there exists a positive

constant C such that )
»
> M (zy, wp41) < C(Z“i) ; (17)
keZ keZ

holds for every sequence of non-negative numbers {ay}rez, where M(zg,zry1) is defined in (15).
Moreover, the best constants C and C in (14) and (17), respectively satisfy C' =~ C.

Proof. Suppose that inequality (14) holds for all non-negative measurable h on (0,00). By the
definition of M (zy,zk11) in (15), there exist functions hy > 0, such that

Tht1 >
supp hy, C [k, Trr1], </ hi(T)v(T)dq-) " 1 (18)
T
and
Gt) [ [* Tkt 1
esssup ——~ Thi(T)dT + ¢ hi(T)dr ) > =M (zk, Thy1)- (19)
T <t<Tg41 Sp(t) T t 2

For any sequence of non-negative numbers {ay }rez define
7) = ajhy(7)
JEZ

Testing inequality (14) with h, and using (19), we get

S Th+41
Z sup </ Th(T d7'+s/ (T)dT)
T <S<Tp41 SD S S

keZ
S Ik+1
:Zak sup G(S)</ d7'+s/ )
Tp<S<Tk+1 @(5) Ty

keZ

1
= > apM(zy, wpp1)
kEZ
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and by (18) we have

(5[ wtomtonr) = (

Thus, (17) holds with C < C.
Conversely, observe that for each non-negative measurable h

e§?<sup g((:)) </ T)dT + t/karl )
€T x 1
M (g, 1) > =" o

(S womnar)
holds. Then (14) follows by inserting

o = < /x :k“ hp(T)v(T)dTy

n (17) and C < C. Therefore, we obtain C = C. O

S [ ) = ()

kEZ Tk keZ

Theorem 8. Let 1 < p < oo, w,v be non-negative measurable functions on (0,00) and ¢ be a
quasi-concave admissible function on (0, 00). Assume that G is as defined in (10) and let {zy}xrez be
a discretization sequence of G with respect to ¢. Then there exists a positive constant C' such that
inequality (1) holds for all non-negative measurable functions f on (0, c0) if and only if

p/ t t , , , Tr4+1 ,
A= (Z ess sup G" )</ sP ol 7P (s)ds + P / vl (s)ds)> < 0. (20)
LeZ Tl <t<Tp41 Qpp (t) Ty t

Moreover, the best constant C' in (1) satisfies C' =~ A.

S

Proof. Using Proposition 1 and Proposition 2, the best constant in (1) satifies C' &~ C, where C is the
best constant in inequality (17). Therefore, applying Lemma 8 and using (16), the result follows. [

3 Proof of Theorem 1

Proof of Theorem 1 (i)< (ii). By Theorem 3, it is enough to show that C; =~ A. Let H be defined
as in (4) and G be defined as in (10). Assume that {zj}rez is a discretization sequence of G with
respect to ¢ and {yx}rez is a discretization sequence of H with respect to (pp/.

Using Lemma 4 and the definition of G (see (10)), we have

o ©w(s)ds 4 _ G¥ (yr)
2 </0 o(yr) + 90(8)> ) =2,

kez kezZ (SOp(?/k)H(yk)

@\"U

— -
) P
p
It is casy to check that g = @?H # € Quv. As {yr}rez is a discretization sequence of H with respect

to (pp , it is also a discretization sequence for g with respect to ¢P. Now, applying Lemma 3 for function
f = G and g and using the definition of H (see (4)), we obtain

, GY (z 1 o S
Cl ~ Z (_;) = ZG” T)) esssup 7(0) (/0 7 +tp,vl P (s)ds).

kez (Sop(xk’)H v’ ($k)) keZ T <t<oo ¥

ZL
P
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On the other hand, observe that

o0 tp/ p/ / t / / / o0 /
/ BN (s)ds ~ / PP (5)ds 4 tP / v 7P (s)ds.
0 0 ¢

Sp/ I tp/

Then,
1 t / / / o0 /
ZGI’ Tp) esssup ——— @ </ sP ol P (5)ds + tP / vl=P (s)ds)
0 t

kez T <t<oo (Pp

/ 1 t / / / o0 /
= ZGP (xg) sup esssup (t)</ sP vl 7P (s)ds + tP / vlP (s)ds>.
0 t

keZ k<m Tm <t<$7n+1 (pp

Since Gp/(:ck) 11, applying (8), we obtain

1 t o /
P’ ~ p o’ P’ 1-p
C g GP (x) esssup o) </0 s ot ( )ds + t /t v (s)ds).

ez rp<t<zpyr P

Next, we want to show that

t o)
ZGp/(xk ess sup 1(t </ sP ol (s )ds+t”// vl_p/(s)d5>
¢

ez Tp<t<Tpi1 Qop
- (t 1y . o0 -
= ess sup Pl (s)ds +t v P (s)ds ). (21)
keZ Tp<t<Tp41 (pp (t) 0 t
As the function G’ is increasing, the upper estimate is trivial. Conversely,

p, t ¢ / / / o0 /
ess sup G (t) </ sP 0P (5)ds + tP / vl 7P (s)ds)
0 t

Tp<t<Tpg41 SD 4 (t)

~ Z ess sup G (1) (/Ot sl (s)ds + t7 /too vl_pl(s)ds>

kEZ, Tp<t<Tpi1 Sop( )

+ Z ess sup G (1) (/Ot sl (5)ds + 7 /too vlp/(s)ds>

]CEZ zk<t<xk+1 @p (t)

/ 1 t / / / o0 /
R~ Z GP (x) esssup (t)</ sP vl 7P (s)ds + tP / vl™P (s)ds)
0 t

D’
keZ, Tp<t<Tp41 ®

Gp karl / / / o0 /
+ Z GP (zp+1) (/ sP ol P (s)ds + miﬂ/ vl P (s)ds)
0 Thk+1

P :c
keZo 12 k:+1

<3G (a) esssup 1()(/:5% Y (s)ds + 17 /:Ovl—ﬂ(s)ds).

keZ T <t<Tp41 ()Dp

— =

kEZ

Therefore (21) holds. Thus
/ P (t t L
ct mz ess sup ¢ U(/ Pt (s )ds—i—tp/ v P (3)ds>.
0 t

kEZ $k<t<xk+l SD( )p/
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Next, decomposing the integrals as fot = Ozk“‘f;k and ftoo = zk“ +ka and using fact that

/ p,
GP (xk)xk_H

o bt iq i i
G¥ (zx) 11 and 5 is increasing and therefore o (ek 1)

11 and applying Lemma 6, by (20) we
obtain

/ p/ t / / / Tr+1 /
Cl ~ Z ess sup ¢ (t) (/ sP 0 P (5)ds 4 tP / vl 7P (s)ds>
Ty t

xk+1 x o0 )

sPut P ( ds—I—Z o ];+1/ v 7P (s)ds
./L'

ez ¥ kez P \Tk+l Thi1

Gp t t / / / xk+1 /
R~ Z ess sup ( ) (/ sP 0 P (5)ds 4 P / v!7P (s)ds)
T t

Tr+2
P 1 p d +Z xk‘H xk-l—l/ 'l)lip/(S)dS
X

ez, ¥ T—1 keZ PV (zh41) ket
Gp t t / / / Ik+1 /
R~ Z ess sup ®) (/ sP ol P (5)ds 4 P / v!P (s)ds>
LeZ Tp<t<Tpiq Sop (t) Ty t

= A",

Consequently, C; =~ A, which is the desired estimate.
(i)« (iii). Using (9) for f = p~'w and r = p/, (12), Fubini theorem and (5), we obtain

Cz/w</m(/mm>gm )duu
o0 o w(s)ds ¥ ! o v(z /
- [ avsm) U sty ) sor - wwa

([T ) e i ([ e o utye e
=y,

Y

The theorem is proved.

Remark 1. Note that the case when p = 1 was considered in [23].

Conclusion

In this paper, we investigate the conditions on the weight functions v, w ensuring that inequality (1)
holds for all non-negative measurable functions. Inequality (1) holds if and only if a certain condition
involving the weight functions v, w and the quasi-concave function ¢ holds.

The main result, presented in Theorem 1, confirms that the inequality under consideration holds
for all non-negative measurable functions h when the associated integral condition is finite. To derive
this result, we first prove Theorem 3, which provides a discrete characterization of inequality (1). This
discrete formulation provides a detailed understanding of the best constant C' in inequality (1), and
shows conditions under which this constant can be determined. Finally, by applying antidiscretization
techniques, we obtain the proof of the main result, Theorem 1.

The results obtained in this paper may be useful for further study of inequalities in weighted
spaces, especially in analysing the interactions between weight functions and quasi-concave functions.
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In particular, characterizations of the embeddings of the cones generated by the non-increasing re-
arrangements of the generalized fractional maximal functions [21]. They may also have significant
applications in various areas of analysis, where such inequalities play a crucial role in understanding
the behaviour of integrals involving multiple weight functions and functional operators.
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