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The study of matrix operators acting between weighted sequence spaces Ip,, and lq,., has become an impor-
tant direction in functional analysis, particularly due to its close connection with Hardy-type inequalities
and the general theory of linear operators on discrete structures. A key problem in this framework is deter-
mining when such operators are bounded and obtaining precise value or sharp estimates for their operator
norms. Although considerable attention has been devoted to matrix operators whose entries satisfy the
so-called Oinarov conditions, including several extensions to broader classes of kernels, the literature still
lacks comprehensive norm estimates, especially in the case 1 < ¢ < p < oo. In this paper, we establish
necessary and sufficient criteria for the boundedness of matrix operators with entries satisfying the Oinarov
conditions. Furthermore, we provide both lower and upper estimates for their norms. These results not
only refine previously known inequalities but also provide new tools for analyzing the structure and behav-
ior of weighted sequence spaces. Applications of our findings include spectral characterization of matrix
operators, investigation of oscillatory and non-oscillatory properties of solutions to higher-order difference
equations, and the evaluation of sequences via their discrete derivatives.
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Introduction

Let 1 < p, g < oo and let u = {u,}32; and v = {v,}22; be positive sequences of real numbers,
which we call weights. Denote by [, , the space of all sequences f = {f,}22, of real numbers for which
the norm

[e¢]
n=1

is finite. Similarly, the space [, is defined. Let us consider the following triangular matrix operator

Ailpy = lgu, (Af)n = anifi (1)

k=1

acting between weighted sequence spaces Iy, and lg,. The entries a := {ap i} %1, 7 > k > 1 are
nonnegative a, > 0. 7

Since the 1980s, conditions ensuring the boundedness of the operator, that is, the existence of a
constant C' > 0 such that the inequality

||Af”lq,u S CHlep,U7
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i.e., discrete weighted Hardy type inequality (HTI)

(i il

n=1 k=1

u> ‘<c (Z |fn|pvn> ' )
n=1

holds for all f € l,, — for various forms of a, j have been established.
If a1 = 1, then the inequality takes the form

>

n=1

¢ N\ 0 v
n=1

which is called general weighted inequality (GWI). In 1983, K.F. Andersen and H.P. Heinig provided
a characterization of the weight conditions ensuring the validity of inequality (3) in the case 1 < p <
q < 00. Subsequently, in 1985, H.P. Heinig established a sufficient condition for the same inequality
and derived estimates for its best constant C' = ||Al[;, , -1, in the case 1 < ¢ < p < oo, see e.g. [1].
We now present Heinig’s result in a form adapted to the GWI

>

k=1

3=

A= i (i uk> ' <§": v;_p/> i P < oo (4)
n=1 \k=n k=1

and the corresponding upper estimate
1, 0,01
C <qi(p)7 A, (5)

which will be used in the proof of the main theorem of this work, where % + 1% =1 and % + % =1

If {ay} is different from constant sequence then the analysis of HTI becomes considerable more
complicated. The first result was obtained by K.F. Andersen and H.P. Heinig, who established sufficient
conditions for the validity of the inequality in the case 1 < p < ¢ < oo under a specific choice of the
kernel a,, ., which was assumed to be non-increasing in k& and non-decreasing in n. For further details,
see [1] and the references therein.

Later, R. Oinarov, C.A. Okpoti, and L.-E. Persson [2], as well as R. Oinarov, S. Shalginbayeva,
T. Temirkhanova and others [3-5] obtained necessary and sufficient conditions for the boundedness of
the matrix operator in the case 1 < g < p < co. Their results hold under hypotheses on the entries
an i that are weaker than those originally imposed by Oinarov. Estimates of the best constant in the
discrete Hardy-type inequality for matrix operators satisfying Oinarov condition are given in [6].

Most of the works cited above focus on characterizing boundedness; by contrast, exact values
or even two-sided estimates for the operator norm are rarely treated. Recently, several papers have
appeared that provide lower and upper bounds for the norm of the integral analogue of this matrix
operator (see, for example, [7,8]).

There are also a number of related contributions concerning iterated discrete Hardy inequalities
[9,10], three-weight inequalities [11, 12|, and the boundedness of iterated matrix operators [13, 14],
which may be consulted for further reference.

In this paper, we derive lower and upper estimates for the norm of the matrix operator, as well as
necessary and sufficient conditions for its boundedness, in the case 1 < g < p < oco. We consider the
operators whose entries {a, 1} are non-decreasing in n, non-increasing in k, and satisfy the condition

an g < h(ang+ary) forall n>1>k>1 (6)

for some h > 1. These conditions are known in the theory of Hardy-type inequalities as Oinarov
conditions.
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1  Main results

In this section, we present the main result of the paper along with the auxiliary lemmas needed for
its proof. We begin by introducing the following notations:

T

T T
o] o] q n , q
§ : § : q § : 1—p 1-p’
ak,nuk Uy, (%
n=1 \k=n k=1

and

E(E) Grot) )

where 1 —% 1

p’
Let us present the auxiliary lemmas, with particular emphasis on the constants appearing in the
estimates, as they play a crucial role in determining sharp estimates for the norm of the operator.

Lemma 1. Let 1 < ¢ < oo and {u,} € ¢; be a nonnegative sequence. Then for any m € N the
following estimate holds

Z (ZW) unﬁq/<z uk>q ; (7)
n=m k=m

where ¢ = qfql.

Proof. Let denote
oo
Tp = Z U,
k=n

so that x,, > ... > 2, > 41 > ... > 0. Then inequality (7) can be written as

. 1 1

/ 7
E Tn (Tn — Tnt1) < g T,
n=m

where ¢/ = qfql. To estimate the left hand side, observe that

[e.e] oo x o0 T T 1
Tp — X n o1 no1 m 1 -
. HH = Z / —dz | < Z / —dx :/ —dx = ¢z, .

n=m n=m \’%n+1 g Tnt1l T 0 xa

n=m
The proof is complete. O

Lemma 2. Let 1 < g < oo, and {u,} € ¢; be a nonnegative sequence. Suppose the entries {a, x}
of the matrix operator satisfy Oinarov conditions. Then, for every nonnegative sequence {f,} € I,
the following estimate holds:

Z (Z anchk) Up < (Zh)q_lq[Sl + So], (8)
k=1

where

00 00 m q—1
S (z ) (z fk)
m=1 n=m k=1
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and
q—1

= Z Im (Z an,m“n) (Z am,kfk)
m=1 n=m k=1

Proof. Using Lagrange’s mean value theorem, Fubini’s theorem, Oinarov condition (6) and the
inequality
(a+b)7t <207 (@0 97 forall a,b>0,

we estimate the left hand side of (8) in the form

§ () £ (5 ) (Enr)])-

n=1

00 n m—1 q—1
- Z Zanmfm (Zankfk+§nmanmfm> Up,

q—1

S Z Z anmfm (Zankfk> Un,
<:o ) 0o q—1
Z Z An mUn (Z Qnp kfk)

q—1

[o@) x m m
a3 [ 3 et (m DS mf>
m=1 n=m k=1 k=1

[e.9]

00 m q-1 00 m q-1
Y S [ D Al un (Z fk> + ) tnmitin (Z am,kfk>
m=1 n=m k=1 n=m k=1
00 00 m q—1 0o 0o m q—1
Z fm (Z a%,mun> (Z fk) + Z fm (Z an,m”n) (Z am,kfk)
k=1 m=1 n=m

m=1 n=m

= (2h)"q[S1 + 52,

where &, € (0,1), m=1,2,...,n
The proof is complete. O

Theorem 1. Let 1 < ¢ < p < oo and the entries {a, ;} of matrix operator (1) satisfy Oinarov
conditions. Then the operator acting between weighted sequence spaces I, and 4, is bounded, i.e.,
inequality (2) holds if and only if

B =max{Bi, Bs} < cc.

Moreover, the following estimates are valid for its norm
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Proof. Let us recall that, for inequality (2) to hold, it is necessary and sufficient that the inequality

(Z (Z cm,kfk) un> ‘<c (Z fgvn> ' 9)
n=1 \k=1

n=1

holds for all nonnegative sequences {f,} € I .
(Necessity and lower estimate.) To investigate the necessity of the conditions and to derive a lower
estimate for the best constant C, we consider the dual form of inequality (9):

NS
Y

q/

e / e p e /! !
o <Zg> <c (z g,z) | (10)
k=1 n==k k=1

where {gr} €[ R It is well known that these inequalities are equivalent in the sense that the
validity of the dual inequality is both necessary and sufficient for the validity of (9). Moreover, their
best constants coincide (see, for example, [2]).

Let us assume that (9) holds for a finite constant C' and, for fixed n € Z*, apply the following test
sequence to (9):

=

q—

N =
(fN) = (Z ai’kun) (Z ’U’}l_pl> U;_p,X[l,N} (k), (11)
n=k n=1

where X1 n)(k) is the characteristic sequence. Putting (11) to the right hand side of (9), we have

]
Q

1
p(g—1) ?
o % N N Poq k p—aq P
o q 1—p/ 1—p/
E (fN)zvk = Z a, Un Zvn P Vg i’
k=1 k=1 \n=k n=1
r 1
N N q k 7 P
_ q 1-p’ 1—p'
= Z g Ay 1 Un v, P v . (12)
k=1 \n=k n=1

For the left hand side of (9), apply Fubini’s theorem and we find that

(9] n q N n q

Z < an,k(fN)k) Up = (Z an,k(fN)k> Un,

= k=1 k=1
n n q—1
Zan,k(fN)k; (Z an,k(fN)k;) Unp,
k=1 k=1

M= 1M

1

3
I

WE

n k q—1
S ki) (z an,lmv)l) "
k=1 =1

1

3
I

I
E

N k q—1
(fN)k; Zan,k (Z an,l(fN)l) Un
n=~k =1

i
I
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[using ap i < apg forn >k >1> 1]

k q-1
Z fN Zankun (Z fN)l)
=1

N

N k N TL] pP—q
= U > aljun [ S0 (Z@i,z%) (Z)

k=1 n=k =1

_ \g¢-1 N N v—a [ k N
) g ) ()

ie.,

Q|

o /n ¢ N\ L[N /N Tk NT
( (zan,kwk) ) - (7 z(zag,kun> (z) A

k=1
Using (12) and (13) estimates in inequality (9), we obtain

plq % N N g k / ﬁ /
q 1-p 1-p
(2)7 (32 (St ) () k) <c
k=1 \n=k =1

and from this with a constant independent of N and hence, letting N — co, we obtain

g\ @
(pq) B, <C. (14)

r

Now for fixed N € ZT apply the following test sequence to (10) gy = {(gn)k }rey, Where

g—1 (p—1)(g—1)
N p—q k o p—q
= Uk <§ :“n> (E :aﬁ,zvz _p> X, (k). (15)

Applying (15) to the right hand side of (10), we have

1 q q(p—1)
o2

00 ) Y N N p—q k , N\ Pe
(Z ul—q (gN)/cq ) = Z Ug <Z un) (Z aivlvllip )
k=1 =
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Applying Fubini’s theorem for the left-hand side of (10), we obtain

1 n=~k =
N N N —1
_ 1-p’
S0 [ anntone [ 3 anmnlon

p'—1 N n p—q N p—q
> b—q p 1-p
> (o) Dl | Dol > w

p n=1 k=1 l=n
(p=1)(g—1) a=1 -1 1
! no, - e /N pea [ , v [ N p—q
D —p p 1-p
Z A kVk Z w Z Uk Uk Z W
l=n k=1 l=n

ie.,

oo VLS p i ’ % N N )
Sl (Zan,k<gN>n> > (") (X <Zul> (za o ) o
= n=1 l=n
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with a constant independent of N and hence, letting N — oo, we obtain

(p'q)ingc. 18)

r

Thus, in view of (14), (18) and our assumption, we have

/ L/ / L
e { (79)" 5., (2) BQ} <c
r r
The necessity part is proved.

(Sufficiency and upper estimate.) Now, we proceed to estimate the right-hand side of (9). To this
end, taking into account Lemma 2, we estimate the terms S and Sy separately:

S1

I I
NERTNgE:
3"
N
WE
Qﬁg
3
5
N————
N
WE
=
~—
|

1 (nm [
0o 0o m o ) m—1 q
S(E) B S5 &
m=1 \n=m k=1 m=1 \n=m k=1
00 00 m q 00 oo m q
=y (Z a%,mun> (Z fk) -y ( > afl,mﬂun) (Z fk)
m=1 \n=m k=1 m=1 \n=m+1 k=1
0 ) 0 m q
£fEe) (S e
m=1 n=m n=m+1 k=1
00 m q
m=1 k=1
SN
< Cpg <Z fﬁbvm)
m=1
To get the last estimate we used inequality (3) with the weight sequence @y, := (3 oo, ahmun) —

(Zzo:mﬂ aglmﬂun), since the satisfying of which follows from condition (4), i.e.,

9] %) 9] [e%S) Z n ﬁ
_ q q 1—p/ 1—p/
=2 22 | 2 | = [ 2 dpsatim 2]
n=1 \k=n m=k m=k+1 k=1
( T
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Moreover, using (5), we obtain the estimate for the best constant C, g4, i.e.,
1,01
Cpq < qi(p)? By

Therefore,
L

1 1
St < qi(p) 7 Billfllp.;

ie.,

S1 < q@)* " BY|I£1I3 .- (19)

Now we estimate Ss. Applying Holder inequality, we get

00 0o m q—1
SQ = Z fm <Z an,m”n) (Z am,kfk)
m=1 n=m k=1
oo % ] 9] P’ m (a=1)p"\ »
< (Z f?'}:zvm> Z ,U;n—p' (Z an,m“n) (Z am,kfk)
m=1 k=1

= m=1 n=m

1
= [1fllpeSs"

where

oo P /m (g—1)p'
1_ /
an,m”n) < E achfk) U, v,
=m k=1

To estimate Sy, we proceed as follows:

m=1 \n

-

/

00 0 P m ! (g—1)p' -1 (¢—1)p’
So = Z v (Z an,mun) Z < al,kfk:) - (Z al,kfk:)
m=1 n=m k=1 k=1

=1 =
00 00 o0 P l (¢—1)p' -1 (g=1)p'
= > op? <Z an,mun) (Z al,kfk) - (Z al,k:fk)
=1 | m=l n=m k=1 k=1
[we apply the generalized Minkowskii inequality to the second bracket]
o [/ 1 (¢=1)p -1 (¢=1)p' oo n o 4
<3| (Sen) - (Ton) | (D ()
=1 k=1 k=1 n=lI m=1
r 1 1 _1 4
00 00 00 P n ) ) ¥oq_a 00 P g
=22 (X | (Do) T Y |
I=1 | n=l \m=n m=1 m=n

! (a—1)p' -1 (¢—1)p’
X (Z az,kfk> - (Z al—1,kfk>
k=1 k=1
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[applying Holder inequality with the degrees p%q and g and according to (7), we have]

p—1 1 _1

(S

p—1

=1 n=l \m=n m=1
I (g—1)p' -1 (¢=1)p

X <Zal,kfk> _<Zal—1,kfk>
k=1 k=1

<)Y Z(Z“m> <Z> "
=1 n=l m=1

o = I (g=1)p’ — (g=1)p’
X (Z Um> (Z az,kfk> - ( az—1,kfk>
m=l k=1 k=1

|again applying Holder inequality with the degrees % and 2 i, we get|

p—1

q oo o] o] ﬁ n p—q
<) 303 () (St
=1 \n=l \m=n m=1

p—aq

! 7]
x <Z

(g—1)p' -1 (@—1)p"7 b
al,kfk) - (Z all,kfk)
| \k=1 k=1

0 5% l (g—1)p -1 (g—1)p’
x> (Z “m> (Z al,kfk) - (Z al—l,kfk)
m=l k=1 k=1

s ja

|applying the inequality (x —y)* < 2% —y® (0 < a < 1), followed by Fubini’s theorem on the first and
second products, we get|

q 0 [e’e) o] p—q n , p—q
< ()= DD (Z um> (Z A, Uy ? ) Un,
=1 \n=l \m=n m=1
! q-1 -1 =177 pi
x <Z al,kfk) - (Z ai-1 kfk:)
k=1 k=1

hQ
|
_
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1 p—1
q © > P—q n , L\ e
N1 2 : Z 1—
= (q ) Pt Um E 6LAEL,m’Um P Unp,
n=1 \m=n m=1

i
=]

hQ
|
_

m=1 =1
=t et 1t
g ] oo P—4q n , - Pma 1 1 n q
= (q,) Pl Z Z Um Z agz,mvm_p uTqLuﬁL Z an,k;fk
n=1 \m=n m=1 k=1
q—1
00 m q =1
|2 (S]]
m=1 \k=1
[applying Holder inequality with exponents g and ¢’ to the first product, we obtain]
P—q
o -1 7 1\ Pt
e 0o 0o p—q n ) ) p—q [e'e) n q 7 1
= (q/) P Z Z Um Z a’z,mvrlnip Un Z an,kfk U, Sr-1
n=1 \m=n m=1 ] n=1 \k=1
q [ 0 e % n ﬁ 1 qg;ql) [ > n q q’l(yp_fql) g—1
= (q/)ﬁ Z (Z um> ( afhmv}n_p> Un, Z (Z an,kfk) un] Sp—1
_n:1 m=n m=1 Ln=1 \k=1
_ . . a2
9 i i P L / / v ' _p—q  gq—1
S (Swn) (St ) | s
_n:l m=n m=1 |
= (¢)71 B 57
Thus, we have
— _9q / 7/
5 < (¢)7 By s
and then )
— = q E
S2 < | fllpwSs < I fllpw (¢')7 B2S7 (20)

By summing estimates (19) and (20), we obtain
S < (2h)*"q[S1 + S
a 1
< @0 [a@) " B I + 1 o (a)F B2ST |

1
o+ T | fllpw ()7 B2ST .

hSES]

= (2" ()" BiIlf

Using Young’s inequality on the second term yields

(07141l (¢)7 B2)"
q

_|_

- - S
S < 2h)T g () BYIFIIE . + 7
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and then

ie.,

S < (2n) T 31 BY|| f

q q
1o+ (@07 al e ()7 B2)'

Qe
S =

% n q % 2 00
(Z (Zan,kfk> u> < (mr 1wy B+ en Ve (0)5 B (Zm)
k=1

— n=1

Finally, we arrive at the following estimate

‘pr‘

(Z (Z an,kfk> un> < <(2h)qlq3’(p’)q1 + (2n) @D ga (q/)‘f)q Blf
k=1

Hence, the sufficiency of the condition and the upper for the norm are established.

The proof is complete. O

Conclusion

The necessary and sufficient conditions for the boundedness of the matrix operators whose entries

satisfy the so-called Oinarov conditions are established. In addition, both lower and upper estimates
for the norms of such operators are derived. The obtained results can be used in the spectral analysis of
matrix operators and in determining the oscillatory or non-oscillatory behavior of solutions to certain
difference equations. Furthermore, the derived inequalities can be employed to evaluate sequences via
their higher-order differences.
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