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In this paper, we study continuous linear maps that behave as Lie centralizers at specific points, including
identity products, zero products, and idempotent products. Our aim is to determine when local Lie
centralizer conditions force a linear map to have a global centralizer-like structure. We first show that
every continuous linear map satisfying the Lie centralizer condition at identity products is necessarily a
commuting map. We then obtain explicit descriptions of such map on C*-algebras, von Neumann algebras,
standard operator algebras, and matrix algebras. For maps acting at zero products, we prove that under
suitable assumptions they are Lie centralizers, and we derive corresponding structural characterizations.
We also investigate Lie centralizers at idempotent products and establish several characterization theorems
for von Neumann algebras and standard operator algebras. These results extend a number of earlier
theorems on commuting maps, centralizers, and Lie centralizers, and provide new criteria under which
local conditions imply global behavior. Moreover, our approach highlights the strong relationship between
local algebraic conditions and the global structure of linear maps. Consequently, this paper contributes to
the theory of linear preserver problems and centralizer-type mappings on Banach and operator algebras.
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Introduction

Let A be an associative algebra over C with center Z(A). A linear map 6 from algebra A into itself
is called a left centralizer (right centralizer) if for all a,b € A,

0(ab) = 6(a)b,  (B(ab) = ab(b)),

and 0 is called a centralizer if it is both left and right centralizer. In case 8 : A — A is a centralizer,
then by [1, Theorem 2.3.2] there exists an element A € C such that §(a) = Aa for all a € A, where C
is the extended centroid of A.

By considering a new product [a,b] = ab — ba, called the Lie product, A takes on a structure of a
Lie algebra. A linear map 6 : A — A is called a Lie centralizer if

0([a,b]) = [0(a),b], a,be A. (1)

Note that condition (1) is equivalent to 0([a,b]) = [a,0(b)] for all a,b € A. A simple example of a Lie
centralizer 6 : A — A is a map of the form

0(a) = ¢(a) +&(a), acA,

where ¢ is a centralizer, and ¢ is a linear map of A into Z(A) vanishing at commutators [a, b] for all
a,b € A. In particular, if ¢(a) = ca for some ¢ € Z(A), then 0(a) = ca + £(a) for all a € A. The goal
is to show that in certain cases these are in fact the only examples.

Received: 30 April 2025; Accepted: 21 May 2026.

(© 2026 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

210 Bulletin of the Karaganda University


https://doi.org/10.31489/2026M3/210-221
http://creativecommons.org/licenses/by-nc-nd/4.0/

Linear maps on Banach algebras ...

A linear map 6 from algebra A into itself is called centralizing if [0(a),a] € Z(A) for every a € A.
In the special case where [#(a),a] = 0 for all a € A, the map 6 is said to be a commuting map.

It is shown in [2, Theorem 1] that every centralizing map on a prime algebra A is a commuting
map. Recall that A is called prime if aAb = 0 implies that a = 0 or b = 0.

Obviously, each Lie centralizer is a commuting map, but the converse fails in general; see Example 1
below. Moreover, every centralizer is a special case of a Lie centralizer, however, there exist Lie
centralizers which are not centralizers, |3, Example 2.1].

Determining the structure of commuting maps in terms of centralizers or Lie centralizers is a matter
of interest. In [4], Bresar proved that every commuting additive map € on a prime ring A is of the
form 0(a) = Aa + {(a) for all a € A, where A\ € C' and ¢ is an additive map from A into C. We refer
the reader to the survey paper [5] for the background and history of commuting maps.

We say that a map @ is a Lie centralizer at a given point z € A if

a,be A, ab=z = 0([a,b]) =[0(a),b]. (2)

This kind of maps were discussed by several authors. For example, it is shown [6] that if A is a
prime ring containing a non-trivial idempotent and 6 is an additive map satisfying 6(ab) = af(b) for
all a,b € A with ab = 0, then 6 is a right centralizer. The same result was obtained [7]| for unital
C*-algebra A and the continuous linear map T : A — X where X is a unital Banach A-bimodule.
Article [8] investigated this problem for Banach algebras at the identity products.

Lie centralizers at zero products on a class of operator algebras are discussed in [3]. In [9], the
authors have studied Lie centralizers on triangular rings. In [10], Ghahramani considered the problem
of characterizing linear maps behaving like Lie centralizers at idempotent products. We refer the reader
to [8,11,12] for a full account of the topic and a list of references.

Taking the ideas from the above, the aim of this paper is to characterize linear maps that satisfy
in condition (2) at the identity products, zero products and idempotent products.

1 Lie centralizer at identity

We mention that every Lie centralizer is a commuting map, but the converse fails, in general. The
following example illustrates this fact.

Ezxample 1. Let

0 zZ1 22
A= 0 0 =z23]: 21,29,23 € C
0 0 O
Define 0 : A — A via
0 Z1 R2 0 zZ1 —22
0( 0 0 =z ): 0 0 =23
0 0 O 0 0 O

Then [0(a),a] =0 for all a € A, and hence 0 is a commuting map, however, 0 is not a Lie centralizer.
The following result is the main theorem of [4].

Theorem 1. Let R be a prime ring and 6 : R — R be an additive centralizing map. If either
charR # 2 or 6 is a commuting map, then

O(a) =Aa+&(a), acA,

where A € C, the extended centroid of R, and £ is an additive map from A into C.
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Combining Theorem 1 with the fact that the extended centroid of a prime C*-algebra is isomorphic
to the complex numbers, we see that if 6 is an additive centralizing map on a prime C*-algebra A, then
there exist A € Z(A) and an additive map £ : A — Z(A) such that 6(a) = Aa + £(a), for all a € A.

The next result states that this conclusion holds in general (not necessarily prime) von Neumann
algebras.

Theorem 2 ([13, Theorem 2.1]). Let A be a von Neumann algebra. If § : A — A is an additive
centralizing map, then 6(a) = ca + £(a) for all a € A, where ¢ € Z(A) and € is an additive map from
A into Z(A).

The second dual space A” of a Banach algebra A admits two Banach algebra products known as
the first and second Arens products, each extending the product on A. These products, which we
denote by [0 and <), respectively, can be defined as follows:

OOV = limlima; - b;, ¥OP® =limlimb,-a;, D, T e A”,
i J i

where {a;}icr and {b;}cr are nets in A that converge in the w*-topology to ® and W, respectively.
If these products coincide on A”, then A is said to be Arens regular. It is shown in [14] that every
C*-algebra A is Arens regular.

We regard A as a closed subalgebra of both (A”, ) and (A”, {) by identifying A with k(A), where
k: A — A” is the canonical embedding, that is

k(a)(f)=a(f)=f(a), a€A feA,
and A is w*-dense in A” by Goldstine’s theorem. In this regard, we have
A0 —=ad® =a-®, and ®a = dOG = - a,

for all a € A and ® € A”. One may refer to the monograph of Dales [14] for a full account of Arens
product.
Next we generalize Theorem 2 for all C*-algebras.

Theorem 8. Suppose that A is a C*-algebra. If § : A — A is a continuous centralizing map, then
0(a) = ca+ &(a) for all a € A, where ¢ € Z(A”) and £ is an additive map from A into Z(A”). In
particular, # is a commuting map.

Proof. Since 0 is a centralizing map, we have [f(a),a] € Z(A) for all a € A. Replacing a by a + b,
we obtain

[0(a),b] 4+ [0(b),a] € Z(A), a,be A.
Let ®,¥ € A” and a; — P, l;; — W in the w*-topology. Then for each f € A/,
(0" (@) f = (aio0")f
=ai(0°(f)) — @(07(f)) = (07 (2)) f.
Therefore, 0**(a;) — 6**(®) in the w*-topology. Consequently,

~

67 (@), 9] + [0 (W), ®] = limlim [0 (@), ;] + [0 (6;). @

(A
= limlim [0(a:), bj] + [0(b;). i) € Z(A").
(A

In particular, [0**(®),®] € Z(A”) for all & € A”. This means that 0™ is a centralizing map. It is
known that the second dual of each C*-algebra is a von Neumann algebra [14], hence by Theorem 2,
we have

0 (®) = P + p(®), deA”, (3)
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where ¢ € Z(A”) and p is an additive map from A” into Z(A”).
Let & be the restriction of p on A, so &(a) = p(a) for all a € A. Therefore, by (3) we obtain

0(a) = ca +¢(a),

for all a € A, where ¢ € Z(A”) and ¢ is an additive map from A into Z(A").
Since ¢, &(a) € Z(A”), by the above equality we conclude that

[0(0’)7 a’} = [Ca + §(a), CL]
= [CCL, a] + [f(a), a] =0,

for all @ € A. Therefore, 6 is a commuting map. This completes the proof.

As a consequence of Theorem 3, we obtain the following result.

Corollary 1. Let A be a C*-algebra and § : A — A be a continuous linear map. Then 6 is a Lie
centralizer if and only if 6(a) = ca + &(a) for all a € A, where ¢ € Z(A”) and ¢ is a linear map from A

into Z(A"”) such that £([a,b]) =0 for all a,b € A.

Next we prove that every Lie centralizer at the identity product is a commuting map.

Theorem 4. Let A be a unital Banach algebra and # : A — A be a continuous linear map satisfying

a,be A, ab=es = 0([a,b])=][0(a),b]. (4)

Then 6 is a commuting map.

Proof. Let a € A be arbitrary. For A € C with |\| < 1/||a||, ea — Aa is invertible and (e4 — Aa)™?
>0 o A"a™. Noticing that (e4 — Aa)(ea — Aa) ™! = ey, thus by condition (4) we have

0(lea — Aa, Y N'a"]) = [0(ea — Aa), > N'a"].
n=0 n=0
Obviously,
9([6A—/\a,2/\”a"]) =0, acA
Therefore,
0=[0(ea) — Nd(a), Z A"a™]
n=0
= Z A"[0(ea), Z )\"+1 ),a"]
— Z )\n—l—l[e( n+1 Z )\n+1 an .
n=0
Thus,
D NFH([B(ea),a™ ] — [0(a),a™]) =0,
n=0

for all A € C with |A| < 1/||a||. Hence

[O(ea), a”“] =1[0(a),a"], n=0,1,2,... (5)
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Taking n = 0, we obtain [f(ea),a] = 0 for all a € A. Now it follows from (5) that
[0(a),a] =0, acA.
Consequently, 6 is a commuting map. O

Let B(X) be the operator algebra of all bounded linear operators on Banach space X. A standard
operator algebra is any subalgebra of B(X) which contains the identity, and the ideal F'(X) of all finite
rank operators.

We mention that standard operator algebra and M, (C) are prime algebras, but C*-algebras are
not prime, in general.

Combining Theorem 4 and Theorem 1, we obtain the next result.

Corollary 2. Let A be either standard operator algebra or M,(C) and let § : A — A be a
continuous linear map satisfying (4). Then 6 is a commuting map, and

6(a) = Aa + £ (a),

for all a € A, where A € C and £ is a linear map of A into Ce4.

Corollary 3. Let A be a unital C*-algebra and let § : A — A be a continuous linear map such
that the condition (4) holds. Then
B(a) = ca + £(a),
for all a € A, where ¢ € Z(A”) and ¢ is a linear map of A into Z(A”) such that £([a,b]) = 0 for all
a,b € A with ab = e4.

Proof. By Theorem 4, 6 is a commuting map, so it follows from Theorem 3 that 6 is of the form
0(a) = ca+&(a) for all a € A, where ¢ € Z(A”) and £ : A — Z(A”) is a linear map.
Now let a,b € A with ab = e4. Then by (4), we have

§(la, b)) = 0([a, b]) — cla, V]

= [0(a), b] — [ca,b] = [¢(a),b] = 0.
This completes the proof. O
A linear map 6 on algebra A is called a Lie triple centralizer if
0([a,[b,c]]) = [a,[b,0(c)]], a,bce A
We mention that the above identity is equivalent to assuming that

0([a,[b,]]) = [a,[0(b),c]], a,bce A

This notion introduced in [15] and the general form of Lie triple centralizers on a generalized matrix
algebra are characterized.

Clearly, every Lie centralizer is a Lie triple centralizer, but the converse fails, in general. For
example, let A and 6 be as in Example 1. Then 6 is a Lie triple centralizer, but it is not a Lie
centralizer.

The following result is an analogous version of Theorem 4 for Lie triple centralizers.

Theorem 5. Let A be a unital Banach algebra and § : A — A be a continuous linear map satisfying
a,be A, ab=es = 0([a,[bd]])=[a,[0(b),a]]. (6)

Then @ is a centralizing map. Moreover, if A is prime, then 6 is a commuting map.
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Proof. Let a € A be arbitrary. Similar to the proof of Theorem 4, we have

([ea — Aa, [Z A'a", eq — Ad]]) = [ea — Aa, [Z A"0(a™), e — Aal].
n=0

n=0
Obviously, the left hand side of the above equality is zero, thus by a simple calculation we get

o0

3 A ([a, [0(a™), a]]) =0,

n=0

for all A € C with |A\| < 1/||a||. Hence
[a,[6(a"),a]] =0, n=0,1,2,...

Taking n = 1, we obtain [f(a),a] € Z(A) for all @ € A, and so 6 is a centralizing map. If A is prime,
then by [2, Theorem 1|, # is a commuting map. O

By Theorem 5 and Theorem 1, we conclude the next result.

Corollary 4. Let A be either standard operator algebra or M, (C) and let § : A — A be a
continuous linear map satisfying (6). Then 6 is a commuting map, and

6(a) = Aa + £ (a),

for all a € A, where A € C and £ is a linear map of A into Ce4.
The corollary below follows from Theorem 5 and Theorem 3.

Corollary 5. Let A be a unital C*-algebra and 6§ : A — A be a continuous linear map such that
the condition (6) holds. Then
f(a) =ca+&(a), acA,

where ¢ € Z(A”) and £ : A — Z(A”) is a linear map such that £([a, [b,a]]) = 0 for every a,b € A
with ab = ey4.

2 Lie centralizers at zero point

This section is devoted to characterize linear maps behaving like Lie centralizers at zero point. We
begin with the following lemma.

Lemma 1. Let A be a unital algebra and # : A — A be a linear map satisfying
a,be A, ab=0 = 60([a,b]) =[0(a),b)]. (7)

Then for every idempotent p,q € A,
0([p. q]) = [0(p). al.

Proof. From (p — pq)q = 0, we have

0(lp — pa, q]) = [0(p — pa), g,

and hence
0([p. ql) — 0(Ipq, a]) = [6(p), ] — [0(pa). q- (8)
Similarly, as pg(¢ —eq) = 0, we get

0(lpg. q —eal) = [0(pq), q — eal,
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and thus
0(1pg; a]) = 10(pa), l- (9)
It follows from (8) and (9) that

0([p,q]) = [0(p). ql,
for every idempotent p,q € A. O

Theorem 6. Let A be a von Neumann algebra and § : A — A be a continuous linear map
satisfying (7). Then 6 is a Lie centralizer.

Proof. By Lemma 1,
0([p, q]) = [0(p). dl, (10)

for every idempotent p,q € A. Let Ay, denote the set of all self-adjoint elements of A and let x € Ag,.
Then x is the limit of a sequence of linear combinations of projections in A, i.e., self-adjoint idempotents,
therefore

r = lim Z AiDks
" k=1
and thus from (10), we get 0([x,y]) = [6(z), y] for all self-adjoint elements z,y € A. Now let a € A be
arbitrary. Then a = x + iy for z,y € Ay, and hence
0([a8]) = 0(a),B],  abe A

Consequently, 0 is a Lie centralizer. O

Recall that a bounded approzimate identity for A is a bounded net {e)}aecs in A such that exa — a
and aey, — a for every a € A. It seems appropriate to mention that the group algebra L'(G) for a
locally compact group G and every C*-algebra has a bounded approximate identity bounded by one,
see [14].

The Banach algebra A is called zero product determined if each continuous bilinear map ¢ : A x
A — X, where X is an arbitrary Banach space, satisfying

a,be A, ab=0 = ¢(a,b) =0,
can be written as

¢(a,b) = T(ab), a,b e A,

for some continuous linear map 7' : A — X.

The concept of zero product determined appeared as a byproduct of the so-called property (IB)
introduced in [16].

We now generalize Theorem 6 to zero product determined Banach algebras.

Theorem 7. Let A be a zero product determined Banach algebra equipped a bounded approximate
identity. If # : A — A is a continuous linear map satisfying (7), then 6 is a Lie centralizer.

Proof. Define a continuous bilinear map ¢: A x A — A by
¢(a,b) = 6([a,b]) — [0(a),b], a,be A

Then ab = 0 implies that ¢(a,b) = 0. Since A is zero product determined, there exists a continuous
linear map 7' : A — A such that ¢(a,b) = T'(ab) for all a,b € A. Hence,

0([a, be]) — [0(a), bc] = ¢(a, be)

(a(be))

((ab)c)

(ab,c) = 0([ab, c]) — [0(ab), c].

1
S 94
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Letting ¢ = ey in the above equality, we get 6([a,b]) = [f(a),b] for all a,b € A. Therefore, 6 is a Lie
centralizer. ]

It should be pointed out that every C*-algebra, as well as every group algebra L!'(G) of locally
compact group G, and the matrix algebra M,,(C) are zero product determined Banach algebra [16,17].
However, standard operator algebras are not zero product determined, in general.

Combining Theorem 7 and Corollary 1, we obtain the following result.

Corollary 6. Let A be a C*-algebra and § : A — A be a continuous linear map such that the
condition (7) holds. Then

0(a) =ca+&(a), acA,
where ¢ € Z(A”) and £ : A — Z(A”) is a linear map such that &([a,b]) = 0 for all a,b € A.
As a consequence of Theorem 7 and Theorem 1, we get the next corollary.

Corollary 7. Let A = M, (C) and # : A — A be a continuous linear map such that condition (7)
holds. Then

0(a) = Xa + &(a),
for all a € A, where A € C and £ is a linear map of A into Ce4.

For a standard operator algebra we have the following result. Note that in the theorem below 0 is
not continuous, in general.

Theorem 8. Let A be a standard operator algebra, and let # : A — A be a linear map such that
condition (7) holds. Then 6(a) = Aa + £(a) for all a € A, where X\ € C and £ is a linear map of A into
Cey.

Proof. By [3, Theorem 3.1], 6 is a commuting map. Now Theorem 1 applies. O

8 Lie centralizers at idempotents

In this section, we consider the question of characterizing Lie centralizers by acting at idempotents
products on von Neumann and standard operator algebras.

The following result is another tool for characterizing linear maps at an idempotent. For its proof,
see [18, Theorem 2.1].

Theorem 9. Let A be a unital Banach algebra and X a Banach space. Suppose that ¢ : AxA — X
is a continuous bilinear map such that

a,be A, ab=p = ¢(a,b) =0,
where p is an idempotent in A. Then, for all a € A,

¢(a7p) = ¢(€A’ CLp), and ¢(pa a) = (Z)(p(l, 614)'

The following result for p = 0 is Theorem 6.

Theorem 10. Let A be a von Neumann algebra and § : A — A be a continuous linear map
satisfying
a,be A, ab=p = 6([a,b]) =[0(a),b], (11)

for every non-trivial idempotent p € A. Then 0 is a Lie centralizer.
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Proof. Let p be a non-trivial idempotent in A. Define a bilinear map ¢ : A x A — A via
¢(a,b) = 6([a,b]) — [0(a),b], a,be A
Then ab = p implies that ¢(a,b) = 0. Applying Theorem 9, we obtain

0([p, 0]) — [6(p), b]

¢(p,b)

P(pb,ea)

0([pb, eal) — [6(pb), €]
0

Therefore,
0([p, b)) = [0(p), b], (12)

for all a € A and every idempotent p € A.

Since the linear span of projections is norm dense in every von Neumann algebra, thus from (12)
we arrive at 6([a,b]) = [6(a),d] for all a,b € A. Hence 0 is a Lie centralizer. O

From Theorem 10 and Theorem 2 we get the following result.

Corollary 8. Let A be a von Neumann algebra and 6 : A — A be a continuous linear map such
that the condition (11) holds. Then

O(a) =ca+&(a), acA,

where ¢ € Z(A) and £ : A — Z(A) is a linear map such that £([a,b]) = 0 for all a,b € A.

Theorem 11. Let A be a standard operator algebra and let §# : A — A be a continuous linear map
such that condition (11) holds. Then 6 is a commuting map.

Proof. Let p € A be a non-trivial idempotent of rank-one. Define a bilinear map ¢ : A x A — A
via

¢(a,b) = 6([a,b]) — [0(a),b], a,be A
Then ab = p implies that ¢(a,b) = 0. Applying Theorem 9, we get

0(la, p]) — [6(a), pl

I
S

(a,p)

¢(ea,ap)

= 0([ea,ap]) — [0(ea), ap]

= [ap,0(ea)]. (13)

Replacing a by p in (13), we obtain
[p7 Q(p)] = [pa e(eA)]
On the other hand, since pp = p the condition (11) implies that
[0(p), p] = Olp,p] = 0.

From the above two equalities, we get [p,0(e4)] = 0. By |11, Lemma 1.1] each element u € F(X) is a
linear combination of rank-one idempotents. Thus,

[u,0(ea)] =0, we F(X),
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and hence [au, 0(e4)] = 0 for all a € A. Therefore, from (13) we conclude that
0(ap) = 0(pa) + 6(a)p — pb(a),
for all a € A and every idempotent p € A. In particular,
O(au) = 6(ua) + 0(a)u —ub(a), ac€ A,ue F(X). (14)
Let a,b € A. By applying (14), we obtain
0(abu) = 6(uab) + 0(ab)u — ub(ab), ue€ F(X).
Replacing u by bu in (14), we have

0(abu) = 6(bua) +

0(a)bu — bub(a)
= O(uab) + 6

b)ua — uab(b) + 0(a)bu — bub(a).

By comparing the two expressions for 6(abu), we arrive at

(
(
)
0(ab)u — ub(ab) = O(b)ua — uab(b) + 6(a)bu — bub(a),
for all a,b € A and u € F(X).

Since F'(X) is dense in B(X) with respect to the strong operator topology, there is a net u; in
F(X) such that u; — e4. Therefore,

0(ab)u; — u;0(ab) = 0(b)uja — u;ad(b) + 0(a)bu; — bu;6(a).
From the separate continuity of product in B(X), we get
f(b)a — ab(b) + 6(a)b — bf(a) = 0.
By letting a = b we get [#(a),a] = 0 for every a € A. Thus, 6 is a commuting map. O

The corollary below follows from Theorem 11 and Theorem 1.

Corollary 9. Let A be a standard operator algebra and let 8 : A — A be a continuous linear map
such that condition (11) holds. Then

O(a) = Aa+&(a), acA,

where A € C and £ is a linear map of A into Cey4.

The set of idempotents of a given algebra A is denoted by Z(A). A Banach algebra A is generated
by idempotents, whenever A = algZ(A).

For example, von Neumann algebras, B(#) for infinite-dimensional complex Hilbert space H,
topologically simple Banach algebras containing a non-trivial idempotent, the group algebra L'(G) for
a compact group G, and the matrix algebra M,,(A) over a unital Banach algebra A are generated by
idempotents. Other classes of Banach algebras with this property can be found in [16].

Now, similar to Theorem 10, we can prove the next result.

Theorem 12. Let A be a unital Banach algebra with the property that A = algZ(A). If 6: A — A
is a continuous linear map satisfying (11), then

O(a) =ca+&(a), acA,

where ¢ € Z(A) and £ : A — Z(A) is a linear map such that £([a,b]) = 0 for all a,b € A.
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Conclusion

In this paper, we investigated linear maps behaving like Lie centralizers at identity products, zero
products, and idempotent products on several classes of Banach algebras. We proved that under
suitable assumptions, such mappings are closely related to commuting maps and Lie centralizers. In
particular, we obtained structural characterizations for these maps on C*-algebras, von Neumann
algebras, standard operator algebras, and matrix algebras. These results extend several known cha-
racterizations of Lie centralizers and provide new perspectives on local conditions that force a linear
map to exhibit global centralizer-like behavior.
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