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MATHEMATICS

https://doi.org/10.31489/2025M3 /4-21 Research article

Classification and reduction to canonical form of linear differential
equations partial of the sixth-order with non-multiple characteristics

A.T. Abdukodirov*, T.A. Tulkinboev

Fergana State University, Fergana, Uzbekistan
(E-mail: abdurashid1976@mail.ru, tulginjon98@mail.Tu)

This paper studies the problems of classification and reduction to canonical form of linear partial differential
equations of the sixth-order with non-multiple characteristics and constant coefficients. Considering that
with the growth of the order of the equation or the increase in the number of independent variables,
the problems of classification and reduction to canonical form become more complicated. The article
first provides a general formula for the coefficients of the new equation obtained after the transformation
of variables, and then formulates and proves three lemmas that play an important role in finding the
canonical form of the equation. The classification problems are considered and the corresponding canonical
types of equations are found by a new method in four cases in which the equation with partial derivatives
of the sixth-order has: 1) six different real characteristics; 2) four different real roots and two complex-
conjugate characteristics; 3) two real roots and four different complex-conjugate characteristics; 4) six
different complex-conjugate characteristics and, consequently, the corresponding theorem is proved.

Keywords: a sixth-order partial differential equation, hyperbolic differential operator, elliptic differen-
tial operator, classification of differential equations, canonical form of differential equations, non-multiple
characteristics, multiple characteristics, real characteristics, complex characteristics, equations of
characteristics.

2020 Mathematics Subject Classification: 35G05.

Introduction

In order to achieve meaningful outcomes in the study of boundary or initial value problems for
partial differential equations, it is essential to begin by identifying the type of equation and deriving
its corresponding canonical form. This classification and transformation play a fundamental role in
understanding the general properties of the solutions, ensuring the correct formulation of boundary
value problems, informing the selection of suitable solution methods, and facilitating the analysis of
both direct and inverse problems. Furthermore, in certain cases, establishing the canonical form may
enable the derivation of a general solution or the reduction of the order of the equations .

Therefore, the comprehensive classification, identification of the equation type, and derivation of
the corresponding canonical form represent a task of great importance in the theory of differential
equations, carrying not only theoretical relevance but also practical significance.

*Corresponding author. E-mail: abdurashid1976@mail.ru
Received: 31 October 2024; Accepted: 6 June 2025.

(© 2025 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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Classification and reduction to canonical ...

The classification and determination of the canonical forms of second-order partial differential
equations are well known. A comprehensive treatment of the classification and canonical form reduction
for third- and fourth-order equations was provided in [1| and [2], respectively. Further investigations
into fifth-order equations were conducted in [3], while the study presented in [4] addressed the derivation
of canonical forms for n-th order partial differential equations involving two independent variables.

A significant number of studies have been devoted to the investigation of boundary value prob-
lems for high-order partial differential equations. For example, in [5] and [6], initial-boundary value
problems for high even-order partial differential equations are analyzed. In [7], a completely new
numerical method is proposed for solving general linear and nonlinear high-order partial differential
equations. In [8], an initial-boundary value problem for a high-order partial differential equation in the
multidimensional case is studied.

However, to this day, the issues of complete classification and determination of canonical forms
of linear partial differential equations of sixth and higher orders remain unstudied. Although sixth-
order partial differential equations do indeed arise in applied problems (for example, wave motion in
water with surface tension is described by a sixth-order equation [9]), significant research has also been
devoted to the study of boundary value problems for sixth-order partial differential equations. For
instance, in [10] and [11], sixth-order partial differential equations are analyzed with respect to the
Painlevé property and the behavior of their solutions. In [12], the reduction of equations describing
orthotropic bodies to a sixth-order partial differential equation and its analysis is presented. In [13], a
nonlocal inverse boundary value problem for a sixth-order partial differential equation with additional
integral conditions is investigated.

Therefore, the wide range of applications involving sixth-order partial differential equations under-
scores the need for a comprehensive investigation into their full classification and reduction to canonical
forms.

It should be noted that the classification and determination of canonical forms of partial differen-
tial equations are carried out based on the classification of the roots of the corresponding algebraic
equations. As the order of the equation increases or the number of independent variables grows, the
problems of classification and reduction to canonical form become increasingly complex. The complete
classification of second-order partial differential equations and the determination of their corresponding
canonical forms have been studied in three cases; for third-order equations — in four cases; and for
fourth- and fifth-order partial differential equations — in nine and twelve cases, respectively.

Based on the above analysis, it can be concluded that the classification of sixth-order linear partial
differential equations is fundamentally influenced by the quantity and multiplicity of real and complex
roots of the corresponding sixth-degree algebraic equations.

For sixth-degree linear algebraic equations, one of the following scenarios invariably applies:

1) six distinct real roots;
2) four distinct real roots accompanied by one pair of complex conjugates;
3) two distinct real roots along with two distinct pairs of complex conjugates;
4) three distinct pairs of complex conjugate roots;
5) one double real root plus four distinct real roots;
6) two double real roots and two distinct real roots;
7) three double real roots;
8) one double root, one triple root, and one simple real root;
9) one triple root together with three distinct real roots;
10) two triple real roots;
11) one double root and one quadruple real root;
12) one quadruple root with two distinct real roots;
13) one quintuple root alongside one simple real root;

Mathematics Series. No.3(119)/2025 5
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) one sextuple real root;
) one double root, two distinct real roots, and one pair of complex conjugates;
) one double real root and two distinct pairs of complex conjugates;
) one double real root and one double pair of complex conjugates;
18) one triple root, one simple real root, and one pair of complex conjugates;
) one quadruple real root and one pair of complex conjugates;
) two distinct real roots and two distinct double pairs of complex conjugates;
) two distinct pairs of complex conjugates plus two distinct double pairs of complex conjugates;
) two distinct double real roots and one pair of complex conjugates;
23) three distinct double pairs of complex conjugate roots.

Consequently, the comprehensive classification and reduction to canonical form of sixth-order equa-
tions can be systematically explored through exactly 23 distinct cases, each corresponding to one of
the possible root structures of sixth-degree algebraic equations.

In this study, within the scope of the article, we focus on the classification and reduction to canonical
form of sixth-order linear partial differential equations possessing non-multiple characteristics.

1 Mawn part

In some domain €2 of the plane xOy, we consider the sixth-order partial differential equation with
two independent variables, linear with respect to the highest derivatives:

6 9%
ul kzzo k@xﬁfkﬁyk ’ (1)

where Ay (k = 0,6) are given constants, and F' is a continuous function depending on x,y,u and its
partial derivatives with respect to x, y up to the fifth order inclusive, where Z A2 #0.

Using the transformation of variables £ = &(x,y), n = n(z,y), allowing for the inverse transforma-
tion, that is, fulfilling condition J = &1y — &{ne # 0, from (1), we obtain

0 Ou
u] = Z Ak D€~k ok = I, (2)
k=0

where F is a function depending on &,7,u and its partial derivatives with respect to £, n up to the
fifth order inclusive, and aj are new coefficients that are linearly dependent on Ag, k = 0, 6.
Taking into account the notation

f (22, 2y) = Agz5 + A1202, + Agzizz + Agzgzz + A4z§z3 + A5zxz?§ + AGZS,

the coefficients ay (k = 0, 6) of equation (2) can be written as

1/ 0 o \* 1 0\
ay = E (nxagz + ny@gy) I ({w;gy) (6 ]{7) (fxan + fy aT]y) f (77587 77y) . (3)

Let us choose variables £ and 1 such that equation (1) has a canonical form and so that the largest
coefficients of equation (2) vanish. Since, from formula (3) it is clear that all coefficients of equation
(2) are related to the function f (2, 2,) and its partial derivatives with respect to the arguments, we
will consider an equation with partial derivatives of the first order:

Ap28 + A1202, + AQZiZi + Agzgzg’ + A4z§z§ + A5zng + AGZS =0. (4)

6 Bulletin of the Karaganda University



Classification and reduction to canonical ...

Let z = ¢(z,y) be a particular solution of this equation. If we set £ = ¢(x,y), then the coefficient
ag will obviously be equal to zero. Thus, the above-mentioned problem of choosing new independent
variables will be related to the solution of equation (4), and the solution of equation (4) is related by
the general integral of the following ordinary differential equation

Ag(dy)® — Ay (dy)3dx 4+ Ay(dy)*(dx)? — As(dy)(dz)® + Ag(dy)?(dx)* — Asdy(dzx)® + Ag(dz)® = 0. (5)

Equation (5) is called characteristics equation for equation (1), and its integrals are called
characteristics. Dividing both parts of (5) by (dz)® and introducing the notation t = dy/dx, we
have the following algebraic equation

A0t6 — A1t5 + A2t4 — A3t3 + A4t2 — Ast + Ag = 0. (6)

Considering ¢ = dy/dx, we can see that finding the general integral of the ordinary differential
equation (5) is connected with the roots (algebraic with respect to ¢ (t = dy/dz) of the equation (6).

Similarly, as in [4], we will prove the following three lemmas, which play an important role in
finding the canonical form of equation (1):

Lemma 1. If the function z = ¢(z, y) is a solution to equation (4), then the relation ¢(x,y) = const
is a general integral of the ordinary differential equation (5).

Proof. Since the function z = ¢(z,y) is a solution to equation (4), then the equality

Aol + A1y + Aopapr + Asps Zy + Asproy + Aspapy + Aspy = 0

is an identity in the domain where the solution is considered. Dividing both sides of the last equation
by gog, we obtain the following identity:

6 5 4 3 2
%<—%> fm<—%> +@(—%> f@(—@ﬁ +@<—%) f%<—%>+A6:a(n
Py Py Py Py Py Py

It is known that if a function y, determined from an implicit relation ¢(x,y) = const, satisfies equa-
tion (5), then ¢(x,y) = const is a general integral of the ordinary differential equation (5). Let
y = f(z,C) be this function. Then

dy__[%@w) (8)

2= [ e

Here, the square brackets and the index y = f(z, C) indicate that on the righthand side of equal-
ity (8) the variable y is not an independent variable, but has a value equal to f(x,C). It follows that
y = f(x,C) satisfies equation (5), since

dy\°® dy\°® dy\* dy\ > dy\ 2 dy
Ao (=) —4 (=2 Ay (=) —As (=2 A (=) — A5 (=2) + 4Ag =
O<daz> 1<d:c> A dz S\ da A dz >\ da A
6 5 4 3
w2 a (5] () )
Py Py Py Py
2
+m<l%>—A4}%>+% —0,
Py Py y=F(@C)

by virtue of (7) the expression in square brackets is equal to zero for all values of z,y, and not only
for y = f(x,C).

Mathematics Series. No.3(119)/2025 7
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Lemma 2. If p(z,y) = const is a k-fold (k < 6) general integral of equation (5), then for z = p(z,y)
the function f (2., 2y) and all its derivatives with respect to z,z, up to and including (k — 1) order
are equal to zero.

Proof. Let ¢(x,y) = const be a k-fold general integral of equation (5), and t1,ts, ..., ts be the roots
of equation (6), where t; (t; = —¢,/py) is the corresponding k-fold root of equation (6). Then, based
on the corollary of Bezout’s theorem, equation (6) can be written in the form

6

At —t)* J[ t—t)=o0. (9)

j=k+1
If we consider t = dy/dx, the equation (9) takes the form

6
Ag (dy — tyda)F H (dy — tjdz) = 0.
Jj=k+1

Taking this into account, the function f(z;,2,) and the equation (4) can be written as

6 6
[ (22, 2y) = Ao (22 + tlzy)k [T (22 +tjzy) and Ag (2 + tlzy)k [T (2z+tjzy) = 0, respectively.
j=k41 j=k+1
Therefore, for z = p(z,y), we have

6

f (e 2y) = Ao (2 + t12)" [ (20 +t2) = 0.
j=k+1

It easily follows from this that all derivatives of the function f(z,,z2,) with respect to z,z, up to
(k — 1) order inclusive for z = ¢(z,y) are equal to zero.

Lemma 3. When transforming variables & = &(x,y), n = n(z,y) that allow inverse transformation,
the number and multiplicity of real and complex roots of equation (6) are invariant, and the identity
holds Dg = J3°Dg, where

De=AY [] ti—t)? (10)
6>i>5>1

is the discriminant of the equation (6), and

De=a’ [ (mi—ny)? (11)
6>1>5>1

is the discriminant of the following equation
6 5 4 _ 3 2 _ =0 =dn/d 12
app” — a1’ + agp® — azp® + agp® — asp+ag =0 (u = dn/dg), (12)

where ty,ta,...,t¢ and u1, pa, ..., ue are the roots of the equations (6) and (12), respectively.

Proof. As shown above, when transforming the variables £ = {(z,y), n = n(x,y), the equation (1)
with the condition J = &1, — §mn, # 0, was transformed into equation (2). By introducing the
notation ¢ = dy/dx, p = dn/d¢ into the equations of the characteristics for equations (1) and (2),
algebraic equations (6) and (12) were found, respectively. Then, taking into account ¢ = dy/dx and
p = dn/d€¢, we have the following relation

dn(z,y) _ nedz +nydy  ne+ ny(dy/dr)  ne 4yt
df(% y) Exdx + fydy Ex + fy (dy/dx) §x + fyt

p= (13)

8 Bulletin of the Karaganda University



Classification and reduction to canonical ...

From (13), we find the relation between the roots u; and t; of the equations (6) and (12) in
the form p; = (e +ny-t;) / (&x + &y - ti). It follows that the number and multiplicity of the real
and complex roots of equations (6) and (12) are the same. That is, when transforming variables
& =¢&(x,y),n =n(x,y), allowing for an inverse transformation, the number and multiplicity of the real
and complex roots of equation (6) are invariant. In addition, we have

p — g5 = J (te — t5) [(&0 + te&y) (& + €)1, k,j=T1,6.

Using these equalities, from (11), we find

D=al T (& +118y) Gty - G+t [ te—1)%
6>k>j>1

From here, opening the brackets inside the square bracket and taking into account equality (10),
we obtain

~ —-10 , _
D=a? D[+ (ti+ta+...+t6) &+ +ti-ta-...telh] Ay'Y. (14)

On the other hand, according to Vieta’s formulas, the following equalities hold:

A A A
t1+t2+...+t6:A—;, t1t2+t1t3+...—|—t5t6:A—z,...,t1~...~t6:A—S. (15)

Based on (15), equality (14) takes the form
D =al’TD (A€ + A1€36, + ... + A8 17

Since, according to formula (3), ag = Ao&S + Algggy +... 4+ A6£S, then from the latter it follows

that D = J3°D. From this equality, by virtue of .J = 0, it follows that when transforming variables,
the sign of the discriminant D is invariant.

Without loss of generality, we can assume [4] that condition Ay > 0 is also satisfied.

As is well established from the corollary to the Fundamental Theorem of Algebra, any polynomial of
degree n over the field of complex numbers possesses exactly n roots, counted with their multiplicities.
Accordingly, equation (6) has exactly six roots — real and /or complex conjugates — taking multiplicities
into account.

Given that the algebraic equation (6) presents 23 possible root configurations, the corresponding
partial differential equation (1) may be analyzed in all these cases. Nevertheless, owing to limitations of
space, the present study will concentrate solely on the four cases in which equation (6) has exclusively
simple (non-repeated) roots.

1. Let equation (6) have six different real roots t1 = A1, ta = Ao, t3 = A3, t4 = Ay, t5 = A5, t6 = Ng
and A\; > Ag > A3 > Ay > A5 > Ag. Then, equation (5) has six different real general integrals:

Uy (z,y) =y — Az = const, Wo(x,y) =y — Aex = const, W3(z,y) =y — A3z = const,

Uy(x,y) =y — Max = const, Ws(z,y) =y — A\sz = const, Yg(z,y) =y — A\gz = const.
If we take into account (15), then equation (1) can be written as:
O%u O ou

Ag | =—= AMFAFA+M+ A5+ X)) =—=— + (M A+ A i A56) ———= + ...
0|56 T (A1 F A2+ Az + A+ A5 + 6)8x58y+( 12+ AMAz + ..+ As 6)8$48y2+

A%

o) =1

oot ()\1)\2)\3)\4)\5)\6)

Mathematics Series. No.3(119)/2025 9



A.T. Abdukodirov, T.A. Tulkinboev

Using first-order differential operators of the form ( y), the last equation can be formally
written as: 5
0 0
A — 4+ A\ =F. 16
o |TT (55 + Mg ) | (16)
k=1
. . . . (A1 — As) (A2 — As) (A3 — A5)
B trod the foll tat — = —_— = =
y introducing the following notations 1 = h) 11, W 2, O — o) 13,
M = 4, let us change the variables by
(A1 — X¢)

€= (L+ Vi) y — Qs + ey e, 1= (1 - Visan)y — (s — deyiman . (17)

Then, taking (17) into account, we have

6 0 0 0
o= Ex e Ty T T (A5 + A6 /1spia) 875 — (A5 = Asv/i3hta) o
0 0 0
ay éy ag +n ya ( + V L3144 ) ( v 34 ) an
- . 9 :
Substituting these expressions of e and ay into the equation (16), we obtain
i 9 5
(A1 = A5 + Viapia (A1 — Ag)) oe t (A1 = A5 = VHspia (M = Re)) 5 | %
[ 0 0
X (A2 = As + Vs (A2 — Ag)) g T2 = A5~ Visla Qe = X)) 5| X
- 5 5
X (>\3—>\5+\/M()\3—)\6))3*£+()\3—)\5—x/m0\3—>\6))3* X
[ 0 0
X | (Ag = A5 + V/uapia (A — Ag)) o + (M = A5 = Viuspa (A = X)) 5| X
o 0 0 0
— — - = - =+ = = F.
v =0 (e = g )] [ 00 =29 (5 + )| = 7

Let us divide both sides of the last equation by

fsis (A1 — As) (A2 — Ag) (A3 — Ag) (Aa — X6) (As — X6)” (# 0).

Then, we have

[(m + V/13/h4) ;5 + (1 — \/Hafia) ;7] X {(uz + V/13/04) c‘?g (12 — /13pa) }

T (54 V) 3+ (5~ V) ] T (4 ) &+ (= ) 2]

0*u  O*u
(56~ 5) - "

where Fy = Fy/ {—\/m(xl “26) Qo — Ag) (g — Ag) (Aa — Ag) (s — /\6)2}.
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And the equation (18) can be rewritten as:

[8+(u1 W)@]X[a+(uz—¢m)a
98 (p1 + /mspa) On 98 (p2 + /H3pa) 0

2

[E-tmm) (-2

X

0 (@ + i) 0
0 0 52 2 o2 92u 92w -
<8£+01877> < > <€2 > <a£2 - (9772> —Fg,
Wherec:w c ('u2_ VH3fa) b2:(\//7_—\/'[74)2
Tl vmm) 2 (et viem) (Vi + i)

Py = Fy/ { \Jiigiin (i + i) (2 + /iisiin) (i + Vi) }

Example 1. Consider the following sixth-order partial differential equation:
Upgzere T OUzzzery — 10Uzzzeyy — 100Uszayyy — 111 Uzayyyy + YUsyyyyy + 120Uyyyyyy = 0. (19)
The characteristic equation corresponding to the equation (19) has the form
(dy)® — 6(dy)®(dx) — 10(dy)*(dz)? + 100(dy)?(dz)® — 111(dy)?(dz)* — 94(dy)(dz)> + 120(dz)’ =
It is easy to verify that this equation has six different real roots for t = dy/dz:
ti=1,to=—1,t3=2, t, =3, t5 = —4, t5g = 5.

Then, equation (19) can be written as follows:

0 0 0 0 0 0 0 0 0
() G =) et 2a) (o) (e 3) (e e o) wmo 0
After the transformation & = (1 + v7)y + (4 — 5v7)z, n = (1 — V/7)y + (4 4+ 5/7)z, we obtain
= (4 — S\ﬁ) 8% (4 + 5\[) 20 (1 + \ﬁ) 8% + (1 — \ﬁ) 8@ Considering these, from (20), w

o0 _
’ By
have
D 0N B (P o)
¢ €2 on?) \og  om2) 7
(5+4f) _ (3+6\[ 2 _ (28+11V7
where e = G5 2 = ) ! —( )

2. Let the equation (6) have four different real roots t1 = Ay, toa = Ao, t3 = A3, t4 = Ay and two
complex conjugate roots t5 = o + fi, ts = o — fi. Then the equation (5) has four different real and
two different complex conjugate general integrals:

Uy (x,y) =y — Aix = const, Uy(z,y) =y — Az = const, ¥3(z,y) = y — A3z = const,

Uy(x,y) =y — Az = const, o(x,y) =y — ax —iSx = const, p*(x,y) =y — ax + iSx = const,
where o, 5 € R and 8 # 0.

If we take into account (15), then the equation (1) can be written as:

0% 9% 9%

Ag | =— A A t te) === ..+ t5t6) ===
0 63:6+( 1+tA2+ A3+ A+t + 6)8x58y+(>\1)\2+>\1)\3+ + 56)8x48y2+

6

0°u
+ (M A2 A3 M\gtste) =—= | = F.
(123456)8y6

Mathematics Series. No.3(119)/2025 11



A.T. Abdukodirov, T.A. Tulkinboev

Hence, similarly to equation (16), we have

4
0 0 0*u 0*u 0*u
A + A —— +2a *+8) | =F 21
O{H<3x £y )}<8x2+ “Guay T (@ +6)8y2> 1)
Let us change the variables by the following formulas
{=y—ax, n=pr (22)
8 0 0 0 0 0 0
Then — v T ey = —0ge P Z _“
o 5 =g+ iy = 5 Py g =g vy = o
Substituting these expressions of e and En into the equation (21), we have
Y
4082 T |« A—a3+58 @+@ =F (23)

Assume that (A\; — @) (A2 — @) (A3 — @) (A4 — @) # 0. Then, dividing both parts of the equality (23)
by AgB% (M1 — a) (A2 — a) (A3 — a) (A4 — a) and introducing the notation

B B B B

)\1—067 M6ZA2—Q’ M’?:)\g—a? /1’8:)\4_0[7

8 8 8+ 0 8+ 0 8+ 0 @—F@ _r
o " o¢ " Moy ) \oe " an) \oe T an ) \oez T ap) T
62 82 82 2 62 82

<a€2+(ﬂ5+ﬂ6)856n+/15/168772> (852 +(M7+M8)8§an+uwsanz> X

2 2
<;fﬁ)>:ﬂ’ 24

where F4 = Fl/ [A()BZ ()\1 — a) ()\2 — Oz) ()\3 — a) ()\4 — Oz)]
If us = —pe, 7 = —ps, then the equation (24) takes the form

O 2PN 0N (Pu Pu L
e "z ) \ae e )\ o) = T

0? 0? 0? 0? 0?
Let — — then — — — and —
et pus # —He, K7 # —Hs, then ot (15 + p16) aeay Tt g e Ad 5e + (17 + 18) 5.7 dEdn
2
+ /J7,U«8W are hyperbolic differential operators, since (us +M6)2 — duspe = (us — ,u6)2 > 0 and
n

s =

we obtain

or

(7 + ps)® — dpzps = (ur — ps)® > 0.
To further simplify equation (24), we make a change of variables by

=s(&mn), t=tEmn) (25)

and J = s¢t;) — syte # 0, then a% = 55% + tgg, a% = sn% + tn%- Taking this into account, from

equation (24), we obtain a new equation in the following form

B, B B 0
(¢ + pssn) -+ (te + psty) 5, ) | (s¢ + p6sn) 5+ (b + notn) 5

12 Bulletin of the Karaganda University
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2

H? 0
(35 + (p7 + ps) sesy + prpss ) 952 + (755 + (p7 + ps) tety + prust ) atQ

82
—HN%Q+M%%W+UW+%M%%+%QD8&>X

O*u o*u 0“u
(@5+s)62 2@gg+%%%%m+(Q+ﬂ)a2>:F5 (26)

where Fj5 is a function depending on s, t, u and its partial derivatives with respect to s,t up to the fifth
order inclusive.

To make equation (26) simpler, we take a replacement for (25) as
s =mn+po€, t=pon—E¢, (27)
where g is one of two solutions of the equation

2 2(1—prps)

—-1=0, (28)
M7+ g
1— 1-— 2 1— 1— 2
that is, o = P78 o JOZRIS) g o = L AT RIS g s
p7 + b (7 + ps) 7 + s (7 + ps)
case, s¢ = t, = po,Sp, = —t¢ = 1 and therefore J = s¢t, — s,te = u% + 1 # 0. In addition,

the equalities 2(sgt, + purpuss,t,) + (7 + ps)(set, + syte) = 2(—pg + prpspg) + (pr + ps) X (1§ —
2(1 —
_1):[M2_(W

M7 + g
account these equalities, then equation (26) takes the form

— 1} (w7 + pg)=0, s¢te + syty = —po + po = 0 are valid. If we take into

((M()Jrliz))aa (=1 + pspo) §t> <(/~00+M6)8a (=1 + pepo) ;)

0? 0?
X [(N(Q) + (p7 + pg) po + prps) 92 T (1= (7 + p8) po + prpispg) ] X

ot?
0“u 0u
2 2
1 = F5.
><<(,u0+)82+(+ )8t2> 5
Then, dividing both parts and both sides of the last equation by

(pspo — 1)

(1§ + 1) (o + p5) (o + p6) (10 + 7) (10 + pg) and introducing the notations ¢z = (0 +713) "
0+ ps

_ (mepo — 1) B2 (1 — prpio)(pspo — 1)
(o + pe) ! (o + p7)(po + ps)

0 0 0 0 H? 262 Pu O
(a +C38t> <a e 8t> (aﬁ‘%ﬁ) <852+8t2>_F6’ (29)

where Fg = Fs/ [(1§ + 1) (1o + p5) (ko + p6) (o + p7) (1o + p18)] -

, We come

-1 —1
Let us prove that b2 > 0. Introducing the notations v = M, vy = HoMs — © nd taking
Ho + p7 Ho + pg
. . . : .9 2 (prps — 1)
into account that po is one of the two solutions of equation (28), that is, ug + Moﬁ —
M7 T 8
2 (prps — 1)
popr — 1 pops — 1 Ko+ Ho (b7 +ps)
—1 =0, we have v + 1 = + = (7 + ps) = 0. Then
( ' ( ) Mo + p7 Ho + pg (o + pi7) (po + ps)
pop7 — 1) (pops — 1 1 2 1 2
b2:— = -1y =- |+ —4nwm| =-(r —1r)" >0.
' (1o + p7)(po + pg) 1l ) 7 )

Mathematics Series. No.3(119)/2025 13
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It is easy to verify that if one of the expressions A\ — a(k = 1,2,3,4) is equal to zero, that is, for
example A\ — o = 0, then the equation (23) takes the form

(1 on-or o]} (s 22) =

and this equation, as in case (29), after changing variables by s = n+ o, t = pon — &, can be brought

to the form
8 + 8 8 +c a 872 _ bzig @ + @ — F
os M%) \as T %0t ) \as2 " a2 ) \as2 Tz ) T

where Fy = Fi/ [Aof% (A2 — @) (As — a) (As — ) (g + 1) (1o + p6) (1o + p17) (o + )] -
Example 2. Consider the following sixth-order partial differential equation:
Unzzzze + 24Uzzrzey + 23Npzzyy + 1264z mzyyy + 3663Uzyyyy + 5240Unyyyyy + 2625Uyyyyyy = 0. (30)
The characteristic equation corresponding to the equation (30) has the form
(dy)® —24(dy)® (dz)+239(dy)* (dz)? —1264(dy)® (dz)* +3663(dy)* (dz)* —5240(dy) (dz)® +2625(dx)® =

It is easy to verify that this equation has four different real roots and two complex conjugate roots
for t = dy/dx:
t1=050,1=3,t3=1, t4, =7, t5 =4+ 31, tg =4 — 31.

Then, equation (30) can be written as follows:

0 0 0 0 0 0 0 0 0? 0? 0?
SO S Y (AN S | (i i, 252 ) u=0. 1
<8x +58y) <8x +38y> <83: * 8y) <8x + 78y) <85L‘2 +88x8y + 50y > 0 (31)

After the transformation £ = y — 4z, n = 3z, we obtain: % = —45 o e+ 38?7’ oy = 8@ Considering

these from (31), we have
0? 0? 0?9 0?9
(e ~52) (5~ o) (s o) =0

3. Let equation (6) have two different simple real roots and four complex conjugate roots:
tl = )\latQ = >\27t3 = (5+’}/Z,t4 = 6_7171:5 = O‘+B7’at6 = Cl—ﬁ’i,

where A1, Ao, i, 3,8,7 € R such that 3 # 0,7 # 0, (a — 8)% + (|8] — |7])?
Then the equation (5) has one real and four different complex conjugate general integrals

Uy(z,y) =y — Az = const, Ua(z,y) =y — Aoz = const,
Us(x,y) =y — dx —iyz = const, Uy(z,y) =y — dx + iyx = const,
o(r,y) =y — ax —ifx = const, p*(z,y) =y — ax + ifx = const.

Using the same reasoning as when obtaining equation (21), equation (1) can be written as
d 0 0 0 0? 0? 0?
4. (2 o o\ (9 2., .2y 9
0 <a +>\16y> (8:p+>\28y> (axQ +20 - 8y+ (62 +~%) ay2> X

0%u 0%u 5 o\ O%u
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Let us consider the substitution (22). Then, from equation (32), similarly to (23), we obtain the
equation

A0 | =) g+ 5| [ a =) g+ 5|

73 o¢
0? 0? 82 0%u 82
2 2 2 -9 2 2 = F .
X [(a +0% + 9% — 2a0) ez T 20— )5es, e T o | (33)
Hence, dividing both parts of (33) by 4gB8% (A1 — a) (A2 — a) [(Oz -6+ ] (7'é 0) and introducing
. s B B(6 — ) +pi . B(6 —a) —ybi
h = = = — — —
the notations /5 Moo T, o (=02 112 01 + 7%, pao (@— 37212
_ . Bl6-—o) VB - .
=61 — 714, o012 01, @022 71, we have an equation in the form

82 82 2 2 82 82
(852 + (p5 + pi6) @ + N5M68T’2) (352 + (p9 + p110) @ + M9M10W> X

?u  0%u
— + — | = Fg, 34
(5 + o) = oy
where Fg = Fy/AB3? [()\1 —a)(A—a) ((a —0)2 47 )]
. 2 2
Moreover, since (g + p10)” — 4 (opi10) = (o — p10)> = —7# < 0, then (%2 + (o + p10) %&7 +
+ ,ug,ulog—;g is an elliptic differential operator.
If g = —p10, then at 61 = 0 equation (34) takes the form

where Fg = Fl/AQ,B2 [()\1 — a) ()\2 — a) ’}/2] .
To further simplify equation (34) for §; # 0, we choose the substitution (27) as a change of variables,
where g is one of the two solutions of equation

2(1 —
g2 20— pomo) g
19 + 10

then, similarly to case 2, we obtain the equation

0L ON(O DN (P a0 (P Py
as  ot) \os T %) \os2 T 202 ) \ 852 T o2 ) T 71O
(Hope — 1) (popr0 — 1)

(1o + po) (ko + p10)
Let us prove that bg > 0. Introducing the notations v3 =

where b3 = s Fio=Fs/ [(1d+1) (ro + p6) (o + p9) (1o + p10)] -

popy — 1 yy = Hor10 = 1
fo + o o + H10

2410 (popr1o — 1)

and taking

2p0(pop10—1)
o + (t9+410)

—

into account that is, we have v3+vy = (po + p1o), pe+ —-1=0,
: v (ko + Mg)) (1o + p10) O" (po + pao)
poty — 1) (pop10 — 1 2 1 2
v3 4+ vy = 0. Then b3 = = V3Vy = 5 [4V31/4 —(v3+ 1y = —z(r3—1my)" =
© (o + po) (o + p1ao) ! ( ) 1l )

_ 1 ((2%2‘(1 + po)” )2 -0

4\ (o + 61)? + 2
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Ezxample 3. Consider the following sixth-order partial differential equation:
Uzzazzr + 11Uszazzy + 60Uzzeayy + 130Uszryyy — 5lUzzyyyy — T81Uszyyyyy — 650Uyyyyyy = 0. (35)
The characteristic equation corresponding equation (35) has the form

(dy)® — 11(dy)® (dz) + 60(dy)* (dz)* — 130(dy)>(dz)® — 51(dy)?(dz)* + 781(dy)(dz)® — 650(dz)® =

It is easy to verify that this equation has two different simple real roots and four complex conjugate
roots for t = dy/dx:

=1, to=-2,t3=3+4d, t4y =3 —41, t5 =3+ 21, tg =3 — 2i.
Then, equation (35) can be written as follows:
o 0 0 0 0? 0? 0? 0? 0? 0?
— + = — —2— — + 66—+ 25— — + 06— +13— =0. 36
<6:B + 8y> (8x 8y) (8m2 + dx0y * 8y2> <8x2 + Oxdy + 8y2) " (36)

38 88 0

After the transformation £ = y — 3z, n = 2z, we obtain: % = 317, 3y = oE- Considering

these, from (36), we have
0 0 o 20 0% 1 9? 0? 0?
(86_377) (as‘w) (852+48772) (as%) -
4. If equation (6) has six different complex conjugate roots:
tiv=0+C, to=0c—C(i, ts3=0+7vi, tgs=0—"i, ts=a+pi, tsg=a— [,
where a, 3,6,7,0,( € R such that 8 # 0,7 # 0,( # 0,
[(a =82+ (8= 111)?] [ =) + (181 = 1¢?] [6 = o)+ (1¢] = 171)?] #0

then after replacing (22), from equation (1), similarly to equation (33), we obtain the equation

2| (2 2 2 ? 0 y O
Ayp [(a +o°+¢ —2a0)a§2+2,6’( )aga + 2 }x
0? 0? 0? 0’u  0%u

x{(a2+52+’y2—2a5)a£2+25( )aga 2 Kagﬁ >:F1. (37)
Hence, dividing both parts of (37) by AoB% [(a —0)? + CQ] [(a—6)? +~%] (# 0) and introduc-
ing Zhe no)tations Hil = W —) o1+ (i, p12 = W = o1 — (1%, g =
B —a)+Bi . B0 —a)—pi o Blo —«a _ B _
BTl =01+ i, p1o = o= 077 =01 — i, —of+@ Y aorra

= (1, plo—a) _ 1) il = 1, we have the following equation

(=822 T (a—8)? 72
82 82 2 2 82 82
(852 + (H11 + 2) 55— Bon + ey 2) (852 + (19 + p10) aeon + ,U9M108772> X

?u  0%u
X <8§2+6772> :Fll, (38)
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where Fiy = Fi/Aof* [((a — 0)* +¢*) ((a = 8)* +77)].

Moreover, since (p11 + pn2)* — 4 (pp2)? = (un — pi2)” = —=(F <0, (pg + o)* — 4 (N9M10)2 =
= (i = pao)? = =7 < 0. then T+ (a1 + ur) o + O and T (o ) o+
= M9 — H10) = =7 ) €2 H11 T H12 DEdn unmga 3 o€z o + p10 9En

2

+ ,ug,uloaT72 are elliptic differential operators.
If 11 = —pa2, p9 = —p10, that is, when o3 = 0,7 = 0, equation (38) takes the form

2 LN\ [0 L0\ [0Pu  Ou
o +<op ) \oe T o) \ae *op ) ~ T

To further simplify equation (38) for o1 # 0 and 01 # 0, we introduce the substitution (27), where
1o is one of the two solutions of equation

2(1—
o 2(1— popo) 1o,
Mo + f410

then, similarly to case 3 , we obtain the equation

872_’_( + )82 + 82 8724_[)2872 @4_@ =F
952 T \B T oot TO%hz |\ a2 T 202 )\ a2 T a2 ) T 11

where ¢5 = [p1p0 — 1]/ [11 + pol, e = [pa2p0 — 1] / (12 + pol,
Fia = Fs/ [(4#§ + 1) (o + p9) (10 + 10) (o + pa1) (po + pa2)] -
2Gyi(1 + po)’

fo +01)* + ¢
62 82 82 2 2
operators P + (c5 4+ ¢6) == pen + c5c6 == 92 8 5+ b — 912 the last equation are elliptic.

Ezxample 4. Consider the following sixth-order partial differential equation:

2
Since (c5 + 66)2 — deseg = (5 — 06)2 = (( > < 0 and b2 > 0, then the differential

Upzazze + 24Usgazay + 254Usearyy + 1504Us00yyy + 5233Uszyyyy + 10120Usyyyyy + 8500Uyyyyyy = 0. (39)
The characteristic equation corresponding to equation (39) has the form
(dy)®—24(dy)® (dz)+254(dy)* (dz)* —1504(dy)> (dz)>+5233(dy)? (dz)*—10120(dy) (dz)°+8500(dzx)® =
It is easy to verify that this equation has six different complex conjugate roots for ¢t = dy/dx:
th=4+14, tao=4—14, t3=44+2i, t4=4—-2i, t5 =44 31, tg =4 — 3i.

Then, equation (39) can be written as follows:
ok ok 0? 0? 0? 0? 0? 0? 0?
17— 20— — — + 25— =0. 4
<8x2 * 883@63/ + 76y2> (8x2 + 863003/ * 081/2) <81‘2 * 883}8@/ + 58y2> u=0 (40)

After the transformation £ = y — 4z, n = 3z we obtain: % = —45 o e+ 3 = g Considering

on’ ay
these from (40), we have

O GEN(2 9PN BN
€2 on?) \o€z  4on2)\oe  on2)

Thus, we have proved the following
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Theorem 1. Let one of the following statements be true with respect to equation (6):

1) has six different real roots;

2) has four different real roots and two complex conjugate roots;

3) has two real roots and four different complex conjugate roots;

4) has six different complex conjugate roots.

Then, in the domain €2, equation (1) can be reduced to the one of the following canonical forms

(5 v (&rom) (S re) (5250 -
o€ o€ OE2 an2 ez o2 ’
(2 o2 (2 +ed) (202 (3 52) -
0 ot) \os Yot ) \os2 torz) \o9sz T o 6
3)(a+ca><8+ca>(82+b282)<82”+82”>:F-
ds  Pot)\os " tor) \osz T 2o2) \9s2 " o2 10
92 02 927 [ 82 92\ [(0%u O%u
4) |:882+(C5+C6) a 8t +C5 68t2:| <W+bgﬁﬂ> (8824—8t2) :Flg.

It should be noted that equations (1), similar to equations of hyperbolic and/or elliptic type,

possess simple (non-repeated) real and/or complex characteristics. Consequently, in all cases considered
above, the discriminant is non-zero. Moreover, the canonical forms of equation (1) may contain both
hyperbolic and/or elliptic differential operators.

Remark 1. The classification and reduction to canonical form of sixth-order linear partial differential

equations with multiple real characteristics are studied in ten distinct cases. Analogously, the following
theorem can be proven:

Theorem 2. Assume that equation (6) exhibits one of the following root configurations:
one double root and four distinct real roots;

2

3

one double root and one quadruple real root;
two triple real roots;
one quintuple root and one simple real root;

6
7
8
9

)
)
)
)
5) one sextuple real root;
) two double roots and two distinct real roots;
) three double real roots;
) one double root, one triple root, and one simple real root;
)

one triple root and three distinct real roots;

10) one quadruple root and two distinct real roots.

Then, in the domain 2, equation (1) can be reduced to one of the following canonical forms

corresponding to the root structures:

18

D (&+ad) (Gred) (5 - ) =5
gets = Fi/ (A = X)%;

sedo = B/ { = 00 =)'}

85886775’“ =F/ {— (A1 — )\2)6};

3%

2
0 o) o* o* _ .
6 <87§+c387n> (TE%_ 852;772> —F5,
0 o) 94 _ .
7 (3*5 + 648777) 852(;;72 - F67
6
8 8584 ] +C4agiaun3 = F7;

0 o) 9° 9° _ .
D€ + c5377> <8£23un3 + CG@&@ZAL) - F87
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6 6
10) gzger + C1 505 = Fo.
Remark 2. The classification and reduction to canonical form of sixth-order linear partial differential

equations with multiple and complex characteristics are studied in nine distinct cases. Analogously,
the following theorem can be proven:

Theorem 3. Assume that equation (6) exhibits one of the following root structures:

1) one double real root, two distinct real roots, and one pair of complex conjugate roots;

\)

two distinct double real roots and one pair of complex conjugate roots;

w

one triple real root, one simple real root, and one pair of complex conjugate roots;

W

one quadruple real root and one pair of complex conjugate roots;

ot

one double real root and two distinct double pairs of complex conjugate roots;

(=)

two distinct real roots and two distinct double pairs of complex conjugate roots;

3

one double real root and two distinct pairs of complex conjugate roots;

)
)
)
)
)
)
)
)

co

two distinct pairs of complex conjugate roots and two distinct double pairs of complex conjugate
roots;
9) two distinct triple pairs of complex conjugate roots.
Then, in the domain 2, equation (1) can be reduced to one of the following canonical forms
corresponding to the root structures:

) N2 (2 0%\ [0%u 0% 92 L2\ (0%u 0%
2 (83+618t> <a2 - w) <832+8t2>_F4’ 2) <az _b18t2> <as2+at2>_F6’
o d\[ Pu  Pu Pu  u # 9\
SCARPCAN f (CACTTICA) PR WYY (At B PO (AR IR O
3) (as “2(%) (as2at3 + 6755) 8 )(032&4 + at6> 103 5) <6326t + 8t3> U= 15
2 L0\ [ 97\ 5, o\?( 0 2\ (0% 0%
I = I = = F\y- s e o 27 - Z )= Fya-
6) <as2 blaﬂ) <832 * 8t2> u=Fig; 7) (as +Clat> (as2 +b28t2> <as2 + at2> 16;

2 LN\ [ 2 92\ 2 0\’

It should be noted that equation (1), like parabolic-type equations, exhibits multiple characteristics.
Consequently, in all the cases discussed above, the discriminant is zero (D = 0). Nonetheless, the
canonical forms of equation (1) may still involve both hyperbolic and/or elliptic differential operators.

Conclusion

In this paper, we prove a theorem on the canonical forms of equation (1) and three lemmas that
play an important role in finding the canonical form of the equation (1).

Arguing similarly, we can find canonical forms of equation (1) in cases with multiple characteristics,
provided that the coefficients of the equation (1) are sufficiently smooth functions.

We can give a number of examples when only finding the canonical form of an equation helps to
obtain serious results. Considering the canonical form of the equation (1), when studying some bound-
ary value problems, we can use potential theory or the Green or Riman function method. Therefore,
the found canonical forms of linear differential equations with partial derivatives of the sixth-order
with non-multiple characteristics and with constant coefficients allow us to correctly formulate and
systematically study correct boundary value problems for such equations. These problems are the
subject of further research.

From the canonical form of the equation (1), obtained in the first case considered above, it is clear
that if the function F3 does not depend on the unknown function u and its derivatives, then it is
possible to find a general solution to equation (1).
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Based on the proposed method for finding the canonical form of the equation (1), it is possible

to study the problems of classification and reduction to canonical form of differential equations of
higher-order with partial derivatives.
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This article addresses the non-linear optimization problem of oscillatory processes governed by partial
integro-differential equations involving a Fredholm integral operator. A distinctive feature of the problem
is that both the objective functional and the functions describing external and boundary influences are
non-linear with respect to the vector controls. The integro-differential equation describing the state of the
oscillatory process includes Fredholm integral operator, which has a significant impact on the structure and
properties of the solutions. The algorithm for constructing the complete solution to this problem, as well as
the effect of the Fredholm integral operator on the solution of the corresponding boundary value problem,
has been published in previous studies. This article is dedicated to the investigation of the convergence
of approximate solutions to the exact solution of the considered non-linear optimization problem. The
influence of the Fredholm integral operator on the convergence behavior of the approximations is examined.
It is demonstrated that the presence of the integral operator necessitates the construction of three distinct
types of approximations of the optimal process: “Resolvent” approximations, based on the resolvent of the
kernel of the integral operator; Approximations by optimal controls, constructed through the approximation
of control functions; Finite-dimensional approximations.

Keywords: optimal control, optimal process, minimal value of functional, non-linear optimization problem,
approximations of complete solution, resolvent approximation, finite-dimensional approximation, conver-
gence.

2020 Mathematics Subject Classification: 49K20.

Introduction

Optimal control of systems with distributed parameters is one of the intensively developing scientific
directions of Optimal control theory. Dynamics of systems with distributed parameters is described
by partial differential equations, integral, integro-differential and more complex functional equations.
Methods for solving linear optimization problems in programming control of systems with distributed
parameters are based on the methods of classical variational calculus, the maximum principle, and
they have been developed in studies [1-3|. The mathematical model [4,5] of many applied problems
need to solve non-linear optimization problems, for which methods for solving them are not sufficiently
developed [6,7]. A research group of Kyrgyz mathematicians, led by Professor A. Kerimbekov, is
actively investigating the solvability of non-linear optimization problems [8-10| and the convergence
of their approximate solutions [11,12]. The results of the authors’ research on solutions to non-linear
optimization problems are presented in works [13,14].
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In the paper [14], we have considered the non-linear optimization problem of oscillation processes
described by integro-differential equations in partial derivatives with the integral Fredholm operator and
an algorithm was developed for constructing a complete solution to this problem. It is established that
the presence of the integral operator significantly affects the solvability of the non-linear optimization
problem, in particular, when constructing a generalized solution to the boundary value problem of the
controlled process and when proving the existence and uniqueness of a solution to system of non-linear
integral equations.

In [14], the problem of non-linear optimization for oscillatory processes described by integro-
differential equations with the participation of the Fredholm integral operator was investigated. An
algorithm for constructing a complete solution to this problem was developed. It was established
that the presence of the Fredholm integral operator has a significant effect on the solvability of the
non-linear optimization problem, in particular, on the construction of a generalized solution to the
boundary value problem of the controlled process and on the proof of the existence and uniqueness of
a solution to a system of non-linear integral equations with respect to optimal controls.

This paper continues the study of the complete solution of the non-linear optimization problem
developed in [14], in particular, with the aim of studying the convergence of its approximations. It
is shown that the presence of the Fredholm integral operator necessitates constructing three types of
approximations of the optimal process: approximation through the resolvent of the kernel of the integral
operator, approximation by optimal controls, and finite-dimensional approximation. Accordingly, three
types of approximations of the minimum value of the objective functional are also considered. Sufficient
conditions are established for the convergence of approximations of both distributed and boundary
vector optimal controls, three types of approximations of the optimal process, and approximations of
the minimum value of the functional.

1 Formulation of the Non-linear Optimization Problem and Its Complete Solution

Consider the following non-linear optimization problem, where it is required to minimize the
quadratic integral functional [14].

Jla(t,z), 9(t, z)] = /Q V(T,z) - ()] dz + /Q VAT, z) — &o(2)]? da+
' (1)
6 2 .U T T 2 z a z - o

on the set of solutions to the boundary value problem

T
Vie(t,x) — AV (t,x) = )\/ K(t,7)V(r,x)dr + flt,z,u(t,z)], z€QCR", 0<t<T, (2)
0

V(0,z) =¢1(z), Vi(0,2) =1a(x), == (x1,22,...,2p) € Q, (3)
IV(t,z) = Z aip(z) Ve, (t,7) cos(8, z;) + a(z)V (t,z) = p[t, =, 9(t,x)], z€vy, 0<t<T. (4)
ik=1

It should be noted that the characteristics of the data in problem (1)—(4) are preserved as presented
in [14]. It is assumed that the functions describing external and boundary influences satisfy the
following monotonicity conditions with respect to the functional variables:

fult,x,u(t, )] #0, i=1,2,....,m, VY(t,z)e€ H(Qr), (5)
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po,[t,z,9(t,2)] #0, i=1,2,....r, V()€ H(yr).

The conditions stated in (5) guarantee a one-to-one correspondence between the elements of the space
of controls (u(t, z),9°(,x)) and the space of states V(¢,x) the controlled process.

The complete solution of nonlinear optimization problem (1)—(4) is defined in the form of a triple
(@(t, @), 9°(t, 2)), VO, x), J[a® (¢, ), 9°(¢, 2)]) [14], where:

1) the distributed vector optimal control @’(t, z) and the boundary vector optimal control ¥°(¢, x)
are determined by the formulas

@(t,2) = glt, v, 00 (t,2), 0], 0)(t.7) = lim 6" (t,2), @€ Q, (6)
P(t,@) = olt, 2,09(t,2), 8], 03(t,w) = lim 05 (t,2), wen, (7)

where functions 95") (t,z) and Qén) (t,z) are defined as solutions of the operator equation

0"(t,x) =F[0" ' (t,z)], n=1,2.3,...,

with

0(")(t SL‘) x € Q
H(n) 1 ) ) ’
(t7 ) {0(")@ ZL‘) x €

2 ? ’ f%

and satisfy the estimate

0 : ) "(a,B)
”9( )(t,x) — o )(tax)HH(QT) < 1—

T=C(a, g T (Oot,2)) = b0t )l 1@ar)- (8)

where

9 (t ﬂ?) . 910(t7$)a T e Q7
o B (920(t,$), x €,

is an arbitrary vector function in the space H(Qr), and

Cla, B) = \/ f3med(a) + pirvd(B)V2EGoT < 1, (9)

with constants fo, po, @o(a), vo(B), Eo, and G defined appropriately.
2) VO(¢,x) is an optimal process, determined by the following formula

0 = 3 i ' @° 2z
V) =32 (it 0+ 5 [ Bt ([ 76 n8enierie

; / Pl & 70, )20 (€€ ) ) 2 (1),

where

T T
Un(t, A) = Y1p [cos Ant + )\/ R, (t,s,\) cos sds] + % {Sin Ant + )\/ R, (t,s,\)sin )\nsds} ,
0 n 0

sin A\, (t —n) + )\fnT Ry(t,s,\)sin \,(s —n)ds, 0<n<t,

En(t,n,A) =
(£, %) {)\f:Rn(t,s,)\)sin/\n(s—n)ds, t<n<T.

3) J[a’(t, x),9°(t, )] is a minimum value of the functional determined by the following formula
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T (t,x), 9 (t, )] = /Q (VT 2) = & (@) + [VAUT,2) - ()] dar+

+ <a/ h2[t, z,u"(t, z)]dx —l—ﬂ/ bz[t,x,ﬁo(t,x)]da;> dt, a>0, [>0.
Q v (11)

2 Approximations of the Complete Solution to a Non-linear Optimization Problem

The main objective of this work is to investigate the construction of approximate solutions to non-
linear optimization problem (1)—(4) and to analyze their convergence. Since the complete solution
to the problem is represented as a triple ((@"(t,z), 9°(t,z)), VO(t, z), J[@°(t, z),0°(t,z)]) consisting
of the optimal control, the optimal process, and the minimum value of the functional, we consider
approximations of each of these components separately.

2.1 Convergence of Approximations of Vector Optimal Controls

In formulas (6) and (7), replacing functions 69(¢,z) and 63(t,x) with functions ng)(t, x) and
Oék) (t,z), we find the k-th approximation of the vector distributed control by the formula

a®(t,z) = glt, 2,0 (t,2),0], €@ k=1,23,...,
and similarly, we find the k-th approximation of the boundary vector control by the formula
IW (¢, z) = oft,z, 08 (t,2),8), xery, k=1,23,...,
where @[t, z, Hgk) (t,z),a] and O[t, x, Hék) (t,z), 8] are known vector functions.

Lemma 1. The k-th approximations of the distributed and boundary vector controls for non-linear
optimization problem (1)—(4) converge to the optimal distributed and boundary vector controls, re-
spectively, in the norms of the Hilbert spaces H™(Qr) and H" (yr).

Proof. Let us introduce the notation

_ {u(t,x), z € Q,

Ult,x) =
(&) I(t,x), = €.

Using inequalities (8) and (9), we calculate the following norm:

< gy (@)[167(t, ) — 07 (t, 2) | Fr(opy + U3 (B0 (t, 2) — 05 (t, 2) [y < WP (e, BIO°(E, ) — 0 (F,2) 1 0,

U2 (q, B) = max{eZ(a),v3(B)}, from which the assertion of the lemma follows.

2.2 Approximations of the Optimal Process and Their Convergence

The presence of the Fredholm integral operator in boundary value problem (2)—(4), according to
formula (10), leads to the construction of the following three types of approximations of the optimal
process: approximations based on the resolvent of the kernel of the integral operator; approximations
induced by the approximations of the optimal controls; finite-dimensional approximations. Each of
these approximation types will be considered separately below.
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2.2.1 “Resolvent” Approxzimations of the Optimal Process and Their Convergence
Functions defined by the formulas

V() =3 (AN + 5 [ B

n=1 n

(S & 8 Ozt + [ ol &9 O)en(de i) (@), m =12

are called m-th approximations of the optimal process with respect to the resolvent or “resolvent”
approximations of the optimal Process. Here,

T T
%(Lm) (t,\) = Y1 [cos At + )\/ R;m) (t,s,A) cos /\nsds} —i—% [sin Ant + )\/ Rflm) (t,s,A\)sin \psds| ,
0 n 0
. T m .
B0 (1., 2) = s1n;n(t —n)+A[, RU™(t, 5, M) sin A (s —n)ds, 0<n<t,
" )\fn Rgm)(t, s, A)sin A\p (s — n)ds, t<n<T,
RIM(t,s,0) =Y N Knu(t,s), n=1,23,...
n=0

Lemma 2. “Resolvent” approximations V(™) (t,x) of the optimal process under the conditions of
non-linear optimization problem (1)—(4) converge to the optimal process V°(t,x) in the norm of the
Hilbert space H(Q7).

Proof. We evaluate the following norm

INT2K, TVEy\ ™ 1 2
o (1y TN V"

VO(t,z) — V(¢ z)||? < T -
H ( ) ( )HH(QT) = /\% A\ ln]/\] T\A/lKT)

1 _ > 1
< (110 o5t B 1T €80 )+l &9 M) 3 55 — 0 =

from which, by virtue of the condition || TTleO < 1, the assertion of the lemma follows.

2.2.2 m,k-th Approximations of the Optimal Process and Their Convergence

Functions defined by following the formula

m o  (m T T
V() =3 (AN + 5 [ B

1 n

. ( /Q 0% (1. ))zn()e + |

Y

Pl €9 (1 e ) i) ).

are called m, k-th approximations of the optimal process with respect to controls, where @(¥) (t,z) are
k-th approximations of the distributed vector control, and 9*) (t,z) are k-th approximations of the
boundary vector control.

Lemma 8. m, k-th approximations Vk(m) (t,z) of the optimal process under the conditions of non-
linear optimization problem (1)-(4) converge to the “resolvent” approximations V (™) (¢, z) when k — oo
for any m = 1,2,3,... in the norm of the space H(Qr).
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Proof. The evaluation of the following norm leads directly to the conclusion of Lemma 3.
NT2K, ) y
2
~ [\ TVE))

HV(m)(t,.%) - Vk(m)(uw)Hl%I(QT) < 4T (1 + (

o0 1 - B ~ ~
x> v (ngUo(?%S) = Uy (1, )31y + PEI00(n,€) — ﬁ(m)(%ﬁ)\@[(w)) —0, k— oo,
n=1""

which is obtained taking into account the estimate

T 2
/ (E,(;”) (t,m, )\))2 dp<or (14 TR )
0 (A = ATVK))

2.2.83 Finite-Dimensional Approzimations of the Optimal Process and Their Convergence

Functions defined by the following formula

l

VP ) =3 (0 + / E{™(tn.

< (f S &89 Ozl + / p[n,5,9<’f><n,§>1zn<s>d§)dn)zn<x>,

~
m=1,23,..., pm<oo, k=1,23,..., up<oo, 1=1,2,3,..., pu < oo,
are called m, k, [-th approximations or finite-dimensional approximations of the optimal process.

Lemma 4. m, k,l-th approximations Vk(zn) (t,z) or finite-dimensional approximations of the optimal
process under the conditions of non-linear optimization problem (1)—(4) converge to m, k-th approxi-

mations Vk(m) (t,z) when | — oo for any m, k in the norm of the space H(Qr).

Proof. The assertion of the lemma follows from the following relation:

m m 2
IV 2) - V) oy < S / / )= V™ t,2))” dadt <

n=Il+1

22
§4T<1+ AT Ko 2>><
(M = [\ TVEKy)

X Z (foHuo (1,€) = amy (1, )7z + P0I1P0 (0, €) — 6(m)(ﬁ7£)”%[('yq~)> =0, 1= o0,
n=Il+1 n

which holds due to the convergence of the remainder terms of the convergent series for each fixed m, k.

2.8 Approximations of the Generalized Derivative of the Optimal Process and Their Convergence

Similarly, the convergence of approximations was investigated for the generalized derivative of the
optimal process determined by the following formula

) =3 (a0 + 5 [ Bttn ([ 6 a0 ) @t

n=1

+ / Pl € 70, )20 (€)dE ) ) 2 (),
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where

¢2n n

T
Pt N) = 1n (—/\n sin A, t + /\/ R}, (t,s,\) cos A\ps ds>
0 ()\ cos A t—i—)\fo 1 (t, s, A)sin A, sds)

An cos Ap(t — 1) + )xfnT R, (t,s,A\)sin A, (s —n)ds, 0<mn<t,

El t? 7A -
nt (657, A) {)\f:Rgn(t,s,)\)sin)\n(s—n)ds, t<n<T,

and it is an element of the space H(Qr) [14].

2.3.1 “Resolvent” Approximations of the Generalized Derivative of the Optimal Process and Their
Convergence

Functions defined by the following formula

Z(/mtk_{_/ E,mtT],

<(f S &80 Ozl + [ 9l &7 Olen(@e)n)en(@), m=1.2.5,..,

are called m-th approximations or “resolvent” approximations of the generalized derivative of the
optimal process.

Lemma 5. “Resolvent” approximations V/™ (¢, x) of the generalized derivative of the optimal process
under the conditions of non-linear optimization problem (1)—(4), converge to the generalized derivative
optimal process V/°(t,z) in the norm of the Hilbert space H(Q7).

Proof. The assertion of Lemma 5 follows from the following relation

2m
KoT? 1
VOt 2) — V' (¢, 2)|2 <ATN2T2K [ N (] =2 1
V7 (t, @) i ( m)HH(QT)— oAl 22 ln(WTﬂ) X

1
x@mmw@@+Agwwwa@+ (13)

_ > 1
+OM@$mw%%+MmﬂMM%@Q2ﬁ>%&m%m

which holds due to the condition AV KoT? V)\IfOTZ <1

2.8.2 m,k-th Approximations of the Generalized Derivative of the Optimal Process and Their
Conwvergence

Functions defined by the following formula

Vt’;z"(t,x)—z( U (e ) +/ B (t.1.3)

< S &8 Ozl + / 2l & 9% (1,€)) 20 (€)d€ ) dn) zna),

o

(14)

are called m, k-th approximations of the generalized derivative of the optimal process.
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Lemma 6. m,k-th approximations V}J"(t, ) of the generalized derivative of the optimal process
under the conditions of non-linear optimization problem (1)—(4) converge to the m-th approxima-

tions V;,(m) (t,x) of the generalized derivative of the optimal process when k& — oo for any value of
m =1,2,3,... in the norm of the space H(Qr).

Proof. Proof of the lemma follows from the following relation:

m m N KT _ _ 2
Vi (t, ) — Vi (8 2) |2 gy <AT <1+ v )-(fgHuo(t,w)—u(k)(t,x)HH(QT)+

2

+af [P0 - o)

)—>O, k — oc.

2.3.83 Finite-Dimensional Approximations of the Generalized Derivative of the Optimal Process and
Their Convergence

Functions defined by the following formula

Vini(t,z) = Z( t)\+/ Eni(t,m, \)
(] 7on.&n (e + L Pl 6,90 (1, ))2n(€)d€ ) dn ) 2n (),

are called m, k, [-th approximations or finite-dimensional approximations of the generalized derivative
of the optimal process.

Lemma 7. Finite-dimensional approximations V}]" (¢, z) of the generalized derivative of the optimal
process under the conditions of non-linear optimization problem (1)—(4) converge to m, k-th approx-
imations V/J™(t,x) of the generalized derivative of the optimal process when | — oo for any value of
m, k in the norm of space H(Qr).

Proof. Proof of the lemma follows from the following inequality

A2 KT ) ( 22 NS 2
Vi (t, @) — Vi (t, @) <8T 1+ =5 - ' Antin Vint
Vi D] [ ( A (A AVELT?)? nzi;l 1 21 1

+ Z/an, | dn + Z/pnn,ﬁkdn>—>0 [ — oo,

n=1+1 n=t+1

3

which hold due to the convergence of the remainder terms of convergent series.

2.4 Approxzimations of the Minimum Value of the Functional and Their Convergence

The minimum value of functional (11), in accordance with the approximations of the optimal
process, has three types of approximations.

Let us first derive the following formula that will be repeatedly used in proving the convergence of
approximations of the minimum value of the functional:

~

| T2, 0] = J[@, 9] < |V(T,z) + W(T,z) — 26(2) |l () - IV(T, x) = W(T, 2)| )
+ VAT, ) + Wi(T', z) — 262 (@) r(q) - [IVi(T, ) — Wi(T, 2) || m(q)
+ ahg - [kt z, 4t 2)] + hlt, 2, a(t, 2)]|| 2(Qy) - |0(t, 2) — u(t, ) || m(Qy)
+ Bbo - [|blt, =, (¢, )] + blt, 2, O (t, )| () - 19(E, ) = D(E )| 15
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2.4.1 Finite-dimensional approzimations of the functional minimum value and their convergence

According to formulas (12) and (13), finite-dimensional approximations of the functional minimum
value are calculated by the formula

TE [ ®) (¢, 2), 90 (¢, 2)] = /Q [(V;?(T,x) —fl(x))Q + (Vi (T, ) —gg(x))ﬂ dz+
+/T [a/Qh2(t,x,ﬂ(k)(t,m))dx+B/b2(t,x,1§('“)(t,x))dm} dt.
0 Y

Lemma 8. Finite-dimensional approximations J¥ [a°(¢, z),0°(t, z)] of the functional minimal value
under the conditions of the non-linear optimization problem (1)—(4) converge to the m-th approxima-
tions of the functional minimal value when k& — oo for all fixed values of m, k in the norm of real
numbers space R.

Proof. In formula (14), by replacing
V(t,2) » VP (t2), Vilto) = Vi (ta), Witx) —» VI (), Wiltx) - Vi (¢, 2),
we obtain the inequality

Tk (¢, ), 9®) (¢, )] — T [a<k>(t,x),q§<k>(t,x)]] < OO VIM(T,2) = V(T @) ) +
9 HV?,?(T,I’) Vvtk] T T HH - 0’ k— 0,

where C?), C®) are constants.

8  Main results

Theorem 1. (Convergence of Finite-Dimensional Approximations to the Optimal Process). Let the
following conditions be satisfied:

1) Functions of external and boundary influences satisfy the Lipschitz condition for functional
variables (for controls):

Hf[na é? ﬁ(777 5)] - f[777 57 71(77: 5)]||%I(QT) S f(?H’&(na é) - &(777 g)H%—I(QT)a fg = COnSt,

Hp[n7 ga 19(777 ‘f)] - p[nv g: 19(777 5)] H%I(QT) S p(2)‘|1§(777 5) - 19(777 ‘S) H%I(QT)a p(Q) = const.

2) The intermediate vectors @[t, z,01(t,x),a], x € Q, and 0[t, z,02(t,x), 5], * € 7, of the functions
satisfy the Lipschitz condition with respect to functional variables:

H@[tv‘%él(tvx)?a] - @[t,x,él(t,x),a]HH(QT) < SOO(O‘)Hél(tvx) - él(t’x)HH(QT)’ SDO(O‘) >0,

H@[t,l‘,ég(t, x)’ﬁ] - 6[t7w79~2<t7x)w8]”H(QT) < Uo(ﬁ)Hég(t, .%') - 9~2(t7w)HH(QT)7 UO(B) > 0.

3) With respect to the parameters of non-linear optimization problem (1)—(4), the following in-
equality holds:

) =/ 2m3(@) + pErod(B)VZEGHT < 1.

Then finite-dimensional approximations Vk(T) (t,x) of the optimal process V°(¢, z) under the condi-
tions of the non-linear optimization problem (1)—(4) converge to the optimal process when m, k,l — oo
in the norm of the space H(Qr).
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Proof. Based on Lemmas 1-4, the assertion of the theorem follows from the inequality:

IVo(t, ) — VI (2 | map <IVOt ) = VOt 2l rop + IV () = VIVt 2) o +
IVt 2) = VI () gy — 0, mak,l— oo,

Theorem 2. (Convergence of finite-dimensional approximations of the generalized derivative to the
generalized derivative of the optimal process). Let the conditions of Theorem 1 be satisfied. Then
Finite-dimensional approximations V;g:;) (t,z) of the generalized derivative of the optimal under the

conditions of non- linear optimization problem (1)—(4)converge to generalized derivative V,(¢, z) of the
optimal process when m, k,l — oo in the norm of the space H(Qr).

Proof. Proof of the lemma follows from following inequality

V2, 2) — Vi (t, ) oy =V 2) = VIt 2) g + IV () — VI (6 ) or) +
+ [[Vik(t,2) = VI (8 2) gy = 0, 1 — oo

)

Theorem 3. (Convergence of finite-dimensional approximations of the functional minimum value
to the minimum value of the functional). Let the conditions of Theorem 1 be satisfied, then Finite-
dimensional approximations J¥ [@°(t, ), 9°(t, )] of the functional minimal value under the conditions
of non-linear optimization problem (1)-(4) converge to functional minimal value J[@’(t,z),9°(¢, z)]
when m, k,l — oo in the norm of real numbers space R.

Proof. Proof of Theorem 3 follows from the inequality
T (t, ), 9°(t, )] = T (@) (¢, 2), 9B (8, )] < [J[a0(t, ), 0°(¢, )] = T [0 (¢, 2), D°(F, 2)] |+

+|Im[@°(t, ), 3¢, 2)] — JE [a®) (¢, x), 9% (¢, 2)]| +

+|JE [@®) (¢, ), 9% (¢, 2)] — TEI[a®) (¢, 2), 0B (¢, 2)]| = 0, m, k, 1 — oo.

Conclusion

In this paper, the influence of the Fredholm integral operator in the integro-differential equation
on the convergence of approximate solutions to a nonlinear optimization problem is investigated. It
is established that the presence of the Fredholm integral operator leads to the identification of three
distinct types of approximations of the optimal process (“Resolvent” approximations, based on the re-
solvent of the kernel of the integral operator; Approximations by optimal controls, constructed through
the approximation of control functions; Finite-dimensional approximations) and corresponding approx-
imations of the minimum value of the functional.
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On solving the second boundary value problem for the Viscous
Transonic Equation
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In a rectangular domain, the second boundary value problem for the Viscous Transonic Equation is con-
sidered. The uniqueness of the solution to the problem is proved using the energy integral method. The
existence of a solution is proved by the method of separation of variables, i.e. it is sought in the form of a
product of two functions X (z) and Y (y). For definition Y (y), an ordinary differential equation of the sec-
ond order with two boundary conditions on the boundaries of segment [0, ¢] is obtained. For this problem,
the eigenvalues and the corresponding eigenfunctions are found at n € N. For definition X (z), an ordinary
differential equation of the third order with three boundary conditions on the boundaries of segment [0, ¢] is
obtained. The solution to this problem is found in the form of an infinite series, uniform convergence, and
the possibility of term-by-term differentiation under certain conditions on the given functions is proven.
The convergence of the second-order derivative of the solution with respect to variable y is proved using
the Cauchy-Bunyakovsky and Bessel inequalities. When substantiating the uniform convergence of the
solution, the absence of a “small denominator” is proved.

Keywords: equations with multiple characteristics, boundary value problem, uniqueness, existence, method
of separated variables, eigenvalue, eigenfunction, functional series, absolute and uniform convergence.

2020 Mathematics Subject Classification: 35G15.

Introduction

Third-order partial differential equations are considered when solving problems in the theory of
nonlinear acoustics and in the hydrodynamic theory of space plasma and fluid filtration in porous
media [1,2]. Quite often, sharp changes in flow parameters occur in narrow regions adjacent to shock
waves. The gradients of flow parameters in them can be so significant that, along with the nonlinear
nature of the movement, it becomes necessary to take into account the influence of viscosity and
thermal conductivity. Such currents are called short waves. The theory of transonic flows refers to the
theory of short waves. It should be noted that recently in the literature this equation is increasingly
called the viscous transonic equation, or simply the VT equation.

In [3], taking into account the properties of viscosity and thermal conductivity of the gas, a thir-
dorder equation with multiple characteristics was obtained from the Navier-Stokes system, containing
the second derivative with respect to time

v
Ugpy + Uyy — auy = UypUyy, V = cONSt.

This equation, at v = 1, describes an axisymmetric flow, while at v = 0, it describes a plane-parallel
flow [4].

*Corresponding author. E-mail: yusupjonapakov@gmail.com
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L. Cattabriga in [5] for equation D?"+1y — Dgu = 0 constructed a fundamental solution in the form
of a double improper integral and studied the properties of the potential and solved boundary value
problems.

In [6,7], fundamental solutions for a third-order equation with multiple characteristics were con-
structed, containing second derivatives with respect to time, expressed through degenerate hypergeo-
metric functions, their properties were studied, and estimates were found for |t| — oo.

In [8], the Dirichlet problem for third-order hyperbolic equations was investigated, while in [9], an
analogue of the Goursat problem for a third-order equation with singular coefficients was studied.

In works [10, 11], nonlocal problems for third-order differential equations were examined, while in
works [12-14], the stability of boundary value problems for third-order partial differential equations is
studied.

In works [15-17|, boundary value problems for third-order partial differential equations were inves-
tigated.

1 Formulation of the problem
In the domain D = {(z,y): 0 <z <p, 0 <y < q}, consider the equation:

3 2
L[u]_ﬁu 0°u

=0 top =0 .

where p > 0, ¢ > 0 are given sufficiently smooth functions.
Problem A. Find a function u (z,y) from class C’gf, (D)N C’%j; (D), that satisfies equation (1) in
the domain D and the following boundary conditions:

Uy (l’,O) = Uy (:UaQ) =0, (2)

au (0,y) + bugs (0,y) =1 (y) ,
cu (p,y) + dug (p,y) = P2 (v), (3)
ugz (0,y) = ¥3 (y),

where a, b, c and d are given constants, and also a®+b% # 0, a>+c? # 0, 2+d? # 0, and ¢; (y), i = 1,3,
are given sufficiently smooth functions, and

Note that a similar problem for the adjoint equation was studied in [18-19]. The boundary value
problem close to the topic of this work was studied in [20-22]. The case a =1, b=0, c=1, d =0
was considered in work [23].

2 The uniqueness of solution

Theorem 1. If Problem A has a solution, then if conditions ab < 0, ¢d > 0 are met, it is unique.

Proof. Assume the opposite, let Problem A have two solutions wu; (x,y) and wug (x,y). Then the
function u (x,y) = w1 (x,y) — ua (x,y) satisfies equation (1) with homogeneous boundary conditions.
Let us prove that u (x,y) =0 is in D.

In the domain D the identity

ul [u] = Utggy + Uty =0,

Mathematics Series. No.3(119)/2025 35



Yu.P. Apakov, Kh.K. Ibrokhimov

or

0 1 0
uL[u]Eax(uum—Qui)ﬂ—ay(uuy)—uz:O (5)

holds. Integrating identity (5) over the domain D and taking into account homogeneous boundary
conditions, we obtain

P12 ut020) s ) = b o)+

paq
+ [ [ & [u@,y) uy (2, y)ldedy — [ [uf (2,y) dedy = 0.
00

O =
C—ua

Taking into account homogeneous boundary conditions and requiring a # 0, ¢ # 0, we obtain

q q q P q
d b 1
C/uim(p,y)dy—a/Uix(O,y)der2/U§(p,y)dy+//UZ(x,y)dxdy:0-
0 0 0 0

0

Taking into account the condition ab < 0, cd > 0, we obtain u, (z,y) = 0. From this, it follows
that u (z,y) = f (z). Substituting u (x,y) into equation (1), we get f” (x) = 0. The solution to this
equation is f (z) = C1x? 4+ Cox + C3. To satisfy the boundary conditions in equation (3), the constants
C4, Cy, C3 are determined,

20C1 + aC3 = o,

C1 (cp? + 2d) + cC3 = oo,

Ca = 30

The value of the main determinant of this system is as follows:

2b 0 a
A=|cp?+2d cp c|=acp®+ 2ad — 2be.
0 10
Assume that A = 0. In this case, acp® + 2ad — 2bc = 0, and from this, we derive p* = 2 | — — —
a c

which represents the uniqueness condition. According to the theorem and the condition a? + ¢ # 0, if
we consider p? < 0, it leads to a contradiction because p > 0. Thus, A # 0. Consequently, this implies
C1 = Cy = C3 = 0 then f(x) = 0. Hence, the function u (x,y) = 0 for all (x,y) € D. Finally, from
the last equation, it follows that uy (z,y) = ug (z,y).

Incasesb#0, d#0; a# 0, d+# 0; ¢ # 0, b # 0 similarly we obtain the equality of u (z,y) =0
in D.

The proof of Theorem 1 is complete.

8 FEzistence of a solution

Theorem 2. If the functions are 9; (y) € C?[0 <y < g, i = 1,3 and conditions (4) are satisfied,
then a solution to Problem A exists.

Proof. To prove the existence of a solution to Problem A, we search in the form

u(z,y) =X (2)Y (y). (6)
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Substituting (6) into equation (1) and separating the variables, and taking into account the boundary
condition (2), we obtain a Sturm-Liouville type problem with respect to the function Y (y) [24]:

Y4+ AY =0,
{ (7)

Y'(0) =Y"(q) =0,

where )\ is the separation parameter.
We know that the solution to problem (7) is expressed as follows:

nm
Y () = Bycos Ty,

It is known that a nontrivial solution to the problem (7) exists only when
nm\?
Ao =0, )\n:<>, n € N.
q
An, with n € N U {0}, are the eigenvalues, and their corresponding eigenfunctions are as follows:

1
= n ’
Vi

2
\/7(:osmy, n € N.
q q

Note that the system of eigenfunctions (8) of problem (7) is complete and orthonormal in the
Ly (0, q) space [25].
1) When Ay = 0, we get the following problem for the function X (z):

Yo (y) = (8)

X/I/O — 0,
aXg (0) +bX" (O) = 10,
cXo (p) +dX"o (p) = 20,
X'0(0) = t30.
The solution to the boundary value problem equation (9) is as follows:

XO (l’) = Cl$2 + CQ.%' + 03,

then, taking into account (6) and (9), from equality (7) we search the solution to Problem A in the
form:

U (x) = \}q (Cle + Cox + 03) . (10)

Taking into account condition (3), we obtain a system of algebraic equations:

2bC'1 + aC3 = 1y,
C1 (cp® +2d) + cC3 = oy, (11)
Co = 13,

where 10, i = 1,3, are the Fourier coefficients of the function v; (y), i = 1,3, i.e.,

q
1 e
wi(] - \/;O/djz (y) dya 1= 173
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Now we find the solution of system (11). To do this, we first calculate the main determinant of
system (11), which has the following form

2b 0 a
A=|cp®+2d cp c¢|=acp®+ 2ad — 2be.
0 1 0

Since p > 0, then A # 0 and system (11) has a solution:

O —ch1o + a0 — acpyzo
! acp? + 2ad — 2bc '’

Cy = 3o,

_ P10 (6p2 + 2d) — 2biiog + 2bcpipsg

C
3 acp? + 2ad — 2bc

Substituting C;, ¢ = 1,3 into (10), we obtain

=/ - 2
o () \/;acp2 + 2ad — 2bc [%0 ( et d) + (12)

+ 19 (aﬂv2 - 2b) + 130 (acpgx + 2adx — 2bcx + 2bcp)] .

In what follows, the maximum value among all positive known numbers found in estimates will be
denoted by M. Now we find estimates (12) and ug (z) in the domain D. From (12) we have

luo (z)| < M [[10] + [Y20] + [¥30]] < M,
lug" (z)| < M.
2
2) Now, when A, = (%) , n € N, we get the following problem for the function X (x):

X", — A X, =0,
aX, (0) + X", (0) = 1y,

13
Xy (p) + dX"y (p) = ton, (13)
X'y (O) = P3p;
here
5 q
Vin = \/;/%(y)cos (n;y) dy, i=1,3, n€ N.
0
The general solution to the equation in problem (13) has the form:
3 3
X, (z) = Cr efn® + o gkn <an cos \Q[knx + (3, sin \gkna}) , (14)

where
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Taking into account the boundary conditions of problem (13) for the solution in the form of (14), we
obtain the following:

Cin (a+bk2) + Con (a - &> — O3 20 = gy,
Cipefn? (c + dk’%) + C’gne_ik”p (c cos (‘[k:np> + dk2 cos (‘fknp — 2%)) +
+C’3ne_%k"p (c sin (@knp) + dk,% sin (%k‘np — g)) = on,
knCln — LnCon + YBknCap = s

(15)

So, to determine the coefficients Cj,, i = 1,3, we received a system of algebraic equations (15).
Let us introduce the notation:

3 3 3 2 3 2
Qi = COS <\2[knp> ; Bn=sin ({knp> s Tn = COS ({knp - 37T> , Op = sin <\2[k'np - ;) .

Then (15) has the following form:

Cin (a+Dk2) + Can (a - %) — Oy 0 = 4y,
Cipehn? (c + dk,%) + ane_%k"p (can + dk:fl’yn) + ane_%k"p (cﬁn + dkgdn) = Yo, (16)
knClin — %k‘nCQn + C?m@kn = V3n.

The main determinant of system (16) has

a+ bk2 a— Sbk2 —3pk2 /3
A=k (e dk2) P (can + k) e F (B + d25,)| = LRIV,
k —1k V3
n 2 2 n

where

A A o-Hap ) (0c _2ad  2bc V3, V3
A= (k2+d> <b k2>+e 2 {(k% 2 +k2 bd | cos — 5 anr\f +bd sin anp .

n

We show that A # 0. To do this, we prove the following lemma:

Lemma 1. The boundary value problem

X", = X, =0,
aXy (0)+bX", (0) =
X, (p) +dX", (p) =

X', (0) =0,

(17)

has only a trivial solution.

Proof. Let’s assume the opposite, let X, (z) # 0. Consider the identity
X (X" = A Xp) =0,

or

/
(XnX”n - ;(X’n)2> — A X2 =0,
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integrating over interval (0 < z < p), and taking into account the boundary conditions, we obtain

d b 1
EX//nQ (p) - a)(”n2 (0) + §Xn/2 (p) + )‘n/XTQde =0.
0

Since ab <0, c¢d >0, A\, > 0, then X,, =0.

Lemma 1 has been proved.

If there is a number n* such that A (n*) = 0, then there are constants C}, C5, C5 that are not all
equal to zero at the same time, satisfying the system

bEL\ o V3bkZ.
2 o T

/

Cin- (a+bk2) + C5,.- (a - 0,

2
L (c+dk2.) + C’;n*e*%k“*p <ccos \ggkn*p + dkZ. cos <\g§kn*p - 7T>> +

3
2
+ C?m*e_?k n* P (csin \égkn*p + dki* sin (?kn*p — ;)) =0,

1 3
e Cl = 5k G + \gknc:,m 0.

From this we have that the function
3 3
X (z) = CF ek ® 4 e~ zknr @ (C’;n* cos \Q[k:n*x + C5,,« sin \gk‘nx>
is a solution to boundary value problem (17), but according to the proven lemma it should be

3 3
O L L (C;n* cos \gkn*x + C5,,» sin \gkn*x> =0,
but this is impossible due to the linear independence of the functions

7lk‘ * T

ke @ —3kn *xcos7kn*x, e 2% sin7kn*m.

em* T e

Hence the function in the form:

u* (z,y) = up ( \/> Z X+ (x) cos qﬂy

are nontrivial solutions to Problem A, and this contradicts the uniqueness theorem. So A (n) # 0,
neN.
Note that in case a =1, b=10, ¢ =1, d = 0, we obtain the result from [23|, as a special case.
—kn _kn
Cin = Qf/g\Ap [#e 2 P (k%% cos <fknp— 7> + d cos (‘fknp+ )) @% (k% — ) +
_kn
+%ﬂ2p ((% — %b) (i — 7d> sin \fknp%— V3 ( —bd + 2 ) cos *{knpﬂ ,

Con = o [ (787 (5 sin L + dsin (Yhp — %)) = L (& +d) ) +Lleehor (& +25) -
—% (e_BTnp (é —I—b) (E sin %knp—i-dsin (@knp— 2??)) + %b (E —i—d))] ,
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o= chs [ (s - 7 (s s dom (S )+ o
b
2

(i +8) (i om Pt deos (P = %)) = (i =) (5 +4))].

Then the solution to Problem A is written in the following form:

u(z,y) = uo (z \[Z

Now we prove the absolute and uniform convergence of series (18) in the domain D. From (18) we
have

Cinen® 4+ e~ L (Czn cos \égknx + C3p, sin ?kw:)] cos Ey. (18)
q

<

—+o00
(2, )| < |uo ()| + \/g 3 [Clneknx + e—%kznx (an cos @knx + (3, sin @knx)} cos %y
n=1 (19)

+oo
<M ; |[|C1n| €7 + |Canl + |Csnl |-

Estimating C,, i = 1,3, we get

Ckp | V10l | [2a] 3]
Cia| < Me P[k% + Ll ol

|Cn| < M |:|'¢}1n| W}2n| + |"i:3n|:| ’
’C3n| < |:|¢1n| ‘1/}2n| + |@Z3n‘:| )

Substituting the found estimates for Cj,, i = 1,3 into (19), we have

+o0o
\u(m,y)] < Mzekn(x—p) |:’7/];12n| + |1222n‘ ’w3n|:| < MZ |:|¢1n‘ ‘an’ + |1/];3n‘ ] (20)
n=1 n Fen n

Integrating by parts 11, 2, Y3, and taking into account condition (4), we obtain

Q\Pin .
¢in: (g) CH 221737

) n2’
where
\/7/1#" ) cos —dy
Then
g
|¢m|§M’ 22”‘ 1=1,3, M = const > 0.
n

Taking these estimates into account, from (20) we find

U )\ v
|u $y|<MZ[| in| |2n|+|38n‘ < 00
3

ns3

It follows that series (18) converges absolutely and uniformly.
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Now we prove that the derivatives of series (18) included in equation (1) also converge absolutely
and uniformly in the domain D. To do this, we calculate the derivatives with respect to y, from (18)
we obtain

i) E

taking into account the estimate u(z,y), we have

3 3
Cipehn® + e=2hn® (CQn cos \kan:c + Csp 8in \gknuf)] cos Eya
q

U 1\ L
MZP 1n| | 24n|_'_’ 32n|:|

n3 n3

Using the Cauchy-Bunyakovsky and Bessel inequalities, we obtain

[Z |‘I/1n| + Z “I’2n| + \/Z ‘\I/gn’ 2 14?%]

n1n3 nl" n

<M[z '%n'+z el 4, ()] 35 2

| < oo;
n=1 N3 n=1"n3
here
+00 5
2
Z ‘\I/?)n‘ < |‘¢//3n (y)HLz[O,q] .
n=1
Consequently, the series corresponding to the function giy’; converges absolutely and uniformly. The
absolute and uniform convergence of the third derivative with respect to z of series (18) follows from
g%ﬁ % and what was proven above.
Theorem 2 is proven.
Conclusion

In this paper, the second boundary value problem for the Viscous Transonic Equation in a rectan-
gular domain is investigated. The uniqueness of the solution to the problem is proved using the energy
integral method. The existence of a solution is proved using the method of separation of variables.
The solution to the problem is found in the form of an infinite series, uniform convergence, and the
possibility of term-by-term differentiation under certain conditions on the given functions is proved.
The convergence of the second-order derivative of the solution with respect to the variable is proved
using the Cauchy-Bunyakovsky and Bessel inequalities. When substantiating the uniform convergence
of the solution, the absence of a “small denominator” is proved.
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In this paper, the solvability of initial-boundary value problems for a nonlocal analogue of a hyperbolic
equation in a cylindrical domain is studied. The elliptic part of the considered equation involves a nonlocal
Laplace operator, which is introduced using involution-type mappings. Two types of boundary conditions
are considered. These conditions are specified as a relationship between the values of the unknown function
at points in one half of the lateral part of the cylinder and the values at points in the other part of
the cylinder boundary. The boundary conditions specified in this form generalize known periodic and
antiperiodic boundary conditions for circular domains. The unknown function is represented in the form
u(xz) = v(z) + w(x), where v(z) is the even part of the function and w(z) is the odd part of the function
with respect to the mapping. Using the properties of these functions, we obtain auxiliary initial-boundary
value problems with classical hyperbolic equations. In this case, the boundary conditions of these problems
are specified in the form of the Dirichlet and Neumann conditions. Further, using the known assertions
for the auxiliary problems, theorems on the existence and uniqueness of the solution to the main problems
are proved. The solutions to the problems are constructed as a series in systems of eigenfunctions of the
Dirichlet and Neumann problems for the classical Laplace operator.

Keywords: antiperiodic condition, Dirichlet problem, eigenfunctions, eigenvalues, Fourier series, hyper-
bolic equation, initial-boundary value problem, involution, Neumann problem, nonlocal operator, periodic
condition.

2020 Mathematics Subject Classification: 35L05, 35120, 35P10.

Introduction

This paper considers differential equations that belong to the class of equations containing shifts
of arguments. Such equations are widely used in describing various scientific models, for example, in
modeling immune processes |1, 2|, in various population models [3,4], in modeling the dynamics of
nonlinear optical systems |5, 6], and other systems.

Among equations with shifts of arguments, equations with involution occupy a special place.
Boundary value and initial-boundary value problems for analogues of elliptic and parabolic equa-
tions with involution have been studied by Al-Salti et al. [7,8], Ashyralyev and Sarsenbi [9, 10|,
Baranetskij et al. [11], Borikhanov and Mambetov [12]|, Kozhanov and Bzheumikhova [13], Mussirepova
et al. [14,15], and Yarka et al. [16].

The analogues of hyperbolic equations with involution were considered in [17-19]. In [17], a non-
local analogue of a hyperbolic equation with involution with respect to the time variable was exam-
ined. In the paper, the initial problem was solved by reducing it to an equivalent initial problem

*Corresponding author. E-mail: batirkhan.turmetov@ayu.edu.kz
This work is funded by the Science Committee of the Ministry of Science and Higher Education of the Republic of
Kazakhstan (grant No. AP23488086).
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for a fourth-order equation without involution. The estimates of stability of the solution and its first-
and second-order derivatives of the above problem were established. Similar studies were conducted
in [18,19]. In these works, hyperbolic equations with involution with respect to the spatial variable
are considered in the one-dimensional case.

In this paper we investigate the solvability of initial-boundary value problems with periodic and
antiperiodic boundary conditions in the multidimensional case. Moreover, periodic and antiperiodic
boundary conditions are specified on the boundary of a circular cylinder. Boundary value problems
with periodic and antiperiodic boundary conditions in circular domains for the Poisson equation were
first studied in [20,21], and for the nonlocal Poisson equation they were investigated in [22]. Note
also that boundary value problems with periodic conditions for a hyperbolic equation in rectangular
domains were studied in [23].

Let us turn to the formulation of the problems that are considered in this paper. Let €2 be a unit
ball, 9Q be a unit sphere, Q7 = Q x (0,T") be an open cylinder. For any © = (21, x2, ..., T,) we assign
a point Sz = (—x1, a2, ..., anxy), where o, j = 2,3, ...,n takes one of the values +1.

Let us introduce the operator

Lyv(z) = apAv(x) + a1 Av(Sz),

2 2 .
where ag, a1 are real numbers, A = % + ...+ 88? is the Laplace operator.
1 n
Denote

0Ny ={xecd:x; >0}, 00_={zcd:z1<0}, I={recd:x; =0}

In the domain Q7 we consider a following problem:

2u(t, x
88(;2’) — Lyu(t,x) = f(t,x), (t,z)€ Qr, (1)
uw(0,z) = p(x), wu(0,2) =1(z), =€, (2)
u(t,z) + (=) u(t,Sz) =0, 0<t<T, xed, (3)
dyu(t,z) — (—1)*d,u(t,Sx) =0, 0<t<T, zecd, (4)

where k takes one of the values +1 , 9, = % is the normal vector, r = |x|, ¢(z) and ¥ (x) are the given
functions.

A classical solution to problem (1)-(4) is a function u(¢,z) from the class C’f’f(QT) N C’tl”xl (Qr)
satisfying conditions (1)—(4) in the usual sense.

1 Initial-boundary value problem with Dirichlet boundary condition

In this section we present the well-known statements from V.A. Ilyin’s paper [24| regarding the
initial-boundary value problem for the classical wave equation

pefra) - 5T pa) s e an. 5)
For equation (5), problems with initial conditions
2(0,z) = 7(z), 2(0,2) =p(x), x€Q, (6)
and with the Dirichlet boundary condition
z(t,xz) =0, [0,T] x 0R, (7)
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or with the Neumann boundary condition
6Z,Z(t,l‘) =0, [OvT] X 09, (8)

were studied.

A classical solution to the problem with conditions (5)—(7) (or with conditions (5), (6) and (8)) is
a function z(t, z) from the class sz(QT) N C’tl”xl (Qr) satisfying conditions (5)—(7) (or with conditions
(5), (6) and (8)) in the usual sense. The following assertions are proved.

Lemma 1. |24] Let the functions 7(z), p(x) and f(¢,x) satisfy the following conditions:
1) the function 7(x) is continuous in the domain Q and has continuous derivatives up to order
[n/2] + 2 and square-integrable derivatives of order [n/2] + 3 in this domain. In addition,

T(z) = At(x) = ... = AkT(az) =0, k=[(n+4)/4];

2) the function p(z) is continuous in the domain and has continuous derivatives up to order [n/2]+1
and square-integrable derivatives of order [n/2] 4+ 2 in this domain. In addition,

pl) = Dp(x) = . = DFp(e) =0, k= [(n+2)/4];

3) the function f(¢,z) is continuous in a closed cylinder Qp = Q x [0,7] and has continuous
derivatives up to order [n/2] + 1 and square-integrable derivatives of order [n/2] 4+ 2 in this cylinder.
In addition,

flt,x) = Af(tx) = .. = AFf(t,2) =0, k=[(n+2)/4].
Then, a classical solution to problem (5)—(7) exists, is unique, and can be represented as

o0

2(t,x) = Z {Tm COS G/t + a/)m sin aw/,umt} Zm,p(x)+
m=1 \/ﬁm

+mi::1 { \/%m /Ot Fn(8) sin ay/pimt — s} Zm,D ().

Here 2, p(z) are normalized eigenfunctions of the Dirichlet problem
Az(x) +pz(x) =0, z€Q, z(x)=0, zedQ, 9)

and Ty, pm, and f,(t) are Fourier coefficients in the expansion of functions 7(z), p(x) and f(¢,z) in
the system 2z, p(x) , i.e., Ty = (T, 2m,D(2)), pm = (Pms 2m,p(2)) and fo, = (fm, 2m,p(T)).

Lemma 2. |24] Let the functions 7(z), p(x) and f(¢,x) satisfy the following conditions:
1) the function 7(z) is continuous in the domain © and has continuous derivatives up to order
[n/2] + 2 and square-integrable derivatives of order [n/2] + 3 in this domain. In addition,

m(x) = Ar(z) = ... = AFr(z) =0, k=[(n+2)/4];

2) the function p(x) is continuous in the domain and has continuous derivatives up to order [n/2]+1
and square-integrable derivatives of order [n/2] 4+ 2 in this domain. In addition,

plw) = Dpla) = . = DFp() =0, k= [n/4];
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3) the function f(t,x) is continuous in a closed cylinder @ = € x [0,T] and has continuous
derivatives up to order [n/2] + 1 and square-integrable derivatives of order [n/2] + 2 in this cylinder.
In addition,

ft,z) = Af(t,x)=...= AFf(t,2) =0, k=[n/4].

Then, a classical solution to the initial boundary value problem for equation (5) with conditions

(6), (8) exists, is unique and can be represented as

[e.9]

2(t,x) = Z {Tm COS ar/fhmt + aPm sinaw/umt} Zm, N (T)+
m=1 \/'Em

+2{\/%I/Otfm(s) sing ,um(t—s)ds} 2 ().

Here z,, n(z) are normalized eigenfunctions of the Neumann problem
Az(x) + pz(z) =0,2 € Q, z(x) =0,z € 09, (10)

and 7., pm and fp,(t) are Fourier coefficients in the expansion of functions 7(x), p(z) and f(¢,z) in
the system 2, n ().

Further, we present some properties of eigenfunctions z,, p(x) and z,, y(x). In [21], the following
statement is proved.

Lemma 3. All eigenfunctions of the Dirichlet problem (9) and the Neumann problem (10) can be
chosen so that they have one of the symmetry properties:

z(x) — z(Sz) =0, (11)
z(z) + z(Sz) = 0. (12)

2 The main problem

Let u(t,z) be a solution to problem (1)—(4) in the case k = 1. From equation (1) we obtain the
System

u(t, @) — apAu(t, ) — a1 Au(t, Sx) = f(t,x),

(13)
ug(t, Sz) — ar Au(t, x) — agAu(t, Sx) = f(t, Sz).

We denote the operator of the type Isu(t, z) = u(t, Sz) as Is. In [25] it was proved that if S is an
orthogonal matrix, then the operator Is commutes with the operators A and A = r%, where r = |z|.
In our case, the mapping matrix S is orthogonal and therefore from (13) it follows that

flt,x) + f(t,Sx) = u(t, x) — agAu(t, x) — a1 Au(t, Sz) + w(t, Sx) — a1 Au(t, x) — agAu(t, Sz) =
= Ot[u(t, z) + u(t, Sx)| — apAu(t, ) + u(t, Sx)] — a1 Afu(t, x) + u(t, Sx)] =

= Olu(t, z) + u(t, Sz)] — (ap + a1)Afu(t, x) + u(t, Sz)],

f(t,x) — f(t,S2z) = we(t,x) — apAu(t, ) — ardu(t, Sz) — [ue(t, Sz) — arAu(t, x) — apAu(t, Sx)] =
= Oifu(t,z) — u(t, Sx)| — apAu(t, ) — u(t, Sx)] — a1 Afu(t, x) — u(t, Sx)] =
= Ou(t,z) — u(t, Sx)] — (ap — a1) Au(t, ) — u(t, Sx)].
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Let us introduce the notations
o(t,z) = %[u(t,:n) Fult, Sz)], wit,z) = %[u(t, 2) — ult, Sz)).
It is obvious that u(t,x) = v(t,z) + w(t, ) and for all x € Q the symmetry properties
v(t,Sx) =v(t,z), w(t,Sz)=—w(t )

are satisfied.
Then, for the functions v(t, z) and w(t, x), we obtain the following equations

vie(t, ) — (ag + a))Do(t,z) = fH(t,2), wu(t,z) — (ap —a1)Aw(t,z) = f~(t,),

where 2f%(t,z) = f(t,z) + f(t, Sz).
From initial conditions (2) for the functions v(t,z) and w(t, z), we obtain

o(0,) = 3 [u(0, ) + u(0,52)] = Jplw) + $(57)] = ¢ (@),
(0,2) = 3 [un(0,2) + (0, 52)] = J[(x) +¥(52)) = ¥* (@),
w(0,2) = 5 [u(0,2) ~ u(0,52)] = J[olw) — p(S2)] = p™ (2),

1

wi(0,) = 5lue(0,2) — w0, 52)] = S [6(x) — Y(S2)] = ¥~ (a).
Further, from boundary condition (3) it follows that if 0 <¢ < T, x € 0§24, then
v(t, @) ltejo.1)ecn, = w(t, ) +u(t, ST) licp,r) 200, = 0,
and if z € 9Q_, then Sz € 94, hence
v(t, ) e 1),wcon_= ult, ) +u(t, Sv) |iejom zca0_ = u(t, ST) + u(t, ) |iejo,1),50c00, = 0

Thus, for the function v(t,z) for all ¢ € [0,7] and = € 99, we have v(t,x) = 0.
From the symmetry properties of functions v(t, z) and w(t, x), we get the following equalities:

81,1;(15, Sac) ’392 Av(t, Sac) ’392 Av(t,m) ‘QQ: &,U(t, ac) |aQ,
dyw(t, Sz) |aa= Aw(t, Sz) |agn= —Aw(t,z) |an= —0,w(t, ) |aq -

Then from boundary condition (4) for the function w(t, z) for all ¢ € [0,T] and x € 0f2, we obtain the

following edge condition
dyw(t,z) =0.

Hence, if u(t,z) is a solution to problem (1)—(4) for k = 1, then the function v(¢, z) satisfies the

conditions of the problem

v (t,z) — (ag + a1)Av(t, ) = fH(t, ), (t,z) € Qr, (14)
v(0,7) = T (z), v (0,2) =T (x), x€Q, (15)
v(t,z) =0, [0,T] x ON. (16)
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Therefore, the function w(t, x) satisfies the conditions of the problem

wy(t,x) — (ag — a1)Dv(t,x) = [~ (t,x), (t,x) € Qr, (17)
w(0,7) =v (z), w(0,2) =+ (z), z€Q, (18)
dyw(t,z) =0, [0,T] x 9. (19)

Thus, we have obtained two auxiliary initial-boundary value problems for the classical wave equation.
In the first problem, the boundary condition is specified in the form of the Dirichlet condition, and in
the second problem, in the form of the Neumann condition.

Further, we assume that ag = a; > 0 and rewrite equations (14) and (17) as

1 1
AU(t, 1‘) - ?Utt(tv l‘) = —?_]H_(t,l‘), (t,.%‘) € QT7
0 0

Aw(t,z) — githt(t,x) _ —g%f—(t,x), (t,2) € O,
1 1
where g9 = ag + a1, €1 = Vag —a; .
To study the solvability of problem (14)—(16), we can use the assertion of Lemma 1. If the functions
fr(t,z), ¢ (x) and T (x) satisfy the conditions of this lemma, then the classical solution to problem
(14)—(16) exists, is unique, and can be represented as

wm

m,

(o]
Z { v COS E0+/Hom, Dt + sin eg~/fm Dt} Zm,p(x)+

m=1
[e's)

—i-mZ:l{Eo\/im/o nyﬁ(S)sinso\/W(t—s)ds}zm,D(;U), (20)

where ¢, = (97, zm,p), U, = (¥F, 2m,p) and f () = (f7, zm,D)-
Similarly, if the functions f~(¢,x), ¢~ and ¥~ satisfy the conditions of Lemma 2, then the classical
solution to problem (17)-(18) exists, is unique, and is represented as

[o@)
w(t,x) = Z {gom COSE1+/fm Nt —|— w — sine1\/fbm Nt} Zm, N (T)+
m=1

' mzzl {elwlm/o Jm(s) sinery/fim,n (8 = 8>d8} Zm N (@), (21)

where Pm = (()077 Zm,D)7 T+n = ("¢+7 Zm,D) and f&(t) = (fiv Zm,D)'

Let us transform the functions v(t,z) and w(¢,x) from equalities (20) and (21). To do this, we
use the properties of the eigenfunctions z,, p(z) and z,, y(x) formulated in Lemma 3. In this case, we
renumber the eigenfunctions z,, p(z) as follows: we denote the eigenfunctions with property (11) as
zom,p(x), and the eigenfunctions with property (12) as 2z2,,—1,p(z). We will use a similar notation for
the eigenfunctions z,, p(x) and z,, y(z).

Then, for the coefficients of the function ¢(x), we have

1

oh= [[o@) + (SD)lmplads =

1

s / (@) [2m0(2) + 2.0 (S7)]da

Q Q
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Further, if m =25 — 1, j =1,2,..., then 291 p(z) + 22j—1,p(Sz) =0 and if m = 2j, j =1,2,..,,
then 29 p(x) + 225, p(Sx) = 2295 p(x), thus

ot = / (@) 2mp (2)dT = o, m > 1.
Q

Similarly, for the coefficients ¢, ,_;, we obtain the equalities

Pom_1 = /90($)22m1,N($)d$ = pom-1, m=>1
Q

Similar equalities can be obtained for the coefficients f(t,z) and v~ (x) :

¢;m = 1/}2m = (¢7 z2m,D)7 ¢2_m—1 = me—l = (M Zmel,N)v

f;rm(t) = f2m = (fa ZQm,D)7 f;mfl(t) = f2m—1 = (fa Z2m71,N)‘

Then, formula (20), or more precisely the solution to problem (14)—(16) can be rewritten as

Y2m

€0+/H2m,D

(@)
=> {mm COS €0+ /[am Dt + ————— sin £o+/fizm, Dt} Zom,p(2)+

m=1
9]

+Z{€O\/m/ fam (s Slngom(t—S)dS}ZQm’D(;U), (22)

and formula (21) as

[o¢]
¢2m—1 . }
= 2m—1COS E1y/Hom—1,Nt + ———=sine1/tom—1,nt ¢ 22m—1,N(T)+
mz{som N N CTr ] BRI

+mz:1{51\/m/ Jom— 1( )Sln€1\//~m<t_s)ds}22m 1N( ) (23)

Now we present the main assertion regarding problem (1)—(4).
t

Theorem 1. Let k = 1,a9 £ a1 > 0, functions f(t,z), ¢(x) and ¥ (z) satisfy the conditions of
Lemma 1. Then, the classical solution to problem (1)—(4), exists, is unique, and can be represented as

o0

u(t,r) = Z P2m COS \/(ao + a1) pom, pt + Vam sin (ap + a1) \/flamt ¢ 22m,p(x)+
m=1 V(a0 + a1) pom,p
¢2m—1

ag — al) H2m—1,N

D
+Z {wzm—l cos \/(ao — a1) pom—1,Nt + \/( sin \/(ao —ay) ,uzm—LNt} Zom—1,N () +
m=1

RE

+ Z_:l { ! /o Jom-1(s) sin \/(ao —a1) piam—1,n (t — S)ds} 2m-1N(2). (29)

\/(ao - al) H2m—1,N

a0+a1

)M2 e / Jom(s)sin \/(ao + ay) pom,p(t — S)ds} Zom,p(x)+
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Proof. If the functions f(¢,x), ¢(x) and ¥ (x) satisfy the conditions of Lemma 1, then the functions
ft(t,x), ot (x)and ¢*(x) satisfy the same conditions. Then, by the assertion of Lemma 1, the solution
to problem (14)—(16) exists, is unique, and can be represented in the form (20). If the functions
f(t,x), ¢ (z) and 9~ (x) satisfy the conditions of Lemma 1, they also satisfy the conditions of
Lemma 2. Then, by the assertion of Lemma 2, the solution to problem (17)—(19) with functions exists,
is unique, and can be represented in the form (21). Note that the functions v(t,x) and w(t,x) from
equalities (22) and (23) have the symmetry properties v(t, Sx) = v(t, z) and w(t, Sz) = —w(t,z). We
will show that the function u(t,z) = v(t,x) + w(t, z) will be a classical solution to problem (1)—(4).

Indeed, the following equalities hold for this function

up(t,x) — Lyu(t, ) =

=vu(t,x) — aplv(t,x) — ardv(t, Sz) + wy(t, ) — agAw(t, ) — a1 Aw(t, S) =

=vy(t,x) — (ao + a1)Av(t, ) + wy(t, ) — (ag — a1) Aw(t, x) =

= f(ta) + (o) = f(t @),
w(0,2) = v(0,2) + w(0,z) = p* () + ¢~ (z) = p(z), z€Q,
ur(0,2) = v¢(0,2) + we(0,2) = ¢*(2) + 97 (x) = ¥(z), z€Q
From the symmetry conditions, as well as from boundary conditions (16) and (19) for x € 99 for
k =1, we obtain
u(t,z) +u(t,Sz) =v(t,x) + w(t,z) +v(t, Sz) + w(t, Sx) =

= [v(t,z) + v(t, Sx)] + [w(t, z) + w(t, Sx)] = 2v(t, z) + [w(t,z) —w(t,Sz)] =0
and

dyu(t,z) — dyu(t, Sx) = 9, [v(t,x) — v(t, Sz)| + 9y [w(t, z) + w(t, Sx)] =

= 0,[0] + dyw(t,x) = 0.

Thus, boundary conditions (3) and (4) are also satisfied. Then, substituting the values of the
functions v(t, z) and w(t, z) from equalities (22) and (23) into the left-hand side of the equality u(t, z) =
v(t,z) + w(t, x), we obtain representation (24). The theorem is proved.

We conduct similar studies in the case k = 2. In this case, if we choose functions v(t, z) and w(t, z)
in the form (13), then we obtain a problem with conditions (14), (15) and the Neumann boundary
condition d,v(t,z) =0, [0,T] x 0.

Hence, for the function w(t,x), we obtain a problem with conditions (17), (18) and the Dirichlet
boundary condition w(t,z) = 0, [0,7] x 9. The main assertion regarding problem (1)—(4) in the case
k = 2 is the following theorem.

Theorem 2. Let k = 2,a9 = a; > 0, functions f(t,z), ¢(x) and ¢(x) the functions and satisfy the
conditions of Lemma 1. Then the classical solution to problem (1)—(4) exists, is unique and can be
represented in the form
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¢2m71

(ap + al).UQm—l,D

[e.o]
u(t,z) = Z {¢2m—1 cos \/(ag + a1)ptom—1,pt + 7 sin(ag + al)\/,ugmt} Zom—1,0(x)+

m=
- (0
2 .
+ E {SOZm cos \/(ao — aq)pom Nt + o sin(ag — a1)\/u2m,Nt} Zom, N (z)+

(ap — a1)prom,N

o t
+y { N ! /0 fam—1(s) sin \/(ao + a1)pam-1,0(t — S)ds} 22m—1,0(x)+

ag + ai)pem—1,p

+ Z { \/( 1 /0 fom(s) sin \/m(t — s)ds} Zom, N ().

o ap — ar)Hom,N

Conclusion

In this paper, the initial-boundary value problem for an analogue of a hyperbolic equation with
involution is studied in a multidimensional circular cylinder. Periodic and antiperiodic conditions are
considered as boundary conditions. The unknown function is represented as the sum of an even and odd
part with respect to the involution transformation. For auxiliary functions, initial-boundary functions
for the classical hyperbolic equation are obtained. Using known assertions for the obtained problems,
theorems on the existence and uniqueness of the main problems are proved.

It is planned to study similar problems for analogues of hyperbolic equations with multiple involu-
tion.
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In 1978, the journal Differential Equations published an article by A.M. Nakhushev, that presented a
method for correctly formulating a boundary value problem for a class of second-order parabolic-hyperbolic
equations in an arbitrarily bounded domain with a smooth or piecewise smooth boundary. In that work, a
boundary value problem was formulated and investigated using the method of a priori estimates, which is
currently called the first boundary value problem for a second-order mixed parabolic-hyperbolic equation.
In this work, a boundary value problem for a third-order model parabolic-hyperbolic equation is formulated
and investigated in a mixed domain, following the approach of A.M. Nakhushev for second-order mixed
parabolic-hyperbolic equations. In one part of the mixed domain, the equation under consideration is
a degenerate hyperbolic equation of the first kind of the second order, and in the other part, it is a
nonhomogeneous equation of the third order with multiple characteristics and reverse-time parabolic type.
For various values of the parameter, existence and uniqueness theorems for a regular solution are proved.
The uniqueness theorem is proved using the method of energy integrals combined with A.M. Nakhushev’s
method. The existence theorem is proved by the method of integral equations. In terms of the Mittag-
Leffler function, the solution of the problem is found and written out explicitly. Sufficient smoothness
conditions for the given functions are found, which ensure the regularity of the obtained solution.

Keywords: second order degenerate hyperbolic equation of the first kind, third-order equation with multiple
characteristics, third-order parabolic-hyperbolic equation, Volterra integral equation, Fredholm integral
equation, Tricomi method, method of integral equations, integral equation method, Mittag-LefHler functions.

2020 Mathematics Subject Classification: 35M12.

Introduction

Boundary value problems for model second order parabolic-hyperbolic equations were first studied
in [1,2]. The classification of parabolic-hyperbolic equations into equations with characteristic and non-
characteristic lines of type change was carried out by [3]. Moreover, in the work of [1], the problem was
studied for a model equation of parabolic-hyperbolic type with a characteristic line of type change, and
in the work of [2], the problem was studied for a model equation with a non-characteristic line of type
change. In 1978, the journal Differential Equations published an article by A.M. Nakhushev, which
provided a method for correctly formulating a boundary value problem for a general second-order
parabolic-hyperbolic equation in an arbitrary bounded domain with a smooth or piecewise smooth
boundary. The boundary value problem investigated in the aforementioned work by A.M. Nakhushev
is currently called the first boundary value problem for a mixed parabolic-hyperbolic equation. The
most complete review on boundary value problems for parabolic-hyperbolic equations one can find in
monographs [4,5].

The paper considers one mixed problem for a third-order parabolic-hyperbolic model equation. One
part of the mixed domain, involves a third order nonhomogeneous parabolic type equation with multiple
characteristics, while the other part involves a second order degenerate hyperbolic type equation of the
first kind. The paper presents proofs of the existence and uniqueness theorems for a regular solution.
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The uniqueness proof is based on the method of energy integrals combined with A.M. Nakhushev’s
method. The existence proof is based on the method of integral equations. In solving the problem, we
also used the Mittag-Leffler function and wrote down the solution explicitly.

1 Formulation of the problem

On the Euclidean plane with independent variables x and y consider the equation

0= (_y)m Uzz — Uyy + A (_y)(m_Q)/Q Ug, y <0, (1)
uxxx+uy_fa y >0,

where A, m are the given numbers, and m > 0, |A\| < F; f = f(x,y) is the given function; u = u(x,y)
is the desired function.

Equation (1) is a model third order equation of the parabolic-hyperbolic type. For y < 0, it is
equivalent to the degenerate hyperbolic equation of the first kind

m—2

(=)™ Uge — Uyy + A (—y) 2z uz =0, (2)

and for y > 0 with the third-order inhomogeneous parabolic type equation with multiple characteristics

The paper [6] is devoted to the study of the problem with a shift for a degenerate hyperbolic
equation of the first kind of the form (2), and the local first and second boundary value problems
for a degenerate hyperbolic equation of the second kind are investigated in the papers [7,8|. The
papers [9, 10| are devoted to the study of nonlocal problems of degenerate hyperbolic equations with
singular coefficients. In [11], a nonlocal problem of the Frankl type for a second-order mixed parabolic-
hyperbolic equation with a characteristic line of type change is investigated. The papers [12,13] are
devoted to the problems of conjugation of the generalized diffusion equation and degenerate hyperbolic
equations. The problem with a shift for one second-order mixed parabolic-hyperbolic equation with
two perpendicular lines of type change is studied in the paper [14]. Nonlocal problems with a shift
in the conjugation of a third-order equation with multiple characteristics and a degenerate hyperbolic
equation of the first kind of the second order are formulated and investigated in [15,16]. A nonlocal
problem for a third-order mixed parabolic-hyperbolic equation is investigated in [17].

Equation (1), in this paper, is considered in the mixed domain 2 = 5 U Qo U I, where Q; is
the domain limited by the characteristics o9 = AC : x — miﬁ (—y)(m+2)/2 = 0and 0o = CB :
Pty ()

2
Yo = — [%] m+2, passing through the points A = (0,0), B = (r, 0) and the segment J = AB
of the straight line y = 0; and 25 is the rectangular domain with vertices at A = (0, 0), Ag = (0, h),
By = (r, h) and B = (r,0), h = const > 0; J = {(x,0): 0 <z <r} is the interval of AB of the
straight line y = 0.

A regular, in the domain €2, solution to equation (1) we call the function v = wu(x,y) by the
class C (Q)NC () NC? ()N C3'7 (Qa); us(x,0), uy(z,0) € Ly (J), when substituted, equation (1)
becomes an identity.

Problem 1. Find a solution to equation (1) regular in the domain and satisfies the conditions

= r of equation (2) for y < 0, coming out from the point C' = (r/2,y.),

u(0,y) = 1(y), u(r,y) =2(y), ua(r,y) =s3(y), 0<y<h, (4)

ulbo(z)] =v(z), 0<z<m, (5)
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where 6p(x) = <%, — (mT“)?/ (m+2) 2/ (m+2)> is the affix of the intersection point of a characteristic
emanating from the point (z,0) € J with the characteristic AC; ¢1(y), ¢2(y), v3(y) are the functions
defined on the segment 0 < y < h; ¢(x) is the function given on the segment 0 < z < r with the

matching condition ¢1(0) = 1 (0) satisfied.

2  Uniqueness theorem

Let there be a regular solution u = wu(x,y) of equation (1) in the domain Q by the class

C () NC(Q) and let
u(z,0)=71(x), 0<z<r, (6)
uy(z,0) =v(z), 0<z<r (7)

Then, passing in equation (1) to the limit at y — +0, taking into account the notations (6), (7)
and conditions (4), we immediately obtain the first fundamental relationship between the functions
7(z) and v(z), transferred from the parabolic part Q2 of the domain 2 to the line of type change J:

™"(z) +v(z) = f(x,0), O0<z<rm, (8)

7(0) = ¢1(0), 7(r) =2(0), 7'(r) = 3(0). (9)

Next, find the relationship between the functions 7(x) and v(x), brought from the hyperbolic
domain Q; of equation (1) to the segment AB of the straight line y = 0. To do this, we first note that

m+2 m+2 .
in the characteristic coordinates £ =z — —25 (—y) 2 , n=x+ miw (—y) 2 , equation (2) becomes

m-+2
the Euler-Darboux—Poisson equation

d%u B1 Ou B2 Ou

_ — 4 — =0,
ooy n—&0n n—¢§0¢
where 81 = m +2 , Ba = i +2) Designate additionally: 8= 81 + 2 = ;5.

First assume |)\| <z and then 7(z) € C[0, 7] N C% (0, r), v(z) € C* (0, r) N Ly (0, 7). Hence, the
regular solution to problem (6), (7) for equation (2) in € is written out by the formula in [18; p. 14]:

1
u(x —% Tz _ _ .\ 1/(1-8) _ Bo—1 (1 _ p\Bi—1
<7y>—r(5l)r(52)0/ o (1= B) ()0 2= )] 2 -

—_

I'(2 1/(1-5) } 5 -8

2t—1 (1 - 2 1

rim g [ ae e e e a - e o)
0

where I (p f exp (—t) tP~1 dt is the Euler integral of the second kind (Gamma function).

Satisfying in (10) condition (5), we get:

1
ulbo(@)] =u |5, —(2-28)" " 2’| = - / r(t) ) (1= P e
0

1

_ -1 1-8
= Z(f)—ﬁl) IF—Z’Q = /V ) 7P (=) dt = ().

0
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Introducing the new integration variable z = xt, rewrite the last equality as

T(B) a8 [ 7(z) 2% (2-28)°"1 (2 / v(z) 2 ﬁl
L (61)T (B2) 0/ (x—2)' 77 42 - r1-p)r( —52 /

= P().
(z —2)°
0
Employing the fractional integro-differentiation operator D%, (in the Riemann-Liouville sense) [19],

rewrite the last equality as follows

L@)a=r s o (2-28'T(@2—8) 4 Ll
WDOQ? {7’ (t) 8 1} . Y Dgx 1 {I/(t) =8 } = (z). (11)

Inverting equation (11) relative to the function v(z), and using the well-known weighted Riemann—
Liouville fractional integral and differential operators with the same origins [19; p. 18], find

v(z) =71 Dy, "7 (t) — y2 2 Do, ™ (1), (12)
Ir(1-81)I(B8) (2—-28)'# L(1-51)(2—28)*#
where yy = SRR, g = R —

Indeed relation (12) is the main fundamental relation between the sought functions 7(x) and v(x)
transferred from the domain € to the line of type change J when |A| < &

_9B)1-8
In the case if A = %, the coefficients 31 =0, B2 = 3 = mLH, Y=Y = % , and the solution

to problem (6), (7) for equation (2) can be written by the formula [18; p. 15]:

1
2 2 2
_y)(m+2)/2 Yy _)(mt2)/2 94 _nAB
wa) =7 ot 2o R B o 2 )R e a0 ar
0

(13)
Satisfying condition (5) in representation (13), we arrive at the fundamental relationship between the
functions 7(z) and v(z) as bellow

v(w) = |Dy, () = Dy, w (1) (14)

In the case if A = =7, then 1 = = 15, o =0, =0,72 = 21-F (1 - 5)_6. The solution to
problem (6), (7) for equation (2) here has the form [18; p. 15]|:

1
2 2 2
_ A N (m+2)/2 4y . _\(m+2)/2 _ _nB
u(z,y) =71 |z m+2( Y) :|—|—m+2/1/|:l‘ m—|—2( Y) (2t —1)| (1 —¢)" " dt.
0

(15)
By (15) under condition (5), we immediately get:

v(a) = =277 (1= B)" o7/ (a). (16)
The following theorem on the unique solution to Problem 1 is true.

Theorem 1. There cannot be more than one regular solution for Problem 1 in the domain 2.

Proof. Let’s take a homogeneous problem equivalent to Problem 1. For instance, assume that
flz,y) =0V (2,y) € Do, ¢1(y) = w2(y) = @s(y) = 0 Vy € [0, h] and ¢(z) = 0V € [0, 7]
Moreover, taking into account that 7(0) = ¢(0) = 0 by relations (12), (14), (16) for different A, obtain
the bellow equalities:

v() =1 Do, "7 (t) = 1 Do,/7' () = 1 8, 7 (1),

<A<

-5 (17)

m
2
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v(z)=0, A= —%, (18)

where 0§, ¢ (t) is the fractional differential operator (in the sense of Caputo).
To further discuss, make use of the operator 0, ¢ (t) following property [20]: for any absolutely
continuous function ¢ = ¢(x) on the segment [0, r] that satisfies the condition ¢(0) = 0, the inequality

1
o2 B () > L (1), D<a<] (19)
holds.
Let us consider the integral
I= /T(:c) v(z)dx. (20)
0
When — 2 < XA < by (17) and (20), taking into account inequality (19), we arrive at
1:/7( )v(z)de = /T(x)aggﬁT(t) dx >
0 0
>4 / NP2 (t) da = n /('r — )" (@) dx > 0. (21)
=5 ) 2T (5) S

On the other hand, for a homogeneous problem equivalent to Problem 1 write, bearing in mind
(8), (9), the integral (20) as follows

7 s

I= /T(SC) v(z)de = — /T(.’E) ™ (x)dx = —= [T'(O)]2 <0. (22)
0 0
By inequalities (21) and (22) it follows that the integral I = 0, which as follows from the equality,

T

=_n r—x67172m xr =
—2“5)0/( P (@) dw = 0

may occur if and only if 7(x) = 0 Vx € [0, r]. Then basing on relations (8) and (17) find out that

v(z) =0 for all z € |0, r] and any X € (=2 2.
However, if A = —7, then by (8), (9), and (18) we come to the homogeneous problem

7(0)=0, 7(r)=0, 7'(r)=0 (23)

for equation
™x)=0, 0<z<r (24)
Just like in the case A € (—%; 2], the solution to problem (23) for equation (24) cannot be
anything but trivial: 7(z) =0 and v(x) =0 for all = € [0, r].
Consequently, as per formula (10), (13) and (15), the solution u(z,y) = 0 in £ to be considered
m. m

as the solution to homogeneous Cauchy problem (6), (7) for equation (2) for all A € [—2; Z].
Let’s show now that even for the homogenous problem

Lu = Ugps + Uy = 0, (l’,y) € Qo, (25)
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u(0,y) =0, u(ry)=0, u(ry)=0, 0<y<h, (26)
u(z,0) =0, 0<ax<r (27)

in the domain €9 regular solutions are not possible except for trivial ones.
Indeed, let’s assume that problems (25)—(27) have a nontrivial solution u = u(z,y) # 0. Following
the work [4; p. 237], in equation (26) put

u(z,y) = v(z,y) exp (1y), (28)

where p = const is some real number.
In this case, by (25) relative to the function v = v(x,y), we arrive at the equation

L/ﬂj = Ugaz + Uy +uv= 07 (a:,y) € QQ (29)
with initial boundary conditions
v(0,y) =0, v(r,y) =0, v(r,y)=0, 0<y<h, (30)

v(xz,0)=0, 0<x<r. (31)

Since, by assumption v = u(z,y) # 0, then, as follows from (28), the solutions to problems
(29)-(31) will also be non-trivial v = v(z,y) # 0.

Introduce an auxiliary domain Qo = {(z,y): e<ax <r—¢, e<y<h—eg, € >0}, where the
identity

2 (v, Lyv), =2 / v L,vdy. =2 / U [Ugae + Uy + pv] dQoe =
QQS 925

= / [8{1 (2vvm - Ug) + aay (UQ) + 2/1,1)2} do. =0
Q2s
is valid.
Applying Green’s formula to the latter equality, obtain

2(v, Lyv), = / (2vvm - U%) dy —v¥de+2pu / UQ(x,y) dQs. =0, (32)

Tac QZE

where I'o. is the auxiliary boundary for €s.. Let us pass to the limit in the last equality at ¢ — 0. It
is easy to see that in this case the auxiliary domain o, goes into the domain €29, and the boundary
I's¢ of the auxiliary domain 29, goes into the boundary I's of the domain 5. Taking into account the
homogeneous initial-boundary conditions (26)-(27) and the above circumstances, by (32) we arrive at
the equality

T

h
(v, Lyv), /U 0,y dy+/ (x, h)dz +2p /UZ(:c,y) dQs = 0. (33)
0 Q2

By choosing a positive value for the parameter p > 0, we note that (33) can occur if and
only if v(x,y) = 0 in the closure of the domain o, which contradicts the initial assumption that
v = v(x,y) # 0. However then u(x,y) = 0 in Qs as follows by (28). Thus, u(x,y) = 0 in €, that is, the
solution to problem (1), (4), (5) is unique in the class of regular functions. The theorem is proved.
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3 Euxistence theorem

Let us move on to the existence of a regular solution in 2 to Problem 1.

Theorem 2. Let the given functions f(x,y), ¢1(y), ©2(y), ¢3(y), ¥(x) be such that they have the
properties

e1(y) € C[0,R]NC*(0,h), @2(y) € C10,h]NC?(0,h), ps(y) € C[0,A]NC" (0,h);  (34)
Y(z) € CH[0,7] N C?(0,7); (35)
f(z,y) e C* (Qg) ) (36)

Then there is a regular solution to problem (1), (4), (5) in the domain .
Proof. In fact, following the fundamental relationships (8), (12) and (14) obtained above, with

respect to the sought functions 7(z) and v(z) at A € (—%; 2] we arrive at the system of equations
v(x) =m Dy, 7 (t) = v22™ Do, P (1)
m (37)
™"(z) + v(z) = f(x,0).

From system (37) we arrive at the problem of finding a regular solution 7 = 7(x) of an ordinary
differential equation of the third order of the form

7(x) +m Do, P (1) = f(,0) + 722 Dy, P (t), 0<z <, (38)

satisfying conditions (9).
Repeating integration of (38) three times from 0 to x, arrive at an integral equation equivalent to
the given differential equation:

x xz

T(l‘)z—ﬁ /($—t)6+17(t) dt—i—;O/(:L‘—t)QF(t) dt+Cl+C2$+%C3$27 (39)

where F(z) = f(z,0) + y2 2™ D(l);BQw (t), and c1, c2, c3 are still arbitrary constants.
Equation (39) is the Volterra integral equation of the second kind with convolution kernel

(z—t)PH! . (z—t)"PHD+A+ : :
K (z,t) = Trz - 1Lhe functions K, (x,t) = Thograre * = 0,1, 2, .. are considered iter-
ated kernels of K (z, t), and the function
& = (=) @-n@?]"
Rz, t; 8) =Y (=) Kn (2, t) = (@—t)" 3

~ = T[n(B+2)+B+2]

is the resolving kernel K (z, t) of equation (39).
With the Mittag-Leffler function, the resolving R (x, t; 8) of equation (39) kernel K (x, t) of equa-
tion (39) takes the following form

Rz, t; f) = (x =" Byyaun) |-m (=075 8 +2],

oo
where E, (z, u) = F(p+tl+u) is the Mittag-Leffler function.
n=>0

The solution of (39) can be written with the resolving R (x, t; §) of K (z, t) as follows

T T

1 1
T(x)—c1—|—02:c+203x2+2/(x—t)2F(t) dt—cl’h/R(UCa t; B) di—
5 0
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T T t
—0271/tR(a:,t;ﬁ)dt—%;3/tR(:p t: ,B)dt—— (z, t; B) (/ (t — s)2 d)dt (40)
0

0 0
By direct calculation find out that

[R5 @t = [@ =07 By [-n (-0 5 +2] dt =

= 277 By (549) (—71 o2 B+ 3) ;

/tR(fUa t; B) dt = 2" By g9 (—71 =72 3 +4> ;

R (z, t; B) dt =22 By 519 (—71 272 B+ 5) ;

0
/
O/R(x, t; B) (O/(ts)2F(s)ds> dt:/ (/(ts)zR(x, t; B)dt) F(s)ds =

0 s
=2 / z— )" By 10 [—71 (x—1)""%; B+ 5} F(t) dt.
0

Considering the above calculations, rewrite representation (40) as follows

T(z) = {1 - N a2 E1/5+42) (—71 305”; B+ 3)} c1+
+ [l’ — 2" By p42) (—’Yl aPt2 B+ 4)} cot

1
+5 {x2 — 271277 By(549) (—71 aPt2 5+ 5)} ca+

T

* % / { (x = 1) =27 (2 = )" By {—71 (x =) B+ 5} } F (t) dt. (41)
0

Satisfying conditions (9) for (41), get to the next system of equation with respect to ca, c3:
7(0) = c1 = ¢1(0),
—n 1 Byya) (T B+ 4)] ot 5 [ = 20 rTT By gy (< 7 B4 5) | e =
= 2(0) — [1 = P2 Eyyp10) (—n P12 B+ 3)] 01(0)—
3 f{ (r=1)" =271 (r = )" Eyjg10) [*71 (r =) 5+5} } F(t) dt;
0

[r

[1— yrft? El/(ﬂ+2) (=P B4 3) ] ca+ [r =P Ey i) (T2 B+ 4)] s =
= 3(0) + 71 7 By 42 (—71 P12 B+ 2) ¢1(0)-

_}{ r=t) = (=" Byygia) [—71 (r— 1)+ B+4} } F(t) dt.
O (42)
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The determinant

A= [7” — 1P By g1a) (—71 rot?; 54—4)}2 - % [1 — P2 By g49) (—71 r’t2 8 +3>] X

X [7“2 =20 By 549 (—’71 rfT B4+ 5)}

of system (42) is always different from zero by virtue of the uniqueness theorem proved above, that is,
the constants c1, 2, ¢3 in (41) are uniquely determined by conditions (9) and system (42).

Thus, the unique solution to problem (38), (9) for any A\ € (—%; %] is obtained by formula (41),
where the constants ¢1, ¢z, c3 are uniquely determined by (42).

Next, by relations (8) and (16) for A = = in view of conditions (9), obtain

1

T(r) = 55 {2 (r— a:)2 ©1(0)+ 2z (2r — z) v2(0) + 2rz (x — ) p3(0)+

2r

T

b= [ 104270 1= 5)7 80 0)] di-
0

T

2 /(t ~x)? [f (t, 0) + 2178 (1 — )P By (t)} dt }

x

Once the function 7(x) is obtained, the second desired function v(x), depending on A, can be
obtained using relations (8), (12), (14) or (16). Then the regular solution to Problem 1 in the domain
; is defined as the solution to the Cauchy problem (6)-(7) for equation (2) and is written out according
to one of the formulas (11), (13) or (15). And in the domain Q9 we arrive at the initial-boundary
value problem (4), (6) for equation (3), the solution of which is written out in the monograph of
T.D. Dzhuraev. Note that the conditions (34), (35), (36) listed in Theorem 2 ensure the regularity of
the obtained solution in the domain 2.

Conclusion

In the work in the mixed domain one boundary value problem for the model equation of parabolic-
hyperbolic type of the third order is investigated. Theorems of existence and uniqueness of a regular
solution of the problem under study are proved. To prove the uniqueness theorem the method of energy
integrals is applied together with the method of A.M. Nakhushev. To prove the existence theorem the
method of integral equations is applied. In terms of the Mittag-Leffler function the solution of the
problem is found and written out in explicit form.
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Bipartite Digraphs with Modular Concept Lattices of height 2
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This paper investigates the interaction between Formal Concept Analysis (FCA) and graph theory, with a
focus on understanding the structure and representation of concept lattices derived from bipartite directed
graphs. We establish connections between the complete formal contexts and their associated bipartite
digraphs, providing a foundation for studying modular lattices. Particular attention is given to the structure
of concept lattices arising from such contexts and their relationship to the combinatorial properties of the
corresponding graphs. The results show that the concept lattice of a complete formal context is isomorphic
to a modular lattice of height 2 if and only if its associated bipartite digraph is a disconnected union
of bicliques. This establishes a precise correspondence between a specific class of formal contexts and
well-studied objects in graph theory. Several examples are presented to illustrate these properties and
demonstrate the application of the obtained results. The analysis opens the way for further exploration of
lattices associated with more complex graph structures and contributes to a deeper understanding of the
relationship between discrete mathematics and formal methods of knowledge representation.

Keywords: formal context, full context, formal concept, concept lattice, context graph, bipartite digraph,
biclique, modular lattice.
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Introduction

Formal Concept Analysis (FCA) is a powerful mathematical framework for data analysis and
knowledge representation, based on the duality between objects and attributes within a formal con-
text. FCA was introduced in the early 1980s by Rudolf Wille as a mathematical theory [1,2|. This
framework provides a systematic method for deriving concept lattices, which capture hierarchical rela-
tionships between object-attribute pairs. These lattices have applications spanning fields such as data
mining, machine learning, and ontology engineering |[3,4].

Graph theory [5], on the other hand, offers a complementary perspective by modelling relationships
as vertices and edges. The interplay between FCA and graph theory has been a subject of growing
interest, particularly in the study of bipartite graphs. In FCA, the incidence relation of a formal
context corresponds naturally to a bipartite graph, establishing a direct link between these domains.

This paper investigates the structural properties of concept lattices derived from bipartite graphs,
with an emphasis on modular lattices. By characterizing the graph-theoretic properties of bipartite
digraphs corresponding to such lattices, we aim to deepen the understanding of their formation and
representation.

The main contributions of this work are as follows:

1) We introduce and formalize the notion of full formal contexts, which simplify the study of concept
lattices by reducing redundancy in object-attribute relations.
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2) We establish a bijective correspondence between full formal contexts and bipartite digraphs,
showing that the concept lattice of a context is determined by its graph structure (Theorem 1).

3) We prove that the concept lattice of a full formal context is isomorphic to a modular lattice
of height 2 if and only if the associated bipartite graph is a disjoint union of complete bipartite
graphs (Theorem 2).

4) We provide examples, including the graph of a function and its context lattice, to demonstrate
the practical implications of our results.

For more information on the basic notions and results of FCA, lattice theory and graph theory
introduced below, and used throughout this paper, we refer the reader to [2,5,6].

1 Preliminaries

First, we provide the main definitions.

Definition 1. A graph is an algebraic structure G = (V, E') where E is a binary relation on V. The
set V is called a set of vertices (or nodes), and E C V x V is a set of edges. A graph is called undirected
if (a,b) € E then (b,a) € E, and it is called directed or a digraph if (a,b) € E then (b,a) ¢ E.

Definition 2. A digraph G = (V, E) is called bipartite if its vertex set V' can be partitioned into
two disjoint subsets V7 and V5 such that:

e Every edge e € E connects a vertex in V] to a vertex in V5.

e No edge exists between two vertices of the same subset.

A complete bipartite digraph (biclique) G = (V, E) is a bipartite digraph in which the vertex set
V' can be partitioned into two disjoint subsets V] and Vs such that every vertex in Vj is connected to
every vertex in V5 and there are no edges within V; or within V5. Remark. Usually, a biclique is a
complete bipartite undirected graph (see [5]).

Definition 3. A formal context K = (G, M, I) consists of the set of objects G, the set of attributes
M, and the incidence relation I C G x M.

For a formal context K = (G, M,I) and A C G, B C M we put ag (@) = M, fx(9) = G and
ag(A) ={me M | (Vg € A)[(g,m) € I},

Br(B)={g9€ G| (Vme B)[(g,m) € I]}.

The mappings Bk o ak : P(G) — P(G) and ak o Bk : P(M) — P(M) are closure operators. The set
Lx(G) (Lx(M)) of the closed subsets of G (M) with respect to Sk o ak (ak o fk) forms a lattice under
inclusion C (conclusion D). And Lx(G) is dually isomorphic to Lk (M).

If K is clear from the discussion then we omit the subscript K — e.g., for example, we write a(A)
instead of ax(A).

Definition 4. A formal concept of the context K is a pair (A, B) such that A C G, B C M,
B = ag(A), and A = Bg(B). For a formal concept A = (A, B), A is called the extent of A, and B is
the intent of A.

The ordering =< of the concepts of K is defined as follows:
(A(),Bo) =< (Al,Bl) = AQ - A1 = BO B} Bl.

The Basic Theorem on Concept Lattices (see [1]) establishes that ordering < on the set of all concepts
of K induces a complete lattice which is called the concept lattice of K, and we denote it by L£(K).

From the definition of the partial order <, one can see that for a formal context K = (G, M, I) the
mapping ¢ : L(K) — Lg(G) defined by ¢((A, B)) = A, establishes an isomorphism between £(K) and
Lk (G).
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For the sets A, B and a binary relation R C A x B, we put
mA(R) ={a€ A |3b[(a,b) € R]}, 7np(R)={be B |3Ja[(a,b) € R]}.

A formal context K = (A, B, I) is called full if 14(I) = A, 7p(I) = B and ag(A) = px(B) = 9.

For a formal context K = (A, B, I) we define the graph Gx = (AU B; I) that consists of the set of
vertices AU B and the set of edges I C A x B. The graph Gg = (AU B; 1) is called a context graph
if AN B = &. Such a graph we call a context graph. It is easy to see that G is a bipartite digraph.
We also note that any bipartite digraph G = (AU B;I) with I C A x B defines the formal context
Ka = (A, B, I). Similar constructions occur in many papers (see for example [7,8]).

For any graph G = (G, R) we define the formal context K¢ = (G, G, R) and the concept lattice
L(Kg), respectively.

The next theorem, as the reviewer noted: “Theorem 1 is a simple observation which, seemingly,
is a “folklore” assertion. For example, in [7], the definition of a formal context is followed by the
remark that “The correspondence to a bipartite graph (network) is at hand”, brief description of this
correspondence, and the conclusion that “In the following we use the terms network, (bipartite) graph,
and formal context interchangeably in the sense above”. However, I have not found a published formal
proof of the assertion”. For convenience we provide the formal proof.

Theorem 1. Let K = (A, B,I) be a full formal context in which AN B = @. And let G be the
corresponding context graph (AU B;I). Then £(K) = L(Kg).

Proof. By definition, Kg = {AU B, AU B, I} and

agg(X) ={m e AUB| (Vg € X)[(9,m) € I},
Pre(Y) ={9€ AUB [ (Vm e Y)[(g,m) € I}.
By ag(ma(l)) = @ and Sr(rp(I)) = @, one can see that

aK(X), if X - A,

a, otherwise,

aKG(X) = {

Br(Y), if Y CB,
@, otherwise.

/BKG (Y) = {

Therefore,
ﬂKoaK(X), if CKKG(X)%@,
AUB, otherwise,

QK © /BK(Y)7 if /B]KG (Y) 7& '®7
AUB, otherwise.

Brg 0 ok, (X) = {

akg © Prg(Y) = {

It means that a pair (X,Y) is a concept of K¢ if and only if (X,Y") is a concept of K for all X, Y # &.
Also (AU B, @) and (@, AU B) are the concepts of K¢. Since the context K is full, (4, &) and (&, B)

are the concepts of K.
Hence the mapping ¢: L(K¢g) — L(K), defined by

(X,Y), XY £ O,
@((X7Y)): (Avg)v Y =g,
(@, B), X =0,

is one to one and onto. It is easy to see that  preserves partial order <. Therefore, ¢ is an isomorphism.
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These allow us to study the concept lattices through the bipartite digraphs. We demonstrate this
approach in the next section.

2 Representation of M,

For any n > 2, by M,, (M,,) we denote a modular lattice of height 2 with n (w) atoms.

Theorem 2. Let K = (A, B,I) be a full formal context in which AN B = @. Then the concept
lattice £(K) is isomorphic to M, for some n < w if and only if the context graph Gx = (AU B; ) is
a disjoint union of n complete bipartite digraphs.

Proof. = By L(K) = L(A), we have L(A) = M,. Since f(B) = @, @ = 0, is the least element
of L(A). By a(A) = @ and (@) = AU B, we get that AU B = 1, is the greatest element of £(A).
Let S be the set of all non-empty proper closed subsets of A. Since L£(A) = M,, AgN A; = @ and
AgV Ay = AU B for any Ag, A; € S with Ay # Ay. Since m4(I) = A, U{C | C € S} = A. Hence S is
a partition of A.

Let a(S) = {a(C) | C € S}. By definition, o(C) is a closed subset of B. Since f(B) = @,
B(@) = A, as K is full, and Sa(C) = C, then «(C) is non-empty proper subset of B for all C' € S,
as well as a(Cp) # «a(Ch) for all Cy,Cy € S and Cy # C;. Since L£(B) is dual isomorphic to £(A),
L(B) = M,. Let D = a(Cy) Na(C1), Cy # Cy. Then, by definition, 5(D) D Cp and is a closed subset
of A. Since the height of £L(A) is equal to 2, (D) = A. It implies D = @, that is, a(Cy) Na(C)) = 2.
Thus, a(Cy) Na(Cy) = @ for all Cy,Cy € S, Cy # Ch.

Let D = B\ U{a(C) | C € S}. By definition of D, B(D) ¢ S. Also (D) # @ because in this case
U{a(C) | C € S} is empty. Thus B(D) = A. It implies D is empty. Hence B = U{a(C) | C € S}.
Thus, we establish that {a(C) | C € S} is a partition of the set B.

Now we need to show that U{C x «(C) | C € S} = I. First we note that a(c) = a(C) for any
¢ € C. Indeed, assume that a(c) D a(C) for some ¢ € C'and C' € S. Since a(c) is a closed subset in B
and L(B) = M, (because L£(B) is dually isomorphic to £(A)), a(c) = B. Therefore, ¢ € 5(B). Since K
is full, (B) = @. Contradiction. Thus, a(c) = a(C) for any ¢ € C. Hence U{C' x o(C) | C € S} C I.
Let (a,b) € I. Then a € 5(b) whence (a,b) € C x a(C). Thus U{C x a(C) |C € S} = 1.

< Since the graph Gx = (A U B;I) is a disjoint union of n complete bipartite digraphs,
Gr = (Ui<nAi,Ui<nBi;Ui<n1;) for some partitions {A4; | i« < n}, {B; | i < n} of the sets A and
B respectively, and I = U;<,,I; where I; = A; x B;.

The condition I = Uj<pl; = Uij<pA; X B; give us that ma(I) = A, mp(I) = B and the sets
{be B|(a,b) eI forallae A} and {a € A| (a,b) € I for all b € B} are empty. These mean that
ag(ma(l)) = @ and Br(mp(l)) = @. Therefore, by Theorem 1, we get L(K) = L(Kg). Thus we need
to show that £L(K¢g) = M,.

For the formal context Kg we have

B;, if X CA,;,
ag. (X) = -
o (X) {@, otherwise,
A, if X C B,
X) = -
P (X) {@, otherwise.

Thus, for any A; and X D A;, we have
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That is, 4;, 1 < i < n, and AU B are the closed subsets in A U B with respect to closure operator
P © k- Therefore, A;V Aj = AU B. Since {A; | i < n} forms a partition of A then A;NA; =@
for all ¢ # j < n. It means that £(A) = M,,. Hence L(Kqg) = M,, because L(Kqg) = L(A).

Recall that a bipartite dimension of a graph is the minimum number of complete bipartite graphs
whose union is the given graph. Thus

Corollary 1. Let K be a formal context and £(K) = M,,. Then the bipartite dimension of the graph
Gk is equal to n.

8 Ezamples

Here we provide some examples.
Example 1. (cf. [9,10]) Let f: A — B be a function from A onto B and

gr(f) ={(z,y) | f(x) =y forallz € A, y € B}

the graph of function f. Consider a formal context K = (A, B, gr(f)), where A represents objects, B
represents attributes, and the incident relation is gr(f). Then the concept K = (A, B, gr(f)) satisfies
Theorem 2. Hence L(K) = M| where |B| is the size of B, and the bipartite dimension of the graph
Gx is equal to |B|.
Indeed, let, for any b € B,
Ap={zx e A| f(z) =0} C A

Since f is a function and maps A onto B,

A=J A, AnA.=0,
beB

for any b,c € B, b # ¢. Moreover, (A, U {b},gr(f‘Ab)) forms a complete digraph (biclique) (Fig. 1).
Thus, K = (A, B,gr(f)) is a disjoint union of the bicliques (A, U {b}, gr(f|Ab)), b € B. By Theorem 2,
E(K) = M|B|

{b}

Figure 1. Bipartite digraph (A4 U {b}, gr(f|Ab))

More general

Example 2. Let f: A — B be a many-valued function from A onto B and gr(f) = {(z,y) | y €
f(z) for all x € A} the graph of the many-valued function f. And let the set of images of points of A
forms a partition of B, that is the set of all proper subsets of B of the form {f(a) C B|a € A} is a
partition of B. Then the concept K = (A, B, gr(f)) satisfies Theorem 2. Hence £(K) = M,,, where n
is the bipartite dimension of the graph Gk.
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Conclusion

In this paper, we explored the interplay between Formal Concept Analysis and graph theory, focus-
ing on the structural representation of concept lattices through bipartite digraphs. The introduction
of full formal contexts allowed us to establish a bijective correspondence between these contexts and
bipartite digraphs, providing a framework for studying modular lattices. We demonstrated that the
concept lattice of a full formal context is isomorphic to a modular lattice of height 2 if and only if its
corresponding bipartite digraph is a disjoint union of complete bipartite graphs. This result not only
advances the theoretical understanding of FCA but also provides practical tools for analyzing data
structures in diverse applications. Future research may investigate the extension of these results to
other types of lattices and exploring their computational implications.
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In this paper, for a fourth-order equation in a rectangular domain, an inverse problem of finding the
unknown right-hand side, which depends on one variable, is considered. Criteria for the uniqueness and
existence of a solution to the inverse problem under consideration for a fourth-order equation are established.
The solution to the problem is constructed as the sum of a series in eigenfunctions of the corresponding
spectral problem. The uniqueness of the solution to the inverse problem follows from the completeness
of the system of eigenfunctions. Sufficient conditions are established for the boundary functions that
guarantee theorems of existence and stability of the solution to the problem. In a closed domain, absolute
and uniform convergence of the found solution to the inverse problem in the form of a series in the class of
regular solutions is shown, as well as series obtained by term-by-term differentiation with respect to ¢t and
x three and four times, respectively. The stability of the solution of the inverse problem in the norms of
the space of square-summable functions and in the space of continuous functions with respect to changes
in the input data has also been proven.

Keywords: fourth-order equation, inverse problem, classical solution, method of separation of variables,
uniform convergence of the solution, uniqueness, existence, stability of the solution.
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Introduction

Boundary value and inverse problems for fourth-order differential equations are widely used in
modeling processes in various fields of science and technology: in studying the dynamics of compressible
stratified fluid, wave propagation in dispersive media, ship vibrations, oscillations of rods, beams
and plates. Such problems are often reduced to studying fourth-order equations with various types
of conditions. Numerous studies have been devoted to boundary value problems for fourth-order
equations.

In the monograph by Smirnov [1], problems for a model equation of mixed type of the fourth order
in various geometric domains are considered. In the work by Amirov and Khojanov [2], the global
solvability of initial-boundary value problems for nonlinear analogues of the Boussinesq equation is
proved, which expands the range of studied problems of mathematical physics.

The inverse problem for a parabolic equation of the fourth order with a complex-valued coefficient is
considered in [3], where a theorem on the existence and uniqueness of a solution is proved. The articles
[4-6] consider boundary value problems with local conditions for fourth-order equations in rectangular
domains. Thus, in [4] the problems with the third derivative with respect to time are analyzed, and in
[5] and [6] — problems with the lowest term and mixed type of equation, respectively.

In the works |7, 8] the boundary value problems with nonlocal conditions are studied. The authors
prove that the eigenfunctions and associated functions of the corresponding spectral problem form a
Riesz basis, and the solution to the problem is expressed as a biorthogonal series. This is important
for constructing analytical solutions in complex domains.

In the works [9, 10] the boundary value problems for fourth-order mixed-type equations are studied.
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Initial-boundary value problems for beam and plate vibrations are studied in the works of Sabitov
and co-authors [11-13|. The use of the method of separation of variables allows us to establish
solvability conditions and construct explicit representations of solutions for equations taking into
account rotational motion and various types of fixings.

Some boundary-value problems for nonhomogeneous biharmonic equation is presented in [14], where
the conditions for periodic boundary are studied. In the work of Urinov and Azizov [15], an inverse
problem for a fourth-order equation with an unknown right-hand side is considered, a uniqueness
theorem is proved, and a constructive solution method is given.

A classification of fourth-order equations with two independent variables is given in the monograph
by Dzhuraev and Sopuev [16]|, where an extensive bibliography on this topic is also presented and
various types of boundary value problems are considered.

Inverse problems, as shown in [17-19], have numerous applications in seismology, geophysics,
biomedicine, and computed tomography. Here, both problems of restoring the right-hand side and
coefficient inverse problems are considered. In particular, Sabitov and Martemyanova [17]| investigated
a nonlocal inverse problem for a mixed-type equation, and Khojanov [18, 19| proposed methods for
restoring special types of right-hand sides in parabolic equations.

General approaches to solving inverse problems and theoretical foundations are presented in classical
monographs [20-22|, which present regularization methods, a functional-analytical apparatus, and
examples of formulations in mathematical physics.

Thus, the present study continues the development of the theory of fourth-order equations,
relying on the indicated scientific achievements, and is aimed at formulating and solving new classes
of boundary and inverse problems with practical significance.

1 Formulation of the problem
In the domain Q = {(z,t) : 0 < x < p, 0 <t < B}, we consider the equation
Lu = uyy — gz — b2u = f (.’L‘) ) (1)

where b = const.
Problem 1. Find functions u (z,t) and f (z) in the domain Q that satisfy the conditions
u(wt) € Ch (Q)NCE (), f(r) €C0.p)N L2 (0,p), 2)
Lu(z,t) = f (), (3)
u(@,0) =@ (@), u(z,0)=¢ (), u(z,f)=~E), wpf)=p), 0<z<p, (4)
w(0,t) =u(p,t) =0, ugy (0,1) = uzy (p,t) =0, 0<t <0, (5)
0

where ¢ (2), £ (x), ¥ (x), p () are the given functions, and o (0) = o® (p) =0, €@ (0) = €@ (p) =0,

1=0,2,9(0) =4 (p) =0, u(0) = pu(p) = 0.
By the classical solution of the inverse boundary value problem (2)—(5) we mean a pair {u (z,t), f (z)}
of functions u (x,t) € C;lf’ (Q) and f (z) € C (0, B), satisfying conditions (2)—(5) in the usual sense.

2 Uniqueness and existence of a solution to the inverse problem

We solve problems (2)—(5) at f(x) = 0 using the method of separation of variables u (x,t) =
= X (z)T (t). Then we have the following spectral problem for the function X (z):

XV (2) =X (2) =0, 0<z<p, (6)
X(0) =X (p) = X"(0) = X" (p) = 0,
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where 7 is the separation constant. Problem (6) has a solution

2 k
Xk(x):fsinkkx, Ne=i="T k=1,2,... (7)
p p
We look for a solution to problem (2)—(5) in the form
w(z,t) = Tp(t) Xi (), (8)
k=1
f@)=> fuXe(x), (9)
k=1
where
P
Ty (t) = / u(z,t) X, (z) dz, (10)
0
P
fi= [ 1) X (a)da (1)
0
Based on (10), we introduce the functions
p—e
The(t) = / u(z,t) X (z) dz, (12)

where ¢ is a fairly small number. We differentiate equalities (12) three times and take into account (1),
we have

T,gis (t) = /P—E [f(a:) + Ugpar (2, 1) + b2 (z, t)] X (x) dx. (13)

In integral (13), integrating four times by parts and passing to the limit at e — 0 taking into account
boundary conditions (5), we have the differential equations:

T (t) — oi Ty (t) = f, (14)

where v3 = A} + b2
General solutions of equation (14) take the form

3 3
Ty (t) = ape”™ + e~ 2kt (bk cos \gvkt + ¢, sin {vﬂ) — vk_?’fk, (15)

where ag, b, ¢ are arbitrary constants.
To determine the coefficients ay, bg, ¢ and f we use conditions (4), which go over

T (0) = ¢, Th (0) =y, Th (B) =& T (B) = i, (16)

where

ok = [ o (x) Xy (x) dz, P =[5 ¢ (x) Xj, (x) do,

§k = fé)g () Xy (x) dx, pp = fé)u(m) X (x) dx.
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Substituting solutions (15) into (16), we obtain a system of equations for determining ay, b, cx
and f:

ak + by — vy fr = @p,s

2a; — b + \/ng = 21),;11[)]“

(18)
ape2"? 4 by, cos @vkﬁ + ¢ sin @vkﬁ - v,;?’e%”kﬁfk = gke%%ﬁ’
akegvkﬁ — by, cos (@v;ﬁ - %) — ¢ sin (?vkﬁ — %) = vk_luke%”’“ﬁ.
The determinant of system (18) takes the form:
3 1 3 1
Ak (B) = 2eVk P (chvk,@ — Cos \vak,é' . chivkﬁ —/3sin \vak,é' . sh2vkﬁ> ) (19)
Now we represent (19) in the form
3
A (B) = 2ePchu,B - |1 — Ay sin (\gvkﬂ + ’yk> ) (20)
1
where v = arcsin 7#5:}571, Ay = V=GRS 2225:571.
Lemma 1. For any S > 0 the following estimate is valid
Ak (B)] > Coe*+?, (21)

where Cj is a positive constant.

Proof. Taking into account Ay < 1, from (20), we have

A (B)] = e (e el 1 - 4y

sin (?vkﬁ + 'yk> “ > 2B . [1— A > Cope®h.

The lemma is proved.

Then system (18) has a unique solution

1 1 - /3 1 . 3
ap = TooninB) [ka(pk(i?%ﬁ sin %Ukﬁ + \/gl/Jk + 2¢k62vk’8 sin (%Ukﬁ — %) —

(22)
—2vk§ke%”kﬁ sin @vk,ﬁ’ + V3upev’ — Z/Lke%”kﬁ sin (@’Ukﬂ + %ﬂ )
Suib 3 .
by, = WZ(B) [\/gvkwkezvkﬁ + 2ug g sin <§vk6 - %) -
2y sin (Yo — 5 ) = 2v/3une? cos (LupB + 5 ) — VBupeed - (23)

—2vp€ sin (@vkﬁ — %) — 2y sin @vkﬁ + Qﬂuke”kﬁsh%vkﬁ} ,
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1
e2 kP

_ 3 V3 - 3
C = m |:’Uk(10k€2vkﬁ — 2’Uk(,0k COS <T’Uk;ﬁ - g) + 2wk€2vk'g+

+21)y, cos (@vkﬁ - %) — 2v/31).e%%P sin (@vkﬂ + %) - kake%”kﬁ+

3 3
+2vE&y cos <\2ka6 — 73T> + Mkeg”’“ﬁ + 2, cos \Q[Ukﬁ — 3,uke%”’“ﬁ , (24)
2 3
fiv = ity {own [ 2637 cos (S~ 5) 1] +
+y, [—2e%”kﬂ cos (@vkﬁ + %) + 1} + v [26%1)’“8 cos (@vkﬁ + %) - 62”’“5] + (25)

+ 1 [—26%1}’“6 cos (@vkﬁ — %) + 621)’“’3} } .

So we obtained a solution of problem (2)—(5) in the form (8)-(9), where Xy (x), T} (t) and fj are
determined from (7), (15) and (25), respectively, and the coefficients ag, by, ¢x are determined from
(22)—(24).

Now we will prove the uniqueness of the solution of problem (2)—(5). Let £(z) =0, pu(z) =0,
e(x)=0, Y (x) =0on [0, p]. Then ¢ =0, Y =0, & =0, ux = 0 from (15) and (25) it follows
that Tj () =0 on [0, 5] and fi =0 for all k € N. Then from equalities (10)—(11) we have that for all
t €0, 5]

/pu(x,t)Xk(x)deO, /pf(:n)Xk(m)deO, ke N.
0 0

From here, due to the completeness of (7) in space Lz [0, p|] and the continuity of the function u (z,t)
and f (x) respectively, on the domain © and (0, p), it follows that w (z,¢) =0 in Q and f(z) =0 on
(0,p). So it’s proven.

Theorem 1. If there is a solution of the problem (2)—(5), then it is unique.

Lemma 2. For large natural k, the following estimates are valid:

1 1
Ty ()] < C4 [|<Pk:! + kTS | + [ + K18 !ukl] ,

T ()] < Co [R5 Lionl + Tl + K15 Je] + ]
(26)
T (1)) < O [k ioul + k5 ] + K25 |6l + K el

T ()] < Ca (K ioul + K25 Joul + K 1ol + K25 L))

Here and below C}; are positive constants.

Proof. From (22)—(25), taking Lemma 1 into account, we obtain the following estimates:

axl < Cse™2% (Jion] + K715 o] + (6] + K715 |ue] €547
1 1

bkl < Co (Jioel + k715 [l + [l + k715 Lual)
1 11

lexl < Cr (lonl + k7" el + 16el + k715 L)

1ol < o (K ioul + K25 [l + K2 1ol + K23 L]
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From (15) we have
1 1
Ty (1)) < |ag| e + [be| €72 + |ex] e 2% + 03 | fi - (28)

We substitute (27) into (28). This estimate implies the validity of the first estimate required in the
lemma. The proof of the validity of the remaining estimates is shown similarly. The lemma is proved.

Lemma 3. Let ¢ (z), & (x) € C°[0,p], ¢ (0) = o) (p) = 0, £2D (0) = @) (p) = 0, i =0,1,2;
W (), () € CH[0,p], @) (0) = @) (p) = 0, u®) (0) = @) (p) = 0, i = 0, 1. Then the represen-
tations are valid ) )
~(5) _ 7(4) =(5) =(4)
Pk stok S )\*iﬂ)k y k= )\5£ &k = )\45 (29)

where

7 = \[fo 0O () cos \pwdw, Py = \[fo ) sin \pwdz,
(5) \[fo ) cos Apxdz, /124) = \/%f(f p® (z) sin \yzde.

Integrating the first and third integrals in (17) by parts five times, and the second and fourth integrals
by parts four times, taking into account the conditions of the lemma, we obtain representations (29).

Theorem 2. Let the functions ¢ (x), ¥ (x), & () and p (x) satisfy the conditions of Lemma 3. Then
there is a unique solution of problem (2)—(5), which is determined by the series (8)—(9).

Proof. We formally differentiate series (8) term by ¢ three times and by x four times and have

Uy (v,1) = Z 7" () X (), (30)

k=1
Ugpra (2,1) = Y MNTh (8) X (2) . (31)

k=1

From (26) we have
2 ¢ 4 22 4 22
04\/;Z<k ol + k73 [p| + K 6] + k75 |Hk|)‘ (32)
k=1

Based on (29), the convergence of series (32) is proved, i.e., the following series

erF (B il £+ )

converges. From convergence (32), due to the Weierstrass criterion, series (8), (30), (31) uniformly
converge in the domain €2 and series (9) on [0, p]. The theorem is proved.

8 Stability of the solution

Let us introduce the following norms:

uf<x>||W;[op=</ (Z‘f’“) )| a )) nenw.
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Theorem 3. Let the conditions of Theorem 2 be satisfied, then for solution (8), (9) of Problem 1

the following estimates are valid:
(2 Dl < Co [lelliy + 1015, + 1€l + llallz,]
1 @)l a0z < Cro [Illwg + 1hwe + I€lws + lelwg]
lu @, )lleqay < Cur [Illwg + Illg + 1€l + ellig | -

1 @)oo < Crz [I9lhwg + 1l + lellwg + el -

Proof. From (8), (21) and the first inequality of Lemma 2 we have

o0 00 —11 11 2
(o)1, = SR T2 (1) < 3, ol + 445 el + Jeel + K~ el ] <

2 _922
<ACE SR, [lenl® + k72 el + lel” + k2 |l <

2 2 2 2
< C3 [llell3, + I3, + g, + i3, ]

From inequality (37) estimate (33) follows:

If (z )”LQ[O,p] S Ikl < 3R, <k4 il + K25 [obe] + k€] + K23 ’Mk|)

<4CEY 2, [(k4 lorl)® + (’fQ% |¢k\)2 + (k&) + <k2§ |Mk|)1 :

The coefficients @y, Vi, & and pg can be represented in the form

L (9 L ~3) L 74 L _(3)
Pk = 1%L > ¢3:*¢ 5 §k:75 ) M3 = T3 My
NP TR TR e T
where
\[fo © ) sin Apzdex, \/>féj¢ ) cos Apwdz,
D= J2 D @) sin v, 7Y = —\/% Ji 1 () cos N
Then

15 @I o1 < 1R T3 |+ 5]+ [0 + ] <
< 4C3 [[le@|7, + 1@ 17, + @17, + @17, ] <

< 2 [lllig + 1 1g + €N + lelig ]
The validity of estimate (34) follows from (38).

Let (z, t) be an arbitrary point from the domain Q. From the first estimate (26) we have

o0

1 1
Ju (2,0 < C1 Y (Iorl + k715 el + Jeil + 5715 ] ).

k=1
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The coeflicients @y, & are presented in the form

1
Ak

D _ P
sa;”:\f | ¢ @) cos v 5,9’=\F | ¢ @) cos e
P Jo P Jo

From (39) we have

I @ =1

where

ule ) < O (W7 ]+ 7 el + D4 ) <
< Cra (S )’ [(zzi \eoé”(zf + () + (S ‘@g)f)% L (s w)él _

< (i3 [H‘P’HLQ + H¢HL2 + ||‘5/HL2 + ||M||L2] <Cn [HSOHW,} + ||¢||W29 + ||5”W21 + HHHWQU} .

This implies estimate (35). Based on the last estimate (27), we have

@)1 < O 332 (K loul + k2 fond + K feul + k2 el ) <
<cu it (] <6 ] )

<O (52, &) (zzol \@5’\2)5 " <22°1 Mf)f)% T <ZZ°1 15,5?’\2)5 T <22°1 ‘u;(f)f)%]

IN

< Cus (116" g, + 197 g, + 16N, + 1V, ) < Cro (el + 1w + lellwg + sl ) -
From this inequality follows (36). The theorem is proved.
Conclusion

In this paper, the inverse problem for a fourth-order equation is considered. The solution is
constructed as a series. The uniqueness of the solution to the inverse problem follows from the
completeness of the system of eigenfunctions. The stability of the solution to the inverse problem
is proven. The results obtained can be used for further development of various direct and inverse
problems for a fourth-order equation.
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Fractional Hermite-Hadamard-type inequalities represent a significant area of study in convex analysis due
to their extensive applications in mathematical and applied sciences. These inequalities provide powerful
tools for estimating the integral mean of a convex function in terms of its values at the endpoints of a
given interval. In this paper, we focus on the development and refinement of fractional Hermite-Hadamard-
type inequalities for the class of twice differentiable m-convex functions. Utilizing advanced analytical
techniques, such as Holder’s inequality and the power mean integral inequality, we derive new bounds that
generalize existing results in the literature. These findings not only extend classical inequalities to a broader
class of convex functions but also provide sharper and more versatile estimations. The presented results are
expected to have significant implications in various mathematical domains, including fractional calculus,
optimization, and mathematical modeling. This work contributes to the ongoing efforts to generalize and
refine integral inequalities by incorporating fractional operators and broader convexity assumptions, offering
a deeper understanding of the behavior of m-convex functions under fractional integration.

Keywords: integral inequality, fractional Hermite-Hadamard inequality, convex functions, m—convex func-
tions, twice differentiable functions, Euler Beta function, Holder’s integral inequality, power mean integral
inequality.
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“All analysts spend half their time hunting through the literature for inequalities which
they want to use and cannot prove.”

— Hardy

Introduction

Let £ : I C R — R be a convex function. Then

w2
w1 + w2 1 &(w1) + &(w2)
; < [t < S=TE=
2 Wy — W1 2
@1

is known in the literature as Hermite-Hadamard dual inequality [1]. If £ is concave, then both in-
equalities hold in the reserved direction. We note that Hadamard’s inequality may be regarded as a

refinement of the concept of convexity and it easily follows from well-known Jensen’s inequality.
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Hermite-Hadamard type inequalities play a significant role in the study of convex functions and
have attracted considerable attention in mathematical analysis and its applications. These inequal-
ities provide valuable estimates for the average value of a convex function in terms of its endpoint
evaluations. Over the years, various generalizations and extensions have been developed to encompass
broader classes of functions, including s-convex, h-convex, and m-convex functions and many more.
For further study related to the topic we refer [2-4| to the interested readers.

The concept of m-convexity, introduced as a generalization of classical convexity, is particularly
useful in optimization theory, economics, and applied analysis [5]. In 1984, Toader defined the class of
m—convex functions [6] as:

Definition 1. A function £ : [0, 2| — R is called m—convex, if £ satisfies

§(vC +m(1 —v)) < (1) +m(1l —v)§(Ca),

for all ¢1,¢2 € [0, 2] and m, v € [0, 1].
Remark 1. If we put m = 0 and m = 1 in the above definition then m—convexity changes into
Star-shaped [1] and classical convexity [7], respectively.

In parallel, the development of fractional calculus the study of integrals and derivatives of arbitrary
(non-integer) order — has led to new avenues for generalizing classical inequalities. Fractional integrals,
such as the Riemann—Liouville and Hadamard fractional integrals, have proven to be powerful tools in
extending integral inequalities to fractional settings (for example see [8-10]).

By combining the frameworks of fractional calculus and m-convexity, researchers have established
fractional Hermite-Hadamard type inequalities for m-convex functions, which provide sharper and more
generalized bounds than their classical counterparts. These inequalities not only refine existing results
but also open up possibilities for applications in diverse fields such as control theory, mathematical
physics, signal processing, and differential equations (for further study see [11] and [12]).

Theorem 1. If 1 < p,q < oo, %4— % =1land g € Ly, then {g € L; and
[ 1609(©1dc < lelhlgle (1)

where € € L, if [|€]l, = ([ €(C)|Pd¢) ¥ < oo,

The above inequality is known as Holder’s inequality [13].

Remark 2. Note that Cauchy—Schwarz inequality would be obtained by taking p = ¢ = 2. Also, if
we put ¢ = 1 and let p — oo, then we attain,

[ 1609 1dc < el lslh.
where |[£||o stands for essential supremum of |{], i.e.,

[I€loo = esssup [£(C)].
V¢

Another representation of Holder’s inequality is known in literature as Power mean integral in-
equality [14], defined as:

Theorem 2. If £ and g are real valued functions defined on I with |[¢] and |£||g|? are integrable on
I then for ¢ > 1, we have:

w2 w2 1*% w2 %
/ 5<<>g<c>d<<(w/ £(0)1de (ws@)g(owc | 2)

w1

86 Bulletin of the Karaganda University



Some Generalized Fractional ...

Now, we are going to give some necessary definitions and mathematical results related to fractional
calculus which will be used further in this article.

Definition 2. [15] Let § € L[wwy, wa]. The Riemann—Liouville integrals J2 £(¢) and JZ _&(C) of
order v > 0 are defined by

¢
72,460 = o [ (€= 0 en, <>

and
J2_€(0) = F(la) / (0 — Q) e (w)dv, ¢ <,
¢

—Uu

respectively, where I'(a) = [ e “u®* !du is the Gamma function.

Remark 3. Note that if we take @ = 0, then Jgﬁf(() = Jgg,ﬁ({) = £(¢) and if we take o = 1,
then the fractional integrals reduce to the classical one.

In 2013 Bhatti et al. proved the following three distinct results related to fractional Hermite-
Hadamard-type inequality for the class of twice differentiable convex functions [16].

Theorem 3. Let £ : I C R — R be a twice differentiable function on I° such that |{”| is a convex
function on I. Suppose that @y, @y € I° with @) < wy and £’ € L[wy, @y, then the below stated
inequality for fractional integrals with o > 0 holds:

§(wr) + &(w2) Mla+1) ., .
T e () I, ()|

a(wy — @1)? [!f”(wl)l + \5”(@2)!]

~ 2(a+1)(a+2) 2
(@2 — @1)° € (@1)| + |§" (=2)]
< @i D ﬁ(2,a+1){ 5 ]7

where 3 is the Euler Beta function.

Theorem 4. Let € : I C R — R be a twice differentiable function on I°. Assume that p € R,

p > 1 such that \f”\% is a convex function on I. Suppose that wi,wy € I° with wy < ws and
¢" € L|wy, ws], then the below stated inequality for fractional integrals with o > 0 holds:

{(@1) +&(w2)  T(a+1)
2 2(@2 — wl)o‘

2 L E() + J;amn\

1€ (w1)] + !5"(W2)|q] a
2 b

(w2 — w1)®

CESY Br(p+1,ap+1)

where 3 is the Euler Beta function.

Theorem 5. Let £ : I C R — R be a twice differentiable function on I°. Assume that ¢ > 1, p > 1
such that [£”]? is a convex function on I. Suppose that wq,wy € I° with wy < wy and £’ € L[wy, wa),

Mathematics Series. No.3(119)/2025 87



M. Bilal, A.R. Khan

then the below stated inequality for fractional integrals with o > 0 holds:
{(w1) +&(w2)  T(a+1)

% () + J52§<w1>1\

2 2(wy — w1)®
a(wy — wy)? 2a+4, , a+5 ., 7
< q q
“ I+ Dat?) <3a+g’f (@1)|7 + 55 1€ ()]

1
a+b5, ., g, 20+4 7)?
+ (e @+ e @l) |

The structure of this article unfolds as follows: In the subsequent section, we aim to establish
three unique outcomes concerning fractional Hermite-Hadamard-type inequalities applicable to the
category of twice differentiable m—convex functions. Our approach will leverage diverse techniques,
encompassing Holder’s and power mean integral inequalities. These findings are anticipated to exhibit
a broader scope compared to those presented in [16]. The third section will provide a concluding
statement, while the final section will offer insights and future prospects for readers interested in
further exploration.

1 Various Estimations of Right Bound of Fractional Hermite-Hadamard-type Inequalities for Twice
Differentiable m— Convex Functions

In order to prove our main results we need to recall following lemma from [16].

Lemma 1. Let £ : I C R — R be a twice differentiable function on I°, the interior of I. Assume
that wy,we € I° with @y < wse and £’ € L[w;, ws], then the below stated identity for fractional
integrals with o > 0 holds:

{(@1) +&(m2) T(a+1)
2(LTIQ — wl)o‘

[Ty +&(w2) + J2,-E(w1)]

2

—(“‘”’2/ (1= o")[¢" (vmr + (1~ v)wa) + (1 - d

= @t v v eval v)wa) + & (1 — v)wy + vws)|dv,
0

oo
where I'(a) = [ e “u®"1du.
0

Now, we are going to state and prove of our new results related to fractional Hermite-Hadamard-
type inequalities for twice differentiable m—convex functions.

Theorem 6. Let € : I C [0,00) — R be a twice differentiable function on I°, the interior of I.
Assume that @y, e € I° with @y < @y and & € L{w,ws]. If |£’| is m—convex on I for some
m € (0, 1], then the below stated inequality for fractional integrals with « > 0 holds:

f(W1) + 5(@2) - P(O{ + 1) [Ja +§(W2) + J 7§(W1)] < OZ(WQ - wl)

2 2(ws — 1)® = 6(a+1)(a+3)
s (€ GOl )]

Proof. By using Lemma 1 and the property of absolute value, we have,

{(@1) +&(w2) T(a+1)
2 2(@2 — wl)
1

/ (1 = vM[I§" (v + (1 = v)w2)| + [€"((1 = v)w1 + vay)||dv. (3)
0

2

x [|s"<w1> 1€ ()] +m

2 () + J;Q_awl)]\

(w2 — @1)?
2(a+1)
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As we have |£”| is a m—convex function, so we can take

|£” (veoy + (1 — v)wz)‘ <w ‘5" (wl)’ +m(l—v)

()]
and

1€ (1 = v)wy + vws)| < m(1 —v)

& (Z2)] +vlg" ().

Utilizing the above two results, (3) becomes

‘awl)w(m)_ MOt D g, + 5, i)

2 2(wg — w1)™
)

& (Z1)]+ 21— )" ()] do.

1
/ (1 — v®)|€" (w1)] + mo(1 — v)(1 — v*)
0
+mu(1l —v)(1 —v%)

(wy —=1)?

a+1

After arranging and using the following facts the result of Theorem 6 is accomplished.

and

1
~ ala+5)
O/ o= v = )dv = e e+ 3y

Remark 4. The following well-known results would be captured as special cases of our obtained
result by varying different values of m and «:

1. If we choose m = 1 in Theorem 6, then we get first inequality of Theorem 3.

2. If we choose a = m = 1 in Theorem 6, then we get Hermite-Hadamard-type inequality for twice
differentiable convex function [17].

Corollary 1. If we choose a = 1 in Theorem 6, then we get the following Hermite-Hadamard-type
inequality for twice differentiable m—convex function:

(@) +em) 1T
: - / £(C)dC

o (=)l ()]

Theorem 7. Let £ : I C [0,00) — R be a twice differentiable function on I°, the interior of I.
Assume that i, ws € I° with @y < wy and £’ € L{wy, we]. If |€”|7 is m—convex on I for some

o (w2~ w1 )?

= 13 [IE”(wl)l + ¢ (w2)] +m(
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m € (0,1] and ¢ > 1 then the following inequality for fractional integrals with @ > 0 and % + é =1
holds:

2 2(@2 — wl)a

(w2 — @1)°
= 2(2a+11)

x [(s'%wnums" (ZZf)\q>; . (m\s"mm " @)l >] ,
2 2

where (8 is the Euler Beta function.

el Tt s, b

1
Br(p+1,ap+1)

Proof. By using Lemma 1 and the property of absolute value, we have

‘f w) +£(W2) __Tla+1) [J2 L &(w) + T2 f(m)]‘
2(wy —w@)* :

< wza—fll /v MIE (veor + (1 = v)w2)| + |€"((1 — v)wy + vews)|]dv. (4)

1 1
Applying (1) to [|v(1 — v¥)|[¢"(vewer + (1 — v)w2)|dv and [ |v(1 — v¥)[|€"((1 — v)w + vws)|dv
0 0

implies
1
[ 10— o)l wmn + (1 = vy
0
1 1
1 » /1 7
< /|v(1 — ) |Pdt /\gll(vwl + (1 — v)we)|%dv
0 0
and

1
/\v(l —vM)|1€"((1 — v)wy + vwe)|dv
0

P

/\vu )Pt /\g”(u V)1 + vws) |1
0 0

As we have |£”|? is a m—convex function, so we can take

‘f" (veoy + (1 — v)w2)|q < |§” (wl)‘q +m(l—v)

o)
and

’5” (1 —v)w; + vwz)‘q <m(l—w)

()] + vl @,

90 Bulletin of the Karaganda University



Some Generalized Fractional ...

Utilizing the above four results, (4) becomes

E(w) +&(wa)  T(at1) wuﬂwg+ﬁ_amﬂ

2 2(’@2 — wl)o‘

1 v

(w2 - wl)z o

m /Up(l — v )pdt
0

[ 1 1 G
x [ (@) [ vdv+m|¢" (@) ! (1 —wv)dv
el G

Q=

1

1
m (& (f;)‘q/(l —v)dv + |§"(w2)\q/vdv
0

0

_l’_

After using the following facts, the result of Theorem 7 is accomplished.

1 . .
/vdv:/ (1 —v)dv=—
0 2

0

and

1 1
/vp(l—va)pdtg/vp(l—v)o‘pdv—ﬁ(p+ Lap+1).
0 0

Remark 5. Following well-known results would be captured as special cases of our obtained result
by varying different values of m and «:

1. If we choose m =1 in Theorem 7, then we get Theorem 4.

2. If we choose @« = m =1 in Theorem 7, then we get Theorem 10 of [18].

Corollary 2. Under the assumptions of the Theorem 7,
1. If we put p = ¢ = 2, then we get the result obtained by using Cauchy— Schwarz integral inequality
as:

{(w@1) + {(w2) Da+1) ., .
‘ 2 2wy — 1) ooy +8(e2) + JW2§(WI)]‘

_ 2
< Mﬂ%(g, 20+ 1)
22(a+1)
1 1
n (@22 2 n (@Y |? " 22
¢ (Z)) "+ (mler (Z)] +1e@r) |
where ( is the Euler Beta function.

2. If we put ¢ = 1 and p = oo, then we get the result involving essential supremum norm as:
{(@w1) +&(w2) Tl(a+1)
— JOé Ja B
2 2(wwy — w1)°‘[ o+ 6(@2) +J5, (@)

e (Z2) e (2)] ]
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1
where || X||o = esssup [v(1 —v)?.
vel0,1] 0
3. If we choose o = 1, then we get the following Hermite-Hadamard-type inequality for twice
differentiable m—convex function:

fw) +&(w2) 1 /g(g)dg < MB%(IHLH 1)
2 w2 — W1 4

2 2

y <|§”(w1)lq+m{§” (?)‘Q)}z_'_ <m‘£//(zfn)‘q+’£//(w2)‘ )3

Theorem 8. Let & : I C [0,00) — R be a twice differentiable function on I°, the interior of I.
Assume that i,y € I° with w; < wy and &" € Llwy, ws]. If |£”]? is m—convex on I for some
m € (0,1] and ¢ > 1 then the following inequality for fractional integrals with o > 0 holds:

&(w1) + &(w2) MN(a+1) N N
) e el 2, @)

a(wy — w)? Az g
S Gl

<

4o+ 1)(a+2)(3(a +3))1 [(% +2)[¢"(@1)[* +m(a +5)

1

w1\ |4 .
(2] +2<a+2>|§"<w2>|‘1)ﬂ :

Proof. By using Lemma 1 and the property of absolute value, we have

‘f @) +§(W2) _ Tla+1)
2(@2 —wl)o‘

+ (m(a +5)

2 L E(em) + ngawl)]\

?D2a—+wll / v(1 |§”(mﬂ + (1 —v)we)| + |£//((1 — v)w1 + vwe)|]dv. (5)

1 1
Applying (2) to [|v(1 — v*)||¢" (vewe1 + (1 — v)w2)|dv and [ |v(1 — v*)[|€"((1 — v)w1 + vws)|dv
0 0

implies
1
[ 10 = o)l + (1 = vy
0

1—1
q

1 1
< /v(l —v%)dv /U (1 —v)[g" (vwwr + (1 — v)w2)|%dv
0 0

Q=

and
1
/|v(1 —oM)|[|€"((1 — v)wy + vwg)|dv
0
1 -7 /1 3
< /v(l —vY)dv /v NE"((1 = v)wy + vwe)|2dv
0 0

92
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Since [£”]9 is an m—convex function, so we can take

& (v + (1 — v)wa)|* < v |¢" (w1)|” + m(1 —v)

o)

¢ (S| +vle (o) e

and

‘{” (1 =v)wy + va)‘q <m(l—w)

Utilizing the above four results, (5) becomes

{(@1) +&(w2)  T(a+1)

2 €(m) + J§2£(m)]‘

2 2(wwy — w1)
1—1
( 2 "
Wy — W1
< @2 T @) 1—®
= 2@t 1) /“( v%)dv
0

Q=

1

e () [oa-va- e

0

1
X |§"(w1)|q/v2(1 — v®)dv +m
0

1 1 7
¢’ <%) ‘q/v(l —vY)dv + |§"(wz)|q/v2(1 —v)dv

0 0

+ 1 m

After arranging and using the following facts the result of Theorem 8 is accomplished.

1
/v(l —vY)dv = Nat2)’
0

3(a+3)
and
1 (0 +5)
O/U(l —v)(1 —v%)dv = 60 +2)at3)

Remark 6. Following well-known results would be captured as special cases of our obtained result
by varying different values of m and «:

1. If we choose m =1 in Theorem 8, then we get Theorem 5.

2. If we choose @« = m =1 in Theorem 8, then we get Theorem 8 of [18].

Corollary 3. If we choose a = 1 in Theorem 8, then we get the following Hermite-Hadamard-type
inequality for twice differentiable m—convex function:

w2

(1) + &(w2) 1 /f(C)dC < (= —w1)?

2 w9 — W1
w1

o)) (o

24(2)

<[(1g/ @l +m & (2 +1e/lr)]
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2  Conclusion

The fractional Hermite-Hadamard inequality stands out as one of the most renowned within the
realm of inequalities, boasting numerous generalizations across different classes of convex functions in
existing literature. In this article, we present its extension for twice differentiable m—convex functions.
Section 1 unveils three distinct findings concerning the estimated right bound of the fractional Hermite-
Hadamard inequality in an absolute sense for twice differentiable m—convex functions. Here, we employ
various methodologies, including Holder’s and Power mean integral inequalities. While some of these
results are novel, others have been previously documented in the articles [16-18]. The final section is
dedicated to providing remarks and offering future avenues of exploration for interested readers.

Now, we are going to summarize the results of Section 1 in Table 1.

Table 1

Result Summary of Section 1

S.No | m | a Results Found in
1 1 | — | FHHTI for Ordinary Convex Functions [16]
2 - |1 HHTT for m—Convex Functions This Article
3 1 | 1 | HHTI for Ordinary Convex Functions [17,18]

In the preceding table, the abbreviations FHHTI and HHTI refer to the Fractional Hermite-
Hadamard type inequality and the Hermite-Hadamard type inequality, respectively, while the symbol
“—” indicates validity for any value.

Now we are going to give some remarks and future ideas related to our stated results.

8  Remarks and Future Ideas

1. All the inequalities given in this article can be stated in the reverse direction for concave functions
using the simple relation that £ is concave if and only if £ is convex.

2. One may also work on Fejér inequality by introducing weights in fractional Hermite-Hadamard

inequality.

One may do similar work by using various distinct classes of convex functions.

One may try to state all the results given in this article for the discrete case.

One may also state all the results given in this article for Multi-dimensions.

One can extend this work to time scale domain or Quantum Calculus.

One can try to attain this work for Fuzzy theory.

One can try to work for finding refined bounds of all results.
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We consider a linear singularly perturbed differential system, one of the points of the spectrum of the
limiting operator of which goes to zero on some discrete subset of the segment of the independent variable.
The problem belongs to the class of problems with unstable spectrum. Previously, S.A. Lomov’s regular-
ization method was used to construct asymptotic solutions of a similar system. However, it was applied
in the case of absence of fast oscillations. The presence of the latter does not allow us to approximate the
exact solution by a degenerate one, since the limit transition in the initial system when a small parameter
tends to zero in a uniform metric is impossible. Therefore, when constructing the asymptotic solution, it is
necessary to take into account the effects introduced into the asymptotics by fast oscillations. In developing
the corresponding algorithm, one could use the ideas of the classical Lomov regularization method, but
considering that its implementation requires numerous calculations (e.g., to construct the main term of the
asymptotics in the simplest case of the second-order zero eigenvalue of the limit operator one has to solve
three algebraic systems of order higher than the first), the authors considered it necessary to develop a
more economical algorithm based on regularization by means of normal forms.

Keywords: singularly perturbed problem, normal form, discrete irreversibility of the operator, instabil-
ity of the spectrum, regularized asymptotics, asymptotic solution, solvability of iterative problems, limit

transition.
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1 Problem formulation and its reqularization

Consider the singularly perturbed Cauchy’s problem

d .
el = Ao () y+ho(H) + I (t) ¢!

B(t)
€ y(075) = y07 le [O7T] (10)

where y = {y1(t),...,yn (t)} is an unknown vector function, h; = {hy; (t),...,hn; (t)} are known
vector functions, y° = {y?, e yg} is the known constant vector, 3'(¢) > 0 is the frequency of rapidly
oscillating inhomogeneity, € > 0 is a small parameter. Let {)\j (t), 7= 1,771} be the spectrum of the
matrix A (). Assuming that the conditions:

1) Ag(t) € C*>([0,T],C™™), hj(t) € C>*([0,T], C"), j=0,1, B(t) € C*> ([0,T],C);

2) there exists the subset B C [0, 7] such that

T
a) A (t) =1 (t) H (t — tj)sj , 1 (t) <0, I4 (t) e 0> [O,T], S5 = ij €y, tj € [O,T] ,
j=1

Lr, M\ (t) #0 YVt € [0,T], k=2,n;

J
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b) N (8) AN (D), N ()8 (1), i £ i,j=Tn, Vtel0,1];

c) B (t) >0, Re\; (t) <0 Vte€[0,T], i=1,n
are satisfied, we develop an algorithm for constructing the asymptotic solution of the problem (1p).
The problem (1) belongs to the class of complex problems for the study of singularly perturbed
systems with unstable spectrum [1]. In [2], a regularization method is developed for the case when the
spectrum of the variable limit operator vanishes at individual points. In [3]|, the Cauchy problem, is
studied in the presence of a “weak” turning point of the limit operator, and estimates are provided that
characterize the behavior of singularities at ¢ — +0. A generalization of the ideas of the regularization
method for problems with a turning point at which the eigenvalues “stick together” at ¢ = 0 and
initializations are considered in works [4, 5]. An analytical method for solving a Burgers-type equation
in a Banach space is investigated in [6]. Namely, after artificially introducing a small parameter
into the equation, the existence of an analytical solution with respect to this parameter is proven.
The concept of a pseudoanalytic (pseudoholomorphic) solution introduced by S.A. Lomov initiated
the development of singularly perturbed analytic theory. In [7, 8], formally singularly perturbed
equations are considered in topological algebras, which allows one to formulate the basic concepts of
singularly perturbed analytic theory from the standpoint of maximum generality, and conditions for
the existence of solutions holomorphic in the parameter are found in the case when the perturbing
operator is bilinear. The study of finding conditions for the ordinary convergence of series in powers of
a small parameter, representing solutions to perturbation theory problems, is considered in [9]. Their
results were generalized to integro-differential equations in [10]. This paper is the first to apply the
normal form method to study such problems. The purpose of this paper is to develop this algorithm to

construct asymptotic solutions of the problem (1) in the presence of a rapidly oscillating inhomogeneity
:B(t)
h() (t) e e .

Since the function ez?® satisfies the differential equation

c dynJrl (t7 5)
dt

then from the system (1p) of order n it will be necessary to pass to the system of order (n + 1):

E% (yner(lt ’(i)e)> - <A%(t) Zlﬁl’((tt))> <yny+(1t7(:,)s)> + (hoo(t)> ’ <3/34£?£7i)6)> * (eif(O))

5%:A(t)z+h(t), 2(0,6) = 20, te[0,7], (1)

= iB (Oyns1(t,2), Yu+1(0,) = €70,

or

where notations

are introduced.
Let’s denote by e; = {O, ..,0,1,0, ...,0} the i-th ort in C"*1 1 = {1,...,1} € R*"! is the vector
(1)
consisting solidly of units, A,41 (¢) = 8’ (t), and through A (t) = diag {1 (¢),..., Ant1 ()} is the
diagonal matrix with the spectrum of the matrix A (¢) on the diagonal. We regularize the problem (1)
with the vector v = {uq, ..., up, un41} of the regularizing variables satisfying the normal form*

5%:A(t)u+90(t)el+Z€jzgj(t)61’ u(O,&):I, (2)
j=1 =1

*On regularization by means of normal forms, see, for example, [10].
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where the functions g; (t) € C*° ([O, T) ,(Cl) are calculated in the process of constructing the asymptotic
solution of problem (1). The extended system corresponding to problem (1) will have the form

0z 0z - -
et o A+ go (b €1+Z€]Z§/J SAWE=h), F(w) o =o' )

where the function Z = Z (¢, u, ) is such that its contraction on the solution u = u (¢, &) of the normal
form (2) coincides with the exact solution z (¢, ¢) of problem (1). Since problem (3) is regular in € at
€ — +0, its solution can be sought in the form of series

Z (t,u,¢) Zezktu (4)

by non-negative powers of the parameter £. Substituting series (4) into (3) and equating the coefficients
at the same powers of ¢, we obtain the following iterative problems:

0z 0z -
Lag= 5 A()u—A(t) 20 =h(t) 5 g0 (t)er, 20(0,1) =2 (40)
0z 0z 0z _
Lz = ato - 87591 (t)er — aiulgo (t)er, y1(0,1)=0; (41)
k
0z 0z 0z -
Lz = _87: - afjgkﬂ (t)er— k Lg Z gk+1 —j () e1, 2p1(0,1) =0, k> 1. (4g41)

Here gi; (t) =0 at k > m + 1.

2 Solvability of the first iterative problem

Under the described conditions on the spectrum of operator A(t) there exists a matrix
Ct) = (c1(t),...,cng1(t)) with columns ¢j(t) € C*([0,T],C"*!) such that for all ¢ € [0,T] the
identity

CT B AWMC() = A(t) = diagM (D), -, Ansa (1) (5)

holds. Let’s denote by d;(t) the j-th column of the matrix [C~1(¢)]*, j = T,n + 1. It is clear that for
each t € [0, the following equality holds A*(t)d;(t) = \;(t)d;(t) (ci(t),d;(t)) = & (i,j = L,n+ 1),
where §;; is Kronecker’s symbol (here and below (x, %) denotes the scalar product in C"*!). Note that
identity (5) excludes the rotation points in system (1).

The solution of each iterative problem (4;) we will be defined in the space U of functions
z(t,u) = {z1,...2n4+1} of the form

n+1
z(tu) =Y zj () uj+20(t), zi(t) € C([0,T],C"), j=0,n+1 (6)
1

+

<.
I

in which the scalar product (at each ¢ € [0,7T])

n+1 n+1 n+l n+1
<w,z >= <Zw3 ) wj 4 wo (t ZZ] ) uj + 2o ( )>AZ(“}J‘ (t), 2 (t))EZw]-T(t)Zj (t)
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is introduced. Without developing the general theory of solvability of iterative problems (4r), let us
try to solve the problem (4y). By defining its solution as an element of the space U given by (6):

n+1
20 (tu) =3 27 (0w + 27 (1), (7)
i=1

we obtain the following system of equations for the coefficients zj(o) (t):

—AB W) =ht) —g0(t) AV (1), (8)
O T—AW®] " (1) =0, j=Tn+1. (9)

Solutions of the systems (9) are defined in the form z](-o) (t) = aj (t) ¢j (t), where aj (t) € C> ([0,T],C")

are arbitrary scalar functions, j = 1,n + 1. To compute these functions, we proceed to the iterative
system (41). Defining its solution in the space U as a function

+
Z v t) uj + Zol) (t),

we get similar systems
—AM) ) (1) = =2 (1) = 27 (®) g1 (1) — 90 (1) 21V (8)
N (T —AW®)2Y (1) =~ () e (t) —a; ()& (8), j=Tn+L (10)
For the solvability of systems (10) in the class C*° ([0, T],C"*1) it is necessary and sufficient that
(—ay () cj (t) —aj (t) ¢ (1), d; (t))

from where we find the functions

0, j=Ln+1

t

a; (£) = a; (0) exp —/(c'j(e),dj(e))de L j=TFl
0

The initial values for these functions are found from the condition zo (0,1) = 2°, which, taking into
account (7), is written in the form

nil a; (0)¢; (0)=20— 20 0) & a;(0)= (zo —24(0), d; (0)) , j=Tn+1 (11)
j=1

However, no function has yet been found in (11) Z((]o) (t). Substituting z( ) (t) =1 (t)cr (¢) in (8) and

&1
making in the obtained system the transformation z( ) t)=Ct)E=(c1(t),...,cny1 () ,

§n+1
we obtain the following equations for the vector components &:

=M1 (0) & = (h(t),di () — go () ar (t),

A1) & = (h(t),d; (1), j=2,n+1.

100 Bulletin of the Karaganda University



Singularly perturbed problems ...

Since A; (t) # 0 at j = 2,n + 1, then the last equations of this system have unique solutions

& () = — )4 ) (?]’ZJ()),jzznﬂ.

In view of condition 2a), the first equation of the above system is solvable in the class C*° ([O, T) ,(Cl)
then and only when

DY (a190) (tj) = D" (h,d1) (tj), j=1,r, v=0,s;—1

(here and throughout the following, D" (f) (¢;) denotes the v-th derivative of a function f (t) at the
point t;).
It follows that the function ay (f)go (t) is the Lagrange-Sylvester’s polynomial of the function

(h(t),dy (), Le

r Sj—

SN D () ) K ). (12)

7j=1 v=0

where {Kjl- (t),j=1r1=0,5 — 1} is the basis system of Lagrangian-Sylvester’s polynomials
T

constructed by the polynomial ¢ (t) = [] (¢t —1t;)™ [10; §9.2]. Suppose that the number o (0) =
=1

= (zo - z(()o) 0),d1 (0)) # 0. Then it follows from (12) that the function go () is represented as

ro Sj—
0 (0) = s ZZD"MI (4 v (1), (13)
1 ] 1 v=0
t
where p; (t) = exp{ [ (& (9)) d&}. From (8), taking into account formula (12), we find the
0

function z[()O) (t):

(), di () — g0 (D) (1) ), d; )
- = ! Al (t) 0 (t) - ; )\] (tj C] (t) = (14)
r s;—1
) _(h (t),dy (1)) —j; Vz:jo D” (h,dy) (tj) K, (t)c . _nf:l ). 4, (t))c'(t)
- N0) B P VI I

(0)

Hence, we can see that the function z;~ (¢) does not depend on «;(0). This allows us to find
values «; (0):

ag (0) = (zo — zéo) 0),dy (0)) = (zo, d1 (0)) +
-1 (15)

(R(0),d1(0))— Z Z DY (h,d1)(t;) K. (0)
+ =0
A1(t) ’
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(16)
h(0),d;
= (°,d;(0)) + ( (A)j(é)(

unambiguously and hence compute the solution (7) to problem (4¢) in the space U in a single-valued
way. We come to the following result.

Theorem 1. Let conditions 1), 2a), 2b) be satisfied and the number «;(0), defined by formula (15),
is not equal to zero. Then whatever the functions 21 (t,u) € U and gy (t) € C*> ([0,T],C"), there
exists a single function go(t) € C*°([0,7T],C"), computed by formulas (13), such that the problem (4)
under the additional condition

< Jz0 Oz 0z

ot %91 (t)elf—ulgo (t)el,dj (t)u]>:0 YVt € [O,T], ]:1,n+1

has a single solution in the class U. This solution is given by formula (7), where the functions «; () have

¢

the form «a; (t) = a; (0) exp { J(¢;(8),d;(9)) dH} , J=1,n+1, and the numbers o (0) calculated
0

by the formulas (16).

Remark. If the right part h (t) of system (1) is such that the following equations

D" (h)(tj) =0 D" (h1)(t;) =0, j=1,r, v=0,s;—1 (%)

are satisfied, then, as can be seen from formulas (13) and (14), the function gg (¢) = 0, and the function
z(()o) (t) will have the form

n+1 ]
=) o RREO.40) )

3 Algorithm for constructing solutions to iterative problems (4y) at k > 1

Carrying out calculations similar to those used in constructing the solution of the first iterative
problem (4¢), we obtain the following algorithm for the sequential solution of the problems (4;), k > 1.
1) Each of the iterative systems (4), k > 1, is represented as

R 82’k ~ 85%71
L3, = 5 A(t)u— A(t) 2 TR (17)
02 0z 0z 20z
0 — 0 k
—At) 2 () = - gt . - Hu Tk (B er = "go(t) e1— 2= o gr—j (t) ex (18)

according to the representation of the solution z (¢t,u) € U as z = 2 (t,u) + z,(go) (t), where
g(tu) =Y W () e, 291 ev®=c(o,1],C").

2) We solve the system (17) in the space U. For its solvability in this space it is necessary and
sufficient that the identities <—%, d; (t) uj> =0, j=1,n+1 hold [10].
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n+1
3) Writing the solution of the system (17) in the form 2 (t,u) = > 2](-k) (t) uj, substitute it into
j=1

system (18) and find uniquely the function gy (t) (using Lagrange-Sylvester’s polynomials) and the

solution él(go) (t) € UO) of system (18) in the space U,

4) Let’s compose the function zy (t,u) = 2k (t,u) + z,(CO) (t); it is a solution of the system (4), but
is found ambiguously so far. To finally compute this function, we proceed to the following iterative
problem (4541).

The corresponding system LZpi1 = —‘%’“ will have a solution in U if and only if the following
conditions hold

0z
ot
These conditions and the initial condition zj (0,1) = 0 for the problem (4;), k > 1 allow us to find

the solution of z (t,u) € U in an unambiguous way.

,dj(t)Uj >=0, j=1,n+1.

4 Construction of the asymptotic solution of problem (1)

Let us proceed to the computation of the asymptotic solution of problem (1). Let the solutions
20(t,u),...2n(t,u) € U of the problems (4), ..., (4x) respectively be constructed by the above algo-
rithm. The functions go(t), ..., gn(t), participating in the formation of the normal form (2) (of order
m = N) will be uniquely found. This form has the following solution:

g1 ft)\j(s)ds

uj(t,e) =e 0 , J=2,n+1,
' a(e)d L e (o) N1t e () (19)
g~ 1(8)ds IS 1(8)ds — e 1(8)ds
ui(t,e) =e 0 1+ %fe 0 go(z)dz |+ > eF [e O r+1(z)dz.
0 k=0 0
N .
Let us make a partial sum Sy (t,u,e) = ) &’z;(t,u) of the series (4) and form a contraction of this sum
5=0

on the solution (19) of the normal form (2). We denote the obtained function by z.x(t). The following
statement holds (which is proved in the same way as the analogous statement in [10; Chap. 3|).

Lemma 1. Let a1(0), defined by formula (15), is not zero, and conditions 1), 2a) — 2¢) are satisfied.
Then the function z.y(t) satisfies the problem

dzen(t
gzN()

o = Azen(t) = h(t) + VR (t,e), 2en(0) = 2,

where ||[Ry(t,€)lcpo,r) < R, R > 0 is a constant independent of (¢,¢) € [0,T] x (0,20] (g0 > 0 is small
enough).

Using this lemma, we prove the following result as in [10; Chap. 3, §3.5].

Theorem 2. Let all conditions of the lemma be satisfied. Then the following statements are true:
1. If the right-hand side h(t) of problem (1) does not satisfy the requirement (x), then there is an
estimate
12(t,€) = 2en ()l oy < One™, (20)

where z(t, €) is the exact solution of problem (1), and z.n(t) is the above constructed constriction of
the N-th partial sum of the series sum of series (4) on the solution v = u(t, €) of the normal form (2) of
order m = N +1, Cy > 0 is a constant independent of (¢,¢) € [0,7T] x (0,&0], €0 > 0 is small enough.
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2. If the right-hand side h(t) of problem (1) satisfies the requirement (*x), then the estimate

I2(t, ) — ZsN(t)Hc[o,T] < Onpre™

where z(t,¢) and z.n(t) are the same functions as in (20) Cy41 > 0 is a constant independent of
(t,e) € [0,T] x (0,e0], o > 0 is quite small.

5 Ezample
Consider the differential equation
ey = —t2lo (£)y + ho (t) + ha (£) 2P0, y(0,6) =4°, t€0,T), (21)
where y = y(t,¢) is a scalar function, the coefficient a(t) = —t2ly (t) goes to zero only at the point t = 0

and lo(t) < 0, Vt € [0,T], lo(t), ho(t), h1(t) € C([0,T],R). For this equation we can write out
the exact solution, but it will be very difficult to obtain the asymptotics at € — +0. Let’s attempt to
apply the algorithm developed above to extract the leading asymptotic term in this problem’s solution.
Denoting, as before,

p o= ("4} MO =al) =P, 20 =5 @),

we obtain the system

s%:A(t)z+h(t), 2(0,2) = 20, te[0,7]. (22)

Calculating the eigenvalues and eigenvectors of the matrices A (¢) and A* (¢), we’ll have:

! e
— — —a(t)+ t
at)=(g). @0 o |
1 0
dy (t) = ho(t) , da(t) = (1> .
OSSO

By Theorem 2, in the case of (h(t),d; (t)) Z 0 < hy(t) #Z 0 solution of the first-order normal form
2) (m=1):
ein = Ai(t)ur + (go(t) +€g1(t)), w1 (0,1) =1,
(23)
Eﬂg = /\g(t)UQ, u9 (0, 1) =1

contains a negative degree ¢! since go(t) = o '(t) (h(t),d1(t)) # 0. Thus the solution of problem (23)
tends to infinity at € — +0. The physical content of the problem corresponds to bounded solutions,
so we will consider problem (22) under the condition (h(t),d; (t)) = hy (t) = 0, Vt € [0,T]. Then
go(t) =0, and the leading asymptotic term in the solution to problem (22) is given by (7)

gfxl(o)de / -1 [ Aa(6)do
zeo (t) =1 (t) 1 (t)e © l—i—/e 0 g1 (s)ds| +
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where the functions «a; (¢) and ag (t) are calculated from the solvability condition of the problem (4;)
in the space U. Given our notations, we write the main term of the asymptotics of the solution of
problem (21) in the following form

i t t s i
(o ho(0) e2B8(0) gofa(e)de / —gga(e)da ho (t) e=P®
yeo (t)= (y + ~(0) — 8" (0 0)— 7 (0) e 1+ [ e g1 (s)ds —i——_a ®iF @ (24)

0

Conclusion

From (24) we see that if ho(t) # 0 on the segment [0, T, the exact solution y (¢, ) of problem (24)
has no limit at & — 40 due to the oscillatory inhomogeneity e<?® included in (24). If ho(t) = 0,
Vt € € [0,T7], then the main term of the asymptotics (24) takes the form of

1 j 2 ¢ 1 H 2
—1 [ 0219(6)do L [ 6214(6)do
yeo(t):yoe 0 1+/e 0 g1(s)ds
0

The zero of t = 0 of the function a(t) = —t2ly (t) affects that the summand

t t s
0 —1 [6%15(0)do L [6%15(0)do
ye 0 e o g1 (s)ds
0

outside the boundary zone [0, (¢)] of length of order /¢ “slows down” the tendency of the exact
solution y (¢,¢) of problem (21) to the limit g (¢) = 0.

In the case of an exponential boundary layer occurring at a (t) < 0, V¢ € [0, 7], the exact solution
y (t,e) differs from the limit outside the boundary layer by an order of magnitude of ¢ [11]. Thus, the
effect of the slowed limit transition (as the small parameter approaches zero) in a singularly perturbed
problem is associated with the point wise features of its spectrum.
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This study presents a computational method for the singularly perturbed parabolic differential difference
equations with small negative shifts in convection and reaction terms. To handle the small negative shifts,
the Taylor series expansion is applied. Then, the resulting asymptotically equivalent singularly perturbed
parabolic convection-diffusion-reaction problem is discretized in the time variable using the implicit Euler
technique on a uniform mesh, while the upwind method on a Shishkin mesh is used to discretize the space
variable. Almost first-order convergence was achieved by establishing the stability and parameter-uniform
convergence of the method. The Richardson extrapolation approach improved the rate of convergence to
nearly second-order. Numerical experiments have been carried out in order to support the findings from the
theory. The numerical results are presented in tables in terms of maximum absolute errors and graphs. The
present results improve the existing methods in the literature. This finding highlights the efficiency of the
method, paving the way for its application in other types of singularly perturbed parabolic problems. This
method is capable of greatly improving computing performance in a variety of scenarios, which researchers
can further explore.

Keywords: singular perturbation problem, differential difference equation, implicit Euler technique, upwind
method, Shishkin mesh, parameter-uniform convergence, Richardson extrapolation.

2020 Mathematics Subject Classification: 65M06, 65M12, 65M15, 65M50.

Introduction

In singularly perturbed differential equations, the highest-order derivative term in the differential
equation is multiplied by a small perturbation parameter ¢ (0 < ¢ < 1). Various numerical solutions
have been developed in the literature for a singularly perturbed parabolic problem with general shift
arguments in the space variable in [1], retarded terms in [2-4], delay and advances in both reaction
terms, differential-difference equations [5-7|, functional-differential equations in [8-10]. Some numeri-
cal techniques have been devised in [11,12] to solve a singularly perturbed parabolic problem with delay
in the reaction terms. Authors in [13-16] developed the numerical solutions for singularly perturbed
parabolic differential equation with negative shifts in convection and reaction terms. Recently, au-
thors in [17] considered and solved singularly perturbed partial functional-differential equation. Some
numerical methods are devised in [18-20] to solve different types of singularly perturbed parabolic
problems.

Therefore, the main purpose of this study is to construct an improved numerical method using
implicit Euler method for time direction and upwind method on a Shishkin mesh for space direction
together with Richardson extrapolation technique to solve the following singularly perturbed parabolic
differential equation with negative shifts in convection and reaction terms

L= up — gy + 17(0)ug(r — p, t) + s(z)u(z — p,t) = f(x,t), (1)

*Corresponding author. E-mail: Fasikag@du.edu.et
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with the initial data
u(z,0) = ¢p(x), x €, (2)

and the interval-boundary data
ule,t) = i), (21) € [0 x . "
u(l,t) = ¢p(1,t), t € Qy,

where (z,t) € D = Q, x = (0,1) x (0,T] and D = Q x Q; = [0,1] x [0,T] for some positive
number 7" > 0. The parameter € is a perturbation parameter such that 0 < ¢ < 1, while the
positive parameter p is a small delay parameter (or negative shift) fulfilling 4 < . It is assumed
that r(x), s(z), ¢p(x), ¢1(z,t), ¢r(1,t) and f(z,t) are sufficiently smooth and bounded to ensure the
possibility of a particular solution, and that s(z) satisfies

s(x)> B >0, z€Q,

for some constant 3. Note that (1) contains negative shifts in the convection and reaction terms. When
=0, (1) would reduce to the singularly perturbed parabolic differential equation. With a small ¢,
we observe layers that rely on the value of r(z). We are interested in a related class of problems where
both the convection and reaction terms have negative shifts, making it a two-parameter problem. A
regular boundary layer appears in the region of the left boundary when r(x) < 0, and a boundary layer
is located close to the right when r(z) > 0.

1 The continuous problem

It is reasonable to use the Taylor series approximation for terms involving delay in the case
p < € [21]. Now, approximating u(z — p,t) and uy(x — p,t) yields the following

2

u(x — p,t) = u(z,t) — pug(x, t) + %um(w,t) + 01, (@)
U (T — 1, 1) R Up (2, 1) — ptgs (1) + O(1?).

Plugging (4) into (1)—(3), we obtain an asymptotically equivalent time-dependent singularly perturbed
convection-diffusion-reaction continuous problem of the following form

ﬁcgu = Ut — Cs(x)umz + q(x)ul‘ + 8(.’E>U($,t> = f(wat)a ($7t) € D7 (5)
with the initial condition
u(z,0) = ¢p(x) >0, x € Qy, (6)
and the boundary conditions
w(0,t) = i(t),  w(l,t)=¢r(t) >0, teQ, (7)

where c.(x) = ¢ — %28(1') + pr(z) and q(z) = r(x) — ps(x). With « and S being the lower limits
for r(z) and s(z), respectively, we assume that 0 < c.(z) < € — “—;B + pa = c.. We make the
supposition that ¢(z) = r(x) — us(z) > v > 0, which suggests the presence of a boundary layer close to
x = 1 with width O(e). The compatibility condition at the corner points, along with the smoothness
of ¢i(t), ¢p(z), ¢r(t), can guarantee the existence and uniqueness of the solution for (1)-(3). We
now offer bounds on the derivatives of the solution of (1)-(3). To get the bounds, one needs certain
information about the solution.
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Lemma 1. The solution u(x,t) of (5)—(7) satisfies
lu(z,t) — ¢p(z)| < Ct,
lu(z,t) — ¢ (t)| < C(1 — x), (z,t) € D,
where C' is a constant independent of c..

Setting c. = 0 in (5)—(7) gives the reduced problem as
B +a(@) B + s@d (1) = f(@0), (2,t) €D,
’U,O(O,t) - (bb(m)? T E Qz; (8)
UO(O,t) = d)l(t)’ u0(17t) # ¢T‘(t)’ le Qt-

The solutions u(z,t) of (5)-(7) and u®(x,t) of (8) are extremely similar for small values of c.. In order
to show the bounds of the solution u(z,t) of (5)-(7), we assume ¢p(xr) = 0 without compromising
generality. Since ¢p(z) is sufficiently smooth, using the property of norm, we prove the following
lemma:

Lemma 2. The bound of the solution u(x,t) to (5)—(7) is given by
lu(z, )| < C, (x,t) € D.
Proof. From Lemma 1, we have
|u(z, t) — gu(x)] < Ct.

From triangular inequality, we have

[u(, )] — 6y(@)] < [u(z, t) — dy(a)| < Ct.

This implies that B
u(z, )] < Ct+[gp(z)|, (z,t) € D.

Since ¢ € [0,T] and ¢p(x) is bounded, we have
lu(z,t)] < C,
which is the required result.

The problem (5)—(7) satisfies the following maximum principle.

Lemma 3. Let © be a sufficiently smooth function defined on D which satisfies ©(z,t) > 0,
V(z,t) € OD. Then, L. .O(x,t) >0, (z,t) € D implies that ©(x,t) > 0, V(z,t) € D.

Proof. See [16].

For the solution of (1), the above maximum principle immediately leads to the stability bound.

Lemma 4. The solution u(x,t) of the continuous (5)—(7) is bounded as

/1l

|u(z, )| < max{|gp(z)|, |Pu(t)], [or ()]} + 5

Proof. We define two barrier-functions w® as

o (2, t) = max {|éu(@)], [0, |6 (1, 1)} + ‘g” T u(z. 1),

Evaluating the barrier functions at the initial and boundary conditions, the required bound follows.

Mathematics Series. No.3(119)/2025 109



D.B. Huka et al.

Theorem 1. [22] For 0 <1<2, 0 <k <3, 0 <Il+k <3, the solution u(z,t) of (5)—(7) is bounded
by

Otku(w, t)
Ozl otk

‘ <0 (14 clem 0.

Stronger bounds should be derived using Shishkin-type decomposition because the bounds on the
solution’s derivatives are not sufficiently sharp for the proof of uniform convergence. This can be
achieved by decomposing the solution u as

Uu=v-+w,

v is a regular component and w is a singular component. The solution of the non-homogeneous equation
is the regular component v

£CE’U($,t) :f<$,t), .%'ED,
U(Oat) =0, t €y, ’U(ﬂj‘,O) = ¢b(33), U Qxa

and the singular component w represents the homogeneous equation’s solution

Lo w(z,t)=0, x €D,
w(0,t) =0, w(l,t)=wu(l,t) —v(l,t), teQ,
w(z,0) =0, x € Q.

We can further decompose the regular component v as
_ 2
v = vy + CcU1 + Cc V9,

where v is the solution of the reduced problem and v, and vy are the solution of

(v1)e +7(z)(v1)z + s(x)v1 = (V0)az, (x,t) € D,
v1(z,0) =0, 2€Q. v1(0,t)=0, tc,

and

LCE(U2)(x7t) = (Ul)xx, (ﬂj,t) €D,
va(z,t) =0, (z,t) € OD.

Now, we state the bounds for regular and singular components.

Theorem 2. Let v be a regular solution. Then v and its derivative satisfy the bound

8i+jv(x, t) 9k
Swion ’ <C(4c"), k=0,1,2

The derivative of regular solution generally bounded as

Oty (x,t)
Ozt ot

‘ga k=0,1,2,3.
Proof. See the proof in [22].
Theorem 3. Let w be the solution of (5)—(7). The bound of w is given by

lw(x,t)| < CeI=2)/e (4. t) € D.
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Proof. Considering the barrier functions U*(z,t) = C (e771=2)/e) et £ w(z,t), (v,t) € D and
evaluating at the boundaries yields the required result.

Theorem 4. Solution of the singular component w and it derivatives satisfies the bound

Ozt ot
Proof. The proof follows from Theorem 3 and [22].

"
‘(M(m,t)‘ < Cetie=a)/es k=0,1,2,3.

2 The discrete problem

We use a Shishkin mesh for the space direction and a uniform mesh for the time direction to
discretize the problem. The space domain [0, 1] is divided into two sub-domains [0,1— o] and (1 —o, 1],
to construct the Shishkin mesh. The transition parameter 1 — o, which divides the coarse and fine
regions of the mesh, is determined by taking

1
o :min{, g0ce lnN},
2y

where og denotes a constant that represents the order of the method. We denote the space mesh points
by
in = {O =20, %1,..np =1 —0,..., N = 1} ,

iH, i=0,..%,
T; =
T ll-o+ (i —Y)h, i=5 41,0,

where

and let N > 4 be a positive even integer. Furthermore, we denote the space mesh size h; as follows

_2(-0) . _ N
hi: { = N s Z—l,....7§7

=2 i=4%+1,.,N.

To do the analysis, it was assumed that o = % In N; if not, N is exponentially larger than . It is
clear from the above equation that N1 < H < 2N~ h= %%%N_l In N, and the uniform mesh can
be obtained by choosing o = 1/2. A uniform mesh with a time step of At will be used for the time
domain [0, 7] so that
T

Q,{M_{tn_nm, n=0,...M, At_M},
where M is the number of mesh intervals in the time variable over the interval [0,7]. We define the
discretized domain DVA! = QN x QM. Before formulating the numerical method, we introduce the
difference operators for a given mesh function v(z;,t,) = v} as follows

n n n n
+ 0 Vg1 Y —n Y TV
o = ———- O, vy = ————
x Vv T h‘+1 ) x Y1 T h: ’
7 7
+,n _ S—,n n__ ,n—1
52 n __ 2(650 U; (5I vi) d 6 n __ U, Ui
Vi = = and 0; vy = —— =
h; At

where ﬁl is defined by ﬁl = h; + hiy1, ¢t = 1,...N — 1. We now use the upwind method for the
space derivative and the implicit Euler method for the time derivative to approximate (5)—(7). The
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discretisation of (5)-(7) thus assumes the following form:

(67 + LA =l =1, N1, n=0,..,M—1,

U(?)I+1 :qbl(thrl)a U]7\1[+1 :¢T(tn+l)a nzO,...,M—l, (9)
UL = ¢p(x1), i=1,..N—1,
where
LYAUT = e S2UrT 4o UMY 4 s UL

The system of equations that follows is obtained by rearranging the terms in (9)

rr UM+ UM U =gl i=1,. N~ 1, n=0,...M -1,
U6L+1 = ¢1(tn+1), UJY\LIJrl = Or(tnt1),

U = ¢p(xy), i=1,..N—1,

where the coefficients are given by

2 ; 2
Ti:At<—~C€—rl>, rj:At<—~ Ce ), r?:1+Atsi—r;—T;r7
hihi T hihit1

ri =r(x;), si=s(z), gF =U"+ Atfi"Jrl.

The coefficient matrix of the discrete scheme in (9) gives an (N — 1) x (N — 1) linear equation that
can be solved uniquely using the Thomas algorithm for the unknowns Uy, --- ,Un_1.

8 Convergence analysis

It can be shown that the discrete maximum principle, which gives the difference operator
(0, + LA e—uniform stability, is satisfied by the finite difference operator (6, + £YAY) defined
in (9).

Lemma 5. Assume that the mesh function ¥ (x4, t,,) satisfies ¥ (2, t,) > 0 on (z;,t,) € DVt Then,
(0, +E£’At)W(xi, tn) >0, (z;,t,) € DVAt implies that ¥(x;,t,) > 0 at each point of (z;,t,) € DVAL

The proposed method described in (9) converges e-uniformly with first-order accuracy in both space
and time variables as stated in the following theorem.

Theorem 5. Let U be the numerical solution in (9) and u be the continuous solution in (5)—(7).
Therefore, the discrete solution’s error UN>A? fulfills the bound
|u(zi,ty) — U <C(N"'InN +At), 1<i<N-1.
Proof. Readers who are interested may read the proof’s details in [23].
The objective of this study was to obtain second-order e-uniform convergence with respect to both the

space and time directions by using the Richardson extrapolation technique to the discrete solution U;*
of (9). Before introducing this technique, some lemmas are presented as follows:

Lemma 6. On DY = {x;}}, define the following mesh functions

7 —1
h
SZ:H(H“ ’“) . 1<i<N,
Ce
k=1

with the usual convention that Sy = 1 for ¢ = 0. Then, there exists a positive constant C; such that
fori=1,--- N — 1, we have
C1

- pNMyg )
(0 + L) > cs—i—ahl-sl

(10)
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Moreover, for N/2+1 <i < N — 1 and constant Cs, we have

(6, + LYM)S; > CactS;. (11)
Proof. Now, S; —S;—1 = O‘C—’:’ i—1. So, we have
(07 + LYV = — 2 (S i) + o "1+ 35,
Ce (hi + hi+1)
> Y [Ti _ 2ah }
T e (hi + hig1)
Ca

> — 8, 1<i<N-1.
Cg+ahi

As a result, since h/c. < 4/, (10) is proven, and (11) is a straightforward consequence of it.
Lemma 7. The following inequality is satisfied by the mesh function 5;

1z1/cs<H< ahk) =S, 0<i<N, (12)
k=i+1

and on Shishkin mesh, the mesh function S._; also satisfies the following inequality

N -1
1 (1 N ahk> < ONM=IN) N/ << N -1 (13)
; Ce
k=i+1

We solve the discrete scheme in (9) on the fine mesh D?V:A4/2 = 2N QtAt/ ? with 2N mesh intervals
in the space direction and 2M mesh intervals in the time direction, where Q%N is a piecewise uniform
Shishkin mesh with the same transition point 1—o as in . This improves the accuracy of the numerical
solution UN>A? using the Richardson extrapolation technique. Actually, by dividing each mesh interval
of O in half, the discrete domain QQN may be produced. It is evident from this construction that
DN Ar _ = (z,tn) C D2NAL2Z — { T tn } Thus, the suitable mesh widths in DV At/2 may be obtained
using

. JH/2, for 72N N0,1-07],

e h/2, for &; € 2N N1 -0, 1],

and &, — I,y = At/2, i, € Q2

of the discrete scheme in (9). Thus, using Theorem 5, one may write on (z;, ) €
UNAY (25, t0) — u(wi, ty) = C(N“VIn N 4 At) + Ry ae(2i, tn)
= C(N"Y(yo/ooce) + At) + Ry ar(zi, tn),

On the mesh DNVA! let U(x;,t,) represent the numerical solution
DN,At

(14)

where C is fixed constant and the remainder term Ry at(xi, ty) is o( N “1InN + At). Similarly, if
U2N-AY2 5 the solution of the discrete (14) for (Z;,1,) € D*NAt/2 then

72N, At/Q( T, t~n) — a(Zy, En) = C<(2N)_1(U’y/0065) + At/2> + R2N7At/2($i7 tn), (15)
by considering the fact that U (Z;, 1) is obtained using the same transition point 1—o and the remainder

term Ron at/2(2i, tn) is o N~'In N 4 At). Now, eliminating the terms O(N~!) and O(At) from (14)
and (15) leads to the following approximation

'LL <2U2N At/2( i) n) _ UN’At($z,tn)> — _2R2N7At/2(:€1, tn) + RN,At(x’th)

=o(N"'InN + At), (zi,t,) € DVAL

Mathematics Series. No.3(119)/2025 113



D.B. Huka et al.

Therefore, we will utilize the following extrapolation formula:

Ue]\;%ﬁt(l‘iy tn) = 202N7At/2 (:L'ia tn) - UN’At(xiy tn)v (l‘i, tn) € DN7M> (16)

to get a more accurate predicted numerical solution for u(x,t). After extrapolating UN*t, we obtain
the estimate of the nodal error |u(z;, t,) — UL 2 (. t,)| by splitting the solution UNA! on the mesh

textp
D(],V M into the sum

A A A
UN7 t:VN’ t—i—WN’ t7
where the following discrete problems are solved by the regular component V4%
component WA respectively

N,At

CCE, ‘IN,At — f; DN,At’ ‘/'N,At =, 8DN7A’5,
N,At

Ccé;’ IVN’At — 07 _DN,At7 VVN’At w, 8DN’At.

and the singular

(17)

Likewise, on the fine mesh D*VAt/2 we decomposed the solution U2N:AY2 into the regular component

V2NAY/2 and the singular component W2N-At/2 given by

[72N.At/2 _ [72NAL/2 | jfr2N. A2

The error can then be expressed using the form given below.
UN,At —u= (VN,At o 'U) + (WN,At . w) 7
[2NAY2 (VQN,At/2 _ U) i (W2N,At/2 _ w) '

VN,At

Lemma 8. Let ¢ < N~'. Then, the error associated with the smooth component after

extrapolation fulfills the bound

o(@i,tn) — Varig (@i ta) S C (N2 4+ A8?),  1<i<N -1
Proof. It may be deduced from the extrapolation formula (15), Lemma 7, and (17) that

0@ista) = Verin (@i, tn) = v(w, ta) = (202802 (@, 1) = VA, 1,))

=2 (V2N’At/2 - v) (4, tn) + (VN’At —v) (i, tn)
=0 (N 2+ A%,
from which the expected result is obtained.

WN,At

Lemma 9. The extrapolated error for the layer component satisfies

(i tn) — Wiyin' (@i, ta)| < C(N"2+ A#?),  1<i< N/2.
Proof. Assume 1 < i < N/2. This allows us to demonstrate, using (13) and the argument provided
in [24] over DVM | that

N -1
Iy
WA () < C ] <1+ a J) < CN~2.
j=i+1 Ce
We then derive |w(z;,t,)| < CN~2 from (12) and Theorem 3. So, we have
NAt , —2 2
"N — .
|W w(xg, tn)| < C(N™2+ At?)

In the same way, |[WNAt — w(z;,t,)] < C(N~2 + At?). The extrapolation formula (16) is used to
acquire a required extrapolated error bound.
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Lemma 10. Once the layer component W-A* has been extrapolated, the error associated with it
satisfy

A
w(xia tn) - Wg%p t(xi7 tn)

<C(N?In>N+At?), N/2<i<N.
Proof. See [23].

The following theorem is the main finding of this study.

Theorem 6. Let ¢ < N~ Suppose u be the continuous problem solution and UggctApt be the

solution that was obtained by solving the discrete problem using the Richardson extrapolation strategy.

Consequently, the error connected to the solution Ugﬁ; meets

A
w(zi, tn) — U (@i, t)

<C(N?I®’N+A#?), 1<i<N-1 (18)

Proof. For each (x;,t,) € DNV'At we have

u(zi, ty) — uNat - (v(ari,tn) — VN’At) + (w(xi,tn) - WN’At> .

extp extp extp

Thus, when Lemma 8 for the regular component and Lemmas 9 and 10 for the singular component are
combined, the result (18) is obtained immediately.

4 Numerical computations and discussions
In order to verify the performance of the present method with the theoretical findings discussed in
the preceding parts, we do numerical calculations in this section.

Ezample 1. Consider a singularly perturbed parabolic problem [16]:

gu 5% + (2 - 2% + (22 + 1 + cos(nz))u = 102z(1 — z)e~t,  (z,t) €[0,1] x [0,1],
u(z,0) =0, 0<z<I,
u(0,t) =0, u(l,t) =0, 0<t<1.

Ezxample 2. Consider a singularly perturbed parabolic problem [16]:

Gu—e0 4 (2— 2?2500 4 (22 41+ cos(ma))u(w — . 1) = 1083(1 — w)e", (2,1) € [0,1] x [0,1],
u(z,0) =0, 0<z<l1,
w(z,t) =0, p<x<0,0<t<1, wu(l,t)=0, 0<t<1.

Ezample 3. Consider a singularly perturbed parabolic problem [22]:
Qu _ cOu i 0u 4 (1 422y = 50(x(1 — )3,
(z,t) € [0,1] x [0,2],
u(z,0) =0, 0<z<1,
w0,8) =0, wu(l,t)=0, 0<t<2.

Since there are no exact solutions for the examples, we estimate the maximum absolute errors for each
(¢, 1) using the double mesh principle via the following formula:

NAt _ N,At IN,AL/2
el T g<ichos <M U™ (@i tn) = U P2(@istn)

)
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before extrapolation and after extrapolation, we use the formula

(eN,At)emtr — max

N,At\extr
o OSiSN;OSjSM’U )

z;, tn) o (U2N,At/2)e:ptr (-Ti, tn)

)

where UNA!(z;,t,) is the numerical solution with (N, At) mesh points and U2NAY2(z;.t,) is the
numerical solution at the finer mesh with (2N, At/2) mesh points before extrapolation. The numerical
solutions after extrapolation are (UNA)*" (1, t,,) using the mesh points (N, At) with mesh sizes h;
and At and (U2NAU2)extr (1 t) using the mesh points (2N, At/2) with mesh sizes % and %. The
(e, p)-maximum errors before and after extrapolations were calculated using the following formulas,

respectively

NAE — max eévf‘t and = max(e

51t &5t

(eN,At)eactr N,At)ewtr'

€ oy

Furthermore, we compute the numerical rate of convergence before and after extrapolation with the
following formulas, respectively

N,At oy hAt N, Atyext (eév hAt)efm

AL sk JAtyextr \Cep )

Pej =108y <62N,At/2> and  (pzi )" = logy <(62N,At/2)6xtr) '
e, &1

The (e, p)-maximum rates of convergence before and after extrapolations were calculated using the
following formulas, respectively

N,At
extr

N,At At

_ N
= maxp,

N,At)eaxtr
&1

p and p = max(pa,u
&1

Table 1

Computation of maximum point-wise errors and rate of convergence for N = ﬁ7u =0, Example 1

el Extrapolation N =32 64 128 256 512

Before Extrapolation | 8.5069e-03 | 5.1386e-03 | 2.8624e-03 | 1.5340e-03 | 8.0921e-04
Rate 0.7273 0.8442 0.8999 0.9227

1076 After Extrapolation | 6.4391e-04 | 2.1982e-04 | 6.5090e-05 | 1.8622e-05 | 5.8390e-06
Rate 1.5505 1.7558 1.8054 1.6732

Before Extrapolation | 8.5068e-03 | 5.1384e-03 | 2.8621e-03 | 1.5337e-03 | 8.0896e-04
Rate 0.7273 0.8442 0.9001 0.9229

1078 After Extrapolation | 6.4325e-04 | 2.1923e-04 | 6.4592e-05 | 1.8006e-05 | 5.2361e-06
Rate 1.5529 1.7630 1.8429 1.7819

Before Extrapolation | 8.5068e-03 | 5.1384e-03 | 2.8621e-03 | 1.5337e-03 | 8.0896e-04
Rate 0.7273 0.8442 0.9001 0.9229

1071% | After Extrapolation | 6.4325e-04 | 2.1923e-04 | 6.4584e-05 | 1.8001e-05 | 5.2298e-06
Rate 1.5529 1.7632 1.8431 1.7832

Before Extrapolation | 8.5068e-03 | 5.1384e-03 | 2.8621e-03 | 1.5337e-03 | 8.0896e-04
Rate 0.7273 0.8442 0.9001 0.9229

10712 | After Extrapolation | 6.4325e-04 | 2.1923e-04 | 6.4584e-05 | 1.8001e-05 | 5.2298¢-06
Rate 1.5529 1.7632 1.8431 1.7832

eV'2% | Before Extrapolation | 8.5069e-03 | 5.1386e-03 | 2.8624¢-03 | 1.5340e-03 | 8.0921e-04
phAt Rate 0.7273 0.8442 0.8999 0.9227

egpﬁt After Extrapolation | 6.4391e-04 | 2.1982e-04 | 6.5090e-05 | 1.8622e-05 | 5.8390e-06
p]e\;’tArt Rate 1.5505 1.7558 1.8054 1.6732
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Table 2

Computation of maximum point-wise errors and rate of convergence for N = é, u = 0.3e, Example 2

el Extrapolation N =32 64 128 256 512

Before Extrapolation | 1.9445e-02 | 1.0633e-02 | 6.0314e-03 | 3.2579e-03 | 1.7222e-03
Rate 0.8709 0.8180 0.8886 0.9197

1076 After Extrapolation | 1.6756e-03 | 6.1162e-04 | 1.9601e-04 | 7.6087e-05 | 2.8981e-05
Rate 1.4540 1.6417 1.3652 1.3925

Before Extrapolation | 1.9445e-02 | 1.0633e-02 | 6.0307e-03 | 3.2572e-03 | 1.7215e-03
Rate 0.8709 0.8182 0.8887 0.9200

1078 After Extrapolation | 1.6737e-03 | 6.0967e-04 | 1.9661e-04 | 7.6346e-05 | 2.8879e-05
Rate 1.4569 1.6327 1.3647 1.4025

Before Extrapolation | 1.9445e-02 | 1.0633e-02 | 6.0307e-03 | 3.2572e-03 | 1.7215e-03
Rate 0.8709 0.8182 0.8887 0.9200

1071% | After Extrapolation | 1.6737e-03 | 6.0965e-04 | 1.9662e-04 | 7.6352e-05 | 2.8886e-05
Rate 1.4570 1.6326 1.3647 1.4023

Before Extrapolation | 1.9445e-02 | 1.0633e-02 | 6.0307e-03 | 3.2572e-03 | 1.7215e-03
Rate 0.8709 0.8182 0.8887 0.9200

1072 | After Extrapolation | 1.6737e-03 | 6.0965e-04 | 1.9662e-04 | 7.6352e-05 | 2.8886e-05
Rate 1.4570 1.6326 1.3647 1.4023

e™27 | Before Extrapolation | 1.9445e-02 | 1.0633e-02 | 6.0314e-03 | 3.2579e-03 | 1.7222e-03
phAt Rate 0.8709 0.8180 0.8886 0.9197

eNA | After Extrapolation | 1.6756e-03 | 6.1162e-04 | 1.9662e-04 | 7.6352e-05 | 2.8981e-05
pi\;’f\;t Rate 1.4540 1.6372 1.3647 1.3976

Mathematics Series. No.3(119)/2025

Table 3
Comparison using N = ﬁ, u = 0.3¢ for Example 2
Extrapolation N =16 32 64 128
Present method
Before Extrapolation | 3.4791e-02 | 1.9445e-02 | 1.0633e-02 | 6.0314e-03
Rate 0.8393 0.8709 0.8180
After Extrapolation | 4.0244e-03 | 1.6756e-03 | 6.1162e-04 | 1.9662e-04
Rate 1.2641 1.4540 1.6372
Result in [16]
Before Extrapolation | 1.3567e-02 | 7.7535e-03 | 4.1434e-03 | 2.5115e-03
Rate 0.8072 0.9040 0.7223
After Extrapolation | 7.5907e-03 | 2.3678e-03 | 8.2018e-04 | 2.5398e-04
Rate 1.6807 1.5295 1.6912
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Table 4

Computation of maximum point-wise errors and rate of convergenceat ;= 0 for Example 3 with [22]

el Extrapolation N =32 64 128 256 512
At =0.05 090 ta i ia
Before Extrapolation | 1.2677e-2 | 7.4327¢-3 | 4.0929e-3 | 2.1883e-3 | 1.1609e-3
Rate 0.7703 0.8608 0.9033 0.9146
26 After Extrapolation | 2.4529e-3 | 8.7923e-4 | 2.7423e-4 | 8.0145e-5 | 2.2686e-5
Rate 1.4802 1.6809 1.7747 1.8208
Before Extrapolation | 1.4598e-2 | 8.9967e-3 | 5.1615e-3 | 2.8253e-3 | 1.5371e-3
Rate 0.6983 0.8016 0.8694 0.8782
2710 | After Extrapolation | 3.8898e-3 | 1.6408e-3 | 5.8963e-4 | 1.8545e-4 | 5.3233e-5
Rate 1.2453 1.4765 1.6688 1.8006
Before Extrapolation | 1.5433e-2 | 9.6028e-3 | 5.5900e-3 | 3.0789%¢-3 | 1.6913e-3
Rate 0.6845 0.7806 0.8604 0.8643
2714 | After Extrapolation | 4.0459e-3 | 1.7118e-3 | 6.2066e-4 | 1.9732e-4 | 5.6955e-5
Rate 1.2409 1.4636 1.6533 1.7926
Before Extrapolation | 1.5485e-2 | 9.6442¢-3 | 5.6179¢-3 | 3.0960e-3 | 1.7018¢-3
Rate 0.6831 0.7796 0.8596 0.8633
2718 | After Extrapolation | 4.0560e-3 | 1.7174e-3 | 6.2226e-4 | 1.9783e-4 | 5.7064e-5
Rate 1.2398 1.4646 1.6533 1.7936
Before Extrapolation | 1.5488e-2 | 9.6468e-3 | 5.6198e-3 | 3.0970e-3 | 1.7025e-3
Rate 0.6830 0.7795 0.8597 0.8632
2720 | After Extrapolation | 4.0565e-3 | 1.7177e-3 | 6.2234e-4 | 1.9785e-4 | 5.7068e-5
Rate 1.2398 1.4647 1.6533 1.7937
eV"At | Before Extrapolation | 1.5488e-2 | 9.6470e-3 | 5.6199e-3 | 3.0971e-3 | 1.7025¢-3
N.At Rate 0.6830 0.7795 0.8596 0.8633
eMBt | After Extrapolation | 4.0566e-3 | 1.7178e-3 | 6.2237e-4 | 1.9786e-4 | 5.7069¢-5
pl- At Rate 1.2398 1.4647 1.6533 1.7937
Result in [22]
eV At 1.021e-2 | 3.225e-3 | 1.066e-3 | 3.479e-4 | 1.11le-4
pat 1.663 1.598 1.615 1.646 -

The computed maximum point-wise errors and the rate of convergence for Examples 1 and 2 are
given in Tables 1 and 2, respectively. From these results, it is clear that the present method gives an
e-uniform convergence for Examples 1 and 2 before and after extrapolation. Comparison of Example 2
is given in Table 3. The computed maximum point-wise errors and the rate of convergence for Example
3 are given in Table 4 with its comparison. Numerical simulations for Examples 1 and 2 are plotted
in Figure 1 and Example 3 in Figure 2. The maximum point-wise errors for Examples 1, 2, and
3 are plotted using log-log scale, as can be seen in Figures 3, 4, and 5, respectively. These figures
clearly show that Richardson extrapolation increases the rate of convergence of the upwind scheme
from O(N~'In N 4 At) to O(N~21n? N 4 At?). Figures 6 and 7 show the effect of the perturbation
parameter ¢ in terms of line graphs for Examples 1, 2, and 3. The effect of the singular perturbation
parameter on the boundary layer of the solution for all Examples is shown in Figures 6 and 7. As
observed in these Figures, as ¢ — 0 strong boundary layer is formed near x = 1. The effect of the
time level ¢ in terms of line graphs for Examples 1, 2, and 3 is given in Figures 8 and 9. As observed
from Figures 8 and 9, a strong boundary layer is formed near = 1, and as the size of the time level
increases, the thickness of the layer increases.
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Figure 1. Surface plot of the numerical solution for N = 64 = M and ¢ = 1076
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Figure 2. Surface plot of the numerical solution for Example 3 for =0
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Figure 3. Log-log plot of the maximum point-wise errors at u = 0 for Example 1
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Figure 4. Log-log plot of the maximum point-wise errors at p = 0.3¢ for Example 2
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Figure 5. Log-log plot of the maximum point-wise errors at p = 0 for Example 3
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Figure 7. Effect of the parameter € on the solution for Example 3
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Conclusion

This study presents a computational method that is almost second-order convergent for singularly
perturbed parabolic differential difference equations with negative shifts. The Taylor series approxima-
tion is used to estimate the terms that involve delays. An implicit Euler technique for the time direction
on a uniform mesh and an upwind difference method on a Shishkin mesh in the space direction are used
to discretise the resulting singularly perturbed parabolic convection-diffusion-reaction equation. The
stability and uniform convergence of the proposed method are established very well. The proposed
method gives almost first-order convergence both in the time and space variables. The Richardson
extrapolation technique is then applied to accelerate the order of convergence of the method in the
time and space variables. Theoretically, we have proved that the extrapolation provides almost second-
order e—uniform convergence. To validate the applicability of the proposed method, some numerical
examples are computed for different values of the perturbation parameter and delay parameter.
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The present article deals with the problem of characterizing a widely large class of associative and possibly
non-commutative rings. So, we define and explore the class of rings R for which each element in R is
a sum of a tripotent element from R and an element from the subring A(R) of R which commute with
each other, calling them strongly A-tripotent rings, or shortly just SDT rings. Succeeding in obtaining
a complete description of these rings R modulo their Jacobson radical J(R) as the direct product of a
Boolean ring and a Yaqub ring, our results somewhat generalize those established by Kosan-Yildirim-Zhou
in Can. Math. Bull. (2019). Specifically, it is proved that if a ring R is SDT, then the factor ring R/J(R)
is always reduced and 6 lies in J(R). Even something more, as already noticed before, it is shown that

the quotient R/J(R) is a tripotent ring, which means that each of its elements satisfies the cubic equation

23 = x. Furthermore, examining triangular matrix rings T, (R), we succeeded to classify its structure

rather completely in the case where R is a local ring and n > 3 by establishing a satisfactory necessary and
sufficient condition in terms of the ring R and its sections, resp., divisions.

Keywords: idempotent, tripotent, strongly nil-clean ring, Boolean ring, semi-tripotent ring, A subring,
Jacobson radical, triangular matrix ring.

2020 Mathematics Subject Classification: 16N40, 16550, 16U99.

Introduction and Motivation

Throughout this paper, all rings are assumed to be unital and associative. Almost all symbols,
notation and concepts are standard being consistent with the classical book [1]. The Jacobson radical,
the lower nil-radical, the set of nilpotent elements, the set of idempotent elements, and the set of units
of R are denoted, respectively, by J(R), Nil,(R), Nil(R), Id(R), and U(R). Additionally, we write
M, (R), T, (R) and R[z] for the n x n full matrix ring, the n x n upper triangular matrix ring, and the
polynomial ring over R, respectively.

The core focus of this exploration is the set

J(R)CA(R)={z € R:z+ue U(R) for all u € U(R)}
={z € R:1— zu is invertible for all v € U(R)}
={z € R:1— ux is invertible for all u € U(R)},

which was examined by Lam in [2; Exercise 4.24] and recently explored in detail by Leroy-Matczuk
in [3]. It was indicated in [3; Theorems 3 and 6] that A(R) represents the (proper) largest Jacob-
son radical subring of R that remains closed under multiplication by all units (resp., quasi-invertible
elements) of R, and it is an ideal of R exactly when A(R) = J(R).

In the contemporary ring theory, the class of strongly nil-clean rings possesses significant impor-
tance. A ring R is called strongly nil-clean if every element of R can be expressed as the sum of an
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idempotent in R and a nilpotent element in R that commute with each other (see [4-6]). Later on,
Chen and Sheibani generalized in [7] this concept and introduced the so-called strongly 2-nil-clean
rings: a ring R is defined as strongly 2-nil-clean if every element of R can be written as the sum of a
tripotent element of R (i.e., an element x € R such that 23 = z) and a nilpotent element of R that
commute.

On the other hand, in a way of similarity, strongly J-clean rings are those rings in which every
element can be written as the sum of an idempotent and an element from the Jacobson radical that
commute [8,9]. In this vein, Kogan et al. introduced in [10] the so-termed semi-tripotent rings R in
which each element is the sum of a tripotent element from R and an element from J(R).

Considering and analyzing these definitions, as well as the fact that A(R) is a (possibly proper)
subset of J(R), that is not necessarily an ideal, and which also does not have useful properties like the
set Nil(R), a question naturally arises about the properties of those rings R for which each element
is the sum of a tripotent element from R and an element from A(R) that commute with each other.
The main objective of the current article is namely to investigate these types of rings and to conduct
a comprehensive study of their structure.

Thereby, we come to the following key notion, motivated by the discussion alluded to above.

Definition 1. We say that R is a strongly A-tripotent ring, or just an SDT ring for short, if every
element of R is the sum of a tripotent from R and an element from A(R) that commute with each
other. Such a sum’s presentation is also said to be an SDT representation.

Our further plan in the organization of our study is the following: In the next section, we obtain
some crucial examples and principal properties of such rings establishing their connection with many
standard properties — e.g., such as uniquely clean (see Corollary 2). In the subsequent section, we
achieve the major result describing the algebraic structure of the SDT rings in an appropriate form
showing that these rings modulo their Jacobson radical are the direct product of a Boolean ring
and a Yaqub ring (see Theorem 1). Some other closely related statements are also proved such as
Propositions 2 and 6. In the fourth section, we study the behavior of the given SDT concept under
various ring extensions and, specifically, we characterize when T, (R) is an SDT ring by finding a
necessary and sufficient condition, provided that R is local and n > 3 (see Theorem 2). In the final fifth
section, we conclude with some commentaries and two challenging open problems (see, e.g., Problems 1
and 2) which, hopefully, will stimulate a future intensive examination of the present subject.

1 Ezxamples and Basic Properties

The following claim can easily be proven, so we omit the details leaving them to the interested
reader for check.

Lemma 1. (1) Suppose R = [[;c; R;. Then, R is an SDT ring if, and only if, for each i € I, R; is
an SDT ring.
(2) Suppose R is a ring and I is an ideal of R such that I C J(R). Then, R/I is an SDT ring.

We proceed by proving the following three technical assertions.
Lemma 2. For every e = €3 € R and d € A(R), we have (e 4 e?)d, d(e & €2), 2¢2d, and 2ed € A(R).

Proof. For every e = 3 € R, we have
(1—e)—e)(1—e?)—e)=1=((1—e?)+e)((1—e?)+e).

Therefore, (1 —e%2 £+ ¢€) € U(R), so it follows from [3; Lemma 1(2)] that, for every d € A(R), both
(1 —e?+e)d and d((1 — e? £ ¢e) € A(R). Since A(R) is a subring of R, we have (e + e2)d and
d(e £ e?) € A(R). This implies that 2ed and 2e?d € A(R), as required. O
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Lemma 3. Let R be an SDT ring, and a € R. If a®> € A(R), then a € A(R).

Proof. Assume that a = e+d is an SDT representation. We have a? = e? +2ed + d*. By Lemma 2,
it must be that
e =a? — 2ed — d* € A(R)NId(R) = {0},

which implies e = 0. Thus, a = d € A(R), as expected. O
Lemma 4. Let R be an SDT ring. Then, for every a € R, a — a® € A(R).
Proof. Assume a = e + d is an SDT representation. We calculate that
a—a’=(d—d®) — (2¢*d + 2ed) — (e*d + ed?).

Furthermore, according to Lemma 2, it suffices to show that e2d + ed? € A(R). But, Lemma 2
tells us that e?d + ed?> € A(R) precisely when ed + e?d?> € A(R). Consequently, we show that
ed + e*d* € A(R).

To this target, assume ed = f 4 b is an SDT representation. Then,

e2d? = f2 +2fb+ b7
Thus,
ed+ e*d* = (f + f2) + (b + 2fb + b?).
Now, multiplying by d and d? both sides of the previous relation, we have
ed® +&*d® = (f+ f2)d + (b+2fb+b*)d € A(R),
ed® + e2d = (f + f2)d* + (b + 2fb + b*)d>.
Owing to Lemma 2, we infer that ed? + e2d>, ed® + e?d* € A(R). Also,
ed? + 2d® = ed® + 2d® — ed® + ed® — *d* + *d* = A + ed® + (e* — e)d® + (e — €*)d>.
Thus, in virtue of Lemma 2, it follows that e?d? + ed® € A(R). Therefore, we get
e2d® + ed® € A(R) 9
= &+l € A(R).
{ed3 +e2d* € A(R), (")

We now have that
(ed + €*d*)? = e2d® + 2ed® + e2d* € A(R).
So, Lemma 3 enables us that ed + e2d*> € A(R), as pursued. O

We now arrive at the following concrete application of the last lemma.
Ezample 1. Let R be an arbitrary ring. Then, R[z] is not an SDT ring.

Proof. Assume the contrary. Then, applying Lemma 4, we derive that x — 2% € A(R[z]), and thus
1 —z + 2% € U(R[z]), which is the wanted contradiction. O

With the previous example in mind, the ring R[z| is surely not SDT. However, a logical question
arises about the form of elements with an SDT representation in the polynomial ring R[z]. We will
attempt to answer this question below.

Recall that a ring R is said to be 2-primal if Nil,(R) = Nil(R). For instance, it is well known that
any commutative ring and any reduced ring are definitely 2-primal.

Likewise, for an endomorphism ¢ of R, the ring R is called o-compatible if, for every a,b € R, the
equality ab = 0 if, and only if, ac(b) = 0 [11]. In this case, it is clear that o is always injective.

We now manage to prove the following two pivotal statements.
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Proposition 1. Let R be a 2-primal and a-compatible ring. Then,

A(R[z,a]) = A(R) + Nil.(R[z, o])x.

Proof. Assuming f = Y i ja;iz’ € A(R[z,a]), then, for each uw € U(R), we have that
1 —uf € U(R[z,a]). Thus, taking into account [12; Corollary 2.14], 1 — uag € U(R) holds and,
for every 1 <i < n, it holds ua,; € Nil,(R). Since Nil,(R) is an ideal, we deduce ag € A(R) and hence,
for each 1 < i < n, we obtain a; € Nil,(R). Since R is a 2-primal ring, [12; Lemma 2.2] applies to get
that Nil.(R)[z,a] = Nil.(R[z,q]), as desired.

Conversely, assume f € A(R) 4+ Nil.(R[z,a])z and u € U(R[z,a]). Then, employing [12; Corol-
lary 2.14], we have u € U(R) + Nil.(R[z,a])x. But, since R is a 2-primal ring, we receive
1—uf € UR)+ Nil.(R[z,a])x CU(R[z,a]), whence f € A(R[z,a]), as promised. O

Proposition 2. Let R be a 2-primal and a-compatible ring, and let €3 = e = Yoo e;rt € Rz, al.
Then, 68 = ¢p and, for every 1 <i < n, the inclusion e; € Nil(R) is true.

Proof. It is easy to see that eg = eg, so it suffices to show that, for every 1 < i < n, the re-
lation e; € Nil(R) is valid. Since €3 = e, we inspect that e,a”(e,)a?"(e,) = 0. And because R is
a-compatible, [13; Lemma 2.1] is applicable to get that e3> = 0.

Now, set g := f — e a™. Since f3 = f and e, € Nil,(R), we have g — ¢° € Nil,(R)[z, ], so
g = g° € R/Nil,(R)[z,a]. Thus, one verifies that

en_10" Yen_1)a* " 2(en_1) € Nil.(R).

But, since R is an a-compatible ring, [13; Lemma 2.1] works to obtain that e,_; € Nil(R). Continuing
in this aspect, it can be shown that, for each 1 <1 < n, the condition e; € Nil(R) is fulfilled, as asked
for. O

To specify the elements with an SDT representation of the ring R[x, ], we need new notation. For
convenience of the exposition, we just put the set of elements with an SDT representation in the ring
R to be abbreviated as SDT(R).

So, we have the validity of the following.
Lemma 5. Let R be a 2-primal and a-compatible ring. Then,

SDT(R[z,a]) € SDT(R) + Nil.(R)[z, o]z.

Proof. Assume f =", fiz' € SDT(R[z,a]) and f = > I ez’ +> o diz’ is an SDT represen-
tation. In accordance with Propositions 1 and 2, we have ey = eg and dy € A(R), and hence clearly
epdoy = dpeg, so that fo € SDT(R)

Moreover, with the aid of Proposition 2, for every 1 < i < n, it must be that e;,d; € Nil,(R),
whence f; = e; + d; € Nil,(R), as required. O

The next affirmation is crucial.

Lemma 6. Let R be an SDT ring. Then, R/J(R) is reduced.

Proof. Assume x? € J(R) C A(R). Thus, by Lemma 3, we have x € A(R). Let » € R. Since
1 — 7222 € U(R), we may set u := 1 — rz®r € U(R). Therefore,

2

(I—rx)14rz)=1—rz+xr—rz°r=xr —rx+u.

It suffices to show that zr — rz € A(R). To this goal, assume r = e + d is an SDT representation.

Then,
xr —rz =x(e+d) — (e +d)x = re — ex + (xd — dx),
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and as z,d € A(R), it is just sufficient to prove that ze — ex € A(R).
Since

[6’2$(1 - 62)]2 =0=[(1- 62)3362]2 .
Lemma 3 assures that

e?z(1 —e?) € A(R) = e®z — e?ze? € A(R),
(1 —e?)ze? € A(R) = ze? — e®xe? € A(R).

However, because A(R) is closed under addition, we arrive at e?z — xe? € A(R). Consequently,
ze —ex = ze + xe? — xe® —ex — *x + e*x = 2x — xe? +x(e +€?) — (e +e?)x € A(R).
Hence,
(I—=rz)(1+ar) e UR).
But R was arbitrary, and so z € J(R), as needed. O]
Given the truthfulness of Lemma 4, we have that, for every SDT ring R, 6 = 2% — 2 € A(R). This

raises a logical question: if R is an SDT ring, is 6 € J(R)? We will answer this query in the following
lemma.

Lemma 7. Let R be an SDT ring. Then, 6 € J(R).

Proof. Invoking Lemma 4, we know that 6 € A(R), which implies 12 = 6 + 6 € A(R). Letting
r € R be arbitrary, and letting » = ¢ + d be an SDT representation, Lemma 2 ensures that

1-12r=1-12¢ —12d =1 —2(6¢) — 12d € 1 + A(R) C U(R).

Thus, 12 € J(R).
Furthermore, since 62 = 36 = 3 x 12 € J(R), Lemma 6 helps us to conclude that 6 € J(R), as
stated. O

As a useful consequence, we deduce the following.

Corollary 1. Let R be an SDT ring. Then, the following two points hold:
(1) 2 € U(R) if, and only if, 3 € J(R).
(2) 3 € U(R) if, and only if, 2 € J(R).

Proof. The proof is pretty straightforward being based on Lemma 7, so we leave it voluntarily. [

The next two assertions are worthy of documentation.

Proposition 3. Let R be an SDT ring such that 2 € U(R). Then, A(R) is an ideal. In particular,
under these conditions, A(R) = J(R).

Proof. Since A(R) is closed under addition, it is sufficient to show that, for any d € A(R) and
r € R, the relations rd, dr € A(R) are valid. Assume, for this aim, that rd = e+b and r = f+b' are two
SDT representations. Exploiting Lemma 2, we know 2fd € A(R). Since 2 € U(R), [3; Lemma 1(2)|
teaches us that fd € A(R). So, we have

rd=e+b=fd+bd=e— fd=Vd—be AR).

But, since fd € A(R), it follows that e € A(R), so e € A(R) N Id(R) = {0}, which forces e = 0.
Therefore, rd = b € A(R). Similarly, it can be shown that dr € A(R), guaranteeing the claim. O
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Proposition 4. Let R be an SDT ring with 3 € U(R). Then, for any a € R, we have a = f + b,
where f = f2 € R, b€ A(R) and fb = bf.

Proof. Suppose a = f + d is an SDT representation. Then,
a—a®=(f—f*+(d-2fd—d*).

Since 3 € U(R) by Corollary 1, we get 2 € J(R). Thus, (f — f2)? = —2(f — f?) € J(R) and, with
Lemma 7 at hand, we observe that f — f2 € J(R). This gives a — a® € A(R).
On the other hand, since

a—f?=(a—ad®) +20a® - f* - fd) — d* e A(R),
by setting e := f2, we finish the proof after all. O

A ring R is called an SDI ring if, for every r € R, there exist e = € € R and b € A(R) such that
r=e+ b and eb = be. Recall also that a ring is called a AU ring, provided 1 + A(R) = U(R) [14].

The following closely related results are of some interest as well.

Lemma 8. Every SDI ring is a AU ring.

Proof. Suppose u € U(R) and u = e + d is an SDI representation. Then, we have
e=u—deU(R)+A(R) CU(R)NId(R) = {1},

as required. O

Lemma 9. (|14; Proposition 2.3|) The ring R is a AU ring if and only if U(R) + U(R) C A(R);
and then, U(R) + U(R) = A(R).

Recall that a ring R is said to be uniquely clean, provided that each element in R has a unique
representation as the sum of an idempotent and a unit [15].

The next valuable consequence gives some transversal between the notions of SDI rings and unique
cleanness.

Corollary 2. Let R be a ring. Then the following are equivalent:
(1) R is uniquely clean.
(2) R is SDI and all idempotents are central.

Proof. (1) = (2). Assume R is a uniquely clean ring. Consulting with [15; Lemma 4|, every
idempotent in R is central. Besides, by virtue of [15; Theorem 20|, for every a € R, there exists a
unique idempotent e such that a —e € J(R) C A(R). Thus, there exists d € A(R) such that a = e+d.
Since all idempotents are central, we have ed = de.

(2) = (1). Assume R is an SDI ring, and let a € R be arbitrary. Suppose a + 1 = e + d is
an SDI representation. Then, a = e 4+ (d — 1), which is a clean representation. Assume now that
e+ u = f+ v are two clean representations. So, Lemma 9 informs us that e — f = v — u € A(R).
Since all idempotents are central, we find e — f = (e — f)3, and so (e — f)? € A(R) N Id(R) = {0}.
Therefore, e — f = (e — ) = (e — f)(e — f)? = 0. Hence, e = f, as it must be. O
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2  The Main Characterizations

We start our considerations here with some relationships between certain classes of rings.

Proposition 5. Suppose R is an SDT ring and a domain. Then, R is a local ring.

Proof. Let a € R. We want to show that either a € U(R) or a € A(R). To that end, suppose
a = e+ d is an SDT representation. If e = 0, then a = d € A(R). If e # 0, then as e = e it must
be e(1 — €?) = 0. But, since R is a domain, (1 —e)(1 +e) =1 —e? = 0, so either e = 1 or e = —1.
Therefore, either a =1+4+d € U(R) or a = —1+d € U(R). It can next easily be shown that R is a
local ring if, and only if, R = U(R) U A(R), as required. O

As an immediate consequence, we yield:

Corollary 3. Suppose R is a strongly 2-nil clean and local ring. Then, R is an SDT ring.

Proof. 1t is pretty easy, because in a local ring the containment Nil(R) C J(R) always holds. [

The next assertion is of some importance by giving some close relevance between the notion of a
semi-tripotent ring as stated in [10] and the new concept of an SDT ring given above.

Proposition 6. Suppose R is a semi-tripotent and local ring. Then, R is an SDT ring.

Proof. Since R is a local ring, either 2 € J(R) or 2 € U(R). If 2 € J(R), then in virtue of
[10; Theorem 3.5] the factor-ring R/J(R) is Boolean. On the other hand, as R is local, it has to be
that R/J(R) = Zs, and so R = J(R) U (1 + J(R)), yielding R is an SDT ring. If, however, 2 € U(R),
then again [10; Theorem 3.5] works to get that the quotient-ring R/J(R) is a Yaqub ring. However,
because R is local, it must be that R/J(R) = Zs, and thus R = J(R) U (1 + J(R)) U (-1 + J(R))
implying R is an SDT ring, as asserted. O

It is well known that a ring is Boolean if and only if it is a subdirect product of copies of Zs.
Analogously, in [7], Chen and Sheibani called a non-zero ring R a Yaqub ring if it is a subdirect
product of copies of Z3. They proved that R is a Yaqub ring if, and only if, 3 is nilpotent and R is a
tripotent ring (that is, each of its element is tripotent).

We are now ready to attack the chief characterizing result, thereby completely describing the
structure of the SDT rings.

Theorem 1. Assume R is an SDT ring. Then, R/J(R) is a tripotent ring, i.e., R/J(R) = Ry X R,
where R; is a Boolean ring and R is a Yaqub ring.

Proof. Referring to Lemma 7, we have 6 € J(R). Set R := R/J(R). Thanks to the famous Chinese
Remainder Theorem, we write R = Ry x Ry, where R := R/2R and Ry := R/3R. Since R is an SDT
ring, Lemma 1(2) guarantees that R is an SDT ring too. Therefore, again in view of Lemma 1(1),
Ry is an SDT ring. Since 2 = 0 in Ry, we have 3 € U(R;). Thankfully, Proposition 4 yields R; is
an SDI ring. Also, Lemma 6 implies that Ry is reduced, and thus all idempotents in R; are central.
Therefore, Corollary 2 shows that R; is a uniquely clean ring. Note that, as J(R) = 0, it must be that
J(R1) = 0. Using now [15; Theorem 19|, we conclude that R; is a Boolean ring, as formulated.

On the other hand, since 3 = 0 in Ry # {0}, we have 2 € U(Rz). Knowing Proposition 3, we
obtain J(R2) = A(R3). This means, with the help of Lemma 4, that, for any a € Ra, the relations
a—a® € A(Rg) = J(Rg) = 0 are true. Thus, for any a € Ry, we get that a = a®. Furthermore, using
[7; Lemma 4.4], we infer that Ry is a Yaqub ring, as given. O]
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It is worthwhile noticing that the extra requirement on the first direct component R; and the
second direct component Rs to be not simultaneously {0} can be freely ignored here, as opposed to
what was shown in [16], where an analogous shortcoming was unambiguously detected for the main
result of the paper [17].

Let R be aring, and let a € R. Suppose annja := {r € R : ra = 0} and ann,a := {r € R: ar = 0}.
We continue by verifying the following two needed technicalities.

Lemma 10. Let R be a ring and a = e + d an SDT representation in R. Then, ann;(a) C ann;(e)
and ann,(a) C ann,(e).

Proof. Assume ra = 0. Now, Lemma 2 applies to ensure that there exists d’ € A(R) such that
a? = €2+ d. Since ra = 0, we have re? + rd’ = 0. Now, multiplying by e from the right, we get
re + red’ = 0, and so re(1 +d') = 0. Since d’ € A(R), it follows that 1 + d' € U(R) which forces
re = 0. Thus, r € ann;(e). Similarly, it can be shown that the inclusion ann,(a) C ann,(e) is too
valid, as required. O

Lemma 11. Let R be a ring and e € R an idempotent. If a € eRe is an SDT element in R, then a
is an SDT element in the corresponding corner subring eRe.

Proof. Write a = f +d, where f = f3, d € A(R) and fd = df. Since 1 — e € ann;(a) N ann,(a),
Lemma 10 is a guarantor that 1 — e € ann;(f) N ann,(f) implying (1 —e)f = f(1 —e) = 0. Thus,
f =ef = fe. Likewise, since a € eRe, we receive a = ea = ae = eae. But, subsequently multiplying
a = f +d by e from the left and right, we obtain that a = efe + ede. Note that, since f =ef = fe
and f is a tripotent, efe is also a tripotent. So, it suffices to show that ede € A(eRe).

On the other hand, since f =ef = fe = efe and a = ea = ae = eae, it is evident that

d=ed=de=ede e A(R)NeRe.

Now, we show that eRe N A(R) C A(eRe) always holds. To this purpose, assume r € eRe N A(R) and
u € U(eRe). Then, (u+(1—¢€))(u=t14+(1—¢€)) =1,s0 u+(1—e) € U(R). Since r € A(R), there exists
v € R such that (1—(u+(1—e))r)v = 1. But r € eRe, so that (1—wur)v = 1. Furthermore, multiplying
subsequently by e from the left and right, we extract that (e — ur)eve = e forcing r € A(eRe). Finally,
d € A(eRe), and we are done. O

As an automatic consequence, we yield the following.

Corollary 4. Let R be a ring, and let e € R be an idempotent. If R is an SDT ring, then so is the
corresponding corner subring eRe.

Furthermore, in regard to the last corollary, a logically arising question is whether or not the
converse in its formulation holds, that is, if both eRe and (1 —e)R(1 —e) are SDT rings, is it true that
so does R? However, the next construction, suggested to us by Dr. Omer Cantor to whom we express
our sincere gratitude, illustrates that this question has a negative solution. In fact, let R := My(Zs)
and set e := Ej;. An easy check shows that both eRe and (1 — e)R(1 — e) are isomorphic to Zs, so
they are obviously SDT rings. However, it is readily to verify that A(R) = (0) by direct computation
and, of course, some elements of R, such as E19, are not tripotent or even not n-potent for any natural
number n > 3. Therefore, R is not an SDT ring, as suspected.

8 Triangular Matriz Rings

As usual, a ring R is termed local, provided R/J(R) is a division ring, that is, each element in
R\ J(R) is a unit, which set-theoretically means that R = J(R) UU(R).

We begin here with the following technicality.
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Lemma 12. Let R be a local ring with 2 € U(R). Then, R has only trivial tripotent elements.

Proof. Suppose that e = e3 € R. If e € J(R), then e(1 — e?) = 0, whence e = 0. If now e € U(R),
then e? = 1, and so (1 —e)(1+¢€) = 0. Since (1 —e)+ (1 +¢e) =2 € U(R) and R is a local ring,
we have either 1 —e € U(R) or 1 + e € U(R). This, in turn, means that either e = 1 or e = —1, as
required. O

Based on the above claim, we now considerably extend the well-known Workhorse Lemma (see [18;
Lemma 6]) as follows.

Lemma 13. (Generalized Workhorse Lemma) Let R be a local ring such that 2 € U(R), n > 2 and
A,E € T,,(R). Suppose that, for all (i,5) # (1,n), (E3);; = E;j and (AE — EA);; = 0. Suppose also
that

a a c e v z
A= B [ and E = F 45,
b f

where B, F € T,_2(R), a,b,c,e,f,z € R, «o,7 € Mi,—2(R) and $,6 € My_21(R). Then, the
following items are fulfilled:

(i) Given e = f = 1, then E? = E if and only if 2 = —1/2(yF§ +276), and in this case, AE = FA.

(i) Given e = f = —1, then E® = E if and only if 2 = —1/2(yF§ — 276), and in this case,
AE = FEA.

(iii) Given e = f = 0, then E3 = E if and only if z = yFJ, and in this case, AE = EA.

(iv) Given e = 1 and f = —1, then E® = E. Further, AE = EA if and only if z satisfies the
equation az — zb = v8 — ad + 2c.

(v)If e = —1 and f = 1, then E® = E. Further, AE = EA if and only if z satisfies the equation
az —zb=~vp — ad — 2c.

(vi) If e = 1 and f = 0, then E3 = E. Further, AE = EA if and only if z satisfies the equation
az —zb=~vp —ad + c.

(vii) If e = 0 and f = 1, then E3 = E. Further, AE = FA if and only if z satisfies the equation
az —zb=+vp —ad — c.

(viii) If e = —1 and f = 0, then E3 = E. Further, AE = EA if and only if z satisfies the equation
az —zb=~vp —ad — c.

(w) Ife=0and f = —1, then E®> = E. Further, AE = FA if and only if z satisfies the equation
az —zb=~vp —ad + c.

Proof. (i) It is apparent that E3 = F if and only if 2 = —1/2(vF§+2v5). We show that AE = EA.
Given the assumptions, we have

z=—1/2(vFd + 270), (1)
vF = —yF?, (2)
Fé§ = —F?, (3)
a+vB =ay+ aF, (4)
FB+6b=Bd+ 5. (5)

In virtue of the above equations, we compute that

(EA)in = c+v8+ 2b 2 ¢ + 78 — 1/2yF6b — 16b

® 4 4B+ (FB— B — B) + 1/2yF(Ff — B6 — B)

=c+yB8+~FB —yBS — B +1/2yF%3 — 1/2yFBS — 1/2yFf3

® . Bs —1/2vFBs.
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(AE)1n =az+ad +c L —ay6 —1/2avFd +ad +c

& (aF —a—+vB)0 +1/2(aF —a—yB)Fd+ ad + ¢

= aF§ —ad —yBd +1/2aF%5 —1/2aF§ — 1/2yBF§ + ad + ¢
® ¢—vB§—1/2yBF§ = c—vyB§ — 1/2vF Bo.
Note that, since (AE — EA);; = 0, we establish F'B = BF.

(ii) The proof is similar to part (i).
(iii) It is obvious that E® = E if and only if z = yF§. We show that AE = FA. Given the
assumptions, we have

z = 7F9, (6)
v =F? (7)
§ = F?%, (8)
vB = ay + oF, 9)
BS = FB + 6b. (10)

From the above equations, we calculate that

(BEA)1n =B+ 2b © VB + yFdb

10
W 8+ yF(BS — FB)
=B +~FBs§ —yF*p

D FBs.

(AE)1n, = az + ad © ayFo + ad

D (v8 — aF)F6 + a6

=~BF§ — aF?%5 + ad
®)  BFs§ = FBs.
(iv) Assume e = 1 and f = —1. Then, under the assumptions, we deduce that

But, since 2 € U(R), we have vF§ = 0. Thus, we get (E®)1, = vFJ + 2z = z = Ey,, and, therefore,
E? = E. Moreover, it is clear that EA = AF if and only if

az+ad—c=c+yB+ zb,

which is equivalent to
az —zb=v8 — ad + 2c.

(v) The proof is similar to part (iv).
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(vi) Assume e = 1 and f = 0. So, under the given assumptions, we have
VE = —yF?, §=F% = yF§=—yF*5 = —s.

Consequently, we derive (E3)1, = z +v8 + vF§ = z = E1,,, and hence E3 = E. It is also readily
checked that FA = AF if and only if

az —zb=vyB —ad +c.
Finally, one sees that points (vii), (viii) and (w) possess proofs which are similar to that of (vi). O

The next preliminary facts are worthy of discussion: let a € R. The mappings [, : R — R
and 7, : R — R represent the (additive) abelian group endomorphisms defined respectively by
lo(r) = ar and r4(r) = ra for all r € R. Consequently, the expression [, — r, defines an abelian
group endomorphism such that (I, — r)(r) = ar — rb for any r € R. According to [5], a local ring R
is classified as bleached if, for any a € U(R) and b € J(R), both I, —  and [, — r, are surjective. The
category of bleached local rings includes many well-established examples, such as commutative local
rings, local rings with nil Jacobson radicals, and local rings in which some power of each element of
their Jacobson radicals is central [18; Example 13].

Now, we need the following.

Lemma 14. Let R be a local ring such that 2 € U(R), and suppose that A € T,,(R). Write A as
(aij). Then, for any set {e;}!; of tripotents in R such that e; = ej; whenever [,,, — Tq;; 18 not a
surjective abelian group endomorphism of R, there exists a tripotent E € T,,(R) such that AE = FA
and E;; = e;; for every i € {1,...,n}.

Proof. Leveraging Lemma 13, the proof process mirrors that of [18; Lemma 7|. To avoid redun-
dancy, we omit the detailed proof. O

We are now in a position to attack the main result in this section, in which the proof we shall apply
the established above Theorem 1.

Theorem 2. Let R be a local ring and n > 2. Then, the following conditions are equivalent:

(1) Tp(R) is an SDT ring;

(2) either

(2.1) R is a bleached ring and R/J(R) = Zs;
or

(2.2) R is a bleached ring, R/J(R) = Z3 and, if a,b € R such that a —1 € A(R) and b+ 1 € A(R),
then I, — rp : R — R is surjective.

Proof. Since R is a local ring, we have either 2 € J(R) or 2 € U(R). We prove the theorem for
both cases independently.

Case 1: If 2 € J(R).

(1) = (2.1). Since 2 belongs to J(R), Theorem 1 discovers that R/J(R) is a Boolean ring. But,
since R is local, we must have R/J(R) = Zy. Because T, (R) is an SDT ring, Corollary 4 gives that
T2(R) is an SDT ring too. Moreover, Proposition 4 allows us to detect that T5(R) is an SDI ring.

Suppose now a € U(R) and b € J(R). We intend to show that [, —r, : R — R is surjective.
Thereby, it suffices to prove that, for every v € R, there exists x € R such that ax — b = v. Put
ro= <8 Z) Assume r = g + j is an SDI representation, where g = <(e) ;) and j = (g g,)
Since e is an idempotent and a € U(R), we deduce e = 1. However, since f is an idempotent and
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1 =z
0 0
la — 71 : R — R is surjective. Similarly, we can show that [, — r, : R — R is surjective, as desired.

(2.1) = (1). Since 2 € J(R), we only have the case R/J(R) = Zz. Thus, by [8; Theorem 4.4,
there is nothing left to prove.

Case 2: If 2 € U(R).

(1) = (2.2). Since 2 belongs to U(R), Theorem 1 demonstrates that R/J(R) is a Yaqub ring. But,
since R is local, we must have R/J(R) = Zs. Because T, (R) is an SDT ring, Corollary 4 gives that
T2(R) is an SDT ring too.

Suppose now a € U(R) and b € J(R). We intend to show that [, —r, : R — R is surjective.
Thereby, it suffices to establish that, for each v € R, there is z € R such that ax — b = v. Set
ri= (g Z) Assume r = g+ j is an SDT representation, where g = (8 ;) and j = (g g,) Since
b€ J(R) and f is a tripotent, we detect f = 0. On the other hand, Lemma 12 allows us to conclude
that R has no non-trivial tripotents. Hence, since a € U(R), e is simultaneously a unit and a tripotent
1 =z
0 0

b e J(R), we derive f = 0. Thus, g =

. Since rg = gr, we now have ax — xb = v. Therefore,

element, and thus either e =1 ore=—1. If g = < >, then since rg = gr, we have ax — xb = v.

-1 =z
0 O
la — 1y 1 R — R is surjective. Similarly, we can establish that [ — 7, : R — R is surjective.

We now show that under the given assumptions, the SDT representation of elements is unique. In
this light, suppose e + d = f + b are two SDT representations in R. Note that, Lemma 12 manifestly
yields e, f € {—1,0,1}, so that one easily sees that either e = f or e = —f. If e = —f, then
2¢e =b—d e A(R). Since 2 € U(R), we have e € A(R). Thus, e? € A(R)NId(R) = {0}, which leads
to e = 0. Therefore, e = f = 0.

Suppose now that a =1+ d and b = —1 + d' are two SDT representations. Assume that

()

is an element of Ty(R). Also, suppose that r = g + w is an SDT representation, where

e x d y
gz(o f) and w:<0 d’)'

Bearing in mind the above note, we can assume without loss of generality that e = 1 and f = —1.
Since gw = wg and 2 € U(R), we deduce a(1/2)z — (1/2)xb = v. This obviously implies that the map
la — 71 : R — R is surjective.

(2.1) = (1). Suppose A € T,,(R). We show that A has an SDT representation such that A = E+D
in T,,(R). Since R/J(R) = Z3, we see with no any technical difficulty that R = J(R)U (1 + J(R)) U
(—1+4 J(R)). First, we construct the elements on the main diagonal E. Suppose

If, however, g = , then again since rg = gr, we have a(—z) — (—2)b = v. Consequently,

0 ifaye J(R),
€ 1= 1 ifaiiEl+J(R),
-1 ifay;€e—-1+ J(R).
Therefore, one inspects that a; — e; € J(R) for each i. Notice that, since 2 € U(R), it must be

that (1 4+ J(R))N (=14 J(R)) = 0. If e;; # ej;, then we come to
(1) € € U(R) and ejj € J(R),
(2) eis € J(R)and ej; € U(R),

(3) e;; and €jj € U(R)
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We prove that, in all three cases, l4;; —rq4;; : R — R is necessarily surjective.

In fact, for case (1), a;; € U(R) and aj; € J(R) and, because R is bleached, Iy, —74;; : R — R is
indeed surjective.

The case (2) is observed to be similar to case (1).

In case (3), with no harm of generality, assuming e;; = 1 and e;; = —1, we obtain that a; — 1,
ajj +1 € A(R). Therefore, by the requested assumption, lo,, — 7q4,, : B — R is surjective. Hence,
with Lemma 14 in hand, there is a tripotent E € T,,(R) such that AE = EA and E;; = e;; for each
i€ {l,...,n}. In addition,

A= E € J(T\(R)) C AT (R)),

thus completing the proof. O
The case when n = 2 can be considered separately in the following manner.

Ezample 2. Suppose R is an integral domain and an SDT ring. Then, Ty(R) is an SDT ring.

Proof. Utilizing Proposition 2, R is a local ring. In the other vein, since R is a domain, arguing as
in the proof of Proposition 2, we can assume that R has no non-trivial tripotents.
Since R is local, we have either 2 € U(R) or 2 € J(R). First, we assume that 2 € J(R), and let

A= <8 f) € Ty(R). Note that an SDT ring with 2 € J(R) is always an SDI ring. We show that

T2 (R) is also SDI. Precisely, we consider the following four cases:
1. If a,b € J(R), then A € J(R), so A= 0+ A is an SDI representation.
2. If a,b € U(R), then since R is both SDI and local, we have ¢ —1 € J(R) and b — 1 € J(R).

Therefore,
_ a—-1 p
A=bt ( 0 b- 1>
is an SDI representation for A.

3. a € U(R),b e J(R). Since R is an SDI ring, we obtain a — 1 € J(R). Thus,

(1 « a—1 -«
a0t
is an SDT representation, where a = 3((a — 1) + (1 — b))%
4. b e U(R),a € J(R). Since R is an SDI ring, we receive b — 1 € J(R). So,

(0 « a -«
A= (0 1) * (o b—1)
is an SDT representation, where a = 3((b—1) + (1 —a))~ L.
Now, suppose 2 € U(R).

1. If a,b € J(R), then A € J(R), so A =0+ A is an SDT representation.
2. Given a,b € U(R). If the SDT representations of a and b are of the form a =1+ (a — 1) and

b=1+ (b—1), then
o f{a-1 B
A=1+ ( 0 b 1)
is an SDT representation for A.
If the SDT representations of a and b are of the form a = -1+ (a+ 1) and b = —1+ (b+ 1), then
Ae I+ <a +1 B )

0 b+1
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is an SDT representation for A.
If the SDT representations of a and b are of the form a = -1+ (a+ 1) and b =1+ (b — 1), then

(-1 « a+1l B—a
A‘(o 1>+< 0 b—1>
is an SDT representation, where a = 23(2+ (b — 1) — (a +1))~L.
If the SDT representations of a and b are of the form a =1+ (a — 1) and b = =1+ (b + 1), then

(1 « a—1 -«
a=(o 5)+ (" 5T
is an SDT representation, where a = 28(2 + (a — 1) — (b+1))~!. Note that 2 € U(R) is assumed.
3. Given a € U(R) and b € J(R). If the SDT representation of a is of the form a =1+ (a — 1),

then
(1 « a—1 -«
=la) ()
is an SDT representation for A, where a = S((1 —b) — (1 —a))~*.
If the SDT representation of a is of the form a = —1 + (a + 1), then

(-1 « a+1l B—a
= o))
is an SDT representation for A, where a = B((1 +b) — (1 +a))~ L.
4. Given a € J(R) and b € U(R). If the SDT representation of b is of the form b =1+ (b — 1),

then
(0 « a -«
A= (0 1) * (o b—l)
is an SDT representation for A, where a = B((b—1) + (1 —a))~ L.
If the SDT representation of b is of the form b = —1 + (b + 1), then

(0 « a [—«
a=(o 2)+ (6 5t
is an SDT representation for A, where a = B((1 +a) — (1 +b))~!, as claimed. O

Now, we manage to examine the above stated example in a more general situation like the following
one.

Proposition 7. Let R be a ring that has no non-trivial tripotent elements. Then, the following
conditions are equivalent:

(1) T(R,V) is an SDT ring.

(2) Either R/J(R) = Zs or R/J(R) = Zs.

Proof. (1) = (2). If T(R,V) is an SDT ring, it is easily verified that R is also an SDT ring.
Moreover, since R has no non-trivial tripotent elements, as shown in Proposition 2, we can prove
that R is a local ring. Therefore, according to a combination of the locality of R and Theorem 1, we
conclude R/J(R) = Zy or R/J(R) = Zs.

(2) = (1). If R/J(R) = Zsa, then from [15; Theorem 15| we deduce that T'(R, V) is a uniquely
clean ring. Thus, it is an SDI ring and, consequently, an SDT ring.
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If, however, R/J(R) = Zs3, we so derive
R=JR)U(1+J(R))U(-1+ J(R)).

a v

Assume now that (
0 a

> € T(R,V) is fulfilled. So, we have:

(a) If a € J(R), then (3

(b) If a € 1 4+ J(R), then

Deﬂﬂamy

av_I+a—1 v
0 a) 2 0 a—1)°
a v a+1 )
@ J“h+<o a+J’

which is an SDT representation, as claimed. O

which is an SDT representation.

(c) If a € =1+ J(R), then

We finish our examinations with the following exhibitions which we leave to the interested reader
for a direct check.

Example 3. Let R be a ring in which all tripotent elements are central. Then, the following issues
hold:

(1) R is an SDT ring if and only if R[[z]] is an SDT ring.

(2) R is an SDT ring if and only if R[z]/(z™) is an SDT ring.

(3) R is an SDT ring if and only if T'(R, R) is an SDT ring.

Concluding Discussion and Questions

As above noticed, in [10] the authors defined and investigated those rings R, calling them semi-
tripotent, whose elements are a sum of a tripotent element from R and an element from the Jacobson
radical of R which, generally, need not commute each other.

Now, regarding Proposition 6, one may ask whether the classes of semi-tripotent rings and SDT
rings are independent of each other; that is, does there exist an SDT ring what is not semi-tripotent
as well as a semi-tripotent ring that is not SDT? However, it was proved in [10; Theorem 3.5 (6)] that
R/J(R) has the same presentation as in our Theorem 1 plus the requirement that all idempotents of
R lift modulo J(R). That is why, it quite surprisingly follows that every SDI ring whose idempotent
lift modulo the Jacobson radical is always semi-tripotent. However, as the opposite claim of Theorem 1
is not at all guaranteed in order to be a satisfactory criterion, we do not know yet if any semi-tripotent
ring is SDT. Likewise, due to the lifting restriction of the idempotents, the reciprocal implication
cannot happen in all generality or, in other words, there is an SDT ring that is not semi-tripotent.

Our first intriguing query is related to the study in-depth of a generalized version of the SDT rings
like this, which presents a more general setting of the semi-n-potent rings as defined in [10].

Problem 1. Describe those rings R, naming them strongly A n-potent, whose elements are a sum
of a n-potent element in R (i.e., an element a € R such that " = a for some n € N) and an element
from A(R) that commute with each other.

On the other side, in conjunction with [19], we close our work with the following interesting question.

Problem 2. Characterize those rings R, calling them CA rings, whose elements are a sum of an
element from the center Z(R) and from A(R).
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The study of classes of first-order countable language models and their properties is an important direction
in model theory. Of particular interest are axiomatizable classes of models (varieties, quasivarieties, finitely
axiomatizable classes, Jonssonian classes, etc.). In this paper we present the results obtained on the prop-
erties of formula-definable classes of models and formula-definable semigroups of elementary types, namely,
we study the properties of semigroups of elementary types of models in a first-order language. We consider
products of elementary types which form a commutative semigroup with unit. A two-place relation of ab-
sorption of one elementary type by another is introduced, which allows us to distinguish formula-definable
semigroups of elementary types and corresponding classes of models. On the basis of the axiomatizabil-
ity property of formula-definite semigroups of elementary types, their connection with ultraproducts and
infinite products is established. Examples of idempotently formula-definite and non-idempotently formula-
definite semigroups are given, and their peculiarities are discussed. The paper demonstrates both the study
of semigroups of elementary types and the study of properties of formula-definite classes of models.

Keywords: idempotent, axiomatizable class, formula-definable semigroups, properties of semigroups, model
companion, formula-definable model, elementary types of model classes, non-formula-definable model classes,
countable signature.
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Introduction

On the set of elementary types of a countable signature o of the first-order language L, the product
of elementary types is considered. This forms a commutative semigroup with an identity element.
Certain properties of subsemigroups of the semigroup of elementary types are established. Within this
semigroup, a binary relation of absorption of one elementary type by another is studied. This allows for
the identification of formula-definable semigroups of elementary types and formula-definable classes of
models. Several properties of formula-definable semigroups of elementary types and formula-definable
classes of models are proven.

1 Definitions and preliminary results

Let L be a language of countable signature o of first order. For any model A of the language L, let
Th(A) denote the set of all sentences (closed formulas) of the language L that are true in the model
A. The theory Th(A) is called the elementary type of the model A.

An arbitrary (abstract) class of all models of the counting signature o of the first-order language L is
divided into classes by the relation of elementary equivalence of models (classification of A. Tarski [1,2]).
This results in a set of classes (elementary types).
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The cardinality of the set Thr, consisting of all elementary types of the countable signature o in
L, does not exceed 2%. In what follows, T denotes the elementary type of a model.

Historically, within the class of all models of the language L, greatest research interest has been
focused on axiomatizable subclasses of models defined by certain theories: varieties, quasivarieties,
finitely axiomatizable classes, Jonsson classes, etc.

The symbol * indicates a known result, with references provided.

Theorem 1. * [1] Filtered and direct products of models preserve elementary equivalence.

Definition 1. The product of the elementary types 17 of model A and T5 of model B is defined
as Th - T, = Th(A x B), where A x B is the Cartesian product of models A and B. Analogously,
infinite products of theories [[,.; T;, ultrapowers [[,.; T;/D, ultraproducts T! /D with ultrafilters D,
and filtered products of theories are defined.

Proposition 1. Definition 1 is well-defined.

Proof. Tt follows from Theorem 1*.

The algebra (T'hr,-) is a commutative semigroup with an identity element.

If K is some class of models of the language L, then the set of elementary types of all models in
the class K is denoted by Thx and is called the set of elementary types of the class K. If H is a set
of elementary types of theories in L, then K is the class of all models of all elementary types in H.

Examples of subsemigroups of (T'hy, -) with specific properties are studied in various articles, books,
and monographs: semigroups of elementary types of models of Horn classes, varieties, and quasivari-
eties [1,2]. J. Wierzejewski [3| proved that the set of stable (superstable, w-stable) elementary types
of models forms a semigroup of stable (superstable, w-stable) types under the product. M.V. Shvidef-
ski |4] explored the complexity of the lattice of subsemigroups of the semigroup of elementary types.
D.E. Palchunov [5] studied the semigroup of elementary types of Boolean algebras.

Later in the text, in the class of all models of the language L, a binary relation of one model
absorbing another is defined.

Definition 2. A model A absorbs a model B, if Th(A x B) = Th(A), where A x B is the direct

product of models.

Then the definitions are given and the following statements are obtained, which immediately follow
from the corresponding theorems with the sign *.

Definition 3. We say that an elementary type 1o absorbs an elementary type 77, denoted T < T3,
if Th -To = Ty. An elementary type T is called idempotent, if T -T = T. A model A is called an
idempotent model, if Th(A x A) = Th(A).

Model B absorbs model A, if Th(A) < Th(B).

The absorption relation on the set Thy, is antisymmetric and transitive.

Definition 4. A set H of elementary types of models in the language L is called an axiomatizable
set of elementary types if the class Ky, consisting of all models of all elementary types in H, forms an
axiomatizable class.

Not every set of elementary types is axiomatizable.
The problem of axiomatizability of model classes is one of the central questions in model
theory [1,2,5].

Theorem 2. * (J. Keisler [1]) A class of models is axiomatizable, if and only if it is closed under
ultraproducts and elementary equivalence.

Proposition 2. A set H of elementary types is axiomatizable, if and only if H is closed under
ultraproducts.
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Proof. Follows from Theorem 2*.

Theorem 3. * [1] For any two sets of models {A; | i € I},{B; | i € I}, and any ultrafilter D on I,
the following holds:

[1(Ai x B;)/D =[] Ai/D x [[ B:/D.

el el el

Proposition 3. For any two sets of elementary types {71} | i € I},{T} | i € I}, and any ultrafilter D
on I, the following holds:

[[@-7)/p=1]7/D <[] T!/D.

el il el

Proof. Follows from Definition 1 of the ultraproduct of elementary types and Theorem 3*.

Theorem 4. [1] For any model A and any ultrafilter D, the following holds: A = A!/D.
Proposition 4. For any elementary type T and any ultrafilter D, the following holds: T = T'/D.

Proof. Follows from Definition 1 of the ultrapower of elementary types and Theorem 4*.

Theorem 5. * Let A, B, and C be models of the language L. If Ax Bx C = A, then Ax B= A
(= denotes elementary equivalence of models).

Proposition 5. Let T1 , Ty , T3 be elementary types. If 11 - To - T3 = T3 , then T - T3 = T3.

Proof. Follows from Definition 1 of the product of elementary types and Theorem 5%*.

The main focus of the above results is the transition from studying the properties of model classes
to examining the properties of sets of elementary types of these classes. This enables consideration of
the semigroup (T'hy,-) and the properties of its subsemigroups. That is, it allows us to discover new
properties of model classes using the direct product operation for models.

Studies on axiomatizable classes of models closed with respect to direct products are available in
textbooks and articles of many authors. However, the problem of characterizations of axiomatizable
classes closed with respect to direct products is still open [6-8|.

2 Formula-definable semigroups of elementary types

This section presents results related to formula-definable semigroups of elementary types and
formula-definable model classes.

Definition 5. [8,9] A set of elementary types H of a signature is called a formula-definable set of
elementary types if there exists an elementary type 1" such that for any elementary type T3, holds
Ty € H if and only if 77 - T = T. In this case, the elementary type T is called the determinant of
the set H. If the determinant of H is idempotent, H is called an idempotent formula-definable set of
elementary types.

Definition 6. A class of models K is called a formula-definable model class if Thy is a formula-
definable set of elementary types. If Thy is an idempotent formula-definable set of elementary types,
K is called an idempotent formula-definable model class. The model of the determinant of the set Thx
is called the determinant of the class K [10].
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Examples:

1. The class of models with a single equivalence relation is formula-definable. The determinant
of this class of models is a model with an infinite number of equivalence classes, each of which is
infinite [11].

2. The set of all w-stable, the set of all superstable and the set of all stable elementary types, these
sets are not formula-definite sets of elementary types.

Example 1 is fairly self-explanatory.

Explanation of Example 2:

From an example provided in [3], there exists an unstable elementary type T such that T - T is
w-stable. If the set of all w-stable types were formula-definable, i.e., defined by some elementary type
T1, it would follow that T-T-T7 = T7. Then, by Proposition 5, T-T7 = T;. Hence, the set of all w-stable
elementary types is not formula-definable. The same reasoning applies to the sets of superstable and
stable types.

By analogy, this is true for the set of all superstable and the set of all stable elementary types.

Theorem 6. If a set of elementary types H is closed under direct products, then there exists an
idempotent T" such that for any 77 € H, holds 11 - T =T.

Proof. Since H is closed under infinite products and the cardinality of elementary types is at most
2% there exists an elementary type T in H such that the product of all types in H equals elementary
type T. Applying Proposition 5, we conclude that for any 77 € H, holds 71 - T = T. The type T is
idempotent.

However, the idempotent T obtained in Theorem 6 may not necessarily serve as the determinant
of H.

Thus, a set of elementary types closed under infinite products may not be an idempotent formula-
definable set, even if it is an axiomatizable set. Examples of such sets of elementary types can be found
among quasivarieties. We will provide such an example later.

Theorem 7. * (J. Keisler [1]) By any proposition ¢ one can efficiently find a number n such that
for any index set I and any models A; , i € I, there exists a subset J in [ that contains at most n
elements, and for any V, J CV C I, [[;cy, Ai = ¢ if and only if [[,o; 4i = .

Theorem 8. A formula-definable set of elementary types H is closed under ultraproducts, finite,
and infinite direct products of elementary types. That is, H is an axiomatizable set of elementary
types, forms a commutative semigroup with an identity, and the formula-definable class K of models
is an axiomatizable class.

Proof. Let Th,...,T, € H. By definition, H is a formula-definable set, so there exists a type T such
that T; - T =T, i < n. Since the operation - is commutative and associative, T} - ...- T}, - T' =T, which
implies T4 - ... - T;, € H. Thus, H is closed under finite products.

Let {T; | i € I,T; € H} The equality [[,.;T; - T = T follows from the closedness with respect to
finite products and Theorem 7 *. Therefore, H is closed under infinite products.

Let [[;c; T3/ D be an ultraproduct of elementary types with ultrafilter D, where T; € H for i € I.
Using Propositions 3 and 4,

[Iz/p-T=]]7/D-T"/D=]](T;-T)/D=T.

iel il iel

Hence, H is closed under ultraproducts, meaning H is an axiomatizable set of elementary types.
Consequently, the formula-definable class of models is axiomatizable class of models.
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Not every axiomatizable class of models is a formula-definable class. For instance, the axiomatizable
class of fields is not a formula-definable class. If it were, the product of fields would have to be a field,
which is not generally true.

Therefore, the set of formula-definable sets of elementary types is a proper subset of the set of all
axiomatizable sets of elementary types.

A formula-definable set of elementary types forms a commutative semigroup with an identity,
referred to as a formula-definable semigroup of elementary types |9]. Each elementary type T' defines
a formula-definable set of elementary types GT = {Ty | Ty - T = T,T1 € Thr}. This set GT is
axiomatizable, and the class of models Hgr is formula-definable class of models.

Definition 7. If the determinant of a formula-definable semigroup of elementary types is idempotent,
then such a semigroup is called an idempotent formula-definable semigroup of elementary types. The
class of all models of all elementary types in this semigroup is called an idempotent formula-definable
model class.

Not every determinant of a formula-definable semigroup is idempotent. For example, the elementary
theory of a dense order without endpoints defines a formula-definable semigroup of theories but is not
itself idempotent.

Theorem 9. A formula-definable semigroup G of elementary types is an idempotent formula-
definable semigroup, and the class Hg of models of this semigroup is an idempotent formula-definable
model class.

Proof. Since G is a formula-definable semigroup, by Theorem 8 it is closed under infinite products.
By Theorem 6, there exists an idempotent T' € G such that for any 77 € G, holds T}y - T = T. We
now show that the idempotent T is the determinant of G. Since G is formula-definable, there exists a
determinant T'¢ such that for any elementary type Ty € Thy, holds T} € G if and only if Ty - T = TC.
If for some of elementary type T € Thy holds T' - T =T, then T' - T - T¢ = TC.

By Proposition 5, T'-T¢ = T¢. Therefore, T’ € G, meaning G is an idempotent formula-definable
semigroup, and H¢ is an idempotent formula-definable model class.

Ezxamples of formula-definable and non-formula-definable model classes.

An example of minimal quasivarieties from A.I. Maltsev’s work [2]:

“Consider the signature with two predicate symbols P and @. The quasivariety K, defined by the
formulas x = y and P(z) — Q(z), consists of three single-element models Uy, Us, Us, having respective
diagrams:

D(U1) = {P(a),Q(a)}, D(Uz) = {~P(a), ~Q(a)}, D(Us) = {=P(a),Q(a)}.

The model U; is unitary, the model U; is absolutely free. The pair U, Us forms a minimal quasi-
variety defined by the formulas

r=y, P(z) = Q(z), Q(z) = P(a),

while the pair Uy, Us forms a minimal quasivariety defined by the formulas z = y, Q(x), and the
quasivariety K itself is not minima”.

In this example, we can see that the subquasivariety {U,Us} is not an idempotently formula-
definable class, but the subquasivariety {U;,Us} is an idempotently formula-definable class like the
quasivariety K itself.

That is, we have examples of idempotently formula-definable semigroups of elementary types and
not idempotently formula-definable semigroups of elementary types.
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Each idempotent defines a unique idempotent formula-definable semigroup of theories. And to
each idempotent formula-definable semigroup of elementary types corresponds a unique idempotent
determinant of this semigroup. This semigroup is an axiomatizable set of theories by Theorem 8.

By analogy, this can be said of idempotently formula-definable model classes.

From the previous considerations we see that idempotent formula-definable semigroups of elemen-
tary types differ from semigroups in the classical sense in that they consider infinite products and
Proposition 5 and the idempotent determinant for each idempotent formula-definable semigroup of
elementary types plays the role of a zero element.

Among quasivarieties there are quasivarieties V' which are not idempotently formula-definable
classes of models. But:

Theorem 10. If K is a variety of models, then Thg is an idempotent formula-definable semigroup of
elementary types of class K. In other words, any variety of models is an idempotent formula-definable
class.

Proof. This follows from Theorem 6 and the fact that a variety is defined by identities that are
stable under direct products of models.

For example, the set of all elementary types of Boolean algebras, under the product operation, forms
an idempotent formula-definable semigroup. We give examples of formula-definable model classes that
are quasivarieties but are not varieties.

Theorem 11. * [2| The class of semigroups embeddable in groups forms a quasivariety.

Let V' be the class of semigroups embeddable in groups. Then, the corresponding set Thy, con-
sisting of all elementary types of semigroups in V', forms a semigroup under the product of elementary
types. Moreover, it is closed under infinite products.

Question: Is the quasivariety of semigroups embeddable in groups an idempotent formula-definable
class?

It is known |2] that for commutative semigroups, the validity of the quasidentity of contraction in
the semigroup

TY=x2 > Yy=2 (*)

is sufficient for embedding the semigroup into a group.

Thus, the class of commutative semigroups satisfying the quasidentity forms a quasivariety of
semigroups embeddable in groups. Consequently, the set of all elementary types of such semigroups
forms a semigroup of elementary types.

Theorem 12. Let K be the class of commutative semigroups (with reduction) satisfying the quasi-
dentity (*), and let Thg denote the set of all elementary types of semigroups in K. Then Thg is an
idempotent formula-definable semigroup, and K is an idempotent formula-definable class of semigroups
embeddable in groups.

Proof. Since K, the class of commutative semigroups embeddable in groups, is a quasivariety, Thy
is closed under infinite products. By Theorem 6, there exists an idempotent T’ such that for any
Ty € Thi holds T - T = T. But, since K is defined by the quasidentity (*), this identity is present in
T due to the multiplicative stability of quasidentities under products. Additionally, in any semigroup
true zox =z — * = x.

If T" is the elementary type of a commutative semigroup that does not satisfy (*), then 77-T # T.
Thus, elementary type T serves as the determinant of Thy, making Thi an idempotent formula-
definable semigroup.
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It is clear that in this case, the class K is a quasivariety that is not a variety. Moreover, since in
a semigroup embeddable in a group there can exist only one idempotent, which is the identity, the
semigroup Thy itself is not embeddable in a group.

The following theorem gives a sufficient condition when the formula-definite class will be an induc-
tive class, that is, closed with respect to the union of chains.

Theorem 13. A formula-definite class K of models will be an inductive class, when the determinant
T of the semigroup of elementary types of this class is a V3-elementary type.

Proof. Let My C My C ... be a chain of models in K. By Theorem 8, K is an axiomatizable class.
Take any model A of the elementary type T and consider the chain M; x A C Ms x A C .... Take the
union of this chain. Since T' is V3-elementary type, the union of this chain is the model of T". Since K
is a formula-definable, axiomatizable class of models, the union M7 C Ms C ... is a model in K.

Theorem 14. If G1,Gy are formula-definable semigroups of elementary types, their intersection
G1 N Gy is also a formula-definable semigroup of elementary types.

Proof. The intersection G1 N G2 # @, as G1 and G5 both contain the identity element. G1 N Ga
is closed under infinite direct products of theories. By Theorem 8, there exists an idempotent 7' such
that for any 7" € G1 N Gg holds T" - T = T. It remains to show that the elementary type T is the
determinant of the semigroup G; N Go. Let T; and 15 be determinants of the semigroups G; and
G, respectively. If for some elementary type 7€ € Thy, T¢ - T = T, then T} - T - T¢ = T} and
Ty -T-T¢ = T,. By Proposition 5, T} - T¢ = T} and Ty - T¢ = Ty. Thus, T¢ € G1 N G, that is,
T -T¢ =T, meaning T is the determinant of the semigroup G1 N Ga.

This theorem allows us to construct, for any set of elementary types M, a minimal formula-
definable semigroup G such that M C G, where the model class K¢ is the minimal formula-definable
class satisfying Kj; C Kg. The class K¢ is an axiomatizable class of models.

Conclusion

In this paper we investigated properties of semigroups of elementary types of models in a first-
order language. The formula-definite semigroups of elementary types, their relation to axiomatizable
classes of models and the role of idempotent elements in their structure are considered. The presented
results emphasize the importance of studying semigroups of elementary types for analyzing properties
of classes of models and reveal new approaches to their classification.

The revealed properties of formula-definite and idempotently formula-definite semigroups demon-
strate the potential of using these structures to solve open questions in model theory, such as the
problem of axiomatizability of classes closed with respect to products. The examples given in the
paper illustrate the variety and complexity of such structures.

Acknowledgments

The work was partially supported by the Science Committee of the Ministry of Science and Higher
Education of the Republic of Kazakhstan under Grant No. AP23485395.

Author Contributions

All authors participated in the revision of the manuscript and approved the final submission. All
authors contributed equally to this work.

148 Bulletin of the Karaganda University



Properties of semigroups ...

Conflict of Interest

The authors declare no conflict of interest.

References

1 Keisler, J., & Chen, Ch.Ch. (1977). Teoriia modelei [Model Theory]. Moscow: Mir [in Russian|.

2 Maltsev, A.L. (1970). Algebraicheskie sistemy [Algebraic systems]. Moscow: Nauka [in Russian]|.

3 Wierzejewski, J. (1976). On stability and products. Fundamenta Mathematicae, 93, 81-95.
https://doi.org/10.4064 /fm-93-2-81-95

4 Shvidefski, M.V. (2020). Ob odnom klasse reshetok podpolugrupp [On a class of subsemigroup
lattices|. Sibirskii matematicheskii zhurnal — Siberian Mathematical Journal, 61(5), 1177-1193
[in Russian|. https://doi.org/10.33048 /smzh.2020.61.517

5 Palchunov, D.E. (2022). Teoriia modelei predmetnykh oblastei [Domain Model Theory|. Al-
gebra i Logika — Algebra and Logic, 61(2), 239-250 [in Russian|. https://doi.org/10.33048/
alglog.2022.61.207

6 D’Aquino, P., & Macintyre, A. (2024). Products of pseudofinite structures. arXiv preprint,
arXiv:2411.08808 [math.LO|. https://doi.org/10.48550/arXiv.2411.08808

7 Sudoplatov, S.V., (2020). Approximations of theories. Siberian Electronic Mathematical Reports,
17, 715-725. https://doi.org/10.33048 /semi.2020.17.049

8 Bekenov, M.I., & Nurakunov, A.M. (2021). Polupodgruppa teorii i ee reshetka idempotentnykh
elementov [Semisubgroup of theories and its lattice of idempotent elements|. Algebra i Logika —
Algebra and Logic, 60(1), 3-22 [in Russian|. https://doi.org/10.33048/alglog.2021.60.101

9 Bekenov, M., Kassatova, A., & Nurakunov, A. (2024). On absorption’s formula definable semi-
groups of complete theories. Archive for Mathematical Logic, 64, 107-116. https://doi.org/
10.1007/s00153-024-00937-2

10 Bekenov, M.I., & Nurakunov, A.M. (2021). A Semigroup of Theories and Its Lattice of Idempo-
tent Elements. Algebra and Logic, 60, 1-14. https://doi.org/10.1007/s10469-021-09623-1

11 Bekenov, M.I., (2018). Properties of Elementary Embeddability in Model Theory. Journal of
Mathematical Sciences, 230, 10-13. https://doi.org/10.1007/s10958-018-3721-4

Author Information™

Anuar Kabidenov — PhD, L.N. Gumilyov Eurasian National University, 13 Kazhymukan street,
Astana, 010008, Kazakhstan; e-mail: kabiden@gmail.com; https://orcid.org/0009-0002-6756-5711

Aida Kassatova (corresponding author) — MSc, Head of Digitalization Management, Abai Kazakh
National Pedagogical University, 13 Dostyk avenue, Almaty, 050010, Kazakhstan; e-mail:
kasatova_ aida@mail.ru; https://orcid.org/0000-0002-4603-819X

Mahsut Iskanderovich Bekenov — Can. Physics and Mathematics Sciences, Professor of the
Algebra and Geometry Department, L.N. Gumilyov Eurasian National University, 13 Kazhymukan
street, Astana, 010008, Kazakhstan; makhsut.bekenov@gmail.com; https://orcid.org/0009-0007-4511-
5476

Aliya Mamyraly — MSc, PhD student, L.N. Gumilyov Eurasian National University, 13 Kazhy-
mukan street, Astana, 010008, Kazakhstan; e-mail: aliyamamyraly@gmail.com; https:/ /orcid.org/0009-
0008-1930-1985

*Authors’ names are presented in the order: first name, middle name, and last name.

Mathematics Series. No.3(119)/2025 149


https://doi.org/10.4064/fm-93-2-81-95
https://doi.org/10.33048/smzh.2020.61.517
https://doi.org/10.33048/alglog.2022.61.207
https://doi.org/10.33048/alglog.2022.61.207
https://doi.org/10.33048/semi.2020.17.049
https://doi.org/10.33048/alglog.2021.60.101
https://doi.org/10.1007/s00153-024-00937-2
https://doi.org/10.1007/s00153-024-00937-2
https://doi.org/10.1007/s10469-021-09623-1
https://doi.org/10.1007/s10958-018-3721-4

Bulletin of the Karaganda University. Mathematics Series, No. 3(119), 2025, pp. 150-163

https://doi.org/10.31489/2025M3/150-163 Research article

Well-posed problems for the Laplace-Beltrami operator on a
stratified set consisting of punctured circles and segments
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The Laplace-Beltrami operator is studied on a stratified set consisting of two punctured circles and an
interval. A complete description of all well-posed boundary value problems for the Laplace-Beltrami op-
erator on such a set is given. In the second part of the paper, a class of self-adjoint well-posed problems
for the Laplace-Beltrami operator on the specified stratified set is identified. The obtained results can
be considered as a generalization of known results on geometric graphs. In particular, the stratified set
under consideration can be interpreted as graphs with loops. Studies on the spectral asymptotics of Sturm-
Liouville operators on plane curves homotopic to a finite interval are also closely related to the present
results paper. Since the punctured circle is diffeomorphic to a finite interval, the spectral methods applied
to differential operators on a finite interval can be modified to study the spectral properties of differential
operators on the punctured circle. The main results of this paper are obtained by modifications of methods
that were previously used in the study of the asymptotic behavior of the eigenvalues of the Sturm-Liouville
operator on a finite interval.
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1 Stratified set 2 and functions over 2

We consider the stratified set {2 formed by two punctured circles Cy, Co and interval [ = (0,1) as
well as two points A and B. In this case, €2 is a connected set (Fig. 1), the role of one-dimensional
strata is played by C1,Ca,[, and the role of zero-dimensional strata is played by single-point sets { A}
and {B}.

(x, 23) (w3, 3)

Figure 1. Stratified set 2 on the plane
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Well-posed problems for ...

The facts given about the stratified set are sufficient for us; more general information about stratified
sets can be found in the works [1,2]. According to the work [3], a measure  is introduced on the set
w, as well as the corresponding function spaces. According to the specified work [4,5] €2 is represented
as a union of two non-intersecting parts: Qo = C1 Ul U Cy and 09 = {A, B}.

2 Correctly solvable problems for the Laplace-Beltrami operator on a punctured circle Cy

For convenience, we assume that the punctured circle C} is given by equation
C1 = {z1 = (2,27) € RO\{(0,0)} : (29)* + (2] +1)* = 1}.

It is clear that the punctured circle C; can be defined using one card

r{ = cost; — 1,
] = sint;.

Moreover, the local coordinate t; runs through the interval (0,27). In Cj, one can define classes
of functions and the Laplace-Beltrami operator as was done in work [4]. In particular, the Laplace-
Beltrami operator in this case represents the operator of twofold differentiation with respect to the
variable ¢1, if the function on C1, is represented as a function on the interval (0, 27). If the function on
(' is represented as a function of x € 'y then the value of the Laplace-Beltrami operator coincides with
a two-fold tangent derivative. Since the Laplace-Beltrami operator is defined invariantly with respect
to local coordinates, then when solving the corresponding equations, the equation can be solved in
derivative local coordinates. Local coordinates can be chosen at one’s discretion, and then the solution
found in the chosen coordinates must be able to be written in other arbitrary local coordinates. From
the above reasoning, it follows that the statement is true.

Theorem 1. For any numbers a,b and any function f(z), defined on C; and belonging to L2(Ch)
the inhomogeneous equation

(I —Acyu(z) = f(z), =€ C (1)
with conditions at the point A(0,0)
Uo(u) = ai, Ul(u) = b1 (2)

has a unique solution u(z) € W3 (Cy).

Remark 1. If a point P on a circle precedes a point ) on the same circle, we briefly write P < Q.
If points P and @Q belong to the same oriented map, then the precedence of one point over another
point of the same map is defined according to the orientation. Therefore, the notion of one-sided limit
lim f(P)= f(Q — 0) is correctly defined.
P—Q
P=Q

In Theorem 1, A, denotes the Laplace-Beltrami operator on C;. Here, in conditions (1), (2) there
are linear functionals Uy(+), Ui (+), which are defined in the following way:

Up(w) = lim u(z) — lim u(z),

A As-x
zeCy zeCy
ou(x ou(x
Ui(u) = lim u(z) _ lim L,
r—A OT z—A  OT
r-A Az
zeCh zeCh

where %—means the derivative along the tangent to C at point x. The proof of Theorem 1 can be
found in the work of [4]. From Theorem 1 and from the results of M. Otelbaev [5-7| the following
theorem follows.
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Theorem 2. (i) For any function f(z), defined on C; and belonging to L2(C1) the inhomogeneous
equation

(I —Acy)u(z) = f(x), =€ Ch,
with conditions

Uo(u) = / (I - Ao )u(z)oo@)dle, Us(u) = / (I — Acyu(z)or(@)dl, (3)

C1 Cl

has a unique solution u(z) € W2(C), if 09,01 € La(C1).

(ii) Let us assume that we add some conditions to the inhomogeneous operator equation (1) with
conditions (2) so that equation (1) for all f € Ly(Cy) has a unique solution u(z) € W2(C1).

Then the added conditions are equivalent to conditions (3) for some oo, 01 € La(Ch).

Proof. Proof of Theorem 2. The first part of Theorem 2 follows directly from Theorem 1 if

ay = / f(x)oo(x)dly, by = / f(z)oy (z)dl,.
(&3] C1

Now let us prove the second part of Theorem 2. By assumption, we add some conditions to
equation (1) so that equation (1) for all f € La(C1) has a unique solution u(z), and

[u(@)l[Locr) < MILF(@)] La(cn)s (4)

where M does not depend on f.

So there is only one solution u(x), subject to inequality (4). It follows from the embedding theorem
that there exist values of linear functionals Up(u), Uy (u). It is easy to understand that linear functionals
Uo(+), Ui (-) according to inequality (4), are also functionals bounded in La(C1). Therefore, according
to F. Riesz’s theorem on the general form of a linear continuous functional in space La(C1) there exist
functions og(x), o1(z) € L2(C1) such that

Un(u) = / f(@)o0@)dly, Uy(u) = / f(@)or(@)dls.
o} Ch

Now it remains to replace f(z) with (I — A¢,)u(x), from which the validity of the second part of
Theorem 3 follows.

3 Well-solved problems for the Laplace-Beltrami operator on a stratified set £

In the previous paragraph we wrote out correctly solvable problems for the Laplace-Beltrami op-
erator on a punctured circle C7. In the same way, one can write out all possible correctly solvable
linear problems for the Laplace-Beltrami operator on a punctured circle Cy. Note that correctly solv-
able linear problems for the operator of twofold differentiation on the interval [ = (0,1) are well
known to [5-7]. Now, using the above results, we write out all possible correctly solvable linear prob-
lems for the Laplace-Beltrami operator on a stratified set €2, consisting of C7, Cy and [. In this point,
the punctured circle C is defined as follows

Cy={x1 = (x%,x%) c Rz\({(),()}) : (x% + 1)2 + (m%)Q =1},

where the role of local coordinates is played by the variable ¢ € (0, 27):
ri = cost —1,
z3 =sint.
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The punctured circle Cs is defined as the following set
Oy = {wy = (23.23) € RA{(L,0)} : (23 — 2)” + (£3)* = 1},
where the role of local coordinates is played by the variable 7:
Ty =2+cosT, r3=sint, 7€ (m,37).
Interval [ is defined as the horizontal open segment
l={x3=(z},23) € R?: 0<al =5 <1, 23 =0}.

Here the role of the local coordinate is played by the parameter S, which runs through the interval
(0,1). An analogue of Theorem 1 can be formulated for a punctured circle Co and interval I. As a
result, we have the following statement.

Theorem 3. For any numbers ai, by, as, by, asz, b3 and any functions F = {fi(z1), fa(z2), f3(s) €
Ly(Q)} non-homogeneous system of equations

(I = Acy)ur(x1) = fi(z1), z1 € Ch,
(I — Agy)uz(w2) = fa(x2), 22 € Oy, (5)
US(S) - U%’(S) = f3(s)7 ERS (07 1)>

with conditions
Uo(u1) = a1, Ui(ur) = by,
Vo(uz) = az, Vi(uz) = by, (6)
uz(0) = as, wus(1l) = bs

has a unique solution u = (u1,ug,uz) € W2(Q).

In Theorem 3 A¢, denotes the Laplace-Beltrami operator on Cy. Also, linear forms determined by
limiting ratios are designated by Vp(-) and Vi (-):

Vo(ug) = :31_% ug(z) — lim wua(x),

r—B
z>-B B>z
zeCs zeCs
Ous(x Ous(x
Vi(ug) = lim (z) _ lim ( ),
r—B or r—B or
z>-B B>z
zeCl zeCs

where B = (1,0) and g—ﬁ-means the derivative along the tangent to Cy at point x.

Similar results for graphs without loops were studied in [8]. This theorem can be interpreted as
correctly solvable problems for the Laplace-Beltrami operator on graphs with loops. From Theorem 3
and the results [5-7] of the assertion follows.

Theorem 4. (i) For any function F = {f, fo, f3} € L2(£2) inhomogeneous system of equations (5)
with conditions
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(Vo) = (1= 8 s )Gl + (1 = S (e + () (0o,
Ui on) = J (1= B oo+ (1 = S s+ () = (s)al,
Vilua) = J (1= B, eralenidh -+ [ (1 = Aoz n(az)l + [(ua(s) ~ ()l
Vi) = J (1= Ao oalenidh -+ [ (= Aoz oulaz)l + [(ua(s) = () s,
05(0) = f (7= ey o) + (1 = Acusepleatdts + (o) — o)) (o)

ug(1) ZCf(I — Agy )ur(z1)o6(w1)dl +Cf(f — Ag, Jua(22)pe(2)dls + b}(us(s) — uj(s))we(s)ds,

(7)

has a unique solution u = {u1, ug, us € W2(Q)}, if
o € LQ(Cl), pj € LQ(CQ), P IS LQ(O, 1), j=1,2,3,4,5,6.

(ii) Let us assume that we add some conditions to the inhomogeneous system of equations (5)
with conditions (6) so that equation (5) for all F' = {fi, f2, f3} € L2(92) has a unique solution
u = (u1,uz,u3z) € W2(Q)). Then the added conditions are equivalent to conditions of the form (7)
for some

oj € Ly (Ch), pj € Ly(Cy), w; € Ly(0,1), j=1,2,3,4,5,6.

The proof of Theorem 4 repeats the proof of Theorem 2, only the theorem of F. Riesz is used,
which concerns the Hilbert space La(£2).

The formulation of correct boundary value problems for the Laplace operator in a punctured ball
was discussed in the works [9-11]. A description of all possible well-defined problems for the Laplace-
Beltrami operator on a punctured sphere can be found [12-14]. Everywhere correctly solvable problems
for differential operators in punctured domains or in domains with cuts can be interpreted as singular
perturbations of regular differential operators. From this point of view, singular differential operators
are studied in the works [15-17|, differential operators for the Dirichlet and Neumann problems are
studied in the works [18,19].

4 Examples of well-posed problems on a stratified set

In this section we will give specific examples that follow from the first part of Theorem 4. Let us
recall Lemma 1 from work [4].

Lemma 1. [4] For any smooth 27-periodic function F(t) the integral identity is valid

t
/F(t)dt _ /F(gl,gz)(gldgg - ¢2agh),
0

V3

where ~. positively oriented arc of a punctured circle C}, connecting the dots (0,0) and
— (]l 2
z=(x',2°) € Ch.
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Here the function F(z) for 2 € C} is generated by the function F(t) for t € (0,2r) as follows: first,
we expand F'(t) into a trigonometric series

o
50 +; ag cos kt + by sinkt), t e (0,2m)

and then according to the formulas x!41 = cost, % = sint we move from ¢ to variables (2!, 2?) = 2 € C}

0o
+ Z aka ! +1 + ka:QUk_l(xl + 1)),
k=1

%
2

where T; b and Ug_1 Chebyshev polynomials of the first and second kind, respectively. Similarly, the
integral f T)dT at T € (7,37m) we can rewrite it through the integral

[ ot eta - gaeh)
Tz

where 2 positively oriented arc pierced circle Cy, connecting points (—1,0) and x = (z!,2?%) € Cs.
Here also o(z) for x € Cy is generated by the function ¢(7) for 7 € (7, 37) as follows:
First, we expand ¢ (7) for 7 € (7,37) into a trigonometric series

Nk

o(r) = <

50 + ) (cpcoskr +dgsinkr), 7€ (m,3m),

=
Il
—

and then according to the formulas 2! — 2 = cosT, 2?2

variables (z!,2%) =z € Cy

= sin7 we move from the parameter 7 to the

(Cka(l'l —-2)+ dk:EQUk_l(:Ul —2)).

V]2

C
+

o(x) = 50

B
Il
—

In conditions (7) the integrals | fi(z1)o1z1dly and [ fao(z2)o2T2dls. These integrals can be rewritten
Cl CQ
in terms of local coordinates t and 7, respectively:

2T 2T
/ fi(x1)or (z)dl = / fi(cost — 1,sint)oy(cost — 1,sint)dt = / fi(t)o1(t)dt,
0 0

/f2 T9)oo(x2)dly = /f2 (2 + cosT,sinT)o2(2 + cos T, sinT)dr = /fg Go(T)dT.

Cy

Now we are ready to rewrite the integral [ (I — A, )uq(x1)o1(z1)dl in a form convenient for us

Cy
2m 2
(I — Acl)ul (1'1)0'1(.%'1)dl1 = fl(afl)O’l (371)dll = fl(t)é'l (t)dt = ﬂl(t) — ﬁq(t) mdt.
/ / [mon= [
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We apply the integration by parts to the last integral, assuming that ;(¢) is twice continuously
differentiable function. As a result, we have

2T 27
/ (&) — ()10t = / i (t) (61(1) = 1) )dt — i ()31 (1) Z?WW’“ Zi”=
0 0

= /al(t) (&1(15) - &g’(t))dt—a’(zw—())&l(% — 0)+41 (27—0)6" (21 — 0)+a) (+0)51 (+0)—i1 (+0)67 (+0).
0

Now, as a result of the change of variables from the local coordinate t to the variables (:c%, x%) =x, we

have

- o -
[ = acou@mdn = [ue)T=Bejmteds - -5 (< 0,00 0,0+
(oft C1
0 8U1(< (0,0)) 60’1
(= (0,0)5-01(< (0,0)) + T oy (<(0,0)) — (< (0,0) 2 (< (0,0)), (9)
where
9(=<(0,0)) = xlg{%7o)g(x1), g(~ (0,0)) = xlg%’o)g(xl),
21<(0,0) z1>(0,0)
r1€CY x1€Cq
09(<(0.0) _ - Doler) 09(=0.0) _ - daen)
or z1—+(0,0) OT or 21—(0,0) OT
z1<(0,0) x1>~(0,0)
r1€Cq r1€Cy

where % is derivative along the tangent to C7 at point x1. In the same way, for any two sufficiently
smooth Co functions on ug(x2), p2(x2) the following identity holds

/ (I — Acy)us(e2)palaa)dly = / us () (T = By )pala) o
Cs Ca

Juz(< (—1,0)) dp2(=< (—1,0))

- TM) + ug(< (_1’0))T+ (9)
2 L o) s (1,09 22RO,

where % is derivative along the tangent to Cs at the point xo. The given auxiliary statements

allow us to obtain consequences of Theorem 4. Now we will specify the choice of boundary functions
oj(z1), pj(x2), @j(zs) for j =1,2,3,4,5,6 from Theorem 4. Let for j = 1,2,3,4,5,6 the functions
oj(x1), pj(x2), pj(xz) be chosen so that

(I —Acy)oj(r1) =0, 21 € Ch,
(I —Acy)pj(x2) =0, 29 € Co

@j(s) — ¢j(s) =0, s€(0,1).
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Then, from relations (8) and (9) we have

[ = scom@nsan = -2 05 =g

C

9a;(>~ (0,0))

tur (< (0,0)) 22X OO Ol OO 65 (- (0,0))

T or or ’
[ 1= scyuataapitaian = - 222 S g
Co
(< (-1,0)) 20D Qunlm CAON G Gy (o (1,0 2 20
1
[usts) ~ uoasteias = -8 =00 =) 4w - 02220 =0
0

s ©j(+0) — u3(+0) I
Thus, the boundary conditions (7) from Theorem 4 take the form for j = 1,2,3,4,5,6
U; = ¢;(+0) [} (+0) — cosh 2 @ (2 — 0) + sinh 27 @ (2 — 0)]+
+7;(+0) [ cosh 2t} (27 — 0) — sinh 27 @ (27 — 0) — @} (+0)] +
+p;(m + 0) [@h (7 + 0) — cosh 27 @y (37 — 0) + sinh 27 @5 (37 — 0)]+

+ ;' (7 + 0)[ cosh 2mah (37 — 0) — sinh 27 @ (3w — 0) — @5 (m + 0)]+ (10)
—— cosh1 1 _
+p;j(+0) [uy(+0) + ol u3(0) S 1U3(1 0)]+
————cosh1l
(1 —0)[———u3(1 —0) —us(1 —0) —
+S0]( 0) [Sinh 1 u3( 0) U3( 0) Sinh 1 u3(+0>] ’

where

Ui(u1) = 41 (4+0) — 41 (27 — 0), Us(u1) = @) (+0) — @) (2m — 0),
Us(ug) = tig(m 4+ 0) — G2(3m — 0), Uy(uz) = h(7 + 0) — a5(37 — 0),
Us(us) = u3(+0), Us(us) = us(1—0).

5 Self-adjoint well-solved problems

In the previous paragraph, examples of correctly solvable problems that are set using boundary
conditions. Now we will select from them those problems that are self-adjoint. Correctly-solvable
problems correspond to operators whose resolvent sets contain A = 0. At the same time, self-adjoint
well-solvable problems correspond to operators whose eigenvalues provide nonzero real numbers. Thus,
in this section, such well-solvable problems are distinguished whose spectrum is discrete and consists
of nonzero real eigenvalues. Recall that for any two sufficiently smooth functions u(z1), ua2(x2), us(s)
and 91 (z1), Y2(x2), ¥s(s) the identity holds

1
/U—AaMﬂmWﬂmwh+/U—A@WﬂmWﬂmmb+/WA@—%(D%<M
0

C1 Ca
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1
_ / wr (@) (T = Do) (an)dls + / s (@) (T = Bog)da(aa)dls + / ws(5) (D5 (s) = T(s))ds+
0

Cl CQ

)01(2m — 0) + @ (+0) (91 (+0) — J1 (27 — 0))—

+(@, (+0) — @ (27 — 0)
—(1(+0) — 41 (21 — 0))D (27 — 0) + 41 (+0) (9 (27 — 0) — P (+0))+
)0

99 (3w — 0) + @b (7 + 0) (P (7 + 0) — Do (37 — 0))— (11)
—(fig(m 4 0) — G (31 — 0))D4 (31 — 0) + ta(m + 0) (V4 (3w — 0) — Vb (m + 0))—
us(1 = 0)93(1 — 0) + uz(+0)I3(+0) + ug(1 — 0)95(1 — 0) — ug(+0)%5(+0),

where 41 (t) = ui(cost — 1,sint) for t € (0,27), Ga(7) = uz(2 + cos7,sin) for 7 € (m,3m).

Let D denote the set of functions uj(x1), ua(ze), us(s) such that
(1) u1(z1) € W5(Ch), uz(z2) € W5(Ca), us(s) € W3(0,1).

Let us also introduce the set Dy, consisting of functions uq(z1), ua(z2), us(s) € D such that
(I1) @, (+0) = @, (2 — 0), @, (+0) = 0, @1 (+0) = a1 (27 — 0), a1 (+0) = 0,

@ (r +0) = @y(31 — 0), @y(m+0) =0, ds(r +0) = 4a(31 — 0), i (7 + 0) = 0,

ug(+0) = 0, u4(+0) =0, uz(1 —0) =0, uj(1—0)=0.

Let us introduce the operator L on D using the formula

L = (u1(z1), ug(22), uz(s)) = (I — Acy Jur(z1), (I — Ay Jua(w2), (us(s) — ug(s))).

Let us denote by Lg the restriction of the operator L on Dy. The operator Ly is Hermitian and
following the scheme from § 17 of the monograph [20] we write all possible self-adjoint extensions of
the operator Lg. To do this, we need some properties of the operator L.

Lemma 2. Let (f1(z1), f2(z2), f3(s)) € L2(€2). Equation
Lo = (u1(z1), u2(w2), us(s)) = (f1(21), f2(x2), f3(s))
has a solution if and only if (fi(x1), fa(x2), f3(s)) orthogonal to all solutions of the homogeneous system

(I —Ac))wi(z1) =0, (I —Agy)w2(z2) =0, ws(s)—wh(s)=0. (12)
Proof. Let us denote by (uj (1), u2(x2),us(s)) the solution of the system

(I = Acy)ui(z1) = fi(z1), (I = Agy)ua(xa) = fa(w2), us(s) —uz(s) = fa(s),

satisfying the condition

+ (@h(m 4 0) — 45(37 — 0)

@ (+0) = @ (27 — 0), 61 (+0) = @y (27 — 0),
Q/Q(W—F 0) = fj,,Q(37T — 0), ﬂg(ﬂ'—}—()) = ’&2(37‘[‘ — 0)’ U3(+0) — O,U3(1 _ O) =0.

From the results of the work [4] it follows that there is a unique solution (u1(z1), ua(z2), us(s)) to the
indicated problem. In the work [4] the eigenvalues of the given problem are calculated and it is shown
that there is no zero among the eigenvalues. For the found solution (u1(x1), u2(z2), u3(s)) identity (11)

will take the form
/fl x1)V1(x1 dl1+/f2 x2)V
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Well-posed problems for ...

C

+ @ (+0)91 (+0) — 1 (2 — 0)) + dig (+0) (9} (21 — 0) — I, (+0))+

it (7 4 0) (I + 0) — Fa (31 — 0)) + +iia (7 4 0) (9 (3w — 0) — P (w — 0))—

—a5(1 — 0)93(1 — 0) + a5(+0)(I3)(+0).

1
= /ul(xl)(l — ACl)ﬁl(ml)dll + /UQ(.Z‘Q)(I — AC2)192(1‘2)dl2 + /U3(S)(193(8) — 19§(s))ds+
Ca 0

(13)

Now let’s choose Vi = (¥11(21), 912(x2),713(s)) so that the homogeneous equations (12) and addi-

tional conditions are satisfied
D11(+0) — d11(2m — 0) = 1, 9}y (27 — 0) — I}, (+0) = O,

D1a(m 4+ 0) — D237 — 0) = 0, ¥5(3m —0) — V(7 +0) = 0,

Y13(1 = 0) =0, ¥13(4+0) =0.

e27‘r7tiet

In faCt, 1913(8) = 0, 1912(.'EQ) = 07 1911(1‘:) = m

In this case, from relation (13) it follows

By choosing Vo = (Va1(x1), Vaa(x2), Vag(s)) in a reasonable way, we can obtain the relation

[ ATt = i (+0)

Cy

Reasoning in the same way as in the monograph [20], we obtain the relations

/fQ(xz)ﬁgg(xg)dlg = ZAL/Q(—FO),
Co

/f2(962)1942($2)d12 = Ua(m + 0),

Cy

/ Fo(s)T5a(3)ds = —u(1— 0),

/ £3(5)Dea(s)ds = uy(+0),

0

From relations (14)—(19) the assertion of Lemma 1 follows.

We will also need the following assertion.
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Lemma 3. Whatever the numbers
ay, a2, a3, 04, a5, g, 617 BQ? 537 /647 185) 66

there exists a function (ui(x1),u2(x2),us(s)) € D, satisfying the conditions

0 (4+0) — 41 (27 — 0) = a1, @) (+0) = B,

@y (2 — 0) — 44 (+0
Gg(m+0) —G2(3m — 0
(37 — 0) — d5(m +0) = ay, te(m+0) = By,
u3(1 —0) = az, —uz(1—0) =Bs
uz(+0) = ag, us(+0) = Bs.
Proof. The proof of Lemma 2 repeats the reasoning that was used in the proof of Lemma 2 § 17 of

the monographs [20]. Now we can formulate the main result of this section, since the construction of
§ 17 of the monograph [20] in our case is carried out automatically.

)
)=
)=
)=

Theorem 5. Every self-adjoint correctly solvable extension L, of the operator Lg is determined by

boundary conditions of the form (10), and

(6(27 — 0) = &(+0))(5k(Z — 0) — dra) + (&)(+0) + 8;1)(&5(+0) — 6527 — 0))

—(65(40) — 6;(2m — 0)) (61 (27 — 0) — dk1) + (67(+0) + d;2)(675(2m — 0) — G7,(+0))—

— (P53 — 0) = pj(m + 0)) (pr (3 — 0) — dga) + (5(+0) + 6;3)(p; (7 + 0) — pr(37 — 0))—
—(P(m = 0) = P37 + 0)) (pr (37 — 0) — dks) + (4(m + 0) — 64) (55 (37 — 0) — fp.(m — 0))—
— (@51 = 0) = dj6) (p1(L = 0)) + (¢;(40) + 0j5) (0x(+0))+
+(pi (1 = 0))(¢j(1 = 0) — drs) — 5 (+0) (0}, (+0) + dp5) = 0.

Proof. Let us consider a well-posed problem defined by conditions (10). For convenience, we rewrite

conditions (10) as

(20)

—(0(2m — 0) + ;1) (@1 (+0) — @ (27 — 0) + (65(27 — 0) — 8j) (@ (+0) — @} (27 — 0))—

—(p;(3m — 0) + 8;3) (G127 + 0) — tia(37 — 0)) + (5 (37 — 0) — d4) (it (m + 0) — ith(3m — 0))—

—(¢(++0) + 8j5)uz(+0) + (2(1 — 0) — d;6)uz(1 — 0)+

+(5(+0) — 6;(2m — 0))@) (+0) + (o;(2m — 0) — o’ (+0))ix (+0)+

+(p; (7 + 0) — g (31 — 0))ith (7 + 0) + (), (3 — 0) — ) (7 + 0))iia (7 + 0)+

5 (+0)u3(+0) = (1 = 0)us(1 = 0) =0, j=1,2,3,4,5,6.
Let us introduce for j =1,2,3,4,5,6 a function ¥;1(x1),9j2(x2), ¥;3(s) such that

Uj1(2m — 0) = 6j(21 — 0) — §j2, V;1(+0) — Vj1(27 — 0) = 65(+0) — &;(27 — 0),

Vi (21 — 0) = 6%(2m — 0) + 8;1, V(2w — 0) — V1 (+0) = & (27 — 0) — 55(+0),
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0j2(3m = 0) = p; (37 — 0) = 84, Vja(m +0) = Vj2(3m — 0) = p;(m +0) — p; (3w — 0),
Lo(3m — 0) = p(3m — 0) + dj3, Vjp(3m — 0) — ¥jy(m + 0) = 5(37 — 0) — pj(m +0),
Vi5(+0) = & (+0) + 855, V33(1 —0) = (1 — 0),

Via(1—0) = ¢f(1 = 0) = §jo, Vj3(+0) = ;(+0).

According to Lemma 2, such functions exist. In order for conditions (10) to be self-adjoint, according
to theorem 4 from § 18 of the monographs [20], the following requirements must be met for any
j,k=1,2,3,4,5,6:

/(I — Acy )91 (x1) O (1) dly + /(I — Ac,)Vja(w2)Oka (w2)dla + 3(5)) Vs (s)ds =

01 CQ

O\_,_.

1
/19]3 19k3 19/,6/3(8))6184-/19]'1(:61)(]— ACl)ﬁkl(«Tl)dll —i—/i%z(l:g)([— ACQ)Qs‘kQ(xz)de.
0 C1 Ca

The above requirements can be written down using the Lagrange identity (11) in the form of the
relation (20).

Conclusion

In this paper, the reasoning refers to a special stratified set 2. The results presented can be
extended to more complex stratified sets composed of one-dimensional and zero-dimensional manifolds.
In this paper, an important tool is the transition from one-dimensional smooth manifolds defined by
a single chart to intervals. In intervals, the theory of the Sturm-Liouville operator is quite advanced.
Therefore, a reverse transition from the Sturm-Liouville operators on a system of intervals to the
Laplace-Beltrami operators on stratified sets composed of one-dimensional smooth manifolds and zero-
dimensional manifolds is possible.
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Dirichlet type boundary value problem for an elliptic equation with
three singular coefficients in the first octant
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The paper investigates a Dirichlet-type boundary value problem for a three-dimensional elliptic equation
with three singular coefficients in the first octant. The uniqueness of the solution within the class of regular
solutions is established using the energy integral method. To prove the existence of a solution, the Hankel
integral transform method is employed. The use of the Hankel transform is particularly appropriate when
the variables in the equation range from zero to infinity. This transform is an effective method for obtaining
solutions to such problems. In three-dimensional space, to derive the image equation, the Hankel integral
transform is applied to the original equation with respect to the variables  and y. As a result, a boundary
value problem for an ordinary differential equation in the variable z arises. By solving this problem, a
solution to the original boundary value problem is constructed in the form of a double improper integral
involving Bessel functions of the first kind and Macdonald functions. To justify the uniform convergence
of the improper integrals, asymptotic estimates of the Bessel functions of the first kind and Macdonald
functions are utilized. Based on these estimates, bounds for the integrands are obtained, which ensure the
convergence of the resulting double improper integral, that is, the solution to the original boundary value
problem and its derivatives up to second order, inclusively, as well as the theorem of existence within the
class of regular solutions.

Keywords: Hankel’s integral transform, Bessel function, modified Bessel function, Macdonald function,
singular coefficient, equation of elliptic type, Bessel operator, first octant.

2020 Mathematics Subject Classification: 35J25.

Introduction. Formulation of the problem

In recent years, interest in degenerate and singular equations has grown significantly, including
equations containing the Bessel differential operator. These equations are often encountered in appli-
cations, for example, in problems with axial symmetry in continuum mechanics. Interest in problems
related to the Bessel operator is also known from fundamental physics. This is due to its numerous
applications in gas dynamics, shell theory, magnetohydrodynamics, and other fields of science and tech-
nology. A special place in the theory of degenerate and singular equations is occupied by equations
containing the Bessel differential operator

B = > 2q+1d

= — —1/2.
77 dz2 z dz’ ¢>-1/

According to the terminology by the Voronezh mathematician Ivan Aleksandrovich Kipriyanov,
equations of three main classes containing the Bessel operator are called B-elliptic, B-hyperbolic, and
B-parabolic, respectively. The monograph [1] studies boundary value problems for B-elliptic equations,
in addition to this, the account of multi-dimension integral Fourier-Bessel-Hankel transformation theory
is given in the monograph. The theory of boundary value problems for the equations with peculiarity
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has been reflected there, while the study of B-hyperbolic equations is presented in the monograph by
A K. Urinov, S.M. Sitnik and Sh.T. Karimov [2|. A wide range of questions for equations with Bessel
operators was studied by I.A. Kipriyanov [1] and his students [3-5] and others.

In this paper, we study a Dirichlet-type problem for an elliptic equation with Bessel operators. The
solution to the problem under consideration is solved by the Hankel transform method [6-8].

In the domain Q = {(z,y,2) : € (0,+0), y € (0,+00), z = (0,400)}, we consider the following
three-dimensional equation with Bessel operators

Lu= <B£—1/2 + Bgflﬂ + B§—1/2) u(z,y,z) =0, (1)

where u (z,y, z) is an unknown function, and 0 < «, 5,7 < 1/2.

In the domain 2, equation (1) is of elliptic type. The planes x = 0, y = 0 and z = 0 are the planes
of the singularity of the coefficients of the equation.

In the domain €2, we consider the following problem for equation (1):

Problem Do. Find a solution to the equation (1) in the domain (2, satisfying the conditions

u(z,y,z) €l (Q) N 033333 (Q), 2%%y,, ywuy, 22, € C (Q) , (2)
U (07 y7 Z) = 07 li)lll U (1.7 y7 Z) = O? y7 z e [07 —"_w)’ (3)
u(z,0,2) =0, lim wu(z,y,2)=0, z,z€[0,+00), (4)

y—r+0o0
u(z,y,0) = f(zy), lim u(z,y,2) =0, z,ye[0,+o0), (5)

where Q = {(z,y,2) : = €]0,4+00), y € [0,+00), z=[0,4+00)}, f (z,y) is a given continuous function,
such that f(0,y) =0, f(x,0) =0, lim f(x,y)=0, lim f(z,y)=0.
r——+00 y—r—4o00

In recent years, there has been a steady increase in interest in studying boundary value problems
for elliptic equations that involve singularities. Examples of such studies can be found in works [9,10],
among others.

In this paper, we study the stated Problem D, using the Hankel transform method. Many problems
in physics, applied mathematics, and mathematical modeling reduce to solving differential, integral,
and integro-differential equations. One of the effective methods for obtaining an analytical solution is
the method of integral transforms. Among all Bessel-type transforms, the Hankel integral transform
is the most thoroughly studied and widely used.

The integral Hankel transform of the order v of a function is called the integral [6-§|

400
Fp) = / FW T, (o) dt, v>—1/2, 0< p < +oo,
0

where J, (z) is the Bessel function of the first kind of order v [6].
The Hankel transform of a function f (¢) is true for any points on the interval (0, +00) in which

the function f (¢) is continuous or piecewise continuous with a finite number of discontinuity points of
the first kind, and

+oo
/ |f ()] Y2dt < +o0.
0

The inversion formula of the Hankel transform is determined by the integral

+oo
f)= / f(p)pJ, (pt)dp, 0 <t < +oo.
0
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The function f (p) is often called the Fourier-Bessel-Hankel image [11], and the function f (¢) is the
original.

The Hankel transform is advisable to apply, obviously, in the case when the variables in the equation
change from 0 to +oo .

1 Uniqueness of the solution to the problem D,

Theorem 1. If there exists solution to Problem D, then it is unique.

Proof. Let Problem D, have two solutions u; (z,y, z) and us (x,y, z). Thenu (x,y, z) = uy (z,y, 2)—
— ug (z,y, z) satisfies equation (1) and the homogeneous boundary conditions. We will prove that
u(z,y,z) =0 in Q. In the domain Q the identity is valid

22?8y Lu = (mQay2ﬂ227uux) + (332O‘y26227uuy) + (mQay2ﬂz27uuz) -
T Yy

z
—2?y?P 22 (ud + ul +ul) = 0.
Integrating this identity over the domain

QP = {(2,,2) 1 61 <2 < by, 03 <y <Js, 05 <2z <0},

where d0;, 7 = 1,6 are positive numbers, we have

/// [ $2ay25 24 ) n (anyQBzwuuy) n (;any?ﬂzmuuZ) } dedydz —
Yy z

%2949
/// 2002027 (42 4 2 + ug)} dxdydz. (6)

515355
%2943
515355

It is obvious that if 81, d3, 05 — 0, 02,04, 06 — +00, then Q23 — Q.
Applying the Gauss-Ostrogradsky formula [12] to the left side of equality (6), we have

06 04
/y2522’7 [6§au (527 Y, Z) Uy (62’ Y, Z) - éfau (517 Y, Z) Uy (61) Y, Z)] dyd2+

+//:1;2a227 [ﬁﬁu (2,04, 2) Uy (2, 04,2) — 5§5u (x,03, 2) uy (17,53,2’)] drdz+

+// 2a 2ﬁ [562%& (I‘ y7(56) Uy (Jl Y, 56) - 5 2 ($7y7(55) Uy (.’L’,y, 55)] dxdy =

35 &1
/// 20020 227 (w2 4 —i—uz)} dxdydz.

%2949
515355
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Hence, passing to the limit at 61, d3, 05 — 0, 2,04, — +00 and taking into account conditions (2),
(3), (4) and (5) (for f (x,y) = 0), from the last equality, we obtain

/// 2a 2,3 2’}/ u —|—U§+Uz)} da:dydz =0.

From the last, we have

Up (2,Y,2) = uy (2,9,2) =u, (2,y,2) =0, (x,y,2) €
Then, u(xiy,z) = const, (x,y,z) € Q. Since u € C’(Q) and v (0,y,z) = 0, then u(z,y,2) = 0,
(x,y,z) € . From this follows the statement of Theorem 1.

2 Existence of the solution to the problem D,
Let @ (A, u, z) be the Hankel transformation of the unknown function u (z,y, z) with respect to the
variables  and y. Then, by the definition, we have

“+o00 +0oo

(N p,z) = / /xy {xa*lpyﬁ*l/%(fc,yﬁ)] J1)2—a (AT) Jy o g (py) dady. (7)
0 0

Considering inverse thansform, we also have

+o00 +o00o

U(x,y,Z)Zwl/“‘ymﬁ/ /Auﬂ(%u,z)h/za(m) J1 2 (L) dAdy.
0 0

Based on (7), we introduce the functions

€4 €2

a5 (A, 1, 2) = / / PGBy (1 ) T (M) Ty s (uy) dady, (8)

€3 €1

where ¢, j = 1,4 are positive numbers.
It’s obvious that ~ lim  ag2g! (A, p, 2) = @ (A, p, 2) .

ea i too
Using the function (8) and the equation (1), we simplify the expression of Bv 1 /2u§§§§ (A\p,2):
g4 €2
B’y 1/2715?2 _//351/2+ay1/2+ﬂ171/2a (Az) Jij2- (1y) Bﬁfl/Qu(x,y,z) dedy =
€3 €1
€4 €2
=— //wl/““yl/“ﬁzh/z_a (Az) J1j2—g (1y) (BZi_l/g + BZ,l/g) u(z,y, 2) dedy =
£3 €1
eq [ €2
= —/ /551/2+a<]1/2—a (Az) B§_1/2U (z,y,2)dx y1/2+BJ1/2_5 (ny) dy—
€3 1
eo [ €4
—/ /y1/2+6u71/26 (1y) Bgfl/zu(x,y,z) dy $1/2+au71/27a (px) d. 9)
g1 Les
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Applying the rule of integration by parts, from (9), we obtain

€4

~ o Tr=€9
By s Ovz) = - [ { e O = Mo )] 220
€3
€2
—AQ/U(%?/» Z)$1/2+a=]1/2—a (Az) d 91/2+6J1/2—ﬁ (1y) dy—
€1
€2
1724897
- [J1/276 (1) uy — pd 12— (1Y) u] Yy yees
€1
€4
—uz/u(w,y,Z)yl/”ﬁJl/z_,a (y) dy p x'/*TT, oo (Az) da. (10)

€3

By direct calculation, one can easily verify that the following limits for fixed A € (0,+o00) and
p € (0,+00), exist and are finite:

lim, 22T g o (M) = 2MEFONT2T D (1/2 — @), (11)
T—
i 02T s () = 220 R T (172 = ). (12)

The behavior of the function J,(z) for sufficiently small and large values of = is described by the
formulas given in [13], respectively:

x¥ 2\ /2 vmw T
y N — J, o~ — ————. 1
To@) > orary MWL (mc) o8 (x 2 4) (13)

From the equality (10), passing to the limit at &1 — 0, €3 — 0, 9 — 400, €4 — 400, and taking
the conditions (2), (3), (4) and equalities (11), (12), (13) into account, as well as the notation (7), we
obtain the following equation

2
Uzy (A, 1y 2) + %ﬂz A gy 2) = X2 (AN, 2) =0, 0< A, p, 2 < +oo0, (14)
where x? = A\ + 2.

Moreover, due to the boundary conditions (5), from (7) it follows that the function @ (A, u, z)
satisfies the following boundary conditions:

u()‘aﬂv O) = f)\/u ZEI_EOOU()HMa Z) =0, (15)
where
—+00 +o0
fu= [ [ 2L (@) oo (80) Ty () dody (16)
0 0

We solve the problem (14), (15). It knows that the general solution of the equation (14) has the form [9]

u ()‘a My Z) = 6121/2_711/2—7 (XZ) + 0221/2_7}'{1/2—7 (XZ) A [07 C]? (17)
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where ¢; and ¢y are arbitrary constants, I; (x) and K (z) are the Bessel function of the imaginary
argument and the Macdonald function of order [ [6], respectively.

From the equality (17), based on the asymptotic behavior of the functions I, (z) and K, (z) for
sufficiently large x [13], we have

T )1/2 .

I, (z) =~ 20w) ¢

W, K, (z)~ (

from which follows that the solution of equation (14) satisfying the second condition (15) is determined
by the equality
au(\p,z) = 02z1/2_7K1/2_7 (x2) . (18)

By the first condition of (15) from (17), we obtain the equality
@ (X 1, 0) = 27 VATV (172 — ) = fg,
from which we uniquely find ¢y as follows:
cg = 22FN 2T, T (12 = ).

Substituting the value of ¢y into the equality (18), we uniquely find a solution to the problem
(14), (15) in the form

ﬂ()‘nua Z) = Kl/Q—v (XZ) f)\ua (19)
where K, (z) = 2'"72Y K, (x)/T'(v), v > 0.
The solution of the original problem will be obtained by using the inverse Hankel transform as

follows:
—+o00 +00

U(IIJ‘,y,Z) = / / A Xy (l‘) Qu (y)a()‘auaz) dAdp, (20)

0 0

where X, (z) = m1/2*°‘J1/2_a()\x),Q“(y) = yl/Q*ﬁJl/Q_ﬁ(uy), and a(\, p, z) is determined by the
formula (19) and they are respectively solutions of the following equations:

B 19X (2) = “A2X, (z), 0 << +oo, (21)
BY y15Qu (y) = —1Qu (y), 0<y < oo, (22)
B,?fl/Qﬁ(/\,u, 2) =2\, 2), 2= p 0< A\ p,z < Foo. (23)

If differentiation under the integral sign is possible in (20), then the function u(z,y, z) is a solution to
equation (1). Indeed,

B§—1/2u(ma Y, Z) + Bg_l/z’lL(CB, Y, Z) + B§—1/2u(x7 Y, Z) =

/ A [35—1/2& (m)} Qu (y) @ (X, p, 2) dAdp +

.

+ / / Xy (z) [Bgfl/QQ# (y)]a()\, 1, 2) dAdp +
0 O

Mathematics Series. No.2(114),/2024 169



K.T. Karimov, M.R. Murodova

—+00 +00

+0/ /)\MXA ) @ (y )[ _1720 (A, 1, 2) | dAdp.

Hence, by virtue of (21), (22) and (23), we have
By pulz,y,2) + Bg_l/Qu(x, Yy, 2) + By pu(z,y,2) = 0.

Let us demonstrate that the function (20) satisfies conditions (3) and (4). Using formulas (13), the
functions X (z) and @, (y) for small and large argument values, respectively, can be rewritten in the
form [12]

)\1/2—ax1—2a

X)‘(x)%21/2—aF(3/2—a)’ 0<z, <1, (24)

9\ 1/2
Xy(z)=z™@ (A) sin ()\x + %) , IL<a, A< 4o0; (25)

M1/275y1725

= 0 1;

_ 2\ /2 B
Quy) =y 5() sin (,uy—i—) , 0 <y, pu < +o0.
T 2

From these equalities, it follows that the function (20) satisfies the conditions (3) and (4).

Now, we prove several lemmas used in establishing the uniform convergence of the double inte-
gral (23).

Lemma 1. If a € (0,1/2), then, with respect to the functions at X (z) = xl/zfo‘Jl/z_a (A\z), as
z € [0, +00), the following estimates hold:

1-2ay1/2—«
c3 A , 0<z, A<,
<
‘X)\ (513)‘ > { 041,—04)\—1/27 1< T, A< +00, <26)
20 v/ AP 0 <, A< 1,
x < 27
‘x n (1’)‘ > { 06)\1/233‘“, 1<z, )< +oo, 27
1=2a)\5/2=a < p \N< 1

BT Y ‘ < " ’ ’ ’ 2

’ a—1/2 A (-7;) = { CS$*C¥A3/2, 1< HZ,A < +00, ( 8)

where ¢;, j = 3,8 are positive constants.

Proof. From the equalities (24) and (25), we obtain estimate (26). Next, consider the functions
2 X'y (x) = )\:Ul/2+°‘J_1/2_a()\:n) and (23). By virtue of the asymptotic formula (13), it is straight-
forward to show that these functions satisfy the estimates (27) and (28), respectively. Lemma 1 has
been proved.

Similarly, the following lemma can be proved.

Lemma 2. If € (0,1/2), then with respect to the functions Q, (y) = yl/Q_ﬁJl/g,g (ny), at
y € [0,400) the following estimates hold:

coyt “Hp2=E 0 <y < 1,

29
coy P2 1<y, pu< +oo, (29)

Qu )] < {

1/2-8
C11jt , 0<y,p<1,
‘?J?BQL (y)} < 1/2, 8

Ci2t y-, 1< Y, < +00,
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ey "Bt 0 <y u < 1,

Yy
B (y)‘ : { ey Ppdl?, 1<y, p < 4o0,

where c;, j = 9,14 are positive constants.
Lemma 3. For any A, pu, z € (0,400), the functions (A, p, z), defined by equality (19) satisfy the
estimates
@2 < Ul [BEy 08O 2)] <P 1l (30)

Proof. 1t is known [9] that if v = const > 0, then

K,(t)<1, K, (0)=1 (31)

From equality (19), according to (31) the first estimate in (30) follows.

As demonstrated earlier, the function @ (A, i, ) satisfies the equation (23). Therefore, by virtue of
the first estimate in (30), the validity of the second estimate in (30) immediately follows. Lemma 3
has been proved.

Lemma 4. Let a, B,y € (0,1/2) and the function f (z,y) satisfy the following conditions:

L f(x,y) € C’;lj;l (I:I) , where IT = {(z,y) : 0 <z < +00,0<y < +00};

IL. lim (07/027) f (z,y) =0, wEI—II—loo z (09/027) f (z,y) =0, il_)r% (07/0y7) f (z,y) =0,

i B (&I J — i—0.3
iy (97/0y’) f (z,y) =0, j=0,3.
Then, for the coefficients (16), the following estimate holds:

| faul < cisOp) ™4, (32)

where c¢15 is some positive constant.
Proof. The coefficients f),, according to formula (16), can be rewritten as

+oo
P = / Y 2T g (ny) Fia (y) dy, (33)
0
where
+o0
Fy(y) = / P () £ (3,y) da.
0

First, consider the function F) (y). Using the equalities

2T g (Az) = —iﬁ [$1/2+a<f—1/2—a ()\fﬁ)] ;
the function F) (y) can be represented as
+oo
Fy(y) = —i / % [$1/2+QJ—1/2—a (M)} f(z,y)dz.
0

Applying integration by parts four times to the above integral, we obtain

1 r=400 1 =400
Fy(y) = —XfUI/HO‘J—l/Q—a (Az) f (2, y) + ﬁ$1/2+a°]1/2—a (A7) fo (7, y) +
=0 =0
1 1/24« x e 1 1/24« 9 x e
+F33 J_1/2-a (A2) Ba—l/Zf(xay) - ot J1j2-0 (AT) %Baqpf(%y) - +
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+o0o
1 0 940 .
+)\4/X’\ (x) %mj %Bafl/zf(a;,y)dw. (34)
0

By the conditions of Lemma 4, the boundary terms in (34) vanish. Consequently,

—+00

1 9 5 0 .
) =5 [ X3 (@) goa® 0 Ba Ly uf (@0) do. (3)

Using the decomposition of the operator BY | /2 it is easy to verify that the functions

%xma%Bg_l/Qf(m, y), based on the conditions of Lemma 4, satisfy %x%‘%Bz_l/Qf (x,y) € C (1:1) .
Taking this into account and the fact that X, (z) € C[0,+400), we conclude that the integral in (35)
exists and that F) (y) € C[0, +00).

Now, consider the coefficient f),, defined by equality (33). Similarly to the previous case, applying

integration by parts four times to the integral in (33), we obtain

1 v=tee y=rtoeo
P = ——y"*PI e 5 (uy) Fa () + =y 20 g (uy) FX (y) +
,LL y:(] /’[’ y:[)
L 1248 y YTEO 1 ag 9 Ly v
+ —3Y J—1/2—B (1y) Bﬁ_l/gF)\ (v) Y J1/2—5 (1ny) a*Bg_l/gFA (v) +
y?° 4 By o (y)d
Qu ay gy Do-121 W)y (36)

Since the integral in (36) converges uniformly with respect to y, all derivatives and operators with
respect to y acting on the functions F) (y) can be transferred to the functions f(z,y). Then, by the
conditions of Lemma 4, the boundary terms in (36) vanish, and therefore

+oo
1 0 0
i [ QW P Bl P W
0

Hence, taking (36) into account, we have

+00 +o0
8 95 0 0 900 .
P = )\4 / / ayy 8yB 19 %x %Bafl/zf(x,y) dzdy. (37)

By virtue of the conditions of Lemma 4, the following hold:

9 250

0 95 0 ., _
? Ba—1/2f($’?/)ec(ﬂ)’ 8yy dy 5 1/2f(95 y)EC( )

oz Ox

therefore 5 5 5 5
26 B Y 20 Y

8y oy B-1/2 oz Oz

Taking this into account, along with X (z) Q, (y) € C (II) , we conclude that the integrand is con-

tinuous on II, and the multiple integral in (37) exists. These considerations complete the proof of
Lemma 4.

Bﬁfl/Qf(x,y) eC (I:I) .

172 Bulletin of the Karaganda University



Dirichlet type boundary value problem ...

Based on (32), estimate (30) can be rewritten as

@O )| < etsn) ™ [ B2yt O, )| < er) ™ (38)

where ¢4 and cq7 are positive constants.
Lemma 5. Let «, 5,y € (0,1/2), and let f(z,y) be a function such that for A\,u € (0,1), the
following condition holds:

1 1
//xyf(x,y)dwdy < +o0,
0 0

then the following estimate is valid:
|l < 018/\1/2_0‘u1/2_f8, c18 = const > 0. (39)

Proof. We estimate the coefficient fy, defined by equality (16). Taking into account that
0 < x,y,\,p < 1, and using the asymptotic formulas for Bessel functions for small values of ar-
guments (13), as well as the condition of Lemma 5, we obtain inequality (39).

Taking into account (39) and (31), the function in (19) is estimated in the following form

@\, 1, 2)| < crgA/270pl 278 g = const > 0. (40)

Now, let us analyze the function (20), i.e., we find an estimate for the function (20). By virtue of
the estimates (26), (29), (38) and (40), the integral (23) is bounded, respectively, for 0 < z,y,z < 1
and for 1 < z,y, 2z < +00 by the following absolutely convergent improper double integrals:

“+o00 +0oo

u@p ) < [ [ X @) Qu )8 O 2)| ddie <

0 0

11
< egqu! T2y 28 / / A= L5=Bandu, 0 <2,y <1,
00

“+o00 +0oo

u@p ) < [ [ X @) Qu )8 O 2)| ddi <
0 0
+o00 400

< eqrz %y / / AP0 dNdp, 1< z,y < +oo.
1 1

Similarly, it can be shown that the integrals 2®u,, ywuy, 22V, B§—1/2“7 Bg—1/2u and B§—1/2u
are bounded by absolutely convergent improper double integrals.

According to Theorem 4 from [14; 233|, the double integral in (20) converges uniformly.

Due to the uniform convergence of the double series (20), it can be integrated term by term, and
for each term, the order of integration can be interchanged.

Consequently, the integrand in (20) is continuous, and the double integral in (20) converges uni-
formly for 0 < z,y,z < +oo. Therefore, by Theorem 1 from [14; 231], this integral represents a
continuous function of x,y and z. Hence, u(z,y, z) is a continuous function in its domain of definition.

Based on these statements, the following theorem holds:

Theorem 2. Let a, 8,7 € (0,1/2) and the function f(z,y) satisfy the conditions of Lemma 4 and
Lemma 5. Then the solution of Problem D, exists and is given by formula (20).
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Conclusion

In this work, a Dirichlet type boundary value problem for a three-dimensional elliptic equation with
three singular coefficients is formulated and studied. The uniqueness of the solution to the problem
has been proved by the method of energy integrals. The Hankel transform method was used to prove
the existence of solutions. The solution of the original problem was obtained using the inverse Hankel
transform in the form of a two-fold improper integral. Asymptotic methods were used to substantiate
the uniform convergence of improper integrals. The obtained estimate made it possible to prove the
convergence of these improper integrals and its derivatives up to and including the second order.
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Log’s theorem states that a first-order formula holds in an ultraproduct of structures if and only if it holds in
“almost all” factors, where “almost all” is understood in terms of a given ultrafilter. This fundamental result
plays a key role in understanding the behavior of first-order properties under ultraproduct constructions.
Pseudofinite structures — those that are elementarily equivalent to ultraproducts of finite models—serve
as an important bridge between the finite and the infinite, allowing the transfer of finite combinatorial
intuition to the study of infinite models. In the context of unary algebras (unars), a classification of
unar theories provides a foundation for analyzing pseudofiniteness within this framework. Based on this
classification, a characterization of pseudofinite unar theories is obtained, along with several necessary and
sufficient conditions for a unar theory to be pseudofinite. Furthermore, various forms of approximation
to unar theories are investigated. These include approximations not only for arbitrary unar theories but
also for the strongly minimal unar theory. Different types of approximating sequences of finite structures
are examined, shedding light on the model-theoretic and algebraic properties of unars and enhancing our
understanding of their finite counterparts.

Keywords: pseudofinite theory, pseudofinite structure, strongly minimal unar, smoothly approximated
structure, unar, Collatz Hypotesis, connected unar, bounded unar, w-categorical unar.

2020 Mathematics Subject Classification: 03C13, 03C45, 03C52, 03C60.

Introduction

We are dealing with a structure called mono-unary algebra, or unar. Unars have often been studied
in connection with various algebraic structures and branches of mathematics, such as universal algebra
and model theory. Model-theoretic properties of theories formulated in the language of a single unary
function have been studied in a number of works, including [1].

For additional properties, see [2-4]. Besides, unars can be applied in other fields such as computer
science and sometimes engineer, physics and life sciences etc. [5-7]

The paper [8] considers surjective quadratic Jordan algebras, which has connections with problems
of decomposition of algebraic structures, as in [9] which studies an algebraic approaches to binary for-
mulas and compositions of theories. In both cases, the issues of decomposition and model construction
are important.

Pseudofinite structures [10] are a fascinating area of mathematical logic that bridge the gap between
finite and infinite structures. They allow for the study of infinite structures in ways that resemble finite
structures, and they provide a connection to various other concepts in model theory. One of the most
important examples of a pseudofinite structure is the ultraproduct of a sequence of finite structures.
Given a sequence of finite structures (My, Ma, M3, ...), their ultraproduct is an infinite structure that
“approximates” each finite structure in the sequence. In fact, any first-order sentence that is true in
almost all of the finite structures in the sequence (meaning all but a finite number) is true in the
ultraproduct. This ultraproduct is a pseudofinite structure. Sergei Vladimirovich Sudoplatov raised
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a natural question [11,12] about the types and powers of approximation of the theory. In paper [13],
approximations of acyclic graphs are studied. It is proved that any theory of an acyclic graph (tree)
of finite diameter is pseudofinite with respect to acyclic graphs (trees), that is, any such theory is
approximated by theories of finite structures (acyclic graphs, trees). The works [14, 15| are devoted to
the study of ranks, topologies and closures of families of theories, as well as algebras associated with
definable families of theories.

The paper also investigates the smooth approximability of unars. Smoothly approximable struc-
tures were first studied in detail in the works [16,17]. The model theory of smoothly approximable
structures was significantly advanced by G. Cherlin and E. Hrushovskii. Automorphisms and their
properties are an important aspect of the study of smoothly approximable unary algebras, as shown
in [18,19], which considers the features of automorphisms in more complex algebraic structures.

1 Definitions and Basic Concepts

As usual, we will use the standard terminology. A unar is a structure Y = (U; f (1)>, whose language
consists of one single operation f. For any u € U, let fO(u) = u, f""(u) = f(f™(u)) for all n € w,
fHu) = {w € U|f(w) = u}. A unar U is called a cycle of length n € N, if there exists u € U such
as U = {f'(u)|0 < i < n}, f(u) = u, fi(u) # f7/(u) for all different 4,5 € {0,...,n — 1}. The set
{w;]i € w} C U is called a semichain, if f(u;) = u;y1 and w; # u; for all distinct i, j € w. The set
{w;]i € w} C U is called an infinite antichain, if f(ui41) = w; and u; # u; for all distinct i, j € w. If
|f~Y(u)| = k, we say that u is a k-branching point, or k-valence point.

Definition 1. Let X C U and u,v € U. We say that u,v are connected, if there is n,m € N such
as f™(u) = f™(v). The set X C U is connected if any two elements of X are connected. A maximal
connected set is called a connected component of U.

Definition 2. A theory T is said to be bounded if there exists a natural number N such that the

following formula is true in 7"
N

V)l \/ (") = S (W)

n,m=1

Fact. |20] The T is w-categorical iff

i) T is bounded,

ii) if U |= T, then there are only a finite number of non-isomorphic sets of the form (J,,_, f~"(u)
in U or equivalently, U realizes a finite number of 1-types.

The root of depth n of an element u is the set K, (u) = {w € U|3i < n such that fi(w) = u}. The
root of u is

K(u) = | Kn(u).

€W
A connected subset of the root K, (u) that contains u is called a subroot of depth n of the element wu.
A set of N-neighborhood of V' C U is the set

N
{u € U : Jv € Vsuch that \/ [ (v) = f™(u)}.

n,m

The concept of pseudofiniteness was first introduced by J. Ax. A structure M in a fixed language
L is called pseudofinite if it is infinite but satisfies the following property: for every sentence ¢ in L,
if M satisfies ¢, then there exists a finite structure M that also satisfies ¢. The theory T'= Th(M)
of a pseudofinite structure M is called a pseudofinite theory.
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Ultraproducts have been a powerful tool in model theory since the 1950s and 1960s. They are also
important in set theory because they are used to construct elementary embeddings, which are key to
studying large cardinals. J. Ax linked the idea of pseudofiniteness to ultraproducts, showing how these
constructions can help understand pseudofinite structures.

In classical logic, pseudofinite structures have an interesting property related to definable functions.

Proposition 1. Let M be a pseudofinite structure, and let f : M* — M* be a definable function.
Then: f is injective (one-to-one) if and only if f is surjective (onto).
This property is a direct consequence of pseudofiniteness and highlights the “finite-like” behavior

of pseudofinite structures, even though they are infinite.

Definition 3. [12| Let T be a family of theories and T be a theory such that T' ¢ T. The theory T
is said to be T -approzimated, or approximated by the family T, or a pseudo-T -theory, if for any formula
¢ € T there exists T" € T for which ¢ € T".

If the theory T is T-approximated, then T is said to be an approximating family for T', and theories
T’ € T are said to be approzimations for T.
Definition 4. |21] A disjoint union || .. M, of pairwise disjoint systems M,, of pairwise disjoint

predicate signatures ¥, n € w, is a system of signature Unew EnU{P,gl) |n € w} with support |_|n€w M,
P, = M, and interpretations of predicate symbols from ¥,, that coincide with their interpretations in
systems M, n € w.

new

A disjoint union of theories T,,, pairwise disjoint predicate signatures Y, respectively, n € w, is

the theory
| | 7w = Th(| | Ma),

necw new

where M,, ET,,, n € w.
Obviously, the T7 U T5 theory does not depend on the choice of the disjunctive union My LI Ms of
the models M = T} and My E Ts.

2 Smoothly Approximability of Unars

The study of countably infinite and countably categorical smoothly approximable structures is
relevant in many areas of mathematics, including topology, analysis, and algebra.

A. Lachlan introduced the concept of smoothly approximable structures to shift the focus from
analyzing finite structures to analyzing infinite ones. The idea is to classify large finite structures that
behave as if they are “approximations” to an infinite limit structure. This approach provides a bridge
between finite and infinite model theory.

Definition 5. [16] Let L be a countable signature and let M be a countable and w-categorical
L-structure. L-structure M (or Th(M)) is said to be smoothly approzimable if there is an ascending
chain of finite substructures My C M; C ... C M such that UiEw M; = M and for every ¢, and for
every a,b € M; if tpp(a) = tpa(), then there is an automorphism o of M such that o(a) = b and
o(M;) = M,, or equivalently, if it is the union of an w-chain of finite homogeneous substructures; or
equivalently, if any sentence in Th(M) is true of some finite homogeneous substructure of M.

This means that M can be “approximated” by a sequence of finite substructures that are homoge-
neous in a certain sense.

It is important to note that a finitely homogeneous substructure does not necessarily mean that
the substructure is homogeneous in the usual sense. Instead, it refers to a weaker property related to
the existence of automorphisms preserving the substructure.
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Theorem 1. Any infinite w-categorical unar U = (U, f) is smoothly approximable.

Proof. Let U be a countably categorical unar that does not have a co-branching point. Since
by [20] in U the set of degrees of points is finite and U is bounded and realizes a finite number of
1-types, i.e., either all connected components are isomorphic, or U consists of a countable number
of copies of non-isomorphic connected components. Each connected component can be considered as
a finite homogeneous substructure. Thus, U can be represented as a union of finite homogeneous
substructures, U = (J;c,, Ui = | J;c,, Ui, where U; are finite homogeneous connected components.

Now U have the connected components with oo-branching points. Let U \ V is the connected
components with co-branching points and V' is the union of finite connected components. Then there
are Wo, Wi, ....: [Wi| <w, WoCc Wy C...,and U\ V = |;c, Wi.

8 Pseudofiniteness of Unars

Theorem 2. A theory T of an infinite unar is pseudofinite if and only if any sentence ¢ € T is
consistent with a theory of bounded unar.

Proof. Let T be the theory of pseudofinite unar, and let 7" be the theory of bounded unar. By the
definition of pseudofiniteness, any sentence ¢ € T has a finite model. Since  UT" is finitely consistent
and, by the compactness theorem, T' is consistent with 7”.

To the opposite side. Since any sentence ¢ of a theory T of infinite unar is consistent with a theory
T’ of bounded unar, any sentence ¢ belongs to T”. Take ¢ € T NT’. Again, by compactness, ¢ has a
model that is either finite or infinite. Hence any sentence ¢ of the theory T has a finite model.

The following corollary is a direct consequence of Theorem 2 and summarizes Theorem 1.

Proposition 2. Any theory T of a bounded infinite unar is pseudofinite.

If in U = (U, f) the unary function f is injective (surjective) then U is an injective (surjective)
unar.

Proposition 3. Any surjective infinite unar is pseudofinite if and only if it is bijective.

Proof. Follows directly from Proposition 1.

Proposition 4. Any injective non-surjective infinite unar is not pseudofinite.

Proof. Let U be an infinite injective unar. The connected components in U can be classified to be
either a copy of (N, succ), (Z, succ), or a cycle of period p, where p € NT. We exclude the last two cases
from consideration due to surjectivity. It remains to consider unary & components that isomorphic to
(N, succ). By Proposition 1, U is not pseudofinite, since there exists an element that does not have a
preimage.

Remark 1. There are:

1) surjective pseudofinite and non-pseudofinite infinite unars, e.g., an infinite permutation or
(Z, succ) and, respectively, a function with at least two preimages for every element, or a cycle with
its preimages out of this cycle;

2) injective non-surjective non-pseudofinite unars, e.g., a Peano successor function;

3) non-injective non-surjective pseudofinite and non-pseudofinite unars, e.g., a unar consisting of
an element and its infinitely many preimages, and, respectively, this unar united with a connected
component forming a Peano successor function.

These will be described in more detail in the following sections.
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Remark 2. Consider the unary function

x/2, if x is even,
floy= {5 T
3z +1, if z is odd.

Let’s call the structure (ZT, f) as 3z + 1-unar or Collatz unar. It is easy to see that any point in
this model is 1-branching or 2-branching. Therefore, the 3x + 1-unar is not strongly minimal and has
an infinite number of antichains. Moreover, the 3x + 1-unar is a surjective unar. By Remark 1 is not
pseudofinite.

3.1 Types of Approximations for Families of Theories of Unars

Definition 6. T-approximated theory T is said to be CYCLE-approximated, if T is a family of
theories of finite unars with cycles. Also, the T-approximated theory T is said to be FOREST-
approzimated, if T is a family of theories of finite unars without cycles. In particular, if 7 is a family
of the theory of connected unars, then T is said to be TREE-approzimated.

Proposition 5. The theory T of unbounded unar is CYCLE-approximated if and only if each con-
nected component contains a semichain and only one antichain.

Proof. Let U, be a cycle of length n < w. Increasing the length of the cycle in the limit we obtain
an acyclic unar U = | |, .;, Ui, which is a copy of (Z, succ) with a semichain and an antichain. The
proof from right to left is similar to [13; Theorem 2].

Proposition 6. The theory T of unar is FOREST-approximated if and only if T is the theory of
a non-injective and non-surjective bounded unar, each component containing an infinitely branching
point.

Proof. By the definition of a FOREST-approximated theory T, the family 7T=FOREST consists of
finite acyclic unars. If all connected components are finite, then T is approximated by increasing the
number of connected components. And if there is an co-branching point in the components, then T is
approximated by increasing the valency of the root points. It is easy to see that T is a theory of neither
injective nor surjective bounded unar. The proof from right to left is similar to [13; Theorem 4].

3.2 Approximations of Strongly Minimal Unars

The study of uncountable categoricity and w-stability in certain types of structures is of principal
importance.

Definition 7. A structure M is said to be minimal, if any subset definable in the structure using
parameters is either finite or co-finite (a complement to a finite set). M is said to be strongly minimal,
if any model of Th(M) is minimal.

The notion of strong minimality is important in model theory because it provides a way to classify
theories based on the complexity of their definable sets. Strongly minimal theories have many inter-
esting and useful properties, including simplicity and stability, which make them amenable to study
and applications in other areas of mathematics.

Proposition 7. The theory T = Th(2) of bounded strongly minimal unar 2 is pseudofinite.

Proof. A bounded strongly minimal unar 2l can have either one or no oco-branching point. If
bounded and has co-branching point, then 2 is connected. By Proposition 2. 2l is pseudofinite and by
Proposition 6 the theory Th(2() is TREE-approximated.
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If bounded and has no oo-branching point, Then every connected component of 2 is finite and
all but finitely many connected components are cycles of the same length m. By the classical re-
sults of Zilber and Cherlin, Harrington, Lachlan [22, 23] say that strongly minimal (in fact w-stable)
w-categorical theories are pseudofinite.

Proposition 8. There is a theory T of unbounded strongly minimal non-injective non-surjective
pseudofinite unar.

Proposition 9. The theory T = Th(U) of unbounded strongly minimal injective unar i is pseud-
ofinite if and only if U is bijective.

Model-theoretic properties such as definable minimality of unars were studied in [2].

Proposition 10. Let T be the theory of a strongly minimal unar such that each vertex has n
preimages for some natural n. Then the theory T is pseudofinite if and only if n = 1.

3.8 Connected Unars

Theorem 3. [24,25] Let U be a connected unary without cycles, containing no infinite antichains,
and there exist m € w and a semichain S C U/ such that

1) |f~Y(u)| < m for all u € U;
2) for any n € w there are u,v,uy € S, vy € U, satisfying the following conditions:
) a= f"(u), b= f"(vo),
b) b= f2"+*(u) for some k € w,
) £ (o) ¢ S,

d) there is a finite partial isomorphism « : ¥ — U such that doma = O™ (u), ranga C O™(v) and
a(ug) = vo.

Then U is a pseudofinite unar.

QO

o

In the work [26,27] a study of pseudofinite polygons was started.
The following statements are easily derived from the above results.

Proposition 11. The theory T of connected unar is CYCLE-approximated if and only if it contains
a semichain and only one antichain.

Proposition 12. The theory T of unar is TREE-approximated if and only if T is the theory of a
non-injective and non-surjective bounded unar, containing an infinitely branching point.

Proposition 13. There is an pseudofinite unar that is not CYCLE-approximated and TREE-
approximated.

4 Concluding remarks

On a base of classification of unar theories, a characterization of pseudofiniteness of unar theories
is found, as well as some necessary and sufficient conditions of pseudofiniteness. Approximations of
the theory of unars are shown, as well as for the strongly minimal theory of unars. Various types of
approximation of the unar theory are considered. Unars are special cases of polygons. In the future,
it is planned to study pseudofinite polygons and their approximations.
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This research lies within the domain of model theory, which investigates the properties of, broadly speaking,
incomplete theories. The article introduces novel methods for classifying classes of structures whose associ-
ated theories are Jonssonian, forming a distinct subclass within the broader category of inductive theories.
This subclass is characterized by satisfying the standard model-theoretic properties of joint embedding and
amalgamation. The focus is placed specifically on the second kind of hybrids, those involving theories with
different signatures. As a representative case of such hybrids among Jonsson theories, we examine the
classical examples of the theory of unars and the theory of undirected graphs. The study proposes and
formalizes several new notions, including the perfect Robinson hybrid, the center of a Robinson hybrid, the
Kaiser class of a theory, and the concept of triple factorization. Within the framework of these definitions,
we establish new results, among them a theorem confirming the existence of a unique countably categorical
theory of S-acts, which is syntactically equivalent to the Robinson hybrid formed by the aforementioned
classes.
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Introduction

This work is part of the field of model theory, which examines the model-theoretic properties of,
more generally, incomplete theories. It is widely recognized that modern model theory is a fast-evolving
branch of mathematics with numerous significant topics. However, this framework is mainly developed
for and tailored to the analysis of complete theories. The domain of incomplete theories is extensive,
and within it, one can identify the subclass of inductive theories. This classification can be supported
by at least the following reasoning. Specifically, a theory is considered inductive if every increasing
chain of models remains a model of the theory itself. In other words, a theory is inductive when it is
closed under chains of its models. On the other hand, it is a well-known result that such theories can be
axiomatized by universal-existential sentences. It can also be observed that the main classical examples
from algebra correspond to inductive theories. The most characteristic example of an inductive theory
is group theory. Notably, this is also an example of an incomplete theory.

Within inductive theories, one can distinguish the well-studied subclass of Jonsson theories. For
an introduction to this subclass, the reader may refer to the following literature: [1-3].

Among Jonsson theories, perfect Jonsson theories hold a particularly significant position. The
study of this subclass has been the subject of several works, including [4-6].

The investigation of Jonsson theories is also valuable in the context of contemporary applications in
information technology. This is not coincidental, as Jonsson theories, due to their general incomplete-
ness, admit finite models. The identification and analysis of the relationship between infinite and finite
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models of Jonsson theories generates particular interest in this topic. This is because, unlike complete
theories, which do not consider finite models, Jonsson theories examine the interplay of many classical
concepts associated with complete theories within the framework of finite models. In particular, works
such as [4,7, 8] study such properties as categoricity, stability, various companions, axiomatizability,
model completeness, atomic and prime models.

This paper explores two well-known examples of theories: the theory of all unars and the theory
of undirected graphs. The study of elementary theories related to the structure of these signatures
is widely recognized in the work of many researchers. These works contain many classical results
describing various first-order properties related to the complete theories of these structures. Jonsson
theories corresponding to these examples were studied in [4,9,10]. In the present work, we investigate
hybrids of Jonsson theories, where the theories forming the hybrid are the theory of unars and the
theory of undirected graphs. It should be noted that studies related to hybrids of Jonsson theories
have been considered in [11,12].

A notable development in the study of both Jonsson theories and inductive theories in general
is the exploration of a distinguished subclass of models, referred to in this work as the Kaiser class.
This class represents a natural extension of the class of existentially closed models associated with
any inductive theory. Since it is well established that inductive theories possess a nonempty set of
existentially closed models, the investigation of the Kaiser class introduces a novel and significant
problem within the realms of classical model theory and universal algebra. When we refer to classical
model theory, we mean problems related not only to incomplete theories but also to complete theories.
Thus, in our view, the range of questions considered in this article is of particular interest in relation
to topics that arise in classical model theory concerning the concept of hybrid of Jonsson theories.

1 FEssential concepts of Jonsson’s model theory

This section provides the foundational groundwork necessary for the further development of results
concerning Jonsson theories and the corresponding classes of their models. The notions discussed here
form the conceptual core of the model-theoretic framework within which the subsequent results are
formulated and proved.

Jonsson model theory provides a natural semantic setting for analyzing algebraic structures such
as unars and undirected graphs, which are known to satisfy the defining conditions of this class of
theories. In particular, key properties such as universality and homogeneity serve as central invariants
that characterize the semantic behavior of Jonsson theories and are tightly connected to the concept
of saturation in models.

The notion of saturation, especially within universally homogeneous models, leads to the identifica-
tion of a distinguished subclass of Jonsson theories, known as perfect Jonsson theories. These theories
are of particular interest due to their stable semantic properties and the behavior of their existentially
closed models.

An important feature of this subclass is that perfection is preserved under passage to the center of
the theory. That is, if a Jonsson theory is perfect, then its center retains this property as well. This
relationship reflects a deep structural symmetry within the semantic layers of Jonsson frameworks.

This section will focus primarily on universal Jonsson theories that describe two major classes of
structures: unars with a single unary function symbol and undirected graphs formulated in a signature
with one binary relation. To this end, the definition of universality is recalled, together with a formal
introduction of the notion of k-categoricity, which plays a central role in the classification of models in
this context.

In what follows, we introduce the definitions and principal results required for the study of exis-
tentially closed models and the analysis of perfectness and categoricity within the Jonsson framework.
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These notions play a crucial role in the formulation and proof of the main theorems presented in this
paper.

Let’s outline the key concepts and statements of model-theoretical constructs essential for under-
standing and working within the framework of Jonsson theories and their associated classes of models.

It has been established that many classical algebraic structures, such as unars and graphs, satisfy
the conditions of Jonsson theories [4].

The notions of universality and homogeneity in a model emphasize the semantic invariant charac-
teristic of any Jonsson theory, that is, its semantic model. Moreover, it has been demonstrated that
whether this model is saturated or not has a profound impact on the structural features of both the
Jonsson theory itself and its corresponding class of models.

The saturation of universally homogeneous models, in the sense defined by Jonsson, leads to the
identification of a distinguished subclass of Jonsson theories, whose elements are termed perfect Jonsson
theories.

It can be observed that if a Jonsson theory T is perfect, then its center T, i.e., the elementary
theory of its semantic model €, is also a perfect Jonsson theory [4].

A characterization of perfect Jonsson theories was formulated in [4].

As the focus will be on universal Jonsson theories of all unars of the signature with one unary
functional symbol and the theory of undirected graphs in a signature with one binary relation symbol,
it is useful to recall the definition of universality. A theory T is called universal if it is equivalent to a
set of universal sentences [1].

In order to establish the main results of this paper, it is necessary to introduce the framework of
r~-categorical Jonsson theories, along with a characterization of existentially closed models within the
theory T.

Definition 1. [4] A Jonsson theory T is said to be k-categorical for some cardinal k > w if any two
models of T' with cardinality x are isomorphic.

The following result, originally proven in [4], establishes the equivalence of w-categoricity for a
Jonsson theory and its center, provided that the theory is complete to V3-sentences.

Theorem 1. [4] Let T' be V3-complete Jonsson theory. Then the following statements are equivalent:
1) T is w-categorical.
2) The center T* of T is w-categorical.
The following theorem plays a central role in establishing one of the main results of this article. It
provides a sufficient condition for a Jonsson theory to be perfect.

Theorem 2. |4] If a Jonsson theory T' is w-categorical, then T is perfect.

Definition 2. [1] A model A of theory T is said to be an existentially closed model of T if for any
extension B = T with A C B, and for any existential formula Jxp(x,y), if B = Jze(x,a) for some
tuple a € A, then A = Jzy(x,a).

The class Er, consisting of all existentially closed models of a Jonsson theory T, is guaranteed to
be non-empty, due to the inductiveness of T'. Clearly, Er C Mod(T), so Er forms a natural subclass
of the class of models of T'.

Proposition 1. [1] Let T be an inductive theory. Then T has a model companion T" if and only if
the class Ep of existentially closed models of T is elementary.

This criterion provides a useful tool for verifying the existence of model companions in the context
of inductive theories.

In particular, if a Jonsson theory is perfect, then the class of its existentially closed models is known
to be elementary.

The relationship between the two universal Jonsson theories, in terms of their centers and corre-
sponding semantic models, is captured by the following proposition:
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Proposition 2. [4] Let T and T, be universal Jonsson theories. Then the following conditions are
equivalent:
1) The theories T} and T, are equal; that is, they consist of exactly the same set of first-order
sentences.
2) The semantic models €7, and €7, of the Jonsson theories T and Ts, respectively, are isomorphic.
3) The centers of the theories, denoted 77 and T3, are equal; that is, the elementary theories of
their corresponding semantic models coincide.

2 Exploring the Robinson Spectrum in the Context of Jonsson Theories

The study of model-theoretic spectra associated with classes of first-order structures offers a rich
framework for understanding the logical and semantic properties of these classes. Among such spectra,
the Jonsson spectrum and its special case, the Robinson spectrum, serve as key tools in analyzing how
certain theories interact with structural features of models.

Let L be a first-order language with signature o, and let K denote a class of L-structures. In this
context, we are interested in the collection of all Jonsson theories whose models include all elements
of K. This leads naturally to the notion of the Jonsson spectrum of the class K, which captures the
diversity of Jonsson axiomatizations that are valid across all structures in K.

Particularly notable is the subclass of Jonsson theories axiomatizable purely by universal sentences;
these correspond precisely to the classical Robinson theories. Accordingly, the Robinson spectrum of
K can be seen as a refined instance of the broader Jonsson spectrum, restricted to theories of a specific
syntactic form. This interrelation allows for a layered approach: by first investigating the more general
Jonsson setting, one can then derive meaningful insights into Robinson spectra and their applications.

An essential component in the structural analysis of these spectra is the concept of cosemanticness,
which relates theories via their shared semantic core, or center. This equivalence relation partitions
spectra into classes of semantically indistinguishable (though potentially syntactically distinct) theories,
offering a deeper lens into the interplay between logic and model theory.

The present section introduces and develops the formal machinery underlying both Jonsson and
Robinson spectra. We examine how these constructs are defined, how they behave under equivalence
by cosemanticness, and how they manifest in concrete algebraic settings such as unars and undirected
graphs. Through this analysis, we highlight fundamental differences between the two spectra, partic-
ularly in terms of the uniqueness of theories within equivalence classes, and trace the implications for
broader concepts such as existential closure and categoricity.

This discussion culminates in a generalization of classical quasivarieties to what we term semantic
Jonsson quasivarieties, which serve as a natural setting for interpreting Robinson spectra. These
semantic structures, grounded in model-theoretic extensions of elementary theories, provide a fertile
ground for exploring categorical properties and model completeness in enriched logical frameworks.

Let L be a first-order language with a signature o, and let K be a class of L-structures. We consider
a particular set of theories associated with K, known as the Jonsson spectrum of the class K. This
concept is formally defined as follows:

Definition 3. [4] The Jonsson spectrum of the class K, denoted by JSp(K), is the set of all Jonsson
theories with signature o such that every structure in K is a model of the theory. Formally,

JSp(K) ={T | T is a Jonsson theory and VA € K, A = T'}.

A detailed treatment of the structure and characteristics of Jonsson spectra can be found in [4].
In the special case where a Jonsson theory is axiomatized solely by universal sentences, one recovers
the classical notion of a Robinson theory. Thus, the Jonsson spectrum framework naturally extends

Mathematics Series. No.3(119)/2025 187



N.M. Mussina, O.I. Ulbrikht

to encompass the Robinson spectrum as a specific instance, providing a natural generalization of this
concept.

Definition 4. The Robinson spectrum of the class K, denoted RSp(K), consists of all Robinson
theories with signature o that are satisfied by every structure in K. Formally,

RSp(K)={T | T is a Robinson theory and V2 € K, A = T}.

Within the framework of Jonsson theories, the notion of the cosemanticness relation plays a central
role. Let T1 and 75 be Jonsson theories with centers T} and 7%, respectively.
The following concept was originally formulated by Professor T.G. Mustafin:

Definition 5. [4] Two Jonsson theories 77 and Tb are said to be cosemantic (denoted Th > T3) if
their centers coincide, i.e., T} = T5.

It was established in [4] that this cosemanticness relation defines an equivalence relation on the class
of Jonsson theories. Consequently, when this relation is applied to the Jonsson spectrum JSp(K), the
set is naturally partitioned into equivalence classes, referred to as cosemantic classes. The corresponding
quotient set is denoted by JSp(K)/s. This quotient set provides a useful framework for extending
classical results and formulating broader generalizations within the theory. In an analogous manner,
the quotient set RSp(K')/s can be introduced for the Robinson spectrum.

An essential result in the context of Robinsonian theories and the Robinson spectrum is the following
proposition:

Proposition 3. [13] Let K be an arbitrary class of L-structures (possibly consisting of a single
structure), and let RSp(K)/s be the quotient set of the Robinson spectrum of K with respect to
cosemanticness. Then every cosemanticness class [A] contains exactly one theory. In other words, for
any two Robinsonian L-theories T' and T”, the relation of cosemanticness is equivalent to the equality
(logical equivalence) of theories; that is, T><T" < T =T".

In the Robinson spectrum, when factorized by cosemanticness, each cosemanticness class is a sin-
gleton.

This proposition highlights a fundamental distinction between the Jonsson and Robinson spectra
under the cosemanticness relation. In the case of the Robinson spectrum RSp(K), factorization by
cosemanticness yields a discrete partition: each equivalence class contains exactly one theory. This
reflects the fact that for Robinsonian theories, semantic identity is equivalent to syntactic identity.

By contrast, for the Jonsson spectrum JSp(K), the situation is more intricate. The equivalence
relation of cosemanticness does not, in general, reduce to syntactic equality. That is, distinct Jonsson
theories can share the same center and thus belong to the same cosemanticness class. Consequently,
the quotient set JSp(K)/sx may contain nontrivial equivalence classes, each consisting of multiple
syntactically distinct yet semantically related theories.

This structural divergence between the two spectra is crucial for understanding the role of centers
in classification problems and reflects deeper differences in the expressiveness and axiomatizability of
Robinson versus Jonsson theories.

We now proceed to the formulation of the concept known as a semantic Jonsson quasivariety.

Let K be a class of quasivarieties of the first-order language L, as defined in [14], and let Ly C L,
where Ly is the set of sentences of language L. Consider the elementary theory Th(K) of this class K.
By adding V3-sentences of language L, denoted by V3(Lg), which are not contained in Th(K), we can
define the set of Jonsson theories J(Th(K)) as follows.

Denotation 1. J(Th(K)) = {A | A = Th(K) U {¢'}}, where A is a Jonsson theory, ¢* denotes
either a formula from V3(Lg) or its negation, ¢ € {0,1}, and Th(K) is the elementary theory of the
class of quasivarieties K.
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Every theory A € J(Th(K)) is associated with a semantic model, denoted €a. We now define the
set of all such models:

Denotation 2. JC ={€a | A € J(Th(K)), €a is a semantic model of A}.

The set JC is referred to as a semantic Jonsson quasivariety associated with the class K, provided
that its elementary theory Th(JC) itself forms a Jonsson theory.

This construction generalizes the traditional notion of a quasivariety by integrating semantic prop-
erties tied specifically to Jonsson type extensions. Unlike standard quasivarieties, which are defined
purely syntactically (e.g., by quasi-identities or Horn sentences), a semantic Jonsson quasivariety is
formed by considering model-theoretic extensions of a given elementary theory Th(K) via additional
V3-sentences. These extensions do not necessarily follow from Th(K) and may vary across different
Jonsson theories A € J(Th(K)).

This concept differs substantially from the notion of a classical quasivariety. It is well known that
if a quasivariety is countably categorical, then it is also uncountably categorical. However, this does
not hold for a semantic Jonsson quasivariety. A counterexample is given by the theory of the semantic
Jonsson quasivariety of abelian groups.

The Robinson spectra associated with universal unars and undirected graphs have been investigated
within the framework of semantic Jonsson quasivarieties.

Let us consider an unar structure i, which is a model over the signature oy = (f), where f is
a unary functional symbol. Define the sequence of iterated applications of f recursively as follows:
fo(z) =z, fari(x) = f(fn(z)), n € w. Given elements a,b € U are called U-connected in X if there
exist natural numbers m and n such that f,,(a) = f,(b) and fo(a) = fm(a), fo(b),..., fn(b) € X.

A subset X C U is said to be U-connected if every pair of elements from X is U-connected. A sub-
system B C U whose universe forms is the maximal U-connected subset of carrier U is referred to as a
component in the structure 4. Furthermore, if B is a component, then the set
{a € B:3n € wsuch that 4 |= f,(a) = a} is called a cycle of the component.

Now consider a graph structure &, which is modeled as an algebraic system with signature
og = (R), where R is a binary symmetric relation. In this setting, elements of the universe are referred
to as wvertices, and a pair (x,y) forms an edge if R(x,y) holds. A graph in which the relation R is
empty, that is, contains no edges, is called a totally disconnected graph.

Based on the foundational results established in [4], it follows that the universal parts of the el-
ementary theories of these structures denoted Thy(4) and Thy(®) for unars and undirected graphs,
respectively, constitute their corresponding Robinson theories. Hence, these theories provide canonical
examples of Robinson spectra for algebraic systems within the domain of semantic Jonsson quasivari-
eties.

Thus, we define the set

JCy = {€ay | Ay € J(Th(Ky)), €ay = Ay},

where the signature oy = (f), and f is unary functional symbol. Here Ay denotes a Robinson theory
of unars. The set JCy is referred to as the semantic Jonsson quasivariety of Robinson unars, as
introduced in [4].

Following [4], we define the Robinson spectrum of the set JCg as follows:

Definition 6. Let RSp(JCy) denote the set of all Robinson theories Ay in the signature oy such
that every model €, € JCy satisfies the theory Ag. That is,

RSp(JCy) = {Ay | Ay is a Robinson theory of unars, and V€, € JCy, €, = Ay}.

This set is called the Robinson spectrum of the semantic Jonsson quasivariety JCy;.
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The quotient set of this spectrum is denoted by RSp(JCy) /50> Which consists of equivalence classes
[Ag] determined by the cosemanticness relation (that is, theories that share the same center).
Similarly, we can define a corresponding structure for undirected graphs. Consider the set

JCp = {€ry | As € J(Th(Ks)), €ry F A6},

where Ag is a Robinson theory formulated over the signature (R) of undirected graphs, R is a binary
symmetric relation, i.e., the standard signature of undirected graphs. The set JCg is thus interpreted
as the semantic Jonsson quasivariety of Robinson undirected graphs.

Definition 7. Let og be the signature (R), where R is a binary symmetric relation. The set of all
Robinson theories Ag such that every semantic model €, € JCg satisfies Ag, that is,

RSp(JCg) = {As | Ag is a Robinson theory of undirected graphs, and V€a, € JCgs, €a, = As},

is called the Robinson spectrum of the semantic Jonsson quasivariety JCg of Robinson undirected
graphs.

As in previous constructions, one can define the corresponding cosemantic quotient set, denoted by
RSp(JCg) /s, which consists of equivalence classes [Ag] under the cosemanticness relation, that is,
theories whose centers coincide.

In the w-categorical setting, a model-theoretic characterization of existentially closed models has
been established for both unars and undirected graphs. The corresponding results are presented in the
following theorems.

Theorem 3. Let [Ay] be a class of w-categorical Robinson theories of unars. Then the following
statements are equivalent:
1) & € Eja,; that is, 2 is an existentially closed model of the class [Ay(];
2) 2 is a disjoint union of components, each of which contains a cycle of the same length.

Theorem 4. Let [Ag] be a class of w-categorical Robinson theories of undirected graphs, and let
Ejpg) denote the class of existentially closed models for this class. Then the following are equivalent:
1) B € Ejp,), i-e., B is an existentially closed model of [Ag];
2) %5 is an infinite totally disconnected graph.

Here, Ej5 ) and Eja,) denote the sets of existentially closed models corresponding to the cosemantic
classes [Ay| and [Ag], respectively.

3 Jonsson theories similarity

The concept of similarity between first-order theories plays a central role in modern model theory,
particularly in the classification and comparison of theories with respect to both syntactic and semantic
characteristics. In this section, we focus on a specific class of theories — namely, Jonsson theories — and
explore various notions of similarity that arise within this framework.

Our exposition begins with a foundation in generalized Jonsson theories, also known as a-Jonsson
theories, which extend the classical definition by parameterizing inductiveness, amalgamation, and
joint embedding properties via an ordinal index «. These properties ensure that models of the theory
behave coherently when considered in chains, embeddings, or pushouts, and are crucial in establishing
a robust structural framework for such theories.

To deepen the analysis of similarity, this section introduces two primary dimensions of comparison:
syntactic similarity, based on mappings between formula algebras or existential lattices, and semantic
similarity, defined via isomorphisms between so-called pure triples associated with models or semantic
universes. These notions were initially developed for complete theories in the foundational work of
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Professor T.G. Mustafin [15] and subsequently generalized to the Jonsson context by Professor A.R.
Yeshkeyev.

The treatment of similarity culminates in precise criteria — such as bijective correspondences be-
tween existential lattices or structural isomorphism of model-theoretic automorphism groups — that
allow us to relate two theories at a deep logical and algebraic level. Furthermore, the section highlights
the critical insight that syntactic similarity always implies semantic similarity, whereas the converse
does not necessarily hold.

The theoretical apparatus is complemented by illustrative examples and algebraic constructions,
including S-acts (algebraic systems over a monoid), which serve as canonical models used to construct
envelopes of arbitrary theories. These models provide a concrete setting for understanding how one
theory can simulate or encapsulate the expressive power of another through inessential extensions.

Finally, this section culminates in the formalization of similarity at the level of Jonsson spectrum
classes, offering an even broader perspective on how entire families of theories can be compared via
their syntactic and semantic cores. The results obtained herein lay the groundwork for the subsequent
sections, where the equivalence of centers, perfectness, and existential completeness play a decisive role
in characterizing such similarities.

The following examples illustrate key concepts related to I'-embeddings, I'-chains, and model-
theoretic properties of theories such as a-inductiveness, the a-joint embedding property (a-JEP),
and the a-amalgamation property (a-AP). They help clarify how formulas from a given set I' are
preserved under various model-theoretic constructions and how theories behave with respect to chains
and embeddings of varying levels of complexity [4].

Ezample 1 (On I'-embeddings). Let I' be the set of all quantifier-free formulas in the language
L = {<}, and consider two structures A = (N, <) and B = (Z,<). Let f: N — Z be the inclusion
map defined by f(n) = n. Since the order < on N is preserved in Z, and all quantifier-free formulas
true in A remain true under f in B, the map f is a I'-embedding.

Ezample 2 (On T'-chains). Consider a sequence of structures A; = (Q;, <), where Q; denotes the
set of rational numbers with denominators at most 2°. Then for each i < j, the inclusion A; Cr Aj
holds with respect to I' = {<}, since the order is preserved and extended. The sequence {A4;}i<,, thus
forms a I'-chain.

Ezample 3 (On a-inductiveness). Let T" be the theory of linear orders. Consider a chain of countable
models Ag C A; C ..., where each A; is a copy of (N, <) extended by adding isolated elements. The
union of this IIj-chain is again a model of T'; hence, T is 1-inductive.

Ezxample 4 (On a-joint embedding property). Let T be the theory of undirected graphs without
additional properties. Any two graphs A and B can be jointly embedded into their disjoint union
M = AU B. The natural inclusion maps are Ilp-embeddings; thus, T satisfies 0-JEP.

Ezample 5 (On a-amalgamation property). Let T be the theory of vector spaces over a fixed field.
Given three vector spaces A, B1, B2 and linear embeddings f1: A — By, fo: A — B, the pushout
(amalgam) exists and is also a vector space. Therefore, T" satisfies 0-AP.

The concept of generalized Jonsson theories, also referred to as a-Jonsson theories, extends the clas-
sical notion of Jonsson theories by incorporating ordinal-indexed structural conditions. The following
definition is based on the formulation presented in [2].

Consider the following definition, which introduces the notion of an a-Jonsson theory — a type of
first-order theory characterized by specific model-theoretic properties.

Definition 8. [2| A theory T is called a-Jonsson (for ordinals 0 < a < w) if it has an infinite
model and satisfies three key structural properties: closure under unions of I, chains (that is, a-
inductiveness); the ability to jointly embed any two of its models into a common extension (a-JEP);
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and the possibility of amalgamating models over a common substructure (a-AP). These conditions
ensure that the theory possesses a well-behaved and robust class of models, suitable for advanced
structural analysis.

By comparing this definition with that of a Jonsson theory, we observe a key difference: the latter
is specialized to the case a = 0, which yields the classical Jonsson theories. When o = w are referred to
as complete Jonsson theories. In practice, the index o = 0 is often omitted when referring to ordinary
Jonsson theories. It is worth noting that, under this generalized framework, Jonsson theories are not
necessarily complete.

As demonstrated in [2], Professor T.G. Mustafin established syntactic counterparts of the a-JEP
and a-AP properties. These criteria provide an equivalent, formula-based perspective on the corre-
sponding semantic conditions.

Proposition 4. |2] The following statements are equivalent:
1) The theory T satisfies the a-joint embedding property.
2) The a-JEP holds for all countable models of T'.
3) For any disjoint tuples of variables T and ¥, and any consistent sets of formulas p(Z) and ¢(7)
from Y441, the union T'"Up(7) U q(y) is consistent, provided that both T'Up(Z) and T'U ¢(y) are
consistent separately.

Proposition 5. |2] The following conditions are equivalent:
1) The theory T satisfies the a-amalgamation property.
2) T satisfies the a-AP for countable structures.
3) For any two consistent sets of formulas p(Z) and ¢(Z) from ¥,4+1 such that the following three
sets are all consistent:

Tup(@), Tuq@), and TU{=p(T)|@(T) € Zat1, ¢(T) ¢ p(T) Nq(T)},

the union 7' U p(T) U ¢(T) is also consistent.
4) For every model A |= T and tuple @ € A, the set Thy ., (A,@) can be extended to a unique
maximal ¥,41-type over T in the expanded language L(a).

In the study of model theory, an important distinction is drawn between semantic and syntac-
tic properties of theories. Semantic properties concern the behavior and structure of models, while
syntactic properties are tied to the formal deductive system. The following propositions illustrate
this distinction by clarifying the relationship between completeness and semantic similarity, and by
enumerating key semantic notions that play a central role in classification theory.

Proposition 6. [15] If two theories T and Tb are complete, then they are necessarily semantically
similar. However, the converse does not hold: semantically similar theories need not be syntactically
similar.

Proposition 7. [15] The following concepts are classified as semantic in nature: type, forking,
A-stability, Lascar rank, strong type, Morley sequence, orthogonality, regularity of types, and I(X,,T")
— the spectrum function.

We now turn our attention to a particular class of algebraic structures that will serve as the context
for applying the main results established earlier. In the English-language model-theoretic literature,
structures known as polygons over a monoid S are commonly referred to as S-acts [16]. Below, we
provide a formal definition of this class.

Definition 9. [16] An S-act is a structure of the form (A; f, : @ € S), where each f, is a unary
function on A, and the following axioms hold:
1) Identity preservation: f.(a) = a for all a € A, where e € S is the identity element of the monoid.
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2) Compatibility with monoid operation: fug(a) = fo(fs(a)) for all o, 8 € S and for all a € A.

The results that follow will demonstrate that for every complete theory, there exists another theory
that is syntactically similar to it.

Theorem 5. [15] For every theory T5 in a finite signature, there exists a theory 77 of S-acts such
that some inessential extension of 77 is an almost envelope of T5.

Theorem 6. [15] For every theory T5 in an infinite signature, there exists a theory T of S-acts such
that some inessential extension of 717 is an envelope of T5.

This section presents a series of known results concerning syntactic and semantic similarities be-
tween Jonsson theories, as well as their extensions to classes of such theories. These notions generalize
analogous concepts from the theory of complete first-order theories, as previously studied in works
such as [13,15], and have been systematically developed in [4].

In particular, the definitions of Jonsson syntactic similarity and Jonsson semantic similarity aim
to capture structural equivalences between the existential fragments and semantic models of Jonsson
theories. The formalization of these similarities relies on isomorphisms between lattices of existential
formulas and between so-called semantic triples associated with the theories. The notion of the center
of a Jonsson theory, denoted T, also plays a key role in transferring results from Jonsson theories to
their complete analogues. Illustrative examples of Jonsson syntactic similarity between theories can
be found in [4].

Analogously to the case of complete theories, Professor A.R. Yeshkeyev introduced the notion of
Jonsson semantic similarity between two Jonsson theories [4]. The following result, which is similar to
Proposition 6 but formulated in the context of Jonsson theories, was also established in [4].

Theorem 7. 4] Suppose that T} and T, are Jonsson theories that are syntactically similar in the
Jonsson framework. Then they are also semantically similar within the same context.

By extending certain definitions from [15] and applying methods for working with Jonsson theo-
ries, it has been shown that, within the class of perfect existentially complete Jonsson theories, the
introduced notions of syntactic and semantic similarity coincide with their counterparts in the class of
complete theories, as defined in [13].

Theorem 8. [4] Let Ty and Ty be two existentially complete perfect Jonsson theories. Then the
following statements are logically equivalent — that is, each holds if and only if the other does:

1) Th and T, are syntactically similar in the sense of Jonsson theories; that is, there exists a
structure-preserving correspondence between their existential formulas that respects logical operations
such as conjunction and existential quantification.

2) Their centers, T} and Ty, are syntactically similar as complete theories; that is, the corresponding
complete theories (obtained as the elementary theories of their respective semantic models) are related
by a syntactic similarity that aligns their lattices of formulas.

To ensure precision in the subsequent exposition, we adopt the following designation. The syntactic
and semantic similarities between two complete theories T7 and 15 will be denoted by T3 Dil T and

S
T DS<1 T5, respectively. When dealing specifically with Jonsson theories, we will write 77 x T to indicate

syntactic similarity in the Jonsson context, and T x T to denote their semantic similarity.
S

The following corollary for two Jonsson theories 77 and 75 in the language L was obtained in [4].

S
Corollary 1. [4] If the theories T1 and T» are Jonsson syntactically similar (77 x T5), then they
are also Jonsson semantically similar (77 x T5). Moreover, this is equivalent to the theories T and T5
S

being cosemantic, expressed as Tj > Th.
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The notions of Jonsson semantic and syntactic similarity were further generalized to classes of
Jonsson theories in [4]. As a result, a generalization of Theorem 7 was obtained for two classes from
the Jonsson spectrum. This generalized result plays a crucial role in the proof of Theorem 11.

Lemma 1. [4] Let A € Mod(o1), B € Mod(o2), [T1] € JSp(A)/s, [T2] € JSp(B)/s be perfect

J-complete classes, then

(1] % [T5] & (T3] & [13].

4 Countable categoricity of Robinson hybrid and its similarity

In model theory, the notion of hybrid offers a constructive means of generating new theories by
combining existing ones. Within the framework of Jonsson and Robinson theories, this operation
enables the formation of syntactically or semantically enriched theories that retain key properties of
their components. This section is devoted to the study of such hybrids, particularly their structure,
categoricity, and the relations that govern their similarities.

The central object of analysis is the hybrid of Jonsson theories — a concept that allows two theories
(with either identical or distinct signatures) to be combined via algebraic operations such as the
Cartesian product, sum, or direct sum. These hybrid constructions fall into two main types, depending
on whether the signatures of the input theories coincide. When extended to Robinson theories, those
axiomatized by universal sentences, the same hybrid framework leads to the definition of Robinson
hybrids, which inherit the logical rigor and syntactic simplicity characteristic of this subclass.

To support the analysis of such hybrids, we further examine the notions of perfectness, semantic
models, and theoretical centers, particularly in the context of countable languages. A hybrid theory is
said to be perfect if it coincides with the elementary theory of its saturated model; in such cases, its
model-theoretic center plays a crucial role in determining categoricity and logical equivalence.

A key part of this section is the development of Kaiser equivalence, a newly introduced equiva-
lence relation between Jonsson theories. This relation compares theories by their associated Kaiser
classes, which capture the semantic behavior of existential fragments of models. Alongside this, we
examine additional equivalence relations syntactic similarity and cosemanticness, that further refine
the classification of theories within Robinson spectra.

The main results presented in this section show that, under certain conditions, the hybrid of two
w-categorical Robinson theories remains w-categorical. Moreover, by applying triple factorization over
Robinson spectra of semantic Jonsson quasivarieties (such as unars and undirected graphs), we con-
struct a unique countably categorical theory of S-acts that is syntactically similar to a Robinson hybrid.
This demonstrates not only the internal coherence of hybrid constructions but also the robustness of
syntactic similarity in preserving key model-theoretic properties.

We begin by introducing the necessary definitions and preliminary results required to formulate
the main theorems of this paper.

The concept of a hybrid of Jonsson theories was considered in [12]. By analogy, in the context of
studying the Robinson spectra of semantic Jonsson quasivarieties for Robinson unars and undirected
graphs, we introduce the notion of a Robinson hybrid corresponding to two Robinson theories.

Definition 10. 1) Let Ty and T> be Robinson theories in a countable language L with the same
signature o, and let €, and €7, be their semantic models, respectively. In the case where the Robinson
theories 71 and 75 have a common signature, we define a hybrid of the first type of these Robinson
theories as the theory Thy(€10€5), provided that this theory is Robinson in the language of signature o.
We denote this hybrid as HR(T1,T5), where the operation ¢ € {x,+,®} and €; ¢ €, € Modo. Here,
x represents the Cartesian product, 4+ denotes the sum, and @ indicates the direct sum. Thus, the
algebraic construction €y ¢ €, is referred to as the semantic hybrid of the theories T and T5.
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2) If 77 and T are Robinson theories with different signatures o; and oy, respectively, then the
theory HR(Ty,Ty) = Thy(€1 ¢ €9) is called a hybrid of the second type, provided that this theory is
Robinson in the language with the signature ¢ = 07 U 09 where €1 ¢ €3 € Modo.

Clearly, 1) is a special case of 2).

Since Robinson theories are special cases of Jonsson theories, we can further use the notion of a
perfect Robinson hybrid and also consider the concept of the center of a Robinson hybrid, which we
denote by HR*(T1,T5), where HR*(T1,T») is the center of the Robinson theory Thy(€; ¢ €3).

Based on the definition of hybrids of Robinson theories, it is also possible to define hybrids corre-
sponding to two classes of Robinson theories.

Definition 11. 1) Let K be an axiomatizable class of models in a countable language L with
signature o, and let [T1], [T2] € RSp(K)/s. The hybrid of the first type HR([T1],[T2]) of the classes
[T1] and [T%] is the theory Thy(€; ¢ €) provided that this theory is Robinson in the language with
signature o, where €; are semantic models of the classes [T;] for i = 1,2, and ¢ € {x,+, @}, where x
denotes the Cartesian product, + denotes the sum, and @ denotes the direct sum of models.

2) Let K7 and K3 be axiomatizable classes of models of a countable language with different sig-
natures o1 and o9, respectively, and let [T1] € RSp(K1)/s and [T5] € RSp(K2)/w. Then the theory
HR([T1], [T2]) = Thy(€1 ¢ €2) is called the hybrid of the second type of the classes [T]; and [T3], pro-
vided that this theory is Robinson in the language with signature o = o1 U 09, where €, ¢ €9 € Modo.

To prove our result, we need a classical theorem on the characterization of countably categorical
theories.

Theorem 9. |1] Let T be a complete theory. Then the following are equivalent:

a) T is w-categorical,

b) for each n < w, T has only finitely many types in the variables z1, ..., x,.

In this article, we introduce a new concept, called Kaiser equivalence, between two Jonsson theories.
As a starting point, we consider the definition of the Kaiser class of a theory.

Definition 12. A class Kr={4 € Mod(T) : T°() is a Jonsson theory} is called a Kaiser class of
the theory T', where T°(21) = Thys(21).

Next, we consider a binary relation between the Kaiser classes of two Jonsson theories, T and T5.

Definition 13. Let 17 and T5 be Jonsson theories. We say that 77 and Tb are Kp-equivalent if
Kr, = K.

It is clear that the defined relation between two Jonsson theories is an equivalence relation.

Let JCU and JC& be the semantic Jonsson quasivarieties of Robinson unars and undirected graphs,
respectively. Let RSp(JCu) and RSp(JC®) denote their corresponding Robinson spectra.

In addition, we define the following types of relations on these spectra:

1) syntactic similarity in the sense of Jonsson;

2) equivalence with respect to the class Kr;

3) the relation of cosemantic equivalence.

It is important to emphasize that, according to Proposition 3, each of these equivalence classes
contains exactly one element.

It is straightforward to verify that each of the defined relations constitutes an equivalence relation.
As a result, we can consider the corresponding quotient sets of the Robinson spectra of the classes JCy
and JCg under these relations. This construction, which we refer to as triple factorization, is denoted
by RSp(JCy)/ s and RSp(JCg)/ s Here, [Ay] denotes the equivalence class containing the theory Ag

K K

from RSp(J(Cu)/D%, and similarly, [A@} corresponds to the class of the theory Ag from RSp(JCQS)/DSq.
K

K
Each such equivalence class consists of a single theory of unars or undirected graphs.
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We now proceed to the key findings of this article. It is important to note that in the results that
follow, we consider only the Cartesian product as the operation o.

Theorem 10. Let [Ay] and [Ag] denote the equivalence classes of w-categorical Robinson theories

corresponding to unars and undirected graphs, respectively. Then their Robinson hybrid H R([Au], [A@])
is also an w-categorical Robinson theory.

Proof. Since, as stated in Proposition 3, these classes consist of a single element, we can further
work only with theories. Also, by the definition of a Kaiser class of the theory, these theories are
complete for universal (ex1stent1al) sentences Then, by Theorem 1, we obtain that the centers of
these theories, denoted by Au and A@, are also complete countably categorical Robinson theories.

Therefore, by Theorem 9, we have that for each n < w, Au and AQ5 have only finitely many types in
the variables x1,...,z,.

As we know Au and A® are Robinson theories, then they have existentially closed semantic models
€.+ and €« respectively, each of which realizes a finite number of types. Let us now consider a

&
Cartesian product of their semantic models, € X Cox € F_ o« .+ . By definition of the Cartesian
Ag HR(Ay,Ag)’

product, thls model also realizes a ﬁmte numbgr of types. Therefore, the Robinson hybrid of second
type of Aﬂ and Aeﬁ, denoted by HR(AM, Aﬁ) Thv(Q X C ) is w-categorical Robinson theory.

Note that, according to Theorem 2, Au and A@ are perfect Robinson theories. Consequently, the
classes of existentially closed models of Au and A@ coincide with the classes of models of their centers.
Since the Robinson hybrid of these theories is a universally (existentially) complete theory, it follows
that this Robinson hybrid is countably categorical.

We can also extend one of the results from [12] by applying triple factorization to the Robinson
spectra of the semantic Jonsson quasivarieties of unars and undirected graphs. As a result, we obtain
a countably categorical theory of S-acts that is syntactically similar to the Robinson hybrid of these
classes.

Theorem 11. Let [Ay] and [Ag] be the equivalence classes of w-categorical Robinson theories of
unars of the signature with one unary functional symbol and the theory of undirected graphs that is
considered in the signature containing one binary relation symbol, respectively. Then there exists a
w-categorical class of Robinson theories of S-acts, that is Jonsson syntactically similar to the Robinson

hybrid HR([Ay], [Ae]) of these classes, where each class is a single-element class.

Proof. Since, by Proposition 3, these classes are singletons, we can further work directly with the
corresponding theories. By Theorem 2, the countably categorical hybrid HR(Agy, Ag) is a perfect
Robinson theory. Since its center, denoted by HR*(Ay, Ag), is complete, it follows from Theorem 5

that there exists a complete theory of the S-acts, denoted by Tg,,,, such that H*(Ag, Ag) x T,

Then, by Proposition 6, we also have HR*(AH, A@) DSQ Ts
Since the notion of a type is semantic according to Proposition 7, the notion of a formula is also

semantic. Furthermore, since both JEP and AP are semantic concepts, the properties JEP and AP
are equivalent to the consistency of certain formulas, which follows from Propositions 4 and 5.

act) act®

act”®

As all axioms hold in the semantic model, V-axiomatizability is a semantic property. This, in turn,
implies that the property of being a Robinson theory is also a semantic concept. Therefore, the theory
Ts,., qualifies as a Robinson theory as well.

Given that HR*(AU,A@) is a perfect hybrid, the semantic model Q:HR(AL( Ae) of the hybrid

HR(Ag, Ag) is saturated. Moreover, since HR*(Ay, Ag) b Ts,., it follows from Definition 18 that
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the semantic triples of these theories are isomorphic. Hence, € =y . Therefore Crg, 18

also saturated, and thus T, , is a perfect Robinson theory.

Consider RSp(€r, ). Since the theory Ty

act

is perfect, we have that |RSp(Crg t)/S’ =1. Let
ac >
K

A € RSp(€ry, ), meaning A is Robinson theory and A* = Tg,,,. We will show that A is a perfect
J-complete Robinson theory.

Given that H R*(Au, A@) DS<1 A*, it follows from the definition of semantic similarity for complete

theories that A is a perfect Robinson theory. If, in addition, A is J-complete, then we may replace

Tg . with A. By Lemma 1, we then conclude that HR(AHH, A@) >S<1 A =Tg . If Aisnot I-complete,
we apply the following procedure to complete the theory. Since A C Ty, ,,, for any existential sentence
© in the signature language of A such that A I/ ¢ and At/ —¢, but ¢ € Tg,,,, we define the theory
A =AU {p}.

Since A ¢ A’ C Tg,,,, and both A and Tg,,, are Robinson theories, it follows from Proposition
7 that A’ is also a Robinson theory. If A’ is not 3-complete, we continue the process by successively
adding existential sentences ¢ € Ty, , until A’ becomes 3-complete.

Let A =AU{p |y € X1,p € T, } denote the result of the existential completion procedure
applied to the theory A. In other words, A is 3-complete and is also a Robinson theory. We now show
that A € RSp(€T'Sue), which implies that the theory A is perfect.

Let us assume the opposite, that is, suppose A ¢ RSp(€rg, ). This implies that &1y ¢ Mod(A).
However, this cannot be the case because QTSW = A, and for any sentence ¢ € A\ A, we have

¢ €Ts,,,. Therefore, €ry = ¢, which means that Crg , € Mod(A). This leads to a contradiction,
so we conclude that A € RSp(€ry ).

Since QTSW is saturated, it follows that A is a perfect Robinson theory. Hence, by Lemma 1, we

. T _
obtain the equivalence: HR*(Ay, Ag) D% A" & HR(Ay,Ap) x A, where A = Téact.

Conclusion

This study has explored the fundamental aspects of Jonsson theories and the associated Jonsson
spectra of their model classes, with a particular focus on the Robinson spectrum and the relation-
ship between syntactic and semantic similarity. By analyzing how these concepts interact within the
framework of model-theoretic structures, we highlighted the relevance of definability, compactness, and
saturation in understanding the classification and behavior of models determined by Jonsson theories.

A promising and relatively unexplored direction for future research involves extending these ideas
to the setting of positive Jonsson theories. This includes formulating a precise definition of the positive
Jonsson spectrum and investigating how the syntactic-semantic correspondence and model-theoretic
equivalences, such as Kp-equivalence, manifest in this more restrictive yet expressive framework. Foun-
dational concepts and definitions for developing positive model theory in the context of Jonssonness
are already outlined in [4,17], offering a solid starting point for such an investigation.

Altogether, the theoretical insights presented in this paper offer a clearer understanding of classical
Jonsson structures and establish a meaningful foundation for advancing future research on their positive
counterparts.
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This article explores the theory of Riemann double integration for functions whose values are intervals
in the framework of time scale calculus. We define the Riemann double A-integral and Riemann double
V-integral for interval valued functions, namely interval Riemann AA-integral and interval Riemann VV-
integral. Some key theorems in the article discuss the uniqueness of the integral, the equality of the
interval Riemann double integral to the Riemann double integral when function is degenerate, necessary and
sufficient conditions for integrability, proving integrability of a function without knowing the actual value
of the integral. Additionally the relationship between the interval Riemann double integral and Riemann
double integral for two interval-valued functions is estableshed via Hausdorff-Pompeiu distance. Elementary
properties of the integral such as linearity property, subset property and others are established. Using the
concept of generalized Hukuhara difference, alternate definitions of the interval Riemann AA-integral and
interval Riemann VV-integral are formulated and theorems proving the equivalence of the integrals defined
in both approaches are established. Theorems proving the equivalence of interval Riemann A- and V-
integrals previously defined in both approaches are also shown.

Keywords: interval valued functions, Hausdorfl-Pompeiu distance, Riemann AA-integral, Riemann
VV-integral, generalized Hukuhara difference, interval Riemann AA-integral, interval Riemann VV-integral,
time scales.
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Introduction and Motivation

S. Hilger in 1988, as part of his Wiirzburg doctoral degree [1], introduced the theory of measure
chain calculus (which came to be known as the time scale calculus); transcripts later published in
1990, [2]. Time scale calculus unifies and extends discrete and continuous calculus; the theory proves
immensely useful when dealing with hybrid models [3]. As theoretical framework, Hilger formulated
three axioms [2] (also view [4; 1997]); any set, say T, that satisfied these axioms were called time
scales. By nature any closed subset T of R is a time scale, an excerpt “...any closed subset of R bears
the structure of a measure chain in a natural manner.” [2| concludes this.

Hilger introduced two operators [2]. The forward jump operator denoted by o and the backward
jump operator denoted by p. Mapping o : T — T such that o(t) = inf {u eT:u> t}. Similarly,
mapping p : T — T such that p(t) = sup {u eT:u< t}.

Using the notion of forward jump operator, Hilger in [2] formulated the delta derivative
(A-derivative). A decade later in 2000, C.D. Ahlbrandt et al. [5] introduced a notion of deriva-
tive, which they called the alpha derivative, consisting both the A-derivative and another derivative
called the nabla derivative (V-derivative) as special cases. This V-derivative was formulated using the
notion of backward jump operator, officially named so in 2002 by F. M. Atici et al. [6].

Integrations of the A-derivative and V-derivative are extensively discussed in literature, including
for the Riemann integration. The Riemann integral for real valued functions on time scales was
formulated by S. Sailer [7], using the concept of Darboux sum definition of the integral, and by
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G.S. Guseinov et al., using the concept of Riemann sum definition of the integral [8,9]. The Riemann
double A-integral for real valued functions was defined by M. Bohner et al. [10,11].

Below we give the definition of Riemann double A-integral (Riemann AA-integral) and Riemann
double V-integral (Riemann VV-integral) for real valued functions as defined in [10].

Let T1 and T be two given time scales and put T1 x To = {({,) : t € T1,f € To}.

The intervals on which integrals are defined, i.e., intervals on time scale T are defined as assuming
v <w [11]:

wawlr={te T:v<t<w}; (vwr={teT:v<t<w}

vwyr={te T:v<t<w}; vwlr={teT:v<t<w}.

For clarity E, F will represent partitions for the A-integral and G, H will represent partitions for
the V-integral.

Let [v,w]r and [r,s]7 be closed intervals on T such that [v wlp x [r,s]7 = {(t, f) :t € v,wlr,
t € [r,s]r}. We partition the intervals as [v =ty <t1 <...<t,=w],peNand [r=1f < <...<
t, = 5], ¢ € N; P([v,w] ) will denote the collection of all posable partitions of [v, w]r and P([r,s| 1)
will denote the collection of all possible partitions of [r, s] .

Let E = {v =1y < ... <1 =w} € P(uwr) and F = {r =1 < ... <t =s} €
P([r,s]T). Subintervals are taken to be of the form [te 1te)r for 1 < e < p and [ff,l,tvf)T for
1 < f < ¢, which we will call the AA-subintervals. From each of these AA-subintervals we choose
J, € [te_1,te) T and 19f € [tf 1s tf)T arbitrarily and call it the AA-tags. We define the mesh of E as,
mesh-(E) = maxj<e<p(fe — fe—1) > 0. For some § > 0, Es will represent a A-partition of [v, w]T
with mesh & satisfying the property: for each e = 1,2,...,p we have either- (f, — t,_1) < 6 or
(e —te—1) > 0 A p(fe) = te1 (here A stands for “and”). Again, mesh-(F) = maxj<p<,(f; —£7-1) > 0.
For some ¢ > 0, F5 will represent a A-partition of [r, s]7 with mesh ¢ satisfying the property: for each
f=1,2,...,q we have either (f; —f;_1) <d or (f; —t;_1) >0 A p(ts) =t;_1.

Riemann AA-sum, Raa(g; Eg; Fs), of real valued function “g” evaluated at the AA-tags as follows,

p q
Raa(g:EsiFs) = > > g(de,0y) (Fe — fer)(Fr —£521).
e=1f=1

Definition 1. [10] (Riemann AA-integral) Let function g : [v,w]r X [r,s]r — R be a real val-
ued function. Function ¢ is said to be Riemann AA-integrable if there exists an Ian € R on
[v,w]T X [r,s]7 such that for any € > 0 there exists 6 > 0 hence for any A-partitions E5 and Fs, we
have ‘RAA(g; Es; Fs) — IAA| < e. Here Ian = RAA fvw fTS g(t, ) AtAE, where Raa fyw ff g(t,H)ALAT is
called the Riemann AA-integral.

Let G = {v =1t < ... <t =w} € Powr)and H = {r = {) < ... < {; = s} €
P([r,s]T). Subintervals are taken to be of the form (te Lite]r for 1 < e < pand (f4_1,%]r for
1 < f < q, which we will call the VV-subintervals. From each of these VV-subintervals we choose
ée € (te_1,te]r and Ef € (ff,l,tuf]T arbitrarily and call it the VV-tags. We define the mesh of G as,
mesh-(G) = maxj<e<p(fe — te—1) > 0. For some § > 0, Gs will represent a partition of [v,w]r
with mesh § satisfying the property: for each e = 1,2,...,p we have either (te — te1) < & or
(te — te—1) > 6 AN o(te—1) = te. Again, mesh- (H) = max1<f<q( ¢ —1t7-1) > 0. For some § > 0,
Hs will represent a partition of [r s] T with mesh § satlsfylng the property: for each f=1,2,...,¢ we
have either (f; —f;_1) < S or (fy —tp_1) > A o(fp_1) = 1.

Riemann VV-sum, Ryv(g; Gs; Hs), of real valued function “g

w0

evaluated at the VV-tags as follows,

p q
Ryv(g; Gs; Hs) : ZZg(fe,ff)(fe —te-1)(ty —ty-1).

e=1 f=1
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Definition 2. (Riemann VV-integral) Let function g : [v,w|r X [r,s]r — R be a real valued
function. Function g is said to be Riemann VV-integrable if there exists an Iyy € R on [v,w]r X
[r, s] 7 such that for any & > 0 there exists § > 0 hence for any V-partitions G5 and Hg, we have
’va(g;Gg;H(g) - Ivv‘ < e. Here Ivv = va f;u frs g(f, E)vaf, where va fvw f: g(f, tv)ngE is
called the Riemann VV-integral.

We take a quick look at the theory of interval analysis. R.E. Moore’s monograph [12| and [13] played
a vital role as a catalyst to the modern era of extensive research on interval analysis. This monograph
was the outgrowth of his Stanford PhD thesis titled “Interval arithmetic and automatic error analysis
in digital computing” [14]. Intuitively, interval analysis uses closed intervals of real numbers instead of
just numbers for calculations. Following we present basic concepts on classical interval analysis, view
[13] for more insight.

Let Ry denote the class of all non-empty compact intervals of real numbers. [P] = [P~,P*] € Ry;
P~ represents the left end point and P represents the right end point of interval [P]. If P~ = P*
then [P] is said to be degenerate.

Given [P],[Q] € Ry, some rules of ordinary interval arithmetic are

Minkowski addition: [P]® [Q]= [P~ +Q ,PT +Q"].
Scalar Product: for r € R, r[P]={[rP~,rP*] if r>0; [0] if r=0;
[Pt rP7] if r <0},
Order : [P] < [Q] implies PT < Q™.
Subset : [P] C[Q] if and only if Q- <P~ and PT <QT.
Absolute value : |[P]| = max {|P~|,|P*]}.

Reader is referred to [13| and [15] for theory on ordinary interval analysis.
The Hausdorff-Pompeiu distance between intervals [P] and [Q] is defined as

s([P], [Q]) = max{’P_ — Q_}, ’P+ — Q"'}}

[3h)

It is known that (RI, s) is a complete metric space. Properties of “s” are

1. s([P,[Q)) = 0+ [P] = [Q;

2. s(v[P,7[Ql) = [vs([P),[Q]) for all v € R;

3. ([P) @ [R]. [Q] @ [R]) = s([P], Q)

1. s([Pl® [R], [Q] & 8]) < s([P], [Q]) + s(IR][S]),
For details on “s” refer [16].

L. Stefanini in [16,17| details the general limitation of substraction of sets. To partially overcome
this situation, M. Hukuhara [18] introduced the H-difference (Hukuhara difference) which was further
generalized by L. Stefanini [17], referring to it as the generalized Hukuhara difference. We will denote
generalized Hukuhara difference by “©gn” defined as

Y

P~ =Q +R,P"= Q" +RT,
P~ P em[Q.Q =R R .
Q- =P -R,Q"= Pt -RT,
so that [P, PT] 6,n [Q7, Q"] = [R™,R"] is always defined by
R™ =min{P~ - Q~,P" —Q"}, Rf = max{P~ - Q~,PT - QT},
i.e., [P] ©gn [Q] = [min{P~ - Q,PT - Q" }, max{P~ - Q~,P* - QT}].

Properties of “©gy” are
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1. [P] &gn [P] = {0};

2. ([Pl®[Ql) &g [Q] = [P]; [Pl &g (Pl®[Q]) = -
3. ([P, [Q]) = s([P] ©gu [Q], [0]); here [0] [0,0};
4. ([P, [Q]) = 0« [P] ©gu [Q] = {0}.

For more details on properties of “©,1” one may refer [16] and [17].
Let [v,w]r be a closed interval on T. Function h is said to be an interval valued function if it
assigns a nonempty interval

(D) = [h(e)", h(t)*] = {h:h(t)” < h < h(t)*},

for each ¢ € [v,w] 7, where h™, ht : [v,w]7 — R are real valued functions.
h:[v,w]r — Ry and t € [v,w]r, | € Ry is said to be an interval limit of h as ¢ tends to u, denoted
by limy_,, h(t) = [ if for every € > 0 there exists 6 > 0 such that s(h(t),l) < e for all |t —u| < 4. Here,

1}1_1371J ht)=1< }gIllL (h(t) ©gn 1) = {0},
where the interval limits are in the metric “s”. For h(t) = [h~(t), AT (t)], lim;_, h(t) exists if and only
if limy_,,, h™(t) and lim;_,, AT (t) exists as ﬁnlte numbers. Here,

. e - ooy
fim h(t) = [ i - (0, iy (1)

h: [v,w]r — Ry is said to be interval continuous at u € [v, w| ¢ if for each € > 0, there exists § > 0
such that s([h(t)], [h(u)]) < &€ whenever |t —u| < §. Also, h is interval continuous at u € [v, w]r if and
only if its end points h~ and h* are continuous functions at u € [v,w]p. If h is interval continuous
at every t € [v,w]r, then we say that h is interval continuous. h is said to be interval bounded, if for
B >0, |[h(t)]] < B for all t € [v,w]r.

Reader is referred to [19] and [20].

Integration of functions whose values are intervals (interval valued functions) have garnered much
attention in recent years for both continuous calculus and time scale calculus.

For interval valued functions in continuous calculus, the interval Riemann integral was defined by
O. Caprani et al. in [15] (also view [13]); the interval Henstock integral was defined by C. Wu et al. in
[21]; the interval Henstock-Stieltjes integral was defined by M. E. Hamid [22]; the interval AP-Henstock
integral was defined by M. E. Hamid et al. [23]; the interval AP-Henstock-Stieltjes integral was defined
by G.S. Eun et al. [24]; and the interval McShane and interval McShane-Stieltjes integrals are defined
by C.K. Park [25].

In 2013, V. Lupulescu [19] introduced the notion of interval analysis to the concept of time scale cal-
culus pioneering extensive research that followed soon. He formulated differentiability and integrability
for interval valued functions on time scales using generalized Hukuhara difference.

For interval valued function in time scale calculus the interval Riemann integral was defined by
D. Zhao et al. [26] (A-integral) and by M. Bohner et al. [20] (V-integral and {,-integral), the
interval Riemann integral defined using the notion of generalized Hukuhara difference was given by
V. Lupulescu [19]; the interval Riemann-Stieltjes integral was defined in [27] (A-integral and V-integral)
and interval Riemann-Stieltjes integral using the notion of generalized Hukuhara difference was also
defined in the same [27] (A-integral and V-integral); the interval Henstock integral was defined by
W.T. Oh et al. |28] (A-integral); the interval Henstock-Stieltjes integral was defined by J.H. Yoon [29]
(A-integral); the interval McShane integral was defined by M.E. Hamid et al. [30] (A-integral); the
interval McShane-Stieltjes integral was defined by M.E. Hamid [31] (A-integral); and the interval
Henstock-Kurzweil-Stieltjes-{>-double integral was defined by D.A. Afariogun et al. [32,33].
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Given T x Ty = {(f, E) te Tl,f S Tz}, and [P] = [(Pl,Pg)], [Q] = [(Ql,QQ)], “s” forms a
complete metric space defined as [32,33]

s([P1,1Q)) = s([(Pr. P2, [(Q1. Q2)))
= max {\/(Q — P2+ (@5 — Pr)2/(QF - PP+ (@5 - BH)2).

Below we give the definition of interval Riemann A-integral and interval Riemann V-integral ac-
cording to D. Zhao et al. [26] and M. Bohner et al. [20], respectively.

We partition [v,w]r as E = {v =ty < ... < t, = w} € P([v,w]r). A-subintervals are of the
form [te—1,te)T; A-tags are ¥, € [te—1,te) T taken arbitrarily. For some § > 0, Es will represent a
A-partition of [v,w]r with mesh 4.

Definition 3. |26](Interval Riemann A-integral) Let function h : [v,w]r — Ry be an interval valued
function; h is said to be interval Riemann A-integrable if there exists an interval [Ia] € Ry on [v, w]r
such that for any € > 0 there exists 6 > 0 hence for any A-partition Es, we have s (IRA(h; Es), [IA]) <e.
Here [Ia] = IRa [, h(t)At; IRA(h; E5) := Y0 [h(0e)](te — te—1).

The set of all interval Riemann A-integrable functions on [v, w]7 will be denoted by {IRa[v, w] 1 }.
The interval Riemann A-integral defined using the notion of generalized Hukuhara difference was
given by V. Lupulescu [19] as

Definition 4. |19] Let function h : [v,w|r — Ry be an interval valued function; h is said to be
interval Riemann A-integrable if there exists an interval [Ia] € Ry on [v, w]|r such that for any € > 0
there exists § > 0 hence for any A-partition Es, we have s(IRa(h;Es) ©gn [Ia],[0]) < e. Here
[Ia] = IRA [, h(t)At; IRA(R; Ej) := Y0 [h(De)](te — te—1).

We formulate a theorem (Theorem 1) which proves the equivalence of Definition 3 (as defined in
[26]) and Definition 4 (as defined in [19]) below

Theorem 1. If h € {IRA [v, w] T} then, h is interval Riemann A-integrable defined using the gener-
alized Hukuhara difference and vice versa.

Proof. Suppose h € {IRA[v,w]T} (Definition 3), then s(IRA(h; Es), [IA]) < €. Hence,

s([min {IRA(h‘; Es) — Ix, IRA (A Es) — Ig},max {IRA(h_§ Es) — In, IRa (T Es) — IZH , [0])

= max{‘ min {IRA(h_; Es) — I£7IRA(h+S Es) — IX} - 0"

i

max {IRA(h_; Eg) — I3,
R (W Es) — Ig} - o+’} - max{‘ min {IRA(h*; Es) — 15, IRA (R Es) — IZH,

| max {IRa(h™3 By) — I3, IRa (h5 Bs) — T4 }| } = | max {IRA(h 73 By) — I3, IRa (W5 Bs) — X }] <&

Thus, if h € {IRA[v,w]T} implies h is interval Riemann A-integral defined using the generalized
Hukuhara difference. The converse is proved similarly.

For the V-integral, we partition [v,w]r as G = {v =ty < ... < t, = w} € P([v,w]r).
V-subintervals are of the form (t._1,te]T; V-tags are { € (te—1,t]T taken arbitrarily. For some
d > 0, Gs will represent a V-partition of [v, w]r with mesh 0.

Definition 5. |20|(Interval Riemann V-integral) Let function h : [v,w]r — Ry be an interval val-
ued function; h is said to be interval Riemann V-integrable if there exists an interval [Iy] € Rp
on [v,w]r such that for any € > 0 there exists § > 0 hence for any V-partition Gs, we have
s(IRv(h; Gs), Iv]) < e. Here [Iv] = IRy [, h(t)Vt; IRv(h; Gs) := > 01 [h(&e)](te — te—1).
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The set of all interval Riemann V-integrable functions on [v,w]7 will be denoted by {IRy[v,w]r }.

The interval Riemann V-integral defined using the notion of generalized Hukuhara difference is
given below

Definition 6. Let function h : [v,w]r — Ry be an interval valued function; h is said to be in-
terval Riemann V-integrable if there exists an interval [Iy] € Ry on [v,w]r such that for any ¢ > 0
there exists & > 0 hence for any V-partition G, we have s(IRy(h; Gs) ©gn [Iv],[0]) < e. Here
[Iv] =1Ry [ h(t)VE; IRy (h; Gs) := >0 [h(&e)] (te — te—1).

Theorem 2 states the equivalence of Definition 5 (as defined in [20]) and Definition 6; proof of the
statement is omitted due to similarity with Theorem 1.

Theorem 2. If h € {IRV [v, W] T}, then h is interval Riemann V-integrable defined using the gener-
alized Hukuhara difference and vice versa.

To the best of our knowledge, Riemann double integral for interval valued functions on time scales
has not been discussed in literature. Hence, the primary objective of this paper is to define the interval
Riemann AA- and VV-integrals and establish some fascinating results.

1 Interval Riemann double integration

Partitioning [v,w]r as E = {v = & < ... < t, = w} € P([v,w]r) and [r,s]r as
F={r=1 <..<t =s} € P(rs|r). AA-subintervals for [v,w]r and [r,s]7 are of the
form [f._1,.) and [tuf,l,tuf)T respectively. AA-tags are J, € [te_1,te) T and 7§f € [tvf,l,tvf)T taken
arbitrarily. For some 6 > 0, Es and Fs will represent A-partitions of [v, w]|r and [r, s]r respectively
with mesh 9.

Interval Riemann AA-sum, IRana(h;Es; Fs), of interval valued function “h” evaluated at the
AA-tags as follows,

ie., TRaa(h;Es; Fs) =[h(D1,91) (f1 — fo) (F1 — f0), h(91,91) " (B —fo) (1 — o) ] @ ... @
[h(épv 5lq)i(gp - fp—l) ({q - 7\5Jq—1)7 ( Apv 51q)Jr(tAp - fp—l) (Eq - 7\fq—l ]
Here,
IRAA (RT3 Es; Fy) == Zp: > h(@e,5) (Fe — te1)(Er — T51),
e=1 f=1

p q
TRaa (RT3 Esi Fo) i= > Ym0, 04) (e — te1)(Fy — Tp-1).

Definition 7. (Interval Riemann AA-integral) Let function h : [v,w]r x [r, s]7 — R; be an interval
valued function; h is said to be interval Riemann AA-integrable if there exists an interval [Iaa] € Ry
on [v,w|r X [r,s]r such that for any £ > 0 there exists § > 0 hence for any A-partitions Es5 and Fy,
we have

s(TIRaa(; Es; Fs), [Ian]) <e.

Here [Iaa] = IRaa [ [7 h(t,{)AtAE, where IRan [ [ h(t,T)AEAL is called the interval Riemann
AA-integral.
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The set of all interval Riemann AA-integrable functions on [v,w]r X [r,s]r will be denoted by
{IRAA[v,w]T x [r, s]T}.

Example 1. 1. When T = R, the interval Riemann AA-integral coincides with the usual interval
Riemann double integral in R.

2. When T = aZ, here a € R and v,w,r,s € aZ, if h € {IRAA[v,w]T X [r, S}T}, then

,_1 £_1

IRAA/ /httAtAt—a ZZ aza]

7,—*]—7

w_12_1

:a2-ZZ{ (ai,aj)”, (ai,aj)ﬂ.
1—7]—7
Ifa=1, T =7 and
w—1s—1
IRAA/ / ttAtAt—ZZ Z]

i=v j=r

For the VV-integral, we partition [v,w|r as G = {v =ty < ...< t, = w} € P([v,w]r) and
[r,slras H={r =1y <... <ty =s} € P([r,s]r). VV-subintervals for [v,w]r and [r, s]T are of the
form (fo_1,%] and (tf 1,tf]T, respectively. VV-tags are fe (te_1,te] T and §f € (tf 1,tf]T taken
arbitrarily. For some 6 > 0, G5 and H; will represent V-partitions of [v,w]r and [r, s|r respectively
with mesh 4.

Interval Riemann VV-sum, IRyv (h; Gs; Hy), of interval valued function h evaluated at the VV-tags
as follows,

ie., IRyv(h;GsiHs) =[h(&, &) (f1 — o) (f1 —fo), h(&1. &) (1 — o) (1 —t0)] @ ... @
[h(épa gq)_ (fp - 7Epfl) (tq - tqfl)’ h(fpv fq) (tp - tpfl) (tq - qul)]'

Here,

p q
IRyv(h™; Gg; Hs) : Zzhfeygf —te 1)(tf_tf 1),
e=1 f=1

p q
IRyv(h*;Gs; Hs) Zzhéwgf (te —te—1)(Ef —tp_1).
e=1 f=1

Definition 8. (Interval Riemann VV-integral) Let function h : [v, w]r X [r, s]7 — Ry be an interval
valued function; h is said to be interval Riemann VV-integrable if there exists an interval [Iyv] € Ry

on [v,w]p X [r,s]p such that for any ¢ > 0 there exists § > 0 hence for any V-partitions G5 and Hg,
we have

s(IRvv (h; Gs; Hy), [Ivv]) < e.

Here [Ivy] = IRyv [ [ h(t,{)ViVE, where IRyy [° [ h(t,1)VEVE is called the interval Riemann
VV-integral.

The set of all interval Riemann VV-integrable functions on [v,w]r X [r,s]r will be denoted by
{IRyv[v,w]r x [r,s]T}.
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Ezxample 2. 1. When T = R, the interval Riemann VV-integral coincides with the usual interval
Riemann double integral in R.
2. When T = aZ, here a € R and v, w,r,s € aZ, if h € {Iva[v,w]T X [r, S}T}, then

w s

a a

IRyv /Uw/rsh(f,tv)VtAVtv—aQ-‘Z > [n(ai, ah)]

i=Y41 =41

2 |o

Il

Q

[\
Ma»s

Z [h(ai,aj)_,h(ai,aj)+].
i=2415j=C241

Ifa=1, T =7 and

IRW// (£, VtVt_Z Z

i=v+1j=r+1

Following statements and theorems will be given in regard to the AA-integral, VV-integral versions
are omitted due to their similarity.

Remark 1. If h € {IRaa[v,w]7 X [r,s]7}, then the value of integral [Iaa] is unique and well-
defined.

If h € {IRaa[v,w]7 x [r,s]7} and h is degenerate, then interval Riemann AA-integral (Definition
7) equals Riemann AA-integral (Definition 1).

Theorem 3. Let h : [Lto,U(tA(])]T X [E(),U(tuo)]:[' — RI, then h € {IRAA[I%,U(EQ)]T X [fg,d(tuo)}T} and
Ran /t = /t Wi DAIAT = [h(i. o) (o(Go) ~ o) (o(00) ~ o). A(io. o) * (o) ) (o) ~ ) .

Theorem 4. Let h: [p(t), to]T  [p(fo),to] T — Ru, then h € {IRaa[p(to).t0] T x [p(f0), 0] 7 } and

~ )

IRAA/O /O h(t, £)AEAL = [h(P(tAo%P(Eo))f(fo—P(fo))(fvo—P(fo)%h(ﬂ(to)ap(to))+

p(to) J/p(fo)
(fo — p(do)) (fo — p(io)) |

Theorem 5. An interval valued function h : [v, w] X [r, s]7 — Ry is interval Riemann AA-integrable
on [v,w] x [r,s] if and only if A~ and h™ are Riemann AA-integrable on [v, w]7 X [r, s]7 and

IRAA// ATAL = RAA// (t,1) AtAtRAA// h(t, 1) TALAE.

Proof. 1f h € {IRaa[v,w]7 x [r,s]T}, then integral [Iaa] = [Ixa,IAA] such that for each & > 0
there exists § such that

s(IRaa (h; Es; Fs), [Ian]) = max

(h*;Egs; Fs) — IXA’}

p q
DD h(@e,0p) " (Fe = te1)(Er —F5-1) = Ixa|,

b<e,

h(De, 0 4) T (fe — tem1)(fp — Ep—1) — IXA

thus,
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| S0y S (e Fp) (e — o) (Fy — Ty 1) — I | < € and
‘ Ze:l Zf:l (7967 ﬁf)Jr(tAe - ie—l)(tuf - gf—l) - IXA’ <¢g,

hence we conclude.
Conversely, let b=, ht be Riemann AA-integrable on [v,w]|r X [r, s] T, then there exists I1, [» € R
such that for each € > 0, there exists § such that

’RAA(hf;E(;;F(g) — Il‘ < € and ’RAA(h+;E5;F5) — Ig‘ <e.

Letting [Iaa] = [11, I2], we have

max{‘RAA(hf; Es; Fs) — Il‘, (h+;E5;F5) — IQ‘} = maX{

Zzh te—te—1)(Ty —ty—1) — IXA

e=1 f=1

(tf —tr-1) = Ixa

I

implies s(IRAA(h; Es; Fs), [IAA]) < ¢ hence we conclude.

Without actually knowing the value of the integral, we can prove the integrability of a function via
the criterion of integrability. It is stated as

Theorem 6. An interval valued function h : [v, w]r x[r, s]r — Ry is interval Riemann AA-integrable
on [v,w]r X [r,s]p if and only if for each € > 0 there exists § such that any A-partitions Eq;, F;, and
Eg;, Fa, with mesh< ¢ implies

S(IRAA(h; E15; F16),IRAA(h; E26; FQ(S)) < €.

A function h : [v,w]7 X [r, s]7 — Ry is said to be interval continuous at (fg, o) € [v,w]r x [r, 5] if

for each £ > 0 there exists § > 0 such that s([h(¢,£)], [h(fo,0)]) < e, whenever \/(fo — )2+ (fg — )2 < 4.
Interval boundedness and interval continuity of a function are sufficient conditions for the existence
of interval Riemann double integrability.

Theorem 7. Every bounded continuous interval valued function is interval Riemann AA-integrable,

and
IRan / / Wi B AFAT = [RM / / Wi, B~ AEAT, Raa / / h(f,f)*AiAtu}

Below we establish a relation between interval Riemann AA-integral and Riemann AA-integral for
two interval valued functions via Hausdorff-Pompeiu distance.

Theorem 8. Let hi,hy € {IRaalv,w]r X [r,s]r}, if given s([hi(£,%)], [h2(£,7)]) is Riemann
AA-integral then,

(IRAAf [ ha (6, 6)ALAE TRAA ) [ ho(t, T AtAt) < Raa [ [7s([hi(E,2)], [ha(t, 1)]) ALAL.
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Proof. By definition of distance we have,

s(IRaa / ’ / (i, )ATAT TRaA / " / ha(f i) A7)

= max ’IRAA/ /hlt AtAt—IRAA/ /hgt AtAt‘
‘IRAA/ /hl(t,t)+AtAt—IRAA/ /hg(t,t)JrAtAt’}

< max IRAA/ / \hl(f,t“)——h2(£,f)—\A£Af,IRM/ / \hl(i,f)+—h2(£,t“)+|AfAt“}

<IRAA/ /max ‘hltt —h2

:RM/ / s([h1 (L, 1)), [hao(f,1)]) ALAL.

|, [ Bt = hald, fm}AfAf

Theorem 9. Let hq,ho € {IRAA[v,w]T x [r, S]T} and v € R, then
1. vhy € {IRAA[’U,’U)]T X [r, S]T} and

w S w S
Ran / / yhi(F, D) APAT = 7 TRAA / / hi(F, ) AFAT,

2. hi+ho € {IRAA[U,QU]T X [r, s]T} and

IRAA/ / (h1 + h2) t AtAt—IRAA/ /hlt AtAt—i—

IRAA/ /hg(f,f)AfAf,
Ran / / ha (0, 1) APAT C TRaA / / ha(i, [)ATAT,

Definition 7 and Definition 8 can also be alternatively defined using the generalized Hukuhara
difference as

3. hi(f,0) C ho(i, D)

Definition 9. Let function h : [v,w]r X [r,s]7 — Ry be an interval valued function; A is said to be
interval Riemann AA-integrable if there exists an interval [Iaa] € Ry on [v, w]r X [r, s]r such that for
any € > 0 there exists § > 0 hence for any A-partitions Es and Fs, we have

s(IRaa(h; Es; Fs) g [Iaal, [0]) < e.

Here [Iaa] = IRaa [, [ h( t, 1) ALAL, where TRAA L2 [ h( t,1)AtAf is called the interval Riemann
AA-integral.
We establish a theorem which proves the equivalence of Definition 7 and Definition 9.

Theorem 10. If h € {IRaalv,w]r x [r,s]7} then, h is interval Riemann AA-integrable defined
using the generalized Hukuhara difference and vice versa.
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Proof. Suppose h € {IRAA[v,w]T x [r, s]T} (Definition 7), then s(IRAA(h; Es; Fs), [IAA]) < e.
Hence,

s([min{IRAA(h_; Eg:Fs) — Ix 0, IRan (bt Es; Fs) — IIA},

max {IRAa(h*;E(;;F(;) —  Ina TRaa(h"5Es Fy) — IZAH : [0]>

_ max{‘ min {IRAA(h_; Es:Fs) — Ix 0, IRan (A Bs; Fy) — IXA} —0-
max {IRM(h*; Bg; Fs) — Ixa.IRan (b By Fy) — IXA} - oﬂ}
- max{‘ min {IRAA(h_; Es:Fs) — Ix 0, IRan (bt Bs; Fs) — IXA}
max{IRAA(h_; Eg; Fs) — Ixp.IRan (b By Fy) — IXAH}

= | max {IRAA(hi;E(s;F(S) — IxnsIRAA (R Eg; Fy) — IZAH <e.

)

)

Thus, if h € {IRaalv,w]r X [r,s]r} implies h is interval Riemann AA-integrable defined using
the generalized Hukuhara difference. The converse is proved similarly.

Definition 8 is alternatively defined using the notion of generalized Hukuhara difference as

Definition 10. Let function h : [v,w|r X [r,s]r — Ry be an interval valued function; h is said to
be interval Riemann VV-integrable if there exists an interval [Iyy] € Ry on [v, w]p X [r, s] 7 such that
for any € > 0 there exists § > 0 hence for any V-partitions G5 and Hy, we have

S(Iva(h; Gs; H5) Ogl [Ivv], [0]) <e.

Here [Iyv] = IRyv [ [7 h(,1)VEiVE, where IRy [\ [ h(f,£)ViV{ is called the interval Riemann
VV-integral.

We establish a theorem which proves the equivalence of Definition 8 and Definition 10; prove is
omitted due to its similarity with Theorem 10.

Theorem 11. 1f h € {IRyv[v,w]r X [r,s]7}, then h is interval Riemann VV-integrable defined
using the generalized Hukuhara difference and vice versa.

Conclusion

This paper explores the theory of Riemann double integration for interval valued functions on time
scales and discuss a few fascinating results.
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In this article, new g-analogues of Lyapunov-type inequalities are presented for two-point fractional bound-
ary value problems involving the Riemann-Liouville fractional g-derivative with well-posed g-boundary
conditions. The study relies on the properties of the ¢-Green’s function, which is constructed to solve such
problems and allows for the analytical derivation of the inequalities. These inequalities find application in
two directions: establishing precise lower bounds for the eigenvalues of corresponding g-fractional spectral
problems and formulating criteria for the absence of real zeros in g-analogues of Mittag-Leffler functions.
The obtained results generalize classical and fractional Lyapunov inequalities, offering new perspectives
for the analysis of stability and spectral properties of g-fractional differential systems. The relevance of
the work is driven by the growing interest in g-calculus in discrete models, such as viscoelastic systems
or quantum circuits, where discrete dynamics play a key role. The convenience of closed-form analytical
expressions makes the results practically applicable. The research lays the foundation for further general-
izations, including Caputo derivatives or multidimensional g-systems, which may stimulate new discoveries
in discrete fractional analysis.

Keywords: g-calculus, fractional g-derivative, Lyapunov-type inequality, Riemann—Liouville fractional deriva-
tive, Green’s function, Mittag-Leffler function, eigenvalue problems, fractional integral.
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Introduction

Fractional calculus investigates integrals and derivatives of arbitrary (non-integer) order, has be-
come an indispensable framework for modelling complex phenomena in physics, biology, engineering,
and economics [1,2|. Fractional differential equations (FDEs) naturally describe memory effects, non-
local interactions, and anomalous diffusion; a representative example is C.F. Li et al.’s proof of positive
solutions for nonlinear FDEs with boundary constraints [3].

A central analytical tool for boundary-value problems (BVPs) in the fractional setting is the
Lyapunov-type inequality. R.A.C. Ferreira obtained the first variant for a Riemann—Liouville deriva-
tive with Dirichlet conditions [4]; M. Jleli and B. Samet extended the result to mixed boundary condi-
tions [5]; and D. Basu et al. treated fractional boundary conditions, applying the inequality to spectral
questions [6]. Subsequent refinements yielded sharper eigenvalue bounds and zero-free intervals for
Mittag-Leffler functions [7].

Parallel to the continuous theory, g-fractional calculus blends quantum calculus with fractional
analysis. Its origins trace back to Jackson’s introduction of g¢-difference operators and integrals
[8,9] and R.D. Carmichael’s work on g¢-difference equations [10]. Modern expositions by V. Kac and
P. Cheung [11], T. Ernst [12,13], and M.H. Annaby, Z.S. Mansour [14] have systematised the subject.
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Foundational notions of g¢-fractional integrals and derivatives, proposed by W.A. Al-Salam [15] and
R.P. Agarwal [16], were rigorously formalised by P.M. Rajkovic et al. [17,18].

Applications of g-fractional differential equations range from quantum mechanics to discrete dy-
namical systems. R.A.C. Ferreira analysed non-trivial and positive solutions for several classes of
g-fractional BVPs [19,20]; S. Shaimardan and collaborators established existence and uniqueness re-
sults for Cauchy-type problems with Riemann-Liouville derivatives [21|. The ¢-fractional framework
has been connected with time—scale calculus through the work of F.M. Atici and P.W. Eloe [22];
with three-point and other non-local boundary conditions in the papers of S. Liang, J. Zhang, C. Yu,
J. Wang, S. Wang et al. [23-25]; and further refined for related non-local problems by C. Zhai,
J. Ren [26] and Y. Zhao, H. Chen, Q. Zhang [27]. Lyapunov-type inequalities for g-fractional equa-
tions were first obtained by M. Jleli and B. Samet [28].

In this work we derive two new Lyapunov-type inequalities for the g¢-fractional boundary-value
problem

Dgu(t) +qt)u(t) =0, a<t<bh 1<a<2 0<3<1,
w(a) =0, D5.ub)=0, 0<q<1,

by exploiting properties of the associated g-Green function. The analysis combines topological fixed-
point techniques [29], and existence principles in the Caratheodory framework [30]. Our results sharpen
eigenvalue estimates, offer criteria for the real zeros of g-Mittag-Leffler functions, and advance the
spectral theory of discrete fractional models.

1 Preliminaries

In this section, we introduce essential definitions and foundational concepts, including key aspects
of g-calculus, which underpin the present study. For a comprehensive exploration of these topics,
readers are referred to the monographs [11,14].

For a € R, the g-real number [a], is given by

1—¢q°

= 1

[a]q 1 _ q ) q # bl
iy 17
where él—% =g —
We introduce for k € N:
i (a; )
. — . _ _ k . — 7 . _ s 4 )oo
(@0 =1, (=1 (1-da) (@a)oe = lim (@,0)n, (@00 = [ LS

The g-factorial [n],!, serving as the g-analogue of the binomial coefficient factorial, is defined as

1, if n=20,
[n]q! = { [1]g X [2]g X - -+ X [n]g, if n€ N.

The g-gamma function I';(z) is given by
Ly(z) = M(l —'*, x e R\{0,-1,-2,...}
(43 @)oc

and satisfies the functional relation I'g(x + 1) = [z],T'¢(x).
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Definition 1. [11] The g-analogue differential operator D, f(x) is

f(x) = flgz)
z(l—q)

and the g-derivatives Dy (f(x)) of higher order are defined inductively as follows:
Dy(f(2)) = f(x), Di(f(x)) = Dq(Dy~" f(z)) (n=1,2,3,...),

where 0 < ¢ < 1. Be aware that lin% D, f(z) = f'(z).
q—

qu(x) =

Do — S)q(w = [Yg(z — S)q(v_l)v (1)
Dq,s(m - S)q(’Y) = _[fy]q(x - qs)q(vil)'

b
The g-integral (or Jackson integral) [ f(z)dgz is defined by

/f(w)dqx =(1-¢q)a Z q" f (ag™),
m=0

0

/bf(:n /bf dm—/a f(z)dyz,
a 0

for 0 < a < b. For further details, see [8,9].

Definition 2. [21] For a > 0, and a function f defined on [a, b], the fractional ¢g-integral of Riemann—
Liouville type is characterized by (Iy,f) (z) = f(z) and

for a = 0 and

T

(I3f) () = gy [ (= a0 Vs @it 2 € fo.1]

a

Definition 3. [16]. Given «, > 0, the Riemann-Liouville fractional g-derivative is defined by
setting (DY, f) () = f(x) and

(D5af) (@) = (DIl ) (@),
where [a] is the smallest integer greater than or equal to a.

For A € (—1,00), the following is valid [9]:

(Dgale ~ ) (&) = 1A D

T —atD) ™ ). (2)

The space Lj = L}[a,b] corresponding to 1 < p < oo is defined by

1
p

b
Lifa,b] == 4 f: /|f(m)|pdqx < 00
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Let 0 <a <b<ooand 0 <\ < 1. Then we introduce the space Cy z[a, b] of functions f given on
[a, b], such that the functions with the norm

1flle, Afab) == Jnax, (z — qa)MV f(z)] < oo.

The collection of all g-absolutely continuous functions on [a,b] is denoted ACy[a,b]. For
n € N = 1,2,3,... we denote by AC{[a,b] the space of real-valued functions f(x) which have
g-derivatives up to order n — 1 on [a, ] such that D}~ f(z) € ACy[a,b] :

ACP[a,b] := {f : [a,b] = R; Dg_lf(m) € ACy[a,b]} .

Lemma 1. [18] Assume o > 0, § > 0, and 1 < p < oo. The semigroup property for the g-fractional
integral holds as follows:

L (Ialgf)(@) = (I5a" f) (@),
2. (Dgolgaf)(@) = f(z),
3. (Dialgaf) (@) = (182°F) (@),
where f(z) € Lf]a,b] for all x € [a, b].
Lemma 2. Suppose a >0, p € N, ¢ € (0,1), and let f € AC¥[a,b] be a function with g-derivatives

quiaf defined at * = a for k = 0,1,...,p — 1. Following [19], the Riemann—Liouville g-fractional
integral I, and derivative Dy, satisfy

1

3

(x _ a)aprrk

Fyla+k—-p+1)

(IgaDgaf) (@) = (Dgalgaf) (@) - (Dkaf) (@), @€ asb]

b
I

0

Lemma 8. For v > —1, ¢ € (0,1), a < b, and & > b, the g-integral of the g-power function is given
by

b _ )+l
gs) s = EZ T
[ = as) dge = EE ®
where (z — qs)gY) =(x—g¢qs)Y and [y + 1], = 1_1qjq+1. See [9] for details.

2  Main Results

Theorem 1. Let 1 <a<2,0<8<1,0<a—08<1,qe€(0,1),and h € Lé[a,b]. The g-fractional
boundary value problem
Dy u(t) +h(t) =0, t&la,b], (4)
with boundary conditions

u(a) =0, DP u(b) =0, (5)

q7a

has a unique solution given by
b
u(t) = /Gq(t, s)h(s) dgs,
a
where the ¢-Green’s function G(t, s) is defined as

—a a—1 a—LB—
1 (b(ia)%(b—qs)é ’ 1)7 a<t<

<
Ly(e) ﬁ%(b —gs) Pt —qe) Y, a<s<t<

Gy(t,s) =
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Proof. By applying the operator I, from definition 2 to both sides of (4) and employing Lemma 2
with p = 2, we obtain
u(t) = =I5 .h(t) + C1(t — a)* ™' + Ca(t — a)* 2, (7)

for some C1,Cy € R. Applying the operator Dg, o in condition (5) to both parts of the equation (7)
and using the Lemma 1, we obtain
DJ u(t) = —DB I8 h(t) + C1 DS ,(t — a)**
+CyDP (t—a)* 2,

proceeding further, and using formula (2), we arrive at

r
DP u(t) = —I%Ph(t) + Clﬂ(t S
© © FQ(a - ) (8)
Lg(a—1)

+Cy—————

Fyla—p—1)

Using the boundary condition u(a) = 0 in equation (7) gives Cy = 0. Applying the condition
D(’iau(b) = 0 to equation (8) then leads to

(t— a)a_'g_2.

b
= - QoA /(b —as)y "7 Vh(s) dys.

a

Substituting the explicit expressions for C; and C3 into equation (7), we obtain the unique solution
of (4) as

u(t) = _Fqia) / (t — g8){Vh(s)dys

b
—a a—1
o / (z)(t_ a)o)‘—ﬁ—l(b_qs)(a_ﬁ_l)h(S)dqs

/ —a a—1
= 1 / [(b(t_ a)i_ﬁ_l (b— q3>(a,5,1) —(t— qs)((za—l) h(s)dys

Hence, the result follows.

Corollary 1. Let 1 <a<2,0<p<1,1<a—<2,q€(0,1),and h € Lcll[a, b]. The g-fractional
boundary value problem
Dy u(t) +h(t) =0, t€&la,b],

with boundary conditions
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has a unique solution u € ACg[a, b] given by

b
u(t) = [ Galt.5)h(s) dy,

where the ¢-Green’s function G(t,s) is defined as

—a a—1 a—B—
1 (b(ia)%(b—qs)é Bl)a a<t<s<hb,
Gylt,s) = (t—a) 1 (a—B-1) (a—1) (9)
Q(a) W(b—QS)q —(t—QS)q N CLSSStSb

Proof. The result follows from Theorem 1 by identical arguments for the case 1 < o — 8 < 2; the
details are omitted.

We proceed to demonstrate the nonnegativity of the ¢-Green’s functions and establish upper bounds
for both the functions and their g-integrals.

Theorem 2. Let 1 <a <2, 0<p<1,0<a—-p<1,q¢€(0,1), and let the ¢g-Green’s function
Gy(t, s) be defined as in Theorem 1. Then,

Gy(t,s) >0 for all (t,s) € [a,b] x [a,b].

Proof. We analyze the g-Green’s function Gy(t, s) defined in Theorem 1, considering its piecewise
structure.
Case 1: a <t < s <b. Here,

(t —a)> !
Ty@) (b—a)e P

Gylt,s) = - (b—gs)leF71,
Since ['y(a) > 0, (b—a)* P71 >0, (t —a)* ! >0 for t > a, and (b — qs)ga_’g_l) >0 for s <b (as
gs <s,q€(0,1), and 0 < a — B < 1), it follows that G4(t,s) > 0.

Case 2: a < s <t <b. In this case,

1 (t—a)> !

G = @) B apr

(b—qs)i" P70 — (t —gs){*
Since s < t, the g-power function is monotonic, so t — ¢s > t — a, and thus (¢ — qs)ga_l) < (t—a)* L
Additionally, as gs < s <t < b, we have b — gs > b — a, implying (b — qs)éa_ﬁ_l) > (b—a)* P71
Therefore,

(t—a)! (a—B—1) a—1 (a—1)
BT > (t—a)*t > (t—qs) Y.
Hence,
1
> gl (a=1)| > ]
Galt:s) = o5 (1= ) (t — gs)S ] >0

Combining both cases, we conclude that G(t,s) > 0 for all (¢, s) € [a,b] X [a, b].

Remark 1. The nonnegativity of the g-Green’s function G, (¢, s), established in Theorem 2, is crucial
for the qualitative analysis of the g-fractional boundary value problem in Theorem 1. Specifically, it
ensures that the solution

b
u(t) = / Gyt $)h(s)dys, h € Lhfa,b),

preserves the sign of the source term h(s). For instance, if h(s) > 0 on [a, b], then u(t) > 0; similarly,
if h(s) <0, then u(t) <0, for all t € [a, b].
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Corollary 2. Let 1 <a<2,0<p<1,1<a—-p<2, g€ (0,1), and let the ¢-Green’s function
Gy(t, s) be defined as in Corollary 1 for a < b. Then,

Gy(t,s) >0 for all (¢,s) € [a,b] X [a,]].

Proof. We analyze the piecewise definition of Gy(t, s) from Corollary 1.
Case 1: a <t < s <b. Here,

(t—a)> !
Iy(a) (b—a)r—P~1

Gy(t,s) = (b —qs)f Y.

Since Tg(a) > 0, (t—a)®> L >0, (b—a)* B 1 >0 (asa—F—1>0),and (b—gs)* " >0 (as

gs <s<b,qe (0,1)), it follows that G4(t,s) > 0.
Case 2: a < s <t <b. In this case,

(t —a)* !

Gt = L@ [ apr

(b—qs)" 770 — (¢ —gs)i V]

Since a < gs < s <t <b, we have b —qs > b—a, so (b— qs)((]afﬁfl) > (b— a)o‘_ﬁ_l. Also, gs > a, so

t —qs <t — a, and the monotonicity of the g-power function [14] implies (¢ — qs)ga_l) < (t—a)* 1

Thus,

M(b —qs) @B > (t— ) > (t — gs) @V
(b—a)o—F-1 95)q = = q8)q -
Hence,
1 a1 (a—1)
t,s) > t— — (¢ >
Galt:9) 2 5 [(E =) = (1= as)f V] 2 0

Thus, G4(t,s) > 0 for all (¢,s) € [a,b] x [a,]].

Theorem 3. Let 1 <a <2, 0<p<1,0<a—-pF<1,q¢€(0,1), a <b, and let the ¢-Green’s
function Gy(t, s) be defined as in (6). Then, for s € [a, b],
G

max q(tv S) — Gq(S, S)
telat] (b—gs)§* "7V (b —gs)i* Y

and 5
L Glss) (o)

selab] (b — qs)ga_ﬁ_l) Lyla)

Gq(t,s)
(b-gs)q™ "~
0<a—-p<1, wehave o — f—1€ (—1,0), but (b— qs)gaf’gfl) > 0 as per [14].

Case 1: a <t < s <b. From (6),

Proof. We analyze the ratio for fixed s € [a,b]. Since gs < s < b, ¢ € (0,1), and

Gy(t,s) 1 (t —a)*t

(b—gs)@ "D Tyla) (b—a)p=771

Using the ¢-derivative (1),
Dyt —a)* 1 = [a—1]4(t —a)* 2,

we obtain

Gy(t, s) B (t —a)>2
] RCE e e
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since « —2 > —1. At t = a, (t—a)®"? may be singular (o —2 € (—1,0]), but the g-derivative is defined
for ¢ € (a, s]. Thus, the ratio is non-decreasing on |a, s|.
Case 2: a < s <t <b. Here,

Gy(t, ) 1 [ (t—a)*!  (t—gs) " ]

(b — qs)((]a—ﬁfl) o Fq(a) (b — a)a*,ﬁfl - (b _ qs)éafb’fl)

Computing the g-derivative,

Gylt, s) ]: 1 [@—awﬁ (t—gs)i*

(b—gs) PV ] Tola=1) [ b =)=y gg)f=FT)

Dy

Since ¢gs < s < b, we have b —qs > b — a, so (b — qs)((la_ﬁ_l) > (b—a)*#1. Also, ¢s > a, so
t —qs <t — a, and the monotonicity of the g-power function [14] implies (¢ — qs)ga_z) < (t—a)* 2
Thus,

(t—a)* _ (t—g9)?

b—a) 71~ (p_ gy’
SO
Gy(t, s)
at (a—ﬁ—l)] =0.
(b—gqs)q

Hence, the ratio is non-increasing on [s, b]. Combining both cases, the maximum occurs at ¢t = s, where

Gy(s, s) 1 (s — a)a_1

(b— qs)((la—b’—l) - T (@) (b—a)e=B-1"

For the second part, consider

Gy(s, s) (s —a)* !

(b— qs)fla_ﬁ_l) (b= a)* P10 (a)

1

Since (s —a)® " is increasing on [a,b] (« — 1 > 0), the maximum occurs at s = b, yielding

(b= a)>! (b—a)’

(b —a)*=F=1Ty () Lg(a)
This completes the proof.

Corollary 3. Let 1 < a <2, 0<8<1,1<a—-<2,q€(0,1), a <b, and let the ¢g-Green’s
function Gy(t, s) be defined as in (9). Then, for s € [a, b],

max Gy(t,s) = Gy(s, s),

t€[a,b]

and

(b—a)fbe P11 — g)* P!
max Gy(s,s) = .
s€[a,b] a(%5) (o)

Proof. The statement follows from Theorem 3 by identical arguments applied to the range
1 < a— f < 2; the details are omitted.
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Corollary 4. Let 1 < a<2,0<8<1,1<a—-<2,q¢€(0,1), a <b, and let the ¢g-Green’s
function Gy(t, s) be defined as in (6) and (9). Then:

b
B [Oz—l]g‘_l b—a \¢
é%ﬁ/GN””ﬁ‘Iua+n(m—m)

b
Proof. Consider the integral I(t) = [ G,(t,s)dys, where G,(t,s) is defined in (6) and (9). Split

a
the integral based on the definition of G(t, s):
Case 1: a <t <s<hb.

Case 2: a <s<t<hb.

(t—a)> !

6= ey [ =

(b—qs) 770 — (¢ —gs)i V.

Thus,
¢

b
I(t) = / Gyt 5) dgs + /t Gyt s) dys.

a

Substitute the expression for Gy (¢, s):

_ (t B a)oz—l B 1 o
- Ty(a)(b—a)>—F-1 /(b - qs)((] I dys — (@) /(t - QS)((Z Vd,s.

a a
Using equation (3), under the conditions x = b or x =t > s, we have

b t
— (- b_a o a— t_a «
/(b— qs)g‘”‘ A d,s = (7), /(t - qs)((l Dd,s = ( ) ,

[ — B]q s
we get B
 (t=a) N b—a)* _ (t—a)
0= (@0 - e Ta =8, Ty,
_(t—a)b—a)  (t-a)

Ly(a)[a = Blq Ly(a)[alq
C(t—a)*t [ b-a l—a
a Ly(a) ([a — Blq [alq ) .
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To find the maximum, compute the g-derivative:

0= gy o= =2 (= = ) — 0=
1 Jla—1fg(t—a)*?(b—a) (t—a)* H(o—1]+ 1)]
Lga) | [a = Blq [a]q
B M) o Ut R
L, (a) = ls =]
where [a — 1]y +1 = 171q_aq_1 +1= lf_q; = [al,
Set Dg4I(t) = 0:
= [a_l]q(b_a)
[a — Blq
Substitute ¢* into the expression for I(t):
—1)g(b—a) \ ! a—1],(b—a
[(t*) _ <[ [‘i}_qg])q )) b—ua o [ [;]_g])q :
Lq(a) [a = Blq [alq
( [a—1]q(b—0a)

D) (o (- leot))

e— netb—a)*t b—a ¢!

Ty(a)a—plg " la—Blg lalg
o — 121 (b — a)*q*!

Ly(e)[a = Blg[alq
The function I(t) is increasing for ¢t < t* (Dg+I(t) > 0) and decreasing for t > t* (DyI(t) < 0),

confirming the maximum at ¢*.

Theorem 4. Let B4 = Cy x[a, b] denote the Banach space of functions continuous in the g-sense on
the interval [a, b], with norm
U = max |u(t
e, = ma [u(D)],
where [a,b] = {a,aq,aq?,...,a¢g" =b}. Given 1 < a <2,0< 8 <1,0< a— < 1, if the fractional
g-difference boundary value problem

D u(t) +q(t)u(t) =0, ¢ € [a,b], (10)
0

admits a nontrivial solution u € 2B, then the following Lyapunov-type inequality holds:

b

o= a9 ateliags > 10 (1)

a
Proof. Any solution u € B, of the boundary value problem (10) satisfies

b

u(t) = / Gt $)a(s)u(s)dys,

a
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where Gy (t, s) is the g-Green’s function given by (6).
By applying the C; \-norm, we obtain

b
HUHCM = tren[;a,}lf} /Gq(t,s)q(s)u(s)dqs

IN

t€la,b]

b
max / Gt )l1a(3) |u(5)] s

IN

b
i, - ma [ 1Ga(t:5)la(s) dys.

For a nontrivial solution (||ul|c, , # 0), this implies

b
1 < max / Gyt )lla(s)ldys.

te[a,b]

By Theorem 3, the ¢g-Green’s function satisfies the bound

(b—a)i(b—qs)i* 7Y

Gy(t,s)] <
‘ q( )| Fq(a)
Substituting this bound, we get
b (b )ﬁ b
1< max 16 (t.5)la(o)ldys < T [0 a9 g,
Therefore, dividing both sides by (111;((2)5 , we obtain (11).

This completes the proof.

Corollary 5. Let 1 < a<2,0< 8 <1,and 1 < a— f < 2. Suppose the fractional ¢-difference
boundary-value problem

Dg u(t) +q(t)u(t) =0, tE€la,b],
w(a) =0, D5u(b) =0,

admits a nontrivial solution v € B, = Cy x[a, b], where Cy »[a, b] is the space of g-continuous functions
on the g-interval [a, b] with 0 < ¢ < 1. Then the following Lyapunov-type inequality holds:

b
Ig(a)
o> Gt g

Proof. By Corollary 1, any solution u € Cy x[a, b] to the boundary-value problem satisfies:

b

u(t) = / Gyt $)a(s)uls) dys,

a
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where Gy (t, s) is the g-Green’s function defined in (9).

Define the norm |[[ul|c, , = sup |u(t)|. From the solution representation:
' t€la,b]

b b
t) < /IGq(t,S)IIQ(S)HU(S)quS < IIuIICM/IGq(t,s)Hq(s)lqu-

Taking the supremum over ¢ € [a, b], we obtain

full, < Tl / Galt 5)a(5)] ds.

For a nontrivial solution (||ul|c, , > 0), it follows that

1< max [ 1Gy(t5)a(s)] dys.
te(a,b]
By Corollary 2, G4(t, s) is non-negative, so |G4(t,s)| = G4(t,s). By Corollary 3, the maximum of
the Green’s function is

(b—a)Pbr 711 — g2 P!

max Gg(t,s) = max Gy(s,s) =

t,s€a,b] s€la,b] Fq(a)

Thus, G4(t, s) < m[a);]G q¢(s,5), and
s€|a

b (b ) pho— B— 1 a—pB—1

[ Guttla) dys < / as)| dys.

J oo
Combining with the previous inequality, we get

h— po— B— 1 a—p—1
1< (b a)f T ( / lq(s)| dgs.
q

Rearranging yields

Lg(a)
/'q(s)’ A48 2 = )BppB-1(1 = ga—A—1"

To establish the strict inequality, suppose equality holds

Lg()
| o = g

This implies G4(t,s) = m[a%} Gy(s,s) for all t,s € [a,b] where g(s)u(s) # 0. By Corollary 3,
se

)

Gy(t,s) = Ggy(s,s) only when ¢t = s, which has measure zero in the g-integral unless v = 0. Since
u is nontrivial, equality is impossible, so

b
Ly(a)

ol > Gt

a
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3 Applications

In this section, we investigate two applications of Theorem 4 and Corollary 5. First, we establish
lower bounds for the eigenvalues of the Riemann—Liouville type fractional ¢-eigenvalue problems as-
sociated with (10). Second, we utilize these findings to identify intervals where the g-analogue of the
two-parameter Mittag-Leffler function has no real zeros.

Theorem 5. Let 1 < a < 2,0 < B < 1suchthat 0 < o — < 1. Assume that y is a nontrivial
solution of the Riemann—Liouville type fractional g-eigenvalue problem

{ Ju(t) + u(t) =0, t € [a, b,
()

12
0, DE.u(b) =0, (12)

where u(t) # 0 for each t € (a,b). Then,

[a = Blqlq(@)
(b—a)*
Corollary 6. Let 1 < a <2,0< 8 < 1suchthat 1 < a—f < 2. Assume that u is a nontrivial

solution of the Riemann-Liouville type fractional g-eigenvalue problem (12), where u(t) # 0 for each
€ (a,b). Then,

Al >

Lg(a)
(= )P 1{(1 = gy
Consider the g-analogue of the two-parameter Mittag-Leffler function, defined as (|14]):

Al >

1. 1
qaug kZOFq ko{+/8 Z’/BG(C’ §R(Cy)>07 O<q< (3)

We use Theorem 5 and Corollary 6 to determine intervals where the function (13) has no real zeros.
Theorem 6. Let 1 <a<2,0<8<1,0<a—-p8<1,q¢€(0,1). The ¢-Mittag-Leffler function

OO k
q a,a— ﬁ Z — )
— Ly(ka+a—B)
has no real zeros for [ BT (a)
o — o
< =9/ 14
o] < e, (14)
1—q¢*~ P
where [0 — B = 5L —.
Proof. Consider the g-fractional eigenvalue problem
Dg u(t) + Au(t) = 0, t € [a,b],
u(a) =0, Dyau(b) =

where D, is the Riemann-Liouville g-fractional derivative. The general solution is
u(t) = c1(t — a)* ' Epaa(=At —a)®) + ca(t — a)* ?Eyaa_1(—At —a)®).
Let g(t) = (t — a)* 1By q.0(—A(t — a)®). Compute

o t o CL an+cx—1 0 (_)\)n
Da = — D< t — oerafl.
e (Z Iy(an ) ) 2 Fyfan -+ et =)
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Since Dy, (t — a)entasl = M( a)®™ 1, we get

Tq(an)
£
4T
n=0
The condition u(a) = 0 implies ¢ = 0, since (¢t —a)*~2 — oo as t — a. Thus,

u(t) = c1(t — a)aflEq@,a(—)\(t —a)®).

n

a)®™ = —\g(t).

Compute
- (=" g ta-1
DF u(t) = Df (t — a)* oL,
q,au( ) a nz:;) Fq(an + Oé) q,a( CL)
Since DY o (t — a)omtel = %(f — a)*"te=F=1 we obtain

Dgau(t) =c1(t —a)* P E qap(—=A(t — a)?).
The condition Dg,au(b) = 0 gives
a(b—a)* P E 0 s(-Ab—a)") =0 = Egaas(—Ab—a)®) =0.
By Theorem 5, for a nontrivial solution u € B, = Cy \[a, b],

[ — BT () .

N> == e

For z = —\(b — a)®, we have
|2 = [Al(b = a)* > [a = BlTg(@).
Thus, Eq.a-g(2) # 0 for (14).

Corollary 7. Let 1 < a < 2,0 < 8 <1 suchthat 1 < a— 8 < 2. The ¢-Mittag-LefHler function
Eq.,8(%) has no real zeros for
|Z| S Fq(a) .
(b—a)*

Proof. Following the same reasoning as in Theorem 6, suppose E; . 3(A) = 0 for some real .
The function u(t) = Eqqg(—A(t — a)®) satisfies the g-eigenvalue problem (12). By Corollary 6, any
eigenvalue A must satisfy:

r
I\l > TLylo) :
(b—a)

Hence, Ey 4 5(2) # 0.

Conclusion

In this study, we derived two novel Lyapunov-type inequalities for boundary value problems involv-
ing the Riemann—Liouville fractional g-derivative within the regimes 0 < a—f <land 1 < a—{( < 2,
thereby establishing precise estimates for eigenvalues and intervals free of zeros for g-Mittag-Leffler
functions. By employing an analysis of the ¢-Green’s function, we determined lower bounds for the
eigenvalues of the problem D¢ ,u + Au = 0 and identified regions devoid of real zeros for g-analogues
of Mittag-Lefller functions, Wthh holds significant importance for discrete systems with memory, such
as viscoelastic lattices and quantum circuits. This work extends classical inequalities to the realm of
g-calculus, thereby bridging continuous and discrete fractional analysis, and paves the way for further
research on Caputo g-fractional derivatives and multidimensional g-lattices.
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