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On Graded J,-Prime Submodules

M. Alnimer, K. Al-Zoubi*, M. Al-Dolat

Jordan University of Science and Technology, Irbid, Jordan
(E-mail: mfalnimer21@sci.just.edu.jo, kfzoubi@just.edu.jo, mmaldolat@just.edu.jo)

In this paper, several results concerning graded J4--prime submodules over a commutative graded ring
were obtained. For example, we give characterization of graded Jgr-prime submodules and results related
to residual of graded Jg4--prime submodules. Also, the relations between graded Jg,-prime submodules and
graded prime submodules of ® were studied. In addition, we present the necessary and sufficient condition
for graded submodules to be graded Jg4--prime submodules.

Keywords: graded Jg--prime submodule, graded prime submodule, graded submodule.

2020 Mathematics Subject Classification: 13A02, 16W50.

Introduction

The study of graded rings and modules has attracted the attentions of many researchers for a
long time due to their important applications in many fields in such as geometry and physics. For
example, graded Lie algebra plays a significant role in differential geometry such as Frolicher-Nijenhuis
as well as Nijenhuis-Richardson bracket [1]. In addition, they solve many physical problems related to
supermanifolds, supersymmetries and quantizations of systems with symmetry [2, 3].

In recent years, graded prime submodules have attracted the attention of many mathematicians,
for example [4-8]. In addition, many other generalizations of graded prime have been investigated.
For example, in [9], the authors introduce the concept of graded weakly prime submodules of graded
modules as a generalization of graded prime submodule. In [10] Al-Zoubi and Alghueiri mentioned the
concept of graded Jg,-prime submodules. Here, we discuss the concept of graded Jg,-prime submodule
and we study several results concerning it. For example, we characterize graded {J4,-prime submodules.
Also, the relations between graded Jg-prime submodules and graded prime submodules were studied.
In addition, the necessary and sufficient condition for graded submodules to be graded Jg-prime
submodules were investigated.

*Corresponding author. E-mail: kfzoubi@just.edu.jo
Received: 26 May 2024; Accepted: 21 November 2024.
(© 2025 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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On Graded Jg,-Prime Submodules

1 Preliminaries

Throughout this article, we assume that 2 is a commutative &-graded ring with identity and © is
a unitary graded A-module. A left A-module ® is called a graded 2A-module if there exists a family
of additive subgroups {Da}ace of ® such that D = P g Do and Ay Dy C Dyp for all a, 3 € &.
Also if an element of D belongs to Upee Do = (D), then it is called a homogeneous. Let A = @
2, be a G-graded ring. A submodule V of ® is said to be a graded submodule of ® if V = @ e
(VNDy) := Pyep Voo In this case, V, is called the a-component of V [11,12]. Let 2 be a &-graded
ring and © — a graded 2A-module. A graded submodule V of D is said to be a graded maximal (briefly,
Gr-maximal) submodule if V # © and if there is a graded submodule L of ® such that V C L C D,
then V = L or L = [13]. The graded Jacobson radical of a graded module ®, denoted by J,-(D), is
defined to be the intersection of all Gr-maximal submodules of ®, if © has no Gr-maximal submodule
then we shall take, by definition, J4, (D) = © [12|. A proper graded submodule V of © is called a graded
prime submodule if whenever rm € V where r € h(2) and m € h(D), then r € (V 1 D) or m € V [6].
A proper graded submodule V of © is called a graded Jg,-prime submodule of ® if whenever r, € h(2A)
and my € h(®) with ry my € V, then either my € V434 (D) or rg € (V+Jgr (D) 190 D), where Jq- (D)
is the graded Jacobson radical of ® [10].

2  Results

Theorem 1. If V is a graded prime submodule of ®, then V is a graded J,,-prime submodule of ®.

Proof. Let rm € V, where r € h(2() and m € h(D), since V is a graded prime submodule of ©, then
re(Vwg®)ormeV. Ifre (VD) thenrM CV, but V CV+ J, (D), thus rM CV + J4 (D),
it follows that 7 € (V + Jgr (D) :a D). If m € V, since V C V + J4r (D), then m € V + J4-(D). Hence
V is a graded Jg,-prime submodule of D.

In the following example, it is shown that the converse of Theorem 1 is not necessarily true.

Example 1. Let ® = Zo, A = Z be a B-graded ring with 2y = Z, 2; = {0}. Let ® = Zj3 be
a graded A-module with ¢ = Zj3 and ©; = {0}. Now, consider ¥V = {0,4,8} = (4) be a graded
submodule of Zj3. Then V is not graded prime submodule of D, since there exist 2 € h(2() and
2 € h(®)such that 2-2=4€V, but 2¢ V and 2 ¢ (V :q ©) = 4Z. However, an easy computation
shows that V is a graded J4.-prime submodule of .

Ezxample 2. Let & = Zy, A = Z be a B-graded ring with %y = Z, %y = {0}, and ® = Z x Z be a
graded 2A-module with D9 =Z x Z, ®1 = {(0,0)}. The graded submodule V = 2Z x (0) is not graded
Jgr-prime submodule of ®. Since (6,0) =2(3,0) € V, but (3,0) ¢ V + J4 (D) =V + {(0,0)} =V and
2¢ (V+35r(®) 9 @)= (VD) = (2Z x (0) :9q0 Z x Z) = (0), hence V = 27Z x (0) is not graded
Jgr-prime submodule of D.

Remark 1. Let A be a B-graded ring and © a graded 2A-module.

1) If 34 (D) = 0, then every graded Jg,-prime submodule of ® is a graded prime submodule of D.

2) If 34, (D) is contained in every graded submodule of ®, then every graded Jg,-prime submodule
of © is a graded prime submodule of ®.

A graded 2-module © is called a Gr-torsion free if whenever r € h(2() and m € h(D) with rm = 0,
then either » = 0 or m =0 [5].
The following theorem characterizes graded Jg.-prime submodules.

Theorem 2. Let V be a proper graded submodule of ® and P = (V + J4 (D) o ©). Then the
following statements are equivalent:
1) V is a graded Jg,-prime submodule.
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M. Alnimer et al.

2) For every graded submodule K of © and for every graded ideal U of 2 such that YK C V implies
that either L CV + 35 (D) or Y CP = (V+ Jgr (D) 10 D).

3) D/(V+ Jgr(D)) is a Gr-torsion free A/ P-module.

4) The graded submodule (V + 34 (D) 1 (1)) =V + Jgr (D), for each r € h(A) — P.

5) The graded ideal (V + Jgr (D) :9 (x)) = P, for each z € h(D) — (V + J4r (D)).

Proof. (1)=(2) Let K be a graded submodule of ® and U/ be a graded ideal of 2 such that UK C V.
Suppose K € V434, (D), then there exists k € KNA(D)— (V+Jgr(D)). Let i € UNA(A). Since k € K,
then ik € UKL C V), soik € V. But Vis a graded J,,-prime submodule, then either ¢ € (V434 (D) 19 D)
ork € V+J3g (D). But bk ¢ V+34.(D), thusi € (V434 (D) :q D). Henced € (V+Jgr(D) 190 D) =P

(2)=(3) Assume that (r+P)(m+V+Jg (D)) = V+Jgr(D) and r+ P # P, where 7+ P € h(2(/P)
and m+V+Jgr (D) € h(D/(V+Jgr(D))). Then rm+V+Jgr (D) = V+Jgr (D), thus rm € V+ 34 (D)
it follows that (r ><m) C V + Jgr(D), by hypothesis, we get either (m) C V + Jgr (D) + Jgr (D) or
(ry C (V+3gr( )+ Jgr (D) 0 D). That is either (m) C V + Jg (D) or (r) C (V + Jgr(D) 90 D).
If (r) C (V+3,0® ) ®) = P, then r € P, thus r + P = P as a contradiction. So we have
(m) €V + Jgr(D) 1mphes m €V + Jgr(®). Hence m +V + Jgr (D) = V + Jgr (D). Therefore,
D/(V+ Jgr(D)) is a Gr-torsion free A/P-module.

(3)=(4) Let r € h(A)—P and let m € (V+Jgr (D) 2 (r))NA(D). Then (r)m C V+J4 (D) it follows
that rm € V434, (D). Thus (r+P)(m+V +Jgr (D)) =V + Jgr (D), since r ¢ P and D/(V + Jg- (D))
is a Gr-torsion free A/P-module we get m +V + Jgr (D) =V + Jgr (D), thus m € V + J4- (D). Hence
V+J3gr(®D) 2 (r) SV + Jgr(D) for each r € h(A) — P. Now, let m € (V + J4 (D)) N A(D) and
r € h(A) — P, then rm € V + J4, (D) it follows that (r)m C V4 Jgr (D), thus m € (V+Jgr (D) 0 (7).
Hence V 4 Jgr (D) € (V + Jgr (D) 1p (1)) for each r € h(A) — P.

(4)=(5) Let z € h(D) = (V + Jgr(D)). Let r € (V + Jgr (D) w9 (z)) N h(A). Suppose the con-
trary, r ¢ P. Since 7 € (V + Jg5r(D) 0 (x)) N A(A), then r(z) C V + Jg40 (D) it follows that
re € V+ Jgr(D), thus (r)z C V + Jg (D). That is z € (V + Jgr (D) 2 (r)) but by hypothesis
V+Ipr(®D) 2 (1) =V + Jgr (D), for each 7 € h(A) — P, so we get € V + J4(D) a contradic-
tion. Hence, r € P. Therefore, (V + Jgr (D) w9 (x)) € P. Now, let 7 € PNAA) = (V + Jgr (D) 1
D) NA(A). Then rM CV + Jgr (D). In particular, rz € V + Jgr (D), thus r(z) CV + Jgr (D) implies
re(V+Jgp (@) (x)). Hence P C (V + Jgr (D) 19 (z)). Therefore (V + Jgr(D) 1o (z)) = P.

(5)=(1) Let rm € V, where r € h(2() and m € h(®). Suppose m ¢ V + J4r (D), we need to prove
that r € P. Sincerm € V C V434 (D), then r(m) C V+J4 (D) it follows that r € (V+Jg (D) 1 (m)),
apply hypothesis, we have (V + Jgr (D) o (m)) = (V + Jgr (D) 10 D) = P, hence r € P. Therefore, V
is a graded Jg,-prime submodule of D.

Theorem 3. If V is a graded Jg,-prime submodule of ©, then (V+J4,(D) 9 D) is a graded Jg,-prime
ideal of 2.

Proof. We show that P is a graded prime ideal of A, where P = (V + Jg, (D) :q ©). Let ab € P,
where a,b € h(2(). Suppose a ¢ P, then there exists x € h(®D) such that ax ¢ V+J4- (D). Since ab € P,
then abM C V + J4r (D). In particular, b(az) € V + Jgr (D). Thus blaz) +V + Jgr (D) =V + J¢r (D),
it follows that (b + P)(ax +V + Jgr(D)) = V + Jgr (D). Since V is a graded Jg-prime submodule,
by Theorem 2, we get ©/(V + Jgr(D)) is a Gr-torsion free A/P-module. But az ¢ V + J4r (D), then
b+ P = P, so we have b € P. Therefore, P = (V + J4 (D) :9 ®) is a graded prime ideal of 2, then P
is a graded Jg,-prime ideal of 2, by Theorem 1.

A graded ring 2 is called a graded integral domain if whenever ab = 0, where a, b € h(2), then

either a = 0 or b= 0 [10].
In the following example, it is shown that the converse of Theorem 3 is not necessarily true.
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Ezample 3. Let & = Zy, A = Z be a B-graded ring with 2y = Z, ; = {0}, and ® = Z x Z be a
graded 2A-module with D9 =7 x Z, ®1 = {(0,0)}. The graded submodule V = 2Z x (0) is not graded
Jgr-prime submodule of ®, by Example 2. However, P = (V434 (D) 19 ®) = (2Zx(0) 1o Zx Z) = (0)
is a graded prime ideal of Z. Since if ab € P = (0), where a,b € h(Z), then ab = 0 implies either a = 0
or b =0 as Z is a graded integral domain. Thus a € P or b € P, by Theorem 1, we have P is a graded
Jgr-prime ideal of Z.

The following example shows that the residual of graded J4.-prime submodule is not necessarily a
graded {g4-prime ideal of 2.

Ezample /. Let & = Zo, A = Z be a G-graded ring with Ay = Z and 23 = {0}. Let © = Z12 be
a graded A-module with Dy = Zj2 and ©; = {0}. Consider V = {0,4,8} = (4) is a graded Jg-prime
submodule of Z-module Zq2, but (V :z Zi2) is not graded Jg-prime ideal of Z, since there exists
2 € h(Z) such that 2-2 = 4 € (V 7 Zlg), but 2 §é (V A Zlg) —i—JgT(Z) = (V 7 212) + {0} =
= (V 7 Zlg) = 47 and 2 §‘é ((V 7 Zm) JrGgr(Z) 7 Z) = ((V 7 Zlg) 7 Z).

Theorem 4. If V is a graded Jg,-prime submodule of ® with J,(®) C V, then (V :g D) is a graded
Jgr-prime ideal of 2.

Proof. Since V is a graded Jg,-prime submodule of D, then (V+J4 (D) :9 D) is a graded Jg,-prime
ideal of 2 by Theorem 3. But J4, (D) C V, thus (V + Jgr (D) 190 D) = (V :90 D). Therefore, (V :gq D) is
a graded Jg-prime ideal of 2.

Theorem 5. Let 2 be a G-graded ring, ® — a graded 2A-module and V — a proper graded submodule
of ®. Then the following statements are equivalent:

1) V is a graded Jg-prime submodule of ©.

2) V+JIgr(®) :qa D) = (V4 Jgr (D) 19 (¢)) for each ¢ € h(D) — (V + J4(D)).

3) (V+Jpr(®) g @) = (V+ Jgr(D) 90 K) for each graded submodule K of ® such that
V+J(D) CK.

Proof. (1)=(2) By Theorem 2.

(2) =(3) Let K be a graded submodule of ® such that V 4 J4-(®) C K. It is clear that
V43I (D) 10 D) C(V+Jgr(D) 190 K) since if r € (V + Jgr (D) :q0 D) NA(A), then rM CV + Jgr (D),
but K C ® implies rK C V + Jg (D), thus r € (V + Jgr (D) ¢ K), hence (V + Jgr (D) a4 D) C
(V+3gr(D) 19 K). Now, let s € (V+Jgr (D) 20 £)NA(A), then sK CV+Jgr (D), but V+34- (D) C K
so there exists x € KN A(D) and = ¢ V + J4 (D). In particular sz € V + J4r (D), it follows that
s(x) CV+ Jgr (D) implies s € (V + Jgr (D) o (x)) but by hypothesis we have (V + Jgr (D) 19 (x)) =
=(V+Jgr(®D) :qD),505 € (V+Jgr (D) 10 D), hence (V+Jgr (D) 10 K) € (V+Jgr (D) 10 D). Therefore,
V+Jgr(@) s D) = (V+ Jgr (D) : K) for each V + J, (D) C K.

(3)=(1) Let rm € ¥V and m ¢ V + J4 (D), where r € h(2) and m € h(D). Take K = V +
+ Jgr (D) + (m), where V + Jgr (D) TV + Jgr (D) + (m) (since m € K — (V + Jgr(D))), it follows that
rK =r(V+Jgr(®@)+rim) CV+Jgpr(D)+V =V +Jgr (D), s0r € (V+ Jgr (D) :0 £). But by
hypothesis, we have (V + Jgr (D) 1o K) = (V + Jgr (D) 10 D), thus r € (V + Jgr (D) 11 ) Therefore,
V is a graded Jg,-prime submodule of D.

A proper graded submodule V is called a graded small (Gr-small) of ® if ® =V + L for some
graded submodule L of ® implies that L. = ®. A graded 2-module © is said to be a graded hollow
(Gr-hollow) module if every proper graded submodule V of ® is a Gr-small [13].

Theorem 6. Let 2 be a B-graded ring, ©® a Gr-hollow 2A-module and J4 (D) a graded Jg.-prime
submodule of ®, then every proper graded submodule of ® is a graded Jg,-prime submodule of D.

Mathematics Series. No.1(117)/2025 7
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Proof. Let V be a proper graded submodule of © and let rm € V where r € h(2) and m € h(D).
Since © is a Gr-hollow then V is a Gr-small, so rm € V C ) {A : Ais a Gr-small} = J,.(D) by
[14; Theorem 2.10]. But J4(®) is a graded Jgr-prime submodule of ®. Thus either m € J4, (D) +
+ I (D) = Jgr(®) SV + I (D) or rM C Jgr (D) + Jgr (D) = Jgr(D) C V + Jgr (D). So either
meV+Jg (@) orr e (V+Jgr (D) :q D). Therefore, V is a graded Jgr-prime submodule of D.

A nonempty subset S C h(2l) of a B-graded ring 2 is called multiplicatively closed subset (briefly,
m.c.s.)of Aif0¢ S, 1€ Sandx-ye Sforall z, y € S. Let S C h(A) be a multiplicatively closed
subset of 2 and V be a graded submodule of © then V(S) = {z € D : there exists t € S such that
tx € V} be a graded submodule of D is said to be the component of V determined by S, or simply the
S-component of V. We conclude from definition V C V(S5).

Lemma 1. Let P be a proper graded ideal of 2. Then P is a graded prime ideal of a graded ring
2 if and only if A(A) — P is a m.c.s. of 2.

Proof. Let P is a proper graded submodule of ©, then 0 € P, 1 ¢ P (if 1 € P, then P = @, thus
P is not proper a contradiction) and since P is a graded prime ideal of 2, we have 0 ¢ h(2) — P,
1 € h(A) — P and ab € h(A) — P for each a, b € h(A) — P. Therefore, h(A) — P is a m.c.s. of .
Conversely, suppose the contrary, P is not graded prime ideal of 2, then there exist =, y € h(A) — P
with xy € P. Since h(A) — P is m.c.s. of A, then xy € h(2A) — P which is a contradiction.

Theorem 7. Let 2 be a &-graded ring, ©® — a graded 2A-module and ¥V — a graded submodule of ©.
Then V is a graded Jg,-prime submodule of © if and only if the graded ideal P = (V + J4r(D) 19 D)
is a graded prime of 2 and V(S) CV + Jgr (D) for each S C h(2A) a m.c.s. of A such that SN P = ¢.

Proof. Let V be a graded Jg,-prime submodule of ® and S C h(2() be m.c.s. of A with SN P = ¢.
Let ab € P, where a,b € h(). Suppose a ¢ P, then there exists z € h(®) such that az ¢ V +
+ Jgr (D). Since ab € P, then abM C V + J,-(D). In particular, b(ax) € V + Jgr (D), thus b(ax) +
+V+Jr (D) = V+Jgr (D), it follows that (b+ P)(az+V+Jgr (D)) =V +Jgr (D). Since V is a graded
Jgr-prime submodule, by Theorem 2, we get ©/(V + J4r(D)) is a Gr-torsion free A/P-module. But
ax ¢ V + Jgr(D), then b+ P = P, so we have b € P. Therefore, P = (V + J4r(D) 0 D) is a graded
prime ideal of 2. Now, let a € V(S) N h(D), then there exists s € S such that sa € V. Since V is a
graded Jg-prime submodule of ©, SN (V + Jgr (D) 1 D) = ¢ and s ¢ (V + Jgr (D) 10 D), we have
a€V+Jgr(D). Hence V(S) CV+ J4r (D). Conversely, suppose not, let rm € V, where r € h() and
m € h(®D), but r ¢ (V+ Jgr (D) 10 ©) and m ¢ V + J4 (D). Assume that P is a graded prime ideal
of A, by Lemma 1, we have h(2) — P is a m.c.s. of 2. Since (h(2) — P) N P = ¢, by assumption we
have V(h(2A) — P) CV + J5r (D). But m ¢ V + 34 (D) and V(h(A) — P) CV + J4 (D) it follows that
m ¢ V(h(2) — P). This yields that for each s € h(2() — P we have sm ¢ V, but r € h(2) — P, then
rm ¢ V which is a contradiction. Therefore, V is a graded Jg,-prime submodule of ©.

The following example shows that the intersection of two graded J,-prime submodules needs, not
to be a graded {g-prime submodule.

Ezample 5. Let & = Zy and A = Z be a &-graded ring with 21p = Z and 2; = {0}. Let ©® = Zg be
a graded A-module with Dy = Zg and D1 = {0}. Consider V = (2) = {0,2,4} and L = (3) = {0, 3}
are graded submodules of Zg. Then VN L = (0) is not a graded Jg,-prime submodule of D, since there
exist 3 € h(Z) and 2 € h(Zg) such that 3-2=0€ VN L, but 2¢ (VNL)+ Jg(Zs) = (0) + (0) = (0)
and 3 ¢ (VN L)+ Jgr(Ze) :7 Zs) = 6Z. However, an easy computation and using the definition of
graded J4-prime submodule to show that V and L are graded Jg,-prime submodules of D.

The next theorem shows that the intersection of two graded Jg.-prime submodules is a graded
Jgr-prime submodule under conditions.
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Theorem 8. Let 2 be a G-graded ring, © a graded A-module and V, L be two graded submodules
of © such that V C ,’]gT(Q) or L C 3gr(©). If V and L are graded Jg-prime submodules of ©, then
VN L is a graded Jg-prime submodule of D.

Proof. Assume that V and L are graded Jg-prime submodules of ©. Let rm € V N L, where
r € h(A) and m € h(D), then rm € V and rm € L. If V C J4(D), since V is a graded Jg-prime
submodule of ©, then either rM C V + J4 (D) = 3 (D) € (VNL) + Jgr (D) or m € V + Jgr (D) =
=Jgr(®) € (VNL)+ Jgr (D). Thus either r € (VN L)+ Jgr(D) :a D) or m € (VN L)+ Jgr (D).
Hence VN L is a graded Jg,-prime submodule of ®. Similarly, If L C J,,(D), we get VN L is a graded
Jgr-prime submodule of D.

Theorem 9. Let A be a B-graded ring, ® and D' be two graded 2-modules and V, V' be two proper
graded submodules of D, D’ respectively. If V x V' is a graded Jgr-prime submodule of © X ©’, then
V and V' are graded J4-prime submodules of ® and D', respectively.

Proof. To prove V is a graded Jg,-prime submodule of ®, let rm € V, where r € h() and m € h(D),
then r(m,0) € V x V' as r(m,0) = (rm,0) € V x V. Since V x V' is a graded J,,-prime submodule
of ® x D, so either r € (VX V) +Jgpr(® x D) 10 D x D) or (m,0) € (VX V) +Jygr(® x D). If

E(VXV)+Fp(@xD) g D xD), then r(®x D) C VxV)+Jpr(®@xD) = (VxV)+
+ (Jgr (D) X Jgr (D)), it follows that (rM x M) C (V+Fgr (D)) X (V +Jgr(®)), 50 rM C V+3yr (D)
and 1M C V' +3,(D'). This implies that 7 € (V 4 Jgr (D) 9 D) and 7 € (V' + Jgr (D) 1 D). If
(m,0) € (VX V) +Jgr (D x D), then (m,0) € (V + Jgr (D)) x (V' 4+ Jgr (D). Thus m € V + Jy(D)
and 0 € V' + 3gT(©/). Hence V is a graded Jg,-prime submodule of ©. In a similar manner, we can
prove that V' is a graded Jgr-prime submodule of 9.

Theorem 10. Let A be a &-graded ring, © and ®" be two graded 2-modules and f : © — D' be
a graded epimorphism. If V is a graded Jg-prime submodule of © containing kerf, then f(V) is a
graded Jg-prime submodule of ol

Proof. Since V is a proper graded submodule of ®©, by [15; Lemma 4.8], we have f()) is a proper
graded submodule of ©". Let rm’ € f(V), where r € h(A) and m' € h(D'), since f is onto and
m’ € h(D"), then there exists m € h(D) such that f(m) =m'. Thus rm’ = rf(m) = f(rm) € f(V), so
there exists n € VNh(D) such that f(rm) = f(n), thus f(rm—n) = 0, it follows that rm—n € kerf CV
sorm+YVY =n+V =V. That is rm € V, but V is a graded Jg-prime submodule of ©, then either
re (V+Ipr(®) a®D)orm e V+Jgpr(V). Ifr € (V+Jgr(D) 190 D), then rM C V + Jgr (D),
thus £(rM) € (¥ + 390 (D) = F(V)+ [ @r (D)), imuplics that r£(D) = 1M’ C F(V)+ [ (@gr(D)), by
[14; Theorem 2.12], we get f(Jgr (D)) C Jgr (D). SorM C f(V)+Jgr(D ), thenr € (f(V)+Jgr (D) 1
D). Ifm €V + 3, (D), then f(m) € f(V )+ f(34+(D)), but f(m) = m', by [14; Theorem 2.12], we
have m’ € f(V) 4+ f(J3gr (D)) € f(V) +Jgr(®'). Hence f(V) is a graded Jg,-prime submodule of D"

Theorem 11. Let A be a G-graded ring, © and D’ be a graded 2-modules. Let f: D — @ be a
graded epimorphism with kerf is a Gr-small submodule of ®. If Vs a graded Jg-prime submodule
of ®', then f_l(V,) is a graded Jg,-prime submodule of ©.

Proof. Since V' is a proper graded submodule of @', by [15; Lemma 5.2|, we have f_l(V/) is a
proper graded submodule of ©. Let rm € f~1(V'), where r € h() and m € h(D), then f(rm) € V',
thus rf(m) € V' since V' is a graded Jg,-prime submodule of D', then either r € (V' + Jyr (D) 19 D)
or f(m) € V' +3g7’(©/). Ifre (V/ —i—‘“jgr(@/) 9 @/), then rM C V' —i—‘jgr(@/) since f is a graded
epimorphism, then f is onto, so ® = f(®) implies that rf( ) C V/ +dgr( ") then f(rM) C V' +
+ Jgr (D), it follows that rM C f=1V 4 30 (@) = V) + £ ([F4r (D), since f is a graded
epimorphism and kerf is a Gr-small of © [14; Theorem 2.12], we get f(‘jg (CD)) = Jgr(D"). Thus
Jor (@) = F1 30 (D), s0 7M C V') + Jgr (D), it follows that r € (f71 (V') + Jgr (D) 0 D). If
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f(m) €V +34r(D"), thenm € fH (V) + 71 (3gr (D
Jgr-prime submodule of D.

) = f (V)43 (D). Hence f~H(V') is a graded

Corollary 1. Let 2 be a B-graded ring, © a graded A-module and V, K proper graded submodules
of ® such that L C V and kerf is Gr-small of ©. If V/K is a graded Jg,-prime submodule of ©/IC,
then V is a graded Jg-prime submodule of D.

Proof. Define f: D — ©/K by f(z) =z + K. Then f is a graded epimorphism, so by Theorem
11, we get f~1(V/K) =V is a graded J,-prime submodule of D.

Recall that a proper graded submodule V of © is called a graded Jg.-pure submodule of D, if
VNUD =UV + (Jgr (D) NV NUD) for each proper graded ideal U of A, see [14; Definition 2.19)].

The following example shows that a graded Jg.-pure submodule of ® not necessarily a graded
Jgr-prime submodule of ©.

Ezample 6. Let 2l = Z be a &-graded ring with 2y = {0} and 20y = Z, where & = Zs. Let © = Zg
be a graded 2A-module with ®g = {0} and 1 = Zg . V = {0} is a graded J,,-pure submodule of D.
However V is not graded Jg,-prime submodule of ® since there exist 3 € h(2A) and 2 € h(D) such that
3:2=0€Vbut3¢ (V+Ju®):aD)and2¢V+J, (D) = {0}

The next theorem shows that a graded J4,.-pure submodule of © is a graded Jg-prime submodule

of ©® with under some conditions.

Theorem 12. Let 2 be a &-graded ring, ® a Gr-torsion free A-module and V a proper graded
submodule of ® with J,-(D) = {0}. If V is a graded Jg-pure submodule of ®, then V is a Jg-prime
submodule of ©.

Proof. Let rm € V, where r € h(2) and m € h(®D), assume that » ¢ (V + J4 (D) 9 ©). Thus
rm € VN (D = MV + [Ja@®@) NV N D) as V is a graded Jg-pure submodule of ©. But
3o (@) = {0}. Thus rm € (r)V, it follows that there exists n € V N h(D) and r € h(A) such
that 7m = rr'n. Thus rm — rr'n = 0 implies 7(m — r'n) = 0. Since D is a Gr-torsion free and
r¢ (V+3Jgr(D) i D), then m =1'n € V CV+ 3, (D). Hence m € V + Jyr (D). Therefore, V is a
Jgr-prime submodule of D
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In this paper, the problem of a doubly nonlinear degenerate parabolic system with nonlinear sources and
absorption terms not located in a homogeneous medium was considered. It obeys zero Dirichlet boundary
conditions in a smooth bounded domain. The comparison principle and self-similar approach was used
to study the problem. In this paper, the nonlinear splitting method was used to prove the existence of
global and blow-up in finite time solutions. It is shown that the role of the nonlinear source and nonlinear
absorption is important for the existence and non-existence of the solution. The results contribute to a
broader understanding of nonlinear parabolic systems.

Keywords: doubly nonlinear degenerate parabolic system, nonlinear source, nonlinear absorption, global
existence, blow-up in finite time, comparison principle, variable density.
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Introduction

In this paper, we consider the following doubly nonlinear degenerate parabolic system with both
nonlinear sources and absorptions with variable densities:

-2
881: =V <|ﬂz:|"1 u™ ! ‘Vukl : Vu> + 0 —aqu™, €O, t>0,
v n2 , ma—1 k p2—2 T
a:V |z|"? v™2 ‘VUQ Vo | +u®? —agv™, z€Q,t>0, (1)
u(z,t) =v(x,t)=0, z€dNt>0,

u(z,0) =uo(x), v(z,0)=v(x), z€Q,

where p; > 2, kj,m; > 1, ng,q;, i, 05 >0 (i = 1,2) and Q is a bounded domain of RV, N > 1 with a
smooth boundary 9. The initial data ug (z),v (z) € C*™ (), with 0 < v < 1, ug (), v (z) > 0
and ug (x) ,vg () Z 0.

In recent years, the problem of reaction-diffusion processes with nonlinear interactions has attracted
considerable attention because it arises in such fields as biology, chemistry and physics. Population
dynamics, chemical reactions, heat transfer and other phenomena can be predicted if the conditions
for the existence of global and blow-up in finite time solutions are known. For example, in a biological
context, the presence of a variable density term means changing population density or resources that
are not distributed uniformly. For more detailed information on physical models describing with the
above and similar equations, we refer to literature [1-7| and references therein.

*Corresponding author. E-mail: odiljonatabaev@gmail.com
Received: 5 September 2024; Accepted: 3 December 2024.
(© 2025 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
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However, there are few studies on doubly nonlinear degenerate parabolic systems including both
reaction and absorption terms in an inhomogeneous medium.

Doubly nonlinear degenerate parabolic equations and systems have been studied by many scientists
(see [5-12| and references therein). Especially, when n; = 0, p; = 2 and m; = k; = 1 (i = 1,2) the
system (1) reduces to following semilinear form:

?;::Au%—vm —au™, e, t>0,
@—Aanqu—av” zeNt>0
at_ 2 ) ) ) (2)

u(z,t) =v(x,t) =0, x€dNt>0,
u(z,0) =uo (z), v(z,0)=v(x), z€

In particular, Bedjaoui and Souplet [3]| used the comparison principle to show the global solvability
of problem (2). Authors of [4-8,13-15| analyzed the blow-up properties of solutions to system (2)
without absorption terms, when a; = as = 0. The critical Fujita exponent for solutions with blow-up
was found by the authors of [13-15|. Aripov and Bobokandov [8] obtained estimates of solutions and
fronts (free boundaries) for equations with a single absorption term in an inhomogeneous medium.
Recently, many authors have addressed the problems with variable densities [8, 11,12, 15-21].
Zhou et al. [9,10] determined the global existence and blow-up of solutions to a degenerate singu-
lar parabolic system. The authors obtained the blow-up set and uniform blow-up conditions using the
comparison principle and asymptotic analysis methods. Kong et al. [5] established uniform blow-up
profiles for the weakly absorbed case of a semilinear parabolic system.
Anh et al. [20] and Niu et al. [21] investigated the long-time behavior of solutions to the following
degenerate parabolic equation
Ou p—2 +
EZV(J(.T)‘VQA Vu)—{—g—f(:c,u), r€QXRT,
u(z,t) =0, z€0QxRT, (3)

u(z,0) =uo(z), =€l
The existence of a global attractor in L? was shown using some estimates of the solution.

Other related works includes [22-29], where the authors studied doubly degenerate parabolic equa-
tions with nonlinear sources and absorption terms when k; = m; (i =1, 2)

0 _
a—?zV(\Vumllpl 2Vum1>+v‘h—a1u”, z€Q,t>0,
0 _
a—: =V <|va"’!p2 QV”qu) +u —agv™, ze,t>0,

u(z,t) =v(z,t) =0, x€dNt>0,
u(z,0)=wuo(z), v(z,0)=uv9(x), x€.

This is also known as the p-Laplacian system when k; = m; =1 (i = 1,2). Xiulan Wu [30] provided
criteria for the global existence or the finite-time blow-up of solutions to (3).

This study extends the results to the more general case of a doubly nonlinear degenerate parabolic
system including variable density terms. This provides a more precise understanding of the behavior
of the physical phenomena described by the system (3).

The rest of the paper is organized as follows. Section 1 gives preliminary notations and main
results. Section 2 is devoted to the existence of global and finite-time exploding solutions. Finally,
conclusions and observations are discussed.
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1 Preliminaries and Main results

Degenerate equations may not have classical solutions, so we define weak upper and weak lower
solutions. In this paper we denote Qr = Q x (0,7).

Definition 1. We call a non-negative function (u,v) € [C*! (Q7) N C (Qr)] ? a weak upper solution
(a weak lower solution) of problem (1) in @ if the following fulfills:

% > (S)v <’$|n1 uml—l ‘vukl p1—

2
Vu) + o —aqu", e Q,t>0,

v p2—
S (< ng , mo—1 ko
5 = (S <|m| v ]w

u(x,t) >v(x,t) > x € 0Q,t >0,
w(,0) > uo (x). <xo>>vo(> req.
We also say that (u,v) is a weak solution of problem (1) in Qr if (u,v) is both weak upper and weak

lower solution of (1) in Q7. Moreover, (u,v) is a global solution of problem (1) if it is a solution of (1)
in Qp for any 7' > 0, and any solution (u,v) blows up in the sense of the L> norm if 7' < oc:

2
Vv) +u®? — ™, xeQ,t>0,

limn (1 (5Ol + o () = <.

In order to state our results, we introduce some useful symbols. Let ¢(z) and ¢ (z) satisfy the
following elliptic problem respectively:

I v/ <|$|n1 (’Dm1—1 ‘V(,Dkl p

-2
Vgo) =1, z€Q, ¢x)=1, ze€d, (4)

-V <|yc|"2 Pl ‘VWH n2 Vzb) =1, z€Q, Y(x)=1, =z (5)

It is known [19] that (4) and (5) have unique solutions with the following properties:

M) = max p(zr) < oo, My =maxy(z) < oo,
€l e

o(x),yP(r) >1in Q, Ver <0, Vipr <0 on 0.
To simplify notation, we also let p; = max {my + k1 (p1 — 2),71}, po = max {ma + k2 (p2 — 2) ,m2}.

Theorem 1. Let ning < pipa. If g1ga < pipe, then all nonnegative solutions of problem (1) are
global.

Theorem 2. Let nine < p1p2 and qi1qo = pqpte, then:

1. if 1 > my + ki1(p1 — 2), r2 > ma + ka(p2 — 2), which is g1g2 = 172 and if aq, g are sufficiently
large, then nonnegative solutions of problem (1) blows up in finite time, and exists globally for
small initial values;

2. if 1y <my + Eki(pr — 2), 72 < ma + ka2(p2 — 2), thus q1g2 = (m1 + k1(p1 — 2))(ma + ka(p2 — 2)),
then all nonnegative solutions of problem (1) are global for small initial values;

3. suppose r1 < my + ki(p1 —2), re > ma + ka(p2 — 2), thus q1g2 = (m1 + k1(p1 — 2))r2, then there
is a non-negative blow-up in finite time solution of problem (1) for large initial data;

4. suppose 11 > my + ki(p1 — 2), ro < ma + ka(p2 — 2), thus q1q2 = r1(mga + ka(p2 — 2)), then there
is a non-negative blow-up in finite time solution of problem (1) for large initial data.

Theorem 3. Suppose ning < p1p2. If q1qa > w12, then nonnegative solutions of problem (1) blows
up in finite time for sufficiently large initial data and exists globally for small initial values.
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2 Global existence and Blow-up

Here we give the proof of global existence and blow-up solutions using the comparison principle.
Self-similar approach and nonlinear splitting methods are used to construct comparable solutions. We
start with Theorem 1.

Proof of Theorem 1. We divide the proof of Theorem 1 into 4 cases:

Case 1: When p1 = my + k1 (p2 —2), p2 = mao + ka (p2 —2), thus qigz < (mi+ ki (p2 —2)) x
X (mg + k2 (p2 — 2)) and ning < p1pe. We have u < w and v < z, where (w, z) satisfies

) P12

877;} v/ <‘x|n1 wml—l ‘leﬂ ! Vw) + qu, = Q,t >0,
0 p2—2

87'; =V <|x|"2 Zme—l ‘Vzl” ’ Vz) +w?, e, t>0,

w(x,t)=z(x,t) =0, x€dt>0,
w(an)ZWO(x)v Z(.%',O):Zg(x), T €
by comparison principle and from [3,20], it follows that (w, z) is global and so it is (u,v).

Case 2: When pu1 = ri, p2 = 1o, thus q1ga < rirg and ning < pipa. Let (u,v) = (A1, A2), where
Ay > max, guo(r), A2 > max, gvo(r) and Ay, Az will be determined later. After some
calculations, we have

ou p1—2
i \Y% (m”l "t ‘Va’“ Vu) — o + apu’t = AT — AT
v p2—2
5 \Y <\m["2 gmel ’VU’“Q Vv> —u® + a0"? = ap AR — AT

(u,v) = (A1, Az) is a time-independent upper solution of problem (1) if
a1 AT' > AT and AR > AP

i.e.
a 1 T2 1

Ayta, ™ <A < APad. (6)
Since q1q2 < ri7r2, then there exist Ay, Ay satisfying (6).

Case 8: When puy = ry, p2 = ma + ko (p2 — 2) and ning < p1p2, we have q1q2 < ri(ma + ka (p2 — 2))).
Let (w,7) = (A1, A2p(x)), where ¢(x) from (5) and we can choose A1 > max, g uo(x) and
Az > max, g vo(z) satisfying

a2 1 1
Aiﬂz-«-kz(pz—Q) < A2 < = (a1A71“1)q1 )
Mo

After direct computation, we have

m )
?ft‘ -V (!x\”l 7t vt Vu) — T T >0,

Ol 2 (7)
dv n2 —ma—1 gk [P ool 7742 T2
5 VI |z|™v Vv Vo | —u® + asv™ > 0.

So, (w,v) = (A, By(x)) is a upper solution for system (1)
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Case 4: If py = my + ki (p1 — 2), p2 = r2, we have qi1g2 < ra(my + k1 (p1 — 2)) and ning < pips, we
let (@, v) = (A1(p(w) + 1), A2), where ¢(z) from (4) and choose such A; > max_ g uo(r) and
Az > max 5 vo(z) satisfying

a1 1 1
A2m1+k1(p1—2) < Al < (a2A72"2)q2
My

Then system of inequalities (7) is fulfilled.

Proof of Theorem 1 is completed.

Proof of Theorem 2. We consider 4 cases to prove Theorem 2:
Case 1: When r1 > mq + k1(p1 — 2), r2 > ma + ka(p2 — 2) and ning < p1p2, we know qi1q2 = r11re. We
can choose A; and A sufficiently large, fulfilling A; > max, g uo(x), A2 > max, g vo(x) and
_1 @ 1 r2
041 1 AQTI S Al < Oé22 AQQ
It is clear, that (u,7) = (Aj, Ag) is a weak upper solution of problem (1). It is easy to check, by
comparison principle that the solution (w,v) = (A, A2) of problem (1) is global.

Now we need to prove our blow-up conclusion. Assume that €2 contains the origin. Denote

u(z,t) = (T =) U (&), wv(z,t) = (T =)V (&),

1—1 o—1
JE IIE=Er e ppng  P2M2N pitha(r=D)
where U (£1) = - & , V(&) = (Amt = &7

&1 = (T‘ t| o7 b2 = Tz P1 = 1771(7”1“;11(“72)71) >0, B = 1772(m2+§§(p272)71) > 0 and

v,7v2, A, T > 0 are to be determined later. Note that B474(0) contains the support of u(x,t)
and v(x,t), where § = max (1,02 if T > 1; f = min 31, B2 if T < 1, which is included in  if T
is sufficiently small.

)

After a direct computation, we obtain

oo (W +ma gy )

p—
v <|$|nl le_l ‘ngl

’ Vu) =(T—t)™ (m1+Fk1(p1—2))—Bip1

(RN )+ )

S0 (Y @)+ ey )

2 Vo | = (T _ t)—vg (ma+ka(p2—2))—Ba2p2

p—
\v4 <|x|n2 ng—l ‘VQIQ

b (W NV () )

where b; = =i and by =

p1 b2
m1+k1(p1—2)— ma+ka(p2—2)—1
We need to find suitable parameters such that

o _ i o 1 dU
0‘¢>”l(wU@n+6ﬁ1§—w?2wwl%s0@n—k?2ﬁl1s“d&)+

+ (T _ t)_Tl'Yl U”'l (51) S (T _ t) q172 Vq1 (£2)

(8)
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. AV ey oot mys1 AV
(T — t) v2—1 (’YQV (62) + ﬁ2§2 dg k}272 2Nb32 152 174 (52) . kg ng 1 i +1d€2> + (9)
(T =) PRV (&) < (T—t) B Ve (&4).

Note that U,V are continuous for C? except for & = A, & = A where U’, V' has a positive jump.
Therefore, to obtain a lower solution of (1), we will prove (8) and (9) pointwise for & > 0, with
& # A. It is easy to see that

+n n +n mpl%_l
d7U = — P gpplli—ll_l A% - fppll_ ; 1+k1(p1—2)-1
d&i m1+k1(p1—2)_11 1 ,
—1
av. _ D2 fp,?;if?—l pﬁ;”f 5”5;"2 g Thatra—D =1\
dés ~ matky(pr—2)—1°2

and (8) is trivial for & > A. A simple computation shows that (8) is satisfied. We distinguish
two steps for 0 < & < 01 A and 61 A < & < A, where

p1—1

0 _ 71 + k:f172Nbll,171 p1+n1 < 1
1 ’71 +k11)1—2Nb€)1—1 +/Blb1 +k€)1—2b11)1 .
Step 1. For 1A < & < A, we have

_ dU

710(£1>+-551—57—-kpl NG (6) — R o

1

e gpplltnl > e
pP1—

kpl -2 bpl 1 p+11 . k;pleNb]n—l b kp1—2bp1 pplltnll <
Y1+ ! Y1+ 1 + Bib1 + Ky 1) & S

-1
p1tng p1+nl>m1+k1(m 3—1 !

<

Ari-1 §P1—

1+nq +n
((’y FRPTENG ) AT (4 KTING B 00 (elA)ppllf>

—1

prn [ pny PLEMN Tkt mT L
< —Biby (B1A) T (A =g >
+
Step 2. For 0 < & < 01 A, the inequality
p1—1

P1t+ng

TES! my+ky(p1—2)—1 P1
U)>(1-6; AmitRiei=29-1 > (),

po—1
patmng

1 PaTRate DTy
V(£2) > 11— 01p2 Amatkalp2—2)-1 > ()

holds. It follows from ~2q; > 1 + 1 that
dUu n Cop 1 omy 1 AU
(T —t) "~ ! <fle (&) + /31&? _ kP1— 2Nbp1 1§11U (&) - kfl 2b11)1 1 11+ld§1>

<Ly pronge g

b1
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if T is sufficiently small. If

-1
o (T _ t)—Tl’Yl Un (€1> < b1 (T _ t)—qu? V2 (52) , (10)
b1
then (8) holds.
Similarly, if
-1
oo (T — )72V (&) < 2o (T — )2 U (&), (11)
D2
v1g2 > 72 + 1 and T is sufficiently small, then (9) holds.
Next, we choose suitable 1 79 to satisfy (10) and (11). It is easy to see that there is vy, > qf;:,ll
and yo > qff];ll, fulfilling the inequalities
Y21 >m+1, g2 > 2+ 1 (12)
If qugo = rira, then we choose some large v; and 9 satisfying (12), and ¢ = %rl, hence

go = 1—27'2. Consequently, by (10) and (11), for sufficiently small a; and s the following hold

1

1 1
U <L 2ya gy <227 "pe, (13)

D1 D2

Hence, (u,v) is a blow-up lower solution of problem (1) with sufficiently large initial data (ug, vg).

Case 2: When 1 < my + ki(p1 — 2), r2 < mg + ka(p2 — 2) and niny < pip2, we have
q1q92 = (m1 + k1(p1 — 2)) (m2 + ka(p2 — 2)). We choose A1 and As satisfying

ma+ko(po—2)

(Agp (2))TTFRTTT < Ay < (Agp™® (z)) " 2

The solution is global for small initial data, because (uw,v) = (A1p (x), A2 (), where ¢ (z),
¥ (x) satisfy (4), (5) respectively, is a global upper solution of problem (1).

Cases 3 and j: Cases 3 and 4 are proved similarly to Case 2.

Proof of Theorem 3. We consider two main cases: large initial values and small initial data for
theorem. First, we consider the case of large initial values and prove that the solution blows up in
finite time. Then, we consider the case of small initial data and show that the solutions exist globally.
For each, we break into four subcases based on different conditions of p and po.

Case 1: 1. When p; = my + ki(p1—2), pe = ma + ka(pa—2), that is qiga >
(m1+ k1 (p1 —2)) (m2 + k2 (p2 — 2)) and ning < pip2. Let (W, v) = (Adip (), A2¢ (2)),
where ¢ (), ¢ (z) satisty (4), (5) respectively. Choosing then

1 a1 motky(pa—1)
A1 = 5 (A2M2)m1+k1(p172) =+ A2 92 Ml_l s

a2
. mi1+k1(p1—2) 2 rq1\  9192—(m1+k1(p1—2))(ma+ka(p2—1))
Ay = (Ml M .

Therefore, (u,v) is a global upper solution for problem (1) if A; > max, guo(0) and
Az > max, g vo (0) for small initial values.
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2. When py = rq, po = ro and ning < p1p2, that is qiqa > r1ry choosing

1 1 a 1 T2 1
A = 5 <oz1 A+ ay? Aé”) and Ay = (afPagt)ne-rir2 |

then (u,v) = (A1, A2) is a global upper solution for problem (1), if A; > max_ g uo (0) and
Az > max, g vo (0) for small initial values.

3. When py =711, pp = ma +ka (p2 — 2) and ning < p1p2, that is gig2 > r1 (ma + k2 (p2 — 2)).
Let (u,v) = (A1, A2v (), where v () satisfies (5). Then we choose

Al = (alMgl)_‘11QZ*T1(m2+k2(P2*1)) , Ay ==

mo+kg(p2—2) 1
2

Ay 1
AT (A o).
Therefore, (u,v) is a global upper solution for problem (1), if A; > max g uo (0) and
Az > max, g vo (0).
4. When py = mq +ki (p1 — 2), p2 = r2 and ning < pips, that is qig2 > ro (m1 + ki1 (p1 — 2)).
Let (u,7) = (A1¢ (z), Aa), where ¢ () satisfies (4). We choose
mi+k1(p1—-2)

1 q1 1 1 —
Ai=3 <A§“ FROTD 4 (ap A o ), Ay = (aaM{P) T mE i
1

Therefore, (u,v) is a global upper solution for problem (1), if A; > max_ g uo(0) and
Az > max, g vo (0).

Case 2: Next, consider large initial values. We construct a blow-up lower solution and use the com-
parison principle. Let w(x) > 0 be a continuous function and w(x)|sn = 0. We assume, that
0 € Q and w(0) > 0.

1. Let r1 > my + ki1(p1 — 2) and r2 > mgo + ka(p2 — 2) and ning < pip2, hence q1q1 > r170.
The proof is similar to that in [1]. However, we give more details. In order to fulfill (13),
we require

Yeqr >+ 1, veq >mr,

Y1q2 > Y2 + 1 > yars.
We set A = 1 /72, then by (14),

(14)

1
7q—2</\<q—1, ro—1< — <min{g — A\, A\g2 — 1}.
q2 1 V2
If A< Z;E, then min {q1 — A\, A\ga — 1} = A\g2 — 1. We assume, that
T 1
T aiv (15)
2 @+l
Since q1g2 > rire, (15) holds or
T 1
n_erl (16)
o g+l

If (16) holds, we just exchange the roles of functions u and v in problem (1). Therefore, we
need to guarantee, that (15) holds.

To fulfill (14), we have to find a suitable A from

q+1 q1}
@+1r )

r
2<)\<min{
q2
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It is possible since ;—g < % and ag > 0, such that

Thus, (1

1
O0<ro—1< — <Agg — 1.
V2

3) holds. Therefore, (u,v) is a lower solution of (1) for r1 > my + ki(p1 — 2) and

ro > Mo —|—k‘2(p2 — 2)

2.If r1 < mi + ki(pr — 2) and 2 > mo + ka(pe — 2) and niny < pips, hence
q1q2 > 12 (m1+ k1(p1 —2)). Any solution of (1) is an upper solution to the following
homogeneous Dirichlet problem

ou
ot
ov
ot

p1—2
>V (|x\"1 u™! ‘Vukl ' Vu) +o —aqu™ —ay, €O t>0,
(17)

>V <a:|n2 p™m2l ‘Vvl”

p2—2
Vv> +u®? — v, ze€Q,t>0.

Following q1g2 > 72 (m1 + k1(p1 — 2)), similarly to the above proof, one can see that (u,v)
is still a lower solution of (17) for appropriate ug and vy. It means that (u,v) blows up.

The subcases (3) r1 > my1 + ki(p1 — 2), r2 < ma + ka(pz — 2) and ning < pips and (4)
ry < my+ ki(p1 —2), r2 < mg + ka(pa — 2) and niny < pipz can be treated in a similar

way.

Proof of Theorem 3 is completed.

Conclusion

This paper considers the problem of a doubly nonlinear degenerate parabolic system with nonlinear
source and absorption terms with variable density. We extend existing results on the global existence
and blow-up of solutions to the case with variable density in the diffusion term. Since the global
existence and blow-up property of solutions allow us to predict or control the future of processes,
the obtained results are significant and contribute to a concise understanding of doubly nonlinear
degenerate parabolic problems. Future directions of research include investigating the problem in
wider settings and studying other qualitative properties of the solutions.
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In this paper, the initial value problem for a third-order partial differential equation with time delay within a
Hilbert space was analyzed. We establish a key theorem regarding the stability of this problem. Additionally,
we demonstrate how this stability theorem can be applied to the third-order partial differential equation
with time delay.
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Introduction

In physics, various problems give rise to third order partial differential equations (PDEs). In various
branches of engineering and science, such as applied mathematics, these problems have become a key
research area. Within the last 10 decades, interest towards nonlocal and local boundary value problems
(BVPs) for PDEs with space and time variables have increased significantly. Nonlocal and local BVPs
for third order PDEs have been investigated widely in a lot literature (for instance, see [1-3]).

One of the most frequently occurring phenomena in various engineering applications is time delay
(TD). A typical instance with regards to control theory can be seen in sampled-data control process.

Applications and theory of nonlinear and linear third-order differential and difference equations
comprising a delay term were investigated widely (for instance, see [4-11], and the included references).

Lastly, applications and theory of PDEs of the same order having delay operator term with respect
to the other operator term were studied for parabolic differential equations with delay term (for
example, see [12-18|, and the included references).

However, the stability theory of third-order PDEs having a delay term is not well developed. In
this paper, our aim is to study the initial value problem (IVP) for the third order PDE having TD

%—l—BdZ—(;):cBy(s—z)%-h(s), 0<s< oo,
(1)
y(s) =k(s), —2<s<0

in G, a Hilbert space, having self-adjoint positive definite operator (SAPDO) B, B > AI, where A > 0.
Here k(s) defined on [—z, 0] is the given abstract continuous function (ACF) with values in D(B), h(s)
defined on (0, 0) is the given ACF having values in G, and ¢ € R*.

The structure of the paper is as follows. In Section 1, we establish the main theorem on the stability
of problem (1). Section 2 presents theorems on stability estimates for the solutions of three problems
involving third-order PDEs. Finally, Section 3 provides the conclusion.

*Corresponding author. E-mail: ibrahim.suleiman@neu.edu.tr
This research has been funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP05131225).
Received: 17 June 2024; Accepted: 26 November 2024.
(© 2025 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

24 Bulletin of the Karaganda University



On the stability of ...

1 Main theorem on Stability

If conditions i, ii, iii below are met, then a function y(s) is considered a solution to problem (1):

i. y(s) is twice continuously differentiable over the interval [0,00), with the derivative at s = 0
taken as the unilateral derivative.

ii. The derivative d?;lli(;) lies in D(B) for every s € [0,00), and the function BdZ—(SS) is continuous
throughout the interval [0, c0).

ili. y(s) satisfies the primary equation and the initial conditions described in (1).

Throughout this paper, let {E(s),s > 0} be an operator function, where E(s) = cos(sB%), and is
defined by the formula
1 1
eisB? _i_efisB?

From the operator function T'(s) = B2 sin(sB%), where T'(s) = [, E(p) dp, it follows that

isB? isB?
&S _ gl

1
T(s)=DB"2

(3)
We refer to [19] for the theory of cosine operator functions. We now present an important lemma

below.
Lemma 1.1. The estimates that follows holds for s > 0:

<1 EG)lose <1, |[BATG)|| <1 (4)

oo, o
_>

HG’—>G

The proof of the lemma above depends on the spectral representation of unit SAPDO B.

Moreover, for all dzgs) € D(B) we can write

d3z(s) dzx(s) d? d
d53 + B ds = (d52 + B) ax(s)

Therefore, problem (1) be rewritten as the equivalent IVP

W) — o),
A5s)
g2 T Bu(s) = eBy(s — 2) + h(s), 0 <s <o,

(s) = k(s), =2 <5 <0

<

for the system of linear differential equations. Integrating these equations, we can write
y(s) =y(0) + Jg x(r)dr,
x(s) = E(s)xz(0)+ T (s)2' (0) + fOS T (s —r)[cBk(r — z) + h(r)] dr
for all s € [0, 2] and
y(s) = y(mz) + [, x(r)dr,
z(s)=E(s—mz)x(mz)+T (s —mz)z' (mz) + f;z T (s —7)[cBy(r — z) + h(r)]dr

for all s € [mz,(m+1)z], m=1,2,...
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Applying (2) and (3), we can write

/08 T(rydrz = —B™ ' (E (s) — I) z.

From that and equation = z(s) it follows = (mz) =y (mz),2' (mz) = y” (mz) and

dy(s)
ds

y(0)+T(s)y' (0) =B~ (E(s) - I)y" (0)+

+ [y B (I —E(s—r))[eBk(r — z) + h(r)]dr, s € [0,2],

y(mz) +T (s —mz2)y (mz) — B~ (E (s —mz) — I)y" (mz) +

+[° BY(I—E(s—r))[eBy(r —z)+ h(r)dr, s € [mz, (m+1)z], m=1,...

The main theorem is formulated below.

Theorem 1. Assume that k(s) be a twice continuously differentiable function and k°(s) € D(B()/2),
k'(s) € D(B®/?), k%(s) € D(BW/?). Then the following estimates hold for the solution of problem (1):

dy(s)
B ds

1 d?y(s)

max || B2
ds?

0<s<z

, max
0<s<z

1
, — Inax
a 2 0<s<z

) Biy(s)|| (6)

< (2+|c|z)ag—|—/ B%h(r)Hgdr,
0

d’k dk
ap = max<{ max B%ﬁ , max ||B (5) , Mmax HB%k(S)H ;
—2<s<0 ds? ||g —2<s<0 ds ||o —2<s<0 G
d? d 1
max B2 y(s) : max B y(s) , = max B%y(S)H (7)
mz<s<(m+1)z ds? a mz<s<(m+1)z ds a 2 mz<s<(m+1)z G
m—+1 jz )
< (24| 2) am + Z/ Bih(r)H dr,
=1 G-z ¢
J=1
d? d
G = Max max B%M , max BM ) max B> (S)H ,
(m—1)z<s<mz ds? q (m—=1)z<s<mz ds qg (m—=1)z<s<mz G
m=12,...

Proof. Let s € [0, z]. Then, applying (5), we get

y(s) =k (0) + T (s) k' (0) — B~ (E(s) — I) k" (0)
+ /s B Y (I —E(s—7))[cBk(r — 2) + h(r)] dr,
0

B‘%S) — E(s) BK (0)+ T (s) BK" (0)

+ /S BT (s — ) [¢Bk(r — z) + h(r)] dr,
0

—B2T(s) BK (0) + E (s) B2k" (0)
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—i—/o B2E (s —r)[cBk(r — z)+ h(r)] dr.

Using these formulas, estimates (4) and the triangle inequality, we get

fotuo], < 10, + I3 Ol + 2t o

—2<s<0

+2|c| z max HB%k(S)H +2/
G 0

B%h(r)HGdr

<22+ || z)a0—|—2/ HB%h(r)HGdr,
0

[

ds

| <lr o+ |2 o

S
+|c| z max HB%k‘(S)H —|—/
G Jo

—2<s<0

B%h(r)HGdr

< (2+|c|z)ag—|—/ B%h(r)Hgdr,
0

1 d%y(s)
B
H " Tds?

<[t o]
G G

B%h(r)HGdr

S

+|c| z max HB%k‘(S)H +/
—2<s<0 G 0
z

<(2—|—]c|z)ao—|—/

0

for s € [0, z]. From that estimate (6) follows. Let s € [mz,(m+1)z], m = 1,2,
we get

B%h(r)HGdr
... Then, applying (5),
y(s) = y(mz) + T (s —mz)y' (mz) — B~ (D (s —mz) — 1)y (mz)

+ /s B~Y (I —D(s—r))[eBy(r — z) + h(r)] dr,

+ [ BT (=0 leBylr - 2) + () ar,

mz

o _ BT (s —mz) By (mz) + D (s — mz) B%y” (mz)

+/s B2D (s =) [eBy(r — z) + h(r)] dr.

mz

Using these formulas, estimates (4) and the triangle inequality, we get

3 3 / on
|BRy(s)| < |[BRyma)|  + 1By (m2)] g +2 | BE (ma)|
5 m+1 jz )
2 B3 H 2 / Bih H d
LT P Lol PRt DY N ] P
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m+1

Jz
§2(2+|c|z)am+22/
j=1 (1—1)=

B%h(T)HGdr

dy(s)
ds

k

/ Loy
=By g+ B3 )],

B%h(r)HGdr

+lclz  max
(m—1)z<s<mz

3 m+1l .z
B2y(S)HG + ]Z; /(j1)z

m—+1

Y
<@+ld2)ent . [
j=1 (1-D=

B%h(T)HGdr

e

1
S R e

B%h(r)HGdr

+lc|z  max
(m—1)z<s<mz

5 m+1 jz
&W%+24D
j=1 70—z

m+1

jz 1
< 1
< (2+|c\z)am+Z/('1 B2h(r)HGdr
j=1"7"U )z
for s € [mz,(m+1)z], m =1,2,... Estimate (7) follows from it. Theorem 1 is proved.

According to Theorem 1, the following stability estimate holds for the solution of problem (1):

d? d 1
max 2 y(s) , max B y(s) y = max B%y(s)‘
0<s<(m+1)z ds? ||g" 0<s<(m+1)z ds |o 2 0<s<(m+1)z G
m i X
<@+l a+Y @2+ z)m—ﬂ/ Binr)| ar
j=1 (1-D=

2 Applications

The applications of Theorem 1 are considered in this section.
First, the initial nonlocal BVP for the third order PDE with TD

33z (s,u)
gy

Js

= () zan(5, ), + ps(5,8) = (= (b()zals — 2,u)), + pa(s — 2 u)) + h(s,w),
0<s<oo, 0<u<l,

x(s,u) = k(s,u), —2<s<0, 0<u<l,

x(s,0) = x(s,1), z4(s,0) = xy(s,1), 0 < s <0

(8)

is considered. Problem (8) has a unique solution z(s, u), under compatibility conditions, for the smooth
functions b(u) > b > 0, u € (0,1), p > 0, b(1) = b(0), k(s,u) —2 < s < 0,0 < u < 1, h(s,u),
0<s<o0,0<u<1,and c € R This allows us to reduce the BVP (8) to the IVP (1) in a Hilbert
space G = Ls]0, 1] with a SAPDO B*" defined by the formula:

BYz(u) = —(b(u)zy)u + pz
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with domain

D(B") = {z(u) : z(u), xy(u), (b(u)xy)y € L2]0,1], x(1) = x(0), z,(1) = 2,(0)}.

By utilizing the symmetry property of the spatial operator B%, domain of which is D(B*) C W2[0, 1],
and incorporating the estimates from Theorem 1, the following theorem concerning the stability of
problem (8) is obtained.

Theorem 2. The solutions to problem (8) satisfy the stability estimates that follow:

d?y(s, ") dy(s,-) 1 ly (s, )]l
Ogslg}yiz d82 W21[07117 0<s<mz dS W22[071]7 9 Oggi’){zz AG W23[0,1]
m jz
m m—j 3
<@l an+ Y @+l [ B, ar

- 2|Y,
J=1 (j—1)z
A2k (s, dk(s,-)

)
— Z M\ 7 max ||k W
(10 ax {%)éo (182 ”721 [071} ’ 7%)20 dS ‘1722 [0 1] *Z<a:9<0 || ( )H 25[071} ’

where M; does not depend on k(s,u) and h(s,u).

In this context, W30, 1], WZ[0, 1] and W3[0, 1] are Sobolev spaces consisting of all square integrable
functions ¢(u) defined on the interval [0, 1], endowed with the following norm:

2

1
¢
6hugion = | [ 2 (67 (=123
o 7=0

Next, let € represent the unit open cube in the n-dimensional Euclidean space R™, where
v = (u1,...,u,) and 0 < u¢ < 1 for ¢ = 1,...,n. The boundary of this domain is denoted by P
and we define = QU P. Within the domain [0, 00) x €, we consider the initial BVP for a third-order
multi-dimensional PDE with a TD, subject to Dirichlet boundary conditions.

83z (s,u)
0s3

ITM:

(W) (5. )), = = 3 () s = 2.),,.

0<s<oo,u€Q, (9)
x(s,u) = k(s,u), —2<s<0, uecQ,
z(s,u) =0, ue P, 0 <s< o0

is considered. Here by(u) > b > 0, (u € Q), k(s,u), —2 < s <0, u € Q, h(s,u), 0 < s < oo, u € § are
given smooth functions, and ¢ € R!.

We consider the Hilbert space Lo(Q) of all square integrable functions defined on €, equipped with
the norm

2
= | [ bl -,
weR
Problem (9) has a unique solution z(s,u), under compatibility conditions, for the smooth functions
bu) >b>0,ucQ, p>0, k(s,u), —2<s<0,ucQ, h(s,u), 0 < s < oo, uc, and c € R'. With
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this problem (9) can be reduced to the IVP (1) in the Hilbert space G = Lo(Q2) with a SAPDO B
defined by the formula

n

B'z(u) = = (bi(u)zu,)u, (10)

t=1
with domain

D(B") = {z(u) : (u), xy, (w), (be(w)Ty,)u, € L2(Q), 1<t<n, z(u)=0ueP}.

As a result, we can establish the following theorem concerning the stability of problem (9).

Theorem 3. The following stability estimates are derived for the solutions of problem (9):

d%y( dy(s

X ly(s:)llws @)

)

ds HWQ 2 0<s<mz

)

0<s<mz dS HWl(Q) 0<s<mz

ds| ,

<My |24 2) b0+22+|c| )mﬂ/ HBzh )\L@
2

(4

d%k(s,-)

dk(S, )
ds? Wi @) " _2<s<0

ds

—2<s5<0 —2<s<0

by = max{ max , max ||k(s, HW23(Q)}7

W3 (Q)
where M3 does not depend on k(s,u) and h(s,u). Here, W} (Q), W2(Q) and W3 (Q) are Sobolev spaces
of all square integrable functions ¢(u) defined on €2, equipped with the norm
2 3
H¢>HW2<@ — / 722 buy - - up(w) | dug - duy,
- J times

The proof of Theorem 3 is based on Theorem 1 and the symmetry property of the operator B“
defined by formula (10) and the following theorem on the coercivity inequality for the solution of the
elliptic differential problem in Ly(€).

Theorem 4. For the solution of the elliptic differential problem [10]:

Bz (u) = p(u),u € Q,
z(u) =0,u € P,

the following coercivity inequality holds:

m
Z qutut”LQ(ﬁ) < M3HMHL2(§)
=1

Here, M3 does not depend on p(u).

Third, in [0,00) x €2, the BVP for the multi-dimensional Schrédinger equation with TD and
Neumann boundary condition is considered:

INgE

333 S, u m
P = 3 (b (5,0)), + pras,u) = e <_

0<s<oo,u €l
z(s,u) = k(s,u),—2<s<0,u€cq,

0 5
%zO,uEP,O§s<oo.

(b () (5 — 2,0)),,, + pals — =, u>> ,

t=1

(11)
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Here, m is the normal vector to P, by(u) > b > 0,(u € Q), k(s,u), —z < s < 0,0 < u <1 and
h(s,u),0 < s < 00,0 <u < 1 are given smooth functions, and ¢ € R!.
Problem (11) has a unique solution z(s, u), under compatibility conditions, for the smooth functions

(u) and b¢(u). This enables us to simplify problem (11) into the IVP in the Hilbert space G = La(f2)
with a SAPDO B", defined by the following expression:

BUa(u) = = (b )u, + o1
t=1

having domain:

Oz (u)
om

D(B") = {ZL‘(’LL) s (u), T, (w), (be(u) Ty, )u, € L2(Q), 1<t <m, =0, ue P} .

Therefore, estimates of Theorem 1 with G = Lo(Q) allow us to state the following theorem on
stability of problem (11).

Theorem 5. The following stability estimates hold for the solutions of problem (11):

M max dy(s, ) 1 max IIy(s )H -
ds® whQ) "0<s<mz ds W2(@) "2 0<s<mz P WS ()

max
0<s<mz

m . Iz
<My @+ 12 bo+ 3 (24| z)m_]/ Bin(r)| dr|.
= (j—1)z L2 ()
d?k(s, - dk(s, -
bp = max{ max dk(s, ) , max (s,) , max [|k(s, ) |lws@ ¢ >
—e<s<0|| ds? ) —ess<o || ds g —Ese<o 5(©)

where M, does not depend on ¢(u).

The proof of Theorem 5 is based on the stability estimates from Theorem 1, where G = Ly(),
as well as the symmetry property of the operator B" defined in formula (11) together with the next

theorem regarding the coercivity inequality for the solution of the elliptic differential problem in Ly(£2).

Theorem 6. For the solution of the elliptic differential problem [20],

BYz(u) = p(u), ue,
9z _ o yeP,

om
the coercivity inequality that follows holds:
m
Y zucell @y < Mslellz,@)-
t=1

Here, M3 is independent of p(u).

3 Conclusion

In this paper, we examine the IVP for a third-order PDE with TD in a Hilbert space. We establish
a key theorem concerning the stability of this problem and demonstrate its applications. Additionally,
some of the results discussed here, albeit without proofs, were previously published in [21].
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Using this method, we can investigate the IVP for the nonlinear third order PDE with TD

LU 4 B = h(s,y(s — 2)), 0 < s < o0,

y(s) =k(s), —2<s<0

in G, a Hilbert space, having SAPDO B, B > A, where A > 0. Here k(s) defined on [—z,0] is the
given ACF with values in D(B).
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Numerical-analytical method for solving initial-boundary value
problem for loaded parabolic equation
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An initial-boundary value problem for a loaded parabolic equation in a rectangular domain was considered.
By discretization with respect to a spatial variable, the problem under study is reduced to the initial
problem for a system of loaded ordinary differential equations. Based on the previously obtained results of
Dzhumabaev and Assanova, an estimate for the solution of the original initial-boundary value problem for
a loaded parabolic equation was established. An auxiliary initial problem for a system of loaded ordinary
differential equations is solved by the Dzhumabaev parameterization method. Conditions of the unique
solvability of the considering problem are obtained and algorithms for finding a solution are constructed.
The results are illustrated with a numerical example.

Keywords: loaded parabolic equations, initial-boundary value problem, solvability conditions, parameteri-
zation method, polygonal method, numerical solution.

2020 Mathematics Subject Classification: 35K20, 34K10, 35R10, 65M22.

Introduction

The parabolic partial differential equations play a very important role in many branches of science
and engineering. Applied problems involving boundary value problems for parabolic equations include:
thermal analysis in engineering, groundwater flow, climate modeling, biological processes, chemical
reactions, environmental engineering, material science and financial engineering [1-5].

Loaded parabolic equations are a type of parabolic partial differential equations that include ad-
ditional terms or conditions representing external influences or interactions, which can vary over time
and space. These “loads” can be functions or integrals that are added to the standard parabolic equa-
tion. Loaded parabolic equations often arise in various physical and engineering applications where
external sources, sinks, or other dynamic interactions need to be modeled [6]. These equations are used
to model more complex systems where simple diffusion or heat conduction is modified by additional
processes such as external forces, reaction terms, or other dynamic effects. For information on various
boundary value problems for loaded parabolic differential equations, refer to works [7-11].

A boundary value problem for a linear parabolic equation without loading was considered in works
[12,13]. Using the polygonal method, estimates of the solution and their derivatives were obtained in
terms of the equation coefficients and boundary conditions [12]. Coefficient estimates of solutions and
the first derivative with respect to x of a linear boundary value problem for a parabolic equation with
one spatial variable were obtained [13].
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The numerical research of boundary value problems for a parabolic equations with and without
loading are of great interest due to their broad range of applications. Several methods for solving these
problems have been developed [14-18|.

This work is aimed at development of methods for solving the initial-boundary value problem for
parabolic equation, proposed in [12,13| to the initial-boundary value problem for a loaded parabolic
equation of the following form

ou 82u sy
o = P(t:2) 5 +alt 2)ult,z) + > kit x)u,x) + f(tx), (tz)eQ=(0,T)x (0,w), (1)
7j=1
u(0,2) = ¢(x), z € [0,w], (2)
u(tv 0) = 1#0(75), u(tvw) = 1/11(t), le [O7T]7 (3)

where functions p(t,z) > 0, ¢(t,z) < 0, m € N, kj(t,x), j = 1,m+1, f(t,z) are continuous with
respect to ¢t and Holder continuous with respect to x; functions ¢(x), ¥o(t), ¥1(t) are sufficiently
smooth and ¥y(0) = ¢(0), ¥1(0) = ¢(w) matching conditions are performed.

A solution to problem (1)—(3) is a function u(t,z), continuous on Q = [0,7] x [0,w] that has con-
tinuous first-order partial derivatives with respect to ¢ and continuous second-order partial derivatives
with respect to . It satisfies the loaded differential equation (1) and boundary conditions (2), (3).

By discretizing with respect to the spatial variable x, problem (1)—(3) transforms to a problem for
systems of loaded ordinary differential equations. An auxiliary problem for a system of loaded ordinary
differential equations will be investigated. Based on the properties of solutions to the auxiliary prob-
lem, estimates for the solution of the original initial-boundary value problem for the loaded parabolic
equation will be established. In this case, the approach proposed in works [12,13] will be used. A
numerical method for solving the initial problem for systems of loaded ordinary differential equations
is also proposed. A numerical implementation of the algorithm for the initial-boundary value problem
for a loaded parabolic equation is presented. The error between the exact solution of the problem
under consideration and its numerical discrete solution has been established.

1 Problem formulation

We take V7 and produce a discretization by variable z: x; =i, i =0, N, N7 = w.
We present the following notations: w;(t) = wu(t,i7), p;(t) = p(t,i71), ¢;(t) = q(t,i7), k:;(t) = k;(t,i7),

j=1,m, fi(t) = f(t,iT), pi = (i), i = O, N.
Using these notations, the problem (1)—(3) is transformed into the following problem
du U 2u; + ui—q A
T i+1 7 i— TN
di = pi(t) -2 + qi(t)ui + lek Jui(§) + fi(t), i=1,N -1, (4)
UZ(O) = ©5, iIl,N—l, (5)
uo(0) = o, un(0) =N, wo()=vo(t),  un(t)=1vu(t),  te0,T]. (6)

Here from relation (6) it is clear that functions ug(t) and uy(t) are known.
Due to the linearity of the system for V7 > 0 there is a unique solution to problem (4)—(6) defined
on [0,7T): {u1 .. ,uN_l(t)}. Relating the functions w41, u;—1 to the right side of each i-th
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equation of system (4), we apply the estimate from work [19]

) 1 ~1(t) 1 iy (t)
lall = e (s ”Kmax{'%'ﬁ ozt 14 L@l
2pi(6) 2pi(t)
mt1
> ki ()ui(S;)
L fit) 2, 1|l j=1 )
3 o1 " 2 g (1)| 72
pilt )[1 * op(0) } pi(t) [1 + W}
S k(&)
ki (t Uq 5
< max q [l 1”“ i+ 3 ”u 1”'"1 ax filt) 7'2—1—1 max L 2
>~ (2Rl 2 1— i+ 2 te [0 T] (t) 2 tE[O,T] pz(t) .

From here it is easy to obtain the following inequality

+
fi(t) 2 } Z
pi(t) 2 te[o T

where 7; = max {, |[u;]|}, ¢ = max {]i]}
i=1,

k(1)
(1)

1 1
=Mi—1+ sNi+1 +

sy 2 2 tefor]

: ||u1H 7—27 i = ]-aN - ]-5 (7)

Similarly to [12,13], using the sweep down and up from (7), we get

. N-—
N —i N —i f (t) L@ o
TN 77°+NT'N+ N lztg% (t} Z teloT] N =D
.1 ml 1 . N—-1 m+1 l
k ) 2 2 k(t) 2
S e s 55 e v 025
—~ = te[OT Nl S5 o e pi(t)
Considering that ||u;|| < n;, we set
N —i ) i ) N —ig AW || o
7 < 9 NT 3 l
) < 57 a2 ol + (ol S 3 e 07
. N-1
? fi(t) 2
— N —1 O;lluill, (8
* x5 2 s |- e ©
1=i+1
where ©; = N2 zz: mil max l(t) 24 L Nil mil max_|[(N — l)ké(t <1
N =1 j=1 t€[0,T] pl(t) Nl:i+1 j=1 t€[0,1] 0 '

Then

Juil| < maX{% [Poll} + maX{% [ ]I}

1—-6; N

——
2
=

.1 . N-1
N—i L] 2 ¢ L] 2
l — N —1)—= .
TN ;fé%&% n®|" +Nl§ltgf% =@l

From inequality (8), reasoning in the same way as in [13] and [19], we obtain the validity of the following
statement:
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Theorem 1. Let

a) the assumptions with respect to the data of problem (1)-(3) be fulﬁlled
x m+1 w
b) the inequality O(z) = == l;jét;:)) dz + 7 xf(w —z) Zl trerl(?)’}]

kj(t,z
p(t,2)

1 tE[O T]
valid for all z € [0, w].

Then the problem (1)—(3) has a unique classical solution u* (¢, x), and for it the following inequality
holds:

w—

e (1, 2)| < g mac { ma [o()], mas [4o(0)]}

ermax{ max |p(z)],  max 11 (t )l}

2€(0] te(0.7]
W[l —0@)] ) "o
0

The proof of Theorem 1, with minor modifications, follows the same principles as the proof of
Theorem in [13].

Thus, we have established an estimate for the solution of the original initial-boundary value problem
of the loaded parabolic equation (1)—(3).

Substituting ug(t) and un(t) into the system of loaded equations (4), the discretized problem
(4)—(6) can be written in the following matrix-vector form

f(t,2)
p(t, 2)

f(t,2)

dz.
p(t,z)

T
d - _
l - o) / (w—z) max

d m+1
— u—l—ZIC (&) + Ft), aeRNL telo,T), (9)

a(0)=®, PdeRNL (10)

where a(t) = (u1(t),ua(t), ..., un—1(t)) is unknown function, the (N — 1) x (N — 1) matrices A(t),
ICi(t), j =1,m+1, and (N — 1) vector-function F(t) are continuous on [0,7], 0 =& < & < ... <
Em <&ms1 =T. Here

2p1()+q() plT(zt) 0 0 7
2 —220) 4 g (2) r2(t) . 0
Alt) = 0 BP0 () 0 7
I 0 0 0 2PN 1(75) +gn— 1()
ki) 0 0 0
0 kt) O 0
Kity=| 0 0 K® 0 |, j=T,m+1
N.fl
Lo 0 0 k)]
2By () + fi(t) [ o1 ]
fa(t) P2
F(t) = f3(t) , b= ¥3
2N Oy () + fvoa(t) Lon-1]
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A solution to problem (9), (10) is a vector function @(t), which is continuous on [0,7] and con-
tinuously differentiable on (0,7"). This function satisfies the loaded differential equation (9) and the
condition (10).

2 Solving problem (9), (10) by using the parameterization method

We will use the approach proposed in [20—-24] to solve the initial value problem for loaded differential
equations (9), (10). This approach relies on the algorithms of the Dzhumabaev parametrization method
[19,25] and numerical methods. The implementation and efficiency of this method for finding analytical
and numerical solutions to boundary value problems for various differential equations are shown in
[26-32].

m+1

The interval [0,T7] is partitioned into subintervals by loading points: [0,7) = | [£s—1,&s)-
s=1

Define the space C([0,T], &, RV-D0m+D) consisting of system functions a[t] = (a1 (t), ta(t), . . .,
@my1(t)), where each @ : [€5_1,&) — RY~1 is continuous on [£,_1,&s) and has finite left-sided limits

lim 14(t) for all s = 1,m + 1. The norm on this space is defined as ||@[]||2 = max sup ||as(t)||-
t—€,—0 SZWtE[fs—h{s)

The restriction of the function u(t) to the interval [(5_1,&s) is denoted by us(t), meaning
as(t) = a(t) for t € [£5-1,&), s = 1,m+ 1. We introduce additional parameters ps = sy1(Es),
s = 1,m, pmt1 = W(&mn+1). By making the substitution @;(t) = wvi(t) + ® on [£p,&1) and
us(t) = vs(t) + ps—1 on each interval [{5-1,&s), s = 2,m + 1, we obtain multi-point initial value
problem with parameters

dv m—+1
= A0+ @)+ KO+ F (), € 6. &), (1)
j=1
dv m—+1
dts :-A< )(U5+MS 1 +Z’C Mj +~’r() te[gs—lvfs)v s=2,m+1, (12)
7j=1
vs(€s—1) =0, s=1,m+1, (13)
@+tj2131_001(t) = 1, (14)
ps—1 + lim vs(t) = ps, s=2,m+1. (15)
t—E€s—0

A pair (v*[t], u*), where the elements are v*[t] = (v} (£),v5(t),..., v 1(t)) € C([0,T], &, RNV,
W= (] s s ) € RWN=D(m+1) "ig said to be a solution to problem (11)-(15) if the functions
vi(t), s = 1,m+ 1, are continuously differentiable on [£5_1,&s) and satisfy (11), (12) and additional

conditions (14), (15) with p; = p7, j = 1,m + 1, and initial conditions (13).

Problems (9), (10) and (11)-(15) are equivalent. If the @*(t) is a solution of problem (9), (10),
then the pair (v*[t], u*), where v*[t] = (a*(t) — ®,a*(t) — a*(&1),...,a* () — a*(gm)), and p* =
(ﬁ*(fl),ﬁ*(fg),. LU (Em), W (Emr ) is a solution to problem (11)—(15). Conversely, if the pair
@[t],7) with elements o] = (01(t),02(t),..., U1 (t)) €  C([0,T), &, RN-Dm+D)),

o= (1, 2, - -5 fimt1) € R(Nfl)(mﬂ) is a solution to problem (11)-(15), then the function a(t)
defined by the equalities @(t) = v1(t) + @, t € [£0,&1), U(t) = Vs(t) + fs—1, t € [§s-1,&5), s =2,m + 1,
and @(T) = fim+1, will be the solution of the original problem (9), (10).
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d
By employing the fundamental matrix Xs(t) of differential equation ditl = A(t)u on [£s-1,&s],

s = 1,m+ 1, we transform the solution of an initial value problem for a differential equations with
parameters (11)—(13) into an equivalent system of integral equations:

t t m—+1
wlt) = (0) [ A A @+ 200 [ 4700 S Ko
50t o j=1 (16)
+a@/%ﬂmmwmtem@x
&o
t t m-+1
%wz&w/x?wmwm%1+mw/&%m2nmmw
Es—1 Es—1 j=1
(17)

¢
+ Xs(t) / X mF(mdn,  t € [€s-1,6), s=2,m+ L.
Es—1
By substituting the respective expressions from (16), (17) into the conditions (14) and (15), we get
a system of linear algebraic equations with respect to the parameters us, s = 1,m + 1:

& m+1
Xl(&)/?ﬁ_l(n) > Ki(m)dnp; — m
&o j=1

(18)
&1 &1
:—@—&@Q/XHWMMMW¢—%@0/Xvammm
éo o
& &s m-+1
u#ﬁ&@y/&ﬂmmmeH—%+X£»/Xf@}j@wmw

€s—1 €s—1 7=l
: 1)

=—&@y/xﬁwfwm,tqgm@ms=&m+L

Es—1

Unknown parameters fis, s = 1, m + 1 can be found using the system (18), (19). Using O € RV-1LN-1
zero matrix, I € RV =LV~ jdentity matrix and

%wwzxwy/x?Wme,s:Lm

Es—1
notations, we write system (18), (19) in the following form
Qu(&p = Fu(§), peRW-DmHD, (20)

where

yi (K1, &) =1 y1 (Ko, &1) y1(Ks,&1) Y1 (K41, &1)

I+ y2(A,&2) + y2(K1, &2) Y2 (K2, &2) — 1 Y2 (K3, €2) Y2 (Km+1,82)
Q«(&) = y3(K1,€3) I+ys(A &) +y3(K2,83)  ys(Ks, &) —1 ... y3(Km1,&3) :
ym+1(/C1, §m+1) ym+1(’C27 gm-ﬁ-l) yM-H(K:& €m+1) cee yvn+1(’C7n+17 £m+1) —1I
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/

F§) = (= = 51(A &) = n(F.6), ~12(F, &) ~yn(F ) —yons1 (F i)

It can be readily shown that solving the boundary value problem (9), (10) is equivalent to solving
the system (20).

Theorem 2. Let the matrix Q. (£) : RIN=Dn+1) _y RIN=D(m+1) be invertible. Then, for any F(t)
and ® € RV=1D the problem (9), (10) has a unique solution #*(t) and this solution satisfies the

estimate
[a* ]y < M max(|[®], | F]l1),

B m+1

M = eagé{a max (1,7(&) [1 1 eS€a + eo‘gﬂ) < Z Biv(€) ) [1 + eC€a + eafé} }

(€)1 + e*%Ea + %],
where 7(€) = [[Q(§)] I, « = max [A(®)[l, B; = max [K;(t)]l, j =T, m+T1,6= max (§—E&-),

t€[0,7) te[0,T] s=I,m+1

|l = max .
il = s 7o)

The proof of Theorem 2, with minor modifications, follows the same principles as the proof of
Theorem 1.1. in [32].

3 Algorithm for numerical solving of problem (9), (10) and (1)—(3)

The proposed numerical algorithm is based on the construction and solving of system (20). The
coefficients and the right-hand side of this system (20) are found as solutions to Cauchy problems.

Algorithm for numerical solving of problem (9), (10):

1. Assume we have a partition: 0 = §y < &1 < ... < & < &m41 = T'. Divide every interval [€5_1, &],
s=1,m+ 1, with step hs = (§s — &-1)/l, €N, s=1,m + 1.

2. To determine the values of matrix Q.(§) and the vector Fi(£) in system (20) we compute the
values ys(A, hs), ys(Kj, hs), j = 1,m + 1, ys(F, hs), s = 1,m + 1, using the Runge Kutta RK4 Method
with step size hs in each subinterval.

3. Solve the system of linear algebraic equations

QU&= FIE), pe RN-Dm+), (21)

here ﬂﬁr(ﬁs) = ué, s=1,m+1.
4. To define the values of approximate solution at the remaining points, we solve the Cauchy
problems

dii } m+1 _ .
£=A<t>u+j§:jllcj<t>u?+f<t>, a0) =, te .6l (22)
du o 7 N
= A(t)a + Zic W+ F(t), WE1) =gy, telg1&), s=2Zm+l (23)

Solving Cauchy problems (22), (23) also using the Runge Kutta RK4 Method, we obtain a numerical
solution to linear initial-boundary value problem for loaded differential equations (9), (10).

If ﬂ*(ﬁ?) = (u{(f}), u§(§§), e uyv_l(g]’?))', j =0,(m+ 1)l is a numerical solution to linear initial

value problem for loaded differential equations (9), (10), then u*(¢; h ,ST) =1 (§h) s=1,N — 1 will be
a numerical solution to linear initial value problem for loaded diﬁerentlal equation of parabolic type

(1)-(3)-
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4 FEzrample

To provide a clear overview of our investigation, we selected a specific test problem. Thus, the
numerical method discussed in earlier sections were applied to the following initial-boundary value
problem for a loaded parabolic equation

ou 0u
i mtﬁ — (z + 2t)u(t, z)
+ 2tu(0.02, z) + 22%tu(0.04, z) + (z + t)u(0.06, ) + 4ztu(0.08, ) + 5zt*u (0.1, z)
(24)
+ (4a® + 8tx? — 8tx)cos25mt — 100wz sin257t + (2 + ga: — :L’2>t2 + g—gx - %xQ
404 31 27 3
R M N 0,0.1) x (0,0.5
u(0,z) =422,z €10,0.5], (25)
u(t,0) = t, u(t,w) = 2t + cos25mt, t €10,0.1]. (26)

The analytical solution of the given problem (24)—(26) is u(t, z) = 2zt + 4x2cos25mt + t.
We take 7 = 0.1 and produce a discretization by z: x; = i, i = 0,5. Using this, the problem
(24)—(26) is replaced by the following boundary value problem for loaded differential equation

dii
o u—i—Z/C a(&) + F(t), te(0,0.1), (27)
a(0) =®, aeRL (28)
Here & = 0.02, & = 0.04, & = 0.06, & = 0.08, & = 0.1,
wy (t) —22¢t — 0.1 10t 0 0 0.04
_ | ua(t) B 20¢ —42t — 0.2 20¢ 0 {016
YT us) | Alt) = 0 30t —62t — 0.3 30t P =6
(1) 0 0 40t —82¢t — 0.4 0.64
j-0.17 ¢ 0 0 0
B 0 j-0.27 -t 0 0 B
K;(t) = 0 0 j-0.30 -t 0 » J=12
0 0 0 j-0.49 -t
01+¢t 0 0 0
7 0 02+t 0 0
Ks(t) = 0 0 03+t 0 ’
0 o 0 04+t
i-0.1- ¢ 0 0 0
0 i-0.2-¢73 0 0
Kilt) = 0 0 i-0.3. i3 0 » 1=45,
0 0 0 i-04-¢73
(% — 1—&>003257rt — wsin2dnt + %ﬁ 32182t5 + %32(1)
(s — %) cos25mt — dmsin25mt + B2 — 2 4 4720
F(t) = (% — 4%t>00325wt 9msin25nt + EtQ gggé + 2g§
(% + 9;?) 0525t — 16msin25nt + 2081t2 %92%% + 1602958
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To solve linear initial value problem for loaded differential equations (27), (28) we will use the algo-
rithm of Dzhumabaev parameterization method. According to the scheme of this method, the interval
5
[0,0.1) is partitioned into subintervals by loading points: [0,0.1) = |J [€s—1,&s). Using the above
s=1
proposed algorithm, we compose system (21) and by solving this system (21) we find the numerical

values of the unknown parameters pu:

0.02399999 0.00799998 0.07199999
0.02799997 ~0.10400007 0.08399997
=1 0.03199992 | * #2 = | —0.29600015 | * 3 = | 0.09599992 | *
0.03599988 —0.56800025 0.10799986
0.136 0.11999999
| o2 1 0.13999996
HE=1 0488 |'# 7 |0.15999993
0.78400001 0.17999994

We find the values of approximate solution at the remaining points of the subintervals of problem (27),
(28) by solving Cauchy problems (22), (23). Then u*(f?, sT) = u;(gjh), s=1,4,7=0,50, 7 =0.1, will
be a numerical solution to linear boundary value problem for loaded differential equation of parabolic

type (24)—(26).
The graph of the exact solution 4(t, z) and the found numerical solutions u*(¢, x) of the boundary
value problem for a parabolic equation (24)-(26) are shown in Figure.

Sy,

. 2
0 (i} =
! t

(a) (b)

Figure. Exact (a) and numerical (b) solutions for example

For the difference of the corresponding values of the exact u(t, ) and constructed solutions u* (¢, x) of
the boundary value problem for a parabolic equation (24)—(26) the following estimate is true:

max IIﬁ(Sf’, z;) — u*(gf-‘, 2;)|| < 0.0000003.
j=0,50,i=1,4

Conclusion

The initial-boundary value problem for a loaded parabolic equation in a rectangular domain is
investigated. Using discretization with respect to the variable x, the problem under consideration
is reduced to the initial problem for a system of loaded ordinary differential equations. Using the
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results of works [12,13], an estimate for the solution of the initial-boundary value problem for a loaded
parabolic equation is established. The parameterization method is used to solve the initial problem
for a system of loaded ordinary differential equations. Algorithms for finding a solution to the problem
under study are constructed and their convergence is shown. Conditions for the unique solvability of
the initial problem for a system of loaded ordinary differential equations are established. Further, the
proposed approach will be applied to solving boundary value problems for a loaded parabolic equation.

Acknowledgments

The authors thank the referees for his/her careful reading of the manuscript and useful suggestions.

Funding information

This research is funded by the Science Committee of the Ministry of Science and Higher Education
of the Republic of Kazakhstan (Grant No. AP19675193).

Author Contributions

All authors contributed equally to this work.

Conflict of Interest

This work does not have any conflicts of interest.

10

References

Nakhushev, A.M. (1995). Uravneniia matematicheskoi biologii [Equations of mathematical biol-
ogy/. Nalchik: Vysch.sh. [in Russian]|.

Friedman, A. (2008). Partial Differential Equations of Parabolic Type. Dover Publications.
Tian, Y., & Weng, P. (2009). Spreading speed and wavefronts for parabolic functional differential
equations with spatio-temporal delays Nonl. Anal.: Theory, Meth. Appl, 71, 3374-3388.
Knabner, P.; & Angermann, L. (2021). Numerical Methods for Elliptic and Parabolic Partial
Differential Equations. Springer Cham.

Tikhonov, A.N. (2013). Equations of Mathematical Physics. Courier Corporation.

Nakhushev, A.M. (2012). Nagruzhennye uravneniia i ikh primenenie [Loaded equations and their
applications|. Moscow: Nauka [in Russian].

Dzhenaliev, M.T., & Ramazanov, M.I. (2010). Nagruzhennye uravneniia kak vozmushcheniia
differentsialnykh uravnenii [Loaded equations as perturbations of differential equations]. Almaty:
Fylym [in Russian]|.

Jenaliyev, M.T., & Kassymbekova, A.S. (2018). On the boundary value problem for the loaded
parabolic equations with irregular coefficients. Bulletin of the Karaganda University.
Mathematics Series, 1(89), 20-27. https://doi.org/10.31489,/2018m1/20-27
Jaruszewska-Walczak, D. (2012). Monotone iterative methods for infinite systems of parabolic
functional differential equations. Nonl. Anal.: Theory, Meth. Appl., 75(10), 4051-4061.
https://doi.org/10.1016/j.na.2012.02.021

Attaev, A.Kh., Ramazanov, M.I.; & Omarov, M.T. (2022). On the correctness of boundary

value problems for the two-dimensional loaded parabolic equation. Bulletin of the Karaganda
university. Mathematics Series, 4(108), 34-41. https://doi.org/10.31489/2022m/34-41

Mathematics Series. No.1(117)/2025 43



A.T. Assanova et al.

44

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Akhmanova, D.M., Shamatayeva, N.K., & Kasymova, L.Zh. (2020). On boundary value prob-
lems for essentially loaded parabolic equations in bounded domains. Bulletin of the Karaganda
University. Mathematics Series, 2(98), 6-14. https://doi.org/10.31489/2020m2/6-14
Dzhumabaev, D.S. (1983). Obosnovanie metoda lomanykh dlia odnoi kraevoi zadachi lineinogo
parabolicheskogo uravneniia [Substantiation of the poliline method for a single boundary value
problem of a linear parabolic equation|. Izvestiia AN KazSSR. Seriia fiziko-matematicheskaia
— News of the Academy of Sciences of the Kazakh SSR. Physics and Mathematics Series, 1, 811
[in Russian]|.

Assanova, A.T., & Dzhumabaev, D.S. (2000). Ob otsenkakh reshenii i ikh proizvodnykh kraevoi
zadachi dlia parabolicheskogo uravneniia [On estimates of solutions and their derivatives of the
boundary value problem for the parabolic equation|. lzvestiia MON RK, NAN RK. Seriia fiziko-
matematicheskaia — News of the Ministry of Education and Science of the Republic of Kaza-
khstan, National Academy of Sciences of the Republic of Kazakhstan. Physics and Mathematics
Series, 5, 3-8 [in Russian|.

Ashyralyev, A., Ashyralyyev, C., & Ahmed, A.M.S. (2023). Numerical solution of the boundary
value problems for the parabolic equation with involution. Bulletin of the Karaganda University.
Mathematics Series, 1(109), 48-57. https://doi.org/10.31489,/2023m1/48-57

Assanova, A.T., Bakirova, E.A., & Kadirbayeva, Zh.M. (2019). Numerically approximate method
for solving of a control problem for integro-differential equations of parabolic type. News of the
NAS RK. Phys.-Math. Series, 6(328), 14-24. https://doi.org/10.32014,/2019.2518-1726.69
Dehghan, M. (2003). Numerical solution of a parabolic equation with non-local boundary
specifications. Applied Mathematics and Computation, 145(1), 185-194. https://doi.org/10.1016/
S0096-3003(02)00479-4

Ignjatovic, M. (2015). On solving parabolic equation with homogeneous boundary and integral
initial conditions. Matematicki Vesnik, 4, 258—268.

El-Gamel, M., El-Baghdady, G.I., & El-Hady, M.A. (2022). Highly Efficient Method for Solv-
ing Parabolic PDE with Nonlocal Boundary Conditions. Applied Mathematics, 13, 101-119.
https://doi.org/10.4236 /am.2022.132009

Dzhumabaev, D.S. (1982). Ob odnom metode issledovaniia obyknovennykh differentsialnykh
uravnenii [About one method of investigating ordinary differential equations|. Izvestiia AN KazSSR.
Seriia fiziko-matematicheskaia — News of the Academy of Sciences of the Kazakh SSR. Physics
and Mathematics Series, 3, 1-4 |in Russian].

Dzhumabaev, D.S. (2016). On one approach to solve the linear boundary value problems for Fred-
holm integrodifferential equations. J. Comput. Appl. Math, 294, 342-357. http://dx.doi.org/
10.1016/j.cam.2015.08.023

Assanova, A.T., Imanchiyev, A.E., & Kadirbayeva, Zh.M. (2020). A nonlocal problem for loaded
partial differential equations of fourth order. Bulletin of the Karaganda University. Mathematics
Series, 1(97), 6-16. https://doi.org/10.31489,/2020m1/6-16

Bakirova, E.A., Kadirbayeva, Zh.M., & Tleulesova, A.B. (2017). On one algorithm for finding
a solution to a two-point boundary value problem for loaded differential equations with impulse
effect. Bulletin of the Karaganda University. Mathematics Series, 3(87), 43-50. https://doi.org/
10.31489/2017m3/43-50

Kadirbayeva, Zh.M., & Dzhumabaev, A.D. (2020). Numerical implementation of solving a control
problem for loaded differential equations with multi-point condition. Bulletin of the Karaganda
University. Mathematics Series, 4(100), 81-91. https://doi.org/10.31489/2020m4/81-91
Uteshova, R., Kadirbayeva, Z., Marat, G., & Minglibayeva, B. (2022). A novel numerical im-

Bulletin of the Karaganda University


https://doi.org/10.1016/S0096-3003(02)00479-4
https://doi.org/10.1016/S0096-3003(02)00479-4
http://dx.doi.org/10.1016/j.cam.2015.08.023
http://dx.doi.org/10.1016/j.cam.2015.08.023
https://doi.org/10.31489/2017m3/43-50
https://doi.org/10.31489/2017m3/43-50

Numerical-analytical method ...

plementation for solving problem for loaded depcag. International Journal of Mathematics and
Physics, 13(2), 50-57. https://doi.org/10.26577/ijmph.2022.v13.i2.07

25 Dzhumabayev, D. (1989). Criteria for the unique solvability of a linear boundary-value problem
for an ordinary differential equation. U.S.S.R. Comp. Math. Math. Phys., 29(1), 34-36.

26 Assanova, A.T., Iskakova, N.B., & Orumbayeva, N.T. (2018). Well-posedness of a periodic boun-
dary value problem for the system of hyperbolic equations with delayed argument. Bulletin of the
Karaganda University. Mathematics Series, 1(89), 8-14. https://doi.org/10.31489/2018m1/8-14

27 Assanova, A.T., Imanchiyev, A.E., & Kadirbayeva, Zh.M. (2019) Solvability of nonlocal problems
for systems of Sobolev-type differential equations with a multipoint condition. Russian Mathema-
tics, 63(12), 1-12. https://doi.org/10.3103/51066369X19120016

28 Assanova, A.T., Kadirbayeva, Zh.M., Medetbekova, R.A., & Mynbayeva, S.T. (2024). Problem
for differential-algebraic equations with a significant loads. Bulletin of the Karaganda University.
Mathematics Series, 1(113), 46-59. https://doi.org/10.31489,/2024m1/46-59

29 Bakirova, E.A., Assanova, A.T., & Kadirbayeva, Zh.M. (2021). A problem with parameter for the
integro-differential equations. Mathematical Modelling and Analysis, 26(1), 34-54.
https://doi.org/10.3846 /mma.2021.11977

30 Abdimanapova, P.B., & Temesheva, S.M. (2023). Well-posedness criteria for one family of
boundary value problems. Bulletin of the Karaganda University. Mathematics Series, 4(112),
5-20. https://doi.org/10.31489,/2023m4/5-20

31 Bakirova, E.A., Iskakova, N.B., & Kadirbayeva, Z.M. (2023). Numerical implementation for
solving the boundary value problem for impulsive integro-differential equations with parameter
KazNU Bulletin. Mathematics, Mechanics, Computer Science Series, 119(3), 19-29.
https://doi.org/10.26577/JMMCS2023v119i3a2

32 Assanova, A.T., Imanchiev A.E., & Kadirbayeva, Zh.M. (2018). Numerical solution of systems
of loaded ordinary differential equations with multipoint conditions. Computational mathematics
and mathematical physics, 58(4), 508-516. https://doi.org/10.1134/S096554251804005X

Author Information™

Anar Turmaganbetkyzy Assanova — Doctor of physical and mathematical sciences, Professor,
Head of the Department of Differential Equations and Dynamical Systems, Institute of Mathematics
and Mathematical Modeling, 28 Shevshenko street, Almaty, 050010; Professor of Department of Mathe-
matics, Kazakh National Women’s Teacher Training University, 99 Ayteke bi street, Almaty, 050026,
Kazakhstan; e-mail: assanova@math.kz; https://orcid.org/0000-0001-8697-8920

Zhazira Muratbekovna Kadirbayeva (corresponding author) — Candidate of physical and
mathematical sciences, Associate Professor, Chief Researcher of the Department of Differential Equa-
tions and Dynamical Systems, Institute of Mathematics and Mathematical Modeling, 28 Shevshenko
street, 050010; Associate Professor of Department of Mathematics, Kazakh National Women’s Teacher
Training University, 99 Ayteke bi street, Almaty, 050026, Kazakhstan; e-mail:
zhkadirbayeva@gmail.com; https://orcid.org/0000-0001-8861-4100

Saule Kaldarbekovna Kuanysh — Doctoral student, Teacher at the Department of Mathe-
matics, Al-Farabi Kazakh National University, 71/23 Al-Farabi Avenue, Almaty, 050040, Kazakhstan;
e-mail: saule270898@gmail.com; https://orcid.org/0009-0006-0975-1662

*The author’s name is presented in the order: First, Middle and Last Names.

Mathematics Series. No.1(117)/2025 45



Bulletin of the Karaganda University. Mathematics Series, No. 1(117), 2025, pp. 46-52

https://doi.org/10.31489/2025M1/46-52 Research article
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In this paper the solvability of the Goursat problems for two locally loaded second-order hyperbolic equa-
tions with a wave operator in the main part was explored. The loaded terms for both equations have the
same trace, namely a part of one of the characteristics for the given hyperbolic operator, but the trace-
forming maps are different. Moreover, in the first case, any point of the domain under consideration and
the corresponding point of the load trace always lie on a straight line, which is a characteristic. In the
second case, this does not work. It turns out that in the first case the Goursat problem is Voltairean, and
in the second case it is Fredholmian.

Keywords: loaded equation, Goursat problem, characteristics of a hyperbolic equation, Volterra equation of
the second kind, Fredholm equation of the second kind with a spectral parameter, eigenvalue, eigenfunction.

2020 Mathematics Subject Classification: 35L10.

Introduction

Mathematical modeling of many very important processes in various fields of natural science leads
to boundary value problems for loaded partial differential equations. The main questions arising in
the theory of boundary value problems for ordinary partial differential equations remain the same for
boundary value problems for loaded partial differential equations. However, loads in equations makes
their own adjustments to the formulation of the study and the correctness of a particular boundary
value problem. For the first time, mentioning of a load eliminating the inequality of characteris-
tics in the second Darboux problem for one second order degenerate hyperbolic equation belongs to
A.M. Nakhushev in [1; 87]. Fundamental results on the effects of load, including spectral ones, for
significantly loaded parabolic equations of arbitrary order were obtained by M.T. Dzhenaliev and
M.I. Ramazanov. The main results in this direction are presented in their joint monograph [2|. Ex-
amples of the application of loaded differential equations, the main results of research in this field, as
well as a numerous references on this subject are given in monographs [1-3].

We note works [4-9] devoted to the Goursat problem for loaded hyperbolic equations. The works
[10-20] are devoted to boundary value problems for equations of the mixed type, boundary value
problems with periodic boundary conditions, initial value problems and boundary control problems for
loaded partial differential equations with both characteristic and non-characteristic load.

In this paper, research objects are two loaded second-order hyperbolic equations with a wave
operator in the main part

(1)

Lu= <a(:c+ky)—|—l a(:p—l—ky)—l)’

2 ’ 2
where
Lu = ugy — uyy + a(x, y)us + b(x, y)uy + c(z,y)u, k=1,-1, X = const.
It should be noted that the traces of the equations for y = 0 coincide.
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1 Mawn part

Assume Q = {(z,y):0<z—y<l,0<z+y<I}.
Goursat problem. In the domain Q, find a solution to the equation (1) by class C(Q) N C?(€),
satisfying the boundary conditions

T

u<§, 2>—g0(ac), 0<z<l, (2)
x x
u(§’§) =Y(z), 0<x <], (3)
where  is the boundary for €.
It is assumed that

az) <z, a(0)=0,a(l)=1,0<z <], (4)
a,be C'(Q), c€ C(Q), p,9,a € C(J)NC?(), (5)

where J is the boundary for the interval J = (0,1).
Goursat problem (2), (3) for the equation (1) is studied separately for k = 1 and k = —1.

2 Casek=1

Theorem 1. Goursat problem (2), (3) for equation (1) at k = 1 is solvable in a unique way.

First, we present the proof of the theorem for a = b = ¢ =0, a(x + y) = x + y, that is, for the
model equation

r+y+l z4+y—1
Ugy — Uyy = AU 5 , 5

with the characteristic variables £ = = — y, n = x + y, equation (6) and boundary conditions (2), (3)
take the form

(6)

Ufﬂ = %U(lan)a (7)
v(€0) = (&), 0<E <, (8)
v(0,n) =v(n), 0<n <1, (9)

_ +& n=¢
where v(&,n) = u (”T, TIT)

The domain € goes into the rectangular domain Qy = {({,7) : 0 < & <[,0 <n < l}.
Suppose there is a solution to Goursat problem (8), (9) for equation (7), then it is easy to see that
v(&,n) is a solution to the following loaded integral equation

’U(§777) -

A~ | >

U]
¢ [ o0t = p(€) + v() - 9(0). (10)
0
Assuming £ = [ by (10) we get

/ o(l, 8)dt = / 2 D[(1) — (0) + (1) dt.
0 0

Mathematics Series. No.1(117)/2025 47



A Kh. Attaev

Substituting the resulting value for the integral into (10) and returning to the original variables,
we have

Tty
A A gty
u(z,y) = ez —y) + o +1) = 9(0) + J(r —v) / 3D [p(1) — (0) + (1) dt
0
Let’s go back to equation (1) with £ = 1. In the characteristic variables £ = ¢ —y, n =z + vy
equation (1) is written as follows

A

Liv= Zv(l,a(n)), (11)

where
Ly = vey + A&, mve + B, n)vy + C(§,m)v, a+b=4A, a—b=4B, c=4C.

Condition (5) guarantees the Riemann function R(&g,no;&,n) for equation (11). Assume that the
right side of the equation is known. Applying the well-known formula [21] for solving the Goursat
problem, to find v(&,n) we obtain the following integral equation

v(€,m) = R(E,0;€,m)0(&) + R(0,1m;€,m)(n) — R(0,0;,m)¢(0)+

+j [ R(t,0:6m) = ;R(tvo;ém)] o(t)dt+
+ j [ R(0,7:€,7) — ;TR(O,T;&U)} b(r)dr+
* 2jdt/nR(t77;€,n)v(l,a(7))d7. a2)
0 0

Changing the order of integration in the double integral and passing to the limit at £ — [ in (12),
to find v(l,t), we obtain the following integral equation

,p\y

/Kn, o(l,o(r))dr = F(y), (13)
0

l
/
l
= / [B(t, 0)R(t,0;1,m) — aaTR(t,O;l,n)] o(t)dt+
0

+/l[ AQ, 7) Rt 73 8m) ;R(OTalan)]l/)(T)dT—F

0
+R(1,0;1,m)e(l) + R(0,n;1,1n)b(n) — R(0,0;1,7)¢(0).
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Substituting «(n) into (13) instead of 1, we obtain

a(n)

/ K(«a v(l,a(r))dT = F(a(n)).
0

»My

Condition (4) guarantees the existence of a unique solution v(l,a(n)) € C(J). After finding
v(l,a(n)), a unique solution to Goursat problem (2), (3) for equation (1) at £k = 1 in the domain
Q due to (12) is given by the formula

€ n
A
u(z,y) = uo(x,y +4//Rt 7;&,mv(l, a(r))drdt,
0 0
where ug(x,y) is a solution to the same problem for equation (1) at A = 0.

8 The case with k = —

Theorem 2. Assume |\ < 5, where M = maxg,

ao(s)
f t T,l,Oé ))dT7 R(f()vn();fan) is the
0

Riemann operator for L;, then Goursat problem (2), (3) for equation (1) at k¥ = —1 is solvable in a
unique way.

Proof of Theorem 2. In the characteristic variables { =  — y, n = = + y equation (1) for k = —1
takes the form

Liv= %U(l,a(é)).

Applying the same reasoning as for £ = 1, to find v(l,«(§)), we obtain the following Fredholm
integral equation with the spectral parameter

l
A/K o(l, a(t))dt = F(a(€)), (14)
0

where
a(é)

Ko@) = § [ Rt a@)r
0

By virtue of continuity K (a(€),t) and F(a(£)) respectively in Qg and J, in Q for |K(a(€),t)], we get
some maximum value M, |F(«a(§))| has some maximum value M.
Under these conditions, solution (14) can be obtained, for example, by the method of successive
substitutions in the form of an absolutely and uniformly convergent series.
Let us now consider the case when a = b= ¢ =0, a(x — y) = x — y, that is, the Goursat problem
(2), (3) for the equation
r—y+l z—y

-1
Uz — Uyy = AU ( 5 5 ) . (15)

Theorem 3. Goursat problem (2), (3) for equation (15) is solvable in a unique way for all A # l%'

In the case when A = l%:
1) The homogeneous problem corresponding to problem (2), (3) for equation (13) has an infinite
number of solutions

u(z,y) = Clz +y)(z—y)?,
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where C' is the arbitrary constant.
!

2) An inhomogeneous problem is solvable if and only if [[p(1) —¢(0)+1(t)]dt = 0. If this condition
0

is satisfied, it also has infinitely many solutions.
Proof of Theorem 3. With the characteristic variables £ = x — y, n = x + y equation (15) takes
the form

vey = Ju(1,€). (16)

Integrating (16) over £ ranging from 0 to &, and then over n ranging from 0 to n, we verify that v(&,n)
is the solution to the following loaded integral equation

v(§,m) — v(l,t)dt = (&) +1(n) — ¢(0).

177

o .

Replacing & by [ and n by £ in the last relation, we obtain

»My

l
¢ / (1) + (6) — (0). (17)
0

Equation (17) is the simplest integral equation with a spectral parameter and a degenerate kernel.
Since the degenerate kernel consists of one term, the corresponding system becomes a single equa-

tion
\ l l
Q=7 ( / tdt) a1+ / [p(1) + () — ¢(0)] dt,

0 0

l
where g1 = [v(l,t)dt, then the result of the Theorem 3 follows directly.

0
Conclusion
If we consider the Goursat problem
T x l+x l—x
el R = <z< 1
u(3.3) so(:c),u< s ) bla), 0w < (18)

for equation (15), then it is obvious that equation (17) takes the form

rMy

l
/ = (1) + (€) — (0),
0

whence it follows that it is uniquely solvable for all \ # —%. We find that for A = % Goursat problem
(2), (3) for equation (15) is not correct, and Goursat problem (18) for of the same equation is correct,
but for A = —& , Vice versa.

As a consequence, equation (15) can be called an example of an equation for which the effect of
inequality of characteristics as carriers of Goursat data takes place.
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Gagliardo—Nirenberg type inequalities for smoothness spaces related
to Morrey spaces over n-dimensional torus
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In the paper, the Gagliardo-Nirenberg type inequalities for smoothness spaces Bj7(T™) of
Nikol’skii-Besov type and spaces F, ;(T") of Lizorkin-Triebel type both related to Morrey spaces over
n-dimensional torus for some range of the parameters s, p, ¢, 7 were proved. These spaces are natural
analogues of the spaces B, (R") and Fj; (R™) in the case of multidimensional torus T". The main re-
sults of the article are two theorems, each of which proves the Gagliardo—Nirenberg type inequality for the
Lizorkin—Triebel type spaces or the Nikol’skii-Besov type spaces respectively.

Keywords: Nikol’skii-Besov/Lizorkin—Triebel smoothness spaces related to Morrey space, multidimensional
torus, Gagliardo—Nirenberg type inequalities.
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Introduction

Multiplicative and additive inequalities for (partial) derivatives of functions play crucial role in
different areas of Analysis and Applied Mathematics, in particular, in Analysis of Partial Differential
Equations.

Multiplicative and additive inequalities for derivatives of functions in single variable (on an axis, a
semi-axis, a segment, or a unit circle) with exact constants are an extensive section of modern function
theory, originated from the classical works of J. Hadamard and A.N. Kolmogorov. The development
of this field can be traced in surveys [1,2].

In the case of functions in several variables, E. Gagliardo and L. Nirenberg proved important
inequality, nowadays known as the Gagliardo—Nirenberg inequality (see [3; ch. III, sect. 15|):

Proposition 1. Let function u belong to Lq(R™) and such that all its (distributional) derivatives of
order /(€ N) belong to L,(R™), with 1 < ¢, < oo. Then for 0 < j < [, the following inequality

6
> 10 F I LRI < CIF L@ D 6% | L (R (1)
laf=j |af=l
holds, where 1 = % + (1 - 9)% +0(% — L) for all 6 in the interval [%, 1] (the positive constant C
depending only on n, 1, j, q,r,0), with the following exceptional cases:
1. If j =0, rl <n, g=o00, then we make the additional assumption that either u tends to zero at
infinity or u € Ly« (R™) for some finite ¢* > 0.
2. If1 <r<ooandl—j—" is a nonnegative integer then inequality (1) holds only for 6 satisfying

1<p<l.
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The multiplicative inequality (1) is equivalent to the corresponding additive inequality with an
arbitrary parameter £ > 0:

> 10 F I LRI < O (77| LR +5 D 10°F | LR ), ¥e > 0.

|lal=j laf=l

Note that under some particular assumptions, the inequality (1) and its additive analogue for some
special cases of mixed L,-, L~ and L,-norms were established by V.P. II'in, L. Nirenberg and others;
further, M. Troisi, V.A. Solonnikov and others obtained analogues of inequality (1) for the anisotropic
case of specifying differential properties of functions in L, (see details and general results in [3; ch. III,
sect. 15]).

The classical Gagliardo—Nirenberg inequalities and their generalizations mentioned above are a very
useful tool in connection with partial differential equations (see, for example, the monograph |3]). For
this reason, there is also some interest in their analogues in various non-classical situations.

In 2001 H. Brezis and P. Mironescu [4| proved the following Gagliardo-Nirenberg type inequalities
for the (isotropic) Lizorkin—Triebel spaces.

Proposition 2. (i) Let a tempered distribution f belongs to both Lizorkin—Triebel spaces F50 (R™)

Pogo
and Fl, (R™), with 0 < pg, p1 < 00, 0 < go, q1 < 00, —00 < 59 < 81 < 00. Then for any :0 <0 <1
and ¢ : 0 < ¢ < oo, the following inequality

—0 0
1F | Epg R < CIF | Epogo RIS | Eplg, (R™)]] (2)

holds, where % = 17_09 + p%, s = (1—0)sp+ 0s1 (the positive constant C' depending only on n, sg, s,

Po, P1, 40,41,49, 0)

(ii) Let a tempered distribution f belongs to both the Lizorkin-Triebel spaces F,% (R") and

EF3 (R™), with 0 < pp < 00, 0 < qp < 00,—00 < 89 # s1 < 00. Then for any 6 : 0 < § < 1 and
q:0 < q < oo, the following inequality

£ | Epy R < CIIF | F RTINS | Fo(R™)] (3)
holds, where % = 1p;09, s = (1—60)s¢+0s; (the positive constant C' depending only on n, sg, s1, po, 9o, ¢, 9).

The analogues of the inequalities (2) and (3) for the (isotropic) Besov-Nikol’skii spaces are as
follows.

Proposition 3. Let a tempered distribution f belong to both Nikol’skii-Besov spaces B, (R™) and

Bpt, (R™), with 0 < po, p1 < 00, 0 < go, g1 < 00, —00 < 89 < 851 < 00. Then for any 6:0 < 6 < 1, the

following inequality

1 | Bpg®™)| < CILf | Byog, ®)ITOIIS | Bytg, RN (4)

holds, where % = 110;09 + p%, % = 1q;09 + [%, s = (1—0)sp+ 6s1 (the positive constant C' depending only
on n, S0, 81, Po, P1, 4o, 41, 0).

The inequality (4) is a classical result of J. Peetre, proved in middle of 1960s.

Note that for the Nikol’skii-Besov spaces the Gagliardo—Nirenberg type inequality (4) is estab-
lished for full natural range of parameters n, sg, s1, po, P1, ¢o,q1,0, in contrast to that inequality for
the Lizorkin—Triebel spaces: here, there is a gap for the case where 0 < pg < oo, 0 < gy < o0,
pr =00, 0<q <oo.

Moreover, as can be seen from the inequalities (2) and (3), the result (Gagliardo-Nirenberg type
inequality for the Lizorkin—Triebel spaces) is completely independent of the values of the “microscopic”
parameters ¢, qo, ¢1. Unlike Lizorkin—Triebel type spaces, in the inequality (4) the parameter ¢ is
strictly connected with ¢y and g; like the other parameters.

The gap mentioned above was fulfilled by W. Sickel [5]:
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Proposition 4. Let a tempered distribution f belongs to F,% (R™) N F3, (R"), with 0 < pg < o0,
0<qo<00,0<qr <00, —00< 8 F s <oo. Then forany §:0< 0 <1andgq:0<qg< oo, the

following inequality

1F | BRI < CIIF | Eplyg RO F | F3oo(R™)]° (5)
holds, where % = 17—007 s = (1—0)sp+0s; (the positive constant C' depending only on n, sg, s1, po, o, ¢, ).

In fact, W. Sickel established the Gagliardo—Nirenberg type inequalities for two scales (of Nikol’skii—
Besov) B,7(R™) and (Lizorkin-Triebel) Fy7(R"™) (with additional real parameter 7) of smoothness
spaces related to Morrey spaces over whole Euclidean space R™ in full range of parameters involved.
The inequalities from [5] contain the inequalities (2)-(5) as special cases because Bj)(R") = B, (R™)
and F3)(R") = B5, (R™) in sense of equivalent (quasi)norms.

Goal of the paper is to prove the Gagliardo-Nirenberg type inequalities for the spaces By; (T") and
F37(T"), which are natural analogues of the spaces B,7(R") and F;7(R") in the case of multidimen-
sional torus T".

The rest of the paper is organized as follows. In Section 2 we introduce some notation, define the
spaces of distributions B,y (R"), F,7(R"), Byr(T") and Fy7(T") and formulate main results of the
paper (Theorems 1 and 2). Section 3 contains the proof of crucial Lemma. Finally, in Section 4, we
give proofs of Theorems 1 and 2.

1 The Gagliardo—Nirenberg type inequalities for the smoothness spaces related to Morrey spaces

First we introduce some notation and give definitions of (the two scales of) spaces of distributions
under consideration.

Let n € Nyn > 2 z, ={1,...,n}, No = NU{0}. For z = (z1,...,20),y = (Y1,-.-,yn) € R,
we put 2y = T1y1 + ... + TpYn, 2| = 21|+ .o F 20|, [T = max(|zy| v € zy); 2 <y (x < vy)
S x, <y, (2, <yy) for all v € z,.

Let § := S(R™) and &' = §'(R™) be the Schwartz spaces of test functions and tempered distribu-
tions respectively; ]?is Fourier transform for f € 8’'(R™); in particular, for ¢ € S,

2O = [ o),

For 0 < p < oo and a measurable set G C R", as usual, let L,(G) be the space of functions
f : G — C integrable in sense of Lebesgue to the power p (essentially bounded if p = 00) over G,
endowed with standard (quasi)norm (norm if p > 1)

171260 = ([ 17 Pae)” (o < o).

1/ Loo(G) || = ess sup(| f(2) | : = € G).

For 0 < ¢ < oo let £, := ¢4(Np) be the space of (complex—valued) sequences (¢;) = (¢; : j € Np)
with finite standard (quasi)norm (norm if ¢ > 1) [|(¢;) | £4l-

Further, let ¢4(L,(G)) (Lp(G;¥y) respectively) be the space of function sequences
(9j(z)) = (gj(z) : k € Ng) (z € G) with finite (quasi)norm (norm if p,q > 1)

11(g5 (@) [ £g(Lp(G) [ = 1| (11 95 | Lu(G)D) [ g 1],

(I Cg5(@)) [ Lp(Gs £g) [| = 1111 (95 () [ g [[] L( G|

respectively).
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We choose a test function 79 € S such that
0<70(§) <1, £€R™ Mo(§) =1 if [§loc <15 suppip = {§ € R"[[¢]oc < 2}

Put 7€) = Mo(27¢) — Mo(€), ;) = 1;(§) = 0(2'77¢), j € N. Then

[e.9]
> i) =1, £€R™,

7=0

ie. {n;(&)]j € No} is the resolution of unity over R". It is clear that

n(xz) =2"no(2x) — no(z), n;(x) := Z(j_l)”n@j_lx), j€eN.

We define the operator A? on & as follows: for f € &’ put
Al(f,x) = frni(x) = (fn(@—-).
Let Q be the set of all dyadic cubes in R” of the form
Q=Qje={zeR": P2 -£c[0,1)"} (j€Z L.

Denote by j(Q)(= j) and |Q|(= 277™) “level” and the volume of the cube @ = Qj¢ respectively.
Now we recall important definition of the Lizorkin-Triebel space F,,(R") (0 < ¢ < 00), invented
by M. Frazier and B. Jawerth [6].

Definition 1. Let s € R, 0 < ¢ < oo. The space F3 , = F3 ,(R") consists of all distributions
f €&’ for which (quasi)norm

1 = - 1/q
1£1E = swp o[> 29aN(fa)d)
Qe ;5%

QeQ:j(Q)=0

is finite.

Further, denote by S = S'(T™) the space of all distributions f € &', 1-periodic in each variable
(i.e. such that (f, (- 4+ €)) = (f,¢) for all ¢ € S and any & € Z"), and S := S(T") the space of
all infinitely differentiable functions over T" endowed with the topology of uniform convergence of all
partial derivatives over T™. Then S&’(T") is identified _naturally with the space topologically dual to
S(T™). Tt is known that f € & if and only if Suppf C 7" ie. f = 0 on open set R"\Z™. Here
T™ = (R/Z)™ is n-dimensional torus.

Let g : R™ — C be an arbitrary function, then its periodization g : T" — C is defined as (at least

formal) sum of series > g(x + &).
e

By the Poisson summation formula it is easy to verify that for ¢ € S, ¢ € S, and, moreover,

P(z) = Yeezn P(E)e™™".

Now we define operators &;’ on S (7 € Np) as follows: for f € S', put

Ky(faCC):f*ﬁj( ) <f,77]5[,‘— 277 27rz§z

gezn

Let (0=(0,...,0),1=(1,...,1) € R?)
0={QeQlQCQ:=[0,1)"} ={Qje|j €Ny, E€Z": 0 <€ <21},

In analogy with 1, we give
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Definition 2. Let s € R, 0 < ¢ < oo. The Lizorkin—Triebel space fosoq 1= F35, ,(T") consists of all
distributions f € &, for which (quasi)norm

11F%, ) = (sup ‘Q|/ Z 29R(f,a)tdr) "

QeQ

is finite.

Now we recall definitions of two scales (of Nikol’skii-Besov type) B;7(R") and (Lizorkin-Triebel
type) Fj7(R™) of (inhomogeneous) smoothness spaces related to Morrey spaces and their periodic
analogues B;7(T") and F,;7(T") (below ¢, := max{0,t} if t € R).

Definition 3. Let s, 7 € R, 0 < p,q < co. Then

L. the Nikol’skii-Besov type space B,7 := B;7(R") consists of all distributions f € &', for which
(quasi)norm

I1f1Bpg |l = Sup 127 AT (f,2) (5 + 1= §(@)%) | £o(Lyp(Q))]

\QlT
is finite;

IT. the Lizorkin-Triebel type space F,;7 := F;7(R") (p < 00) consists of all distributions f € &',
for which (quasi)norm

1 Eg | = sup

|Q|T 12 AT(f,2) (G +1 = §(@)F) | Lp(Qs L)l

is finite.

Remark 1. Inhomogeneous spaces B,7 and Fj7 were introduced in [7] and have been studied
thoroughly (see, in particular, [5,7-10]). We also noted that (local) Morrey spaces and Nikol’skii—
Besov—Morrey and Lizorkin—Triebel-Morrey spaces have been attracting a lot of attention, see, for
instance, [5,7-14].

Definition 4. Let s,7 € R, 0 < p,q < oo. Then

I. the Nikol’skii-Besov type space E;g = B,7(T") consists of all distributions f € S, for which
(quasi)norm

1f 1 Bpg(T*) || = sup

sub |Q‘TII(WA"(J”, 2)(j +1—5(Q)) [ 4g(Lp(@))]

is finite;
I1. the Lizorkin-Triebel type space Fj;7 := F;7(T") (p < oo) consists of all distributions f € S,
for which (quasi)norm

11 Epg (T) || = sup

,Q‘ 1Y AT(f,2)(G + 1= 5(Q)1) | Lp(Q; L)
QeQ

is finite.

Remark 2. Obviously, the spaces é;g and ﬁ; (9 coincide with the isotropic periodic Nikol’skii—Besov
spaces E;q and Lizorkin—Triebel spaces ﬁ}fq respectively. Furthermore, it is not hard to see that for
any 7 < 0, we have coincidence E;; = E; g and Fj7 = ﬁ}fq in sense of equivalent (quasi)norms, in
contrast to the spaces By7 and Fj7 : as known, B,7 = {0} and F;7 = {0} when 7 < 0 (see [7]).

We noted that periodic Morrey spaces and Nikol’skii-Besov—Morrey and Lizorkin—Triebel-Morrey
spaces have been attracting increasing attention as well, see, for instance, [15-18|.
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First, we consider the Gagliardo—Nirenberg type inequalities for the Lizorkin—Triebel type spaces
F57(T™).
Theorem 1. Let 0 < qp,q1 < 00, —00 < 509 < §1 < 00, Tg, 71 => 0.
(i) Let 0 < pg,p1 < 0o. Then for any 0 < § < 1 and 0 < g < oo, there exists constant C' > 0 such
that the inequality
1F 1 B (T < CIf [ E2qe (T2 f | Fp gt (T

Po 90 Piq1

is satisfied for all f € 8'(T"), where % = 1p;09 + p%, T=01-=0)10+ 011, s = (1 —0)sg + Os;.

(ii) Let 0 < pg < oo. Then for any 0 < § < 1 and 0 < ¢ < 0o, there exists constant C' > 0 such
that the inequality

1F 1 Epg (T < CIIF [ Eyoae (T)IP0Nf | BT’

holds for all f € §'(T™), where % = 1p;09’ T=01-0)r0+ 071, s=(1—0)so+ 0si.

Remark 3. The proof given below is due to H. Brezis and P. Mironescu [4] for 7 = 0 and W. Sickel
[5] for 7 > 0 in the non-periodic case of R".

The Gagliardo-Nirenberg type inequalities for the Nikol'skii-Besov type spaces B (T") are as
follows.

Theorem 2. Let 0 < pg,p1 < 00, 0 < qo,q1 < 00, —00 < §9 < 81 < 00, T, 71 => 0. Then for any
0 < 0 < 1, there exists constant C' > 0 such that the inequality

1F 1 Byg (T < CIIf | By (TIPS | Byt b (T

Ppo 90 pP1q1

is valid for all f € S'(T") where L = L84 81— 104 & 7 — (1 — )y + 071, s = (1 - 0)s0 + Os1.
Remark 4. If we replace T" by R” in Theorems 1 and 2, we obtain an exact formulation of above—
mentioned W. Sickel’s results for B,7(R") and F,;7(R").

2 Crucial Lemma

Key ingredient in what follows is the following inequality of F. Oru (see Lemma 3.7 in [4]).
Lemma 1. Let 0 < 6 < 1, —00 < 80,81 < 00, § = (1 — 0)sg + 0s1, 0 < ¢ < co. Then there exists
C = C(s0,s1,0,q) > 0 such that for any sequence (a;); of complex numbers the inequality

12a;); | £qll < ClI2%7az); | Looll 1129 az); | £ooll’ (6)

holds true.
For completeness, we present the proof of Lemma 1 from [4].

Proof. Let Cy = sup 25/ | a; |, Cy =sup 2527 | a; |, so that C1 < Cy. We will assume that C; > 0,
otherwise there is nothing to prove. Since s1 < so, there exists some jy > 0 such that

L [O G ) [ i<,
925157 9825 Co J > Jo.

DEPYRI

C1 ~ G

5517 < 5ea7 and G __ <G we find

Since 252G0FD = 351GoT1)

Co ~ Cy20527 3000,

Therefore, A A ‘
125 a5) | oo |°[(2°% a5) | Loo |7 ~ Cy20s2 o100 01=0), (7)
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On the other hand, we have a; < min { VR 2523 } so that
Ch Cs
a]_T for 0 < 5 < jo, a]§2sj for j > jo.
It follows that

1/q
(25a5) 4] < (z Ciae=ia 4 3 ggale- >> <

Ji<jo J>Jjo

Z E 1/q

< C( CgQ(S_Sl)jq + Ci]2_9(52_51)j(1+(52—51)j0q> .

J<jo s

Therefore, |
H(?;aj) [l < 0012(52—81)3)(1_9).

Finally, we find that the inequality
129 ay) | 4] < CCy2t27s0001=0), (8)

Now (6) follows from (7) and (8). Thus, Lemma 1 is completely proved.

3 Proofs of Theorems 1 and 2

Proof of Theorem 1.

Proof. As mentioned above, the line of argument follows [4]. First, we prove (i). Succebsively
applying Lemma 1 with a; = \A”( f,x)|, Holder’s integral inequality (w1th exponents Py = a e)p and

P = g—;) and Jensen’s inequalities (|| - | £g,]| > || - [fooll and || - [ €4, ]| > || - | €ooll), we find

1 1 Epg (T < ellf | Fpgds (TOIFONF | EpiZ (T <

Ppooo p1oo

< OIf | Eppan (TOHITONS | Eig (T,

Pogo p1iq1
thus part (i) is established.

Now we turn to proof of part (ii). It follows from the condition that p; = oo,
po < p < oo. Therefore, successively applying Lemma 1 with a; = |£7J7( fsx)|, the inequality
191 Eo(@ < (1 9] Lo (@)1)**( 9| Loo(@)]])° and further arguing as in case (1), we obtain

1 1 Epg (T < ell £ | o (TIP0Nf | R (T <

Pooo

< OIS | B (TIOIf | EZLZT))°

= CIf | By (TOICIIF | BEZ(T™)],

Thus, part (ii) is also obtained.

Proof of Theorem 2.
Proof. Here, successively applying the Holder inequality for integrals (with exponents Py = =0r

and P, = & 1) the Holder inequality for series <with exponents Qg = = ) and Q)1 = ql) and using

elementary properties of suprema, we obtain

1 oo N q/py 1/q
|V|B§5(T”)HESUEIQIT{ > [/ 2”’|A?<f7x»pd4 } -
QeQ j:j( Q

Q)
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00 N (9(1-6))/po N q6/p1
< sup T{ Z [/ QJSUPU‘A;](ﬂx”Pde] [/ 2j51p1\A;7(f,x)\p1dx] } <
Q| Q Q

1/q

QeQ 3(Q)

1 0 N q0/poy (1-6)/q0
< sup |Q\T{ Z [/CQQjSOPOIA?(f; x)\podx] } X
QEQ 7=3(Q)
0
1 e . o q1/p1 /q1
XSUEW Z Q2 ]A (f,x)|Ptdx
QeQ 7=3(Q)
1 0o q0/poy (1-9)/q0
< sup |Q!T { Z !/QQJSOPO\An f,x |p°dx] } X
J=3(Q)
00 qi/p1y 9/
i=3(Q)

=/ | By (TIP°IF | Boig (T™)][°.

Po,q0 P1,91

Thus, Theorem 2 is completely proved as well.
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The field of nonlinear differential equations have made significant contribution in understanding nonlinear
dynamics and its complex phenomenon. One such evolution equation is Kawahara equation, which has
gained its importance in plasma physics and allied fields. Many researchers are interested to work on their
soliton, multi-solitons solutions and to study other properties such as stability, integrability, conservation
laws and so on. The aim of the paper is to study the Coupled Kawahara equation and to deduce its soliton
solutions. The coupled equation is treated with the ansatz method and the tanh method to compute soliton
solutions. The novelty of this work is to demonstrate the fact, that the derived system efficiently gives
two governing equations admitting solitary wave solutions. Further, in the coupled equation, one equation
has the nonlinear term vv, addition to the Kawahara equation, while the other is the modified Kawahara
equation. Scope for future works is also highlighted.

Keywords: Evolution Equation, Bounded solutions, the Ansatz method, the Tanh method.

2020 Mathematics Subject Classification: 35L55, 35Q51.

Introduction

The study of nonlinear dynamics has significantly advanced our understanding of various physical
phenomena through nonlinear partial differential equations. One prominent area within this field is
solitary wave theory. The concept of solitary waves was first observed empirically by John Scott Russell
in 1844 [1]. Later, in 1965, Korteweg and de Vries formulated the mathematical representation of these
waves, now known as the KdV equation. This third-order nonlinear differential equation, involving
spatial derivatives, has found extensive applications in areas such as shallow water wave theory, ocean
engineering, optics, and related disciplines [2-5].

The Kawahara equation is a significant evolution equation used to model various physical phe-
nomena, including plasma dynamics and gravity waves on viscous liquid surfaces. It also describes
magneto-acoustic wave behavior in plasma and the dynamics of long water waves beneath ice-covered
surfaces [3-9|. Essentially, the Kawahara equation extends the KdV equation by incorporating a fifth-
order term. However, unlike the KdV equation, it is not integrable, as it does not appear in Hietarinta’s
classification of integrable systems [10].

In [8], the governing model for waves in dispersive media was introduced. In [11], travelling wave
solutions for the Kawahara equation and its modified form were derived. A comparison of two numer-
ical approaches for solving the Kawahara equation was presented in [12]. Solitary wave solutions for
the modified Kawahara equation were explored in [13], while the soliton solution for the generalized
Kawahara equation was provided in [14]|. Additionally, solitary wave solutions for the Hirota-Satsuma
coupled KdV equation have been studied in [15,16].

There are many methods to solve the nonlinear evolution equations namely, the Adomian decompo-
sition method, the Homotopy perturbation method, the Hirota’s Bilinear method, the Bilinear neural
network method, Lie symmetry analysis, the tanh method and so on [17-19].
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In our work, first we obtain the coupled Kawahara equation by transforming it into a function of
complex variable. Further, the solitons of the coupled equation are computed using the ansatz method
and the tanh method. Computed solutions are simulated using Maple. Further, analysis of solutions
is carried out, which conveys that the transformed coupled equation resembles Kawahara type and the
modified Kawahara equation.

1 Soliton Solutions

The Kawahara equation is the extension of KAV equation with higher order dispersion term p,;zzz
which reads as [4,8,14] :

P+ 6ppx + Peax — Przecs = 0; z,t >0¢€ R. (1)

By considering,
p(z,t) = u(z,t) + i v(z,t),

in equation (1) results in the coupled Kawahara equation:
U + 6uuy — 60V + Uppy — Upzggr = 0, (2)

v + 6uvy + 6vUy + Vigr — Vrzzar = 0. (3)

If v = 0, the above system of equations (2) and (3) will reduce to the well known Kawahara equation.

To study this coupled system and its soliton solution, we use the ansatz method and the tanh
method in the following section.

1.1  The ansatz method

As noted earlier, v = 0 results in the Kawahara equation and its soliton solution is of the form

sech? we begin with the ansatz,
u(z,t) = A sech™k(x — ct), (4)

v(z,t) = B sechVk(z — ct), (5)

where M, N € N; k,c, A > 0 and B > 0 are scalars from the field R.

The restriction of A and B to be positive is to retain the coupled system.

By balancing the higher nonlinear term and higher linear term, we obtain M = 4 and N = 2.
Substituting this M and N in equation (4) and (5), we get

u(z,t) = A sech®k(z — ct),
v(z,t) = B sech®k(z — ct).

Now, substituting the above expressions u,v of (6) into the equation (2), we obtain,

(6)

[Ac — 6A% + 14Ak? + 376 Ak* 4 3B?]
+ [6A% — 30Ak? — 120Ak"] tanh? k(z — ct)
+ [6A% — 1680Ak") tanh? k(x — ct) sech®k(zx — ct) = 0.
As the set {1, tanh?k(z — ct), tanh? k(x — ct) sech?k(x — ct)} is linearly independent, it leads to,
Ac —6A% + 14Ak> + 376 Ak* 4+ 3B* = 0,
6A% — 30Ak% — 120Ak* = 0,
6A% — 1680Ak" = 0.
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Solving the above system gives the values of A and k as

-1014B? 36 | 36
,andc= ——— + —, with e < —.

1
A =280k k=4+———
’ 213 35 169’ 169

Therefore, solutions are

1 —-1014B% 36
— 4onchd _
uy(z,t) = 280k*sech {iwﬁ (az ( =+ 169>t>} and

1 —1014B2
vi(z,t) = B sech’{ +—— (2 — (07+§)t .
2v/13 35 169

Now, using « and v of (6) in equation (3), we observe that

[Bc — 18AB + 8Bk* + 136 Bk*|

+ [18AB — 12Bk* — 120Bk*] tanh® k(z — ct)

+ [18AB — 360Bk*| tanh? k(z — ct) sech®k(z — ct)) = 0.
This in turn implies the system of equations

Be— 184B + 8Bk? + 136 Bk* = 0,
18AB — 12Bk? — 120Bk* = 0,
18AB — 360Bk* = 0.

Solving the above system, we obtain

1
25

Therefore, the corresponding solutions for above values are given by

1 4
t) = 20k*sech* | £——= (2 — —t d
ug(z,t) = 20k"sec ( W (3: 5% )) an

vy(z,t) = B sech? (iml/g <x — 24575)>.

1.2  The tanh method

4
A =20k* B =B, c:2—5andk‘::|:

In this subsection, we replicate the soliton solutions that are obtained using the ansatz method
using the tanh method. For more details refer [4,20-23|.
By introducing a new variable z = z — ¢t in (2) and (3), we obtain

—cUW +6UUM — vV 4 u® — gt =y, (9)
— VW LoV v 6 =y, (10)
The above equations (9) and (10) can be integrated once to get,
— U 4302 =3V2+U® —UW =, (11)
— V43UV 4+VE _y® =y, (12)
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M
Let U(Y) = Z a;Y7 and V(Y) = Z;V:O b; Y7, where UM =
j=0
a; and b; are real coefficients need to be determined.
By balancing the power of highest order of the derivative and nonlinear terms: U® and U? of (11),
we obtain M = 4.
Analogously, balancing powers for the equation (12), we obtain N = 2. So, we have

UY)=ao+aY +aY? +azV? + a, Y, (13)
V(Y)=bo+bY +byY? (14)

Using equation (13) in (9), we obtain the following system of equations:

U
azm

, Y =tanhZ, M,N € N,

—cap + 3a — 303 + 2azk? + 16a4k* =0,
—cay 4 6agay + 6ask® — 2a1k* — 16a1k* + 120a4k* =0,
—cay 4 6agas + 3a2 + 12a4k* — 8agk?® — 136ask* + 480ask* =0,
—cas + 6agas + 6aias + 2a1k* — 18ask® — 576ask* + 40a; k* =0,
—cay + 6agay + 6ayaz + 3a3 + 6ask? — 32a4k? — 1696a4k* + 240a0k* =0,
6aias + 6asas + 12a3k* — 24a1k* + 816ask* =0,
6agay + 3a3 + 20a4k* — 120a2k* 4 2080a4k* =0,
6azas — 360ask* =0,
3a2 — 840a4k* =0.
Solving the above system of equations, we obtain
1 [495040k% + 31360k° + 280k + 11762 — 117a3

c=—— ,
39 ag
1120 140
=0,a2 = ————k* — ——k* a3 = 0, a4 = 280k*
ai , a2 3 39 , A3 , A4 )
b1 =0,a9 # 0,bo, and by are arbitrary constants.
1 36 1014
By fixing ag = a4, as = —2a4 and by = —bg, results in k = :I:Q\/ﬁ and ¢ = 169 ﬁb%’ which

agrees with the ansatz method.

1 —10146% 36
_ 4 4 - 0
uy(x,t) = 280k™sech {i2\/ﬁ <x <735 + 169>t)} and

1 —10146% 36
t) =0b h?{ +——— — (24 =)t b
vi(z,t) = by sec { Wit (x < a7 + 169) >}

Now, using (14) in (12), we obtain system of equations:
—cby + 6agby + 2bok? + 16bok* = 0,
—cby 4 6agby + 6a1by — 2b1k% — 16b1k* = 0,
—cby + 6agby + 6a1by + 6asby — 8bak? — 136bok* = 0,
6(a1by + asby + boas) + 2b1k* + 401 k* = 0,
6(asbo 4 agbs + agby + bok?) 4 240bok* = 0,
6(asby + asby) — 24b1k* = 0,
6ayby — 120bok? = 0.
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Solving the above system of equations, we obtain

8 1 1
ag = Sk + Sk + ce,a1 = 0,02 = —(20K% + 1)K,

as =0, as = 20k*, by =0,

bg, b2, and c are arbitrary constants.

4
By fixing ag = a4 and as = —2ay4, will result in k = +——= and ¢ = % Hence,

1 4
ug(z,t) = 20k*sech? (i% (m — gt>) and

1 4
1)2(1,', t) = bO sech2 (i% (.’E - %t>) .

2 Plots of the Solutions

In this subsection, we simulate the solutions of the coupled equation using maple package [24].

1
Figure 2. Plots of (8) with b = 5
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3 Analysis of Solutions

22, then equation (3) will

We observe that, the solutions u(z,t) and v(z,t) are related by u = 5

reduce to V¢ + 18%7)21130 + Vzze — Vzogze = 0.
So, the coupled equation (2) and (3) will be of the form,

Ut + 6uuy — 6005 + Uggr — Upzzar = 07 (15)
A 2
vt + 18?7) Vg + Vzze — Vzzzaz = 0. (16)

Equation (15) is the Kawahara type equation with the additional term vv, to the Kawahara equation

and equation (16) is the modified Kawahara equation. Further, one can observe that the solutions
1

simulated in Figure 1 and Figure 2, for a particular choice b = 3 The solution given in equation (7)

indicated by Figure 1 has a slightly high amplitude compared to the solution given by equation (8),
which is depicted in Figure 2.

4 Discussion

In conclusion, transforming the Kawahara equation to a coupled system results in two different
governing equations in which one is Kawahara type equation and the other is the modified Kawahara
equation. As a scope for further work, one can compute the other solutions such as periodic solution,
shock solution and singular solution to the discussed system.
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Solution of the model problem of heat conduction with Bessel
operator
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In this work, a model boundary value problem for a parabolic equation with a Bessel operator was inves-
tigated. The solution to the problem under consideration is sought as a sum of thermal potentials: the
double-layer and volume potentials, which reduces the problem to a Volterra integral equation of the second
kind. The questions of existence and uniqueness of the obtained integral equation were investigated. The
existence condition for the solution to the given problem was found. It is shown that if this condition is
fulfilled, the problem has a single solution. The problem considered in this paper is called a model problem
because the region in which the solution of the problem is sought is cylindrical and its results will be used
in solving boundary value problems for the parabolic equation in noncylindrical regions having different
order of degeneracy of the solution region to a point at the initial moment of time.

Keywords: heat equation, boundary value problem, Bessel operator, cylindrical domain, double layer ther-
mal potential, thermal volume potential, Volterra integral equation, Laplace transform, homogeneous and
inhomogeneous integral equation, resolvent.

2020 Mathematics Subject Classification: 35K05, 45D99.

Introduction

In modern conditions, the rapid advancement of contact technology and increasing electrical device
speeds make precise temperature field measurement in contact systems particularly important. In
addition, it is important to study the dynamics of temperature field changes in time. When studying
temperature processes in high-current contacts, it is necessary to take into account changes in the
dimensions of the contact area, which occur both under the influence of electrodynamic forces and due
to melting of the contact material at high temperatures.

During the electrode opening process, the temperature at the contact surface reaches the melting
point, resulting in the formation of a liquid metal bridge between the electrodes. As further opening
occurs, the bridge separates, causing material transfer from one electrode to the other. This process,
known as bridge erosion, can significantly affect the performance of the contact system.

A distinctive characteristic of such problems, from a mathematical perspective, is the presence of a
movable boundary in the solution domain, along with the fact that, at the initial moment, the contacts
are closed, causing the solution domain to degenerate into a point. The solution of such thermal
problems requires the application of generalized thermal potentials and the subsequent transformation
of the initial boundary value problem to Volterra-type integral equations. In some cases, for example,
when the order of degeneration of the region to a point is high enough, the integral equations will be
singular, namely, the classical method of successive approximations is not applicable to them [1-14].

Earlier we considered boundary value problems for parabolic equations with Bessel operator in the
domain @ = {(r,t)|0 <7 <t“, t >0} at w > % The problem considered in this paper is called a
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model problem because the domain in which the solution of the problem is sought is cylindrical and its
solution will be used in solving the problem in the case when the boundary of the domain will change
according to the law z =t¥, 0 < w < %

1 Problem statement

In the region @ = {(r,t)] 0 <r <1, 0 <t < T}, the following boundary value problem is consid-
ered: 5 5 o
U 9 1—=28 0Ou u
T2 il e t
at ¢ r or ta or? + /00,

(1)
u(r,t)],—o =0, t>0, (2)
(3)
(4)

1

u(r,t)|,_y =0, t>0, 3
U(?", t)|t:0 = 07 4
where 0 < 8 < 1, f(r,t) is a given function.

2 Fundamental solution for equation (1)

In the domain Q> = {(r,t)| r > 0, t > 0} consider the boundary value problem for the homoge-
neous equation
o) 1-28 9 9?
U _ 2. B‘7u+a2‘7u7 (5)
ot r or or?
corresponding to the inhomogeneous equation (1) of the basic boundary value problem, at boundary
conditions

u(r,t)|,_o =0, t>0, (6)
u(r,t)|,_oo =0, t>0, (7)
and the initial condition 5 )
r —
u(r, )0 = ~ 1735 (8)

where 0(z) is the Dirac delta function, £ > 0. Applying to the problem (5)—(8) the Laplace transform
on the variable ¢, we obtain the boundary value problem for the ordinary differential equation

P, 1226 0a p . 0r=f ©)
or? r or a2 = a?rl—28
with boundary conditions
a(r,p)l,—o =0, (10)
(r,p)l—s = 0. (11)

This boundary value problem (9)—(11) has a single solution @(r,p) = G(r,p, &), where

rB.¢h

A K VP (VP 3
G(r,p,§) = @ . 15?5(\6{1%).[(;5{5)), §0<<:<<OO,

a2

where Ig(z), Kg(z) are cylindrical functions of imaginary argument of order 3 (Infeld and McDonald
functions). The function G(r,p, €) belongs to the class of Laplace transform images. Performing its
inversion [15; 350|, we obtain

1 7“5-51*5 r2 4 €2 ré
Cnbt) =@~ o0 {‘ pren }‘fﬂ (m)
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Let us replace the variable ¢ in the function G(r,&,t) by (¢t — 7), then
1 P ‘fl_ﬂ r2 4 &2 ré
G )= — . S . TS s
(€, 7) 22 t—r P [ 4a?(t — T):| p (2@2(75 — T)) ’
which has the following properties:

lim G(r,&,t—7) =0, 7<t, &>0,
r—0

ILm G(rét—71) =0, 7<t, £>0,
lim G(r,§,t—7) =0, r#¢,
T—1
lim Glr, &t —7)-r1=2Pdr =1.
Tt 0

This function will be used to construct the thermal potential of the double layer in the domain
Q={(rt0<r<oo, 0<t<T}:

o 2 K aG(Tv 57 t— T)
W(r,t) =2a /0 B a— -

and thermal volume potential in the region Q = {(r, )| 0 <r < oo, 0 <t < T}

F(r,t) /dr/ f(,7) Et—7)- 172Pde.

Remark 1. The density f(r,t) is defined and continuous in the domain {(r,¢)| 0 <r <1, 0 <t < T}

g(r)dr,

and inside the domain there is an estimate

|f(r,t)| < M -r7, M =const, v>—-2+p.

(12)

The following properties are valid for the function F(r,t)

1. The function F'(r,t) is defined and continuous in the domain @ = {(r,¢)| 0 <r < oo, 0 <t < T'}
and for any values ¢t > 0 the equality is true

lim F(r,t) =0.

r—0

2. Everywhere in the region @ = {(r,t)] 0 < r < 0o, 0 < t < T'} there exists and is continuous the
derivative %F which is defined as follows:

5’F /dr/ FEr) 5 0G(r, &t —7) L2 e

3. In the domain @ = {(r,t)] 0 < r < 00, 0 < ¢t < T} there exists and is continuous the derivative
8t , which is defined by the equality

/dT/ f& ) T“ 9G(nt.t—7) L E20dE + f(r,t).
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3 Reduction of the boundary value problem (1)-(4) to the Volterra integral equation

As we found out, the fundamental solution for equation (1) is the function

1 Pgs r? 4 €2 ré
Gt =n) =g o g | o ()

where ¢ is a parameter, 0 < # < 1, Ig(z) is a modified Bessel function of order 5. The solution of
problem (1)—(4) is found as a sum of the thermal double-layer potential and the volume potential:

B LOG(r &t — 1)
u(r,t)—/o —85

LOG(r &t —T)

5:1,11(7')d7' + /0 o€ v(t)dr + F(r,t),

£=0

where . )
Frt)= [ dr [ fenGong - )¢
0 0
and the densities p(t) and v(t) are to be defined. Using the fact that

OG(r, &, t— )
23

= ! : 7 . 1 -ex {_702}
o (202770 23t — )Pl BL(B) | aa2(t-1)]

B P (s H?(QP)] o {_M(Z— TJ '’ <2a2<f— r>> i

rptl (r— 1)2 r r
Caat !‘4@—>] o [ o (zai )+

rP(1—28) (r—1)2 r r
i o g e a5 (s
where the designation
Ig-1,5(2) = Ip-1(2) = Is(2),

we obtain the integral representation of the solution of the equation:

o= [ {4ﬁt<<t:1)>p [_4(@?)] o |-z =) (=) *

rB+1 (r—1)>2 r r
Taaa—rp ™Y [‘W] o |~ =) v (g =) *

(13)
rB(1—2p) (r —1)2 . i
+mexp [_4a2(t—7-)] exp [_2@2@—7)] g (2@%5—7‘)) } w(T)dr+
t 1 2P 1 r2
+/0 (202771 28(t — )P+ Br(B) P [—4&2@7)} -y(7)dT + F(r,t),
where
11(t) € Loo(0,00). 14
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Using the boundary condition (2) for (13), we determine that the density
v(t) =0.

Then

e ] e [ e ) e ()t

rB(1—28) (r—1) r r
Taa—n) P [4@4] | -zmi—) » (@) } s

+F(r,t).

Using the boundary condition (3), we obtain the integral equation with respect to the unknown
density p(t):

;2
()= [ SO Nt ) - ulryar = 1), (16)
=1

1=

where

! S P
Nttr) = o |~z - ()

F(t) = F(t,1).

The solution of this integral equation, if it exists in the class of functions (14), is singular and can
be found by the method of successive approximations, since the estimates [16] are valid:

Cy Cy
NG WL C1, Cy = const.

To clarify the question of existence of a solution to equation (16), we use the method of integral
Laplace transform.

0<e®-I5(2) < 0<e®-Ig14(2) <

4 Solution of the integral equation (16)

Let us apply the Laplace transform to both parts of the integral equation (16):

A

i) {1~ [Nip) + Na(p)] } = f(0), Rep >0,

In order to find the image of the function J/V\l(p) + J/V\g(p) we will use:
1) formula (29.169) [15; 350];
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2) the property: let f(t) = f(p), then 1 f(¢) = /.7 f(p)dp [17; 506]. Then we have:

Ni(p) =2(1 - 28)K ({) <f> Rep > 0,

= [ s () (2) - (2) ()] -
=1- 2?15 <\f}> Kz_1 (*{Lﬁ) , Rep > 0.

Let us show that the homogeneous integral equation

/ZNtT T)dr =0 (18)

has only zero solution in the class of functions p(t) € Loo(0, 00). For this purpose, let us find the roots
of the equation

1= [Mip) + Na(p)] =0

o1 () (P () - 13, ()} o, )

a a

Let Ig (@) = 0 in equality (19). According to the definition of Bessel function of imaginary
BZJ (T\T), where Jg <$> is a cylindrical Bessel function of the first kind.

a

The function J

a
argument Ig (@>
( has infinitely many valid roots for any valid g; if 8 > —1, all its roots are

valid and equal to Z\ﬁ = ay, pr = —a’a2, ap € R, k € Z\ {0} [18], which contradicts the Rep > 0
condition.
It is clear that the second multiplier at % <p<1

gf(ﬁ_l <‘{Lﬁ> — (1-28)Kp <\f) 70,

and at 0 < 8 < % it has a single root p = pg > 0. It follows that in this case the solution of the
homogeneous equation (18) is the function pg(t) = C - P!, which does not belong to the class (14).
Thus, it is shown that the homogeneous integral equation (18) has only zero solution.

It follows from equality (17) at 0 < 8 < % that if the function f (p) goes to zero at the point pg,
then the expression

f(p)
1- [ﬁl(p) + J/V\z(p)]

has no poles and in this case equation (16) will have a single solution in the class of functions (14).
Thus, for solvability of equation (16) at 0 < 8 < % it is necessary and sufficient to fulfill the condition

/OO e Pl f(t)dt = 0.
0

If % < B < 1, then equation (16) is unconditionally solvable.
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Let this condition be satisfied. Let us find the solution of the inhomogeneous integral equation.
For this purpose, let us represent (17) in the following form:

where
h— M)+ Nap) 12 <?> {gK‘H (4) —(1-29)Kp (4)}
L= M)+ M) 205 (F) LK (L) - (1 -28)K; (L))

Let us use the properties of [15; 191]:

1. If o(t) = @(p), then
P

plot) =~ 5(2), a>0. (20)

2. If (p) = p(t), then
AP =gy [ e e @)
=—- = T-e 4 p(T)dT.
P(Vp) = 5 77T, @
For convenience we introduce the notation @ = z and find the original expression

R\*(z) _1- 215(2) [2K5-1(2) — (1 = 28)K3a(z2)]
215(2) [2Kp-1(2) = (1 = 20)Kp(2)]

According to [17; 519]:

= Alz) 2R Az oy
R = = 3 g

where z; are zeros of the function

B(2) = 215(2) [:Ky1(2) — (1 — 28)K(2)] .

1) Let yg(2) = 2Kg_1(2) — (1 — 28)K3(2) = 0. This equation, as noted earlier, has one root zy at
0<pB<3.

2) Let Ig(z) = e_%ﬁiJ[g(iz) = 0. Therefore, iz, = o, or 2, = —iay, where oy, € R.

Then

P AlR) R AG) Ar) oy, A20) oy _
S ERR e I eV ET

where
B(z) = 2Ip(2) [2Kp-1(2) — (1 = 26)Kg(2)]
B'(z) =25 1(2) [2K3-1(2) — (1 = 28)Kp(2)] + 2(1 — 28)I5(2) Kp_1(2)+

T <4¢K12ﬁ0_,22> I3(2)K3(z).

z

Thus, we obtained that at 0 < 8 < %:

Ry =

v 2151 (2k) [z Kp-1(21) — (1 — 28) Kp(2)] N 205(20)Ks_1(20) [1 - ﬁz@] '

efzky 6720:‘/

(22)
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Let us introduce the following notations:

1 1
Ak = 2051 (2x) [ K1 (zk) = (1= 28)Ks(z)]" "7 914(20) K51 (20) [1 — = 2] '

From equality (22) and properties of (20) and (21) we have:

. 2 oe] 2 2 o0 -2
f <\/p) =R(t) = ——s- Y A@k'/ re~ it gr O ‘Aﬁ,O'/ re i Tdr,
a 2. /72 keZN {0} 0 2./mt2 0

where «y, are zeros of the function Jg(z). For the resolvent R(t) the following estimation is valid

a’m
R(t) < —.
(&) < Ny
Remark 2. At 0 < B < % it follows from the equality (17) that for solvability of the integral
equation (15) it is necessary and sufficient to fulfill the condition

/ Y f(t)dt =0, (23)

0
where f(t) = lim,_,; F(r,t).

Theorem 1. For any function f(t) € C(0,T), equation (16) has a single solution if 3 < 8 < 1.
When 0 < 38 < %, it is necessary and sufficient for the solvability of the integral equation (16) that
condition (23) is satisfied. In this case, for any function f(t) € C'(0,T"), the integral equation (16) has
a single solution.

Remark 3. If at 0 < 8 < % condition (23) is not satisfied, then equation (16) has no solutions in
the chosen class of functions. However, this result does not contradict the well-known fact that the
Volterra equation always has a single solution. Equation (16) belongs to the class of Volterra-type
equations of the second kind and, therefore, in case the condition (23) is not satisfied, it will also be
solvable, but in a wider space of functions with exponential growth.

5 Solution of the boundary value problem (1)-(4)

Theorem 2. For any function f(r,t) from the class (12), the boundary value problem (1)—(4):
1) for £ < B8 <1 it has a single solution u(r,t) € C(0,T);

2) when 0 < B < %, it is necessary and sufficient to fulfill condition (23) for the existence of
a solution. If this condition is satisfied, the problem has a single solution in the class of functions

u(r,t) € C(0,T).

Conclusion

In this work we study a model boundary value problem for a parabolic equation with a Bessel
operator. The existence condition for the solution to this problem at 0 < 8 < % is found. It is shown
that if this condition is fulfilled, the problem has a single solution. If % < B < 1, the problem is
unconditionally solvable. The results of this work will be used in solving boundary value problems
for parabolic equations in non-cylindrical regions having different order of degeneration of the solution
region to a point at the initial moment of time.
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Solution of nonlocal boundary value problems for the heat equation
with discontinuous coefficients, in the case of two discontinuity points
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In this paper, the solution of the initial-boundary value problem for the heat equation with a discontinuous
coefficient under periodic or antiperiodic boundary conditions in the case of two discontinuity points is
substantiated using the method of separation of variables. Using the replacement, the problem under
consideration is reduced to a self-adjoint problem. By means of the Fourier method, this problem is reduced
to the corresponding spectral problem. Then, the eigenvalues and eigenfunctions of this self-adjoint spectral
problem are found. In conclusion, the main theorem on the existence and uniqueness of the classical solution
to the problem under consideration is proved. The peculiarity of the problem under consideration is the
non-local boundary conditions and the presence of two discontinuity points, which have not been considered
before. The authors were able to find eigenvalues explicitly and construct eigenfunctions. This technique
is also applicable in the case of more than two discontinuity points. The solution obtained in explicit form
can be further used for numerical calculations.

Keywords: Heat equation with discontinuous coefficients, spectral problem, non-self-adjoint problem, Riesz
basis, classical solution, Fourier method.
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Introduction.
Problem statement and research metods

We consider an initial boundary value problem for the heat equation with a discontinuity constant
coefficient
2
Ouj _ 12 07y (1)
ot 7 Ox?
in the domain Q = UQ;, Q; = {(z,t) : {1 <2z <l;, 0 <t <T} (j =1,2,3), with the initial condition

U(J?, 0) = (P(x)v lO <x< l37 (2)
boundary conditions of the form

(5% (lo, t) + emeu;z,(lg, t) = 0,

, 0<t<LT 3
k‘l 8U1(l0,t) + 6”9]{33 8u3(l3,t) _ 0’ ( )
ox ox
and with conjugation conditions
uj(lj—O,t) ZUj+1(lj+O,t), 0<t<T, j=1,2, (4)
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'8U1(lj — 0, t)

Oujy1(l; +0,t)
k; —_——

Ox = hje1 Ox ’
where lp < l1 <l <3, the coefficients k; > 0, 0 =1, 2.

Parabolic equations with discontinuous coefficients have been studied quite well [1-3]. In these
works, the correctness of various initial-boundary value problems for a parabolic equation with discon-
tinuous coefficients was proved using the Green function method and method of thermal potentials.
In the absence of a discontinuity, the spectral theory of these problems has been constructed almost
completely [4-6]. In [7], some properties of the eigenfunctions of the Sturm-Liouville operator with
discontinuous coefficients were studied. In the case of a discontinuous coefficient, the spectral theory
of such problems is considered in [8-12].

Works devoted to solving problems of multilayer diffusion should be especially noted. Mathemat-
ical models of diffusion in layered materials arise in many industrial, ecological, biological, medical
applications and the theory of thermal conductivity of composite materials. Diffusion in several layers
is used in a wide range of heat and mass transfer areas [13-21].

Let W be the linear variety of functions from the class u(x,t) € C(Q)NC%1(Q1)NC*L(Q2)NC*1(Q3)
which satisfy all conditions (2)—(4). A function u(z,t) from the class u(z,t) € W will be called a
classical solution to problem (1)—(5) if: 1) it is continuous in the domain €; 2) it has continuous
first-order derivatives with respect to ¢ and continuous second-order derivatives with respect to x in
the domain; 3) it satisfies equation (1) and all conditions (2)-(5) in the usual, continuous sense.

First let’s consider the case § = 1. After the next replacement u;(z,t) = v;(y,t), where

0<t<T, j=1,2, (5)

l l
kll ) 0 <x<ly,
Yy = xl; 17 l1<x<121 (6)
2
T — g
l l
kS ) 2 <z < I3,
problem (1)—(5) take the following form:
oo _ 9y @
ot Oy?

in the domain D; = {(y,£) : 0 <y < h;,0 < ¢ < T} (j = 1,2,3),

vj(y,0) =¢;(y), 0=<y<h;, (8)
(%] (07 t) — Ug(hg, t) = O,
8’1)1(0,t) 8?}3(h3,t) 0<t< T, (9)
— =0,

oy Ay

’Ul(hl,t) ZUQ(O,t), ’Ug(hg,t) ng(o,t), OStST, (10)
avl(hl, t) 8@2(0, t) 8’02(]12, t) 81)3 (0, t)
= = <t<T 11
where
lj— 1l .
J

To solve problem (7)-(11), we apply the Fourier method: v;(y,t) = Y;(y) - T'(t) # 0.
Substituting v;(y,t) = Y;(y) - T'(t) into equation (7) and conditions (8)—(11), and separating the
variables, we obtain the following spectral problem
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-Y"(z), 0<y<m
LY (y) =< -Y"(x), 0<y<hyp=AY(y), (13)
-Y"(x), 0<y<hg

{Yl(o) - Y:‘%(h?)) =0, (14)
Yi(h) =Y2(0), Ya(he) =Y3(0), Y{(h1)=Y3(0), Y5(he)=Y3(0). (15)

The function T'(t) is a solution to the equation
T'(t)+ AT'(t) = 0.

The following holds:

Lemma 1. Spectral problem (13)—(15) is self-adjoint.

The proof is carried out by direct calculation.

Now we will find the eigenvalues and construct the eigenfunctions of spectral problem (13)—(15).
The general solution to equation (13) has the form:

Yi(y) = cicosvV/ Ay + casinV/ Ay, 0 <y < hy,
Ya(y) = czcosvV/ Ay + casinyv/ Ay, 0 <y < ho, (16)
Y3(y) = cscosvV/A(hs — y) + cgsinv/A(hz —y), 0 <y < hs,

where ¢; are arbitrary constants (j =1,2,3,4,5,6).

Substituting general solution (16) into boundary conditions (14) and conjugation conditions (15)
we obtain the following system

r
C1 = Cs,

C2 = —Cg,

¢1 cos VA1 + co sin Vb = c3,

—cq sin VA + ¢ cos \Ahl = c4,

308 VA + ¢4 sin VAhy = ¢ cos vV Ahs + cg sin \/th,
—c3sin ﬁhg + ¢4 cOs \Ahg = ¢5 sin \ﬂhg — Cg COS \ahg.

The characteristic determinant of the system has the form:

A(N) =2 —2cos(s3V\) =0,

3 31— 1.
where s3 = > hj = > ]le From the last equation we find the eigenvalues of problem (13)—(15):
=1 =1k
2mn\ 2
An:<>, n=01,2,.. (17)
53
Since these eigenvalues are twofold, the following eigenfunctions correspond to them:
( 2
cos my), 0<y<hy,
53
2mn
Val) = Ceos (ot ha =) 0<y <t (18)
3
2
cos 7Tn(fL3,—y)>7 0<y<hsa,
\ 53
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2
sin my), 0<y<h,
~ 2
Yo(y) = C{ sin 7:1 (y — h2 — hs)) 0<y<hy, (19)
2
5in< :n(hgf )) 0 <z < hs.

Lemma 2. The system of eigenfunctions (18)-(19) forms an orthonormal basis.

The proof follows from the general theory of self-adjoint problems. From the normalization condi-

2
tion it is not difficult to find C = / —.

53
From Lemma 2 it follows that the solution to problem (7)—(11) can be written in the following

form:
o0

wmwzzan@+@£w»em,
where . 5 5
Pn = /wl d77+/¢ (m)Yn(n )dn+0/¢3(n)Yn(v7)dn, (20)
Bn = /11/)1( d77+/¢2 dn+7¢ (Yo (n)dn. (21)
0 0

Let us transform formula (20). In each 1ntegral we make the following replacements, respectively:

-1 d
n= £ kj 1, dn = k—é, (j = 1,2,3). Taking into account formula (12), we obtain
j J
. €1 7 €1 7 €1
— o [erov 0 o [aovat e L [a@n e @
kl kl /{2 k2 k’3 k3
lo A la
Similarly, transforming formula (21), we have
p €1 7 €1 7 €1
~ S &—lo > &—h > &— 1
o L L S RO A G e RO  AC s V)
k‘l k‘l k‘g /‘JQ kS kS
lo ll 12
If we move to the initial variable using formula (6), then formulas (18)—(19) take the form:
z—ly 2mn (@ — 1o I l
. Yn( kll ), l() <x < ll, 5 Cos 283 l kl )l7 l o <x < 1,
xr —l1 ™™ 2~ 32
Yn = - Yn ) ) = - ) l l )
(y) 5 ( k2l ), h<z<l . cos 5 " + " >> 1<z <l
. 9 ln —
Yn(TQ), lo <z <ls, cos [ 22 (2 x)) , lo <z <lg,
\ 3 s3 ks
v (r—lo 's'n 2mn [z =l lh<z<l
in [ 222
Yn( kll ), l() <l’<ll, 53 kll l7 l 0 1,
~ 2 )~ -1 2 . 2mn (x — o 2 — I3
Y, =1/ — n , s = Al ) ! l2,
(y) 53 Y, ( kzl ) h<x<ls 53 sin 53 s + ks )) 1<z <l
~ x— 2 _
\Yn( s 2), Iy <x<ls, sin SL: xk313>> , Iy <x<ls.
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We redesignate the last formulas as follows: Yy, (y) = X,,(z), Y (y) = Xp(z). Then

2 -1
cos [ 71 xk 0>)7 lo < x<ly,
53 1
2 2mn lz—.’E lg—lz
X’n = — ; l l7
(z) . cos 5 " + i >> 1<z <l
2mn (I3 —
cos | — , lo < x<ls,
\ 53 ks
2 —1
sin SL” a:k 0)), lo <x<ly,
3 1
~ 2 . 2mn [ x — oy Iy — I3
Xn - - ) l la
() 5 sin 5 " + i >) 1<z <ly
C(2mn [z -3 >
sin | — , lo < x <ls.
S3 k3

Since the system of eigenfunctions {Y,(y), Yy (y)} forms a basis, the functions {X, (z), X, (z)} also
form a basis. Formulas (22)-(23) have the form:

lo I3

- / o1 (6) X (€)dE + - / 2(6) X (€)dE + ,33 / 3(6) Xn(€)de, (24)
A l2
] lo 1 I3
L / o1 (6) Xn(€)de + - / o2l Fn O + 1~ / (€)X (€) . (25)

ll l2

Now let’s prove the main theorem.

Theorem. Let ¢(x) be a continuously differentiable function satisfying the conditions ¢ (ly) = ¢(l3),
k1’ (lo) = ks@'(I3), (1 — 0) = o(l; +0), ki (l; = 0) = kj1¢' ([ +0) (7 =1,2).

Then the function

oo
u(z,t) = Z (goan(x) + anXn(:v)> e Mt (26)
n=0
where the coefficients are determined by formulas (24)-(25), is the only classical solution of (1)—(5).
Proof. First we prove the existence of solution (26). Since {Xn(.%),)?n(l‘)} the eigenfunctions
and A, eigenvalues of problem (13)-(15), then it is easy to verify that the function u(z,?) determined
by formula (26) satisfies the equation, initial condition, boundary conditions and pairing conditions of
problem (1)—(5). Series (26) is the sum of functions

wn(,) = (nXn(@) + EnXn(2)) e (27)
[e.9] oo
. . ) ouy,
Let us show that when ¢ > ¢ > 0 (¢ is any positive number) the series Zun(a?,t), e

(9
{|<,0n| |@n|} < Ms. Then from equality (27) and from the following equalities

tn converges uniformly.  Obviously, |p| < M; then from formula (27) it follows that

Oun
ot

> ~\ _ Pu, A = ~\ _
= (*)‘an(x)‘Pn - )‘an(x)‘Pn) € Ant’ o2 = %2 <*Xn($)‘10n - Xn(x)SDn) € )\nt»
J
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we get
Ouy,
ot

0%u,,
0z2

Jun (2, 1)] < Mze <, {

} < M4)\n€_>\n6a

where constants Mz, My positive and does not depend on n. Taking into account formula (17), we

have

~ 5 > | 52 (27rn

Un Un 2, \s ) ©
{Z un(xat)v W’Z ) }S MnZe 3
n=1 n=1 n=1 n=1
<2ﬂn)2
0 —— | e
where constant M > 0, and does not depend on n. Since the series Z Mn2e 53 an absolutely
=1
£ O | =] 0w
. . . s . n n

convergent series, hence, according to Weierstrass’s test, the series {7;) up(z,t)|, > o ,7;) 92 }

ou(z,t) 0*u(x,t)
oot 7 9x2

Now we need to prove that series (26) converges uniformly everywhere in 2. Note that the n-term
of the series (26) is dominated by the sum |¢,| + |@,|. Integrating by parts the integral in formula
(24), we obtain

C nl s o Ciss o
|80n’ < 153 . m (;Dn| S 153 . |an‘7 Cl = maX(\/H; \/E? \/%)7

- 27 n’ o

converge uniformly for ¢ > ¢ and are continuous for ¢ > ¢ the functions u(z,t),

I3
where «;, = T J ¢ (©)Xn(E)dE, an = f '( €)d¢ are Fourier coefficients of functions ¢'(x)

1
on a segment [ly, l3]. Taking into account the inequality ab < §(a2 + b%), we have
C1133 2 ~9 2
= o <%+“n+n2 |

oo
D (an+an) <2117
n=0

|on] + @n

Using the Bessel inequality

00 2 0o

and the well-known equality Z % = %, we get Z (len] + |on]) < C.
Thus, the majorizing series is absolutely convergent, this means series (26) converges uniformly in

Q and defines a continuous function u(x,t) in Q . Thus, we proved the existence of a solution. Now

let’s prove uniqueness. Let’s assume there are two solutions v(z,t), v(x,t). Then for the function

v(x,t) = v(z,t) — v(x,t), we have the following problem C:

Qf::kZQig
ot 7 9x2’
v(z,0) =0, ly<ax<ls,
v(lo,t) —v(l3,t) =0,

0<t<T,
k_la’u(lo,t) _kSGU(Zg,t) _ 07 =0t =
ox Ox
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81}([]' -0, t) 8’0([]' + 0, t) J=12
kji——F—— =kjp—F5——,
oz oz
The solution to this problem C can be represented in the form of an expansion in terms of the basis
{Xn(x), Xn(2)} and it has the form:

{v(lj —0,t) = v(l; +0,1),

v, t) = Y (An(t) Xn(2) + An(t) Xn(2)). (28)
n=0

The coefficients Ay (t) and A, (t) are determined by the formulas

l1 l2 l3

Anlt) = / o€ DX (E + 4 / o€ DX (E + 5 / o(6,6) X (€)dE, (20)
lo 151 lo
L L7 L7
A= / oEDTAENE + / e HTnENE + / o(E,1) Xn(€)de. (30)
lo 151 lo

First, we transform formula (29). Differentiating with respect to the variable ¢, we obtain

A l2 l3

g = | 01 . (e)ae + =/ Q&) . (e)de + =/ 0u&,Y) . (e)ae —

ky ot ot ot
I I I
T o%u(e.) 9 (€ —1 7 o2(e) 9 (lo—& lz—1
B v(€,t ™ -l v(§,t ™ [l — 3 — l2
=k o6 cos(s3 < " >>d§+k:2 o€2 COS<53 ( " + " )>£+
lo 1
i (e, ¢
v(&,t 2mn (I3 —
+k3 ae? cos( 5 < " ))d{.

l2

Integrating by parts twice and using the boundary conditions and conjugation conditions, we have

I
2rn\? 1 2mn (x —
A= — [ =) = -/ _
n(t) ( 5 ) o /v(m,t) cos( . ( i )) dx

0

lo
2\ 2 1 2mn (o —x I3 — 1y
_ () = ¢ do—
( 5 ) T /v(x, )cos( 5 ( " + " T

l1

l3
2mn\2 1 2mn (I3 —x
— <33> kg/v(:c,t) cos <53 < s )) dr =
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Therefore A, (t) = cpe . Transforming in a similar way, we obtain for the coefficient A, (¢).

AL (1) = =MAn(t) = A,(t) = e M
Substituting the found A, () and A, (t) into formula (29)-(30), we obtain

I la l3

1 1 1 L
o [ o nx.©de+ / oEDXaE)d + / 06,8 Xn(€)dE = cpe ", (31)
lo I Iy
l1 lo I3
,jl o6, Xn(€)dE + ,32 / o6, Xon(€)dE + ,33 / o(6, ) Xn(€)dE = Toe . (32)
lo 1 Iy

Passing to the limit ¢ — 0 in equality (31)-(32) what is possible due to continuity v(z,t) in Q , we
have
0=A,(0)=cn, 0=A,0)=2,
therefore ¢, =0, ¢, = 0.
Then from formula (28), we obtain v(x,t) = 0, it follows from this that v(x,t) = v(x,t). The
theorem is proved.
Now consider the case 6 = 2.

Then, after applying the method of separation of variables, we obtain the following spectral problem

A
X]”(I') + ﬁX]({L') =0, lj_l <xr< lj, 7 =123, (33)
j
X1(lo) + X3(l3) = 0, (34)
k‘lX{(lo) + k‘gXé(lg) =0,
Xi(l; = 0) = Xl +0), kX5l —0) = k1 Xj, (4 +0), j=1,2. (35)

2 + 1)) 2
The eigenvalues of problem (33)—(35) have the form: A, = <(n—|—)7r> ,m=0,1,2,...
53
The following eigenfunctions correspond to these eigenvalues.

( 2 1 —1
cos<( n::—)) ) HTklo ), lp < x<ly,
2 2 1 Iy — I3 —1
Xn(z) =4/ — < —cos (2n+ Dm (o $+ 3 2 , h<z<ly,
S3 S3 kg ]Cg
2n+1)r (I3 —=x

— COs >>, lr <z <l3,
53 ks

( J—
sin @n+ Dr (z=ly , lop <x<ly,
S3 kl
~ 2 2 1 lo — I3 —1
Rn(e) = o 2 dsin (Bnd U (hoz =LY
S3 S3 k:g kig
sin @2+ Dm (ls — x> , o <x <ls.
S3 ks

All other calculations, including the proof of the theorem, are carried out in a similar way.
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Conclusion

The method proposed in this article can be used in the case of n break points, where n > 3, and
for the more general case of the conjugation condition (in this work, the ideal contact condition is
considered). The solution to the problem is found in explicit form, which allows it to be used for
numerical solution.
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A boundary value problem for a loaded heat conduction equation is considered, when the loaded term has
the form of a fractional Riemann-Liouville derivative with respect to a spatial variable, and the loading
point moves with a variable velocity. The problem is reduced to a Volterra integral equation of the second
kind, the kernel of which contains a special function, namely, a Wright-type function. The kernel of the
resulting integral equation is estimated, and it is shown, under certain restrictions on the line along which
the load moves, that the kernel of the equation has a weak singularity, which is the basis for the assertion
that the loaded term in the equation of the problem is a weak perturbation of its differential part. The
study is based on the asymptotic behavior of the Wright function at infinity and at zero.

Keywords: loaded heat equation, fractional derivative, Volterra integral equation, Wright function.
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Introduction

The heat conduction equation plays a key role in modeling thermal processes in various physical
systems. In the classical formulation, it describes the temperature distribution in a medium subject
to heat transfer. However, to more accurately account for complex physical effects, such as anomalous
diffusion or material memory, generalized models are introduced that include additional terms, for
example, containing a fractional integro-differentiation operator.

Fractional derivatives, unlike integer derivatives, make it possible to take into account memory
effects and nonlocality of processes. Their application in heat conduction modeling has been actively
developing in recent decades. The works [1, 2] consider the fundamentals of the theory of fractional
calculus and its applications in mathematical physics. The application of fractional derivatives in
heat conduction equations was investigated in [3|, where it was shown that such models describe
anomalous diffusion processes well. Fractional derivatives can also take into account spatial correlations
and coordinate nonlocality in systems where the influence on the state at a given point in space depends
not only on neighboring points, but also on more distant ones [4].

Boundary value problems for heat equations with fractional derivatives represent a separate area
of research. They require the development of new approaches, since the presence of a fractional term
leads to a complication of the mathematical structure of the problem. In [5], the spectral properties
of operators with fractional derivatives are analyzed, and in [6, 7] boundary conditions for fractional
models are studied.

Problems with loaded terms involving fractional derivatives are of particular interest. These problems
arise in the context of modeling processes with heat sources or sinks that depend on time or spatial
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coordinates. A loaded differential equation is an equation with a loaded term, which can contain
differential or integrodifferential operators. This loaded term can be expressed as a function containing
both the variables themselves and their derivatives.

Loaded equations allow you to model more complex physical or mathematical systems that cannot
always be described by simple equations. For example, in problems of mathematical physics or control
theory, loaded differential equations can be used to take into account the influence of external factors
or additional conditions on the dynamics of the system. It is obvious that the presence of a loaded term
gives rise to new, still unexplored problems in the theory of boundary value problems, therefore there
is a need to develop new methods for solving the evolving theory of loaded differential equations [8].

Loaded differential equations can be considered as weak or strong perturbations of differential
equations. In some cases, boundary value problems remain correct in natural classes of functions,
where the loaded term is interpreted as a weak perturbation [9]. If the uniqueness of the solution to
the boundary value problem is violated, then the load can be considered as a strong perturbation [10].
It turns out that the nature of the load (weak or strong perturbation) depends both on the order of
the derivatives included in the loaded (perturbed) part of the operator, and on the manifold on which
the trace of the desired function is specified.

The study of boundary value problems with loaded terms, presented in the form of integrals or
fractional derivatives, can lead to different results depending on the specifics of the equation and the
conditions of the problem. There may also be difficulties associated with the analysis and evaluation of
integral operators in the resulting integral equations, since their kernels contain special functions. In
[11,12], the intervals for changing the order of the fractional derivative, that is contained in the loaded
term, are determined, for which the theorems of existence and uniqueness of solutions to boundary
value problems and arising integral equations are valid. We also note that the boundary value problems
of heat conduction and the Volterra integral equations arising in their study with singularities in the
kernel, similar to the singularities in this paper, were considered in [13,14].

Also, integral equations with singularities in the kernel arise when studying boundary value problems
in non-cylindrical domains that degenerate into a point at the initial moment of time [15-20].

Fractional derivatives in equations add new aspects and difficulties in the study of boundary value
problems, since they take into account not only the previous state of the system, but also its history. The
fractional order differentiation operation is a combination of differentiation and integration operations.
Recently, work has appeared on the study of inverse boundary value problems with a load of fractional
order. In [21], the inverse problem with a nonlinear gluing condition for a loaded equation of parabolic-
hyperbolic type is studied for solvability. The problem is reduced to the study of the nonlinear Fredholm
integral equation of the second kind. In [22], as an application of the analyticity of the solution, the
uniqueness of an inverse problem in determining the fractional orders in the multi-term time-fractional
diffusion equations from one interior point observation is established.

This paper examines a boundary value problem (BVP) defined in the open right upper quadrant.
The problem is transformed into an integral equation, which, in certain instances, takes the form of
a pseudo-Volterra type. The solvability of this equation is influenced by the order of differentiation
in the loaded term and the behavior of the load line near the origin. In Section 1, we introduce
some necessary definitions and mathematical preliminaries of fractional calculus, special functions and
boundary value problems which will be needed in the forthcoming Sections. The problem statement for
a heat equation with a loaded term as the Riemann-Liouville fractional derivative in the right upper
quadrant (z,t) is given in Section 2. The initial conditions are homogeneous. Process of reducing a
boundary value problem to an integral equation is the content of Section 3. In Section 4, we estimate
the integral equation’s kernel and establish conditions under which it has a weak singularity. Estimating
the integral equation’s kernel is based on the asymptotic behavior of the Wright function at infinity
and at zero. This implies the solvability conditions for the BVP which are provided in Section 5.
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In Section 5 the main results is formulated.

1 Preliminaries

Definition 1. |23| Let f(t) € L1]a, b]. Then, the Riemann-Liouville integral of the order § is defined
as follows

By L L) - a
TDa’tf(t)_F(ﬂ)/a (t—T)lin? Ba ER, B>O (1)

Definition 2. Let f(t) € Li[a,b]. Then, the Riemann-Liouville derivative of the order /5 is defined
as follows

B oy LAt () -
Paid )= 70,5 chtn/lz (tff)ﬂfnﬂdﬂ Pa€R, n—-1<f<n (2)

From formula (2) it follows that

PDof(0) = f(1), +Dif(t) = f™(t), neN.
Taking into account formula (1), formula (2) can be rewritten as

A" 5n
PDL () = 2oe D), Ba€R n—1<f<n.

Information about the Mittag-Leffler function and the Wright function is taken from [24,25].

Definition 3. The entire function of the form

00 o
E)\7M(Z) :Zm, )\>0, ,LLEC (3)
n=0

is called the Mittag-Leffler function.
Definition 4. The entire function of the form

(e 9]
Zn

o\ p;2) =) —mm——, A>-1, peC (4)
;)nlr(mjtu)

is called the Wright function.

Definition 5. A Wright-type function is a function eg’%(z) defined by the contour integral and the
Mittag-Leffler function (3)

7R 1 o ( ﬁ)
= — t °F, t" ) dt
ea,ﬂ(z) 271'1 /y(r7w7r) € Q, b z ’

where y(r,wm) is the Hankel contour, the value of w is chosen such that

« 1
1-— I — <1. 5
wﬁ>2, 2<w_ (5)

Inequalities (5) are always satisfied when

0<a<2, O<a+f<2, p<1, 6+p>0.
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For a > 3, a > 0, for any z € C the Wright-type function can be represented as a series

n

- n;) T(an + p)L(5 — Bn)’

peC, secC.

When a = p =1 it coincides with the Wright function:

e13(2) = 9(=B,3,2). (6)

For a Wright-type function, the following autotransformation formula is valid:

Ifm>largz| >n(a+pP)/2+¢e, e>0,k=0,1,2,..., then the following limit relations are valid
for large absolute values of z:
lim % (2) =0,
\z|li>noo ea’B(Z)
i ) 1 (8)
R N Rk
Let ¢ € C. If u > 0, then
Dzt~ 16“’% (cx®) = x“*”*leg’_ﬁy’a (cx®). 9)

When p = 0, the following formula is valid

1 _
Df)’gggeg”% (cx®) = m_”_leaij@ié (cx®) —

When v =n € N, formula (9) is valid for all p € R

mn
y e “’% (cx®) = x“_”_legjgn’é (cz®).
x b bl

The following equalities hold

1 0 a 1 3
/0 T (A =~ /0 TG = s

Also the formulas for differentiating a Wright type function are valid

B ense)= L [en o)+ (1 - wekt)]

It’s known [26; 57| that in the domain @ = {(z,¢) | >0, ¢ > 0} the solution to the boundary
value problem of heat conduction
up = gy + F (z,1),

uli=o = f(z), uls=0 = g(x)
is described by the formula

u(x,t):/OOOG(x,f,t) f({)df—i—/o H(z,t —7) g(7)dr+

Mathematics series. No.1(117)/2025 95



M.T. Kosmakova et al.

+/0/0 G(x,&t—1)F (& 71)d&dr, (10)

_£)? T 2
etz o 5a8) ol 25}

H( t)— 1 x2
“ _2\/7rat3/QeXp dat)’

The Green function G (x,&,t) satisfies the relation

/OOOG(x,é,t)dgzerf<2f/z>,

where

where erf (z) is the error integral.

2 The problem’s statement

In the domain @ = {(z,t) : x > 0,t > 0}, we consider a BVP

Up = Ugg — A {ngvzu (x,t)} }mzw(t) + f(x,t), (11)
u(z,0)=0, u(0,t)=0, (12)

where A is a complex parameter, TDg’ ;u(z, t) is the Riemann-Liouville derivative (2) of an order f,
1 < B <2, v(t) is a continuous increasing function, v(0) = 0.

The problem is studied in the class of continuous functions.

For the right side of the equation, we require the following conditions to be satisfied:

f(z,t) € Lo (A)NC (B), (13)

where A = {(x,t) |z >0, t € [0,T]}, B={(z,t)|x >0, t >0}, T = const >0,

fl(m,t):/o /OOOG(w,f,t—T)f(E,T)dde€L1 (r>0). (14)

Let us introduce the notation

s L[ g©ds
Datg(t>_r(_V)L (t—f)y+17 < 0.

When v =0 D%g (t) = g (t), then

mn

d
Dgtg(t):%DZt_"g(t), n—1<0<n, neN.

We consider the fractional derivative in the Riemann-Liouville sense with respect to the spatial variable.
fa=0,n=2v=0=

TDgwu (z,t) = CZ;Dg;2u (z,t) (15)
or
3 B d? 1 T ou(xz,€)dE
rDO:ru (CC,t) - @ (F(2 _ 5) /0 (33 . 5)51> : (16)

The derivative in the loaded term of equation (11) is determined by the formula (16).
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3 Reducing the BVP to an integral equation

According to the formula (10) a solution to BVP (11)-(12) can be represented as

t 00
w@t) =2 [ [T G- deir+ i), an)
0o Jo
where
2 (t) = {ngyg;u (xat)} ‘J}:’y(t) ) (18)
t +o0
o= [ [ ewet—nren i (19)
In [9] it was proved formulas
€ = /7o (—; - —25) , (20)
where ¢ (¢(A, u; 2)) is the Wright function (4),
o 11 1
erf (z) :2/0 ¢<—2,2,—2§) d£:1—¢<—2,1,—22) : (21)
Then, taking into account formulas (20) and (21) representation (17) can be rewritten as:
t
u(z,t) = —A/O K (2 %) p(r)dr + fi(z,t), (22)
where .
x x
K(zm) :1_¢<_2’1"m> (23)

and p(t) and fi(t) are defined by formulas (18) and (19) respectively.
To (22) we apply the fractional integro-differentiation operator by formula (15). Taking into account
formulas (23), (6), (7), and (9), we obtain, when 1 < § < 2:

1 _ 1-8 5 g1
ngz K - —r P - (- ° = ¢ 16’2 S .
2/t —T1 r'1-p) L3 Vt—1 Vt—1 L3 Vt—T1
Indeed, according to the law of composition, we have

Dg,(f(x)) = D'Dg, ' (f(x)) =

Do <K <2\/f_77>) =Dl (1 —® <_;’1;_\/%>> _
-0t (=i (=) - (e i ()

Then, taking into account the autotransformation formula (7), we get

1 a! =P o 1-B2-B1 <_ z >>_
2 (o4 (=) -

1-8 5 5181 < x > zi=f 9 p1 < x )
=55t~z e - = ———e 1 —_— ).
re-p) 2 Vt—T Vt—71 b3 Vt—T
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Thus, BVP (11)-(12) is reduced to a Volterra integral equation of the second kind

ul(t) + A /0 Ko(t, T)u(r)dr = fot),

(24)
with a kernel (4(H)! 5 n
Y(t)) 7" 2-8,3 (¢
Ks(t,7) = 2= , 1< p<2 25
5( T) P 617% ( \/ﬁ) 5 ( )
and with the right part
f2 &) = { DLfr (@.8)} o=t (26)

4 Research of the integral equation

Since in the given problem (11)-(12) the line, along which the load is moving, has the form = = ~ (),

and 7 (¢) increases and 7 (0) = 0, then there are different cases of behavior for % ‘x:,y(t) , when ¢ — 0.
Let 0 <z =~(t) ~t* when t — 0, w > 0.

Let’s introduce a change of variable 7:

Then

1
3
Let’s consider the following cases:

1
a)0<w<§ = |2| > 400, when t—0.

Taking into account the limiting ratio (8), we get
3 wv 1
lim  zey 5(—2)

|z| =>+o00

T(u—a) TG+B)

: : g 2-B1 A 1
lim K =1 B 2(—z) =1 Po___ =
tim 151, 7) = B (1) 26} () = iy~ = o
1
b)w>§ = |2/ =0, when t—0.
Taking into account the limiting ratio (8), we get

1w (1=5)

ﬁ’ when t— 0.
The kernel (25) of the integral equation (24) has singularities at ¢ =0 and ¢ = 7.

lim 62_’6’% i ! = Kp(t,7)
—_ prng ’]’ ~Y
=0 L3 Ji—r) T@=-8)x

Let us define the conditions under which the integral operator of the equation is compressible in
the class of continuous functions. Consider the integral

t
0 t—0

fwl-p)+5>0=w<

_ 1

2(6-1)-
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1-6
1 t72 2-pi t
c)w:2:>K3(t,7-)~\/melé2<— t—7>’ when ¢ — 0.

. —B3
Sincee. | 2 (— t% — const, then
’9 T t—0

t
/ Ks(t,7)dr ~t275\T=11"5 — 0,
0 t—0+

as 1 < B <2

Figure 1. Graph of the kernel

Figure 1 presents the graph of the kernel which shows stability at small time values.
5  The main results

So, the following theorem has been proven.

Theorem 1. Integral equation (24) with kernel (25) for 1 < f < 2 and with «(¢) ~ ¢ in the
neighborhood of ¢ = 0 is y(t) ~ t“, w > 0, 7(0) = 0 uniquely solvable in the class of continuous

functions for any continuous right-hand side fa(t), if w < m and w = 3

This result coincided with the result obtained in [12].
Let us introduce a class of functions

U= {u\(x\/i)—lueLoo(A)mC(B); Up — Uy € Log (A)NC (B);

{ngxu (x,t)} ‘az:"/(t) € C([0;T), T=const>0, 1<p< 2},
where A = {(x,t) |z >0, t € [0,T]}, B={(z,t)|x >0, t >0}, T = const > 0.
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Since the solution of the integral equation (24) p(t) is a continuous and bounded function under
the conditions of Theorem (1), it can be shown that for the solution of problem (11)-(12), which has
the form (22), where f (z,t) belongs to the class (13), the following estimate is valid

lu(z,t)] < C\) =z Vi,

where C'(A) = C1|A| + Cb.
Also it can be shown that function (18) satisfies BVP (11)-(12) and belongs to the class (27).
The following main result follows from Theorem 1:

Theorem 2. Let the function f (z,t) satisfy conditions (13) and (14), the function u(t) € C([0;T7]) be
a solution of integral equation (24) with the right-hand side fa(t) € C([0;T]) defined by formulas (19)
and (26). Then BVP (11)-(12) with the load motion law ~(t) ~ t* (in the neighborhood of the point
1
t = 0) has a unique solution (22) in the class (27), if w < ————~ and w = -.

2(6-1) 2
Conclusion

Under the conditions of the theorem, the kernel (25) of the integral equation (24) has a weak
singularity. Therefore, the method of successive approximations can be applied to find a unique solution
of the equation (24). Then the corresponding boundary value problems are correct in natural classes
of functions, i.e. the loaded term of the posed boundary value problem is a weak perturbation of the
differential equation.

Since the problem statement contains a fractional derivative, then the obtained results can be
applied in several domains such that:

Thermal processes: the study is particularly relevant to heat conduction problems where the
material exhibits memory effects or non-locality. For instance: heat diffusion in heterogeneous materials
with varying thermal properties, processes involving spatially moving heat sources or sinks.

Anomalous Diffusion: The fractional derivative approach effectively models systems exhibiting
anomalous diffusion, as encountered in porous media, biological tissues with complex transport
phenomena.

Engineering Systems: in mechanical and civil engineering, materials with hereditary properties,
such as viscoelastic materials, benefit from this approach.

Mathematical Physics: the results are applicable in studying boundary value problems in non-
cylindrical domains and domains with degeneracies, enhancing the analysis of complex geometries.

Now we will give a comparison with related studies, incorporating the comparative analysis.
References [9, 11] provide foundational insights into the behavior of fractional derivatives in heat
equations. Our study extends this by analyzing the effect of weak perturbations caused by the load
term. In contrast to [12]|, which focuses on specific fixed domains, our results address moving load
scenarios, offering broader applicability. Prior work, such as [13, 14|, emphasizes integral equations
with singularities. Our approach diverges by providing a detailed kernel analysis under varying load
motion laws, as expressed through. Studies like [21] examine inverse problems for fractional equations
but do not address weak perturbations in moving loads. Our results bridge this gap, contributing to a
more comprehensive framework.
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The notions of almost quasi-Urbanik structures and theories, and studied possibilities for the degrees of
quasi-Urbanikness, both for existential and universal cases were introduced. Links of these characteristics
and their possible values are described. These values for structures of unary predicates, equivalence rela-
tions, linearly ordered, preordered and spherically ordered structures and theories as well as for strongly
minimal ones, and for some natural operations including disjoint unions and compositions of structures and
theories were studied. A series of examples illustrates possibilities of these characteristics.
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Introduction

The property of quasi-Urbanikness allows to clarify and describe structural properties in various
classes of structures and theories, including strongly minimal ones [1,2]. These properties can be
classified using natural semantic and syntactic characteristics. A series of results on these characteristics
are obtained in general [3], for abelian groups [4], for variations of rigidity in general [5] and for ordered
structures [6], etc.

In the present paper we continue to study related characteristics introducing the notions of almost
quasi-Urbanik structures and theories, and their existential and universal degrees. Possibilities of
these degrees are described both in general and for a series of natural structures and theories including
structures and theories of unary predicates, equivalence relations, ordered structures and theories,
strongly minimal structures and theories, disjoint unions and compositions of structures and theories.
We illustrate possibilities of degrees by a series of examples.

The paper is organized as follows. The notions of almost quasi-Urbanik structures and theories,
degrees and their spectra are described in general, for unary predicates, and equivalence relations are
described in Section 1. In Section 2, degrees of quasi-Urbanikness are described for ordered theories
including spherically ordered and some preordered ones. Degrees of quasi-Urbanikness and links for
dimensions are studied in Section 3. In Sections 4 and 5, we describe possibilities of degrees of quasi-
Urbanikness for disjoin unions and FE-definable compositions, respectively. In Section 6, we discuss
some general operators transforming a given structure into quasi-Urbanik one.
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1 Almost quasi-Urbanik structures, their theories and degrees

Let L be a countable first-order language. Throughout we consider L-structures and their complete
elementary theories; and we use standard model-theoretic notions and notations [7-10].

Following [1], a theory T is called strongly minimal if for any formula ¢(z,a) of language obtained
by adding parameters of @ (in a model M = T') to the language of T, either ¢(x,a), or —p(z,a) has
finitely many solutions.

Following [11], for n € w \ {0} and a set A, an element b is called n-algebraic over A if a € acl(A)
and it is witnessed by a formula ¢(x, @), for @ € A, with at most n solutions. The set of all n-algebraic
elements over A is denoted by acl,(A). If A = acl,,(A), then A is called n-algebraically closed. A type
p is n-algebraic if it is realized by at most n tuples only, i.e., deg(p) < n. The complete n-algebraic
types p(x) € S(A) are exactly ones of the form tp(a/A), where a is n-algebraic over A, i.e., with
deg(a/A) < n. Here deg(a/A) = k < n defines the n-degree deg,,(a/A) of tp(a/A) and of a over A.
If acl(A) = acl,,(A) then minimal such n is called the degree of algebraization over the set A and it is
denoted by deg,.(A). If that n does not exist, then we put deg, (A) = co. The supremum of values
deg, (A) with respect to all sets A of given theory T is denoted by deg,(T") and called the degree of
algebraization of the theory T'.

Following [2], theories T" with deg,(T") = 1, i.e., with defined cl; (A) for any set A of T, are called

quasi- Urbanik, and the models M of T" are quasi- Urbanik, too.
Remark 1. Notice that if a structure M is quasi-Urbanik it does not guarantee that its theory

T = Th(M) is quasi-Urbanik, too. Indeed, let M be a strongly minimal structure consisting of
infinitely many two-element equivalence classes E(a). Marking one element a in each E-class by a
constant ¢,, we obtain a syntactically rigid structure M’, with definable b € E(a) \ {a} by formulae
E(z,cq) N 7z &~ c¢4. At the same time M’ has an elementary extension A with some unmarked

FE-classes. These F-classes fail the quasi-Urbanikness of T'.
Definition 1. A theory T is called almost quasi-Urbanik, if some expansion of T' by finitely many

constants is quasi-Urbanik, and the models M of T are almost quasi- Urbanik, too. If a finite set A of
constants produces a quasi-Urbanik expansion T4 of T" then we say that A witnesses that T' is almost
quasi-Urbanik.

The least cardinality of the witnessing set A is called the quasi-Urbanik 3-degree of T and it is
denoted by deggU(T). If these finite sets A do not exist, we put deggU(T) = 00. The minimal
cardinality n € w such that each set A of cardinality n produces the quasi-Urbanik theory T4 is called
the quasi-Urbanik V-degree of T' and it is denoted by degZU(T ). If such n does not exist, then we

put degZU (T') = oo. Similarly it is transformed to the models M of T with quasi-Urbanik 3-degrees
deggU(./\/l) and V-degrees degZU (M).

Clearly, for any theory T, deggU(T) =0 iff degZU(T) = 0, and iff T is quasi-Urbanik. Thus, by the
definition, any quasi-Urbanik theory is almost quasi-Urbanik.

Besides, for any theory T,
degiu(T) < degZU(T) (1)

implying that if T is not almost quasi-Urbanik then deggU (T) = degZU (T') = o0, and vice versa.

The following example shows that the difference in the inequality (1) can be arbitrary:

Ezample 1. Let M be a structure of an equivalence relation £, T'= Th(M). Clearly, T is quasi-
Urbanik iff M has 0, 1 or infinitely many one-element FE-classes, 0 or infinitely many two-element
E-classes, and does not have finite E-classes with at least three elements, producing degf'lU(T) =
degZU(T) = 0. In particular, M with zero, one or infinitely many one-element FE-classes, zero or
infinitely many two-element FE-classes, and without n-element E-classes, for n > 3, is quasi-Urbanik.

A finite value degéU(T) means that we can collect a finite set A containing m — 1 elements in
singletons E(a), if there are m € w \ {0,1} these singletons, a finite set B containing m elements
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in pairwise distinct two-element E-classes E(b), if there are m € w \ {0} these E-classes, and a
finite set C' containing n — 1 elements in each FE-class F(a) of finite cardinality n > 3, obtaining
deg?lU(T) = |A| + |B| + |C|. Here deggU(T) = |C| if there are 0, 1 or infinitely many one-element
FE-classes, and there are 0 or infinitely many two-element E-classes.

At the same time, if M is not quasi-Urbanik, then degZU(T ) is finite iff M is finite. In such a case
if M contains k singletons E(a) and m two-element E-classes, then degZU(T ) =k — 1, if M consists
of E-singletons, and degZU (T) = k+2m — 1, if M consists of one-element and two-element E-classes,
and if M contains n-element E-classes, for n > 3, then degZU(T) =|M|—-1.

In view of Example 1 we have the following theorem describing possibilities of quasi-Urbanik de-
grees:

Theorem 1. For any p, v € (w\{0})U{oo} with u < v there is a theory T}, , such that deggU (Tup) =p
and degZU(Tu,V) =v.

For a theory T' we denote by deg, ,(7') the pair (deg?lU(T), degZU (T))) of quasi-Urbanik degrees

for T'.
In view of the inequality (1) and Theorem 1 the set

DEG2,qu = {(0,0)} U {(n,v) € (w\{0}) U{oc})* | p < v} (2)

collects the spectrum of all possibilities for degy (7).
For a family 7 of theories we denote by DEGg qu(7) the restriction of DEG qu to the family of
theories in T:

DEGo,qu(T) = {dega qu(T) | T € T}

The operator DEGs qu(-): T + DEGgqu(7) is monotone: indeed, if 71 C 7, then we have
DEG2 qu(7T1) € DEG2 qu(72). Hence, if DEGg qu(71) = DEGg qu and DEG2 qu(71) = DEGg qu then

DEGs 4u(72) = DEGa qu.

A natural question arises on a description of spectra DEGg qu(7) for various families of theories.
Below we will give partial answers to this question.

Similarly to theories, for any structure M, deggU(M) =0 iff degZU(M) = 0, and iff M is quasi-
Urbanik. Thus, by the definition any quasi-Urbanik structure is almost quasi-Urbanik.
Besides, for any structure M,

degiy (M) < degly(M) (3)

implying that if M is not almost quasi-Urbanik then deggU(M) = degZU(./\/l) = oo. Example 1 also
illustrates that the difference in the inequality (3) can be arbitrary.
For any model M of a theory T" we have:

degqy(M) < degqy(T) (4)

and
degZU(M) < degZU(T)' (5)

Indeed, if a set A of constants produces quasi-Urbanik theory T4 then its model M4 is quasi-
Urbanik, too. At the same time, as the following example shows, the inequalities (4) and (5) can be
strict.
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Example 2. Let M be a strongly minimal structure of an equivalence relation E consisting of
infinitely many n-element E-classes such that there is an F-class E(a) elements of which are not marked
by constants and all elements in M \ E(a) are marked by constants. We have deggU(/\/l) =n-1,
witnessed by the set E(a)\ {a}, whereas deggU(Th(M)) = oo since new F-classes in strict elementary
extensions of M fail the quasi-Urbanikness.

If My is an elementary substructure of M which does not contain E(a) then My is quasi-Urbanik,
with degZU(Mo) = deggU(Mo) = 0, whereas for T' = Th(M) = Th(M,), degZU(T) = deggU(T) = 0.

Example 2 illustrates that there are (almost) quasi-Urbanik structures theories of which are not
almost quasi-Urbanik.
The list of inequalities (4) and (5) is extended by the following:

degiy(M) < degt ™ (M). (6)

Indeed, the inequality (6) holds for any structure M since dcl(A) = M implies that dcl(B) = M =
acl(B) for any B D M, i.e. My is quasi-Urbanik, with deggU(M) < |A|l = degi—gsynt(/\/l), where A
witnesses the value degi_gSynt (M).

The inequality (6) can be arbitrarily strict since any unar M with a successor function s(z) is

quasi-Urbanik, with deggU (M), whereas that unar can have arbitrarily many connected components.
J-synt

The finite number of connected components equals degrig (M), and if there are infinitely many

connected components, then degi_gsynt (M) = .
Similarly to the inequality (6) we have the inequality:

degZU (M) < d(—:'gfi_gsynt (M).

The following assertion shows that if a theory T is almost quasi-Urbanik, with finite degrees, then
the equalities in (4) and (5) hold:

Proposition 1. If a theory T is almost quasi-Urbanik, then each model M of T is almost quasi-
Urbanik, too, with deggU(/\/l) = deggU(T). Moreover, if degZU(T) is finite, then we have degZU(M) is
finite, too, with degZU(M) = degZU(T).

Proof. Let degiU(T) =n € w. Then T admits an expansion T4 by a set A of constants, with
minimal cardinality n, such that T4 is quasi-Urbanik: deggU(TA) = 0. Since a model M of T is
expansible till a model M 4 of T4 and the property deggU(T ) = n is expressed syntactically containing a
description that (n—1)-element sets do not produce the quasi-Urbanikness, it is satisfies in M implying
deg?lU(M) = n. Similar arguments witness that if degZU(T) =n € w, then degZU(M) = degZU(T) for
any M =1T. O

Let X1 be a signature of both unary predicate symbols and constant symbols.

The following theorem describes the behavior of almost quasi-Urbanikness of theories in the signa-
ture Xq.

Theorem 2. Let T be a theory of a signature 31, M = T. Then the following conditions hold:
1) T is quasi-Urbanik iff each algebraic 1-type over () has a unique realization;
2) T is almost quasi-Urbanik iff T has finitely many algebraic 1-types p1,...,p, over () with at

n

least two realizations; here degéU(T) = z%(\pl(Mﬂ —1);
1=
3) degZU(T) > 0 is finite iff M is finite and has an algebraic 1-type p € S(0)) with at least two
realizations; here degZU(T) = |M|—1.
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Proof. Without loss of generality we assume that constant symbols are replaced by unary pred-
icates with unique solutions. In view of the signature 3; there are no links between elements and
algebraic sets are defined by Boolean combinations of given unary predicates such that these Boolean
combinations have finitely many solutions. Thus, the quasi-Urbanikness means that these complete
Boolean combinations defining acl(()) defines singletons producing Item 1.

The almost quasi-Urbanikness of T" means that algebraic 1-types p become definable after fixing
all their realizations except one for each type p. It confirms Item 2.

If degZU (T) € w\ {0}, then T is almost quasi-Urbanik and is not quasi-Urbanik. Using 1) and 2)
we find an algebraic 1-type p € S(0) with at least two realizations. Now M is finite and the (|M|—1)-
element subsets of M confirm the value deg?lU(T) since the smaller quantity can not cover universally
|p(M)] — 1 realizations of p. O

In view of the equality (2) and Theorem 2, we have the following;:

Corollary 1. Let T be the family of theories in signatures of the form ;. Then

DEG,qu(T) = DEGa qu.

Clearly, any theory of a finite structure is almost quasi-Urbanik. At the same time, as the following
example shows, there are almost quasi-Urbanik theories of infinite structures which are not quasi-
Urbanik.

Example 3. Let M be a countable structure of an equivalence relation F with one two-element
E-class Eyg = {a,b} and two infinite E-classes E, and Ej such that M is supplied by a binary relation
R={(a,d") | d € E,}U{(b,V) |V € Ep}. For T = Th(M), we have degZU(T) = 1 since del(() = 0,
Ey = acl(), and M = dcl({d}) for any element d € M, producing dcl(A) = acl(A) for any nonempty
AC M. degéU(T) = 1, too. Thus, degy (7)) = (1,1). The theory T is w-categorical and w-stable
with Morley rank 1 and Morley degree 2: MR(T") = 1, deg(7T') = 2.

Below we will show that natural values degZU(T) > 1 can not be realized in the class of strongly
minimal theories, i.e. Morley characteristics in Example 3 are minimally possible.

2 Spectra of almost quasi-Urbanikness for ordered structures and their theories

Example 4. Let M be a structure of an equivalence relation F expanded by a linear order on the
quotient M/FE, i.e., M is a preordered set by a preorder < such that maximal antichains form the
equivalence relation F such that elements in distinct F-classes are <-comparable. Besides, F =< N >.

Clearly, T' = Th(M) is quasi-Urbanik iff £ has either one-element or infinite E-classes. Moreover,
any linearly ordered structure M is quasi-Urbanik, i.e. degy ,u(T") = (0,0).

Since elements of each E-class E(a) are connected by automorphisms over sets of elements in other
E-classes, the possibilities of values deggU (M) and degZU (M) repeat ones in Example 1. Here, if M
has finitely many one-element E-classes then all these E-classes are contained in dcl(0).

In particular, Th(M) is almost quasi-Urbanik with degaU (Th(M)) > 0 iff M has a finite E-class
with at least two elements and there are finitely many these E-classes, and deggU (Th(M)) € w\ {0}
iff M is quasi-Urbanik, or M is finite with some E-class containing at least two elements.

In view of Example 4 we have the following modification of Theorem 1:
Theorem 3. Let Ty, be the family of theories of preordered structures. Then

DEG2,qu(Tpo) = DEGa qu-

Definition 2. [12,13]. The following generalization of linear and circular orders produces an n-ball,
or n-spherical, or n-circular order relation, for n > 2, which is described by an n-ary relation K,
satisfying the following conditions:
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(nsol) for any even permutation o on {1,2,...,n},

V... a0 (Kn(zn, 22, 20) — Ky (930(1),1:0(2) e ,:Ug(n))) ;

(nso2) Vayq,...,x, <(Kn(xl,...,xi,...,xj,...,xn)/\

AN (1,0 Ty Ty, X)) \/ T le>
1<k<l<n

forany 1 <i < j < mn;

(nso3) Vzq,...,zn | Kp(z1,...,2,) —

n
— Vi <\/ Ko(x1,. .o, xi-1,t, Tig1, - - ,:En)> );

(nsod) Vai,...,xn(Kp(21, ..., Tiy oo, &, ..., Zn)V
VEp (1, T, Ty, X)), 1 <i<j <.

The axioms above produce linear orders K5 and circular orders Kj.

Structures M = (M, K,) with n-spherical orders K, are called n-spherically ordered sets, or
n-spherical orders, too. If a structure M contains a n-spherical order, then M is called a n-spherically
ordered structure, or simply spherically ordered structure if n is known.

An n-spherically ordered set (A, K,,), where n > 2, is called dense if it contains at least two elements
and for each (a1, a9,as,...,a,) € K, with a; # ag there is b € A\ {aj,a2,...,a,} such that

E Ky(ai,b,as3,...,a,) N Ky(b,az,as,...,ay).

Following [14], n-spherical orders K, on infinite sets M witness the strict order property producing
unstable structures (M, K,,), since fixing n — 2 distinct coordinates aq, ..., a,—2 in the relation K,, we
obtain a linear order on M \ {ay,...,an—2}.

As any linearly ordered structure is quasi-Urbanik, we obtain the following;:

Theorem 4. Any n-spherically ordered structure M has an almost quasi-Urbanik theory T with
degly(T) < n—2.

Remark 2. The inequality in Theorem 4 can be strict and can produce the equality. Indeed, if M is
a dense spherical order, then M is quasi-Urbanik, with degZU (Th(M)) = 0, since dcl(A) = acl(4) = A
since the theory Th(M) has quantifier elimination [13| without possibilities to define new algebraic
elements, outside A.

At the same time if M’ is an expansion of M by a unary predicate P, containing m > 1 elements,
then we have to fix n — 2 arbitrary elements in M producing a quasi-Urbanik expansion that implies
degZU(Th(M’)) = n — 2. Here the value deggU(Th(M’)) can vary depending on m: it is equal m — 1
form—1<n—2,andequalsn—2ifm—1>n—2.

In view of the equality (2), Theorem 4 and Remark 2, we have:

Theorem 5. Let Ty be the family of theories of spherically ordered structures. Then
DEG2,qu(7s0) = {(0,0)} U {(m,n) | m,n € w\ {0}, m <n} =

— DEGaqu \ {(1,50) | 4 € (w) {0}) U {s0}}.
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The following examples illustrate possibilities for degy (;(7') = (m, n) for extensions of spherically
ordered structures by two new elements.

Ezample 5. Let M 5 be a countable structure of an equivalence relation E with one two-element
E-class Ey = {a1, a2} and one infinite E-class F; such that Ej is supplied by a binary relation < of
dense linear order without endpoints, and M is supplied by a ternary relation Rs consisting of triples
(a1,b1,b2) and (ag.ba.by) for any by < by. For the theory 772 = Th(M;2), we have deggU(Tw) =1
and degZU(Tl,g) = 2 since dcl() = 0, Ey = acl(D), Ey = dcl({a;}) = del({a;,b1}) = del({b1,b2}),
i = 1,2, by,by € Eq, by # by, producing dcl(A) = acl(A) for any A C Mo with |A] > 2. Thus
degy qu(T12) = (1,2).

Now we modify the theory 712 replacing in M o the linear order < by a dense n-spherical order
K, [13], n > 3, reduced to the strict one K, i.e. the reduction of the spherical order to the set of
tuples with pairwise distinct coordinates. The relation K, divides the set of n-tuples with pairwise
distinct coordinates in E; into two parts such that the complement K, of K,, in E} equals the set of
odd permutations of tuples in K. Instead of R3 we consider the (n 4 1)-ary relation R, 41 collecting
tuples (a1,b), b € K}, and tuples (az,b), b € K,,. For the obtained structure My ,, and its theory T} ,,
we have deggU(TLn) =1 and degZU(TLn) = n since del() = 0, Ey = acl((), Eg = dcl({a;}) = dcl(b),
i = 1,2, b € By with pairwise distinct coordinates, I(b) = n, producing dcl(4) = acl(A) for any
A C My, with |[A] > n. Thus, degy qu(T1,n) = (1,1).

8 Spectra of almost quasi-Urbanikness and relative dimensions of algebraic closures for strongly
minimal theories

Theorem 6. For any strongly minimal theory T either degZU(T) =0or degZU(T) = 0.

Proof. Let degZU(T) =m > 0, m € w. Taking a big saturated model M, we find an algebraic
set A C M with |A] = n > 1 such that A is definable by a complete formula ¢(z,a) such that for
any m-tuple b C M, A is divided into singletons by formulae v;(z,b), i = 1,...,n. Since the tuples
b are arbitrary, we can fix m — 1 coordinates and take one mobile coordinate, say m-th one, realizing
the unique non-algebraic type p(y) over A. Moreover, as the model M is big enough, elements of A
are connected by @-automorphisms and realizations of p(y) are connected by A-automorphisms. Since
A is finite and its elements are connected by a@-automorphisms we can connect elements of A by a
fixed formula v; with infinitely many realizations of p(y) such that 1;-images with respect to these
realizations are unique. As T is strongly minimal, M can not be divided into two infinite definable
parts. Thus, v;-preimages of elements of A should be intersected contradicting the uniqueness of
Yi-images. ]

In view of the equality (2), Theorem 6 and strongly minimal realizations of quasi-Urbanik degrees
in Example 1, we obtain the following:

Corollary 2. Let T be the family of strongly minimal theories. Then

DEG2 qu(Tsm) = {(0,0)} U {(1, ) | p € (w \ {0}) U {oo}}.

Ezample 6. Let M = (M, s') be a structure, where s(z) is the successor function, and Th(M) has
the following axioms:
Ay :=Vz3lt s(z) =+,

Ag = Jz1Jzofz1 # 2 AVY1 8(Y1) # 1 AVY2 $(y2) # w2 AVt # 21 ANt # 290 — T2 5(2) = t)],
Ag = V$1V$2Vt1vt2[8(l‘1) =11 A S(SUQ) =1y — (951 %+ T9 > 1 75 tg)].

Thus, M consists of two disjoint copies of N, where N is the set of natural numbers. It can be
established that Th(M) is a strongly minimal theory. Further, we have: dcl(0) = 0, acl(0) = M,
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and dcl(A) = acl(A) for any non-empty A C M. Thus, acl(@) \ dcl(() is infinite, Th(M) is almost
quasi-Urbanik and non-quasi-Urbanik.

We say that a set A is definably independent if a ¢ dcl(A\ {a}) for any a € A. Denote by dimg.(A)
the cardinality of maximal definably independent subset of A.
Observe that in Example 6 dimge(acl(0) \ del(0)) = 1.

Consider for every m > 2 the following sentence:
By =321 . e [N<ici<m®i # x5 AN VY s(y) # 2 AVEND t # 2 — T2 s(2) = 1))

If we consider the structure M = (M, s') with axioms A;, B, and Az, then we have dimg.(acl(())\
del(9)) =m — 1.

Consider for every m > 2 the following sentence:
Cp, =321 ... Elxm[/\lgi<j§m$i ?é A /\?;Ny S(y) # :L'Z]

If we consider the structure M = (M, s!) with axioms Ay, A3 and {C,,, | m > 1}, then we lose the
strong minimality, and Th(M) is an w-stable quasi-Urbanik theory of Morley rank 2 with acl(@) = 0.
Thus, we have the following proposition:

Proposition 2. For every natural m > 1 there exists an almost quasi-Urbanik strongly minimal
theory such that acl(@) \ dcl(@) is infinite and dimgy(acl(@) \ del(@)) = m.

The following example shows that if T" is not almost quasi-Urbanik, then dimgg(acl(0)\dcl(0)) = m
can be infinite.

Ezample 7. Let M = (M, E?) be a strongly minimal structure, where E is an equivalence relation
partitioning M into infinitely many n-element FE-classes for some n > 3. Let M’ be an expansion
of M by marking exactly one element from each FE-class by a constant. Then we have that both
aclye (0) \ delpg (0) and dimge (aclye (0) \ delpyy (D)) are infinite, but Th(M') is not almost quasi-
Urbanik, c¢f. Example 1. At the same time, following Example 5, the theory Th(M’) admits a
cyclification producing a quasi-Urbanik expansion.

The following example produces a similar effect, as in Example 7, in the class of simple unstable
theories.

Example 8. Consider a predicate language L consisting of two unary predicate symbols P and Q,
two binary predicate symbols E and R, expanded by countably many constant symbols ¢, n € w. We
construct a countable structure M with M = PUQ, where P and @ are countable, such that E is
an equivalence relation dividing P on three-element F-classes E,, with ¢, € E,, n € w, and having
one-element E-classes on ). Now we interpret R as a random symmetric binary relation connecting
each element of @ with one element in each E(cy,) \ {cp}, n € w.

We have dclp(0) = {c, | n € w}, acly(0) = U E(en), with infinite aclag(0) \ delag(@). Thus the

new
structure M is not quasi-Urbanik. At the same time M is almost quasi-Urbanik, since for any element

a € @ the expansion M’ of M by the constant ¢, for this element allows to define all elements of P:
delpg (0) = aclyy (0) = PU{ca}. Moreover, for any A C M, dclyy (A) = aclpy (A) = delagy (0)U(QNA).

Finally we observe that the theory Th(M) is not almost quasi-Urbanik, since M has elementary
extensions with three-element FE-classes which are not marked by constants, and finitely many new
constants can not reduce algebraic closures to definable ones for these F-classes.

4 Degrees of quasi-Urbanikness for disjoint unions of structures and their theories

In this section we describe possibilities for degrees of quasi-Urbanikness for disjoint unions of struc-
tures and their theories. This description correlates with similar description for degrees of rigidity [5].
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Definition 3. [15] The disjoint union | | M, of pairwise disjoint structures M,, for pairwise disjoint

new

predicate languages ¥, n € w, is the structure of language (J %, U {Pél) | n € w} with the universe
new

|| M,, P, = M,, and interpretations of predicate symbols in ¥,, coinciding with their interpretations

new

in My, n € w. The disjoint union of theories T, for pairwise disjoint languages ¥,, accordingly, n € w,

is the theory
|_|Tn:Th<|_| Mn>,

new new

where M,, ET),, n € w.
Clearly, the theory || 7T), does not depend on choice of models M,, = T,,. Besides, the notion

new
of disjoint union admits reductions to finitely many structures and theories, obtaining the structures

MiU...UM, and their theories 77 U ... T,.

Theorem 7. For any disjoint predicate structures M; and Moy the following conditions hold:

1. deggU(Ml UMsp) = deggU(Ml) + deggU(Mg), in particular, deggU(M1 L My) is finite iff
deggy(M1) and deglyy(My) are finite.

2. degZU(Ml UMy) =0 iff degZU(Ml) =0 and degZU(Mg) =0, i.e. My U My is quasi-Urbanik
iff My and Mj are quasi-Urbanik.

3. If degZU(Ml LI M) > 0 then it is finite iff degZU(Ml) > 0 is finite and My is finite, or
degZU(Mg) > 0 is finite and M is finite. Here,

degZU(Ml U Ma) = max{| M| + degZU(M2)7 | Ms| + degZU(Ml)}-

Proof word by word repeats the proof of Theorem 2 in [5] replacing degrees of rigidity by degrees
of quasi-Urbanikness. O
Theorem 7 immediately implies the following corollaries.

Corollary 3. For any disjoint predicate structures M; and Ms and their theories 77 and T3,
respectively, the following conditions hold:

L. deggU (hUTy) = deg?lU (Th) + deggU(Tg), in particular, deggU(Tl UTy) is finite iff deg?lU (T1) and
deggU(Tg) are finite.

2. degly(Ty UT) = 0 iff degl;(T1) = 0 and deg{y(T2) = 0, i.e. Ty U T, is quasi-Urbanik iff 71 and
T, are quasi-Urbanik.

3. If degZU(Tl LT5) > 0, then it is finite iff degZU(Tl) > 0 is finite and M is finite, or degZU(Tg) >0
is finite and M is finite. Here,

degqy(T1 U To) = max{|Mi| + degiy(T2), | Ma| + deggy: (Th)}-

Corollary 4. Let T be the family of all theories of form 77 U T5. Then DEGy qu(7) = DEG2 qu.

&5 Degrees of quasi-Urbanikness for compositions of structures and their theories

Recall the notions of composition for structures and theories.

Definition 4. [16] Let M and N be structures of relational languages ¥, and X respectively. We
define the composition M[N] of M and N satisfying the following conditions:

jU ZA4Mﬂ =XmUXN;

2) M[N] = M x N, where M[N], M, N are universes of M[N], M, and N respectively;

3)if R € Bm\En, u(R) = n, then ((a1,b1), ..., (an,bn)) € Raqn if and only if (a1, ..., an) € Rag;
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4) if R € Y\ X m, p(R) = n, then ((a1,b1),...,(an,bn)) € Ryqpnq if and only if a1 = ... = ay,
and (b1,...,b,) € Ryr;

5)if R € X mNEpr, u(R) = n, then ((a1,b1), ..., (an,bn)) € Rpyqpq if and only if (a1, ..., an) € R,
ora; =...=ay and (by,...,b,) € Ry

The theory T = Th(M[N]) is called the composition Ti[T»] of the theories T} = Th(M) and
Ty = Th(N).

By the definition, the composition M[N] is obtained replacing each element of M by a copy of N.

Definition 5. [16]. The composition M[N] is called E-definable if M[N] has an (-definable equiv-
alence relation E E-classes of which are universes of the copies of N forming M[N].

Proposition 3. Let M|N| be an E-definable composition consisting of copies N;, i € I, of the
structure N, A C M[N]. Then:

1) aclyag(A4) = Uacly; (AN N;) U U acly; (0);
i NJ/EEaclM[N]/E(A/E)

2) dClM[N] (A) = U dClM (A N Nz) U U dCle (@)
i Nj/Eedclyn/ (A E)

Proof. 1. By the definition of F-definable composition, formulae define both E-classes by means of
the language for M and subsets of E-classes by means of the language for N/. Therefore formulae in
the language for M[N] define both algebraic sets of E-classes in the quotient M[N]/E and algebraic
sets inside copies N; of N. Thus acl MmN (A) is composed by algebraic sets inside copies N; containing
elements of A and defined by restrictions AN N;, and by algebraic sets of E-classes with respect to the
quotient A/E in M[N]/E. In the latter case defining finitely many E-classes containing copies N,
we collect acly;, (), obtaining the required equality.

2. We repeat the arguments above replacing algebraic closures by definable ones. (Il

The following theorem describes possibilities of deggU(M[N ]) with respect to characteristics of
given predicate structures M and N.

Theorem 8. For any E-definable composition M[N] the following conditions hold:

1) if A is finite and deggy(A) = 0, then deggy (M[N]) = deggy(M);

2) if N is finite and degiy(N) > 0, then degiy(MIN]) = deggy(N) - [M] for finite M and
deggU(./\/l [V]) = oo for infinite M; these equalities stay valid for infinite A/ with positive natural
deg?,U (N);

3) if NV is infinite and deggU(N) =0, then deggU(M[/\/']) = 0;

4) if N is infinite and deggU(/\/’) = 00, then deggU(./\/l NV]) = <.

Proof. 1. Let N be finite and deggU (N) = 0. It implies that for any set A C N, its algebraic closure
equals definable one. Now taking elements in each copy of N laying in M|N] such that these copies
correspond to elements in M witnessing deggU(M), we obtain algebraic closures composed by copies
of N correspondent to elements of algebraic closures in M and reduced to definable ones. Thus, using
algebraic sets in algebraic closures described in Proposition 3, we obtain deggy(M[N]) = degiy(M).

2. Let degf'lU(./\/' ) =n € w)\ {0}. Since copies of N in M[N] become quasi-Urbanik marking
independently appropriate n elements, we have to mark these elements by constants all together
obtaining degiU(./\/l N]) =n-|M| If deggU(N) = 00, then each copy of N in M|N] can not become
quasi-Urbanik after marking by finitely many constants implying degaU (MIN]) = .

3. Let NV be infinite and degiU (N) = 0. Then algebraic closures are definable inside any copy of
N in M|N] and, as A be infinite, this property is preserved for links between distinct copies of N in
MINT in view of Proposition 3. Thus deggy (MIN]) = 0.
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4. We repeat arguments for Item 2 with infinite A if deggy(A) = oo, then no finite set can
transform an algebraic closure into a definable one implying deggU(M N]) = 0. O
Remark 3. 1t is shown in [16] that E-definable compositions M[N] uniquely define theories Th(M[N])

by theories Th(M) and Th(N') and types of elements in copies of N are defined by types in these
copies and types for connections between these copies.

In view of Theorem 8 and Remark 3 we have the following:

Corollary 5. For any E-definable composition M[N] and the theories T} of M, T5 of N, and T} [T5]
of M[N] the following conditions hold:

1) if NV is finite and deggU(T) =0, then degiU(Tl [Ty]) = deg?lU(Tl);

2) if NV is finite and deggU(Tg) > 0, then degiU(Tl[Tg]) = deggU(Tg) - |M| for finite M and
deggU(Tl [Tz]) = oo for infinite M; these equalities stay valid for infinite A/ with positive natural

3 .
degqU (T2>7

3) if NV is infinite and deggU(Tg) =0, then degaU(Tl [T3]) = 0;

4) if N is infinite and deggU(Tg) = 00, then deggU(Tl [T3]) = oo.

The following theorem describes possibilities of degZU(M[N ]) with respect to characteristics of
given predicate structures M and N.

Theorem 9. For any E-definable composition M[N] the following conditions hold:

1) if NV is finite and degl;(A) = 0, then degly(M[N]) = degly(M) - |N|;

2) if N is finite and degly(N) > 0, then degly;(M[N]) = degly(N) + (M| — 1)|N| for finite M
and degly(M[N]) = oo for infinite M;

3) if AV is infinite and degZU(/\/') = 0, then degZU(/\/l[./\/']) =0;

4) if N is infinite and degly(N) > 0, then degly(M[N]) = degly(N) for [M| =1 and
degZU(/\/l[/\/]) = oo for [M| > 1.

Proof. 1. Let NV be finite and degZU (N) = 0. Then the value degZU(/\/l [N]) is reduced to the value
degZU(./\/l), where each element in a set witnessing this value is replaced by a copy of . Since all
elements of these copies are involved to witness degZU (M[N1]), we obtain degZU(M[/\/']) = degZU(/\/l) .
N|.
| ’2. Let AV be finite and degZU (N) > 0. In such a case each copy of N' M[N] should contain copies
of sets witnessing degZU (N). Moreover, since elements of one copy can not reduce algebraic closures to
definable ones in other copies, the set witnessing the value degZU(./\/l[./\/]) has to contain all elements
in all copies of N besides one. Thus, degZU(M[N]) = degZU(j\/') + (|[M| — 1)|N| for finite M and
degy(M[N]) = oo for infinite M.

3. If NV is infinite and degZU (N) = 0, then neither links between elements of M nor links between
elements of N can give algebraic sets which are not reduced to definable ones. In view of Proposition
3, we obtain degl;(M[N]) = 0.

4. Let N be infinite and degZU(N) > 0. If |[M| = 1, then M[N] is reduced to N implying
degly(M[N]) = degly(N). Otherwise algebraic closures in M[N] are reduced to algebraic clo-
sures inside copies N; of A and finite possibility of degZU(J\/}) is witnessed by arbitrary subsets
in other copies of N' which are infinite. Then in any case, finite or infinite degZU(/\/;-), we obtain
deg?y(M[NT]) = oo. O

In view of Theorem 8 and Remark 3 we have the following:

Corollary 6. For any E-definable composition M[N] and the theories 71 of M, T5 of N, and T} (T3]
of M[N], the following conditions hold:
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1) if NV is finite and degZU(TQ) =0, then degZU(Tl [Ty]) = degZU(Tl) - |NY;

2) if N is finite and degly(7T2) > 0, then degly(T1[T%]) = degly(Th) + (|M| — 1)|N| for finite M
and degZU (T1[T3]) = oo for infinite M;

3) if AV is infinite and deg;(73) = 0, then degly (T1[T3]) = 0;

4) if N is infinite and degZU(Tg) > 0, then degZU(Tl[Tg]) = degZU(TQ) for M| =1 and
degZU(Tl[Tg]) = oo for M| > 1.

6 Quasi-Urbanikization

Definition 6. An expansion M’ of a structure M is called a quasi- Urbanikization if M’ is quasi-
Urbanik. If 7" = Th(M’) is quasi-Urbanik for a quasi-Urbanikization M’ of M, then T" is a quasi-
Urbanikization of the theory Th(M).

Remark 4. Let M’ be a namization, or a constantization of a structure M, i.e. naming each
element of M by constants. Clearly, M’ is a quasi-Urbanikization of M whereas this property does
not guarantee it for the theory Th(M’), as illustrated in Example 2.

Here, if M is finite, then any its namization M’ produces a quasi-Urbanikization Th(M’) of the
theory Th(M).

Remark 5. Let M be an infinite structure of an equivalence relation E each FE-class of which
contains n elements. We expand M by a unary predicate R, choosing unique element in each E-class,
and by unary function f forming a cycle on each E-class F(a) and including all elements of E(a).
Thus we obtain a quasi-Urbanikization both for M and for the theory 7' = Th(M). The operator
producing that quasi-Urbanikization is called the R-cyclification of the structure M and its theory T

It is essential here that M is infinite since the considered cyclification preserves acl(()) which is not
equal to dcl(P) =0 for |[M| € w\ {0,1}.

More generally, we can define cyclifications for algebraic @-complete formulae ¢(x, @), introducing
(I(@) 4 2)-ary predicates R'(x,y,z) such that R'(x,y,a) defines a cycle on (M, a) of length |p(M,a)|,
as the R-cyclification for F-classes above.

These possibilities of quasi-Urbanikization can be considered as variations of almost quasi-Urba-
nikness.

In view of Remarks 4 and 5, we have the following:

Proposition 4. Any structure M admits a quasi-Urbanikization, i.e. M has a quasi-Urbanik ex-
pansion M’.

A natural question arises on the possibility of quasi-Urbanikization of an arbitrary theory T'.

Conclusion

We introduced the notions of almost quasi-Urbanik structures and theories, and studied possi-
bilities for the degrees of quasi-Urbanikness, both for existential and universal cases. Links of these
characteristics and their possible values are described. We studied these values for linearly ordered,
preordered and spherically ordered structures and theories as well as for strongly minimal ones, and
for some natural operations including disjoint unions and compositions of structures and theories. A
series of examples illustrates possibilities of these characteristics. It would be interesting to continue
this research, describing possible values of degrees for natural classes of structures and their theories.
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In this paper a boundary value problem for a fourth-order equation of parabolic-hyperbolic type within a
pentagonal domain was investigated. In the equation under consideration, one characteristic aligns with
the Ox axis while the other aligns with the Oy axis. Initially, the problem was examined within the lower
triangle of the specified domain. Utilizing a differential equation solution construction method, a solution
to the formulated problem was derived. Subsequently, within the rectangles of the domain, employing the
continuation method, two relationships between the solution’s traces were established. Moreover, from the
parabolic segment of the domain, two additional relationships between unknown traces will be derived.
Solving this system of four equations enables determination of these traces, thereby resolving the problem.

Keywords: characteristic of the equation, differential and integral equations, method of constructing a
solution, boundary value problem, equations of parabolic-hyperbolic type, the line of type changing.
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Introduction

Intensive research into equations of mixed elliptic-parabolic and parabolic-hyperbolic types is mo-
tivated by the fact that, on one hand, these new types of mixed equations have been little studied
theoretically, and on the other hand, they are widely used in important issues of mechanics, physics,
and technology.

The necessity of considering conjugation problems arises when a parabolic equation is defined in one
part of the domain and a hyperbolic equation in another, as emphasized by I.M. Gelfand in 1959 [1].
He provides an example concerning the movement of gas in a channel surrounded by a porous medium:
within the channel, the gas movement is described by the wave equation, while outside it, it is governed
by the diffusion equation.

One of the earliest works dedicated to the study of boundary value problems for parabolic-hyperbolic
equations was conducted by G.M. Struchina [2]. Subsequently, Y.S. Uflyand [3| further explored the
problem of electrical oscillation propagation in composite lines, where losses are neglected in the semi-
infinite section of the line, treating the remainder of the line as a cable without leakage, through the
solution of boundary value problems for parabolic-hyperbolic equations.

Since the 1970s, research on boundary value problems for equations of third, fourth, and higher
orders of the parabolic-hyperbolic type has seen intensive development. These boundary value problems
were initially explored by T.D. Dzhuraev and his students [4, 5].

Subsequently, research on boundary value problems for third and fourth-order equations [6] and
those of higher orders in the parabolic-hyperbolic type has significantly broadened. Currently, it is
expanding into areas concerning the complexity of equations, the breadth of their application, and the
generalization of problems related to these equations. The investigation has extended to numerous
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boundary value problems for such equations across various domains, involving two or three lines of
change in type [7-9|. In the works [10,11], some boundary value problems for fourth-order equations
of parabolic-hyperbolic type, similar to equations of type (1) (see below) in a pentagonal region with
two lines of type change, were studied. In the works [12,13], considered boundary value problems for
a mixed parabolic-hyperbolic equation with known and unknown dividing lines, as well as nonlocal
boundary value problems and problems with a free boundary for parabolic, hyperbolic and mixed
parabolic-hyperbolic equations. Work [14] is devoted to the study of boundary value problems and
their spectral properties for equations of mixed parabolic-hyperbolic and mixed-composite types. In
[15], boundary value problems for linear loaded differential and third-order integro-differential equations
of mixed type were posed and studied. Then the study began of a number of different boundary value
problems for mixed parabolic-hyperbolic equations of the third and fourth orders in various domains
with two and three lines of change of type see, for example, [16-28].

1 Formulation of the problem

In the work [29], an equation of the form

0 0 0 0
(“18:): + bl@y) (agax + b28y> (Lu) =0 (1)

in the pentagonal area (7, indicated below, where a1, b1, as, b € R, and a?—i—bf # 0 (i =1,2). Depending
on the value of the coeflicients ai,b1,as,b2, a number of boundary value problems are posed for
equation (1). In this work, boundary value problems are posed for 21 cases separately. In this present
work, we consider the case of 3° (a3 =1, by =0, aa =0, bo = 1). Then equation (1) has the form

82
0xdy

(Lu) =0, (2)

where G = G1UG2UG3 UGy U J1 U JyU J3; G, G, G4 are rectangles with vertices at points A (0, 0),
AO (051), BO (151)7 B(l,O), Aa AOa DO (71’1)7 D(717O)7 Ba BOv C”0 (27 1)7 0(250) reSpeCtiVely, G2 18
a triangle with vertices at points C, D, E (1/2,-3/2); Ji, J2, J3 are open segments with vertices at
points C, D; A, Ay; B, By respectively, which are lines of change like equation (2); u = u (z,y) is an
unknown function,

Ulpe — Uly, (xvy) € G17

Lu = .
Uigzy — Uiyy, (,y) € G; (i =2,3,4).

For equation (2), the following problem is formulated:

Problem M. It is required to find a function u (x,y), satisfying the following conditions:

1) it is continuous in G and in the domain G\Ji\J2\J3 has continuous derivatives involved in
equation (2), and ug, Uy, Ugs, Uzy and uy, are continuous up to part of the boundary of the domain
G, indicated in the boundary conditions;

2) it satisfies the equation (2) in the domain G\J;\J2\J3;

3) it satisfies the following boundary conditions:

u2,y)=¢1(y), 0<y<1, (3)
u(_la y) = P2 (y)v OSZUS I, (4)
Uy (_17 y):¢4 (y)v 0<y<l1, (5)

u’CE - 7/]1 ({/C) ) 1/2 <z < 27 (6)
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ulpp =t (z), —1<z<-1/2, (7)
ulgp =13 (@), 0<z<1/2 (8)
gZDE:M(x), ~1<z<1/2, (9)
g;@;DE:%(g@), ~1<a<1/2 (10)
ZZCE:%(Q;), 1/2 <z <2 (11)

and
4) the following continuous gluing conditions:

w(z, +0) = u(z,—0) =T (z), -1 <z <2, (12)

uy (2, +0) = uy (z, —0) = N (z), —1<z <2, (13)

Uyy (2, +0) = uyy (x, —0) = M (z), = € (—1,0)U(0,1)U(1,2), (14)
u(+0,y) =u(-0,y)=7(y), 0<y <1, (15)

Uy (40, y) = uz (=0, y) =4 (y), 0<y <1, (16)

Uzg (+0,Y) = Uaa (=0,y) = pa(y), 0<y <1, (17)
u(140,y)=u(l-0,y)=75(y), 0<y<1, (18)

Uz (1+0,y) =uz (1-0,y) =w5(y), 0<y<1, (19)

Uz (14 0,y) = uea (1= 0,y) = p5 (y), 0<y <1 (20)

Here 1, 2, p4 and 1; (j = m) are given sufficiently smooth functions, n is the internal normal to
thelinex —y=2 (CE)orx+y=—1(DE), and P(—1/2,-1/2), Q(0,—1). Besides,

T (z), -1 <z <0, v (z), =1 <z<0, o (x), =1 <z <0,
T(@)=qmn@),0<e<1,  N@=¢wn@),0<e<1,  M@)=qm(@@), 0<z <1,
m3(x), 1<2<2, v3(x), 1 <2 <2, ps (), 1<z <2,

where 7, vy, u; (z =1, 5) are temporarily unknown sufficiently smooth functions.

2 The solution of the problem

The following theorem holds:
Theorem 1. Let o1 € C*[0, 1], 2 € C*[0, 1], 4 € C3 [0, 1], 91 € C*[1/2, 2], 4o € C*[-1, —1/2],
Y3 € C*0,1/2], vy € C3[-1,1/2], o5 € C?[-1,1/2], v € C3[1/2,2], and the matching

conditions @1 (0) = 1 (2), ¢2(0) = Y2 (1), 71(0) = 7 (0) = 74(0), 7 (1) = (1) = 75(0),
v1(0) = 12 (0) =74 (0), v1 (1) = v3(1) = 7% (0), 71 (0) = v4(0), 71 (1 ) = v5 (0) are satisfied, then the
problem M has a unique solution.
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Proof. We shall prove the theorem by the method of constructing a solution. To do this, we rewrite
equation (2) as
Ulgy — Uly = W11 (x) + w12 (y) ) (‘Ta y) € G17 (21)

Uipe — Ujyy = Wil (J}) + wi2 (y) ) (.T, y) € G (Z =2, 374) ) (22)

where the notation u(z, y) = u; (z,y), (z,y) € G; (i=1,4) is introduced, and w; (z), wiz (y)
(1 = 1,4) are unknown sufficiently smooth functions.

First, consider problem M in the domain Gy. The solution to equation (22) (i = 2), satisfying
conditions (12), (13), is represented in the form

T+y
U2(1’,y)=%[T(m+y)+T (x—vy /N
Y T+yY—n y
;/dn / w21 (é)dﬁ—/(y—n)wm (n)dn. (23)
0 T—y+n 0

Substituting (23) into conditions (9) and (10) after some calculations, we obtain the following

system of equations
w1 () + waa (=1 — z) = V2 (z), -1 <z <1/2,

w21 (.CC) — W9 (—1 — a:) = 21/15 (1’) — 2T” (—1) — 2N’ (—1) — 2(,021 (—1) s -1 § X S 1/2.

From this system after some transformations, we find

o (@) = 5 (1) + 20 ) = T (<) = N () (-1), ~L<x <12 (20)
e (5) =~ (-1~ ) + L2U (1) 4 T ()4 N (D) (1), 32 <y<0. (@29

Adding (24) and (25), we find

war (x) + waz (y) = [¥s (x)

Now substituting (23) into condition (11), we have
war () + wae (z — 2) = —V24f (z), 1/2 <z < 2.
Setting in (25) y = = — 2 and substituting the obtained equality into the last equality, we find

war () = —V2¢fs (2) +15 (1 — Jf)—\fiﬂi (1—2)-T"(-1)=N'(-1)—wn (-1), 1/2 <z <2. (27)

Hence, adding (25) and (27), we get

war (&) +wan (y) =~V (2) + [5 (1 — @) — 5 (~1 — p)]
(1 —a) —h (-1-y)], 1/2 <z<2, -3/2 <y<0.
From (26) and (28), it follows that v, (1/2) = —¢/4(1/2).

Thus, we have found the function wa; () + waa (y) for —1 <z <2, —3/2 <y < 0 completely. It
is determined by formulas (26), (28).

(28)
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Now, substituting (23) into the condition (6), we arrive at the relation

T (z)+N(z)=0a1(x), -1 <2 <2,

where L, .
+ 2 2 2

@) =vi (52) + [emo-mdn+ [wnman
0/ 0/

And substituting (23) into condition (7), we get
5 (z) — vy (z) =61 (), -1 <2 <0,

where
_z+1 _z+1
2 2

51($):¢/2<x_1> / wor (x +1n)d / dn.
0 0

Next, substituting (23) into condition (8), we have
T (z) —v3(x) =6 (2), 1 <2 <2

where
_ LH i

b2 () = ¢3<x1)—/w21 r+n)d / dn.
0

0
a) For 0 < x < 1 the relation (29) has the form
M@ +n@ =m@), 0<z<1;
b) for —1 <z <0,
5 (2) + 12 () = a1 (), —1 <2 <05

c¢) and when 1 < z < 2,
() +vs(z)=ai(x), 1<z <2

Solving the system {(30), (33)}, we find

() = g lon (@) + 61 (@], v (o) = 3 [on () — 61 (@)

Integrating the first of equalities (35) from —1 to z, we obtain

n(@) =3 [lor(®+5 @i+ (-1, -1 <2 <0

-1

And solving system (31), (34), we get
73 (2) = 5 loa (2) + 02 (2)],  vs () = 5 [on (2) — b2 ()]

Integrating the first of equalities (37) from 2 to x, we have

;/ t)+ o2 ()] dt +91(2), 1<z <2
2

(29)

(30)

(31)

(36)

(37)

(38)
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Now, by differentiating the equation (21) with respect to y passing to the limit at y — 0 in the
resulting equation and in equation (22) (i = 2), we obtain

v (2) = (2) = wip (0), 7 (2) — g (2) = war (2) + w22 (0).
Eliminating the function pi(x) from these relations and integrating the resulting equation twice

from 0 to x, we arrive at the relation

x

(@) =7 (2) = — / (2 — 1) [war (£) + was (0)] dt + %w’w (0)22 + k1 + ko,
0

where w5 (0), k1 and kg are unknown constants.
Excluding the function v; (z) from the last relation and from (32), we have

1
71 (z) + 71 (x) = ag (z) + §w/12 (0) 2% + kyz + ko, 0 <z < 1, (39)

where
X

%) (ZL') =] (ZL‘) + / (ZE — t) [w21 (t) —+ wao (0)] dt.
0
Solving equation (39) under the conditions (see (35), (36), (37), (38))

0
1O =2 (-1 + 5 [l O+ 501t T (0) = 3 lar (0) 461 0],
1

we find the function 71 (x) as

’ /
() = /et_xozg (t)dt + w122m) (x2 —2r+2— 26_””) + k1 (:): -1+ e_x) + ko (1 — e_x) + kse™ %,
0

where

0
ko= [[lar ®) +81 O]t + va (1),
21

ks :%[m (0) + 01 (0)] = a2 (0) + ks,
kl:256_23)[a1(1)+62(1)]+§_i0‘2(1)+336

1
—4 4 — 1
s 2 - o [da
0

¥1(2) +

2
1
[an () + 62 (1)) dt,
3—e 1/
1
wllg (0) = — [061 (1) + 09 (1)] — Q2 (1) e+ /etag (t) dt — ko + ks — k1 (6 — 1) .
0
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Thus, we have defined the functions vy (z), p1 () and ug (z, y).
Now, let us consider the problem in the domain GG3. Passing to the limit at y — 0 in equations

(22) (i =2) and (22) (i = 3), we find
w31 (:L’) = W21 (l’), -1 S T § 0,

where it should be w32 (0) = waa (0).
Consider the following problem:

U3gy — U3yy = Q31 (.13) + w32 (y) )
ug (x,0) =Th (), ugy (x,0) = Na(z), —2<x<1,
us (=1, y) = w2 (y), usa (=1, y) =a(y), us (0, y) =74 (y), 0<y <1

Here we used (4), (5) in the form ug(—1,y) = ¢2(y), us.(—1,y) = ¢a(y).
We will seek a solution to this problem satisfying all conditions except the condition
usz(—1,7) = ¢4(y), in the form

u3 (.’B, y) = U3l (J}, y)+U32 (xa y)+U33 (:L', y)? (40)

where ug; (z, y) is the solution of the problem
U31gxr — U3lyy = 07
usi (z, 0) =T (x), usiy(z, 0) =0, -2 <z <1, (41)
u31 (_17 y) = 2 (y)7 u31 <07 y) = T4 (y)7 0 S Yy S 17

use (z, y) is the solution of the problem
U32z2 — Us2yy = w32 (V) 5

Uus2 (.CE‘, 0) = O, U32y (.CE, O) = N2 (l’), -2 S X S 1, (42)
uz2 (—1,y) =0, uz2(0,y) =0,0<y <1,

uss (x, y) is the solution of the problem

U33zx — U33yy = Q31 (1‘) ,
uzz (x, 0) = 0, ugzy (z,0) =0, —2<x <1, (43)
ugs (—1,y) =0, ug3 (0, y) =0,0 <y <1.

Using the continuation method, we find solutions to problems (41), (42) and (43). They have the
following forms

ust (2, 9) = 3 [T (¢ +9) + T (w — )], (14)
) 4y Y
wn(ooy) =5 [ Nattydt— [ (g mwn(n)dn, (15)
T—y 0
1 Yy z+y—n
wn(eoy) == [dn [ om(@ag, (16)
0 r—y+n
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where
209 (-1 —2)—m(-2—2), —2<zx< -1,

To(x) =4 7 (x), =1 <z <0,
214 (x) — o (—z), 0 <z <1,

—w3(—2—2), —2< < -1,
Qg1 (2) = { war (@), -1 <2 <0,
—wz (—x), 0<z <1,

NQ(x): 1/2(56),—1<.T§0,

—1/2(—;1:)+2/u)32(77)d77, 0<z<l1.
0
Substituting (44), (45) and (46) into (40), we have
Tty
us (#, 4) = 5 [T (& + ) + T (& — y)] /N2
) y o zty-n y
5 [an [ @~ [@-nwnman
0 T—y+n 0
Differentiating this solution with respect to x, we obtain
1., , 1
uge (z, y) = B} (T3 (z +y) + T (v — y)] +§[N2(90+y) — N2 (z —y)]

)
_;/[ggl<x+y n) — Qa1 (x —y +n)dn. (47)
0

Passing to the limit in (47) at x — —1 and considering the condition us;(—1,y) = ¢4(y), we find
w2 (y) =75 (¥ =1 +wa(y—1) = @5 (y) =i (y) —war (y = 1).
Similarly, from (47) using the conditions (15), (16), we have

va (y) =74 (y) + A1 (y), (48)

where

Yy )
Bi(y) =75 (—y) —ra(—y) + /w:n (n—y)dn+ /w32 (n) dn.
0 0

Now let us move to the domain G4. Passing in equations (22) (i = 4), (22) (i =
y — 0 and considering (12) and (14) for 0 < x < 1, we have wy; () + wa2 (0) = woy (z
assume that wgs (0) = wao (0). Then, we have wy; () = woy ().

2) to the limit at
) +waz (0). Let’s
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Next, passing in equations (22) (i = 4), (22) (i = 2) to the limit at x — 1 due to (18) and (20), we
find
wiz (y) = 75 (y) — 75 (y) +waz (y) +war (1) — w1 (1). (49)

Passing in equations (22) (¢ = 3) and (21) to the limit at  — 0 due to (15) and (17), we obtain

/

wiz (y) = 74 (y) — 74 (y) + w2 (y) + w31 (0) — w11 (0). (50)
Eliminating function wis (y) from (49) and (50), we find
wiz (y) = [74 (y) =74 ()] = [75 (¥) = 75 ()] + ws2 (y) + w31 (0) — war (1) — w11 (0) + wn (1).
Consider the following problem:

Utz — Usgy = Qa1 (T) + waz (y)

ug (x,0) =Tz (), ugy (z,0) = N3(z), 0<z <3,
ug(2,y) =¢1(y), wa(ly)=7(), 0<y <1
Here we used condition (3) in the form u4(2,y) = ¢1(y).
We will seek a solution to the last problem in the form
U4 ('7;7 y) = U41 (1:7 y)+U42 (.%', y)+u43 (l‘, y)7 (51)

where uy; (z, y) is the solution of the problem

Uflzr — Udlyy = 0,
ugr (z, 0) =T3 (), ua1y(x,0)=0, 0<z <3, (52)

ug1 (2,y) =01 (y), uar (1, y) =75(y), 0<y <1,

and ug2(x,y) and ugs(z,y) are the solution of the problems respectively

U42zxr — Ud2yy = W42 (y) )
ug2 (2, 0) =0, uggy (z, 0) = N3 (),

), 0 ; (53)
ug2 (2, ) =0, ugp(1,y) =0,0<y <

Ud3ez — Uasyy = a1 (),
u43 (7, 0) = 0, ugzy (v,0) =0, 0 <z <3, (54)
U43(2, y) :05 U43(1, y):O, OSZIS 1.

By using the continuation method, it is easy to see that the solutions to the problems (52), (53)
and (54) have the forms

wst (2, 4) = 3 (T3 (o ) + T (2 = )], (59)
T4y Y
g2 ( Nj (t y —n)waz (n) dn, (56)
A
Yy z+y—n
wn(eoy) == [dy [ Qu@a, (57)
0 T—y+n
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where
201 (x—2)—m3(4—x), 2 <z <3,
Ts(x) =4 3(x), 1<z <2
2is(1—z)—m(2—2), 0<z <1,

waz (n)dn, 0 <oz < 1.

|
&
—~
[\

|

8
~—
+
[\

o

Substituting (55), (56) and (57) into (51), we have

T+y

u (@, y) = 3 [Ts (o +9) + Ty (2 —y /N3
z+y—mn Y
—/dn / Qi ( §)d£—/(y—77)w4z(n)d77-
r—y+n 0

Differentiating this solution with respect to x, we obtain

wire (5, 9) = 5 (T4 (& +9) + T (2 = )] + 5 [N (2 + ) — Ny (& — )]

1
2

MM—A

Yy Y
1
/941(fv+y n)dn+2/ﬂ4l(w—y+n)dn- (58)
0 0

Passing to the limit at # — 1 in (58) after some calculations and transformations by virtue of (18),
(19), we obtain the relation

vs (y) = —74(y) + 72 (y) — 75 (y) + B2 (v), (59)

where
Ba(y) =v1(0) =71 (0) —v1 (1) + 71 (1) + 71 (y),

y
7 (y) = 13(1+y) +v3 (1 +y) —/w41(1+y—n)dn+
0
y
+ /w32 (1) dn + [w31 (0) — war (1) + 77 (1) — 1 (1) — p11 (0) + 11 (0) — w31 (0) — w32 (0)] y.
0
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Finally, we consider the problem in the domain G;. Passing to the limit in equation (21) at y — 0,
we find

wit () =7"1 () — v1 () — w12 (0).

Next, we write down the solution to equation (21), satisfying conditions (12) for 0 < z < 1, (15)
and (18), differentiating this solution with respect to z after some calculations and transformations,
we obtain

Y Y
Uiy (T, y) = /7’4 (n) N (z, y; 0, n) d77+/7’5 (m) N (z, y; 1, n)dn
0
1

Y

+ / L€ N (z, y: €, 0)de + / (win (1) + w12 ] N (&, ; 1, n) dny
0 0

Yy
+/[w11(0)+w12(?7)]N(:r v 0, m)d /dn/wu (x, y: €, ) dE, (60)
0

where

G(z,y; & 1)

Z exp x—§—2n)2 _(:c—|—§—2n)2
Ny e 2/rw-n B 4(y —n) 4(y —n)

are the Green’s functions of the first and second boundary value problems for the heat equation.

Passing to the limits 2 — 0 and  — 1 in (60) by virtue of (48) and (59), we obtain two Abel’s type
integral equations for the unknowns 74/ (y) and 7£(y). Applying the Abel inversion to these equations,
we obtain a system of Volterra integral equations of the second kind for 7} (y) and 74(y):

T exp

) Yy
ol <y>+/m (g ) 7 <n>dn+/K (o) 7 () dn = g1 (1) (61)
0 0
() + / K (y,) 74 (n) dy + / K (yom) 7 () dn = g2 (). (62)
0 0

where K1 (y,m), K2 (y,n), K3 (y,n), Ka(y,n), 91 (y), g2 (y) are known functions, K (y,n) and K3 (y,n)
have a weak singularity (1/2), and the remaining functions are continuous. Therefore, system
{(61),(62)} admits a unique solution in the class of continuous functions. Solving the system {(61),(62)},
we find functions 74 (y), 74(y), and thus functions 74 (y), 75 (v), va (y), v5 (y). Then all the functions

us (x,y), ug (z,y) and vy (x,y), will be known. So, we have found a solution to the considered problem
M in a unique way.

Conclusion

In this paper, we consider a new correct boundary value problem for a third-order parabolic-
hyperbolic equation in a pentagonal domain consisting of three rectangles and one triangle. In the
central rectangular domain the equation is parabolic, and in the two side rectangles and in the lower
triangle it belongs to hyperbolic type. Straight lines x = 0, x = 1 and y = 0 are lines of change in the
type of equation.
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When constructing a solution in the lower characteristic triangle, writing a solution to equation (22)
(1 = 2) that satisfies conditions (12), (13) and substituting this solution into conditions (4) and (5),
we find the function wy ().

Then, substituting this solution into conditions (6), we obtain the first functional relation between
the unknown functions T' (z) and N (z) for —1 < x < 2. Next, substituting this solution into condition
(7), we obtain another relation between 7 (z) and s (z) for —1 < z < 0. From these two relations
we find the functions 7 () and vs (z) for —1 < x < 0. Similarly, satisfying condition (8), we find the
functions 73 (z) and v3 (z) for 1 < x < 2.

Then, differentiating equation (21) with respect to y, in the resulting equation and in equation (22)
(i = 2) assuming y = 0, we obtain two more relations between the unknown functions 7 (z), v () and
p1 (x) for 1 < z < 2. Eliminating from these two relations and from the relation between the functions
T (x) and N (x) for 0 < z < 1 the function v () and p; (), we arrive at an ordinary differential
equation of the second order with respect to 71 (x), on the right side of which one unknown constant
is involved. Solving this equation under the known three conditions, we find the function 7 (z), and
thus the functions vy (), ug (z,y).

Further, by the method of continuation in the left and right rectangular regions using the written
solutions, directing x to zero and to one, we obtain two relations between the unknown functions 74 (y),
vy (y) and 75 (y), vs (y) respectively.

Next, passing to the limit in equation (21) at y — 0, we find the unknown function wq; (z). In
the parabolic part of the rectangular region, writing the representation of the solution in terms of
the known Green’s function of the first boundary value problem and differentiating this solution with
respect to x and assuming x — 0 and z — 1, we obtain two more relations between the unknown
functions 74 (y), v4 (y) and 75 (y), v5 (y) respectively. Excluding the functions v4 (y) and vs (y) from
these four relations, we arrive at a system of Volterra integral equations of the second kind with
respect to 7’4 (y) and 7’5 (y). The unique solvability of this system follows from the theory of integral
equations. Solving this system, we find traces of the solution 7”4 (y) and 7’5 (y). Thus, we have proven
the unique solvability of the considered problem.
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In this article, a question regarding the solvability of an inverse boundary value problem for the linearized
equation of longitudinal waves in rods with an integral condition of the first kind was considered. For the
considered inverse boundary value problem, the definition of a classical solution was introduced. Using
the Fourier method, the problem was reduced to solving a system of integral equations. The method of
contraction mappings is applied to prove the existence and uniqueness of a solution to the system of integral
equations. The problem is to deduce the existence and uniqueness of the classical solution for the original
problem.

Keywords: Inverse boundary value problem, longitudinal wave equations, Fourier method, classical solution.

2020 Mathematics Subject Classification: 49k10, 49k20.

Introduction

At present, the theory of nonlocal problems is being intensively developed and represents an impor-
tant branch of the theory of partial differential equations. Problems with nonlocal integral conditions
are of great interest in this area. Conditions of this kind may appear in the mathematical modeling of
phenomena related to plasma physics [1], heat propagation [2], moisture transfer in capillary-porous
media [3], demography, and mathematical biology.

Inverse problems with an integral overdetermination condition for partial differential equations have
been studied in many papers. Let us note the articles [4-6] and the references therein.

The study of various aspects of inverse problems of recovering the coefficients of partial differential
equations, as well as the study of inverse problems by reducing them to variational formulations, is
considered in the works of Kozhanov A.IL [6], Denisov A.M. [7], Ivanchov M.I. [8], and others.

Works are devoted to the study of nonlinear inverse problems for the linearized equation of longi-
tudinal waves in rods. The questions of solvability of problems with nonlocal integral conditions for
partial differential equations were studied in [5,9-18|.

1 Statement of the problem and its reduction to an equivalent problem

Let D7 be a Domain, Dy = {(z,t) : 0 < x < 1, 0 <t < T}. Consider for linearized equation an
inverse boundary value problem [6]

Ut (2, 1) + Upan (2, 1) — Uge (2, ) = a(t)u(z,t) + f(z,t), (x,t) € Dp (1)

*Corresponding author. E-mail: aysel.ramazanova@uni-due.de
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with the initial condition (IC)
u(@,0) = p(x), u(z, T) =P(z) (0<z<1). (2)

Neumann boundary condition (BC)

(0, =0 (0<t<T), (3)
integral condition (IgC)
1
Ju(z,t)de =0 (0<t<T) (4)
0
and additional conditions (AD)
u(0,t) =h(t) (0<t<T), (5)

f(z,t), o(x), ¥(x), and h(t) are given functions, u(z,t) and a(t) are the required functions.

Definition. By the classical solution of the inverse boundary value problem (1)-(5) we mean the
pair {u(z,t), a(t)} of the functions u(z,t), a(t), where u(z,t) € C?*%(Dr), a(t) € C[0,T], and they
satisfy the equations (1)—(5) in the ordinary sense, where

C**(Dr) = {u(z,t) : u(z,t) € C*(Dr), tsea(w,t) € C(Dr)}.
To study problem (1)—(5), we first consider the following:
y'(8) = a®y(t) (0<t<T), (6)

y(0) =0, ¥(T) =0, (7)

where a(t) € C[0,T] are given functions, and y = y(¢) is the required function. Furthermore, by solving

the problem (6), (7) we mean a function y(¢), that, together with all its derivatives in equation (6), is

continuous on [0, 7] and satisfies conditions (6), (7) in the usual sense. The following lemma holds:
Lemma 1. |7] Let a(t) € C[0,T] be such that

Ha(t)Hc[O,T] < R = const.

Supplementarily, £ RT? < 1. Then problem (6), (7) has only a trivial solution.

With the addition of the inverse boundary value problem (1)—(5), consider the following auxiliary
inverse boundary value problem. We must define a pair {u(z,t),a(t)} of functions u(z,t) € C>2(Dy)
and a(t) € C[0,T], from (2)-(3),

uy(l,t) =0 (0<t<T), (8)

B (E) + 120 (0,8) — 12a(0, 1) = alt)h() + £(0,8) (0<t<T). 9)
) Theorem 1. Let (), ¥(x) € C10,1], ¢'(1) =0, ¥'(1) = 0, h(t) € C?[0,T], f(x,t) € C(D7),
[ flz,t)de =0 (0<t<T),h(t) #0 (0<¢t<T)and
0

Al /'w (10)

2(0) = h(0), — W(T). (11)

Then the following statements are true:
1. Each classical solution {u(z,t),a(t)} of problem (1)-(5) is also a solution of problem (1)—(3),

(8), (9).
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2. Each solution {u(z,t),a(t)} of problem (1)-(3), (8), (9) is a classical solution of the problem
(1)-(3) i
1
S la®loon T2 < 1. (12)
it is a classical solution (1)—(5).
Proof. Let {u(z,t),a(t)} be a classical solution to problem (2)—(5). Integrating equation (2), we
get:

2l
p7e] w(z, t)dr + upg (1,1) — e (0,1) — (ug(1,t) — ug(0,8)) =
0
1 1
= a(t)/ u(z, t)dx —|—/ flz,t)de (0<t<T). (13)
0 0
1
Suppose it is the case that [ f(z,t)dz =0 (0 < ¢ <T), taking into account (3), (4), we identify
0
’U,ttx(l,t) —ux(l,t) =0 (OStST) (14)
Due to (2), ¢'(1) =0, ¥'(1) = 0, therefore
ur(1,0) = @' (1) =0, w,(1,T) =4'(1) = 0. (15)

Obviously, problem (14), (15) has only a trivial solution, u,(1,t) = 0 (0 <t < T), i.e. conditions (8)
are satisfied.
Considering h(t) € C?[0,T] and differentiating (5) twice, we obtain:

Further, from (2) we get:
j;u(O,t) + Ut (0, 1) — Uz (0,1) = a(t)h(t) + f(0,8) (0 <t < T). (17)

From (17), regarding to (5) and (16), we obtained (9).
Now, assume that {u(z,t),a(t)} is a solution to problem (1)—(3), (8), (9), and (12) is satisfied.
Then from (13), taking into account (3) and (8), we deduce:

2 1 1
dt2/0 u(z,t)dr — a(t)/o u(z,t)de =0 (0<t<T). (18)
As a corollary to (2) and (10), it is evident that
1 1 1 1
/ u(z,0)dx :/ o(x)dx =0, / ug(x, T)dx :/ Y(z)dr = 0. (19)
0 0 0 0
1
Since, by virtue of Lemma 1, problem (18), (19) has only a trivial solution, then [wu(z,t)dz = 0
0
(0 <t <T),ie. condition (4) is satisfied.
Further, from (9) and (17):
d2
o2 ((0,1) = (1)) = a(t)(u(0,t) — (1)) (0=t <T). (20)
From (2) and (11), we get:
u(0,0) — h(0) = ¢(0) —R(0) = 0. (21)

From (20) and (21), based on Lemma 1, we conclude that condition (5) is fulfilled. The theorem is
proven.
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2 The Existence and uniqueness of the classical solution of the inverse boundary value problem

Component u(z,t) of solution {u(x,t),a(t)} of problem (1)—(3), (8), (9) is studied in the form:
= Z ug(t) cos \pr (A = k), (22)

ug(t) = my fol u(z,t) cos \pxdr (k=0,1,2,...), and

By applying the scheme of the Fourier method from (2), we get:
(1= Nu(t) + Nou(t) = Fultiua) (k=0.1.2,...:0< ¢ <T), (23
uk(0) =k, up(T) =1, (k=0,1,2,...), (24)
Fi(tyu, a) = fr(t) + a(t)ug(t), fu(t) =my [y f(z,t) cos Apadz,
1 1
Y = mk/ o(z) cos Apzdz, Yy, = mk/ ¥ (x)cos Agzdx (k=0,1,2,...).
0 0

Solving problem (1)—(6), we obtain:

T T
w(®) = e+ [ muo(0)dt+ ot + [ Golt.r) (s, ayar (25)
0 0
ch(Bk(T — 1))
t) = i gt
u(t) (BT Dk
sh(Bit) 1 /T
SMPEY) o Gt ) Fu(riua)dr (B =1.2,..), 26
Bech(BT) T 07— 1y Jo CHb IR T { : 2
where 0, 7]
_ta te OaTa
GO“’T)—{ . telnT],
)\2
2 _ k
B = A2 -1 >0,
sh T+t—7))—sh T— T
_ [sh(Br(T+t 21)h(6k7(“6)k( (t+ )))]’ telo,7],
Gk(t,T) =

sh(Br(T—(t+71)))—sh(Br(T—(t—7
XS CIINCC R )

After substituting the expression from (25), (26) into (22), to define a component u(x,t) of the
solution of problem (1)—(4), (8), (9), we obtain:

u(a,t) = soo+wot+/ Go(t, 7)Fo(r;u,a)dr + Z{%)))sow
Sh(ﬂkt)
ﬂkch(ﬁkT)wk ()\2 15, / G (t, 7) F (15 u a)dT}cos)\kx (27)
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Now, from (8) including (22) and from (23) including (26), we get:

a(t) = [h(t)]l{ W' (1) = f(0,6)= Y NR(ug(t) _Ukz(t))} (28)
k=1
)\2 " )\2 — Fu(t: " _ A% Fu.(t: )‘i —
k(1) + Agur(t) = Fr(tu, a) — ug(t) = -1 k(t;u,a) N - 1uk(t)
X A [eh(Br(T —1t))
ppv w2kt a) - A2 5 [ ch(BeT) T
sh(Bkt) _
Wﬂj M/ Gk t T)Fk(T u a)dT:| (k‘—l,2,) (29)

Aimed at defining an equation for the second component a(t) of the solution {u(z,t),a(t)} of
problem (1)—(3), (8), (9), we substitute expression (29) into (28):

' A2
a(t) = [h(t)]” {h”() —£(0,%) +Z[/\2_1Fk(tua)+
k=1
R [ch(ﬁk(T—t)) sh(Bit)
N =1 ch(BT) 7 Buch(BeT)

Yr—

M/ thT)Fk<Tua)d]:|}(0§t§T). (30)

Thus, the solution of problem (1)-(3), (8), (9) is reduced to the solution of system (27), (30) with
respect to unknown functions u(z,t) and a(t).

The subsequent lemma plays an essential role in the disquisition of the uniqueness question of the
solution to problem (2)-(3), (8), (9).

Lemma 2. If {u(x,t),a(t)} is any solution of problem (1)—(3), (8), (9), then the functions

1
up(t) = mk/ u(x,t) cos \gxdr (k=0,1,2,...)
0
satisfy the system consisting of equations (25), (26) on [0, 7.
(1)~

Proof. Let {u(z,t),a(t)} be any solution of problem (3), (8), (9). Then multiplying both sides
of equation (2) by the function my cos \px (k = 0,1,2,...), integrating the resulting equality over x

from 0 to 1 and using my fol ug(z,t) cos \yrdr = 5722 <mk fol u(z,t) cos )\kxd:z) =uj(t) (k=0,1,2,..),
1 1
mk/ Uge (1, 1) cos \pzdr = —\3 <mk/ u(z,t) cos /\kxda:> = Nut) (k=0,1,2,...),
0 0
1 1
mk/ Uttza (X, t) cOs \pxdr = —)\%mk/ up(x,t) cos \gzdr =
0 0

1
kg2 (mk/o u(m,t)cos)\kaqu:> = —Naul(t) (k=0,1,2,...),

we obtain that Eq. (23) is satisfied.

Similarly, from (2) we obtain that condition (24) is fulfilled.

Thus, ug(t) (k=0,1,2,...) is a solution to problem (23), (24). Moreover, it directly follows that
the functions ug(t) (k=0,1,2,...) satisfy the system (25), (26) on [0,7]. The lemma is proven.
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1
Therefore, if ug(t) = 2 [u(z,t) cos \gadr (k= 0,1,2,...) is a solution to system (25), (26), then
0

the pair {u(x,t),a(t)} of functions u(z,t) = 5 ug(t) cos A\gz,a(t) and a(t) is a solution to system

k=0
(27), (30).
Corollary 1. Let system (27), (30) have a unique solution. Then problem (1)—(3), (8), (9) can not
have more than one solution, i.e. if problem (1)—(3), (8), (9) has a solution, then it is unique.
To study the problem (1)—(3), (8), (9), we introduce two spaces.
By B3 7 [8], we denote the set of all functions of the form

= Zuk(t) cos A\ (A = k),

considered in Dy, where each function ug(t) (k= 0,1,...) is continuous on [0,7] and

J(u) = ||u0(t)||C[O7T] + {Z ()\% ||ul<:(t)||c{o7:r])2} < 400,

k=1

where o« > 0. We define the norm in this set as follows:
e )
E7 denotes the space Bf'p x C[0,T] with vector functions z(z,t) = {u(z,t),a(t)} and norm
)l = N )lg, + la®llcpom

B;T and EF are Banach spaces.
In the space E3., we define an operator:

®(u,a,b) = {P1(u,a),P2(u,a)},
with -
D (u,a) = u(x,t) = Z t) cos \gx, Po(u,a,b) = al(t),

uo(t), ur(t) (k=1,2,...) and a(t) are equal to the right-hand sides of (25), (26) and (30).
It is easy to see that

ch(Br(T - t)) <1 sh(Byt) sh(Be(T +t—1))

AGT) U aan) < b T agry <~ EelTh
sh(Be(T — (t +7))) sh(Be(T — (t — 7))
ch(BeT) <1, (BT <1 (te][rT)),
Ai—1>%>\i, 1<Bk:#<\@, \}§<Blk<1'

VA2 -1
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Then, we have:

1
t 2
a0 ()l ooy < lwol + T[] +2TVT </0 fo(T)QdT) + 2% [la(®)|| cpom lluo )l ey (31)

(Z(Ai\lﬂk(t)llcm])z) 52(2()‘2’%‘)2) +2<Z(A2I¢kl)2> +

=1 k=1 k=1
+4\F< 0 z A lfilr ) AT Ja®) o <g<xz\|uk<t>|rcm,ﬂ>2)é, 52)
laloon < JnO1 o {1070 - 100l gy +
+ (g A,f)% |:<§()\kfk(t)(][0,:r])2>%+ lla(®)llcgo.17 <§(>\%Huk(t)”0[0,ﬂ)2>%+

1
2

o] % 00 % T O
+<Z(Ailwkl)2> +<Z<A%I¢k!>2) +2\/T</ Z()\lc|fk(7')|)2> +
k=1 0 k=1
+ 2T [la()leo.m (Z(Ai ||uk<t>||cw,ﬂ>2) ] } - (33)

k=1

Let us assume that the data of problem (1)—(3), (8), (9), satisfy the following conditions:
1) olx) € C2[0, 1], ¢"(x) € L>(0,1), ¢/(0) = #/(1)
2) Y(x) € C2[0,1], ¢ (x) € Lx(0,1), $/(0) = (1)
3) f,1) € C(Dr), fule,t) € La(Dr), fu0,1) = fu(1,) =0 (0<1<T),
4) h(t) € C?0,T], h(t) #0 (0<t<T).

Then from (31)-(33), we have:

=0
=05

e, )l < AT) + Bi(T) la®)ll oz e, Dl (34)

la()llcpo,r) < A2(T) + Ba(T) [la(®) |l oo, ”“(957’5)”337T +
+ Ba(T) la®)llcpory lulz: O)llgg . + Co(T) [[wl, )l 53 4 Da(1) a0,z (35)

where
AL(T) = le@)ll Ly01) + T 1@ Ly0.0) + 2TV F ()| Ly oy +

+2 ¢ (2) Lo +2 ‘ P (x) o) +4VT e (@, )l Ly pp »
B\(T) = 6T, As(T) = H[h(t)]’luc[o . { |h"(t) — f(o,t)HC[O,T] +
(Z)\ 2) {anl“ ,t) ||coT]H " @ L0 + " @ L0 +
k=1

. 2ﬁ|\fx<x,t>\|h<m>} 2
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=

-, (§5) o

k=1
From inequalities (34), (35) we conclude:

e, Oz, + 1O comy < AT) + BT fal®)llogozm a1 ps (36)
where
A(T) = A(T) + Ao(T), B(T) = Bi(T) + Ba(T).
Theorem 2. Let conditions 1-3 be satisfied and
B(T)(A(T) +2)* < 1. (37)

Then, in K = Kg (|| z||gz < R = A(T) + 2), in the space E3, problem (1)—(3), (8), (9) has only one
solution.
Proof. In the space E% consider the equation

z =Pz, (38)

where z = {u, a} and components ®;(u,a) (i = 1,2) of operators ®(u, a) are defined by the right-hand
sides of equations (27) and (30).

Now, consider the operator ®(u,a) in the ball K = Kp of the space E3. Analogously to (36), we
obtain that for any z, z1, 20 € Kg, the following estimates hold:

[2]53 < ACT) + BET) al®)llogozm a1 s, - (30)

1®21 — @2y < 2BTIR (ar(t) — aa(ll o + s (,6) = o, 1) ). (40)

As a result, the operator (38) has a unique solution for K = Kp.

Then, from estimates (39) and (40), allowing for (37), it follows that the operator ® acts in the
ball K = K and is contractive.

Functions u(z,t), as an element of space Bg’,T, are continuous and have continuous derivatives
ug(z,t) and Uz, (x,t) in Dr.

From (23), it is evident that

<Z(>‘i | “Z(t)HC[o,T})2>

k=1

=

N

<V2 (Z()\2||Uk(t)”0[o,ﬂ)2> +

k=1

|| et ua a6+ fm<x7t>”0[07T1HL2<o,1>} |

Hence, it follows that ws(x,t),ue (2, t) Ustee (z,t) are continuous in Dr.

It is easy to check that equation (1) and conditions (3), (4), (7), (9) are satisfied in the usual sense.
Consequently, {u(z,t),a(t)} is a solution to problem (1)—(3), (7)—(9). By the corollary of Lemma 1, it
is unique in the ball K = Kg. The theorem has been proven.

In the proof of Theorem 1 and Theorem 2, the next Theorem plays, an essential role of unique and
solvability of the problem (1)—(5).

Theorem 3. Let all the conditions of Theorem 2 and (10), (11) be satisfied, fol f(z,t)de = 0
(0<t<T), and

%(A(T) +2)T? < 1.

Then, problem (1)—(5) has the only classical solution in the ball K = Kg (||| g3 < A(T)+2) from E3.
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Conclusion

An inverse boundary value problem for a linearized equations of longitudinal waves in rods with
integral condition of the first kind are studied.
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Some methods for solving boundary value problems for polyharmonic
equations
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This article consists of three sections. In the first section the concept of Vekua space is introduced, where
for elliptic systems of the first order, the theorem on the representation of the solution of a homogeneous
equation and the theorem on the continuity of the solution of an inhomogeneous equation are valid. In
the second section the Vekua method for solving boundary value problems for a polyharmonic equation is
described. In the third section the Otelbaev method describes the correct boundary value problems for a
polyharmonic equation in a multidimensional sphere.

Keywords: first order elliptic system, polyharmonic equation, continuity of solution, boundary value prob-
lem, integral representations of solution.

2020 Mathematics Subject Classification: 31B30, 31B20, 31B10.

1 Vekua space for analytic functions

The question of the existence of solutions in the classical sense and of methods for finding these
solutions has not lost interest. It is particularly interesting to consider equations of order higher than
two using the method of potential theory.

Recently, the theory of boundary value problems for polyharmonic equations and elliptic systems
has attracted the attention of mathematicians, due to their great theoretical and practical importance.
For example, hydrodynamic and elasticity problems can be formulated using these equations.

The object of our research is polyharmonic equations. Vekua’s method is applicable for fixed
boundary conditions on the surface of the domain, and the equation itself can change, i.e. minor terms
can be added to the main equation. Otelbaev’s method is used for fixed equations, but the boundary
conditions can vary.

The problem is that in these methods under what conditions both methods are applicable. This
article is devoted to this problem of the applicability of the Vekua and Otelbaev methods.

In [1] I.N. Vekua proved that for a first-order elliptic system

Lu=0u+a(z)ut+bz)u=f, z€Q, (1.1)

when a,b, f € L,(2), p > 2, any solution from W3 () is continuous in €2, and any solution of the
corresponding homogeneous system is representable in the form

u(z) = ®(z)e?), (1.2)
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where ®(z) is analytic in ©Q and w(z) are continuous functions in €. Here € is any open set,
Oz = %(Gx +i0y), 2 = —1.

It is not possible to transfer this result to the case 1 < p < 2. Therefore, the problem naturally
arises: What should be the Banach space B of a function that is continuously embedded in L;, such
that a) any solution of equation (1.1) from L jo., when a,b, f € B, is continuous in € and b) any
solution of the corresponding homogeneous system can be represented in the form (1.2), where w(z) is
continuous in 27?

This problem was first posed by M.O. Otelbaev in his works [2,3] and in the same article gave
a comprehensive answer to this problem. To solve this problem, the paper introduces the concept of
Vekua spaces (V-spaces), namely: a Banach function space B is a Vekua space if for any a(z), b(z) and
f(2), the theorem on the continuity of the solution of an inhomogeneous equation and the theorem on
the representation of solutions of a homogeneous equation are valid.

Let C be the complex plane of points z = z+iy, and let @ be the square {—7 < z <7, —7 <y < 7}.
Let us assume that a certain norm || - || is defined on the set of trigonometric polynomials F. Let
B(Q) denote the Banach space obtained by completing F with respect to the || - || g norm.

Let us give the exact definition of Vekua space (V-space). Throughout what follows we will assume
that B(Q) satisfies the following three properties:

1°. A multiplication operator is defined in the space B(Q). The operator of multiplication by
the characteristic function of any rectangle located in ), and the operator of multiplication by any
function ¢ € C2°(Q) are bounded, where C°(Q) is the space of infinitely smooth periodic functions
with period 27 in each variable z,y.

2 1f f € B(Q) and a € C, then f(z+a), || € B(Q) and || (z+a)|l5 < C {5, | Ifl 15 < C I flls
Here and below, C' will denote, generally speaking, various positive constants.

3°. B(Q) is continuously embedded in L1(Q) (B(Q) — L1(Q)).

Let P1(Q) denote the completion of F with respect to norm

(g =sup / Pz — ) |£(O)]dQc.
zEQQ

where P(-) is periodic function, with period 27 in each variable, such that

_ e at 2 <1 z€Q,
P(z) = { 1, at [z >1, z€eQ. (1.3)

We will denote the integral operator with kernel P(z — &) by P. Let’s introduce one more operator

Tf = / T(z — ) £(C) dQe.
Q

where T'(+) is a continuous function for |z| > 0, z € @, and 27-periodic function for each variable, such
that
Clz| '+ Ki(2),at |2| <1, z€Q,
T(z) =
Ks(z), at |z|>1, ze€Q.

Here, K;(z) and K(2) are continuous functions for |z| > 0, in addition, |K;(2)| < C |z|71F%0, g5 > 0,
j=1,2.

Let us recall the definition of Lorentz spaces.

Let 1 < p, ¢ < oo. The completion of F by the norm

(1.4)

1
q

recal = ([ e il 2 pn )"

144 Bulletin of the Karaganda University



Some methods for ...

where p(-) is the Lebesgue measure, will be called the Lorentz space L(p, q).

The main result of the work [2] is the following statement.

Theorem 1.1. A function space B with properties 1° — 3° is a Vekua space if and only if B < Py.

This result implies that a symmetric space is a V space if and only if it is continuously embedded
in the Lorentz space £(2;1).

Thus, we can say that the widest space to which Vekua’s theory can be extended is Py(-), and
among all symmetric spaces, this is £(2;1).

In the prove of the main result, we used information about the complete continuity of some integral
operators, in particular the operators introduced in (1.3) and (1.4). Such statements play a very
important role in Vekua’s theory [1].

Theorem 1.2. Let B}y be completion of F according to the Besov norm

1/6

s w2(f(n),t) 0
HfHB;’O(Q) = Hf”%/n,p(Q)Jr/ (thz )

0

where wf)(f(”), t) = |§Ll|1£5 |AZ f||, is continuity modulus, A, f = f(x + h) — f(z).

If s > % —1,0=10r s> % —1and p > 1, then B;ﬁ(Q) is V-space.

Remark 1.1. It can be shown that if the relations on s, p, @ specified in the theorem are violated,
then BJ (Q) is not a Vekua space.

Remark 1.2. We will say that ¢(-) € By, in a neighborhood of the point zj if ¥(2)p(2) € B(Q) for
YP(z) € C3°(Q),¥(z) =1 in the neighborhood of z.

The theory constructed in [2] is also applicable in local Vekua spaces.

Corollary of Theorem 1.2. Let W;(Q) be completion of C§°(Q) by the norm

1/p

N(=A)2ul g (ny = / [P Fulda |

where [¢]* = &7 + &5 4 ... + &2, F is Fourier transform. It can be shown that W3(Q) is a Vekua space
if and only if s > % — 1. In particular, for s = 0, the space L,(Q) is a Vekua space if and only if p > 2.

2 On one Vekua method for solving boundary value problems for polyharmonic equations

Now we turn to the study of similar problems for polyharmonic equations in an arbitrary multidi-
mensional domain.

In the monograph by I.N.Vekua [1], the calculus theory of the simplest problems for polyharmonic
equations is given, namely: it is required to solve the equation

A"+ a A"+ A" 2u 4 apu =0 (2.1)
under boundary conditions
u|s = 0, Au|s = ¥1, A2u|s = @2, ..., Amil“’s = Pm-1, (22)

where g, . .., Ym—1 are given functions on the boundary S = 9 of a bounded domain 2 C R", a; € R,
1 =1,m.
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The solution of this problem (2.1), (2.2) is decomposed into the solution of m Dirichlet problems
for equations of the form
Av—Fkv=0,i=12,...,m,

where k‘? are the roots of the characteristic equation

2

P+ ap™ ! Fagp™ P+ ay, =0,
Similarly, the boundary value problem
8nu|s = ¢07 anAu’s = ¢17 8TLA2U|S = 77/}27 ceey 8nAm_lu|s = ¢m—1

reduces to m Neumann problems for equations (2.1). Here, 0,, = % is outward normal to boundary

S = 01.

For the case of two independent variables I.N. Vekua gave a general theory of linear boundary value
problems based on the methods of the theory of analytic functions and on the theory of singular integral
equations with Cauchy kernels. The main works in this area are the monographs of I.N. Vekua [1],
N.I. Muskhelishvili [4].

Let us briefly outline the idea of the method proposed by I.N. Vekua. Let us assume that the
problem of finding a function u(x), x = (z1, ..., z,), that satisfies the equation

A"y = f(x), z € Q (2.3)

and homogeneous boundary conditions
Ri(u) =0, ..., Rp(u) =0, (2.4)
in a simply connected domain 2, admits a solution for any function f(z) € L,(€2), p > 1, and the

solution of this problem (2.3), (2.4) is represented in the form

u(x) = Lof = / G(a,9)f(y)dy, dy = dyr...dyn. (2.5)
Q

It is important to note that for the case when € is a multidimensional ball and Rj, = 9%~!/9n*~1
(k-th outer normal to the boundary surface), function G is constructed explicitly (see, for example,
[5-8]).

Considering now the problem of finding a solution to the more general equation
n
F(z,u, Du, ..., D*™u) = 0, DPu = 8Pu/dz" ... 0zkn Z ki=p
j=1

with the same boundary conditions
Ri(u) =0, ..., Rp(u) =0,

we can look for its solution in the form (2.5). This will lead us for f(x) to the functional equation
F(z,Lof, ..., Loy, f) = 0 with operators Ly f = DFLof, k=0,1,...,2m.

The operators Ly f are linear and completely continuous for k& < 2m —1. As for the operators Lo, f,
their boundedness in L,, p > 1, is proved by using Zygmund-Calderon equality [9], which generalizes of
the well-known Riesz inequality for the singular operator with a Cauchy type kernel. In this way, the
problem with unbounded operators D*u is reduced to the equivalent problem of studying the functional
equation F'(x, Lof, ..., Loy f) = 0 with bounded operators Ly f. Using the basic principles of functional
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analysis, it is possible to prove the solvability of this equation for a very wide range of problems
for linear and quasilinear differential equations of elliptic type. It should be noted that this method
allows the study of boundary value problems with minimal assumptions regarding the coefficients of
the equation and the domain. In addition, by using the embedding theorems of S.L. Sobolev [10] and
using formula (2.5), it is possible to prove almost extremely accurate theorems on the nature of the
smoothness of the generalized solution depending on the degree of smoothness of the coeflicients.

8 Description of correct boundary value problems for polyharmonic equations in a ball

Let m be a natural number and in an n-dimensional ball Q = {x : |z| < r } consider Dirichlet
problem for a polyharmonic equation

A™u(x) = f(z), x€Q, (3.1)
M u(x)
371?6

The classical solution u(x) € C?*™(2) N C™ 1(Q) of the Dirichlet problem (3.1), (3.2) exists, is
unique, and it represented using the Green’s function Gop, (,y) in the following form [10]

=pj(z), 0<j<m-—1, z €. (3.2)

m—1
U(ﬂf)Z/QGm,n(ﬂs,y)f(y)der ]Zo/m [8A{}G2m,n(ﬂf7y)’%”_1_j<ﬁ(y)—

Ony

0

j m—1—j
—A%szm(l', y) : %Ay J@(y):| dSyu

0 .
where —— is outer normal to boundary 0f2.

Ony
The Green’s function of the Dirichlet problem (3.1), (3.2) is defined as follows

A"Gomp(z,y) =0(z —y), z,y €L, (3.3)
& Gomn(x,y)
ané

where §(z — y) is the Dirac delta function.
In further studies we will use the following notation

=0,2€d ye, 0<j<m—1, (3.4)

2 2
X2 = X(wy) =le —oP, V2 =V(y) = |1 ]e - o
r Yy

7% = Z%(z,y) = <1 - “Z{f) (1 - ’”:’2) r2.

Theorem 3.1. [5] a) In the case of odd n, as well as for even n, if 2m < n the Green’s function of
the Dirichlet problem (3.3), (3.4) can be represented as

G2m,n (,17’ y) = d2m7n |:X2m—n _ Y2m—n_

m—1
(_1)k n n m—n—
-3 (7n—§)...(m—§—kz+1)Y2 2k 72k]. (3.5)
k=1 )
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and
1 I'(n/2)

(m—1)I2m—n)2(m—1)—n)...(d—n)(2—n) 2mgn/2’
where I'(+) is gamma function;

b) In the case of even n and 2m > n, the Green’s function of the Dirichlet problem (3.3), (3.4) can
be represented as

d2m,n =

G2m,n (SU, y) = d2m,n |:X2m—n InX — Y2m—n InY—

m—n/2 m—n/2

1
_ -1 VCm—n/Z {1 Y 7} Z2vy2m—2v—n
2;( e n +_ > o +
v= p=m—n/2+1—v
9 n/2-1 22m+2y—n 9 5
s S T ] a
v=1 v+n/2
and
(_1)n/2—1

domn = .
2T P m)D(m — n/2 + 1) - 22m—Lgn/2

In this case, @ = {z € R" : |z[ <r} or Q is simply connected domains homeomorphic to the ball.
Let us choose the domain of definition of the maximal operator L
D(L) = W3™(9).
On the domain D(E) we define the operator L by the formula
Lu= A™u, Yu € D(f)

Recall that the domain of the maximal operator

~

R(L) = La(9),

and KerL its kernel is not trivial.
The Dirichlet boundary value problem for the polyharmonic equation

AFu(z) = f(z), zeQ={z:|z|<r},
_ j
Lou : au(@:(),ogjgm—l,xe‘?g?
on

has a unique solution u(z) for any f € La(2), which has an integral representation

L5 = u(z) = /Q R (2, 9) F(y)dy, 3.7)

where G2Dm?n(x, y) = Gomn(z,y) is Green’s function of the Dirichlet problem from (3.5) or (3.6).
Note that the zero Dirichlet boundary conditions for a polyharmonic equation are equivalent to the
following boundary conditions for the same equation.
Theorem 3.2. a) For any f € Lo(£2), the function u(x), given by formula (3.7) with m = 2p, is a

solution to the boundary value problem:

o )
w(@) |pn =0, TTLIU(Q;) o0 =0, Azu(z)[yn =0, 377135 .
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......... AP~ () ‘BQ =0, %Aﬁ_lu(x)

b) For any f € Ly(Q2), the function u(x), given by formula (3.7) with m = 2p + 1, is a solution to
the boundary value problem:

= 0.
o0

9 0
u(z) g =0, p) IU(x) 0 =0, Azu(z)|y =0, T%AML(%) o =0,
92 AP ly(z) | =0, APu(z)|,q =0
......... o O o , AP 00

Based on the representation of the solution (3.7) of the Dirichlet problem, we present other well-
posed boundary value problems for an inhomogeneous polyharmonic equation. To do this, we apply
Otelbaev’s theorem [5] to describe correct restrictions of the maximal operator L.

Now we can describe the domain of the maximal operator L in terms of the Green’s function Gomn-

Lemma 3.1. |5] The domain of the maximal operator L has the representation

D(E) = {w: w(x) = /Q Gomn () f (9) dy+

m—1 . e
- > /BQ 8A{,Gg:;:($’ y) AT h(y) = A Gomn(2,y) - W is,,
Vf € Ly(Q), Vh € W™ (Q).
In particular, if
AYTh)lyeon =0, %A?”h@)\yea@ S0, =0, m—1,

then we obtain that the D(Lg) is domain of the operator L.

Now the next question arises: how to describe the domains of other possible correct restrictions of
the maximal operator L?

Let K be an operator putting each function f(x) € L2(2) into correspondence to a unique function
h(x) € WEm(Q), such that | K fll1,0) < Cllfll1y 0.

Using the chosen operator K, we construct the set

~

D ={w(z) e D(L): h=Kf}.
On the set D we define the operator

Dk

From Otelbaev’s theorem [5] it follows that Ly is a correct restriction of the maximal operator L.
In conclusion, we give another description of the operator Lx in terms of boundary conditions.

Theorem 3.3. [5] Let K be an arbitrary continuous operator acting from Ly(€2) to D(L). Then the
inhomogeneous operator equation Lxw = f is equivalent to the following boundary value problem

a) for m =2p

Al'w(x) = f(x), x€Q,
w50 = K(A'w)| iw = 0 JqUANETI | I
o0 x o Ong 00 Ong T aQ’
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0 0

—1 o —1 m —1 _ -1 m .
b) for m =2p+1
0 0
W50 = K(AT'w )| 5q, =——w = K(ATw)| oo,
0% o0 ong o0 ong o0
9 prty | = DA kAT AP = AP(KATW)] 0.
67’Lz T . anx T x aQ’ T o0 x T o

In [11,12] the Fredholm property and index of the generalized Neumann problem containing powers
of normal derivatives in the boundary conditions are investigated. The problems of solvability of
various boundary value problems for differential-operator equations are studied in the works [13-19].
Applications of the Green function to problems in mechanics and physics can be found, in [20-24].

4 Ezample. General presentation of solutions of boundary value problems for biharmonic equations
As an example, we consider the following biharmonic equation
Au=f z=xz+iyecqQ, (4.1)

where f is a given function. This equation is often encountered in the study of two-dimensional
problems of linear elasticity theory. Let us construct regular solutions of equation (4.1) in the two-
dimensional region €2 of the plane of the complex variable z = z = iy. To find a particular solution
ui(x,y) of equation (4.1), we adopt the notation v = Awuj. The function u; will be a solution of
equation (4.1) if v(z,y) is a solution of the Poisson equation Av = f.

The solution to this equation is given by the formula [25]

o 32u1
- 48282

v

1
z/f(t)loglt—Z!dfdn, t=¢&+n.
2 9]

Using the following obvious equality

82
020%

[(t—2)(t—2)log(t —2)(t—2)] — 2 =2log |t — 2|,

equation (4.1) can be written as

0* 1 5 1 B
azﬁf[ul - &r/Qf(t)|t — z|"log |t — z|d&dn] = ~%x /Q f(t)dédn = C = const.

Therefore,
1
wy — / FOIt — 2| log [t — 2]dedn + B(2,7),
81 Jo

where
D(2,2) = CzzZ + v1(2) + p2(2),

and ¢; and g are arbitrary analytic functions of the variables z and Z, respectively. Since ® is a
biharmonic function, the function

1
w =g /Q F(O)[t— 2/ log |t — z|dgdn (4.2)
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can be taken as one of the particular solutions of equation (4.1).
If u(z,y) is the desired solution of equation (4.1), then the function w = v —w; will be biharmonic,
ie.
Aw = 0. (4.3)

According to formula (85) from [25] the solution of equation (4.3) can be written in the form

w = Z2p(2) + 29(2) + ¢(2) + ¥ (2). (4.4)

In the representation (4.4) of real biharmonic functions, the imaginary parts of the functions zZy(z)
1 (z) are not present. Therefore, without loss of generality, we can assume that the analytic functions
©(z) and 9 (z) included in formula (4.4) at some point z; of the domain (2 satisfy the conditions

(1) = 0,Imy'(21) =0 (4.5)

and
Ime)’(21) = 0. (4.6)

Thus we have proved the following theorem.

Theorem 4.1. a) To each pair of analytic functions ¢(z), ¥ (z) formula (4.4) associates a well-defined
biharmonic function w(z,y). The converse statement is also true.

b) For each biharmonic function w(zx,y) there is a well-defined pair of analytic functions ¢(z), ¥(z)
satisfying conditions (4.5), (4.6) and w(z,y) is represented by formula (4.4).

From this theorem we conclude that formula (4.4) gives a general representation of real biharmonic
functions. Further, in view of the fact that

U =w-+u,

on the basis of formulas (4.2) and (4.4) we arrive at the general complex representation of real solutions
of equations (4.1):

) = g [ 1Ol = =g |t = sldgn + 3p(2) + (2) +6:) + D(E). (4.7)

where ¢(z) and v(z) are arbitrary analytic functions of a complex variable z satisfying conditions (4.5),
(4.6). Formula (4.7) allows any linear problem for equation (4.1) to be reduced to the corresponding
problem for biharmonic functions.

Conclusion

The studies carried out in this article are of significant importance in the theory of boundary
value problems of linear and nonlinear partial differential equations, spectral theory, and the theory
of numerical methods for approximate solutions of individual classes of boundary value problems for
differential equations.

Thus, the object of our research was polyharmonic equations. Vekua’s method is applicable for
fixed boundary conditions on the surface of the domain, and the equation itself can change, i.e. minor
terms can be added to the main equation. Otelbaev’s method is applied for fixed equations, and the
boundary conditions can change.

The problem is to determine the conditions under which both methods are applicable. This article
is devoted to this problem and the applicability of the Vekua and Otelbaev methods. As an example,
a biharmonic equation is given, which has an applied character in the theory of elasticity. A general
complex representation of real solutions of the biharmonic equation is given in the form of formula (4.7).

Mathematics Series. No.1(117)/2025 151



M.T. Sabirzhanov et al.

Acknowledgments

This work was done with support of grant AP 19678182 of the Ministry of Science and Higher
Education of the Republic of Kazakhstan.

Author Contributions

N.M. Shynybayeva collected and analyzed data, and led manuscript preparation. P.Zh. Kozhobekova
and M.T. Sabirzhanov assisted in data collection and analysis. B.D. Koshanov served as the principal
investigator of the research grant and supervised the research process. All authors participated in the
revision of the manuscript and approved the final submission.

Conflict of Interest

The authors declare no conflict of interest.

References

1 Vekua, I.N. (2014). Generalized analytic functions. Elsevier.
2 Otelbayev, M.O. (1979). K teorii obobshchennykh analiticheskikh funktsii Vekua [On the theory

of generalized analytical functions of Vekua|. Primenenenie metodov funktsionalnogo analiza i
vychislitelnoi matematiki. Materialy shkoly-seminara — Application of methods of functional anal-
ysis and computational mathematics. School-seminar materials. Novosibirsk, 80-99 [in Russian].

3 Kal’'menov, T.S., Otelbaev, M., & Arepova, G.D. (2020). Bitsadze-Samarskii Boundary Condi-
tions for an Elliptic-Parabolic Volume Potential with Smooth Matching. Differential Equations,
56(6), 740-755. https://doi.org/10.1134/S0012266120060075

4 Muskhelishvili, N.I., & Radok, J.R.M. (2008). Singular integral equations: boundary problems of
function theory and their application to mathematical physics. Courier Corporation.

5 Koshanov, B.D. (2021). Green’s functions and correct restrictions of the polyharmonic operator.
Journal of Mathematics, Mechanics and Computer Science, 109(1), 34-54. https://doi.org/
10.26577/JMMCS.2021.v109.i11.03

6 Koshanov, B.D. (2013). About solvability of boundary value problems for the nonhomogeneous
polyharmonic equation in a ball. Journal APAM, Advances in Pure and Applied Mathematics,
4(4), 351-373. https://doi.org/10.1515/apam-2013-0022

7 Karachik, V. (2021). Dirichlet and Neumann boundary value problems for the polyharmonic
equation in the unit ball. Mathematics, 9(16), 1907. https://doi.org/10.3390/math9161907

8 Karachik, V. (2023). Representation of the Green’s Function of the Dirichlet Problem for the
Polyharmonic Equation in the Ball. Differential Equations, 59, 1061-1074. https://doi.org/
10.1134/S0012266123080050

9 Calderon, A.P., & Zygmund, A. (1952). On the existence of certain singular integrals. Acta
Math, 88, 85-139. https://doi.org/10.1007/BF02392130

10 Sobolev, S.L. (1974). Vwedenie v teoriiu kubaturnykh formul [Introduction to the theory of cuba-
ture formulas|. Moscow: Nauka [in Russian].

11 Koshanov, B.D., & Soldatov, A.P. (2018). On the Solvability of the Boundary Value Problems
for the Elliptic Equation of High Order on a Plane. Bulletin of the Karaganda University.
Mathematics Series, 3(91), 24-31. https://doi.org/10.31489 /2018 M3 /24-30

152 Bulletin of the Karaganda University


https://doi.org/10.1134/S0012266120060075
https://doi.org/10.26577/JMMCS.2021.v109.i1.03
https://doi.org/10.26577/JMMCS.2021.v109.i1.03
https://doi.org/10.1515/apam-2013-0022
https://doi.org/10.3390/math9161907
https://doi.org/10.1134/S0012266123080050
https://doi.org/10.1134/S0012266123080050
https://doi.org/10.31489/2018M3/24-30

Some methods for ...

12

13

14

15

16

17

18

19

20

21

22

23

24

25

Koshanov, B., & Soldatov, A. (2022). On Fredholm solvability and on the index of the generalized
Neumann problem for an elliptic equation. Complex Variables and Elliptic Equations, 12(67),
2907-2923. https://doi.org/10.1080/17476933.2021.1958797

Kozhanov, A.IL., Koshanov, B.D., Sultangazieva, Zh.B., Emir Kadyoglu, A.N., & Smatova, G.D.
(2020). The spectral problem for nonclassical differential equations of the sixth order. Bulletin of
the Karaganda University. Mathematics Series, 1(97), 79-86. https://doi.org/10.31489/2020M1/
79-86

Koshanov, B.D., Kakharman, N., Segizbaeva, R.U., & Sultangazieva, Zh.B. (2022). Two theo-
rems on estimates for solutions of one class of nonlinear equations in a finite-dimensional space.
Bulletin of the Karaganda University. Mathematics Series, 3(107), 70-84. https://doi.org/
10.31489/2022m3/70-84

Kanguzhin, B.E., & Koshanov, B.D. (2022). Uniqueness Criteria for Solving a Time Nonlocal
Problem for a High-Order Differential Operator Equation I(-) — A with a Wave Operator with
Displacement. Simmetry, 14(6), 1239. https://doi.org/10.3390/sym14061239

Kanguzhin, B.E., & Koshanov, B.D. (2023). Solution Uniqueness Criteria in a Time-Nonlocal
Problem for the Operator Differential Equation with the Tricomi Operator. Differential Equa-
tions, 59(1), 1-12. https://doi.org/10.1134/S0012266123010019

Otelbaev, M., & Soldatov, A.P. (2021). Integral representations of vector functions based on
the parametrix of first-order elliptic systems. Computational Mathematics and Mathematical
Physics, 61, 964-973. https://doi.org/10.1134/S0965542521030143

Soldatov, A.P. (2022). On a Boundary Problem for a Fourth-Order Elliptic Equation on a Plane.
Computational Mathematics and Mathematical Physics, 62, 599-607. https://doi.org/10.1134/
S096554252204011X

Yuldashev, T.K., & Eshkuvatov, Y.F. (2022). On a Fredholm type integro-differential equations
of fifth order with degenerate kernel. Journal of Contemporary Applied Mathematics, 12(1),
27-34.

Chung, F., & Zeng, J. (2023). Forest formulas of discrete Green’s functions. Journal of Graph
Theory, 102, 556-577. https://doi.org/10.1002/jgt.22887

Herrera, W.J., Vinck-Posada, H., & Paez, S.G. (2022). Green’s functions in quantum mechanics
courses. American Journal of Physics, 90, 763-769. https://doi.org/10.1119/5.0065733
Harkonen, V.J. (2022). Exact factorization of the many-body Green’s function theory of electrons
and nuclei. Physical Review B, 106. https://doi.org/10.1103/PhysRevB.106.205137

Dong, H., & Li, H. (2019). Optimal Estimates for the Conductivity Problem by Green’s Function
Method. Archive for Rational Mechanics and Analysis, 231, 1427-1453. https://doi.org/10.1007/
s00205-018-1301-x

Grebenkov, D.S.; & Traytak, S.D. (2019). Semi-analytical computation of Laplacian Green func-
tions in three-dimensional domains with disconnected spherical boundaries. Journal of Compu-
tational Physics, 379, 91-117. https://doi.org/10.1016/j.jcp.2018.10.033

Bitsadze, A.V. (1984). Osnovy teorii analiticheskikh funktsii komplesksnogo peremennogo [Fun-
damentals of the theory of complex variable analytic functions|. Moscow: Nauka [in Russian|.

Author Information™

Muzaffar Takhirovich Sabirzhanov — Doctor’s student, Osh State University, Osh, Kyrgyzstan;
e-mail: smskg@bk.ru; https://orcid.org/0009-0008-2431-7033

*The author’s name is presented in the order: First, Middle and Last Names.

Mathematics Series. No.1(117)/2025 153


https://doi.org/10.1080/17476933.2021.1958797
https://doi.org/10.31489/2020M1/79-86
https://doi.org/10.31489/2020M1/79-86
https://doi.org/10.31489/2022m3/70-84
https://doi.org/10.31489/2022m3/70-84
https://doi.org/10.3390/sym14061239
https://doi.org/10.1134/S0012266123010019
https://doi.org/10.1134/S0965542521030143
https://doi.org/10.1134/S096554252204011X
https://doi.org/10.1134/S096554252204011X
https://doi.org/10.1002/jgt.22887
https://doi.org/10.1119/5.0065733
https://doi.org/10.1007/s00205-018-1301-x
https://doi.org/10.1007/s00205-018-1301-x
https://doi.org/10.1016/j.jcp.2018.10.033

M.T. Sabirzhanov et al.

Bakytbek Danebekovich Koshanov (corresponding author) — Doctor of physical and mathe-
matical sciences, Professor, Chief researcher at Institute of Mathematics and Mathematical Modeling,
Almaty, Kazakhstan; e-mail: koshanov@math.kz; https://orcid.org/0000-0002-0784-5183

Nazym Myrzabekkyzy Shynybayeva — Junior Researcher, Institute of Mathematics and Math-
ematical Modeling, Almaty, Kazakhstan; e-mail: shynybayeva001@mail.ru

Pardaz Zhumabaevna Kozhobekova — Doctor’s student, Osh State University, Osh, Kyrgyzs-
tan; e-mail: pardaz@mail.ru; https://orcid.org/0009-0002-3143-3442

154 Bulletin of the Karaganda University



Bulletin of the Karaganda University. Mathematics Series, No. 1(117), 2025, pp. 155-169

https://doi.org/10.31489/2025M1/155-169 Research article

Solving Volterra-Fredholm integral equations by non-polynomial
spline function based on weighted residual methods
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In this paper, a method that utilizes a non-polynomial spline function based on the weighted residual
technique to approximate solutions for linear Volterra-Fredholm integral equations is presented. The ap-
proach begins with the selection of a series of knots along the integration interval. We then create a set
of basis functions, defined as non-polynomial spline functions, between each pair of adjacent knots. The
unknown function is expressed as a linear combination of these basis functions to approximate the solution
of integral equations. The coefficients of the spline function are calculated by solving a system of linear
equations derived from substituting the spline approximation into the integral equation while maintaining
continuity and smoothness at the knots. Non-polynomial splines are beneficial for approximating functions
with complex shapes and for solving integral equations with non-smooth kernels. However, the solution’s
accuracy significantly relies on the selection of knots, and the method may require extensive computational
resources for large systems. To illustrate the effectiveness of the method, three examples are presented,
implemented using Python version 3.9. The paper also addresses the error analysis theorem relevant to the
proposed non-polynomial spline function.

Keywords: Volterra integral equation, Fredholm integral equation, non-polynomial spline, weighted residual
methods.

2020 Mathematics Subject Classification: 45B05, 45B05, 41A15.

Introduction

Volterra-Fredholm integral equations play a crucial role in mathematical modeling in numerous
scientific and engineering disciplines, such as physics, biology, and finance. These equations, which
involve both Volterra and Fredholm integral operators, often arise in the analysis of intricate systems
where time-dependent and spatially distributed processes are interrelated. However, despite their
significance, solving Volterra-Fredholm integral equations presents challenges due to their complexity
and the presence of mixed integral terms. For additional information, refer to [1-5].

The literature presents Volterra-Fredholm integral equations in the following form:

w(@) = f(z) + A / " K (, ut)dt + Ao / Lo, Hu(t)de, (1)

where the functions f(z), and the kernels K (z,t), L(z,t) are known L? analytic functions and A1, Az,
are arbitrary constants, x is variable and u(z) is the unknown continuous function to be determined.
These integral equations allow physicists to formulate and solve problems where traditional differen-
tial equations may not be applicable or are too complex to solve directly. Volterra-Fredholm integral
equations are used to describe the time evolution of quantum systems. For example, they can model
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scattering processes and interactions between particles. In the study of electromagnetic fields, these
equations can help solve problems related to wave propagation, radiation, and diffraction, especially
in complex media. They are employed in the analysis of many-body systems, where the interactions
between particles can be described by integral equations. Also, they are used in modelling fluid flow,
especially in non-linear and time-dependent situations, in systems with memory effects. These equa-
tions can be used to model the behaviour of materials that exhibit viscous and elastic characteristics,
which is crucial in material science and engineering applications.

Traditional numerical methods have been developed and used for solving Volterra-Fredholm
integral equation, including the use of Touchard Polynomials, spline function, rational interpolations,
etc. [3,6-19|. In addition, non-polynomial spline functions are used to solve integral equations and
differential equations [20-31]. Recently, Salim et al. [32-35] used linear, quadratic, and cubic spline
functions to solve equation (1).

In this study, the authors combine non-polynomial spline functions with weighted residual methods,
which minimize the residuals of the integral equations in a weighted manner, to develop a robust and
efficient technique for solving the equation (1).

The structure of this paper is outlined as follows: Section 1 provides an overview of the weighted
residual method and its various types. Section 2 describes our methodology in detail. Section 3 focuses
on error analysis. Section 4 presents several numerical examples to illustrate the effectiveness of our
technique. Finally, some tentative conclusions are given.

1 Weighted Residual Methods

The weighted residual methods [2,36-38]| is a mathematical technique commonly used in numerical
analysis and finite element analysis to solve partial differential equations (PDEs). The idea behind
the method is to represent the solution of the PDE as a linear combination of a set of basis functions,
and then to find the coefficients of the basis functions by minimizing the residual error. The residual
error is defined as the difference between the exact solution of the given problem and the approximate
solution obtained using the basis functions. The minimization is performed using a set of weighting
functions, which give greater weight to certain regions of the domain where the solution is expected
to be more important. The weighted residual method can be used to solve a wide range of PDEs,
including elliptic, parabolic, and hyperbolic equations, different types of ordinary differential equations
and integral equations. It is a very flexible method that can handle boundary conditions. We present
these methods by considering the following residues E(z) or E(Cj;z) depends on z as well as on the
parameters a;, bj, ¢j, d;j, j=0, 1, ..., n—1. We define E(x) as follows:

x b
E(Cia) =a(a) ~ fla) = M1 [ K(em(dt—de [ Lttt oD =ab], (@)
for solving (1), where
n—1
Uy (1) = > iy (),
=0

fori=0, 1, 2, ..., n—1and D is a prescribed domain. It is obvious that when F(z) = 0, then the
exact solution is obtained which is difficult to be achieved, therefore we shall try to minimize E(x)
is some sense. In the weighted residual method the unknown parameters are chosen to minimize the
residual F(z) setting its weighted integral equal to zero, i.e.

/ij(m)dac:(), j=0,1,2,...,n—1, (3)
D
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where wj is prescribed weighting function, the technique based on equation (3) is called weighted
residual method. Different choices of w; yield different methods with different approximate solutions.
Below we discuss some of the weighted residual method.

1.1 Collocation Method (CM)

It is a simple technique for obtaining an approximate solution of equation (1), the weight function
wj in equation (3) are defined as
wj =6 (x —xj), (4)

where the fixed points x; € D, j = 0,1,...,n — 1 are called collocation points. Here Dirac’s delta
function §(x — x;) is defined as

1, if z;=ux,
d(x—xy) =
0, else.

Inserting equation (4) in equation (3) gives

/ijE(xj)dx—/D(S(:):—xj)E(xj)dx—/:;ré(:v—xj)E(xj)dx—

zt
:E(a;j)/j d(x—zj)de =FE(xz;)=0, for j5=0,1,...,n—1 (5)
i

Equation (5) will provide us with n simultaneous equations in n unknowns to determine the parameters.
Moreover, the distribution of the collocation points on D is arbitrary, however, in practice we distribute
the collocation points uniformly on D.

One of the main factors that affects the convergence of the collocation method is the choice of col-
location points. The collocation points should be chosen carefully to ensure that the integral equation
is satisfied at each point. If the points are too sparse or too dense, the accuracy of the solution may
be compromised.

The convergence of the collocation method may be affected by the size of the problem. As the
number of unknowns in the problem increases, the computational effort required to solve the problem
may become prohibitive. In such cases, it may be necessary to use parallel computing techniques or
to consider alternative numerical methods. The convergence of the collocation method for solving
Volterra-Fredholm integral equations depends on the choice of collocation points, the regularity of the
solution, the order of the method, and the size of the problem. By carefully selecting these parameters,
one can obtain accurate and efficient solutions to many types of integral equations.

1.2 Subdomain (Partition) Method (PM)

In this method the domain D is divided into n+1 non-overlapping subdomains D;, j = 0,1,2,...,n,
with the weighting functions are taken as

1, $ED]',
W= 7=0,1,...,n.
0, x%Dj,

Hence equation (2) is satisfied in each of (n + 1) subdomain Dj, therefore equation (3) becomes

/ E (z)dz =0, j=0,1,...,n. (6)
D;
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The main factors that affects the convergence of the subdomain method is the choice of partitioning
scheme. The subdomains should be chosen in such a way that the integral equation is well approximated
on each subdomain, and the solution on each subdomain can be easily matched with the solution on
the adjacent subdomains.

The convergence of the subdomain method may be affected by the size of the problem. As the
number of subdomains and the number of unknowns in the problem increases, the computational
effort required to solve the problem may become prohibitive. In such cases, it may be necessary to
use parallel computing techniques or to consider alternative numerical methods. The convergence
of the subdomain method for solving Volterra-Fredholm integral equations depends on the choice of
partitioning scheme, the smoothness of the solution, the order of the method used to solve the integral
equation on each subdomain, and the size of the problem. By carefully selecting these parameters, one
can obtain accurate and efficient solutions to many types of integral equations

1.3 Galerkin’s Method (GM)

Galerkin method is the most important of the weighted residual method. This method makes the
residual E(z) of equation (2) orthogonal to (n + 1) given linear independent function on the domain
D. In this method the weighting functions w; are chosen to be

0S;(x)
w; (x) = =27, j=0,1,....n,
J 8/8]
where the derivatives with respect to ; denotes the derivatives for all parameters in equation (12) for
each j. Then equation (3) becomes

95; (x)
p 9B,

Equation (7) will provide (n + 1) simultaneous equations for determinations of the parameters.

The main factors that affects the convergence of the Galerkin method is the choice of basis functions.
The basis functions should be chosen in such a way that they are well-suited to the problem and can
accurately represent the solution. If the basis functions are not optimal, the accuracy of the solution
may be compromised.

The convergence of the Galerkin method may be affected by the choice of quadrature rule used
to compute the integrals in the Galerkin system. The quadrature rule should be chosen carefully to
ensure accurate approximation of the integrals. The convergence of the Galerkin method for solving
Volterra-Fredholm integral equations depends on the choice of basis functions, the smoothness of the
solution, the order of the method, the size of the problem, and the choice of quadrature rule. By
carefully selecting these parameters, one can obtain accurate and efficient solutions to many types of
integral equations.

E(z)dz =0, ji=0,1,...,n. (7)

1.4 Least Square Method (LM)

In this method the weighting function w; is defined as

. _ OE() ,
i = 8,Bj ) J

=0,1,...,n, (8)

where E(z) is given by equation (2). In this method, we take the square of the error on the domain D
as follows:

= 1172.17.
J—/D[Emd
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Now, we compute the derivatives with respect to 3;, yields:

%—Q/E aﬁj dx, j=0,1,...,n. (9)

It implies from equation (8) and equation (9) that

E ?) 4o =0, i=0,1,...,n. 10

Therefore, J is stationary and the square of residual E(x) attains its minimum.

The main factors that affect the convergence of the least-squares method is the choice of basis
functions. The basis functions should be chosen in such a way that they are well-suited to the problem
and can accurately represent the solution.

Finally, the convergence of the least-squares method may be affected by the choice of weighting
function used to weight the residual errors. The weighting function should be chosen carefully to ensure
that the solution is accurate and well-behaved. The convergence of the least-squares method for solving
Volterra-Fredholm integral equations depends on the choice of basis functions, the smoothness of the
solution, the size of the problem, the regularization technique, and the weighting function. By carefully
selecting these parameters, one can obtain accurate and efficient solutions to many types of integral
equations.

2 Description of the Method

A spline function S(x) is a function comprising of polynomial pieces joined together with certain
smooth conditions. We need to express S(x) as follows:

So(z), x € [xg, 21],

S(a) = 5'1(::6), x € |1, x2], an

Sp—1(z), T € [Xp_1,Tn)].
In this paper, we use the following non-polynomial spline function
Sj (xz) = ajsin (x — x;) +bjcos(x —z;) +¢j(v—xj)+d;, j=0,1,..., n—1 (12)

Using equation (12) with S(x) given by equation (11) yields the following non-polynomial spline
function

So(z) = apsin (x — xg) + bocos (x — xg) + co (x — x0) + do, x0 <z < 21,
Si(z) = aisin(x — 1) + bicos (x —x1) + 1 (x —x1) + dy, r1 < x < 29,

Sn-1(r) = ap_18in(x —zy 1) +by_1c08 (T — Tpn1) + 1 (T —pn-1) +dp1, Tno1 < T < T
(13)
To solve equation (1) by non-polynomial spline function based on weighted residual method (13), using
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equations (2) and (3) for x € D = [z}, z;41], we obtain:

T b
E(Cj; $) = S](CL‘) - f(l‘) - )\1/ K(.T,t)Sj(t)dt - )\2/ L(l‘,t)Sj(t)dt
= ajsin (x — ;) + bjcos (v —x;) +c¢j(x—x;) +dj — f(x)

— )\1 / K(l‘, t)[ajsin (t - .’Ej) + bjCOS (t - ij) + Cj (t - ﬂfj) =+ dj]dt
— A2 / L(z,t)[a;sin (t — xj) +bjcos (t —x;) +¢j(t — ;) + d;]dt, (14)

h—
where t; = z; = xg + jh, h:7a’ 7=0,1,...,n.
n

To find a;, b;, ¢; and dj, we use the four above methods.

8 Error Analysis

In this section the error analysis theorem for the proposed non-polynomial spline function is proved,

where u(x) is a sufficiently smooth function in [a, b], and S;(x) is the non-polynomial spline given by
b—

equation (12), that interpolate u(z) at n nodes x;, j = 0,1,...,n — 1 in [a,b], such that h = a)
n

xo=a,xj =x9+jhfor j=0,1,...,n -1
Theorem 1. (Fundamental Theorem of Error Interpolation) [39]

Let f be a polynomial in C"*! [a,b], and let p be a polynomial of degree < n that interpolate the
function f at n + 1 distinct points xg, z1,- -+ , 2z, € [a,b]. Then for each x € [a, b] there exists a point
¢ € (a,b) such that

n

O] | (CRE)

1=0

1
(n+ 1)

En(z) = f(x) = palz) =

Theorem 2. Let
n—1
un(@) =Y ajip;(x)
=0

be the expansion of the exact solution u(x) of equation (1). Also, let

|
—

n

Si(x) = () = ) aij¢;(x),

<
I
=)

for i = 0,1,...,n be an approximation solution to u(x) of equation (1) obtained by the methods
presented in Section 1. Then, there exist real numbers §; and ; such that

My (ih)" —
Ju(e) ~ (@)l < 82 4T - o, (15)

where C; = [@ig, Qlily oees ai(n,l)], C = [ag, a1, ..., p—1] and the norm is the Euclidean norm of vectors.

Proof. It is clear that

[u(z) = Tn(2)]l2 < [Ju(z) = un(@)|l2 + [Jun(2) = Un(2)]l2- (16)
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From definition of Euclidean norm, we have on each subintervals [z;, x;11] that

Ju(z) = un (@) = \/ [ )~ vt
\/ / o n>2dw by Theorem 1

= Vi Mnlih)? (17)

Also, we have

[un () = n(2)]|2 = HZ%% Z%@ )2

n—1
= 1> (ap;(x) — a;(2)) |2
7=0
T n—1 2
< / > (ajii(t) —a@ie(1) | da
T; =0
< /Z”lz|a] i Zw (2)]? da

< Zm—am [ Zm (@) da

§2MHC—CiH2 ihn. (18)

Finally, substitute equation (17) and equation (18) in equation (16), we see that equation (15) is valid
with a; = Vih and v; = 2M~/ihn.

4 Numerical Examples

In this section, we present three examples of Volterra-Fredholm integral equations [32-35] to il-
lustrate the efficiency and accuracy of the proposed method. The computed errors e; are defined by
e; = |u; — S;|, where u; is the exact solution of equation (1) and S; is an approximate solution of the
same equation. Also we compute Least square error (LSE), which is defined by formula "% (u; — S;)?
and all computations are performed using the Python program.

Ezxample 1. Consider the Volterra-Fredholm integral equation

2 z 1
u(e) = =5 - %“ +2+ /0 u(t)dt + /0 zu(t)dt

with the exact solution given by u(z) = = + 2.

Collocation method.
Form equation (14) for j = 0, we have

_ 1 7
E (C’o;x) = (2 - 020) 2%+ (020 —ap — 2dy + agcos (1) — bpsin (1) + 2) T+ dy

+ bocos () + agsin (x) — bgsin () + ag (cos (x) — 1) — 2, (19)
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and from equation (13) for j = 0, we have:
So(z) = apsin(z — zo) + bo cos(x — zg) + co(x — xg) + do. (20)

For finding ayg, bg, cp and dy in equation (20), we need four equations. To construct this four equations,
the interval [zg, z1] divided as follows:

s; = xo+lh, where h:fﬂigfﬂo and [=0,1,2,3.

Substituting this values of sg, ..., s3 in place of x in equation (19) when j = 0, we get the following
equations:

E(60;0)20:>b0—|—d0:2,

— 29 1 14 cos(1) sin(1) sin(1)
E (Cy;0.0333) = - — —d b
(Co; ) 18000 gm0t plo T g 0t Ty ot Ty
sin(1) sin(1) cos(1) 3389
— bg — b —1Dag = ——
30 0 30 0t (55 )20 = 1300°
7 1 13 cos(1 sin(1 sin(1
(00,00666)—02%00—5 0+ﬁd0+ ( )ao—i- 38)1)0 1é)a0
B sin(l)b B sm(l)b cos( _ 397
5 0T Ty oF ~ 225’

— 9 1 4 cos( sm sin(1
E(Co,Ol) OZ%CQ—ECL0+5C£0 ) ( ) bo + lé>a0
sin(1) sin(1) cos(l) 329
- bo — b 1) ap= 2.

0 10 2T\ “0= 900

Solving the above linear system, we get

ag 0
— {w| |0
CO - Co o 1
do 2

Hence
So () = Osin (x — zg) + Ocos (z — xg) + (x — wp) + 2 = x + 2.

In a similar manner, we get

for s =1, 2, ..., 9.

Subdomain method.

For finding ag, by, co and dy in equation (20), we need Four equations. To construct this four
equations, we divide the interval [zg, z1] as follows:

Ir1 — X0
4

s;=x9+lh, where h= and [=0,1,2,3,4.

Using equation (6) with j = 0, the following equations obtained:

s 0.025
/ E(Cy;z)dr = / E(Cy;z)dr =0,
S0 0
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52 0.05
E(Co; 2)dz = / E(Co; 2)dz = 0
s1 0.025
53 0.075
 E(Cya)i = / (Co: 2)dz = 0
0.05
01
/ E Co, —/ E(Co;x)dl':().
53 0.075
Solving the above four equations, we get
ag 0
— b | _|O
CO - Co o 1
do 2

Hence

So (z) = 0sin (z — xg) + 0cos(z — z9) + (x — x0) + 2
= (x —x9) + 2.

In a similar manner, we get

for s =1, 2, ..., 9.

Galerkin method.

To find ayg, bo, cp and dy in equation (20). First, we have to find weighted functions w;(x) =
j=0,1,2,3 as follows:

9So(x)
6Bj ’

9S(xo) __

9S(x
Wy = Say = T3, = sin(z — xo), = Spy = (b()O) = cos(z — xp),
9S(x 9S(x
wy = S¢y = 8(600) = (z — x9), w3 = Sq, = 8(d()0) =1.

Using equation (7) and equation (19), the following equations yield:

foo'l E(Coy;2)S,dx = 0, foo'l E(Co; 2)Spdx = 0,

foo'l E(Cy;x)Scdx = 0, foo'l E(Cy; x)Sqdz = 0.

Solving the above four equations, we get

ag 0
—— {bo| _|O
CO o Co o 1
do 2

Hence
So (z) = 0sin (z — zg) +0cos(x — o) + (z —x0) +2 = (x — x0) + 2.

In a similar manner, we get
Sj (x) = (z — x;) +2.J,
for j =1, 2, ..., 9.
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Least Square Method.

To find ag, by, co and dy in equation (20). First, we must find weighted functions w;(z) = 8Eé§;w),
Jj = 0,1,2,3, where the derivative with respect to ; denotes the derivative for all parameters in
equation (20) as follows:

E,, = 8(]93(1(:) = sin(z — ), Ey, = ag—lfo“” = cos(z — xp),
16) 6]
Eey = 228 = (3 — ), Egy =258 = 1.

Substitute this values in the equation (10) yields:

[ E(Co;2)Eqgdz =0, [V E(Co; ) Eyyda = 0,

foo'l E(Cy;x)Eqydx =0, foo'l E(Cy;x)Egydz = 0.

From the above four equations, we get

ag 0
— | bw | |0
CO o Co a 1
do 2

Hence

So (x) = 0sin (x — xp) + 0cos (v — z9) + (. — x0) + 2 = (x — x0) + 2.

In a similar manner, we get

Ss (z) = (z — zs) + 2.5,
for s =1, 2, ..., 9.

Table 1

The least square errors for Example 1 with n =10

Methods Collocation Subdomain Galerkin Least Square
LSE 0 0 0 0

Example 2. Consider the Volterra-Fredholm integral equation
u(x) = 2cos(x) — 1+ / (x — t)u(t)dt + / u(t)dt,
0 0

with the exact solution given by u(z) = cos(x).
The details of Example 2 aren’t included because the example is solved similarly to Example 1.
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Table 2
The Numerical Results for Example 2 with n =10
- w Approximate value S; by
‘ ' CM PM GM LM

0 1 1 1 1 1
7/10 0.951056 0.951014 0.95106 0.95106 0.95106
27/10 0.809016 0.809200 0.80902 0.80902 0.80902
37/10 0.587785 0.587842 0.58779 0.58779 0.58779
47 /10 0.309016 0.309127 0.30902 0.30902 0.30902
57/10 0 2.2195 x 10~ 7 0 0 0
67/10 -0.309016 0.308952 0.30902 0.30902 0.30902
/10 -0.587785 0.58738 0.58779 0.58779 0.58779
81/10 -0.809016 0.809253 0.80902 0.80902 0.80902
97/10 -0.951056 0.950522 0.95106 0.95106 0.95106

P -1 0.950522 0.95106 0.95106 0.95106
LSE 2.4433 x 1073 2.3951 x 10~° 2.3951 x 10~° 2.3951 x 10~°

Example 3. Consider the linear Volterra-Fredholm integral equation

T 1
u(z) = ——5 +20° = - =+ 5 +/O (@ + t)u(t)dt +/O (z = tyu(t)dt,

with the exact solution given by u(z) = 223 + 1.

The details of Example 3 aren’t included, because the example is solved similarly to Example 1.

Table 3
The Numerical Results for Example 3 with n =10
. ‘ Approximate value S; by
i Ui CM PM GM LM
0 1 1.00904 1.00902 1.0089 1.0089
0.1 1.002 1.0417 1.0086 1.0417 1.0086
0.2 1.016 1.0204 1.0203 1.0204 1.0203
0.3 1.054 1.0566 1.0566 1.0566 1.0566
0.4 1.128 1.1292 1.1291 1.1291 1.1291
0.5 1.25 1.2492 1.2491 1.2491 1.2491
0.6 1.432 1.4264 1.4263 1.4262 1.4264
0.7 1.686 1.6685 1.6684 1.6682 1.6683
0.8 2.024 1.9853 1.9848 1.9848 1.9847
0.9 2.458 2.3930 2.3924 2.3924 2.3924
1 2.10 2.3930 2.3924 2.3924 2.3924
LSE 9.3586 x 10~ 2 9.8635 x 102 9.1329 x 102 0.1834 x 1072
Table 4
Comparisons between the least square errors for Examples 1-3 where n = 10
E | Least square errors
xampies CM PM GM LM
Example 1 0 0 0 0
Example 2 2.4433 x 1073 2.3951 x 103 2.3951 x 103 2.3951 x 103
Example 3 9.3586 x 10~ 2 9.8635 x 10~ 2 9.1329 x 102 0.1834 x 1072
Conclusion

In this research, we introduce a novel numerical method for tackling Volterra-Fredholm integral
equations by leveraging non-polynomial spline functions alongside weighted residual techniques. The
conclusions of our study are summarized from Tables 1-4 as follows:
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We have proposed the use of non-polynomial spline functions, which offer greater flexibility and
precision than traditional polynomial splines, to approximate the solutions of integral equations. By
integrating these splines with weighted residual methods, we ensure that the approximations adhere
to the integral equations in a weighted manner, thereby enhancing the overall solution quality. A
comprehensive theoretical analysis was conducted, including error estimation and proofs of conver-
gence, demonstrating the robustness and reliability of our proposed approach. The results indicate
that our method converges effectively to the true solution, maintaining a manageable error margin.
Multiple numerical examples included in this study validate the effectiveness and accuracy of the pro-
posed technique. Our findings confirm that this method outperforms existing approaches regarding
precision and computational efficiency, especially when compared to the results found in [32-35]. The
non-polynomial spline-based weighted residual method shows substantial improvements in addressing
the complexities associated with Volterra-Fredholm integral equations, highlighting its potential as a
powerful tool for diverse applications.
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A proposed numerical approximation method is presented for solving a singularly perturbed second-order
differential-difference equation with both the delay and advance shifts. The algorithm utilises a non-
polynomial spline with a fitting factor finite difference scheme. The application of finite difference approx-
imations for higher order derivatives leads to the derivation of a tri-diagonal system. To efficiently solve
this system of equations, an algorithm based on discrete invariant imbedding is employed and the stability
of the method is analysed. An assessment of the applicability and efficiency of the proposed scheme is
conducted by performing three numerical experiments and comparing the results with other methods. The
maximum absolute errors are used as the basis for comparison. The impact of minor shifts on the bound-
ary layer behaviour of the solution is illustrated using plotted graphs featuring different degrees of shifts.
The method is theoretically and numerically analysed using uniformly convergent solutions with quadric
convergence rate.

Keywords: Differential-Difference equation, Singular Perturbation problem, boundary layer, finite difference
approximation, Stability.

2020 Mathematics Subject Classification: 65L11, 65L12.

Introduction

In science and engineering, singularly perturbed differential-difference equations (SPDDEs) appear
frequently in the mathematical modelling of real-life situations [1,2]. The presence of small-time
parasitic parameters such as moments of resistance, inertia, inductances, and capacitances in the
mathematical modelling of a physical system, as in control theory, increases the order and stiffness of
these systems. They are termed as singular perturbation systems, then they are called as singularly
perturbed delay differential equations. Delay differential equations appear in first-exit time problems
in practical bioscience phenomena. A differential-difference equation with the presence of shift terms
induces large amplitudes and exhibits oscillations, resonance, turning point behaviour, and boundary
and interior layers. As a result, simple and efficient numerical techniques are required to control such
behaviour.

The extension methods developed in the papers [3,4] for ordinary differential equations to obtain ap-
proximate solution of SPDDEs with mixed shifts are published by the wvarious authors.
M. Adilaxmi, D. Bhargavi, and K. Phaneendra [5] devised a method for finding the Numerical Solution
of SPDDEs using multiple fitting factors. Habtamu Garoma Debela and Gemechis File Duressa [6] con-
sider SPDDEs with mixed small shift and the resulting singularly perturbed boundary value problem
to solve the problem using fitted non-polynomial spline method. A fourth order exponentially fitted
numerical scheme on uniform mesh is developed by Habtamu Garoma Debela, Solomon Bati Kejela
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and Ayana Deressa Negassa [7] to solve SPDDEs. For the numerical solution of singularly perturbed
differential equations with delay and shift, Arshad Khan and Akmal Raza [8] proposed an efficient
Haar wavelet collocation method. The authors [9] proposed a numerical scheme, involving cubic spline
for Robin boundary conditions and the classical central difference scheme for solving a singularly per-
turbed reaction-diffusion problem. A numerical approach is proposed by the authors [10] using a
hybrid-difference technique on a propitious layer-adaptive piecewise-uniform Shishkin mesh to exam-
ine a higher order convergent approximation for a class of singularly perturbed two-dimensional (2D)
convection-diffusion-reaction elliptic problems with discontinuous convection and source terms which
leads to an almost second-order estimate. The authors [11] applied the adaptive mesh based numerical
approximations for solving the Darcy scale precipitation-dissolution reactive transport 1D and 2D mod-
els consist of a convection-diffusion-reaction PDE with reactions being described by an ODE having a
nonlinear, discontinuous, possibly multi-valued right-hand side describing precipitate concentration in
a porous medium effectively. A hybrid difference scheme involving the trapezoidal and the backward
difference schemes is chosen by the authors [12]| for integral boundary value problems of nonlinear sin-
gularly perturbed parameterized form consists of a priori and a posteriori error analysis. A higher order
numerical approximation for analysing a class of multi-term time fractional partial integro-differential
equations involving Volterra integral operators is explained by the authors [13] using an adaptive mesh.

With this motivation, an exponential fitting factor is introduced in non-polynomial method for
the solution of SPDDEs with delay and advanced parameters. Problem description is explained in
Section 1 and Section 2 explains the procedure of mixed non polynomial spline. Section 3 presents a
numerical scheme for solving the problem, and Section 4 deals with the proposed scheme’s convergence
analysis. To demonstrate the efficacy of the proposed method, numerical experiments for several test
problems are performed, and the results are presented in Section 5. The conclusion is given for the
proposed work in the final section.

1 Problem description

Consider a linear singularly perturbed differential-difference equation of the following form
eu’ (v) +p () (v) + q(v)u(v—06)+r(v)u)+s@)ul+w) = f(v) (1)
on (0,1), under the boundary conditions
U(U) = QD(’U), -0 <v <0,
and u (1) =~v(v), 1<v<14w. (2)
Here € is a small parameter such that 0 < e < 1 and § > 0, w > 0 are known as the delay (negative
shift) and the advance (positive shift) parameters respectively. When 0 < § = O(e) and 0 < w = O(¢)
then p (v), ¢(v), r(v), s(v) and f (v) are smooth functions in the given domain and the higher order
derivatives of u (v — ¢) and u (v + w) will vanish if the powers of § and w increase.
Since 0 < § < 1 and 0 < w < 1, by applying Taylor’s series expansion for u (v — ¢) and u (v + w)

then
u(v— 8) =u(v) — o' (v) + 0(6%), (3)

u(v+ w)=uv)+wd (v)+ 0 (w?). (4)
Substituting Eqgs. (3) and (4) in Eq. (1), then Eq. (1) becomes
eu (v) +a () (v) +b(v)u(v) = f(v) + 0(6% + w?), (5)

where
a(w)=p)—1¥dq(v)+ws(w) and b(v) =q(v)+r(v)+ s(v).
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Eq. (5) is an asymptotically equivalent second order singular perturbation problem of Eq. (1) with

boundary conditions as
u(0) =¢(0) and u(l) =w(1). (6)

Thus, the solution of Eq. (5) provides a good approximation to the solution of Eq. (1). If a (v) > 0, the
solution of Eq. (1) with Eq. (2) exhibits layer at the left end of the interval and if a (v) < 0, the layer
exhibits at the right end of the interval.

2 Mixed non-polynomial spline

Let a = vg < v1 < vy < -+ < v, = b, we first divide the interval [a,b] into 'n’ equal parts by
introducing v; =a+1th,i=0,1,...,nand h = b_Ta
Let

P; (v) = ajexp [T (v —wv;)] +bi[cos(T(v—1;)) +sin(T(v—1v;)) |+ ¢ (7)

be a mixed non-polynomial quadratic spline defined on [a, b] which interpolates the uniform mesh
points v;, depends on a parameter 7, reduces to an ordinary quadratic spline in [a, b] as 7 — 0. To
determine the coefficients a;, b; and ¢;, the following interpolation conditions are defined as

1 .
P; (vi) = wi, Pi(vip1) = uiy1, P (vi) = i(Zi + Ziy1), for i=0,1,...,n.

By using the above conditions, the coefficients in Eq. (7) are calculated as

B Ui+l — Uj h2( expf —1
© sinf+cosh+exph—2 202 sinf + cosf + expb — 2

W(Zi + Zit1),

Uit1 — Ui h? expf —1
= - — 7.4 7.
" sinf + cosf +expd — 2 202(sin9+cose+exp0—2)( i+ Zi),
Uiy1 + (sinf + cos§ +exp@)y;  h? 2expf —1
L= —5 “IZ: + 7
’ sinf + cosf + expf — 2 202(sin9+0089+exp9—2 WZi + Zit),

where 0 = Th.

Using the continuity of first derivative, P, (v;) = P" (v;), m = 0,1, the following consistency

relation derived

aui—1 + Bui + Yuisr = h* (1 Zio1 + BiZi + nZig1), i=0,1,....n, (8)
where
_exp0 +cosf +sinf
o= 5 ,
sinf — cosf —exp 6 + 2
f= 5 ,
v=1,
_ (2sin® — 1)exp 0 + cosf — sin 6
Q] = 162 )
B = sinfexpf — sin 6
1= 202 )
_expf —sinf — cosf
"= 102 .

Remark:  The proposed method reduces to Al-Said [14] based on quadratic spline when
(OZ,B,’}/,OZL Bla’yl) = (17 _27 17 %7 %? i)
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8 Application of the method

At the grid points v;, Eq. (5) can be written as

eu] = —a (v;)uh — b (vy)u; + f (v5),

using Z; = u! in the above equation, then it becomes

«SZj = —a; (Uz) u; — bj (Uz) u; + fj (’Ul) for j=i—1, 4, i+ 1. (9)
Using Eq. (9) in Eq. (8) and the following approximations for the first derivative of u as
(Wig1 — wi—1) (Buiy1 — 4u; + ui—q) (—wig1 + 4u; — 3ui—1)
u; — (] 2h (] , ’U,’/L+l — (3 2h’b 1 and 'U/{Lil — 7 2hl 1 ,
then
€ —Uir1 + du; — 3u;—1 Uit 1 — Ui
ﬁ(auiq + Bu; +yuiq) = _alai—l( AR 2hl =) - ﬁ1az‘(l+2hz)
Sujr1 —4u s + ui—
—71az‘+1( e th o) _ arbi—1 ui—1 — Bibiu; — M1bit1uitr
+ (a1 fic1 +Buifi +fivr ). (10)
By introducing a constant fitting factor o (p) in the above scheme (10), we have
€o —Uir1 + du; — 3ui— Ujg 1 — Ui
h(gp) (aui—l + ﬁuz +7ui+1) — _alai—l( i+1 th 7 l) - Blai( i+1 o i 1)
Suirr —4u ; + ui—
—’Ylaz‘+1( Ak 2hz ) arbi—1 ui—1 — Brbiu; — Mbip1uita
+ (anfiog +Bufi+7f i) - (11)
On simplification, the obtained tridiagonal system as
Eiui 1+ Fu, + Giujpy =H;, + = 1,2,..., N—1. (12)

A brief explanation and simplification about tridiagonal system are given in [15-19], where

3arha;— ha, ha;
Ei = EQ0 — ™ 2612 ! — 612(11 —+ n ;Prl + h2a1bi,1,

F;, =efo + 2a1ha;_1 — 2’}/1hai+1 + hQﬁlbi,

arha;— ha; 371 ha,
1ha; 1+51 i, 3 L 2

G; = eno —
iT e 2 2 2
H; = h? (Oélfi—l +Bifi +nfia ) with the truncation error is
o+ -+
ti=(a+ B+ ui+ (—a+7)hu + [ 51 L (o + B+ 71)} P + [3,7 — (a1 +m)| PPu

i 1 .
+ [(ai—'y — al;%>5ug )+6(51 —2( +’yl))aiy§"} W4 O(h%) fori=1,...,n— 1.

2,1, &, 19 1Y then the order of the trun-

For the choice of parameters («, 3,7, a1, f1,71) = (1, — 5 130 15

cation error is fourth order.
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To calculate fitting parameter from singular perturbations theory [20,21], the following is an ap-
proximation for the solution of the homogeneous problem of Eq. (1)

a(v) b(v)

O (v
o (1= @) B T8 o),
v
where ug () is the solution of a (v) ug’ (v) + b (v) ug (v) = f (v), ug (1) = 1.
By using the Taylor’s series expansion for a (v) and b (v) about the point zero and limiting to their
first terms, Eq. (11) becomes

S

u(v) = ug (v) +

S|

u(v) = w0 (v) + (o — wo (0)) ¢~ (E50)" 1.0 ().
From Eq. (11), it is clear that

_<a2(0)—ab(0))ip
lim u (i) = uo (0) + (¢o —ug () e \ @ /7,
_)

_(22@=<b@ \ ;s
}El%u@mh)=uO<0>+<¢o—uO<o>>e( "0 >(””’,
_>

_( w%(0)—eb(0) in —
Jim w(ih = h) =ug (0) + (g0 — uo (0)) (e =0
—

Using these limit values in Eq. (11), the fitting parameter obtains as
aip h
o (p) = (a1 +0.561) a;pCoth (—2 ) , where p = —,
€

which is the required value of the constant fitting factor o(p) in this case of problems having boundary
layer at right end and left end of the given interval.

4 Convergence Analysis

Theorem 1. Under the assumptions that ¢ (v) > M > 0 and r (v) < 0, Vv € [0,1], the solution to
the system of difference equations (12) together with the given boundary conditions exists, is unique
and satisfies |[ul] < M~ || ]| + max [|p(0)| + by (1)]

Proof. Proof of the above theorem can be found in [22-28|.

Incorporating the boundary conditions in Eq. (6), the system of Eq. (12) with the truncation error
can be written in the matrix form as:

(D+P)U + M + T (h) =0, (13)
where
[ —2e0  co 0 0 .. 0
eoc  —2e0 €0 0
D— 0 .. e e 0 ’
L O . w .. €0 —2e0 |
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I P1 T 0 0 ... 0
p2 q T2 0 ... 0
0 T3 eernnnn. 0
P = [pi,qi,7i] = P 573 :
L 0 0 pN-1 qN-1

where

_3a1hai_1 _ ,Blhai T 'ylhaH_l

Di = +h%arbi_1, ¢ = 201ha;_1 — 2y1haii1 + h?Bib;,

2 2 2
ha;_ ha;  3v1ha;
Ti:—al diz1 +61 di + Nt +h271bi+1, fori=1,2,...,N —1,
2 2 2
M = [gl + (€J+p1)¢(0)7927g3 sy 3y gN—-2,gN—-1 + (€O-+TN71)71]Ta

where g; = h? (041 fio1 +Bfi + nfina ), for « = 1,2,...,.N — 1, T(h) = O(h4) and
u = [ug,ug, ..., uN_ﬂT, T (h)=[T1, T, ..., TN_l]T, 0=J0,0,..., O]T are corresponding vectors of Eq. (12).
Let U = [U;, Uy, ..., UN,l]T = U, which satisfies the equation

(D+P)U + M = 0. (14)
Let e, =U —wu;, i =1, 2. ..., N — 1 be the discretization error, so that
E = [ey, eq, ...,eN_l]T =U —u.
Subtracting Eq. (14) from Eq. (13), then the error equation is
(D+P) E = T(h). (15)
Let |a;| < K1, |b;j| < K3 so that if A;; is the (4, ) th element of matrix P, then
|Aiiv1] = |wi| <e+h(ar+ B +3n) K1+ hPaiKs, i =1,2,...,N — 2,

’A@ i—l‘ = ”U,Z‘ SE—I—h(SO&l—i—ﬁl —i—"}/l)Kl—i-hQOleg, 1=2,3...,N—1.

Thus, for sufficiently small h(h — 0), it observes that |A;;+1| < ¢, for ¢ = 1,2,...,N — 2 and
|A; i1 <e, fori=23,...,N — 1. Hence (D+P) is irreducible [29].
Let S; be the sum of i’ row elements of the matrix (D+P), then

3atha;_ ha; ha; .
12 i—1 + /312 i 4! 27,+1 —|—h2 (’Ylbi+1 +Blb1) for i = 1’

Si=h*(aab ;1 +Bibi+y1biyy ) fori=2,3,...,N -2,
arthai—1  Piha;  3viha;,
2 2 2

S; = —eo +

S; =—eo+ +h? (ibiy + fib;) for i =N —1.

Let Kl* = minlgiSN_l ]az\ ,Kl* = maxlSiSN ]az] 5
KQ* == minlSiSN_l |b@’ ,KQ* == maxlSiSN |b1| 5 then

0< K, <K <Ki*, 0< Ky, <Ky <Ky,

for sufficiently small h, (D+P) is monotone [30-32]. Hence (D+P)~" exists and (D4+P)~* > 0.
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Thus, from Eq. (15), it has
1E) < [|@-+2) || 1) (16)

For sufficiently small h, let (]D)—i—IP’);Ii be the (i, k)" element of (D+P)~* and define

N-—1
-1 _ —1 - ]
|@+P) H—lsriré%«_l;(mm and [ T(h)] = max |Ti].

Since (IDJ—G—IP’);; >0 and Z,i\[:_ll (D—HP’);,% Sp=1 for i=1,2,...,N—1, we have

1

1

71 .

(D+P)i,k < S; < 2K, for i = N-—1.

Furthermore,
L )
k=1 ok mino<;<n-2S;  h2Ky’

By the help of Egs. (17) and using Eq. (16), it becomes
IE| <O (h?).

This illustrates the proposed finite difference scheme Eq.(12) reaches a maximum of second order
convergence at certain stage for (ay, f1,71) = (%, %, %)
5  Numerical Examples

Four example problems are chosen and presented the numerical results in terms of the maximum
absolute errors (MAE) with the computed rates of convergence in the tables to demonstrate the
accuracy and efficiency of the proposed method. These maximum absolute errors for different values
of N and ¢ are obtained using the relation. Wherever exact solutions are not known, the MAEs are
calculated using the double mesh principle given by

2N

EN = max |’u,iN—UQi

0<i<N ’

where u; "V and u;?"V are the numerical solutions of the problem for N and 2N mesh points respectively.

Further, formula is used to determine the numerical rate of convergence

Ry = logs

Eon|

The exact solution of the considered singularly perturbed differential-difference equation with constant

coefficients, say p (v) =p, ¢(v) = ¢, 7 (v) =71, s(v) =s, f(v) = f, ¢ (v) =, ¥ (v) =1 in Eq. (1) and
Eq. (2), then

eu’ (v) +pu’ (V) +qu(v—238)+ru(v) +su(v+n)=f 0<v<l,
with respect to the interval and boundary conditions u(v) = ¢, —0 < v < 0 and u(v) = 9,
1 <wv<1+nisgiven by

y (@) = Cre™ @ 4 Crem@ 4 L
C
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where

mi =

[e™> (f —cd) — [+ ¢

C =

c(em — emz2)

™ (=f + cd) = f + ]

)

Cy =

c(em —em2)

—(p—q5+s77)—|—\/(p—q6+sn)2—4cs

with c=q+1r+s.

2e

, MMy =

—(p—qd+sm) — \/(p—q5+s77)2—406

2e

9

Ezample 1. Consider a boundary value problem eu” (v)+u' (v) —u (v — §)+u (v) —u(v+n) = -1,
with boundary constraints u (v) =1; =6 <v <0, u(v) =1, 1 <v<1+n.

Ezample 2. Consider a boundary value problem eu” (v) + 2.5 (v) — 2exp (v) u (v —8) — u (v) —
—vu (v+mn) =1, with boundary constraints v (v) =1; = <v <0, u(v)=1, 1<v<1+mn.

Ezample 3. Consider a boundary value problem eu” (v) — (1 + exp (—v?)) U (v) — vu(v—0) —
= 1,-6 < v <0,

—vu(v) — (L5 —exp(—v))u(v+n) =

u(w)=1,1<v<1+n.
Ezample 4. Consider a boundary value problem eu” (v) — (1 + exp (v?)) u (v) — vu(v—6) +
+v2u (v)— (1 — exp (—v)) u (v + n) = 1, with boundary constraints u (v) = 1; =6 <v <0, u (v) = —1,

1, with boundary constraints wu (v)

1<v<1+0.
The MAEs in Example 1 for various values of ¢
el N—o ] 2° | 2 2° | 2° | 27 2°
Present method n = § = 0.5¢

1071 2.405(-03) | 6.367(-04) | 1.615(-04) | 4.053(-05) | 1.014(-05) | 2.553(-06)
1.9174 1.9788 1.9948 1.9988 1.9898

1072 9.363(-03) | 4.724(-03) | 1.765(-03) | 5.110(-04) | 1.331(-04) | 3.365(-05)
0.9870 1.4203 1.7882 1.9408 1.9834

1073 9.438(-03) | 5.180(-03) | 2.724(-03) | 1.397(-03) | 6.805(-04) | 2.679(-04)
0.8655 0.9272 0.9633 1.0376 1.3449

1074 9.441(-03) | 5.183(-03) | 2.725(-03) | 1.398(-03) | 7.087(-04) | 3.568(-04)
0.8651 0.9275 0.9628 0.9801 0.9900

107° 9.442(-03) | 5.183(-03) | 2.725(-03) | 1.398(-03) | 7.088(-04) | 3.568(-04)
0.8334 0.9075 0.9516 0.9752 0.9874

10~ 9.442(-03) | 5.183(-03) | 2.725(-03) | 1.398(-03) | 7.088(-04) | 3.568(-04)
0.8653 0.9075 0.9516 0.9752 0.9874

Results in [22]

1071 3.658(-03) | 9.595(-04) | 2.409(-04) | 6.759(-05) | 1.776(-05) | 1.232(-05)

1072 1.695(-02) | 7.297(-03) | 2.486(-03) | 6.964(-04) | 1.776(-04) | 2.616(-05)

1073 2.0208(-02) | 1.047(-02) | 5.210(-03) | 2.461(-03) | 1.057(-03) | 3.771(-04)

1074 2.052(-02) | 1.079(-02) | 5.520(-03) | 2.769(-03) | 1.363(-03) | 6.539(-04)

1075 2.061(-02) | 1.088(-02) | 5.608(-03) | 2.858(-03) | 1.453(-03) | 7.417(-04)

106 1.951(-02) | 9.783(-03) | 4.513(-03) | 1.762(-03) | 3.577(-04) | 3.729(-04)
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MAEs of Example 2 with various values of ¢

el N— | 10" 10? 103 [ 10*
Present method 6 = 0.7¢,7 = 0.5
1077 1.429(-02) | 1.798(-04) | 1.803(-06) | 1.803(-08)
1072 2.692(-02) | 1.852(-03) | 2.111(-05) | 2.111(-07)
1073 2.718(-02) | 3.371(-03) | 1.918(-04) | 2.161(-06)
1074 2.721(-02) | 3.375(-03) | 3.461(-04) | 1.925(-05)
Results in [22]
1071 1.533(-02) | 1.917(-04) | 1.921(-06) | 1.917(-08)
1072 2.817(-02) | 1.865(-03) | 2.024(-05) | 2.026(-07)
1073 2.853(-02) | 3.389(-03) | 1.919(-04) | 2.162(-06)
1074 2.857(-02) | 3.395(-03) | 3.463(-04) | 1.925(-05)

MAEs and rate of convergence of Example 2 with various values of ¢

el N[ 2 | 2° 27 2° | 2 | 2"
Present method n =46 = 0.5¢

2% 1.338(-03) | 3.389(-04) | 8.501(-05) | 2.127(-05) | 5.318(-06) | 1.329(-06)
1.9811 1.9951 1.9987 1.9988 2.000

24 2.827(-03) | 7.339(-04) | 1.852(-04) | 4.642(-05) | 1.161(-05) | 2.904(-06)
1.9456 1.9864 1.9962 1.9993 1.9992

95 5.401(-03) | 1.511(-03) | 3.898(-04) | 9.822(-05) | 2.460(-05) | 6.154(-06)
1.8377 1.9546 1.9886 1.9973 1.9990

276 8.369(-03) | 2.842(-03) | 7.859(-04) | 2.019(-04) | 5.084(-05) | 1.273(-05)
1.5581 1.8544 1.9607 1.9896 1.9977

27 9.770(-03) | 4.381(-03) | 1.461(-03) | 4.014(-04) | 1.029(-04) | 2.590(-05)
1.1570 1.5843 1.8638 1.9637 1.9902

28 9.930(-03) | 5.106(-03) | 2.244(-03) | 7.411(-04) | 2.029(-04) | 5.200(-05)
0.9596 1.1861 1.5983 1.8688 1.9641

279 9.946(-03) | 5.183(-03) | 2.613(-03) | 1.136(-03) | 3.733(-04) | 1.020(-04)
0.9191 0.9770 1.1965 1.6038 1.8703

Results in [22]

273 1.378(-03) | 3.486(-04) | 8.742(-05) | 2.187(-05) | 5.469(-06) | 1.367(-06)

24 2.880(-03) | 7.458(-04) | 1.881(-04) | 4.714(-05) | 1.179(-05) | 2.948(-06)

27" 5.477(-03) | 1.526(-03) | 3.930(-04) | 9.902(-05) | 2.480(-05) | 6.204(-06)

26 8.487(-03) | 2.862(-03) | 7.898(-04) | 2.028(-04) | 5.105(-05) | 1.278(-05)

277 9.922(-03) | 4.413(-03) | 1.466(-03) | 4.024(-04) | 1.031(-04) | 2.596(-05)

28 1.009(-02) | 5.148(-03) | 2.252(-03) | 7.424(-04) | 2.032(-04) | 5.206(-05)

279 1.011(-02) | 5.228(-03) | 2.624(-03) | 1.138(-03) | 3.736(-04) | 1.021(-04)

Table 2

Table 3
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MAESs and rate of convergence of Example 3 with various values of ¢

el N[ 2 | 2° | 27 [ 2 | 2 2"
Present method n = § = 0.5¢

273 3.025(-04) | 7.465(-05) | 1.899(-05) | 4.693(-06) | 1.183e-06 | 2.924e-07
1.9943 1.9846 1.9940 2.0000 1.9998

21 6.723(-04) | 1.674(-04) | 4.258(-05) | 1.034(-05) | 2.609(-06) | 6.524(-07)
1.9979 1.9950 1.9962 1.9991 1.9996

275 1.524e-03 | 3.658e-04 | 9.013e-05 | 2.143e-05 | 5.612e-06 | 1.404e-06
1.0934 1.9846 1.9200 1.9970 1.9989

26 2.230(-03) | 7.967(-04) | 3.222(-04) | 1.852(-04) | 1.174(-05) | 2.940(-06)
1.4849 1.3060 0.7988 0.979 1.9975

277 2.298(-03) | 1.157(-03) | 4.099(-04) | 9.466(-05) | 2.429(-05) | 6.034e-06
0.9899 1.4973 1.9933 1.9626 1.0984

278 2.294(-03) | 1.181(-03) | 5.905(-04) | 2.085(-04) | 4.798(-05) | 1.232(-05)
0.9578 1.0000 1.5046 1.9781 1.9584

279 2.298(-03) | 1.177(-03) | 5.998(-04) | 2.985(-04) | 1.059(-04) | 2.506(-05)
0.9652 0.9725 1.0060 1.5087 2.0000

Results in [22]

273 8.434(-04) | 2.112(-04) | 5.284(-05) | 1.321(-05) | 3.303(-06) | 8.260(-07)

274 4.172(-03) | 1.047(-03) | 2.640(-04) | 6.602(-05) | 1.650(-05) | 4.127(-06)

275 1.858(-02) | 4.743(-03) | 1.190(-03) | 2.980(-04) | 7.452(-05) | 1.864(-05)

276 6.074(-02) | 1.988(-02) | 5.080(-03) | 1.275(-03) | 3.192(-04) | 7.981(-05)

277 1.111(-01) | 6.451(-02) | 2.061(-02) | 5.270(-03) | 1.323(-03) | 3.311(-04)

278 1.297(-01) | 1.176(-01) | 6.658(-02) | 2.101(-02) | 5.372(-03) | 1.349(-03)

279 1.310(-01) | 1.372(-01) | 1.212(-01) | 6.766(-02) | 2.122(-02) | 5.425(-03)

MAEs and rate of convergence of Example 4 with various values of ¢

el N 2 2° [ 2r [ 2 | 2
Present method n =46 = 0.5¢

273 1.826(-03) | 4.086(-04) | 1.002(-04) | 2.543(-05) | 6.246(-06)
1.9982 1.9994 1.9989 2.0000

24 4.576(-03) | 9.745(-04) | 2.165(-04) | 5.245(-05) | 1.310(-05)
1.9567 1.9988 1.9909 1.0099

975 9.233(-03) | 2.431(-03) | 4.959(-04) | 1.104(-04) | 2.678(-05)
1.9359 1.9989 1.9846 1.9999

276 1.229(-02) | 4.704(-03) | 1.225(-03) | 2.420(-04) | 5.598(-05)
1.3855 1.9411 2.0000 1.9994

277 1.275(-02) | 6.203(-03) | 2.374(-03) | 6.166(-04) | 1.264(-04)
1.0394 1.3856 1.9430 1.9998

98 1.275(-02) | 6.417(-03) | 3.115(-03) | 1.192(-03) | 3.098(-04)
0.8131 1.0426 1.3858 1.9439

Results in [33]

273 8.354(-03) | 2.013(-03) | 4.986(-04) | 1.249(-04) | 3.121(-05)

94 1.719(-02) | 4.378(-03) | 1.041(-03) | 2.571(-04) | 6.429(-05)

273 2.517(-02) | 8.889(-03) | 2.238(-03) | 5.290(-04) | 1.303(-04)

276 3.154(-02) | 1.294(-02) | 4.516(-03) | 1.131(-03) | 2.664(-04)

27 4.478(-02) | 1.622(-02) | 6.559(-03) | 2.276(-03) | 5.686(-04)

278 7.878(-02) | 2.317(-02) | 8.224(-03) | 3.301(-03) | 1.142(-03)
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MAE of Example 4 with ¢ = 0.1

SIN—> ] 2° 2° 27 [ 2
Present method with n = 0.5 x¢
0.00 3.889(-02) | 2.576(-03) | 1.305(-04) | 8.065(-06)
0.05 3.850(-02) | 2.527(-03) | 1.286(-04) | 7.948(-06)
0.09 3.818(-02) | 2.489(-03) | 1.272(-04) | 7.853(-06)
Results in [33]
0.00 [ 9.109(-02) | 1.112(-02) | 6.382(-04) | 4.004(-05)
0.05 9.047(-02) | 1.095(-02) | 6.306(-04) | 3.950(-05)
0.09 8.996(-02) | 1.082(-02) | 6.244(-04) | 3.906(-05)
niN—>] 22 ] 2 [ 27 ] 2
Present Method § = 0.5 ¢
0.00 3.835(-02) | 2.502(-03) | 1.277(-04) | 7.888(-06)
0.05 3.850(-02) | 2.527(-03) | 1.286(-04) | 7.948(-06)
0.09 | 3.862(-02) | 2.548(-03) | 1.294(-04) | 7.995(-06)
Results in [33]
0.00 9.604(-02) | 1.116(-02) | 6.458(-04) | 3.924(-05)
0.05 | 9.621(-02) | 1.124(-02) | 6.494(-04) | 3.952(-05)
0.09 | 9.634(-02) | 1.131(-02) | 6.522(-04) | 3.970(-05)
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Table 6

Figure 1. Numerical solution of Ex. 1 for various values of § with N=2° ¢ = 10~! and n = 0.05
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Figure 2. Numerical solution of Ex. 1 for various values of  with N=2%, ¢ = 10~2 and 6—0.05
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Figure 3. Numerical solution of Ex.2 for various values of § with N=2% ¢ = 107! and 1—0.05
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Figure 5. Numerical solution of Ex.3 for various values of § with N=2° ¢ = 10~! and =0.05
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Figure 8. Numerical solution of Ex.4 for various values of  with N=2% ¢ = 10~! and 6=0.05
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Conclusion

For solving SPDDEs of second order with mixed shifts and boundary layers at the left or right
end of the underlying interval using a non-polynomial cubic spline with fitting factor, a novel finite
difference algorithm is recommended. To illustrate the accuracy and effectiveness of the approach,
four example problems are tested for different values of N and with § = n = 0.5¢ and presented the
numerical results in terms of maximum absolute errors and numerical rates of convergence. Using
MATLAB, the MAEs in the solutions listed in comparison to the method given in [22] in Tables 1, 2, 3
and 4. Tables 5 and 6 give the MAEs in the solution of Example 4 to compare the method given in [33].
The detailed examination of the solution graphs plotted in Figs. 1, 2, 3, 4, 5, 6, 7 and 8 reveals that the
mixed shifts have no significant impact on the boundary layer behaviour of the solution for problems
with boundary layers at the left-end points of the given interval (Figs. 1, 2, 3, and 4), whereas these
parameters affect the solution for problems with boundary layers at the right-end points of the given
interval (Figs. 5, 6, 7, and 8). According to the results, the thickness of the layer increases as the
delay parameter size increases and it decreases as the advance parameter size increases. The proposed
method is simple and can be easily implemented on a computer.
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Approximation of a singular boundary value problem for a linear
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This paper addresses the approximation of a bounded (on the entire real axis) solution of a linear ordinary
differential equation, where the matrix approaches zero as t — Foo and the right-hand side is bounded with
a weight. We construct regular two-point boundary value problems to approximate the original problem,
assuming the matrix and the right-hand side, both weighted, are constant in the limit. An approximation
estimate is provided. The relationship between the well-posedness of the singular boundary value problem
and the well-posedness of an approximating regular problem is established.

Keywords: linear differential equation, bounded solution, singular boundary value problem, approximation,
well-posedness, parameterization method.
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Introduction

In many fields of applied mathematics, systems of ordinary differential equations that involve sin-
gularities or are defined over an infinite interval frequently occur. Numerous studies (see, for example,
[1-8]) have explored the existence of bounded solutions for these types of problems and the approxi-
mation of these solutions.

In the present paper, we consider the differential equation

d
dit“’ = Alt)z + f(t), z€R", te (—o0,00), (1)
n
where the matrix function A(t) is continuous on R and ||A(#)|| := max ) |a;r(t)| < «(t). We assume
J k=1

that «(t) > 0 is a continuous function such that

0 00
/ a(t)dt = oo, tl&r_nooa(t) =0, /a(t)dt = 00, tllglo a(t) = 0.
—00 0

As is known (see, e.g. |9]), the above assumption implies that equation (1) has a bounded solution
not for any function f(¢) continuous and bounded on the whole axis. For this reason, in [10] the
existence and uniqueness of a bounded solution of equation (1) was investigated under the assumption
that f(t) is continuous and bounded with a weight.

We will use the following notation:
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C(R,RR™) is the space of continuous and bounded functions x : R — R™ equipped with the norm
[l []y = sup [lz()]];
teR

él/a(R, R™) is the space of functions f : R — R™ that are continuous and bounded with the weight
1/a(t), ie. f(t)/a(t) € C(R,R™), equipped with the norm || f||o = sup ||f(£)/(t)].
teR

PROBLEM 1 is the problem of finding a bounded on the whole axis solution of equation (1) with
f(t) € Cl/a(Ran)' ~
We say that Problem 1 is well-posed with constant K if it has a unique solution z(t) € C(R,R")
for any f(t) € Co(R,R"), and
[zl < Kl fllas

where K is a constant independent of f(t).

In [10], Problem 1 was studied by the parameterization method [11| with nonuniform partition
o0

R= U [ts—1,ts). For a fixed number 6 > 0, the partition points t; € R, s € Z, are determined as

S§=—00

ls

to =0, / a(t)dt = 0.

ts—1

_ Let 7L(6) denote a bilaterally infinite sequence of partition step sizes hs(6) = ts — ts—1, s € Z, i.e.
h(0) = (..., hs(0), hs+1(0),...). We will use the following spaces:
my, is the space of bilaterally infinite sequences of A\; € R™ equipped with the norm

[Allg = (1G5 Asy Asgas - )l = sup [[Asll, s € Z;
S

L(my,) is the space of bounded linear operators mapping m,, to itself, equipped with the induced
norm;

myn(h(0)) is the space of bounded bilaterally infinite sequences of functions z(t), each of which is
continuous and bounded on its domain [ts_1,ts), equipped with the norm

[zft]lls = I( - 25 (t), 2541 (2), . )lls =sup  sup |z (@)]|, s € Z
S te[ts—lyts)

Well-posedness criteria for Problem 1 were obtained in [10] in terms of a bilaterally infinite block-
diagonal matrix Qyﬁ(e) i my, — my, of the form

0. 0 I+ D, (hs(6)) I 0 0 ...
whO) = | o 0 [+ Dyyir(hon(6) - 0 ... ||’
ts ts Ty—1
where D, s(hs(0)) = [ A(m)dn+...+ [ A(n)... [ A(n)dr, ...dn, s € Z, and [ is the identity
ts—1 ts—1 ts—1

matrix of order n.
1 Statement of the problem of approzimation. A criterion for the well-posedness of Problem 1

In this paper we consider the issue of approximation of Problem 1 by regular two-point boundary
value problems. For this purpose, we pose the following problem.
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PROBLEM 2. For a given € > 0 find numbers 77, T5 > 0, real n x n matrices B, C, and vector
d € R", such that a solution 7, 1, () of the two-point boundary value problem

%f = A(t)z + f(t), te (=T, 1), (2)

Bm(le) + C$(T2) =d (3)

satisfies the inequality
max ||z t) —x*(t)|| < e,
e |z, 1, (t) — 2" ()]
where x*(t) is a solution of Problem 1.
Problem 2 is considered under the following assumptions.
Assumption 1. lim Al A(s), and Re €5 # 0, where £ are the eigenvalues of the matrices
tSFo0 () T J J

A(:F),j:1,2,...,n.

Assumption 2. lim % = f(5)-

t—Foo &

We introduce the following functions:

I A@t) . Alt)

()= tE(EEoI,)—T} a(t) A(_) " 61+(T) - tES[lTlEO) a(t) o
L £ . ) _
2= o e o ' )= oo e

Obviously, 6, (T) - 0as T — oo, r =1,2.
There exist nonsingular real n x n matrices S(s that transform the matrices A+ into the real
Jordan canonical form [12]

5 -1
A =S AmSe =

AT 0
H i , (1)

0 Aj

where AJ; and AJ, consist of generalized Jordan blocks associated with the eigenvalues of A+ that
have negative and positive real parts, the numbers of which we denote by n and nJ, respectively. We
form the n x n matrices

Pr=1"9 0

'Inl 0

e

where I, are the identity matrices of orders n,, r =1, 2.
The following statement establishes the interrelation between the well-posedness of Problem 1 and
that of a two-point boundary value problem.

Theorem 1. Under Assumption 1, Problem 1 is well-posed if and only if:
(i) ny =nf =ny and n; =ng = ng;
(ii) there exist Ty, T2 > 0 such that for any Ty > T}, T > T§ the boundary value problem (2), (3)
with B = —PlS(_) and C' = P25(+), is well-posed with a constant K7 independent of 17, T5.
Proof. Necessity. Let Assumption 1 be fulfilled and let Problem 1 be well-posed. Then, by
Theorem 3 [10], there exist fp > 0 such that the matrix Q, W) has an inverse for all 8 € (0, 6],
and the estimate ||Q1_% (9)|| L(my) < /0 holds, where 7 is a constant independent of h(6). For a fixed
6 > 0 we choose T and T5, so that t_n, = —T1 and ty, = T3, and construct the matrix Ql o)
In this matrix we then replace A(t) by a(t)A(_) in the block rows numbered —N1, —N1 —1,..., and
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by a(t)A(4) in the block rows numbered Nz, No + 1,..., and denote the resulting matrix by Qg 7, -
Assumption 1 implies that HQLE(G) — Qo111 || Lmyy < max{d; (T1), 67 (To — hn(6))}6. Hence, by the
theorem on small perturbations of boundedly invertible linear operators, if we choose T}, TO2 satisfying
ymax{8; (T}), 07 (T¢ — hn(#))} < 1/2, we obtain that the matrix Qo1 7, : My — My has an inverse
for all 71 > To1 and To > TOQ, and the estimate

7 Y1 2
“Q97%17T2||L(mn) < :9 £ < )

7
1 — ymax{dy (T1), 0 (T2)}
We form a bilaterally infinite matrix D = diag(dss), where dss = S(_) for s = 0,—1,-2,..., and

holds. Here yr, 1, = — v as Ty — oo, Ty — o0.

dss = S(4) for s =1,2,.... The matrix é97T17T2 = DQQ,TI’TQD*1 has a bounded inverse and
1Qo 1, 11 L(mn) < 1D ™M Lima) 1Qa 1 1 (o) 1PN Lamn) < C1v1 1262/

Here Gt = [ D7 lxgm,) = max (ST IS ) and G = [Dllsgm,) = max (IS 1S4 - n the
matrix @97T17T2 the block rows numbered s : s < —Nj, s > N, are of the form

F
All

0
ISR 2% R

o -1 o |

Rearranging the blocks in Q97T17T2, we obtain the matrix

M) 0 0 0 0
0 Moo (0) Mas(0) 0 0
Mor,m, =1 Msi(6) 0 Ms(d) 0 Mss(0)
0 0 My3(0) Maa(0) 0
0 0 0 0 Mss(6)
The one-sided infinite matrices My (0), k = 1,2,4,5, are of the form
Myu@)=| - 0 [+ A0 —1,- 0 ,
0 0 L-+An0 —I,-
N6 0 In; + A0 —In; 0
22(6) = 0 0 L-+Apo  —I ’
0 0 0 I+ As0
I 0 0 0
I++AHL0 I+ 0 0
Mas(0) = L3} nq ,
u(® 0 e+ A0 I+ 0
Ly+Ap0  —I: 0 0
Ms5(0) = 0 Ly+ ALY —I. O
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The matrix Ms3(0) of dimension [(N7 + Ny — 1)n +ny +ng] x (N1 + Na2)n is of the form

—p~) 0 0 .. 0 0 0
I+ A_n1(0) -1 0 ... 0 0 0
M33(0) = . ,
0 0 0o ... I+AN2_1(0) —TI
0 0o 0 ... 0 0 PP+ A0

where Pl(_) = (I,,-,0) is a matrix of dimension, n; X n, P2(+) = (0,1 +) is a matrix of dimension
1 2
ng xn,
tP

- S(_)t [ A(t)dts(—j), p=—-Ni+1,-Ni+2,...,1,0,

p=1,2,...,Ny— 1.

tp
S(—Ht f A(t)dts(;l),
p—1

In the block row of M33(0) corresponding to p = 0, the term —1 is replaced by —S(,)S(jrl).
The off-diagonal nonzero blocks of the matrix My 1, 7, satisfy the relations

1M1 ()] = I1,- + ApOll,  [Mas(0)ll =1, [[Mas(O)l = 1,+ + AT10l, || Ms5(0)] = 1.

Due to the invertibility of @97T1,T2, the matrix My 1, is also invertible, and its inverse satisfies
the estimate

_ ~_ QY AT
||M0,71“1,T2HL(mn) = ||Q97%“1,T2‘|L(mn) < :9 22 = 19 2.

Following the proof scheme in [13|, we establish the invertibility of the matrices My (0), k = 1,
and the estimates

5,

2
B 2 3
1 1 _ —
3071 < [mas (15051 1872D| 55= 5. #=1.245 )
_ V14,1
1[M33(0)) 1] < — (6)
Here £ = min{|Re fﬂ,j =12,..., n} and S, + (r = 1,2) are nonsingular complex matrices of or-

der nJ reducing A to Jordan form with the eigenvalues on the diagonal and £/4 or zeros on the
superdiagonal.

Since the matrix M33(6) of dimension [(N7+No—1)n+n] +ng ] x (N1 + No)n is invertible, it follows
that n] +ng = n. In view of the structure of the matrices ﬁ(;), we also have ny +ny =nj +ng =n.
Hence, ny =n] =n1, ny =ng = na.

By rearranging of terms in the matrix Ms3(6), we obtain the invertible matrix

—P 0 0 ... 0 0 Py(I + A1)
Nyg(8) = | L+ Awn(®) =1 0 .0 0 0 |
0 0 0 ... 0 I+An, 10 —I

inverse of which, by (6), satisfies the estimate

N5 6)) 71 = Msa(0)) ) < T < 2T

Mathematics Series. No.1(117)/2025 191



R. Uteshova, Y. Kokotova

Let Dy, n, denote the block diagonal matrix consisting of blocks D numbered s = —Ny, —N7 + 1,
..., Nag —2, Ny — 1. By premultiplying each but the first block row of N33(0)Dn, n, with S(_l) or S(_:),
respectively, we obtain the matrix V(). Its inverse satisfies the estimate

VA < max(1, )Gl Ngp(0)] | < ZTEX L) _ 1
where 7 is independent of 77 and T,. Hence, by following the proof scheme of Theorem 3 in [13]
and considering the specifics of our partitioning, it can be shown that for all T > TO1 and Tr > TO2 ,
the two-point boundary value problem (2), (3) with B = —P1S(_y and C = PS4y is well-posed with
constant K7 independent of T7 and T5.

Sufficiency. Let conditions (i) and (ii) be fulfilled and let Q1 () denote the matrix N33(6) with the
first block row scaled by 6 > 0. Then, adapting Theorem 3 in [13]| to our partitioning, we obtain that
for any € > 0 there exists 8 = 0;(¢) > 0 such that the matrix Q1 (6) is invertible for all § € (0, 6], and

@) < Tt Aok )

The invertibility of @1(0) implies that of M33(#). Taking into account the bounded invertibility of
the matrices My, (0), k = 1,2,4,5, and the structure of the matrix My 1, 1, we obtain that the last
one has a bounded inverse. Let us show that

1M 4, 2, ) < 5 8)
where 7 is constant independent of #. To this end, we consider the equation
My, 700 =, s b € mp, 9)
which can be rewritten as the system

My (0)ut) = b,

Mas(0) ' + Mg () = b2, (10)
M1 ()Y + Mz () + Mzs () = b, (11)
Mz (0)u® + Mya(0) ™ = b, (12)

M5 (0)pu® = p®).

Here p = (M, 5@ 13 1@ 15y and b= (61,62 p3), p4) p().
The bounded invertibility of M;j;(0), Ms5(0) and estimate (5) imply the existence of
pM = [M11(6)] 7161 and pu®) = [Ms5(0)] 716, as well as the estimates

s g
60 < SBO1 1) < 516 (13)

Let us now multiply by € the first (from the bottom) block row in equation (10), the first (of
dimension 7 ) and the last (of dimension ng) block rows in (11), and the first (from the top) block row
n (12). We denote the matrices transformed in this way by Mas g, Mas g, M31.9, M3z g, Mss 9, Mas g,

Mya p, the vectors by béQ), bé?)), bgl) and the equations by (10)’, (11)" and (12)’. Substituting the obtained
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sequences 1) and p(®) into (11)’, we determine ;3. Taking into account | M|l = 1[Q1(6)] Y| and
estimate (7), we obtain

I = 11055l {06 — Moy o [M11 (0)] 7160 — Mg o[ M5 (60)] 76} | <

< W04 1+ g + 1] < CEK 4 o4 oy max o),
(14)

where ¢ = [max((, (2)]%. The one-sided infinite matrices Msz 9 and Myy g have bounded inverses, and

2 1 2 1
| M. 29|| < /35 max <£ 1) g’ HML&QH < Bgmax <§’1> k

Substituting 1 into (10) and (12), we determine p(? and p(* and obtain the estimates

¢ 2
12 < B max <5’ 1) (6”1 + 011 ™) <

X (15)
52§0max(§ ){1+(1+5)K1[1+(2+§0) a1} mas (o]
1@l < 8o max@ ><rbé4>||+<1+<9>euu<3>u>s
i (16)
_52§9max(§,1) (L (L R+ O+ 2+ CO))  max o).

Thus, for any b € m,, equation (9) has a unique solution p € m,,, and, by (13)—(16), the estimate

il < 2ol
holds, where
K =max{B, (1+e)Ki[l+ (2+¢0)B], (8&/2)max(2/&,1)[1+ (1+e)K1](1 + 28 + ¢B)]}.

Hence, for any 1 > 0 choosing 6 = (1) > 0 small enough, we obtain that estimate (8) with
¥=K+e1 = (6¢/2) max(2/&,1)[1 + Ki(1 +28)] + €1 is valid for all § € (0, 62]. Under condition (i)
the constant K7 does not depend of T7 and Ty, as well as the constant 7 = K+ €1. Thus, taking into
account the estimates

f? +é1

6 )
and choosing T3 and T¢ such that (K +21)¢o (Ta, T3 —hn(62)) < 1/2, we obtain that @179 is invertible
and ”Ql_éHL(mn) < 27/6. 1t follows then that

1Q1.6 — Qory 1l ) < 01(T1, T — v (02))0, 1Qg 4, 1l mmy = Mg 2 s I mny <

Q161 Lemn) < 1D~ Lima) Q1 5 L) 1PNl L) < 2¢7/6-
Thus, by Theorem 3 in [10], Problem 1 is well-posed for v = 1. This finishes the proof.

Application of Theorem 1 allows one to obtain effective well-posedness criteria for Problem 1. But
condition (i7) somewhat narrows the scope of application, since it becomes necessary to check the
well-posedness of the two-point boundary value problem for all 77 and T>. However, if we repeat
the proof of the sufficiency part of Theorem 1 setting 77 = T}, T9 = T3 and using the introduced
numbers 3, &, (, and then pass in the right part of the inequality to the limit, we establish the following
statement.
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Theorem 2. Let Assumption 1 hold and the following conditions be met:
(1) ny =nf =n1 and n; =nJ = ng;
(ii) there exist TP, 79 > 0 such that the boundary value problem

d
=AW+ (), te (-Ti1Y), (17)
— Pls(_).%'<—T10) + PQS(+).ZU(T2O) =d (18)

is well-posed with a constant K7 satisfying the inequality K C61 (TP, TY) < 1 with

K = (8¢/2) max(2/¢, 1)[1 + (1 + 28) K1 (].

Then Problem 1 is well-posed with the constant K = K¢/[1 — K¢8,(T?,T9)).

2 An approximating regular boundary value problem and the estimate for the approximation

The following theorem provides an approximating two-point boundary value problem and the esti-
mate for the approximation.

Theorem 8. Under Assumptions 1 and 2, let Problem 1 be well-posed with constant K. Then for all
Ty > T¢ and Ty > T¢, where T}, T¢ > 0 are some constants determined by K max(d; (13), 87 (1¢)) < 1,
the boundary value problem

%‘f — Az + f(t), te(-T,T), (19)

P18 Aye(=T1) + PS4y Ay2(T2) = —P1S() f-) — PeS fi) (20)

has a unique solution z7, 1,(¢), and

a ) —z* ()| <
e () = (0] <

K (21)
< (K| fllo max(8; (T1), 67 (T2)) + max(3, (T1), 65 (T2))]
= 1— Kmax(8; (T1), 67 (T»)) L 22 ’

where z*(t) is the solution of Problem 1.

Proof. We choose 8 > 0 and, applying the parameterization method, obtain that the solution

(A ,u*(t)) € my, x my(h(0)) of the boundary value problem with parameter (2)—(5) in [10] satisfies the
equation

ts ts ts
I+/A(t)dt s+ Ay =— / ft)dt — /A(t)u:(t)dt, seZ. (22)
ts—1 ts—1 ts—1
By Theorem 3 in [10], for any € > 0 there exists § = 0(g), such that the estimate

||Q;%(9)HL(mn) < (1+§)K holds for all § € (0, 6], and, in addition,

ts
/ A(t)ul(t)dt|| < 8%, se Z,
s—1
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where ¢ = [1 + (1 + €)K]e?|| f||a, then the last term in (22) can be neglected for 6 small enough. Let
us separate the system (22) into three parts. Replacing A(t), f(t) by a(t)A), a(t)f—) for s : s < Ny,
and by a(t) Ay, a(t) f4) for s : s > Na, we obtain

T+ A0 — Ayt = —ff,  m1=—Ni,—Ni—1,..., (23)
tro tro

I+ / AL Ay + Ayir = — / FOdt, e —Ni 41, Ny — 1, (24)
tro 1 tre 1

(I + A Ars — Arg1 = —f(0, r3=No,No+1,... (25)

We rewrite this system in the form
Qo1 1A = —Fory 13- (26)

If we choose ¢ > 0 to satisfy the inequality, then, by the theorem on small perturbations of
boundedly invertible operators, it follows that the matrix Qg 1, 7, is invertible, and its inverse satisfies
the estimate

Q5% ek
0T | L0m) = (O K max(0, (T3), 67 (T2))]0

(27)

Hence, by Assumptions 1 and 2, we obtain the estimate for the difference between A* and the
solution Ar, 7, of equation (26):

Az = N2 < Q2 1, | Lima 1Fo i 1 — Fi(R(9)) + [Fi(B(0)) + Qo1 1\ l2 =
= 11Q5.13 1, | Lma | Fo 275 = Fi(R(0)) + (@, o) A + G (", 5(0)) = Qo 1, A"l <

< (1+6)K[max(5;(T1)75§(Tz))+K||f|!amax(5 (Th), 81 (T3)) + cb)]
- 1 — (1 +¢)K max(d; (Th), 67 (1)) '

(28)
The components of A, 7, numbered with s : s < Ny and s > N satisfy equations (23) and (25),
respectively. Hence, the corresponding components of the vector pr, 7, = DAr, 1, solve the equations
(I + g(f)g)/ljrl = piry+1 = =Sy f()0, ry=—-Ni,-N1—1,...,
(I + Z(+)9)Mr3 — frs+1 = =S f 0, r3 = N, No +1,...

Then, taking into account the decomposibility of the matrices /T(,) and E(Jr), we obtain that
Pl(_) iy, and P2(+) Iry satisfy the equations

(L,- + ALOP T iy, — P 1 = —PUSC 00, (29)

(s + ALO P iy — P prg i1 = =Y S (4 fia. (30)

In the proof of Theorem 1 it was shown that the matrices Mi1(#) and Ms5(0) have bounded inverses.
Thus, the one-sided infinite systems (29) and (30) have the unique solutions

T A e T I

PSP vy = PS5 vy = = — (AL PS4 fa.
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Returning to the variable A, we obtain
- p(= - -
ARPITSOA N = =P S fo), ARPYSAn, = =P S() f-
Then, in view of (4), we have

AP SO w =P A S A m = LTS AL S SAn
_po __pO
=P S A =P S fe),
PS A, = = PYS i f

These equations together with (24) constitute a closed system in parameters A_n,4+1, A—N,+2, -«
ANa—1, AN, If estimate (27) holds, the boundary value problem (17), (18) is well-posed for all T} > T},
Ay 0
0" AL
boundary condition (20), we obtain that problem (19), (20) is well-posed for all Ty > T, To > T¢.
Let z7, 15, be a solution of problem (19), (20), and let [Ar, 1], n, be the vector composed of those
components of A\, 7, € m,, that are numbered s = —N; +1,-N; +2,..., Ny — 1, Na. Since

Ty > T¢. Taking into account that (18) multiplied by H yields the left-hand side of the

max  Sup ||xT17T2 - [>‘T17T2]N1,N2H < b,
s te[tsflyts)

where ¢; is a constant independent of 6, we obtain, in view of (28), the following estimate:

max HxThTQ(t) - fk@)” < ||[)‘T1,T2]N1,N2 - [)‘*]Nl,NQH + (C+ 01)9 <
tE[—Tl,TQ]

<O+ &) K[K||flloa max(67 (Th), 67 (T)) + max(8; (T1), 85 (Tr)) + cb)]
- 1 — (1 +¢e)Kmax(d; (Th), 6] (1))

+ (c+c1)0.
Passing to the limit as # — 0, we obtain (21). Theorem 3 is proved.

Conclusion

By approximating Problem 1 with a two-point boundary value problem and utilizing well-known
results, we developed an approximate method for finding the bounded solution. The form of matrices
P, and P; indicates that the approximating problem involves separated boundary conditions. Theorem
2 allows one to establish the well-posedness of the singular boundary value problem (Problem 1) using
the well-posedness constant Kj of the two-point boundary value problem, the eigenvalues §;F of the
limit matrices A4, and the nonsingular matrices S(+). This approach provides a robust framework for
addressing similar singular problems.
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Normal Jonsson theories and their Kaiser classes
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We present results concerning new notion connected with the study of Jonsson theories. The new notion is
a Kaiser class of models for arbitrary Jonsson theories. All results are obtained within the framework of the
normality of the considered Jonsson theory. Additionally, we describe the properties of lattices formed by
perfect fragments of a fixed Jonsson theory and their relationship with the #-companion of these fragments.
The results we obtained are the model-theoretic properties of the #-companion of a normal perfect Jonsson
fragment. Furthermore, we establish necessary and sufficient conditions for a normal Jonsson theory to be
perfect, expressed in terms of the lattices of existential formulas.

Keywords: Jonsson theory, semantic model, Jonsson set, almost Jonsson set, normality.
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Introduction

This article investigates the model-theoretic properties of certain subsets within the semantic model
of a fixed normal Jonsson theory. In particular, it considers regular almost Jonsson sets as such subsets.
Previously, in [1] introduced the notions of normality for Jonsson theories and the concept of an almost
Jonsson set. The notion of regularity is a natural requirement for definable sets, which are Jonsson
sets. The formula that defines the Jonsson set for a more convenient study must satisfy certain well-
established properties in a model theoretical sense. In this case, the axiomatic formulation of the
regularity property is considered as a set defined by a formula that has Morley rank. Moreover, all
this is determined within the framework of the study of Jonsson theories regarding the Morley rank,
previously it was defined in the work [2]. In addition, it should be noted that the main results of
this article are related to previous results from the works [1,3,4]|. Since the Jonsson theories are
not, generally speaking, complete theories, in the general case we do not have the opportunity to
consider the Lindenbaum-Tarski Boolean algebra of formulas and its corresponding Stone space of
types. Therefore, just as in [3,4] we consider the lattice of existential formulas and the corresponding
existential types for which the results are obtained in the framework of the study of almost Jonsson
sets. The most important difference and innovation in this work from the previous studies in [3,4] is
the application of double factorization to the class of cosemanticness under consideration. The main
novelty in this article is the transition from fragments obtained by closing Jonsson sets to fragments
obtained by closing almost Jonsson sets. In the future, the class of models whose Kaiser hull forms
the Jonsson theory will be called the Kaiser class of models of the considered Jonsson theory. Thus,
almost Jonsson sets distinguish a special class of models among the class of all models of the considered
Jonsson theory.
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1 Necessary information related to the study of the Jonsson theories

In order to understand the content and nuances of our next consideration we have to recall the
main definitions and statements which are connected with definitions from [1]. Throughout this article,
we will deal with a countable first-order language and all the considered theories will be countable,
respectively.

The central concept of this article is the notion of a Jonsson theory.

Definition 1. [5; 80] A theory T is defined as a Jonsson theory if it satisfies the following conditions:
(i) T has infinite models;

(ii) T is an inductive theory (such that, V3-axiomatizable);

(iii) 7" has the joint embedding property (JEP);

(iv) T has the amalgam property (AP).

The technique reflecting its essence and application in the study of various concepts related to the
Jonsson theories is described in the following works: [6-19].

Remark 1. We will always work within the framework of a pregeometry [20], which is defined by
the closure operator ¢l on the set of all subsets of the semantic model of the given Jonsson theory.

The most important type of considered models in the framework of studying Jonsson theories is a
class of its existentially closed models. Let us recall this important definition.

Definition 2. [5; 105] Let M be a structure and N be an extension of M. We say that M is
existentially closed in N if for any tuple a from M and any quantifier-free formula f(Z,y) in the
language of M, the following holds: if N F (3y)f(a,y), then M + (3y)f(a,y).

One of the syntactic invariants of a Jonsson theory is its center.

Definition 3. |20] The center T™ of a Jonsson theory T is the elementary theory of its semantic
model C, i.e., T* = Th(C).

Definition 4. |5; 156] Let T be an arbitrary theory of the language L. We say that 7" is a model
companion of T, if the following conditions hold:

(i) TV, = Ty (i.e. T and T" are mutually model-consistent, meaning any model of T' can be embedded
into a model of 7" and vice versa),

(ii) 7" is model complete.

The concept of a model companion is well-known and useful in the study of Jonsson theories. The
following notion generalizes this concept.

Definition 5. [5; 158] Let T be an arbitrary theory. A #-companion T% of T is a theory in the
same signature that satisfies the following conditions:

(i) (T#)y = Tv;

(i) if Ty = T, then T% = (T")#;

(iii) Ty C T*.

The concept of model completeness is closely connected to the notion of mutual model consistence
for the theory under consideration. It is evident that the model companion is a T#-companion of
theory T.

Remark 2. When we say that T\, = 1%/, we mean precisely that:
(i) any model of theory T is a substructure of a model of T”;
(ii) any model of theory T” is a substructure of a model of T.

It is clear that 7" is a model companion of T' if and only if 7" is a model companion of T,.
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Proposition 1. [5; 159] Let T be an arbitrary theory.

(i) T has a model companion if and only if the class of existentially closed models of Ty is an
elementary class.

(ii) If a model companion of T exists, it is unique and is corresponds to the theory of existentially
closed models of Ty.

In addition to the model companion, other companions are well-known in the study of Jonsson theo-
ries, such as the forcing companion, the existentially closed companion, and the Kaiser hull. Moreover,
the Kaiser hull is closely connected to the companion that characterizes the class of existentially closed
models of the theory being studied, as well as to the companion that defines the class of generic models
when studying the forcing companion of the given theory.

It is well-known that the natural interpretations of the companion T# include T*, T, T™ and
T!, where:

(i) T is the center of the Jonsson theory T

(ii) T is the forcing companion of the Jonsson theory T';

(iii) TM is the model companion of the theory T

(iv) T¢ = Th(ET), where E7 denotes the class of existentially closed models of the theory T'.

It is important to note that if £ represents the class of T-existentially closed models of an inductive
theory T', then Er is always non-empty [20].

A. Robinson introduced the concepts of finite forcing and the forcing #-companion in Model
Theory [21]. In [21], it is demonstrated that a theory in a countable language that satisfies the
Joint Embedding Property (JEP) has a forcing #-companion that is complete.

The following theorem establishes that any Jonsson theory T always has a forcing companion,
which is a complete theory.

Theorem 1. |5; 162]

(i) T# is a #-companion of T.

(ii) T# is complete if and only if T satisfies JEP.

Consequently, the simultaneous existence of all interpretations of the #-companion is closely related

to the existence of a model companion.
In the study of Jonsson theories, the class of perfect Jonsson theories holds a significant role.

Definition 6. [20] A Jonsson theory T is said to be perfect if every its semantic model is an
wT-saturated model of T*.

It turns out that the semantic model of the Jonsson theory under consideration is existentially
closed.

Lemma 1. |20] The semantic model Cr of a Jonsson theory 7' is T-existentially closed.
The following theorem provides a criterion for perfectness:

Theorem 2. (Criterion of Perfectness). |[20] Let T be an arbitrary Jonsson theory. Then the
following conditions are equivalent:

(i) the theory T is perfect;

(ii) the theory T™ is a model companion of theory 7'

In the case of a completely Jonsson theory, the concept of a companion coincides with the center
of the theory for any type of companion.

Corollary 1. For a perfect Jonsson theory T', the #-companion coincides with the center of T

Before studying the concepts of fragments of the theory under consideration, it is important to
note that the definability of a set in models means that the set is a solution to some formula in the
first-order language of the given signature.
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Definition 7. [4] A set A is called A-definable if it can be defined by some formula in the language L.
A set A is said to be Jonsson in the theory T if it satisfies the following conditions:

(i) A is a definable subset of M,

(ii) cl(A) is a carrier of some existentially closed submodel M, where cl(A) is the set of all
A-definable elements a € A such that, for some formula p(x) € L(A), it holds that (M) = {a}.

Let A be a Jonsson set in the theory T', and let IV be an existentially closed submodel of a semantic
model M of the considered Jonsson theory T', where cl(A) = N.

We denote by Thy3(IV) the sets of all V3-sentences in the language that are true in the model N.

The following concept is simply a Jonsson theory obtained by closing a definable subset that is
Jonsson.

Definition 8. [4] The fragment Fr(X) of the Jonsson set X is a Jonsson theory obtained as a
V3-sentences true in the model N which is a closure of this set, i.e. F'r(X) = Thy3(N).

Furthermore, we will use the denotation NV for the fragment Fr(X), where N is cl(X) and some-
times we can say instead of N the Kaiser hull of the model N.

The following definition gives us important notion of Jonsson spectrum, the details of this one can
extract from [1,10,17].

Definition 9. 22| Let K be a class of L-structures. The Jonsson spectrum of K, denoted JSp(K),
is defined as the set of all theories satisfying the following conditions:

JSp(K) ={T | T is a Jonsson theory and VA € K A |=T}.

The following definition is an essential generalization of the concept of a Jonsson set.

Definition 10. [1] A set X is called an almost Jonsson if it satisfies the following conditions:

1) X is a definable subset of C7, where Cr is the semantic model of theory T

2) cl(X)=M e Mod(T).

Furthermore, Thyz(M) = M® = Fr(X) and M° € JSp(Cr), where cl(X) is the definable closure
of the set X in the frame of given above pregeometry [20].

This concept can be illustrated by an example of an arbitrary abelian group, which turns out to
be the closure of some existential formula defining an almost Jonsson set of this abelian group.

The concept of normality for a Jonsson theory is defined for a class of theories where any fragment
of their semantic models belongs to the Jonsson spectrum of the given Jonsson theory’s semantic model.

The following definition identifies specific subsets within the semantic model of the given Jonsson
theory.

Definition 11. [1] The Jonsson theory T is said to be normal if, for any X C Cp such that
c(X) =M € Mod(T), Fr(X) = M° € JSp(Cr) and Cjyp0 =3, Cr, where Cpso is a semantic model
of M.

An example of a normal theory is the universal theory of all unars. This theory is characterized by
the fact that it has an empty list of axioms and is Jonsson.

Lemma 2. Let T' be a normal Jonsson theory, K be a subset of Er. Then Thy3(K) is a normal
Jonsson theory.

Proof. Let K C Ep, T be a normal Jonsson theory. Since T is a normal Jonsson theory, it follows
that T has JEP, then according to Theorem 1 VA, B € Er = T°(A) = T°(B).

Theorem 3. |23; 353| Let L be a first-order language and 7" be a theory in L. Suppose that 7" has
JEP, and let A, B be existentially closed models of T. Then each V3-sentence of the language L that
is true in A will also be true in B.

202 Bulletin of the Karaganda University



Normal Jonsson theories ...

Let T be a Jonsson theory, Cr be the semantic model of theory T, Er be class of existentially
closed models of theory T', Ep C ModI'. And now let us define the concept of the Kaiser class of
models for the arbitrary of the Jonsson theory. K7 = {A € ModT /Thy3(A) is a Jonsson theory}. It
is clear that Er C K.

1) Kp #0 (if T =T* = Th(Cr) and T is perfect, then Kp = Ep).

2) VM C Kr, Thy3(M) is a Jonsson theory.

The Jonsson sets and almost Jonsson sets generate fragments in the case of normality of considered
Jonsson theory from models of the Kaiser class of this theory, and these fragments’ semantic models
are existentially closed submodels of semantic model of considered Jonsson theory.

Definition 12. [20] The Jonsson theory T is said to be cosemantic to the Jonsson theory 75 (denoted
by T > Ty) if their semantic models are identical, i.e. Cr, = Cr,, where Cr, represents the semantic
models of T; for i =1, 2.

Definition 13. [20| Let T} and Tb be arbitrary Jonsson theories. We say that T} and T are Jonsson
syntactically similar if there exists a bijection f : E(T1) — E(T5) satisfying the following conditions:

1) Isomorphism of lattices: for each n < w, the restriction of f to E, (T}) is an isomorphism between
the lattices E,(T1) and E,(T5).

2) Preservation of Existential Quantifiers: for every ¢ € E,11(T) and n < w, f(Jvpt1p) =

Fvn41f ().
3) Preservation of Equality: the bijection preserves equality formulas, i.e., f(v1 = v2) = (v1 = v2).

The examples of syntactic similarities of two Jonsson theories are given in [18].

Definition 14. [20] The structure (C, Aut(C), Sub(C)) is said to be the Jonsson semantic triple,
where C' denotes the domain of the semantic model C of the theory T', Aut(C) represents the automor-
phism group of C, and Sub(C) is a class of all subsets of C' that serve as domains of the corresponding
existentially closed submodels of C.

Definition 15. [20] Two Jonsson theories T and T are said to be Jonsson semantically similar if
their Jonsson semantic triples are isomorphic as pure triples.

We introduce the following notation:

S
(i) the syntactic similarity of complete theories T} and T% is denoted by T3 > Tb;
(ii) the semantic similarity of complete theories T} and T3 is denoted by T} Dsd T5.

For Jonsson theories T7 and T5:

S
(i) the Jonsson syntactic similarity of theories T} and T3 is written as T x Th;
(ii) the Jonsson semantic similarity of theories T} and T3 is written as 77 x Tb.
S

The following result, obtained by the first author of this paper, highlights the relationship between
the Jonsson syntactic similarity of Jonsson theories and the Jonsson syntactic similarity of their centers.

Theorem 4. [20] Let Ty and T be 3-complete perfect Jonsson theories. The following conditions
are equivalent:

S
1) T1 X TQ;
S
2) T} > Ty, where T} and T4 are the centers of T and T3, respectively.
The following results, concerning the case of two Jonsson theories, were obtained by Yeshkeyev A .R..:

Theorem 5. Let T1 and T be two Jonsson theories. If 77 and 75 are Jonsson syntactically similar,
then they are also Jonsson semantically similar.

Thus, it follows that
S
Ty x Ty =T xTh
S
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for any two Jonsson theories 77 and 75. This demonstrates that Jonsson syntactic similarity is a
sufficient condition for Jonsson semantic similarity of theories.

There are also cases where this condition is necessary. In this paper, we explore specific classes
of Jonsson theories for which these two relations are equivalent. We denote this equivalence by the
following notation:

SS
T1 A T2.
Lemma 3. |18] Any two cosemantic Jonsson theories are also Jonsson semantically similar.

The proof follows from the definition of cosemantic Jonsson theories.
The definitions of Jonsson semantic and syntactic similarity relations were extended to classes of
Jonsson theories in [18]:

Definition 16. [18] Let A € Modoy, B € Modoy, [T]1 € JSp(A)/w, [T]2 € JSp(B)/sx. We say

S
that the class [Ty is syntactically similar to the class [T]2, denoted by [T']; x [T]z, if for every theory
A € [T]; there exists a theory A" € [T such that A and A’ are syntactically similar.

Definition 17. [18] The pure triple (C, Aut(C), Ejqy) is referred to the Jonsson semantic triple for
the class [T] € JSp(A)/w, where C represents the semantic model of [T], AutC denotes the group of

automorphisms of C', and E[T} is the class of isomorphically images of all existentially closed models
of [T.

Definition 18. [18] Let A € Modoy, B € Modoy, [T]1 € JSp(A) /s, and [Ty € JSp(B)/sa. We say
that the class [T]; is Jonsson semantically similar to class [T']2, denoted by [Ty >§ [T, if their semantic

triples are isomorphic as pure triples.

2 On fragments and its #-companions for models from K

This paragraph is related to the description of the companions of fragments of Jonsson sets or
almost Jonsson sets. Actually it is equivalent to the following fact: any considered set of this paragraph
belongs to K7, where T is considered normal Jonsson theory. The properties of the lattice of existential
formulas were described quite well in works [20,24-26|. Let’s recall the main definitions.

Let a theory T be fixed as above.

Definition 19. [24; 843] Let T, 4T € E,(T) and assume that ¢! NT = 0.

(i) Complement: 97 is considered a complement of ¢’ if their union equals the total element, i.e.,
pUy =1.

(ii) Pseudo-Complement: 7 is called a pseudo-complement of ! if, for every u? € E,(T),
whenever ! N p” =0, it follows that u? < 7.

(iii) Weak Complement: 17 is weakly complementary to ¢ if, for every u” € E, (T), the condition
(T up™)y N p” =0 implies u” = 0.

Definition 20. [24; 843] Properties of ¢! and E,(T): ¢! is complemented if there exists another
element that serves as its complement; ¢! is weakly complemented if there exists a weak complement
for it; o7 is pseudo-complemented if there exists a pseudo-complement for it; E,,(T) is complemented
if every ¢! € E,(T) has a complement; E,(T) is weakly complemented if every ¢! € E,(T) has a
weak complement; E,(7T) is pseudo-complemented if every ¢! € E,(T) has a pseudo-complement.

We now turn our attention to the formulas that are preserved under extensions of models and
submodels within the context of the theory T

Definition 21. [20] A formula (1, ..., 2,) is said to be preserved under extensions in ModT if for
any models A C B of T, and any ay,...,a, € A, A = plai,...,an] = @lai, ..., ap].
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Definition 22. [20] A formula ¢(x1, ..., xy) is said to be preserved under submodels in ModT if for
any models A C B of T, and any ay,...,a, € A, B = plai,....,an] = A E plai, ..., an).

We now define the concept of an invariant formula and examine the connection between the invari-
ance of an existential formula and the complementarity of its class in E(T).

Definition 23. [24; 844]. A formula ¢ is said to be invariant in ModT if it is preserved both under
extensions of models in ModT and submodels in ModT'.

Definition 24. |24; 843] A theory T is called positively model complete if it satisfies the following
conditions:

(i) T is model complete, meaning every formula ¢ is equivalent to an existential formula within 7.

(ii) Every existential formula in the language L of T' is equivalent to a positive existential formula
within T

We present the required definitions and summarize established results that clarify the connection
between model completeness, quantifier elimination in a theory 7', and the structural properties of
lattices of existential formulas E, ([[M?]]).

Some results from [20] and classical model theory can be further refined within the context of
studying fragments of Jonsson theories.

These refined results will serve as a basis for deriving the key conclusions in this section.

Theorem 6. [24; 846] An existential formula ¢ is invariant in Mod(Thy3(Er)), where Er is the
class of all existentially closed models of T', if and only if ¢’ is weakly complemented in E(T).

Theorem 7. |20]

(i) A theory T is model complete if and only if all formulas are preserved when passing to submodels
in Mod(T).

(ii) A theory T is model complete if and only if all formulas are preserved when extending to larger
models in Mod(T).

Theorem 8. |20]

(i) If 7" is a model companion of a universal theory T', then 7" is a model completion of T" if and
only if T" allows elimination of quantifiers.

(i) If T is a model companion of T', then 7" is a model completion of T" if and only if T satisfies
AP.

Theorem 9. [20] A theory T is a submodel complete if and only if 7" allows elimination of quantifiers.

Theorem 10. [24; 843| A theory T is called positively model complete if and only if every ! € E,(T)
has a positive existential complement.

Theorem 11. [24; 843] A theory T has a model companion if and only if 7 € E,(T) has a weakly
complement.

Theorem 12. [24; 843] A theory T has a model companion if and only if 7 € E,(T), the lattice of
existential formulas forms a Stone algebra.

Theorem 13. [24; 843] A theory T has a model companion if and only if every ¢’ € E,(T) has a
weakly quantifier-free complement.

Theorem 14. |20] Let T be a Jonsson theory. Then the next conditions are equivalent:
1) the theory T is perfect;
2) the theory 7" has a model companion.

In [26], a connection between the completeness and model completeness of a Jonsson theory was
established.

The following result represents a particular case of Lindstrom’s theorem, which describes the rela-
tionship between model completeness and completeness.
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Let T be a fixed, normal Jonsson theory. Within T, we consider N contained in Kp. Next, we
examine the Jonsson spectrum JSp(N), and proceed to perform a double factorization of JSp(N)/ 55

Theorem 15. Let T be a normal Jonsson theory, A € Cp, where A is an almost Jonsson theory,
then cl(A) = M € K. And let K # (), N C K. We consider a Jonsson theory M = Thys(M) €
JSp(N), and [M°] € JSp(N)/s and [[M°]] € JSp(N)/ss, where M is a Kaiser hull. Then the
following conditions are equivalent: ~

(i) [[M°]] is complete;

(ii) [[M?]] is model complete.

In |27], a connection was demonstrated between the perfectness of a Jonsson theory and the prop-
erties of the lattice E,(T) [3]. Final point of proof of this fact follows from the definition of normality.

Theorem 16. Let T be a normal Jonsson theory. And let Kr # (), N C Kp, [M°] € JSp(N) /s
and [[M?]] € JSp(N)/ ss- Then the following conditions are equivalent:

i) [MO]] is perfect;
i) [[M°]]” is normal Jonsson theory;

(
(
(iii) £ ([[MO]]) is a Boolean algebra;
(iv) [[MP°]]* is model-complete.

Proof. Tt follows from results which connected the properties of lattice of existential formulas E,,(T)
and above results from Theorem 15.

Now, we study the model-theoretic properties of the #-companion of a normal perfect Jonsson
fragment. Let T" be a normal Jonsson theory in a countable language L, and let A € Cp, where A is
an almost Jonsson theory, then cl(A) = M € Kp. And let Ky # 0, N C Kp. We consider a Jonsson
theory MY = Thys(M) € JSp(N), and [M°] € JSp(N)y and [[MY]] € JSp(N)/ﬁg. The distributive

lattice B, ([[M°]]) consists of equivalence classes of formulas defined as oM’ = {4 € E,(L)|[[M°]] -
¢ < ¥, 0 € En(L), K([M°]]) = Uncw En([[M]))}.

We now focus on a fragment [[M°]] that is complete for existential sentences and satisfies the
conditions described above.

Theorem 17. Let T be a normal Jonsson theory. And let K7 # (), N C Kp, [M°] € JSp(N ) and
[[MP]] € JSp(N)/ss. Let [[M°]] be a perfect fragment of a Jonsson set A, [M°]]# be its #-companion.
Then the followingmhold:

(i) [[MO°]]# admits elimination of quantifiers if and only if every ¢ € E, ([[M?°]]) has a quantifier-free
complement;

(ii) [[MP]]# is positively model-complete if and only if every ¢ € E,([[M°]] has an existential
complement.

Proof. (i) Given that [[M?]] is a fragment of a Jonsson set A and M’ is a semantic model of [[M]],
we know [[MY]] is perfect, we have that [[M°]]# = Th(M'), where the center of M’ admits elimination
of quantifiers. By Theorem 9, [[M°]]# is submodel complete, and therefore, is model complete, and
by Theorem 16, the lattice B, ([[M"]]) is a Boolean algebra, meaning every ¢[M°ll € E,([[M°]]) has a
complement. Since [[M°]]# admits elimination of quantifiers, every class ¢ € E,([[M°]]) must have a
quantifier-free complement.

Conversely, assume that every class ¢ € E,([[M"]]) has a quantifier-free complement. Then
E,([[M"]]) is a Boolean algebra (by definition). By Theorem 16, this implies that [[M°]]# is model-
complete. By part (ii) of Theorem 7, every formula in [[M°]]# is equivalent to some existential formula,
i.e., the class of such formulas belongs to E,, ([[M°]]#). Since [[M"]] is complete existential sentences,
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we know E,([[M°]]) = En([[M°]]#). Therefore, every oMl € E, ([[M"]]) has a quantifier-free com-
plement, and E, ([[M°]]#) consists of quantifier-free formulas. Hence, [[M?]]# admits elimination of
quantifiers.

(ii) Assume that [[M°]]# is positively model-complete. By Definition 11, [[M°]]# is model-complete
and for every existential formula ¢ there exists a positive existential formula ¢ such that [[M°]]*
¢ <+ 1. By Theorem 16, E,([[M°]]) is a Boolean algebra, so every ¢[M°N € E,([[M°]]) has an exis-
tential complement. Since [[M°]]# ensures the existence of a positive existential formula 1 equivalent
to ¢, every there is a positive existential formula such that [[M°]]# F ¢ < v, we obtain that every
¢ € E,([[M"]]) has a positive existential complement. The necessary condition of part (ii) is proved.

To prove the sufficiency of part (ii): Assume that every Ml € E, ([[M0]]) has a positive existen-
tial complement. By Theorem 10, this implies that [[M°]] is positive model-complete. By the definition
of positive model-completeness, [[M"]] is also model-complete. By Theorem 15, the fragment [[MY]]
is complete. Since [[M?]]# is a central complement of the theory [[M?]], we have [[M°]] = [[M?]]*.
Therefore, [[M°]]# is positively model-complete. The sufficiency is proven by using Theorem 10 (posi-
tive model-completeness of [[M?]]), Theorem 15 (completeness of [[M?]]), and the relationship between
[[MP]] and [[MP]]#. This completes the proof that [[M°]]* is positively model-complete.

In the following theorem, we establish necessary and sufficient conditions for the perfectness of a
normal fragment [[M?]] within the framework of the class [M"], using the structure of the lattice of
existential formulas E,([[M°]]).

Theorem 18. Let T be a normal Jonsson theory. And let K7 # (), N C Kp, [M°] € JSp(N ) and
[[MY]] € JSp(N)/ﬁﬁ’ and let [[MO°]] be a perfect fragment with Fr#(A) as its #-companion. Then the

following conditions are equivalent:
(i) [[MY]] is perfect;
(i) E,([[M°]]) is weakly complemented;
(iii) » € E,([[M"]]) is a Stone algebra.

Proof. Let [[M°]] be a perfect fragment of a Jonsson set A, and [[M°]]# its #-companion. We
prove the equivalence of the three conditions:

(i) = (ii). Assume that a normal Jonsson theory [[MY]] is perfect. By Theorem 17, [[M°]] has a
#-companion [[M°]]#. By results in [24], we know [[Mo]]f = [[MO]]O, where [[M°]]% = Thya(Ejoy) is
Kaiser’s hull of [[MY]]. Since [[M?°]]# is model-complete (by the definition of a #-companion), part (ii)
of Theorem 7 states that every formula of the language is preserved under submodels in Mod[[M°]]#.

Consequently, every existential formula in the language is preserved under both submodels and
extensions in Mod[[M°]]#. By Definition 23, these formulas are invariant in Mod[[M°]]#. From
Theorem 6, it follows that every existential formula in E,([[M°]]) is weakly complemented. Thus,
E,([[M"]]) is weakly complemented.

(ii) = (i). Assume E,([[M"]]) is weakly complemented.

1. By Theorem 11, the fragment [[M°]] has a model companion.

2. By Theorem 17, if [[M"]] has a models companion, then [[M?°]] is perfect. Thus, [[M?]] is perfect.
Therefore, (i) < (ii).

(i) = (iii). Assume [[MY]] is perfect.

1. By part (ii) of Theorem 10, the model companion of a normal Jonsson theory is its model
completion.

2. From the perfectness of [[M"]], it follows by Theorem 12 that E,,([[M"]]) forms a Stone algebra.

Thus, E,([[M"]]) is a Stone algebra.

(iii) = (i). Assume E,([[M"]]) is a Stone algebra.

1. By Theorem 12, if E,([[M?]]) is a Stone algebra, then [[M°]] has a #-companion [[MY]]#.

2. By Theorem 16, if [[M?]] has a #t-companion, then [[M"]] is perfect. Thus, [[M"]] is perfect.

Mathematics Series. No.1(117)/2025 207



A .R. Yeshkeyev et al.

Theorem 19. Let [[M°]] be a perfect normal Jonsson theory. And let Kr # 0, N C Kr,
[M°] € JSp(N)sq and [[MP]] € JSp(N)/ss, [[M]]# be its #-companion. Then the following con-
ditions are equivalent: -

(i) [[MP])]* is a normal Jonsson theory;

(ii) every ¢ € E,([[M°]]) has a weakly quantifier-free complement.

To prove the necessity we need the following statement.
If the model companion [M°)™ is defined, then a model companion ([M°]y)™ is defined and

(MO = ([M )™ (1)

(see [5]).

Proof. (i) = (ii). Assume [[M°]]# is a normal Jonsson theory. By results from [24], the fragment
[[M?]] is perfect. From Theorem 18, a perfect fragment [[M°]] has a #-companion, which coincides
with the theory [[M°]]#. By part (ii) of Theorem 7, the #-companion [[M°]]# is a model completion of
fragment [[M°]]. Due to the mutual model consistency between the fragment [[M?]] and its universal
theory [[M?]]y, we have the model completion of [MY] (the fragment’s class) is also the model com-
pletion of [MY]y (its universal consequences). By Theorem 13, it follows that every existential formula
oM € E,([[M°)]) has a weakly quantifier-free complement.

(i) = (i). Assume that every existential formula ¢[M°] ¢ E, ([[M?]]) has a weakly quantifier-
free complement. By definition, if every gp“MOH has a weakly quantifier-free complement, then every
oM ¢ E,([[M°]]) is weakly complemented, i.e. E,([M?]]) is weakly complemented. By result from
[24], it follows that the #-companion [[M°]]# is a normal Jonsson theory.

All necessary concepts and statements related to these notions that were not defined and were not
noted in the text of this article can be extracted from the following list of sources.
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