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Approximate solutions of the Riemann problem for a two-phase
flow of immiscible liquids based on the Buckley–Leverett model

The article proposes an approximate method based on the "vanishing viscosity"method, which ensures
the smoothness of the solution without taking into account the capillary pressure. We will consider the
vanishing viscosity solution to the Riemann problem and to the boundary Riemann problem. It is not
a weak solution, unless the system is conservative. One can prove that it is a viscosity solution actually
meaning the extension of the semigroup of the vanishing viscosity solution to piecewise constant initial and
boundary data. It is known that without taking into account the capillary pressure, the Buckley–Leverett
model is the main one. Typically, from a computational point of view, approximate models are required for
time slicing when creating computational algorithms. Analysis of the flow of a mixture of two immiscible
liquids, the viscosity of which depends on pressure, leads to a further extension of the classical Buckley–
Leverett model. Some two-phase flow models based on the expansion of Darcy’s law include the effect of
capillary pressure. This is motivated by the fact that some fluids, e.g., crude oil, have a pressure-dependent
viscosity and are noticeably sensitive to pressure fluctuations. Results confirm the insignificant influence of
cross-coupling terms compared to the classical Darcy approach.

Keywords: Darcy’s law, two-phase flows, phases coupling, Buckley–Leverett theory, isothermal filtration,
capillary pressure.

Introduction

S. Bianchini and A. Bressan [1] show that the solutions of the viscous approximations ut+A(u)ux =
εuxx are defined globally in time and satisfy uniform BV estimates, independent of ε. Letting ε → 0,
these viscous solutions converge to a unique limit. In the conservative case where A = Df is the
Jacobian of some flux function f : Rn → Rn, the vanishing viscosity limits are the unique entropy-
weak solutions to the system of conservation laws ut + f(u)ux = 0.

Buckley and Leverett proposed and calculated a model of fluid behavior in a porous medium in
1942. In the process of further development, many different calculation methods were proposed, in
particular [2–5] and many others.

To read scientific studies on the relationships between phases in multiphase flow modeling, we refer
to [6] for an analysis and links to these papers.

We will provide a clear description of the displacement of an incompressible fluid during the
formation of a porous medium given by Dominique Guerillot et al. [6]. This is the mass conservation
equation for two phases (oil and water):

∂ρoSoφ
∂t +∇ · (ρoνo) = 0,

∂ρ$S$φ
∂t +∇ · (ρ$ν$) = 0

with the natural physical constraint So + Sw = 1, where φ — the effective porosity of the reservoir;
∗Corresponding author.
E-mail: timur-toleuov@mail.ru
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ρo, So and ρ$, S$ — the density and saturations of oil and water, respectively; νo, po and ν$, p$ — the
superficial velocity and the pressure of the oil and the water phases, respectively.

Fluid flow through a porous medium is common in many areas of technology and science. At
the same time, the problem of single-phase flow has been well studied both from an engineering and
mathematical point of view [7]. The classical Darcy’s law, widely used for practical purposes, can
be obtained by modeling a sluggishly current incompressible flow. In practice, a porous medium is
considered a periodic array of cells filled with a Newtonian fluid. The problem is formulated at the
cell scale (microscale), and then scaled by homogenization in the entire area, providing the classical
Darcy’s law.

According to Darcy’s equation, a porous solid has a resistance to the liquid in the pores, which is
directly proportional to the speed of the liquid relative to the solid, usually called the drag coefficient.

Oil production in most cases occurs when it is displaced in the pore space of the productive reservoir
by water or gas. This process is used in natural operating modes and in artificial methods of maintaining
reservoir pressure by flooding or gas injection. The theory of isothermal filtration serves as the basis
for calculating such processes [8–10].

Simulation can be without taking into account nonlinear effects [11], assuming that the flow of
immiscible two fluids is separated by a smooth boundary layer [12]. In such a formulation of the
problem, a solid matrix is considered an impenetrable rigid body, and the classical no-slip condition
is imposed on its boundary. The result is a system of equations for saturation and pressure. Such a
system is reduced to the classical Buckley–Leverett equation, when the viscosities of both fluids are
independent of pressure. It is found that the relative permeabilities depend on the pressure of the liquid
and when the solid matrix is considered rigid.

Some models consider the exchange of momentum between the phases of flows of two immiscible
fluids in a porous medium. Sometimes creeping flow models are used that include an explicit relationship
between two phases by adding cross-terms to the generalized Darcy’s law [13]. These models show
that cross-terms in macroscale models can significantly affect flow compared to results obtained using
generalized Darcy’s laws without cross-terms. Investigations with the availability of experimental data
for analytical solutions suggest that the influence of this dependence on the dynamics of saturation
fronts and stationary profiles is very sensitive to gravitational effects, the ratio of viscosity between two
phases and permeability. These results indicate that the effects of momentum exchange on two-phase
flow can increase with increasing porous medium permeability when the effect of liquid-liquid interfaces
becomes similar to the effect of solid-liquid interfaces.

In the parabolic case, solvability has been sufficiently studied by S.N. Antontsev, V.N. Monakhov,
O.B. Bocharov [14–16], and others. It should be noted that equations in the form (1) are the simplest
mathematical models of many natural phenomena, sometimes reflecting the essence of these phenomena.
In particular, the Leverett function is determined experimentally according to the materials of Kern.
This approach does not give the desired results in problems of filtration theory.

The Cauchy problem for a system of conservation laws in one space dimension takes the form [7]:

ut + f(u)x = 0. (1)

Here u (0, x) = ũ (x) is initial conditions, u = (uo, u$) is the vector of conserved quantities (oil and
water, respectively), while the components of f = (fo, f$) are the fluxes of oil and water, respectively.
We assume that the flux function f : R2 → R2 is smooth and that the system is strictly hyperbolic;
i.e., at each point u the Jacobian matrix A = Df (u) has u real, distinct eigenvalues

λ1 (u) < ... < λn (u) .

One can then select bases of right t and left eigenvectors ri (u) , li (u) normalized so that

|ri| ≡ 1, li · ri =

{
1 if i = j,
0 if i 6= j.

Mathematics series. № 2(106)/2022 5
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Several fundamental laws of physics take the form of a conservation equation.
The lack of regularity is a major source of complexity since most of the standard differential calculus

tools are not applicable. Special methods are needed, in particular, the main building block is the so-
called Riemann problem [1, 17], in which the initial data are piecewise constant with one jump at the
origin:

u (0, x) =

{
u− if x < 0,
u+ if x > 0.

The viscosity solution of a Cauchy problem is unique and coincides with the limit of Glimm, and the
front-tracking approximations for a strictly hyperbolic system of conservation laws satisfy the standard
assumptions.

For each i ∈ {1, ..., n}, the i-th characteristic field is either linearly degenerate, so that

Dλi (u) · ri (u) = 0

for all u, or else it is genuinely nonlinear, i.e.,

Dλi (u) · ri (u) > 0,

0 for all u.
The definition given in [7] was motivated by a natural conjecture. Namely, the viscosity solutions

(characterized in terms of local integral estimates) should coincide precisely with the limits of vanishing
viscosity approximations. In the present paper, we adopt a similar definition of viscosity solutions and
prove that the above conjecture is indeed true. Our results apply to the more general case of (possibly
nonconservative) quasilinear strictly hyperbolic systems. In particular, we obtain the uniqueness of the
vanishing viscosity limit.

For a comprehensive account of the recent uniqueness and stability theory, we refer to [7, 8].
A long-standing conjecture is that the entropic solutions of the hyperbolic system (1) actually

coincide with the limits of solutions to the parabolic system

ut + f(u)x = εuxx

when the viscosity coefficient ε→ 0. In view of the recent uniqueness results, it looks indeed plausible
that the vanishing viscosity limit should single out the unique “good” solution of the Cauchy problem,
satisfying the appropriate entropy conditions. In earlier literature, results in this direction were based
on three main techniques [7]: Comparison principles for parabolic equations; Singular perturbations;
Compensated compactness.

In our point of view, to develop a satisfactory theory of vanishing viscosity limits, the heart of
the matter is to establish a priori BV bounds on solutions u (t, ·) of (1.8) ε, uniformly valid for all
t ∈ [0,∞) and ε > 0. This is indeed what we will accomplish in the present paper. Our results apply,
more generally, to strictly hyperbolic systems with viscosity, not necessarily in conservation form:

ut +A (u)ux = εuxx.

The modeling multiphase flows in porous media is of major importance in many fields of applications.
In particularly in enhanced oil recovery applications of petroleum engineering. The classical mathemati-
cal models for multiphase flows are based on a straightforward generalization of Darcy’s law for a single-
phase flow [9]. A natural question arises: How important is the influence of one phase on the other
phase? In some applications, it is shown that the coupling effects are small, and therefore negligible.

In [18–20], it was developed a mathematical model to apply Buckley–Leverett frontal advance theory
to immiscible displacement in non-communicating stratified reservoirs. The influence of the coefficient

6 Bulletin of the Karaganda University
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of viscosity and coefficient of variation of the Dykstra-Parsons permeability (VDP) on productivity has
been investigated. The introduction of pseudo-relative permeability functions is discussed. It was shown
in [21] that mass conservation in several layers unconnected with each other can be used to derive the
interlayer ratios of various emerging fronts. The ratio of flow areas in an immiscible two-phase flow
in a porous medium was studied in [22, 23]. They used dynamic pore network modeling that uses an
interface model used to simulate steady state two-phase flow.

Numerical modeling of the flow of immiscible fluids is of great importance in many areas for the
proper management of underground resources, in particular water. Recently presented high-resolution
numerical model that simulates a three-phase immiscible fluid flow in both unsaturated and saturated
zones in a porous aquifer [22] is relevant.

In the theory of immiscible two-phase flow presented in [23], the conservation of mass is provided
by general equations, which require some additions for a porous medium. The basic equation can be
derived from the relative permeability data. It turns out that it has a surprisingly simple form when
expressed in the correct variables [24]. The resulting system of equations can then be solved for a
structured porous medium. However, the question remains what happens when the porous medium
has a nontrivial structure along its entire length.

1 Mathematical modelling

Consider filtration of a two-phase liquid in a porous medium in water-pressure mode. The field is
covered by a network of wells and their location schemes can be different. The oil-bearing formation
is considered unlimited, of constant thickness, the porous medium is non-deformable, and the ratio
of capillary pressure to the total hydrodynamic pressure drop is small, which allows to consider the
problem obeying the classical Buckley–Leverett model.

High precision modeling of immiscible two-phase flows in porous media is paramount. Nevertheless
even with such high-precision numerical modeling, the lack of information or its fuzziness, for example,
on the relative permeability and functions of capillary pressure in them does not allow a detailed
comparison with experiments [25].

Without taking into account gravity, two-phase filtration for the case of straight-parallel displace-
ment was considered by S. Buckley and M. Leverett in 1942, and later independently by A.M. Pirver-
dyan, who also studied the case of a more general filtration law for two-phase flow [10].

In the case of one-dimensional flow of incompressible immiscible liquids under conditions where
capillary pressure and the influence of gravity can be ignored, the displacement process allows a simple
mathematical description.

It should be noted that the equation of the form (1):

ut + f(u)x = 0

one-dimensional space variables have been considered by many researchers. A significant contribution to
the non-local theory of the Cauchy problem for this equation was made by O.A. Oleinik, A.N. Tikhonov,
A.A. Samarsky, and I.M. Gelfand. The Buckley–Leverett mathematical model belongs to equation (1).

A detailed specification allows to define a porous medium as either hydrophilic or hydrophobic.
It is known that if ε > 0 is the coefficient of viscosity, then the viscous friction force acting on each

particle of the porous medium x (t) and related to the unit of mass can be assumed to be equal to
ε ·uxx. Then returning to the mathematical model of Buckley–Leverett (then instead of u (t, x) we will
write s (t, x) - water saturation)

st + s · sx = ε · sxx (2)

where F ′ (s) = 1
2s is the Leverett function.

Mathematics series. № 2(106)/2022 7
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The equation of the form (2) was studied by O.B. Bocharov, B.N. Monakhov, I.L. Telegin [14, 15,
17].

If the viscous term tends to zero, the uniqueness of the vanishing viscosity limit is proved based
on comparative estimates for the solutions of the corresponding Hamilton-Jacobi equation, as stated
in [26, 27]. As an application, they obtained the existence and uniqueness of solutions for the class
of triangular systems of 2 × 2 conservation laws with hyperbolic degeneracy. However, the forecast
calculations did not give the desired results.

The assumed method at ε→ 0 is called the "vanishing viscosity"method. Given that

st =

(
ε · sx −

s2

2

)
x

we introduce the potential u (x, t) defined by the equality

du+

(
ε · sx −

s2

2

)
x

dt.

In this case
ux = s,

ut = ε · sx − s2

2 = ε · uxx − u2x
2 ,

that is, the function u (x, t) satisfies the equation

ut +
1

2
u2x = ε · uxx. (3)

Make a replacement in (3)
u = −2ε · ln z.

Then
ut = −2ε · ztz ,
ux = −2ε · zxz ,
uxx = −2ε · zxxz + 2ε · z

2
x
z2
,

Equation (3) will take the form

−2ε · zt
z

+ 2ε2 · z
2
x

z2
= −2ε2 · zxx

z
+ 2ε2 · z

2
x

z2
,

in other words, the thermal conductivity equation is obtained regarding to z (x, t):

zt = ε · zxx. (4)

This method is often called the Florin–Hopf–Cole transformation. From the made, substitutions it
follows that the solution to equation (2) has the form:

s = ux = −2ε · zx
z

where z (x, t) is the solution (4).
Suppose that a wave of the form propagates through an injection well:

s (x, t) = s− +
s+ − s−

2
· (1 + sign(x− ωt)) =

{
s−, ats < ωt
s+, ats > ωt

(5)

8 Bulletin of the Karaganda University
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where ω = const. Suppose that there is a generalized solution of the equation of the form (1) in the
sense of fulfilling the integral identity. To do this, it is necessary and sufficient that the condition is
met on the break line ω = const

ω =
dx

dt
=
F (s+)− F (s−)

s+ − s−
. (6)

The idea of the "vanishing viscosity"method in this case is that this solution (discontinuous) of the
form (5), (6) is acceptable. That is, for x 6= ω solutions of of sε (x, t) the equation

sεt = +(F (sε))x = ε · sεxx (7)

for ε→ 0, it is obtained as a pointwise limit.
Below, the proposed method by I.M. Gelfand has the desired result in applied problems.
Given the structure of the solution we will look for a solution s (x, t) to equation (7) and (8) in the

form:

sε (x, t) = u (ξ) , ξ =
x− ωt
ε

. (8)

Substituting a solution of this type in (7), we get that the function U (ξ) is the solution of the
equation

−ω · υ′ + (F (υ))′ = υ′′. (9)

At x 6= ωt, the function sε = υ
(
x−ωt
ε

)
pointwise approximates for ε → 0 function s (x, t) of the

form (5) if and only if the function v (ξ) satisfies the boundary conditions:

s (−n, t) = s−, s (n, t) = s+ (10)

where n is a sufficiently large distance from the well.
It should be noted that υ (t) is not the only solution, i.e., there can be υ̃ = υ (ξ − ξ0), for any

ξ0 ∈ R.
Integrating (9) and (10), we get

υ′ = −ω · υ + Φ (υ) + C = Φ̃ (υ) + C,
C = const.

(11)

If these conditions are met, the solutions of equation (9) that interest us are given by the formula.
Following the method of I.M. Gelfand, in order for an autonomous equation (11) with a smooth

right part of Φ̃ (υ) + C to have a solution that tends to the constants s− at n → −∞ and s+ at
n→ +∞, it is necessary and sufficient to meet the following conditions:

a) s− and s+ -special points of the original equation, i.e., zero the right side of the equation (11):

Φ (υ) + C = Φ̃ (υ) + C = 0,

that is, as a result, we have

Φ̃ (s−) = Φ̃ (s+) = −C;

b) another option between s− and s+ there are no other special points and the right part (11) on the
specified interval:

1) positive at s− < s+ the solution increases, i.e.,
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Φ̃ (υ)− Φ̃ (s−) > 0, ∀υ ∈ (s−, s+) (12)

2) negative at s− > s+, i.e., the solution decreases:

Φ̃ (υ)− Φ̃ (s+) < 0, ∀υ ∈ (s+, s−) . (13)

If these conditions are met, the solutions of equation (9) that interest us are given by the formula

υ∫
υ0

dυ

Φ̃ (υ)− Φ̃ (s−)
= ξ − ξ0

where υ0 = s++s−
2 — location of wells.

The given conditions (12), (13) are an analytical record of the tolerance condition.
By varying s−, s+, and F (s), various converging sequences of valid generalized solutions can be

constructed. At the same time, any point-to-point limits of acceptable solutions are also considered
acceptable.

2 Numerical Results

As a result, we get that the solution s (x, t) can jump from s− to s+ (in the direction of increasing
x). That is, in fact, this jump occurs during the transition from the water phase to the oil phase. In
this case, the conditions for an acceptable gap are met (Fig. 1):

1) for s− < s+, the graph of the function F (s) on the segment [s−, s+] must be located below the
chord with the ends (s−, F (s−)) and (s+, F (s+));

2) in the case of s− > s+, the graph of the function F (s) on the segment [s+, s−] must be located
no higher than the chord with the ends (s−, F (s−)) and (s+, F (s+)).

Figure 1. Construction of chord (s, F(s)) front saturation

The obtained conditions make it possible to regulate filtration processes in the bottomhole formation
zone taking into account the initial information, in particular, some data from Table 1.
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T a b l e 1

Initial data used in modeling with the one-dimensional Buckley-Leverett problem

Parameter Value
Porosity 0.28
Oil viscosity 1.e-4 kg/ms
Water viscosity 0.5e-4 kg/ms
Oil density 881 kg/m3

Water density 1000 kg/m3

Water relative perm calculation for a given water saturation 11.174
Oil relative perm calculation for a given water saturation 3.326
Cross-sectional area 0.4 m2

The gap tolerance conditions obtained by the "vanishing viscosity"method are in perfect agreement
with the forecast calculations. Indeed, the convexity property of the function F (s) in the Buckley-
Laverett mathematical model (up) down by definition means that any chord connecting points in a
straight line shows the validity of the Buckley-Laverett mathematical model itself.

Figure 2 presents water saturation profile.

Figure 2. Water saturation profile as a function of time “t” and distance “x”

Figure 3 illustrates derivative of fractional flow curve.

Figure 3. Derivative of fractional flow dF/ds

Mathematics series. № 2(106)/2022 11



Y.S. Aldanov, T.Zh. Toleuov, N. Tasbolatuly

Table 2 shows the results of derivative of the fractional flow rate curve calculation.

T a b l e 2

Results of numerical calculation of the derivative of the fractional flow rate curve

Sw
dFs
dsw

0.500 0.152
0.525 0.313
0.550 0.487
0.575 0.889
0.600 1.519
0.625 2.721
0.650 4.219
0.675 5.817
0.700 6.613

Presentation of the model of nonlinear wave propagation and how the use of the method allows
one to cope with sharp fronts (or discontinuities) and develop them correctly, as well as to follow the
formation of a jump and rarefaction (Fig. 4a, 4b). The formation of an abrupt jump (jump) is observed.

Figure 4. a) Shock and rarefaction formation

Figure 4. b) Shock and rarefaction formation
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Conclusions

The article proposes one of the methods for solving the problem of filtration of a two-phase
incompressible fluid. The problem of mathematical filtering is posed on the basis of the classical
Buckley-Leverett model and an approximate solution is constructed. For the effective use of the
described method, relevant data are needed, such as the coefficient of fluid viscosity, the density of
formation fluids, etc., to plot the curves of the viscosity ratio. The considered method, based on the
Buckley-Leverett theory, uses vanishing viscosity for frontal advance, but, in general, it can be applied
to various systems that use different technological approaches and open the way for further research.
In particular, stochastic analysis of two-phase flow in stratified porous media seems promising [28, 29].
Stochastic models, which include some assumptions about porous media, simplify and stabilize fuzzy
information. In the future, we plan to use stochastic data and analyze them.
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Бакли–Леверетт моделiнiң негiзiнде екiфазалы араласпайтын
сұйықтар ағыны үшiн Риман есебiнiң жуық шешiмдерi

Мақалада капиллярлық қысымды есепке алмастан, шешiмнiң тұтастығын қамтамасыз ететiн «жойы-
латын тұтқырлық» әдiсiне негiзделген жуықтау әдiсi ұсынылған. Риман есебi мен шекаралық есебiнiң
тұтқырлығы жойылған шешiмi қарастырылған. Жүйе консервативтi болмаса, бұл әлсiз шешiм емес
екенiн ескеру керек, бiрақ оның тұтқырлық шешiм екенiн дәлелдеуге болады, бұл шын мәнiнде жой-
ылып кететiн тұтқырлық шешiмнiң жарты группаларды бөлшек-тұрақты бастапқы және шекаралық
шарттарға дейiн кеңейтудi бiлдiредi. Капиллярлық қысымды есепке алмағанда, Бакли-Леверетт мо-
делi негiзгi болып табылатыны белгiлi. Нақты болжамдық есептеулерге сүйене отырып, модель көпте-
ген салаларда өзiн дәлелдедi. Әдетте, есептеу тұрғысынан алғанда, есептеу алгоритмдерiн құру кезiн-
де уақытты кванттау үшiн жуықтау әдiстерi қажет. Тұтқырлығы қысымға тәуелдi екi араласпайтын
сұйықтықтардың ағынын талдау Бакли-Леверетт классикалық үлгiсiн одан әрi кеңейтуге әкеледi.
Дарси заңының кеңеюiне негiзделген кейбiр екiфазалы ағын модельдерi капиллярлық қысымның
әсерiн қосады. Бұл кейбiр сұйықтықтардың, мысалы, шикi мұнайдың, қысымға тәуелдi тұтқырлығы-
на және қысымның ауытқуына айтарлықтай сезiмталдығына негiзделген. Нәтижелер классикалық
Дарси әдiсiмен салыстырғанда кросс-байланыс жағдайларының елеусiз әсерiн растайды.

Кiлт сөздер: Дарси заңы, екiфазалы ағындар, фазалық байланыс, Бакли–Леверетт теориясы, изо-
термиялық сүзу, капиллярлық қысым.
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Приближенные решения задачи Римана для двухфазного потока
несмешивающихся жидкостей на основе модели Бакли–Леверетта

В статье предложен приближенный метод, основанный на «исчезающей вязкости», которая обес-
печивает гладкость раствора без учета капиллярного давления. Мы будем рассматривать решение
задачи Римана и краевой задачи Римана с исчезающей вязкостью. Обратите внимание на то, что
это не слабое решение, если система не является консервативной, то можно доказать, что это вяз-
костное решение, фактически означающее расширение полугруппы решения исчезающей вязкости
до кусочно-постоянных начальных и граничных данных. Известно, что, без учета капиллярного дав-
ления, модель Бакли–Леверетта является основной. Основанная на реальных прогнозных расчетах
модель положительно зарекомендовала себя во многих сферах. Обычно, с вычислительной точки
зрения, приближенные модели требуются для квантования времени при создании вычислительных
алгоритмов. Анализ потока из двух несмешивающихся жидкостей, вязкость которых зависит от дав-
ления, приводит к дальнейшему расширению классической модели Бакли–Леверетта. Некоторые мо-
дели двухфазного потока, основанные на расширении закона Дарси, включают эффект капиллярного
давления. Это мотивировано тем фактом, что некоторые жидкости, например, сырая нефть, имеют
вязкость, зависящую от давления, и заметно чувствительны к колебаниям давления. Результаты под-
твердили незначительное влияние условий кросс-связывания по сравнению с классическим подходом
Дарси.

Ключевые слова: закон Дарси, двухфазные потоки, связь фаз, теория Бакли–Леверетта, изотермиче-
ская фильтрация, капиллярное давление.
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On the nonlocal problems in time for subdiffusion equations
with the Riemann-Liouville derivatives

Initial boundary value problems with a time-nonlocal condition for a subdiffusion equation with the
Riemann-Liouville time-fractional derivatives are considered. The elliptical part of the equation is the
Laplace operator, defined in an arbitrary N− dimensional domain Ω with a sufficiently smooth boundary
∂Ω. The existence and uniqueness of the solution to the considered problems are proved. Inverse problems
are studied for determining the right-hand side of the equation and a function in a time-nonlocal condition.
The main research tool is the Fourier method, so the obtained results can be extended to subdiffusion
equations with a more general elliptic operator.

Keywords: time-nonlocal problems, Riemann-Liouville derivatives, subdiffusion equation, inverse problems.

Introduction

Let β < 0, 0 < ρ < 1 and a function q(t) be defined on [0,∞). Denote by Jβt q(t) and ∂ρt q(t) the
fractional integrals and the Riemann-Liouville derivatives, respectively, defined as (see, e.g. [1; 14]):

Jβt q(t) =
1

Γ(−β)

t∫
0

q(ξ)

(t− ξ)β+1
dξ, ∂ρt q(t) =

d

dt
Jρ−1
t q(t), t > 0.

Let Ω be an arbitrary N – dimensional domain with a sufficiently smooth boundary ∂Ω.
Consider the following time-nonlocal problem:

∂ρt u(x, t)−4u(x, t) = f(x, t), x ∈ Ω, 0 < t ≤ T ; (1)

u(x, t)
∣∣
∂Ω

= 0; (2)

Jρ−1
t u(x, t)

∣∣
t=ξ

= α lim
t→0

Jρ−1
t u(x, t) + ϕ(x), 0 < ξ ≤ T, x ∈ Ω, (3)

where f(x, t), ϕ(x) are given functions, α is a constant, ξ is a fixed point and 4 =
N∑
k=1

∂2

∂x2k
is the

Laplace operator. This problem is also called the forward problem.
We note the following property of the Riemann-Liouville integrals, which simplifies the verification

of the initial condition (3) (see, e.g. [1; 104]):

lim
t→+0

Jρ−1
t u(x, t) = Γ(ρ) lim

t→+0
t1−ρu(x, t).
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On the nonlocal problems...

From here, in particular, it follows that the solution to the forward problem can have a singularity
at zero t = 0 of order tρ−1.

When solving the forward problem, we will first solve various auxiliary problems for equations with
the Riemann-Liouville derivative. We will also consider inverse problems. The definition of a classical
solution in all these cases is exactly the same. As an example, we present the definition of the classical
solution to the forward problem (1)–(3).

Definition 1. A function u(x, t) with the properties

1 t1−ρu(x, t) ∈ C(Ω× [0, T ]),

2 ∂ρt u(x, t), 4u(x, t) ∈ C(Ω× (0, T ])

and satisfying conditions (1)–(3) is called the solution to the forward problem.
The main goal of this work is to study the influence of parameter α on the correctness of problem

(1)–(3). In this regard, we will apply the Fourier method, which ensures the consideration of the
following spectral problem {

−4v(x) = λv(x), x ∈ Ω;

v(x)
∣∣
∂Ω

= 0.
(4)

Since the boundary ∂Ω is sufficiently smooth, this problem has a complete in L2(Ω) set of orthonormal
eigenfunctions {vk(x)}, k ≥ 1, and a countable set of positive eigenvalues {λk}, (see, e.g., [2–4]). It is
convenient to assume that 0 < λ1 ≤ λ2 · ·· → +∞.

We note that the method proposed here, based on the Fourier method, is applicable to equation
(1) with an arbitrary elliptic differential operator A(x,D), if only the corresponding spectral problem
has a complete system of orthonormal eigenfunctions in L2(Ω).

We also note that if α = 0, then the considering forward problem passes to the backward problem,
which is well-studied in work [5]. The backward problem for equation (1) with the Caputo derivative
was studied in [6–8]. Therefore, further we assume that α 6= 0. About backward problems, we note
only the following: These problems are not well-posed in the sense of Hadamard, i.e., a small change
in function ϕ in condition (3) leads to a large change in the solution.

As will be shown below, if α /∈ [0, 1), then, under standard conditions on the given functions f
and ϕ, problem (1)–(3) is unconditionally solvable and has a unique solution. If α ∈ (0, 1), then the
solvability of the problem depends on whether there exists an eigenvalue λk0 of the spectral problem
(4) such that Eρ(−λk0tρ) = α and what is the multiplicity p0 of this eigenvalue λk0 (here Eρ is the
Mittag-Leffler function, see the definition below). If such an eigenvalue exists, then for the solution
to the problem to exist, it is necessary that each function f and ϕ satisfy p0 additional orthogonality
conditions. Moreover, the solution of the problem will not be unique. If there is no eigenvalue λk0 for
which Eρ(−λk0tρ) = α, then problem (1)–(3) is again unconditionally solvable.

We will also study two inverse problems for determining the right-hand side of the equation and
function ϕ in the nonlocal condition (3), respectively. In this case, for both inverse problems, as an
additional condition, we take the condition

u(x, θ) = Ψ(x), 0 < θ ≤ T, θ 6= ξ, x ∈ Ω. (5)

Here, to avoid the uniqueness problem, we will assume that α ≥ 1. In the case of the inverse problem
of determining the right-hand side of the equation, we will assume that f depends only on the spatial
variables x: f = f(x).

Note that all these problems for equation (1) with the fractional Caputo derivative were considered
in [9]. However, in this work, the existence of a generalized solution to the problems is proved. The
convenience of studying the generalized solution by the Fourier method lies in the fact that when
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proving the convergence of the corresponding series, one can use the Parseval equality and reduce the
question of the convergence of functional series to the study of the convergence of numerical series.
When proving uniform convergence, this approach does not work. Therefore, in the present paper, we
apply the lemma of Krasnoselskii et al. [10], which reduces the study of uniform convergence to the
study of convergence in L2(Ω).

Usually, to determine the solution of non-stationary differential equations uniquely, an initial
condition is specified. However, in some cases, non-local conditions are used, for example, in the form
of an integral over time (see [11], in the case of diffusion equations, [12] for fractional-order equations),
or in the form of a relationship between the value of the solution at the initial and final times (see [13],
[14]). We also note papers [15], [16], where boundary value problems given with fractional derivatives
are studied.

As for the inverse problem of determining the function ϕ, we point that such a problem was studied
only in the work [17] (with the exception of work [9], which was mentioned above). The authors of [17]
considered this problem for the subdiffusion equation, which includes the fractional Caputo derivative,
the elliptic part of which is a differential expression with two variables and constant coefficients.

The inverse problems of determining the right-hand side (the heat source density) of various
subdiffusion equations have been considered by many researchers (see, e.g., [18]). We note that the
inverse problem of determining the right-hand side of the equation given in an abstract form f(x, t)
has not yet been studied. The obtained results deal with the separated source term s(t)f(x). The
appropriate choice of the overdetermination depends on the choice whether the unknown is s(t) or
f(x). It should be noted that studies of inverse problems, where the function s(t) is the unknown,
are relatively few (see, e.g., [18] in the case of fractional order equations and [19]–[21] in the case of
equations of integer order).

Many authors have considered an equation in which s(t) ≡ 1 and f(x) is unknown (see, e.g., [22]–
[40]). Let us mention just a few of these works. The case of subdiffusion equations whose elliptic part
is an ordinary differential expression is considered in [22]–[28]. The authors of the papers [29]–[33]
studied subdiffusion equations in which the elliptic part is either a Laplace operator or a second-order
operator. The article [34] examined the inverse problem for an abstract subdiffusion equation with the
Cauchy condition. In article [34] and in most other articles, including [29]–[32], the Caputo derivative
is used as a fractional derivative. Recent articles [35]–[36] are devoted to the inverse problem for the
subdiffusion equation with the Riemann-Liouville derivative.

In [33], [38], [39], non-self-adjoint differential operators (with non-local boundary conditions) were
taken as the elliptical part of a subdiffusion equation, and solutions to the inverse problem were found
in the form of bioorthagonal series.

In our previous work [40], we examined the inverse problem for the simultaneous determination
of the order of the Riemann-Liouville fractional derivative and the source function in the subdiffusion
equations. Using the classical Fourier method, the authors proved the uniqueness and existence of a
solution to this inverse problem.

We also note works [41]–[44] close to the given topic in which inverse problems of determining
boundary functions in problems of control of heat propagation processes are studied.

1 Preliminaries

In this section, we formulate the lemma noted above from the study by Krasnoselskii et al. [10],
the fundamental result of V.A. Il’in [3] on the convergence of the Fourier coefficients and recall some
properties of the Mittag-Leffler function.

Let A stand for the operator acting in L2(Ω) as Ag(x) = −4g(x) with the domain of definition
D(A) = {g ∈ C2(Ω) : g(x) = 0, x ∈ ∂Ω}. We denote the self-adjoint extension of A in L2(Ω) by Â.

To formulate the indicated lemma, it is necessary to introduce the power of operator Â.
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Let σ be an arbitrary real number. The power of operator A, acting in L2(Ω) is defined as:

Âσg(x) =

∞∑
k=1

λσk gk vk(x), gk = (g, vk),

and the domain of definition has the form

D(Âσ) = {g ∈ L2(Ω) :
∞∑
k=1

λ2σ
k |gk|2 <∞}.

For elements of D(Âσ) we introduce the norm

||g||2σ =
∞∑
k=1

λ2σ
k |gk|2 = ||Âσg||2.

The following lemma plays an essential role in our reasoning (see, e.g., [10; 453]).
Lemma 1 . Let σ > N

4 . Then operator Â−σ continuously maps the space L2(Ω) into C(Ω), and
moreover, the following estimate holds

‖Â−σg‖C(Ω) ≤ C‖g‖L2(Ω).

When proving the existence of solutions to forward and inverse problems, it is necessary to study
the convergence of series of the form

∞∑
k=1

λτk|hk|2, τ >
N

2
, (6)

where hk is the Fourier coefficient of function h(x). In the case of integers τ , the conditions for the
convergence of such series in terms of the membership of the function h(x) in classical Sobolev spaces
W k

2 (Ω) were obtained in the work of V.A. Il’in [3]. To formulate these conditions, we introduce the class
Ẇ 1

2 (Ω) as the closure in the W 1
2 (Ω) norm of the set of all functions that are continuously differentiable

in Ω and vanish near the boundary of Ω.
So, if function h(x) satisfies the conditions

h(x) ∈W
[
N
2

]
+1

2 (Ω), and h(x), 4h(x), · · ·, 4
[
N
4

]
h(x) ∈ Ẇ 1

2 (Ω), (7)

then the number series (6) (we can take τ = N
2 + 1 if N is even, and τ = N+1

2 if N is odd) converges.
Similarly, if in (6) we replace τ by τ + 2, then the convergence conditions will have the form:

h(x) ∈W
[
N
2

]
+3

2 (Ω), and h(x), 4h(x), · · ·, 4
[
N
4

]
+1h(x) ∈ Ẇ 1

2 (Ω). (8)

Next, let us remind some properties of the Mittag-Leffler functions. For 0 < ρ < 1 and an arbitrary
complex number µ, by Eρ,µ(z) we denote the Mittag-Leffler function with two parameters (see, e.g. [1;
12]):

Eρ,µ(z) =
∞∑
n=0

zn

Γ(ρn+ µ)
.

If the parameter µ = 1, then we have the classical Mittag-Leffler function: Eρ(z) = Eρ,1(z).
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In what follows, we need the asymptotic estimate of the Mittag-Leffler function with a sufficiently
large negative argument. The estimate has the form (see, e.g. [45; 136])

|Eρ,µ(−t)| ≤ C

1 + t
, t > 0, (9)

where µ is an arbitrary complex number. This estimate essentially follows from the following asymptotic
estimate (see, e.g. [45; 134]):

Eρ,µ(−t) =
t−1

Γ(µ− ρ)
+O

(
t−2
)
. (10)

We will also use a coarser estimate with a positive number λ and 0 < ε < 1:

|tρ−1Eρ,ρ(−λtρ)| ≤
Ctρ−1

1 + λtρ
≤ Cλε−1tερ−1, t > 0, (11)

which is easy to verify. Indeed, let tρλ < 1, then t < λ−1/ρ and

tρ−1 = tρ−ερtερ−1 < λε−1tερ−1.

If tρλ ≥ 1, then λ−ε ≤ tερ and

λ−1t−1 = λ−1+ελ−εt−1 ≤ λε−1tερ−1.

Proposition 1. The Mittag-Leffler function of negative argument Eρ(−x) is monotonically decreasing
function for all 0 < ρ < 1 and

0 < Eρ(−x) < 1. (12)

Proof of this proposition can be found, for example, in [9].
Proposition 2. Let ρ > 0 and λ ∈ C. Then for all positive t one has

t∫
0

ηρ−1Eρ,ρ(λη
ρ)dη = tρEρ,ρ+1(λtρ), (13)

and
Jρ−1
t

(
tρ−1Eρ,ρ(λt

ρ)

)
= Eρ(λt

ρ). (14)

Proof of this proposition can be found, for example, in [45; 120].

2 Well-posedness of the forward problem

First, we consider the problem for the homogeneous equation:
∂ρt w(x, t)−4w(x, t) = 0, x ∈ Ω 0 < t ≤ T ;

w(x, t)
∣∣
∂Ω

= 0;

Jρ−1
t w(x, t)

∣∣
t=ξ

= α lim
t→0

Jρ−1
t w(x, t) + ψ(x), 0 < ξ ≤ T, x ∈ Ω,

(15)

where ψ(x) is a given function.
Theorem 1. Let function ψ(x) satisfy conditions (7).
If α /∈ [0, 1) or α ∈ (0, 1), but Eρ(−λkξρ) 6= α for all k ≥ 1, then problem (15) has a unique

solution, which has the form

w(x, t) =

∞∑
k=1

ψk
Eρ(−λkξρ)− α

tρ−1Eρ,ρ(−λktρ)vk(x), (16)

where ψk is the Fourier coefficient of function ψ(x).
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If α ∈ (0, 1) and Eρ(−λk0ξρ) = α for some eigenvalue λk0 with the multiplicity p0, then we assume
that the orthogonality conditions

ψk = (ψ, vk) = 0, k ∈ K0 = {k0, k0 + 1, ...., k0 + p0 − 1} (17)

are satisfied. Then solutions to problem (15) have the form

w(x, t) =
∑
k/∈K0

ψk
Eρ(−λkξρ)− α

tρ−1Eρ,ρ(−λktρ)vk(x) +
∑
k∈K0

bkt
ρ−1Eρ,ρ(−λktρ)vk(x), (18)

with arbitrary coefficients bk, k ∈ K0.
Proof. In accordance with the Fourier method, we will look for a solution to problem (15) in the

form of a series:

w(x, t) =
∞∑
k=1

Tk(t)vk(x),

where Tk(t), k ≥ 1, are solutions to the nonlocal problems:

∂ρt Tk(t) + λkTk(t) = 0, 0 < t ≤ T, (19)

Jρ−1
t Tk(t)

∣∣
t=ξ

= α lim
t→0

Jρ−1
t Tk(t) + ψk. (20)

Let us denote
lim
t→0

Jρ−1
t Tk(t) = bk. (21)

Then, the unique solution of the equation (19), that satisfies the condition (21) has the form Tk(t) =
bkt

ρ−1Eρ,ρ(−λktρ) (see, e.g. [46; 173], [1; 16], and [47]).
Equality (14) implies

Jρ−1
t Tk(t)

∣∣∣∣
t=ξ

= bkEρ(−λkξρ).

Therefore, from the nonlocal condition (20) we obtain

bk
(
Eρ(−λkξρ)− α

)
= ψk. (22)

By virtue of property (12) of the Mittag-Leffler function, Eρ(−λkξρ) 6= α for all α ≥ 1 and α < 0
(note, ξ > 0 and λk > 0). Therefore, from (22) we have

bk =
ψk

Eρ(−λkξρ)− α
, |bk| ≤ Cα|ψk|, k ≥ 1, (23)

where Cα is a constant.
Let 0 < α < 1. Then according to Proposition 1, there is a unique λ0 > 0 such that Eρ(−λ0ξ

ρ) = α.
If there is no eigenvalue equal to λ0 , then the estimate in (23) holds with some constant Cα > 0.

Thus, if α /∈ [0, 1) or α ∈ (0, 1), but λk 6= λ0 for all k ≥ 1, then the formal solution of problem (15)
has the form (16).

Finally, let 0 < α < 1 and there is an eigenvalue equal to λ0, having the multiplicity p0: λk = λ0

for k = k0, k0 + 1, ..., k0 + p0 − 1. Then the nonlocal problem (19), (20) has a solution if the boundary
function ψ(x) satisfies the orthogonality conditions (17). Since ψk = 0, then arbitrary numbers bk are
solutions of equation (22). For all other k we have

bk =
ψk

Eρ(−λkξρ)− α
, |bk| ≤ Cα|ψk|, k /∈ K0.
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Thus, the formal solution to problem (15) in this case has the form (18).
Let us show that the operators A = −4 and ∂ρt can be applied term-by-term to series (16) and the

resulting series converges uniformly in (x, t) ∈ Ω× (0, T ]; for series (18), this question is considered in
a similar way.

Let Sj(x, t) be the partial sum of series (16). Then

−4Sj(x, t) =

j∑
k=1

λk
ψk

Eρ(−λkξρ)− α
tρ−1Eρ,ρ(−λktρ)vk(x).

Using the equality
Â−σvk(x) = λ−σk vk(x),

with σ > N
4 and applying Lemma 1 for g(x) = −4Sj(x, t), we have

|| − 4Sj(x, t)||2C(Ω) ≤ C
j∑

k=1

λ
2(σ+1)
k

∣∣∣∣ ψk
Eρ(−λkξρ)− α

tρ−1Eρ,ρ(−λktρ)
∣∣∣∣2 , t > 0.

Here, to estimate the L2(Ω) norm, we applied the Parseval’s equality.
Apply estimates (9) and (23) to obtain

|| − 4Sj(x, t)||2C(Ω) ≤ Cαt
2ρ−2

j∑
k=1

λ
2(σ+1)
k

∣∣∣∣ ψk
1 + λktρ

∣∣∣∣2 ≤ Cαt−2
j∑

k=1

λτk|ψk|2, τ = 2σ >
N

2
.

Therefore, if ψ(x) satisfies conditions (7), then −4u(x, t) ∈ C(Ω× (0, T ]). From equation (15) one has
∂ρt u(x, t) = 4u(x, t), t > 0, and the above estimates imply

||∂ρt w(x, t)||2C(Ω) ≤ Cαt
−2

j∑
k=1

λτk|ψk|2, t > 0,

which means ∂ρt w(x, t) ∈ C(Ω× (0, T ]).
For Sj(x, t), taking into account estimate (9), we obtain

||t1−ρSj(x, t)||2C(Ω) ≤ Cα
j∑

k=1

λτk|ψk|2, τ >
N

2
.

Hence t1−ρw(x, t) ∈ C(Ω× [0, T ]), which was required by the definition of the solution to problem (15).
The uniqueness of the solution to problem (15) is proved in exactly the same way as in work [9].

For the convenience of the reader, we present this proof.
It is sufficient to show that the solution to the problem:

∂ρt w(x, t)−4w(x, t) = 0, x ∈ Ω, 0 < t ≤ T ;

w(x, t)
∣∣
∂Ω

= 0;

Jρ−1
t w(x, t)

∣∣
t=ξ

= α lim
t→0

Jρ−1
t w(x, t), 0 < ξ ≤ T, x ∈ Ω,

is identically equal to zero.
Let wk(t) = (w(x, t), vk(x)). Since operator A = −4 is self-adjoint, one has

∂ρt wk(t) = (∂ρt w(x, t), vk(x)) = (Aw(x, t), vk(x)) = (w(x, t), Avk(x)) = −λkwk(t)
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or
∂ρt wk(t) = −λkwk(t) (24)

and the nonlocal condition implies

Jρ−1
t wk(t)

∣∣
t=ξ

= α lim
t→0

Jρ−1
t wk(t). (25)

Let us denote lim
t→0

Jρ−1
t wk(t) = bk. Then the unique solution to the differential equation (24) with

this initial condition has the form wk(t) = bkt
ρ−1Eρ,ρ(−λktρ) (see, e.g.[46; 174]). From equality (14)

and the nonlocal conditions of (25) we obtain the following equation to find the unknown numbers bk:

bk
(
Eρ(−λkξρ)− α

)
= 0. (26)

If α /∈ [0, 1), then by virtue of the Proposition 1 we obtain bk = 0 for all k ≥ 1. If α ∈ (0, 1), but
λk 6= λ0 for all k, then Eρ(−λkξρ) 6= α and therefore bk = 0. Hence, if α /∈ [0, 1) or α ∈ (0, 1), but
λk 6= λ0 for all k, we have all bk are equal to zero, therefore wk(t) = 0. By virtue of completeness of
the set of eigenfunctions {vk(x)}, we conclude that w(x, t) ≡ 0. Thus, problem (15) in this case has a
unique solution.

Now, suppose that α ∈ (0, 1) and λk = λ0, k ∈ K0. Then Eρ(−λkξρ) = α, k ∈ K0 and therefore
equation (26) has the following solution: bk = 0 if k /∈ K0 and bk is an arbitrary number for k ∈ K0.
Thus, in this case, there is no uniqueness of the solution to problem (15). Theorem 1 is completely
proved.

Now consider the following auxiliary initial-boundary value problem:
∂ρt ω(x, t)−4ω(x, t) = f(x, t), x ∈ Ω, 0 < t ≤ T ;

ω(x, t)
∣∣
∂Ω

= 0;

lim
t→0

Jρ−1
t ω(x, t) = 0, x ∈ Ω.

(27)

We have the following theorem for this problem:
Theorem 2. Let t1−ρf(x, t) as a function of x satisfy conditions (7) for all t ∈ [0, T ]. Then problem

(27) has a unique solution and this solution has the representation

ω(x, t) =
∞∑
k=1

 t∫
0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη

 vk(x), (28)

where fk(t) are the Fourier coefficients of function f(x, t): fk(t) = (f(·, t), vk).
Proof. It is known that the formal solution of the problem (27) has the form (28) (see, e.g. [46; 173],

[47]). In order to prove that function (28) is actually a solution to the problem, it remains to substantiate
this formal statement, i.e., to show that the operators A = −4 and ∂ρt can be applied term-by-term
to series (28) and the resulting series converges uniformly in (x, t) ∈ Ω× (0;T ].

Let Sj(x, t) be the partial sum of series (28). Then

−4Sj(x, t) =

j∑
k=1

 t∫
0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη

λkvk(x).

Let σ > N
4 . Repeating the above reasoning based on Lemma 1, we arrive at

|| − 4Sj(x, t)||2C(Ω) ≤

∥∥∥∥∥∥Â−σ
j∑

k=1

λσ+1
k vk(x)

t∫
0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη

∥∥∥∥∥∥
2

C(Ω)

≤
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≤

∥∥∥∥∥∥
j∑

k=1

λσ+1
k vk(x)

t∫
0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη

∥∥∥∥∥∥
2

L2(Ω)

≤

(apply Parseval’s equality to obtain)

≤ C
j∑

k=1

λ
2(σ+1)
k

∣∣∣∣∣∣
t∫

0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη

∣∣∣∣∣∣
2

, t > 0.

Then, by inequality (11) with 0 < ε < 1 one has

|| − 4Sj(x, t)||2C(Ω) ≤ C
j∑

k=1

[ t∫
0

ηερ−1(t− η)ρ−1λσ+ε
k |(t− η)1−ρfk(t− η)|dη

]2

,

or, by the generalized Minkowski inequality,

|| − 4Sj(x, t)||2C(Ω) ≤ C
[ t∫

0

ηερ−1(t− η)ρ−1

( j∑
k=1

|λτk(t− η)1−ρfk(t− η)|2
) 1

2

dη

]2

, τ = σ + ε >
N

2
.

Since t1−ρf(x, t) as a function of x satisfies conditions (7) for all t ∈ [0, T ], then

|| − 4Sj(x, t)||2C(Ω) ≤ C, t ≥ 0.

Hence −4ω(x, t) ∈ C
(
Ω× [0, T ]

)
and in particular ω(x, t) ∈ C

(
Ω× [0, T ]

)
.

Further, from equation (1) one has ∂ρt Sj(t) = 4Sj(x, t) +
j∑

k=1

fk(t)vk(x), t > 0. Therefore, from the

above reasoning, we have ∂ρt ω(x, t) ∈ C
(
Ω× (0, T ]

)
.

The uniqueness of the solution can be proved by the standard technique based on completeness in
L2(Ω) of the set of eigenfunctions {vk(x)} (see, e.g. [5]).

Theorem 2 is completely proved.
Now let us move on to solving the main problem (1)–(3). Let ϕ(x) and t1−ρf(x, t) (for all t ∈ [0, T ])

satisfy conditions (7). If we put ψ(x) = ϕ(x)− Jρ−1
t ω(x, t)

∣∣∣
t=ξ

and ω(x, t) and w(x, t) are the solutions

of problems (27) and (15) correspondingly, then function u(x, t) = ω(x, t) + w(x, t) is a solution to
problem (1)–(3). Therefore, we can use the already proven assertions.

Thus, if α /∈ [0, 1) or α ∈ (0, 1), but λk 6= λ0 for all k ≥ 1, then

u(x, t) =

∞∑
k=1

[
ϕk − ωk(ξ)

Eρ(−λkξρ)− α
tρ−1Eρ,ρ(−λktρ) + ωk(t)

]
vk(x), (29)

where

ωk(t) =

t∫
0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη.

The uniqueness of the function u(x, t) follows from the uniqueness of the solutions ω(x, t) and w(x, t).
If α ∈ (0, 1) and λk = λ0, k ∈ K0, then

u(x, t) =
∑
k/∈K0

[
ϕk − ωk(ξ)

Eρ(−λkξρ)− α
tρ−1Eρ,ρ(−λktρ) + ωk(t)

]
vk(x) +

∑
k∈K0

bkt
ρ−1Eρ,ρ(−λktρ)vk(x). (30)
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The orthogonality conditions (17) have the form

(ϕ, vk) = (Jρ−1
t ω(x, t)

∣∣∣
t=ξ

, vk), k ∈ K0; K0 = {k0, k0 + 1, ...., k0 + p0 − 1}.

Instead of these conditions, we can take orthogonality conditions that is easy to verify:

(ϕ, vk) = 0, (f(·, t), vk) = 0, for all t ∈ [0, T ], k ∈ K0; K0 = {k0, k0 + 1, ...., k0 + p0 − 1}. (31)

Thus, we have proved the main result of this section:
Theorem 3. Let ϕ(x) and t1−ρf(x, t) (for all t ∈ [0, T ]) satisfy conditions (7). If α /∈ [0, 1) or

α ∈ (0, 1), but λk 6= λ0 for all k ≥ 1, then problem (1)–(3) has a unique solution and this solution has
the form (29).

If α ∈ (0, 1) and λk = λ0, k ∈ K0, then we assume that the orthogonality conditions (31) are
satisfied. The solution of problem (1)–(3) has the form (30) with arbitrary coefficients bk, k ∈ K0.

3 Inverse problem of determining the right-hand side of the equation

Let us consider the inverse problem
∂ρt u(x, t)−4u(x, t) = f(x), 0 < t ≤ T ; x ∈ Ω;

u(x, t)
∣∣
∂Ω

= 0;

Jρ−1
t u(x, t)

∣∣
t=ξ

= α lim
t→0

Jρ−1
t u(x, t) + ϕ(x), 0 < ξ ≤ T, x ∈ Ω,

(32)

with the additional condition

u(x, θ) = Ψ(x), 0 < θ ≤ T, θ 6= ξ, x ∈ Ω, (33)

where the unknown function f(x), characterizing the action of heat sources, does not depend on t and
Ψ(x), ϕ(x) are given functions, α ≥ 1, ξ and θ are fixed points of (0, T ].

Note that if θ = ξ, then the nonlocal condition in (32) coincides with the Cauchy condition
lim
t→0

Jρ−1
t u(x, t) = ϕ1 with some ϕ1. In this case, this inverse problem was studied in [35].

Theorem 4. Let functions ϕ(x),Ψ(x) satisfy conditions (8). Then the inverse problem (32), (33) has
a unique solution {u(x, t), f(x)} and this solution has the following form

f(x) =

∞∑
k=1

[
α− Eρ(−λkξρ)

θρ−1Eρ,ρ(−λkθρ)ξρEρ,ρ+1(−λkξρ) + θρEρ,ρ+1(−λkθρ)[α− Eρ(−λkξρ)]
Ψk+

+
θρ−1Eρ,ρ(−λkθρ)

θρ−1Eρ,ρ(−λkθρ)ξρEρ,ρ+1(−λkξρ) + θρEρ,ρ+1(−λkθρ)[α− Eρ(−λkξρ)]
ϕk

]
vk(x), (34)

u(x, t) =

∞∑
k=1

[
Eρ,ρ(−λktρ)

Eρ(−λkξρ)− α
tρ−1[ϕk − fkξρEρ,ρ+1(−λkξρ)] + fkt

ρEρ,ρ+1(−λktρ)
]
vk(x). (35)

Proof. Let us first show that the series (34) and (35) are formal solutions to the inverse problem.
Then we show the uniform convergence and differentiability of these series.

Suppose f(x) is known. Then the unique solution to problem (32) has the form (29). Since f(x)
does not depend on t, then, owing to formulas

ωk(t) = fk

t∫
0

ηρ−1Eρ,ρ(−λkηρ)dη

and (13), it is easy to verify that the formal solution of problem (32) has the form of (35).
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Due to the additional condition (33) and completeness of the system {vk(x)} we obtain:

Eρ,ρ(−λkθρ)
Eρ(−λkξρ)− α

θρ−1[ϕk − fkξρEρ,ρ+1(−λkξρ)] + fkθ
ρEρ,ρ+1(−λkθρ) = Ψk.

After simple calculations, we get

fk =
α− Eρ(−λkξρ)

θρ−1Eρ,ρ(−λkθρ)ξρEρ,ρ+1(−λkξρ) + θρEρ,ρ+1(−λkθρ)[α− Eρ(−λkξρ)]
Ψk+

+
θρ−1Eρ,ρ(−λkθρ)

θρ−1Eρ,ρ(−λkθρ)ξρEρ,ρ+1(−λkξρ) + θρEρ,ρ+1(−λkθρ)[α− Eρ(−λkξρ)]
ϕk ≡ fk,1 + fk,2.

Therefore, series (34) is a formal solution of the inverse problem.
Let us prove the convergence of this series uniformly in x ∈ Ω.
If Fj(x) is the partial sums of series (34), then by applying Lemma 1 as above, we have

||Fj(x)||2C(Ω) ≤
j∑

k=1

λ2σ
k [fk,1 + fk,2]2 ≤ 2

j∑
k=1

λ2σ
k f

2
k,1 + 2

j∑
k=1

λ2σ
k f

2
k,2 ≡ 2I1,j + 2I2,j , (36)

where σ > N
4 . Since ξ > 0, then θρ−1Eρ,ρ(−λkθρ)ξρEρ,ρ+1(−λkξρ) > 0. Therefore,

I1,j ≤
j∑

k=1

∣∣∣∣ α− Eρ(−λkξρ)
θρEρ,ρ+1(−λkθρ)[α− Eρ(−λkξρ)]

∣∣∣∣2 λ2σ
k |Ψk|2 =

j∑
k=1

λ2σ
k |Ψk|2

|θρEρ,ρ+1(−λkθρ)|2
.

Apply the asymptotic estimate (10) to get

I1,j ≤
j∑

k=1

λ
2(σ+1)
k |Ψk|2(

1 +O
(
(−λkθρ)−1

))2 ≤ C j∑
k=1

λτ+2
k |Ψk|2, τ = 2σ >

N

2
.

Since θ > 0 and α ≥ 1, then θρEρ,ρ+1(−λkθρ)[α− Eρ(−λkξρ)] > 0. Therefore,

I2,j ≤
j∑

k=1

∣∣∣∣ θρ−1Eρ,ρ(−λkθρ)
θρ−1Eρ,ρ(−λkθρ)ξρEρ,ρ+1(−λkξρ)

∣∣∣∣2 λ2σ
k |ϕk|2 =

j∑
k=1

λ
2(σ+1)
k |ϕk|2

|ξρEρ,ρ+1(−λkξρ)|2
.

By virtue of (10),

I2,j ≤
j∑

k=1

λ
2(σ+1)
k |ϕk|2(

1 +O
(
(−λkξρ)−1

))2 ≤ C j∑
k=1

λτ+2
k |ϕk|2, τ >

N

2
.

Thus, if ϕ(x),Ψ(x) satisfy conditions (8), then from estimates of Ii,j and (36) we obtain f(x) ∈
C(Ω).

Further, the fact that function u(x, t) given by the series (35) is a solution to the inverse problem
is proved exactly as in Theorem 1.

The uniqueness of the solution follows from the completeness of the systems of eigenfunctions
{vk(x)} (see [9]).
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4 The inverse problem of determining function ϕ from the nonlocal condition

Let us assume that in forward problem (1)–(3) not only function u(x, t), but also function ϕ(x) from
nonlocal condition (3) is unknown. As an additional condition for this inverse problem, we again take
condition (5). We note that if θ = ξ in this condition, then the nonlocal condition Jρ−1

t u(x, t)
∣∣
t=ξ

=

α lim
t→0

Jρ−1
t u(x, t) + ϕ(x) passes to the Cauchy condition lim

t→0
Jρ−1
t u(x, t) = ϕ1(x) (with some ϕ1(x)),

which is investigated, for instance, in [35].
Theorem 5. Let t1−ρf(x, t) as a function of x satisfy conditions (7) for all t ∈ [0, T ] and let function

Ψ(x) satisfy conditions (8). Then the inverse problem (1)–(3), (5) has a unique solution {u(x, t), ϕ(x)}
and this solution has the form

ϕ(x) =

∞∑
k=1

[
Eρ(−λkξρ)− α
θρ−1Eρ,ρ(−λkθρ)

[Ψk − ωk(θ)] + ωk(ξ)

]
vk(x), (37)

u(x, t) =

∞∑
k=1

[
ϕk − ωk(ξ)

Eρ(−λkξρ)− α
tρ−1Eρ,ρ(−λktρ) + ωk(t)

]
vk(x), (38)

where

ωk(t) =

t∫
0

ηρ−1Eρ,ρ(−λkηρ)fk(t− η)dη.

Proof. The solution to problem (1)–(3) has the form (38) (see Theorem 3). Therefore, condition (5)
implies:

u(x, θ) =
∞∑
k=1

[
ϕk − ωk(ξ)

Eρ(−λkξρ)− α
θρ−1Eρ,ρ(−λkθρ) + ωk(θ)

]
vk(x) = Ψ(x).

Passing to the Fourier coefficients, we have

ϕk − ωk(ξ)
Eρ(−λkξρ)− α

θρ−1Eρ,ρ(−λkθρ) + ωk(θ) = Ψk, k ≥ 1,

or

ϕk =
Eρ(−λkξρ)− α
θρ−1Eρ,ρ(−λkθρ)

[Ψk − ωk(θ)] + ωk(ξ).

Thus, equality (37) is formally established. Now, we show that series (37) converges uniformly in x ∈ Ω.
Let Φj(x) be the partial sum of series (37). Then applying Lemma 1 as above, we arrive at

||Φj(x)||2C(Ω) ≤
j∑

k=1

λ2σ
k

∣∣∣∣ Eρ(−λkξρ)− αθρ−1Eρ,ρ(−λkθρ)

[
Ψk − ωk(θ)

]
+ ωk(ξ)

∣∣∣∣2 ≤
≤ 3

j∑
k=1

λ2σ
k

[ ∣∣∣∣ Eρ(−λkξρ)− αθρ−1Eρ,ρ(−λkθρ)

∣∣∣∣2 [|Ψk|2 + |ωk(θ)|2
]

+ |ωk(ξ)|2
]
≡ Φ1

j + Φ2
j + Φ3

j , (39)

where σ > N
4 . Since |Eρ(−λkξ

ρ)− α| ≤ C, then by virtue of the asymptotic estimate (10) we obtain

Φ1
j ≤ C

j∑
k=1

λ
2(σ+1)
k θ2Γ2(1− ρ)(

1 +O
(
(−λkθρ)−1

))2 |Ψk|2 ≤ C1

j∑
k=1

λτ+2
k |Ψk|2, τ = 2σ >

N

2
.
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Similarly, by estimates (10) and (11) we have

Φ2
j ≤ C

j∑
k=1

λ2σ+2
k θ2Γ2(1− ρ)(

1 +O
(
(−λkθρ)−1

))2
∣∣∣∣∣∣
θ∫

0

ηρ−1Eρ,ρ(−λkηρ)fk(θ − η)dη

∣∣∣∣∣∣
2

≤

≤
j∑

k=1

Cελ
2σ+2
k(

1 +O
(
(−λkθρ)−1

))2
∣∣∣∣∣∣
θ∫

0

ηερ−1(θ − η)ρ−1λε−1
k |(θ − η)1−ρfk(θ − η)|dη

∣∣∣∣∣∣
2

(by the generalized Minkowski inequality)

≤ Cε

 θ∫
0

ηερ−1(θ − η)ρ−1

(
j∑

k=1

λτ+2ε
k |(θ − η)1−ρfk(θ − η)|2

) 1
2

dη


2

≤

≤ Cε max
t∈[0,T ]

j∑
k=1

λτ+2ε
k |t1−ρfk(t)|2.

For Φ3
j , one has

Φ3
j ≤

j∑
k=1

λ2σ
k

∣∣∣∣∣∣
ξ∫

0

ηρ−1Eρ,ρ(−λkηρ)fk(ξ − η)dη

∣∣∣∣∣∣
2

≤

≤ C

 θ∫
0

ηρ−1(θ − η)ρ−1

(
j∑

k=1

λτk|(θ − η)1−ρfk(θ − η)|2
) 1

2

dη


2

≤ C max
t∈[0,T ]

j∑
k=1

λτk|t1−ρfk(t)|2.

Since functions Ψ(x), f(x, t) satisfy conditions of the theorem, then by virtue of estimate (39), we
have ϕ(x) ∈ C(Ω).

The fact that the function defined by equality (38) is a solution to problem (1)–(3) is proved
similarly to Theorem 3.

The uniqueness of the solution of the inverse problem follows from the completeness of the system
of eigenfunctions {vk(x)} in the space L2(Ω) in the standard way.
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Риман-Лиувилль туындысы бар субдиффузия теңдеулерi үшiн
уақыт бойынша локальдыемес есептер туралы

Уақыт бойынша бөлшек реттi Риман-Лиувилль туындылары бар субдиффузия теңдеулерi үшiн уақыт
бойынша локальдыемес шарты бар бастапқы-шеттiк есептер қарастырылған. Теңдеудiң эллипстiк
бөлiгi ∂Ω жеткiлiктi тегiс шекарасы бар кез келген N− өлшемдi Ω облысында анықталған Лаплас
операторын бередi. Қарастырылып отырған есептердiң шешiмiнiң бар болуы мен жалғыздығы дәлел-
дендi. Теңдеудiң оң жағын және уақыт бойынша локальдыемес шартты функцияны анықтау үшiн
керi есептер зерттелдi. Фурье әдiсi зерттеудiң негiзгi құралы болып табылады, сондықтан алынған
нәтижелер анағұрлым жалпы эллипстiк операторы бар субдиффузия теңдеулерiне таралуы мүмкiн.
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О нелокальных задачах по времени для уравнений
субдиффузии с производными Римана–Лиувилля

Рассмотрены начально-краевые задачи с нелокальным по времени условием для уравнения субдиф-
фузии с дробными по времени производными Римана–Лиувилля. Эллиптическая часть уравнения
представляет собой оператор Лапласа, определенный в произвольной N -размерной области Ω с до-
статочно гладкой границей ∂Ω. Доказаны существование и единственность решения рассматриваемых
задач. Исследованы обратные задачи для определения правой части уравнения и функции в нело-
кальном во времени условии. Основным инструментом исследования является метод Фурье, поэтому
полученные результаты могут быть распространены на уравнения субдиффузии с более общим эл-
липтическим оператором.

Ключевые слова: нелокальные по времени задачи, производные Римана-Лиувилля, уравнение суб-
диффузии, обратные задачи.
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On a second-order integro-differential equation with difference
kernels and power nonlinearity

The article studies a second-order integro-differential equation with difference kernels and power nonlinearity.
A connection is established between this equation and an integral equation of the convolution type, which
arises when describing the processes of liquid infiltration from a cylindrical reservoir into an isotropic
homogeneous porous medium, the propagation of shock waves in pipes filled with gas and others. Since
non-negative continuous solutions of this integral equation are of particular interest from an applied point
of view, solutions of the corresponding integro-differential equation are sought in the cone of the space
of continuously differentiable functions. Two-sided a priori estimates are obtained for any solution of the
indicated integral equation, based on which the global theorem of existence and uniqueness of the solution is
proved by the method of weighted metrics. It is shown that any solution of this integro-differential equation
is simultaneously a solution of the integral equation and vice versa, under the additional condition on the
kernel that any solution of this integral equation is a solution of this integro-differential equation. Using
these results, a global theorem on the existence, uniqueness and method of finding a solution to an integro-
differential equation is proved. It is shown that this solution can be found by the method of successive
approximations of the Picard type and an estimate for the rate of their convergence is established. Examples
are given to illustrate the obtained results.

Keywords: integro-differential equation, power nonlinearity, difference kernels, weight metrics method.

Introduction

In this paper, we study the second-order nonlinear integro-differential equation

uα(x) =

x∫
0

h(x− t)u′(t) dt+
x∫

0

k(x− t)u′′(t) dt, x > 0, α > 1, (1)

with initial conditions:
u (0) = 0, u′(0) = 0.

On the kernels h(x) and k(x) of equation (1) the conditions:

h ∈ C2 [0,∞) , h′′(x) does not decrease on [0,∞) , h(0) = h′(0) = 0 and h′′(0) ≥ 0, (2)

k ∈ C3 [0,∞) , k′′′(x) does not decrease on [0,∞) , k(0) = k′(0) = k′′(0) = 0 and k′′′(0) > 0 (3)

are imposed.
The integro-differential equation (1) is closely related to the convolution type nonlinear integral

equation

uα(x) =

x∫
0

K (x− t)u (t) dt, x > 0, α > 1, (4)

∗Corresponding author.
E-mail: askhabov@yandex.ru
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at K(x) = h′(x) + k′′(x), arising when describing the processes of fluid infiltration from a cylindrical
reservoir into an isotropic homogeneous porous medium [1, 2], the shock wave propagation in pipes
filled with gas [3, 4] and others (see [5–7]).

Equations (1) and (4) have the trivial solution u(x) ≡ 0. From the theoretical and applied points
of view, nontrivial nonnegative continuous solutions of these equations are of special interest. Since,
for 0 < α ≤ 1, equations (1) and (4) can only have the trivial solution u(x) ≡ 0 in the cone Q of
the space C[0,∞) consisting of all nonnegative continuous functions on [0,∞), then it makes sense to
study them only for α > 1. Any solution of equations (1) and (4) in the cone Q, including nontrivial
ones, satisfies the condition u(0) = 0. In addition, if u(x) ∈ Q is a nontrivial solution to equation (1)
or equation (4), then for any δ > 0 its shifts:

uδ(x) = u (x− δ) at x > δ; uδ(x) = 0 at x ≤ δ, and u−δ(x) = u (x+ δ) at x > 0

are also solutions to these equations, which is verified by direct substitution. Consequently, equations
(1) and (4) can have a continuum of nontrivial solutions in the cone Q. Therefore, to make the problem
of finding non-trivial solutions of equations (1) and (4) correct and since continuous positive solutions
for x > 0 are of interest from the applied point of view, we will look for solutions to the integro-
differential equation (1) in the cone

Q2
0 =

{
u(x) : u(x) ∈ C [0,∞) ∩ C2 (0,∞) , u(0) = u′(0) = 0 and u(x) > 0 at x > 0

}
,

and solutions of the integral equation (4) will be sought in the cone

Q0 = {u(x) : u(x) ∈ C [0,∞) , u (0) = 0 and u(x) > 0 at x > 0} .

Conditions (2), (3) imply that the kernel K(x) = h′(x) + k′′(x) of equation (4) satisfies the condition:

K(x) ∈ C1 [0,∞) , K ′(x) does not decrease on [0,∞) , K(0) = 0 and K ′(0) > 0. (5)

We consider equation (4) based on the two-sided a priori estimates and the weighted metrics method,
an analogue of the Bielecki method (see [8; 218]).

In contrast to the Bielecki’s method, during the construction of the metric, this study uses an exact
a priori estimate from below of the solution to equation (4) as a weight function, which allows us to
prove the global existence and uniqueness theorem for the solution to equation (4) without restrictions
on the domain of its existence.

For the first time, in works [1, 2], the method of weight metrics was applied to equation (4) under
the condition that K(0) > 0. In addition, in [1, 2], when constructing the metric, the role of the
weight function is played by the difference between the upper and lower a priori estimates, and for
the correctness of this metric (so that the denominator does not vanish), a specially overestimated a
priori estimate from above is used. As a result, such a metric led to additional restrictions and rather
cumbersome calculations in [1, 2].

This paper shows that any solution to equation (1) in Q2
0 under conditions (2), (3) is simultaneously

a solution of equation (4) and vice versa, under the additional condition imposed on the kernel K(x) =
h′(x)+k′′(x) any solution of equation (4) from Q0 belongs to the class Q2

0 and is a solution of equation
(1). The main result of the paper is that, using the above relationship between equations (1) and
(4), the global existence, uniqueness theorem is proved and the method for solving equation (1) is
found. The Picard successive approximation method is applied to solve the considered equation. The
convergence rate estimates are established. Examples are provided to illustrate the obtained results.
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Main part

Before proceeding to the study of equation (1), we first consider equation (4). The next two lemmas
contain information on the properties of non-negative solutions (if they exist) for equation (4).

Lemma 1. Let the condition (5) hold. If u ∈ Q0 is a solution to the integral equation (4), then
the function u(x) does not decrease on [0,∞) and is twice continuously differentiable for x > 0 i.e.,
u ∈ C2(0,∞).

Proof. Let us first prove that the function u(x) does not decrease on the entire semiaxis [0,∞), if
u ∈ Q0 and is a solution to equation (4). Let x1, x2 ∈ [0,∞) be any number, and x1 < x2. Since by
virtue of condition (5), K ′(x) ≥ K ′(0) > 0 for any x ∈ [0,∞), i.e., the kernel K(x) increases on [0,∞),
then

uα (x2)− uα (x1) ≡
x1∫
0

[K (x2 − t)−K (x1 − t)]u (t) dt+
x2∫
x1

K (x2 − t)u (t) dt ≥ 0

consequently, u(x2) ≥ u(x1), which is required.
Finally, we prove that u ∈ C2(0,∞). Once both parts of identity (4) have been differentiated taking

into account K (0) = 0, obtain

u′(x) =
1

α
u1−α(x)

x∫
0

K ′(x− t)u(t) dt. (6)

This means that u′(x) is continuous at x > 0. However, then u′′(x) exists and is continuous as the
product of two continuously differentiable functions for any x > 0. Accordingly, u ∈ C2(0,∞) and the
lemma is completely proved.

Lemma 2. Let the condition (5) hold. If a function u ∈ Q0 and is a solution to the integral equation
(4), then for any x ≥ 0 the inequalities

F (x) ≡ c(α) · x2/(α−1) ≤ u(x) ≤

α− 1

α

x∫
0

K (t) dt

1/(α−1)

≡ G(x), (7)

where

c(α) =

(
K ′(0) · (α− 1)2

2α · (α+ 1)

)1/(α−1)
,

are valid.
Proof. Let u(x) ∈ Q0 be a solution of equation (4). Lemma 1 implies that the function u(x) does

not decrease on [0,∞) and u ∈ C2(0,∞).
Prove the estimate F (x) ≤ u(x). By differentiating identity (4) twice, in view of condition (5),

obtain:

(uα(x))′′ =

x∫
0

K ′′(x− t)u(t)dt+K ′(0)u(x) ≥ K ′(0)u(x).

Introduce the new function v(x), denoting uα(x) = v(x). The result is the second-order non-linear
differential inequality v′′ ≥ K ′(0)v1/α that does not contain an explicitly independent variable x. By
substituting this inequality v′ = p, p = p(v) (then v′′ = p · p′) we get p · p′ ≥ K ′(0)v1/α. Since

v(x) ≡
∫ x

0
K (x− t) v1/α (t) dt and K (0) = 0,
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then

v′(x) ≡
x∫

0

K ′ (x− t) v1/α (t) dt.

Hence, v(0) = v′(0) = 0 and v′(x) ≥ 0. Therefore, writing the previous inequality as pdp ≥ K ′(0)v1/αdv
and integrating from 0 to x, we obtain

[v′(x)]2

2
≥ K ′(0)) · α

α+ 1
[v(x)](α+1)/α or v′(x) ≥

√
2K ′(0) · α
α+ 1

· [v(x)](α+1)/(2α).

Now separate the variables and integrate again from 0 to x and obtain

2α

α− 1
· [v(x)](α−1)/(2α) ≥

√
2K ′(0) · α
α+ 1

· x

or

[v(x)]1/α ≥

[(
α− 1

2α

)2

· 2K
′(0) · α
α+ 1

· x2
]1/(α−1)

≡ F (x).

Recalling that uα(x) = v(x), from the last inequality we obtain the provable lower bound: u(x) ≥ F (x).
It remains to prove the upper estimate, i.e. u(x) ≤ G(x). Since K(x) and u(x) are nondecreasing

functions, by applying the Chebyshev inequality (17.6) [6] in (4) obtain:

u(x) ≤

 x∫
0

K (t)u (t) dt

 1
α

for any x > 0. (8)

Hence,

K(x)u(x)

 x∫
0

K (t)u (t) dt

−1/α ≤ K(x).

Therefore, once the integration has taken place, get: x∫
0

K (t)u (t) dt

1/α

≤
(
α− 1

α

)1/(α−1)
 x∫

0

K (t) dt

1/(α−1)

≡ G(x). (9)

Using estimate (9) by inequality (8) obtain: u(x) ≤ G(x), which is required.
Example 1. The function

u∗(x) =

(
(α− 1)2

2α · (α+ 1)

)1/(α−1)
x2/(α−1)

is a solution to the equation (4) for K(x) = x.
Example 1 shows that F (x) ≡ u∗(x) at K(x) = x, i.e., a priori lower bound of the solution to the

equation (4) is unimprovable.
Obviously, Lemma 2 implies that the solution to equation (4) should be sought in the class

P = {u(x) : u(x) ∈ C [0,∞) and F (x) ≤ u(x) ≤ G(x)} ,

as F (0) = G (0) = 0 and F (x) > 0 at x > 0.
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Now consider the operator T :

(Tu)(x) =

 x∫
0

K(x− t)u(t)dt

1/α

, x > 0.

Lemma 3. The operator T transforms the class P into itself.
Proof. Assume u(x) ∈ P is an arbitrary function. Consequently, we have to prove that (Tu) (x) ∈ P .

By Theorem 17.9 [6] (Tu) (x) ∈ C[0,∞). It remains to prove that F (x) ≤ (Tu) (x) ≤ G(x). As
u(x) ≥ F (x) and by condition (5) K ′(x) ≥ K ′(0) > 0, K (0) = 0, then

[(Tu) (x)]α ≥
x∫

0

K(x− t)c(α)t2/(α−1)dt = c(α)
α− 1

α+ 1

x∫
0

K(x− t)dt(α+1)/(α−1) =

= c(α)
α− 1

α+ 1

x∫
0

K ′(x− t)t(α+1)/(α−1)dt ≥ c(α)α− 1

α+ 1
K ′(0)

x∫
0

t(α+1)/(α−1)dt ≡ [F (x)]α,

that is (Tu)(x) ≥ F (x).
On the other hand, since u(x) ≤ G(x) then taking into account condition (6) and the Chebyshev

integral inequality (17.6) [6], where the role of function u(x) is already played by the function G(x),
which is non-decreasing either (see the proof of Theorem 17.12 [6]) we get:

[(Tu) (x)]α ≤
x∫

0

K (t)G (t) ≡ [G(x)]α, i.e. (Tu) (x) ≤ G(x).

Lemma 3 is proved.
Now consider the class

Pb = {u(x) : u(x) ∈ C[0, b] and F (x) ≤ u(x) ≤ G(x)} ,

where b > 0 is any number, and introduce the metric in it ρb by imposing ∀u(x), v(x) ∈ Pb:

ρb (u, v) = sup
0<x≤b

|u(x)− v(x)|
x2/(α−1)eβx

, where β > 0 is any number.

It is proved directly in view of the equalities F (0) = G (0) = 0 and the complete metric space C[0, b]
with Chebyshev metric that the pair (Pb, ρb) forms a complete metric space (see Theorem 17.13 [6]).

Choose a number µ ∈ (0, b) so that condition

K ′(µ) < α ·K ′(0) (10)

is satisfied and sets
β =

1

K ′(0)
sup
µ≤x≤b

K ′(x)−K ′(0)
x

.

Then, by lemma 18.5 [6], we obtain that the inequality

K(x)e−βx ≤ x ·K ′(µ) (11)

holds.
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Theorem 1. If the kernel K(x) satisfies condition (6), then equation (4) has a unique solution u∗(x)
in the cone Q0 (and in Pb for any b > 0). This solution can be found by the successive approximations
method using the formula un = Tun−1, n ∈ N, which converge to it according to the metric ρb at any
b <∞, and the convergence rate estimate

ρb (un, u
∗) ≤ γn

1− γ
ρb (Tu0, u0) (12)

is valid, where γ = K ′(µ)/ [αK ′(0)] < 1, and u0(x) ∈ Pb the initial approximation (on arbitrary
function).

Proof. Write equation (4) as the operator equation u = Tu. First, show that the operator T acting
according to Lemma 3 from Pb to Pb is contractive.

Let u, v ∈ Pb be arbitrary functions. It is clear that

|u(x)− v(x)| ≤ x2/(α−1)eβxρb (u, v) .

Therefore, using inequality (11) get∣∣∣∣∣∣
x∫

0

K(x− t) [u (t)− v(t)] dt

∣∣∣∣∣∣ ≤ ρb(u, v)
x∫

0

K(x− t)e−β(x−t)eβxt2/(α−1)dt ≤

≤ eβxK ′(µ)ρb(u, v)
x∫

0

(x− t) t2/(α−1)dt = (α− 1)2K ′(µ)

2α (α+ 1)
eβxρb(u, v)x

2α/(α−1).

Next employing the Lagrange theorem (finite-increments formula) in view of the later estimate (see
the proof of Theorem 17.14 [6]) obtain

|(Tu) (x)− (Tv) (x)| ≤ 1

α

∣∣∣∣ x∫
0

K(x− t) [u (t)− v (t)] dt
∣∣∣∣

[F (x)]α−1
≤ K ′(µ)

αK ′(0)
eβxx2/(α−1)ρb (u, v) ,

whence

ρb (Tu, Tv) ≤
K ′(µ)

α ·K ′(0)
· ρb (u, v) , (13)

i.e., the operator T , by condition (10) is a contractive operator. Hence, based on the contraction
mapping principle, the equation u = Tu has the unique solution u∗(x) ∈ Pb, which can be found by
the formula un = Tun−1, n ∈ N, and the estimate (12) is valid.

The only thing left to show is that equation (4) has a unique solution in the cone Q0. Suppose
P∞ = ∪b>0 Pb. Since equation (4) has the unique solution in Pb at any b > 0 and the contraction
coefficient in (13) does not depend on b, equation (4) has the unique solution u∗(x) in P∞. Since any
solution of equation (4) in Q0 satisfies a priori estimates (7), this solution will also be the only one in
Q0.

Theorem 1 is proved.
Let us finally proceed to the study of integro-differential equation (1).
The following lemma establishes the relationship between integro-differential equation (1) and

integral equation (4).
Lemma 4. Let conditions (2) and (3) be satisfied. Then any solution of equation (1) in the cone

Q2
0 is a solution to integral equation (4) in the cone Q0. Conversely, if conditions (2), (3), and the
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additional condition

lim
x→0

x∫
0

K ′(x− t)
[
t∫
0

K (s) ds

]1/(α−1)
dt[

x∫
0

K (x− t) · t2/(α−1)dt
](α−1)/α = 0, (14)

are satisfied, then any solution of integral equation (4) in the cone Q0 belongs to the cone Q2
0 and is a

solution of equation (1).
Proof. Initially, prove the first part of the lemma. Assume u(x) ∈ Q2

0 and is a solution to equation
(1). Then, applying the integration by parts formula twice by identity (1) taking into account conditions
(2) and (3), obtain:

uα(x) =

x∫
0

h(x− t) du(t) +
x∫

0

k(x− t) du′(t) =
x∫

0

u(t)h′(x− t)dt+
x∫

0

u′(t)k′(x− t)dt =

=

x∫
0

h′(x− t)u(t)dt+
x∫

0

u(t)k′′(x− t)dt =
x∫

0

K(x− t)u(t)dt,

i.e. u(x) ∈ Q0 and is a solution of integral equation (4).
Next, prove the second part of the lemma. Let u(x) ∈ Q0 be the solution of integral equation (4).

Therefore by lemma 1, u(x) does not decrease on [0,∞) and is twice continuously differentiable on
(0,∞), i.e. u ∈ C2 (0,∞) and satisfies the inequalities F (x) ≤ u(x) ≤ G(x). Prove that u′(0) = 0. By
identity (4) in view of condition (5) get

αuα−1(x)u′(x) =

x∫
0

K ′(x− t)u(t)dt+K(0)u(x) =

x∫
0

K ′(x− t)u(t) dt,

whence

u′(x) =

x∫
0

K ′(x− t)u(t) dt

α · [uα(x)](α−1)/α
=

x∫
0

K ′(x− t)u(t) dt

α ·
[
x∫
0

K(x− t)u(t)dt
](α−1)/α ≥ 0. (15)

Employing a priori estimates (7), by (15) obtain:

0 ≤ u′(x) ≤

x∫
0

K ′(x− t)G(t) dt

α ·
[
x∫
0

K(x− t)F (t) dt
](α−1)/α =

x∫
0

K ′(x− t)
[
α−1
α ·

t∫
0

K(s) ds

]1/(α−1)
dt

α ·
[
x∫
0

K(x− t)c(α)t2/(α−1)dt
](α−1)/α =

=

[
α− 1

α

]1/(α−1) 1

α · [c(α)](α−1)/α
·

x∫
0

K ′(x− t)
[
t∫
0

K(s) ds

]1/(α−1)
dt[

x∫
0

K(x− t) · t2/(α−1)dt
](α−1)/α → 0 at x→ 0,

by virtue of condition (14). Therefore u′(0) = 0.
Thus, u ∈ C2 [0,∞), u (0) = u′(0) = 0 and u(x) > 0 at x > 0, i.e. u ∈ Q2

0. All that remains
is to prove that u(x) is a solution of equation (1). Employing the equality K(x) = h′(x) + k′′(x),
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commutative property of convolution and applying the integration-by-parts formula twice, taking into
account conditions (2) and (3), by identity (4) we obtain:

uα(x) =

x∫
0

[h′(t) + k′′(t)]u(x− t) dt =
x∫

0

u(x− t)dh(t) +
x∫

0

u(x− t)dk′(t) =

=

x∫
0

h(t)u′(x− t)dt+
x∫

0

k′(t)u′(x− t) dt =
x∫

0

h(x− t)u′(t) dt+
x∫

0

u′(x− t) dk(t) =

=

x∫
0

h(x− t)u′(t)dt+
x∫

0

k(t)u′′(x− t)dt =
x∫

0

h(x− t)u′(t) dt+
x∫

0

k(x− t)u′′(t) dt,

i.e. u(x) is a solution of equation (1).
Lemma 4 is proved.
Lemma 4 implies that under conditions (2), (3), and (14) integro-differential equation (1) and

integral equation (4) are simultaneously solvable or not, while they have the same solutions. Therefore,
based on Theorem 1, the following fundamental theorem is true.

Theorem 2. If conditions (2), (3), and (14) are satisfied, then equation (1) has a unique solution u∗

in Q2
0 (and in the space Pb at any b > 0). This solution can be found in the space Pb using the Picard

successive approximation method un = Tun−1, n ∈ N, which converge to it according to the metric ρb
at any b <∞, and estimate convergence rate (12) is valid.

Example 2. When α > 1, h(x) = x2 and k(x) = x3, i.e., at K(x) = 8x, in the cone Q0 integral
equation (4) has the unique solution

u∗(x) =

[
4(α− 1)2

α(α+ 1)

]1/(α−1)
x2/(α−1).

When K(x) = 8x condition (14) takes the form

A(α) · lim
x→0

x(3−α)/(α−1) = 0, where A (α) =
8 · 4

1
α−1 (α− 1)

α+ 1

[
α(α+ 1)

4(α− 1)2

](α−1)/α
.

Hence, for 1 < α < 3, the function u∗(x) is also the unique solution of integro-differential equation
(1) in the cone Q2

0.
In particular, when α = 2, h(x) = x2 and k(x) = x3, equations (1) and (4) have the unique solution

u(x) = 2
3x

2 in the cones Q2
0 and Q0, respectively.

Note also that u∗ ∈ Q2
0 only if 1 < α < 3, since

(u∗(x))′ =

[
4(α− 1)2

α(α+ 1)

]1/(α−1)
2

α− 1
x(3−α)/(α−1)

and therefore u∗ /∈ Q2
0 at α ≥ 3. This shows that condition (14) is essential to the validity of Lemma

4 and Theorem 2.
Following the monograph [6; 211] it can be proved that for 0 < α < 1, as in the case of the

corresponding linear equations obtained for α = 1, equations (1) and (4) have only a trivial solution
u(x) ≡ 0 in the cone of the space of functions continuous on C ∈ [0,∞) consisting of non-negative
functions continuous on the half-axis [0,∞).

Consequently, based on the results obtained non-linear homogeneous integral and integro-differential
equations type (1) and (4) except for the trivial solution u(x) ≡ 0 can have the non-trivial solution
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u(x) 6= 0 at α > 1 strictly positive at x > 0. This is the fundamental difference between the theory
of the considered nonlinear equations and the well-developed so far theory of the corresponding linear
homogeneous integral and integro-differential equations, which have only the trivial solution u(x) ≡ 0.
In addition, the theory of nonlinear equations differs from the theory of the corresponding linear
equations not only in the obtained results but also in research methods related to the choice of space
and nonlinearity properties.

In conclusion, following the works [9–12], it is possible to study integro-differential equations of the
form (1) with variable coefficients and inhomogeneities in the linear part, as well as systems of such
equations. Other methods for studying nonlinear equations of the convolution type are given in many
research works, such as [13], [14].
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А.А. Қадыров атындағы Шешен мемлекеттiк университетi, Грозный, Ресей

Айырымдық ядролары және дәрежелiк сызықтық еместiгi бар
екiншi реттi интегро-дифференциалдық теңдеу туралы

Мақалада айырымдық ядролары және дәрежелiк сызықтық еместiгi бар екiншi реттi интегро-диффе-
ренциалдық теңдеу зерттелген. Осы теңдеудiң цилиндрлiк резервуардан изотропты бiртектi кеуек-
тi ортаға сұйықтықтың инфильтрациясы, газ толтырылған құбырлардағы соққы толқындарының
таралуы және т.б. процестерiн сипаттау кезiнде туындайтын үйiрткi түрiндегi интегралдық теңде-
умен байланысы анықталды. Қолданбалы жағынан осы интегралдық теңдеудiң терiс емес үзiлiссiз
шешiмдерi ерекше қызығушылық тудырады, сондықтан интегро-дифференциалдық теңдеудiң сәйкес
шешiмдерi үзiлiссiз-дифференциалданатын кеңiстiк конусында iзделiнедi. Көрсетiлген интегралдық
теңдеудiң кез келген шешiмi үшiн екi жақты априорлы бағалар алынған, оның негiзiнде шешiмнiң
бар болуы мен бiрегейлiгiнiң ғаламдық теоремасы салмақты метрика әдiсiмен дәлелденген. Берiлген
интегралдық-дифференциалдық теңдеудiң кез келген шешiмi бiр мезгiлде интегралдық теңдеудiң ше-
шiмi болатыны және керiсiнше ядроға қосымша шарт қойылған кезде осы интегралдық теңдеудiң кез
келген шешiмi осы интегралдық-дифференциалдық теңдеудiң шешiмi болатыны көрсетiлген. Осы
нәтижелердi пайдалана отырып, интегро-дифференциалдық теңдеудiң бар болуы, бiрегейлiгi және
шешiмiн табу әдiсi туралы ғаламдық теорема дәлелдендi. Бұл шешiмдi дәйектi Пикард типтi жуы-
қтаулар әдiсiмен табуға болатыны көрсетiлiп, олардың жинақтылық жылдамдығына баға белгiленген.
Алынған нәтижелердi көрсету үшiн мысалдар келтiрiлген.

Кiлт сөздер: интегро-дифференциалдық теңдеу, дәрежелiк сызықтық еместiк, айырымдық ядролар,
салмақты метрика әдiсi.

С.Н. Асхабов

Чеченский государственный педагогический университет;
Чеченский государственный университет имени А.А.Кадырова, Грозный, Россия

Об интегро-дифференциальном уравнении второго порядка
с разностными ядрами и степенной нелинейностью

В статье рассмотрено интегро-дифференциальное уравнение второго порядка с разностными яд-
рами и степенной нелинейностью. Установлена связь этого уравнения с интегральным уравнением
типа свёртки, возникающим при описании процессов инфильтрации жидкости из цилиндрическо-
го резервуара в изотропную однородную пористую среду, распространения ударных волн в трубах,
наполненных газом, и других. Поскольку, с прикладной точки зрения, особый интерес представля-
ют неотрицательные непрерывные решения этого интегрального уравнения, решения соответству-
ющего интегро-дифференциального уравнения разыскиваются в конусе пространства непрерывно-
дифференцируемых функций. Получены двусторонние априорные оценки для любого решения ука-
занного интегрального уравнения, на основе которых методом весовых метрик доказана глобальная
теорема существования и единственности решения. Показано, что любое решение данного интегро-
дифференциального уравнения является одновременно и решением интегрального уравнения, и, об-
ратно, при дополнительном условии на ядро, что любое решение этого интегрального уравнения
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является решением данного интегро-дифференциального уравнения. Используя указанные результа-
ты, доказана глобальная теорема о существовании, единственности и способе нахождения решения
интегро-дифференциального уравнения. Показано, что это решение можно найти методом последо-
вательных приближений пикаровского типа, при этом и установлена оценка скорости их сходимости.
Приведены примеры, иллюстрирующие полученные результаты.

Ключевые слова: интегро-дифференциальное уравнение, степенная нелинейность, разностные ядра,
метод весовых метрик.
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Boundary control problem for a hyperbolic equation
loaded along one of its characteristics

This paper investigates the unique solvability of the boundary control problem for a one-dimensional wave
equation loaded along one of its characteristic curves in terms of a regular solution. The solution method
is based on an analogue of the d’Alembert formula constructed for this equation. We point out that the
domain of definition for the solution of DE, when the initial and final Cauchy data given on intervals of
the same length is a square. The side of the squire is equal to the interval length. The boundary controls
are established by the components of an analogue of the d’Alembert formula, which, in turn, are uniquely
established by the initial and final Cauchy data. It should be noted that the normalized distribution and
centering are employed in the final formulas of sought boundary controls, which is not typical for initial
and boundary value problems initiated by equations of hyperbolic type.

Keywords: hyperbolic equation, distributed oscillatory system, damping problem, gas/liquid flows, loaded
equation, initial conditions, boundary conditions, analogue of the d’Alembert formula, boundary controls,
normal distribution, distribution function.

Introduction

Let an oscillatory system be described by equation

uxx − utt = λu

(
x+ t

2
,
x+ t

2

)
(1)

with the following initial and boundary conditions

u(x, 0) = ϕ0(x), ut(x, 0) = ψ0(x), 0 6 x 6 l, (2)

u(0, t) = µ(t), u(l, t) = ν(t), 0 6 t 6 T, (3)

where λ is an arbitrary real number.
The boundary control problem involves searching admissible boundary values µ(t) and ν(t), that

in a minimum time interval move the oscillatory system from the initial (2) to a predetermined final
phase

u(x, T ) = ϕ1(x), ut(x, T ) = ψ1(x), 0 6 x 6 l. (4)

Control (1) belongs to the class of loaded differential equations [1]. The point
(
x0+t0

2 , x0+t02

)
lies

on the characteristic curve x − y = 0 of equation (1), for an arbitrary point (x0, t0) ∈ R2. The point
(x0, t0) also moves to the point

(
x0+t0

2 , x0+t02

)
along the characteristic curve x + y = x0 + y0 of (1).

The boundary control problem for the equation (1) with the right-hand side of the form λutt(x0, t),
which, according to [2], is called an essentially loaded equation, was studied in [3], [4]. Boundary
value problems for hyperbolic equations with a load along one of the characteristic curves are studied
in [5], [6]. For λ = 0, the formulated problem is fully investigated in [7]. Here important special cases

∗Corresponding author.
E-mail: attaev.anatoly@yandex.ru
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of the same problem were investigated, namely, the problem of complete oscillation excitation and
damping. The boundary control problem for equation (1) for λ = 0 with various nonlocal, including
integral form conditions, were studied in [8–12].

A number of specific formulations for distributed control problems, with oscillatory nature of the
movement, are described in detail in the monograph [13], and moreover various solution methods are
proposed. For example, the damping fluid flow pulsation problem in automated long main pipelines
design and pipeline irrigation systems [14], [15]. As earliest works devoted to the study of boundary
control problems (1) at λ = 0 the woks [16–18] are worth mentioning.

There are following main results in the work:
1. Necessary and sufficient conditions are established for the functions ϕ0(x), ψ0(x), ϕ1(x), ψ1(x),

which ensure the existence of the desired boundary values.

ψ0(l) + ϕ′0(l)− ψ1(0)− ϕ′1(0) = 0, (5)

ψ0(0)− ϕ′0(0)− ψ1(l) + ϕ′1(l) = 0, (6)

λ
[
ψ0(l) + ϕ′0(l) + ψ1(0) + ϕ′1(0)

]
= 0, (7)

ϕ′′0(l) + ψ′0(l)− ϕ′′1(0)− ϕ′1(0) = 0, (8)

ϕ′′0(0)− ψ′0(0)− ϕ′′1(l) + ϕ′1(l) = 0, (9)

ϕ0(0)− ϕ1(l) + [ϕ0(l)− ϕ1(0)] e
λ l2

8 +

+
1

2

∫ l

0
e
λ t2

8 [ψ0(t)− ψ1(l − t)] dt−
λ

4

∫ l

0
t e

λ t2

8 [ϕ0(t)− ϕ1(l − t)] dt = 0. (10)

2. Under conditions (5)–(10), an explicit analytical form of the sought boundary controls is found

µ(t) = ϕ1(l − t) + F1(t, λ)− λ

4
t F2(t, λ), (11)

ν(t) = ϕ0(l − t) + F1(l − t, λ)− λ

4
t F2(l − t, λ), (12)

where

F1(t, λ) =
1

2
e−

λ t2

8 [ϕ0(0)− ϕ1(l)] +
1

2
[ϕ0(t)− ϕ1(l − t)]−

−λ
8

∫ t

0
ξ e

λ(t2−ξ2)
8 [ϕ0(ξ)− ϕ1(l − ξ)] dξ −

1

8

∫ t

0
e
λ(t2−ξ2)

8 [ψ0(ξ)− ψ1(l − ξ)] dξ,

F2(t, λ) =

√
2π

λ
Φ0

(√
λ

2
t

)
[ϕ0(0)− ϕ1(l)] +

+
1

2

∫ t

0
[ϕ0(ξ)− ϕ1(l − ξ)] dξ−

−
√
λπ

8

∫ t

0

[
Φ0

(√
λ

2
t

)
− Φ0

(√
λ

2
ξ

)]
ξ e

λξ2

8 [ϕ0(ξ)− ϕ1(l − ξ)] dξ+
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+

√
2π

λ

∫ t

0

[
Φ0

(√
λ

2
t

)
− Φ0

(√
λ

2
ξ

)]
e
λξ2

8 [ψ0(ξ)− ψ1(l − ξ)] dξ,

where Φ0(x) = 1√
2π

∫ x
0 e
− ξ

2

2 dξ is the distribution function for normalizing and centering processes.

1 Main part

1.1 An analogue of the d’Alembert formula
Using the characteristic variables ξ = x− t, η = x+ t equation (1) is written out as

vξη =
λ

4
v(0, η), (13)

where v(ξ, η) = u
(
ξ+η
2 , η−ξ2

)
.

Any solution to equation (13) is a solution to the following loaded integral equation.

v(ξ, η)− λ

4
ξ

∫ η

a
v(0, t) dt = f(ξ) + g(η), (14)

where f(ξ) and g(η) are arbitrary twice continuously differentiable functions. Since for ξ = 0 by (14)
it follows that v(0, η) = f(0) + g(η), then solution (14) takes the form

v(ξ, η) = f(ξ) + g(η) +
λ

4
ξ

∫ η

a
[f(0) + g(t)] dt.

Replacing P (η) =
∫ η
a [f(0) + g(t)] dt in the last formula and then renaming P (η) by g(η), we obtain

v(ξ, η) = f(ξ)− f(0) + g′(η) +
λ

4
ξ g(η).

Or when using the old coordinates, get

u(x, t) = f(x− t)− f(0) + g′(x+ t) +
λ

4
(x− t) g(x+ t). (15)

We call formula (15) an analogue of the d’Alembert formula for equation (1).
Formula (15) below is more convenient for further use. It should be noted that in (15) the functions

f(t) and g′(t) are twice continuously differentiable.
1.2 Searching algorithm for µ(t) and ν(t)

Before searching for boundary controls, let us remember that when λ = 0 the minimum time t
required for the desired control is uniquely equal to l. As noted in [12], this time is determined by the
characteristics of the initial equation that simulates the oscillation process. From a mathematical point
of view, problem (2), (4) for equation (1) with λ = 0 in the rectangle (0, l)×(0, T ) has a unique solution
if and only if T = l. If T < l, the problem is overdetermined, T > l, the problem is underdetermined.
In our case when λ 6= 0 the equation commands the condition T = l. This is due to the fact that
for any arbitrary point (x, t) ∈ (0, l) × (0, T ), belonging to the point

(
x+t
2 , x+t2

)
∈ (0, l) × (0, T ) is

possible if and only if T = l. Therefore, further we assume that T = l.
We introduce the following equation for the functions f(x) and g(x) in formula (15).

f(x) =

{
f0(x), x ∈ [0, l] ,

f1(x), x ∈ [−l, 0] ,
(16)
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g(x) =

{
g0(x), x ∈ [0, l] ,

g1(x), x ∈ [l, 2 l] .
(17)

We call the function u(x, t) ∈ C1
(
Ω
)
∩ C2 (Ω) a regular solution to equation (1) where Ω =

(0, l)× (0, l).
Letting (15) satisfy (3) and taking into account (16), (17), we obtain

µ(t) = f1(−t)− f0(0) + g′0(t)−
λ

4
t g0(t), t ∈ [0, l] , (18)

ν(t) = f0(l − t)− f0(0) + g′0(l + t) +
λ

4
(l − t) g0(l + t), t ∈ [0, l] . (19)

Letting (15) satisfy (2) and (4) for T = l we obtain

f0(x)− f0(0) + g′0(x) +
λ

4
x g0(x) = ϕ0(x), (20)

−f ′0(x) + g′′0(x)− λ

4
g0(x) +

λ

4
x g′0(x) = ψ0(x), (21)

f1(x− l)− f0(0) + g′1(x+ l) +
λ

4
(x− l) g1(x+ l) = ϕ1(x), (22)

−f ′1(x− l) + g′′1(x+ l)− λ

4
g1(x+ l) +

λ

4
(x− l) g′1(x+ l) = ψ1(x), (23)

where x ∈ [0, l].
Differentiating (20), (22), subtracting and adding term by term with (21), (23), respectively, obtain

f ′0(x) +
λ

4
g0(x) =

1

2
ϕ′0(x)− 1

2
ψ0(x),

g′′0(x) +
λ

4
x g′0(x) =

1

2
ϕ′0(x) +

1

2
ψ0(x), (24)

f ′1(x− l) +
λ

4
g1(x+ l) =

1

2
ϕ′1(x)− 1

2
ψ1(x),

g′′1(x+ l) +
λ

4
(x− l) g′1(x+ l) =

1

2
ϕ′1(x) +

1

2
ψ1(x). (25)

Employing the second equation of (24) we obtain[
g′0(x) e

λx2

8

]′
=

1

2
e
λx2

8
[
ϕ′0(x) + ψ0(x)

]
,

g′0(x) = g′0(0) e−
λx2

8 +
1

2
e−

λx2

8

∫ x

0
e
λ t2

8 ϕ′0(t) dt+
1

2
e−

λx2

8

∫ x

0
e
λ t2

8 ψ0(t) dt.

Using integration by parts for the first integral and taking into account that g′0(0) = ϕ0(0), obtain

g′0(x) =
1

2
ϕ0(0) e−

λx2

8 +
1

2
ϕ0(x)− λ

8
e−

λx2

8

∫ x

0
t e

λ t2

8 ϕ0(t) dt+
1

2
e−

λx2

8

∫ x

0
e
λ t2

8 ψ0(t) dt. (26)

Hence
g0(x) = g0(0) +

1

2
ϕ0(0)

∫ x

0
t e−

λ t2

8 dt+
1

2

∫ x

0
ϕ0(t) dt−
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−λ
8

∫ x

0
e−

λ ξ2

8

∫ ξ

0
t e

λ t2

8 ϕ0(t) dt dξ +
1

2

∫ x

0
e−

λ ξ2

8

∫ ξ

0
e
λ t2

8 ψ0(t) dt dξ.

Changing the order of integration in the last two integrals, get

g0(x) = g0(0) +

√
2π

λ
ϕ0(0) Φ0

(√
λ

2
x

)
+

1

2

∫ x

0
ϕ0(t) dt−

−
√
λπ

8

∫ x

0

[
Φ0

(√
λ

2
x

)
− Φ0

(√
λ

2
t

)]
t e

λ t2

8 ϕ0(t) dt+

+

√
2π

λ

∫ x

0

[
Φ0

(√
λ

2
x

)
− Φ0

(√
λ

2
t

)]
e
λ t2

8 ψ0(t) dt. (27)

By (20) we have

f0(x) = ϕ0(x)− g′0(x)− λ

4
x g0(x) + f0(0),

f0(l − t) = ϕ0(l − t)− g′0(l − t)−
λ

4
(l − t) g0(l − t) + f0(0). (28)

Employing the second relation of (25) we obtain(
g′1(x+ l) e

λ (x−l)2
8

)′
=

1

2
e
λ
8
(x−l)2 ϕ′1(x) +

1

2
e
λ
8
(x−l)2 ψ1(x),

g′1(x+ l) = g′1(2 l) e
λ
8
(x−l)2 +

1

2
e
λ
8
(x−l)2

∫ x

l
e
λ
8
(t−l)2 ϕ′1(t) dt+

1

2
e−

λ
8
(x−l)

∫ x

l
e
λ
8
(x−l)2 ψ1(t) dt.

Taking into account g′1(2 l) = ϕ1(l), integrating by parts the first integral, substituting x by l − x
and then substituting in both integrals t = l − t get

g′1(2 l − x) =
1

2
ϕ1(l) e

−λx
2

8 +
1

2
ϕ1(l − x) +

λ

8
e−

λx2

8

∫ x

0
t e−

λ t2

8 ϕ1(l − t) dt+

+
1

2
e−

λx2

8

∫ x

0
t e−

λ t2

8 ψ1(l − t) dt. (29)

Hence
g1(2 l − x) = g1(2 l) +

1

2
ϕ1(l)

∫ x

0
e−

λ t2

8 dt+
1

2

∫ x

0
ϕ1(l − t) dt−

−λ
8

∫ x

0
e−

λ ξ2

8

∫ ξ

0
t e

λ t2

8 ϕ1(l − t) dt dξ +
1

2

∫ x

0
e−

λ ξ2

8

∫ ξ

0
e
λ t2

8 ψ1(l − t) dt dξ.

Changing the integration order in the last two integrals we get

g1(2 l − x) = g1(2 l) +

√
2π

λ
ϕ1(l) Φ0

(√
λ

2
x

)
+

1

2

∫ x

0
ϕ1(l − t) dt−

−
√
λπ

8

∫ x

0

[
Φ0

(√
λ

2
x

)
− Φ0

(√
λ

2
t

)]
t e

λ t2

8 ϕ1(l − t) dt+

+

√
2π

λ

∫ x

0

[
Φ0

(√
λ

2
x

)
− Φ0

(√
λ

2
t

)]
e−

λ t2

8 ψ1(l − t) dt. (30)
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By (22) we have

f1(x− l) = ϕ1(x) + f0(0)− g′1(x+ l)− λ

4
(x− l) g1(x+ l)

or
f1(−t) = ϕ1(l − t) + f0(0)− g′1(2 l − t) +

λ

4
t g1(2 l − t). (31)

Substituting f1(−t) by (31) into (18), and f0(l − t) by (28) into (19), we obtain

µ(t) = ϕ1(l − t) + g′0(t)− g′1(2 l − t)−
λ

4
t [g0(t)− g1(2 l − t)] , (32)

ν(t) = ϕ0(l − t)−
[
g′0(l − t)− g′1(l + t)

]
− λ

4
(l − t) [g0(l − t)− g1(l + t)] . (33)

Substituting g′0(t), g0(t), g′1(2 l − t), g1(2 l − t) calculated by (26), (27), (29), (30) into formulas
(32), (33), and taking into account, due to the assumed continuity of f ′(x), that

λ

2
[g0(0)− g1(2 l)] = ϕ′0 − ψ0(0)− ϕ′1(l) + ψ0(l)

obtain the sought result (11), (12).
In order for the solution to be regular, sufficient conditions must be satisfied that ensure the

existence of a boundary control. It is therefore only natural these conditions provide the functions f(x)
and g(x) with required smoothness determined by rule (16), (17) respectively, and by the initial and
boundary conditions

f0(0) = f1(0), f ′0(0) = f ′1(0), f ′′0 (0) = f ′′1 (0),

g0(l) = g1(l), g′0(l) = g′1(l), g′′0(l) = g′′1(l), g′′′0 (l) = g′′′1 (l),

µ(0) = ϕ0(0), µ(l) = ϕ1(0), ν(0) = ϕ0(l), ν(l) = ϕ1(l),

µ′(0) = ψ0(0), µ′(l) = ψ1(0), ν ′(0) = ψ0(l), ν ′(l) = ψ1(l).

Satisfying the expression for the function f0(x), f1(x), g0(x), g1(x), µ(x), ν(x) represented by
formulas (28), (31), (27), (30), (32), (33) according to the conditions above and after some simple
transformations obtain (5)–(10). It should be noted that for λ = 0 the obtained results in this work
coincide with the results obtained in [7].
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Гиперболалық теңдеу үшiн оның сипаттамаларының бiрi
бойынша жүктелген шекаралық бақылау есебi

Мақалада регулярлы шешiм тұрғысынан бiр өлшемдi жолдың тербелiс теңдеуi үшiн сипаттамала-
рының бiрi бойынша жүктелген шекаралық бақылау есебiнiң бiрегей шешiмi зерттелген. Шешу әдiсi
осы теңдеу үшiн құрылған Даламбер формуласының аналогына негiзделген. Ұзындығы бiрдей кесiн-
дiлер бойынша бастапқы және соңғы Коши деректерi берiлгенде бұл теңдеудiң шешiмiнiң анықта-
лу облысы квадрат болатыны атап өтiлген. Квадраттың қабырғасы берiлген кесiндiнiң ұзындығына
тең. Шекаралық бақылаудың өзi Даламбер формуласының аналогының құрамдас бөлiктерi бойын-
ша анықталған, олар өз кезегiнде Кошидiң бастапқы және соңғы деректерi бойынша бiрегей түрде
анықталады. Iзделiндi шекаралық бақылауларға арналған соңғы формулаларда нормаланған және
орталықтандырылған үлестiрiмдердiң таралу функциясы қатысатынын атап өткен жөн, бұл жалпы
айтқанда гиперболалық типтi теңдеулермен басталатын бастапқы және шекаралық есептер үшiн тән
емес.

Кiлт сөздер: гиперболалық теңдеу, таралған тербелмелi жүйе, газ немесе сұйық ағындарының пуль-
сациясын бәсеңдету есебi, жүктелген теңдеу, бастапқы шарттар, шекаралық шарттар, Даламбер фор-
муласының аналогы, шекаралық бақылау, қалыпты үлестiрiм, үлестiрiм функциясы.

А.Х. Аттаев

Институт прикладной математики и автоматизации КБНЦ РАН, Нальчик, Россия

Задача граничного управления для нагруженного
вдоль одной из своих характеристик

гиперболического уравнения
В статье исследована однозначная разрешимость задачи граничного управления для нагруженного
вдоль одной из своих характеристик одномерного уравнения колебания струны в терминах регуляр-
ного решения. Метод решения основан на аналоге формулы Даламбера, построенного для данного
уравнения. Отмечено, что областью определения решения данного уравнения, когда начальные и фи-
нальные данные Коши задаются на отрезках одинаковой длины, является квадрат. Сторона квадрата
равна длине данного отрезка. Сами граничные управления определены через компоненты аналога
формулы Даламбера, которые, в свою очередь, однозначно определяются через начальные и фи-
нальные данные Коши. Следует отметить, что в окончательных формулах для искомых граничных
управлений участвует функция распределения нормированного и центрированного распределения,
что, вообще говоря, не характерно для начальных и граничных задач инициированных уравнениями
гиперболического типа.

Ключевые слова: гиперболическое уравнение, распределённая колебательная система, задача гаше-
ния пульсации потоков газа или жидкости, нагруженное уравнение, начальные условия, граничные
условия, аналог формулы Даламбера, граничные управления, нормальное распределение, функция
распределения.
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Inner boundary value problem with displacement for
a second order mixed parabolic-hyperbolic equation

This paper investigates inner boundary value problems with a shift for a second-order mixed-hyperbolic
equation consisting of a wave operator in one part of the domain and a degenerate hyperbolic operator of
the first kind in the other part. We find sufficient conditions for the given functions to ensure the existence
of a unique regular solution to the problems under study. In some special cases, solutions are obtained
explicitly.

Keywords: wave equation, degenerate hyperbolic equation of the first kind, Volterra integral equation,
Fredholm integral equation, Tricomi method, method of integral equations, methods of fractional calculus
theory.

Introduction. Notation. Formulation of the problem

In the Euclidean plane with independent variables x and y consider the equation

0 =

{
(−y)m uxx − uyy + λ (−y)

m−2
2 ux, y < 0,

uxx − uyy + f, y > 0,
(1)

where λ, m are given numbers; m > 0, |λ| ≤ m
2 ; f = f(x, y) is a given function; u = u(x, y) is an

unknown function.
When y < 0 equation (1) is a degenerate hyperbolic equation of the first kind [1]

(−y)m uxx − uyy + λ (−y)
m−2

2 ux = 0, (2)

but when y < 0 coincides with the inhomogeneous wave equation

uxx − uyy + f(x, y) = 0. (3)

Equation (2) belongs to the class of the first kind degenerate hyperbolic equations [1; 21], that
is, at no point of the degenerate line y = 0 the tangent line does coincide with the characteristic
direction of the equation (2). An important property of equation (2) is the fact that when |λ| ≤ m

2
the Cauchy problem is correct for it in the usual formulation with data on the parabolic degeneracy
line y = 0 despite that the Protter condition [2] is violated. When m = 2 equation (2) turns into
the Bitsadze-Lykov equation [3; 37], [4], [5; 234], and for λ = 0 from equation (2) we come to the
Gellerstedt equation, which, as shown in the monograph [6; 234], finds application in the problem of
determining the shape of the dam slot. Apart from that as well the particular case for equation (2) is
the Tricomi equation, which presents the theoretical basis for transonic gas dynamics [7; 38], [8; 280].

Equation (1) is considered in the domain Ω = Ω1 ∪ Ω2 ∪ I, where Ω1 is the domain restricted by
characteristics σ1 = AC : x − 2

m+2 (−y)
m+2

2 = 0 and σ2 = CB : x + 2
m+2 (−y)

m+2
2 = r of equation

∗Corresponding author.
E-mail: Giraslan@yandex.ru
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(2) for y < 0, outgoing from the point C = (r/2, yc), yc = −
[

(m+2)r
4

] 2
m+2

, passing through the points
A = (0, 0) and B = (r, 0), and the segment I = AB of the strait line y = 0; Ω2 is the domain restricted
by characteristics σ3 = AD : x−y = 0, σ4 = BD : x+y = r of equation (3), outgoing from the points
A and B intersecting at the point D =

(
r
2 ,

r
2

)
and the segment I = AB.

Let us introduce the following notation:

ε1 =
m− 2λ

2 (m+ 2)
, ε2 =

m+ 2λ

2 (m+ 2)
, ε = ε1 + ε2 =

m

m+ 2
,

γ1 =
Γ (ε)

Γ (ε1)
, γ2 =

Γ (2− ε) (2− 2ε)ε−1

Γ (1− ε2)
;

a(x) =
α2(x) + γ1α1(x)

α3(x)− γ1α1(x)
, b(x) =

γ1β1(x) + β3(x)

γ2β1(x)− β2(x)
;

K(x, t) =
a(x)

(t− x)1−ε +

t∫
x

a′ (s)

(t− s)1−εds, L(x, t) =

{
K (r, t) , 0 ≤ x < t,
K (r, t)−K(x, t), t < x ≤ r,

F1(x) = 2ψ1(x)− ψ1 (r) +

r∫
x

ψ2(t)

α3(t)− γ2α1(t)
dt−

r∫
x

r−t
2∫

0

f (t+ s, s) dsdt,

F2(x) = b(x)

2ϕ1(x)− ϕ1 (0)−
x/2∫
0

x−t∫
t

f (s, t) dsdt

− ϕ2(x)

γ2β1(x)− β2(x)
;

θ00(x) =

(
x

2
, −
(
m+ 2

4

)2/(m+2)

x2/(m+2)

)
=
(x

2
, − (2− 2ε)ε−1 x1−ε

)
,

θr0(x) =

(
r + x

2
, −
(
m+ 2

4

)2/(m+2)

(r − x)2/(m+2)

)
=

(
r + x

2
, − (2− 2ε)ε−1 (r − x)1−ε

)
– affixes of characteristics intersection points that leave the point (x, 0) with characteristics of AC and
BC of equation (3), correspondingly;

θ01(x) =
(x

2
,
x

2

)
, θr1(x) =

(
r + x

2
,
r − x

2

)
– affixes of characteristics intersection points that leave the point (x, 0) with characteristics AD and
BD of equation (3), correspondingly;

B (p, q) =

∫ 1

0
tp−1 (1− t)q−1 dt, Γ(p) =

∫ ∞
0

exp (−t) tp−1dt, B (p, q) =
Γ(p) Γ (q)

Γ (p+ q)

– Euler integrals of the first and second kind and their relationship;

Dα
cxg(t) =


sgn(x−c)

Γ(−α)

x∫
c

g(t)

|x−t|1+αdt, α < 0,

sgn[α]+1 (x− c) d[α]+1

dx[α]+1D
α−[α]−1
cx g(t), α > 0
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– fractional integro-differentiation operator (in the Riemann-Liouville sense) of order |α| with starting
point c [5], [6], [9]; the regularized fractional derivative (Caputo derivative) is defined using the equality
[10]

∂αcxg(t) = sgnn (x− c) Dα−n
cx g(n)(t), n− 1 < α ≤ n, n ∈ N ;

and it is related to the Riemann-Liouville derivative by the relation [10]

∂αcxg(t) = Dα
cxg(t)−

n−1∑
k=0

g(k) (c)

Γ (k − α+ 1)
,

where n− 1 < α ≤ n, n ∈ N ;

Eρ (z) =

∞∑
n=0

zn

Γ (1 + nρ)
, Eρ (z, µ) =

∞∑
n=0

zn

Γ (µ+ nρ−1)
, Eρ (z, 1) = E1/ρ (z)

– the Mittag-Leffler function and the function of Mittag-Leffler type [11].
Assume the function u = u(x, y) of class C

(
Ω̄
)
∩ C1 (Ω) ∩ C2 (Ω1 ∪ Ω2), ux, uy ∈ L1 (I) in the

domain Ω is a regular solution, which by substitution transforms equation (1) into identity.
Problem 1. Find a regular solution of equation (1) in the domain Ω satisfying the conditions

u [θr1(x)] = ψ1(x), 0 ≤ x ≤ r, (4)

α1(x) (r − x)ε2 D1−ε1
rx {u [θr0(t)]}+ α2(x)D1−ε

rx u (t, 0) + α3(x)uy(x, 0) = ψ2(x), 0 < x < r, (5)

where α1(x), α2(x), α3(x), ψ1(x), ψ2(x) are given functions on the line segment 0 ≤ x ≤ r, moreover
α2

1(x) + α2
2(x) + α2

3(x) 6= 0 ∀ x ∈ [0, r].
Problem 2. Find a regular solution of equation (1) in the domain Ω satisfying the conditions

u [θ01(x)] = ϕ1(x), 0 ≤ x ≤ r, (6)

β1(x) (r − x)1−ε1 Dε2
rx

{
(r − t)ε−1 u [θr0(t)]

}
+

+β2(x)Dε−1
rx uy (t, 0) + β3(x)u(x, 0) = ϕ2(x), 0 < x < r, (7)

where β1(x), β2(x), β3(x), ϕ1(x), ϕ2(x) are given functions on the line segment 0 ≤ x ≤ r, moreover
β2

1(x) + β2
2(x) + β2

3(x) 6= 0 ∀x ∈ [0, r].
Earlier, the Goursat problem for the first kind degenerate hyperbolic equations was investigated in

[12], [13]. The criterion of continuity for the Goursat problem for equation (2) is investigated in [12],
and the solution of the Goursat problem for a model equation degenerating inside the domain is written
in explicit form in [13]. The first boundary value problem for the hyperbolic equation degenerating
inside the domain is considered in [14]. Boundary value problems for degenerate hyperbolic equations
in a characteristic quadrangle with data on opposite characteristics were investigated in [15–17].

Inner boundary value problems 1 and 2 considered in this paper belong to the class of boundary
value problems with a displacement of the Zhegalov-Nakhushev [18–20] and are generalization of the
Goursat problem and problems with data on opposite characteristic lines for an equation of the type
(1). The displacement problems for the first kind hyperbolic equations degenerating inside the domain
were previously studied in [21–24]. The displacement problems for the first kind degenerate hyperbolic
equation of the type (2) were investigated in [25], presented as generalization of the first and second
Darboux problems. A rather complete bibliography of works devoted to the formulation and study of
the displacement problems for various types of partial differential equations is provided in [26–32]. In
this paper, sufficient conditions are found for the given functions αi(x), βi(x), i = 1, 3; ϕj(x), ψj(x),
j = 1, 2; f(x, y) that insure a unique regular solution of investigated problems 1 and 2. In particular
cases, when the relation a(x) = α2(x)+γ1α1(x)

α3(x)−γ1α1(x) = a = const or b(x) = γ1β1(x)+β3(x)
γ2β1(x)−β2(x) = b = const the

regular solutions of problems 1 and 2 are written explicitly.
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Research task 1

The following Theorem holds.
Theorem 1. Let the given functions α1(x), α2(x), α3(x), ψ1(x), ψ2(x) and f(x, y) be such that

α1(x), α2(x), α3(x), ψ2(x) ∈ C [0, r] ∩ C2 (0, r) , (8)

ψ1(x) ∈ C1 [0, r] ∩ C3 (0, r) , (9)

f(x, y) ∈ C1
(
Ω̄2

)
, (10)

α3(x)− γ1α1(x) 6= 0 ∀ x ∈ [0, r] . (11)

Then there is a unique regular solution of Problem 1 in the domain Ω.
Proof. Assume there is a solution of problem (1), (4), (5) and assume that

u(x, 0) = τ(x), 0 ≤ x ≤ r, (12)

lim
y→0

uy(x, y) = uy(x, 0) = ν(x), 0 < x < r. (13)

Find the relations between the functions τ(x) and ν(x) brought from Ω1 and Ω2 of the domain
Ω onto the line I. The solution to problem (12), (13), when |λ| ≤ m

2 for equation (2), is written out
according to one of the formulas [33]:

u(x, y) =
1

B (ε1, ε2)

1∫
0

τ
[
x+ (1− ε) (−y)

1
1−ε (2t− 1)

]
tε2−1 (1− t)ε1−1 dt+

+
y

B (1− ε1, 1− ε2)

1∫
0

ν
[
x+ (1− ε) (−y)

1
1−ε (2t− 1)

]
t−ε1 (1− t)−ε2 dt, |λ| < m

2
, (14)

u(x, y) = τ
[
x+ (1− ε) (−y)

1
1−ε
]

+

+ (1− ε) y
1∫

0

ν
[
x+ (1− ε) (−y)

1
1−ε (2t− 1)

]
(1− t)−ε dt, λ =

m

2
, (15)

u(x, y) = τ
[
x− (1− ε) (−y)

1
1−ε
]

+

+ (1− ε) y
1∫

0

ν−
[
x+ (1− ε) (−y)

1
1−ε (1− 2t)

]
(1− t)−ε dt, λ = −m

2
. (16)

First, consider the case for |λ| < m
2 . In this instance, employing (14) we get

u [θr0(x)] = u

(
r + x

2
, − (2− 2ε)ε−1 (r − x)1−ε

)
=

1

B (ε1, ε2)

1∫
0

τ [x+ (r − x) t] tε2−1 (1− t)ε1−1 dt−

− 1

B (1− ε1, 1− ε2)
(2− 2ε)ε−1 (r − x)1−ε

1∫
0

ν [x+ (r − x) t] t−ε1 (1− t)−ε2 dt.
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Introducing a new variable z = x+ (r − x) t we rewrite the last equality as

u [θr0(x)] =
(r − x)1−ε

B (ε1, ε2)

r∫
x

τ (z) (r − z)ε1−1

(z − x)1−ε2 dz − (2− 2ε)ε−1

B (1− ε1, 1− ε2)

r∫
x

ν (z) (r − z)−ε2

(z − x)ε1
dz.

In terms of fractional (in the sense of Riemann-Liouville) integro-differentiation operator, the previous
equality can be rewritten as

u [θr0(x)] =
Γ (ε)

Γ (ε1)
(r − x)1−ε D−ε2rx

[
τ(t) (r − t)ε1−1

]
−

− Γ (2− ε)
Γ (1− ε2)

(2− 2ε)ε−1 Dε1−1
rx

[
ν(t) (r − t)−ε2

]
. (17)

Further we use the following properties of the weighted composition of operators for fractional differentiation
and integration with the same origins [5], [6], [9]:

D−βcx Dβ
ctϕ (s) = ϕ(x), (18)

Dα
cx |t− c|

α+β Dβ
ctϕ (s) = |x− c|β Dα+β

cx |t− c|α ϕ(t), (19)

where 0 < α ≤ 1, β < 0, α+ β > −1; ϕ(x) ∈ L [a, b], and when α+ β > 0 the function ϕ(x) contains
the fractional derivative Dα+β

cx ϕ(t).
Applying to both sides of equality (17) the operator D1−ε1

rx and using the above composition
properties (18) and (19) we find

D1−ε1
rx u [θr0(t)] = γ1 (r − x)−ε2 D1−ε

rx τ(t)− γ2 (r − x)−ε2 ν(x). (20)

Substituting the value D1−ε1
rx u [θr0(t)] from (20) into (5) we come to the ratio

[α2(x) + γ1α1(x)] D1−ε
rx τ(t) + [α3(x)− γ1α1(x)] ν(x) = ψ2(x). (21)

The obtained relation (21) is the first fundamental relation between the functions τ(x) and ν(x) taken
from the domain Ω1 onto the line I.

Next, we find the fundamental relationship between the functions τ(x) and ν(x) taken from the
domain Ω2 onto the line I. The solution of problem (12), (13) for equation (3) is written by the
d’Alembert formula [34]:

u(x, y) =
τ (x+ y) + τ (x− y)

2
+

1

2

x+y∫
x−y

ν(t)dt+
1

2

y∫
0

x+y−t∫
x−y+t

f (t, s) dsdt. (22)

Satisfying (22) to condition (4), we obtain

u [θr1(x)] = u

(
r + x

2
,
r − x

2

)
=
τ (r) + τ(x)

2
+

1

2

r∫
x

ν(t)dt+
1

2

(r−x)/2∫
0

r−t∫
x+t

f (s, t) dsdt = ψ1(x). (23)

Differentiating (23) we arrive at the relation

ν(x) = τ ′(x)− 2ψ′1(x)−
(r−x)/2∫

0

f (x+ t, t) dt. (24)
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Relation (24) is the second fundamental relation between the functions τ(x) and ν(x) taken from
the domain Ω2 onto the line I.

Excluding the sought function ν(x) from (21) and (24) in view of the matching condition τ (r) =
ψ1 (r), with respect to τ(x), we arrive at the following problem for the first-order ordinary differential
equation with a fractional derivative in the lower terms

[α3(x)− γ1α1(x)] τ ′(x) + [α2(x) + γ1α1(x)]D1−ε
rx τ(t) =

= 2 [α3(x)− γ1α1(x)]ψ′1(x)− ψ2(x) + [α3(x)− γ1α1(x)]

(r−x)/2∫
0

f (x+ t, t) dt, (25)

τ (r) = ψ1 (r) . (26)

If condition (11) of Theorem 1 is satisfied, then by dividing each term in equation (25) by α3(x)−
γ1 α1(x) with the subsequent integration of the resulting equation over x ranging from x to r we come
to the integral equation

τ(x)− 1

Γ (ε)

r∫
x

K(x, t) τ(t)dt = F1(x), (27)

which corresponds to problem (25), (26).
It follows from properties (8), (9), (10) that equation (27) is a Volterra integral equation of the

second kind with the kernel K(x, t) ∈ L2 ( [0, r]× [0, r] ) and with the right-hand side F1(x) =
C1 [0, r] ∩ C3 (0, r). According to the general theory on Volterra integral equations the solution of
equation (27) exists, is unique and can be written out by the formula:

τ(x) = F1(x) +
1

Γ (ε)

r∫
x

R(x, t)F1(t)dt, (28)

where R(x, t) =
∞∑
n=0

Γ−n (ε) Kn(x, t) is a kernel resolvent K(x, t); K0(x, t) = K(x, t), Kn+1(x, t) =

t∫
x
K (x, s) Kn (s, t) ds are iterated kernels of the basic kernel K(x, t); moreover, the resolvent R(x, t),

as well as the basic kernel K(x, t) of equation (27), will belong to the class R(x, t) ∈ L2 ([0, r]× [0, r]),
and the solution τ(x) of equation (27), as well as its right side F1(x), will belong to the class τ(x) ∈
C1 [0, r] ∩ C3 (0, r).

The solution of equation (27) for a(x) = a = const is written explicitly by the formula:

τ(x) = F1(x) + a

r∫
x

(t− x)ε−1E1/ε [a (t− x)ε ; ε]F1(t)dt. (29)

The sought function τ(x) for λ = ±m
2 is found again employing formulas (28) or (29), but ε2 = 0,

ε = ε1 = m
m+2 , γ1 = 1, γ2 = 2ε−1 (1− ε)ε Γ (1− ε) at λ = −m

2 and ε1 = 0, ε = ε2 = m
m+2 , γ1 = 0,

γ2 = 2ε−1 (1− ε)ε at λ = m
2 .

Once the function τ(x) has been found, the second sought function ν(x) is found employing formulas
(21) or (24). Then the solution of the studied problem 1 in the domain Ω1 is written out according to
one of the (14), (15) or (16) formulas and in the domain Ω2 the problem (12), (13) for equation (3) is
solved by formula (22).
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Research task 2

Similarly as above, satisfying (14) to condition (7) we find the first fundamental relation between
the sought functions τ(x) and ν(x) taken in the domain Ω1 onto the line I:

[γ1β1(x) + β3(x)] τ(x) = [γ2β1(x)− β2(x)]Dε−1
rx ν(t) + ϕ2(x). (30)

Employing (22) under condition (6), we find the second fundamental relation between τ(x) and
ν(x) taken in the domain Ω2 onto the line I:

τ(x) = 2ϕ1(x)− τ (0)−
x∫

0

ν(t)dt−
x/2∫
0

x−t∫
t

f (s, t) dsdt. (31)

Excluding in (30) and (31) the sought function τ(x) in view of the matching condition τ (0) = ϕ1 (0)
with respect to ν(x) we obtain the equation

[γ2β1(x)− β2(x)]Dε−1
rx ν(t) + [γ1β1(x) + β3(x)]

x∫
0

ν(t)dt =

= 2 [γ1β1(x) + β3(x)] [ϕ1(x)− ϕ1(0)]− ϕ2(x)− [γ1β1(x) + β3(x)]

x/2∫
0

x−t∫
t

f(s, t) dsdt.

Denoting υ(x) =
x∫
0

ν(t)dt provided that γ2β1(x) − β2(x) 6= 0 ∀x ∈ [0, r] the recent equality is

rewritten as follows
Dε−1
rx υ′(t) + b(x)υ(x) = F2(x), 0 < x < r, (32)

while
υ (0) = 0. (33)

Once the operator D1−ε
rx has been applied to both sides of the equation (32) it could be represented

as follows
υ′(x) +D1−ε

rx b(t)υ(t) = D1−ε
rx F2(t), 0 < x < r. (34)

Integrating equation (34) over x ranging from x to r taking into account (33) we arrive at the
equation of the form

υ(x) +
1

Γ (ε)

r∫
0

b(t)K(x, t)υ(t)dt = − 1

Γ (ε)

r∫
0

K(x, t)F2(t)dt, (35)

equivalent to problem (32)–(33), where K(x, t) =

{
tε−1 − (t− x)ε−1 , 0 ≤ t < x,
tε−1, x < t ≤ r.

If b(x) ∈ C1 [0, r] ∩ C3 (0, r) is a positive non-decreasing function, then there is a unique regular
solution of equation (35) [6; 133]. Then ν(x) = υ′(x) and τ(x) are found by one of the formulas (30)
or (31).

In the case, when b(x) = b = const the solution of equation (34) is written explicitly by the formula:

υ(x) = −
1 + b

r∫
x

(t− x)ε−1 E1/ε [b (t− x)ε ; ε] dt

1 + b
r∫
0

tε−1E1/ε (b tε; ε) dt

D−ε0r F2(t) + b

r∫
0

tε−1E1/ε (b tε; ε) D−εrt F2 (s) dt

+

Mathematics series. № 2(106)/2022 65



Zh.A. Balkizov, Z.Kh. Guchaeva, A.Kh. Kodzokov

+D−εrx F2(t) + b

r∫
x

(t− x)ε−1 E1/ε [b (t− x)ε ; ε]D−εrt F2 (s) dt

provided that 1+b
r∫
0

tε−1E1/ε (b tε; ε) dt 6= 0. If b ≥ 0, then the fulfillment of this inequality is obvious.

Once the functions τ(x) and ν(x) have been found similarly as for the previous problem 1, the
solution to problem 2 in the domain Ω1 is written employing one of the formulas (14), (15) or (16),
and in the domain Ω2 the problem (12)–(13) for equation (3) is solved by the formula (22).
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Екiншi реттi аралас-гиперболалық теңдеу үшiн
ығысуы бар iшкi-шеттiк есептер

Мақалада облыстың бiр бөлiгiнде толқындық оператордан, ал басқасында бiрiншi реттi өзгеше ги-
перболалық оператордан тұратын екiншi реттi аралас-гиперболалық теңдеу үшiн ығысуы бар iшкi-
шеттiк есептер зерттелген. Берiлген функциялар бойынша зерттелетiн есептердiң шешiмiнiң бар бо-
луын, бiрегейлiгiн қамтамасыз ететiн жеткiлiктi шарттар анықталды. Кейбiр дербес жағдайларда
зерттелетiн есептердiң шешiмдерi айқын түрде жазылған.

Кiлт сөздер: толқын теңдеуi, бiрiншi реттi өзгеше гиперболалық теңдеу, Вольтерраның интегралдық
теңдеуi, екiншi типтi Фредгольм интегралдық теңдеуi, Трикоми әдiсi, интегралдық теңдеулер әдiсi,
бөлшек есептеу теориясының әдiсi.
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Внутренне-краевые задачи со смещением для
смешанно-гиперболического уравнения второго порядка

В статье исследованы внутренне-краевые задачи со смещением для смешанно-гиперболического урав-
нения второго порядка, состоящего из волнового оператора в одной части области и вырождающегося
гиперболического оператора первого рода — в другой. Найдены достаточные условия на заданные
функции, обеспечивающие существование единственного регулярного решения исследуемых задач. В
некоторых частных случаях решения исследуемых задач выписаны в явном виде.

Ключевые слова: волновое уравнение, вырождающееся гиперболическое уравнение первого рода, ин-
тегральное уравнение Вольтерра, интегральное уравнение Фредгольма второго рода, метод Трикоми,
метод интегральных уравнений, методы теории дробного исчисления.
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Examples of weakly compact sets in Orlicz spaces
This paper provides a number of examples of relatively weakly compact sets in Orlicz spaces. We show
some results arising from these examples. Particularly, we provide a criterion which ensures that some
Orlicz function is increasing more rapidly than another (in a sense of T. Ando). In addition, we point out
that if a bounded subset K of the Orlicz space LΦ is not bounded by the modular Φ, then it is possible
for a set K to remain unbounded under any modular Ψ increasing more rapidly than Φ.

Keywords: conjugate (complementary) functions, relative weak compactness, Orlicz spaces, N−functions.

Introduction

We provide a number of examples of relatively weakly compact sets in Orlicz spaces based mainly
on criteria obtained by a classical work of T. Ando from 1962 (see [1]). It should be noted that there
is a shortage of such examples in the literature. Some (maybe the most important) examples may be
found in the classical book by M.M. Rao and Z.D. Ren [2]. Another paper, devoted to the study of
weak compactness in Orlicz spaces that we use extensively in this paper is by J. Alexopoulos [3].

On the contrary, weak compactness criteria in both Orlicz function and sequence spaces have been
stidied by many researchers, see, for example [1–14], and references therein.

In particular, T. Ando see [1] obtained weak compactness criteria in Orlicz (function) spaces from
the perspective of Köthe duality. The study results of T. Ando were extended (with some restrictive
condition) from the setting of finite measure spaces to the setting of σ-finite measure spaces in the work
of M. Nowak in 1986 [11]. The objective of this paper is to study such criteria and provide examples
that satisfy these criteria. We also prove some related propositions (see Propositions 2.13 and 2.17).

1 Preliminaries

Initially, the study provides the definition of anN -function (as in [1]), which will be used throughout
the text.

Definition 1.1. A convex function Φ : [0,∞)→ [0,∞) is called an N -function if
(i) Φ(0) = 0,
(ii) Φ(λ)

λ →∞ as λ→∞.

We note that in the above definition by T. Ando, it is not necessarily true that Φ(λ)
λ → 0 as λ→ 0+,

unlike in many other classical works (e.g., [15, formulae 1.12 and 1.15], [2; 13], [3, Proposition 1.1]).
The following two definitions specify some important classes of N -functions.
Definition 1.2. ([2, Definition 1] and [3, Definition 1.5]) An N−function Φ is said to satisfy the 42

condition (Φ ∈ 42) if lim supx→∞
Φ(2x)
Φ(x) < ∞. That is, there is a K > 0 so that Φ(2x) ≤ K · Φ(x) for

large values of x.
Definition 1.3. ([2, Definition 2] and [3, Definition 1.8]) An N−function Φ is said to satisfy the ∇2

condition (Φ ∈ ∇2) if there is a K > 0 so that (Φ(x))2 ≤ Φ(Kx) for large values of x.
∗Corresponding author.
E-mail: yerlan.nessipbayev@gmail.com
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1.1 Decreasing rearrangement

Let (I,m) denote the measure space, where I = (0,∞) (resp. (0, 1)), equipped with Lebesgue
measure m. Let L(I,m) be the space of all measurable real-valued functions on I equipped with
Lebesgue measure m. Define S(I,m) to be the subset of L(I,m), which consists of all functions f such
that m({t : |f(t)| > s}) <∞ for some s > 0. Note that if I = (0, 1), then S(I,m) = L(I,m).

For f ∈ S(I,m), we denote by µ(f) the decreasing rearrangement of the function |f |. That is,

µ(t, f) = inf{s ≥ 0 : m({|f | > s}) ≤ t}, t > 0.

1.2 Orlicz spaces

Definition 1.4. A function G : [0,∞)→ [0,∞] is said to be an Orlicz function if [9; 258]
(i) G(0) = 0,
(ii) G is not identically equal to zero,
(iii) G is convex,
(iv) G is continuous at zero.

It follows from the definitions that not every N−function is an Orlicz function (e.g., an N -function
may be discontinuous at zero). The converse also does not hold. For example, the function G(t) = t is
an Orlicz function but not an N−function. For an Orlicz function (or N -function) G we shall consider
an (extended) real-valued function G(f) (also called the modular defined by an N -function G) defined
on the class of all measurable functions f on I, by

G(f) =

∫
I
G(|f(t)|)dt.

The set
LG = {f ∈ S(I,m) : ‖f‖LG <∞},

where

‖f‖LG = inf

{
c > 0 :

∫
I
G

(
|f |
c

)
dm ≤ 1

}
is called an Orlicz space defined by the Orlicz function (or N -function) G (equipped with Orlicz norm).

In fact, we have the following ([2, Chapter 3.5, Theorem 1]):

Proposition 1.5. If an N -function Φ ∈ 42, then LΦ is separable (provided the measure space is
separable).

It should be stated that notions of N -functions and Orlicz functions used interchangeably in many
situations. However, in this text we will denote N -functions by Greek letters Φ,Ψ and Orlicz functions
by Latin letters G,F to distinguish between them.

Using various (partial) order relations on Orlicz functions one may define the corresponding relations
in the Orlicz spaces. We also note that since (in this paper) Orlicz (function) spaces are defined on
finite measure spaces we only need local order relations. However, some results will be also stated for
Orlicz spaces on positive half-line (with small differences on local relations).

We define the notion of majorization for Orlicz functions (for σ-finite measure spaces). Let G1 and
G2 be two Orlicz functions.

Definition 1.6. (e.g., [16, Definition 16.1.1]) We say that
(1) G1 majorises G2 at 0 (G1 �0 G2) if there exist positive numbers a, b, x0 such that

G2(x) ≤ bG1(ax) for all 0 ≤ x ≤ x0.
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(2) G1 majorises G2 at ∞ (G1 �∞ G2) if there exist positive numbers a, b, x0 such that

G2(x) ≤ bG1(ax) for all x ≥ x0.

(3) G1 majorises G2 (G1 � G2) if G1 �0 G2 and G1 �∞ G2.

Moreover, one can set b = 1 in the above definition (see [16, Proposition 16.1.2]). Also, the condition
G1 � G2 may be checked via the following (see [16, Proposition 16.1.3]):

Proposition 1.7. G1 � G2 if and only if

G2(x) ≤ bG1(ax), x ≥ 0

for some b > 0 and a > 0.

Also, we provide a definition of equivalent Orlicz functions on σ−finite measure space (see [16,
Definition 16.3.1]):

Definition 1.8. Two Orlicz functions G1 and G2 are called equivalent, denoted G1 ≈ G2, if G1 � G2

and G2 � G1.

The following definition for equivalence of N -functions on finite measure space may be found in [3,
Definition 1.3]:

Definition 1.9. For N−functions Φ1,Φ2 we write Φ1 ≺ Φ2 if there is a K > 0 so that Φ1(x) ≤
Φ2(Kx) for large values of x. If Φ1 ≺ Φ2 and Φ2 ≺ Φ1 then we say that Φ1 and Φ2 are equivalent.

Note for finite measure space, the notion of majorisation is slightly different as we do not care
about majorisation at zero.

We will denote by Ψ the function complementary (or conjugate) to an N−function Φ in the sense
of Young (with the condition Φ(t)

t → 0+ as t→ 0), defined by ([15; 11])

Ψ(t) = sup{s|t| − Φ(s) : s ≥ 0}.

We notice that Ψ is again an N−function (see [9; 258]).

2 Weakly compact sets in Orlicz spaces

In this section, we recall known criteria of relative weak compactness in Orlicz spaces and provide
examples of such sets. We will also state some concluding remarks and prove related propositions.

The following theorem was proved by T. Ando in [1, Theorem 1].
Theorem 2.1. Let Φ be an N -function and let (Ω,Σ, µ) be a finite measure space. A subset K of

LΦ is relatively σ(LΦ, LΨ)−compact if and only if

Φ(λf)

λ
→ α

∫
Ω
|f(t)|dµ as λ ↓ 0

uniformly with respect to f(t) ∈ K, where α = limλ→0+ Φ(λ)/λ.

It is worthwhile to note that Theorem 2.1 (unlike many others) is valid for any N−function (in
the sense of Ando), that is, α is not necessarily zero by definition. We note that the extension of this
Theorem to the σ-finite case was given by M. Nowak [14, Theorem 1.1] only in the case α = 0.

Below we provide examples of relatively weakly compact sets in LΦ[0, 1] by using Theorem 2.1.
Later we will provide another criteria of weak compactness in Orlicz spaces and apply these criteria to
the following examples.
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Example 2.2. (i) Let Φ(x) = ex − 1. Then the subset K = {fp(x) = xp : p ≥ 1} of LΦ[0, 1] is
relatively weakly compact. Indeed, K is bounded and since α = limλ→0

eλ−1
λ = 1, it is enough to show

(by Theorem 2.1) that ∫ 1
0 e

λtpdt− 1

λ
→
∫ 1

0
tpdt =

1

p+ 1

uniformly with respect to p ≥ 1 as λ ↓ 0.
Applying the L’Hopital’s rule, we get

0 ≤ lim
λ↓0

∫ 1
0

(
eλt

p − λtp − 1
)
dt

λ
= lim

λ↓0

∫ 1
0

(
tpeλt

p − tp
)
dt

1
=

≤ lim
λ↓0

∫ 1

0

(
eλt

p − 1
)
dt ≤ lim

λ↓0

∫ 1

0

(
eλt − 1

)
dt =

eλ − 1

λ
− 1→ 0

as λ→ 0 uniformly with respect to f ∈ K (independent of p).
For example, when p = 1, then ∫ 1

0 e
λtdt− 1

λ
=
eλ − 1− λ

λ2
→ 1

2

as λ ↓ 0 as desired.
However, when p > 1, the integral

∫ 1
0 e

λtpdt is not expressed in terms of elementary functions.
(ii) Let Φ(x) = ex − x − 1 and the subset K as in (i). Note in this case α = 0 (so Φ is an

N−function). Obviously ∫ 1
0

(
eλt

p − λtp − 1
)
dt

λ
→ 0

uniformly with respect to p as λ ↓ 0 as it is reduced to case (i). For example, when p = 1

Φ(λf)

λ
=

∫ 1
0 (eλt − λ · t− 1)dt

λ
=

2eλ − 2− λ2 − 2λ

2λ2
→ 0

as λ ↓ 0. As in (i), The uniform convergence holds for every p > 1, however, as in example (i), the
integral is not expressed in terms of elementary functions either.

We note that in the statement of Theorem 2.1 the uniform convergence is crucial as the following
example illustrates, i.e., pointwise convergent is not sufficient.

Example 2.3. Let Φ(x) = x · ln(x + 1) and K = {fp(x) = epx : p > 0} be a subset of LΦ[0, 1].
Note that Φ is an N−function with α = 0. Now we check the condition of uniform convergence as in
Theorem 2.1:

Φ(λf)

λ
=

∫ 1
0 λe

px · ln(λepx + 1)dx

λ
=

=
λep · ln(λep + 1)− λ · ln(λ+ 1)− λep + λ+ ln(λep + 1)− ln(λ+ 1)

p · λ

≈ (λep)2 − λ2

p · λ
=
λ(e2p − 1)

p
→ 0

as λ ↓ 0. However, it is easy to see that the convergence is not uniform with respect to p since

sup
p>0

Φ(λf)

λ
=∞

for all λ > 0. Hence, by Theorem 2.1, the subset K is not relatively weakly compact in LΦ[0, 1].
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Note, however, if 0 < p ≤ 1, that is K = {fp(x) = epx : 0 < p ≤ 1}, then K is relatively weakly
compact in LΦ[0, 1]. We also note that the set K in Example 2.3 is not bounded (in norm) in LΦ[0, 1].
Hence, this fact clearly implies that K is not relatively weakly compact. In general, norm boundedness
does not imply weak compactness.

Also note that LΦ[0, 1] is separable since Φ ∈ 42 by Proposition 1.5. Indeed, Φ(2x) ≤ K ·Φ(x) for
large x since ln(2x+ 1) ≤ 3 ln(x+ 1) = ln(x+ 1)3 or equivalently, 2x+ 1 ≤ (x+ 1)3 for large x.

Below we state another two criteria of weak compactness criteria in Orlicz spaces due to T. Ando.

Lemma 2.4. (see [1; 171]) A subset K of LΦ[0, 1] is (relatively) weakly compact if and only if it is
weakly bounded and equi continuous in the following sense:

sup
f∈K

∫
E
|f(t) · g(t)|dµ→ 0 as µ(E)→ 0, E ⊂ [0, 1], g(t) ∈ LΨ[0, 1].

Lemma 2.5. ([1; 172]) Let B be a σ-algebra of subsets of (0, 1). When B is atomless, boundedness
by modular Φ(f) implies (relative) weak compactness, if and only if Φ(λ) has (∇2), i.e.

lim inf
λ→∞

Φ(ηλ)

Φ(λ)
≥ 2η for some η > 0.

Remark. Note that Lemma 2.5 may also be applied to show that the set K in Example 2.2 (both (i)
and (ii)) is relatively weakly compact in LΦ[0, 1]. Indeed, as for (i), the boundedness by the modular
Φ(f) is obvious. Also, (with η = 2)

lim inf
λ→∞

Φ(2λ)

Φ(λ)
= lim inf

λ→∞

e2λ − 1

eλ − 1
≥ 2 · 2 = 4.

As for (ii), we have∫ 1

0
Φ(xp)dx =

∫ 1

0
(ex

p − xp − 1)dx ≤
∫ 1

0
ex

p
dx ≤ 3, for all p > 0.

Taking supremum over all p > 0, we obtain boundedness of a set K by modular Φ. Also, by setting
η = 2, we obtain

lim inf
λ→∞

e2λ − 2λ− 1

eλ − λ− 1
≥ 2 · 2 = 4.

Recall that a set K in Example 2.3 is not relatively weakly compact, which may not be proved via
using Lemma 2.5 since a set K is not bounded by the modular Φ(f). Indeed,

Φ(f) =

∫ 1

0
Φ(epx)dx =

∫ 1

0
epx ln(epx + 1)dx =

=
1

p
[ep ln(ep + 1)− 2 ln 2− ep + 1 + ln(ep + 1)]→∞ as p→∞.

Though Φ(λ) fails (∇2),

lim inf
λ→∞

Φ(ηλ)

Φ(λ)
= lim inf

λ→∞

ηλ ln(ηλ+ 1)

λ ln(λ+ 1)
= η < 2η for all η > 0.

Note that in general, if K is not relatively weakly compact, then it is not necessarily true that K
is not bounded by the modular Φ(f).

Now we provide an example of a set K such that K is bounded by modular Φ and Φ(λ) that does
not have (∇2).
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Example 2.6. Let Φ(x) = x · ln(x+ 1) and K = {fp(x) = xp : p > 0}. Note K is bounded by the
modular Φ(f). Indeed,

sup
p>0

∫ 1

0
xp · ln(xp + 1)dx ≤ 1.

However, since Φ(x) fails (∇2), we conclude that K is not relatively weakly compact by Lemma 2.5.
Now we state the relation between conjugate N -functions in terms of 42,∇2 relations (see [2,

Chapter 2.3, Theorem 3]).
Remark 2.7. Φ(x) has ∇2 if and only if its conjugate Ψ(x) has 42.
For example, let Φ(x) = ex − x − 1, x ≥ 0. Then it is easy to see that Φ ∈ ∇2. Its conjugate

function Ψ(x) = x · ln(x+ 1)− x+ ln(x+ 1), x ≥ 0 has 42.
The following definition may be found in [17, Definition 53.1], [2, Chapter 1.3].
Definition 2.8. A function Φ : R→ R is called a Young function if and only if:
(i) Φ(x) =

∫ |x|
0 φ(s)ds for all x ∈ R;

(ii) φ : R+ → R+ is continuous and strictly increasing;
(iii) φ(0) = 0 and φ(s)→∞ as s→∞.
Throughout this paper, however, we restrict our attention to Young functions Φ : R+ → R+. It

is noted that every Young function is not an N−function (in the sense of Ando). However, in most
papers the definition of a Young function coincides with the definition of an N−function (with the
condition limx→0+

Φ(x)
x = 0), for example, [3, Definition 1.1]. Clearly, not every Orlicz function is a

Young (or N -)function. For example, Φ(x) = x arctanx is such a function.
The notion of Orlicz functions (as well as of N−functions or Young functions) is known since 1940s.

Nonetheless, for the sake of convenience, we provide a list of Orlicz functions below. We note that some
of them are not N−functions, and some are not Young functions.

Examples of Orlicz functions Φ : R+ → R+ are:
Φ(x) = xp, p ≥ 1 (corresponding to Lebesgue spaces Lp. If p > 1, then it is also both an

N−function and a Young function);

Φ(x) =

{
0 if 0 ≤ x ≤ 1,

∞ if x > 1;
(corresponding to the Lebesgue space L∞, neither Young nor N -

function).
Φ(x) = ex − 1 (neither Young nor N−function);
Φ(x) = ex − x− 1 (both Young and N−function);
Φ(x) = ex − x2

2 − x− 1, and in general ex −
∑n

k=0
xk

k! for any n ∈ N;
Φ(x) = x ln(x+ 1) (not Young but N−function);
Φ(x) = (x+ 1) ln(x+ 1) (neither Young nor N−function);
Φ(x) = x ln(x2 + 1) (both Young and N−function);
Φ(x) = xex

p
, where p ≥ 1 (neither Young nor N−function);

Φ(x) = (x+ e) ln(x+ e)− (x+ e) (neither Young nor N−function);
Φ(x) = x arctanx (not Young but N−function);

Φ(x) =

{
x2 if 0 ≤ x < 1,

x3 if x ≥ 1;

Φ(x) =

{
x2 if 0 ≤ x < 1/2,

x− 1/4 if x ≥ 1/2; etc.
While discussing relative weak compactness in Orlicz space LΦ1 , it is natural to ask whether there

is another Orlicz function Φ2 6= Φ1 such that LΦ2 coincides with LΦ1 . The following theorem shows
equivalent conditions when two Orlicz spaces LΦ1 and LΦ2 coincide on (0,∞) (as sets), see, for example
[16, Theorem 16.3.2].
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Theorem 2.9. Let Φ1 and Φ2 be two Orlicz functions. The following are equivalent:
(1) Φ1 ≈ Φ2 (i.e., Φ1 � Φ2 and Φ2 � Φ1 as in Definition 1.6) ;
(2) LΦ1(0,∞) = LΦ2(0,∞) as sets;
(3) || · ||LΦ1

and || · ||LΦ2
are equivalent, i.e.,

a1||f ||LΦ1
≤ ||f ||LΦ2

≤ a2||f ||LΦ1

for all f and some a1 > 0, a2 > 0;
(4) a1ϕLΦ1

(x) ≤ ϕLΦ2
(x) ≤ a2ϕLΦ1

(x) for all x ≥ 0 and some a1 > 0, a2 > 0;
(5) Φ1(a1x) ≤ Φ2(x) ≤ Φ1(a2x) for all x ≥ 0 and some a1 > 0, a2 > 0.

In condition (4) above, ϕLΦ
(x) stands for the fundamental function of an Orlicz space LΦ, and is

defined as follows:
ϕLΦ

(x) = ‖1[0,x]‖LΦ
.

Note that constants a1 and a2 in the above conditions (3), (4), and (5) may be chosen the same.
However, if we consider LΦ on a finite measure space, the notion of equivalent Orlicz functions is

slightly different (compare Definitions 1.6 and 1.9), which entails the corresponding changes in Theorem
2.9. For example, let

Φ(x) =

{
x2 if 0 ≤ x < 1/2,

x− 1/4 if x ≥ 1/2.

Then LΦ(0, 1) = L1(0, 1) while LΦ(0,∞) 6= L1(0,∞). Indeed, Φ(x) ≈ x as in Definition 1.9,
thus LΦ(0, 1) = L1(0, 1). To show that LΦ(0,∞) 6= L1(0,∞), one may consider a function
f(x) = x−1/2χ(0,1/2)(x), which belongs to L1(0,∞) and does not belong to LΦ(0,∞). Or, on the other
hand, this is easily checked since one cannot have x ≤ bΦ(ax) for all large x and some positive a and
b. Therefore, Φ(x) is not equivalent to x on (0,∞).

Now we state Theorem 2.9 for LΦ(0, 1).

Theorem 2.10. Let Φ1 and Φ2 be two Orlicz functions. The following are equivalent:
(1) Φ1 ≈ Φ2 (i.e., Φ1 � Φ2 and Φ2 � Φ1 as in Definition 1.9);
(2) LΦ1(0, 1) = LΦ2(0, 1) as sets;
(3) || · ||LΦ1

and || · ||LΦ2
are equivalent, i.e.,

a1||f ||LΦ1
≤ ||f ||LΦ2

≤ a2||f ||LΦ1

for all f and some a1 > 0, a2 > 0;
(4) a1ϕLΦ1

(x) ≤ ϕLΦ2
(x) ≤ a2ϕLΦ1

(x) for all x ≥ x0 and some a1 > 0, a2 > 0, x0 > 0;
(5) Φ1(a1x) ≤ Φ2(x) ≤ Φ1(a2x) for all x ≥ x0 and some a1 > 0, a2 > 0, x0 > 0.

The following definition will be needed to state another weak compactness criterion in Orlicz spaces.

Definition 2.11. (see [1; 173]) We say that Ψ(x) is increasing more rapidly than Φ(x), if for any
η > 0 there exist ρ, x0 > 0 such that

Ψ(ρx) ≥ ρ · η · Φ(x) for x ≥ x0.

Sometimes it is convenient to use the following equivalent definition.

Definition 2.12. (see [1; 173]) We say that Ψ(x) is increasing more rapidly than Φ(x), if for any
ε > 0 there exist δ, x0 > 0 such that

εΨ(x) ≥ Φ(δx)

δ
for x ≥ x0.
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We note that Ψ(λ) has (∇2) if and only if Ψ is increasing more rapidly than itself [1; 173]. If
Ψ(x) ≥ Φ(x) for all x ≥ 0, then it is not necessarily true that Ψ is increasing more rapidly than
Φ. Now we prove a result, which allows one to check whether one Orlicz function is increasing more
rapidly than another.

Proposition 2.13. Let Φ and Ψ be two Orlicz functions. If limx→∞
Ψ(x)
Φ(x) =∞, then Ψ is increasing

more rapidly than Φ.

Proof. If limx→∞
Ψ(x)
Φ(x) = ∞, then for any η > 1 there exists x1 > 0 such that Ψ(x) ≥ η · Φ(x) for

all x ≥ x1. Since Ψ is convex there exist ρ, x2 > 0 such that Ψ(ρx) ≥ ρ ·Ψ(x) for all x ≥ x2. Hence,

Ψ(x) ≥ ρ ·Ψ(x) ≥ ρ · η · Φ(x)

for all x ≥ x0, where x0 = max{x1, x2} (this is even stronger statement than required).
The following theorem is also due to T. Ando [1, Theorem 2].

Theorem 2.14. A subset K of LΦ[0, 1] is relatively weakly compact if and only if it is bounded by
the modular defined by an N−function (depending on K) Ψ(x) increasing more rapidly than Φ(x).

Example 2.15. Let Φ(x) = ex−1, then the Orlicz function Ψ(x) = ex
2−1 is increasing more rapidly

than Φ(x).
Indeed, fix any ε > 0 and choose δ = 1. Then we need to show that there exists x0 > 0 such

that ε · (ex2 − 1) ≥ ex − 1 for all x > x0. It is obvious that for any ε > 0 one can find such x0 > 0

since lim infx→∞
ex

2−1
ex−1 = ∞. Note Φ(x) = ex − 1 is an N−function (in the sense of Ando) with

α = limx→0
Φ(x)
x = 1, while Ψ is an N−function with α = 0.

Now using the Theorem 2.14 we prove that a set K in Example 2.2 (both (i) and (ii)) is relatively
weakly compact in LΦ[0, 1].

Example 2.16. Recall in Example 2.2 (i), Φ(x) = ex − 1. It has been shown that the subset
K = {fp(x) = xp : p ≥ 1} is relatively weakly compact in LΦ[0, 1].

Alternatively, by Theorem 2.14 and Example 2.15 it remains to show that a set K is bounded by
the modular defined by an N−function Ψ(x) = ex

2 − 1, that is, to show that supp≥1

∫ 1
0 Ψ(xp)dx <∞.

Indeed, ∫ 1

0
(ex

2p − 1)dx =

∫ 1

0
ex

2p
dx− 1 ≤

∫ 1

0
ex

2
dx− 1 < 1/2.

Taking supremum over all p ≥ 1, we obtain the desired result.
As for (ii), we note that Ψ(x) = ex

2 − 1 is also increasing more rapidly than Φ(x) = ex − x − 1,
since ex − x− 1 ≤ ex − 1 for all x ≥ 0. Thus, by the previous argument we may conclude that the set
K in Example 2.2 (ii) is also relatively weakly compact.

Now we show the following proposition.

Proposition 2.17. If a set K is not bounded by a modular Φ, defined by an Orlicz function Φ, then
it is not necessarily true that K is not bounded by the modular Ψ, defined by an Orlicz function Ψ,
increasing more rapidly than Φ.

Proof. Indeed, it suffices to find an N -function function Φ, another Orlicz function Ψ, which
increases more rapidly than Φ and a function f for which the inequality

∫ 1
0 Φ(f(x))dx ≤

∫ 1
0 Ψ(f(x))dx

fails. For such purposes, one may choose Φ(x) = x, Ψ(x) = x100 and f(x) = x.
Thus, recall that a set K in Example 2.3 was not bounded by the modular Φ, hence by Remark 2.17

it is not necessarily true that K is not bounded by the modular Ψ, defined by some Orlicz function Ψ,
increasing more rapidly than Φ. However, since a set K is not relatively weakly compact in LΦ[0, 1] we
conclude (by Theorem 2.14) that there is no such function Ψ such thatK is bounded by the modular Ψ.
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Recall that the complementary (or conjugate) function Ψ to Φ in the sense of Young, is defined by
(see [15; 11])

Ψ(t) = sup{s|t| − Φ(s) : s ≥ 0}. (1)

Since in this paper we work on positive half-line R+ (that is t ≥ 0), we may omit the modulus sign
in the formula (1).

The following constructive way of identifying a conjugate function to a given Young function is
given in [2, Theorem 3, Formula (14) and Corollary 2, p. 10].

Theorem 2.18. Let Φ : R+ → R+ be a Young function, that is

Φ(x) =

∫ x

0
φ(s)ds, x ≥ 0,

where φ(0) = 0, φ : R+ → R+ is nondecreasing and left continuous. Let ψ(·) be the (generalized)
inverse of φ. Then the conjugate function Ψ to Φ may be defined as follows:

Ψ(x) =

∫ x

0
ψ(s)ds, x ≥ 0.

Now we provide examples of pairs of mutually conjugate Orlicz functions.

Example 2.19. Let Φ(x) = ex − x − 1, x ≥ 0, then it is easy to find its conjugate function (via
Theorem 2.18) Ψ(x) = x · ln(x + 1) − x + ln(x + 1), x ≥ 0, which, by definition, is also an Orlicz
(moreover, both of them are N−functions) function.

Indeed, Φ
′
(x) = ex − 1 whose inverse is Ψ

′
(x) = ln(x + 1). Thus, integrating by parts we obtain

Ψ(x) =
∫ x

0 ln(t+ 1)dt = x · ln(x+ 1)− x+ ln(x+ 1). It is easy to see that this function coincides with
the one defined by formula (1).

We note that Φ is not equivalent to Ψ on (0,∞) (there is no C > 0 such that Φ(x) ≤ Ψ(Cx)).

Example 2.20. Let Φ(x) =

{
x2 if 0 ≤ x < 1,

x3 if x ≥ 1.

We note that Φ is an N−function and LΦ(0,∞) 6= Lp(0,∞) for any p ≥ 1. However, LΦ(0, 1) =
L3(0, 1). Its conjugate function is given by

Ψ(x) =

{
x2

4 if 0 ≤ x < 1,
2

3
√

3
x3/2 + 1

4 −
2

3
√

3
if x ≥ 1.
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8 Dodds, P.G., Sukochev, F., & Schlüchtermann, G. (2001). Weak compactness criteria in symmetric
spaces of measurable operators. Math.Proc.Camb.Phil.Soc, 131, 363–384.
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1Математика және математикалық модельдеу институты, Алматы, Қазақстан;
2Әл-Фараби атындағы Қазақ ұлттық университетi, Алматы, Қазақстан

Орлич кеңiстiктерiндегi әлсiз жинақы жиындардың мысалдары

Мақалада Орлич кеңiстiктерiндегi салыстырмалы әлсiз жинақы жиындардың кейбiр мысалдары кел-
тiрiлген. Сондай-ақ осы мысалдардан туындайтын кейбiр нәтижелер көрсетiлген. Атап айтқанда,
кейбiр Орлич функциясының екiншiсiне қарағанда жылдамырақ өсетiнiн қамтамасыз ететiн крите-
рийлер берiлген (Т. Андо мағынасында). Сонымен қатар, егер LΦ Орлич кеңiстiгiнiң K шектелген
iшкi жиыны модуляр Φ-мен шектелмеген болса, онда K жиынының Φ-ға ұшiн қарағанда жылдам
өсетiн кез келген Ψ модуляры шекелмеген күйiнде қалуы мүмкiн екенi анықталған.

Кiлт сөздер: түйiндес (толықтырғыш) функциялар, салыстырмалы әлсiз жинақылық, Орлич кеңiстiк-
терi, N−функциялар.
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Примеры слабо компактных множеств в пространствах Орлича

В статье мы приводим ряд примеров относительно слабо компактных множеств в пространствах
Орлича. Кроме того, получены некоторые результаты, вытекающие из этих примеров. В частности,
получен критерий, который гарантирует, что одна функция Орлича возрастает быстрее, чем другая
(в смысле Т. Андо). Кроме того, показано, что если ограниченное подмножество K пространства
Орлича LΦ не ограничено модуляром Φ, то множество K может оставаться неограниченным для
любого модуляра Ψ, растущим быстрее, чем Φ.

Ключевые слова: сопряженные (дополнительные) функции, относительная слабая компактность, про-
странства Орлича, N -функции.
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An analogue of the Lyapunov inequality for an ordinary
second-order differential equation with

a fractional derivative and a variable coefficient

This paper studies an ordinary second-order differential equation with a fractional differentiation operator
in the sense of Riemann-Liouville with a variable coefficient. We use the Green’s function’s method to find
a representation of the solution of the Dirichlet problem for the equation under consideration when the
solvability condition is satisfied. Green’s function to the problem is constructed in terms of the fundamental
solution of the equation under study and its properties are proved. The necessary integral condition for the
existence of a nontrivial solution to the homogeneous Dirichlet problem, called an analogue of the Lyapunov
inequality, is found.

Keywords: fractional Riemann–Liouville integral, fractional Riemann–Liouville derivative, Gerasimov–Caputo
fractional derivative, Dirichlet problem, Green’s function, analogue of Lyapunov inequality.

Introduction

In the interval 0 < x < l, consider the equation

Lu ≡ u′′(x) + q(x)Dα
0xu(x) = f(x), 0 < α < 1, (1)

where

Dα
0xu(x) =

d

dx

1

Γ(1− α)

x∫
0

u(t)dt

(x− t)α

is the operator of fractional (in the sense of Riemann-Liouville) differentiation of order α [1], Γ(z) is
the Euler gamma function, q(x) and f(x) are given functions, u(x) is the desired function.

In [2] (see Theorem 3), the unconditional and unambiguous solvability of the Dirichlet problem
u(0) = 0, u(l) = 0 for the equation (1) is proved for q(x) ≤ 0. Also in [2], for q(x) = λ, where
λ = const, the question of the spectrum of the homogeneous Dirichlet problem for the homogeneous
equation (1) is investigated, in particular, it is shown that the numbers λ ≤ 0 cannot be eigenvalues of
the operator L, and the number λ > 0 is an eigenvalue of the operator L if and only if E2−α,2(−λ) = 0,
where

Eρ,µ(z) =

∞∑
k=0

zk

Γ(ρk + µ)

– Mittag-Leffler type function [3; 117].
Lyapunov’s inequality plays an important role in the study of spectral properties of ordinary

differential equations. More detailed information can be found in [4–6]. Here we give the classical
Lyapunov inequality.

∗Corresponding author.
E-mail: beslan_efendiev@mail.ru
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If u(x) is a nontrivial solution to the problem

u′′(x) + q(x)u(x) = 0, u(a) = u(b) = 0,

where q(x) is a real, continuous function, then it holds true the inequality

b∫
a

|q(x)|dx > 4

b− a
. (2)

There are works where various generalizations of the Lyapunov inequality (2) are constructed. For
example, in [7], for an ordinary fractional differential equation containing a composition of fractional
derivatives with different beginnings, the necessary integral condition for the existence of a nontrivial
solution to the homogeneous Dirichlet problem is found, namely: if u(x) is a nontrivial solution to the
problem

Dα
0x∂

α
1xu(x)− q(x)u(x) = 0, u(0) = u(1) = 0,

1

2
< α < 1,

where q(x) is a real continuous function, then the following inequality is true:

1∫
0

|q(x)|dx > (2α− 1)
Γ2(α)

h
, h = sup

0<x<1

[
(1− x)2α−1 − (1− x2α−1)2

]
.

The work [8] shows that for the existence of a nontrivial solution to the homogeneous Dirichlet
problem for an ordinary second-order differential equation with a distributed integration operator

u′′(x) + q(x)

β∫
0

µ(α)D−α0x u(x)dα = 0, u(0) = u(l) = 0,

the condition must be fulfilled

β∫
0

|µ(α)| lαdα

Γ(α+ 1)

l∫
0

|q(x)|dx ≥ 4

l
,

which is an analogue of the Lyapunov inequality.
In this paper, a representation of the solution to the Dirichlet problem for the equation (1), using

the Green function, is found in the case when q(x) ≤ 0, and an analogue of the Lyapunov inequality
is proved.

Problem statement

We call a regular solution a function u(x) that belongs to the class C[0, l] ∩ C2]0, l[ and satisfies
the equation (1) for all x ∈]0, l[.

Problem. Find a regular solution u(x) to the equation (1) in the interval ]0, l[ satisfying the
conditions

u(0) = u0, u(l) = ul, (3)

where u0, ul are the specified constants.
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Supporting statements

Let q(x) be absolutely continuous on the segment [0, l]. Consider two functions defined in the
compact Ω = [0, l]× [0, l]

W (x, t) = x− t−
x∫
t

(x− s)R(s, t)ds, (4)

G(x, t) = H(x− t)W (x, t)− 1

W (l, 0)

[
W (x, 0)W (l, t)

]
. (5)

Here

R(x, t) =

∞∑
n=1

(−1)n+1Kn(x, t), K1(x, t) = ∂αxt[(x− t)q(t)],

Kn+1(x, t) =

x∫
t

Kn(x, s)K1(s, t)dt, n ∈ N, ∂α0xu(x) =
1

Γ(1− α)

x∫
0

u′(t)dt

(x− t)α
, α ∈]0, 1[

– the operator of fractional (in the sense of Gerasimov–Caputo) differentiation of order α, H(x) –
Heaviside function.

Lemma 1. The function W (x, t) with respect to the variable x is the solution of the problem

Wxx(x, t) + q(x)Dα
txW (x, t) = 0, (6)

W (t, t) = 0, Wx(t, t) = 1, ∀t ∈ [0, x], (7)

and according to the variable t is the solution of the problem

Wtt(x, t) + ∂αxt[q(t)W (x, t)] = 0, (8)

W (x, x) = 0, Wt(x, x) = −1, ∀x ∈ [0, l]. (9)

Lemma 1 is proved by directly substituting formula (4) into the equalities (6)–(9).
Definition. The Green function of the Dirichlet problem (3) for equation (1) is called the function

v(x, t), having the following properties:
1. v(x, t) is continuous in Ω.
2. v(x, t) as a function of the variable x is the solution of the problem

vxx(x, t) + q(x)Dα
0xv(x, t) = 0, v(0, t) = 0, v(l, t) = 0, (10)

by the variable t is the solution of the problem

vtt(x, t) + ∂αlt[q(t)v(x, t)] = 0, v(x, 0) = 0, v(x, l) = 0. (11)

3. For t = x, the derivatives vx(x, t) and vt(x, t) have a jump equal to one, that is

vx(x, x+ 0)− vx(x, x− 0) = −1, (12)

vt(x, x+ 0)− vt(x, x− 0) = 1. (13)

Lemma 2. Let the condition W (l, 0) 6= 0 be fulfilled. Then the function G(x, t), defined by formula
(5), is the Green function of the Dirichlet problem (3) for equation (1).

Proof. The continuity of the Green function G(x, t) in the compact Ω follows from the continuity
of the function W (x, t) in this compact Ω.
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The second property is proved by direct substitution of equality (5) in formulas (10), (11) and
taking into account the relations (6) – (9)

Gxx(x, t) + q(x)Dα
0xG(x, t) = H(x− t)

[
Wxx(x, t) + q(x)Dα

txW (x, t)
]
−

−W (l, t)

W (l, 0)

[
Wxx(x, 0) + q(x)Dα

0xW (x, 0)
]

= 0, (14)

Gtt(x, t) + ∂αlt[q(t)G(x, t)] = H(x− t)
[
Wtt(x, t) + ∂αxt[q(t)W (x, t)]

]
+

+
W (x, 0)

W (l, 0)

[
Wtt(l, t) + ∂αlt[q(t)W (l, t)]

]
= 0. (15)

From the representation (5), by virtue of the relations W (0, 0) = 0, W (l, l) = 0, we have the
equality

G(0, t) = 0, G(l, t) = 0, G(x, 0) = 0, G(x, l) = 0. (16)

Differentiating equality (5) by x and by t

Gx(x, t) = H(x− t)Wx(x, t)− 1

W (l, 0)

[
Wx(x, 0)W (l, t)

]
, (17)

Gt(x, t) = H(x− t)Wt(x, t)−
1

W (l, 0)

[
W (x, 0)Wt(l, t)

]
, (18)

and substituting formulas (17), (18) into relations (12), (13), taking into account that W (x) is a
continuous function, H(x) is a function discontinuous at zero, and taking into account the equalities
Wx(x, x) = 1, Wt(x, x) = −1, we get

Gx(x, x+ 0)−Gx(x, x− 0) = lim
ε→−0

H(ε)Wx(x, x)− 1

W (l, 0)

[
Wx(x, 0)W (l, x)

]
−

− lim
ε→+0

H(ε)Wx(x, x) +
1

W (l, 0)

[
Wx(x, 0)W (l, x)

]
= −1, (19)

Gt(x, x+ 0)−Gt(x, x− 0) = lim
ε→−0

H(ε)Wt(x, x)− 1

W (l, 0)

[
W (x, 0)Wt(l, x)

]
−

− lim
ε→+0

H(ε)Wt(x, x) +
1

W (l, 0)

[
W (x, 0)Wt(l, x)

]
= 1, (20)

which proves the validity of formulas (12) and (13). Lemma 2 is proved.
It follows from the relations (17), (18), by virtue of formulas (7) and (9), the equalities

Gx(x, 0) = 0, Gx(x, l) = 0, (21)

Gt(x, 0) = Wt(x, 0)− W (x, 0)Wt(l, 0)

W (l, 0)
, Gt(x, l) =

W (x, 0)

W (l, 0)
. (22)

Presentation of the solution

At this point, we will find a representation of the solution to the problem (1), (3).
Theorem 1. Let q(x) be absolutely continuous on the segment [0, l], and q(x) ≤ 0, f(x) ∈ L[0, l] ∩

C]0, l[. Then if the condition W (l, 0) 6= 0 is satisfied, there is a unique regular solution to the problem
(1), (3). The solution has the form

u(x) = −u0Gt(x, 0) + ulGt(x, l) +

l∫
0

G(x, t)f(t)dt. (23)
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Proof. Let u(x) be a regular solution of the equation (1). Multiply both sides of the equation (1)
by the function G(x, t) after changing the variable x into t, and integrate the resulting equality by t
in the range from 0 to l. Then we have

l∫
0

G(x, t)u′′(t)dt+

l∫
0

G(x, t)q(t)Dα
0tu(t)dt =

l∫
0

G(x, t)f(t)dt. (24)

Integrating in parts the first term of the left side of equality (24), given that the function Gt(x, t)
has a jump, having previously split the integration interval into two intervals from 0 to x and from x
to l, we will have

lim
ε→0

l−ε∫
ε

G(x, t)u′′(t)dt = lim
ε→0

[
u′(l − ε)G(x, l − ε)− u′(ε)G(x, ε)−

x∫
ε

Gt(x, t)u
′(t)dt−

−
l−ε∫
x

Gt(x, t)u
′(t)dt

]
= u′(l)G(x, l)− u′(0)G(x, 0)− u(l)Gt(x, l) + u(0)Gt(x, 0)+

+u(x)
[
Gt(x, x+ 0)−Gt(x, x− 0)

]
+

l∫
0

Gtt(x, t)u(t)dt. (25)

According to the formula of fractional integration by parts and equalities (16), the second term of
the left part of the formula (24) can be rewritten as

l∫
0

G(x, t)q(t)Dα
0tu(t)dt = q(l)G(x, l)Dα−1

0l u(t)− q(0)G(x, 0)Dα−1
00 u(t)−

−
l∫

0

∂

∂t
[q(t)G(x, t)]Dα−1

0t u(t)dt = −
l∫

0

u(t)Dα−1
lt

∂

∂t
[q(t)G(x, t)]dt =

=

l∫
0

u(t)∂αlt[q(t)G(x, t)]dt. (26)

Considering formulas (20), (25), and (26) by equality (24) we obtain

u(x) +

l∫
0

u(t)
[
Gtt(x, t) + ∂αlt[q(t)G(x, t)]

]
dt =

= −u′(l)G(x, l) + u′(0)G(x, 0) + u(l)Gt(x, l)− u(0)Gt(x, 0) +

l∫
0

G(x, t)f(t)dt,

from which, by virtue of the relations (15) and (16), we obtain the formula (23).
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Let us now show that the function u(x), defined by formula (23), is indeed the solution of problem
(1), (3). Differentiating equality (23) twice, taking into account the formula (19), we will have

u′(x) = −u0
[
Gt(x, 0)

]′
+ ul

[
Gt(x, l)

]′
+

l∫
0

Gx(x, t)f(t)dt. (27)

From formula (27) we get

u′′(x) = −u0
[
Gt(x, 0)

]′′
+ ul

[
Gt(x, l)

]′′
+

d

dx

 x∫
0

Gx(x, t)f(t)dt+

l∫
x

Gx(x, t)f(t)dt

 =

= −u0
[
Gt(x, 0)

]′′
+ ul

[
Gt(x, l)

]′′
+

l∫
0

Gxx(x, t)f(t)dt+ f(x). (28)

Further, from formula (23) we have

Dα
0xu(x) = −u0Dα

0xGt(x, 0) + ulD
α
0xGt(x, l) +

l∫
0

f(t)Dα
0xG(x, t)dt. (29)

Substituting formulas (28) and (29) into equation (1), by virtue of equality (14), we obtain that the
function defined by relation (23) is indeed the solution of equation (1). Taking into account formulas
(16), (21), (22), the direct substitution of function (23) into equality (3) gives the correct identities.
Theorem 1 is proved.

An analogue of the Lyapunov inequality

At this point, we reduce the homogeneous problem

u′′(x) + q(x)Dα
0xu(x) = 0, u(0) = 0, u(l) = 0 (30)

to the Fredholm integral equation of the second kind, with the help of which we obtain an analogue of
the Lyapunov inequality.

Since by the condition u(0) = 0, then through the property of the fractional differentiation operator
we have the equality

Dα
0xu(x) = Dα−1

0x u′(x).

Given the last formula, we will act on both parts of the first equality (30) with the operator D−10x .
Then, with respect to the function u′(x), we obtain the loaded integral equation

u′(x) +

x∫
0

q(t)Dα−1
0t u′(t)dt = u′(0). (31)

To determine the unknown constant u′(0) in formula (31), we will act on both parts of equality
(31) with the operator D−1lx . Then we will have

u(l)− u(x) +

l∫
x

t∫
0

q(s)Dα−1
0s u′(s)dsdt = u′(0)(l − x). (32)
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Letting x tend to zero in equation (32) and taking into account the equalities u(0) = 0, u(l) = 0,
we get that

u′(0) =
1

l

l∫
0

t∫
0

q(s)Dα−1
0s u′(s)dsdt. (33)

Substituting now formula (33) into equality (31), after simple transformations, we obtain the
Fredholm integral equation of the second kind with respect to the function u′(x)

u′(x) =

l∫
0

q(t)

[
l − t
l
−H(x− t)

]
Dα−1

0t u′(t)dt. (34)

Theorem 2. Let q(x) be continuous on the segment [0, l], the homogeneous problem (30) has a
nontrivial solution u(x). Then there is an inequality

l∫
0

|q(x)|dx > Γ(2− α)

l1−α
. (35)

Proof. First, we note that if u(x) is a nontrivial solution of equation (30) satisfying the conditions
u(0) = 0, u(l) = 0, then and the function u′(x) 6= 0. It is valid if u′(x) = 0, then u(x) = const, and by
the condition u(0) = 0, therefore, in this case, we have u(x) = 0, which contradicts the condition of
Theorem 2.

Suppose that
u = max

x∈[0,l]
|u′(x)|.

Then from equation (34) we have the inequality

u ≤ u · max
x∈[0,l]

l∫
0

|q(t)|
∣∣∣∣ l − tl −H(x− t)

∣∣∣∣ t1−α

Γ(2− α)
dt. (36)

The function

F (x, t) =

∣∣∣∣ l − tl −H(x− t)
∣∣∣∣ t1−α

Γ(2− α)

takes the largest value at x = t = l, therefore, given the equality

Fmax = F (l, l) =
l1−α

Γ(2− α)

from the relation (36) we have the inequality

l1−α

Γ(2− α)

l∫
0

|q(t)|dt ≥ 1,

that is equivalent to (35). Let us call inequality (35) an analogue of Lyapunov’s inequality.
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Б.И. Эфендиев

РҒА КБҒО Қолданбалы математика және автоматтандыру институты, Нальчик, Ресей

Бөлшек туындылы және айнымалы коэффициенттi
екiншi реттi қарапайым дифференциалдық теңдеу

үшiн Ляпунов теңсiздiгiнiң аналогы

Мақалада айнымалы коэффициенттi Риман–Лиувиль мағынасындағы бөлшек дифференциалдау опе-
раторы бар екiншi реттi қарапайым дифференциалдық теңдеу зерттелген. Грин функциясының әдiсi-
мен қарастырылған теңдеудiң шешiмдiлiк шартын орындауда Дирихле есебiнiң шешiмiнiң мәнi табыл-
ған. Зерттелетiн теңдеудiң iргелi шешiмi бойынша Гриннiң тиiстi функциясы құрылды және оның қа-
сиеттерi дәлелдендi. Ляпунов теңсiздiгiнiң аналогы деп аталатын бiртектi Дирихле есебiнiң тривиал
емес шешiмi болуының қажеттi интегралдық шарты табылды.

Кiлт сөздер: Риман–Лиувиль бөлшек интегралы, Риман–Лиувиль бөлшек туындысы, Герасимов–
Капуто бөлшек туындысы, Дирихле есебi, Грин функциясы, Ляпунов теңсiздiгiнiң аналогы.
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Б.И. Эфендиев
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Аналог неравенства Ляпунова для обыкновенного
дифференциального уравнения второго порядка с дробной

производной и с переменным коэффициентом

В статье исследовано обыкновенное дифференциальное уравнение второго порядка с оператором
дробного дифференцирования в смысле Римана–Лиувилля с переменным коэффициентом. Методом
функции Грина найдено представление решения задачи Дирихле для рассматриваемого уравнения
при выполнении условия разрешимости. Построена соответствующая функция Грина в терминах
фундаментального решения исследуемого уравнения и доказаны ее свойства. Найдено необходимое
интегральное условие существования нетривиального решения однородной задачи Дирихле, назван-
ное аналогом неравенства Ляпунова.

Ключевые слова: дробный интеграл Римана–Лиувилля, дробная производная Римана–Лиувилля, дроб-
ная производная Герасимова–Капуто, задача Дирихле, функция Грина, аналог неравенства Ляпуно-
ва.
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Integro-differential equations with bounded operators
in Banach spaces

The paper investigates integro-differential equations in Banach spaces with operators, which are a composi-
tion of convolution and differentiation operators. Depending on the order of action of these two operators, we
talk about integro-differential operators of the Riemann—Liouville type, when the convolution operator acts
first, and integro-differential operators of the Gerasimov type otherwise. Special cases of the operators under
consideration are the fractional derivatives of Riemann—Liouville and Gerasimov, respectively. The classes
of integro-differential operators under study also include those in which the convolution has an integral
kernel without singularities. The conditions of the unique solvability of the Cauchy type problem for a linear
integro-differential equation of the Riemann—Liouville type and the Cauchy problem for a linear integro-
differential equation of the Gerasimov type with a bounded operator at the unknown function are obtained.
These results are used in the study of similar equations with a degenerate operator at an integro-differential
operator under the condition of relative boundedness of the pair of operators from the equation. Abstract
results are applied to the study of initial boundary value problems for partial differential equations with
an integro-differential operator, the convolution in which is given by the Mittag-Leffler function multiplied
by a power function.

Keywords: integro-differential equation, integro-differential operator, convolution, Cauchy problem, Cauchy
type problem, degenerate evolution integro-differential equation, initial boundary value problem.

Introduction

In recent decades, the importance of fractional integro-differential calculus has grown markedly in
solving both theoretical and applied problems in many areas of mathematical modeling: In continuum
mechanics, in mathematical biology, in finance theory, etc. [1–4]. At the same time, over the past few
years, works have appeared containing the construction of new fractional derivatives, which in most
cases are compositions of a convolution operator and the operator of an integer order differentiation,
but unlike classical fractional derivatives, the kernel in the convolution operator has no singularities
[5, 6].

This paper considerers abstract integro-differential operators of the form of composition of a
convolution and an integer order differentiation and equations in Banach spaces with them. Using
the methods of the Laplace transform theory, we investigate the initial problems for such equations are
formulated and the issues of the unique solvability of such problems are investigated. If m− 1 < α ≤
m ∈ N, the kernel in the convolution is a power function sm−α/Γ(α) at the differentiation operator
of the order m, the integro-differential operator is the Riemann—Liouville or Gerasimov fractional
derivative, depending on the order of action of the convolution and the integer order differentiation.
In other cases, we obtain other integro-differential operators of Riemann—Liouville or Gerasimov type.
Note also that the kernel in the convolution is supposed to be operator-valued. This makes it possible
to study some systems of equations within the framework of the studied equations in Banach spaces,
for example, with fractional derivatives of various orders.

∗Corresponding author.
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The first section contains the Cauchy type problem for the linear equation in a Banach space with
an integro-differential operator of Riemann—Liouville type, when the convolution operator acts on the
function first, and with a bounded operator at the unknown function. A unique solvability theorem
was proved for the problem, the solution is presented in the form of a sum of the Dunford–Taylor
integrals. In the second section, the Cauchy problem is studied for the equation with an integro-
differential operator of Gerasimov type, when the convolution operator acts after the differentiation
operator. We show that there exists a unique solution to such problem, and present the solution in the
similar form as in the previous section. In the third and fourth sections, initial problems for analogous
linear equations with a degenerate operator at an integro-differential operator are studied under the
condition of relative boudedness of the pair of operators from the equation. The last section contains an
application of abstract results to initial boundary value problems with an integro-differential operator
of Atangana–Baleanu type [6] with singular kernel (with the Mittag-Leffler function multiplied by
a negative power as the kernel of the convolution) with respect to time and with some differential
operators in spatial variables.

Note that, by similar methods, various fractional differential equations in Banach spaces, including
degenerate ones, were researched in the works [7–10], see the references therein also. In this sense, it is
necessary to mention the monograph by J. Prüss [11] on evolution integral equations in Banach spaces.

1 Integro-differential equation of Riemann—Liouville type

Let X be a Banach space, L(X ) be the Banach space of all linear bounded operators on X ,
A ∈ L(X ), R+ = {a ∈ R : a > 0}, R+ := {0} ∪ R+, K ∈ C(R+;L(X )). Define the convolution

(JKx)(t) :=

∫ t

0
K(t− s)x(s)ds

and integro-differential operator of the Riemann—Liouville type

(Dm,Kx)(t) := Dm(JKx)(t) := Dm

∫ t

0
K(t− s)x(s)ds,

where Dm is a usual derivative of the order m. Consider the Cauchy type problem

(JKx)(k)(0) = xk ∈ X , k = 0, 1, . . . ,m− 1, (1)

for the equation

(Dm,Kx)(t) = Ax(t), t > 0. (2)

A solution of problem (1), (2) is called a function x : R+ → X , such that JKx ∈ Cm−1(R+;X ) ∩
Cm(R+;X ), conditions (1) and equality (2) for t ∈ R+ are satisfied.

For a function h : R+ → X we denote its Laplace transform by ĥ, or L[h], if the expression for h
is too long.

Suppose that K̂ is a single-valued analytic operator-function in the region

ΩR0 := {µ ∈ C : |µ| > R0, | argµ| < π}

for some R0 > 0 and define the operators

Xk(t) =
1

2πi

∫
γ

(λmK̂(λ)−A)−1λm−1−keλtdλ, t > 0, k = 0, 1, . . . ,m− 1,
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where γ := γR ∪ γR,+ ∪ γR,− is a positively oriented contour, γR := {Reiϕ : ϕ ∈ (−π, π)},
γR,+ := {reiπ : r ∈ [R,∞)}, γR,− := {re−iπ : r ∈ [R,∞)}, R > R0.

Theorem 1. Let A ∈ L(X ), K ∈ C(R+;L(X )), there exist K̂, which be single-valued analytic
operator-function in ΩR0 for some R0 > 0, and

∃χ > 0 ∃c > 0 ∀λ ∈ ΩR0 ‖K̂(λ)−1‖−1
L(X ) > c|λ|χ−1. (3)

Suppose that for all λ ∈ ΩR0 there exists K̂(λ)−1 ∈ L(X ). Then for all x0, x1, . . . , xm−1 ∈ X there
exists an unique solution to problem (1), (2). It has the form

x(t) =
m−1∑
k=0

Xk(t)xk.

Proof. Due to condition (3) there exists δ ≥ R0 > 0 such that for all λ ∈ Ωδ ‖λ−mK̂(λ)−1‖L(X ) <

c−1|λ|1−χ−m < (2‖A‖L(X ))
−1. Hence, there exists the inverse operator (λmK̂(λ)−A)−1 and

‖(λmK̂(λ)−A)−1‖L(X ) =
∞∑
n=0

|λ|−m(n+1)‖K̂(λ)−1‖n+1
L(X )‖A‖

n
L(X ) <

<

∞∑
n=0

c−n−1|λ|(1−χ−m)(n+1)‖A‖nL(X ) <
2

c|λ|χ−1+m
.

Here we obtain the inequality ‖(I − λ−mAK̂(λ)−1)−1‖L(X ) < 2 also. Besides,

‖(λmK̂(λ)−A)−1λm−1−k‖L(X ) = ‖(I − λ−mK̂(λ)−1A)−1K̂(λ)−1λ−1−k‖L(X ) < 2c−1|λ|−k−χ

and there exists the Laplace transform X̂k for k = 1, 2, . . . ,m − 1 and for k = 0, if χ > 1. For k = 0,
χ ∈ (0, 1) we have by the definition

‖X0(t)‖ ≤ 2R1−χeRt

c
+

2

πc

∞∫
R

r−χe−rtdr =
2R1−χeRt

c
+

2Γ(1− χ)tχ−1

πc
≤ Ctχ−1eRt;

for k = 0, χ = 1, choosing R > 1, obtain

‖X0(t)‖ ≤ 2eRt

c
+

2

πc

∞∫
R

r−1/2e−rtdr =
2eRt

c
+

2Γ(1/2)t−1/2

πc
≤ Ct−1/2eRt, t > 0.

There exists the Laplace transform X̂0.
Take R > δ in the definition of γ. We have for l ∈ {0, 1, . . . ,m− 1}

ĴKXl(λ) = K̂(λ)X̂l(λ) = K̂(λ)(λmK̂(λ)−A)−1λm−1−l = λ−1−l(I − λ−mAK̂(λ)−1)−1,

consequently,

JKXl(t) =
1

2πi

∫
γ

λ−1−l(I − λ−mAK̂(λ)−1)−1eλtdλ, t > 0,
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(JKXl)
(k)(t) =

1

2πi

∫
γ

λk−1−l(I − λ−mAK̂(λ)−1)−1eλtdλ, t > 0,

for k, l = 0, 1, . . . ,m− 1. For every k = 0, 1, . . . , l − 1

‖λk−1−l(I − λ−mAK̂(λ)−1)−1‖L(Z) <
2

|λ|2
,

hence, (JKXl)
(k)(0) = 0. For k = l

(JKXl)
(l)(t) =

1

2πi

∫
γ

λ−1(I − λ−mAK̂(λ)−1)−1eλtdλ =

=
1

2πi

∫
γ

λ−1
∞∑
n=0

λ−mn(AK̂(λ)−1)neλtdλ = I +
1

2πi

∫
γ

λ−1
∞∑
n=1

λ−mn(AK̂(λ)−1)neλtdλ,

∥∥∥∥∥λ−1
∞∑
n=1

λ−mn(AK̂(λ)−1)n

∥∥∥∥∥
L(X )

≤ |λ|−1
∞∑
n=1

c−n|λ|(1−χ−m)n‖A‖nL(X ) =

=
c−1|λ|1−χ−m‖A‖L(X )

|λ|(1− c−1|λ|1−χ−m‖A‖L(X ))
<

2‖A‖L(X )

c|λ|m+χ
.

Therefore, (JKXl)
(l)(0) = I.

Now let k = l + 1, l + 2, . . . ,m− 1, then

(JKXl)
(k)(t) =

1

2πi

∫
γ

λk−1−l−m(I − λ−mAK̂(λ)−1)−1AK̂(λ)−1eλtdλ, t > 0,

‖λk−1−l−m(I − λ−mAK̂(λ)−1)−1AK̂(λ)−1‖L(X ) ≤
2‖A‖L(X )

c|λ|χ+1

due to (3). Hence, (JKXl)
(k)(0) = 0 and all conditions (1) are satisfied.

We have

Dm(JKXl)(t) =
1

2πi

∫
γ

λm−1−l(I − λ−mAK̂(λ)−1)−1eλtdλ =

=
1

2πi

∫
γ

λ2m−1−lK̂(λ)(λmK̂(λ)−A)−1eλtdλ = AXl(t), t > 0,

hence, equality (2) holds.
If there exist two solutions y1 and y2 to problem (1), (2), then y := y1−y2 is a solution to the same

problem with x0 = x1 = · · · = xm−1 = 0. Define y on (T,+∞) at some T > 0 by zero. Then there
exists ŷ, and due to (1), (2) (λmK̂(λ)−A)ŷ(λ) = 0 for Reλ > 0. Under the conditions of this theorem
ŷ(λ) ≡ 0, therefore, y(t) = 0 for t ∈ (0, T ). Since we can choose an arbitrary T > 0, then y(t) = 0 and
y1(t) = y2(t) for all t > 0.

Consider the inhomogeneous equation

(Dm,Kx)(t) = Ax(t) + f(t), t ∈ (0, T ], (4)

96 Bulletin of the Karaganda University



Integro-differential equations ...

with f : (0, T ]→ X .
Lemma 1. Let A ∈ L(X ), K ∈ C(R+;L(X )), there exist K̂, which be single-valued analytic

operator-function in ΩR0 for some R0 > 0, and condition (3) hold. Suppose that for all λ ∈ ΩR0 there
exists K̂(λ)−1 ∈ L(X ), f ∈ C((0, T ];X )∩L1(0, T ;X ). Then there exists an unique solution to problem
(1), (4) with x0 = x1 = . . . = xm−1 = 0. It has the form

xf (t) =

t∫
0

Xm−1(t− s)f(s)ds.

Proof. We have x̂f (λ) = X̂m−1(λ)f̂(λ) = (λmK̂(λ)−A)−1f̂(λ), therefore,

ĴKxf (λ) = K̂(λ)(λmK̂(λ)−A)−1f̂(λ), JKxf (t) =

t∫
0

X(t− s)f(s)ds,

where

X(t) =
1

2πi

∫
γ

K̂(λ)(λmK̂(λ)−A)−1eλtdλ =
1

2πi

∫
γ

λ−m(I − λ−mAK̂(λ)−1)−1eλtdλ.

Hence, ‖X(k)(t)‖L(X ) ≤ Ctm−k−1 for all t ∈ (0, T ], k = 0, 1, . . . ,m−1; X(k)(0) = 0, k = 0, 1, . . . ,m−2,
and

(JKxf )(k)(t) =

t∫
0

X(k)(t− s)f(s)ds, k = 0, 1, . . . ,m− 1,

‖(JKxf )(k)(t)‖L(X ) ≤ C1

t∫
0

‖f(s)‖L(X )ds, (JKxf )(k)(0) = 0, k = 0, 1, . . . ,m− 1.

Finally,

L[(JKxf )(m)] = λmK̂(λ)(λmK̂(λ)−A)−1f̂(λ) = A(λmK̂(λ)−A)−1f̂(λ) + f̂(λ),

therefore, equality (4) is fulfilled. Hence, xf is a solution to problem (1), (4). The uniqueness of a
solution can be proved in the same way, as for the homogeneous equation.

The assertions follow immediately from Theorem 1 and Lemma 1 due to the linearity of equation (4).
Theorem 2. Let A ∈ L(X ), K ∈ C(R+;L(X )), there exist K̂, which be single-valued analytic

operator-function in ΩR0 for some R0 > 0, and condition (3) hold. Suppose that for all λ ∈ ΩR0 there
exists K̂(λ)−1 ∈ L(X ), f ∈ C((0, T ];X ) ∩ L1(0, T ;X ). Then for all x0, x1, . . . , xm−1 ∈ X there exists
an unique solution of problem (1), (4). It has the form

x(t) =
m−1∑
k=0

Xk(t)xk +

t∫
0

Xm−1(t− s)f(s)ds.

2 Integro-differential equation of Gerasimov type

Consider the integro-differential operator of Gerasimov type

(DK,mx)(t) := JK(Dmx)(t) :=

∫ t

0
K(t− s)x(m)(s)ds.
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Consider the Cauchy problem

x(k)(0) = xk ∈ X , k = 0, 1, . . . ,m− 1, (5)

for the equation
(DK,mx)(t) = Ax(t), t ≥ 0. (6)

A solution to problem (5), (6) is called a function x ∈ Cm−1(R+;X ) ∩ Cm(R+;X ), such that
JKx(m) ∈ C(R+;X ), conditions (5) and equality (6) for t ∈ R+ are satisfied.

Theorem 3. Let A ∈ L(X ), K ∈ C(R+;L(X )), there exist K̂, which be single-valued analytic
operator-function in ΩR0 for some R0 > 0, and condition (3) hold. Suppose that for all λ ∈ ΩR0 there
exists K̂(λ)−1 ∈ L(X ). Then for all x0, x1, . . . , xm−1 ∈ X there exists an unique solution to problem
(5), (6). It has the form

x(t) =
m−1∑
k=0

Yk(t)xk,

where
Yk(t) =

1

2πi

∫
γ

(λmK̂(λ)−A)−1K̂(λ)λm−1−keλtdλ, k = 0, 1, . . . ,m− 1.

The contour γ is defined as in the previous section.
Proof. We have

‖(λmK̂(λ)−A)−1K̂(λ)λm−1−k‖L(X ) = ‖(I − λ−mK̂(λ)−1A)−1λ−1−k‖L(X ) < 2|λ|−k−1.

So, there exists the Laplace transform Ŷk for k = 1, 2, . . . ,m− 1. For k = 0

Y0(t) = I +
1

2πi

∫
γ

λ−1
∞∑
n=1

λ−mn(K̂(λ)−1A)neλtdλ,

∥∥∥∥∥λ−1
∞∑
n=1

λ−m(K̂(λ)−1A)n

∥∥∥∥∥
L(X )

≤ |λ|−1
∞∑
n=1

c−n|λ|(1−χ−m)n‖A‖nL(X ) =

=
c−1|λ|1−χ−m‖A‖L(X )

|λ|(1− c−1|λ|1−χ−m‖A‖L(X ))
<

2‖A‖L(X )

c|λ|χ+m
.

Thus, there exists the Laplace transform X̂0.
For large enough R > 0 in the definition of γ, k, l ∈ {0, 1, . . . ,m− 1}

Y
(k)
l (t) =

1

2πi

∫
γ

λk−1−l(I − λ−mK̂(λ)−1A)−1eλtdλ, t > 0.

By repeating the reasoning from Theorem 1, we get the fulfillment of conditions (5) with arbitrary
xl ∈ X , xk = 0 for every k ∈ {0, 1, . . . ,m− 1} \ {l}.

Further, we have

̂
JKY

(m)
l (λ) = K̂(λ)Ŷ

(m)
l (λ) = K̂(λ)(λmŶl(λ)− λm−l−1I),

JKY
(m)
l (t) =

1

2πi

∫
γ

λm−1−lK̂(λ)[(I − λ−mK̂(λ)−1A)−1 − I]eλtdλ =
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= A
1

2πi

∫
γ

λ−1−l(I − λ−mK̂(λ)−1A)−1eλtdλ = AYl(t), t > 0.

The uniqueness of a solution can be proved in the same way as in Theorem 1.
Consider the inhomogeneous equation with f : [0, T ]→ X

(DK,mx)(t) = Ax(t) + f(t), t ∈ [0, T ]. (7)

Lemma 2. Let A ∈ L(X ), K ∈ C(R+;L(X )), there exist K̂, which be single-valued analytic
operator-function in ΩR0 for some R0 > 0, and condition (3) hold. Suppose that for all λ ∈ ΩR0 there
exists K̂(λ)−1 ∈ L(X ), f ∈ C([0, T ];X ). Then there exists an unique solution to problem (5), (7) with
x0 = x1 = . . . = xm−1 = 0. It has the form

xf (t) =

t∫
0

Xm−1(t− s)f(s)ds.

Proof. For k = 0, 1, . . . ,m− 2 we have X(k)
m−1(0) = 0, hence,

x
(k)
f (t) =

t∫
0

X
(k)
m−1(t− s)f(s)ds, k = 0, 1, . . . ,m− 1.

Since

‖λk(λmK̂(λ)−A)−1‖L(X ) = ‖λk−mK̂(λ)−1(I − λ−mAK̂(λ)−1)−1‖L(X ) <
2

c|λ|m−k−1+χ
,

we have ‖X(k)
m−1(t)‖L(X ) ≤ Ctm−k−2+χ, consequently,

‖x(k)
f (t)‖L(X ) ≤ C1‖f‖C([0,T ];X )t

m−k−1+χ, x
(k)
f (0) = 0, k = 0, 1, . . . ,m− 1.

Further,

L[JKx
(m)
f ] = λmK̂(λ)(λmK̂(λ)−A)−1f̂(λ) = A(λmK̂(λ)−A)−1f̂(λ) + f̂(λ),

hence, xf is a solution to problem (5), (7). The proof of the uniqueness of a solution is the same as in
Theorem 1.

Theorem 4. Let A ∈ L(X ), K ∈ C(R+;L(X )), there exist K̂, which be single-valued analytic
operator-function in ΩR0 for some R0 > 0, and condition (3) hold. Suppose that for all λ ∈ ΩR0 there
exists K̂(λ)−1 ∈ L(X ), f ∈ C([0, T ];X ). Then for all x0, x1, . . . , xm−1 ∈ X there exists an unique
solution to problem (5), (7). It has the form

x(t) =
m−1∑
k=0

Yk(t)xk +

t∫
0

Xm−1(t− s)f(s)ds.

Example 1. Take m − 1 < α ≤ m ∈ N, Kα(s) := sα−1

Γ(α) I, then JKα := Jα is the operator of the
fractional Riemann—Liouville integration of the order α, Dm,Km−α := RLDα is the operator of the
fractional Riemann—Liouville differentiation of the order α, DKm−α,m := GCDα is the operator of the
fractional Gerasimov—Caputo differentiation of the order α.
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Example 2. Take X = R2, aij , bij ∈ R, mij − 1 < αij < mij ∈ N, i, j = 1, 2, m := max
i,j=1,2

mij ,

A :=

(
a11 a12

a21 a22

)
, K(s) :=

(
b11

sm−α11−1

Γ(m−α11) b12
sm−α12−1

Γ(m−α12)

b21
sm−α21−1

Γ(m−α21) b22
sm−α22−1

Γ(m−α22)

)

then

Dm,K =

(
b11

RLDα11 b12
RLDα12

b21
RLDα21 b22

RLDα22

)
,

for Gerasimov—Caputo derivatives similar construction case is possible in the general, if m11 = m12 =
m21 = m22. So, equation (2) has the form of the system of equations

b11
RLDα11x1(t) + b12

RLDα12x2(t) = a11x1(t) + a12x2(t),
b21

RLDα21x1(t) + b22
RLDα22x2(t) = a21x1(t) + a22x2(t).

Note that

K̂(λ) :=

(
b11λ

α11−m b12λ
α12−m

b21λ
α21−m b22λ

α22−m

)
,

therefore, condition (3) is fulfilled with some χ ∈ (0, α + 1 −m), and the condition of reversibility of
K̂(λ) for large enough |λ| is not too restrictive. Indeed, K̂(λ) is invertible, only if the matrix, consisting
of bij , does not contain zero rows and zero columns, and α11α22 6= α12α21, or b11b22 6= b12b21 in the
case α11α22 = α12α21.

3 Degenerate equation of Riemann—Liouville type

Assume that X and Y are Banach spaces, L ∈ L(X ;Y), i.e., it is a linear bounded operator from
X to Y, M ∈ Cl(X ;Y), i.e., it is a linear closed operator with a dense domain DM in X , acting to
Y. Introduce the denotations ρL(M) := {µ ∈ C : (µL−M)−1 ∈ L(Y;X )}, RLµ(M) := (µL−M)−1L,
LLµ := L(µL−M)−1. We will suppose that kerL 6= {0}, in other words, the operator L is degenerate.

An operator M is called (L, σ)-bounded, if

∃a > 0 ∀µ ∈ C (|µ| > a)⇒ (µ ∈ ρL(M)) .

In [12; 89, 90], it was shown that if an operator M is (L, σ)-bounded, γr := {µ ∈ C : |µ| = r > a},
then the operators

P =
1

2πi

∫
γr

RLµ(M) dµ ∈ L(X ), Q =
1

2πi

∫
γr

LLµ(M) dµ ∈ L(Y)

are projections. Put X 0 := kerP , X 1 := imP , Y0 := kerQ, Y1 := imQ. Denote by Lk (Mk) the
restriction of the operator L (M) on X k (DMk

= DM ∩ X k), k = 0, 1.
Theorem 5 [12; 91]. Let an operator M be (L, σ)-bounded. Then
(i) M1 ∈ L

(
X 1;Y1

)
, M0 ∈ Cl

(
X 0;Y0

)
, Lk ∈ L

(
X k;Yk

)
, k = 0, 1;

(ii) there exist operators M−1
0 ∈ L

(
Y0;X 0

)
, L−1

1 ∈ L
(
Y1;X 1

)
.

Denote G := M−1
0 L0. For p ∈ N0 := N ∪ {0} operator M is called (L, p)-bounded, if it is (L, σ)-

bounded, Gp 6= 0, Gp+1 = 0.
Consider the initial problem

Dk,K(Px)(0) = xk, k = 0, 1, . . . ,m− 1, (8)
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for a linear inhomogeneous integro-differential equation of Riemann—Liouville type

LDm,Kx(t) = Mx(t) + g(t), t ∈ (0, T ], (9)

in which g ∈ C((0, T ];Y). This equation is called degenerate, since it contains degenerate operator L
at the integro-differential operator.

A solution to problem (8), (9) is called a function x : (0, T ] → DM , for which Mx ∈ C((0, T ];Y),
JKPx ∈ Cm−1([0, T ];Y), JKx ∈ Cm((0, T ];Y), equality (9) is valid for all t ∈ (0, T ] and conditions
(8) are true.

Lemma 3. Let K ∈ C(R+;L(X )), H ∈ L(X ) be a nilpotent operator with a power p ∈ N0, a
function h : (0, T ]→ X be such that for l = 0, 1, . . . , p (Dm,KH)lh ∈ C((0, T ];X ), Dm,K(Dm,KH)lh ∈
C((0, T ];X ). Then there exists a unique solution to the equation

Dm,KHx(t) = x(t) + h(t). (10)

It has the form

x(t) = −
p∑
l=0

(Dm,KH)lh(t). (11)

Proof. Let z = z(t) be a solution of (10). Act by the operator H on the both parts of (10) and obtain
the equality HDm,KHz(t) = Hz(t) + Hh(t). Under the theorem conditions there exists a continuous
derivative Dm,K for the the right-hand side of this equality. Acting by Dm,K on the both parts of this
equality, we will get

(Dm,KH)2z = Dm,KHz +Dm,K
t Hh = z + h+Dm,KHh.

Continuing such arguing, we obtain that

z +

p∑
l=0

(Dm,KH)lh = (Dm,KH)p+1z = (Dm,K)p+1Hp+1z ≡ 0

due to the continuity and nilpotency of the operator H. The existence of a solution can be checked by
the substitution of (11) into (10).

The difference of two solutions is a solution of equation (10) with h ≡ 0, then (11) implies that the
difference is identically equal to zero.

Define

Uk(t) =
1

2πi

∫
γ

(λmK̂(λ)− L−1
1 M1)−1λm−1−keλtdλ, t > 0, k = 0, 1, . . . ,m− 1.

Theorem 6. Let an operator M be (L, p)-bounded, K ∈ C(R+;L(X )), there exist K̂, which be
single-valued analytic operator-function in ΩR0 for some R0 > 0, and condition (3) hold. Suppose that
for all λ ∈ ΩR0 there exists K̂(λ)−1 ∈ L(X ), g ∈ C((0, T ];Y) ∩ L1(0, T ;Y), (Dm,KG)lM−1

0 (I − Q)g,
Dm,K(Dm,KG)lM−1

0 (I − Q)g ∈ C((0, T ];X ) for l = 0, 1, . . . , p, xk ∈ X 1, k = 0, 1, . . . ,m − 1. Then
there exists a unique solution to problem (8), (9), it has the form

x(t) =

m−1∑
k=0

Uk(t)xk +

t∫
0

Um−1(t− s)L−1
1 Qg(s)ds−

p∑
l=0

(Dm,KG)lM−1
0 (I −Q)g(t).

Proof. Acting on the both sides of (9) by L−1
1 Q ∈ L(Y1;X 1), obtain

Dm,Kv(t) = L−1
1 M1v(t) + L−1

1 Qg(t), (12)

Mathematics series. № 2(106)/2022 101



V.E. Fedorov, A.D. Godova, B.T. Kien

where v(t) = Px(t). Act by the operator M−1
0 (I −Q) ∈ L(Y0;X 0) on (9) and get

Dm,KGw(t) = w(t) +M−1
0 (I −Q)g(t), (13)

w(t) = (I − P )x(t). Here we use the evident equalities LP = QL, MP = QM and Theorem 5.
Conditions (8) can be rewritten in the form

Dk,Kv(0) = xk, k = 0, 1, . . . ,m− 1. (14)

By Theorem 2, problem (12), (14) has an unique solution, and it has the form

v(t) =
m−1∑
k=0

Uk(t)xk +

t∫
0

Um−1(t− s)L−1
1 Qg(s)ds.

Due to Lemma 3, equation (13) has an unique solution

w(t) = −
p∑
l=0

(Dm,KG)lM−1
0 (I −Q)g(t).

Remark 1. It is not difficult to make sure that for p = 0 we have L0 = 0, hence, initial conditions
(8) are equivalent to the conditions

Dm,KLx(0) = yk, k = 0, 1, . . . ,m− 1, (15)

where yk = Lxk, or xk = L−1
1 yk, k = 0, 1, . . . ,m− 1.

Remark 2. It follows from the proof of Theorem 6 that if we consider the Cauchy type problem

Dm,Kx(0) = xk, k = 0, 1, . . . ,m− 1,

for equation (9), we obtain the necessity of conditions

(I − P )xk = −
p∑
l=0

(Dm,KG)lM−1
0 (I −Q)g(0), k = 0, 1, . . . ,m− 1,

for the problem solvability.

4 Degenerate equation of Gerasimov type

Now consider the initial problem

(Px)(k)(0) = xk, k = 0, 1, . . . ,m− 1, (16)

for a degenerate linear inhomogeneous integro-differential equation of Gerasimov type

LDK,mx(t) = Mx(t) + g(t), t ∈ [0, T ], (17)

in which g ∈ C([0, T ];Y).
A solution to problem (16), (17) is called a function x : [0, T ]→ DM , for which Mx ∈ C([0, T ];Y),

Px ∈ Cm−1([0, T ];Y), LJKx(m) ∈ C([0, T ];Y), equality (17) is valid for all t ∈ [0, T ] and conditions
(16) are fulfilled.

Analogously to Lemma 3 the next assertion can be proved.
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Lemma 4. Let K ∈ C(R+;L(X )), H ∈ L(X ) be a nilpotent operator with a power p ∈ N0, a
function h : [0, T ]→ X be such that for l = 0, 1, . . . , p (DK,mH)lh ∈ C([0, T ];X ), DK,m(DK,mH)lh ∈
C([0, T ];X ). Then there exists an unique solution to the equation

DK,mHx(t) = x(t) + h(t).

And it has the form

x(t) = −
p∑
l=0

(DK,mH)lh(t).

Define

Vk(t) =
1

2πi

∫
γ

(λmK̂(λ)− L−1
1 M1)−1K̂(λ)λm−1−keλtdλ, t > 0, k = 0, 1, . . . ,m− 1,

Theorem 7. Let an operator M be (L, p)-bounded, K ∈ C(R+;L(X )), there exist K̂, which be
single-valued analytic operator-function in ΩR0 for some R0 > 0, and condition (3) hold. Suppose that
for all λ ∈ ΩR0 there exists K̂(λ)−1 ∈ L(X ), g ∈ C([0, T ];Y), (DK,mG)lM−1

0 (I −Q)g ∈ C([0, T ];X ),
DK,m(DK,mG)lM−1

0 (I − Q)g ∈ C([0, T ];X ) for l = 0, 1, . . . , p, xk ∈ X 1, k = 0, 1, . . . ,m − 1. Then
there exists an unique solution to problem (16), (17), it has the form

x(t) =

m−1∑
k=0

Vk(t)xk +

t∫
0

Um−1(t− s)L−1
1 Qg(s)ds−

p∑
l=0

(DK,mG)lM−1
0 (I −Q)g(t).

Proof. As in the proof of Theorem 6, reduce the problem to the system

DK,mv(t) = L−1
1 Mv(t) + L−1

1 Qg(t), DK,mGw(t) = w(t) +M−1
0 (I −Q)g(t),

where v(t) = Px(t), w(t) = (I − P )x(t), endowed by the initial conditions

v(k)(0) = xk, k = 0, 1, . . . ,m− 1.

By Theorem 4 and Lemma 4 we get the required.
Remark 3. For p = 0 initial conditions (16) are equivalent to the conditions

Dm,KLx(0) = yk, k = 0, 1, . . . ,m− 1,

where yk = Lxk, k = 0, 1, . . . ,m− 1.
Remark 4. For the Cauchy problem

x(k)(0) = xk, k = 0, 1, . . . ,m− 1,

to equation (17) the conditions

(I − P )xk = −
p∑
l=0

(DK,mG)lM−1
0 (I −Q)g(0), k = 0, 1, . . . ,m− 1,

are necessary for the problem solvability.
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5 Application to initial boundary value problems

Take a ∈ R, α > 0, β ∈ (0, 1), K(s) = s−βEα,1−β(asα)I, then

K̂(λ) =
λα+β−1

λα − a
I

satisfies condition (3) with χ ∈ (0, β), and it is invertible for all |λ| > a1/α. Here Eα,δ is the Mittag-
Leffler function. Note that the kernel K(s) is singular at zero.

Let P%(λ) =
%∑
j=0

cjλ
j , Q%(λ) =

%∑
j=0

djλ
j , cj , dj ∈ C, j = 0, 1, . . . , % ∈ N, c% 6= 0. Suppose that

Ω ⊂ Rd is a bounded region with a smooth boundary ∂Ω,

(Λu)(s) :=
∑
|q|≤2r

aq(s)
∂|q|u(s)

∂sq11 ∂s
q2
2 . . . ∂sqdd

, aq ∈ C∞(Ω),

(Blu)(s) :=
∑
|q|≤rl

blq(s)
∂|q|u(s)

∂sq11 ∂s
q2
2 . . . ∂sqdd

, blq ∈ C∞(∂Ω), l = 1, 2, . . . , r,

q = (q1, q2, . . . , qd) ∈ Nd0, |q| = q1 + · · ·+ qd, the operator pencil Λ, B1, B2, . . . , Br is regularly elliptical
[13]. Define an operator Λ1 ∈ Cl(L2(Ω)), acting on the domain

DΛ1 = H2r
{Bl}(Ω) := {v ∈ H2r(Ω) : Blv(s) = 0, l = 1, 2, . . . , r, s ∈ ∂Ω}

by the rule Λ1u := Λu. Let Λ1 be a self-adjoint operator, then the spectrum σ(Λ1) of the operator Λ1

is real, discrete, with finite multiplicity [13]. Suppose, in addition, that the spectrum σ(Λ1) is bounded
from the right and does not contain zero, denote by {ϕk : k ∈ N} an orthonormal in L2(Ω) system
of eigenfunctions of the operator Λ1, numbered in the order of non-increasing of the corresponding
eigenvalues {λk : k ∈ N}, taking into account their multiplicity.

Consider the initial boundary value problem

∂k

∂tk

t∫
0

(t− s)−βEα,1−β(a(t− s)α)u(ξ, s)ds|t=0 = uk(ξ), k = 0, 1, . . . ,m− 1, ξ ∈ Ω, (18)

BlΛ
ku(ξ, t) = 0, k = 0, 1, . . . , %− 1, l = 1, 2, . . . , r, (ξ, t) ∈ ∂Ω× (0, T ], (19)

P%(Λ)
∂m

∂tm

t∫
0

(t− s)−βEα,1−β(a(t− s)α)u(ξ, s)ds = Q%(Λ)u(ξ, t) + h(ξ, t) (20)

in Ω× (0, T ]. Here

JKu(ξ, t) =

t∫
0

(t− s)−βEα,1−β(a(t− s)α)u(ξ, s)ds

is the Atangana—Baleanu type integral [6], but with a singular kernel, h : Ω × [0, T ] → R. Take
X = {v ∈ H2r%(Ω) : BlΛ

kv(s) = 0, k = 0, 1, . . . , %− 1, l = 1, 2, . . . , r, s ∈ ∂Ω}, Y = L2(Ω), L = P%(Λ),
M = Q%(Λ) ∈ L(X ;Y).

Let P%(λk) 6= 0 for all k ∈ N, then there exists an inverse operator L−1 ∈ L(Y;X ) and problem (18)–
(20) is representable as problem (1), (4), where A = L−1M ∈ L(Z), xk = uk(·), k = 0, 1, . . . ,m − 1,
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f(t) = L−1h(·, t). By Theorem 2 there exists a unique solution to problem (18)–(20) for any uk ∈ X ,
k = 0, 1, . . . ,m− 1, if h ∈ C((0, T ];L2(Ω)) ∩ L1(0, T ;X ).

Now assume that P%(λk) = 0 for some k ∈ N. If the polynomials P% and Q% have no common roots
on the set {λk}, the operator M is (L, 0)-bounded (see [14]), the projectors have the form

P =
∑

P%(λk) 6=0

〈·, ϕk〉ϕk, Q =
∑

P%(λk) 6=0

〈·, ϕk〉ϕk,

where 〈·, ϕk〉 is the inner product in L2(Ω). The initial conditions, taking into account Remark 1, can
be given in the form

P%(Λ)
∂k

∂tk

t∫
0

(t− s)−βEα,1−β(a(t− s)α)u(ξ, s)ds|t=0 = yk(s), k = 0, 1, . . . ,m− 1, s ∈ Ω. (21)

Then problem (19)–(21) is represented as (9), (15) with the spaces X , Y and the operators L, M
selected above. Theorem 6 implies the unique solvability of problem (19)–(21), if h ∈ C([0, T ];L2(Ω))
and yk ∈ L2(Ω), k = 0, 1, . . . ,m− 1, such that 〈yk, ϕl〉 = 0 for all l ∈ N, for which P%(λl) = 0.
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Банах кеңiстiктерiндегi шектелген операторлары бар
интегро-дифференциалдық теңдеулер

Мақалада және дифференциалдау және үйiрткi операторларының құрамдары болып табылатын опе-
раторлармен Банах кеңiстiгiндегi интегралдық-дифференциалдық теңдеулер зерттелген. Осы екi опе-
ратордың әрекет ету ретiне байланысты үйiрткi операторы бiрiншi әрекет еткенде Риман-Лиувиль ти-
пiндегi интегро-дифференциалдық операторлар, ал басқаша Герасимов типтi интегро-дифференциалдық
операторлар туралы айтылады. Қарастырылып отырған операторлардың дербес жағдайлары сәй-
кесiнше Риман-Лиувиль және Герасимов бөлшек туындылары болып табылады. Зерттелетiн интегро-
дифференциалдық операторлардың кластарына үйiрткiсi сингулярлықсыз интегралдық ядросы бар-
лар да кiредi. Риман-Лиувилль типтi сызықтық интегро-дифференциалдық теңдеу үшiн Коши типтес
есептiң және iзделiндi функция үшiн шектелген операторы бар Герасимов типтi сызықтық интегро-
дифференциалдық теңдеу үшiн Коши есебiнiң бiрегей шешiмiн табу шарттары алынды. Бұл нәтиже-
лер теңдеуден операторлар жұбының салыстырмалы шектелуi шартында интегро-дифференциалдық
оператор үшiн өзгеше операторы бар ұқсас теңдеулердi зерттеуде қолданылды. Абстрактiлi нәтиже-
лер Миттаг-Леффлер функциясымен берiлген, яғни ерекшелiктерi жоқ, интегро-дифференциалдық
үйiрткi операторы бар дербес туындылы теңдеулер үшiн бастапқы-шектiк есептердi зерттеуде пайда-
ланылды.

Кiлт сөздер: интегро-дифференциалдық теңдеу, интегро-дифференциалдық оператор, үйiрткi, Коши
есебi, Коши типтес есеп, өзгеше интегро-дифференциалдық теңдеу, бастапқы-шекаралық есеп.
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Интегро-дифференциальные уравнения
с ограниченными операторами в банаховых пространствах

В статье исследованы интегрально-дифференциальные уравнения в банаховых пространствах с опе-
раторами, представляющими собой композицию операторов свертки и дифференцирования. В зави-
симости от порядка действия этих двух операторов говорится об интегро-дифференциальных опе-
раторах типа Римана-Лиувилля, когда первым действует оператор свертки, и интегро-дифферен-
циальных операторах типа Герасимова в противном случае. Частными случаями рассматриваемых
операторов являются дробные производные Римана—Лиувилля и Герасимова соответственно. В ис-
следуемые классы интегро-дифференциальных операторов входят и такие, в которых свертка имеет
интегральное ядро без сингулярностей. Получены условия однозначной разрешимости задачи типа
Коши для линейного интегро-дифференциального уравнения типа Римана-Лиувилля и задачи Коши

106 Bulletin of the Karaganda University



Integro-differential equations ...

для линейного интегро-дифференциального уравнения типа Герасимова с ограниченным операто-
ром при искомой функции. Эти результаты использованы при исследовании аналогичных уравнений
с вырожденным оператором при интегро-дифференциальном операторе при условии относительной
ограниченности пары операторов из уравнения. Абстрактные результаты использованы при исследо-
вании начально-краевых задач для уравнений в частных производных с интегро-дифференциальным
оператором, свертка в котором задается функцией Миттаг-Леффлера, то есть не имеет особенностей.

Ключевые слова: интегро-дифференциальное уравнение, интегро-дифференциальный оператор, сверт-
ка, задача Коши, задача типа Коши, вырожденное интегро-дифференциальное уравнение, начально-
краевая задача.
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Generalized boundary value problem for a linear ordinary
differential equation with a discretely distributed fractional

differentiation operator

This paper formulates and solves a generalized boundary value problem for a linear ordinary differential
equation with a discretely distributed fractional differentiation operator. The fractional derivative is unders-
tood as the Gerasimov–Caputo derivative. The boundary conditions are given in the form of linear function-
als, which makes it possible to cover a wide class of linear local and non-local conditions. A representation of
the solution is found in terms of special functions. A necessary and sufficient condition for the solvability of
the problem under study is obtained, as well as conditions under which the solvability condition is certainly
satisfied. The theorem of existence and uniqueness of the solution is proved.

Keywords: fractional differentiation operator, Caputo derivative, boundary value problem, functional, Wright
function.

Introduction and statement of the problem

In the interval 0 < x < 1, let us consider the equation

m∑
j=1

βj∂
αj

0xu(x) + λu(x) = f(x), (1)

where αj ∈ (1, 2), λ, βj ∈ R, β1 > 0, α1 > α2 > ... > αm, ∂
γ
0xu(x) is the Caputo derivative [1; 11]:

∂γsxu(x) = signn(x− s)Dγ−n
sx u(n)(x), n− 1 < γ ≤ n, n ∈ N, (2)

and Dγ
sx is the Riemann–Liouville fractional integro-differentiation operator of order γ with respect to

the variable x [1; 9], which is defined by the formula

Dγ
sxu(x) =

sign(x− s)
Γ(−γ)

x∫
s

u(t)dt

|x− t|γ+1
, γ < 0,

Dγ
sxu(x) = u(x), γ = 0,

Dγ
sxu(x) = signn(x− s) d

n

dxn
Dγ−n
sx u(x), n− 1 < γ ≤ n, n ∈ N.

Operator (2) is also known in the literature as the Gerasimov–Caputo operator [2, 3].
At present, differential equations of fractional order are being extensively studied in connection with

practical applications in various areas of physics and mathematical modeling. The theory of fractional
differential equations has proven itself well in the study of «classical» viscoelastic models. All this is
supported by new applied problems [4–8].

∗Corresponding author.
E-mail: macaneeva@mail.ru
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One of the first works devoted to fractional calculus and its applications is the monograph [9]. The
main theoretical results and solution methods are reflected in the works [7], [6], and [10].

Linear fractional ordinary differential equations were studied by many authors; a detailed biblio-
graphy on this subject can be found in [1, 5, 6, 11]. A significant contribution to the study of fractional
differential equations was made by the authors of [12–15].

Differential equations with discretely distributed differentiation operator

m∑
k=1

λk
∂σk

∂yσk

can be treated as an operator ∫ β

α

(
λ(y, t)

∂t

∂yt

)
dµ(t)

with a measure concentrated on a discrete set [16, 17].
Differential equations with discretely distributed differentiation operators and continuously distri-

buted differentiation operators were studied in [18–20], where equations with discretely distributed
differentiation operators were used to search for approximate solutions of equations with continuously
distributed differentiation operators. We also note the papers [16], [17], [21], [22], where equations with
fractional discretely distributed differentiation operators were studied.

In this paper, we investigate a generalized boundary value problem (in the terminology of
M.A. Naimark) for equation (1) [22; 16]. An explicit representation of the solution of the problem
under study is constructed, a condition for unique solvability is found, and a uniqueness theorem
for the solution is proved. We specified boundary conditions in the form of linear functionals, which
makes it possible to cover a wide class of linear local and nonlocal conditions. Various boundary value
problems for equation (1) were studied in the works [23–25]. Note also that in work [26] a generalized
boundary value problem for an ordinary differential equation of fractional order with general conditions
was investigated.

A regular solution to equation (1) is said to be a function u = u(x) that has an absolutely continuous
first-order derivative on the closed interval [0, 1] and satisfies equation (1) for all x ∈ (0, 1).

Problem. Find a regular solution to equation (1) in the interval (0, 1), which satisfies the conditions

`0[u] = u0, (3)

`1[u] = u1, (4)

where u0, u1 are given real numbers, `0, `1 are linear bounded functionals in C1[0, 1].

Notation and auxiliary statements

We use the following notation (see [27])

Gµm(x) = Gµm(x; ν1, ..., νm; γ1, ..., γm) ≡
∞∫
0

e−tSµm(x; ν1t, ..., νmt; γ1, ..., γm)dt,

ν1 = − λ

β1
, νj = −βj

β1
, γ1 = α1, γj = α1 − αj , (j = 2,m),

Sµm(x; z1, ..., zm; γ1, ..., γm) = (h1 ∗ h2 ∗ ... ∗ hm)(x),
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by

(g ∗ h)(x) =

x∫
0

g(x− t)h(t)dt

we denote the Laplace convolution of the functions g(x) and h(x),

hj = hj(x) ≡ xµj−1φ(γj , µj ; zjx
γj ),

where

φ(ρ, ζ; z) =
∞∑
k=0

zk

k!Γ(ρk + ζ)

is the Wright function (see [28]).
Further, we assume that the parameters Gµm(x) range over

x > 0, zi ∈ R, γj > 0, µj > 0.

We note that the function Gµm(x) is independent of the distribution of the numbers µj > 0, but only

depends on their sum µ =
m∑
j=1

µj .

The following equalities for the function Gµm(x) (see [24]) hold:

Gµm(x) = O(xµ−1) при x→ 0,

Dν
0xG

µ
m(x) = Gµ−νm (x), если µ > ν, (5)

Gµm(x)−
m∑
j=1

νjD
−γj
0x Gµm(x) =

xµ−1

Γ(µ)
, µ > 0. (6)

In particular, from equalities (5) and (6) we obtain the formula (see [25])

m∑
j=1

βjG
µ−γj
m (x) + λGµm(x) =

β1x
µ−α1−1

Γ(µ− α1)
, µ > α1.

We also need the following auxiliary statement proved in (see [26]).
It should be noted that hereinafter the ` functionality is applied to the function depending on x.
Lemma. LetK(x, t) ∈ C([0, 1]×[0, 1]) end ∂

∂xK(x, t) ∈ C([0, 1]×[0, 1]), `− linear bounded functional
in space C1[0, 1]. Then the following relation is true

`

 1∫
0

K(x, t)dt

 =

1∫
0

`[K(x, t)]dt. (7)

Main result

Theorem. Let a function f(x) satisfy the conditions

x1−µf(x) ∈ C[0, 1], f(x) = Dα1−2
0x g(x), g(x) ∈ L[0, 1], µ > 0.

and the inequality
detA = `0[W2(x)]`1[W3(x)]− `0[W3(x)]`1[W2(x)] 6= 0 (8)
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be fulfilled. Then a function u(x) defined by the relation

u(x) =

1∫
0

f(t)T (x, t)dt+W(x)H
(
u0
u1

)
, (9)

T (x, t) =
[
1−W(x)H`

]
W1(x− t), W(x) = (W2(x),W3(x)), ` =

(
`0
`1

)
,

W1(x) =
1

β
Gα1
m (x); W2(x) = x+ ν1G

α1+2
m (x); W3(x) = 1 + ν1G

α1+1
m (x),

A = ` [W(x)] =

(
`0[W2(x)] `0[W3(x)]
`1[W2(x)] `1[W3(x)]

)
, H = A−1 =

1

detA

(
`1[W3(x)] − `0[W3(x)]
−`1[W2(x)] `0[W2(x)]

)
,

is a regular solution to problem (1), (3), (4). The solution to problem (1), (3), (4) is unique if and only
if the condition (8) is satisfied.

Proof. Let u(x) be a regular solution to the problem (1), (3), (4). To find a solution to the problem
(1), (3), (4) we use the solution of the Cauchy problem for the equation (1), which can be represented
as [24, 25]:

u(x) =

1∫
0

f(t)W1(x− t)dt+W(x)

(
C1

C2

)
. (10)

Further, taking into account the introduced notation and equalities (7), we satisfy (10) the boundary
conditions

1∫
0

f(t)`[W1(x− t)]dt+A

(
C1

C2

)
=

(
u0
u1

)
.

From this we find (
C1

C2

)
= H

(
u0
u1

)
−

1∫
0

f(t)H`[W1(x− t)]dt.

After elementary transformations, substituting the found value into (10), we obtain a representation
of the solution to problem (1), (3), (4) in the form (8). This, in particular, implies the uniqueness of
the solution.

Let us now check the fulfillment of the boundary conditions (3), (4).

`

 1∫
0

f(t)T (x, t)dt+W(x)H
(
u0
u1

) = I1 + I2,

where

I1 = `

 1∫
0

f(t)T (x, t)dt

 end I2 = `

[
W(x)H

(
u0
u1

)]
.

Taking into account (7), we have

I1 =

1∫
0

` [T (x, t)] f(t)dt =

1∫
0

(
`[W1(x, t)]− `[W(x)]H`[W1(x, t)]

)
f(t)dt.
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By virtue of the equality `[W(x)] = H−1, we obtain that I1 = 0. Similarly, for I2 we have

I2 = `[W(x)]H
(
u0
u1

)
= H−1H

(
u0
u1

)
=

(
u0
u1

)
.

Let us prove that the function u(x), given by equality (9), is a solution to problem (3), (4) for equation
(1).  m∑

j=1

βj∂
αj

0x + λ

 yi = f(x), i = 1, 3,

y1 =

x∫
0

f(t)W1(x− t)dt, y2 =

x∫
0

f(t)W(x)H`W1(x− t)dt, y3 =W(x)H
(
u0
u1

)
.

Taking into account relations (5) – (8) and since the functions y2 and y3 is a linear combinations of
the functions Wi(x), i = 1, 3 we have m∑

j=1

βj∂
αj

0x + λ

 yi = 0, i = 2, 3.

Considering that (see [25])

m∑
j=1

βj∂
αj

0x

x∫
0

f(t)W1(x− t)dt = − λ

β1

x∫
0

f(t)Gαm(x− t)dt+ f(x),

we get  m∑
j=1

βj∂
αj

0x + λ

 y1 = f(x).

It means that the solution satisfies equation (1).
Let us show that if condition (8) is satisfied, that is,

`0[W2(x)]`1[W3(x)]− `0[W3(x)]`1[W2(x)] = 0, (11)

then the solution to the homogeneous problem is not unique.
Consider the function

ũ(x) = (k1(x), k2(x))

(
C1

C2

)
,

where C1 and C2 are arbitrary constants,

k1(x) =W(x)

(
`0[W2(x)]
−`0[W3(x)]

)
, k2(x) =W(x)

(
−`1[W2(x)]
`1[W3(x)]

)
.

Then it follows from (11) that the function ũ(x) is a solution to a homogeneous problem

m∑
j=1

βj∂
αj

0x ũ(x) + λũ(x) = 0, `0[ũ] = 0, `1[ũ] = 0.
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Л.Х. Гадзова

РҒА КБҒО Қолданбалы математика және автоматтандыру институты, Нальчик, Ресей

Бөлшек дискреттi үлестiрiлген дифференциалдау операторы бар
сызықтық қарапайым дифференциалдық теңдеу үшiн

жалпыланған шеттiк есеп

Мақалада бөлшек дискреттi үлестiрiлген дифференциалдау операторы бар сызықтық қарапайым
дифференциалдық теңдеу үшiн жалпыланған шеттiк есеп құрастырылып және шешiлген. Бөлшек
туынды Герасимов-Капуто туындысы мағынасында түсiнiледi. Шеттiк шарттар сызықтық функци-
оналдар түрiнде берiлген, бұл сызықтық жергiлiктi және жергiлiктi емес жағдайлардың жеткiлiктi
кең класын қамтуға мүмкiндiк бередi. Шешiмнiң мәнi арнайы функциялар арқылы табылды. Зертте-
летiн есептiң шешiлу мүмкiндiгiнiң қажеттi және жеткiлiктi шарты, сондай-ақ шешiлу шарты сөзсiз
орындалатын шарттар алынды. Шешiмнiң бар болуы және бiрегейлiгi теоремасы дәлелдендi.

Кiлт сөздер: бөлшек дифференциалдау операторы, Капуто туындысы, шеттiк есеп, функционал,
Райт функциясы.
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Л.Х. Гадзова

Институт прикладной математики и автоматизации КБНЦ РАН, Нальчик, Россия

Обобщенная краевая задача для линейного обыкновенного
дифференциального уравнения с оператором дробного дискретно

распределенного дифференцирования
В статье сформулирована и решена обобщенная краевая задача для линейного обыкновенного диф-
ференциального уравнения с оператором дробного дискретно распределенного дифференцирования.
Дробная производная понимается в смысле производной Герасимова–Капуто. Краевые условия зада-
ются в форме линейных функционалов, это позволяет охватить достаточно широкий класс линейных
локальных и нелокальных условий. В терминах специальных функций найдено представление реше-
ния. Получено необходимое и достаточное условие разрешимости исследуемой задачи, а также усло-
вия, при которых условие разрешимости заведомо выполняется. Доказана теорема существования и
единственности решения.

Ключевые слова: оператор дробного дифференцирования, производная Капуто, краевая задача, функ-
ционал, функция Райта.
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An initial boundary value problem for
the Boussinesq equation in a Trapezoid

This paper considers an initial boundary value problem for a one-dimensional Boussinesq-type equation
in a domain, that is, a trapezoid. Using the methods of the theory of monotone operators, we establish
theorems on their unique weak solvability in Sobolev classes.
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Introduction

The theory of the Boussinesq equations and its modifications always attracts the attention of both
mathematicians and applied scientists. The Boussinesq equation, as well as its modifications, occupies
an important place in describing the motion of liquids and gas, including in the theory of unsteady
filtration in porous media. Here we note only the works [1–6]. In recent years, boundary problems for
these equations have been actively studied, since they model processes in porous media. The processes
occurring in porous media acquire special importance for deep understanding in the tasks of exploration
and effective development of oil and gas fields.

In this paper, we study the issues of the correct formulation of initial boundary value problems
for a one-dimensional Boussinesq-type equation in a domain with a movable boundary. The domain is
represented by a trapezoid. Using the method of monotone operators, we prove theorems on the unique
weak solvability of the considered boundary value problems.

1 Statement of the initial boundary problem and the main result

Let Ωt = {0 < x < t}, and ∂Ωt be the boundary of Ωt, 0 < t0 < T < ∞. In domain Qxt =
Ωt×(t0, T ), i.e., a trapezoid, we consider the initial boundary problem for the Boussinesq-type equation

∂tu− ∂x (|u|∂xu) = f, {x, t} ∈ Qxt, (1.1)

with boundary
u = 0, {x, t} ∈ Σxt = ∂Ωt × (t0, T ), (1.2)

and initial conditions
u = u0, x ∈ Ωt0 = (0, t0), (1.3)

where f(x, t), u0(x) are given functions.
We have established the following theorems.
Theorem 1.1 (Main result). Let

f ∈ L3/2((t0, T );W−1
3/2(Ωt)), u0 ∈ H−1(Ωt0).

∗Corresponding author.
E-mail: bekaaskar@mail.ru
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Then initial boundary problem (1.1)–(1.3) has a unique solution

u ∈ L3(Qxt).

Theorem 1.2 (On smoothness). Let

f ∈ L3/2(Qxt), u0 ∈ L2(Ωt0).

Then initial boundary problem (1.1)–(1.3) has a unique solution

u ∈ L∞((t0, T );L2(Ωt)), |u|1/2u ∈ L2((t0, T );H1
0 (Ωt)), ∂ tu ∈ L3/2((t0, T );W−1

3/2(Ωt)).

2 Auxiliary initial boundary problem in a rectangle

To prove Theorem 1.1, we first consider an auxiliary initial boundary value problem. For this
purpose, we pass from variables {x, t} to {y, t} by formulas y = x

t , t = t and transform the trapezoid
Qxt into the rectangular domain Qyt = Ω × (t0, T ), 0 < t0 < T < ∞, where y ∈ Ω =
= (0, 1), ∂Ω = {0} ∪ {1}, Σxt = ∂Ω × (t0, T ). This transformation is one-to-one. Introducing the
notation w(y, t) = u(yt, t) = w(xt , t), w0(y) = u0(yt0, t0) and g(y, t) = f(yt, t), we write the auxiliary
initial boundary value problem for (1.1)–(1.3) in the following form:

∂tw −
1

t2
∂y (|w|∂yw)− y

t
∂yw = g, {y, t} ∈ Qyt, (2.1)

w = 0, {y, t} ∈ Σyt, (2.2)

w = w0, y ∈ Ω. (2.3)

By virtue of the one-to-one transformation of independent variables {x, t} → {y, t} the given
functions in problem (2.1)–(2.3) obviously satisfy the conditions:

g ∈ L3/2((t0, T );W−1
3/2(0, 1)), w0 ∈ H−1(0, 1). (2.4)

The following theorems are true.
Theorem 2.1 Under conditions (2.4) initial boundary value problem (2.1)–(2.3) is uniquely solvable

w ∈ L3(Qyt).

Theorem 2.2 (On smoothness). Let

g ∈ L3/2(Qyt), w0 ∈ L2(Ω).

Then initial boundary problem (2.1)–(2.3) has a unique solution

w ∈ L∞((t0, T );L2(Ω)), |w|1/2w ∈ L2((t0, T );H1
0 (Ω)), ∂ tw ∈ L3/2((t0, T );W−1

3/2(Ω)).

3 Auxiliary statements

To prove Theorem 2.1, we first establish a number of auxiliary statements. Denote by A the operator
of problem (2.1)–(2.3)

A(t, w) =
1

t2
A1(w) +

1

t
A21(w), where A1(w) = −∂y(|w|∂yw), A2(w) = −y∂yw, (3.1)

and the operator A2(w) can be represented as:

A2(w) = A21(w) +A22(w), where A21(w) = w, A22(w) = −∂y(yw). (3.2)
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Let us show that the operator A1(w) +A21(w) will have the monotonicity property if we introduce
the scalar product in an appropriate way. For this purpose, we take as a scalar product

〈ϕ,ψ〉 =

∫ 1

0
ϕ
[(
−d 2

y

)−1
ψ
]
dy, ∀ϕ,ψ ∈ H−1(Ω), (3.3)

where d 2
y = d2

dy2
, ψ̃ =

(
−d 2

y

)−1
ψ : −d 2

yψ̃ = ψ, ψ̃(0) = ψ̃(1) = 0, ∀ψ ∈ H−1(Ω).
Let us show the validity of the following lemma.
Lemma 3.1. The operator A1 +A21 is monotone in the sense of the scalar product (3.3) in the space

H−1(0, 1), i.e., the following inequality is true:

〈(A1 +A21)(w1)− (A1 +A21)(w2), w1 − w2〉 ≥ 0, ∀w1, w2 ∈ D(Ω). (3.4)

To the proof of Lemma 3.1. It suffices for us to show that the operator A1 is monotone and condition
(3.4) will be satisfied (according to [7], chap. 2, s. 3.1). Indeed, on the one hand, we have

〈A1(ϕ)−A1(ψ), ϕ− ψ〉 =
1

2

∫ 1

0

(
−d2

y

)
(|ϕ|ϕ− |ψ|ψ)

(
−d2

y

)−1
(ϕ− ψ) d y =

=
1

2

∫ 1

0
(|ϕ|ϕ− |ψ|ψ)(ϕ− ψ) d y, ∀ϕ, ψ ∈ D(Ω).

On the other hand, the convexity condition of the functional
J1(ϕ) = 1

3

∫ 1
0 |ϕ(y)|3 d y, ϕ ∈ D(Ω), implies

〈J ′1(ϕ)− J ′1(ψ), ϕ− ψ〉 ≥ 0, ∀ϕ, ψ ∈ D(Ω).

Thus, we get
1∫

0

(|ϕ|ϕ− |ψ|ψ)(ϕ− ψ) d y ≥ 0, ∀ϕ, ψ ∈ D(Ω).

For the operator A21 according to scalar product (3.3) we have:

〈A21(ϕ), ψ〉 =

1∫
0

ϕψ̃ dy =

=

1∫
0

ϕ
(
−d2

y

)−1
ψ dy =

1∫
0

((
−d2

y

)−1
ϕ
)
ψ dy, ∀ϕ, ψ ∈ D(Ω), (3.5)

where ψ̃ is the solution to the following problem: −d 2
yψ̃ = ψ, ψ̃(0) = ψ̃(1) = 0.

Let us introduce the convex functional

J21(u) =
1

2

∫ 1

0

[(
−d 2

y

)− 1
2 u
]2

dy. (3.6)

For the Gateaux derivative of functional (3.6) we have

J ′21(u) =
(
−d 2

y

)−1
u, (3.7)

that is, taking into account (3.7), we obtain the following convexity conditions of functional (3.6):

〈J ′21(u)− J ′21(v), u− v〉 =

∫ 1

0

[(
−d 2

y

)−1
(u− v)

]
(u− v) dy ≥ 0 ∀u, v ∈ D(Ω). (3.8)
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Remark 3.1. On the other hand, inequality (3.8) is a consequence of the positivity of the operator(
−d 2

y

)−1. Further, based on relations (3.5) and (3.8), we establish that the following monotonicity
condition holds for operator A21:

〈A21(t, u)−A21(t, v), u− v〉 ≥ 0 ∀u, v ∈ D(Ω), ∀ t ∈ (t0, T ).

Thus, we have shown the validity of statement (3.4) of Lemma 3.1.

4 To the proof of Theorem 2.1

Let us preliminarily note that the nonlinear operatorA(t, v) ≡ (0.5 t−2A1+t−1A21)v : L3(Ω)→ L3/2(Ω)
(3.1)–(3.2) of boundary value problem (2.1)–(2.2) has the following properties:

A(t, v) : L3(Ω)→ L3/2(Ω) is a hemicontinuous operator, (4.1)

‖A(t0, v)‖L3/2(Ω) ≤ c‖v‖2L3(Ω), c > 0, ∀ v ∈ L3(Ω), (4.2)

〈A(T, v), v〉 ≥ α‖v‖3L3(Ω), α > 0, ∀ v ∈ L3(Ω). (4.3)

This follows directly from Lemma 4.1, as well as from ([7], Chap. 2, Proposition 1.1).
Recall the definition of a hemicontinuous operator.
Definition 4.1. Every operator B : V → V ′, having the following property:

∀u, v, w ∈ V function λ→ 〈B(u+ λv), w〉 is continuous as a function from R to R,

is called hemicontinuous.
Now we take as the main space:

H = H−1(Ω), (u, v)H =
(
u, (−d2

y)
−1v
)
, (4.4)

where (−d2
y)
−1v = ṽ is the solution to problem

−d2
yṽ = v, ṽ(0) = ṽ(1) = 0, v ∈ H−1(Ω). (4.5)

Further, we have
V = L3(Ω), V ⊂ H ⊂ V ′, (4.6)

where each embedding is dense and continuous. In notation (4.4)–(4.6), we introduce a linear continuous
functional

L(v) = 〈g, v〉 = (g, ṽ), i.e. the element g ∈ L3/2(Ω) is defined.

Finally, we introduce

a(t, u, v) = 〈A(t, u), v〉 =

1∫
0

[
1

2 t2
|u|uv +

1

t

(
−d2

y

)−1
uv

]
dy, ∀u, v ∈ L3(Ω).

We have
a(t, u, u) = 〈A(t, u), u〉 =

1

2 t2
‖u‖3L3(Ω) +

1

t

∥∥∥(−d2
y

)−1/2
u
∥∥∥2

L2(Ω)
,

and
a(t, u, u− v)− a(t, v, u− v) ≥ 0 ∀ t ∈ (t0, T ), (4.7)

120 Bulletin of the Karaganda University



An initial boundary value...

where the form a(t, u, v) corresponds to variational inequalities (3.4) and (3.8). Now, using (4.7), we
obtain the following variational formulation for initial boundary problem (2.1)–(2.3):

(w′(t), v)H + a(t, w(t), v)− b(t, w(t), v) = (g(t), v) ∀ v ∈ L3(Ω) ⊂ H−1(Ω), (4.8)

w(0) = w0, (4.9)

where b(t, w(t), v) = t−1〈A22(w), v〉.
We show that relations (4.8), (4.9) admit unique solvability.

4.1 Existence of the solution

Let us show that variational problem (4.8) and (4.9) has a solution. We will use the Faedo-Galerkin
method. Let v1, ..., vm, ... be a "basis" in the space L3(Ω). According to relations (4.8) and (4.9), we
define an approximate solution wm(t) of initial boundary value problem (2.1)–(2.3) on a subspace
[v1, ..., vm] spanned by v1, ..., vm:

(w′m(t), vj) + a(t, wm(t), vj)− b(t, wm(t), vj) = (g(t), vj), 1 ≤ j ≤ m, (4.10)

wm(0) = w0m ∈ [v1, ..., vm], w0m → w0 in H−1(Ω). (4.11)

From equations (4.10)–(4.11), wm(t) is determined on the interval [t0, tm], tm > t0. However, due
to the validity of inequality (4.3) 〈A(t, v), v〉 ≥ α‖v‖3L3(Ω), α > 0, from (4.10)–(4.11) we obtain

1

2
‖wm(t)‖2H−1(0,1) + α

t∫
t0

‖wm(τ)‖3L3(Ω) dτ ≤
C2

t0

t∫
t0

‖wm(τ)‖3L3/2(Ω)‖wm(τ)‖L3(Ω) dτ+

+

t∫
t0

‖g(τ)‖L3/2(Ω)‖wm(τ)‖L3(Ω) dτ +
1

2
‖w0m‖2H−1(Ω), (4.12)

since
|b(t, wm(t), wm(t))| ≤ 1

t0
‖A22wm(t)‖L3/2(Ω) ‖wm(t)‖L3(Ω),

‖A22wm(t)‖L3/2(Ω) ≤ C2‖wm(t)‖L3/2(Ω),

C2

t0
‖wm(t)‖L3/2(Ω)‖wm(t)‖L3(Ω) ≤

8

9
√

3α

(
C2

t0

)3/2

‖wm(t)‖3/2L3/2(Ω) +
α

4
‖wm(t)‖3L3(Ω) ≤

≤ 8

9
√

3α
K3/2

(
C2

t0

)3/2 [
‖wm(t)‖2H−1(Ω)

]3/4
+
α

4
‖wm(t)‖3L3(Ω),

where K is the embedding constant of
(
H−1(Ω)

)′
↪→ L3/2(Ω), since by assumptions (4.4) and (4.6):

L3(Ω) ⊂ H−1(Ω) ≡
(
H−1(Ω)

)′ ⊂ L3/2(Ω) ≡ (L3(Ω))′ . Here we also use Young’s inequality (p−1 +
q−1 = 1) :

|AB| =
∣∣∣∣(d1/pA

)(
d1/qB

d

)∣∣∣∣ ≤ d

p
|A|p +

d

qdq
|B|q ,

where
A =

C2

t0
‖wm(t)‖L3/2(Ω) , B = ‖wm(t)‖L3(Ω) , d =

2√
4α

, p = 3/2, q = 3.

Mathematics series. № 2(106)/2022 121



M.T. Jenaliyev, A.S. Kassymbekova et al.

We have similar calculations for the expression from (4.12):

‖g(t)‖L3/2(Ω)‖wm(t)‖L3(Ω) ≤
8

9
√

3α
K3/2

[
‖g(t)‖2H−1(Ω)

]3/4
+
α

4
‖wm(t)‖3L3(Ω).

Now, using a variant of Bihari’s lemma from ([8], Chapter 1, p.1.3, Example 1.3.1; it is important
here that 3/4 < 1), it follows from (4.12) that tm = T and that

wm(t) are bounded in L∞((t0, T );H−1(Ω)) ∩ L3(Qyt).

Hence, we can extract such a subsequence of wµ(t) that

wµ → w ∗ -weak in L∞((t0, T );H−1(Ω)),

wµ → w weak in L3(Qyt),

wµ(T )→ ξ weak in H−1(Ω),

A(t, wµ)→ χ(t) weak for almost every t ∈ (t0, T ) in L3/2(Qyt),

due to condition (4.2) ‖A(t, v)‖L3/2(Ω) ≤ c‖v‖2L3(Ω), c > 0, and hence A(t, wµ) are bounded in
L3/2(Qyt).

We extend wm(t), A(t, wm(t)), ... on the real axis with zero outside the interval [t0, T ], and denote
the corresponding continuations by w̃m(t), ˜A(t, wm(t)), ... It follows from (4.10)–(4.11) that(

w̃′m(t), vj
)
H

+ 〈 ˜A(t, wm(t)), vj〉 − t−1〈Ã22wm(t), vj〉 =

= (g̃(t), vj) + (w0m, vj)δ(t− t0)− (wm(T ), vj)δ(t− T ). (4.13)

Now we can pass to the limit in (4.13) at m = µ and fixed j, whence we have(
w̃′(t), vj

)
H

+ 〈χ̃(t)− t−1Ã22w(t), vj〉 = (g̃(t), vj) + (w0, vj)δ(t− t0)− (ξ, vj)δ(t− T ) ∀ j

and hence
w̃′(t) + χ̃(t)− t−1Ã22w(t) = g̃(t) + w0δ(t− 0)− ξδ(t− T ). (4.14)

By restricting (4.14) (t0, T ), we get that

w′(t) + χ(t)− t−1A22w(t) = g(t), (4.15)

from where w′(t) ∈ L3/2(Qyt), hence w(t0) and w(T ) make sense, and comparing with (4.14), we get
that w(t0) = w0 and w(T ) = ξ. So, we will prove the existence of a solution if we show that

χ(t) = A(t, w). (4.16)

From property (3.4), i.e., (4.7), it follows that

Xµ ≡
T∫
t0

〈A(t, wµ(t))−A(t, v(t)), wµ(t)− v(t)〉 dt ≥ 0 ∀ v ∈ L3(Qyt). (4.17)
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According to (4.10)–(4.11),

T∫
t0

〈A(t, wµ), wµ〉 dt =

T∫
t0

t−1〈A22wµ(t), wµ(t)〉 dt+

T∫
t0

(g, wµ) dt+
1

2
‖w0µ‖2H−1(Ω) −

1

2
‖wµ(T )‖2H−1(Ω)

(4.18)
and, therefore,

Xµ =

T∫
t0

(g, wµ) dt+
1

2
‖u0µ‖2H−1(Ω) −

1

2
‖wµ(T )‖2H−1(Ω)+

+

T∫
t0

t−1〈A22wµ, wµ〉 dt−
T∫
t0

〈A(t, wµ), v〉 dt−
T∫
t0

〈A(t, v), wµ − v)〉 dt,

whence (since lim inf ‖wµ(T )‖2H−1(Ω) ≥ ‖w(T )‖2H−1(Ω)):

lim sup Xµ ≤
T∫
t0

(g, w) dt+
1

2
‖u0‖2H−1(Ω) −

1

2
‖w(T )‖2H−1(Ω)+

+

T∫
t0

t−1〈A22w,w〉 dt−
T∫
t0

〈χ(t), v〉 dt−
T∫
t0

〈A(t, v), w − v)〉 dt. (4.19)

From (4.15) we can conclude, since integration by parts is legal, that

T∫
t0

t−1〈A22w,w〉 dt+

T∫
t0

(g, w) dt+
1

2
‖u0‖2H−1(Ω) −

1

2
‖w(T )‖2H−1(Ω) =

T∫
t0

〈χ,w〉 dt.

Comparing this equality with (4.17) and (4.19), and also considering (4.18), we get

T∫
t0

〈χ(t)−A(t, v), w − v〉 dt ≥ 0. (4.20)

Now we use the hemicontinuity property (4.1) of the operator A(t, w) to prove that (4.20) implies
(4.16). Let v = w − λu, λ > 0, u ∈ L3(Qyt); then it follows from (4.20) that

λ

T∫
t0

〈χ(t)−A(t, w − λu), u〉 dt ≥ 0,

whence
T∫
t0

〈χ(t)−A(t, w − λu), u〉 dt ≥ 0; (4.21)

when λ→ 0 in (4.21), then we get that

T∫
t0

〈χ(t)−A(t, w), u〉 dt ≥ 0 ∀u.

Therefore, χ(t) = A(t, w). The existence of a solution to problem (2.1) and (2.3) is proved.
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4.2 Uniqueness of the solution

Let w1(t) and w2(t) be two solutions to problem (4.8)-(4.9). Then their difference w(t) = w1(t)−
w2(t) satisfies the homogeneous problem:

w′(t) +A(t, w1(t))−A(t, w2(t))− t−1A22w(t) = 0, w(0) = 0,(
w′(t), w(t)

)
+ 〈(A(t, w1(t))−A(t, w2(t)), w1(t)− w2(t)〉 − t−1〈(A22w(t), w(t)〉 = 0

and, due to (4.12) and the monotonicity property of the operator A(t, w), we have:(
w′(t), w(t)

)
=

d

2 dt
‖w(t)‖2H−1(Ω) ≤

C2K

t0
‖w(t)‖2H−1(Ω), i.e. w(t) ≡ 0,

whereK is the norm of the operator
(
−d2

y

)−1/2
: H−1(Ω)→

[
H1

0 (Ω);H−1(Ω)
]
1/2

,
[
H1

0 (Ω);H−1(Ω)
]
1/2

is an intermediate space [9].
Remark 4.1. Let us give the interpretation of the solution to problem (4.8)–(4.9) as the solution to

problem (2.1)–(2.3). By introducing ṽ in (4.8), we obtain

1∫
0

∂tw ṽ dy +

1∫
0

[
1

2t2
|w|w +

1

t

(
−∂ 2

y

)−1
w +

1

t

(
−∂ 2

y

)− 1
2 (y w)

] (
−∂2

y ṽ
)
dy =

=

1∫
0

g(t)ṽ dy, ∀ ṽ ∈ H1
0 (Ω).

Hence, from here we have

1∫
0

(
∂tw − ∂2

y

[
1

2 t2
|w|w +

1

t

(
−∂ 2

y

)−1
w +

1

t

(
−∂ 2

y

)− 1
2 (y w)

])
ṽ dy =

1∫
0

g(t)ṽ dy+

+

[
1

2 t2
|w|w +

1

t

(
−∂ 2

y

)−1
w +

1

t

(
−∂ 2

y

)− 1
2 (y w)

]
∂yṽ
∣∣y=1

y=0
∀ ṽ ∈ H1

0 (Ω). (4.22)

Or, taking into account equality (3.5), the last identity can be written in the following form

1∫
0

(
∂tw −

1

t2
∂y (|w|∂yw)− y

t
∂yw − g(t)

)
ṽ dy = 0 ∀ ṽ ∈ D(Ω), (4.23)

that is, the function w(y, t) satisfies a Boussinesq type equation (2.1). Now, returning to (4.22) and
taking into account (4.23), we get[

1

2t2
|w|w +

1

t

(
−∂ 2

y

)−1
w +

1

t

(
−∂ 2

y

)− 1
2 (y w)

]
∂yṽ
∣∣
|y=0

= 0 ∀ ṽ ∈ H1
0 (Ω),

[
1

2t2
|w|w +

1

t

(
−∂ 2

y

)−1
w +

1

t

(
−∂ 2

y

)− 1
2 (y w)

]
∂yṽ
∣∣
|y=1

= 0 ∀ ṽ ∈ H1
0 (Ω).

The last equalities imply the fulfillment of boundary conditions (2.2). Finally, from the continuity of
the function w : [t0, T ]→ H we get that initial condition (2.3) makes sense. This completes the proof
of Theorem 4.2.
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5 To the proof of Theorem

Since the transformation of independent variables {x, t} → {y, t} is one-to-one, there is a mutual
correspondence of functional classes defining the given functions and solutions of initial boundary value
problems. Therefore, from Theorem 2.1 we obtain the validity of the statement of Theorem 1.1 in terms
of the existence of a solution to initial boundary value problem (1.1)–(1.3). Let us show the validity of
the assertion of Theorem 1.1 in terms of the uniqueness of the solution to problem (1.1)–(1.3).

We show that the operator A1(t, u) in problem (1.1)–(1.3) will have the monotonicity property if
a scalar product is introduced accordingly. For this purpose, we take as the scalar product

〈ϕ,ψ〉 =

∫ t

0
ϕ
[(
−d 2

x

)−1
ψ
]
dx, ∀ϕ,ψ ∈ H−1(Ωt), ∀ t ∈ (t0, T ), (5.1)

where d 2
x = d2

dx2
, ψ̃ =

(
−d 2

x

)−1
ψ : −d 2

xψ̃ = ψ, ψ̃(0) = ψ̃(t) = 0, ∀ψ ∈ H−1(Ωt), ∀ t ∈ (t0, T ).
The following lemma is valid.
Lemma 5.1. Operator A1(t, u) is monotone in the sense of the scalar product (5.1) in the space

H−1(Ωt), i.e., the following inequalities hold:

〈A1(t, u1)−A1(t, u2), u1 − u2〉 ≥ 0, ∀u1, u2 ∈ D(Ωt), ∀ t ∈ (t0, T ). (5.2)

To the proof of Lemma 5.1. For each t ∈ (t0, T ) operator A1 is monotone and condition (5.2) is
satisfied (according to [7], chap. 2, p. 3.1). Indeed, on the one hand, we have

〈A1(t, ϕ)−A1(t, ψ), ϕ− ψ〉 =
1

2

∫
Ωt

(
−d2

x

)
(|ϕ|ϕ− |ψ|ψ)

(
−d2

x

)−1
(ϕ− ψ) d x =

=
1

2

∫
Ωt

(|ϕ|ϕ− |ψ|ψ)(ϕ− ψ) d x, ∀ϕ, ψ ∈ D(Ωt), ∀ t ∈ (t0, T ).

On the other hand, the convexity condition of the functional J(t, ϕ) = 1
3

∫
Ωt
|ϕ(x)|3 d x, ϕ ∈

D(Ωt), ∀ t ∈ (t0, T ), implies

〈J ′(t, ϕ)− J ′(t, ψ), ϕ− ψ〉 ≥ 0, ∀ϕ, ψ ∈ D(Ωt), ∀ t ∈ (t0, T ).

Thus, we get ∫
Ωt

(|ϕ|ϕ− |ψ|ψ)(ϕ− ψ) d x ≥ 0, ∀ϕ, ψ ∈ D(Ωt), ∀ t ∈ (t0, T ),

that is, inequality 5.2 is established. Lemma 5.1 is proved.
Now we are ready to show the uniqueness of the solution to problem (1.1)–(1.3). To do this, using

inequality (5.2), we obtain the following variational formulation for initial boundary problem (1.1)–
(1.3):

(u′(t), v)H−1(0,t) + a0(t, u(t), v) = (f(t), v)H−1(Ωt) ∀ v ∈ L3(0, t) ⊂ H−1(Ωt), ∀ t ∈ (t0, T ), (5.3)

u(t0) = u0, (5.4)

where
a0(t, u, v) = 〈A1(t, u(t)), v〉 =

∫
Ωt

|u(x, t)|u(x, t) v(x) dx, ∀ t ∈ (t0, T ).

Let u1(t) and u2(t) be two solutions to problem (5.3)–(5.4). Then their difference u(t) = u1(t)− u2(t)
satisfies the homogeneous problem:(

u′(t), u(t)
)
H−1(Ωt)

+ 〈A1(t, u1(t))−A1(t, u2(t)), u(t)〉 = 0, ∀ t ∈ (t0, T ); u(0) = 0,
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and, due to the monotonicity property of the operator A1(t, u) (5.2), we have:

(
u′(t), u(t)

)
H−1(Ωt)

=
d

2 dt
‖u(t)‖2H−1(Ωt)

≤ 0, i.e. u(t) ≡ 0.

Thus, Theorem (1.1) is completely proved.

Conclusions

The initial boundary value problems for a one-dimensional Boussinesq type equation in a trapezoid
domain are studied. Theorems on their unique weak solvability in Sobolev classes are proved by methods
of the theory of monotone operators.
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Трапециядағы Буссинеск типтi теңдеу үшiн
бастапқы-шекаралық есеп
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области, представляющей собой трапецию. Методами теории монотонных операторов установлены
теоремы об их однозначной слабой разрешимости в соболевских классах.

Ключевые слова: уравнение типа Буссинеска, граничная задача, трапеция, теории монотонных опе-
раторов.

References

1 Zhong, X. (2020). Strong solutions to the nonhomogeneous Boussinesq equations for magneto-
hydrodynamics convection without thermal diffusion. Electronic Journal of Differential Equations,
24, 1–23.

2 Zhang, H., Hu, Q., & Liu, G.(2020). Global existence, asymptotic stability and blow-up of solut-
ions for the generalized Boussinesq equation with nonlinear boundary condition. Mathematische
Nachrichten, 293(2), 386–404.

3 Oruc, G., & Muslu, G.M. (2019). Existence and uniqueness of solutions to initial boundary value
problem for the higher order Boussinesq equation. Nonlinear Analysis – Real World Applications,
47, 436–445.

4 Ding, W., & Wang, Zh.-A. (2015). Global existence and asymptotic behavier of the Boussinesq-
Burgers system. Journal of Mathematical Analysis and Applications, 424(1), 584–597.

5 Zhu, N., Liu, Zh., & Zhao, K. (2018). On the Boussinesq-Burgers equations driven by dynamic
boundary condition. Journal of Differential Equations, 264(3), 2287–2309.

6 Crank, J. (1984). Free and Moving Boundary Problems. Oxford University Press.
7 Lions, J.-L. (1969). Quelques methodes de resolution des problemes aux limites non lineaires.

Dunod Gauthier-Villars, Paris.
8 Lakshmikantam, V., Leela, S., & Martynyuk, A.A. (1991). Ustoichivost dvizheniia: metod srav-
neniia [Motion Stability: Comparison Method]. Kiev: Naukova dumka [in Russian].

9 Lions, J.-L., & Magenes, E. (1972). Non-Homogeneous Boundary Value Problems and Applicat-
ions. V. 1. Springer Verlag, Berlin.

Mathematics series. № 2(106)/2022 127



DOI 10.31489/2022M2/128-142

UDC 517.9

A.I. Kozhanov1,2, U.U. Abulkayirov3,4, G.R. Ashurova3,∗

1S.L. Sobolev Institute of Mathematics, Novosibirsk, Russia;
2Novosibirsk State University, Novosibirsk, Russia;

3Al-Farabi Kazakh National University, Almaty, Kazakhstan;
4 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

(E-mail: kozhanov@math.nsc.ru, u.abylkairov@gmail.com, ashurova.guzel@gmail.com)

Inverse problems of determining coefficients of time type in a
degenerate parabolic equation

The paper is devoted to the study of the solvability of inverse coefficient problems for degenerate parabolic
equations of the second order. We study both linear inverse problems – the problems of determining an
unknown right-hand side (external influence), and nonlinear problems of determining an unknown coefficient
of the equation itself. The peculiarity of the studied work is that its unknown coefficients are functions of a
time variable only. The work aims to prove the existence and uniqueness of regular solutions to the studied
problems (having all the generalized in the sense of S.L. Sobolev derivatives entering the equation).

Keywords: degenerate parabolic equations, linear inverse problems, non-linear inverse problems, regular
solutions, existence.

Introduction

The paper studies the solvability of some inverse problems of finding the solution to a degenerate
parabolic equation and a certain coefficient of the equation itself. If the unknown coefficient determines
the free term (external influence) in the equation, then such an inverse problem will be linear, but if
the unknown coefficient is a multiplier for one or another derivative of the solution, then it will be
nonlinear. In this paper, both linear and nonlinear inverse problems will be studied.

The problems studied in the work will have two features.The first of them is that inverse coefficient
problems for time-variable degenerate parabolic equations will be studied. The second feature is that
the unknown coefficient in our problems will also be a function of the time variable only.

Inverse problems for parabolic equations without degeneracy and with unknown coefficients depen-
ding only on the time variable seem to be thoroughly studied (see [1–12]. As for similar problems
for time-variable degenerate parabolic equations, there are few works here – only works [13–15] can
be named, and in these works either the nature of degeneracy is different, or the problem itself is
completely distinct.

Note the following. The presence of degeneracy in parabolic equations means that the well-posed
boundary value problems for them may differ significantly from the classical initial boundary value
problems for non-degenerate equations (see [16–19]). This is the situation that will be studied in this
paper – a situation in which the boundary conditions in linear problems will be different than in natural
initial boundary value problems.

All constructions and reasoning in the work will be conducted based on the Lebesgue Lp and
SobolevW l

p spaces. The necessary definitions and description of the properties of functions from these
spaces can be found in monographs [20–22].

The purpose of this work is to prove the existence and uniqueness of regular solutions to the
problem, i.e., solutions having all the generalized in the sense of S.L. Sobolev derivatives, included in
the corresponding equation.

∗Corresponding author.
E-mail: ashurova.guzel@gmail.com
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The presence of additional unknown functions in inverse problems requires that, in addition to the
boundary conditions natural for a particular class of differential equations, some additional conditions
are also set – overdetermination conditions. In this paper, overdetermination conditions, called integral
overdetermination conditions in the literature, will be used. Inverse coefficient problems, linear and
nonlinear, with integral overdetermination conditions are well-studied for both classical (elliptic, parabolic
and hyperbolic) and non-classical differential equations. However, for time-variable degenerate parabolic
equations, inverse coefficient problems with integral overdetermination have not been studied before.

Overall, the content of the work consists of four parts. The first part provides studied linear and
nonlinear problems statement. The second part investigates the solvability of linear inverse problems
for degenerate parabolic equations of the second order. The third part studies the solvability of some
nonlinear inverse coefficient problem for degenerate parabolic equations of the second order. Finally,
the fourth part describes some generalizations and amplifications of the results obtained in the second
and third parts of the work, discusses their possible development.

Problem statement

Let Ω be a bounded domain from the spaceRn with a smooth (for simplicity – infinitely differentiable)
boundary Γ, Q be a cylinder Ω× (0, T ) variables (x, t) of finite height T , S = Γ× (0, T ) be the lateral
boundary of Q.

Next, let ϕ(t), c(x, t), f(x, t), N(x), h(x, t), µ(t) and u0(x) be the given functions defined at x ∈ Ω̄,
t ∈ [0, T ], respectively. L is a differential operator whose action on a given function v(x, t) is determined
by the equality

Lv = ϕ(t)vt −∆v + c(x, t)v

(∆ is the Laplace operator for variables x1, x2, ..., xn).
Inverse problem I: Find the functions u(x, t) and q(t) connected in the cylinder Q by the equation

Lu = f(x, t) + q(t)h(x, t), (1)

when the conditions for the function u(x, t) are met

u(x, t)|S = 0, (2)∫
Ω
N(x)u(x, t)dx = 0, t ∈ (0, T ). (3)

Inverse problem II: Find the functions u(x, t) and q(t) connected in the cylinder Q by the equation
(1), when the conditions (2) and (3) are met for the function u(x, t), as well as the conditions

u(x, 0) = u(x, T ) = 0, x ∈ Ω. (4)

The inverse problems I and II are linear inverse problems for the parabolic equation Lu = F . Note
that in the problem I there are no boundary conditions for the variable t, in the problem II, on the
contrary, two boundary conditions are set for the variable t. Both of these situations do not seem to
be characteristic of first-order differential equations (with respect to a time variable), nevertheless,
sufficient conditions will be specified for each of them to ensure the existence and uniqueness of regular
solutions to the corresponding inverse problems.

Along with the inverse problems I and II, is easy to study linear inverse problems for equation
(1) with the setting of one boundary condition for the variable t at t = 0 or at t = T . The sufficient
conditions for the existence and uniqueness of regular solutions to such problems is presented in the
fourth part of the work.
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Let us consider the problem statement of a nonlinear inverse problem for degenerate parabolic
equations.

Inverse problem III: Find the functions u(x, t) and q(t) connected in the cylinder Q by the equation

Lu+ q(t)u = f(x, t), (5)

when the function u(x, t) fulfills the condition (2), as well as the conditions

u(x, 0) = u0(x), x ∈ Ω, (6)∫
Ω
N(x)u(x, t)dx = µ(t), t ∈ (0, T ). (7)

The inverse problem III corresponds to the usual first initial-boundary value problem for parabolic
equations of the second order, the inhomogeneity of conditions (2) and (7) is explained by the nonlinea-
rity of the problem.

Solvability of inverse problems I and II

Let us put

h0(t) =

∫
Ω
N(x)h(x, t)dx,

h1(x, t) =
h(x, t)

h0(t)
,

f0(t) =

∫
Ω
N(x)f(x, t)dx,

f1(x, t) = f(x, t)− h1(x, t)f0(t).

Next, by the given function v(x, t), we define the functions A1(t; v) and A2(t; v):

A1(t; v) =

∫
Ω
N(x)∆v(x, t)dx,

A2(t; v) =

∫
Ω
c(x, t)N(x)v(x, t)dx.

For the function ω(x) from the space W 2
2 (Ω) ∩

0

W 1
2 (Ω) there are inequalities∫

Ω
ω2(x)dx ≤ d0

n∑
i=1

∫
Ω
ω2
xi(x)dx ≤ d2

0

∫
Ω

[∆ω(x)]2dx (8)

with the number d0 defined only by the domain Ω (see [20–22]). We will need these inequalities and
the actual number d0 below.

In addition to the number d0, we will also need the following numbers:

h1 = max
Q
|h1(x, t)|,

N1 = h1||N ||L2(Ω)mes
1/2Ω,

N2 = d0h1 max
0≤t≤T

[

∫
Ω
c2(x, t)N2(x)dx]1/2mes1/2Ω.
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Theorem 1. Let the conditions be satisfied

ϕ(t) ∈ C1([0;T ]), ϕ(0) ≤ 0, ϕ(T ) ≥ 0; (9)

c(x, t) = c1(x, t) + c0, c1(x, t) ∈ C2(Q)

c1(x, t) ≥ 0, ∆c1(x, t) ≤ 0 at (x, t) ∈ Q, c0 = const > 0;
(10)

2c0 − ϕ
′
(t) ≥ c0 > 0, 2c0 + ϕ

′
(t) ≥ c1 > 0 at (x, t) ∈ Q; (11)

N(x) ∈W 1
∞(Ω), h(x, t) ∈ L∞(Q), ht(x, t) ∈ L2(Q); (12)

|h0(t)| ≥ h0 > 0 at t ∈ [0, T ]; (13)

N1 +N2 < 1. (14)

Then for any function f(x, t) such that f(x, t) ∈ L2(Q), ft(x, t) ∈ L2(Q), the inverse problem has
the solution (u(x, t), q(t)) such that u(x, t) ∈W 2,1

2 (Q), q(t) ∈ L2(Q).
Proof. Consider the boundary value problem: Find the function u(x, t), which is the solution to the

equation in the cylinder Q.

Lu = f1(x, t)− h1(x, t)[A1(t;u)−A2(t;u)] (15)

and such that the condition (2) is satisfied for it. In this problem, equation (15) is a degenerate parabolic
integro-differential equation (similar equations are also called "loaded" [23], [24]). We will prove its
solvability in the space W 2,1

2 (Q) using the regularization method and the continuation method by
parameter.

Let ε be a positive number. Consider the boundary value problem: Find the function u(x, t), which
in the cylinder Q is the solution to the equation

−εutt + Lu = f1(x, t)− h1(x, t)[A1(t;u)−A2(t;u)] (16)

and such that condition (2) is met for it, as well as the condition

ut(x, 0) = ut(x, T ) = 0, x ∈ Ω. (17)

This problem is a mixed boundary value problem for an elliptic (non-degenerate) "loaded" equation
(16); its solvability in the space W 2

2 (Q) is not difficult to show using the continuation method by
parameter [25].

Let λ be a number from the segment [0;1]. Consider a family of problems: Find the function u(x, t),
which in the cylinder Q is the solution to the equation

−εutt + Lu = f1(x, t)− λh1(x, t)[A1(t;u)−A2(t;u)] (18)

and such that conditions (2) and (17) are met for it.
Boundary value problem (18), (2), (17) in the case of λ = 0 with a fixed ε and if the conditions of

the theorem are met, it is solvable in the space W 2
2 (Q) for any function f(x, t) belonging to the space

L2(Q) (see [21]). Further, integrating by parts in equality (19)

ε

∫
Q
utt∆udxdt−

∫
Q
Lu∆udxdt = −

∫
Q
{f1(x, t)− λh1(x, t)[A1(t;u)−A2(t;u)]}∆udxdt (19)
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(which is a consequence of equation (18)), using conditions (9)–(14) and applying the Helder and Young
inequalities, it is easy to obtain that for all possible solutions u(x, t) to the boundary value problem
(18), (2), (17) we take an estimate

ε

n∑
i=1

∫
Q
u2
xitdxdt+

∫
Q

(∆u)2dxdt ≤M1

∫
Q
f2dxdt (20)

with a constant M1, defined only by the functions ϕ(t), c(x, t), h(x, t), N(x), as well as the domain Ω.
Consider now the equality

ε

∫
Q
u2
ttdxdt−

∫
Q
Luuttdxdt = −

∫
Q
{f1(x, t)− λh1(x, t)[A1(t;u)−A2(t;u)]}uttdxdt. (21)

Integrating again by parts, using conditions (9)–(14) and applying the Helder and Young inequalities,
we obtain that for all possible solutions u(x, t) to the boundary value problem (18), (2), (17) a priori
estimate is performed

ε

∫
Q
u2
ttdxdt+

n∑
i=1

∫
Q
u2
xitdxdt ≤M2

∫
Q
f2dxdt, (22)

where the constant M2 is defined by the functions ϕ(t), c(x, t), h(x, t) and N(x), the domain Ω, and
the number ε.

From estimates (20) and (22), as well as from the second basic inequality for elliptic operators [21],
it follows that for solutions u(x, t) to the boundary value problem (18), (2), (17) the next estimate is
true

||u||W 2
2 (Q) ≤M3||f ||L2(Q), (23)

where the constant M3 is defined by the functions ϕ(t), c(x, t), h(x, t) and N(x), the domain Ω, and
the number ε.

From estimate (23), from the solvability in the space W 2
2 (Q) of the problem (18), (2), (17) in the

case of λ = 0, as well as from the theorem on the continuation method by parameter [25], it follows
that for a fixed ε, for an arbitrary λ from the segment [0,1] and if conditions (9)–(14) are met, the
boundary value problem (18), (2), (17) will be solvable in the space W 2

2 (Q) for any function f(x, t)
from the space L2(Q).

Let {εm}m=1 be a sequence of positive numbers converging to zero. According to the above, the
boundary value problem (18), (2), (17) in the case of ε = εm and λ = 1, there is a solution um(x, t)
belonging to the space W 2

2 (Q). For the family {um(x, t)}∞m=1, there is a priori estimate (20) which is
uniform by ε. Next, on the right side of the equality (21) with ε = εm, we will integrate by parts with
respect to the variable t. Further, using the conditions of the theorem and applying the Helder and
Young inequalities, we obtain that for the functions um(x, t) there is a true estimate

εm

∫
Q
u2
mttdxdt+

n∑
i=1

∫
Q
u2
mxitdxdt ≤M4

∫
Q

(f2 + f2
t )dxdt, (24)

the constant M4 where is defined only by the functions ϕ(t), c(x, t), h(x, t) and N(x), as well as the
domain Ω.

Estimates (20) and (24) for functions um(x, t), the reflexivity property of the Hilbert space [25], as
well as embedding theorems [20–22] mean that there are functions umk

(x, t), k = 1, 2, ..., and u(x, t)
such that for k →∞ there are convergences
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umk
(x, t)→ u(x, t) weakly in W 2,1

2 (Q),
umkxi(x, t)→ uxi(x, t) strongly in L2(Q) for ß = 1, ..., n,
umkxi(x, t)→ uxi(x, t) strongly in L2(S) for ß = 1, ..., n,

εmk
umktt(x, t)→ 0 weakly in L2(Q).

From these convergences, as well as from the representation

A1(t;umk
) = −

n∑
i=1

∫
ΩNxi(x)umkxi(x, t)dx−

∫
ΓN(x)

∂umk
∂ν ds

it follows that for the limit function u(x, t), equation (15) will be fulfilled. The function u(x, t) belongs
to the space W 2,1

2 (Q).
Let us put

q(t) = 1
h0(t) [A2(t;u)−A1(t;u)− f0(t)].

The functions u(x, t) and q(t) are connected in the cylinder Q by equation (1). We show that the
condition (3) holds for the function u(x, t).

We multiply equation (1) with the function q(t) defined above by the function N(x) and integrate
over the domain Ω. Considering the form of the functions h0(t), f0(t), h1(x, t), A1(t;u) and A2(t;u), we
obtain that for the function ω(t) which is defined by equality

ω(t) =
∫

ΩN(x)u(x, t)dx,

the equation is performed

ϕ(t)ωt + c0ω = 0.

Multiplying this equation by the function ω and integrating over the segment [0, T ], we get

ω(t) ≡ 0 at t ∈ [0, T ].

Hence, it follows that for the function u(x, t), which is the solution to the boundary value problem
(15), (2) the overdetermination condition (3) is satisfied.

All of the above means that the found functions u(x, t) and q(t) give the desired solution to the
inverse problem I.

The theorem is proved.
There is a similar result to the above for the inverse problem II.
Theorem 2. Let the condition (25) be satisfied

ϕ(t) ∈ C1([0;T ]), ϕ(0) > 0, ϕ(T ) < 0; (25)

as well as conditions (10)–(14). Then for any function f(x, t) such that f(x, t) ∈ L2(Q), ft(x, t) ∈
L2(Q), f(x, 0) = f(x, T ) = 0 for x ∈ Ω the inverse problem II has a solution (u(x, t), q(t)) such that
u(x, t) ∈W 2,1

2 (Q), q(t) ∈ L2([0, T ]).
The proof of this theorem is carried out in general analogous to the proof of Theorem 1, the only

difference is that in the boundary value problem for equation (16), conditions are not (2) and (17),
they are (2) and (4).
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Solvability of the inverse problem III

The study of the solvability of the nonlinear inverse problem III will also be carried out by
using the transition to integro-differential (loaded) equations. For simplicity, we will limit ourselves
to analyzing the case of c(x, t) ≡ 0; the general case will differ from the one considered only by the
greater cumbersomeness of conditions and calculations.

Let us put

M1 = d0

∫
Q
f2(x,t)
ϕ(t) dxdt+

∫
Ω u

2
0(x)dx.

Theorem 3. Let the conditions be satisfied

ϕ(t) ∈ C([0;T ]), [ϕ(t)]−1 ∈ L2([0;T ]), ϕ(t) ≥ 0, when t ∈ [0;T ]; (26)

c(x, t) ≡ 0 at (x, t) ∈ Q; (27)

N(x) ∈W 2
∞(Ω) ∩

0

W 1
2 (Ω), µ(t) ∈W 1

∞([0, T ]), u0(x) ∈W 2
2 (Ω) ∩

0

W 1
2 (Ω),

f(x, t) ∈ L∞(0, T ;
0

W 1
2 (Ω));

(28)

µ(t) ≥ µ0 > 0, f0(t)− ϕ(t)µ′(t) ≥ µ1 > 0 at t ∈ [0, T ]; (29)

M
1/2
1 ||∆N ||L2(Ω) ≤ µ1; (30)

∫
Ω
N(x)u0(x)dx = µ(0), (31)

Then the inverse problem III has a solution (u(x, t), q(t)) such that u(x, t) ∈ L∞(0, T ;W 2
2 (Ω) ∩

0

W 1
2 (Ω)), ut(x, t) ∈ L2(Q), q(t) ∈ L∞([0, T ]), q(t) ≥ 0 at t ∈ [0, T ].
Proof. Let {εm}∞m=1 be a sequence of positive numbers converging to 0. Denote ϕm(t) = ϕ(t) + εm.

Next, we define the cutting function GM (ξ), ξ ∈ R :

GM (ξ) =


ξ, if ‖ξ| < M,

M, if ξ ≥M,

−M, if ξ ≤ −M.

Let M0 be a number from the interval (0, µ1]. Consider the boundary value problem: Find the
function u(x, t), which is the solution to the equation in the cylinder Q

ϕm(t)ut −∆u+ εmϕm(t)∆2u+
1

µ(t)
[f0(t)− ϕ(t)µ′(t) +GM0(A1(t;u))]u = f(x, t) (32)

and such that conditions (2) and (6) are met for it, as well as the condition

∆u(x, t)|S = 0. (33)

In this problem, equation (32) for a fixed m is a non-degenerate parabolic equation of the fourth
order with bounded nonlinearity in the lower term. Using standard energy estimates for parabolic
equations [26], the Galerkin method or the fixed-point method, it is easy to establish that the problem
(32), (2), (6), (33) has a solution um(x, t) belonging to the spaceW 4,1

2 . We show that using the functions
um(x, t) it is possible to find a solution to the inverse problem III.
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Multiply equation (32) by the function [ϕ(t)]−1um(x, t) and integrate over the domain Ω and over
the time variable from 0 to the current point. After integrating by parts and reassigning variables, we
get equality ∫

Ω u
2
m(x, t)dx+

n∑
i=1

∫ t
0

∫
Ω

u2mxi
(x,τ)

ϕm(τ) dxdτ + εm
∫ t

0

∫
Ω[∆um(x, τ)]2dxdτ+

+
∫ t

0

∫
Ω
u2m(x,τ)
µ(τ) [f0(τ)− ϕ(τ)µ′(τ) +GM0(A1(τ ;um))]dxdτ =

=
∫ t

0

∫
Ω
f(x,τ)
ϕm(τ)um(x, τ)dxdτ + 1

2

∫
Ω u

2
0(x)dx.

(34)

Due to conditions (26) and (29), all the terms of the left side of this equality are non-negative.
Applying the Young’s inequality and inequality (8) to the first term of the right part (34), taking
into account also condition (28), we obtain that for functions um(x, t) for t ∈ [0, T ], the evaluation is
performed ∫

Ω
u2
m(x, t)dx ≤M1. (35)

Analyzing the equalities obtained after multiplying equation (32) by the functions
−[ϕm(t)]−1∆um(x, t), [ϕm(t)]−1∆2um(x, t) with subsequent integration over the domain Ω and over
the time variable from 0 to the current point, we obtain by using conditions (26), (28) and (29), and
the Helder inequality and the inequality (35) that for the functions um(x, t) the evaluation is performed

n∑
i=1

∫
Ω u

2
mxi(x, t)dx+

∫
Ω[∆um(x, t)]2dx+ εm

n∑
i=1

∫ t
0

∫
Ω(∆umxi(x, t))

2dxdτ+

+εm
∫ t

0

∫
Ω(∆2um(x, t))2dxdτ ≤M2

(36)

with a constant M2 defined only by the functions ϕ(t), µ(t), N(x), f(x, t) and u0(x), as well as the
domain Ω and the number T . To obtain the last necessary estimate, multiply equation (32) by the
function [ϕm(t)]−1umt(x, t) and integrate over the cylinder Q. After simple transformations using the
conditions of the theorem, the Gelder inequality and estimates (35) and (36), we obtain that for the
function um(x, t) the inequality holds ∫

Q
u2
mt(x, t)dxdt ≤M3 (37)

with a constant M3 defined only by the functions ϕ(t), µ(t), N(x), f(x, t) and u0(x), as well as the
domain Ω and the number T . Let’s clarify the value of the number M0: M0 = µ1. With this choice of
the number M0, it follows from the estimate (34) and condition (30) that GM0(A1(t;um)) = A1(t;um)
is satisfied in equations (32). Further, from the estimates (34)–(37) and from the reflexivity property of
the Hilbert space, as well as from the embedding theorems, it follows that there exists a subsequence
{umk(x, t)}∞m=1 from the sequence of solutions to the boundary value problem (32), (2), (6), (33), and
the function u(x, t) such that for k →∞ there are convergences:

umk
(x, t)→ u(x, t) weak in W 2,1

2 (Q) and strong in L2(Q),

εmk
∆2umk

(x, t)→ 0 weak in L2(Q).

Let us put

q(t) =
1

µ(t)
[f0(t)− ϕ(t)µ′(t) +A1(t;u)], (38)

ω(t) =

∫
Ω
N(x)u(x, t)dx− µ(t). (39)

For the function u(x, t) and for the function q(t) defined by equality (38) in the cylinder Q, equation
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(5) is fulfilled. Further, for the function u(x, t), conditions (2) and (6) are fulfilled. We show that
the overdetermination condition (7) is satisfied for the function u(x, t). Multiply equation (5) by the
function N(x) and integrate over the domain Ω. Comparing the obtained equality with equality (38),
we come to the equation for the function ω(t):

ϕ(t)ω′(t) + q(t)ω(t) = 0. (40)

Since the function ω(t) is bounded on the segment [0, T ], the function [ϕ(t)]−1 belongs to the space
L2([0, T ]), then (40) can be written as

ω′(t) + q(t)
ϕ(t)ω(t) = 0.

Multiplying the last equality by the function ω(t) and integrating, we come to equality

1

2
ω2(t) +

∫ t

0

q(τ)

ϕ(τ)
ω2(τ)dτ =

1

2
ω2(0). (41)

Since the function q(t) is non-negative on the segment [0, T ] and ω(0) = 0 (due to condition (31)),
then from (41) it follows that ω(t) is an identically zero function on the segment [0, T ].

The equality to zero of the function ω(t) and the formula (39) mean that the overdetermination
condition (7) is satisfied for the found function u(x, t).

So, for the functions u(x, t) and q(t) defined above, equation (5) is fulfilled, boundary conditions
(2) and (6) are fulfilled, as well as the overdetermination condition (7). Belonging of the functions
u(x, t) and q(t) to the required classes follows from a priori estimates (34)–(37). Consequently, these
functions will give the desired solution to the inverse problem III.

The theorem is proved.

Comments and additions

1. Throughout the work, it is assumed that certain inequalities or conditions for functions from the
Lebesgue or Sobolev spaces (conditions (13), (14), etc.) are fulfilled in the sense of their truth almost
everywhere on the corresponding set, that is, truth everywhere except, perhaps, for some set of zero
Lebesgue measure.

2. The approaches to proving the solvability of the corresponding inverse problems in clause 3 and
clause 4 are significantly different. First of all, we note that the statement of problem III does not
imply, despite the possible reversal of the function ϕ(t) to zero at t = 0, the liberation of the set
{x ∈ Ω, t = 0} from carrying the initial condition. Further, the conditions of Theorem 3 do not imply
differentiability of the function ϕ(t), which is required in Theorems 1 and 2. All this is explained by
the fact that the conditions of Theorem 3 allow only weak degeneracy at t = 0, with weak degeneracy
and the nondifferentiability of the function ϕ(t) at the points of its vanishing, the liberation of the
initial manifold of the initial data does not occur.

Note also that the conditions on the right side of f(x, t) in Theorems 1, 2, and 3 differ significantly.
3. The paper studies the solvability of some inverse problems for model parabolic equations. Similar

results (with minor changes) can be obtained for more general equations, for example, with the
replacement of the Laplace operator by an elliptic operator

n∑
i=1

∂
∂xi

(aij(x)uxj ),

or for equations with first derivatives in variables x1, ..., xn,, etc.
4. Let one of the conditions be satisfied in equation (1)
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ϕ(0) > 0, ϕ(T ) ≥ 0,

or

ϕ(0) ≤ 0, ϕ(T ) < 0.

In these cases, the inverse problems of finding the functions u(x, t) and q(t) connected in the cylinder
Q by equation (1) will be correct when conditions (2) and (3) are set, as well as the initial or final
conditions:

u(x, 0) = 0, x ∈ Ω,

or

u(x, T ) = 0, x ∈ Ω.

The proof of the corresponding existence theorems is carried out analogously to the proof of
Theorem 1, the only difference is that in regularized problems either such conditions are given

u(x, 0) = ut(x, T ) = 0, x ∈ Ω,

or else such

ut(x, 0) = u(x, T ) = 0, x ∈ Ω,

and for the function f(x, t), f(x, 0) = 0 or f(x, T ) = 0 must be executed for x ∈ Ω.
5. The condition of turning the function N(x) to zero at x ∈ Γ (see condition (28)) can be

abandoned. Let the condition be true for the function f(x, t)

f(x, t) ∈ L∞(0, T ;W 2
2 (Ω) ∩

0

W 1
2 (Ω)).

Consider the problem: Find the function u(x, t), which is the solution to the equation in the
cylinder Q

ϕ(t)ut + 1
µ(t) [f0(t)− ϕ(t)µ′(t) +

∫
ΩN(y)u(y, t)dy]u = ∆f(x, t)

and such that the condition (2) and the condition are fulfilled for it

u(x, 0) = ∆u0(x), x ∈ Ω.

The existence of regular solutions to this problem (under conditions similar to conditions (26)–(31))
is easy to prove by the method by which Theorem 3 was proved. Finding the function u(x, t), it will
not be difficult to further find the desired solution (u(x, t), q(t)) to the inverse problem III.

6. On the contrary, if in the inverse problems I and II the function N(x) vanishes at x ∈ Γ and
belongs to the space W 2

2 (Ω), then using the representation

A1(t;u) =
∫

Ω ∆N(y)u(y, t)dy

it is not difficult to obtain a condition other than (14) for the solvability of inverse problems I and II.
7. The conditions of theorems 1 and 2 are satisfied if the measure of the domain Ω is small, the

functions c(x, t) and ϕ(t) are small.
We show that in the inverse problem III, the set of initial data for which all the conditions of

Theorem 3 are satisfied is not empty.
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Let n = 1, Ω = (0; 1), N(x) = x(1−x), u0(x) and f̃(x) be functions from the spaceW 2
2 (Ω)∩

0

W 1
2 (Ω)

positive in Ω. Next, let γ be a positive number, a number for which the inequality holds

2(

∫
Ω
u2

0(x)dx)
1
2 < γ

∫
Ω
f̃(x)N(x)dx.

If now µ(t) is an arbitrary decreasing on the segment [0, T ] continuously differentiable function
such that

µ(0) =

∫
Ω
N(x)u0(x)dx,

f(x, t) and ϕ(t) are functions of γf̃(x) and tα, 0 < α < 1
2 , then all the conditions of the Theorem 3

will be executed for sufficiently small numbers T .
Other examples can be given for the inverse problems I, II, and III.
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Өзгешеленген псевдопараболалық теңдеуге қойылған
коэффициенттi керi есептер

Мақала өзгешеленген екiншi реттi параболалық теңдеулер үшiн коэффициенттi керi есептердiң ше-
шiлiмдiлiгiн зерттеуге арналған. Сызықтық керi есептер ретiнде теңдеудiң белгiсiз оң жағын (сыртқы
әсер) анықтау есептерi және белгiсiз бiр коэффициенттi анықтаудың сызықтық емес есебi қарасты-
рылған. Зерттелетiн жұмыстардың ерекшелiгi – олардағы белгiсiз коэффициенттер тек уақыт айны-
малысының функциялары болып табылады. Жұмыстың мақсаты – зерттелетiн есептердiң тұрақты
шешiмдерiнiң (теңдеуге қатысатын функциялардың С.Л. Соболев мағынасында барлық жалпылама
туындылары бар) бар және жалғыздығын дәлелдеу.

Кiлт сөздер: өзгешеленген параболалық теңдеулер, сызықтық керi есептер, сызықты емес керi есеп-
тер, регуляр шешiмдер, шешiмнiң бар болуы.
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1Институт математики имени С.Л. Соболева, Новосибирск, Россия;
2Новосибирский государственный университет, Новосибирск, Россия;

3Казахский национальный университет имени аль-Фараби, Алматы, Казахстан;
4 Институт математики и математического моделирования, Алматы, Казахстан

Обратные задачи определения коэффициентов временного типа в
вырождающемся параболическом уравнении

Статья посвящена исследованию разрешимости обратных коэффициентных задач для вырождаю-
щихся параболических уравнений второго порядка. Изучены как линейные обратные задачи — задачи
определения неизвестной правой части (внешнего воздействия), так и нелинейные задачи определе-
ния некоторого коэффициента самого уравнения. Особенностью изучаемых работ является то, что
неизвестные коэффициенты в них являются функциями лишь от временной переменной. Цель работы
— доказательство существования и единственности регулярных решений изучаемых задач (решений,
имеющих все обобщенные, по С.Л. Соболеву, производные, входящие в уравнение).

Ключевые слова: вырождающиеся параболические уравнения, линейные обратные задачи, нелиней-
ные обратные задачи, регулярные решения, существование.
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Boundary value problem for a system of partial differential equations
with the Dzhrbashyan–Nersesyan fractional differentiation operators

A boundary value problem in a rectangular domain for a system of partial differential equations with the
Dzhrbashyan–Nersesyan fractional differentiation operators with constant coefficients is studied in the case
when the matrix coefficients of the system have complex eigenvalues. Existence and uniqueness theorems for
the solution to the boundary value problem under study are proved. The solution is constructed explicitly
in terms of the Wright function of the matrix argument.

Keywords: system of partial diffrential equations, fractional derivatives, Dzhrbashyan–Nersesyan operator,
boundary value problem, fundamental solution, Wright matrix function.

Introduction

Consider the system of differential equations

Lu(x, y) ≡ D{α0,α1,...,αk}
0x u(x, y) +AD

{β0,β1,...,βm}
0y u(x, y) = Bu(x, y) + f(x, y), (1)

in the domain Ω = {(x, y) : 0 < x < a, 0 < y < b}, a, b < ∞, where D{α0,α1,...,αk}
0x and D{β0,β1,...,βm}0y

are the Dzhrbashyan–Nersesyan fractional differentiation operators [1] of orders α =
k∑
i=0

αi−1 > 0 and

β =
m∑
i=0

βi − 1 > 0, respectivly, αi, βj ∈ (0, 1], (i = 0, k, j = 0,m); f(x, y) = ||f1(x, y), ..., fn(x, y)||

and u(x, y) = ||u1(x, y), ..., un(x, y)|| are given and desired n-dimensional vectors, respectively, A and
B are given constant real square matrices of order n.

The Dzhrbashyan–Nersesyan fractional differentiation operator D
{γ0,γ1,...,γk}
0t of the order γ =

k∑
i=0

γi − 1 > 0, γi ∈ (0, 1], (i = 0, k), associated with the sequence {γ0, γ1, ..., γk}, is determined by the

relation [1]
D
{γ0,γ1,...,γk}
0t v(t) = Dγk−1

0t D
γk−1

0t ...Dγ1
0tD

γ0
0t v(t),

where Dγ
0t is the Riemann–Liouville fractional integro-differentiation operator [2; 9].

The operator D{γ0,γ1,...,γk}0t was introduced in [1], where the form of the initial conditions for the
ordinary differential equations with such an operator, and the Cauchy problem was studied. The
Dzhrbashyan-Nersesyan operator generalizes a number of definitions of fractional derivatives, including
the Riemann–Liouville and Gerasimov–Caputo derivatives.

A review of works related to the study of the equation (1) with Riemann–Liouville and Gerasimov–
Caputo derivatives, including in the scalar case n = 1, can be found in [3] and [4].

Equations of the order not higher than one containing operators of the formD
{γ0,γ1,...,γk}
0t are studied

in [5–10]. In [5], for a linear partial differential equation of fractional order with many independent
variables a fundamental solution is constructed and a boundary problem is solved.

∗Corresponding author.
E-mail: mamchuev@rambler.ru
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In papers [6], [7], boundary value problems in a rectangular domain for first-order partial differential
equations with variable coefficients are studied. In papers [8] and [9], a boundary value problem with an
integral condition and a boundary value problem in a rectangle, respectively, are studied for equations
with constant coefficients. The study [10] considers an equation containing the Dzhrbashyan–Nersesyan
operators in two independent variables, and in one of the variables the equation includes a linear
combination of two Dzhrbashyan–Nersesyan operators, the orders of which are associated with the
sequences {α, β} and {γ, δ}. The question of the influence of the distribution of the values of these
parameters on the setting of the initial conditions is studied.

We also note the papers [11, 12] where the unique solvability of initial problems for some classes of
linear equations with operator coefficients in the Banach spaces are studied.

In papers [3], [4], [13–15], boundary value problems in rectangular domains and the Cauchy problem
for systems with sign-definite eigenvalues of matrix coefficients in the main part, with Riemann–
Liouville partial derivatives whose the order does not exceed one, are considered. For these systems, the
situation with the formulation of boundary value problems is similar to the case of a single equation. In
this paper, we extend the class of such systems to include systems with eigenvalues of the coefficients
of the main part lying in some corner of the complex plane, and with more general Dzhrbashyan–
Nersesyan operators of fractional differentiation.

1 Auxiliary assertions

The Riemann-Liouville fractional integro-differentiation operatorDν
ay of order ν is defined as follows

[2; 9]:

Dν
ayg(y) =

sign(y − a)

Γ(−ν)

y∫
a

g(s)ds

|y − s|ν+1
, ν < 0,

for ν ≥ 0 the operator Dν
ay can be determined by recursive relation

Dν
ayg(y) = sign(y − a)

d

dy
Dν−1
ay g(y), ν ≥ 0.

The following series

φ(ρ, µ; z) =
∞∑
k=0

zk

k!Γ(ρk + µ)
, ρ > −1, µ ∈ C

defines the Wright function [16], [17] which depends on two parameters ρ and µ.
The following relation holds [4]

φ(ρ, µ; z)
∣∣
z=0

=
1

Γ(µ)
. (2)

If β ∈ (0, 1), µ ∈ R, then the following estimate is valid [18]

|φ(−β, µ;−z)| ≤ C exp
(
−σ|z|

1
1−β
)
, (3)

where C = C(β, µ, σ) and

σ < (1− β)β
β

1−β cos
arg z

1− β
, 0 ≤ | arg z| < 1− β

2
π.

Under the condition
β ∈ (0, 1), 0 ≤ | arg λ| < 1− β

2
π, (4)
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the inequality
|yµ−1φ(−β, µ;−λxy−β)| ≤ Cx−θyµ+βθ−1, x > 0, y > 0, (5)

holds [18], where C = C(µ, β, θ, λ), θ ≥ 0 for µ 6= 0,−1,−2, ..., and θ ≥ −1 for µ = 0,−1,−2, ....
The following differentiation formula is valid [17]:

d

dz
φ(ρ, µ; z) = φ(ρ, µ+ ρ; z), ρ > −1. (6)

Let β ∈ (0, 1), µ, ν ∈ R, and the inequality (4) holds, then the formula [18]

Dν
0yy

µ−1φ(−β, µ;−λy−β) = yµ−ν−1φ(−β, µ− ν;−λy−β) (7)

is true. By (7), we have

D
{γ0,...,γj}
0y yµ−1φ(−β, µ;−λy−β) = yµ−µjφ(−β, µ− µj + 1;−λy−β), (8)

where µj =
j∑
i=0

γi.

Formulas (6)–(8) give the equality(
∂

∂x
+ λD

{γ0,...,γj}
0y

)
yµ−1φ(−β, µ;−λxy−β) = 0, β =

j∑
i=0

γi − 1 < 1. (9)

Using the integration by parts formula and the relations (2) and (3), one can show that the equality

∞∫
0

tnφ(−β, µ;−λt)dt =
n!

λn+1Γ(µ+ (n+ 1)β)
, n = 0, 1, .... (10)

holds under the condition (4).
For λ = 1, the equality (10) was obtained in [19].

2 Special solutions
2.1 Wright matrix function

In papers [3], [4] the Wright matrix function was defined

φ(ρ, µ;A) =

∞∑
k=0

Ak

k!Γ(ρk + µ)
, ρ > −1, µ ∈ C

and its following properties were established.
1. Let the matrix A be reduced with the help of the matrix H to the Jordan normal form J(λ), i.e.

A = HJ(λ)H−1,

where J(λ) = diag[J1(λ1), ..., Jp(λp)] is the quasidiagonal matrix with cells of the form

Jk ≡ Jk(λk) =

∥∥∥∥∥∥∥∥∥
λk 1 . . . 0

λk . . . 0

0
. . .

...
λk

∥∥∥∥∥∥∥∥∥ , k = 1, ..., p,
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λ1, ..., λp are the eigenvalues of the matrix A, Jk(λk) are the square matrices of order rk + 1,
p∑

k=1

rk + p = n. Then the function φ(ρ, µ;Az) can be represented as

φ(ρ, µ;Az) = Hφ(ρ, µ; J(λ)z)H−1, (11)

where
φ(ρ, µ; J(λ)z) = diag[φ(ρ, µ; J1(λ1)z), ..., φ(ρ, µ; Jp(λp)z)],

φ(ρ, µ; Jk(λk)z) =

∥∥∥∥∥∥∥∥∥
φ0
ρ,µ(λkz) φ1

ρ,µ(λkz) . . . φrkρ,µ(λkz)

φ0
ρ,µ(λkz) . . . φrk−1

ρ,µ (λiz)

0
. . .

...
φ0
ρ,µ(λkz)

∥∥∥∥∥∥∥∥∥ ,

φmρ,µ(λz) =
1

m!

∂m

∂λm
φ(ρ, µ;λz) =

zm

m!
φ(ρ, µ+ ρm;λz).

2. Using the representation (11) and equality (2), we obtain

φ(ρ, µ;Az)
∣∣
z=0

=
1

Γ(µ)
I, (12)

where I is the identity matrix of order n.
3. The following differentiation formula is valid

d

dz
φ(ρ, µ;Az) = Aφ(ρ, ρ+ µ;Az). (13)

Further, we assume that all eigenvalues λ1, ..., λp of the matrix A satisfy the condition

0 ≤ | arg λi| <
1− β

2
π, i = 1, p. (14)

Due to the relations (2), (3), (5), (6), (7), (10), the following properties proved in [3], [4] remain
valid under the condition (14).

4. Due to (7) and (11), for β ∈ (0, 1), µ, ν ∈ R, we have

Dν
0yy

µ−1φ(−β, µ;−Aτy−β) = yµ−ν−1φ(−β, µ− ν;−Aτy−β). (15)

From (15) it follows

D
{γ0,...,γj}
0y yµ−1φ(−β, µ;−Aτy−β) = yµ−µjφ(−β, µ− µj + 1;−Aτy−β), µj =

j∑
i=0

γi. (16)

5. The equalities (13), (15) and (16) imply the equality(
∂

∂τ
+AD

{γ0,...,γj}
0y

)
yµ−1φ(−β, µ;−Aτy−β) = 0, β =

j∑
i=0

γi − 1 < 1. (17)

6. By virtue of (10) and (11) it follows

∞∫
0

φ(−β, µ;−Az)dz =
1

Γ(µ+ β)
A−1. (18)
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7. Let A(x, y) be the matrix with entries aij(x, y). By |A(x, y)|∗ we denote a scalar function taking
the maximum absolute value of entries of the matrix A(x, y) for each (x, y), i.e., |A(x, y)|∗ =
max
i,j
|aij(x, y)|. Likewise, for a vector b(x, y) with components bi(x, y), we set |b(x, y)|∗ = max

i
|bi(x, y)|.

From the estimate (5) it follows that

|yν−1φ(−β, ν;−Aτy−β)|∗ ≤ Cτ−θyν+βθ−1, τ > 0, y > 0, (19)

where β ∈ (0, 1) and θ ≥ 0 for ν 6= 0,−1,−2, ...; and θ ≥ −1 for ν = 0,−1,−2, ... .

8. Formulas (3) and (11) yields the estimate

|φ(−δ, ε;−Az)|∗ ≤ C exp
(
−σ|z|

1
1−δ
)
, z ≥ 0, (20)

where δ ∈ (0, 1), ε ∈ R, σ < (1 − δ)δ
1

1−δλ
δ

1−δ
0 , λ0 = min

1≤i≤p
{|λi|}, λ1, ..., λp are the eigenvalues of the

matrix A.

2.2 Properties of the function Φµ,ν
α,β(x, y)

In [3], the following function is defined

Φµ,ν
α,β(x, y) ≡

∞∫
0

eBτxµ−1φ(−α, µ;−τx−α)yν−1φ(−β, ν;−Aτy−β)dτ. (21)

The estimates (3) and (5) imply the convergence of the integral (21) for any µ, ν ∈ R, and x2 + y2 6= 0.

The following assertions are true.
Lemma 2.1. For all µ, ν ∈ R the following equalities hold:

Dε
0xΦµ,ν

α,β(x, y) = Φµ−ε,ν
α,β (x, y), α+ µ > 0, (22)

Dδ
0yΦ

µ,ν
α,β(x, y) = Φµ,ν−δ

α,β (x, y), β + ν > 0. (23)

Lemma 2.1 follows from the formulas (7), (15), (21).
Lemma 2.1 implies the equalities

D
{ε0,...,εj}
0x Φµ,ν

α,β(x, y) = Φ
µ−µj+1,ν
α,β (x, y), α+ µi > 0, µj =

j∑
i=0

εi, (24)

D
{δ0,...,δj}
0y Φµ,ν

α,β(x, y) = Φ
µ,ν−νj+1
α,β (x, y), β + νj > 0, νj =

j∑
i=0

δi. (25)

Lemma 2.2. The estimate∣∣∣Φµ,ν
α,β(x, y)

∣∣∣
∗
≤ Cxα+µ−αθ−1yν+βθ−1, θ ∈ [θ1, θ2) (26)

holds for all x ∈ [0;x0], where θ1 =

{
0, −ν /∈ N0,
−1, −ν ∈ N0,

θ2 =

{
1, µ 6= 0,
2, µ = 0,

N0 = {0, 1, 2, ...}, and the

constant C depends on x0.
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The validity of Lemma 2.2, under the condition (14), follows from the formulas (3) and (19),
similarly to the case when all eigenvalues of the matrix A are positive [3].

Lemma 2.3. Let AB = BA,
k1∑
i=0

εi = α+ 1,
m1∑
i=0

δi = β + 1, then the following equality holds:

(
D
{ε0,...,εk1}
0x +AD

{δ0,...,δm1}
0y −B

)
Φµ,ν
α,β(x, y) =

xµ−1yν−1

Γ(µ)Γ(ν)
I. (27)

Proof. Let us denote

hµα(x, τ) = xµ−1φ(−α, µ;−τx−α), hνβ(y, τ) = yν−1φ(−β, ν;−Aτy−β).

Using the fact that due to (9)(
D
{ε0,...,εk1}
0x +

∂

∂τ
−B

)
eBτhµα(x, τ) = 0,

the integration by parts formula and relations (2), (3), (12) and (20), we obtain

D
{ε0,...,εk1}
0x Φµ,ν

α,β(x, y) =

∞∫
0

eBτD
{ε0,...,εk1}
0x hµα(x, τ)hνβ(y, τ)dτ =

=
xµ−1yν−1

Γ(µ)Γ(ν)
I +BΦµ,ν

α,β(x, y) +

∞∫
0

eBτhµα(x, τ)
∂

∂τ
hνβ(y, τ)dτ. (28)

By virtue of (25), we get

D
{δ0,...,δm1}
0y Φµ,ν

α,β(x, y) =

∞∫
0

eBτhµα(x, τ)D
{δ0,...,δm1}
0y hνβ(y, τ)dτ. (29)

By (28) and (29), taking into account the equality(
AD

{δ0,...,δm1}
0y +

∂

∂τ
−B

)
eBτhνβ(y, τ) = 0,

which follows from (17), we get (27). Lemma 2.3 is proven.

3 Problem statement and main theorem

Let all eigenvalues λ1, ..., λp of the matrix A satisfy the condition (14). We formulate a boundary
value problem for the system (1).

Problem 3.1. Find a solution u(x, y) of system (1) with the boundary conditions

lim
x→0

D
{α0,α2,...,αi}
0x u = ϕi(y), 0 ≤ i ≤ k − 1, 0 < y < b, (30)

lim
y→0

D
{β0,β1,...,βj}
0y u = ψj(x), 0 ≤ j ≤ m− 1, 0 < x < a, (31)

where ϕi(y) and ψj(x) are given n-vectors functions.
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A regular solution of system (1) in the domain Ω is defined as a vector function u(x, y) satisfying
at all points (x, y) ∈ Ω the system (1) and the inclusions

D
{α0,...,αk}
0x u,D

{β0,...,βm}
0y u ∈ C(Ω); (32)

D
{α0,...,αi}
0x u ∈ C(Ω ∪ {x = 0}), D

{β0,...,βj}
0y u ∈ C(Ω ∪ {y = 0}),

∂
∂xD

{α0,...,αi}
0x u, ∂∂yD

{β0,...,βj}
0y u ∈ C(Ω) ∩ L(Ω), (i = 0, k − 1, j = 0,m− 1);

(33)

x1−εy1−δu(x, y) ∈ C(Ω), for some ε > 0 and δ > 0.
We accept the following notation:

µj =

j∑
p=0

αp, µ̄j =
k∑
p=j

αp, µij =
i∑

p=j

αp; νi =
i∑

p=0

βp, ν̄i =
m∑
p=i

βp, νji =

j∑
p=i

βp.

Theorem 3.1. Let AB = BA, all eigenvalues λ1, ..., λp of the matrix A satisfy the condition (14),
α0 + αk > 1, β0 + βm > 1,

ϕj(y) = D
−ρj
0y ϕ∗j (y), y1−ηjϕ∗j (y), y1−νϕk−1(y) ∈ C[0, b],

ηj > 0, ρj > max
{
µk−1
j+1

β
α , 1− βm

}
, j = 0, k − 2;

(34)

ψi(y) = D−σi0x ψ∗i (x), x1−ξiψ∗i (x), x1−µψm−1(x) ∈ C[0, a],

ξi > 0, σi > max
{
νm−1
i+1

α
β , 1− αk

}
, i = 0,m− 2;

(35)

f(x, y) = D−σ0x D
−ρ
0y f

∗(x, y), x1−ξy1−ηf∗(x, y) ∈ C(Ω),

σ > 1− αk, ρ > 1− βm, ξ > 0, η > 0;
(36)

whereinto ε < min{α0, σi + ξi, σ + ξ, µ}, δ < min{β0, ρi + ηi, ρ + η, ν}. Then there exists a unique
regular solution to problem (1), (30), (31) in Ω. The solution has the form

u(x, y) =

k−1∑
j=0

y∫
0

D
{αk,αk−1,...,αj+1}
0x G(x, y − s)ϕj(s)ds+

+
m−1∑
i=0

x∫
0

D
{βm,βm−1,...,βi+1}
0y G(x− t, y)Aψi(t)dt+

y∫
0

x∫
0

G(x− t, y − s)f(t, s)dtds, (37)

where
G(x, y) = Φ0,0

α,β(x, y).

Remark 3.1. If we put

σi = σ = µ = α0, ρj = ρ = ν = β0, ξi = ηj = ξ = η = 1,

then ε < α0, δ < β0, and the conditions (34)–(36) will take the form

ϕj(y) = D−β00y ϕ∗j (y), ϕ∗j (y), y1−β0ϕk−1(y) ∈ C[0, b],

β0 > max
{
β − α0+αk−1

α β, 1− βm
}
, j = 0, k − 2;

(38)

ψi(y) = D−α0
0x ψ∗i (x), ψ∗i (x), x1−α0ψm−1(x) ∈ C[0, a],

α0 > max
{
α− β0+βm−1

β α, 1− αk
}
, i = 0,m− 2;

(39)
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f(x, y) = D−α0
0x D−β00y f∗(x, y), f∗(x, y) ∈ C(Ω). (40)

Remark 3.2. In the case of a system with Riemann–Liouville derivatives, i.e., when k = m = 1,

D
{α0,1}
0x = Dα0

0x , D
{β0,1}
0y = Dβ0

0y , the conditions (38)–(40) will take the form

y1−β0ϕ0(y) ∈ C[0, b], x1−α0ψ0(x) ∈ C[0, a], f(x, y) = D−α0
0x D−β00y f∗(x, y), f∗(x, y) ∈ C(Ω).

The solution has the form

u(x, y) =

y∫
0

G(x, y − s)ϕ0(s)ds+

x∫
0

G(x− t, y)Aψ0(t)dt+

+

y∫
0

x∫
0

G(x− t, y − s)f(t, s)dtds.

Remark 3.3. In the case of a system with Gerasimov–Caputo derivatives, i.e., when k = m = 1,

D
{1,α1}
0x = ∂α1

0x , D
{1,β1}
0y = ∂β10y , the conditions (38)–(40) will take the form

ϕ0(y) ∈ C[0, b], ψ0(x) ∈ C[0, a], f(x, y) = D−1
0xD

−1
0y f

∗(x, y), f∗(x, y) ∈ C(Ω).

The solution has the form

u(x, y) =

y∫
0

Dα1−1
0x G(x, y − s)ϕ0(s)ds+

x∫
0

Dβ1−1
0y G(x− t, y)Aψ0(t)dt+

+

y∫
0

x∫
0

G(x− t, y − s)f(t, s)dtds.

In what follows, for brevity, we will denote

uϕj (x, y) =

y∫
0

D
{αk,...,αj+1}
0x G(x, y − s)ϕj(s)ds,

uψi(x, y) =

x∫
0

D
{βm,...,βi+1}
0y G(x− t, y)Aψi(t)dt,

uf (x, y) =

x∫
0

y∫
0

G(x− t, y − s)f(t, s)dsdt.

3.1 Representation of solutions

Lemma 3.1. Every regular solution u(x, y) to problem (1), (30), (31) in Ω can be represented in
the form (37).

Proof. Let u(x, y) be a solution to problem (1), (30), (31), and matrix V ≡ V (x − t, y − s) be a
solution to the equation

L∗V ≡ D{αk,αk−1,...,α0}
xt V +D{βm,βm−1,...,β0}

ys V A = V B + I, (41)
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satisfying the conditions
lim
t→x

D
{αk,αk−1,...,αi}
xt V = 0, 1 ≤ i ≤ k, (42)

lim
s→y

D
{βm,βm−1,...,βj}
ys V = 0, 1 ≤ j ≤ m, (43)

where I is the identity matrix.
Lemmas 2.2 and 2.3 show that V (x − t, y − s) = Φ1,1

α,β(x − t, y − s) is the solution to the problem
(41)–(43). From (22) and (23) we see that

Vxy(x, y) = G(x, y). (44)

We have the following formula [20]

x∫
0

[
h(x, t)D

{α0,α1,...,αm}
0t g(t)−D{αm,αm−1,...,α0}

xt h(x, t) · g(t)
]
dt =

=

m∑
i=1

D
{αm,αm−1,...,αm+1−i}
xt h(x, t) ·D{α0,α1,...,αm−i}

0t g(t)
∣∣t=x
t=0

. (45)

By (1) and (41) we get

V (x− t, y − s)Lu(t, s)− L∗V (x− t, y − s) · u(t, s) = V (x− t, y − s)f(t, s)− u(t, s),

or (
V D

{α0,...,αk}
0t u−D{αk,...,α0}

xt V · u
)

+
(
V AD

{β0,...,βm}
0s u−D{βm,...,β0}ys V A · u

)
= V f − u.

Integrating the last equality, taking into account the formula (45), we obtain

x∫
0

y∫
0

u(t, s)dsdt =

x∫
0

y∫
0

V (x− t, y − s)u(t, s)dsdt−

−
k∑
i=1

y∫
0

D
{αk,αk−1,...,αk+1−i}
xt V (x, y − s)D{α0,α1,...,αk−i}

0t u(t, s)
∣∣∣t=x
t=0

ds−

−
m∑
j=1

x∫
0

D
{βm,βm−1,...,βm+1−j}
ys V (x− t, y)AD

{β0,β1,...,βm−j}
0s u(t, s)

∣∣∣s=y
s=0

dt. (46)

Therefore, differentiating (46) with respect to x and with respect to y, taking into account (30), (31),
(42), (43) and (44), and then changing the order of summation, we get (37). Lemma 3.1 is proved.

3.2 Properties of the fundamental solution

Lemma 3.2. [3] Let AB = BA, then the equality(
Dα

0x +ADβ
0y −B

)
G(x, y) = 0 (47)

holds.
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Lemma 3.3. Let the vectors ψi(x) (i = 0, k − 1), and ϕj(y) (j = 0,m− 1), satisfy the conditions
of Theorem 3.1, then the relations

lim
x→0

D
{α0,...,αi}
0x uϕj (x, y) =

{
0, i 6= j,
ϕj(y), i = j,

, y > ε > 0, (48)

lim
y→0

D
{β0,...,βj}
0y uψj (x, y) =

{
0, i 6= j,
ψi(y), i = j,

, x > ε > 0, (49)

lim
y→0

D
{β0,...,βj}
0y uϕj (x, y) = 0, x > ε > 0, (50)

lim
x→0

D
{α0,...,αi}
0x uψj (x, y) = 0, y > ε > 0, (51)

hold, where the limits (48) and (51) are uniform on any closed subset (0; b), and the limits (49) and
(50) on any closed subset (0; a).

Proof. Using (22), we write

uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,0
α,β (x, y − s)ϕj(s)ds.

By virtue of the formula (24) and the estimate (26), we obtain

D
{α0,...,αi}
0x Φ

1−µ̄j+1,0
α,β (x, y) = Φ

1−µ̄j+1+1−µi,0
α,β (x, y),∣∣∣Φ1−µ̄j+1+1−µi,0

α,β (x, y)
∣∣∣
∗
≤ Cx1+α−µ̄j+1−µi−αθyβθ−1, θ ∈ [−1, 1].

Let i < j, then, taking into account the fact that
j∑

s=i+1
αs < α for α0 +αk > 1, we get that there exists

θ ∈ (0, 1), such that

1 + α− µ̄j+1 − µi − αθ =
k∑
s=0

αs −
i∑

s=0

αs −
k∑

s=j+1

αs − αθ =

j∑
s=i+1

αs − αθ > 0.

By virtue of the last relations, for i < j, we obtain

D
{α0,...,αi}
0x uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1+1−µi,0
α,β (x, y − s)ϕj(s)ds ∈ C(Ω ∪ {x = 0}), (52)

lim
x→0

D
{α0,...,αi}
0x uϕj (x, y) = 0. (53)

Consider now the case i = j. Taking into account that 1− µ̄j+1 + 1− µj = 1− α we obtain

D
{α0,...,αj}
0x uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1+1−µj ,0
α,β (x, y − s)ϕj(s)ds =

y∫
0

Φ1−α,0
α,β (x, y − s)ϕj(s)ds.

Hence, in view of the equality [3]

lim
x→0

y∫
0

Φ1−α,0
α,β (x, y − s)q(s)ds = q(y),
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which under condition (14) is proved using equality (18), we get

lim
x→0

D
{α0,...,αj}
0x uϕj (x, y) = ϕj(y). (54)

For i > j, i.e. 1 ≤ i ≤ k − 1, and 0 ≤ j ≤ k − 2, due to (24) and equality (47) we obtain

D
{α0,...,αi}
0x uϕj (x, y) = D

{αj+1,...,αi}
0x

y∫
0

Dα
0xG(x, y − s)ϕj(s)ds =

= D
{αj+1,...,αi}
0x

y∫
0

(
B −ADβ

ys

)
G(x, y − s)ϕj(s)ds = I1(x, y)− I2(x, y). (55)

It follows from the relation α > αj + 1 + ... + αi that there exists θ ∈ (0, 1), such that
α(1− θ) > αj + 1 + ...+ αi. Therefore, by the estimate∣∣∣∣Φ1−µij+1,0

α,β (x, y − s)
∣∣∣∣
∗
≤ Cxα−αθ−µ

i
j+1yβθ−1, θ ∈ [−1, 1),

we get the relations

I1(x, y) = B

y∫
0

Φ
1−µij+1,0

α,β (x, y − s)ϕj(s)ds ∈ C(Ω ∪ {x = 0}), (56)

lim
x→0

I1(x, y) = 0. (57)

Let us consider the second term

I2(x, y) = A

y∫
0

D
µij+1−1

0x Dβ
ysG(x, y − s)D−ρj0s ϕj(s)ds = A

y∫
0

Φ
1−µij+1,ρj−β
α,β (x, y − s)ϕ∗j (s)ds.

In view of the estimate∣∣∣∣Φ1−µij+1,ρj−β
α,β (x, y)

∣∣∣∣
∗
≤ Cxα−αθ−µ

i
j+1yρj−β+βθ−1, θ ∈ [0, 1),

we get that the integral I2(x, y) converges under the condition
{
α− αθ − µij+1 > 0,

ρj − β + βθ > 0,
i.e., when θ

satisfies the condition
µij+1

α < 1− θ < ρj
β , at that

lim
x→0

I2(x, y) = 0. (58)

By (53), (54), (55), (57) and (58) we get (48).
The relation (49) is proved similarly.
Let us prove the relation (50). Formulas (25) and (26) give the equalities

∂s

∂ys
D
{β0,...,βi}
0y Φ

1−µ̄j+1,ρj
α,β (x, y) = Φ

1−µ̄j+1,ρj−νi+1−s
α,β (x, y), s = 0, 1,

and ∣∣∣Φ1−µ̄j+1,ρj−νi+1−s
α,β (x, y)

∣∣∣
∗
≤ Cxα−αθ−µ̄j+1yρj−νi+βθ−s, s = 0, 1, θ ∈ [0, 1).
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By the last estimate, taking into account that due to ρj > 1 − βm > 1 − ν̄i+1 one can choose θ
sufficiently close to 1, so that ρj − νi + βθ = ρj + ν̄i+1 − 1 + β(θ − 1) > 0, we get

D
{β0,...,βi}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj+1−νi
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω ∪ {y = 0}), (59)

∂

∂y
D
{β0,...,βi}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj−νi
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω) ∪ L(Ω), (60)

and
lim
y→0

D
{β0,...,βi}
0y uϕj (x, y) = 0, 0 ≤ i ≤ m− 1.

The relation (51) is proved similarly. Lemma 3.3 is proved.
Lemma 3.4. The function (37) is a solution (1) satisfying the inclusions (32) and (33).
Proof. Using estimates∣∣∣∣Φ−µk−1

j+1 ,0

α,β (x, y)

∣∣∣∣
∗
≤ Cxα−αθ−µ

k−1
j+1−1yβθ−1, θ ∈ [0, 1),

∣∣∣∣Φ−µk−1
j+1 ,ρj−β

α,β (x, y)

∣∣∣∣
∗
≤ Cxα−αθ−µ

k−1
j+1−1yρj−β+βθ−1, θ ∈ [0, 1),

and inequalities α− αθ − µk−1
j+1 > 0, ρj − β + βθ > 0, by (55) with i = k − 1 we get

∂

∂x
D
{α0,...,αk−1}
0x uϕj (x, y) = B

y∫
0

Φ
−µk−1

j+1 ,0

α,β (x, y − s)ϕj(s)ds−

−A
y∫

0

Φ
−µk−1

j+1 ,ρj−β
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω) ∩ L(Ω). (61)

By (61) it follows that

D
{α0,...,αk}
0x uϕj (x, y) = B

y∫
0

Φ
1−µ̄j+1,0
α,β (x, y − s)ϕj(s)ds−

−A
y∫

0

Φ
1−µ̄j+1,ρj−β
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω ∪ {x = 0}). (62)

Due to the estimate∣∣∣Φ1−µ̄j+1,ρj−νi
α,β (x, y)

∣∣∣
∗
≤ Cxα−αθ−µ̄j+1yρj−νi+βθ−1, θ ∈ [0, 1),

and the inequality ρj + βm > 1, one can always choose θ sufficiently close to 1, so that

ρj − νi + βθ > βi+1 + ...+ βm−1 + (θ − 1)β > 0,

so
∂

∂y
D
{β0,...,βi}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj−νi
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω) ∩ L(Ω). (63)
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From (63) for i = m− 1 it follows that

D
{β0,...,βm}
0y uϕj (x, y) =

y∫
0

Φ
1−µ̄j+1,ρj−β
α,β (x, y − s)ϕ∗j (s)ds ∈ C(Ω). (64)

It can be seen from (62) and (64) that uϕj (x, y) are solutions of the homogeneous system

D
{α0,...,αk}
0x uϕj (x, y) +AD

{β0,...,βm}
0y uϕj (x, y) = Buϕj (x, y).

The proof for uψi(x, y) is similar.
Let us show that

uf (x, y) =

x∫
0

y∫
0

Φσ,ρ
α,β(x− t, y − s)f∗(t, s)dsdt

system solution (1). In view of∣∣∣Φσ−µj+1,ρ
α,β (x, y)

∣∣∣
∗
≤ Cxµ̄j+1−αθ+σ−1yρ+βθ−1,

we get ∣∣∣D{α0,...,αj}
0x uf (x, y)

∣∣∣
∗
≤ Cxσ+ξ−(1−µ̄j+1)−αθyρ+η+βθ−1.

The inequality σ + ξ > 1− αk, implies σ + ξ − (1− µ̄j+1)− αθ > 0 and the relations

D
{α0,...,αj}
0x uf (x, y) =

x∫
0

y∫
0

Φ
σ−µj+1,ρ
α,β (x− t, y − s)f∗(t, s)dsdt ∈ C(Ω ∪ {x = 0}), (65)

lim
x→0

D
{α0,...,αj}
0x uf (x, y) = 0, 0 ≤ j ≤ k − 1. (66)

It follows from (48)–(51) and (66) that the boundary conditions (30) and (31) hold.
By the estimate ∣∣∣Φσ−µj ,ρ

α,β (x, y)
∣∣∣
∗
≤ Cxα−µj−αθ+σ−1yρ+βθ−1,

and inequalities α−µj −αθ+σ = µ̄j+1 +σ− 1−αθ > 0, which follow from the inequality σ > 1−αk,
we get

∂

∂x
D
{α0,...,αj}
0x uf (x, y) =

x∫
0

y∫
0

Φ
σ−µj ,ρ
α,β (x− t, y − s)f∗(t, s)dsdt. (67)

By (67), estimate ∣∣∣∣ ∂∂xD{α0,...,αj}
0x uf (x, y)

∣∣∣∣
∗
≤ Cxσ+ξ+µ̄j+1−1−αθyρ+η+βθ−1,

due to the inequality σ > 1− αk, we obtain

∂

∂x
D
{α0,...,αj}
0x uf (x, y) ∈ C(Ω) ∩ L(Ω), 0 ≤ j ≤ k − 1. (68)

Therefore

D
{α0,...,αk}
0x uf (x, y) =

x∫
0

y∫
0

Φσ−α,ρ
α,β (x− t, y − s)f∗(t, s)dsdt ∈ C(Ω). (69)
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Similarly, we get

D
{β0,...,βm}
0x uf (x, y) =

x∫
0

y∫
0

Φσ,ρ−β
α,β (x− t, y − s)f∗(t, s)dsdt ∈ C(Ω). (70)

By (69) and (70), taking into account Lemma 2.3, we obtain(
D
{α0,...,αk}
0x +AD

{β0,...,βm}
0x −B

)
uf (x, y) =

=

x∫
0

y∫
0

(
D
{α0,...,αk}
0x +AD

{β0,...,βm}
0x −B

)
Φσ,ρ
α,β(x− t, y − s)f∗(t, s)dsdt =

=

x∫
0

y∫
0

(x− t)σ−1(y − s)ρ−1

Γ(σ)Γ(ρ)
f∗(t, s)dsdt = D−σ0x D

−ρ
0y f

∗(t, s) = f(t, s).

From (52), (56), (59)–(65), (68)–(70), it follows that (37) satisfies the inclusions (32), (33). Lemma 3.4
is proved.

3.3 Proof of the main theorem

Using the estimate (26) and the conditions of Theorem 3.1 on the functions ψi(x), ϕj(y) and f(x, y),
we obtain the estimates

x1−εy1−δ|uϕj (x, y)|∗ ≤ Cxα−αθ−µ̄j+1+1−εyρj+ηj+βθ−δ, θ ∈ (0, 1), (71)

x1−εy1−δ|uψi(x, y)|∗ ≤ Cxα−αθ+σi+ξi−εyβθ−ν̄i+1+1−δ, θ ∈ (0, 1), (72)

x1−εy1−δ|uf (x, y)|∗ ≤ Cxα−αθ+σ+ξ−εyβθ+ρ+η−δ, θ ∈ (0; 1). (73)

Considering that α + 1 − µ̄j+1 = µj > ε, due to α0 > ε, and the fact that ρj + ηj > ε, by (71)
we get x1−εy1−δuϕj ∈ C(Ω). Taking into account the inequalities σi + ξi > ε, and the fact that
βθ − ν̄i+1 + 1 = β(θ − 1) + νi > δ, due to β0 > δ, by (72) we get x1−εy1−δuψi ∈ C(Ω). It follows from
(73) and the inequalities σ + ξ > ε and ρ+ η > δ that the inclusion x1−εy1−δuf ∈ C(Ω).

The above together with Lemmas 3.2, 3.3, and 3.4 proves the existence of a regular solution to the
problem (1), (30), (31). The uniqueness of the solution to the problem follows by Lemma 3.1. Theorem
3.1 is proved.
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Джрбашян–Нерсесян бөлшек дифференциалдау операторы бар
дербес туындылы теңдеулер жүйесiне арналған шеттiк есеп
Тiкбұрышты облыста жүйенiң матрицалық коэффициенттерi күрделi меншiктi мәндерге ие болған
жағдайда тұрақты коэффициенттерi бар Джрбашян-Нерсесян бөлшек дифференциалдау операторы
бар дербес туындылы теңдеулер жүйесiне арналған шеттiк есеп зерттелдi. Зерттелетiн шеттiк есептер-
дiң шешiмiнiң бар болуы және жалғыздық теоремалары дәлелдендi. Шешiм матрицалық аргументтiң
Райт функциясы тұрғысынан анық түрде құрастырылған.

Кiлт сөздер: дербес туындылы теңдеулер жүйесi, бөлшек реттi туынды, Джрбашян-Нерсесян опера-
торы, шеттiк есеп, iргелi шешiм, матрицалық аргументтiң Райт фукнциясы.

М.О. Мамчуев

Институт прикладной математики и автоматизации КБНЦ РАН, Нальчик, Россия

Краевая задача для системы уравнений в частных производных
с операторами дробного дифференцирования

Джрбашяна–Нерсесяна
Исследована краевая задача в прямоугольной области для линейной системы уравнений с частными
операторами дробного дифференцирования Джрбашяна–Нерсесяна с постоянными коэффициента-
ми в случае, когда матричные коэффициенты системы имеют комплексные собственные значения.
Доказаны теоремы существования и единственности решения исследуемой краевой задачи. Решение
построено в явном виде в терминах функции Райта матричного аргумента.

Ключевые слова: система уравнений с частными производными, производные дробного порядка, опе-
ратор Джрбашяна–Нерсесяна, краевая задача, фундаментальное решение, функция Райта матрич-
ного аргумента.
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Steklov problem for a linear ordinary fractional delay differential
equation with the Riemann-Liouville derivative

This paper studies a nonlocal boundary value problem with Steklov’s conditions of the first type for a linear
ordinary delay differential equation of a fractional order with constant coefficients. The Green’s function of
the problem with its properties is found. The solution to the problem is obtained explicitly in terms of the
Green’s function. A condition for the unique solvability of the problem is found, as well as the conditions
under which the solvability condition is satisfied. The existence and uniqueness theorem is proved using the
representation of the Green’s function and its properties, as well as the representation of the fundamental
solution to the equation and its properties. The question of eigenvalues is investigated. The theorem on
the finiteness of the number of eigenvalues is proved using the notation of the solution in terms of the
generalized Wright function, as well as the asymptotic properties of the generalized Wright function as
λ→∞ and λ→ −∞.

Keywords: fractional differential equation, delay differential equation, Steklov’s boundary value problem,
Green function, generalized Mittag-Leffler function, generalized Wright function.

Introduction

In this paper, we consider the equation

Dα
0tu(t)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1, (1)

whereDα
0t is the Riemann–Liouville fractional derivative [1], 1 < α ≤ 2, λ, µ are the arbitrary constants,

τ is the fixed positive number, H(t) denotes the Heaviside function.
In [1–6], the theory of fractional calculus is studied (see also the references in these works).

Barrett [7] investigated a linear ordinary differential equation of fractional order. For a fractional
order differential equation the existence and uniqueness theorem is proved in [8], and the boundary
value problem with the Sturm-Liouville type conditions was considered in [9]. In paper [10], the initial
value problem for a linear ordinary differential equation of fractional order was studied.

To the theory of delay differential equations were devoted the following works [11–15].
The Cauchy problem for Eq.(1) was solved in [16], and the solutions to the Dirichlet and the

Neumann problems were obtained in [17]. The boundary value problem with Sturm-Liouville type
conditions was founded in [18].

The papers [19], [20] are devoted to the study of the Steklov problem for a fractional order
differential equation. In this paper, we construct the solution to the first-type Steklov boundary value
for Eq.(1) and prove the existence and uniqueness theorem and the finiteness theorem for the number
of real eigenvalues of the problem under study.

∗Corresponding author.
E-mail: mazhgihova.madina@yandex.ru
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Main results

A function u(t) is called a regular solution of equation (1) if Dα−2
0t u(t) ∈ C2(0, 1), u(t) ∈ L(0, 1)

and u(t) satisfies Eq. (1) for all 0 < t < 1.
The problem we solve here is to find the regular solution to equation (1) satisfying the conditions

a1 lim
t→0

Dα−2
0t u(t) + a2 lim

t→0
Dα−1

0t u(t) + a3 lim
t→1

Dα−2
0t u(t) + a4 lim

t→1
Dα−1

0t u(t) = 0,

b1 lim
t→0

Dα−2
0t u(t) + b2 lim

t→0
Dα−1

0t u(t) + b3 lim
t→1

Dα−2
0t u(t) + b4 lim

t→1
Dα−1

0t u(t) = 0.
(2)

In the case a2b4 − a4b2 6= 0 the conditions (2) can be write out in the form

Dα−1
0t u(t)

∣∣
t=1

= c1D
α−2
0t u(t)

∣∣
t=0

+ c2D
α−2
0t u(t)

∣∣
t=1

,

Dα−1
0t u(t)

∣∣
t=0

= c3D
α−2
0t u(t)

∣∣
t=0

+ c4D
α−2
0t u(t)

∣∣
t=1

,

where

c1 =
a1b2 − a2b1
a2b4 − a4b2

, c2 =
−a2b3 + a3b2
a2b4 − a4b2

, c3 =
−a1b4 + a4b1
a2b4 − a4b2

, c4 =
−a3b4 + a4b3
a2b4 − a4b2

. (3)

Previously, in work [21], it was defined the function

Wν(t)=Wν(t,τ ;λ, µ)=
∞∑
m=0

µm(t−mτ)αm+ν−1
+ Em+1

α,αm+ν(λ(t−mτ)α+), ν ∈ R, (4)

where

Eρα,β(z) =

∞∑
k=0

(ρ)kz
k

Γ(αk + β)k!

is the generalized Mittag-Leffler function [22], Γ(z) is the Gamma function, (ρ)k = Γ(ρ+k)
Γ(ρ) is the

Pochhammer symbol,

(t−mτ)+ =

{
t−mτ, t−mτ > 0,

0, t−mτ ≤ 0.

Function (4) satisfies the following properties [21]:
1) for some m the expression t−mτ < 0, therefore the series in (4) contains a finite number of the

terms N ≤ [ tτ ] + 1;
2) it follows from (4) that

W
(i)
k (0) =

{
0, k 6= i+ 1,
1, k = i+ 1;

3) it holds true the integrodifferentional formula

Dα
0tWν(t) = Wν−α(t), α ∈ R, ν > 0 (5)

and the autotransformation formula

Wν(t) = λWν+α(t) + µWν+α(t− τ) +
tν−1

Γ(ν)
, α > 0, ν ∈ R. (6)

The solution to the Cauchy problem to the equation (1) was found in the paper [16] and has the
form

u(t) =

t∫
0

f(ξ)Wα(t− ξ)dξ +Dα−1
0t u(t)

∣∣
t=0

Wα(t) +Dα−2
0t u(t)

∣∣
t=0

Wα−1(t). (7)
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Using formula (7) we can define Dα−1
0t u(t)

∣∣
t=1

and Dα−2
0t u(t)

∣∣
t=1

:

Dα−1
0t u(t)

∣∣
t=1

=

1∫
0

f(ξ)W1(1− ξ)dξ+Dα−1
0t u(t)

∣∣
t=0

W1(1) +Dα−2
0t u(t)

∣∣
t=0

[λWα(1) + µWα(1− τ)] , (8)

Dα−2
0t u(t)

∣∣
t=1

=

1∫
0

f(ξ)W2(1− ξ)dξ +Dα−1
0t u(t)

∣∣
t=0

W2(1) +Dα−2
0t u(t)

∣∣
t=0

W1(1). (9)

Inserting (8) and (9) into the first formula of the system (2), we have

Dα−2
0t u(t)

∣∣
t=0

[
a1 + a3W1(1) + a4

(
λWα(1) +µWα(1− τ)

)]
+Dα−1

0t u(t)
∣∣
t=0

[
a2 + a3W2(1) + a4W1(1)

]
+

+

1∫
0

f(ξ)
[
a3W2(1− ξ) + a4W1(1− ξ)

]
dξ = 0,

or
A1D

α−2
0t u(t)

∣∣
t→0

+A2D
α−1
0t u(t)

∣∣
t→0

+ F1 = 0,

where

A1 = a1 + a3W1(1) + a4

(
λWα(1) + µWα(1− τ)

)
, A2 = a2 + a3W2(1) + a4W1(1),

F1 =

1∫
0

f(ξ)
[
a3W2(1− ξ) + a4W1(1− ξ)

]
dξ.

In the same way, substituting (8) and (9) into the second formula of the system (2), we have

B1D
α−2
0t u(t)

∣∣
t=0

+B2D
α−1
0t u(t)

∣∣
t=0

+ F2 = 0,

where

B1 = b1 + b3W1(1) + b4

(
λWα(1) + µWα(1− τ)

)
, B2 = b2 + b3W2(1) + b4W1(1),

F2 =

1∫
0

f(ξ)
[
b3W2(1− ξ) + b4W1(1− ξ)

]
dξ.

Thus, we get the system:

A1D
α−2
0t u(t)

∣∣
t=0

+A2D
α−1
0t u(t)

∣∣
t=0

= −F1,

B1D
α−2
0t u(t)

∣∣
t=0

+B2D
α−1
0t u(t)

∣∣
t=0

= −F2,
(10)

and the solution to that system (10) equals:

Dα−2
0t u(t)

∣∣
t→0

=
−F1B2 + F2A2

A1B2 −A2B1
, Dα−1

0t u(t)
∣∣
t→0

=
−A1F2 +B1F1

A1B2 −A2B1
. (11)
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Using (11) and the Cauchy problem solution (7), we get the equality:

u(t) =

t∫
0

f(ξ)Wα(t− ξ)dξ +
−F1B2 + F2A2

A1B2 −A2B1
Wα−1(t) +

−A1F2 +B1F1

A1B2 −A2B1
Wα(t) =

=

t∫
0

f(ξ)Wα(t− ξ)dξ +
B1Wα(t)−B2Wα−1(t)

A1B2 −A2B1

1∫
0

f(ξ)[a3W2(1− ξ) + a4W1(1− ξ)]dξ−

−A1Wα(t)−A2Wα−1(t)

A1B2 −A2B1

1∫
0

f(ξ)[b3W2(1− ξ) + b4W1(1− ξ)]dξ,

or

1∫
0

f(ξ)

[
H(t− ξ)Wα(t− ξ) +Wα(t)

(
a4B1 − b4A1

4
W1(1− ξ) +

a3B1 − b3A1

4
W2(1− ξ)

)
−

−Wα−1(t)

(
a4B2 − b4A2

4
W1(1− ξ) +

a3B2 − b3A2

4
W2(1− ξ)

)]
,

where
4 = A1B2 −A2B1. (12)

Green function

Assume G(t, ξ) is given by

G(t, ξ) = H(t− ξ)Wα(t− ξ) +Wα(t)

(
a4B1 − b4A1

4
W1(1− ξ) +

a3B1 − b3A1

4
W2(1− ξ)

)
−

−Wα−1(t)

(
a4B2 − b4A2

4
W1(1− ξ) +

a3B2 − b3A2

4
W2(1− ξ)

)
(13)

with λ and µ satisfying the condition (12). Here the function Wν(t) is defined via (4).
Function G(t, ξ) (13) satisfies the following properties.
1. The function G(t, ξ) is continuous for all values of t and ξ from the closed interval [0, 1].
2. The function G(t, ξ) satisfies the conditions

lim
ε→0

[Dα−2
0t Gξ(t, ξ)|ξ=t+ε−Dα−2

0t Gξ(t, ξ)|ξ=t−ε] = 1. (14)

3. The function G(t, ξ) is the solution to the equation

∂α1ξG(t, ξ)− λG(t, ξ)− µH(1− τ − ξ)G(t, ξ + τ) = 0. (15)

Here ∂α0t is the Caputo derivative [1; 11] defines as

∂α1tv(t) = Dα−2
1t v′′(t) =

1

Γ(2− α)

t∫
1

v′′(ξ)dξ

(t− ξ)α−1
.
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4. The function G(t, ξ) satisfies the boundary conditions{
d
dξD

α−2
0t G(t, ξ)

∣∣
ξ=0

= −c1D
α−2
0t G(t, ξ)

∣∣
ξ=1

+ c3D
α−2
0t G(t, ξ)

∣∣
ξ=0

,
d
dξD

α−2
0t G(t, ξ)

∣∣
ξ=1

= c2D
α−2
0t G(t, ξ)

∣∣
ξ=1
− c4D

α−2
0t G(t, ξ)

∣∣
ξ=0

.
(16)

Here the coefficients c1, c2, c3, c3 were defined via formula (3).
These properties obviously are implied from formula (13), condition (12) and the relations (5), (6).
The function G(t, ξ) that possesses properties 1–4 is called Green function for problem (1), (2).

Existence and uniqueness theorem

Theorem 1. Assume the function f(t) ∈ L(0, 1) ∩ C(0, 1) and the condition (12) is satisfied. Then
there exists a regular solution to problem (1), (2) in the form of

u(t) =

1∫
0

f(ξ)G(t, ξ)dξ (17)

and the solution to problem (1), (2) is unique if and only if condition (12) is satisfied.
Proof. We show that it holds true the representation of the solution to problem (1), (2) in the form

(17). For this, we multiply both sides of Eq. (1) (given in terms of variable ξ) by Dα−2
0t G(t, ξ) and

integrate it with respect to variable ξ ranging from ε to 1− ε (ε→ 0):

1−ε∫
ε

Dα−2
0t G(t, ξ)Dα

0ξu(ξ)dξ − λ
1−ε∫
ε

u(ξ)Dα−2
0t G(t, ξ)dξ−

−µ
1−ε∫
ε

H(t− τ)u(ξ − τ)Dα−2
0t G(t, ξ)dξ =

1−ε∫
ε

f(ξ)Dα−2
0t G(t, ξ)dξ, 0 < t < 1. (18)

Integrate by parts the first term of equality (18):

1−ε∫
ε

Dα−2
0t G(t,ξ)Dα

0ξu(ξ)dξ=Dα−2
0t G(t,ξ)Dα−1

0ξ u(ξ)
∣∣∣1−ε
ε
−

t−ε∫
ε

d

dξ
Dα−2

0t G(t,ξ)Dα−1
0ξ u(ξ)dξ−

−
1−ε∫
t+ε

Dα−2
0t Gξ(t,ξ)D

α−1
0ξ u(ξ)dξ=Dα−2

0t G(t,ξ)Dα−1
0ξ u(ξ)

∣∣∣1−ε
ε
− d

dx
Dα−2

0t G(t,ξ)Dα−2
0ξ u(ξ)

∣∣∣t−ε
ε
−

− d

dx
Dα−2

0t G(t,ξ)Dα−2
0ξ u(ξ)

∣∣∣1−ε
t+ε

+

1−ε∫
ε

Dα−2
0t Gξξ(t, ξ)D

α−2
0ξ u(ξ)dξ =

= Dα−2
0t u(t)

[
d

dx
Dα−2

0t G(t,ξ)
∣∣∣
t+ε
− d

dx
Dα−2

0t G(t,ξ)
∣∣∣
t−ε

]
+

1−ε∫
ε

Dα−2
0t Gξξ(t, ξ)D

α−2
0ξ u(ξ)dξ+

+Dα−2
0ξ u(ξ)

∣∣∣
ξ=0

[
c1D

α−2
0t G(t, ξ)

∣∣∣
ξ=1−ε

− c3D
α−2
0t G(t, ξ)

∣∣∣
ξ=ε

+
d

dξ
Dα−2

0t G(t, ξ)
∣∣∣
ξ=ε

]
+
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+Dα−2
0ξ u(ξ)

∣∣∣
ξ=1

[
c2D

α−2
0t G(t, ξ)

∣∣∣
ξ=1−ε

− c4D
α−2
0t G(t, ξ)

∣∣∣
ξ=ε
− d

dξ
Dα−2

0t G(t, ξ)
∣∣∣
ξ=1−ε

]
.

Using properties of the Green function (14) and (16), we get the identity

1−ε∫
ε

Dα−2
0t G(t, ξ)Dα

0ξu(ξ)dξ = Dα−2
0t u(t) +

1−ε∫
ε

Dα−2
0t Gξξ(t, ξ)D

α−2
0ξ u(ξ)dξ. (19)

In the third integral of the equality (18) we replace ξ into ξ − τ :

1∫
0

H(ξ − τ)u(ξ − τ)G(t, ξ)dξ =

1∫
0

H(1− τ − ξ)u(ξ)G(t, ξ + τ)dξ. (20)

Substituting (19) and (20) into Eq. (18) and using the formula for fractional integration by parts
[20; 15]

b∫
a

g(s)Dα
ash(s)ds =

b∫
a

h(s)Dα
bsg(s)ds,

we have the identity

Dα−2
0t u(ξ) +Dα−2

0t

1∫
0

u(ξ)
[
Dα−2

1ξ Gξξ(t, ξ)− λG(t, ξ)− µH(1− t− ξ)G(t, ξ + τ)
]
dξ =

= Dα−2
0t

1∫
0

f(ξ)G(t, ξ)dξ,

and,using the Green function property (15) and finding the derivative of order D2−α
0t we get solution

(17).
Next, we show that the function (17) is the solution to equation (1). Formula (17) can be written

out in the form of bellow:
u(t)= ν1 + ν2 + ν3,

where

ν1 =

t∫
0

f(ξ)Wα(t− ξ)dξ, ν2 =
−F1B2 + F2A2

A1B2 −A2B1
Wα−1(t), ν3 =

−A1F2 +B1F1

A1B2 −A2B1
Wα(t).

Denote Dα
0tν1, Dα

0tν2 and Dα
0tν3. We have

Dα
0tν1 =

d

dt
Dα−1

0t

t∫
0

f(ξ)Wα(t− ξ)dξ =
d

dt

t∫
0

f(ξ)W1(t− ξ)dξ =

=

t∫
0

f(ξ)
d

dt
(λWα+1(t−ξ)+µWα+1(t−ξ−τ))dξ+f(t) =

t∫
0

f(ξ)(λWα(t−ξ)+µWα(t−ξ−τ))dξ+f(t);

Dα
0tν2 =

−F1B2 + F2A2

A1B2 −A2B1

d2

dt2
Dα−2

0t Wα−1(t) =
−F1B2 + F2A2

A1B2 −A2B1

d2

dt2
W1(t) =

166 Bulletin of the Karaganda University



Steklov problem for ...

=
−F1B2 + F2A2

A1B2 −A2B1

d2

dt2
(λWα+1(t) + µWα+1(t− τ)) =

−F1B2 + F2A2

A1B2 −A2B1
(λWα−1(t) + µWα−1(t− τ)) ;

Dα
0tν3 =

−A1F2 +B1F1

A1B2 −A2B1

d

dt
Dα−

0t Wα(t) =
−A1F2 +B1F1

A1B2 −A2B1

d

dt
(λWα+1(t) + µWα+1(t− τ)) =

=
−A1F2 +B1F1

A1B2 −A2B1
(λWα(t) + µWα(t− τ)).

Next, using formulas (5), (6) we obtain by the previous relation that

Dα
0tu(t) = f(t) + λ

1∫
0

f(ξ)G(t, ξ)dξ + µ

1∫
0

f(ξ)G(t, ξ − τ)dξ,

that is that (17) satisfies (1).
Remark. For λ = 0, µ > 0 and

a1 > b1, a2 < b2, a3 = b3, a4 = b4

condition (12) is always satisfied.

On the finiteness of the number of real eigenvalues

Definition. The eigenvalues of problem (1), (2) are the values λ, such that problem (1), (2) has a
regular solution that is not the identically zero.

The set of real eigenvalues for problem (1), (2) coincides with the set of real zeros for the function

Φ(λ) =
[
a1 + a3W1(1) + a4

(
λWα(1) + µWα(1− τ)

)][
B2 = b2 + b3W2(1) + b4W1(1)

]
−

−
[
a2 + a3W2(1) + a4W1(1)

][
b1 + b3W1(1) + b4

(
λWα(1) + µWα(1− τ)

)]
. (21)

Theorem 2. Problem (1), (2) has only a finite number of real eigenvalues.
The function Wν(λ) can be written out as [3; 45]

Wν(1, τ ;λ, µ) =

∞∑
m=0

µm

m!
(1−mτ)αm+ν−1

+ 1Ψ1

[
(m+ 1, 1)

(αm+ ν, α)

∣∣∣∣λ(1−mτ)α+

]
, (22)

where

pΨq

[
(al, αl)1,p

(bl, βl)1,q

∣∣∣∣ z] =
∞∑
k=0

∏p
l=1 Γ(al + αlk)∏q
l=1 Γ(bl + βlk)

zk

k!

is the generalized Wright function [23].
As λ→ +∞ the following asymptotic formula holds true for the generalized Wright function [23],

[24]:

1Ψ1

[
(m+ 1, 1)

(αm+ ν, α)

∣∣∣∣λ(1−mτ)α+

]
=α−mλ

m(1−α)−ν+1
α (1−mτ)

m(1−α)−ν+1
+ eλ

1/α(1−mτ)+

[
1 +O

(
1

λ
1
α

)]
,

and the asymptotic formula for the generalized Wright function as λ→ −∞ has form [23], [24]

1Ψ1

[
(m+ 1, 1)

(αm+ ν, α)

∣∣∣∣λ(1−mτ)α+

]
=

n∑
l=0

(−1)m+l+1(l +m)!(1−mτ)
−α(m+l+1)
+

|λ|m+l+1Γ(ν − α− αl)(m+ l + 1)!
+O

(
1

|λ|m

)
.
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Let N be the maximum value of m that satisfies the inequality (1−mτ) > 0. From these formulas we
get the asymptotic formulas for function (22) as λ→ +∞

Wν(1, τ ;λ, µ) =
N∑
m=0

µmα−m

m!
λ
m(1−α)−ν+1

α (1−mτ)m+e
λ

1
α (1−mτ)+

[
1 +O

(
1

λ
1
α

)]
, (23)

and λ→ −∞ in the form

Wν(1, τ ;λ, µ) =

N∑
m=0

µm
n∑
l=0

(−1)m+l+1(m+ 1)l(1−mτ)
−α(l+1)+ν−1
+

|λ|m+l+1Γ(ν − α− αl)(m+ l + 1)!
+O

(
1

|λ|m

)
. (24)

From the representation (21) and asymptotic formula (23) we see that letting λ→∞ the function (21)
increases without limit.

As λ→ −∞, since Φ(λ) is an entire function of the variable λ, it follows from asymptotic formula
(24) that the function (21) may have only a finite number of real zeros.
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М.Г. Мажгихова

РҒА КБҒО Қолданбалы математика және автоматтандыру институты, Нальчик, Ресей

Аргументi кешiгетiн Риман-Лиувилль бөлшек
туындысы бар сызықтық қарапайым

дифференциалдық теңдеу үшiн Стеклов есебi

Мақалада тұрақты коэффициенттерi бар аргументi кешiгетiн бөлшек реттi сызықты қарапайым диф-
ференциалдық теңдеу үшiн бiрiншi типтi Стеклов шарттарымен жергiлiктi емес шеттiк есептер зерт-
телген. Грин функциясы табылып, оның қасиеттерi дәлелдендi. Зерттелетiн есептiң шешiмi Грин
функциясы тұрғысынан айқын түрде алынды. Есептiң бiрегей шешiлу шарты, сондай-ақ шешiлу
шарты сөзсiз орындалатын шарттар табылды. Бар болу және жалғыздық теоремасы дәлелдендi.
Теорема Грин функциясын және оның қасиеттерiн, сондай-ақ теңдеудiң iргелi шешiмiн және оның
қасиеттерiн көрсету арқылы дәлелденген. Меншiктi мәндер сұрағы зерттелдi. Зерттелетiн есеп нақты
меншiктi мәндердiң шектеулi санына ғана ие болуы мүмкiн екендiгi теоремамен дәлелдендi. Теорема
шешiмнiң жалпыланған Райт функциясы тұрғысынан белгiленудi қолданып, сондай-ақ λ→∞ және
λ→ −∞ үшiн жалпыланған Райт функциясының асимптотикалық қасиеттерi арқылы дәлелдендi.

Кiлт сөздер: бөлшек реттi сызықты дифференциалдық теңдеу, аргументi кешiгетiн дифференциал-
дық теңдеу, Стеклов шеттiк есебi, Грин функциясы, Миттаг-Леффлераның жалпыланған функциясы,
Райттың жалпыланған функциясы.
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Задача Стеклова для линейного обыкновенного
дифференциального уравнения с дробной производной

Римана–Лиувилля с запаздывающим аргументом
В статье исследована нелокальная краевая задача с условиями Стеклова первого типа для линейно-
го обыкновенного дифференциального уравнения дробного порядка с запаздывающим аргументом
с постоянными коэффициентами. Найдена функция Грина и доказаны ее свойства. Решение иссле-
дуемой задачи получено в явном виде в терминах функции Грина. Найдено условие однозначной
разрешимости задачи, а также условия, при которых условие разрешимости заведомо выполняется.
Доказана теорема существования и единственности, с использованием представления функции Гри-
на, ее свойств, а также фундаментального решения уравнения и ее свойств. Исследован вопрос о
собственных значениях. Доказана теорема о том, что исследуемая задача может иметь только конеч-
ное число действительных собственных значений. Теорема доказана с применением записи решения в
терминах обобщенной функции Райта, а также асимптотических свойств обобщенной функции Райта
при λ→∞ и λ→ −∞.

Ключевые слова: дифференциальное уравнение дробного порядка, дифференциальное уравнение с за-
паздывающим аргументом, краевая задача Стеклова, функция Грина, обобщенная функция Миттаг-
Леффлера, обобщенная функция Райта.
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Existentially positive Mustafin theories of S-acts over a group

The paper is connected with the study of Jonsson spectrum notion of the fixed class of models of S-
acts signature, assuming a group as a monoid of S-acts. The Jonsson spectrum notion is effective when
describing theoretical-model properties of algebras classes whose theories admit joint embedding and
amalgam properties. It is usually sufficient to consider universal-existential sentences true on models of this
class. Up to the present paper, the Jonsson spectrum has tended to deal only with Jonsson theories. The
authors of this study define the positive Jonsson spectrum notion, the elements of which can be, non-Jonsson
theories. This happens because in the definition of the existentially positive Mustafin theories considered in
a given paper involve not only isomorphic embeddings, but also immersions. In this connection, immersions
are considered in the definition of amalgam and joint embedding properties. The resulting theories do
not necessarily have to be Jonsson. We can observe that the above approach to the Jonsson spectrum
study proves to be justified because even in the case of a non-Jonsson theory there exists regular method
for finding such Jonsson theory that satisfies previously known notions and results, but that will also be
directly related to the existentially positive Mustafin theory in question.
Keywords: Jonsson theory, perfect Jonsson theory, positive model theory, Jonsson spectrum, positive
Jonsson theory, immersion, S-acts, Jonsson S-acts theory, ∃PM -theory, cosemanticity.

Introduction

This study is a continuation of previous works by the first two authors of the given paper, related to
the study of the theoretical-model properties of positive Jonsson theories [1–5] and Jonsson spectrum
of models classes of fixed signature [6–8]. Note that the Jonsson theories form a subclass of inductive
theories and, by virtue of their definition, are not, complete. However, they distinguish a rather wide
class of classical algebras, such as groups, abelian groups, fixed characteristic fields, Boolean algebras,
S-acts, etc. More information about Jonsson theories can be found in [9–17]. The famous American
mathematician J. Keisler in his article [18] has conventionally allocated two directions of Model Theory,
«western» and «eastern», the names of which are connected with the geographical place of residence
of two different directions founders of the model theory A. Robinson and A. Tarsky. It can be noted
that the «Western» model theory predominantly studies complete theories and the «Eastern» Jonsson
theories and each direction has its own special concepts and methods. In Jonsson writings [19, 20],
classes of models of an arbitrary signature satisfying certain well-known theoretical-model and algebraic
properties, in the study of which the notion of Jonsson theory has emerged originally, have been defined
[18; 80]. It is clear that Jonsson theories define a class of incomplete theories and the interest in studying
such theories is also fuelled by the difference between the definitions of the «Western» and «Eastern»
model theories concerning the notions of model’s universality and homogeneity. In consequence of this
difference, which was first noticed by E.A. Palyutin [21], T.G. Mustafin has identified perfect Jonsson
theories that eliminate this difference. Subsequently, T.G. Mustafin defined and studied the generalised
Jonsson theories [22] and using the technique defined in this direction. In paper [22], he described
generalised Jonsson theories of Boolean algebras. In a further study of Jonsson theories, several new
classes of positive Jonsson theories were defined [23–25]. Interest in positivity theory arose after the
appearance of the works [26–28]. In these works, it was shown that the whole classical first-order model
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theory is a special case of the positive model theory defined under these works. Subsequently, in this
framework of positivity [28], there were identified positive Jonsson theories [3].

In the present paper, we do not go into positivity in the sense of work [3], we remain in the first-
order model theory framework, but generalise the concepts of those classes of theories that have been
considered in [22–25]. Let us focus on a brief description of some key concepts from the works [26,27],
which we need in this paper. Namely, the notions of minimal fragment and those morphisms that
coincide with and are used in the positive Jonsson theories study in the works [23–25].

The main result of the paper is related to the study of properties of the positive Jonsson spectrum
of a S-acts theory models’ class over a group. Interest in the study of the theoretical-model aspects of S-
acts theory has arisen relatively recently and is related to the works of W. Gould [29] and T.G. Mustafin
[30,31]. In work [31], T.G. Mustafin proved the fact that any complete theory is similar in some sense
to some S-acts theory. Jonsson theories are also closely related to S-acts theory. Thus, in paper [32],
there has been derived a connection between an existentially complete perfect Jonsson theory and
some Jonsson S-acts theory. In paper [33], a description of Jonsson S-acts theories over a group was
obtained. This paper obtains results generalizing the results from [33] as part of a positive spectrum
study of ∃PM -theories of S-acts over a group.

1 Necessary concepts and results of positive model theory

Let us recall the basic definitions of the positive logic concepts and the results obtained in [26,27].
A positive fragment (in L) is a subset ∆ ⊆ L containing all atomic formulas and closed with respect

to variable substitution, positive Boolean combinations and subformulas. For a given ∆ the following
sets of formulas are defined:

Σ = Σ(∆) = {∃yϕ(x, y) : ϕ ∈ ∆},

Π = Π(∆) = {∀yϕ(x, y) : ϕ ∈ ∆} = {¬ψ : ψ ∈ Σ(∆)}.

Definition 1. ([27]) Let M and N be a structures of the language, A ⊆ M and f : A → N be a
map (that is, f : M → N is a partial map with dom(f) = A). Then f is a partial ∆-homomorphism
if for every a ∈ A and every formula ϕ(x) ∈ ∆ from M |= ϕ(a) follows that N |= ϕ(f(a)).

If dom(f) = M , then f : M → N is a ∆-homomorphism; if M = N , then f is a (partial)
endomorphism.

Definition 2. ([26]) A Π-theory is a set of Π-sentences, closed with respect to deducibility.
Definition 3. ([27]) Let κ be a relatively large cardinal (at least κ > |∆|), and U the structure of

the language. Then U is κ-universal domain if it satisfies the following properties:
1) κ-homogeneity: Let f : U → U be partial endomorphism U , and suppose that |dom(f)| < κ.

Then f extends to automorphism U .
2) κ-compactness: Let Γ ⊂ ∆ such that |Γ| < κ and suppose that every finite subset of the set Γ is

realizable in U . Then Γ is realizable in U .
Definition 4. ([26]) A model M |= T is existentially closed if every ∆-homomorphism f : M → N

such that N |= T , is a Σ-embedding.
Definition 5. ([27]) Let U be a universal domain and T = ThΠ(U). Then we say that U is a universal

domain for T .
Definition 6. ([27]) Π-theory T is complete if it is equal to ThΠ(M) for some structure M of the

language of the theory T .
If T is not complete, then the completion of the theory T is a minimal (with respect to inclusion)

complete Π-theory containing T . In this case, a universal domain of the theory T is any universal
domain of its extensions, i.e., a universal domain whose Π-theory is a complement of the theory T .
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Lemma 1. ([27]) Let T be Π-theory. Then for every model M |= T there exists an existentially
closed model N and morphism M → N .

Theorem 1. ([27])
1) The completion of the Π-theory are exactly the Π-theories of its various existentially closed

models.
2) A Π-theory is positive Robinson if and only if all its completions are positive Robinson.
3) A complete Π-theory is positive Robinson if and only if it has a universal domain.
Theorem 2. ([27]) For Π-theory T the following conditions are equivalent:
1. T is positive Robinson theory.
2. The class of existentially closed models of theory T is axiomatic.

2 Existentially positive Mustafin theories and their properties

Let us define the notion of existentially positive Mustafin theory (∃PM -theory). The main difference
of this concept from the classical notion of the theory is that only positive sentences are involved in the
axioms defining the theory. Thus, this class of theories is persistent with respect to homomorphisms.
If at some fixed ∆, the considered ∃PM -theory is Jonsson in the classical sense, then we apply to it
all notations and results known earlier, e.g., as in [9].

Let L be a first-order language, At be the set of atomic formulas of L, B+(At) be the closed set of
relatively positive Boolean combinations (conjunctions and disjunctions) of all atomic formulas, their
subformulas and substitution of variables. Q(B+(At)) is the set of formulas in prenex normal form
obtained by applying quantifiers (∀ and ∃) to B+(At). We call a formula positive if it belongs to the
set Q(B+(At)) = L+. A theory is called positively axiomatizable if its axioms are positive. B(L+) is
an arbitrary Boolean combination of formulas from L+. It is easy to see that Π(∆) ⊆ B(L+) when
∆ = B+(At), where Π(∆) is such as described earlier.

Following [26,27] define ∆-morphisms between structures.
Let M and N be structures of the language, ∆ ⊆ B(L+). A map h : M → N is called ∆-

homomorphism (symbolically h : M →∆ N) if for any ϕ(x) ∈ ∆, ∀a ∈ M from the fact that
M |= ϕ(a), it follows that N |= ϕ(h(a)). The model M is called the beginning in N and we say that
M continues in N , with h(M) called the continuation of M . If the map h is injective, then we say that
the map h immerses M into N (symbolically h : M ↔∆ N).

Hereafter we will use the term ∆-extension and ∆-immersion. Within this definition (∆-homomor-
phism), it is easy to see that isomorphic embedding and elementary embedding are ∆-imbeddings when
∆ = B(At) and ∆ = L, correspondingly.

Definition 7. If C is a class of L-structures, then we note that an element M of C is ∆-positively
existentially closed in C if every ∆-homomorphism from M to any element of C is ∆-immersion. We
denote the class of all ∆-positively existentially closed models by (E∆

C )+; if C = ModT for some
theory T , then by ET , (E∆

T )+ we mean respectively the class of existentially closed and ∆-positively
existentially closed models of that theory. If ∆ = L we obtain a class of positively existentially closed
models of this theory and denote it by E+

T .
Hereinafter throughout the paper ∆ = B+(At) and in the case where the considered theory is not

Jonsson due to the considered positivity (since, n-immersion is not the same as n-embedding), we will
use the universal domain from [26] instead of the semantic model considered theory. ∆ = B+(At),
consistent with the above definitions, satisfies the minimal fragment from [26] and is consistent with
the definition of ∃PM -theory.

Let 0 ≤ n ≤ ω. Π+
n -formula be a formula of language L+ whose prenex normal form has n variable

quantifiers and begins with ∀-quantifier. Similarly, Σ+
n -formula is a formula of L+ whose prenex normal

form has n variable quantifiers and begins with quantifier ∃.
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Definition 8. Model A of theory T will be called positively existentially closed with respect to
Σn-formulas if ∀ϕ(x) ∈ Σ+

n , ∀a ∈ A, for any model B ⊃ A, from the fact that B |= ϕ(a) follows that
A |= ϕ(a).

The set of all positive existentially closed with respect to Σn-formulas of models of the theory T
we will denote as nE+

T .
Definition 9. We consider that theory T admits ∃nJEP , if for any two A,B ∈ nE

+
T there exists

C ∈ nE
+
T and ∆-homomorphisms h1 : A→∆ C, h2 : B →∆ C.

Definition 10. We say that theory T admits ∃nAP , if for any A,B,C ∈ nE
+
T such that h1 : A→∆

C, g1 : A →∆ B, where h1, g1 are ∆-homomorphisms, there exists D ∈ nE
+
T and h2 : C →∆ D,

g2 : B →∆ D, where h2, g2 are ∆-homomorphisms, such that h2 ◦ h1 = g2 ◦ g1.
If we consider only ∆-immersions as ∆-homomorphisms, then we get the definition of the so-called

∃PM -theory.
Definition 11. Let 0 ≤ n ≤ ω. The theory T is called an existentially positive Mustafin (∃PM -

theory) if
1) the theory T has infinite models,
2) theory T is Π+

n+2-axiomatizable,
3) theory T admits ∃nJEP ,
4) theory T admits ∃nAP .
Definition 12. The ∃PM -theory at n = 0 will be called the ∃PJ-theory.
Hereafter, all definitions of concepts relating to Jonsson theories (in the ordinary sense) are considered

to be known and can be extracted, for example, from [9].
In the study of Jonsson theories the main tool of their investigation is the semantic method, which

consists in the following: The elementary properties of the centre of Jonsson theory are «translated»
onto the theory itself. In this case, the elementary theory of the semantic model of Jonsson theory is
similar to the positive Robinson theory, and is invariant to this Jonsson theory because all semantic
models of the same Jonsson theory are elementary equivalent to each other. In this connection, if ∃PJ-
theory is not Jonsson in the classical sense, then by its semantic model we will mean any of its universal
domain U (as in [26]) and by the centre T ∗ we will mean the following set of sentences T 0 = Th∀∃(U).

Note the following fact from the work [34].
Fact 1. ([34]) Inductive theory T is Jonsson if and only if there is a semantic model of theory T .
Definition 13. If ∃PJ-theory T is Jonsson, then its semantic model is T -∃PJ-universal T -∃PJ-

homogeneous model of theory T of cardinality κ, where κ is a fixed unreachable cardinal.
Definition 14. ∃PJ-Jonsson theory T is called perfect if its semantic model C is a saturated model

of the theory Th(C).
Let us recall the following fact, which describes the perfect Jonsson theories:
Theorem 3. ([9]) Let T be a perfect Jonsson theory. Then the following conditions are equivalent:
1) T ∗ is model companion T ;
2) Mod(T ∗) = ET = ET ∗ ;
3) T ∗ = T f = T 0,

where T ∗ = Th(C) is the center of theory T (C is semantic model of theory T ), T 0 is Kaiser hull
(maximal ∀∃-theory mutually model-consistent with T ), T f = Th(FT ), where FT is class of generic
models of the theory T (in terms of Robinson finite forcing).

The positive Robinson theory in the sense of [26, 27] is a generalization of the Kaiser hull concept
T 0 for the Jonsson theory T . It follows from the Theorem 3 that when ∆ = B(At) and ∃PJ-theory is
perfect, the notion of semantic model and universal domain coincide.

Definition 15. Let A be some infinite model of signature σ. A is called ∃PJ-model if the set of
sentences Th∀∃+(A) is ∃PJ-theory.

In all the following, we will denote the Th∀∃+(A) theory by ∀∃+(A).
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The following result generalizes Proposition 1 of [35].
Lemma 2. Let T be ∃PJ-theory complete for existential sentences. Then any infinite model of

theory T is a ∃PJ-model.
Definition 16. Models A and B will be called ∃PJ-equivalent and denoted by A ≡∃PJ B if for any

∃PJ-theory T A |= T ⇔ B |= T .
The following result generalises Theorem 1 of [35].
Lemma 3. Let A and B be models of signature σ. Then the following conditions are equivalent:
1) A ≡∃PJ B,
2) ∀∃+(A) = ∀∃+(B).
Definition 17. Two ∃PJ-theories T1 and T2 are called ∃PJ-cosemantic (T1 ./∃PJ T2) if they have

the same semantic model, in case if T1 and T2 are Jonsson theories; and they have the same universal
domain, in case they are not Jonsson.

Definition 18. ([9]) Models A and B of the signature σ are called ∃PJ-cosemantic (A ./∃PJ B),
if for any ∃PJ-theory T1 such that A |= T1, there is a ∃PJ-theory T2, ∃PJ-cosemantic with T1, such
that B |= T2. And vice versa.

Lemma 4. For any models A and B, the following implication is true:

A ≡ B ⇒ A ≡∃PJ B ⇒ A ./∃PJ B.

Similarly, the notion of ∃PM -cosemanticity between ∃PM -theories and respectively their models
is defined.

The following convention is paramount. We will talk about the semantic aspect of ∃PJ-theory.
If ∃PJ-theory T is Jonsson, then we work with ET as a class of models of some Jonsson theory. If
∃PJ-theory T is not Jonsson, then we consider as ET the class of its positively existentially closed
models E+

T . Such an approach for the class ET , a class of existentially closed models of an arbitrary
universal theory T , has been considered in [36].

Since two cases are possible with respect to Jonsson theories: perfect and imperfect, we will stick to
the following. According to [9], if a Jonsson theory T is perfect, then the class of its existentially closed
models ET is elementary and coincides with ET ∗ , where T ∗ is its center. If the theory T is imperfect,
we do as in [36], i.e., instead of ET work with the class E+

T .
When an arbitrary ∃PJ-theory T is considered, the class E+

T is considered an extension of ET
(both classes always exist), and depending on the perfection or imperfection of the theory T , the
theoretical-model properties of the class E+

T are of special interest.
For any theory T we will denote by T∀+ the theory which axioms are positive universal corollaries

of the theory T .
Lemma 5. Let T1 and T2 be ∃PJ-theories, with C1 being the semantic model of T1 and C2 the

semantic model of T2. If (T1)∀+ = (T2)∀+ , then T1 ./∃PJ T2.
Theorem 4. Let T1 and T2 be ∃PJ-theories, with C1 being the semantic model of T1 and C2 being

the semantic model of T2. Then the following conditions are equivalent:
1) C1 ./∃PJ C2,
2) C1 ≡∃PJ C2,
3) C1 = C2.

3 Positive Jonsson spectrum of ∃PM -theories of a fixed class
of S-acts theory models over a group. Main results

The main result of the paper will be the characterization of Jonsson spectra ∃PM -theories of S-acts
over a group with respect to cosemanticity by means of some invariants which have been defined in
paper [33].
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Let us give the basic definitions and statements from [33] necessary to formulate and prove the
results of the paper.

Let us recall the definition of a S-act.
Definition 19. ([33]) Let A be non-empty set, 〈S; ·, e〉 is monoid. Algebraic system 〈A; 〈fα : α ∈ S〉〉

with unary operations fα, α ∈ S, is called a S-act over S, if the following conditions hold:
fe(a) = a for all a ∈ A;
fαβ(a) = fα(fβ(a)) for all a ∈ A and all α, β ∈ S.
Let a ∈ A, then Sa = {fα(a) : α ∈ S}; if ā is tuple of elements from A, then Sā =

⋃
ai∈ā

Sai . The set

Ca = {b ∈ A : b ∈ Sa or a ∈ Sb} is called a component.
Proposition 1. ([33]) If T is a S-act theory and for any f : Sa w Sb there exists a g ⊃ f such that

g : Ca w Cb, then T admits the elimination of the quantifiers.
Hereafter, we consider S-acts over the group G and correspondingly the theory of S-acts over the

group.
If A is a S-act over the group G, a ∈ A, then

id(a) = {g ∈ G : fg(a) = a}; p(G) = {H : H � G}.

If H � G, then F(H) = |{gH : g ∈ G, {ϕ ∈ G : ϕgH = gH} = H}|.
Definition 20. ([33]) 1) If Γ is a family or type of sentence, then TΓ = {ψ : {ϕ ∈ Γ : T ` ϕ} ` ψ};
2) ∇ = Π1 ∪ Σ1, i.e., ∇ is the family of all universal or existential formulas.
Definition 21. ([33]) If T = T∇, then the theory T will be called a primitive.
Let us write a known fact about primitives.
Fact 2. ([33]) For a complete theory T the following conditions are equivalent:
1) T is a primitive;
2) if A,B |= T and A ⊆ C ⊆ B, then C |= T

Definition 22. ([33]) An expression of the form g ∈ X will be called an atomic figure, where g ∈ G,
X is a fixed symbol. A figure is any formal Boolean combination of atomic figures. Denote by Φ the
set of all figures. For each figure ϕ(X) we define by induction U(ϕ) ⊆ p(G) and formula θ(ϕ, a) S-act
language for any element a of any S-act

1) if ϕ(X) = g ∈ X, then U(ϕ) = {H � G : g ∈ H}, θ(ϕ, a) = (fg(a) = a);
2) if ϕ(X) = ¬ψ(X), then U(ϕ) = p(G)− U(ψ), θ(ϕ, a) = ¬θ(ψ, a);
3) if ϕ(X) = ψ1(X)&ψ2(X), then U(ϕ) = U(ψ1) ∩ U(ψ2), θ(ϕ, a) = θ(ψ1, a)&θ(ψ2, a).
Let us use the following notations from [33].
Let [ ] be a closure operator induced by a topology over p(G) which base of open neighborhood is

{U(ϕ) : ϕ ∈ Φ}. If h ⊆ p(G), then

< h >= {gHg−1 : g ∈ G,H ∈ h}.

Let ( ) denote the Poizat operator, i.e., the smallest closure operator on p(G) with property (h) ⊇
[h] ∪ < h >.

Q = {H � G : ∃ϕ ∈ Φ(U(ϕ) = [H]) and F(H) <∞}.
Definition 23. ([33]) A pair < h, ε > is called a characteristic if h ⊆ p(G), h = (h), ε : Q→ [∞] ∪ ω

and ε(H) = 0⇔ H /∈ h.
Definition 24. ([33]) If n < ω, T is a S-act theory, then

T (n)(G) = {< H1, ...,Hn >∈ Gn : ∃A |= T,< a1, ..., an >∈ An(&n
m=1Hm = id(am))}.
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Definition 25. ([33]) If T is S-act theory, then εT : Q→ [∞] ∪ ω such that

εT (H) =


k, if k = max{|{Ga : a ∈ A, id(a) = H}| : A |= T} < ω;

∞, if no such maximum exists.

Let ch(T ) =< T 1(G), εT >.
Proposition 2. ([33]) ch(T ) is a characteristic.
Theorem 5. ([33]) Let S-acts theory T have an infinite model. Then
(1) T is inductive;
(2) if T has the property of joint embedding, then it also has the property of amalgamation;
(3) if T is complete, then it admits the elimination of quantifiers and is primitive.
Theorem 6. ([33]) 1) Every α-Jonsson theory of S-acts is perfect and is Jonsson, 0 ≤ α ≤ ω.
2) The S-acts theory T is a Jonsson ⇔ ∀1 ≤ n ≤ ω (T (n)(G) = (T (1)(G))n).
Similarly to Theorem 6, let us formulate and prove the following result.
Theorem 7. For every ∃PM -theory T of S-acts over a group two cases are possible:
1. a) T is a Jonsson theory, then T is perfect;
b) ∃PJ-theory T of S-acts is a Jonsson ⇔ ∀1 ≤ n ≤ ω (T (n)(G) = (T (1)(G))n).

2. T is not a Jonsson theory. Then there exists some ∃PM -theory T ′ such that T ′ is a Jonsson
theory and is a Kaiser hull for theory T .

Let us first prove the lemma.
Lemma 6. Let T be ∃PM -theory of S-acts over a group and all completions of T admit the

elimination of quantifiers. Then
(1) T is perfect;
(2) T is ∃PJ-theory.
Proof. (1) Let C be the semantic model of theory T , T ∗ = Th(C) and C∗ is saturated model of

theory T ∗. C∗ ⊆Σ+
n
C, C∗ ∈ E+

T and D(C∗) = D(C). From homogeneity and equality of diagrams
follows that C ∼= C∗, i.e., T is perfect.

(2) Let C be the semantic model for T (saturated for T ∗). Obviously C is ∃PJ-universal, we have
to show that C is ∃PJ-homogeneous. Let A,B ∈ E+

T , with A ∼= B by f . Suppose the contrary, that
is, the model C is not ∃PJ-homogeneous and there exist such existentially closed submodels A′ and
B′ of the semantic model C such that A ⊆ A′ and B ⊆ B′. This means that there exists an existential
formula ϕ(x) such that A′ |= ϕ(x) but B′ 6|= ϕ(x). It follows that A |= ϕ(x) and B 6|= ϕ(x) due to
existential closure of A and B, which contradicts isomorphism f . By virtue of the fact that T ∗ admits
the quantifier elimination then (C, a)a∈A ≡ (C, f(a))a∈A, which means that f is an automorphism.

Proof of Theorem 7.
1. a) It follows from Lemma 6.
1. b) It is easy to show that from the condition ∀n < ω, T (n)(G) = (T (1)(G))n follows the joint

embedding property and vice versa.
2. Let T be ∃PM -theory not Jonsson, then since ∆ = B+(At), we can use the universal domain U

for the minimal fragment ∆ = B+(At) from [26]. Consider all ∀∃-sequences true in U , that is, consider
the theory Th∀∃(U) = ∆. There are 2 possible cases: U ∈ E+

∆ and U /∈ E+
∆.

If U ∈ E+
∆, let us consider the theory Th∀∃(U) = ∆. Let us show that this theory is Jonsson.

To do this, we will use Fact 1. The semantic model of ∆ will be the family of maximal components
of the theory of all S-acts over the group. It is easy to see that by virtue of Theorem 6, this model is
saturated in its cardinality, hence ∆ is a perfect Jonsson ∃PM -theory and is a Kaiser hull for theory T .

If U /∈ E+
∆, then, since ∆ is an inductive theory, there exists a model D ∈ E+

∆ such that U is
isomorphically embedded in D. Consider the theory ∆′ = Th∀∃(D). Similarly, it is easy to prove that
∆′ is a perfect Jonsson ∃PM -theory and that ∆′ is a Kaiser hull for theory T .
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We will need the following definition and theorem from paper [33].
Definition 26. ([33]) If < h, ε > is a characteristic, then
T1(h, ε) = {∀y¬θ(ϕ, y) : (ϕ ∈ Φ, U(ϕ)∩h = ∅}∪{∀y1, ..., yε(H)F(H)+i(&iθ(ϕ, yi)→

∨
i 6=j(yi = yj)) :

H ∈ Q ∩ h, ϕ ∈ Φ, ε(H) <∞, U(ϕ) = [H]},
T2(h, ε) = T1(h, ε)∪{∃y1, ..., yε(H)F(H)(&iθ(ϕ, yi)&&i 6=j(yi 6= yj)) : H ∈ Q∩ h, ε(H) <∞, U(ϕ) =

[H]} ∪ {∃y1, ..., yn(&iθ(ϕ, yi)) : U(ϕ) ∩ (h−Q) 6= ∅ ∨ ∃H ∈ U(ϕ) ∩Q(ε(H) =∞), n < ω}.
Theorem 8. ([33]) 1) ch(T1(h, ε)) = ch(T2(h, ε)) =< h, ε > for any characteristic < h, ε >;
2) Jonsson S-acts theories T1 and T2 are cosemantic ⇔ ch(T1) = ch(T2);
3) T is Jonsson S-acts theory and ch(T ) =< h, ε > if and only if T1(h, ε) ⊆ T ⊆ T2(h, ε).
Similar to Theorem 8, we have a result for the case of ∃PM -theory.
Theorem 9. Let T1 and T2 be ∃PM -theory of S-acts over group for fixed 0 ≤ n ≤ ω. Then:
(1) ch(T1(h, ε)) = ch(T2(h, ε)) =< h, ε > for any characteristic < h, ω >;
(2) T1 ./∃PM T2 ⇔ ch(T1) = ch(T2);
(3) There is ∃PM -theory T of S-acts over group such that ch(T1) =< h, ε > iff T1(h, ε) ⊆ T ⊆

T2(h, ε)
The proof is the same as for Theorem 8.
The result of Theorem 9 has a natural continuation in the context of the theoretical-model properties

study of the positive spectrum of a fixed class of S-acts over the group.
Let K be a class of structures of fixed signature σ. Consider positive spectrum of ∃PM -theories of

class K:

PSp(K) = {T | Tis ∃PM -theory in language K ⊆ Mod(T ) for a fixed 0 ≤ n ≤ ω}.

Note that the cosemanticity relation on a set of theories is an equivalence relation. Therefore, we
can consider the factor set PSp(K)/./∃PM

of the positive spectrum class K with respect to the relation
./∃PM .

The result is as follows:
Theorem 10. Let KΠ be a class of all S-acts over group, [T1], [T2] ∈ PSp(KΠ)/./∃PM

. Then
1) if [T1] and [T2] are classes of Jonsson ∃PM -theories then C[T1] ./∃PM C[T2] ⇔ ch([T1]∗) =

ch([T2]∗);
2) if [T1] and [T2] are classes of not Jonsson ∃PM -theories, then there are such classes of Jonsson

∃PM -theories [∆1], [∆2] ∈ PSp(KΠ)/./∃PM
, that ∆i is the Kaiser hull for Ti, where i = 1, 2 C[∆1] ./∃PM

C[∆2] ⇔ ch([∆1]∗) = ch([∆2]∗);
3) if [T1] is a class of Jonsson ∃PM -theories, and [T2] is a class of not Jonsson ∃PM -theories, then

there is such Jonsson ∃PM -theory ∆, that C[T1] ./∃PM C[∆] ⇔ ch([T1]∗) = ch([∆]∗).
Proof.
1) ⇒: Let [T1], [T2] ∈ PSp(KΠ)/./∃PM

be classes of Jonsson ∃PM -theories and C[T1] ./∃PM C[T2].
Since [T1] and [T2] are classes of Jonsson S-acts theories over a group, then [T1] and [T2] are classes of
perfect Jonsson theories, hence, by Theorem 2.12 from [9], [T1]∗ and [T2]∗ are Jonsson S-acts theories
over a group. Then according to 2) of Theorem 8 ch([T1]∗) = ch([T2]∗) since [T1]∗ and [T2]∗ are complete
theories.
⇐: Let [T1] and [T2] be classes of Jonsson ∃PM -theories of S-acts over a group and ch([T1]∗) =

ch([T2]∗). Then [T1] and [T2] are classes of perfect Jonsson theories, then [T1]∗ and [T2]∗ are complete
Jonsson ∃PM -theories of S-acts over a group. Since ch([T1]∗) = ch([T2]∗), it follows from 2) of
Theorem 9 that [T1]∗ ./∃PM [T2]∗. From the definition of cosemanticity, it follows that C[T1]∗ = C[T2]∗ .
However, since [T1]∗ and [T2]∗ are complete Jonsson ∃PM -theories, then [T1]∗ ∈ [T1] and [T2]∗ ∈ [T2],
i.e., C[T1] = C[T2], from which it follows that C[T1] ./∃PM C[T2].

2) Let [T1], [T2] ∈ PSp(KΠ)/./∃PM
be classes of not Jonsson ∃PM -theories, C[T1] = U1, C[T2] = U2

and [T1]∗ = Th∀∃(U1), [T2]∗ = Th∀∃(U2). Since [T1]∗ and [T2]∗ are inductive theories, there are positive
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existentially closed models D1 and D2 of these theories such that U1 is isomorphically embedded in D1

and U2 is isomorphically embedded in D2. Consider the theories ∆1 = Th∀∃(D1) and ∆2 = Th∀∃(D2).
They are Jonsson perfect ∃PM -theories. The existence of theories ∆1 and ∆2 follows from Theorem 7
and they are Kaiser hulls for T1 and T2 respectively. Then it follows from 1) of this theorem that
C[∆1] ./∃PM C[∆2] ⇔ ch([∆1]∗) = ch([∆2]∗).

3) Let [T1] be the class of Jonsson ∃PM -theories and [T2] be the class of not Jonsson ∃PM -theories.
Then, similarly to 2), using Theorem 7, we can find such a Jonsson ∃PM -theory ∆, which is a Kaiser
hull for theory T2 and according to 1) hold C[T1] ./∃PM C[∆] ⇔ ch([T1]∗) = ch([∆]∗).
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Группалар маңайындағы полигондардың экцистенциалды
позитивтi мұстафиндiк теориясы

Мақала полигондар сигнатурасының бекiтiлген модельдер класының йонсондық спектрiнiң ұғымын
зерттеумен байланысты. Сонымен бiрге полигонның моноиды ретiнде группа қарастырылған. Йон-
сондық спектр ұғымы алгебралар класын модельдi-теоретикалық қасиеттерiн сипаттау үшiн эффек-
тивтi болып табылады. Теориялар үйлесiмдi енгiзiлуге және амальгама қасиетiне ие. Бұл жағдайда,
әдетте, осы модельдер класы бойынша ақиқат болатын әмбебап-экзистенциалды ұсыныстарды қарас-
тыру жеткiлiктi. Осы уақытқа дейiн йонсондық спектр, әдетте, тек йонсондық теорияларымен жұ-
мыс iстедi. Авторлар мақалада позитивтi йонсондық спектрi түсiнiгiн анықтайды, оның элементтерi,
жалпы алғанда, йонсондық емес теориялар болуы мүмкiн. Бұл мақалада қарастырылатын теория-
ларды анықтауда изоморфтық енгiзулер ғана емес, сонымен қатар батулар (яғни, экзистенциалды
позитивтi мұстафиндiк теория) қатыстылығымен түсiндiрiледi. Осыған байланысты амальгама қа-
сиеттерiн және бiрлескен үйлесiмдi қасиеттерiн анықтауда батулар қарастырылады. Нәтижесiнде,
теорияның осындай өзгерiстерiне байланысты алынған теориялар йонсондық болуы мiндеттi емес.
Осы мақаланың негiзгi нәтижелерiн талдай отырып, йонсондық емес спектрдi зерттеудiң жоғарыда
аталған тәсiлi, ең болмағанда, йонсондық емес теория жағдайында да, бұрын белгiлi ұғымдар мен
нәтижелердi қанағаттандыратын, бiрақ сонымен бiрге қарастырылатын экзистенциалды позитивтi
мұстафиндiк теориясымен тiкелей байланысты болатын йонсондық теорияны табудың тұрақты әдiсi
бар екенi байқалады.
Кiлт сөздер: йонсондық теория, кемел йонсондық теория, позитивтi модельдер теориясы, йонсон-
дық спектр, позитивтi йонсондық теория, бату, полигон, полигондардың йонсондық теориясы, ∃PM -
теория, косеманттылық.

А.Р. Ешкеев, О.И. Ульбрихт, А.Р. Яруллина

Карагандинский университет имени академика Е.А. Букетова, Караганда, Казахстан

Экзистенциально позитивные мустафинские
теории полигонов над группой

Статья связана с изучением понятия йонсоновского спектра фиксированного класса моделей сигнату-
ры полигонов, причём в качестве моноида полигона рассматривается группа. Понятие йонсоновского
спектра является эффективно работающим при описании теоретико-модельных свойств классов ал-
гебр, теории которых допускают свойства совместного вложения и амальгамы. При этом, как правило,
достаточно рассматривать универсально-экзистенциальные предложения, истинные на моделях этого
класса. До настоящей работы йонсоновский спектр, как правило, оперировал только йонсоновскими
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теориями. Авторами статьи определено понятие позитивного йонсоновского спектра, элементами ко-
торого могут быть, вообще говоря, не йонсоновские теории. Это происходит из-за того, что в определе-
нии рассматриваемых теорий в данной статье (а именно, экзистенциально позитивных мустафинских
теорий) участвуют не только изоморфные вложения, но и погружения. В связи с этим в определении
свойства амальгамы и свойства совместного вложения рассмотрены погружения. Как следствие, по-
лученные в силу таких изменений теории не обязательно должны быть йонсоновскими. Анализируя
основные полученные результаты данной статьи, мы можем заметить, что указанный выше подход к
изучению йонсоновского спектра оказывается оправданным, хотя бы в силу того, что даже в случае не
йонсоновской теории существует регулярный метод нахождения такой йонсоновской теории, которая
удовлетворяет ранее известным понятиям и результатам, но которая также будет непосредственно
связана с рассматриваемой экзистенциально позитивной мустафинской теорией.
Ключевые слова: йонсоновская теория, совершенная йонсоновская терия, позитивная теория моделей,
йонсоновский спектр, позитивная йонсоновская теория, погружение, полигон, йонсоновская теория
полигонов, ∃PM -теория, косемантичность.
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On a mixed problem for Hilfer type differential
equation of higher order

The study considers the solvability of a mixed problem for a Hilfer type partial differential equation of
the even order with initial value conditions and small positive parameters in mixed derivatives in three-
dimensional domain. It studies the solution to this fractional differential equation of higher order in the
class of regular functions. The case, when the order of fractional operator is 1 < α < 2, is examined. During
this study the authors use the Fourier series method and obtain a countable system of ordinary differential
equations. The initial value problem is integrated as an ordinary differential equation and the integrated
constants find by the aid of given initial value conditions. Using the Cauchy–Schwarz inequality and the
Bessel inequality, it is proved the absolute and uniform convergence of the obtained Fourier series. The
stability of the solution to the mixed problem on the given functions is studied.

Keywords: fractional order, Hilfer operator, mixed problem, Fourier series, initial value conditions, unique
solvability.

Introduction

The theory of the mixed problems is one of the most important directions of the modern theory
of differential equations. A large number of works are devoted to the study of the mixed problems for
differential and integro-differential equations (see, for example, [1–12]). Many problems of gas dynamics,
theory of elasticity, plates, and shells are described by higher-order partial differential equations.

Fractional calculus plays an important role for the mathematical modeling in many applied prob-
lems. In [13], it is considered problems of continuum and statistical mechanics. The work [14] studies the
mathematical problems of the Ebola epidemic model. The studies [15] and [16] investigate the fractional
model for the dynamics of tuberculosis infection and novel coronavirus (nCoV-2019), respectively. The
construction of various models of theoretical physics by the aid of fractional calculus is described in
[17, Vol. 4, 5], [18], [19]. Some applications of fractional calculus in solving applied problems are given
in [17, Vol. 6–8], [20]. In [21], the solvability of an initial value problem for Hilfer type fractional
differential equation with nonlinear maxima is studied. In [22], by analytical method, the unique
solvability of boundary value problem for weak nonlinear partial differential equations of mixed type
with fractional Hilfer operator is studied. In [23], the solvability of nonlocal problem for a mixed type
fourth-order differential equation with Hilfer fractional operator is examined. In [24], it is considered an
inverse problem for a mixed type integro-differential equation with fractional order Gerasimov-Caputo
operators. The research works [25–34] obtained the results on the direction of applications of fractional
derivatives to solve partial differential equations.

Let
(
t0; T

)
⊂ R+ ≡ [0; ∞) be an interval on the set of positive real numbers, where 0 ≤ t0 < T <

∞. The Riemann–Liouville 0 < α-order fractional integral of a function η(t) is defined as follows:

I αt0+η(t) =
1

Γ(α)

t∫
t0

(t− s)α−1η(s)ds, α > 0, t ∈
(
t0; T

)
,

∗Corresponding author.
E-mail: tursun.k.yuldashev@gmail.com
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where Γ(α) is the Gamma function.
Let n− 1 < α ≤ n, n ∈ N. The Riemann–Liouville α-order fractional derivative of a function η(t)

is defined as follows:
D α
t0+η(t) =

dn

dtn
I n−αt0+ η(t), t ∈

(
t0; T

)
.

The Hilfer fractional derivatives of α-order (n − 1 < α ≤ n, n ∈ N) and β-type (0 ≤ β ≤ 1), are
defined by the following composition of three operators:

D α, β
t0+ η(t) = I

β(n−α)
t0+

dn

dtn
I

(1−β)(n−α)
t0+ η(t), t ∈

(
t0; T

)
.

Let γ = α + β n − αβ. It is easy to see that α ≤ γ ≤ n. Then it is convenient to use another
designation for the operator D α, γη(t) = D α, β

t0+ η(t). Hilfer operator is generalization of the Riemann–
Liouville operator and was introduced by R. Hilfer based on fractional time evolutions that arise during
the transition from the microscopic scale to the macroscopic time scale (see [17]).

In this paper, for the case 1 < α < 2 we study the regular solvability of mixed value problem
for a Hilfer type partial differential equation of higher even order with positive small parameters. The
stability of the solution from the given functions is proved.

In three-dimensional domain Ω = {(t, x, y) | t0 < t < T, 0 < x, y < l} a higher order partial
differential equation of the following form is considered

Dα, γ
ε1, ε2 [U ] = a (t) b (x, y) (1)

with initial value conditions

lim
t→+t0

J2−γ
t0+ U(t, x, y) = ϕ1(x, y), lim

t→+t0

d

dt
J2−γ
t0+ U(t, x, y) = ϕ2(x, y), (2)

where T and l are given positive real numbers, 0 ≤ t0 < T ,

Dα, γ
ε1, ε2 [U ] =

[
Dα, γ −Dα, γ

(
ε1

(
∂ 2k

∂ x 2k
+

∂ 2k

∂ y 2k

)
− ε2

(
∂ 4k

∂ x 4k
+

∂ 4k

∂ y 4k

))
−

−ω
((

∂ 2k

∂ x 2k
+

∂ 2k

∂ y 2k

)
−
(
∂ 4k

∂ x 4k
+

∂ 4k

∂ y 4k

))]
U (t, x, y),

ω is positive parameter, ε1 and ε2 are positive small parameters, 1 < α < γ ≤ 2, k is given positive
integer, a (t) ∈ C

(
ΩT

)
, ΩT ≡

[
t0; T

]
, Ω l ≡ [0; l], b (x, y) ∈ C

(
Ω 2
l

)
is known function, ϕ1(x, y)

and ϕ2(x, y) are given continuous functions, Ω 2
l ≡ Ωl × Ωl. We assume that for given functions the

following boundary conditions hold

ϕi(0, y) = ϕi(l, y) = ϕi(x, 0) = ϕi (x, l) = 0, i = 1, 2,

b (0, y) = b (l, y) = b (x, 0) = b (x, l) = 0.

Problem Statement. We find the function U (t, x, y), which satisfies differential equation (1), initial
value conditions (2), zero boundary value conditions for t0 ≤ t ≤ T

U (t, 0, y) = U (t, l, y) = U (t, x, 0) = U (t, x, l) =

=
∂ 2

∂ x2
U (t, 0, y) =

∂ 2

∂ x2
U (t, l, y) =

∂ 2

∂ x2
U (t, x, 0) =

∂ 2

∂ x2
U (t, x, l) =

=
∂ 2

∂y2
U (t, 0, y) =

∂ 2

∂y2
U (t, l, y) =

∂ 2

∂y2
U (t, x, 0) =

∂ 2

∂y2
U (t, x, l) = . . . =
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=
∂ 4k−2

∂x 4k−2
U (t, 0, y) =

∂ 4k−2

∂x 4k−2
U (t, l, y) =

∂ 4k−2

∂x 4k−2
U (t, x, 0) =

∂ 4k−2

∂x 4k−2
U (t, x, l) =

=
∂ 4k−2

∂y 4k−2
U (t, 0, y) =

∂ 4k−2

∂y 4k−2
U (t, l, y) =

∂ 4k−2

∂y 4k−2
U (t, x, 0) =

∂ 4k−2

∂y 4k−2
U (t, x, l) = 0, (3)

class of functions [
(t− t0) 2−γ U (t, x, y) ∈ C (Ω),

Dα, γU (t, x, y) ∈ C4k, 4k
x, y (Ω) ∩ C4k+0

x, y (Ω) ∩ C0+4k
x, y (Ω),

(4)

where C4k+0
x, y (Ω) is the class of continuous functions ∂4k U (t, x, y)

∂ x 4k on Ω, while C0+4k
x, y (Ω) is the class

of continuous functions ∂4k U (t, x, y)
∂ y 4k on Ω, ∂ 4k−2

∂y 4k−2U (t, x, l) we understand as ∂ 4k−2

∂y 4k−2U (t, x, y)
∣∣∣
y=l

,

Ω = {(t, x, y) | t0 ≤ t ≤ T, 0 ≤ x, y ≤ l}.

1 Transform of fractional differential equation

Lemma. The solution to the ordinary fractional differential equation

Dα, γv (t) + ω v (t) = f (t, v (t)) (5)

with initial value condition

lim
t→+t0

J2−γ
t0+ v(t) = v0, lim

t→+t0

d

dt
J2−γ
t0+ v(t) = v1, (6)

is represented as follows

v (t) = v0 (t− t0)γ−2Eα, γ−1 (ω (t− t0)α) + v1 (t− t0)γ−1Eα, γ (ω (t− t0)α) +

+

t∫
t0

(t− s)α−1Eα, α (−ω (t− s)α) f (s, v (s)) d s, (7)

where Eα, γ(z) is the Mittag–Leffler function and has the form [17, vol. 1, 269–295]

Eα, γ(z) =

∞∑
k=0

z k

Γ(αk + γ)
, z, α, γ ∈ (0; ∞),

f (t, v) ∈ C (Ω1), 0 < ω is real parameter, v0, v1 = const, Ω1 ≡ [t0; T ] × X, 0 ≤ t0, X ⊂ R ≡
(−∞; ∞), X is closed set,

Dα, γ = Jγ−αt0+

d2

dt2
J2−γ
t0+ , 1 < α < γ ≤ 2, γ = α+ 2β − αβ.

Proof. We rewrite the differential equation (5) in the form

J γ−αt0+ D γ
t0+ v (t) = −ω v(t) + f (t, v).

Applying the operator J αt0+ to both sides of this equation (5), taking into account the linearity of this
operator and the formula [35]

Jδt0+D
δ
t0+v (t) = v (t)−

n−1∑
k=0

(t− t0)δ+k−n

Γ(δ + k + 1− n)
lim
t→t0+

dk

dtk
Jn−δt→t0+v (t), δ ∈ (n− 1; n],
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we obtain

v (t) = −ωJαt0+v (t)
v0

Γ(γ − 1)
(t− t0)γ−2 +

v1

Γ(γ)
(t− t0)γ−1 + Jαt0+f(t, v (t)). (8)

Using the lemma from [26], we represent the solution to equation (8) in the form

v (t) =
v0

Γ(γ − 1)
(t− t0)γ−2 +

v1

Γ(γ)
(t− t0)γ−1 + Jαt0+f(t, v (t))−

−ω
t∫

t0

(t− s)α−1Eα, α (−ω (t− s)α)×

×
[

v0

Γ(γ − 1)
(s− t0)γ−2 +

v1

Γ(γ)
(s− t0)γ−1 + Jαt0+f(s, v (s))

]
ds. (9)

We rewrite the presentation (9) as the sum of two expressions:

I1(t) =
v0

Γ(γ − 1)

(t− t0)γ−2 − ω
t∫

t0

(t− s)α−1Eα, α (−ω (s− t0)α) (s− t0)γ−2 d s

+

+
v1

Γ(γ)

(t− t0)γ−1 − ω
t∫

t0

(t− s)α−1Eα,α (−ω (t− s)α) (s− t0)γ−1 ds

 , (10)

I 2 (t) = J αt0+f (t, v (t))− ω
t∫

t0

(t− s)α−1Eα, α (−ω · (t− s)α) J αt0+f (s, v (s)) d s. (11)

We apply the following presentations [17, vol. 1, 269–295]

Eα, µ(z) =
1

Γ(µ)
+ z · Eα, µ+α(t), α > 0, µ > 0, (12)

1

Γ(ν)

z∫
0

(z − t)ν−1Eα, β (λ tα) tβ−1d t = zβ+ν−1 · Eα, β+ν (λ zα) , ν > 0, β > 0. (13)

Then for the integral (10) we obtain the presentation

I1(t) = v0 (t− t0)γ−2Eα, γ−1 (−ω (t− t0)α) + v1 (t− t0)γ−1Eα, γ (−ω (t− t0)α) . (14)

The integral in (11) is easily transformed to the form

t∫
t0

(t− ξ)α−1Eα, α (−ω · (t− ξ)α ) J αt0+f (ξ, v (ξ)) d ξ =

=
1

Γ (α)

t∫
t0

(t− ξ)α−1Eα, α (−ω · (t− ξ)α) d ξ

ξ∫
t0

(ξ − s)α−1f (s, v (s)) d s =
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=
1

Γ (α)

t∫
t0

f (s, v (s)) d s

t∫
s

(t− ξ)α−1(ξ − s)α−1Eα, α (−ω · (t− ξ)α) d ξ. (15)

Taking into account the (13) the second integral in the last equality of (15) can be written as

t∫
s

(t− ξ)α−1(ξ − s)α−1Eα, α (−ω · (t− ξ)α) d ξ = Γ (α) (t− ξ) 2α−1Eα, 2α (−ω · (t− ξ)α) .

Then, taking into account (12), we represent (11) in the following form

I 2(t) =

t∫
t0

(t− s)α−1Eα, α (−ω · (t− s)α) f (s, v (s)) d s. (16)

Substituting (14) and (16) into the sum v (t) = I 1(t) + I 2 (t), we obtain (7). The Lemma is proved.

2 Expansion of the solution into Fourier series

Nontrivial solutions to the problem are sought as a Fourier series

U (t, x, y) =
∞∑

n,m=1

un,m(t)ϑn,m(x, y), (17)

where

un,m(t) =

l∫
0

l∫
0

U (t, x, y)ϑn,m(x, y) d x d y, (18)

ϑn,m(x, y) =
2

l
sin

π n

l
x sin

πm

l
y, n, m = 1, 2, . . .

We also suppose that the following function is expanded to Fourier series

b(x, y) =

∞∑
n,m=1

bn,m ϑn,m(x, y), (19)

where

bn,m =

l∫
0

l∫
0

b (x, y)ϑn,m(x, y) d x d y. (20)

Substituting Fourier series (17) and (19) into partial differential equation (1), we obtain the
countable system of ordinary fractional differential equations of order: 1 < α, γ < 2

Dα, γun,m(t) + λ 2k
n,m (ε1, ε2)ω un,m(t) =

a (t) bn,m

1 + µ 2k
n,m

(
ε1 + ε2µ 2k

n,m

) , (21)

where

λ 2k
n,m (ε1, ε2) =

µ 2k
n,m

(
1 + µ 2k

n,m

)
1 + µ 2k

n,m

(
ε1 + ε2µ 2k

n,m

) , µ kn,m =
(π
l

)k√
n 2k +m 2k.
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According to the Lemma, the general solution to countable system of differential equations (21)
has the form

un,m(t) = C 1n,m (t− t0)γ−2Eα, γ−1

(
−λ 2k

n,m (ε1, ε2) ω (t− t0)α
)

+

+C 2n,m (t− t0)γ−1Eα, γ

(
−λ 2k

n,m (ε1, ε2) ω (t− t0)α
)

+ bn,mhn,m(t), (22)

where

hn,m(t) =
1

1 + µ 2k
n,m

(
ε1 + ε2µ 2k

n,m

) t∫
t0

(t− s)α−1Eα, α

(
−λ 2k

n,m (ε1, ε2) ω (t− s)α
)
a (s) d s,

C 1n,m and C 2n,m are arbitrary constants.
By Fourier coefficients (18), the initial conditions (2) we rewrite in the forms

lim
t→+t0

J2−γ
t0+ un,m(t) =

l∫
0

l∫
0

lim
t→+t0

J2−γ
t0+ U (t, x, y) ϑn,m(x, y) d x d y =

=

l∫
0

l∫
0

ϕ1(x, y)ϑn,m(x, y) d x d y = ϕ 1n,m, (23)

lim
t→+t0

d

dt
J2−γ
t0+ un,m(t) =

l∫
0

l∫
0

lim
t→+t0

d

dt
J2−γ
t0+ U (t, x, y) ϑn,m(x, y) d x d y =

=

l∫
0

l∫
0

ϕ2(x, y)ϑn,m(x, y) d x d y = ϕ 2n,m . (24)

To find the unknown coefficients C 1n,m and C 2n,m in (22), we use conditions (23) and (24). Then
from (22) we have

un,m(t) = ϕ 1n,m (t− t0)γ−2Eα, γ−1

(
−λ 2k

n,m (ε1, ε2) ω (t− t0)α
)

+

+ϕ 2n,m (t− t0)γ−1Eα, γ

(
−λ 2k

n,m (ε1, ε2) ω (t− t0)α
)

+

+
bn,m

1 + µ 2k
n,m

(
ε1 + ε2µ 2k

n,m

) t∫
t0

(t− s)α−1Eα, α

(
−λ 2k

n,m (ε1, ε2) ω (t− s)α
)
a (s) d s. (25)

Substituting the presentation of the Fourier coefficients (25) of main unknown function into Fourier
series (6), we obtain

U (t, x, y) =
∞∑

n,m=1

ϑn ,m(x, y)
[
ϕ 1n,m (t− t0)γ−2Eα, γ−1

(
−λ 2k

n,m (ε1, ε2) ω (t− t0)α
)

+

+ϕ 2n,m (t− t0)γ−1Eα, γ

(
−λ 2k

n,m (ε1, ε2) ω (t− t0)α
)

+

+
bn,m

1 + µ 2k
n,m

(
ε1 + ε2µ 2k

n,m

) t∫
t0

(t− s)α−1Eα, α

(
−λ 2k

n,m (ε1, ε2) ω (t− s)α
)
a (s) d s

 . (26)

This Fourier series (26) is a formal solution to the initial value problem (1)–(4).
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3 Convergence of the Fourier series (26)

We prove absolute and uniform convergence of the Fourier series (26). We need to use the concepts
of the following Banach spaces. Hilbert coordinate space `2 of number sequences {ϕn,m}∞n,m=1 with
norm

‖ϕ ‖ ` 2 =

√√√√ ∞∑
n,m=1

|ϕn,m| 2 <∞.

The space L 2(Ω 2
l ) of square-summable functions on the domain Ω 2

l = Ω l × Ω l with norm

‖ϑ (x, y) ‖L 2(Ω 2
l ) =

√√√√√ l∫
0

l∫
0

|ϑ (x, y) |2 d x d y <∞.

Conditions of smoothness. Let for functions

ϕi(x, y) (i = 1, 2), b (x, y) ∈ C 4k(Ω2
l )

there exist piecewise continuous 4k + 1 order derivatives. Then by integrating in parts the functions
(20), (23) and (24) 4k + 1 times over every variable x, y, we obtain the following relations

|ϕ i n,m | =
(
l

π

)8k+2

∣∣∣ϕ(8k+2)
i n,m

∣∣∣
n 4k+1m 4k+1

, | bn,m | =
(
l

π

)8k+2

∣∣∣ b(8k+2)
n,m

∣∣∣
n 4k+1m 4k+1

, (27)

∥∥∥ϕ (8k+2)
i n,m

∥∥∥
` 2
≤ 2

l

∥∥∥∥ ∂ 8k+2ϕi(x, y)

∂ x4k+1 ∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )
, (28)

∥∥∥ b (8k+2)
n,m

∥∥∥
` 2
≤ 2

l

∥∥∥∥ ∂ 8k+2b (x, y)

∂ x4k+1∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )
, (29)

where

ϕ
(8k+2)
i n,m =

l∫
0

l∫
0

∂ 8k+2ϕi(x, y)

∂ x4k+1 ∂ y4k+1
ϑn,m(x, y) d x d y, i = 1, 2,

b (8k+2)
n,m =

l∫
0

l∫
0

∂ 8k+2b (x, y)

∂ x4k+1 ∂ y4k+1
ϑn,m(x, y) d x d y.

To obtain estimates for solution, we use the properties of the Mittag–Leffler function [36]. Let
α ∈ (0; 2) and γ ∈ R. If arg z = π, then there takes place the following estimate

|Eα, γ(z) | ≤ M 1

1 + |z|
,

where 0 < M 1 = const does not depend from z.
Therefore, it is easy to see that there exists constant M2 such that

max
t0≤t≤T

∣∣∣Eα, γ−1

(
−λ 2k

n,m (ε1, ε2) ω (t− t0)α
) ∣∣∣ ≤M2 <∞, (30)

max
t0≤t≤T

∣∣∣Eα, γ (−λ 2k
n,m (ε1, ε2) ω (t− t0)α

) ∣∣∣ ≤M2 <∞, (31)
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max
t0≤t≤T

∣∣∣∣∣∣
t∫

t0

(t− s)α−1 (t− t0) 2−γ Eα, α

(
−λ 2k

n,m (ε1, ε2) ω (t− s)α
)
a (s) d s

∣∣∣∣∣∣ ≤M2 <∞. (32)

Theorem 1. Suppose that the conditions of smoothness and estimates (27)–(29) are fulfilled. Then
Fourier series (26) convergence is absolute and uniform.

Proof. We apply the formulas (27)–(29) and estimates (30)–(32) to estimate the series (26). Using
the Cauchy–Schwartz inequality for series (26), we get the estimate∣∣∣ (t− t0) 2−γ U (t, x, y)

∣∣∣ ≤M2

∞∑
n,m=1

|ϑn,m(x, y) | · [|ϕ 1n,m |+ |ϕ 2n,m |+ | bn,m |] ≤

≤ 2

l
M2

 ∞∑
n,m=1

|ϕ 1n,m |+
∞∑

n,m=1

|ϕ 2n,m |+
∞∑

n,m=1

| bn,m|

 ≤
≤ 2

l

(
l

π

)8k+2

M 2

 ∞∑
n,m=1

∣∣∣ϕ(8k+2)
1n,m

∣∣∣
n 4k+1m 4k+1

+
∞∑

n,m=1

∣∣∣ϕ(8k+2)
2n,m

∣∣∣
n 4k+1m 4k+1

+
∞∑

n,m=1

∣∣∣ b(8k+2)
n,m

∣∣∣
n 4k+1m 4k+1

 ≤
≤ 2

l

(
l

π

)8k+2

M 2M 3

[∥∥∥ϕ (8k+2)
1n,m

∥∥∥
` 2

+
∥∥∥ϕ (8k+2)

2n,m

∥∥∥
` 2

+
∥∥∥ b (8k+2)

n,m

∥∥∥
` 2

]
≤

≤ γ 1

[
2∑
i=1

∥∥∥∥ ∂ 8k+2ϕi(x, y)

∂ x4k+1∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )
+

∥∥∥∥ ∂ 8k+2b (x, y)

∂ x4k+1∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )

]
<∞, (33)

where

γ 1 = M 2M 3

(
2

l

) 2( l
π

)8k+2

, M 3 =

√√√√ ∞∑
n,m=1

1

n 8k+2m 8k+2
<∞.

From the estimate (33) the absolute and uniform convergence of Fourier series (26) implies. The
Theorem 1 is proved.

4 Uniqueness of the solution

To establish the uniqueness of the function U (t, x, y) we suppose that there are two functions U1

and U2 that satisfy the given conditions (1)–(4). Then their difference U = U1 − U2 is a solution to
differential equation (1), satisfying conditions (2)–(4) with zero functions ϕ1(x, y) = ϕ2(x, y) = 0.
By virtue of relations (23) and (24) we have that ϕ 1n,m = ϕ 2n,m = 0. Hence, we that obtain from
formulas (18) and (26) in the domain Ω follows the zero identity

l∫
0

l∫
0

(t− t0) 2−γ U (t, x, y)ϑn,m(x, y) d x d y ≡ 0.

Hence, by virtue of the completeness of the systems of eigenfunctions
{√

2
l sin π n

l x
}
,
{√

2
l sin πm

l y
}

in L 2

(
Ω 2
l

)
we deduce that U (t, x, y) ≡ 0 for all x ∈ Ω 2

l ≡ [0, l] 2 and t ∈ ΩT ≡ [0; T ].
Since (t− t0) 2−γ U (t, x, y) ∈ C

(
Ω
)
, then (t− t0) 2−γ U (t, x, y) ≡ 0 in the domain Ω. Therefore,

the solution to the initial value problem (1)–(4) is unique in the domain Ω.
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5 Term-by-term differentiation possibility

Theorem 2. Let the conditions of the Theorem 1 be fulfilled. Then term-by-term differentiation of
the series (26) is possible.

Proof. The function (26) we differentiate the required number of times

∂ 4k

∂ x 4k
(t− t0) 2−γ U (t, x, y) =

∞∑
n,m=1

(π n
l

) 4k
ϑn,m(x, y) (t− t0) 2−γ un,m(t), (34)

∂ 4k

∂ y 4k
(t− t0) 2−γ U (t, x, y) =

∞∑
n,m=1

(πm
l

) 4k
ϑn,m(x, y) (t− t0) 2−γ un,m(t), (35)

where un ,m (t) is defined from the presentation (25).
The expansion of the following functions into Fourier series are defined in a similar way

(t− t0) 2−γ D α, γU (t, x, y),
∂ 4k

∂ x 4k
(t− t0) 2−γ D α, γU (t, x, y),

∂ 4k

∂ y 4k
(t− t0) 2−γ D α, γU (t, x, y).

We show the convergence of series (34) and (35). Analogously to the case of estimate (33), applying
the Cauchy–Schwarz inequality, we obtain∣∣∣∣ ∂ 4k

∂ x 4k
(t− t0) 2−γ U (t, x, y)

∣∣∣∣ ≤ ∞∑
n,m=1

(π n
l

) 4k ∣∣∣ (t− t0) 2−γ un,m(t)
∣∣∣ · |ϑn,m(x, y) | ≤

≤ 2

l

(π
l

) 4k
M 2

 ∞∑
n,m=1

n 4k |ϕ 1n,m|+
∞∑

n,m=1

n 4k |ϕ 2n,m |+
∞∑

n,m=1

n 4k | bn,m |

 ≤
≤ 2

l

(
l

π

)4k+2

M 2

 ∞∑
n,m=1

∣∣∣ϕ(8k+2)
1n,m

∣∣∣
nm 4k+1

+
∞∑

n,m=1

∣∣∣ϕ(8k+2)
2n,m

∣∣∣
nm 4k+1

+
∞∑

n,m=1

∣∣∣ b(8k+2)
n,m

∣∣∣
nm 4k+1

 ≤
≤ 2

l

(
l

π

)4k+2

M 2M 4

[∥∥∥ϕ (8k+2)
1n,m

∥∥∥
` 2

+
∥∥∥ϕ (8k+2)

2n,m

∥∥∥
` 2

+
∥∥∥ b (8k+2)

n,m

∥∥∥
` 2

]
≤

≤ γ 2

[
2∑
i=1

∥∥∥∥ ∂ 8k+2ϕi(x, y)

∂ x4k+1∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )
+

∥∥∥∥ ∂ 8k+2b (x, y)

∂ x4k+1∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )

]
<∞, (36)

where γ 2 =
(

2
l

)2 ( l
π

)4k+2
M 2M 4, M 4 =

√
∞∑

n,m=1

1
nm 8k+2 <∞;

∣∣∣∣ ∂ 4k

∂ y 4k
(t− t0) 2−γ U (t, x, y)

∣∣∣∣ ≤ ∞∑
n,m=1

(πm
l

) 4k ∣∣∣ (t− t0) 2−γ un,m(t)
∣∣∣ · |ϑn,m(x, y) | ≤

≤ 2

l

(π
l

) 4k
M 2

 ∞∑
n,m=1

m 4k |ϕ 1n,m|+
∞∑

n,m=1

m 4k |ϕ 2n,m|+
∞∑

n,m=1

m 4k | bn,m|

 ≤
≤ 2

l

(
l

π

)4k+2

M 2

 ∞∑
n,m=1

∣∣∣ϕ(8k+2)
1n,m

∣∣∣
n 4k+1m

+

∞∑
n,m=1

∣∣∣ϕ(8k+2)
2n,m

∣∣∣
n 4k+1m

+

∞∑
n,m=1

∣∣∣ b (8k+2)
n,m

∣∣∣
n 4k+1m

 ≤
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≤ 2

l

(
l

π

)4k+2

M 2M 5

[∥∥∥ϕ (8k+2)
1n,m

∥∥∥
` 2

+
∥∥∥ϕ (8k+2)

2n,m

∥∥∥
` 2

+
∥∥∥ b (8k+2)

n,m

∥∥∥
` 2

]
≤

≤ γ 3

[
2∑
i=1

∥∥∥∥ ∂ 8k+2ϕi(x, y)

∂ x4k+1∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )
+

∥∥∥∥ ∂ 8k+2b (x, y)

∂ x4k+1∂ y4k+1

∥∥∥∥
L 2(Ω 2

l )

]
<∞, (37)

where γ 3 =
(

2
l

)2 ( l
π

)4k+2
M 2M 5, M 5 =

√
∞∑

n,m=1

1
n 8k+2m

<∞.

The convergence of Fourier series for functions

(t− t0) 2−γ D α, γU (t, x, y),
∂ 4k

∂ x 4k
(t− t0) 2−γ D α, γU (t, x, y),

∂ 4k

∂ y 4k
(t− t0) 2−γ D α, γU (t, x, y)

is easy to prove, and the necessary estimates are obtained similarly to the cases of estimates (33), (36),
and (37). Therefore, the function U (t, x, y) belongs to the class of functions (4). Theorem 2 is proved.

6 Stability of the solution U(t, x, y) with respect to given functions

Theorem 3. Suppose that all the conditions of Theorem 2 are fulfilled. Then, the function U (t, x, y)
as a solution to the problem (1)–(4) is stable with respect to given functions ϕ1(x, y), ϕ2(x, y).

Proof. We show that the solution to the differential equation (1) U (t, x, y) is stable with respect
to a given functions ϕ1(x, y), ϕ2(x, y). Let U 1(t, x, y) and U 2(t, x, y) be two different solutions to
the initial value problem (1)–(4), corresponding to two different values of the functions ϕ 11(x, y),
ϕ 12(x, y) and ϕ 21(x, y), ϕ 22(x, y), respectively.

We put that |ϕ 11n,m − ϕ 12n,m | + |ϕ 21n,m − ϕ 22n,m | < δn,m, where 0 < δn,m is sufficiently

small positive quantity and the series
∞∑

n,m=1
| δn,m | is convergent. Then, considering this, by virtue of

the conditions of the theorem, from the Fourier series (26) it is easy to obtain that∣∣ t 2−γ [U 1(t, x, y)− U 2(t, x, y)]
∣∣ ≤

≤ 2

l
σ 3

∞∑
n,m=1

[|ϕ 11n,m − ϕ 12n,m |+ |ϕ 21n,m − ϕ 22n,m |] <
2

l
σ 3

∞∑
n,m=1

| δn,m | <∞.

If we put ε = 2
l σ 3

∞∑
n,m=1

| δn,m | <∞, then from last estimate we finally obtain assertions about the

stability of the solution to the differential equation (1) with respect to a given functions ϕ1(x, y), ϕ2(x, y)
in (2). The theorem 3 is proved.

Similarly, it is proved that there holds the following theorem.
Theorem 4. Suppose that all the conditions of Theorem 2 are fulfilled. Then, the function U (t, x, y)

as a solution to the problem (1)–(4) is stable with respect to given function b (x, y) in the right-hand
side of the differential equation (1).

Conclusions

In three-dimensional domain, the solvability of a mixed problem for a Hilfer type partial differential
equation (1) of the higher even order with initial value conditions (2) and small positive parameters
in mixed derivatives is considered. Suppose that the conditions of smoothness are fulfilled. Then the
solution to this fractional differential equation of higher order for 1 < α < γ ≤ 2 is studied in the class
of regular functions. The Fourier series method is used and a countable system of ordinary differential
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equations is obtained (21). The initial value problem is integrated as an ordinary differential equation.
We obtained the presentation for unknown function U (t, x, y). Using the Cauchy–Schwarz inequality
and the Bessel inequality, we proved the absolute and uniform convergence of the obtained Fourier
series (26) for function U (t, x, y) and its derivatives. It is proved that solution to the problem (1)–(4)
U (t, x, y) is stable with respect to given functions b (x, y) and ϕi(x, y), i = 1, 2.
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Жоғары реттi Гильфер типтi дифференциалдық
теңдеу үшiн аралас есеп туралы

Үшөлшемдi облыста аралас туындыларда бастапқы шарттары және шағын оң параметрлерi бар жұп
реттi Гильфер типтi дербес туындылы теңдеу үшiн аралас есептiң шешiлу мүмкiндiгi қарастырылған.
Бұл жоғары реттi бөлшек дифференциалдық теңдеудiң шешiмi тұрақты функциялар класында зерт-
телген. Бөлшек операторының ретi 1 < α < 2 тең болатын жағдай зерттелдi. Фурье қатарларының
әдiсi қолданылып, қарапайым дифференциалдық теңдеулердiң есептелетiн жүйесi алынды. Баста-
пқы есеп қарапайым дифференциалдық теңдеу ретiнде интегралданады, ал интегралдық тұрақты-
лар берiлген бастапқы шарттарды пайдалана отырып табылады. Коши-Шварц теңсiздiгi мен Бессель
теңсiздiгiн пайдаланып, алынған Фурье қатарының абсолюттi және бiркелкi жинақтылығы дәлел-
дендi. Берiлген функцияларға қатысты есептiң шешiмiнiң тұрақтылығы да зерттелдi.

Кiлт сөздер: бөлшек ретi, Гильфер операторы, аралас есеп, Фурье қатары, бастапқы шарттар, бiрегей
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О смешанной задаче для дифференциального уравнения типа
Хильфера высшего порядка

В трехмерной области рассмотрена разрешимость смешанной задачи для дифференциального урав-
нения в частных производных типа Хильфера четного порядка с начальными условиями и малыми
положительными параметрами в смешанных производных. Решение этого дробного дифференциаль-
ного уравнения высшего порядка изучено в классе регулярных функций. Исследован случай, когда
порядок дробного оператора равен 1 < α < 2. Применен метод рядов Фурье, и получена счетная
система обыкновенных дифференциальных уравнений. Начальная задача интегрируется как обык-
новенное дифференциальное уравнение, и интегральные константы находятся с помощью заданных
начальных условий. С помощью неравенства Коши–Шварца и неравенства Бесселя доказана абсо-
лютная и равномерная сходимость полученного ряда Фурье. Изучена также устойчивость решения
задачи по заданным функциям.

Ключевые слова: дробный порядок, оператор Хильфера, смешанная задача, ряды Фурье, начальные
условия, однозначная разрешимость.
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A problem with shift for a mixed-type model equation
of the second kind in an unbounded domain

This article studies a problem with shift in the characteristics of different families in an unbounded domain
for a mixed-type model equation of the second kind. The elliptic part of this problem is the vertical half-
strip; the hyperbolic part is the characteristic triangle bounded by the characteristics of the equation. Using
the extremum principle we prove the uniqueness of the solution. With the integral equations method we
prove the existence of the solution.

Keywords: mixed-type equation of the second kind, problem with a shift, uniqueness and existence of a
solution, extremum principle, method of integral equations.

1 Statement of the problem

Consider the following equation

uxx +sign y|y|muyy = 0, 0 < m < 1 (1)

in unbounded mixed domain Ω = Ω1 ∪ J∪,Ω2, where Ω1 = {(x, y) : 0 < x < 1, 0 < y < +∞}
J = {(x, y) : 0 < x < 1, y = 0} and Ω2 is the domain of half-plane y < 0, bounded by the characteristics
of equation (1)

AC : x− [2/(2−m)] (−y)(2−m)/2 = 0, BC : x+ [2/(2−m)] (−y)(2−m)/2 = 1,

going out of points A(0, 0) and B(1, 0) and intersecting at point C(1
2 ,−

(
2−m

4

) 2
2−m ), and by the AB

segment of the abscissa axis, we assume the following notation:

β = m/ (2m− 4) , J1 = {(x, y) : 0 < y < +∞, x = 0}, J2 = {(x, y) : 0 < y < +∞, x = 1},

θ0(x) =

(
x

2
,−
[

2−m
2
· x

2

] 2
2−m

)
, θ1(x) =

(
1 + x

2
,−
[

2−m
2
· 1− x

2

] 2
2−m

)
.

Problem S∞. Find function u (x, y) that satisfies the following conditions:
u(x, y) ∈ C(Ω ∪ J1 ∪ J2 ∪ AC ∪ BC) ∩ C1(Ω1 ∪ J) ∩ C1(Ω2 ∪ J) ∩ C2(Ω1 ∪ Ω2), it satisfies equation
(1) in domains Ω1 and Ω2, and has the following property uy(x,+0) = ν (x) ∈ C1(J) and at the ends
of the interval it can turn to infinity of order −2β for x = 0 and of order 1

2 − β for x = 1 with the
following boundary conditions:

u(0, y) = ϕ1 (y) , u(1, y) = ϕ2 (y) , 0 ≤ y < +∞, (2)

lim
y→+∞

u(x, y) = 0, uniformly in x ∈ [0, 1] , (3)

∗Corresponding author.
E-mail: zunnunov@mail.ru
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a (x)D1−β
0x u [θ0 (x)] + b(x)D1−β

x1 u [θ1 (x)] = c(x), ∀x ∈ J, (4)

u (x,−0) = u (x,+0) ,
∂u (x,−0)

∂y
= −∂u (x,+0)

∂y
. (5)

Here a2 (x) + b2(x) 6= 0, ∀x ∈ J ; a (x)x−β + b(x)(1− x)−β 6= 0, ∀x ∈ J ; the functions ϕi (y) ∈ C(Ji)
are such that ϕ1 (0) = 0, ϕ2 (0) = 0, and the integrals

∞∫
0

s
− m

2(2−m)

∣∣∣∣∣ϕi
[(

2−m
2

s

) 2
2−m

]∣∣∣∣∣ ds,
∞∫

0

s
− m

(2−m)

∣∣∣∣∣ϕi
[(

2−m
2

s

) 2
2−m

]∣∣∣∣∣ ds (i = 1, 2)

converge; −1 ≤ b(x)(1−x)−β

a(x)x−β+b(x)(1−x)−β
≤ 0 ; a(x) = a1(x)xp, p < β, a1 (x) , b (x) , c (x) ∈ C(J) ∩ C3(J);

here Dα
sx[f(x)] is the operator of fractional integro-differentiation in the sense of Riemann-Liouville [1].

2 Uniqueness of the solution

The solution to the Cauchy problem has the following form [2]:

u(x, y) =

1∫
0

T
{[
x− (1− 2β)(−y)

1
1−2β

]
t
}[

x+ (1− 2β)(−y)
1

1−2β − xt+ (1− 2β)(−y)
1

1−2β t
]−β
×

×
[
x− (1− 2β)(−y)

1
1−2β

]1−β
(1− t)−βdt+

1

2 cosπβ
[2(1− 2β)]1−2β×

×
1∫

0

T
[
x− (1− 2β)(−y)

1
1−2β (2t− 1)

]
(−y)t−β (1− t)−β dt− Γ(2− 2β)

Γ2(1− β)
×

×
1∫

0

ν1

[
x− (1− 2β)(−y)

1
1−2β (2t− 1)

]
(−y)t−β(1− t)−βdt, (6)

where
ν1(x) = uy(x, −0), u(x, 0) = τ(x) = Γ(1− 2β)D2β−1

0x T (x). (7)

Considering the definitions and properties of operators of fractional integro-differentiation in the sense
of Riemann-Liouville from (6), we have (8)

U [θ0(x)] =
Γ (1− β)

2 cos (πβ)
Dβ−1

0x T (x)x−β − Γ(2− 2β)

Γ(1− β)[2(1− 2β)]1−2β
Dβ−1
x1 ν1(x)(1− x)−β. (8)

U [θ1(x)] = Γ(1− β)Dβ−1
0x T (x)(1− x)−β +

Γ(1− β)

2 cosπβ
Dβ−1

0x T (x)(1− x)−β−

− Γ(2− 2β)

Γ(1− β)[2(1− 2β)]1−2β
Dβ−1

0x ν1(x)x−β. (9)

Now, substituting (8) and (9) into the boundary condition (4) considering (7), we obtain

Γ(2− 2β)

Γ(1− β)[2(1− 2β)]1−2β

[
a(x)x−β + b(x)(1− x)−β

]
ν1(x) =

Mathematics series. № 2(106)/2022 203



R.T. Zunnunov, A.A. Ergashev

= c(x) +
Γ(1− β)

2 cosπβ

[
a(x)x−β + b(x)(1− x)−β

]
T (x)+ (10)

+b(x)Γ(1− β)D1−β
x1 Dβ−1

0x T (x)(1− x)−β.

Next, consider the superposition of two operators

D1−β
x1 Dβ−1

0x T (x)(1− x)−β,

where function T (x) is continuous in the interval (0, 1) and integrable on the segment [0, 1] . The
following equality holds

D1−β
x1 Dβ−1

0x T (x)(1− x)−β = T (x)(1− x)−β cosπβ +
sinπβ

π

1∫
0

T (t)
(1− t)1−2β

(1− x)1−β(t− x)
(11)

(the integral here is understood in the sense of the Cauchy’s principal value). From (10), considering
the properties mentioned above, we conclude that ν1(x) belongs to the class of functions integrable on
the segment [0, 1] and continuous in the interval (0, 1).

Theorem. Problem S∞ cannot have more than one solution.
Proof. Let u(x, y) be the solution to homogeneous problem S∞. At that c(x) ≡ 0. We can prove

that u (x, y) ≡ 0 in Ω ∪ J1 ∪ J2 ∪AC ∪BC.
First, we prove that u (x, y) ≡ 0 in Ω1 ∪ J1 ∪ J2 ∪ AB. Let us assume the opposite. Then there

is domain Ω1ρ = {(x, y) : 0 < x < 1, 0 < y < ρ} , in which u (x, y) 6≡ 0. Therefore, sup
Ω1ρ

|u (x, y)| > 0

and this value is reached at some point (ξ, η) ∈ Ω1ρ.
We introduce the notation ∂Ω1ρ = AB ∪BD ∪DP ∪ PA, where

AB = {(x, y) : 0 < x < 1, y = 0} , BD = {(x, y) : x = 1, 0 < y < ρ} ,

DP = {(x, y) : 0 < x < 1, y = ρ} , PA = {(x, y) : x = 0, 0 < y < ρ} .

According to the extremum principle for elliptic equations [3], it follows that (ξ, η) /∈ Ω1ρ. Due
to homogeneous conditions (2) (ξ, η) /∈ BD ∪ PA. Then (ξ, η) ∈ AB ∪ DP . Let (ξ, η) ∈ AB, i.e.,
sup
Ω̄1ρ

|u(x, y)| = sup
AB

|u(x, y)| = |u(ξ, 0)| > 0, 0 < ξ < 1. Then if u(ξ, 0) > 0 (< 0), i.e., (ξ, 0) is a

point of positive maximum (negative minimum) of function u(x, y), then according to the sign lemma
proved in [4], and due to the Zaremba-Giraud principle [3], it follows that (ξ, η) /∈ AB. Therefore,
(ξ, η) ∈ DP , i.e. sup

Ω1ρ

|u (x, y)| = sup
0≤x≤1

|u (x, ρ)| > 0. Taking arbitrary number ρ1 > ρ, we obtain

by the same method sup
Ω1ρ1

|u (x, y)| = sup
0≤x≤1

|u (x, ρ1)| > 0. Since Ω1ρ ⊂ Ω1ρ1 , then sup
Ω1ρ1

|u (x, y)| ≥

≥ sup
Ω1ρ

|u (x, y)| > 0, i.e. sup
0≤x≤1

|u (x, ρ1)| ≥ sup
0≤x≤1

|u (x, ρ)| > 0. This implies that lim
y→+∞

u (x, y) 6= 0,

which contradicts condition (3). Therefore, u (x, y) ≡ 0, (x, y) ∈ Ω1∪ l1∪ l2∪AB. Hence, from (6) and
(10), it follows that u (x, y) ≡ 0 in Ω2. Therefore, u (x, y) ≡ 0, (x, y) ∈ Ω ∪ l1 ∪ l2 ∪AC ∪BC, whence
follows the assertion of the theorem.

3 Existence of the solution

Solving the problem N in the area of ellipticity of equation (1) according to the S.V. Falkovich
method [5], we obtain the solution in the following form:
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u(x, y) = k
√
y

1∫
0

ν (t)
∞∑
n=1

sinnπx sinnπt

nα
Kα

(
2nπαy

1
2α

)
dt+

+
√
y

∞∫
0

[
2α

s

]α
ϕ1

[( s

2α

)2α
]
sds

∞∫
0

λ
sh (1− x)λ

shλ
J−α

(
2λαy

1
2α

)
J−α (λs) dλ+

+
√
y

∞∫
0

[
2α

s

]α
ϕ2

[( s

2α

)2α
]
sds

∞∫
0

λ
shxλ

shλ
J−α

(
2λαy

1
2α

)
J−α (λs) dλ, (12)

where α = 1
2−m , k = −4 sinπαΓ(1+α)

π(πα)α
, Γ (z) is the gamma function [1], Kα (z) and Jα (z) are the

Macdonald and Bessel functions, respectively [6]. Passing to the limit as y → 0 in formula (12), we
obtain the main functional relation between τ (x) and ν (x) brought from the area of ellipticity of
equation (1):

τ (x) = −2Γ (1 + α)

Γ (1− α)

(
1

πα

)2α
1∫

0

ν (t)

∞∑
n=1

sinnπx sinnπt

n2α
dt+ F1 (x) . (13)

From the hyperbolic area we have relation (10) between ν (x) and T (x) which, considering (11), has
the following form:

Γ (2− 2β)

Γ (1− β) [2 (1− 2β)]1−2β
ν1 (x) = − c (x)

a (x)x−β + b (x) (1− x)−β
+

Γ (1− β)

2 cosπβ
T (x) + (14)

+
Γ (1− β) b (x)

a (x)x−β + b (x) (1− x)−β

T (x) (1− x)−β cosπβ +
sinπβ

π(1− x)1−β

1∫
0

T (t) dt

(1− t)2β−1 (t− x)

 .
Taking into account the gluing conditions (5), we eliminate T (x) from (13) and (14). After some

transformations, we obtain a singular integral equation:

A (x) ρ(x) +
B (x)

πi

1∫
0

ρ (t)

(
1

t− x
+

1− 2t

t+ x− 2xt

)
dt+

+ cosπβµ (x)

1∫
0

ρ (t)K1 (x, t)dt = F (x) , (15)

where A (x) = 1− sinπβ, B (x) = −i cosπβ [1 + 2µ (x)] , ρ (x) = ν (x)x−2β,

µ (x) =
b (x) (1− x)−β

a (x)x−β + b (x) (1− x)−β
,

F (x) =
Γ (1− β) [2 (1− 2β)]1−2βx−2β

Γ (2− 2β)

[
Γ (1 + 2β)

Γ (1− 2β)
D1−2β

0x F1 (x)− Γ (1 + 2β) c (x)

a (x)x−β + b (x) (1− x)−β

]
,

K1 (x, t) =

(
t

x

)1−2β [ 1

t+ x− 2xt
− 1

t+ x
+
∞∑
n=1

[(
2n+ t

t

)1−2β 1

2n− x+ t
+
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+

(
2n− t
t

)1−2β 1

2n− t+ x
−
(

2n− t
t

)1−2β 1

2n− x− t
−
(

2n+ t

t

)
1

2n+ x+ t

]
is the weakly-singular kernel. Since A2 (x)−B2 (x) 6= 0, therefore, the singular integral equation (15)
is of the normal type. Now, changing the variables

z =
t2

1− 2t+ t2
and w =

x2

1− 2x+ x2
.

equation (15) is reduced to a singular integral equation with the Cauchy kernel. Then, applying the
Carleman-Vekua regularization method [7, 8], we obtain an equivalent Fredholm equation of the second
kind, the unconditional solvability of which follows from the uniqueness of the problem solution.
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2Қоқан мемлекеттiк педагогикалық университетi, Қоқан, Өзбекстан

Шексiз облыста екiншi тектi аралас типтi
модельдiк теңдеу үшiн ығысу есебi

Мақалада екiншi тектi аралас типтi модельдiк теңдеу үшiн шектелмеген облыстағы әртүрлi сипатта-
маларының ығысу есебi зерттелген. Облыстық эллипстiк бөлiгi – тiк жарты жолақ, ал гиперболалық
бөлiгi – теңдеу сипаттамаларымен шектелген сипаттамалық үшбұрыш. Шешiмнiң бiрегейлiгi экстре-
мум принципi арқылы, ал шешiмнiң бар екендiгi интегралдық теңдеулер әдiсiмен дәлелденген.

Кiлт сөздер: екiншi тектi аралас типтi теңдеу, ығысуы бар есеп, шешiмнiң жалғыздығы және бар
болуы, экстремум принципi, интегралдық теңдеулер әдiсi.
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2 Кокандский государственный педагогический университет, Коканд, Узбекистан

Задача со смещением для модельного уравнения смешанного
типа второго рода в неограниченной области

В статье в неограниченной области для модельного уравнения смешанного типа второго рода иссле-
дована задача со смещением на характеристиках различных семейств. Эллиптическая часть области
представляет собой вертикальную полуполосу, а гиперболическая часть — характеристический тре-
угольник, ограниченный характеристиками уравнения. Единственность решения доказана с помощью
принципа экстремума, а существование решения — методом интегральных уравнений.

Ключевые слова: уравнение смешанного типа второго рода, задача со смещением, единственность и
существование решения, принцип экстремума, метод интегральных уравнений.
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