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A hybrid algorithm for solving inverse boundary problems
with respect to intermediate masses on a beam

The inverse problem of determining the weight of three intermediate masses on a uniform beam from the
known three natural frequencies has been solved. The performed numerical analysis allows restoring the
value of only the second mass in a unique way. The inverse problem of determining the weight of three
intermediate masses has been solved uniquely except in the case when the first and the third masses are
located geometrically symmetric relative to the middle of the beam. The hybrid algorithm for the unique
solving inverse problem of determining the weight of three intermediate masses has been developed. The
first three natural frequencies of the beam are calculated numerically by using the Maple computer package.
Analytical relations between the masses are found.

Keywords: natural frequencies, beam equation, characteristic determinant, inverse problem, intermediate
elements.

Introduction

Oscillatory systems with attached masses or attached masses and elastic couplings have been studied since
the 18th century and enormous number of works were devoted to them [1-9]. In these works, mainly, problems
of eigenvalues of the beam were investigated. In the listed works above, firstly, the influence on the spectrum
of the geometry of the region on which the additional element is concentrated was illustrated. Secondly, the
difference in the behavior of natural frequencies at large and small loads was demonstrated.

In recent years, methods of analysis of direct and inverse problems for differential operators with concentrated
masses and elastic connections were actively developing [10-17]. These methods are paramount as they make
it possible to develop technologies to ensure the safety of people. In contrast to works [18-22|, in this paper,
we develop a hybrid algorithm for solving the unique solution of the inverse problem of determining the weight
of intermediate masses at points non-end of the beam from the three known natural frequencies. The novelty
of this work is the geometrical symmetry of the location of the first and third masses relative to the middle
of the beam for ambiguous definition of concentrated masses, which has been found on the basis of numerical
calculations (see subsection 3.2).

*Corresponding author.
E-mail: nurakhmetov@moath.kz
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The problems of diagnosing the value of one concentrated mass were investigated numerically and experimentally

in [18, 19]. Since changes in the values of concentrated masses on a beam can characterize the degree of disc
frazzle, it is relevant to study mechanical systems with n elements (1 < n < 00) ([20], n = 2). The masses were
found uniquely up to rearrangement of their places in [20]. The sufficient conditions for the existence of a unique
solution to the problem of identifying the concentrated mass and spring stiffness at the points non-end of the
beam from the known first two natural frequencies were found in [21]. The inverse problem of determining the
stiffness coefficients of intermediate springs on the beam from the two known natural frequencies was solved
in [22]. The conditions on the disposition of intermediate springs were found in [22] where the spring stiffness
coefficients were accurately determined up to their transposition.

In this paper, a beam with three intermediate masses m1, mo, and mg (kg) is considered. Units of measurement
and abbreviations for all physical parameters considered in the article are standard.

The main goal of this work is to reveal the conditions for the geometric disposition of the concentrated
masses for the nonunique solution of the inverse problem of restoring the concentrated masses with the known
first three eigenfrequencies in advance.

The authors of this paper propose a hybrid algorithm that allows to calculate all three weights for concentrated
masses with geometric symmetry of the location of the first and third masses relative to the middle of the beam.
Note that the numerical method for solving the inverse problem allows to determine only the value of the second
mass.

To solve the inverse problem, methods of the spectral theory of differential operators are applied. Justification
of the proposed hybrid algorithm is carried out by using numerical calculations and analytical relationships (see
subsection 3.3). The results of this study will contribute to the development of methods for solving inverse
problems with multipoint internal elements.

2 Formulation of the main problem

Let the first mass be located at a distance a from the left end of the beam, the second mass at a distance
b, respectively, and the third mass at a distance ¢, respectively (Fig. 1). As a result, the beam is divided into 4

sections: —é<x<a—%,a—é<x<b—%,b—%<m<c—%,c—%<x<%.
l b l l
1 -4 — — — = CcC— —
!
, Ty T2 19T
[ 1 =I 1
1 1 1 1
[ 1 1 !
l P 1 1 |

N | =~

(@)
A
Figure 1. A beam with intermediate masses

The equation of free transverse vibrations of a beam of length [ at —% <zx< é, t > 0 is written as

2 4
0“w(z,t) n EJa w(z,t)

rA—5p ozt

:O7

where w(x,t) is transverse displacement, m; p is material density, kg/m? ; A is the cross-sectional area, m?; E
is the elastic modulus of material, N/m? ; J is the moment of inertia of the beam cross-section, m?*.

We use a method that is also applicable to beams with different types of fixation. For definiteness, we
consider only a hinged-hinged beam. The problem of transverse vibrations of a beam of length [ by replacement

w(x,t) = y(x)sin(wt) is reduced to the following spectral problem:

EJy'V (z) = w?pAy(x), x#a—%, x;«éb—é, x;«éc—%, (1)
[EJY" (@)]ep, = —maw’y (P),  i=1,2,3. (2)
y(@)],—p, =0, [EY(2)],_p, =0, [EJY"(2)],—p, =0, (3)

Mathematics series. Ne 4(104),/2021 5
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» BJY'(2)]—y =0, (4)
o BJY'(2)],mr =0, (5)
where Py =a— 1L, P,=b—1% Py=c— 1L and

[f(@)]pee = lim [f(c—¢) = flc+e)].

e—+0

It means the jump of the function at the point 2 = c. Denote p* = = JA, where w is frequency parameter, Hz.

8 Material and methods

This section describes the main methods for solving the inverse problem of determining the concentrated
masses from three known natural frequencies of the hinged-hinged Euler-Bernoulli beam. For this, it is necessary
to write down an explicit form of the characteristic determinant of problem (1)—(5), which is important for
calculating the first three natural frequencies. Then, we obtain a system of three nonlinear equations with
three unknowns by using the known first three natural frequencies and the explicit form of the characteristic
determinant. To find the physical parameters of the concentrated masses, the Maple computer package is used
[23]. Some explicit relationships between the masses are found with the help of recurrent transformations, which
are confirmed by numerical calculations.

3.1 The problem of transverse vibrations of a beam with intermediate masses

To calculate the natural frequencies of problem (1)—(5), an explicit form of the characteristic determinant
is required. Let us formulate the main lemma.

Lemma 1. The values of the natural frequencies of problem (1)—(5) are determined from the equation

A (a7 b7 c, l7p, mi,ma, m3) =« (a/a b, c, l,p) mimeoms + 61 (aa ba lap) mlm2+
+B2 (a,c,l,p) mims + B3 (a,b,1,p) mams + 71 (a,l,p) mi+ (6)
+72 (bv lap) ma + 73 (Cv lap) mg + AO (lap) = 07
where
3

p
p3 A3

a(a,b,el,p)=— (2 (sin(p(a+b—1)) +sin(p(a — b +1))) (cosh(p(a —b+1)) — cosh(p(a + b —1))) +

+2 (sin(p(b+ ¢ = 1)) —sin(p(b — ¢+ 1))) (cosh(p(b + ¢ — 1)) — cosh(p(b— c+1))) +
+2 (cos(p(a+b—1)) — cos(p(a —b+1))) (sinh(p(a —b+1)) + smh(p(a +b—1)))+
+2 (cos(p(b+c —1)) — cos(p(b — ¢ +1))) (sinh(p(b — ¢+ 1)) — sinh(p(b + ¢ — 1)) +
+2 (cos(p(b+ ¢ —1)) — cos(p(b — c +1))) (sinh(p(2a — b+ ¢ — 1)) — sinh(p(2a — b — c+1)
+2 (cos(p(a —b+1)) — cos(p(a+b—1))) (sinh(p(a +b—2c+1)) + smh(p(a —b+2c—1)
+2 (cosh(p(a+b—1)) — cosh(p(a —b+1))) (sin(p(a + b —2¢c+1)) + sin(p(a — b+ 2¢ — 1)
+2 (cosh(p(b—c+1)) — cosh(p(b+ ¢ —1))) (sin(p(2a —b+c—1)) —sin(p(2a — b — c+1)

+sin(p(2a — 1)) (cosh(p(2b — 1)) + cosh(p(2¢ — 1

( ) (2¢ = 1)) + sin(p(2b — 1)) (cosh(p(2a — 1)) — cosh(p(2c — 1)) —
—sin(p(2¢ — 1)) (cosh(p(2a — 1)) + cosh(p(2b —1))) + cos(p(2a — 1)) (sinh(p(2¢ — 1)) — sinh(p(2b —1))) +
+ cos(p(2b — 1)) (sinh(p(2¢ — 1)) — sinh(p(2a — 1))) + cos(p(2¢ — 1)) (sinh(p(2b — 1)) — sinh(p(2a —1))) +
+sin(p(2a — 2b + 1)) (cosh(pl) — cosh(p(?c —1))) + sin(p(2a — 2¢ + 1)) (cosh(pl) — cosh(p(2b —1))) +
+sin(p(2b — 2¢ + 1)) (cosh(pl) — cosh(p(2a — 1))) + sinh(p(2a — 2b + 1)) (cos(p(2¢ — 1)) — cos(pl)) +
+ sinh(p(2a — 2¢ + 1)) (cos(p(2b — 1)) — cos(pl)) + sinh(p(2b — 2¢ + 1)) (cos(p(2a — 1)) — cos(pl)) +
+2 (sinh(p(2a — 1)) — sinh(p(2¢ —1))) cos(pl) + 2 (sin(p(2¢ — 1)) — sin(p(2a — 1))) cosh(pl)+
+2 (cosh(p(2b — 1)) — cosh(pl)) sin(pl) + 2 (cos(pl) — cos(p(2b — 1))) sinh(pl)—
— (cosh(p(2a — 2b+ 1)) + cosh(p(2b — 2¢ + 1)) — cosh(p(2a — 2¢ + 1)) sin(pl)+
+ (cos(p(2a — 2b + 1)) + cos(p(2b — 2¢ + 1)) — cos(p(2a — 2¢ + 1))) sinh(pl)+
)

+ cosh(p(2a — 2b + 2¢ — 1)) sin(pl) — cos(p(2a — 2b + 2¢ — 1)) sinh(pl)) ,

6 Bulletin of the Karaganda University
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b1 (a,b,1,p) = — Az (4p® (sin(pl) sinh(p(2a — 2b + 1)) — sinh(pl) sin(p(2a — 2b + 1)

)
+(cos(pl) — cos(p(2b —1))) cosh(p(2a — 1)) + (cos(pl) — cos(p(2a —1))) cosh(p(2b — 1))+
+ (sinh(p(2b — 1)) — sinh(p(2a — 1))) sin(pl) + (sin(p(2a — 1)) — sin(p(2b — 1))) sinh(pl)+

+2(cos(p(a — b+1)) — cos(p(a + b—1))) cosh(p(a — b+ 1))+
+2(cos(p(a +b—1)) — cos(p(a — b+1))) cosh(p(a + b — 1))+
+ (cos(p(2a — 1)) 4 cos(p(2b —1))) cosh(pl) — 2 cosh(pl) cos(pl))) ,

B2 (a,c,l,p) = Ve (4p* (sinh(pl) sin(p(2a — 2¢ + 1)) — sin(pl) sinh(p(2a — 2¢ + 1)) +

+ (cosh(p(2a — 1)) — cosh(pl)) cos(p(2¢ — 1)) + (cosh(p(2¢ — 1)) — cosh(pl)) cos(p(2a — 1))+
+ (sinh(p(2a — 1)) — sinh(p(2¢ — 1))) sin(pl) + (sin(p(2¢c — 1)) — sin(p(2a — 1))) sinh(pl)
+2 (cosh(p(a + ¢ — 1)) — cosh(p(a — ¢ +1))) cos(p(a — ¢ + 1))+
+2 (cosh(p(a — c+1)) — cosh(p(a + ¢ —1))) cos(p(a+c—1))—

— (cosh(p(2a — 1)) 4 cosh(p(2¢ — 1))) cos(pl) 4+ 2 cosh(pl) cos(pl))) ,

B3 (b,e,l,p) = — e (4p® (sin(pl) sinh(p(2b — 2¢ 4 1)) — sinh(pl) sin(p(2b — 2¢ + 1)) +
p

( )
+(cos(pl) — cos(p(2c — 1))) cosh(p(2b — 1)) + (cos(pl) — cos(p(2b — 1))) cosh(p(2¢ — 1))+
+ (sinh(p(2¢ — 1)) — sinh(p(2b — 1))) sin(pl) + (sin(p(2b — 1)) — sin(p(2¢ — 1))) sinh(pl)+

+2(cos(p(b—c+1)) — cos(p(b+ ¢ —1))) cosh(p(b — c+ 1))+
+2(cos(p(b+ ¢ —1)) — cos(p(b—c+1)))cosh(p(b+c—1))—
+ (cos(p(2b —1)) + cos(p(2¢ — 1)) cosh(pl) — 2 cosh(pl) cos(pl))),

v (a,l,p) = % ((cosh(pl) — cosh(p(2a — 1))) sin(pl) + (cos(pl) — cos(p(2a — 1))) sinh(pl)) ,

Yo (b,l,p) = —p—j ((cosh(pl) — cosh(p(2b — 1)) sin(pl) + (cos(pl) — cos(p(2b — 1))) sinh(pl)) ,
—j ((cosh(pl) — cosh(p(2c —1))) sin(pl) + (cos(pl) — cos(p(2¢c — 1)) sinh(pl)),

Ay(l, p) = —64sin(pl) sinh(pl).

v3 (c,l,p) = —

Here Ag(l, p) is the characteristic determinant without masses. To find w the vibration frequencies from relation

(6), the values p are first determined and then we find w = ,/ EA‘] p2.

The proof of this lemma is carried out similarly to the method of in [22], and checking it is easy. To limit
the volume of the paper, we present only a scheme for the proof of Lemma 1.

The scheme of the proof:
1. Let us write the fundamental systems solving equation (1) in four intervals.
2. We construct the solution of equation (1) on four intervals, which contain 16 constants.
3. Further, it is required that the solution of equation (1) satisfies the internal conditions (2), (3), and the
boundary conditions (4), (5). Thus, we obtain a system of homogeneous nonlinear equations.
4. A priory for the existence of natural frequencies, it is necessary that the determinant of the resulting system
of nonlinear equations is equal to zero.

3.2 Numerical calculations

In this subsection, a series of numerical calculations are carried out to reconstruct the quantity of the
concentrated masses from the known first three natural frequencies. The experimental model consists of a steel
beam with a radius of 0.01 m, a length of 6 m and simply supported at the ends. Then E.J = 1649.34 (Nm?),
p="7800 (kgm~3), A=3.14-10~* (m?).

Mathematics series. Ne 4(104),/2021 7
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Table 1

Determination of the quantity of the masses from the known first three natural frequencies

w1 wo w3 a b c mi ma ms
6.796 | 27.355 | 63.587 2 3 4 0.499 0.1 0.3
0.3 0.1 0.499
6.926 | 27.35 60.08 1 3 5 0.5 0.2 0.299
0.299 0.2 0.5
6.9 27.737 | 61.477 | 1.3 | 3 | 4.7 | 0.149 | 0.299 | 0.25
0.25 | 0.299 | 0.149

Table 2

Determination of the quantity of the masses from the known first three natural frequencies

w1 w2 w3 a b c mi ma ms
6.799 | 27.308 | 63.799 | 2 | 2.5 | 4 0.3 0.1 0.499
0.433 | 0.099 | 0.366
6.801 | 27.282 | 63.925 | 2 | 3.7 | 4 0.3 0.099 0.5
0.585 0.1 0.215
6.982 | 27.228 | 60.863 | 1 4 5 1 0.299 0.1 0.5
0.344 0.1 0.454

Table 3

Determination of the quantity of the masses from the known first three natural frequencies

w1 w2 w3 a |b c mi ma ms
6.785 | 27.459 | 63.479 | 2.2 | 3 4 0.3 0.099 | 0.499
-0.162 | 0.139 | 0.953
6.827 | 27.178 | 63.170 2 3| 4.3 | 0.299 | 0.099 0.5

The results of numerical calculations illustrate that the geometrical arrangement of the first and third masses
plays an important role in the ambiguous reconstruction of these quantities. It follows from Tables 1, 2 that the
symmetrical arrangement of the first and third masses relative to the middle of the beam leads to ambiguous
restoration of the values of these masses. Note that the location of the second mass between the first and third
has no significant effect. It can be seen from Table 3 that the violation of symmetry with respect to the middle
of the beam when the masses are located makes it possible to restore the values of all three masses uniquely.
We calculate the natural frequencies of problem (1)—(5) with an accuracy of € = 1075, Here & means that for
fixed values of a, b, ¢, I, m1, ma, ms condition |A(a, b, ¢, I, my1, ma, ms)| < e, i =1, 2, 3 is satisfied.

3.8 A relationship between the concentrated masses

It follows from tables 1-3 that the second mass is determined uniquely regardless of the geometric location.
Therefore, in this section, the analytical relationships of the first and third masses between the second mass are
shown.

Consider the inverse problem for determining the values of the mass. Assume that we know all the physical
parameters, the location of the intermediate masses, as well as the first three natural frequencies of the transverse
vibrations of the beam. It is required to determine the value of the first and third mass. Here, we assume that
the second mass is uniquely determined numerically; therefore, the parameter is assumed to be known.

Lemma 2. The parameters m; and mg are determined by the following formulas, respectively:

If b,,, <0, then

2¢m, asmims + asmq + agms + ag
mp = — s mg = — (7)

b
b, — /b2, — 4am, Cm, a1mimsg + azmi + agmy + ary

If b,,, >0, then

2¢pm, asmims + asmq + agms + as
mp = — mg = — (8)

b b
b, + /b2, — 4am, Cm, aimims + azmy + agmy + ar

8 Bulletin of the Karaganda University
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where
Am, = (albg — a2b1)m§ + (a1b5 — agbz + aszby — a5b1)m2 — bsas + bsas,
bm1 = (albg — agby + agby — agbl)m% — agbs + bsa7; — bras + bgaz+
+(a1bg — azby + azbs + asbs — asbs — agbs + arby — agbi)ma,
Cmq, = (a4bﬁ — a6b4)m§ + (a4b8 - a6b7 + a7b6 - a8b4)m2 - agb7 + a7b8.

Proof of Lemma 2. Let p1, p2 and p3 be zeros of A (p) := A (a,b, ¢, 1, p, m1, ma, m3) . Then, three equalities hold

aimimeoms + asmims + agmims + agmoms + asmy + agms + arms + ag = 0,
bymimaoma + bamyma + bgmimg + bamomsa + bsmy + bgma + bymsz + bg = 0, 9)

c1mimams + comims + cgmims + camaomsg + csmq + cgmo + crmsz + cg = 0,

Here
ai :a(a,bvcalapi)a a2 :61 (aabalapi)a a3:ﬂ2 (aac,lapi)7 0,4:53 (bac7lapi),
as =71 (a,l,pi), as=7(bl,pi), ar="3(c;l,pi), as=~0o(l,p;), i=1

Similar designations are valid for by, ¢, k= 1,8 for i = 2,3, respectively. We transform the system of nonlinear
equations (9) into the following form

(aymims + agmy + agms + az) m3 + agmimso + asmy + agms + ag = 0,
(b1m1m2 + b3m1 + b4m2 + b7) ms + b2m1m2 + b5m1 + b6m2 + bg =0. (10)

(c1mama + cami + cama + ¢7) m3 + camama + czma + cgma + cg = 0,
Using a linear combination from system (10), we obtain a quadratic equation with respect to my:

((a1ba — agb1)m3 + (a1bs — asbs + azba — asbi)ma — bzas + bsaz)mi+
—|—((a1b6 — a2b4 + CL4b2 — a6b1)m§ — G,gbg + b5a7 — b7a5 + bga3+
+(a1bg — agby + azbs + asbs — asbs — agbs + arba — agby)ma)m;+

(11)
+(a4b6 — a6b4)m§ + (a4bg — agby + a7bg — agb4)m2 —agby +azbg =0

Let by,, < 0. Then the corresponding solution to a quadratic equation of the form ax? +bx +c = 0 is defined as

—2c
b—Vb% —4dac (12)

which is used in Muller’s method. Using formula (12) for the quadratic equation (11), we obtain the first formula
from (7). After finding mq, the second formula of (7) follows from (10). For the case b,,, > 0, the proof of (8)
is similar. Lemma 2 is proved.

3.4 The hybrid algorithm for solving the uniqueness of the inverse problem

Subsections 3.2 and 3.3 allow to formulate the hybrid algorithm for solving the uniqueness of the inverse
problem of three concentrated masses from the known first three natural frequencies.
Hybrid algorithm:

1. All physical parameters of the beam are fixed, except concentrated masses.

2. The parameters of the first three natural frequencies are entered.

3. The value of ms is numerically found.

4. Using formula (7), we find m; and ms.

To test the proposed hybrid algorithm, consider an example.

1. The experimental model consists of a steel beam with the radius of 0.01 m, the length of 6 m and the
hinged fixation at the end. Then EJ = 1649.34 (Nm?), p = 7800 (kgm~3), A = 3.14- 10~* (m?). The masses
m1, me, and mg are located from the left end of the beam at distances of 2 m, 3 m, and 4 m, respectively.

2. w1 =6,796, wy = 27,355, w3 = 63, 587.

3. mo = 0, 1.

4. m; =0,3, ms = 0,499.
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The considered example confirms the validity of the proposed hybrid algorithm. Note that for the proposed
algorithm the geometrical disposition of the concentrated masses does not matter. In the future, the practical
interest will be to investigate the inverse problem for a beam with a variable foundation coefficient when
the beam comprises some concentrated elements. The beams with the variable foundation coefficient without
concentrated masses for various fixations were investigated in [24].

Conclusion

It can be concluded that for solving the inverse problem regarding intermediate masses on the beam, the
geometric symmetry of the location of the first and third masses relative to the middle of the beam is essential
based on the performed numerical calculations (see Table 1, 2). The numerical analysis allows restoring uniquely
the value of the second mass, regardless of its location (see Table 3). The last formulated fact allowed us to
find the analytical relationships of the first and third masses between the second. We have developed the hybrid
algorithm for solving inverse problems for determining the weight of intermediate masses on a uniform beam
from the known first three natural frequencies based on the revealed patterns. Our results can be useful for the
development of methods of inverse problems in beam systems with attached elements.
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A.A. Amusapos!, C.A. Ixxymabaes?, 1.B. Hypaxmeros!, P.K. Kycannos!?

! Mamemamuxa ocone mamemamuranss; modesvdey uncmumymol, Asmame, Kaszaxcman;
2 -
Kasaxeman Pecnybaukacv, Ipesuderminiyy orcanviidaeo
Memanexemmix backapy axademusco,, Hyp-Cyaman, Kazaxeman;
3 Cemeti wanracomowr, Hloxopim amvmdazo, yrusepcumemi, Cemeti, Kaszaxcman

Bepeneneri apaJblK Maccajlapra KATbICThI [IEKAPAJIbIK Kepi
ecenTep/i IIerryre ruOpuATI ajJropuTM TYyPaJibl

Besnrisi ym xuiniknen 6iprexTi GepeHeseri yIIl apaJjiblK MacCaHBIH CaJIMaKTapBbIH aHBIKTANTHIH Kepi ecerr
mrermisai. 2Kyprisisiren caHABIK ecenTeysiep TeK KAHA EKIHIN MACCAHBIH, CAJMAFBIH aHBIKTAyFa MYMKIHIIK
Oepeii. Bepeneieri yinr apaJjiblk MacCaHbIH CAJIMaKTaAPbIH AHBIKTAUTBIH Kepi ecerr OGipiHIi MeH eKiHI Macca
GepeHeHiH OpTAChIHA KATHICTBI T€OMETPUSLIIBIK, CHMMETPHUSIIBI OPHAJIACKAH YKaFaaiigan 6acka Karmaiiapia
Gipmon/i merniiesi. Bapibik yI apaJjblk MACCAaHBIH CAJIMaKTAPBbIH aHBIKTAWTHIH Kepi ecenTid, 6ipMoH/Ii 111e-
miMi 6ap 60/1yBI YIIIiH THOPUITI AJITOPUTM KACAJABI. AJIFAIIKBI YIII MEHIIIKTI »Kuinik Maple koMmboTepJIik
makeTi apKbLIbI ecenresiai. Maccamap apacblHIa aHAJTUTUKAJIBIK, KATBIHAC TaObLIJIbI.

Kiam cesdep: meHIIIKTI KuigikTep, 66peHe TEHIEY], CUIIATTAMAJIBIK AHBIKTAYBIII, KEPi €CEIl, apaJIbIK dJIe-
MEHTTEp.
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A.A. Amuapos!, C.A. Ixxymabaes?, JI.B. Hypaxameros!, P.K. Kycaunos?

L Mnemumym mamemamuky v mamemamuneckozo modeauposarud, Aamame, Kazaxcmar;
2
Axademus 2ocydapcmeernozo ynpasaerus npu IIpesudenme Pecnybaurxu Kazaxcman, Hyp-Cyaman, Kazaxcman;
3 Viusepcumem umeru Hlaxapuma zopoda Cemeti, Cemeti, Kazazcman

O6 ogHOM THOPUHOM AJITOPUTME pelleHrs OOPATHBIX TPAHUIHBIX
3aJ1a" OTHOCUTEJbHO ITPOME2KYyTOYHBIX MacCc Ha Oajike

Permtena obparnas 3amgata onpeesienust Beca Tpex IPOMEXKYTOUHBIX MacC Ha OJHOPOIHOI HasIKe [0 M3BeCT-
HBIM TPeM COOCTBEHHBIM YacToTaM. lIpoBeeHHDBIM YHUC/IEHHDBIM aHAJIN3 [TO3BOJISET €IUHCTBEHHBIM 00pa3oM
BOCCTaHABJIMBATH BEJIUYIUHY TOJILKO Bropoil Maccol. O6GparHast 3ajada OIPEJIeICHIsI BECa TPEX IIPOMEXKY-
TOYHBIX MaCC pelaeTcd OJHO3HAYHO, KPOME CJIydasl, KOIjia IepBas M TPeTbs MAaCChl PACIOJIOXKEHBI I'eo-
METPUYECKN CUMMETPUIHO OTHOCUTEIBHO CepennHbl 6aaku. [11s 0IHO3HAYHOTO peleHns: 0OpaTHOMN 3a1a4uu
OIIpEJIEeJICHIsT BeCa TPEX IIPOMEXKYTOUHBIX MacC pa3dpaboran rubpuHbIil ajsroputM. [lepsobie Tpu coberen-
HBIE YaCTOTHI CTEPKHSI BBIUMC/IEHBI YUCJEHHO C TTOMOIIBIO KOMIIbIoTepHOTO makera Maple. Halineno amasm-
TUYECKOe COOTHOIIEHNEe MeXK/ly MacCaMH.

Kmouesvie cro6a: cOBCTBEHHDBIE YACTOTHI, ypABHEHNE OATKHT, XaPAKTEPUCTUICCKUN ONPEIeINTENb, OOpaTHAS
3a/1a4a, IPOMezKyTOYHbIE 3JIeMEHTBhI.
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Fractional Integral Inequalities for Some Convex Functions

In this paper, we obtained several new integral inequalities using fractional Riemann-Liouville integrals for
convex s-Godunova-Levin functions in the second sense and for quasi-convex functions. The results were
gained by applying the double Hermite-Hadamard inequality, the classical Holder inequalities, the power
mean, and weighted Holder inequalities. In particular, the application of the results for several special
computing facilities was given. Some applications to special means for arbitrary real numbers: arithmetic
mean, logarithmic mean, and generalized log-mean, are provided.
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quasiconvex, fractional integral, Holder inequality, power mean inequality.

Introduction

Here, we give some well-known definitions in the literature that have attracted the attention of many
scientists in the field of convex analysis.
Definition 1. A function ¢ defined on the interval [v1,v2] C R is convex on this interval if the inequality

Y€+ (1 —7)Q) <7 () + (1L —7)9(C)

holds for all &,¢ € [v1,v2] and T € [0,1].
Definition 2. ([1]) We say that ¢ : I C R — R is a Godunova-Levin function or that 1) belongs to the class
Q(I), if f is non-negative and

wre+ (1-n0 < P L Y ye cerre o,
Definition 3. ([2]) A function ¢ : [v1,v2] — R is said to be s—Godunova—Levin convex, with s € [0,1], if
inequality
CACORCI(Y)
V(rE+(1-7)¢) < s +m

holds for all 7 € (0,1) and &, € [v1,va].
Definition 4. ([2]) A function ¢ : I C R — R is P function or that f belongs to the class of P(I); if it is
non-negative and for all £,¢ € I and 7 € [0;1]; satisfies the following inequality:

P(r€+ (1 = 7)¢) < ¥(€) + ¥ (0).

It is obvious that s—Godunova-Levin type functions for s = 0 yield P functions.
Definition 5. (|3]) A function v defined on the interval [v1,vs] , if it satisfies the inequality

P (r€+ (1 —7) () <max{y (§), ¥ ()}

forall §,( e I C Rand 7 € [0,1], then the function is called quasi-convex on this interval or ) belongs to the
class QC(I).

It was established that any convex function is a quasiconvex function, but the converse is not true.

*Corresponding author.
E-mail: attaev.anatoly@yandex.ru
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There are many classes of convexity of functions in the literature. These functional classes, which have
different properties, often generalize each other. Over the past few decades, researchers have obtained a few
interesting results related to mathematical inequalities using fractional integration operators for various classes
of convex functions.

Fractional integral operators generalize the notion of definite integration and have a significant effect on
generalizing mathematical inequalities, so these operators play a vital role in the development of science and
technology. In recent decades, many different fractional integration operators have been formulated, many of
which supplement and extend the classical operators. A special place among these operators is occupied by the
Riemann — Liouville fractional integration operators.

In recent years, scientists have obtained some mathematical inequalities associated with various operators,
for example, see [4-7]. Among these operators, the Riemann-Liouville operators, which have become classical,
occupy a special place.

Definition 6. ([8]) Let ¢ € L [v1,v2]. Then the left and right Riemann-Liouville integrals of order o > 0 with
v > 0 are defined by

13
T O = i [ €= e@ar. e

and ) s
J2 <£>=W)/g (=& (rdr,  E<u

respectively, where I' (o) = fooo e “u tdu. Here JO 4 (&) = JO 9 (€) = 1 (€). In the case of & = 1, the
U1 Vo

fractional integral reduces to the classical integral.
In the theory of inequalities, a important role is played by the double Hermite-Hadamard inequality:
Let ¢ : I C R — R be a convex function and vy, vs € I, with v; < vs. The following double inequality holds

o (157) < gy [ o s S
2 — U1

2 2

If 4 is a concave function, then the inequalities are in the opposite direction.

A few studies (for example, [5-16] and references therein) are devoted to obtaining, improving, and generalizing
integral inequalities in terms of various fractional integral operators.

It is known that the class of quasiconvex functions includes the class of convex functions defined on finite
closed intervals. Some references to quasiconvex functions and their applications can be seen in [7], [17-21] and
references therein. Studies devoted to Godunova-Levin type convex functions can be seen, for example, in the
works [22-27] and references therein.

In addition to the classical integral Holder inequality and its version-the power mean, we use the weighted

Hoélder inequality([28] ):
<([wornma) ([isornar)
I I
for p > 1, %—Fé:landh(r)ZO,VTeI.

Bayraktar in [9], proved the following identity:
Lemma 1. (Lemma 2.1, for m = 1) Let ¢ : I C R — R be a twice differentiable function on I°, where
v1,vg € I with 7 € [0,1]. If ©0” € L[vy,vs]. Then Vo > 1, with properties of Gamma function we have

/Iwr)smh(f)dr

2

a—2
e e v e ri v | v (252 1)

v’ V Lo o+ (1= 7)) e

2—
a2é-@ 0

1

2

—|—/ (1—7)*Y" (ro1 + (1 — 7) va) dT‘| .
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In [15], Sarikaya et al. proved the following identity:
Lemma 2. ([15]) Let ¢ : [v1,v2] — R, be a differentiable mapping on (vi,vs). If ¢ € L [v1,v9], then the
equality:

dOVESID : (F<a_+1>) (T2 (02) + I (01)] = @)
_—u ! — A — 2N (1o —T)v2)dT
- /O[a ) =7 (ror + (1 - 7)v2)d

holds, where o > 0.

The main goal of the article is to obtain new integral inequalities in terms of fractional integration operators
of the Riemann—Liouville type on the basis of the formulated identities for s—Godunova—Levin and quasiconvex
functions.

Main results

Theorem 1. Let ¢ : I = [v1,v3] — R be a differentiable function on (v, v9) such that " € L [vq,vs].
If |¢"”|7 € QC(I) and g > 1, then the inequality

20720 () [ .- o ni
) [ v o] o (252
2 1

< (UQ 2 Ul) oc(oz1+ 1) [max (|9 (v1)|, [" (v2)]")]*

holds, where o > 1.
Proof. From (1) using the properties of the modulus and the power mean inequality, we get

2

20727 (v ) [

o a— v v
)O‘*l JU1+1U2 + w ('Ug) + JU1+11)2 - ’(/J (Ul):| - ¢ ( : 2 2) = U
2

a(vy — vy

2 1
R V O (ror+ (1= 7)va)ldr +
0

—l—/l (1 —=7)* " (tv1 + (1 = 7) v2)] dT‘| <

1 1

2 1 -3 1 g
< 7(02 ;_Ul) </ TadT> (/ 7" (o1 + (1 — 1) vg)|? dT) +
a2~ 0 0

1 1_% 1 q
+ </ (1—7)" dT) ([ (1—7)*" (o1 + (1 —71) U2)|q d7> =

2

-

~ (v2 —up)? 1 [max (¢ (v1)|*, " ( >|q)]% =
_ e 3a (aJrl) a U1 5 U2 =

B (Uz—U1>2 1 [ (| " < " |‘Z)]§
“\ 72 atarD max (W)l W7 ()

Here, we used the quasi-convex of [1)”'|? on [v1,vs] and it can be easily checked that

N|=

1
1
1— ad: Otd =
(L =m)dr /OT T T e (ar 1)

o

This completes the proof.
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Theorem 2. Let ¢ : I = [v1,v2] — R be a differentiable function on (vy,v2) such that ¢ € L[vq,vq]. If
|"| is s—Godunova-Levin function on [v1,v3] and ¢ > 1, then the inequality

2P { e ¥ (02) I w(«n)} —¥ (Ul +U2>

(v2 —v1) ’

(v — o) [ (02)] + [ (v2)] .
<2 P 2 |:Bé(04+17a_8+1)+2as+1(045+1):|

holds, where v > 1,5 € [0,1], By (a,b) = [ 771 (1 — 7)1 dr is the incomplete Euler Beta function.
Proof. From (1) using the properties of the modulus and the power mean inequality, we get

22”;” [ Cha V() I, ww] _y (“1 *“2) _y

(Uz — U1 2

2 0
oy < 22 V P | (roy + (1 — 7) va)| dr
0

2

+[ (1= ) o (m1+(1—r)v2)|d71

Ot22 a

2 [ b
< o —v) V 7 [ (ror + (1= 7) v2)| dr
0

+/1 (1—=7)* " (tv1 + (1 = 7) v2)] d’T‘| )

2

Sinse |1)”| is a s-Godunova-Levin type function on [v1,vs] for the integrals we can write

| e o+ =)l <

IA

|w”v1|/ asdT—|—|w//v2|/ (1-7)""7"dr <

,(/J//,U1
B
= ga- s+1(ohs+1)+ :

(@+1a—s+1)[¢"(va)].

And for the integral, we get

/ (L= 7) [ (rvr + (1 — ) wo)|*dr <

1
< (o)l / (=) drt [ ()] [ (1—r)**dr <
1
bl
" 9" (v2)|
< B% (a+170¢_3+1) |¢ (U1)|+ ga—s+1 (a_s—‘,—l)‘
In this way
(v2 —U1)2 !
U] < —rma B% (a+1’a_5+1)+2a—s+1(a—5+1) X

x (|9 ()] + [ (v2)]).-

This completes the proof.
Corollary 1. If we choose s = 1 and a = 2 in Theorem, then for Godunova-Levin function, we get the

inequality
/| iy (25| <« 2O ) ). Q0

U2 — U1
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Corollary 2. If we choose s =0 and @ = 2 in Theorem , then for P function, we get

va v v Vs — 1)
U2ivl /U1 1/J(T)d7_w< 1;‘ 2>‘< 7( 21201) ([ (01)] + [¢ (v2)] - )

Remark 1. Estimates (3) and (4) show that if the function |¢)”| is s—Godunova-Levin convex or is P
function, then the upper bound of the midpoint inequality is worse than the estimates available in the literature
(for example, in [9] Corollary 2.1 and in [29] Proposition 1).

Lemma 8. ¢ : I = [v1,v2] =& R be a differentiable function on (vi,vs). If ¢’ € L[vy,vs], then
VE, ¢ € [ur, ], with € < ¢ and a > 0 we have:

L Pt o e e (1 O d
et O @ = [ e ) O

Proof. By integrating parts

/0(1—T>“w'(rf+(1—f)c>dr

1 « ! a—1
=§w<o—@/o (=) g (e 4+ (1)) dr

and, applying the change of variable © = 7€ 4+ (1 — 7) ¢ to the resulting integral, we obtain

1 &% ¢ a—1
C_,gﬂ/’(()—(g_g)aﬂ/g (u—8)" ¢ (u)du
1 « o
= ﬁlﬁ(o - WF(Q) JEb (€).

The proof is finished.

Remark 2. If we choose £ = v; and ( = vy in Lemma 3, we obtain

1 le’

09— T @ I ) = [ o+ (7)) i

Theorem 3. Let I = [v1,v3] — R, be a differentiable function on I° such that ¢’ € L[vy,vs], with
&, C € v, . If ¥ € QC([¢,C]). Then, for all a > 0 we have

i Pla+1) i o
ﬁw(cj) - W%Jﬁ(f) < mmax{z/) (€. ¥ (O}
Proof. Since ' (7§ + (1 — 7) ¢) < max{¢’ (§),v¢’ (¢)} for 7 € [0,1] and from Lemma 3, we obtain

1 e’

et O g @I = [0t e - Oar

< max {¢/ (€) ¥ ()} /0 (1-7)*dr

- = i o max ¥/ (), ()

this completes the proof of theorem.

Corollary 3. Under the conditions of Theorem 3, if we choose £ = v, and ( = vy and the function ¢ is
increasing, then we get:

1 «

¥ (v2) = ﬁf (@) J5, ¢ (v1) ()

Vg — U1 (U2 —
1 , ) 1
< gy e Y 00 ¥ )} < Wl oy
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Corollary 4. In inequality (5), if we choose a = 1, we have

vl = [ e < O v (o) ()}

U2 — U1

Theorem 4. Let ¢ : I = [v1,v2] — R, be a differentiable function on (vy,vs) such that ¢ € L vy, vq],
v <E< < If W)€ QC([€,C]),q>1, p= 717, then Vo > 0, we have

1 ol (@),
O g O
Proof. From Lemma 3, using the properties of the modulus and Hélder’s inequality, taking into account that
|¢/]? is a quasiconvex function, we obtain:

max { [/ (€)[7, [¢' ()|} 7
a+1 '

<

(6)

1 o o _
(O~ (C_Qaﬂr(a)JCMQI -

< [ A=) (6 + A = 7)ldr

0

= [fa=o D -t e+ =) Olar

< (/ <1_T>ad7)’l’ (/ (1= 1) (r+ (1 —r)<>qdf)é
. (ail) max {Jo' (€)%, [ (Q)[} 7,

this completes proof.
Corollary 5. If we choose £ = v1, ( = vy and a = 1 in inequality (6), then

1 v2
o) -t [Tt
Lemma 4. Let ¢ : I = [u1,v2] — R be a differentiable function on (vy,ve). If ¢’ € L[vy,vs], then for all
v <€ < <wvyand a >0, we have.
L o) e
§—¢ (€=¢)
1 1
= [rweera=nodr+ [ a-n" e+ 0 -0 Odr

Proof. Applying the method of integration by parts for each integral, we get:

/O<1—T>W<Ts+<1—7><>d7

U2

<

; Yl ax {|¢/ (o), [¢ (U2)|q}% .

e Q) = T (©)] (™)

| e a=noar

1 (6% ¢ 1
=¢(§)+(<_§)a+1/§ C—w)" P wdu, u=71E+(1-7)¢
1 al (a
.y (C_g)alltféﬁl/)(é)

and

/0<1—r>“w’<r§+<1—r><>dr

41 a < a—1
:_g_cd’(@—@_g)aﬂ/g (w=)* " Y (u)du, uw=7E+(1-7)¢
S SN ) b ()
= g_Cw(C) (C_§>a+1J<,¢(5).
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Adding the last two equalities, we obtain (7).
Theorem 5. Let ¢ : I = [v1,v2] — R be a differentiable function on (vi,vs) . If ' € L[v1,ve] and [¢’| is
s—Godunova-Levin type function. Then, for all v; < ¢ < ( <wvg and o > 0, s € [0,1) we have

1 ol (@) T, o
WO - v @+ g [ - s )| 0
< [B<a+1 T I S ]<|w<s>|+¢<<>|>
- ’ a—s+1 ’

where B (£,() = fol (1 - 7')471 dr, £ > 1, ¢ > 01is Euler Beta function.
Proof. From Lemma 4 and with properties of modulus

/0 Taw’(rf+(1—f)<)dr+/0 (1— 1)/ (€ + (1 —7)C)dr

1

g/o P (4 (=) Oldr+ [ (1= W e+ (1= ) Ol

0

Since [¢'| is s—Godunova-Levin type function, we get

/Omw (r€ + (1) Q)| dr < ¢ <§>|/0 rsdr + <c>|/0 e (1- 1) dr

1 , ,
- [a—s—i—l [ (€] + [ (<)|B(o¢+1,1—5)]

and
1

/<1_T>“|w’<T§+<1_T)<>|dT:|¢’(5>|B<1—saa+1>+W@'m'
0

Finally, since B (§,¢) = B ((,€), we have (8). This completes the proof.

Theorem 6. Let ¢ : I = [vu1,v2] — R, be a differentiable function on (v1,v2) such that ¢,g € L [v1, v2]
and 0 < v < vg. If [4]7,|g|* € QC(I) and increasing on [vq,v3], ¢ > 1. Then for all for p > 1, % + % =1 the
inequality

1

V2 — U1

< ¥l 9]l
= 2

/w(é)g(f)h(ﬁ)df

U2 — U1

r 1 1 vz
S [m [0 o) v ()] - —— [ e dé]
holds, where

h(rop+(1—7)wv) =[1-7)"+ (> = D] (tvr + (1 —7)v2) >0

V71 €[0,1] and a € [0,1].
Proof. The following equality is obvious:

U2 — U1

= /d)(TUl+(1*T)’Ug)g(7’7}1+(17T>U2)h(TU1+(17T)U2)dT
0

20 Bulletin of the Karaganda University



Fractional Integral Inequalities ...

Now, we use the weighted Holder inequality:

1 p

U2 — U1

< (0/ W (rur + (1 — 1) 02)? B (701 + (1 — 7) va) dT)

/w&m&wuo%
x (/ lg (1 + (1 = 7)w)|? b (Tv1 + (1 — 7) W)m)
0

1

< fmax {4 (vn) P, [ (v2) [P})7 [max {|g (1), |g (v2)|*}]

X (jh(rvlJr(lr)vg)dr)p (]h(TU1+(1T)U2)dT)q

0 0
1

= [max {[¢) (v1)[”, [¢ (v2)["}]7 [max {|g (v1)]”, |g (v2)[*}]

1 vte
X <O/h(TU1+(1—T)U2)dT)

1

= fmax {[¢ (01)|7 , [ (v2)[P}]7 [max {Jg (v1)|", |g (2)|"}]

X (/1h(TU1+(1—7’)’U2)dT>

0

= ¥l 19/l (
= [l oo 19/l oo (

_ ||wHoo||g||oo F(O{—i—l) o v o " B 1 vg
_ l( [ (o) T2 02)] lA1¢%@d4,

T a
2 vy — Ul)a+ Vo Vo — U1

E

h(tvr + (1 —7)ve) dT)

O\H O"\H

(1-=7)"+(T* = D] (ror + (1 —7)v2) dT)

this completes the proof.
Theorem 7. Let v : I = [v1,v2] — R, be a differentiable function on (vq,vs). If [¢'|? € QC(I) and |¢']?

is increasing. Then for all ¢ > 1, 1% + % =1, a € [0,1] the inequality

Pat1) (20 (v2), o0 (01) (9)

23 )QG[O,I]
< Vg — U1 1
- 2 ap? —ap+a+1

=

A LW
a—ap+1 >

T(a+1) ( o ¥ (W2), Ty (Ul))ae[o 1]

_ ‘1#(01);%5(”2)_ [la+1) {31+1/)(v2)+J32¢(U1)H~

2 (UQ — ’Ul)a

holds, where

Proof. From (2), taking into account the properties of the module, we get:

(o 1) (0 () T 00) v
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Vg — VU
<2 1
2

{/01|(1—T)a—7“|¢/(Tv1+(1—7)vz)|d7-
We know that for o € [0,1] and V7,72 € [0, 1],

I =5 < | =
that is

1 1
/ |(1—TO‘)—TO‘|dT§/ |1 —27|% dr.
0 0

Taking into account last inequality and using the power mean inequality for (10), we obtain:

F(a+1) (o (v2) T2 (01)

a€l0,1]

V2 — U1

<t [/01 1= 20 [/ (ror + (1 —T)uz>|d7]

V2 — U1

1
e [/ |1_27|°*W'(m1+(1—7)v2)|1—2T|a<1P%ﬂ
0

1
_ 1 P
20 (/ 11— 27" 1 — 27|00P) dT>
2 0

! q
(/ [ (ro1 4+ (1 —7)v2)|* |1 - 27|a(1—p) dr)
0

o .
_r—n / 11— 2T|ap2+a(lfp) dr / 11— 27)°07P) gr
2 0 0

x (max {|& (01)|", [0/ (v2)]"}) .

1
/|1—27\“(p2‘p‘1)dr = /
0 0
1

ap? —ap+a+1’

IN

X

1
q

Since

(1— 2T)a(p2_p_1) dr + /1 (21 — 1)a(p2_p_1) dr

1
2

N

1 1 1
/|1—2T|a(1—P>dT = / (1_zr)a<1—p)d7+/ (2r —1)*" P ar
0 0

1

2

1
a—ap+1°

Finally, we get

P (1) (b (v) o (v0)

L)

Vg — U1 1
- 2 ap? —ap+a+

€[0,1]
1 2
(a —ap+ 1>
X (max{w/ (o)), [v' (U2)|q})
Vg — U1

1
1 » 1 a
< : 14/l
2 ap* —ap+a+1 a—ap+1

this completes the required proof.

Q=

1
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Remark 3. For p € (1,00), we have

_1 1
lim 1 ! P_l lim 1 ‘1_1
p—00 \1l+a—ap 7 o p=1t \l+a—ap)

lim 1 P_l lim 1 »o1 1
2 ] 1+ 2 - < 9
p—00 \ap?—ap+a+1 p— ap? —ap+a—+1 a+1

1 1 B
< <1,
a+1 (apQ—ap+a+1>

Thus, we can rewrite inequality (9) as follows

o) +o() T+l [, ) o
’ D) - 2 (s —01)° [ Ulﬂ/’(m) + JU21/)(U1)H < — Y] o -

Applications to special means

In this section, we consider some special means for arbitrary real numbers:

1 Arithmetic mean :
V1 + U2

) ) UlaU2€R+7

A(Ul, UQ) =

2 Logarithmic mean:

U1 — U
L(Ula’UZ) - ! 2 ) U1 # V2, U1,V2 # O; U1, U2 S R+7
In |v1| — In |vg|

3 Generalized log — mean:

1
n+1 n+1 n
Uy — — U

2 1 | neZ\{-1,0},v1,vs € RT.
(n+ 1)(va —v1) n € Z\{=1,0},v1, 02

Ln(vlaUZ) =

Now, using the some results , we give some applications to special means of real numbers.
Proposition 1. Let vi,v2 € RT, v; < vy and n € Z. Then, we have
n n n—1 n—1
vy — L7 (v1,v2) < 0.5n (vy — vy) max {v] vt}

Proof. The proof follows from the Corollary 4 applied to the map f(x) = 2™, z € R.
Proposition 2. Let v1,v2 € RT, v; < vg and n € Z. Then, for all ¢ > 1, we have

[vf — L7 (v1,v2)| < 0.5n (ve — vy) (max{(|vl|"*1>q, <|U2|”*1>‘1})% .

Proof. The assertion follows from Corollary 5 applied to the quasi-convex mapping ¥ (£) = £", £ € R.
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B.P. Baitpaktapos!, A.X. Arraes?

L Vayoae ynusepcumemi, Bypca, Typrus;
2prA KBFO KMAH, Hanvuux, Pecet

Keiibip nenec dbyHKIusgap YiriH O0eJImeKTi-uHTerpajaabl TEHCI3TIKTED

Maxkanasa exinmn MarsiHaIAFE AoHEC S — ['oyHOB-JleBUH (DyHKIIMATAPHI VIITiH KoHE KBa3U—IOHEC (DYHKIIN-
stap yirin Puvman-JInyBunmain 6einekTi #HTErpaIgapbl apKbLIbl OipHele KaHa WHTErPAJIIbIK TeHCI3 TiK-
Tep ajblaraH. HoTumxkenmep KiaccukasbiK lebaep TeHci3miria, dpMut-AmamMapablH eKi ecesi TeHCI3IiriH,
opTalla JopeXKeJliK »KoHe OJIIeHreH ['e/ibiep TeHCI3Mirin apKblibl aablHAbl. COHBIH iImiHge Keibip apHalbI
ecenrey KypaJjiapblHa apHaJFaH HOTUXKEJIEP/iH KOoJIanyaapsl oepiired. MakaJjiajia Ke3KeJIreH HaKThl CaH-
Jap VIIH apHAbl KargaiiapIblH, KOJIaHbLTYIaphl OeplireH: apudMeTHKABIK, JIOTapUPMIIK, *KAJIbI-
JIAHFAH JIOTapU(MIIK KaFIai.

Kiam ce3dep: uHTErpasibIK, TEHCI3MIK, DpMuUT-A tamap TeHCI3AIr, noHec MyHKIUs, KBa3U-10HEC (DYHKIINS,
GeuiekTi nHTErpast, l'enbaep TeHci3miri, opramma gopeXKesTik TeHCI3miK.

B.P. Baitpaktapos!, A.X. Arraes?

! Viueepcumem Yayodae, Bypca, Typuyus;
2HUIIMA KBHI] PAH, Hamvuuk, Poccus

JIpobHo-uHTErpaJibHbie HEPABEHCTBA JIJIsi HEKOTOPbhIX
BBIMYKJIbIX (DYHKITAIA

B crarbe nosryyeHbl HECKOIBKO HOBBIX MHTETPAJIbHBIX HEPABEHCTB C MOMOIIBLIO JIPOOHBIX MHTErpaJsioB Pu-
MaHa—/[myBUILIST [J71s1 BBIMYKJIBIX s-1onyHoBa—/leBuHa (byHKIMIT BO BTOPOM CMBICJIE U JIJIs KBA3UBBIIIYKJIBIX
dbyukuuit. Pe3yabTars! MOydeHbl ¢ UCIIOIbL30BAHUEM JBOWHOIO HEPABEHCTBA dpMuTa—AaMapa, Kiaccude-
ckux HepaBeHCTB [€ib1epa, CpeJIHero CTerneHHoro U B3BEIIeHHOro HepaBeHcTBa [ éibiepa. B rom uuciie mano
MIPUJIOYKEHNE PE3YILTATOB JIJIsI HEKOTOPBIX CIIEIMAIbHBIX BEIYUCIUTEBHBIX CPEJACTB. ABTOpaMU IPUBEIEHbI
MIPUJIOYKEHU ST HEKOTOPBIX CIEIUATBHBIX CIIy9IaeB JJTsi TPOU3BOJIBHBIX JIEHCTBUTEIBHBIX YUCEIT: apudMeTHIe-
CKUil cydvail, jorapudMutdecKuil caydaii, caydait 0000mEHHOrO Jorapudma.

Karoueswie cao6a: nHTErpajibHOE HEPABEHCTBO, HEPABEHCTBO DpMuTa—A aMapa, BhITYKJIasd (DyHKIW, KBA3U-
BBINYKJIasd PYHKIUS, IPOOHBIN WHTErpaJi, HepaBeHCTBO [ €abiepa, cpe/Hee CTelIeHHOE HEPABEHCTRO.

Mathematics series. Ne 4(104) /2021 25



B.R.

Bayraktar, A.Kh. Attaev

26

10

11

12

13

14

15

16

17

18

19

20

21

22

References

Godunova, E.K., & Levin, V.I. (1985). Neravenstva dlia funktsii shirokogo klassa, soderzhashchego vypuk-
lye, monotonnye i nekotorye drugie vidy funktsii [Inequalities for functions of a broad class that contains
convex, monotone and some other forms of functions|. Vychislitelnaia matematika i matematichskaia
fizika: mezhvuzovskii sbornik nauchnykh trudov — Numerical mathematics and mathematical physics.
Moscow: Moskovskii Gosudarstvennyi Pedagogicheskii Institut, 166, 138-142 [in Russian].

Dragomir, S.S., Pecarié, J. & Persson, L. (1995). Some Inequalities of Hadamard Type. Soochow J. Math.
21(3), 335-341.

Dragomir, S.S. & Pearse, C.E.M., (2000). Selected Topics on Hermite—Hadamard Inequalities and Appli-
cations. RGMIA Monographs, Victoria University. rgmia.org.

Retrieved from http://rgmia.org/papers/monographs/Master.pdf.

Butt, S.I. Bayraktar, B. & Umar, M. (2021). Several New Integral Inequalities Via k—Riemann-Liouville
Fractional Integrals Operators. Probl. Anal. Issues Anal. 10(28), No. 1, 3-22.

Khan, T.U. & Khan, M.A. (2019). Generalized conformable fractional operators. J. Comput. Appl. Math.
346, 378-389.

Napoles Valdes, J.E., Rodriguez, J.M., & Sigarreta, J.M. (2019). New Hermite-Hadamard Type Inequalities
Involving Non-Conformable Integral Operators. Symmetry 11(9), 1108.

Farid, G., Yong Jung, C., Ullah, S., Nazeer, W., Waseem, M., & Min Kang, S. (2021). Some Generalized k-
Fractional Integral Inequalities for Quasi-Convex Functions. J. Computational Analysis and Applications.,
29, 3, 454-467.

Set, E., Ozdemir, M.E., & Korkut, N. (2019). Certain new Hermite-Hadamard type inequalities for convex
functions via fractional integrals. Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 68, 1, 61-69.
Bayraktar, B. (2020). Some Integral Inequalities Of Hermite-Hadamard Type For Differentiable (s, m)—
Convex Functions Via Fractional Integrals. TWMS J. App. Eng. Math. 10(3), 625-637.

Bayraktar, B. (2020). Some New Generalizations Of Hadamard-Type Midpoint Inequalities Involving
Fractional Integrals. Probl. Anal. Issues Anal. 9(27-3), 66-82.

Bayraktar, B. (2020). Some New Inequalities of Hermite-Hadamard Type for Differentiable Godunova-
Levin Functions via Fractional Integrals. Konuralp Journal of Mathematics. 8(1), 91-96.

Bayraktar, B., & Ozdemir, M.E. (2021). Generalization Of Hadamard-Type Trapezoid Inequalities For
Fractional Integral Operators. Ufa Mathematical Journal, 13(1), 119-13011.

Belarbi, S., & Dahmani, Z. (2009). On some new fractional integral inequalities. J. Ineq. Pure and Appl.
Math. 10, 8, Art. 86.

Dahmani, Z., Tabharit, L., & Taf, S. (2010). New generalizations of Gruss inequality using Riemann-
Liouville fractional integrals. Bull. Math. Anal. Appl. 2, 3, 93-99.

Sarikaya, M.Z., Set, E., Yaldiz, H., & Bagak, N. (2013). Hermite-Hadamard’s inequalities for fractional
integrals and related fractional inequalities. Math. and Comput. Mod. 57, 9-10, 2403-2407.

Ullah, S., Farid, G., Khan, K.A., Waheed, A., & Mehmood, S. (2019). Generalized fractional inequalities
for quasi-convex functions. Adv. Difference Equ. Paper, 15,

Dragomir, S.S., & Pearce, C.E.M. (1998). Quasi-convex functions and Hadamard’s inequality. Bull.
Austral. Math. Soc. 57, 377-385.

Ton, D.A. (2007). Some estimates on the Hermite-Hadamard inequality through quasi-convex functions.
Annals of University of Craiova, Math. Sci. Ser. 34, 82-87.

Hussain, S., & Qaisar, S. (2013). New Integral Inequalities of the Type of Hermite-Hadamard Through
Quasi Convezity. Punjab University Journal of Mathematics, 45, 33-38.

Nwaeze, Eze R. (2019). Integral inequalities via generalized quasiconvexity with applications. Journal of
Inequalities and Applications, 2019, 236.

Latif, M.A., Dragomir, S.S. & Obeidat, S. (2021). New Inequalities of Fejer~ and Hermite-Hadamard
type Concerning Convex and Quasi-Convex Functions With Applications. Punjab University Journal of
Mathematics, 53(2), 1-17.

Bayraktar, B., Attaev, A., & Kudaev, V. (2021). Some Generalized Hadamard Type Inequalities Via
Fractional Integrals. Russian Mathematics (Iz. VUZ). 65(2), 1-14.

Bulletin of the Karaganda University



Fractional Integral Inequalities ...

23

24

25
26

27

28

29

30

31

32

Noor, M.D., Noor, K.A., Awan, M.U., & Khan, S. (2014). Hermite-Hadamard Inequalities For
s—Godunova-Levin Preinvex Functions. J. Adv. Math. Stud. 7(2), 12-19.

Noor, M.A., Noor, K.I., Awan, M.U., & Khan, S. (2014). Fractional Hermite-Hadamard Inequalities for
some New Classes of Godunova—Levin Functions. Appl. Math. Inf. Sci. 8(6), 2865-2872.

Ozdemir, M.E. (2015). Some inequalities for the s-Godunova-Levin type functions. Math Sci. 9, 27-32.
Li, M., Wang, J., & Wei, W. (2015). Some Fractionql Hermite-Hadamard Inequalities for Convex and
Godunova-Levin Functions. Facta Universitatis (NIS) Ser. Math. Inform. 30(2), 195-208.

Awan, M.U., Noor, M.A., Mihai, M.V., & Noor, K.I. (2016). Fractional Hermite-Hadamard Inequalities
for Differentiable s-Godunova-Levin Functions. Filomat. 30(12), 3235-3241.

Dragomir, S.S., Agarwal, R.P.; & Barnet, N.S. (2000). Inequalities for Beta and Gamma functions via
some classical and new integral inequalities. J. of Inequalities & Appl, 5, 103-165.

Sarikaya, M.Z., & Aktan, N. (2011). On the generalization of some integral inequalities and their appli-
cations. Math. Comput. Modelling. 54, 2175-2182.

Bayraktar, B., & Kudaev, V. (2019). Some New Integral Inequalities For (s,m)-Convex And («,m)-
Convex Functions. Bulletin of the Karaganda Unwersity — Mathematics. 94(2), 15-25.

Ozdemir, M.E., Butt, S.I., Bayraktar, B., & Nasir, J. (2020). Several integral inequalities for (cv, s, m)-
convex functions. AIMS Mathematics. 5(4), 3906-3921.

Jarad, F., Ugurlu, E., Abdeljawad, T., & Baleanu, D. (2017). On a new class of fractional operators. Aduv.
Difference Equ. 2017, Paper No. 247.

Mathematics series. Ne 4(104) /2021 27



DOI 10.31489/2021M4/28-34
UDC 517.5

K.A. Bekmaganbetov!, K.Ye. Kervenev?, Ye. Toleugazy!"

YM.V. Lomonosov Moscow State University, Kazakhstan Branch, Nur-Sultan, Kazakhstan;
2 Karagandy University of the name of academician E.A. Buketov, Karaganda, Kazakhstan
(E-mail: bekmaganbetov-ka@yandez.kz, kervenev@bk.ru, toleugazy-y@yandez.ru)

The embedding theorems for anisotropic Nikol’skii-Besov
spaces with generalized mixed smoothness

The theory of embedding of spaces of differentiable functions studies the important relations of differential
(smoothness) properties of functions in various metrics and has a wide application in the theory of boundary
value problems of mathematical physics, approximation theory, and other fields of mathematics. In this
article, we prove the embedding theorems for anisotropic spaces Nikol’skii-Besov with a generalized mixed
smoothness and mixed metric, and anisotropic Lorentz spaces. The proofs of the obtained results are based
on the inequality of different metrics for trigonometric polynomials in Lebesgue spaces with mixed metrics
and interpolation properties of the corresponding spaces.

Keywords: anisotropic Lorentz spaces, anisotropic Nikol’skii-Besov spaces, generalized mixed smoothness,
mixed metric, embedding theorems.

Introduction

One of the first results related to the theory of embedding spaces of differentiable functions belongs to
S.L. Sobolev [1]. This theory studies important relations of differential (smoothness) properties of functions in
various metrics. Further, the development of this theory is associated with new classes of function spaces defined
and studied in the works of S.M. Nikol’skii [2, 3], O.V. Besov [4, 5], P.I. Lizorkin [6], H. Triebel |7, 8], and many
others. The development of this research was determined both by its internal problems and by its applications
in the theory of boundary value problems of mathematical physics and approximation theory (see, for example,
[9-14]).

In this paper, embedding theorems for spaces with generalized mixed smoothness and with mixed metrics
and anisotropic Lorentz spaces are obtained. The proofs of the achieved results are based on the inequalities of
different metrics for trigonometric polynomials and interpolation theorems from the works of E.D. Nursultanov
[15] and the authors [16].

1 Definitions and auziliary results

Let d = (dy,...,d,) € N*, T4 = {x = (x1,...,%,) :x; € T% = [0,2m)%,i = 1,...,n} and
f(x) = f(x1,...,%,) be measurable function on T4.

Let 1 <p=(p1,...,pn) < co. We say that the function f belongs to the Lebesgue space with mixed metric
Ly (T9) if

1/pn

pz/pl pn/pn—l
£l (ray = /Td ...(/Td |f(x1,...,xn|p1dx1> dxy, < 00.
n 1

1/pi
|f(xi)|" dxi> means that ess sup | f(x;)].

In a case when p; = 0o the expression ( /
T x; €T

d;

*Corresponding author.
E-mail: toleugazy-yQyandex.ru
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Let us denote by

Z ak6i<k,x>d

kep(s)

the trigonometric series of f ~ >, c/a are'¥*a, where ( Z Z kix 1- is the (modified) inner product,
=1 j=1
p(s) = {k = (kyi,...,k,) € 24 : [2571] < max |k1| < 2%.4=1,...,n} and [a] is the integer part of the
=

.....

number a.

Let a = (a1,...,a,) ER", 1 <q=(q1,...,9n) <occand 1 <p = (p1,...,Pn) < 0

The anisotropic Nikol’skii-Besov space with generalized mixed smoothness and mixed metric ng(Td) is a
set of the series f ~ ZkeZd axe’®%)a such that

Hf”ng(Td) = H{2(Q’S)||As(f)||Lp(Td)}qu < 00,

n
where (a,s) = Z%‘Si is the inner product and ||| I, is the norm of a discrete Lebesgue space with mixed

i=1
metric lq.

Here B39(T4) is a version of spaces, which was introduced and studied in [15].

Remark 1. The anisotropic Nikol’skii-Besov space with generalized mixed smoothness B39(T¢) mentioned
above is a hybrid structure of Nikol’skii-Besov space (concerning variables included in one multi-variable) [2, 4]
and spaces with dominant mixed derivative (concerning variables included in different multi-variables) [17, 18].
In the isotropic case, when p and ¢ are scalars, analogs of these spaces were studied by D.B. Bazarkhanov [19].

Below we define an anisotropic interpolation method (see [20]) and interpolation theorems for Lebesgue
spaces with mixed metric and anisotropic Nikol’skii-Besov spaces with generalized mixed smoothness.

Let E = {e = (e1,...,6n) : & =0o0r g = 1,i = 1,...,n} be vertices of the n-dimensional unit cube in
R™ A = {A.}ccr be compatible family of Banach spaces (this means that they are all embedded in a linear

Hausdorff space). Let us define functional for a € 3 ., A

K(t’a5A) Zt ||a’5||A57

EEE Qe

here ¢ =5 - ... - t5n.
Moreover, for 0 < 0 = (91, b)) <1,0<r = (r1,...,m) < 00, we denote by Ag, = (Ac;e € E)gy the
linear subset of the set ) _. . A, such that
||G’HA0r =

1/rn

- - a7\
= / t;e" e / (tfglK(t, a; A)) =t e — < 0.
0 0 31 tn

Lemma 1 ([20]). Let 0 < 6 < 1,0 <r < 00, A = {A:}ccp, B = {B:}:cg be two compatible families of
Banach spaces. If there exist two vectors Mg = (M?,..., M%), My = (M{,...,M}) with positive components
such that for the linear operator T' the following mapping holds

T:A. - B,

with the norm estimation C. H M;" for every € € E, then
i=1

T: A@r — B@,ﬁ

n
. 0 1-6; 1 0;
with the norm ||T||a,, 5B, < max C. 1_[1 (M) (MH)™.
i
Let the multi-indices p = (p1,...,pn), r = (r1,...,7,) be such that if 1 < p; < oo, then 1 <r; < oo, and if
p; =00, then r; =oco (i=1,...,n).
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The anisotropic Lorentz space Lp,(T9) (see [15]) is a set of functions such that

112 pe ey =
1/rn
Tn/Tn—1
(2m)n (2m) wodt )" dt
- / th/pn / (t}/plf*lv---’*n (t1,... ,tn)) = — < o0,

0 0 ty tn
where f*(t) = f*t*n(¢1,...,t,) is repeated non-increasing rearrangement of a function f(x) = f(x1,...,Xn)-
In what follows by f*(t) = f*>~+*n(¢1,...,t,) we mean the non-increasing rearrangement first with respect to

x; with fixed xs,...,%, and then with respect to x5 with fixed other (multi)variables and so on.

Let us denote b. = (b7',...,b5") for multi-indices by = (b9, ..., B%), by = (b}, ..., bl) and

e=(e1,...,en) € E.

Lemma 2 ([15]). Let 1 < po = (»},...,0%) < p1 = (p},...,pL) < co. Then for 0 < 6 = (0y,...,0,) < 1
and 1 <r=(ry,...,r,) <00

(Lpe (Th);e € E)er = Lpr(Td)a

where 1/p = (1 —0)/po + 6/p1.-

Lemma 8 ([16]). Let 1 < p = (p1,--.,pn) < 00, —0 < apg = (a?,...,a0) < a1 = (ai,..., «
1<qo=(¢,...,¢°),a1 = (¢f,--.,q) < o0, € = (€1,...,&,) € E. Then for 0 < 0§ = (01,...,0,)
1<q=(q1,---,qn) <0

) < oo,
< 1 and

(Bg=%=(T9);¢ € E), = Ba4(TY),

0q
here a = (1 — §)ag + Oy

2 Embedding theorems for anisotropic Nikol’skii-Besov spaces with generalized mized smoothness

In this section, the limit embedding theorems for different metrics for anisotropic Nikol’skii-Besov spaces
with generalized mixed smoothness and anisotropic Lorentz spaces are proved.

Lemma 4 (Inequality of different metrics [2]). Let Ts(x) be trigonometric polynomial with the order no more
than s = (s{,..., s} ;...;87, ..., s ) by multi-variable x = (z1,..., 2} ;...;2%,...,2% ). Then for 1 < p; =
= (p%vvp;,)g P2 = (p%77p727,) <0

d;
iN1/pi—1/p}
Il ey <€ IT TLGH ™ I, cray »

{i:pj<p?}i=1

where C' is the positive constant which does not depend on s.
Theorem 1. Let —o0 < ag = (af,...,ad) < a1 = (a},...,«
1<po= Y} ...,p0),p1=(pl,...,p.) < co. Then the embedding

711) < 00, 1 < q = (qla“-aQn) < oo and

feY d « d
B219(T) s Bood(Td)

holds for ag — d/po = a1 — d/p1.
Proof. Let f € Bgllq(Td), then, according to the inequality of different metrics (Lemma 4), we obtain

£ lsggaczay = [[{2 2186 (N)rppre ], <
q
<0y H{2<°‘°+d(1“’1*”"°)’5>HAs(f)IILp1 (Td)}Hz -

= 1 |[{2 APy ], = CLllfImggaaay
q

This completes the proof.
Theorem 2. Let 1 < p = (p1,...,pn) <4 = (q1,---,qn) < o0 and 1 < 7 = (71,...,7,) < oco. Then the
embedding
BST(TY) < Lgr (T4)

holds for a = (1/p — 1/q)d.
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Proof. According to the Minkowski inequality and the inequality of different metrics (Lemma 4), we receive

3o

<

Lq(T4)

1/l gray =

< Z [AK(NlLgray < ZQ W=D A (), (zay = 1 B2 7y,
k=0

where a = (1/p—1/q)d
Therefore, for « = (1/p — 1/q) d we get

BSH(TY) — Lg(TY).

~ Let us fix p= (p1,...,pn) and let us choose a; = (of,...,a}) and q; = (gi,...,q},) such that
a; = (1/pj — 1/q;-) dj,i=0,1,7=1,...,n Then for every e € E we have

BSH(TY) = Lq (T9).
According to Lemma 2 and Lemma 3, we obtain
(BgsH(TY);e € E), = (Lq.x(TY);e € E),.

or
BST(TY) < Lqr (TY),
where oo = (1 — 0)oyy+0a1, 1/q =(1 — 0)/qo+0/q;.
Let us check the relationship between the parameters «, p and q

=(1—-0)ap+0a;=01-60)(1/p—1/q)d+6(1/p—1/q)d =

=((1-0)/p+0/p)d—((1-0)qo+0/q1)d = (1/p—-1/q)d

The proof is complete.
Theorem 3. Let 1 < q = (q1,---,qn) <P = (p1,..-,Pn) < o0 and 1 < 7 = (71,...,7,) < oco. Then the
embedding
Lqr (T) < BS7(T4)

holds for a = (1/p — 1/q)d.
Proof. According to the inequality of different metrics (Lemma 4) and M. Riesz’s theorem on the boundedness
of parallelepiped partial sums, we obtain

||fHBg°°(Td) = i‘i{’)Q(a’k) ||Ak(f)||Lp(']I‘d) <

<C IS{I;I()) 2let/a-1/p)d k) ”Ak(f)”Lq(Td) =0 IS{I;I()) ”Ak(f)”Lq(’]I‘d) <y ”f”Lq(']I‘d) )

since a« = (1/p —1/q)d
Thus, for « = (1/p — 1/q) d we have

Lqg(TY) = B&>=(TY).

~ Let us fix p = (p1,...,pn) and let us choose parameters «; = (af,...,al) and q; = (¢i,...,q") such that
a; = (1/pj — l/q;-) dj,i=0,1,7=1,...,n. Then for every € € I we receive

Lq. (T%) < Bg=>*(T9).
According to Lemma 2 and Lemma 3 we obtain

(Lq.(TY);e € ), — (Bg=>(T%);c € E),,_
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or
Lqr(T%) < Bp™(T),

where a = (1 — §)ay+0ai, 1/q =(1 — 0)/qo+0/q:.
Let us check the relationship between the parameters «, p and q

a=(1-0)ay+ba;1=(1-0)(1/p—1/qo)d+0(1/p—1/q1)d =

=((1-0)/p+0/p)d—((1-0)/qo+0/aq1)d = (1/p—-1/q)d.

The proof is complete.

Remark 2. 1) It is possible to show that the conditions of Theorems 1 — 3 are unimprovable. The proof of
these facts can be carried out by analogy with the corresponding proof from the paper [21].

2) Inacase whend = (1,..., 1) the results of Theorems 1 — 3 were announced in the paper by E.D. Nursultanov
[15].
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K.A. Bexmaran6eros!, K.E. Kepsenes?, E. Toseyrasor!

LM.B. JTomorocos amwimdazo, Mackey memaexemmir yHusepcumemi,
Kasaxeman guauanv, Hyp-Cyaman, Kazaxcman;
2 Axademux E.A. Boxemos amuvmodaew, Kapazandv ynusepcumemi, Kapazandw, Kazaxcman
) ol

2KajympliaaraH apaJiac Tericrijairi 6ap HukoJsbcknii-BecoBThIH,
AHN30TPOIIThI KEHICTIKTEPi YIIIH €Hri3y TeopeMaJiapbl

Huddepennmnanmanarbia QYHKIUIIAP KEHICTIKTEPIHIH €HTi3y TEOPHUsICHI 9PTYPJIi METPUKAIAPIAFEl (DYHK-
usapapy, muddepeHnuanapk, (TericTliKTiK) KacueTTepiniy MaHbI3/bl 6AlIaHBICTAPbl MEH KATBIHACTA-
PBIH 3eprTeiiai. MareMaTuKaabIK PU3NKAHBIH IIEKTIK €CEIITED TEOPUICHIHIA, XKYBIKTay TEOPHUICHIH/IA YKOHE
MaTeMaTHUKAHBIH 0Oacka Ja cajajiapblHa KEeHIHeH KOJIIaHbICKa me. Makasiajga >KajlblJIaHFaH apajac Te-
ricrimiri xkone apasac merpukacsl 6ap Hukonbckuii-BecoBroiy annzorponTs! KeHicTikTepi yirin xkoue Jlo-
PEHIITIH aHU30TPOIITH KEHICTIKTEDPI YIIH €HIi3y TeopeMaJiaphl JIoJIesIereH. AJIbIHFaH HOTHKEIEP/IiH JoJIelI-
JIeynepi apasiac Merpukachkl 6ap Jleber KeHiCTIKTEpiH/IETI TPUTOHOMETPHUSIIBIK, TOJTUHOMIAD YIMIH 9PTYpPJIi
MeTPUKAJIAD TEHCI3/IIKTEPIH 2KOHE CofiKeC KEHICTIKTEeP/IiH, MHTEPIIOISIUSIIBIK KACHETTEPIH KOJIIaHyFa Heri3-
JIeJITEH.

Kiam cesdep: Jlopennrin aHuzoTponTsl KeHicrikrepi, Hukoabckuit-BecoBTbIH aHM30TPONTEI KEHICTIKTEPI,
JKAJIIBIJIAHFAH apaJiac TericTiIiK, apajac MeTpuKa, eHri3y TeopeMaJiaphl.

K.A. Bekmaranteros!, K.E. Kepsenes?, E. Toneyrasnr!

! Mockoscxuti zocydapemeenmonti ynusepcumem umenu M.B. Jlomonomosa
t
Kasaxcmancxuti guauan, Hyp-Cyaman, Kasaxcman;
2 o
Kapazandurckuti ynusepcumem umenu axademuxa FE.A. Bykemosa, Kapazanda, Kazaxcman

Teopembl BJIOXKeHUA AJsI AaHU30TPOITHBIX MPOCTPAHCTB
Hukoabckoro—becoBa ¢ 0000111eHHOII cMenIaHHOii I'JIaIKOCTBHIO

Teopusi BIOzKEHUsT TPOCTPAHCTB AU MDEPEHIIUPYEMBIX (DYHKIUN U3ydaeT BayKHBIE CBSI3U W COOTHOIIEHUST
nuddepenrmanbubIx (MIaIKOCTHBIX) CBOMCTB (DYHKIUI B PA3JNIHBIX METPUKAX W UMEET IMUPOKOE TIPUME-
HEHHUE B TEOPUU KPAEBbIX 3a/[a4 MATEMaTUIECKOM (DU3NKU, TEOPUM IPUOJIMKEHU U IPYIUX PA3/IeIaX MaTe-
MaTHKHU. B cTarhe aBTOpaMu JTOKa3aHbI TEOPEMBI BJIOYKEHUSI /711 AaHU30TPOITHBIX TPOCTPaHCcTB HuKoIbCKOro—
BecoBa ¢ 006001menH0# cMemaHHON TUIAIKOCTHIO, CO CMEIIAHHON METPHUKON M /I aHU30TPOITHBIX MPOCT-
paucrs Jlopenna. /loka3areabcTBa IOJMYyYEHHBIX PE3YJILTATOB OCHOBAHBI HA MCIIOJIL30BAHUM HEPABEHCTBA
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34

Pa3HBIX METPUK JJIs TPUIOHOMETPUUECKUX IOJTUHOMOB B IIpOCTpaHCcTBax Jlebera co cMemranHO# METPUKOM
U UHTEPIOJISIINOHHBIX CBOMCTBAX COOTBETCTBYIOIINX ITPOCTPAHCTB.

Karouesvie crosa: aHU30TPONHBIE NIPOCTPAHCTBa JIopeHIa, aHM30TponHbIEe mpocTpaHcTBa Hukoabckoro—
Becosa, 06obIenHast cMeranHasi TJIaJKOCTh, CMeIIaHHAs METPUKA, TEOPEMBI BJIOXKEHUSI.
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Boundary value problem for the four-dimensional
Gellerstedt equation

In this work, the solvability of the problem with Neumann and Dirichlet boundary conditions for the
Gellerstedt equation in four variables was investigated. The energy integral method was used to prove the
uniqueness of the solution to the problem. In addition to it, formulas for differentiation, autotransformation,
and decomposition of hypergeometric functions were applied. The solution was obtained explicitly and
expressed by Lauricella’s hypergeometric function.

Keywords: Gellerstedt equation, boundary value problem with mixed conditions, fundamental solution,

Introduction

The study of boundary value problems for degenerate equations is one of the important directions of modern
theory of partial differential equations. The solution of many boundary value problems for partial differential
equations has an applied nature [1-2|. The boundary value problems for degenerate elliptic equations were well
studied in works [3-6].

In the formulation of problems and questions of the solvability of local and nonlocal boundary value problems
for degenerate elliptic equations, fundamental solutions of these equations are essentially used [7]. The explicit
form of the fundamental solutions makes it possible to correctly formulate the problem statement and study in
detail the various properties of the considered equation solutions.

Fundamental solutions of degenerate elliptic equations are expressed in terms of the Lauricella’s multidi-
mensional hypergeometric functions and the Gauss hypergeometric function of one variable. Many problems of
natural science, such as problems of dynamics and heat conduction, the theory of electromagnetic oscillations,
aerodynamics, quantum mechanics, quantum chemistry, potential theory, etc. lead to the study of various
properties of multidimensional hypergeometric functions [8-14].

For two-dimensional and three-dimensional elliptic equations with singular coefficients, fundamental solutions
were constructed, which were applied in the study of the various problems solvability in many works [15-19].

In [20] fundamental solutions for the generalized Gellerstedt equation of four variables were constructed

ymzktlum + x"zktluyy + x”ymtluzz + m"ymzkutt =0, m,n,k,1 >0, m,n,k,|=const.
Since the generalized Gellerstedt equation has four hypersurfaces of degeneration of the equation type, according-
ly sixteen fundamental solutions were obtained. It was proved that the fundamental solutions have a singularity
of the order T%,at r — 0, where r = /22 + y2 + 22 + 2.

These fundamental solutions are expressed in terms of Lauricella’s hypergeometric functions, each of the
fundamental solutions is applied in solving the corresponding boundary value problems [21-23].

1. Preliminary information

By definition, the Gauss hypergeometric function has the form

*Corresponding author.
E-mail: ryskan.a727@Qgmail.com
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o (a),(b)
F(a,b;c;x):Z#x", c#0, =1, =2, ...,
— (c),n!

where

I'(a+n)
I'(a)

is Pochhammer symbol. Here I' (a) is Euler’s gamma function, for it the formula of the doubled argument is

valid [24; 19, (15)]

(a),=a(a+1)(a+2)...(a+n—-1) = (n=0,1,2,3,...)

['(2z)=22"1772T ()T <z + ;) : (1)

We present the main properties of the Euler’s gamma function, the Gauss hypergeometric function, and
Lauricella’s hypergeometric function of many variables, which will be used in what follows.
The Gauss hypergeometric function has the following property [25; 3, (5)]:

F'(c)T(c—a—0b)
F'(c—a)T(c—b)

F(a,b;c;1) = , Re(c—a—>)>0. (2)

The Gauss hypergeometric function satisfies the Bolz autotransformation formula [26; 64, (22)]:

Flabica)=(1—z)"F <ca,b;c;xf1>. (3)

Lauricella’s hypergeometric function of n variables [25; 114]

Fj(jn) (a;01,b2,b3, ..., bp; c; 1, T2, .oy ) = Z (a)znﬁ“*m" (bl)mll - (bn?m” "t
o (0 SIS /L I 7 P (4)
(le| <1, |2l <1, ..., |2n| < 1),
the form [25; 117]
FE (a3b1,b, by, s b 03 1,1, oy 1) = EEZ)FSF—(Z—E :Zz e ’;”; n=12,... 5
Re(c—a—by —by—...—b,) >0, c#0,—-1,-2,....

in the case when all variables in (4) take the value 1.
Lauricella’s hypergeometric function in the case of four variables has the form [25; 114, (1)]:

> (a b by),_(b3) (b
F,514)(a; b1,b2,b3,b45¢1,C2,¢3,c452,Y, 2, ) = Z Otpa0)nba), (o), )

m,n,p,q

qg,.m,n ptq
(c1),,(c2),,(c3),(ca) mintplq! A (6)

(] + [yl + 2 + [t < 1)

The validity of the decomposition formula for a hypergeometric function of three variables, was proved in

[27]:

e a b b b
T S
1,12 m5=0 (cl)n1+n2 (62)n1+n3 (63)n2+n3n1.n2.n3.
X g2y mANs 2N B (g 4oy 4 ng by +ny + ngsep + 0y + ngsT) (7)

X F(a+n1 +ny +n3, by +n1 + n3; ca + ny +ns; y)
x F (a+n1 + ng + n3,bs +na + ng; cz + na + n3; 2) .

We also use the formula for the differentiation of hypergeometric functions of three variables [25]
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gititk

(a)i+j+k (61) (52) (53)

(3)
( (1)) (i)

Oxt Oyl OzF Fa

a; B, B2, B3y 71, v2, V35 X, Yy 2) =

(8)
X F,ng) (a+l+]+kvﬁl +iaﬂ2 +.7753+k,71 +iar}/2 +j,’)/3+k;$,y,2),
i,k €Nyg=1{0,1,2,...}.
For Lauricella’s function Flg") the following adjacent relations are valid
b1
—x1Fa(a+1;00 4+ 1,bo, ... .bpse1 +1,¢Co, 0o, Cni X1y oy T)
C1
b
+—2m2FA (a+1;b1,ba+1,...,bnsc1,00+ 1,00 ens @1, .o, Tn)
Co (9)
bn
+...+ =z Fala+1;b1,ba, ... .0y + Lic1,00, ..y cn+ 1521, .. 2) =
n
=Fa(a+1;b1,...,bn501,. .y Cns @1, ooy @y) — Fa(a;by, .o bpscr, oo Cni ey oo, X))
To calculate the value of a multiple integral, we use the formula [28; 637, (3)]
®F ® p1 1 gz 1 L pPn—l
T sdridzsy ... dx, =
/ / / 1+ (rz)™ + (szz)q2 + oo (rnzn) ™ e
0 0 0 (10)
r(e)r(z)..r(z) r(s-p-m-.. )
a 4z dn o 4 n

= ; >0,q9; >0,r;, >0,5s>0),
G1q2 . . . QT PLaiToP2d2 |, Prdn T (s) (i di ot )

and for integrals expressed in terms of the beta function, the formulas [24; 25, (16), (19)]

7 . 1 1

/1+th )Y — 1b“5(x+ _ T > <z>0,b>0,0<Rex
z

0

1 < Rey> , (11)

/ (sint)* ' (cost)? ldt = %6 (z,y), (Rex > 0,Rey >0). (12)
0

2. Statement of the problem
Considering the generalized Gellerstedt equation:

H (u) = y™ 2 t g, + :c”zktluyy + 2"yt + 2"y 2wy = 0,m,n, k.1 >0, m,n, k1= const, (13)

we introduce the following notations:

D ={(x,y,2,t): x>0,y >0, 2>0,t >0},

S1={(0,y,2,¢): z =0,y >0, z>0,¢t > 0},
Sy ={(z,0,2,t): >0,y =0,z >0,t >0},
Sz = {(z,9,0,t) : >0,y >0, z=0,t > 0},
Sy ={(z,y,2,0): >0,y >0, z>0,t =0},
R2: 4 mn+2 4 ym+2 4 Zk+2 4 tl+2.
(n+2)? (m +2)° (k+2)? (14 2)?

Problem N D,. Find a regular solution u (z, y, 2, t) of the equation (13) from the class C (5)001 (D USsU ST;)Q
C? (D) satisfying the condition:
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u(@,y,2,t)] .m0 = 71 (Y, 2, 1), (y,2,1) € S0, (14)
u(:c,y,z,t)|y=0:T2 (xvz7t)7 (a:,z,t) 65727 (15)
0
*U(%yaz’t} =3 (.’lﬁ,y,t)7 (l‘7y,ﬁ) 653; (16)
0z -0
0
~u(@,y,2,t)|  =v(v,y,2), (x,y,2) € Sa, (17)
ot —o
lim u(x,y,z,t) =0, (18)
R—o0

where 7 (y,2,t), 72 (x, 2,t) ,v5 (x,y,t) ,v4 (x,y,2) € C are given continuous functions, moreover the function
v (x,y,t), vy (x,y, 2) at the origin of coordinates can go to integrable order infinity. Also, for the large enough
values R, the following inequalities hold:

C1

|71 (y, 2, 1) < . » i PSR (19)
{1 T oV Gt et }
72 (2, 2,1)] < = o (20)
[1 + (nf2)2xn,+2 n (kf2)2zk+2 n (l+42)2 tl+2]
vs (2,4, 1)| < = S (21)
2
{1 + ﬁxnw + ﬁym+2 + (l+42)2tl+2]
Cq
|V4 (:Cayv Z)| < 1—26te4 ? (22)
2
[1 4 ﬁmnm n ﬁymm n (kf2)22k+2}

here ¢y, co, c3, c4 > 0 and €1, €9, €3, €4 are small enough positive numbers.

Theorem 1. The boundary value problem N D5 has at most one solution.

Proof. Let u (x,y, z,t) be the solution of a homogeneous problem N Da, i.e. u (z,y, z,t) is the solution of the
equation (13) satisfying the conditions (14)—(18).

By Dgr we denote the bounded domain with the boundary 0Dgr = S1gr U Sog U S3g U Syr U or, where
Sir=51N{z=0,0<y< R 0<z<R O0<t<R},Sop=5nN{0<z<R,y=0,0<z<R,0<t<R}
Ssr =53N{0<z<RO<y<R, 2=0,0<t<R}S4r =S4N{0<2< R, 0<y<R, 0<z<R,t=0},

oR = {(x, U 2 0) 0 gt gy T T et P =R 020,920,220, > 0}.
Choosing large enough R, we integrate equation (13) over the domain Dpg, previously multiplied it by a

function w (z,y, z,t), we obtain

//// [ymzktluum + x”zktluuyy + 2"yt + x”ymzkuutt] dxdydzdt = 0. (23)
Dgr

Taking into account (23) we obtain the following equalities:

0 0
Yyt v, = — (ymzktluux) —ym 22, xnzktluuyy = — (z"zktluuy) — ;v"zktlui,

Ox oy
0 0
"yt = £ (mnymtluuz) —a"ymthu?, 2"y Py = En (x"ymzkuut) — "y 2Rl

after applying the Gauss-Ostrogradsky formula, we have

//// [ymzktlui + x"zktluz + 2"y tu? + x”ymzkuﬂ dxdydzdt =
Dr

= /// y" 2Rt uydydzdt + /// x"zktlrguydxdzdt + /// "y tuvsdedydt (24)
Sir Sar Ssr
n, m_k n, m kil u
+ "™y 2N uvydadydz 4+ "y z tua—dS,
n

Sar OR
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where,

0
au_ Uz €os (1, ) + uy cos (n,y) + u, cos (n, z) + u; cos (n, t),

on

cos (n,z)dS = dydzdt, cos(n,y)dS = dxdzdt, cos(n,z)dS = dzdydt, cos(n,t)dS = dxdydz, n is outer
normal to dDg.
Since for the function u 71 = 79 = v3 = vy = 0, then from (24) we have

0
//// [y 2Rt + x"zktlui + "yt + 2"y 2P uf| dedydzdt = /// a:"ymzktlua—uds. (25)
n
Dr

OR

By virtue of condition (18) for R — oo R}im [f[ anym2FtudtdS = 0, then from (25) we have
—r 00 oR
//// [ymzktlui + x"zktluj + 2"y tu? + z"ymzkuf] drdydzdt = 0. (26)
D

From (26), we get u, = uy = u, = uy = 0, which means u = const, and from the conditions u|,_, = u|y:0 =
Uz|,_o = utl;_o = 0 follows that u = 0. So, we have proved the uniqueness of the problem ND, .

3. Existence of a problem solution

The solution to the N Dy problem has the form

oo o0 o0
0
U($0,y0,20,t0) :///ymzktlTl (yaz7t) %96 (xayvzat;$0;y07203t0) ddedt+
00 0 *=0
oo oo oo 6
+ ///xnzktlw (m,z,t)a—yg(; (.9, 2,20, Yo, 20, to) |, —gdrdzdt—

where
4\ 4 e +B—7—6-3
t; to) = kg BT X
g6 (,y, 2, t; 20, Yo, 20, to) 6(n+2> <m+2> (7” ) TYToYo
><F1(44)(3—OL—B+’Y+6,1—O[,l—5,’}/76,2—20672—2B,2’Y,26,§7T},C,§)

is fundamental solution to the equation (13). Here function FXL) is Lauricella’s function (6),

i _i 4 2c 4 28 4 2 4 26><
6 42\ n+2 m+ 2 k+2 1+2 (28)

IB-a=B+y+) (1 -a)I (1= BT () (9)
T (2—2a)T(2—28)T (29)T (20) ’

T2—7'% 7’271“3 1"277"‘% 7’277"2
= 7C: 7<: ’]"2 )

r2 r2
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72 _ 2 . 2
2
?"% 2 "TH + ) # N 9 m;&; 2 m2+2
T = xT — €T
é n+ 2 o270 m+2y _ om+2
r2 _ ~
2 2
T S e R e e
_— 2 — 2 —
hr2” 0 k2 I+2 _1t2° |-
- +
k l
o= s B g -

= 0= ———.
2(n +2) om+2) | 2(k+2) " 20+2)
Since the function ¢g is a fundamental solution to equation (13), it is obvious that the solution to problem
(27) satisfies equation (13).
Let us prove that function (27) satisfies conditions (14) - (17) of problem N D5. We apply differentiation
formulas (8) and decomposition of hypergeometric functions (9) to (27) and represent (27) as the sum:

u (o, Yo, 20, to) = I1 (o, Yo, 20, to) + I2 (o, Yo, 20, to) + I3 (0, Yo, 20, to) + 14 (0, Yo, 20, to) » (29)
where
4 oo oo oo
4 n+2 77L+2
I (z0, %0, 20, to) = ke xoyo///ym+12ktl71 (y, 2z, t) x
n+2 m+2
000 (30)
< (P)TTTED (B o < B by 4 551 807,62 - 28,29,28im,C.9) | dydzt,
4 7L+2 7n+2 TER
I (z0, Yo, 20, t0) = k6< +2> <m_|_2> flfoyo///ac”Jrl Filry (z, 2, 1) X
00 (31)
< ()Y B0 B+ 81— 0,702 20, 29,26:6,C<) | dedadt,
y=
4 [o oo olNe o]
I5 (z 20, t0) = —k 1\ m+2x ///x"‘H s (2, y,t) X
3 (Zo, Yo, 20,00) = 6 nto2 m+2 0Yo Yy 3 (T, Y,
00 0 (32)

< ()T B0 =B+ + 61— a1 8,62 20,2 28,206 m,0)|_ dadyd,

[e.elNe el o}

4 (%o, Yo, 20,t0) = —Re6 Yo T ziva (2,y,2) X
n+2 m+2 (33)

000
(r2)a+ﬁ_7_5_3 Fj(f) B—a—-F+7+51—a,1—5,72—2a,2—28,27;£,1,0) t_od:rdydz.

Let us check condition (14). Consider the first term of the solution, written in the form (29), function (30).

We decompose the function Ff) in (30) by formula (7), then after performing some transformations in (30) and
applying the Bolz autotransformation formula (3), we obtain

FaB—a =B +v+81—8,706;2—28,27,25n,(,5) =

_ o (34)
= (7’2)1 ﬁ+’y+6(’r2)ﬁ 1(7’5) ’Y(ri) 5P1 (071/72»t§x07y0a20»t0)7
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where
P : o BB iy (U= Bt (V1445 (0144
1 (0,9, 2,20, Yo, 20, t0) = Z (2 —28) (27) (26) 11115111
l1,l2,l3=0 btz Tl 4 Loty 17273

l1+1 1141 lo+l:

T%*?ﬁ 1+l2 7%7702 1+i3 TE*TZ 2+13
X T‘2 7,.2 7“2
2 3 4

x I

2
O =B == 8—1,1— Bl +12;2— 2841y + 1y 2 T) (35)

2
2
Thus, substituting (34) into (30), we have

, . 4 \7E [/ 4 e
t =
1(330790720, 0) 6(n+2> (m+2) ToYo X

x I

XF<O[+5+’)/63 l27’7+11+13,2’}/+11+13,

Oz+5*’)/+($ 37[1,5+12+l3,25+l2+13,

P (0,y, 2, t
% ym+1 ktl’/"l y,Z t) 1( » Y, 2,520, Yo, 20 0) dydzdt
()63 63 o)
00 0 "3) 1) oo
In (36), we make the change of variables
2 mi2 2 #_’_ 2 nf2 2 ki 2 %_’_ 2 ni2
= —x S1, z = —Z X S2,
m+2” m+ 27 n+2% " k42 k+27° n+20 7 3
R P (37)
2
[+2 ral gt s

Then, we obtain the following equality

4 4
4 n+2 4 mE2 2
1(33072/0720, 0) 6(n+2) < +2) 950?/0(” 5

00 00 00 P m+1
m+2 2 77L+2 2 # m+2
/// m—|-2 +n—|—2x0 51
—b—
Py (0,y, 2, t; w0, Yo, 20, to)

2 1
l+2< 2 422w |
— =ty + ——=z,° 53” 2 1—
e B )
[ 2 \Il+2 n+2 (1+st+s3+s3)" “(r3) " (r3)(r)
_|_

m+ 2 2 mi2 2 ng2 w42 2 kg2 2 ni2 &
5 \mi2% Toig% % T2 \rp2® T %2 )

n42 3
2
0

k
k+2 2 kg2 2 g2 *+2
5 \ktp20 Toigto %

(38)
where
L 2 Zk;2 2 t%
_ m+2% p— k270 _ 42t
a = nt2 9 - n42 7 - 9 n+2 °
< 2 _4 2 _2 2
ntr2Lo ntr22o ntra2Lo
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At xg — 0 from (35) we have

o0

. ) _ B-—a—-B8+v+ 6)l1+l2+13(1 - B)ll+l2 (’Y)zl+13(5)lg+l3
Jim Py (0,y, 2, 8520, y0, 20, o) = hgl:g:o (2= 28);, 41, (27)1, 44, (20),, 14, 11 11213!
XFa—8—-7—0-1,1—8411+12;2—=28+11 +1;1) (39)
XFla4+8+7y—0—-3—lo, v+l +1i3;2v+11 +13;1)
XFla+B8—y+86—=3—11,0+1y+1320 + 1o+ 13;1)

Applying formulas (2) and (5) to (39), we determine
I'(2-28)T(2y)T(20)T (2 — a)

lim P; (0 t; to) = 40
930190 1(’yazv 7205 Y0, 20, 0) F(3—a—ﬁ—|—’y+5)f‘(1—ﬁ)F(’y)F(5) ( )
By virtue of (40), from (38) at z¢p — 0, we obtain
2 -2 —2y —28
8 nt2 4 4 4
lim [ = . - = -
Jm, Iy (@0, Yo, 20, o) kﬁ(n+2> <m+2) <k+2> <l+2) .
r2-28T2y)r26)r2-a) (0, 20, t0) / / / ds1dsadss (1)
71 (Y0, 20, —.
TB—a—B+y+0)T(1-BT (I (s) """ (1+ 52+ 82+ s2)°
—00 —00 —00
To calculate the triple integral from (41), using formula (10), we get
/Do ]O ]O dsidsadss B 8777 dsidsadss B w7l (% — a) (42)
S (1+s2+s2+s2)°° ) (1+s2+s2+s2)°° re-a) -

Applying formula (1) in (42), as a result, we have

7 7 7 d81d32d83 - T (2 - 204) (43)
(1+s2+s2+s2)7% 272T2-a)(1-20)T(1-0a)

—00 —00 —O0

Substituting (43) into (41), we finally have

4 —2a 4 -2 4 —2v 4 —26
lim I to) = 4m?ke | —— —_—
Jm, Iy (@0, 9o, 7o, o) = 4m 6(n+2) <m+2> <k+2> (l+2) x

F'2-2a)T(2-28)T(27)T (26) ,
) F(3—a—[3+7+5)F(1—a)F(l—ﬁ)F(V)F((;)Tl (Y0, 20, o)

Taking into account (28), from (44), we obtain

lim I (2o, Y0, 20, to) = 71 (Y0, 20, to) -
LE()*)O
It is easy to show that
lim 15 (20, Y0, 20,t0) = 0, lim I3 (xg,%0,20,t0) =0, lim I4 (z0, Yo, 20,%0) = 0.
zo—0 xzo—0 xo—0

Accordingly, limou (20, Yo, 20, t0) = 71 (Y0, 20, to) , hence, function (29) satisfies condition (14) of the problem
To—r

NDy. Similarly, can be convinced that function (29) also satisfies conditions (15), (16), and (17) of the problem
ND,.

Let us show that if the given functions satisfy inequalities (19) — (22) for large enough values of the argument,
then the solution (29) of the Problem N D also satisfies condition (18). Indeed, let inequalities (19) — (22) are
hold, in expressions (30) — (33) we make the following change of variables

1 2 nt2 1 2 m42 1 2 k42 1 2 142
SRt M T a2 O T REr 2 Y T Relg ol

1 2 nt2 1 2 m+2 1 2 k42 1 2 142
TL= ol T 2T ol B O3 = g ose B ou = st ®
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k+2 4 142

where 4 A
R, 2 — T n+2 + m—2 + 2 +
" Tt T w2 Tk T ur2??

Then at Ry — oo from (30)—(33) we obtain the following inequalities

ket e ) 9 1—2a 9 —28
4 n+2 2 m+2 n+2 m+2 [
(1) 77 () 7 n+2 m+ 2 x

Rili)n ‘Il (‘T07y05207t0)| g
9 ) ( > /007/00 11
2 dnid¢ids
3—a— 0 1 ’
<k+2 b2 TS G m2 e a2 ) T 2 % a2)”

lim |12 (o, %0, 20, to)| < k6024n32+mi2(0 BCGE 2 \ (2 1_wx
oo 2 05 Y0, 20,10 R252 1 9 n+2 m+2

Ro
2 —2~ 2 —26 erg 25
) () T et
2ol e+ Gt a?) (& + a7 +a?)

k+2
k'G c3 2 2a 9 28
4n+2+m+2 n+2 vn+2 - X
cs (1) 7% (02) 7 <n+2) m+2

lim |13 (xo, Yo, 20, to)| <
Rop—o00

2 -2 FTFF 25
51771§1
<l + 2) /// 2 370‘75+'Y+5 9 1—27+eg d&ldnldgh
0 (1+§1 +7712+§12) (51 +T]12+§12) :

0 0

. k‘GC4 2 2 2 2 2 26
1 I t B yrtztann n+2 m+2 — X
im |14 (20, Yo, 20, to)| < R (01)7%2 (02) (n+2> m2

Ro—00
1771 1
1—25+ey {1 }1 Cl .

)]
k 2) /// 3—a— 1 5
* 00 0 (L+&7+m2+G7) et (&2 +m2+ G2
— (48) are bounded.

Let us show that the triple integrals in inequalities (45)
Considering the integrals from inequality (45) — (46), these integrals satisfy the identity.

[, el ol o}
/// 2?22 dadydz _
00 (1422 +y2 +22)> 70702 4 g2 4 2)°

0
IT(A+)T (A +d)T@2+c+d—a)T(1—a—b+e)
"8 b—1<e<?2 d.
8 Fr2+c+dTB—a—-b+c+d) , a+ € +c+

Indeed, in integral (49), passing into spherical coordinates, we have

oo 00
// xy?t 22 dxdydz B
J S (b a? gy 2T 2 g g2 g 22

us

2
sin“y cos @d@/stHCGcos?dedg/ Br2et2d-2e (] 4 p2)atbmedy,

0

O\ ol 0\8

Using the values of integrals (11) and (12) in expression (50), we obtain the identity (49)

us

/Sin20¢cos¢d(p/SinQ+2a9COSQd6.d9/T3+2c+2d—25(1 T )a+b c—d 30
0 0

0
ITE+)T (3 +d) I 2+c+d—e) L (1—a—b+e)
3 b—1<e<? d.
8 F(2+C+d)r(3—a—b+c+d) , a-+ 5 +c+
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Thus, inequalities (45) - (46) by virtue of the value of integral (49) the inequalities follow

- _
lim |11 (%0, %0, 20, t0)| < 6 ——es (51)

im S R R})igloo |12 (0, Yo, 20, to)| <

where ¢7, ¢; are constants.
Let us show that the integrals in (47) — (48) are bounded. For inequalities (47) — (48), the identity is true

- e dodydt =
1 + T2 + + t2>3—a—b+c+d(x2 + n t2) 1—2cte
00 0 y? y? (52)
AT (3 +d)T(24c+d—5)T(1—a—b+3)
] , 2 26 —2<e<4+2 2d.
~ 8T (3 +4) F3—a—b+c+d) ot e<dticr
Passing into spherical coordinates in (52), we obtain
t
/// 3 xI?)J d 1— 20+5 dﬂ?dydt
5T (a2 2P @2 g2 4 12)
Bl 3 (53)
2 2
/smgocos godcp/81n39rcos2d9d6/ 1+7r )‘”‘b c—d=3 p3t2e+2d—e ..
0 0

Using formulas (11) and (12) to the right-hand side of (53), we define

st

z oo

/Sin<PCos tﬂd‘ﬁ/sin?’GrcoswedQ/ (1 + T2)a+bicidigr3+gc+2d_€d =

0 0

_ }F(%er)F(2+c+df%)I‘(1—a7b+%)
8T (3 +4) FB—a—b+c+d

, 204+2b—2<e <4+ 2c+ 2d.

Thus, we have shown that the integrals in inequalities (47) — (48) are bounded; the integrals satisfy the
inequalities
lim |I3 (330 Yo, 20 t0)| < FeCs
Ro—00 T R’
where €3, ¢; are constants. Inequalities (51) and (54) show that solution (27) at Ry — oo tends to zero.
Thereby, condition (18) of Problem N D is satisfied. In this connection, solution (27) of Problem N Dy satisfies
all conditions of Problem N Ds.

lim |I4 (m07y07207t0)‘ <o (54)
Rp—o0

Conclusions

We have proved the following theorem.

Theorem 2. Let conditions (19) — (22) be satisfied, then a regular solution to problem N Dy (13), (14) — (18)
exists and is expressed by formula (27).

In four-dimensional space in an infinite domain for the degenerate elliptic Gellerstedt equation, the problem
N D5 with two Neumann boundary conditions and with two Dirichlet conditions is solved. The solution is written
explicitly. The uniqueness and existence of a solution to the equation are proved.
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A.C. Bepapmes'?, A.P. Prickan!?

1 . .
Abati amwvindazor Kasax yammuk nedazozukasvk yrusepcumems, Aamamol, Kazaxcman;
2 Agnapamimos srcone ecenmeyius MeTHoA0ZUAMD UHCTRUMYMb, Aamamel, Kasaxcman

Tept enmemai I'ensiepcTeaT TeHaeyi yImiH IMeTTIK ecen

Maxkamnaga Teprt aitubimasnsl lemmepcrent teraey yurin Heiiman xone lupuxite maprrapbl 6ap merTik
ecenTiH, mremnriyi 3eprresared. Ecen memnmiMigiy >KaarbI3/IbIFBIH JIRJIEJIJIeY VIIIH SHEPIrUs WHTErpPaJjIbl 9Iici
KoJiianblirad. CoOHBIMEH Karap, HIelriMinig 6ap 60JIybIHA IUIIEPreOMeTPUsIIBIK, (DYHKIHAIapAbl quddepen-
nuanusiay, aBrorpancdopManusiay KoHe Kikrey dopmynanaps nainasansuiran. Hlemiv aiikpin Typae
aJbpIHFaH 2koHe Jlaypudesa runepreoMeTpusiIbIK, OYHKIUATIAPbIMEH ODHEKTE/ITEH.

Kiam cesdep: Tesuepcrent tenueyi, apasac maprrapbl 6ap IeTTik ecern, (pyHIaMeHTaJbIl memnim, Jlay-
prvesia THIePreOMeTPUsIIBIK, (DYHKIUSICHL.

A.C. Bepapmmes?, A.P. Prickan'?

! Kazaxcruii nayuonaroroul nedazozudeckuti ynusepcumem ument Abas, Aamamo, Kazaxeman;
2 Mnemumym ungopmayuonnss u suwuciumensios mexnosozuti MOH PK, Aamamo, Kazaxcman

KpaeBast 3aj1a1a aj1s dYeTbIpexMepHOro ypaBHenus l'esiepcreara

B crarpe nccnenosana pa3pemmMocThb 3a1a4u ¢ KpaeBbIMu yeiosusaMu Heiimana n JIupuxiie s ypaBHEHN
T'ennepcrenra ot yeTnIpex nepeMeHHBIX. B X0/1e qOKa3aTe/IbCTBA € JUHCTBEHHOCTH PEIICHUS 3a1a1 TIPUMEH-
€H METOJ MHTerpaJjia SHEPruu, KPOMe TOrO, CYIIECTBOBAHUM PEIIEHUs] B 33/a4Yi HMCIOJb30BAHBI (DOPMYJIBI
nuddepeHnInpoBaHusi, aBTOTPAHC(hOPMAIUN, PA3JIOyKEeHUs TuliepreoMerpudeckux ¢pynkimit. Pemrenne mo-
JIY9E€HO B SIBHOM BHJIE€ W BBIPAXKEHO TMIIEPreOMETPUIECKUMU (DyHKIUsIME Jlaypuaesiib.

Kmoueswie crosa: ypasuenue l'esutepcrenra, KpaeBas 3a/1a9a CO CMEIIAHHBIMUA YCIOBUSIMU, (DYHIAMEHTATb-
HOE pelllenne, TuiepreoMeTpudeckas QyHKIus Jlaypudesin.
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Generalization of the Hardy-Littlewood theorem on Fourier series

In the theory of one-dimensional trigonometric series, the Hardy-Littlewood theorem on Fourier series
with monotone Fourier coefficients is of great importance. Multidimensional versions of this theorem
have been extensively studied for the Lebesgue space. Significant differences of the multidimensional
variants in comparison with the one-dimensional case are revealed and the strengthening of this theorem is
obtained. The Hardy-Littlewood theorem is also generalized for various function spaces and various types
of monotonicity of the series coefficients. Some of these generalizations can be seen in works of M.F. Timan,
M.I. Dyachenko, E.D. Nursultanov, S. Tikhonov. In this paper, a generalization of the Hardy-Littlewood
theorem for double Fourier series of a function in the space Lqyp(Lq)(0,27)? is obtained.

Keywords: trigonometric series, Fourier series, Lebesgue space, Hardy-Littlewood theorem, Fourier coefficients.

Let L,(0,27]%, 1 < q < 400 be the space of all 27- periodic for each variable, measurable by Lebesgue

functions f(z,y), for which
1
2 27 q
= ([ [ 1 ) <+
o Jo

In this article, we study the condition of belonging to the space Lqp(Lg)(0,27]? for a function of two
variables. Let us recall the definition of the space L,p(L,)(0,27]%. Let the function ¢(t) satisfy the following
conditions [1]:

a) ¢(t) is even, non-negative, non-decreasing on [0, +00);

b) ¢(t?) < C- (1), t € [0,+00), O > 1;

c) @t(:) 1 on (0, +00) with some & > 0.

Measurable 27- periodic function for each variable f(z,y) € Lyp(Lg)(0,27)? if

27 27

[ [ 1@ o (s dsdy < +oc.

0 0

In particular, when ¢(t) = 1 the space L,p(L,)(0,27]? coincides with the Lebesgue space L, (0, 27]%.
We give the following well-known theorem of Hardy-Littlewood.
Theorem (Hardy-Littlewood). Let a,, | 0, n — +o0o. For the trigonometric series

+oo
E ap COSNT
n=1

to be the Fourier series of some functions f(z) € Ly, 1 < ¢ < 400, it is necessary and sufficient that

+oo
Z ni2.a < +o0.

n=1

The Hardy-Littlewood theorem is generalized for various function spaces and various types of monotonicity
of the series coefficients. Some of these generalizations can be seen, for example, in works [1-9]. Our main goal
is to prove the Hardy-Littlewood theorem for the double Fourier series of a function f(z,y) € Lyp(Lq)(0, 272

*Corresponding author.
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To obtain the main result, we need the following Lemma.

Lemma A. Let the function ®(u) be even, non-negative, non-decreasing on [0, +00). If ®(u?) < C - ®(u)
at some constant C' > 1 and u € [0, 4+00), then for any nonnegative function v (x, %) measurable on [0,1)? and
satisfying the condition

1 1
B= / / (e, y) - (. y))dedy < +oo, (1)

/1 e ( 1y> dady < +oo. ()
0

>0 and S > 0, then

a®(B) < C-a-d(a)+/B-2(B) (3)
Let >0, y>0.Letin (3) a =¢(z,y) and g = ?11, By integrating we get

A=/1/1w(x Y <C-: /1/1¢ (z,y))dzdy+
0 0 0 0
1 1
O/ ( )d:rdy (4)

However, a non-decreasing function ®(u) > 0 satisfies the condition ®(u?) < C - ®(u) and therefore
®(uv) < D(4) - [(logy(2 +u))'*#2 < + (logy(2 + v))"*#2 ] | (®)

at 0 <u< 400, 0<0v<+o00.
In fact, at 0 < wv < 4 inequality (5) is obvious. If uv > 4, then put k = [log, log, (uv)], where [a] means the
integer part of a, and then

the following inequality holds

B
N
&=
v

+

o _

B(uv) < C - ((uv)) < €2 ((un) ) < .. < C* - @ ((u)7F) <
< Clomatoma() . @ () P ) = k(logy(uv))'*%2 € - B(4) <

< (b(4) ' {(logQ(U + 2))10g2 ¢ + (10g2(1} + 2))108;2 C} ’

that is, inequality (5) is true when uv > 4. From condition (1), inequalities (4) and (5) follows, that (2). The
Lemma A is proved.
Theorem. Let the function o(t) satisfies conditions a) - ¢) and f(z,y) € L1(0,27]2, is an even function with

Fourier series
400 +4oo

E E (ny ny * COSTIT + COS MY, (6)

ni=1ng=1
where
ap; >0, ki — kg1, — Ak i41 + Cht1,0+1 > 0, Qg > Ay, Gkt > Ggit1, k1 €N

Then in order for some g € (1,+00) function f € Lyp(L,)(0,27]2, it is necessary and sufficient that

400 400

Z Z (n1n2) 7 2p(n1ns) ap, o, < too. (7)

ni =2 na =2
Proof. Sufficiency. Since with every e € (0, 1) the inequality is fulfilled

+oo oo

2 _
E E (nin2)? “p(ning) - al, ., =

ni=1ne=1
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+oo ) +oo e . q _—e)
I = S (AR BT (R
n1:1 n2:1
then using the inequality (see. [11; 308]):
+oo n
anc <Zay> < M(c,l) Zn n-ap)t, (¢>1, 1>1, a,>0)
n=1 v=1

and using properties of the function () we get:

+oo +oo

Z Z (n1n2)? 2p(ning) - Uy iy 2

n1:1 ’I’L2:1

+oo ¢
ZCZ”({Q‘Z 2 8){211”17”2' v (n1ve) 2"} -

ni=1 na=1 va=1
14
_C. Z ni=2+e Z ng 29 { Z S < mw)) q} >
ny=1 na=1 vo=1 niv3
+00 +00 4
ni=1 no=1 ni TL2 vo=1
+00 a
=C-Zn an o(ning {Zanhuz} =
na=1 ni=1 vo=1
+o0 +o0 n2 )¢
—C. Z ny?- Z {(Z anw?) n1 - i (ning) - nl‘p} T >
no=1 ni=1 vo=1

“+o0o “+o0 - q
> Z%zznl@s).{z Zamug- (v1ng) - _q} >

no=1 ni=1 v1=1vs=1

+oo +oo ny na 4
>C- Z Z(nmz)’ p(ning {Z Z Qyy VQ} = S(q, ).

ni=1ns=1 vi=1vy=1

Since o
://V@wW¢W@wMM@:
00
+oo 400 AT
N / / 1f (@] o[ f(z,y)|%) dzdy,
ni=1lng=1 % 4
ny+1 ng+1
and for 75y Sa < R o<y

|(wy|<ZZCLV1’V2

V1= 1Vg 1

+

ni
E E Ay, ,py - COSVIT - COS VY

v1=1vo=no+1

+oo —+oo
E E Ay vy * COSVLT - COS VY| <

vi=ni+1lve=na+1

ny  n2
S 9 Z Z aul,ug,

v1=1vs=1

“+o0 no

+ E E Qyy vy * COSVLT - COS Y| +

vi=ni1+1rvs=1
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then

+oo +oo

ny  na q ni N2 q
J( < 9q7T Z Z n1n2 { Z Z al,h,jz} @ <{9 . Z Z a/uhl/g} ) <
ni=1ns=1 vi=1vs=1

IJ1:1 llg:l
+oo +oo

q
a2 . Z Z (nlng)—2 . { Z Z aul,uz} 9q al ) <n1n2)) .
n1=1ns=1 vi=1lvy=1

From the condition (7) it follows the finiteness of value S(p, ¢), and by virtue of the properties of the function
©(t) it follows the finiteness of value J(p, ¢), that is (6)

Now, let us prove the necessity. First, we prove that if condition (6) is satisfied, then there exists a number
go such that 1 < g < g and f(z,y) € Lg, [0, 7r]
Indeed, applying Holder’s inequality at 8 = -L, we obtain:

Z]Ifqu°dmdy]/fxqu°- 5()-%7_20 (;y)dxdyé
A Joem o (aah {] e () am)

where 5 + 57 = 1. Hence, by virtue of Lemma A and the monotony of the function ¢(t) we obtain f(x,y) € Ly,.
Now, we show that the following series converges
400 +oo
>
ny= 1 no= 1 n1n2

Indeed, applying the Hausdorfl-Young’s theorem, we get

+oo 4o
2 : 2 : Uny,ng <
ning

ny= 1’!7,2 1

1
+oo max(p(,2) “+o0
ma. ,2
< E (s my) x(po,2) . E
ni ,n2:1

where + + L =1.
q0

nl,’I'LQ:l

1
min(qq,2)
— i 2
(nyngy)~ Min(a.2) < +o0,

Then by 0Lemma 1 of work [2]

g < / / (6,7 dedr.
0 0

Now, let us estimate the sum:

O(fa@vQ) = Z Z (n1n2)q72<,0(n1n2) Oy opy S
ni1=2n,=2
S q
+oo +oo nyp ng
< Z Z(n1n2)q_2§0(nln2)' //|f(t,7')|dtd7- <
n1:2 n2:2

0 0

g
gC-mz_:M;/ / [p(n1na)]® - nyns - //|f(t,7')|dtd7- dady <
52
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o S5 T T ][ b@) ) e

T T T Y 1 q

:c-// xly.o/o/|f(t,7)|-[go<;>rdtd7 dzdy.

Hence, by virtue of Lemma 2 of [2] and Lemma A we obtain:

Cfroq) < C- / FE - (;) dtdr < +o0.
0

O~y

The theorem is proved.
Remark. This theorem for a function of one variable is proved by M. F. Timan [1].

10

11
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C. Birimxan

Axademur E.A. Boxemos amuvindazv Kapazandv ynusepcumemi, Kapazandwo, Kasaxcman

Dypbe KaTapbl TypaJibl Xapanu-JInTTiaBya TeopeMachbIHBIH
2KaJIIbLJIaMAaChI

Bip eamemzai Tpuronomerpusiibik, Karapaap Teopuschinga Pypbe Koddpdunmenti 6ipcapbiHIbI 60IATHIH
®ypbe KaTapbl Typassl Xapau-JIuTTiaBys TeopemMachl MaHbBI3/IbI OPBIH HejeHe i. Bys TeopeMaHbIH KO OJI-
memzl Hyckasjgapbl Jleber kenicriri yimia KeHineH 3eprresnreH. Kerm esmem/ii HycKaJapblHbIH 6ip esmmmmem/t
KaFgaii1al aifTap/IbIKTall aifbIpMAIBLIBIKTaAPBI O0ap €KeHI AHBIKTAJIFAH YKoHE OYJI TEOPEMAaHbIH KYIIeHTiTy-
Jiepi ajblHFaH 6oJsiaThbIiH. Xapau-J[MTTABY/ TeopeMachl COHbIMEH KaTap dpTYpPJii (DYHKIUSAILIK KEHICTIKTED
yIIiH »xoHe Karap KoddduimenTiniy 6ipkeskiiri Typsepi yirin >xannbiianral 6osaTeH. OChl XKa/IbLIay-
smapaer, ketibipin M.@. Tuman, M.U. Hpsuenko, E.J1. Hypcynranos, C. TuxoHOB KyMBICTapbIHAH KOPYTE
6osapl. Ocel xKymbicTa Xapau-JIuttisy reopemacsiably, Lqw(Lq)(0, 271']2 KEHICTiriHeH aJIbIHFaH OYyHKIU-
SHBIH €Ki ecesi Pypbe KaTapbl YIIIH >KaJIIbIJIAMAChl aJbIHFaH.

Kiam ce3dep: TpuroHoMmerpusiiibik, kKarap, @ypbe Katapsbl, Jleber kenicriri, Xapau-JIuTtiBysn TeopeMacst,
Dypbe KodDDuIeHTTepI.

C. Butumxan

Kapazandunckutl yrusepcumem umenyu axademura E.A. Byxemosa, Kapazanda, Kasaxcman

O6o6mienune TeopeMmbl Xapan-JIurtaByaa o psagax Pypbe

B Teopun ojHOMEpHBIX TPHUIOHOMETPUYECKUX PsIIOB BaKHOE 3HAYEHME MMeeT TeopeMa Xapau-JIurmiByna
o pagax Oypbe ¢ MOHOTOHHBIMU KOdpdurmentamu Oypre. MHOroMepHbie BAPUAHTHI 9TON TEOPEMBI IITUPO-
KO MCCJIeJIOBAHBI JJIs IPOCTPAaHCTBa Jlebera. BrisBiieHbI CyIieCTBEeHHBIE OTIMYNS MHOTOMEPHBIX BAPHAHTOB
10 CPABHEHMIO C OJHOMEPHBIM CJIy9YaeM ¥ IIOJIy9eHO ycujieHue 3Toil Teopembl. Teopema Xapau-JIurtiByna
Tak2Ke 0000IIeHA IS PA3IMIHBIX (DYHKIIMOHAIBHBIX IIPOCTPAHCTB ¥ BUOB MOHOTOHHOCTH KO3 DUIIEHTOB
psima. Hekoropsie 3 stux 0600mennit Becrpedaercss B paborax M.D. Tumana, M.U. Isauenxo, E.JI. Hyp-
cynranoBa u C. Tuxonosa. B Hacrosiimeii pabore mosiydeHo 06061eHne TeopemMbl Xapau-J[uTTiaByaa st
nsoitnbix psaaos Oypue dyuxiuu uz npocrpanctsa Lqw(Lqg)(0, 2],

Karouesvie crosa: Tpuronomerpudeckuii psf, psaa @ypoe, npocrpamctso Jlebera, reopema Xapmau-Jlurtasyna,
ko3 durpenter Pypoe.
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Asymptotics solutions of a singularly perturbed
integro-differential fractional order derivative equation
with rapidly oscillating coefficients

In this paper, the regularization method of S.A.Lomov is generalized to the singularly perturbed integro-
differential fractional-order derivative equation with rapidly oscillating coefficients. The main goal of the
work is to reveal the influence of the oscillating components on the structure of the asymptotics of the
solution to this problem. The case of the absence of resonance is considered, i.e. the case when an integer
linear combination of a rapidly oscillating inhomogeneity does not coincide with a point in the spectrum of
the limiting operator at all points of the considered time interval. The case of coincidence of the frequency
of a rapidly oscillating inhomogeneity with a point in the spectrum of the limiting operator is called
the resonance case. This case is supposed to be studied in our subsequent works. More complex cases of
resonance (for example, point resonance) require more careful analysis and are not considered in this work.

Keywords: singularly perturbed, fractional order derivation, integro-differential equation, iterative problems,
solvability of iterative problems.

Introduction

An initial problem is considered for a singularly perturbed integro-differential equation:

Lealte) =2 —a(0)z = [ K(t:5)2(5.)ds = ha(0) + ha(e)sin 2,

2(tg,e) = 4%, t€[to,T], to>0 (1)

for a scalar unknown function z(¢,¢), in which a(¢), hi(t), ha(t), 8'(t) >0, (Vt € [ty, T]) are known functions,
0 < a < 1, 2Y constant number, £ > 0 is a small parameter. The problem is posed of constructing a regularized
[1-2] asymptotic solution to problem (1). Previously, systems for ordinary differential equations [3—6] and integro-
differential equations with rapidly oscillating coefficients [7-11] were considered.

By definition of the fractional derivative [12], the fractional derivative z(*) in terms of integer derivatives is
denoted in the following form t(!=®) %. Accordingly, we rewrite the original fractional order equation (1) in the
following form:

L.z(t,e) = at“*a% —a(t)z — /K(t, $)2(s,€)ds = hy(t) + ho(t) sin @, 2(to,e) =20, t € [to, T].  (2)

to

In problem (2), the frequency of the rapidly oscillating sine is 5’(t). In what follows, the function A (¢) = a(t)
is called the spectrum of problem (2), and functions A\o(t) = —if’(t), As(t) = +if’(t) spectrum of a rapidly
oscillating sine.

Problem (1) will be considered under the following conditions:

1) a(t), B(¢t), h1(t), ha(t) € Clto, T, K(t,s) € C®(tg <s <t <T);

2) a(t) < 0 Vt € [to, T).

We will develop an algorithm for constructing a regularized asymptotic solution [6] of problem (1).

*Corresponding author.
E-mail: burkhan.kalimbetov@ayu.edu.kz
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Regularization of the problem (2)

Denote by o; = 0;(¢) independent of magnitude o; = e~ £#(0) gy = ¢t 28(t0) and introduce the regularized

variables:

t t
=1 [ gDy (0)d0 = i) = 1/ A (0)do = 210 J=23, 3)

)
€ Ji, € € Jt, €

and instead of problem (2), consider the problem

t
N o) 02 . IO
L. =etlm = O e - /K =
Z(t,7,0,6) = ¢t En + /\1(t —|—t Z)\ —A\(t)2 (t,8)Z(s, - 0 €)ds
1 -
=hi(t) — %hg(t) (€01 — €™09), 2(t,7,0,8)|i=ty.r=0 = 2°, t € [to, T). (4)

for the function z = (¢, 7, 0, €), where is indicated (according (3)): 7 = (71,72, 73), ¥ = (¥1, 12, 93). It is clear

that if Z = Z(¢, 7,0, ¢) is a solution of the problem (4), then the function is Z = Z (¢, wit) ,0,¢ ) an exact solution

to problem (3), therefore, problem (4) is extended with respect to problem (2). However, it cannot be considered
fully regularized, since it does not regularize the integral

,——=,e)ds.

JZ2=J(Z(t,7,0,8) 1= rmy(s) /) = /K(t,s)Z(S -

For its regularization, we introduce the class M. asymptotically invariant with respect to the operator Jz
(see [1; 62]). Counsider first the space U of vector functions z(t, 7, o), representable by the sums

3
2(t,m,0) =z20(t,0) + > zi(t,0)e™, z(t,0) € C ([ty, T],C),i=0,3. (5)

i=1

In addition, the elements of space U depend on bounded in £ > 0 terms of constants o1 = o7 (¢) and
o9 = 09 (e) which do not affect the development of the algorithm described below, therefore, in the record
of element (5) of this space U, we omit the dependence on o = (01,02) for brevity. We show that the class
M. = Ul|;—y@)/- is asymptotically invariant with respect to the operator .J.

For the space U, we take the space of functions z (¢, 7, ), represented by sums

P -1
LoD (0)d9

JZ(t,T,¢€) E/K(Ls)zo(s)ds—i—/K(t, s)z1(s)e to ds+
1 fA,;(e)de
+Z/K s)zi(s “io ds.
= 2t0

Integrating by parts, we write the image of the operator J on the element (5) of the space U as a series

t

nmaa:/K@@m@w+

to

3 [ele]
305 (1) I (K (8 8)z0(8))) g™ — (TF (K (t,)zi(5(5))) s,

i=1 v=0

where are indicated:

v—1
1 9

1 1 0
0 __ LTV — -~
= sle=1) )\, (s) A sle=D ), (s) ds
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1 1 0
I} = Y= IV =23
T NE T T Nmoest 0T
It is easy to show (see, for example, [13; 291-294] that this series converges asymptotically for ¢ — +0 (uniformly
int € [tg,T]). This means that the class M, is asymptotically invariant (for e — 40) with respect to the operator
J.

We introduce operators R, : U — U, acting on each element z(¢,7) € U of the form (5) according to the

law:
t

Roz(t,7) = /K(t,s)zzo(s)ds7 (60)

to

3
Riz(t7) = 3 (1 (K (t.9)2() ™ = (I (K (1 9)5(5)) | (61)

©
Il
A

3 oo
Ryp1z(t,7) = ZZ (=1)"e" [T (K (t,5)zi()) gope™ — (I (K (2, 8)2i(5))) g, | v > 1. (6141)

Now, let Z(t,7,e) be an arbitrary continuous function on (t,7) € G = [to,T] x {7 : Rer; <0, Rer; <0,
Jj = 2,3}, with asymptotic expansion

Z(t,1,e) = Zekzk(t,r),yk(t,ﬂ eU (7)
k=0

converging as ¢ — +0 (uniformly in (¢,7) € G). Then, the image JZ (¢, 7,¢) of this function is decomposed into

an asymptotic series
oo T
Z(t,1,¢) Zsszk t,7) Zer Z erszs(th)sz(t)/@:'
r=0 s=0

This equality is the basis for introducing an extension of an operator J on series of the form (7):

Ji=J <i ékzk(t,7)> = ier <i Rr_kzk(t,7)> .
k=0 r=0 k=0

Although the operator J is formally defined, its utility is obvious, since in practice it is usual to construct
the N-th approximation of the asymptotic solution of the problem (3), in which impose only N-th partial sums
of the series (6), which have not a formal, but a true meaning. Now, one can write a problem that is completely
regularized with respect to the original problem (3):

0z -
5 = 4(l-a) % dadl (1-a) ded 5_ J5 —
L.zZ(t,T,0,¢) = et o + )\1( + t Z A( M2 —Jz =
1
= hy(t) — Q—th(t) (e™ — ™), Z(tg,0,0,¢) = 2°, t € [to, T). (8)

Tterative problems and their solvability in the space U

Substituting the series (7) into (8) and equating the coefficients of the same powers of ¢, we obtain the
following iterative problems:

820 _ 3 (920
Lzy(t, T, =M\ (1) == 4+ ¢t1-*) Ai(t)=— — A (t)zg — Rozg =
o(t,T,0) 1()87'1 ;J()aTj 1(t)20 020
1
:hl(t)_th(t) (67'2_67'3)’ Zo(t()vo)zzo; (90)
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0z
Lzl(t,T, 0‘) = —t(l @) (3'0 +R12§0, Zl(t(),O) = 0; (91)
(1-) 921
Lz(t,7,0) = —t o T Riz1 + Ra20, 20(t0,0) = 0; (92)
(1—a)8zk—1
Lzy(t,1,0) = —t ST + Rpzo+ ...+
+...+ Rlzk 1 Zk(to,()) = 07 k 2 1. (9k)
Each iterative problem (9;) has the form
Lz(t,m,0) = A (t)%—&-t(l_a)i)\»(t) 02 —M(t)z — Roz = H(t,7,0), z(tp,0) = 2" (10)
s Iy = A1 37’1 = J 67'] 1 0 s 1y ) 05

3
where H(t,7,0) = Ho(t,o) + > H;(t,0)e™ is the known function of space U, y. is the known function of the
=1
complex space C, and the operator Ry has the form (see (6,))

3
Roz = Ro | 20(t) + Z zi(t)eT+ | £ /K(t, s)zo(s)ds

We introduce scalar (for each ¢ € [tg, T]) product in space U:

3
<u,w>E<uo(t)+Z j(t)e™  wo(t —|—ij JeT >=

Jj=1

3
(uo(t), wo(t)) + Y (u(t), w(t

Jj=1

where we denote by (x,*) the usual scalar product in the complex space C : (u,v) = u - 9. Let us prove the

following statement.
3

Theorem 1. Let conditions (1), (2) be fulfilled and the right-hand side H(t,7,0) = Ho(t,0)++ >_ H;(t,0)e”
of equation (10) belongs to the space U. Then the equation (10) is solvable in U, if and only if =
< H(t,7),e™ >=0,Vt € [to, T]. (11)
Proof. We will determine the solution of equation (10) as an element (5) of the space U :
3
2(t,m,0) = 20(t,0) + Y z(t,0)e™. (12)

Jj=1

Substituting (12) into equation (10), and equating here the free terms and coefficients separately for identical
exponents, we obtain the following equations of equations:

A1(t)zo(t, o) — /K(t, s)zo(s,0)ds = Hy(t,0), (13)
0-2(t,0) = Hi(t,0), (134)
[t“—auj(t) - Al(t)} 2i(t,0) = H(t, o), j =2,3. (13;)
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Since the A;(t) # 0, the equation (13) can be written as

t

20(t,0) = / (=AT () K (t,8))20(s,0)ds — AT ' (t) Ho(t, o). (130)

to

Due to the smoothness of the kernel (=7 (t)K (¢, s)) and heterogeneity —A{ ' (t)Ho(t, o), this Volterra integral
equation has a unique solution zy(t,0) € C* ([ty,T],C). The equations (13,) and (13;) also have unique
solutions

Zj(tv 0) = [/\](t) - Al(t)]_lHj(t’ a') eCc= ([t()vT} 7C) J=2,3 (14)
since Aa(t), A3(t) not equal to Aq(¢).

The equation (13,) is solvable in space C*° ([to,T],C) if and only (Hy(t,7),e™) = 0Vt € [to,T] hold. It
is not difficult to see that these identities coincide with identities (10). Thus, condition (10) is necessary and
sufficient for the solvability of equations (9) in the space U. Theorem 1 is proved.

Remark 1. If identity (10) holds, then under conditions (1), (2), equation (9) has the following solution in
the space U :

3 1
2(t,7,0) = 20(t,0) + ar(t,0)e™ + 3 [t(l_“))\j(t) - Al(t)] Hy(t,0)e™ (15)

=2

where ay(t,0) € C* ([tg,T], C) are arbitrary function, zo(t, o) is the solution of an integral equation (13).
The unique solvability of the general iterative problem in the space U. Residual term theorem

Let us proceed to the description of the conditions for the unique solvability of equation (10) in space U.
Along with problem (10), we consider the equation

Lz(t, 1) = —t“—a)% + Rz + Q(t,7), (16)

where z = z(t,7) is the solution (16) of the equation (10), Q(z,7) € U is the well-known function of the space
U. The right part of this equation:

Gt,7) = —t(l_a)% +Riz+Q(t,7) =
9 i , > _
— _t<1—a>a 20(t) + Yz (e | + Ry | 20(t) + Y zi(t)e” | +Q(t,7)
j=1 j=1

may not belong to space U, if z = z(t,7) € U. Indeed, taking into account the form (14) of the function
z = z(t,7) € U, we consider in G(t, ), for example, the terms

3 *
t ,
Z(t,7) = 9t (e™o1 +ePoa) |20(t) + E zj(t)e™ + E 2" (t)el™ )

2
j=1 2<|m|<Npg

t t ) X
= 200 o+ ) + 3 B0 (e 4 e ) +

j=1

t *
—|—§ (e™o1 + e™o9) Z 2" (t)el™ ),
2<|m|<Nu

Here, for instance, terms with exponents
67'2+7'3 — e(m’7)|m:(071,1), 6T2+(’m77') (Zf my = O,mg +1= m3) ,

et (if my =0, mg 41 =my), e ™7 (if my = 0,my = ms), (%)
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Ta+(m,7) (if my =0, mg =mg), em2tim.m) (if m1 =1, mg =m3),

e (if my =1, my = mg)

€

do not belong to space U, since multi-indexes
(0,n,n) €Ty, (0,n+1,n) €Ty, (O,n,n+1)eToVneE N

are resonant. Then, according to the well-known theory (see, [6; 234]), we embed these terms in the space U
according to the following rule (see (x)):

e+ =’ =1, enzt(m7) :eozl(if my =0,me +1=mg3),

6T3+(m17) = eO =1 (Zf my = 07 ms + 1= mQ) 5

—_—
et mT) = €™ (if my = 0,mg = mg),eTmT) =™ (if my =0, mg =mg),

—_— —_—
et (mT) (if my =1, mg = mg) = €™, e HnT) =™ (if my =1, my =m3).

In other words, terms with resonant exponentials e(”7) replaced by members with exponents e°,e™,e™, e™
according to the following rule:

o — —

(m,T) — Ofl (m,T) — pT1 m — T2 @\T) — 73
(& ’ |m€F0 =€ = ) & ’ |m€F1 =e ) € ’ |7n€F2 =e 9 € ! |m€F3 =€ .

After embedding, the right-hand side of equation (15) will look like

~ 9 2 - > i )
G(t,T):ft(l*a)a 20+ Y zMe+ Y 2™+ Y N 2 (1) e | +Q(t,T)
j=1 2<|m|<Ng J=0mier;

~

— G(t,7) will not affect the accuracy of the construction of asymptotic
7 =% coincides with G(t, 7).

g

As indicated in [6], the embedding G (¢

) 7)
solutions of problem (2), since G(¢,7) at
3
Theorem 2. Let conditions (1), (2) be fulfilled and the right-hand side H(¢,7) = Ho(t) + > H;(t)e™ +
j=1
+ 3 H™@t)e™™) € U of equation (10) satisfy condition (11). Then problem (10) under additional
2<|m|<Ny
conditions

~

<G(t,7),e™ >=0Vt € [tog, T] (17)

3 *
where Q(t,7) = Qo(t) + 3 Qr(t)e™ + X Q™(t)e™7) is the known function of space U, is uniquely
k=1 2<|m|<N.
solvable in U.
Proof. Since the right-hand side of equation (10) satisfies condition (11), this equation has a solution in
space U in the form (14), where ay (t) € C* ([tg, T'], C) is arbitrary function. Submit (14) to the initial condition
y (to,0) = y*. We get a(tg,t) = y«, where denoted

Hy(to) B Hs(to) _
00— (to) — M(to)  tol—As(to) — Ai(to)

zo = 2" + A7 (to) Ho(to) —

*

— ) [(mA(t)) — Alto)] T H™ (to).

2<|m|<Nu

Now, we subordinate the solution (15) to the orthogonality condition (17). We write G(¢,7) in more detail the
right side of equation (10):

*

0
Gt,7) = —zt(l—°‘>a 20(t) + n(t)e™ + har (t)e™ + hay ()e™ +  H_ P™(t)e™ 7| +
2<|m|< N

Mathematics series. Ne 4(104) /2021 61



M.A. Bobodzhanova, B.T. Kalimbetov, G.M. Bekmakhanbet

t *
+§ (™01 + €M 02) |20(8) +ar(B)e™ +har(De™ +har(H)e™ + Y P07 | +
2<|m|<Nu

+Ry |20(t) + ar(t)e™ + har()e™ + har(H)e™ + > P™(0)e™ ) | +Q(t, 7).

2<|m|<Nm

Embedding this function into space U, we will have

a *
Gt,7) = —t(l’o‘)§ 20(t) + ar(t)e™ + hoy (£)e™ + har()e™ + > P()e™) | +

2<|m|<Ny
' {g(t)ZO(t)emal " @Zo(t)emgfr Zg: @Z'(t)eTjJFTQCH + 23: @Z-(t)67j+730’2+
2 2 = o “i 2 o
* . ) t )
Jr2<|mz|;NH % nen e 2<|mz;zvH % (et gy L4

*

+R; Zo(t) + aq (t)e“ + hgl(t)eT2 + h31 (t)e” + Z Pm(t)e(m’T) + Q(tﬂ') =

2<|m|<Ng

8 *
= —t(l_“)& z20(t) + ar(t)e™ + hoy (t)e™ + har(t)e™ + > P ()™ | +
2<|m|<Ng

t
+§ {zo(t)e™ o1 + z0(t)e™ ot w + ho1(t)e*™ o1 + hay (t)e™ 2o+

+aq (t)eTl+T302 + hgl(t)€T2+T30'2 + h31 (t)€2T30'2+
A

+ Z Pm(t)e(m’T)+T201 + Z Pm(t)e(m’r)+7302 +

2<|m|<Np 2<|m|<Np

*
+R; Zo(t) + al(t)eﬁ + hgl(t)eTQ + h31(t)er3 + Z Pm(t)e(m’T) + Q(tﬂ').
2<|m|<Nm
The embedding operation acts only on resonant exponentials, leaving the coefficients unchanged at these
exponents. Given that the expression

*

Ry |z (t) + o (t)e“ + hgl(t)eTz + h31 (t)eTB + Z Pm(t>€(m’7—)

2<|m|<Nu

linearly depends on o (t) (see formula (5,)), we also conclude that after the embedding operation the function
G (t,7) will linearly depend on the scalar function o (t). Given that in condition (16) scalar multiplication by
functions e™, containing only the exponent e™, in the expression for G (¢,7) it is necessary to keep only the

term with the exponent e™. Then condition (17) takes the form
) al :
< —t(l—a>5 (ai(t)e™) + ST w™ (ar(t),t) | e + Qu(t)e™ e >=0 Vi€ [t,T]

Im!|=2:mlel

where w™' (a1 (t),t) are some functions linearly dependent on «(t). Performing scalar multiplication here,
we obtain a linear ordinary differential equation (relative t) for a function «;(t). Given the initial condition
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a1 (tp) = y«, found above, we find uniquely the function «;(t) € C* [to,T] and therefore, we will uniquely
construct a solution to equation (9) in the space U. The theorem is proved.

As mentioned above, the right-hand sides of iterative problems (8;) (if solved sequentially) may not belong
to space U. Then, according to [6; 234], the right-hand sides of these problems must be embedded into U,
according to the above rule. As a result, we obtain the following problems:

0z i 0z ~

Lz(t,7,0) = Al(t)a—o + 170N N ()2 — M(t)z0 — Rozo = h(t), z0(t,0) = 2°; 9)
T1 = I7;

(1-a)920 | [9(t), - . " _
Lz (t, 1) =—t 2 T 7(6 201 +e™02)20| + Rizo, 21(to,0) =0; (81)

1—a) 921 9(t) " 3
Lzy(t, 1) = —t _Q)E + [2( "o+ 67302)21] + Riz1 + Razo, 22(t0,0) = 0; (82)

0zk— t "
sz(t,’r) = _t(lf"‘)% + |:g(2)( 201 + €T302)2k1:| 4+ Ripzo+ ...+ Rizi_1,

Zk(to,O) = 0, k Z 1. (gk)
(images of linear operators % and R, do not need to be embedding in space U, since these operators operate
from U to U). Such a change will not affect the construction of the asymptotic solution of the original problem

»(t)
€

(1) (or the equivalent problem (2)), so on the restriction 7 = series of problems (8) will coincide with a

series of problems (8y) (see [6; 234-235].
Applying Theorems 1 and 2 to iterative problems (8,) (in this case, the right-hand sides H (%) (¢, T) of these

problems are embedded in the space U, i.e. H(k)(t,’l') we replace with ﬁ(k)(t,T) € U), we find uniquely their
solutions in space U and construct series (6). Just as in [13, 14|, we prove the following statement.

Theorem 3. Suppose that conditions 1), 2) are satisfied for equation (2). Then, when ¢ € (0,g¢](gg > 0 is
sufficiently small), equation (2) has a unique solution z(¢,&) € C* ([to,T],C), in this case, the estimate

[2(t,€) = zen ()l | oy < enve™ T N =0,1,2,....

holds true, where z.n(t) is the restriction (for T = @) of the N — partial sum of series (6) (with coefficients
z(t, 7) € U, satisfying the iteration problems (8,.)), and the constant ¢y > 0 does not depend on e € (0,).

Construction of the solution of the first iteration problem
Using Theorem 1, we will try to find a solution to the first iteration problem (8p). Since the right side h(t)
of the equation (8)) satisfies condition (10), this equation has (according to (15)) a solution in the space U in
the form
20(t,7) = 230(t) + oV (t)e™ (18)

where ago) (t) € C*=([to,T],C) are arbitrary function, y(()o)(t) is the solution of the integral equation

0 = [ (AT OK5) A7 (6)ds A Oh(o). (19)

Subordinating (18) to the initial condition zo(tg,0) = 2°, we have
zéo)(to) + ago)(to) =2 & ago)(to) =20 z(()o) (to) & ago)(to) =20+ A7 (to)h(to).

To fully compute the function ago) (t), we proceed to the next iteration problem (8). Substituting into it the
solution (18) of the equation (8¢), we arrive at the following equation:

o O a0 (t) A
— (=) & (0 iy _ 4(1-a) (0) 1 9 T2 5 (0) (0) 4y ,71
Lz (t,7) = —t 57 %0 (t)—t 5 <a1 (t)) e + [ 5 (€01 + e o) (Zo (t)+ay (t)e )} +
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e e
e (¢) to ') Ay (to)

Aj(t) Aj(to)
(here, we used the expression (6,) for Ryz(t,7) and took into account that when z(¢,7) = 2o(¢, 7) the sum (6,)

contains only terms with e™).
Let us calculate

Kt 000(t) . K(t 1)l (t) 23: [K(t,t)zj(-o)(t) . K (t’fo)zﬁ'o)(to)]

Jj=2

M = [9(;) (e™01+e™ay) (Z(go)(t) + O‘gO)(t)enﬂ A B

t
= % {alzéo) (t)e™ —|—02z(()0) (t)e™+ 01oz§0) (t)e™™ + 020450) (t)emtmyh,

Let us analyze the exponents of the second dimension included here for their resonance:

. |T:w(t)/8 _ e% J;to(,iﬁ/(e)HA(e))de? era \r:w(t)/s _ 6% fttg(fiﬁl(G)JrA(B))de’
0, 0,
. A . A
—if + A= —%ﬂ’ &0, —if + A= 7;5, < 0.
+if, +if’,

Thus, exponents ¢™+7 and ™17t are not resonant. Then, for solvability, equation (18) it is necessary and
sufficient that the condition )
K(t,t)a; (1)

0
41— Y [ (0)
t (041 (t)>+ A=, (1)

ot =0

is satisfied. Attaching the initial condition
ot (to) = 2° + Ay ! (to)h(to)
to this equation, we find .
(1) = o0 to)c (i )

and therefore, we uniquely calculate the solution (18) of the problem (9¢) in the space U. Moreover, the main
term of the asymptotic of the solution to problem (2) has the form

t t
J (ﬁ)dug J Ai(8)de
to

Ze0 (t) — Zéo) (t) + ago) (to)etﬂ 02(1=2) x, (0) (20)

where ago) (to) = 2° + A7 (to)h(to), z(()o) (t) is the solution of the integrated equation (19). From expression
(20) for zeo(t) it is clear that z.o(t) is independent of rapidly oscillating terms. However, already in the next
approximation, their influence on the asymptotic solution of problem (2) is revealed.
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acepin 3eprrey 60JIbI TabbLIa bl Pe30HaHCTHIH 60/IMay bl YKaF1ailbl KAPACTBIPbLIFaH, SIFHHA, XKbLIJIaM Tepoe-
JieTiH GipTeKTUMKCI3MIKTIH Oy TiH ChI3BIKTHIK, KOMOMHAIUSICHI OEPIIreH YaKbIT HHTEPBAJIBIHBIH, OapJIbIK HYK-
TeJIepiHeri MEeKTI OnmepaTOPBIHBIH CIEKTPIHIH MoHIEpiHe cofikec KeaMelTin karmait 3eprrenren. [llekTi
oIepaTop CIIeKTPIMeH XKbLIgaM TepOeseTiH O6ipTeKTiMKCI3MIKTIH, KUTriHIH coliKec KeJly »Karaaiibl pe3o-
HaHCTBIK, YKaFmail Jgen ataaaabl. By xKarmaiibie 3epTTesyi Kejeci eHOeKTe KocnapaHraH. Pe3oHaHCTBIH
KYPAETl Karaaiiaapbl (MBICAJIBI, TEME-TEHIK PE30HAHCHI) MYKHAT TAJIAYIBl KAXKET eTell XKoHe Oy XKy-
MBICTa KaPaCTBIPBIIMAFraH.

Kiam cesdep: CUHTYJISAD aybITKY, OOJIIIEK PETTI TYBIHIBLIBI HHTETPO-TUdHEPEHITUAIBIK, TEHIEY, UTEPATIIUSI-
JIBIK, €CEeIITeP, UTEPAI[UOH €CEeNTEP I H IIeITiM/IiIiri.
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M.A. Bo6omxkanosa!l, B.T. Kammv6eros?, I'M. Bekmaxan6er?

! Hayuonaavnoidi uccaedosamenvcruti yrusepcumem, Mockosckuti snepzemuneckuts uncmumym, Mockea, Poccus;
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2 Meorcoynapodnutl xasaxcko-mypeukul yrusepcumem umeru X.A. Hcasu, Typrecman, Kasaxcmarn

AcuMIITOTHKA pelieHnii CUHTYJISPHO-BO3MYIIIEHHOTO
nHTerpo-anddepeHInaIbHOro ypaBHEeHs JJPOOHOr0 NOPAIKa
Cc OBICTPO OCHMJLJIUPYIONIMMU KO3 punmeHTaMu’

B cratbe wmeronm perymspuzamuu C.A. JlomoBa 00600IeH Ha  CHUHTYJISIDHO-BO3MYIIEHHOE WHTEIPO-
nuddepeHnmanIbHoe ypaBHeHe JPOOHOTO MPOU3BOAHOTO ¢ OBICTPO OCIUJIIUPYIONAME KO(DMOUITHEHTAMUA.
OcHoBHas 11€J1b pabOThl — BBISBUTDH BJIMSIHUE OCIUJLIMPYIONIMX COCTABJIAONUX HA CTPYKTYPY aCUMIITOTH-
KU peIlleHust 3Toi 3aJa4un. PaccMOTpeH ciiydail OTCyTCTBUSI pe30HAHCA, T.€. CJIydail, KOra IeJOUnCIeHHAsT
JinHelHast KOMOUHAIUsT OBICTPO OCHUJIIUPYIONIEl HEOJHOPOIHOCTH HE COBIAJAET C TOUKOW CIEKTpa Ipe-
JIEJILHOT'O OIIEPATOpa Ha BCEX TOYKAX PACCMaTpUBAeMOro orpes3ka Bpemenu. Ciydail COBIAJIEHUS YaCTOTHI
OBICTPO OCHMJINPYIOIIEH HEOTHOPOJHOCTH C TOYKON CIEKTpa IIPEIEJbHOIO OIepaTopa HAa3bIBAETCS PE30-
HaHCHBIM. JlaHHBINA ciiydail mpeanoJiaraeTcs M3y9YUTh B HAINKX TOCJEAyONmX paborax. Bosee cioxubie
cilyvan pe3oHaHca (HAupuMep, TOYEUHBIH Pe30HAHC) TPeOYIOT TIATEJLHOIO IIOX0/a U B JAHHOl padore He
OylyT pacCMaTPUBATHCSI.

Kmouesvie cA06a: CHHTYIISIPHO-BO3MYIIIEHHOE, THTETPO-TnddepeHnnaabHoe ypaBHEHNE ITPOU3BOIHOTO APOO-
HOT'O ITOPsIJIKA, UTEPAIMOHHBIE 33J1a91, PA3PEIINMOCTb UTEPAIINOHHBIX 3a/1aM.
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On Hadamard Product of Hypercomplex Numbers

Certain product rules take various forms in the set of hypercomplex numbers. In this paper, we introduced
a new multiplication form of the hypercomplex numbers that would be called «the Hadamard product»,
inspired by the analogous product in the real matrix space, and investigated some algebraic properties of
that, including the norm of inequality. In particular, we extended our new definition and its applications
to the complex matrix theory.

Keywords: Quaternion product, dot product, Hadamard product, hypercomplex number.

Introduction

In 1843, the Irish mathematician Sir William Rowan Hamilton introduced quaternions as an extension of
complex numbers to higher spatial dimensions [1]. The set of real quaternions is often denoted by H in honor
of its discoverer and is defined as follows:

H={q=q0+G:q=1q1+ jg2 + kg3 and qo,q1,92,93 € R},

where ¢ is called the scalar part of ¢, and ¢ is called its vector part. The scalar and vector parts of a
quaternion ¢ are denoted by Sc(q) and Vec(q), respectively. The monographs [2], [3] present well-known
systematic investigations on the subject. In addition, the papers [4], [5] include some interesting applications of
the quaternions.

One can apply the Cayley-Dickson process (also known as Cayley-Dickson doubling) this process to the
complex numbers quaternions (dim 4), octonions (dim 8), sedenions (dim 16), ..., 2V-ons (dim 2N ) in success-
ion. Fach one is a sub-algebra of all the preceding ones. Note that an increase in the dimension of the algebra
causes the loss of certain algebraic properties. For example, quaternions do not possess the commutative property
that complex numbers possess, and octonion algebra loses the associative property. These losses often lead to
unexpected results.

A 2¥_ons hyper-complex number is regarded as a linear combination of a canonical basis set of this algebra
in the form

2N
w = Zwié} = W1€] + Wa€y + - - - + Wan N,
i=1
where €; refers to the components of the basis set and w; refers to real numbers. Note that the product of any
two values of ¢; is linearly dependent on €7, €, - - - , @y~ . Consider that algebraic properties of the hypercomplex
numbers are investigated in [6-9]. For example, Table 1 summarizes the multiplication rules for the basis vectors
of the quaternion and octonion algebras. This table is provided by Cawagas in reference [10]. The conjugate of
w is as follows:
21\7
w* = wlé'l - Zwlé; = wlé'l — ’LUQéé — = ngggN,
i=2

and its norm is

*Corresponding author.
E-mail: ahmetdasdemir37@gmail.com
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Table 1

The multiplication rules for quaternions and octonions

-0 1 2 3 4 5 6 7
ojo0 1 2 3 4 5 6 7
11 0 3 -2 5 -4 -T 6
212 3 0 1 6 7 -4 -5
3(3 2 -1 0 7 -6 5 -4
414 -5 6 -7 -0 1 2 3
5|15 4 -7 6 -1 -0 -3 2
6(6 7 4 -5 -2 3 -0 -1
T|7 6 5 4 -3 -2 1 -0

In this paper, we define a convenient operation between two hypercomplex numbers u and v as the Hadamard
product uow. It turns out that the Hadamard product of hypercomplex numbers is the analog of the Hadamard
product of matrices. In addition, we show certain algebraic properties of such a product. This definition was
developed particularly to characterize certain structures while working on specific quaternion sequences.

Before presenting our definition and results, we recall the following multiplication rules on the set of H.

Let p, ¢, and r be any three quaternions.

e The quaternion multiplication of p and ¢ is defined as follows:
pq = ug + iug + jue + kus,

where 1o = pogo — P1g1 — P2g2 — P3G3, U1 = P1Go + Pog1 — P3G + P2g3, U2 = P2go + P3q1 + Pog2 — p1g3 and
U3 = p3qo — P2q1 + P192 + Pogs-

e The dot product of p and ¢ is a real number that is defined by
P-q = pogo + P1q1 + P2g2 + P3g3.

e The cross product is defined by
e The mixed product is defined by

(D,q,7) =p-(Gx7).
e The quaternion outer product of p and ¢ is defined by

(p.q) = Pod — qop — P % q.
e The even product of p and ¢ is defined by
[p, 4] = pogo — BG — Pod + qop-

Main Results

Let us denote the set of all 2V-ons hypercomplex numbers in the following form:
0= {wzwle_i +w:w=wé, 1=2,3,...,2Y and w; ER},

where ¢; refers to the components of the basis set. Throughout this paper, i,7 =1,...,2Y¥ and [ =2,3,...,2N.
Note that the multiplication rule

2= 1, &% = —1, and ¢€jé; +¢€j¢; =0 for i # j (2)

is valid. At this instance and further in the document, repeated indices are summed over their ranges unless
specified otherwise. We can reduce our results to particular cases depending on the choice of N. Clearly, we
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successively obtain the well-known complex numbers for N = 1, quaternions for N = 2, octonions for N = 3,
sedenions for N =4, ..., 2N-ons for N by starting from the real numbers for N = 0.

Now we give the following definition.

Definition 1. For two hypercomplex numbers p = p;€; and ¢ = ¢;€;, the Hadamard product of p and ¢ over
the set O is defined as follows:

PO g =Pigi€; = P1G1€1 + D2G2€2 + P3G3€3 + - - - + Pangan Ean,

where p;, q; € R.

This definition involves an element-wise product of hypercomplex numbers similar to the Hadamard product
defined on the set of matrices. As a result, this inspired the name «Hadamard product» of hypercomplex
numbers. To avoid confusion, juxtaposition of hypercomplex numbers will imply the usual product of hyper-
complex numbers, and we will always employ the notation «o» for the Hadamard product.

Theorem 1. (O, +,0) is a ring but not either an integral domain or a field.

Proof. We know that (0, +) is a commutative group. On the other hands, we can write

po (q © 7“) = [pigi] o [%‘ﬁé] = PiqiTi€; = [piQigi] ° [Tigi] = (P © (1) or

and
ro(p+q) = [ri€i o[(pi + @) €] =i (pi + @) € = rip;i€; +1r:q;€; =rop+roq.

Similarly, (r + p) og = rog+ pogq can be demonstrated. Now, we investigate the algebraic properties of (0*, o),
where O* = O — {0}. It is clear that (O*,0) is closed, associative, distributive, and commutative. However,
there are nonzero elements which are not invertible. For example, the element ¢ = €7 + €3 is nonzero and not
invertible. Since (0*,0) is not a group, (0, +,0) is not a field. We will prove that (O, +,0) is not an integral
domain later.

Unlike the usual product, the commutative law on the set Q is valid for the Hadamard product. We denote
the identity element under the Hadamard product by Z. Clearly, the identity Z is a hypercomplex numbers with
all entries equal to 1, that is Z = €] + €5 + ...+ €y~. In addition, we can conclude from the proof of Theorem 1
that a hypercomplex numbers ¢ has an inverse under the Hadamard product only if ¢; # 0 for all 1 <14 < 2V,

Remark 1. According to Theorem 1, (0, +,0) is a commutative and associative ring with an identity.

Throughout the paper, we will use the following notations under the Hadamard product: We denote the
Hadamard inverse of q by ¢°(—1) and the iterated Hadamard product po p o --- o p by ¢°™ that is ¢°) = p,"é;.

n times

Theorem 2. The Hadamard product is linear.

Proof. To prove this theorem, we must show that the Hadamard product satisfies two conditions such that
ro(p+q)=rop+rogand a(poq) = (ap) o q = po (ag). We have already shown the first condition. It is
sufficient to complete the proof that we show in the second condition. For a@ € R, we can write

a(poq) = a(pigi€;) = (api) ¢;€; = (ap) 0o q = p; (ag;) € = po (aq) .

Thus, the theorem has been proved.
The next theorem presents certain fundamental properties.
Theorem 3. Let p and g be any two hypercomplex numbers. Then

i. pog=pogq=poq

@

—

it. pop=pop=p°
iii. (po q)o(fl) = p°(=1 0 ¢°(=1) where p and ¢ are invertible in the Hadamard sense.
Proof. We can write
poq = (piqi€i) = P11€1 — pLqi€y = p1qi€1 + (—p1) @€ = p1q1€1 + pi (—q) €.

The last two results give the the proof of 3.i. Similarly, we get

poP=Dop= (pi€;) o (¢;€;) = p1°€1 — p°e; = p°?.
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Finally, )
(poq)® " = (pgE) Y = —a,
Diqi

and the result follows.

Theorem 4. (0, 0) contains zero divisors and nontrivial idempotent elements but does not have nilpotent
element.

Proof. Let p and ¢ be two non-zero hypercomplex numbers whose coefficients satisfy one of the conditions
such that p; # 0 and ¢; = 0 or p; = 0 and ¢; # 0. In this case, since p;q; = 0, viz. po ¢ = 0, we conclude
that (O, o) has many zero divisiors for hypercomplex numbers in the form mentioned. Suppose that p is not a
unit hypercomplex numbers; further, suppose that the entries of p are either 1 or 0. Then, we can write that
p°() = p. Further, p°(™ = 0 only if p;” = 0. As a result, (0O, o) does not have nilpotent elements.

Theorem 5. Let p and ¢ be any two hypercomplex numbers. Then, we have

N(pogq) <N (p)N(q).

Proof. Considering Eq. (1), we write
2N 2N
(NN @) =Yp?| | D e’ | = i)+ R(piai)
i=1 i=1

where R (p;,q;) denotes the remaining terms. Since R (p;, g;) > 0, the desired result is obtained.

Remark 2. Theorem 5 indicates that (O, +,0) is a normed algebra.

Theorem 6. (O, +,0) is isomorphic to one of the following four algebras: the real numbers, the complex
numbers, the quaternions, and the Cayley numbers.

Proof. The well-known Hurwitz’s theorem states that every normed algebra with an identity is isomorphic
to one of the following: the algebra of real numbers, the algebra of complex numbers, the algebra of quaternions,
and the algebra of Cayley numbers. From Remarks 1 and 2, we can consider that (O, +,0) is a normed algebra
with an identity. Thus, the proof is completed.

We can say that Def. 1 has many applications in mathematics. One of the most important is that there are
usages in the matrix theory. Let A = (ay;) and B = (bg;) be two m x n matrices, i.e., of the same dimension
but not necessarily square. Then, the Hadamard product between these two matrices, denoted by A x B, is an
m X n matrix given by

AxB= (aklbkl) .

In our investigation, there are two various situations: Case (1) is the usual product of the hypercomplex numbers
in the product element, i.e. P®Q = [pj1qxi]; and Case (2) is the Hadamard product of the hypercomplex numbers
in the product element, i.e. P ® Q = [p o q1]. Note that pj; and qx; are any 2V-ons hypercomplex numbers
here.

A finite-dimensional associative algebra over any field F' is algebraically isomorphic to a sub-algebra of
the full matrix algebra over the considered field. This means that each component in the finite-dimensional
associative algebra has a faithful matrix representation over the field. Based on this motivation, we now define
a bijective map

Qrw=wi€] +wyey + - Fwonéon €0 = ¢ (w) = [[W] €jlon yon-

Here, the bracket is the vector representation of the corresponding quantity. Note that ¢ (w) is a real skew-
symmetric matrix. As an example, for n = 2, we can write the matrix ¢ (w) as

woyg —wWp —W2 —Ws
w1 Wo —ws w2
w9 ws wo — w1
w3 —wz2 W Wo

o (w) =

Hence, we can give the following significant result.
Corollary 1. (0, +,0) is algebraically isomorphic to the matrix algebra

M= { i e*j]QNXzN‘w c @}.
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Further, ¢ (w) is a faithful real matrix representation of w.
Next, we present the following result.
Lemma 1. Given any w € Q, the following unitary similarity factorization equality is valid:

@ (w) =MD, M", 3)

—-N

where M = (\/§) [€:En], En = [ €] —€ —€3 ... —@yn ]T, M* means the complex conjugate of M, and

D,, denotes a diagonal matrix such that while the entries outside main diagonal are zero, others are equal to w.
Proof. According to definition of M, we can write that M* = M. Hence, we can rearrange Eq. (3) as follows:

@ (w)M =MD,,.

Using the definition of matrix multiplication and the rules given in (2), the result follows.
We present our main result in the following.
Theorem 7. For any u,v € Q, we have

D,®D, =M (uv)M (4)

and
D, ® D, =My (uov)M. (5)
Proof. Applying matrix multiplication rule and Eq. (2) into each side of Egs. (4) and (5), the results follow.
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A. Jlammgemup

Kacmamony ynusepcumemi, Kacmamony, Typrus

I'mmepkomniekcTi cangap AgamMapabiH KeOelTiHIici TypaJibl

TI'unepromIuTEKCTI CaHIAp KUBIHBIHIA SPTYPJIi hOpMaHbI aaThiH Gesriai 6ip kebeitTy epexenepi 6ap 60sa-
nel. MakaJsiajia HAKTbl MaTPUIAJIBIK, KEHICTIKTErl KobeiTyre yKcac rulepKOMILIEKCT] caH1ap/Ibl KOOEHTY/ IiH,
»KaHa (popMachl eHTIi3ILIreH, 01 «AaMap KeOeNTiH Iicl» el aTaaa bl XKoHEe OHBIH, Keibip anrebpasiblk, Kacu-
eTTepi, COHBIH, IIHAe HOPMAaHbIH TEHCI3OIri seprrenren. ATam aiTKaHOa, >KaHa aHBIKTAMAJIADP YKOHE OHBIH
KOCBIMIITAJIAPbl KOMILJIEKCTI MaTPUIAJIAp TEOPUSCHIHA JIefiiH KeHeUTiIreH.

Kiam cesdep: KBaTepHUOHIAPIBIH, KOOeHTiH icH, cKaisap KeGedTiHal, AnaMap/bid, kebelTiHmici, rumeprkoM-
IJIEKCTI CaH.
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Vrnusepcumem Kacmamony, Kacmamony, Typuus

O npowusBesiennn AjjamMapa r’mrepKOMILJIEKCHBIX YHUCEJI

Cy1iecTByIOT OIpeJIe/IEHHbIE IPABUJIA [IPOM3BEIEHNUsI, KOTOPbIE IPUHUMAIOT Pa3JIMdHble (POPMbI HA MHO-
JKECTBE THUIEPKOMILIEKCHBIX YhCel. B HacTosIeill craTbe BBelleHa HOBasi (DOpPMa YMHOYKEHUsSI THUIEPKOM-
IJIEKCHBIX 9HCEJI, KOTOpas OyJIeT HA3LIBATLCS «IIPOU3BeJeHneM Ajamapasy, BIOXHOBJICHHAS AHAJIOTHIHBIM
IIPOM3BEJIEHNEM B BEIIECTBEHHOM MATPUYHOM IIPOCTPAHCTBE, U HCCJIEIOBAHBI HEKOTOPBIE €ro aJyrebpande-
CKHe CBOHCTBa, BKJ/IIOYasl HEPABEHCTBO JIJIsi HOPMbI. B 9acTHOCTH, aBTOP CTATbU PACIIUPUII ONIPEIEICHNAE U
€ro IPUJIOXKEHNHA Ha TEOPHUI0 KOMIIJIEKCHBIX MaTpPHII.

Karouesoie caosa: TpousBeicHre KBATEPHUOHOB, CKAJISIPHOE IIPOU3BEJIEHNE, TPOU3BEIeHIe A taMapa, TUIep-
KOMILJIEKCHOE YHCJIO.
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On One Initial Boundary Value Problem for
the Burgers Equation in a Rectangular Domain

We consider some initial boundary value problems for the Burgers equation in a rectangular domain, which
in a sense can be taken as a model one. The fact is that such a problem often arises when studying the
Burgers equation in domains with moving boundaries. Using the methods of functional analysis, priori
estimates, and Faedo-Galerkin in Sobolev spaces and in a rectangular domain, we show the correctness of
the initial boundary value problem for the Burgers equation with nonlinear boundary conditions of the
Neumann type.

Keywords: Burgers equation, boundary value problem, Sobolev classes, rectangular domain, Galerkin methods,
priori estimates.

Introduction

The study of the Burgers equation has a long history, some of which is given in [1-4], as well as in monographs
[5] and [6].

In works [1] and [2] in Sobolev spaces, the correctness of the boundary value problem for the Burgers equation
was established. In this case, the domain of independent variables degenerated according to a nonlinear law,
and homogeneous Dirichlet conditions were set on the boundary.

The infiltration of the wetting front into a porous medium is a classical problem with a free boundary.
Historically, the first example is the Green-Ampt model for water flow in soils [7]. There is a huge variety of
situations (chemically reacting media, deformable media, capillarity effects, mass transfer, mixture flows, media
with a complex structure, pollution, reclamation, soil freezing, production of composite materials, brewing, etc.).

Nonlinear Burgers equations and their modifications are also suitable models of fluid motion in porous media
[8-13].

The range of application of boundary value problems for parabolic equations in a domain with a boundary
that changes over time is quite wide. Such problems arise in the study of thermal processes in electrical
contacts [14], the processes of ecology and medicine [15], in solving some problems of hydromechanics [16],
thermomechanics in thermal shock [17], and so on.

In this paper, in Sobolev classes, we study the solvability of the initial boundary value problem for the
Burgers equation in a rectangular domain with nonlinear boundary conditions of the Neumann type.

In Section 1, the statement of the boundary value problem under study is given, and the main result of the
work is formulated. We study the questions of unique solvability of two auxiliary boundary value problems for
the Burgers equation in rectangular and non-rectangular domains, which are used in the proof of the main results
of the work. Sections 2-5 are devoted to the first auxiliary problem. In these sections, the correctness of this
problem in Sobolev classes is established by the methods of a priori estimates and Faedo-Galerkin. In sections
4-5, Theorem 1.1, the main result of the work is proved. The work is completed by a brief conclusion.

*Corresponding author.
E-mail: bekaaskar@mail.Tu
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1 Problem statement and main result

In the domain Qu = {y,t| y € (0,1), ¢t € (0,T)}, we consider the following initial boundary value problem:

Ow + a(t)wdyw — B(t)aiw +7(y, t)0,w = g,

—w’ — B(t)ayw} | =0, [a:(f)wg — B(t)0yw ‘y:l =0, 0<t<T,

w(y,0) =0, 0<y< 1.

where the given continuous functions a(t), 5(t), v(y,t) satisfy the following conditions

O/<t) S 07 6/<t) S 07 aq S Ol(t) S 2, Bl S ﬁ(t) S 627 "Y(y,t)‘ S 1, |6y7(y7t)| S 1, Vit e [O,T],

with given positive constants

o, Bi, 1=1,2, 713 Oz(t)7 ﬁ(t) € Cl([07T])> ay'y(y7t) € C(Qyt)

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

Theorem 1.1 (Main result). Let g € Lo(Q,y¢) and conditions (1.4)—(1.5) be satisfied. Then boundary value

problem (1.1)—(1.3) has a unique solution
w € H>M(Qye) = L2(0,T; H*(0,1)) N H'(0,T; L2(0,1)).
To apply the Faedo-Galerkin method, we need to solve the following spectral problem:
=Y"(y) = XY (y), y € (0, 1),

Y’'(0) + A?Y(0)
Y'(1) — A?Y (1)

)

0
0

)

obtained by applying the variable separation method (u(y,t) = F(¢)Y (y)) from the following problem

Ou—02u=0, ye(0,1), te(0,T),
Oyu — 8xu|y:0 =0, O+ 8mu|y:1 =0,
u(y,0) = uo(y).
2 Solving spectral problem (1.6)-(1.8)
We seek the general solution to equation (1.6) in the form
Y (y) = Cy exp{i\y} + Caexp{—i\y}, i = V1.

Satisfying (2.1) to boundary conditions (1.7)-(1.8), we obtain
_ _ Aot
Yoi(y) =1, Ao1 =0, tan == = o1,

>\2n—1(1 - Qy)
2

Aop—
, )‘2n—1 = (2n - 1)71' + Eoan—1, tan 2721 ! = *)\271_1, n e N,

Yaon-1(y) = cos

M )\02%21 cot@:)\og

Yo2(y) = sin 5 3 5

Aon (1 —2

It is easy to see that the solutions of equations

A
, Agp = 2nT + €9,, COL % = Ao, n € N.

Aop—
tan 220t —Xon_1, n €N, and

>\2n
t —
2

2 :A2na TLEN,
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are, respectively, close to points (2n — 1)7 and 2nm, n € N, and with the growth of n they approach arbitrarily
close from the right to the corresponding specified points (2n — 1)7 and 2n7, n € N, ie. g, = 04+ at n = oo
(see Figure 2.1-2.2). If we introduce the notation 2z = (1 — 2y)=, then we get: © € (—7/2,7/2).

By the Paley-Wiener theorem ([18], chapter V, 86, example), the system of functions (2.2) and (2.3) is
complete in L2(0, 1), since the system of functions:

V2cosz 2sin2x v2cos3z 2sindz
ﬁ ) ﬁ ) ﬁ b ﬁ PR

which is complete in Lo(—7/2,7/2), will differ little from it. For the latter system, it is sufficient to make the
replacement x; = x + w/2. We get the system of sines:

\/isinxl ﬁsinQ:cl ﬂsin?)xl \@sinllxl
ﬁ b ﬁ b ﬁ b ﬁ bR

which is complete in Ly (0, 7).
Note that the system of functions (2.2) and (2.3) is not orthogonal in L3(0,1).

r=tan—
9

Y

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
- [ 4
w2 r 5mi2 v w2 4T ami2 )\
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
i

u (367,-367)

-5mi2

|
}
|
|
|
|
|
)
|
|
|
| |
| |
) |
| |
| |
Il |
-gmi2 -4r -Tmi2 -gm -Emi2 = -3mi2 o -mi2 0 w2
|
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|
|
|
|
|
|
|
[
|
|
|
|
i

|
|
|
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4 =3m/2
|
|
|
|
|
|
|

Figure 2.1. Graphs of functions z = —\, z = tan%

Remark 2.1. The applicability of the Paley-Wiener theorem (18], chapter V, 86, example) follows from the
relations:

M~ 3.673, M —m~0533, Mrm=|\ —7|<0.54<In2~0.693, 0§ =exp{Mn}—-1<1.
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smi2
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Figure 2.2. Graphs of functions z = A\, z = COt%
8 Setting and solving the approximate problem

We multiply equation (1.1) scalarly in Lo(0,1) by function v € H'(0,1). As a result, taking into account
initial (1.3) and boundary conditions (1.2) we will have a weak statement of problem (1.1)—(1.3):

1 1 1 1
/atwvdy—i—a(t)/wﬁywvdy—l—ﬁ(t)/ayw@yvdy—&—/v(y,t)aywvdy—
0 0 0

0
1
—?wz(lﬂt)v(l,t) + ?wQ(O,t)v(O,t) = [ gvdy, Yv e H'(0,1), (3.1)
0
w(y,0) =0, y € (0,1). (3.2)
We introduce the following approximate solution
n n
wn(y,1) = Y _c;(0)Y; (), wn(y,0) =D ¢;(0)Y;(y). (33)
j=1 j=1
Next, we will satisfy this solution to an approximate version of problem (3.1)—(3.2):
1 1 1 1
/atwandy + a(t) / Wy Oyw, Y;dy + B(t) / Oyw, 0, Y;dy + /'y(y, t)Oyw,Y;dy—
0 0 0 0
1
2Bz %0+ 22w20.0%0 = [ g (3.4
0

Mathematics series. Ne 4(104),/2021 7



M.T. Jenaliyev, M.G. Yergaliyev, et al.

wp(y,0) =0, y € (0,1), (3.5)

for all  =0,1,...,n, and ¢t € [0,7T].
Lemma 3.1. Problem (3.4)—(3.5) has a unique solution w, (y,t).
Proof. Since the system of functions Y;(y), Y2(y), ... is a basis in L9(0, 1), we have

det{Wn} = [(Yi(y), Y; W)y j=1 # 0, V finite n;

W, is a Gram matrix, (-,-) is the scalar product in Ls(0,1), A, = (0,Y%(y), 9,Y;(y )),” 1

wh (1, 0)Y;(1,6) = wi (0,0)Y5(0,8) = [Y_ ex(OYr(D)PY;(1) = [D_ ex(t)Ya(0)]°Y;(0).
k=1

k=1

Further, if we introduce the notation
Cn(t) ={c1(t), ..., cn(t)},

where
1

g5 (t) = / 9Y;(m)dy, p;(t) = —a(t) / Wy, Y () dy — / (s £)9ywn (3, )Y () dy,
0 0

0
(1) = SO0 WY (1) - [ aOYi0)y(0).
k=1

for all § =0,1,...,n, then problem (3.4)—(3.5) is equivalent to the following Cauchy problem for a finite system
of nonlinear ordinary differential equations

Co(t) = W [=B(#) Anc(t) + Pa(t) + Ha(t) + Gu(t)], Ca(0) = 0. (3.6)
Note that functions p;(t), h;(t) are well-defined, and function g;(¢) is square integrable (by virtue of g € Ly(Q)).
Theorefore, the Cauchy problem (3.6) is uniquely solvable on some interval [0,7"], where T’ < T. However,
according to the priori estimates established below, we find that this solution C,,(f) continues to a finite time 7.

Thus, we find the functions Cy,(t) = {¢;(t), j = 0,1, ...,n} as a solution to the Cauchy problem (3.6) for each
fixed finite n, and together with them the only approximate solution w,(y,t) to problem (3.4)-(3.5). Lemma
3.1 is completely proved.

4 A priori estimates

Lemma 4.1. There exists a positive constant K; independent of n, such that for all ¢ € [0, 7] the following
estimate takes place

lwn (5, 17 0.1 + B / 10y (y: L, (0,0)d7 < K.
0

Proof. Multiplying (3.4) by ¢;(t), summing the result over j from 1 to n and using the equality

1

1 1
/wn t)0ywy, (y, t)wn (y, t)dy = gwi(l,t) - gwn(O t),
0

we obtain
1

1
/ waly, D)2y + B(2) / 10y wa (9, £) Pdy =
0

0

DN | =
&‘g‘
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1

1
= —/v(y,t)aywn(y,t wy(y,t dy+/9 wn (y, t)dy. (4.1)
0 0

Now, by integrating (4.1) with respect to ¢ from 0 to ¢ and using Cauchy’s inequality

1
B gkt
- /’y(y,t)aywn(y,t)wn(y,t)dy < EHaywn(yvt)”%Q(O,l) + 27/61)1”7“”71(1[/»15)”%2(0,1)7
0

1
1 1
[ 96wy < 390w 010 + 3w O 00
0
we get

01300y + 1 [ 10010000 DI 07 <
0

! T
2
o
< <6i+1> /Hwn(y,T)”%Q(o,l)dTJr/||g(y,T)H%2(071)dT. (4.2)
0 0

From (4.2) follows

t T
2
Y
(D12, 01y < (511 +1) [ e+ [ ot DI
0 0

By applying the Gronwall’s inequality, we obtain the estimate for ||wn(y7t)||2L2 (0,1)- By using this estimate in
(4.2), we establish the required estimate for Lemma 4.1.

Embedding H'(0,1) < C([0,1]) from Lemma 4.1 we directly obtain:

Corollary 4.1. There exists a positive constant K/ independent of n, such that for all ¢ € [0, T] the following

inequality holds
t t

t
J1wn0.0Pdr + [ unnPar <28 [0l < K.
0 0 0

where B is a constant of the embedding H'(0,1) < C([0, 1]).
Lemma 4.2. For a positive constant K» independent of n, for all ¢ € (0,7] the following inequality takes
place:

10y wn ()1 Z.00.1) +/3’1/Haﬁwn(yﬁ)lliz(o,ndT < Ka. (4.3)
0

Proof. Taking into account equality

> ey ch — 02w (y, 1),
j=1

which follows from (1.6) and (3.3), and multiplying equality (3.4) by ¢;A7 and summing over j from 1 to n, we

obtain
1d

5 10,012, 0.0+ BONOZ W, D101y =

= a(t) (wn(y. 00, wa(y. 1) 2w (y,1)) + (15,00, wa(y. 1), S2wn(y.1)) -

y=1

— (9(y, 1), awn(y, 1)) + Bpwn (y, 1) Oywn (y,t)| =

y=0
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= alt) (waly: D0y wn (9.1, 2 (9.0)) + (3 DDy (9. 1), B (9,1)) =

(ol 0). 3 (0:.0) + g R0l 0] (1.4
We will use the relations (similar ones are true for the term with w,(0,t))
[ alt) sy o) s (a8 e,
0/ a0l (L0 dt = 0w, (1.1) / ST (L0 e <

t

2w, (1,8)]* + C4 / |w,(1,t)]* dt, where 9C 37 = Jnax |’ (t)B(t) — a(t)B'(t)] -
) <t<

< 9 5
Let us establish the following estimate

(&%)

(&%) 3/2 3/2
o5 1en (LD < ey D120y = g5 lwn s O30 1 o O17250.1) =

1/2
9ﬂ Hwn(yv )H 01)||wn(y7 )||L/2(0,1)||wn(y7t)||Lz(O,1)-

In the previous relation, we used the interpolation inequality from ([19], Theorems 5.8-5.9, p.140-141). Now,
applying Young’s inequality (p~! + ¢! =1):

B
|AB| = (al/pA) (al/q>’ \A|p + — |B|‘1 (4.5)
a qad
where
_ 3/2 > 1/2 4
= ”wn(yat)HHl(Q” , B= 9751 ”wn(yvt)HLz(o,U ||wn(yat)||L2(0,1)a a = 6 p= 3 q=4,
from here, we get
o) 1 1 20
%m}n(lat” g”a wn(yv )HL2(0 1) + |: 35ﬂ4”wn(y7t)“i2(0,1):| ||wn(yat)||%2(0,1) <
1
< gHaywn(yat)”QLz‘(og) + Dy, (4.6)

where the constant D; is determined according to the estimates of Lemma 4.1 and Corollary 4.1.
Similarly to the previous one, we obtain

o9 1 1 20/21 4 9
98 |wn(03t)| 7”8 wn(ya )HLQ(O 1) + 3554 ||wn(y’t)||L2(O,1) ”wn(yat)”Lg(O,l) <
1 1

oo

1
< gHaywn(y’t)”QLQ(o,n + Do, (4.7)

where the constant Dy is determined according to the estimates of Lemma 4.1 and Corollary 4.1.
First of all, we consider the estimates of the nonlinear summands from 4.4. To begin with, we have

[ (w580, ), 0200 (4.0)) | < oy, Dl 20,1050 (5, Dll 1120, 1000 (0, Dl £ 0,1) <

< llwn(y, )l Laco,1) 10ywn (v, )l 12 0,1) 1Oy wn (3, )l L (0,1)- (4.8)
Further, consifeing the interpolation inequality from ([19], Theorems 5.8-5.9, p.140-141)

2|y (4. ) a0y < ClOywa(y. D120 100 (9. I 20100 ¥ By, 1) € H'(0,1),
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from (4.8), we obtain
Q2 ‘ (wn(y» )0y wy (y, 1), 8§wn(y, t)) ’ <
< Cllwn (1) Lo 10yw0n O35 0.1y 10y 1156 1) <

<P p
< 2 020n (0, Ol a0y + | 2 + Collwn (@D 0.0 | 1950 (D1 0.0 (49)

Here, we have used Young’s inequality (4.5), where

3/2 1/2 P 4
A= 0ywn(y, D)7 10,y B = Clwa(®, )00 195wa(v: ) Liony a= G p=5 a=4
Further, for the last two summands from (4.4) we will have:
Oywn (y:t), Oywn (y,t) < 2020, (0, D112 0.1y + C 0,00 (0. ) 2 (4.10)
! yWn\Y, wn Y, =3 yWn\¥Y, )L, (0,1) 3I10yWn Y, L)l L,(0,1) .
(906100, 0wl )] < 10800, D10 + Calloy, O (4.11)
gy, n yWn\Y, )L, (0,1) 4119\Y, )Ly (0,1)- .
Taking into account inequalities (4.6)—(4.11), integrating (4.4) from 0 to ¢, we get
10ywn (y, )12, 0,1) +ﬁ1/Haiwn(y,T)llig(o,l)dT < Adllg(y, 17,0+
0
¢ ¢ t
Jr/A5(T)||8ywn(y,T)||2L2(071)d7' + 20 / lw, (0,1)]® dt + 2C4 / |w,(1,1)]2 dt + 2(Dy + Dy), (4.12)
0 0 0
where 5
1
Ay =2Cy, As(t)= 5 T 2Cs||wn(y, )1 7,(0.1) + 2C5-
Let us estimate the last two integral summands from (4.12). By (4.6)—(4.7), we have
26 [ wn (0.0 dt < L / 10w (5. )12, 0.1) dt + 2D0T,
c ¢
1
20 / lw, (0,8)]? dt < T / ||8ywn(y,t)H%2(O’1) dt +2D1T,
Thus, (4.12) takes the form:
¢
10y wn (Y, )12, 0,1) +ﬁ1/Haiwn(y,T)llig(o,l)dT < Adllg(y, 17,0+
0
/ Co+C
+
Jr/ {A5(7) + 041] Haywn(y,T)H%Q(O’l)dT +2(Do+ D1)(1+T), (4.13)

From inequality (4.13) in the same way as in the proof of Lemma 4.1, we obtain the desired estimate (4.3).
Lemma 4.2 is completely proved.
Lemma 4.3. For positive a constant K3 independent of n, at all ¢ € (0, T the following inequality holds:

10ewn (y, D)1, (g, < Ks. (4.14)
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Proof. Let us write down equation (1.1) for the approximate solution wy,(y, t):
Oywny, + a(t)w,Oywy, — ﬁ(t)agwn +7(y, t)0yw, = g. (4.15)
From equation (4.15), we obtain

10swnll Ly, < 2llwndywnllLy@,.) + B2llOiwnllLa@,0 + Y110y wall Lo, + 190 L2 (@y0)- (4.16)

According to embedding H'(0,1) <+ L (0,1) inequality [[wy|z_ (0,1) < Bllwn|l#1(0,1) holds. Hence, consi-
dering Lemmas 4.1 and 4.2, we obtain

[wndywall?, @, S/||wn(yat)HQLm(o,nHaywn(yat)||2Lz(o,1) dt <
0

< BHaywn(f%t)||2Loo(0,T;L2(0,1)) / ||wn(y,t)||%{1(0’1) dt < BK2K,(1+4T), (4.17)
0

where B is a constant of embedding H'(0,1) < L. (0,1), K; and K, are constants from Lemmas 4.1 and 4.2,
respectively.

Estimate (4.14) follows from (4.16), (4.17) and from the statement of Lemmas 4.1 and 4.2, Lemma 4.3 is
completely proved.

5 Unique solvability of initial boundary value problem (1.1)-(1.3)

Lemmas 4.1-4.3 show that the sequence of Galerkin approximations {wy(y,t), n = 1,2,3,...} is bounded
in space Lo (0,T;HY(0,1)) N L2(0,T; H%(0,1)), and the sequence {d;w,(y,t),n = 1,2,3,...} is bounded in
Ls(0,T; Ly(0, 1))

Thus, we can extract a weakly convergent subsequence (we preserve the notation of the index n for the
subsequence):

wn(yvt) - w(yvt) Weakly in L2(07 T; H2(0a 1)) n Hl (Oa T; L2(07 1))a (51)
wp(y,t) = w(y,t) strongly in L9(0,T; Ly(0,1)) and almost everywhere in @, (5.2)

Lemma 5.1. Let conditions (1.4)-(1.5) be satisfied and g € La(Q,:). Then initial boundary value problem
(1.1)—(1.3) has a weak solution in space H*!(Qyt).

Proof. Let ¢(t) € D((0,T)), i.e. from the class of infinitely differentiable finite functions. We introduce
the notation v;(y,t) = (t)Y;(y), where Y;(y) € H'(0,1). Now, by multiplying integral identity (3.4) by the
function (t) € D((0,T)) and integrating the result obtained with respect to t from 0 to T, we obtain

T 1
// [Opwn, + out)wy Oywy, — B(t)agwn +y(y, t)0ywy, | v; dy dt+
00

+/T[ £)0ywy (1,t) — O‘ét)w,%(u)] v;(1,t) dt+
0

+ [ [Fp0m, 0.0 + 50200 w00 =

Il
Ot~ ST

1
/gvj dydt, Yo(t) € DI(O,T)), Vj=1,....m. (5.3)
0
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Since D((0,T); H(0,1)) is dense in Lo(0,T; H*(0,1)), then integral identity (5.3) can be rewritten as

T 1
// [Oywn, + ou(t)wy Oywy, — B(t)agwn +7(y, t)0yw, | v dy dt+
0 0
T
+/ [ﬁ(t)aywn(l,t)— O‘ét)w,%(u)] o(1,8) di+
,
+/ [—5(t)8ywn(0,t) - a:(f)wi(o,t)} v(0,t) dt =
0

T 1
://gvdydt, Yo(y,t) € Ly(0,T; H(0,1)). (5.4)
0

In integral identity (5.4), we pass to the limit as n — oo. In the expressions corresponding to the linear
summands of equation (1.1) and boundary conditions (1.2), passing to the limit is carried out according to
relation (5.1). As for the nonlinear summands, here, we have the following:

T 1 T 1
/ / a(t)wn(y, £)Dywn(y, )0y, ) dy dt = / a(t) / [ () — w(y, )0y wn(y, )0 (y, 1) dy di-+
0 0 0 0
+ [ at) | w(y,t)0ywy(y, t)v(y, t)dydt — [ a(t) [ wly,t)0,w(y, t)v(y,t)dydt, (5.5)
[o] foo [t

since according to (5.2) and (5.1) the following limit relation holds

/a /lwn (y,1t) Y, t)]0ywn (y, t)v(y,t) dy dt — 0.
0

Further, according to (5.4) and (5.2) similarly to the previous one, we will have
T
/ (L (1, )
0

T T
+ [ w1, t)w, (1, t)v(1,t)dt — [ w?(1,t)v(1,t)dt, (5.6)
0/ /

T
/ n (0, t)wy (0,1)v
0

[wn(1,t) — w(1,t)]w,(1,t)v(1,t) dt+

o\'ﬂ

[wn (0,t) — w(0,t)]w,(0,t)v(0,t) dt+

O\ﬂ

T
+ [ w(0,t)w, (0,t)v(0,t)dt — [ w?(0,t)v(0,t)dt. (5.7)
0/ /

So, by passing to the limit at n — oo in integral identity (5.4), taking into account limit relations (5.5)—(5.7),
as well as in initial condition (3.3), we get

T 1
// [Ovw + a(t)wdyw — B(t)D;w + (y, t)dyw] v dy di+
00
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T
aft) o
+ t)oyw(l,t) — ——w*(1,t)| v(1,t) dt+
0/{ )
i a(t)
+ B(t)0yw(0,t) + w?(0,t)| v(0,t) dt =
[ o + 22
T 1
//gvdydt Yo(y,t) € Ly(0,T; HY(0,1)). (5.8)
0 0
/w y)dy =0, Yo € Ly(0,1). (5.9)
0

Note that integral identity (5.8) is also valid for any test function v(y,t) € L2(0,T; Hi(0,1)) C L2(0,T; H(0,1)),
i.e. we have

// [Ow + a(t)ywdyw — B(t )8 w+y(y,t)0yw — gl vdydt =0, Vu(y,t) € Ly(0,T; Hy(0,1)). (5.10)
0 0

Further, returning to (5.8) and taking into account that traces v(1,t) and v(0,¢) from L4(0,T) of test function
v € Ly(0,T; H'(0,1)) are independent of each other and are arbitrary, in this case the following identities

T
/ [ﬁ(t)ayw(l,t) - a:(f)w2(1,t)} Gi(t)dt =0, Yiby(t) € Lo(0,T), (5.11)
0
T
/ [—ﬁ(t)ayw((),t) + aét)wz(o,t)} bo(t)dt =0, Yaho(t) € Ly(0,T), (5.12)
0

follow from (5.8), that is, the integrands in square brackets from (5.10)—(5-12) define zero functionals over spaces
Ly(0,T; H3(0,1)) and L2(0,7T), and belong to spaces 0 € Lo(0,T; H=1(0,1)) C D'(Qy:) and 0 € Ly(0,T) C
D'((0,7)). Thus, from (5.10)—(5.12) we obtain that the weak limit function w(y,t) satisfies equation (1.1) and
boundary conditions (1.2), and from (5.9), it follows that it satisfies initial condition (1.3). This completes the
proof of Lemma 5.1.

Lemma 5.2. Under the conditions of Lemma 5.1 the solution w € H?'(Q,;) of initial boundary value
problem (1.1)—(1.3) is unique.

Proof. Let initial boundary value problem (1.1)—(1.3) have two different solutions w(® (y,t) and w® (y,t).
Then their difference w(y,t) = w™M (y,t) — w® (y,t) will satisfy the following homogeneous problem:

0w + a(t)wd,w? + a(tyw?d,w — B(t)d;w =0, (5.13)
{az(;)w (w<1) + w(2)) - B(t)ayu):| \yzl =0. (5.15)

According to Lemmas 4.1 and 4.2 we have
w (y,t) € Loo(0,T; H(0,1)) N Ly (0, T; H2(0,1)), i = 1,2. (5.16)

Multiplying equation (5.13) by function w(y,t) scalarly in Lo(0,1) and taking into account (5.14)—(5.16), we
obtain

ot
e oty )1 0y + B 19,10, D0y < O, 0 [w(1,1) + 0 (1,0)] +
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1
+Q\w(o O [w®(0.1) +w(0,1)] / [wd,w® + w®a,u] dy. (5.17)
0
Now, we estimate the right-hand side of (5.17). According to (5.16) and by Lemma 4.1, we have:

@ [w(l)(l,t) +w<2)(1,t)] (L, 1)* <

(6
< 22 ) e om + 0@ QDo (L )2 < Crlu(L, 8, (5.18)
t
A0 Tu(0,6) + 0 (0,0)] w0, <
(65)
< 22 [0, oo + [P O]z 0] (0, )% < Coluo(0,8) % (5.19)
Further, we have

1
a t)/ [w26yw(1) +w<2>wayw} dy = a(t) [\w(1,t)|2w<1>(1,t) — Jw(0,8)Pw™(0,)] +
0

1
! t)/ {—Qw(l)wﬁyw + w(2)w8yw} dy < Cslw(1,t)|> + Cy|w(0,)*+
0

o3 2 B1
3 20Ol + 10PN zwi@0] 0100 + 10wl 0 <
B
< Calw (1, 1) + Calw(0,)* + Csllw(y, )17 0.1y + zllaywH%Q(o,l)- (5.20)

We need the following estimates
(C1 4 Ca)w(1,8)]* < (Cr + Ca)lw(y, OIIT 0,1y <

< (s + Bl Ol o (0. ) o) <

< 20,00 Ol + | 2+ (ijythmwamp (5:21)
(Cy + Ca)|w(0,8)]* < (Ca + Ca)|w(y, )1 0.1) <
< (Ca+ Cu)Bllw(y, )l o, llw(y, )| 2o 0,1) <

< 20yt + [ 2+ ZEEEIE ol (5.2

where B is the norm of the embedding operator H'(0,1) < Lo (0, 1).
Based on relations (5.17)—(5.22) we establish

d
EHU}(:%t)H%z(O,l) + B 10y w(y, )17 0,1y <

51 + —_— ((01 +C3)% 4+ (Ca + Cu)?) + 205} lw(y, )7, 0.1y Yt € (0,T).

ﬂl

Hence, applying Gronwall’s inequality, we obtain:
||w(y7t)H%2(0,1) = Oa Vi€ (OvT]
This means that w™® (y,t) = w? (y,t) in Ly(Qyt), i.e. the solution to initial boundary value problem (1.1)—
(1.3) can be only one. Lemma 5.2 is completely proved.

From the statements of Lemmas 5.1 and 5.2 follows the validity of Theorem 1.1.
Thus, we have proved the main result of our work — Theorem 1.1.
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Conclusion

In this paper, we have established a theorem on the unique solvability in Sobolev classes of a Neumann-type
boundary value problem for the Burgers equation in a rectangular domain. The established results can be useful
in the problems of modeling (a) nonlinear thermal fields in high voltage contact devices, (b) nonlinear processes
of diffusion and propagation of foreign inclusions in the flows of water and atmospheric areas, etc.
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M.T. 2Kuenoanmes!, M.T'. Epramues!, 9.9. Oceros?, A. K. Kammbekonal

L Mamemamuska owcone mamemamurarss modesvdey unemumymot, Aivamuo, Kazaxeman;
2 Axademurx E.A. Boxemos amuwmdaew: Kapaearndv ynusepcumemi, Kapaeandws, Kazaxcman

TikOyppuThl 06bIcTarbl Broprepc TeHaeyi yImiH
Oip OacTarKbl MIEKAPAaJIbIK, ecell TyPaJibl

Tik6yperimTs! 0b6bIcTarbl Broprepc TeHmeyiHiH Keitbip 6acTanKbl IIEKapAJIBbIK, €CEeNITePi KAPaCTBIPLLIFaH, Oip
MaFbIHa/1a OHBI MOJIEJI/II PeTiHe Kabblaayra 6omaanbl. LIbiHabIFbIHIA, MYHIAl Mocese KobiHece KO3FaaaThbIH
mekapaJsapsl 6ap obisibicTapaarsl Broprepe Teneyiiepin 3eprrey Kesine TybIHAaRIb. ANThUFa bl pacTay
YIIiH, MBIHAJIAPFA XKyTinyre 6osaaer: [1] xxone [2] 2xxymbicTapra. @yHKINOHAIIBIK TaIAay dgicTepin, Pasmo-
Tasiepkun KoHe anpuopJIblK barajay saicrepin KoJiiana orbipbin, CoboJieB KeHicTirine koHe TiKOYPBIIITHI
obspicra Helfimanu TumiHzeri CbI3BIKTHIK, eMecC MIeKapaJblK, IapTrapMen 6episren Bioprepc tenueyi ymin
OacTanKbl MEKAPAJIBIK €CENTIH TYPBHIC KONBIIFAHIBIFBl KOPCETIITEH.

Kiam ce3dep: Broprepc renjieyi, mekapabik ecen, CoboJeBTIK KeHICTiK, TIKOYphIThHl 06uibic, [amepkun
9J1iCi, aITpUOPJIBIK, DaraJiaysiap.

M.T. JIzxkenasmes!', M.I". Eprammesn!, A.A. Aceros?, A.K. Kamu6ekosa'

L Hnemumym mamemamuky, u Mamemamuieckozo modeauposanus, Aavamol, Kasaxcman;
2 Kapazandunckul yrusepcumem umeru axademura E.A. Bykemosa, Kapazanda, Kasaxcman

O06 omHOIT HAYAJIBHOI I'PAHUYHON 3a/1a9e AJid ypaBHEHUs
Broprepca B npsiMoyroJibHOiT 00J1acTu

B crarnpe paccmoTpena HeKOTOpasi HAYaJIbLHO-TPAHUYIHAS 33/1a4a JIjIs YPaBHEHHs Broprepca B IPSIMOYTOJIb-
HOIT 00J1aCTH, KOTOPYIO B M3BECTHOM CMBICJIE MOYXKHO MPUHATH 33 MOJEIbHyM0. /lesio B TOM, YTO Takast
pobJieMa 4acTO BO3HUKAET IIPH U3y4YeHNN ypaBHeHHs Bioprepca B 00/I1aCTSX C ABUKYIIUMUCS I'DAHUIIAMI.
B noarBeprkieHne CKa3aHHOIO MOXKHO cOC/Iarbest Ha paborsl [1 u 2]. C moMolpo MeTogoB DyHKIMOHAIb-
HOTO aHajm3a, anpuopHbix oneHok u Pasmo—Tanepkuna B npocrpancrsax CoboJieBa U B IPAMOYTOJILHON
obJlacTi aBTOpaMHU II0Ka3a HAa KOPPEKTHOCTH HadaJbHO-IDAHWYHON 3aJa4u NI ypaBHeHHs Broprepca c
HEeJIMHEHHBIMU I'PAHUYHBIMU ycjioBusiMu Tuna Heiimana.

Kmoueswie caosa: ypasuenne bioprepca, rpanndnas 3ama4a, npocrpanctBo CoboseBa, mpsaMoyroabHas 00-
JIaCTh, MeTOJ| ['ajlepKrHa, alpuopHbIE OIEHKH.
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On a nonlocal problem for a fourth-order mixed-type
equation with the Hilfer operator

The present work is devoted to the study of the solvability questions for a nonlocal problem with an integro-
differential conjugation condition for a fourth-order mixed-type equation with a generalized Riemann-
Liouville operator. Under certain conditions on the given parameters and functions, we prove the theorems
of uniqueness and existence of the solution to the problem. In the paper, given example indicates that if these
conditions are violated, the formulated problem will have a nontrivial solution. To prove uniqueness and
existence theorems of a solution to the problem, the method of separation of variables is used. The solution
to the problem is constructed as a sum of an absolutely and uniformly converging series in eigenfunctions of
the corresponding one-dimensional spectral problem. The Cauchy problem for a fractional equation with a
generalized integro-differentiation operator is studied. A simple method is illustrated for finding a solution
to this problem by reducing it to an integral equation equivalent in the sense of solvability. The authors of
the article also establish the stability of the solution to the considered problem with respect to the nonlocal
condition.

Keywords: mixed-type equation, nonlocal boundary value problem, the existence and uniqueness of a
solution, fractional differentiation operator, the Hilfer operator, the Mittag-LefHler function.

1.Introduction and Problem Statement

Let Q ={(z,t) : 0 <z <1, —a<t<b}, Q =0N(>0), Q% =0nN(t <0), where a,b are positive real
numbers. Considering this domain for the mixed-type equation

84

——&-D"”u t>0,
0=24 9o (1)
. @4—& t<0

ozt o2’ ’

the following nonlocal problem is considered.
Problem A. To find the function u(x,t), which belongs to the class

Pu o), 2% (), € C(2) € O UDy) @)
3$k 1 )axk 2), Utt 2), Ugzax 1 2)s

tl_"*D(’“”Vu, 1=

where k = 0, 2, satisfies equation (1) in the domain 7 U s, the boundary conditions
w(0,t) = u(1,t) = gz (0,t) = uge(1,¢) = 0,¢ € [—a, 0] U (0, b], (3)
u(z, —a) = D*u(z,b) + ¢(z), 0 <z <1, (4)

and the gluing conditions

lim JOJr Tu(x, t) = 1_i>r£10u(x7t) hm JOJr o JOJr u(z,t) :tgrzlout(%t). (5)

t—+0
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Here o(x) is a given sufficiently smooth function, D*7 0 < o < v < 1 is a generalized fractional
differentiation operator (the definition of this operator is provided below).
For a function ¢(t), given on (a,b), —0o < a < b < 0o, the expression

x

o 1 a—1
IS p(x) = Tla) /(x — )" Tp(t)dt, x € (a,b)
is said to be the fractional Riemann—Liouville integral of the order o > 0 [1, Vol. 1, p. 25]. Here I'(«) is the
Euler gamma function. Let n — 1 < o < n, n € N. The fractional Riemann-Liouville derivative of a function
©(t) of the order « is defined by the formula [1, Vol. 1, p. 27]:

mn

«a d n—o
D(H_(,O(I) = dxinla-&- (,0(33),]} € (avb)'

The fractional Caputo derivative of a function ¢(t) of the order « is defined as follows [1, Vol. 1, p. 34]:

I'(n—a)

a

_ 1 o™ (t)dt
LD () = I (z) = / )
+80( ) + ¥ ( ) (m t)a—n-i-l

For @« = n € N, these derivatives are reduced to the derivatives of integer order [1, Vol. 1, p. 27, 34]:

_d'p
T odan

DZL+<P(37):*D2+%0(37)

The generalized Riemann—Liouville derivative of the fractional order a, n — 1 < a@ < n, n € N and type £,
0 < B <1 (otherwise, the Hilfer fractional deivative) of a function f(t) is defined by the formula

n
@B () = [P0 4 A=) n-a)

at P + dpn Lt o(z).

Hence, it follows that for § = 0 the Hilfer fractional deivative coincides with the Riemann—Liouville operator
(Dg"+O = Dg, ), and in the case of § = 1, we obtain the fractional Caputo derivative, that is Dgﬁrl = .Dg,.

Thus, the operator D*? is a continuous interpolation of the well-known Riemann-Liouville and Caputo
differentiation operators of fractional order.

Further, for the convenience of notation, we will use another notation for the Hilfer fractional derivative,
ie., DY = Dgf where y =a + fn—af and a <y < n.

The generalized operator D" was first introduced by Hilfer [2]. Applying the integral transforms of Fourier,
Laplace, and Mellin, he investigated the Cauchy problem for the diffusion equation with a generalized operator
D7 the solution of which was represented in terms of the Fox H-functions.

In [3], boundary value problems were investigated for the fractional diffusion equation with a time generalized
fractional Riemann-Liouville derivative. To solve the problem, in the finite domain, the Laplace method of
separation of variables and transform was used. The solution was obtained in the form of an infinite series
containing the Mittag-Leffler functions, and the asymptotic behavior of the solution was found at infinity. In
an infinite domain with respect to a spatial variable, using the Fourier-Laplace transform method, the Cauchy
problem was solved, and the fundamental solution to the Cauchy problem was found.

In [4], analytical and numerical solutions of boundary value problems were investigated for the fractional
diffusion equation with fractional Hilfer time derivative and spatial fractional Riesz-Feller derivative. The Laplace
and Fourier transform methods were applied to solve the problem, and solutions were presented using the
Mittag-Leffler functions and Fox H-functions. The numerical solution of the problem was also considered by
approximating fractional derivatives with fractional Grunwald-Letnikov derivatives.

In [5], the properties of the Hilfer operator were investigated in a special functional space, and an operational
method was developed for solving fractional differential equations with this operator in the same space. Elaborating
the results of [5], the authors of [6] developed an operational method for solving fractional differential equations
containing a finite linear combination of the Hilfer operators.

In [7], the source identification problem was investigated for the generalized diffusion equation with the
generalized integro-differentiation operator. We also note the work [8], where inverse problems were studied for
a generalized fourth-order parabolic equation with the operator D*7.
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Note that various models of practical problems using fractional calculus are constructed in [1], [9-12]. More
detailed information, as well as a bibliography on the Hilfer fractional derivative and its properties, can be
found in the monograph [13], where the theory of fractional integro-differentiation, including the Hilfer fractional
derivative, is systematically presented.

Nonlocal problems are arisen in the study of various problems of mathematical biology, forecasting soil
moisture, physics, and plasma problems. More detailed information on nonlocal problems can be found in the
monograph [14]. With regard to nonlocal problems for mixed-type equations, significant results in this direction
were obtained by K.B. Sabitov and his students [15-18]. Note that a nonlocal condition of type (3) takes place
when simulating the problems of flow around airfoils by a flow of subsonic velocity with a supersonic zone [15].
It should also be noted the papers [19], [20], where nonlocal problems for equations of mixed type with the
generalized in time fractional Riemann-Liouville derivative were studied.

In this paper, we study a nonlocal boundary value problem for a mixed-type equation with a Hilfer operator
of fractional order, which is a further development and generalization of the results from [16], [21].

2. On the solution of the Cauchy problem for a fractional-order equation with the Hilfer operator

Consider the Cauchy problem for a fractional-order differential equation with the operator D7

DWU( ) = Au(t) + f(t), t € (0,0),
(6)

t—>+0dth u(t) =ug, k=0,1,.n — 1,
where f(t) is a given function, u; = const.

It should be noted that in [7], the Laplace method was used to solve this problem, and in [5], the solution
of a more general problem in a special functional space was found applying the operational calculus. Here, in
contrast to these works, we will show one simple way to solve the problem, which makes it possible to obtain
the solution to this problem in an explicit form.

The following takes place:

Lemma 1. Let t*=7f(t) € C[0,£]. Then a solution to problem (6) exists, is unique, belongs to the class
t1=7D*Yu(t) € C[0, 4], and is represented in the form

n—1 t
= 3w B gt (M) *‘j/ (t = 1) B (At — 7)) f(r)dr. (M)
k=0 o

Here E, g(z) is the Mittag-Leffler function, which has the form [22; 117], [1, Vol 1; 269]

kZ:O Fak—i—/j z,a, 8 € C, Re(a) > 0.

Proof. Taking into account the definition of the Hilfer operator, one can write the fractional-order differential
equation corresponding to problem (6) in the following form:

37Dy ult) = Ma(t) + f(1).

Further, applying the operator J§, to both sides of this equation, taking into account the linearity of Jg,,
and also the formula [23; 75]
n-1 (o+k—n

o Do u(t) = u(t) - w+k+1—MW%dﬁ

RS, 6 € (n— 1,

we obtain

n—1
t7+k "uk.

~ L TR = MO+ B (8)

Thus, we have reduced the solution of problem (6) to the solution of the Volterra integral equation of the
second kind of the form (8).
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Further, using Theorem 3.1 from [22; 123], we represent a solution of equation (8) in the form

n_l prk—n,,
u(t) = ’;O T(y+k+ 1’i T Jor f(O)+
/ a-1 o [ prtheny, N
+)\O/(t—7) Eoa(At—T7)%) L;J T ET T )
Denote
n—1 u t
o= ; L(y+k i 1-n) e O/ (t = 1) Baa(A(t = 1)) dr |

I(t) = Jg (1) + A / 1) BNt = 7)) S ()
0
Changing variables by the formula s = ¢t — 7, using formulas [22]

1
Eou(z) = ) +2-Eoptalt), >0, p>0,

z

1 . _ _
) /(z — )" Ea st = 2PV B 51, (A2%), v > 0, 8> 0,
0

the first integral can be easily reduced to the form

(t) = Z Wt " By k1 —n (M),

Further, transform the second term in the expression for I5(t) to the form
t

/ (t— T)ailEoﬁa()\(t — T)Q)J(‘)"Jrf(T)dT =

0

T

- / (t = 7" BasalMt = 7)")ir [ (7= 9)°7 F5)ds =
0

0
t

1 / a—1 a—1 @
Fo/f ds/(t—T) (7 — )% LB 0 (Mt = 7)) dr.

S
Taking into account formula (11), we represent the inner integral in the form
¢

/ (t—7)" = 8)*  Eqa At —7))dr

S

T(a)(t — 1) Eq o (At — 7)%).
Further, considering formula (10), represent I2(¢) in the form

1) = / (t = 1) B (Mt — 7)) f(r)dr.
0

We obtain formula (7) from (9), (12), and (13

(13)

). The uniqueness of the solution to the problem follows from

the method for constructing the solution, and its smoothness follows from the representation of the solution

(7), as well as from the results of [5]. Lemma 1 is proved.
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3. The existence, uniqueness and stability of a solution to Problem A.

To solve the problem, we will apply the spectral method. We will look for a solution to Problem A in the
form of u(x,t) = X (z) - T(t). Substituting this expression into equation (1) and boundary conditions (3), we
obtain the following spectral problem:

XV(z) = MX(2) =0,X(0) = X(1) = X"(0) = X" (1) = 0.
The problem under consideration is self-adjoint, has a complete system of eigenfunctions in Ls(0, 1) of the form
X, (z) = V2sin Az, (14)
which forms a basis in Ls(0,1). Here A\,, = 7n, n € N.
3.1. Uniqueness of the solution to problem A.

Let u (z,t) be a solution to Problem A. Consider the following functions:

1
ul(t) = \@/u(m,t) sin Apxdr,n =1,2, ... (15)
0
1
u, (t) = \/i/u(x,t) sin \pzdr,n=1,2,.... (16)
0

Applying the operator D7 to both sides of equality (15) with respect to ¢t at ¢ € (0;b) and differentiating
equality (16), with respect to t twice at ¢ € (—a;0), and also taking into account equation (1), we obtain

1 1
D>yt (t) = \/5/ D¥Vy(x,t) sin \pzdr = — \/ﬁ/umm(x, t) sin A, zdx, (17)
0 0
1 1
d?u;, (t) . .
pro V2 ug(x, t) sin Ay xdr = — V2 Upzzr (X, ) sin A\pyzde. (18)
0 0

In the integrals from the right-hand sides of equalities (17) and (18), integrating by parts four times, taking
into account boundary conditions (2), we obtain the differential equations

D>Vt () + Nrwt (1) = 0,¢ > 0, (19)

2

—ln (t) 4+ Nru, (t) = 0,t <0, (20)

the general solutions of which have the form

At T By (= AptY), > 0,
Tj':(t) . { 7’\/( n )

U 21
) B, sin )\it + L, cos )\,211; t <0, 1)

where A,, By, L,,n=1,2, ... are arbitrary constants.
Taking into account conditions (4) and (5), we obtain from (15), (16) that functions u
following conditions:

+

n

(t) must satisfy the

. - . _ . o d 1 . duy, (%)
11—y, + _ l—a [ % 71—v, + _ n
tl_lg_lo Jog Tuy () = tgrilo u,, (t), tl_lglo Joy (dt Jot "y (t)) tgrilo dat (22)
du=(—
’U,ng( a) _ Da,’yux(b) + o (23)

dt
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where
1

On = \/i/go(x) sin \pzdr,n =1,2,....
0

Further, satisfying functions (21) and conditions (22)—(23), we obtain the following system for finding the
constants A,, B,, Ly:

An = LmBn = *A%Anv
2 2 2 2 4 -1 4 (24)
LAy, sinAja+ Bp;, cos AZa + A\, Apb? " Eq 4 (=A50%) = .
The system, having the unique solution of the form
_ — 2 _ #n
Ln - Ana Bn - _)\nAna An - ma (25)
provided that for all n € N the equality

Ay (a,b) #0,A,(a,b) =sin\2a — A2 cos \2a + N207 L E, ., (—\4b%) (26)

holds.
Substituting (25) into (21), we finally obtain
P g, (<MA), >0
+ AnAn(a;b) T ’
uk (1) = (27)

“n 2 2 i )2
m (COS )\nt - >\TL Sin Ant) ; t S 0.

Using (27), it is easy to prove the uniqueness of the solution to Problem A. Indeed, let condition (26) be
satisfied and ¢ () = 0. Then ¢,, = 0, and formulas (15), (16), and (27) imply

1
/tl_'yu(m,t) sin Apzdx = 0,t € [0,0], n =1,2, ...,
0

1
/u(x,t) sin \pzdr = 0,t € [—a,0], n=1,2,....
0

Further, taking into account the completeness of system (14) in L2 (0, 1), we conclude that u (z,t) = 0 almost
everywhere on [0, 1] at any t € [—a,b]. Since t!u(z,t) € C(Q), u(z,t) € C(Qy), we have '~ Vu (z,t) = 0 in
Q, that is, problem A has the unique solution in the class under consideration.

Thus, the following statement holds.

Theorem 1. If there exists a solution to Problem A, then, it is unique if and only if conditions (26) are
satisfied for all n € N.

Now let us consider the case when condition (26) is violated. Let A,,(a,b) = 0 for some a, b, v € (0, 1], and

n = m. Then the homogeneous Problem A (where ¢ () = 0) has the nontrivial solution
VE (2,) = V20l (t) sin Az, (28)

N T B, L (AR )t > 0,
Uy (8) = 2 2 42
cos At — Ay, sin A t,t < 0.

Now, represent the expression A, (a,b) in the form:

A, (a,0) = 1+ Msin (\2a — pp) + A2077 E, (=A%), (29)
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where p, = arcsin (/\%/\/1 + Ai) and p, — 5 at n — +oo. From this, it can be seen that the expression
A, (a,b) vanishes only if

1 Xy—1E, (=i
a =5 (—1)k+1 arcsin — o (ZXa0%) +7k+pn|,n=12 .
A2 V1+ A2

Since A, (a, b) is the denominator of the fraction, for sufficiently large n, the e