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MATEMATUKA
MATHEMATICS

UDC 517.946+532.5

A.Sh. Akysh (Akishev)

Almaty, Kazakhstan
(E-mail: akysh41@mail.Tu)

The natural solvability of the Navier-Stokes equations

It is known that the three-dimensional Navier-Stokes equations (ENS) the existence theorem of smooth
solutions in the presence of smooth data for the whole with respect to time has not proved and the
uniqueness theorem is violated in the class of generalized solutions. In a number of works by the author of
this article, the results of search studies on the justification of the maximum principle for three-dimensional
ENS are given. Over time, these studies have improved and later the justice of the simplest principle
for maximum was shown for three-dimensional ENS. A further continuation of the search led to the
determination of the relationship between pressure and the square of the velocity vector modulus from
the properties of the ENS solutions. On the basis of this the answers to many problematic issues related to
the solvability of the ENS were found. And in particular, in the selected spaces, the uniqueness of the weak
and the existence of strong solutions of the problem for the three-dimensional Navier-Stokes equations for
the whole of time are proved.

Keywords: Navier-Stokes equations, pressure in the Navier-Stokes equations, the uniqueness of weak generalized
solutions, the existence of strong solutions.

Some introductory information

Unsolved problems in the theory of Navier-Stokes equations  homogeneous fluid are given in [1, 2],
etc. The initial-boundary value problem for Navier-Stokes equations [1] with respect to the velocity vector
U = (Uy, Us, Us) and the pressure P in the domain @ = (0,7] x Q:

%‘; — JAU + (U, V)U + VP = £(,x), divU = 0; (1a)

U(0,x) = ®(x), U(t,x)| 0, (1b)

xcoN

where x € Q C R3;  — is a convex domain and 9 is the boundary of Q, t € [0,T], T < oc; j(Q) — space
solenoidal vectors; Lo (Q)— is the subspace of C(Q). W () is the Sobolev space functions equal to zero on
0Q; The input data f and ® of the problem (1) meet the requirements:

i) f(t,x) € Loo (0, T; L, () N J(Q);

ii) ®(x) € L,(Q) N W] 4(Q) N J(Q), vp.

Further, we use the Holder inequalities

‘!Ude' < (Q/|U|pdx>;(ﬂ/|v|qu>; @)

8 Bectnuk Kaparanmurckoro yuuBepcurera



The natural solvability of the Navier-Stokes equations

and Jung for pair products

1 1 1
UV < —|UP+S|V]9, e>0, -—+-=1, (3)
€p q P q
in addition, the integration by parts formula
ou
VAU dx = VV VU dx + Va— dx. (4)

o0

1 Explicit relation between pressure and square of the velocity vector module

From the properties of the solutions of the problem (1) a quadratic form connecting the pressure P(t,x)
from the components of the vector of the speed U(t, x) :

(v, Bv') =0, (5)
where B = HUaUB + 65PHO(75:17273 — is the symmetric matrix; v = (v1,vs,v3) — an arbitrary vector;
3
the components {v,} consist of arbitrary numbers such that Y vZ # 0; v/ = (v, va, ’Ug)l — vector column;
a=1

62 — the Kronecker symbol.
Using the orthogonal matrix T from eigenvectors matrix B the quadratic form (5) is reduced to the sum of
squares

3
(z1,22,23)A(z1,22,z3)/ = (z,Az) = Z Aa?2 =0, (6)
-1

where A = diag{A1, A2, A3}, The columns T consist of the eigenvectors of the corresponding to the eigenvalues
of the matrix B, z = T'v. Notice, that z = (21, 22, 23)— is also an arbitrary vector.

Elements of the matrix A are determined from of the characteristic equation of the matrix B,
that is [B—A|=0. Whence we obtain cubic equation A3+aX?+bA+c=0, where a= —(‘U’2 +3P);

b= 2|U’2P+3P2; c= 7(|U|2+P)P2. The solution of this equation we find using the Cardano formula. For this,
substitution A = y —a/3 we arrive at the «incomplete» type y®>+ry+d =0, r=—1/3|U[*, d= —2/(27)|U|°.
Whence follows, that the discriminant of this equation is equal to zero, that is D = (r/3)3+(d/2)? = 0. Which
means all the roots of the «incomplete> the equations are real, and two of them are equal to each other. In fact,
= {/—d/2 = B ={/-d/2=1/3|U]% y1 = A+ B =2/3|UJ% yp3 = —(A+ B)/2 = —1/3|UJ2.
From here we find the roots A, a = 1,3 of the original cubic equations: A\; = |U|2 +P; \a=P; M\3=P
Now we rewrite the quadratic form reduced to the sum of squares (6)

zAz Z)\zfo Vz.

This relation is zero if and only then when A\, = 0, o = 1,3. Where does it follow that A\; = |U|2 +P =0,
X =P, =0, A\3= P3=0. From here

Py (t,x) yU\ = 2F; Po(t,x)=0; P3(t,x)=0. (7)
2 Estimations of the solution of the problem (1)

Theorem 1. If the input data of the problem (1) satisfy the requirements i), ii), then for the solutions of the
problem (1) the following estimate holds:

UllLe(@ < 1Rlee@) + TlfllL @ = A VT < oc. (8)

Proof. We multiply the scalar equation (1a) by the vector function pEP~!U, the product is integrated over
the domain 2 and use the identity EP = -5|U|?, then

1d

5 dt/|U|2p dx — p/,L/AUUE” 1dx+p/(U V)UEP~'Udx+

Q

Cepust «Maremarukas. Ne 4(92)/2018 9
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+p / EP~'VPUdx =p / EP1Ufdx, < (0,T). (9)

Each term (9) is transformed by integration by parts (4). In estimating the fourth term on the left-hand side of
we take into account (7). We estimate the right-hand side by Holder’s inequality (2) and, as a result, we get:

ou 1 1d 2
p/(8t U)E?ldx 2p%/\m dx; (10)
Q Q
—Pu/(AU U) B~ ldX—W/E” 12 VUa)?dx + p(p —1)u/E”*2(VE)2dxzo’; (11)
a=1 Q
p/ U,V)UEP 'Udx = /UVEde— —/divUEpdx+ /(U7n)EPdX =0 (12)
Q Q o
p/Ep’lUVde = —zp/EHUVde = —Q/UVEpdx: 0; (13)
Q Q
2p—1 1
2p 2p
p 2p 2p
p/ = g /|U| dx /|f| dx | . (14)
Q Q Q

From the identity (9), taking into account the relation (10)—(14), we have the estimate

1d
2pdt/|U|2pdx+pu/E” 12 (VU,)?dx 4 p(p — 1) /EPQVE) dx <
a=1
2p—1 1
2p 2p
< 2pp_1 /\U|2”dx /}ffpdx . te(0,7T). (15)
Q Q

Because of the nonnegativity of the second and third terms on the left-hand side of (15), from which we proceed
to the strengthened inequality.

1
2p

2p—1
2p
2pdt/|U|2pd <2 /]U\Zpd /]f’2pdx . (16)
Q

2p—1

Both parts (16), dividing by a positive integral 5% <f ’U|2pdx) B , we write
Q

2p 2p

d 2 2
p /|U| Pax | < /|f| Pdx
Q

Q

We integrate over ¢ in the range from 0 to ¢ and taking parity of exponents, leaving p behind it, we obtain

1
t p

1 1
/\U(t,x)|pdx < /|<1>(x)|”dx +/ /|f(7',x)|pdx dr,¥p =2m,m € N.
Q Q Q

0

Hence we have

HUHLOO(OTL ) = < || ®(x ||LP(Q) +T|f”LOO(O,T;L,,(Q))’ Vp = 2m. (17)

Whence for p = oo we arrive at the proof of the theorem 1.

10 Bectnuk Kaparanmguackoro yHuBepcuTeTa
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Corollary 1. For the solutions of the problem (1) the following estimates hold:

[UllLos (0.7:22(2)) < [1®l|Lo@) + Tl 0.7:12(02)) = A1, VT < 00; (18)
t 3 1
2 2 2
SNVt < (12170 + T2+ DL o1, ) = A (19
0 a=1
19115 oz < 3(12 050 + T IEIS o rsraeyy) = A (20)
t
2 1
JIVEON 7 < 5 (19, + TANE, 0 10) = Ase £€ .71 (21)
0

Proof. Estimates (18), (20) follow from (17) respectively for p = 1 and p = 4. To prove (19) from (15) for

p =1, we have
3 1 1
%%/‘UFdXJFM/Z(an)?dxg (/\U|2dx)2 (/\f\zdx)z.
Q o o=l Q Q

We integrate over ¢ in the range from 0 to ¢,

t 3 t
%/|U(t)|2dx+,u/2/(VUa)2dxdTS %/|q>|2dx+/(/yu\2dx)5(/\ffdx)fdr, t € (0,T7.
Q 0o =g Q Q

0 Q
Hence, since the first integral on the left-hand side is nonnegative, we get

3 t

t
1
“/Z/HVUQ(T)HiQ(Q)dT = QH‘I’HL(Q) + HUHLOO(O,T;LQ(Q))/Hf(T)HLg(Q)dT’ t (0, 7).
0 Q

a=1 0

From this, using the inequalities 2ab < (a? + b?), (18), we arrive at (19).
To prove (20), the estimate (15) is written for p = 2

1d ° i ]
4dt/|U4dx—|—,u/EZ;(VUQ)de—Fm/(VE)deS (/\Uy“dx) (/\f\‘*dx) . te(0,T]
Q Q = Q Q

Q

We integrate over ¢ in the range from 0 to ¢, and then, as in the previous case, we find

t
QM//(VE)2dxd7-§H<I>HL4(Q)+TA3HfHLm(O’T;L4(Q)), te (0,7
0 Q

Hence we come to (21).
8 Weak generalized solutions

We multiply the equation (la) by an arbitrary vector-valued function

Z(t,x) € Le(Q) NW3 (Q) N J(Q),

equal to zero for (t = T) A (x € 8(2). The product is integrable over the domain @ = [0,7] x  and with by
integrating by parts, taking into account the conditions (1) from We transfer the first two terms from U to Z.
As a result, we get

0Z >
/(—U = tu kz_l VUV Zy + (U, V)U + VP)Z) dx dt =
2 =

Cepust «Maremarukas. Ne 4(92)/2018 11
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= /q,z(o,x)dx+/f2dxdt. (22)
Q

Q

Definition 1. We call the vector-function U of spaces weakly generalized solution of the initial-boundary value
problem for the Navier-Stokes equations (1a) from the spaces

U € Loo(Q) N Lo (0, T3 W3 4(2)) N J(Q); Yt €[0,T]) (23)

and satisfying the identity (22) for any

Z(t.%) € Loo(Q) N WA(Q) N H(Q) A (z

_ o) .
(t=T)A(x€0R)

The validity of the definition 1 follows from the fact that all the integrals occurring in (22) are finite for
any Z, from the class indicated.

From Theorem 1 and Corollary 1, the uniqueness of weak generalized solutions of the problem (1).

Theorem 2. If the input data f and ® satisfy the requirements i) and ii), then the problem (1) has the
unique weak generalized solution U satisfying the identity (22) for any Z from the definition 1.

Proof. Let the functions U and U* be two solutions of the problem (1). We set V =TU —U*;
VR =2V(E* — E), then we have:

\%
%t — AV + (V,V)U + (U*, V)V + VR = 0; (24a)
V(0,x) =0, V(t,x)|,=0, x€ (24b)
From the equations (24a) we pass to the identity
ov .
/ SV —HAVV £ (V.V)UV + (U, V)VV + VRV | dxdr = 0, ¥t € (0,7). (25)

Q+
We transform all terms by integration by parts. As U, U* € J(Q), thereby V € J(Q), then
/(U*, V)VVdx =0, /VRde =0.
Qt Q¢

From (25) we find
HV [ +MZ/IIVV1~c I ¢ )dT——/ Z Vg—dexdT (26)
k=17 k,B=1

The integral on the right-hand side is estimated successively by the Holder inequality for p = oo and ¢ = 1, as
well as Young’s (3) for p = 2 as a result we obtain the chain of inequalities

3
oV,
’/ Z VB—dexdT‘ < mkfaX”UkHLW(Q) Z /‘ﬁ“Vg’dXdT <
Q, kP=1 k.8=13, e

3 i 8Vk 2 / 3 2
<ae/2 30 [5G o+ 45 [ IVl oyt <
k,B=17 5 B=1
3 t t
_Ae/zz/uvvkmuiz(mdwAS/HWT)H;(Q)CJT, As = 34/(26).
k=179 0

12 Bectnuk Kaparanmguackoro yHuBepcureTa
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Taking into account the estimates (8), (19) and, using the latter for ¢ = 2u/A from (26), we find
t
2 2
||V(t)||L2(Q) < A5/||V(T)||L2(Q)dT’ As = 3A%/(4p), vt e (0,T].
0

Whence we have % (exp(fA5t)||V(t)||i2(Q)> < 0. From this inequality we conclude that V =0, Vt € (0,7],

that is, that the solutions U and U* match. The theorem 2 is proved.
4 Strong solutions

Definition 2. If in a domain ) a weak generalized solution of the initial-boundary value problem for Navier-
Stokes equations has all possible generalized derivatives of the same order as the equations themselves, then
this solution is called strong.

Theorem 3. If the input data of the problem (1) satisfies the requirements i), ii) and 992 € C?, then the
problem (1) has a unique strong generalized solution U from spaces

U e Woy(Q)NJw(Q), vt € [0,T)),

satisfying the equations (la) almost everywhere in @, and for them the following estimates hold:

3
2 2 2
U1, 0y < # D IIV®klg 0 +3TIENL . 0 ripacey +3(Ad2 +444) = Ag; (27)
k=1
2 2 .
JAUIZ o < Aofii® = A, (25)
2 _
HVUkHLQO(O,T;LQ(Q)) <Ag/p=Ag, k=1,3; (29)
[UllLy0,mwz0) < AollAU ||, @); A9 — const. (30)
Proof. In order to establish the inequalities (27) from the equation (1a), we pass to the identity
/ (U, — pAU) dx dr = / (f - (U,V)U + 2VE) dxdr. (31)
Q+ Q:

We will square the integrands. After that the pair product on the left side is transformed by integration by
parts. On the right side, Young’s inequality for e = 1 and p = 2. Then from (31) we pass to the inequality
From the last inequality, taking into account estimates

t 3 t
3 / / (U, ) URdxdr < 3|00 Y / VU2, oy dr = 344,
0 =10
Q

and the estimates (8), (19) and (21), we obtain estimates (27)—(29) for strong generalized solutions of the
problem (1). And note that (29) is slightly better than estimates (19).

Since the boundary of the domain 92 € C? is found to be an estimate (30), using the inequalities from
[1; 26], which is valid for any functions U(x) € W3 (€2) N W3 ((Q2): The theorem 3 is proved.

Remark. As a result, we were convinced that the properties (7) together with the estimate (8) allows one to
find answers to many problematic questions connected with the solvability of the problem (1). In addition, (8)
confirms the validity of the maximum principle for (1a) shown in [3-6] and on the basis of which the obtained
results from the same papers.
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O.III. Akprm (Akpimes)

Hapbe-Ctokc TeHAey/iepiHiH TabuFy >Karaaiga IenrijaeTiHmairi

Ymemmemai Hasbe-Crokce tengeyiepinin (HCT) nepekTepi ChIITHIFBIP GOIFAHBIMEH, Y3AK, YAKBIT GOMBI ChIII-
TBHIFBIP IIENTIMJIEPiHIH TaOBLIATHIHBIFLL JoJIEIIeHOEreH]l KoHe KaIIblIaMa MENMIED KIAChIHIA KAJTKbI-
JIBIK, TEOPEMACHIHBIH, OPBIHAAJIMANTHIHBI Ty paJibl MaJtiMeTTep Oesrimi. Ymemmemai HCT-ne makcumy™m Karu-
JACBIH HEri3zeyre MakaJia aBTOPBIHBIH 0ipa3 KYMBICTAPBIH/IA 3€PTTEY i3/IeHiCTePIHIH HOTHKeIepi KeITipi-
red. Bys 3eprreynep xbuigap 60ibI XKeTiipe gaMbIThLIbn, HoTHKECIHIe HCT-Fa MakcuMym Karuaachi-
HBIH, ©T€ YKEHIJ TYpi OPBIHIAJATHIHIBIFBI KepceTiiren. [3menicri xkanracteipy 6apbicbiaga HCT mrermim-
JepiHiH KacueTTepiHeH KBhICHIM MeH 2KBLITAM/IBbIK, BEKTOPBHI MOJYJIi KBa/IPATHIHBIH apaKaThIHAC Oail/IaHbICH
Tabpurad. By wormke merizinme HCT-ubiy mentileTiviri XKeHIHIETT KONITETEH ©36KTI Moceeepre Kay-
an aJbHAbI. 3epPTTeyIIinid Tangaran Kericririage yrmesmemai HCT-ra koitburran ecenTiy 9/1ci3 memiminiy
2KaJIKBIIBIFBI MEH QJIJII IIEIIMiHIH y3aK O0bI TaOBLIATHIHIBIFEI JIDJI€JIEHTEH.

Kiam ceadep: Hasbe-Crokc TeHieyepi, Hapbe-CTOKC TeH €y IepiHIer] KBICHIM, 9JICI3 2KaJIIbLIAMAa IIelTiM-
HiH »KAJIKBLIBIFBI, 9JI1 MIENIIMHIH TaObLIATHIHILIFE.

AT, Akeimn (Axuries)

EcrecTtBennas paszpemmumocts ypaBHeHuit Hasbe-CTokca

WsBectHO, uTO 1y1s1 TpexMepHbix ypasaenuit Hasoe-Crokca (YHC) me 10Ka3aHbI CyIIECTBOBAHKE B IIEJIOM
10 BPEMEHU TJIAJIKUX PELICHU [IPY HAJNYIUY [VIaJIKUX JTaHHBIX, a B KJIacce ODODIIEHHBIX PEIIEHMH O HApyIIe-
HUM TeOpeMa eINHCTBEHHOCTH. ABTOPOM CTAThU paHee MPHUBEIEHBI PE3yJIbTATHI MOUCKOBBIX MCCJIEIOBAHUI
110 060CHOBAHUIO MPHUHIMIIA MakcuMmyMa jiyisi Tpexmepubix Y HC. Co BpeMeHneM pe3yJibTaThl 3TUX UCCIIEI0-
BaHUI yJIydIIa/MCh, ¥ BIIOCJIEJICTBAN ObLIa JOKA3aHa CIIPABEJINBOCTD [IPOCTEHINEr0 IPUHIUIIA MAKCUMYMA
st tpexmepbix Y HC. JlanbHeiitee nccaeqoBanmne MO3BOJIMIO YCTAHOBUTD u3 cBoiicTB perrennit Y HC co-
OTHOIIIEHUE MEXKJLY JABJIEHUEM U KBaIPATOM MOJLYJIs BEKTOPA CKOPOCTH, HA OCHOBE Yero HaliIeHbI OTBETHI HA
MHOT'He€ ITpoGJIeMHbIE BOIIPOCHL, CBsi3aHHbIE ¢ paspemuMocThio Y HC. B wacTHOCTH, B BBIGpAHHBIX IPOCTPAH-
CTBaX JOKa3aHbI €IMHCTBEHHOCTH CJIA0bIX W CYIIECTBOBAHNE CUJIBHBIX PEIIeHWI 3aJa9u JJI TPEXMEPHBIX
ypasuenunii HaBbe-CTOKca B 11€7I0M IO BPEMEHH.

Karoueswie caosa: ypasuenus Hasbe-Crokca, nasienue B ypaBHenusix Hasbe-CToKca, € IMHCTBEHHOCTD CJla-
ObIX OOOOIIEHHBIX PEIIEHU, CyIIeCTBOBAHUE CUJILHBIX PEIeHMUIA.
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Maximal regularity and compactness conditions for a high
order system of difference equations

In this paper we study an infinite linear system of difference equations of high even order with the right-
hand side from the Hilbert space of numerical sequences. Sequences formed from the coefficients of the
equations of the system for the same orders of difference can be unlimited, and their growth may not
be subject to the growth of the potential. The previously developed methods, which essentially use the
dominant potential growth in the difference systems of Sturm-Liouville type equations, do not pass here,
since In the case under consideration, the potential may turn out to be zero, or not having a definite sign
by a sequence. We give conditions for the correct solvability of the system, as well as optimal estimates of
the norms of the solution and its differences up to the highest order. Conditions for the compactness of
the resolvent of the corresponding system of a degenerate operator are obtained. We prove some difference
weight inequalities of Hardy type having independent scientific interest. They are used in the proof of the
main results of the paper. It is shown that, in comparison with degenerate differential equations, in the
case of a difference system, it is possible to remove the condition for oscillations of the coefficients of the
system.

Keywords: difference system, intermediate coefficient, correctness of solution, maximum regularity, com-
pactness of resolution.

1 Introduction and main results

The present paper is devoted to the study of the correct solvability and differential properties of the solution
of the following high order infinite system of difference equations:

2n—1
Loy = A®Vy 4 A=Y 4 sAC=Ty 4 3 (Q“)A@”*j’”y + P(”m) =/, (1.1)

j=1

where

Y= o Ay = Yoan — Uk APy = A_ALyr = yri1 — 2uk +ye—1 (K € Z),
ARy = ADARS=2)y  ACs=Dy — AL ARAR) A (5e N,
(s—1)
and

r= {dlag, Tjj}j;.o—ocﬂ S = {dlag, Sjj};_;ioo,
Q¥ = {diag,¢\)} 1>, PO ={diag.p\?} >, 0=T2n—1
are given diagonal matrices, f € ls.

Many dynamic problems in practice, according to the nature of the formulation, are given either to differential
equations, or to infinite difference systems, or to differential-difference equations. Functional analysis accelerated
the development of the theory of infinite systems of difference equations. Recently, much attention is paid to
the study of differential equations and second-order systems with unlimited intermediate coeflicients, in view
of their important applications. In addition, questions of modeling the propagation of vibrations in viscoelastic
and compressible media [1, 2], as well as some problems in the theory of stochastic processes and stochastic
differential equations [3-6] lead to them. Known representatives of such equations are, for example, the Fokker-
Planck equation and the Oinstein-Uhlenbeck equation used to describe the Brownian motion. Along with this,
a number of issues of the solution of second-order systems depend on infinite higher-order difference equations.
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We present the main results of this paper. Let 1 < p < oo, % + ; =1 and v = {diag,u,

77/__007
v = {diag, v, };7>° __, sequence of real numbers. We introduce the following notations.
1 i
n P +o0 o , p’
Tm,u,v = sup Z ‘uj|p Z (j(m—l)p ) |Uj|7p ;
n=0,1,2,... - —
7=0 j=n
1 a1
0 P T »’
i —1)p’ o
T =00 [ g || D0 BT o)
<0 J=T Jj=—00
Tm,u,v = q/max [(Tm,u,v)p ) (T,%,uw)p], (m =2,3,... ) .
We denote by 1 the set of all finite sequences of real numbers.
Definition 1.1. y = {y;} 1 =2 € lz is called a solution of the system (1.1), if there exists a sequence
{2z} F> ¢ I such that [|z® — ylly — 0, |Loz® — flls — 0 (k — +oo)
Theorem 1.1. Let the sequences 7 = {T”}jffoo, = {sj; } % 122 e QW = {q J_foo, PO) = {p” J_ioo;
(6 =1,2n — 1) satisty the following conditions:
max ('YQn—l,e,Fz ’7‘97@(@,;, 79’§(9)7;) < o0 (0 =1,2n— 1), (12)
1
sii| < aoaqri; € Z 0<a; < ——, 1.3
| JJ| = G1l5y (j )7 1 5\5 ( )

where e = {e,},/>° , e, = 1 Vn € Z. Then there exists a unique solution of the system (1.1). Furthermore, the
solution satisfies the following estimate:

o], + o=y, + 20 +

2n—1
4 Z (HQ(J')A(anjfl)yH + Hp(j)A(znqu)yH ) < C1 | Loyll, (1.4)
2 2
j=1
We denote by L the closure in I5 of the following difference expression
2n—1
Loy = A2ny+rA(2n—1)y+ SA(T_Dy-i- Z (Q(j)A(Qn_j_l)y-l-P(j)m> 7

j=1

originally defined on a set 1 of all finite sequences. If the conditions of Theorem 1.1 hold, then there exists
an inverse operator L=! to L and it is continuous. The following assertion is important in questions of the
approximate solution of the system (1.1).

Theorem 1.2. Let all of the conditions of Theorem 1.1 be satisfied and

+oo
. —2 o .
nh_)rrgo n-erj =0; (1.5)
j=n
k
. —21 _
kl;rrgo k- Z ri; ] =0. (1.6)
j=—o00

Then the operator L_; is compact in space [o.

First part of this paper is devoted to study of the new difference weighted Hardy inequalities. In the second
part, we apply this results together with the operator methods and theorems on small perturbations, to the
proof of Theorems 1.1 and 1.2. A review of previous results obtained in these directions is contained in [7]. When
n =1 and h = 1, Theorem 1.1 coincides with the results of [7]. In the case of higher-order elliptic differential
equations, the question of maximal regularity (coercivity) was considered in [8, 9]. One of the achievements
of Theorem 1.1 obtained for the difference analogue of these equations, is that it removes the restriction on
the oscillations of the coefficients. Qualitative research on systems of infinite difference equations can be found
in 7, 10] and references therein, and the weight inequalities associated with these systems and questions of
compactness in Sobolev difference spaces can be found in [11, 12].
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2 Some weighted difference inequalities

Let I, = {{w,}}> _el: we = 0,Vk < 0}

Lemma 2.1. Let y = {yn }." €1, , and the numbers P,k (s€ N, k=0,1,2,...) are defined as follows:

k(k+1)
Ply=1,Pop =k P3)= (7 ZPm 1, (m=4,5,...). (2.1)
Then holds the following equality:
yn—ZPmk (=AM (n=0,1,2,...), (2.2)

where m — is a fixed natural number.
Proof. Let {ax} € l4. If

+oo
Yn = E Ak,
k=n

then a,, = —Ay,,. Therefore,
“+o0

U= (-A)yp (n=0,1,2,...). (2.3)
k=n
If we put —Ayx = 2k, then by (2.3)
+oo
2z = Z (—A) z
s=k
From here
+oo +o0o ) +oco s 2)
=3 > Ay =3 () Py, =
k=n s=k s=n k=n

= Z(s —n) (—A)(Q) Ys, n>1.

Continuing this process, we obtain equalities (2.1) and (2.2). The lemma is proved.
We take the sequence v = {vj}j:og, v; #0(j=0,1,...). We denote by H,()kg (1 <p< oo,k € N) the space
with a norm

+oo » >
lall g, = (Z ooV ) (a={a:}13).

Lemma 2.2. If y = {y, }.\ € l+ and (m € N), then

n=—oo

1
7/

sup n|_<Z|PmM|> (n=0,1,2,...,). (2.4)

— =1

Proof. From (2.2) by Holder inequality:

e 1 N 1
—p v =3 p v x ’ ! v’
lyn| < (Z i k—n log| P > <Z ok |” ’(—A)(m) yk’ ) < <Z Pf:l ke | VK] p > ||y||ﬁz()rr;) )
k=n =

SO

P

sup  [yn| < (Z moki—n | VK| p) - (2.5)

oy =1
Hyl\Hé@

Cepust «Maremarukas. Ne 4(92)/2018 17



D.R. Beisenova, K.N. Ospanov

We choose the sequence § = {yfﬂ}j':og by the equalities:

Ay g = Phatalul G € N N Z 1 26)
0, ¢ [n, N
Then by (2.2) ¥ ; = Zi\;j Prs—j (Pm,s,j)p/_1 |vs|_p/ ,and when j = n
N / ’
gn,n = Z P’IIT)L,S—’IL |US|_p . (27)
Further
N 7 ’ V4 N ( ’ 1) (1 /) N 7 ’
—1 — —_ — —
1%y = 7 [losl (Pocty ool ™) |7 = S0 PE P fo O = ST P2
By this equality and (2.7),
1
. N ’ 7 N o7
sup |yn‘ > |yn,n| _ Zszn PgL,s—n |U9| p _ <Z Pp, |Us|_p/> (2 8)
= = 1 m,s—n . °
Il grgmy =1 1Yl 7¢m) [ZN pr mrp/} » ot

s=n T m,s—n

From (2.8) and (2.5), since N is any number not less than n+1 , we obtain (2.4). The lemma is proved. Consider
the sum S, (n) =1"+2"+ ...+ (n—=1)" +n"™ (m,n=1,2,...).
Lemma 2.3. f myn =1,2,...,n > 2m + 1, then the following inequalities hold:

1 1

T (n+1)"" <8, (n) < e ™ (2.9)
Proof. Equalities S1(n) = %, Sa(n) = w and
Chi1Sm(n) = (n+ 1) = C2 18, 1(n) — C3 1 Sm—a(n) — -+ — C 2 S3(n)—
—C 1 Sa(n) — Cl  Si(n) —n — 1; (2.10)
Cp = T!(kkir)! (k,r € N,k >r) are well known. By (2.10):
Sm(n) < ol (n 4 1)m+, (2.11)

The lower estimate for S, (n) follows easily from (2.10) and (2.11). The lemma is proved.
Lemma 2.4. If s>n>2m+1, m>2 (m,n,s € N), then

1

m( s—n+m—2)""L (2.12)

s_n+m_2>m_1§Pm,sfn§

1
(m—l)!(

Proof. If m = 2, then P, s_, = s — n and is satisfied (2.12). Suppose that (2.12) holds for m = k:
;i('— +k—2F1<P <$i('— +k—2)F!
1020k — 1)1 &V " = Theon = G Ty 2V T ‘

Jj=n j=n

Then by Lemma 2.1,

1
Sk-1(s —n+k—2) s—n+k-2)F1<

10F-2(k — 1) T 10F2(k — 1)!(

1
(5777/‘}’]{72)]671 :WSk_1(57n+k72)

S Pk—i—l,s—n S

1
(k—1)!
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By inequality (2.9), we have

1
(s—n4+k—1)F"<Pij1sn<—(s—n+k-1)"

1
10k—1k! k!

Thus, inequalities (2.12) also hold, when m = k+ 1. The principle of mathematical induction proves the lemma.
From (2.12), since m is a fixed number, we obtain the following assertion.
Corollary 2.1. If m > 2 | then there exists a positive number jg , that for all j > jo the following inequalities
hold
At < Py < Baj™h, (2.13)

where A, and B, are positive constants.
Theorem 2.1. Let 1 <p < oo, 1/p+1/p' =1, m > 2 and

n P +oo » p
_ P {(m—1)p’ —p’
Tup = SUp g || g (]( » > lvj] < 0.
n=0,1,2,... \ <= —
7=0 Jj=n

Then

1
+o00 P
(z |unyn|p) < Covan (Z boo
n=0 n=0

In addition, if Cy, 4, is the smallest constant satisfying (2.14), then

m p\” - ~
v (—A) ™y, ) VY = {Yntneo € 1y (2.14)

1
7

1
A+T0,m,u,u < Cm,u,v < B+p" (p/)p Tm,u,vv (215)
where )
n P “+o00 o »’
. —1)p’ !
Tomouw = 3%1)2 Z |uj |P Z ((] _ n)(m )p ) |vj‘ p
n=0,1,2,... \ 750 j=n

and A4 u B, are constants in (2.13).
Proof. It suffices to verify that inequalities (2.15) hold. If we use (2.2), (2.13) and the well-known weighted
difference Hardy type theorem [11]

() - £

n=0 n=0

N
) -

“+o00
3 Jos=a)y,
7=0

“+oo
Un Y Prgvy, ! (Uk(_A)(m)yk)
k=n

S

1 1 ' ~ ,
<pr @) s D ful” )| D [P
=0,1,2,... j=n

o’

P
<

P
.
o

+oo
1
< Biprp'V T | D 05 (=2) ;"
=0

This implies the right-hand inequality in (2.15). Now we prove the left-hand inequality in (2.15). For the
numbers Y, (n =0,1,...) chosen above, by virtue of (2.7), we have

—+o00 “+o00 N , , P n N / ’ i
S Gl =D lunl DO PE TP > Zwl”< D . vsr’”) .
n=0 n=0 s=n 7=0

s=n-+1
And by (2.2) and (2.6),

N N N
~ 1P '_1 L ’ o
19100 = S [l AR = 3 1ol Pase) T P = 3 (Prsn) oo
P s=n+1 s=n+1 s=n+1
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Consequently

n N Pt
P > Z \uj|p ( Z (Pm,s—n)_p ) ’ H?j”%;(’m) :
i=0 N

s=n+1

400
Z |ungn,n
n=0

According to our choice, N is any positive integer. Therefore, by (2.14), we obtain the estimate A Tj m uv <
< Cpyu,v- The theorem is proved.

Let Iy = {{w,}}° . €l:wp =0 Vk > 0}. The following assertion is proved similarly to Lemma 2.1 and
Lemma 2.4. B

Lemma 2.5.ff m >2,n < —m —1,j <n (m,n,j € Z), then for each y = {y,}°___ € [_ the following
equality holds:

o = (1" 3 P (=8) "™ yi(n € 2),
Jj=—00

where P, _ ,—; (m=1,2,...) are defined by

Ployj=1Ponj=) Pt j(k=23..)

s=j

and they satisfy the following estimates:

1 _ _
(n—j4+m=2)""" <Py _ ;< (n—j+m-2"""

1071 (m = 1)! < i

Corollary 2.2. If m > 2 , then there exists a number jo < 0, such that for all j < jo hold the following
inequalities:
A|jI" T < Py < BT (2.16)

where and are positive constants.
We denote by HIS",} the space with the norm

1
0 P
p
alig<k>=< > |vsaWay ) (a={as}o o).
p,v

§=—00

Using Lemma 2.5 we prove the following assertion. Lemma 2.6. Let y = {y,}°___ €l . Then

—o00
1
7

n P
sup  |yn| = ( Z |Pr— s’ vsp> (n=0,-1,-2,...).

Hyl\f{\é%):l s=—o00

Theorem 2.2 Let 1 <p <oo, 1/p+1/p' =1, m > 2 and

7

.
) 1 ’ !
ST | <

j=—c0

p

0
1" _ 2 : P
Tm,u,v = sup ‘uj|
T7<0 —
J=T

0

Then for y = {yntp__ € I_ the following inequality holds:

0 } }
<Z |unyn|p> g(Jl( 7 0jon (=) ™y, ) . (2.17)

n—=—oo

In addition, if C1 is the smallest constant satisfying (2.17), then

1
S Cl S B—p% (p,) v T#L,u,v'

A_T//

0,m,u,v
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Here A_ and B_ are constants in (2.16), and where

o=

0
T//

. 1)y’ .
0,m,u,v sup Z|uj|p Z |(T_]|(m » |Uj| b

n=0,—-1,-2,... \ % ,
j=T j=—00

This theorem is proved on the basis of Theorem 2.1, by performing some simple substitutions. We introduce
the notations

Ym,u,v,B = </max [(BJrTm}u,v)p; (B Tylyll u v) ]

and

fymuvB_\/mln AJ,-TOmu’U) 7(A T(l)/muv)p:l’

where A, , By ,A_, B_ are constants in (2.13) and (2.16).
Theorem 2.3 Let the sequences u,v satisfy the condition v v, < 0o . Then for y; € I the folloving
inequalities hold:

+oo +o00 »
7wyl leqCy 0y Y ’%‘A(m)yj‘ : (2.18)
j=—o0 j=—00

In addition, if Co 4, 4. is a smallest constant for which (2.18) is true, then

Vst < Coomnw < P77 ) A, (2.19)
Proof. By Theorem 2.1 and Theorem 2.2, we obtain estimates (2.14) and (2.17)
+oo
n=0
and
—1
p

UnA(m)yn

Z \unyn\ leqolmuv Z

j=—00 n=-—o0

Summing them, we have (2.18). Now we estimate C5 ,, 4. . According to (2.14) and (2.17),
0

™= AP P m P L, P
> Junyal” < |Bypr ()7 Tm,u,v] S o (=)™ g |+ [B—pﬁ () Tlr'l} >

Jj=—00 n=0 n=-—oo

UnA(m)yn "

UnA(m)yn

kS —1
S pp (p,)p rYTP;L’uﬂhB Z

n—=—oo

) 1 -1
In this way, Com.uw < PP (1) Ym,u.w,B-

By Theorem 2.1 and Theorem 2.2, respectively, Cr w0 > T0,m,u,0 a0d Ci 0 > T

= ;1 Uy MU,V = = 0,m,u,v

€1_ and 6 = {6}/ € I} such that

. In other words,

there are sequences z = {z, }._

—1 —1
p
Z |Unzn‘ (A T(;/mu 1})p Z UnA(m)Zn 5
+oo —+oo p
Z |un6n|p Z (AJrT‘(),m,u,v)p Z ’vnA(m)en‘
n=0 n=0
Then, denoting zj, = 0y (k=0,1,...), for 2 = {z,},7>° € 1, we obtain
+o00 400 —1 p
S funzal” 2 (A Tomun)” 3 [ond™ 2] 4 (AT, 00" S [ona™e,
n=—oo n=0 n=-—oo
00 P
> (ly:n,u,v,A)p Z ’UHA(m)Zn‘
n=—o0

This implies the left-hand inequality in (2.19). The theorem is proved.
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8 Coercive estimates for a degenerate system of difference equations

Consider the following system
loy; = A"y + 1, A"y, = Fyj € Z. (3.1)

Let y = {y;}© = €. From (3.1) we obtain

ZA2nyj A2n 1yj+zrjj AQn 1 Zlﬂyj r]AQ" 1 (32)

JjEZ JjE€EZ jE€Z

Putting A"~ ly; = z; , we rewrite this equality in the folloving form:

ZA,ZJ'-Z]'-FZTJ‘ ?ZZloyj~Zj7

jez jez JjEZ

It is easy to see that the expression A =3, , A_z; - z; satisfies the equality A =3, , [A_zj]2 — A, so

Jj€Z
1 1
A= ) Z [A_z) = ) Z [AQnyj]Q
i€z i€z

Then (3.2) implies the following estimate:

[N
S

%Z (A2 ]+ 3 gy (At < (S [%r > [\/@A(Q"_l)yjr ; (3.3)

jez jez jez

in particular,

N
N

A

9 2
S [vmatiy)t| < Z{zoyj\/%}

jez jez
Using this inequality and condition r;; > 1, from (3.3) we have

%Z (22017 3 vy [A2 11 <3 Tloyy). (3.4)

j€zZ j€zZ Jj€Z

Then, in view of (3.1),

Z 7“]2‘3‘ [AQn—l Z loy]
€z

JjEZ
From this and (3.4)
(2n) 2 (2n—1) 2 2
|aey| + [ratn=2y|” < 5oy,

then ~
]l <5, v o

We put 7 = {r;; }7°° . If y9,_1 7 < 00, then by Theorem 2.3,

j=—00

lylly < 2v2n—1,e7

rA(Q”_l)yHQ ,Y € l.
Taking this into account, from (3.5) we obtain
|a@y|| +[ra® Dy + iyl < (2920107 + VIO) lloyllyy € T (3.6)

The following assertion is proved by a standard method.
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Lemma 3.1. Let rj; > 1 (j € Z) and v2y,—1,¢7 < 00 . Then the operator Iy (D(lp) =) corresponding to the
system (3.1) is closable in the norm of I . We denote by [ the closure of Iy in ls .

Lemma 3.2. Let r;; > 1 (j € Z) and y2p—1,7 < o0 . Then the inequality (3.6) holds for each y € D(1).

Proof If y € D(1) , then there exists a sequence {y(k)}z';l such that

Hy(k) - sz =0 Hloy(’“) B lyH2 =0

as k — o0o. According to (3.6)

o ol o] e ) o

2n) - (2n)

We denote by @$>™ the completion of 7 in the norm [[v[|, = [AC™ ||, + [[rAC Do, + |Jvlly . by ™ is a
difference Sobolev space with weight. By (3.7), for Vk,m € N we obtain

-y, = (v vE) i -6

Consequently, the sequence {y(’“)}g":1 € 1 is fundamental in a Banach space wf") , s0, there exists an

element v € w22n) such that Hy(k) - va — 0 (k — 00) . According to our choice Hly(k) - ZyH2 =0 (k— ).
Then v € D(I) and ly = lv . By (3.7),

ol < (292010 + VIO) 0]y = (220-1,0.7 + VI0) iyl (3.8)

Therefore D(1) C wéQn) . In this way, y € wé%)

lemma is proved.

Definition 3.1. The element y = {y; j;’ioo is called a solution of the system (3.1), if there is a sequence

and v = y . Then by (3.8), we obtain the inequality (3.6). The

{2172 such that the following relations are satisfied:

z(k)fyH — 0,
2

loz(’“)*FH — 0, (k — 400).
2

It’s clear that y = {yjh}jt’ioo € Iy is a solution of (3.1) if and only if y € D(l) and ly = f.
Theorem 3.1. Let n > 2 , and the sequence 7 = {rjj}j';“ioo satisfies the conditions r;; > 1 (j € Z) and
Yan—1,e,7 < 00 . Then the system (3.1) has a unique solution y € I . In addition, for the solution y holds (3.6).
Proof. By lemma 3.2 and Definition 3.1, the inequality (3.6) holds for a solution of (3.1). The solution of
the system (3.1) is unique. In fact, if z1, 2o € Iy are two solutions of (3.1), then for w = z; — 2o we have lw =0
. By (3.6), ||w|ly =0, so z; = z; . Now we will prove that the solution of the system (3.1) does exist. It suffices
to show that R(l) = lo . Assume the contrary, let R(l) # Iy . Then there exists an element v € Iy R(l), v # 0 ,

such that (lpy,v) = 0Vy € D(lp) . Since the set D(lp) = is dense in I3 , we have
ACYy, — AP (pii0) = 0,V € Z. (3.9)
By choice, v € I, therefore, lim;|_, |vj\2 = 0. Consequently Ve > 0, 3jo :V7 > jo |A(2”)vj| < e. Then by (3.9)
A= (rj;v;) =0.
According to the conditions imposed on the sequence r = {rjj}a.‘ffoo , the solution of this equation belonging
to ls , is only v = 0 . We obtain the contradiction. The theorem is proved.

4 Proofs of the main theorems

Proof of Theorem 1.1. By condition (1.2), hold (1.3). Then by Theorem 3.1, the minimal closed operator I
in Iy defined by equality ly = A®y + AR~y s continuously invertible and (3.5) holds for each y € D(l).
In view of (3.5) and (1.3)

HSA@”*l)yHQ < ag HTA(2”71)yH2 < 5V2a4 HlyH2 (4.1)
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Then, by (1.3), (4.1) and the well-known theorem on small perturbations, lAy =y + sA(27"=1)y is an closed and
continuously invertible operator. And for y € D(I) holds the inequality

Jatmu, +

TA(%*I)yH +
2

SA(Q"*UyH < 5V2(1 4 ay) HlyH . (4.2)
2 2

On the other hand,
o], = ], + HSA@"*”sz <[], +5v2en |

SO
vy € D(I).
lil, < sy [l v € PO
Then from (4.2)
— AN o1 5[(1+0[1 -~
s a3, < 0 e
[y, + [ratvy], + [sa@y| < =L L] vy < DO, (4.3)

Let, now, k be a positive constant, and 7 = % . If the values of y;; (j € Z) are chosen such that y;; = y;r

(jr € Z), then A+yg = Yji+1 — Yj = k(ﬂ(ﬁl)f Uir) = kAL, APy, = AL (A_y;) = kK*APg;, and
A_ (A(Q)yj) =k3AG) G . Also A m)y = kAl yﬂ ,m € N . Therefore, if we introduce quantities 7,7, 5j;-,

Gjjr B Fiir (G € Z) accordmg t0 Tyjr = Tjjr » 8jjr = Sjjrs Qjjr = Qjjrs Dijr = Pjjrs fijr = fijr (7 =1 € Z),
then equation (1.1) reduces to the form:

Loy = A(2”)y+ FARn— Dy + ,SA(zn Dy +

2n—1

+ Z ,{JH (Qaz=i=ig 4 POATTT) = k=2 f, [ € by, (4.4)
where y = {ij}j:—OO; T = {diag7 ?jJT}]ioo; 5= {diag> /S\jj‘r};rfioo; Q(e) = {dlag> qﬂ‘),- j——OO;
PO = {dlag,p]jl 2l (0=1.2n—1), f {f]T 122 oo We rewrite (4.4) in the following form:
2n—1

Ty + Z k+1( QU A2n—i= 1y+P”W)——f Fely.

By condition (1.2) and Theorem 2.3,

2n—1 1
AG) A2n—j—1~
> [manany] <
j=1 2,7
< (2n —Dmaz,_t5-—7 L 5 FAC—Dg (4.5)
= J=T2n=1 | 1j+1 /(2n—1),QW) [min(A_, A )]~ 17 Y, , ‘
and _—
nz_: L suiazn-i-1] <
kit1 I
j=1 2,7
1 /\A(2n—l)~
< (2n = 1)maz; 13- | 1551 V(2n—1),P6) fmin(A_,A))-17 )7“ y‘ (4.6)
We denote

~ 1
G(®,7,n,7) = (2n —1),mar;_ 75,1 |:kj+1’7(2n1),<I>,[min(A,A+)]1?} ;
where ® is the matrix equal to either Q@) or P (§ =T,2n — 1) . If we choose k such that

o1 _ OV2(1+a) 5vV2(1 + ) ~_
S T a1,

for some o € (0,1) , then according to (4.5) and (4.6),

{4(271 — )max {maa:e:LzﬁG(ﬁ((’)7 rn, 0)] } (
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2n—1
1 _
Z s (Q(J)A% j=1 +P(])A2n = 1y) <
j=1
2,17
~oy ~oy 5V2(1+ o) e
_ - (0) - (©)
< {4(2n 1)max {mawazwn_lG(Q ;7. 0), mazy_15,—7G(P ,r,n,@)}} (1 520 k2] Hly‘ o <
<a ‘ Ty (4.7)

Since the operator 1is closed, from the inequality (4.7), first, by the theorem on small perturbatlons it
follows that the operator LO is closed. We denote its closure by L. Second, it follows that the operator L is
continuously invertible. Then, since Ly = Ly , the operator L is also closed and continuously invertible. Thus,
by Definition 3.1, the solution of the equation (1.1) exists and is unique.

Let 7 € D(Ly . Then from inequalities (4.3) and (4.7) we obtain:

i, o], o o, s
+Z . 13”’A2”‘”"1ﬂ WALt o) [z (4.8)
j=1 kj+1 1-— 5\/>O[]_ 2,7
Further
N 2n—2 1 o . O
) < ||lig + Z S (Q(])AQn—]—1ﬂ+P(])A2n7j71:”y') n
: =
2,1
2n—2 1 R
2 Titl (QU)A% g PYART 1y) 2r T
=t 2,7 7
‘ 1 -« ’ (4.9)
By virtue of (4.8) and (4.9)
LoA@n-1)7 N — 1 A A2n—j—15 BN AZn—=1
HA + ||=-TA g +|[zsAacngl + Y i HQ]A J y‘ +HP3A”J1 <
k 2,7 k 2.7 = k 2,7 2,7
< (=5vim)a+ 5VE(L + o) %3, - (4.10)
(1 —a)(1 —5v2aq) 2,7

From (4.10), making the substitutions, we obtain the inequality (1.4) for each § € D(L) , and, in addition,
for the solution of the system (1.1). The theorem is proved. Proof of Theorem 1.2. By virtue of the inequality

(1.4), the operator L~! displays the entire space Il on the difference Sobolev space HZ(Q?" ) with the norm
HA(zn)yH + ||7"A 2"’1)y|| According to the results of [12, 13|, when conditions (1.5) and (1.6) are satisfied, an

embedding operator of a weighted space H, (2n) i) lo is compact. Therefore, L™! : [, — Iy is a compact operator.
The theorem is proved. Remark 4.1 If h > 0 then the assertions of Theorem 1.1 and Theorem 1.2 are also
satisfied for an infinite difference system

Loy = h—QnA(Qn)y + h—2n+1,r,A(2n—1)y + h—2n+1SA(T_1)y +
2n—1
+3 (Q<j>,f<2nﬂ>1>A<2nﬂ>1>y+ p(j)h7<2n—j71>7A<2n7j71>y) —
j=1
where y = {y;n} 12 i Asvrn = Yorvn — Yeni APyen = A_ALyen = Yayn — 20kn + Yg—1yn and
r=(Tjnjn)jez (Tingn 2 1)5 8 = (Sjnjn)jezs Q= (qj((ﬁjh) ; P? = (pﬁ))]h) (6 =1,2n — 1) are diagonal
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matrices, and f € lao(h). Here l3(h) is the space of the real numerical sequences f = { fjh}j;'i with the norm

1/2
+oo
1l = (X2 f2h)

This work is partially supported by project AP05131649 of the Ministry of Education and Science of the
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J1.P. Beiicenora, K.H. Ocnanon

X{OFapFI)I peTTi aﬁblprM,Z[bIK TenaeyJjiep }KYﬁeCi YIJ_IIH
MaKCHUMaJIAbl peI‘yJIﬂpJII)IK 2KoHe IIIarblIH IMapTTapbl
Maxkasaa 2Ky perTi MeKci3 affbIPBIMIBIK, TEHIEYIED XKYiieci KapacThIPBLIFaH, XKYWeHiH OH YKaFbl THIE0ePT
KEHICTIrHIH caHIbIK Ti30eKTepiHeH Typasbl. 2KyMbICTa KapacThIPbLIFAH Kyie TeHeysaepinid, Koadduim-

€HTTepiHeH KypaJsraH Ti3bekTep Gipreit perTi allbIppIMaapaa mekci3 60/ybl MYMKIiH, COHBIMEH Oipre oJiap-
JIBIH, ©Cyl MMOTEHIINAJIBIH ocyine OarbiHOaybl MyMKiH. Bi3miH KapacThIPBIN OTBIPFAH XKaFIaii/la TMOTEHITHAJT
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HOJIBIIK Ti30€eK, Hemece TaHOAch! Gesrii 6omaybl MyMKiH, corabikTad [ITypMm-JlnyBusas TunTi aifbipbiM-
JIBIK TEHJIeyJIep >KYHeCiHiH MOTeHIMAJIbI OCYiH KOJIJIAHATHIH OYPBIH-COHJbI »KacaJraH diicTep OyJI Kepie
KOJITaHbLIA aJiMaiabl. MakaJsa aBToOpJaphl XKYHeHiH KOPPEeKTijli MeniIyiHis mapTTapbliH KeJITipim, MemnriM-
HiH >K9HE OHBIH afiblpMaJIapbIHbIH HOpMAaJIapbIHbIH THIMII Oarajapbin 6epai. Hykcanasl oneparop Kyitecine
COKeC pe30JIbBEHTAHBIH, KOMIAKTBLIBIFLL MIAPTTAPHI AJbIHJIbI. O31H/IK FBUIBIMA KbI3BIFYIIBLIBIK, TY/IbIPa-
TBIH KEeHOIp cajMaKThl ailbIPBIMIBLIK Xap/y TUNTeC TeHCi3mikTep maiesgenred. Oyap *KyMBICTBIH, Herisri
HOTHUXKEJIEPIH fpsiesey GapbiChbiHIa maiinaaanbpurad. Hykcanast quddepeHnaiabK, TeHIEYIEPMEH CAThIC-
TBIpFaH/Ia albIPBIMJIBIK, XKYile Karaaibiaia Kyite KoaddunueHTrepi repobesricine KOMbIIFAH MAPTTHI AJIbIIT
TacTayra OOJIATHIHBI KOPCETIIreH.

Kiam cesdep: allbIpbIMABIK, XKYiie, apaJiblk, KO3MMUIUEHT, MIeMHIH KOPPEKTLIIri, MAKCUMAJIIbI PEryJisap-
JIBIK, P€30JIbBEHTAHBIH KOMITAKTHLJIBITBL.

J1.P. Beiicenona, K.H. Ocnanon

YciaoBug MaKCUMaJbHOUN PeryjisipHOCTA M KOMIIAKTHOCTH
JJid CUCTEMBI PA3HOCTHBIX YPAaBHEHUN BBICOKOI'O IOPAIKA

B crarbe ucciieoBana 6eckoneuHast JInHEHHAsI CHCTEMa PA3HOCTHBIX YPABHEHU BBICOKOTO Y€THOT'O IIOPSIIKA
C IIPaBOi YaCTBIO U3 I'MJILOEPTOBA MPOCTPAHCTBA IHCJIOBLIX IOciemoBaresbHocTeit. [locienoBarensrocTn,
00pa3oBaHHbBIE U3 KOI(DDHUIMEHTOB yPABHEHU CHCTEMBI IIPU OJIMHAKOBBIX MOPSIKAX PA3HOCTEH, MOT'YT OBITH
HEOIDAHUYEHHBIMH, & TAKXKE UX POCT MOXKET He IIOUYMHATHLCS POCTY HOTeHIaa. Parnee pazpaboranubie Me-
TOJIBI, CYIIECTBEHHO UCIIOIB3YIOIINE JOMIUHUPYIOIUI POCT MTOTEHIINAIA B PASHOCTHBIX CUCTEMAX yPABHEHU
tuna [lrypma-JInysunis, 371eck He TOAXOAAT, TAK KAK B PACCMATPHUBAEMOM HAMU CJIyYae MOTEHITHAJ MO-
JKET OKa3aThCsl HyJIEBBIM, WJIM HE UMEIOIIUM OIIPEJIEJIEHHOIO 3HaKAa [I0CJIe0BaTEIbHOCTH. ABTOpaAMU CTaThU
MPUBEJIEHBI YCIOBUST KOPPEKTHOM Ppa3peIrmMOCTH CUCTEMBI, & TAKYKEe ONTUMAJIbHBIE OIIEHKH HOPM PEIIeHUs U
€ro pa3HoCTel BIUIOTH JI0 CAMOr0 CTapIero mnopsijaka. [1oydens ycjioBius KOMIAKTHOCTH PE30JIbBEHTDI, CO-
OTBETCTBYIOIIEN CUCTEME BBIPOXKIEHHOIO orepaTropa. J{oka3aHbl HEKOTOpbIE PA3HOCTHLIE BECOBbIE HEPABEH-
CTBa TUIA Xapu, UMEIOIIHe CaMOCTOSTEIbHBIN HaydHbIN nHTepec. OHU UCITOTB30BAHBI B JIOKA3ATEIbCTBE
OCHOBHBIX Pe3yabTaToB paboTol. [lokazaHno, 4TO, MO CPaBHEHUIO C BBIPOXKIEHHBIME IuddepeHnnaabHb-
MM yPABHEHUsIMU, B CJIydae PA3HOCTHOM CHCTEMBI yJIaeTCsl CHATH yCJIOBUE Ha Kojebanus Ko3(pdUImueHTon
CHCTEMBI.

Karouesvie caoea: pa3HOCTHAS CUCTEMA, IIPOMEXKYTOUYHBIN KO3MDMUIHEHT, KOPPEKTHOCTh PENIEHNs, MaKCH-
MaJIbHasl PEryJISpPHOCTDH, KOMIIAKTHOCTD PA3pPEIIeHUsI.
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The tri-harmonic Neumann problem

In this article investigated the tri-harmonic Neumann function for the unit dics. For harmonics functions
the Neumann’s boundary problem is well studied and solved under certain conditions through Neumann’s
function, sometimes it is also called Green’s function of the second order. Any case of finding of Green
function of the corresponding boundary value problem is very important for this or that area D as it
contains extensive information, allowing to write out a large number of analytical solutions in the form
of integrated ratios. At the same time the specified procedure makes the main difficulty at the solution
Dirichlet and Neumann problems and in an explicit form Green function is known only for a small number
of simple areas. The harmonics Green function with itself consistently leads to the subsequent polyharmonic
Green function which can be used to solve the subsequent Dirichlet problem for higher order of the Poisson
equation. Methods of integrated transformation have received tri-harmonic Neumann function in explicit
form for the unit disc of the complex plane with biharmonic Neumann function. With Neumann’s function
an integrated idea is given by development for the tri-harmonic operator. Above-mentioned polyharmonic
Green function for the unit disc gives rise to the solution some specific polyharmonic objective of Dirichlet
problem. In the same way harmonic Neumann function with itself consistently leads to the subsequent
polyharmonic Neumann function. Received in the present article result allows to expect interesting prospects
in further development of the analytical theory of boundary valua problems in complex analysis for the
equations of elliptic type.

Keywords: Neumann function, Green function, harmonic function, potential, field, the Dirichlet problem.

The Neumann function for the Laplacian of the unit disc is given as

Ni(z,¢) = —log (¢ = 2)(1 = zQ)|. (1)

This function are related to the fundamental solution of the Laplacian. The Neumann function on the
boundary satisfies

8,,ZN1(Z,C) = (z@z + Z@g)Nl(Z,C) = -2.

Neumann boundary conditions are given via outer normal derivatives 9,. For the unit disc this is

0y = 20, + Z03.

Typical for Neumann problems is that they are in general not well-posed. They are neither always solvable
nor uniquely solvable. As well solvability conditions have to be determined as normalization conditions to be
posed.

The bi-harmonic Neumann function has the form [1], [2].

12 LAk 4 (50)F
No(2.0) = 1€~ 22 log (¢ — )1 - 20 — 4] 44y B
k=2

log(1 — zf) n log(1 — z(¢)
2( zZC

1220+ 2] log 1 — 202 — (14 [2P)(1 + ) [
and satisfies the Neumann problem

0.0:Nz(z,¢) = N1(z,¢) in D for fixed ¢ € D;

0. No(2,¢) = 2(1 — [¢]*) on 0D for fixed ¢ € D
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and the normalization condition

1 dz
Mo, )% =0,

211 oD

Moreover, Ny is symmetric in z and ¢, Na(z,) = Na(¢, 2).
Theorem 1. The Neumann problem

(8235)210 = finD, d,w =y, 0,0,05w = v, on ID;

1 a¢ 1 ) % B
i Kl:lw(é)? = Co, 27”'/|<|—1w“(<) ¢ =

for f € L,(D,C), 2 < p, 7,7 € C(OD;C), cg, c1 € C is uniquely solvable if and only if

1 ¢ 2 )
— S o902 - ded
i L O =21 [ a—Ieraan
and
1 a2
— — = — dédn.
i [ 0T =2 /|<<1 F()dgdn
The solution is given as
d
W) =eo— (1= [sP)er+ g [ ANz C0(Q) + Nalz O ()} B -
I¢|=1 ¢
—— [ Nz s (Q)deen. 3)
[¢l<1
Definition. The Neumann-3 function for the unit disc D is
Na(z,€) = —1¢ = 21*1og (¢ — 2)(1 = 20 + ns (=), (4)

where n3(z, () is tri-harmonic in both variables with proper boundary behavior. The properties of the third
Neumann function are

0.0:Ng(2,¢) = Na(z,€) in D\{C} for ¢ € D;
BuNs(2,C) = —3 (1~ CP)? — 50, Na(2, ) on 0D for €,
where
0. No(2,¢) = 2(1 — |¢|*) on OD for ¢ € D,
so that
0. 00(.0) =~ | 51~ KPP+ (1= 6P)]

1 d
— Ng(z,g)fzomrgeﬂ);

211 |z|=1

NB(ZaC) = Ng(C,Z) for ZaC €D.

It is important that the normal derivative of N3(z,() with respect to z does depend on ¢ but not on z. In
order to find N3(z,() in a proper way some particular Neumann problems are investigated. We must calculate
function n3(z,¢). From a formula (3) we will express function:

a2 €) = Ny(2,€) + 11¢ — 2I* log (¢ — 2)(1 — 20) . o)

30 Bectnuk Kaparanmguackoro yHuBepcuTera



The tri-harmonic Neumann problem

We will prove some properties to which function (5) satisfies:

Doma(2,€) = 0:Na(2,¢) — (¢ — 2)(C— 2 log (¢ ~ 2)(1 — 20) -
1 af 1 ¢ .
—3/¢ 7l (g—z+1z§>’

azazTLS(Z,C) = N2(27C) + |< - Z|2 log |(C - Z)(]' - Z§)|2 + 2|< - Z‘2_

1 2 2 ! ! '
_§|§—z| (1 - )(1_24“—’—15()’

(angnﬁz¢3::6—(1—wc2)<1j254—1;i%>-—;(1—Id%2((1_tcp-+(1_2CV>,

for |z| =1 then

Buns(2,€) = —5 (1= [P (1= [CP) + 51 — 272 — 2C — 20) o (¢ — 2)(1 — 20) + 5] — =I%

0,0,0:n3(2,¢) =4(2 — 2 — 20) +2(2 — 2¢ — 20) log |1 — 2C|* — (1 — [¢]*)+
1 —_— 1-2¢ 1-2C
#3012 - - 20— (- 1) (s + 1

follows.
Next the first solvability conditions of Theorem is verified.

1 dz 2
— Oyns(z,)— =2¢; — = 1 — [2|%)8.0sn3(z, ¢)dxdy.
i | s 0T =20 = [ (1 o f0.0ems e, ey
At the beginning consider the left-hand side
1 dz 1 1
- 6,/ o = (1= 2\2 1— 2
i [ omte 0% =g [ =501 -0

_ _ d
316 52 = 50— 20)log (¢ — (1~ 20 + 51¢ - 51} £ =

= 5 (= [ = (1= [CP) + 3G + g1¢l* + 3lc+

1
S ICH T4l + ¢ = 0[P + [ - 1.

Also to solve the right-side of the condition, namely:

2¢; — z/ (1= |21*)0:0:n3(z, ¢)dady,
|z|<1

T
where
1 dz
c1 = % 2/=1 8265713(274.)? -
1 _
=— {Na(2,¢) +1¢ — 2[*log (¢ — 2)(1 — 20)|* +
2mi Jigl=1

5 1 9 9 1 1 dz
#I = 5P - 3l = P - 1P | o+ o | -
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= 4lCP 424 2CP — S (1 - 1CP) — 21— ICP) = TP + 1

and solving separately:

2= 000 oy =
|z|<1

™

- i/|z|<1(1 — 2P {6 — (1= 1P <1124 1 —12C> -

301 (s + () o =

=6—2(1—[¢]*) = (1= [¢]*)* = 3 +4[¢* — [¢*

it follows that

™

2
=2 [ (-0 e = 10+ T 1
<1
We have proved the validity of the first condition:

10[¢* + I¢I* = 1 =10J¢* + [¢|* — 1.

In the next step we verify the second solvability condition of Theorem 1:

1 dZ - z \2
i [ 200l 0F =2 /m(azaz) na (2, C)dady.
The left-hand side is
1 dz
% =1 8uaz82n3(za<-)7 =
1 _ _ _
=5 {4(2 — 2 —20) +2(2 — 2 — 20) log |1 — 2> — (1 — |¢))+
|z]=1
1 9 - o (1—=2¢C 1—-2( dz
30k — -2 - 1) (1o 1) £ -

=8+ 4[¢)* = (1 - [¢[*)? = (1= [¢) (1 = [¢*) = 6 +8[¢|* — 2[¢|".
Then evaluating the right-hand side of the condition shows

2/ (3235)2n3(z,g)dxdy =
[¢l<1

™

2 ()
516 (= + (g o =

— 12— 41— [¢2) — 2(1 — [¢2)> = 8+ 4[¢J* — 2+ 4[¢[ - 2/¢|* = 6+ 8I¢ P — 21|

Hence the second conditions is satisfied, i.e.

6+ 8|¢J* — 2I¢|* = 6 + 8|¢J* — 2[¢|*.

In order to find the solution of Theorem 1, we also must calculate
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1 c
Co = i et 713(270? =

1 Lo ) ¢

=5 [ {00+ jic-sttoslic - 0 - 08}

Evaluating this integral shows ¢y = 2|¢|? — 2|¢|*.
Thus we have verified all the necessary and sufficient conditions of solvability of Theorem 1. According to
Theorem 1 the function ng(z, () is given as [3]:

1

ma(a O =t (== gz | Moo+

Va2, 0,000} 7 = 1 [ Nl O Q) =

3 1 ~ =
= 20¢? = SI¢* + (1= [P+ 1) + /a_l { (log 1€ = 2)(1 = 20)%) x

(=50 =16 = (= I + 516 - G2 = o - 0o ¢ - 1 - EOP+

+;|<—<”|4)}d§+1./“_1{(5—z|2uog|<5—z><1—z5)|2—41+

¢ 473
+o0 Nk = \k - = — 3
+43° W +2(2C + 20) log |1 — 2> — (1 + [21*)(1 +[¢]?) [bg(lzézoJf
k=2
+log(lzczob (4(2 ~ -0 +22 - Olog 1 = CCP* — (1 - [¢))+

" ) 1-C¢ 1-¢C dc
o=@ =0~ (1= )<1—5C+1—§<>>} ¢
1 p 2 c : )k
1 — 2120 1—2(0) 4
(-

+2(2C + 20) log [1 — 282 — (1+ |2 (1 + [¢?) [lg“g%
z

10g(1—z() 2 1 L)
L D(G (1 lg)<1—€:€+1—§§>

L e 1 1
5 (1= 1<) ((1_5C>2+(1C©2>>}d£dn (6)

Then (6) we will insert in (4), from here we will receive [4]:

Ny(2,0) = —51¢ — 2/ Tog (¢ — 2)(1 — 2O + a5, 0) = & (11 +1a1") +5 (I +1) (12 +1) +

+2 (ICI2 +12* + 6) + i (|<|2 - 1) (|z|2 . 1) (2¢ + 20) + |< —2*lo ‘ : ZZC

=2 (e 2) (16 +2) + 5 (11t 1) o1 - o +
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5 (e 1) (14 1) (1 + 1) +4 (1P + 128 +2) |

log (1 — 2¢) n log (1 - ZQ:) B
z¢ ¢

1/ 4 4 log(1—2¢) log(1—2() 1 1]
—— ||z 1 1 B
) () | B Tt
= 1"+ 1) (121 + 1 o2 2 R,
Z{ [ 1+1)° ( (l)+(2)2 ) - |(l++41§‘|3 +6] {(ZOH HZC)ZH_}’ »¢eD. (7)
0

Theorem 2. The tri-harmonic Neumann problem

(0,0:)*w = finD, f € L,(D;C), 2 < p< +o0;

auw =70, al/azaiu) =M ay(azai)zw = 7y2 on aDa Yo, Y1, Y2 € C(a]D)v(C)a
satisfying

1 d¢ 1

L oL i _
3wt OF = 5 [ 20O = 5 [ @00 = e

is uniquely solvable if and only if

1 d 1 d 1 1
o [ w©F =20 - g [ @2 [ (=12 3) s

21t Jap

L[ 0% _61_262_2/(1_ (C2)£(C)dédn

21t Jap ¢

and

1 i 2
o | 1O =2 [ 5(@azan

21t Jop

The solution is given as

w(z) = co - ex(1— |2f%) — 3 (i(lm 301 + g [ im0+

+ Na(2,Om(Q) + Na(z, Ona(O)} = - L / F(O)Ny(=, ) dédn.

Proof. Rewriting the Neumann-3 problem as the system

(8285)210 =winD, d,w = 7y, 8,0,0:w = v, on ID;

L. ’U.)(C)% = Cp, L/ 8@‘8&U](C)% =C1

2mi Jop ¢ 27 Jop ¢

and

0,0;w = finD, ,w = 72 on ID, 212/ W(C)%

202

leads to the solvability conditions
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1 dc P
o | WOF fzcl——/(lf 1¢[2)e(C)dedn (8)
and
RS ac _ 2
57 [ 10T =2 [ w(odean Q

The solution then is

w(z) = o= (= ls)er + 5 [ Go(OM(E 0 +n(ONa(z.0} T
1
2 [ wloma(e dsan (10)

N 1 . 5d¢ 1 NN
w@=ert g [ wOM@OT - [ M Oracdn
Inserting w into the (8)-(9) conditions gives

1

211 oD

S _on Y [ e 1 F - dC
'YO(C)C =2c; 7T/]])(1 1q ){62+4ﬂi /8]])72(()1\71((705

1 / NGO S dfdn} ded

1.\ 1
(1—2|C|> e

W) = o= (1= P - ex (3 [ Moo aan) + 1 [ oMtz 0+

with

N =

= [ a1 e =
T JD

Then inserting w into (10) shows

d d
NONOYE — 1 [ 0@ [ M OM( daeinr

1 1 . i
i [ 1@ [ M€ ONa(e. e
So,we get

w(z) = e~ er(1 ~ [2) ~ o3 (i<1—|z|2>2 31-1P) + 1 [ (0w

Moz Om(C) + Na(z, Oy —W/f )Nz, ) dedn,

where Ni(z,(), Na(z,¢), N3(z () are given (1), (2) and (7) respectively.
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C.K. Byprymbaena

Tpurapmonukajbik HeilimaH ecebi

Jlamtac TeHaeyi THECI] SJIUIITHKAJIBIK TUIITEC TeHIeyIepi DU3UKAIIBIK KOJJAHBLIYIaPhl MAHBI3IbI POJI ATKA-
pazel. OJtapra CBIFBLIMANTBIH CYHBIKTBHIKTHIH, BIKTUMAJ KO3FAJIBICHI, JIEKTPCTATUKAJIBIK, OPICTIH MOTEHIHA~
JIBI, CTAIIOHAD KLY, JUMQY3UAIBIK yaepicTep, OpICTiH IMOTEHIINAJ Opici, adpOMeXaHUKAHBIH Macesesepi
Karaapl. EKiHII peTTi ChI3BIKTBIK, SJIIUNITAKAJIBIK TeHJIeyaepi YImiH, oHblH iminge Jlammac Tewueyi yimin
Hupuxite >xone Heitman ecenrepi Heriari mekTik ecenrrep 60T TabbLTA b BYJT MEKTIK ecenTep/iH HaKTh
mrenrimiepid Taby yImiH opTypJi aHAJIATHKAJIBIK dicTep 6ap, MbIcajFa, HHTErPAJIIbIK TeHJIeyaep dJicTepi,
MHTErPaJIIbIK, TYPJEHIIPY 9aicTepi, OeitHesey oici »koHe T.c.c. Bepinren D ob6JbIchl yuriH THicTi mexkTik
ecerrrifg, ['pun QyHKIUACHIH Tabyma Ke3 KeJITeH Karaalbl ©Te MaHbI3IbI, ce0ebi 01 KOTEreH aHATUTHKAJIBIK,
MIENMIep/[i MHTErPAJIJILIK TYPJACHIIPY TYPIHIE »Ka3yra MYMKIHIAIK OepeTiH ayKbIMIbl aKIapaT CAKTANIbI.
Avrsurran onicrep lupuxiie »xone Heliman ecenrepin 1mentyze Herisri KUbIHABIKTAD TYFbI3abl 2KoHe [ puH
(DYHKIUSICHIHBIH, affKBIH TYPETi memnriMi KapamaiibiM obsibicTap yimiH 6esrim. Bipaik menbepi yrmia ['pun
dyaKIuscy agram per AnMansu eHOekTepiHge menriMin TankaH, Oy HoTtmxke npuxiie ecebin memnryme
aJIPaIKbl Ka1aM/IapbIHbIH 6ipi 6osibin canastaasl. COHbIMEH KOca IMOpH L GUrapMOHUKAJBIK, [ puH dyHKImsI-
col Typadiel I Berep enbexrepine ke3aecemi xkoue ['puH hyHKIIUSCHIHBIE THOPU, TTOJIUTAPMOHUKAJIBIK, TYP-
JIepiHiH opTypJIi OoIybl eHbekTepine Ke3aeceai. Makajia aBTopbl TpUrapMoHUKAJBIK Heliman ecebin 6ipiiik
menbepne 3eprrered. Heiiman ecebi rapMOHUKAJIBIK (DYHKIMIAD YIIH »KaKChl 3epTTesireH koHe Heitman
GYHKIUSICHI apKBLIbBI HAKTHI MApPTTap/a IIelIiiren, Keiibip xarmaitaapaa Oy MYHKIUSHBI eKiHIm peTTi
I'pun dyukmusicer gen araitast. Tpurapmonunkanbik Heiiman dyHKIusicbl burapMmonunkasbik, Heiiman ¢yHK-
[USICBIMEH KeIlleH YKa3bIKTBIKTHIH, GipJIiK IeHbepiHIe ailkbiH Typ/ie Tabburan. Heliman OyHKIUSICHIMEH UH-
TerpaJiIbIK KOPIHICI TPUrapMOHUKAJIBIK ONMEPATOP/IBIH JaMybIHA KOJT Oepemi. Makaiata aJblHFAH HOTHZKE
JUINNIITUKAJIBIK, TEH/IEYJIED YIIIIH MIEKAPAJIBIK €CENITEP/IiH aHATUTUKAJIBIK, TEOPUSICHIH dOpi Kapail JaMbITY/IbIH
KBI3BIKTHI Hos1aareiH 602KayFa MYMKIHIIK Gepesi.

Kiam cesdep: Hetiman dyurnusicer, ['pun GyHKIUACH, TaApMOHUKAJBIK, QYHKINS, IOTeHIHA, opic, Jupux-
Jte eceOi.

C.K. Byprymbaena

Tpurapmonnveckasi 3aga4da Heiimana

B crarwe uccnenoana TpurapMmonundeckasi pyHknust Heiimana Ha eaquHUYHON OKpyzKkHOCTH. JIj1sT rapmo-
HudecKnx GyHKImil 3amada Heiimana Xopormo m3ydeHa W pPeIleHa MPHU OMPEIETEHHBIX YCIOBUSX dYepe3
byukuio Heiimana, mHOrma ee takrke HasbiBaloT GdyHKIWell ['puna BTOporo mopsiiaka. Beakwnit ciydait
HaxXOXKJeHusl (PYHKIUN ['puHA COOTBETCTBYIOIIEH KpaeBoil 3aja4un sl Toi miu uHOM obyactu D Becbma
BaXKE€H, TaK KaK COJEPXKUT OOITUPHYIO MH(MOPMAITHIO, TIO3BOJIsIsI BBITACATH OOJIBINOE 9UCJIO AHATUTUIECKUAX
pelleHnii B BUJe HHTEIPAIBHBIX COOTHOIIIEHU. B To 2Ke BpeMs yKazaHHas IIPOIELyPa COCTABIISET OCHOBHYIO
TPYJIHOCTb TpU perennn 3aaa4d Jlupuxite u Heitmana, u B ssBHOM Buje (yHknusi ['prHa u3BecTHA TOJBKO
71t HeOOJIBINIOr0 YHCJIa MPOCTBIX objacreit. ['apMmonnveckast dyukmus ['puna ¢ coboit mocsiemoBaTebHO
NIPUBOJIAT K IIOCJIEAYIOIIEH MOJUTrapMOHUYECKOH (yHKuum ['puHa, KOTOpas MOXKET HCIOJIB30BATHCS It
peleHus nocseayroeit npobsemsl upuxie ajst 6ostee BbIcOKOro mopsinka ypasHenust Ilyaccona. Mero-
JaMF WHTErPAJBHOTO MPpeobpa30BaHms MOIYIeHa TpUrapMonndeckas oyHkius Heiimana B SBHOM Bujie Ha
€IMHUYHONW OKPY>KHOCTU KOMILJIEKCHOM IIJIOCKOCTH ¢ burapmMoHmdeckoit ¢pyukmnueit Heiimana. C dyHnkimeit
Heiimana nHTErpasibHOE IpEJICTABICHNAE TAET PA3BUTHUE I TPUTAPMOHUYECKOTO OIEePaTopa. Y IOMIHYTasd
BBIIIIE IOJIUTApMOHNYIECKast pyHKIns ['prHa HA e IMHUYIHON OKPY?KHOCTH TA€T HAYAJIO PEIIEHUIO0 HEKOTOPOt
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KOHKPETHOH mosmrapMonndeckoit 3amadn Jupuxiae. Touno Tak ke rapmonmdeckas gpyukius Heiimana c
CcO0OI TIOC/IeOBATEILHO IPUBOIUAT K MOCJIEIYIOMIeH mourapMonndeckoi byukiun Heiimana. ITosryaeHubrin
aBTOPOM Pe3yJIbTaT M03BOJISIET MIPEJIBUJIETh NHTEPECHBIE [TEPCIEKTUBLI B JaJbHENIIEM PA3BUTUU aHAJINTH-
9eCKOM Teopruu KPaeBbIX 33729 B KOMIIJIEKCHOM aHAJIN3€e Jjisl YPABHEHUN SJIIUIITHIECKOTO THUIIA.

Kmouesvie caosa: dynkius Hettmana, dyukmus ['puna, rapmonndeckast GyHKIUS, TOTEHIIAAT, TOJIE, 3a-
nada dupuxire.
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Stable perturbations of boundary problems for differential equations

In this paper, we expand the class of nondegenerate two-point boundary value problems for the Sturm-
Liouville equation, which have a complete system of eigenfunctions and associated functions in special
function spaces. Such spaces depend on the length of support of the potential of the Sturm-Liouville
equation. The formulated results clarify well-known results of V.A. Marchenko. Two-point boundary value
problems for the Sturm-Liouville equation are divided into degenerate and nondegenerate boundary condi-
tions in the sense of V.A. Marchenko. The main result of V.A. Marchenko asserts that systems of eigen-
functions and associated functions of nondegenerate boundary value problems for the Sturm-Liouville
equation form a complete system of functions in the space of square-summable functions. In this paper,
the result of V.A. Marchenko is clarified in the following direction. There are operators with a complete
system of eigenfunctions and associated functions in the space of square-summable functions among the
degenerate boundary value problems in the sense of V.A. Marchenko. The presence of the completeness
property depends on the length of support of the measure which is antisymmetry to the potential of the
Sturm-Liouville equation.

Keywords: finite nonempty set, eigenvalue, three-point boundary value problem, Volterra operator, nonde-
generate boundary condition.

1 Introduction

Let n = 2p and let us consider a self-adjoint differential expression on the interval [0, 1] with real coefficients:

I(y) = (poy(“))(”) + (ply(“‘”)

where pg, - -+, p, are sufficiently smooth functions.
Let us given a system of linear functionals {Ui,---, U,}. Let B, denote the operator generated by the
differential expression [(-) and boundary conditions

(1) @
oot (pueay®)

In this paper, we study the question: how do coeflicients pg - - -, p, of the operator B, influence the structure
of the spectrum of the operator and the completeness of the system of root functions in Ls(0, 1)?

As usual, we introduce the fundamental system of solutions {yi(z,\), -+, yn(z, A)} of a homogeneous
differential equation I (y) = X - - - y(z) with initial conditions y,(ffl) (0) = 0. Denote by Ap(A) the characteristic
determinant of the operator B,, which is given by the following formula

Ap (A) = det {||U;(yx)ll} -

It is well known that Ap (A) is an entire function of exponential type by a parameter \. Zeros of the entire
function Ap (A) uniquely characterize the spectrum of the operator B,. If A is a eigenvalue of the operator B,
with multiplicity ms, then A, is a zero of Ap (A) with multiplicity ms. Inverse statement is also true.

Basically, zeros of an entire function Ap()\) can be represented as:

— empty set;

— finite nonempty set;

— a countable set without end points;

— the set coinciding with the complex plane.

The first case is realized when the operator B, corresponds to the Cauchy problem. Note that, there are
examples of operators with an empty spectrum even it is given with boundary conditions

U](y):()a j:1,~~,n,

38 Bectnuk Kaparanmgurckoro yuuBepcurera



Stable perturbations of boundary problems ...

which is not the Cauchy conditions. Operators with an empty spectrum are often called Volterra operators.
Examples of the Volterra operators representing three-point boundary value problems for second-order differential
operators can be found in the work of S.A. Dzhumabaev, D.B. Nurakhmetov [1].

However, there are still no examples of differential operators with nonempty finite spectrum. It is proved
that if the spectrum of the operator B, represents a nonempty finite set, then its power is not greater than .
In the case of n = 2. T.Sh. Kalmenov and A. Shaldanbayev [2] proved that there is no boundary value problem
with a nonempty finite spectrum.

When the spectrum of the operator B, is a countable set without finite limit points, then the operator B,
is said to have a discrete spectrum. Operators with discrete spectrum occur frequently.

More rarely, there are operators with a spectrum that coincides with the whole complex plane. Similar
examples of two-point boundary value problems for higher order differential operators were given in [3].

A detail investigation of the second order differential operators with two-point boundary conditions were
studied in the monograph by V.A. Marchenko [4]. The main result of [4] that interests us is that there
nondegenerate two-point boundary conditions for a second order differential equation were selected and also it
was proved the completeness of the corresponding system of root functions in Lo (0, 1).

In this work, it is clarified the result of V.A. Marchenko. We select operators from the class of degenerate
boundary conditions for a second order differential equation which have complete system of root functions in a
special functional space.

2 Two-point boundary value problems for the Sturm-Liouville equation
Consider an eigenvalue problem
—y(2)+q(x)y: Ay, 0<z<1
with boundary conditions
Ui (y) = any (0) + aiy™ (0) + asy (1) + awy® (1) =0, i=1,2,

where ¢(x) is a summable function on (0, 1),a;; are complex numbers. The boundary conditions are identified
using the matrix
air a2 a3z a4

, rank(A) = 2.
a21 Aa22 a23 A24

We will denote by A;; the minor of the matrix A composed of columns with numbers ¢ and j. We also
introduce the function

()=a(), 0<z< L, d@=q(-2), g<z<l

[N

q
The difference ¢ (z) — G (z) is denoted by Q(z). It is clear that

Qz)=0,0<z<

N | =

We introduce solutions é (x,\), § (z, ) of a homogeneous equation

P +i@)y=xy, 0<z<1

1 1 ~ (1 - /1
C — :1 S — f— / — e / — :1
c<2,/\) ,s(2,)\> 0, (2,)\> 0, s (2,)\>

Similarly, we introduce the solutions ¢ (z,A), s(x, ) of the homogeneous equation

with Cauchy conditions

P rq@)y= Ay, 0<z<1.
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It is easy to verify that for all 0 < x < 1 the following relations are true

e, N)=¢(1—a,N),8(x,\)==8(1—x,)).

It can also be understood that for all 0 < x < 1 integral equations are valid

c(x,)\):é(x,)\)+/ (t,3) s(t’k) ‘Q(t)c(t,A)dt;

e
0,5 ¢(x, M)

x

et N 5(tN)
e(z,\) 8(x,N) ‘Q(t)S(t,/\)dt.

s(x,)\)zé(x,/\)—F/

0,5

The characteristic determinant is given by the formula

Ag (A) =det{|[U; (c(-A) Uj(s(5A), 7=1,2[}-

Let
AN SN ore i an
r(:c,x)_/% é(z,A) &(z, M) ’Q<t) (1, 2) dt;
e SN |,
p(ﬂi,/\) = /075 é(m7)\) §(£U,)\) ’Q(t) (t, /\)dt'

Similar to the work of V.A. Marchenko [4], let us formulate a statement in the case of a symmetric

potential ¢ (z).
Lemma 1. We have
Ag(N) = A1+ Azs + Ara + Aso +243:6(0,2) 3 (0,\) +
+2 (A14 + A32) § (O, )\) ¢ (0, )\) + 2A94¢ (0, )\) s (O, )\) .

We now write the representation of the characteristic determinant in the case of an arbitrary potential.

Lemma 2. The following formula holds

Ag(N=2,() + Ag(\) /0 [ Qu)Q)el= st g(z N j(z A)

Q(t)s(t, \){A1z(t, N)5(0,X)3(0,A) + (Aaz+Aa)é(t, N)5(0,N)s' (0, \)+Agaé(t, N)s'(0,X)s"(0, \)+

.

+(Ag3+A43)3(t, N) + A135(t, N)é(0,1)5(0, \)+
+(Agz+A41)5(t, N)3(0,\) (0, N)+Aa25(t, N)s' (0, \)¢' (0, A) Ydt+
(Asa+A14)é(t, N)3(0, M) (0, N)+Agsé(t, N (0, N)s"(0, \)+

v / QUE)e(t, N {As1é(t, N)3(0, )0, \) +
0

.5
+(A1g+Asg)é(t, N) + Azi5(t, \)é(0, N)é(0, \)+
+(Aso+A14)5(t, N)é(0, M) (0, N)+Aa48(t, ) (0, M) (0, A) Ydt.

It follows from the result of V.A. Marchenko that the matrix A defines nondegenerate boundary conditions

if at least one of the following conditions hold:

Agy # 0.
Agq =0, A1g+ Asz2 # 0.

Axg =0, A1y + A3 =0, A31 #0
and the system of eigenfunctions and associated functions of the Sturm-Liouville problem represents a complete
system in the space Ly(0,1).
Let matrix A define degenerate boundary conditions, i.e.
Az =0, Ay + A3z =0, Az =0.
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Then, Lemma 2 implies
Ag (A) = (Ar2 + Aszq)

1 1 .
<1—|—/075dt/0'5sz(t)Q(z)c(z,)\)s(t,)\) pos
+ Q (1) s(t, \) {(A1a—A3z4) 5 (¢, \)}dt+

0.5
+ [ Q) c(t, ) {(A1at+Azs) e (2, A)}dt.

0.5

Since rankA = 2, it follows that A5 # 0.
Hence, for Ai5 # 0, it follows from the last relation that

B _ (g gy,

Atz
! ! etA) s [\
X (1—1—/075dt Oﬁsz(t)Q(z)c(z,)\)s(t,)\) c(20) B(=N) D
—0(1+0) 1 Q (t)s(t, N5 (¢, \)dt—
0.5
—0(1—0) 1 Q (t)c(t, \)e(t, Ndt

0.5

for some 6.
root functions in Ly(0,1). As in [4], we introduce the solutions of a homogeneous equation

In the case of degenerate boundary conditions, it is necessary to investigate completeness of the system of
—yP rq@)y=ry, 0<z<1

by formulas
_ c(x, ) s(x, )
@ (@) " Ua(e(:N)  Us(s(,A) ‘
_ | Uile( ) Ui(s(-A)
w2 @’A)—‘ cwn (o) ’
The following representations are also useful
B c(z,\) s(x,A) c(z, A s(x, A B
@i () ‘Ugm(-,m Us (3 ) ‘*'Um(,m Us (p( ) "
:{a c(z,N) s(x, ) ’—!—a c(z,A) s (x,A) ’}+
1 (1460)E0,0) (1—0)5(0,)) 211400, )) (1—60)s(0, N
Vet N st PRIV N I CPVRE (0P .
0 Jos| @) s ‘Q“){aﬂ —£(0,\) §(O,>\)‘ 20 70, \) —&(0, \) ‘} dt;
(e N = d g [ AHOEO0N) A=050.0) |, | 1+ (0, %) (1-0)s(0, A) ||
2z, A)=qaun| T Loy s (2, 0) ‘* 1zl s () ‘}
[T et N st o] N EEN | et (L)
O sl c@N) s ‘Q(“{ 00 5(0,0) ‘ 12| 500, A) —5(0, A) ‘} dt

Main result: Let .
T =MATzcsuppQ > 5 and Aoy =0, A1y + Azo =0, A3 = 0.
The system of eigenfunctions and associated functions of the two-point boundary value problem for the
Sturm-Liouville equation is complete in the space Lg(% T % + 7). The proof of the main result is carried out

by the method of V.A. Marchenko [4] with the involvement of some modifications.
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nddepeHnmaablK TeHAeyJIep YINiH MIeKapaJibIK
ecenTep/iH OPHBIKTHI aybITKYJIaphI

MakaJsraga Itypm-JluyBusn Teneyine akaysibl eMec eKiHYKTe Nl MeKapaJblK eCelTepIiH KIacTapbl KeHel-
Tinai. Kenefitisiren Kacka THICTI ecenmTepiH MEHITEKT] YKoHE KOCAJIKbI (DYHKIUSIAp Kyilesepi apHalbl
DYHKIIMOHAIIBIK KEHICTIKTEepAEe TOJIBIK 60aabl. ABTOpJIapMEH KYPACTBIPBLIFAH APHAMBI KEHICTIKTED
I rypm-JInyBus TeHaeyiHia, MOTEHIINAJBIHBIH, TACYIIBICHIHBIH, Y3bIHIBIFbIHA TOyesdi. Makaiamarsr HOTH-
xkesnep B.A. Mapuenkonbis 6esrisi »kericrikrepin kereiireni. [1Irypm-JIunyBuin Tenaeyine cofikec ekiHyK-
Tesl meKapaJblK, maprrap, B.A. Mapuenko 60ibIHINA, aKay bl YKOHE aKayJIbl eMeC IIETTIK mapTrapra 6eJi-
wveni. B.A. Mapuenkonbis Herisri Ty»KbIpbiMbl 60itbiamma, ITypm-JlnyBuiun Tenaeyine coiikec akaysibl eMec
IeKapaJIbIK, €CEIITEP/IiH, MEHIIKTI YKoHe KOCAJIKbBI (DYHKIUsIIAP Kyiteci apHaiibl PyHKIIMOHAIBIK, KEHICTIK-
Te TOJIBIK, Kyiie Kypaiiapl. B.A. Mapuenko 60iibIHINA, aKayIIbl IIEKAPAJIBIK, €CEIITEP/IIH apAChIHIA MEHITIKTI
JK9HE KOCAJIKBI (DYHKIMSLIAP XKyiiesepi apHailbl KEHICTIKTEPE TOJBIK, OOJIYbl MYMKIH €KEHIIl KOPCETLIreH.

Kiam cesdep: akbIpJibl 6OC eMeC YKUBIHTBIK, MEHIMKTI MOH, VITHYKTeNl IeKapaJjblK ecentep, Boabreppa
onepaTopJiaphbl, epekIle eMec IMeKapaJsbIK MapTTap.

3.10. ®azymun, B.E. Kanryxun, A.A. Ceurona

YcroituyuBble BO3MYHIEHUS TPAHUYHBIX 33a/1a4 JIJIs1
anddepeHImaJIbHbIX YpaBHEHT

B crarpe pacmupen Kjacc HEBBIPOXKJIEHHBIX JIBYXTOYEYHBIX I'DAHUYHBIX 33724 Jusd ypaBHeHus LlItypma-
JInyBuILIsI, UMEIOMKX TOJIHYIO CHCTEMY COOCTBEHHBIX W MIPUCOEIUHEHHBIX (DYHKINI B CIENUAIBHBIX PYHK-
[MOHAJIBHBIX TPOCTPAHCTBAX. ¥ KA3aHHDIE CIIEIUAIbHBIE IPOCTPAHCTBA 3aBUCSIT OT JJINHBI HOCUTEJIS IOTE€H-
nmasta ypasaenus: lrypma-JInysuiis. ChopmyaupoBaHHbIe Pe3ysIbTaThl YTOYHSIOT U3BECTHBIE PE3YJIbTa-
o1 B.A. Mapuenko. /IByxTodyeunbie Kpaesbie 3aja4u jjist ypasaenus: [1Itypma-JInyBusis geaarcs Ha Bbl-
POKJIEHHbIE U HEBBIPOXK,IeHHbIe, 110 B.A. Mapuenko, rpanudnbie ycsoBus. OcunoBHoil pesynbrar B.A. Map-
YEHKO yTBEPXKJIAET, YTO CUCTEMbI COOCTBEHHBIX M IIPUCOEIMHEHHBIX (DYHKIINI HEBBIPOXKIEHHBIX TPAHUYHBIX
sagau gy ypasaerus [lltypma-JluyBuiuiss B mpocTpaHCTBE KBaIPATUIHO CYMMUDPYEMBIX (DyHKIIHA 0Opa-
3yIOT TOJIHYIO cucrTeMy hyHKIM. ABTopamMu craTbu yTO4YHeH pesysibrar B.A. Mapuenko B cieyromem
Hanpasiennu. Cpeu BBIPOXK IEHHBIX MPAHNYHBIX 3384, 10 B.A. Map4ueHKo, UMEIOTCsI 38/1a49U C TIOJTHOMN CHC-
TeMOi COOCTBEHHBIX U MPUCOEINHEHHBIX (DYHKIIUN B IPOCTPAHCTBE KBAIPATHIHO CYyMMUPYEMBIX (DYHKITHIA.
Hanuuane cBoiicTBa MOTHOTHI 3aBUCUT OT JJIMHBI HOCUTEJNS MEPbl AHTUCHMMETPUU HOCHUTE ST MOTEHINAIA
ypasrenud llIrypma-JluyBusis.

Karoueswie ca06a: KOHETHOE HEIYCTOE MHOXKECTBO, COOCTBEHHOE 3HAUEHNE, TPEXTOUYEUHbIE KPAEBbIE 331N,
BOJIBTEPPOBBI OIIEPATOPBI, HEBBIPOXKJIEHHbIE I'PDAHUYHbBIE YCJIOBHS.
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General bounded multiperiodic solutions of linear equation with
differential operator in the direction of the main diagonal

In this article we determine the structure of the general solution of a n-th order linear equation with
differential operator in the direction of the main diagonal in a space of independent variables, and with
coefficients being constant on the characteristic of this operator under some condition on its eigenvalues. It is
assumed that the coefficients and a given vector-function have the properties of periodicity and smoothness,
where periods are rationally incommensurable positive constants. First, we study the homogeneous equation
that reduces to a homogeneous linear system. Moreover, on this base, in terms of eigenvalues we establish
conditions of existence of solutions being periodic with respect to all independent variables (so-called
multiperiodic solutions). We give an integral representation of the multiperiodic solution of nonhomogeneous
equation. The conditions for existence and uniqueness of the bounded and multiperiodic solutions of the
n-th order linear nonhomogeneous equation are established. It is shown that the bounded solution of the
nonhomogeneous equation is periodic in all variable solutions with a variable bounded period. This is one
of the specific features of the equations with differential operator in the direction of the main diagonal.

Keywords: linear equation, differential operator, multiperiodic solution, integral representation.

Introduction

Let z(7,t) be a function of variables 7 € (—00,+00) = R and ¢ = (t1,...,tm) € Rx - x R = R™,
D.=2+ <e, %> the operator determined by the scalar product (-,-) of m-dimensional vectors e = (1,...,1)

or
and 5 = (362 a1, ): T o .
The operator D, is called the differential operator in the direction of the main diagonal or of vector field
g—i = e with characteristic ¢t = e(7 — s) + o, where (s,0) € RxR™, 0 = (01,...,0,). Obviously, 0 =t —e(7 — s)

is a base integral of the vector field, consequently, D k(o) = 0 for any differentiable function h(c). In particular,
we have D.o = 0. A function of the type h(o) is called a function constant on characteristic.

The study of oscillation solutions of systems of first order partial differential equations are importance in
mathematics as in theoretical and applied aspect. For example, (6, w)-periodic systems in (7,¢) of the form

Dex = f(T,t,!E)

with differential operator D, are closely connected with the theory of multifrequency oscillations [1-3|, where
w=(Wi,...,wWm), wo =0, wi,...,wy, are positive incommensurable constants. (6, w,w)-periodicity in (7,t,0)
of solutions of systems has been studied in [4-6].

In [7] a method of studying (¢, w)-periodic solutions of such systems has been offered. A further study of
these problems has brought forth the systems with characteristic ¢ = ¢t — e(7 — s), of the form

Dex :g(T7t’07x)7

see [8]. After substitution 7 — s — 7 we have 0 =t — er, with w-periodicity in ¢ of the systems being still valid.
Consequently, g(7,t, 0, ) is w-periodic as well in . Let us remark that, generally speaking, with any fixed value
of ¢, this system is quasi-periodic in 7.

A system of such form can be obtained from n-order linear equations

Dz 4+ ay (o)D" o + ... +a,(0)x = b(1,t,0), (1)

with operators Diz = D.(Di7'z), j = 1,n, where a;(c), j = 1,m, and given vector-functions b(r,t, o) have
the properties:

a;(0 + qw) = a;(o) € C’C(,l)(Rm), j=1m, qeZ™; (2)
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b(r+ 0.t + qw,0 + qw) = b(r,t,0) € CH V(R x R™ x R™), g€ Z™ (3)
with multiple vector-period qw = (qiw1, ..., ¢mwm), ¢ = (¢1,---,qm), ¢ € Z, where Z is the set of integers,

j=1m,o=1t—er.
Our basic objects of study here are the structure of the general solution to the equation (1) and, on this
base, of its (#,w,w)-periodic solutions.

Linear homogeneous equation

If b =0, (1) becomes a homogeneous equation
Dz +ay(o)D" e+ ... +a,(0)z =0 (4)
with corresponding characteristic polynomial equation in A
H,(0,A) = A" + a1 ()N + ...+ an(0) = 0. (5)

Suppose that all roots A = A(o) of (5) are in R™ and have the following properties.

1°. Roots are either zero everywhere in R™, or roots are different from zero in R™: \(¢) = 0, 0 € R™ or
Ao) #0,0 € R™.

20. Roots are separated: inf|\ (0) — X”(0)| > § = const > 0 for any pair of roots \'(c) and \”(0).

3%. Roots are periodic with period w: A(o + qw) = A(0), o € R™.

49, Roots are continuously differentiable: A(c) € C},U(Rm).

It is not difficult to notice that the property 2° implies there exist exactly n roots of the equation (5) counted
with multiplicity.

Assuming (2) and 1° — 4%, we aim to describe the structure of the set of solutions of the equation (4).

For this purpose, having put @ = y1, Dey1 = Y2, Delyo = Y3, .., DeYn—1 = Yn, we obtain the equation (4) in
the form of a linear system

Dey = A(o)y, (6)
where y = (y1,...,yn) a vector, A(o) an (n x n)-matrix of the form
0 1 0 .. 0 0
0 0 1 e 0 0
Ao) =
0 0 0 .. 0 1
—an(0) —an—1(0) —apn—2(o) ... —az(o) —ai(o)

Obviously, the characteristic polynomials of the equation (4) and system (6) coincide det[AE — A(c)] =
= H, (o, ). Consequently, the roots A = A(0) of equation (5) are eigenvalues of the matrix A(c).

We shall describe the structure of the set solutions of the system (6) and, consequently, of equations (4) in
dependence on multiplicity of eigenvalues.

The case of simple eigenvalues. A;(o) # \j(0), © # j, 4,7 = 1,n and A\;(0) are real-valued functions. It is
easy to check that the Vandermonde matrix T'(0), formed with eigenvalues \; = \;(0), j = 1,n, 0 € R™, and
the diagonal matrix J(o) = diag[A1(0),..., A, (0)] satisfy the identity

A(o)T (o) =T(0)J(0).
Moreover, det T'(c) =[] [Ai(o) — \j(0)] #0, o € R™, thanks to 19 and 2°. Consequently, the matrix

1<j<i<n
T(o0) is reversible for o € R™ and with substitution y = T'(¢)z the system (6) boils down to the system

D.z = J(0)z, (7
which in scalar form can be written in the form D.z, = Ao (0)2a, @ = 1,n, where z = (21,...,2,). From this
system we get

Za = Co(0) exp [TAa(0)] (8)

with arbitrary differentiable function C, (o). Taking into account (8), the general solution z = z(7,0) of the
system (7) is of the form
z(r,0) = Z(1,0)C(0), (9)
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where Z(7,0) = diag [e“l("), . .,e”‘”(”)] is a matrix, C(o) = (C1(0),...,Cr(0)) an arbitrary differentiable
vector-function.
Then, substituting (9) into y = T'(c)z we obtain the general solution of the system (6) in the form

y(r,0) =T(0)Z(1,0)C(0). (10)

Further, from the relation (10) we determine the structure of the solution of the equation (4):
n
l‘(T, U) =Y (Ta g) = Z e)\j (G)ch (0)7 (11)
j=1

where it is taken into account that ¢;;, the entries in the first row of the matrix T'(c), are equal 1, C;(o) are
components of arbitrary differentiable vector-function C(o).
We remark that, in view of 3° and 4%, the matrix T'(c) is w-periodic and continuously differentiable.
Theorem 1. Assume the conditions (2) and 1° — 4% hold. Then in the case of simple eigenvalues, the solution
x of equation (4) satisfying the initial condition

Z|r=0 = u1(0), Dexlr=o =uz(o), ..., D271I|7—:0 = up (o) (12)

can be presented in the form (11), where u;(o), j = 1,n, are given differentiable w-periodic functions.
Proof. Indeed, to determine the solution of the problem (4), (12) we act step by step with the operator D,
on the solution (11) and use the condition (12). Then we shall obtain a linear system of algebraic equations of

the form »_ A} (0)Cj(0) = uz(0), (a = 1,n — 1) with coefficients matrix being the Vandermonde matrix 7'(o).
j=1

Consequently, C(c) = T~ (o)u(o), where u(c) = (u1(0),. .., u,(c)).

Therefore, the initial problem (4), (12) is uniquely solvable and its solution can be presented in the form
(11). Consequently, the relation (11) is itself the general solution of equation (4).

The case of multiple eigenvalues. In view of 19 — 2° X\;(¢), i = 1,7 have multiplicity k; independent of
o € R™ (we shall assume the eigenvalues are real-valued), where k1 + -+ + k,, = n.

A) We start with the particular case when A(o) is a unique, with multiplicity n, root of the equation (4). We
introduce Jordan block J(¢), corresponding to the eigenvalue A(0): J(o) = A(0)E + I, where E is the identity
matrix of order n, I is the matrix with units on the superdiagonal and the rest of entries being zero.

Let T'(0) be the matrix with entries ¢;;(0), ,7 = 1,n, of the form

J )

> CEFINTR (o), j<i
tij(o) = ¢ ¥ N
Z Cz:l )\Zik(U) = tiiv j > i,
k=1

where C’;’ = w, j < is a binomial coefficient.

It is not difficult to check that A(c)T(c) = T'(0)J (o), moreover det T'(c) = 1. Consequently, a transformation
of system (6) of the form (7) produces the system D.z = (A(c)E + I)z. Then general solution z(7, o) of this
system can be presented as

2(r,0) = eI Z(1)C (o), (13)
where Z(7) is an (n x n)-matrix of the form

2 n—1

A
zn=| 0 bW e
o 0 0 ... 1

C(o) = (Ci(0),...,Cx(0)) an arbitrary differentiable vector-function.
Therefore, by (7) and (13), we have a general solution z(7, o) of equation (4) in the form

#(r,0) = 3 Cilo) e (14)
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with arbitrary differentiable functions C;(o), j = 1,n. Obviously, with initial problem (4), (12) we have
Cy(0) = u;(0), j = Ln.

Consequently, one can formulate the result on the structure of the general solution (14) of the equation (4)
in the case A).

Theorem 2. Assume (2) and 1° — 4°. Then in the case of one eigenvalue \(o) of multiplicity n, the solution
x(r,0) of (4), (12) has the form (14).

Proof. Indeed, acting with operator D, on relation (14), then using condition (12) we get an equation
(E+ AM1)C(0) =u(o), where E is the identity matrix, I; is the matrix with units on the subdiagonal.

Obviously, det(E + AI;) = 1. Consequently, C'(o) is uniquely defined by w(o). Theorem 2 is proved.

Before we pass to the general case, under the conditions as in Theorem 2 we first by study nonhomogeneous
equation corresponding to equation (4) with quasilinear polynomial in 7 of the form

D%z 4 a1 (0)D2 tr + ...+ an(o x—ZC’* yriemhe (15)

where coefficients C7 (o), j = 0, k, and index p(o) are differentiable w-periodic functions with u(o) # (o).
Since A(o) is an n-multiple root of the characteristic equation (5), using the symbolic operator D, — A(o)
the equation (15) can be given in the following form:

[D. "y = Z Ci(o)re (o) (16)
In order to solve the equation (16), first we make the substitution z = e™(?)y, and bring it to the form
Zm UW@_Zﬁ ‘ a7

where CJ is, as before, the binomial coefficient.
We set a particular solution y*(7,0) of (17) with undetermined coefficients v;(o), j =0, k, as

k
y'(ro) =) vi(o)r. (18)

=0

Then these coefficients are defined by recurrence relations and, as u(o) # A(o), they have unique presentation
through coefficients C7 (o), j = 0, k:

]- * —7 * *
vj(o) = 5jvj(0) = o) = Me)] 7m0, g 0), -, (o)), (19)
where 7;(0, C5(0),...,C} (o)) are linear with respect to Cg(0),...,C7 (o) and w-periodic in o, differentiable

functions. Having substituted (19) into (18) we get a particular solution y*(7, o) of equation (17):
(20)

while in view of z = e™(?)y we have a particular solution z*(7,0) of equation (16), consequently, equations
(15) in the form of
*(1,0) = y* (1, 0)e™) (21)

with multipliers (20).
Since equation (15) is linear, its general solution x(7, o) is the sum of general solution (14) of the homogeneous
equation (4) and a particular solution (21) of nonhomogeneous equation (15):

7= Ci0)

with arbitrary differentiable coefficients C;(o), j = 1, n.

+ZU .w@ (22)
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As it was shown in the proof Theorem 2, analogously one can prove uniquely the initial problem for equation
(15) with condition (12). Consequently, the relation (22) describes the structure of the general solution of the
equation (15).

Corollary. Under the same conditions as in Theorem 2, the general solution x(7, o) of (15) is of the form (22).

B) We pass with our considerations to the general case, when roots A1(0),...,\-(c) have multiplicities
k1,...,k, respectively, k; + - -- + k,, = n, and satisfy conditions 1° — 4°,

In this case we will determine the structure of the general solution (7, o) of equation (4) provided condition
(2) holds. Using the symbolic operator

L(De) = D +a1(0) D¢ ™" + oo+ an(0) = [De = M ()] .. [De = Ar(0)]™
we shall present (4) in the form

[De — M ()] ... [De = Ar_1(0)]**[De — Ap(0)]r 2 = 0. (23)
We shall prove that the general solution z(7, o) of (4), and so of (23), has the form

Fi=1gmA (o) 7172 (0)

kr
ZCO— R +...+ch,kr+j(o—)w. (24)

Jj=1

For the proof we will use the induction method. For r = 1 the formula (24) holds due to Theorem 2. We shall
assume that it true for 7 — 1 and prove it for r. For this purpose, in equation (24) we put [D, — \.(0)]*rz = 2

and get an equation
[De — M (a)]* ... [De = A1 (0)]Fr=12 = 0. (25)

Since the formula (24) holds for r» — 1 eigenvalues, the equation (25) has a general solution z(7, o) of the
form
7_] 1 7')\1(0) kr—1 7_j—le‘r)\r_l(a)

Zc R +ot > cn_kr_k,._w(a)w. (26)

j=1
Further, having put the expression (26) into [D. — \,.(¢)]*"z = 2z we get a nonhomogeneous equation

k1 ; kr—1

Tj_l TA1(0) Tj_l TAr—1(0)
i 1)!e +...+ Z Cr—teyp—kr—1+5(0) = 1)!6 . (27)
j=1

Now, in order to solve the equation (27) it is necessary to apply the corollary of Theorem 2 to solution of
each of the equations

i
Do~ M(o)z=Y Cio M)
kr—l Tj
[De — )\T(U)]Tx = Zl C’I’L*krfk'f‘*l*‘rj(o-) (] — 1)!67—A7‘—1(0')
j=

and use by the superposition principle. Obviously, as coefficients of quasipolynomial solutions of these equations
depend linearly on the arbitrary coefficients of their righthand parts, they are also arbitrary. The formula (24) is
proved. Consequently, the solution of (4), (12) is of the form (24). This result will be formulated as the theorem.

Theorem 3. Assume the conditions (2) and 1 — 4° hold. Then the general solution z(7, o) of equation (4)
has the form (24), with arbitrary differentiable coefficients C; (o), j = 1, n.

The case of complex eigenvalues. Let the roots of equation (4) )\]i(a) = aj(0) £iB(0), j = 1,p have
multiplicity kj, j = 1,p, 2k1 + - - - + 2k, = n1 < n and its have sets of real parts {a;(c)} and imaginary parts
{B;(o)} both of which possess the properties 1° — 4°.

Since the complex solution x(7,0) = v(7,0) + iw(7, o) has real and imaginary parts, Rex(7,0) = v(7,0)
and Imz(7,0) = w(7, o), being solutions of (4), to any pair of complex coupled roots )\;-t (0) = aj(0) £iB;i(o)
there corresponds the solution

2l (r,0) = [Pj(r,0) cos(B;(0)T) + Q;(1,0) sin(B; (o) 7)] ™ (7, (28)
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where Pj(7,0) = Z (o )(k 1)! and Q;(7,0) = Z a (o )(k 1), with arbitrary coefficients p{’’ () and ¢’ (o),
k=1

k= ]-v kja J = ﬁ
Consequently, the general solution z(7, o) of equation (4) in the case of complex roots has the form

p n
w(r,0) = 2V (r0)+ Y 29(r0), (29)
Jj=1 j=n1+1

where Cll‘(j)(T, o), j > nq are solutions corresponding to real roots and for j = 1,p .Z‘(j)(T, o) are defined by the
relation (28).

Therefore, the following theorem is proved.

Theorem 4. Suppose that, under condition (2), the equation (4) has complex eigenvalues
Aj(0) = aj(0) £iB;(0), j = 1,p of multiplicity k; and real eigenvalues satisfying the properties 1° — 4°. Then
the general solution z(7,c) of equation (4) is defined by relations (28) and (29).

Notice that in the case of Theorem 3 and Theorem 4, endowed with initial conditions (12), it is possible to
show the unique solubility of the initial problem (4), (12).

Let 9 (7,0), j = T, n be solutions of the equation (4) satisfying the initial conditions

30
1, k=j-1, (30)

Dfx(j) (1,0) |T:m: {

where £ =0,n — 1.
Such a system of solutions we shall call a normalized fundamental system of solutions of (4).
Theorem 5. Under conditions as in Theorem 4 the unique solution z(7, o) of problem (4), (12) is defined by

Zu (1, 0), (31)

where 20 )(T, o), j = 1,n is a normalized fundamental system of the solutions.

Indeed, it is not difficult to check that (31) fulfills (4) and in the view (30) the initial condition (12). Linear
combinations of solutions from normalized fundamental system satisfying condition (12) are uniquely described
the relation (31).

Linear nonhomogeneous equation

Assume the conditions (2), (3) and 1° — 4% hold. On the base of Theorem 5 we introduce the solution
X(7,t,0,8,0 + es) of equation (4) satisfying the initial condition

D¥X(s,0+es,0,5,0 +es) =0, (k=0,n—2), D' 'X(s,0+es,0,50+es)=1 (32)

-
and function 2°(7,t,0) = [ X(7,t,0,s,0+es)b(s, 0 +es,0)ds. It is easy to check that 2°(7, ¢, o) in view of (32)
0
satisfy the equation (1) with zero initial condition D¥2%(s,o +es,0) =0, k=0,n— 1.
Therefore, unique solution z(7,t, o) of equation (1) with initial condition (12) is defined by

n

x(7,t,0) = Zuj (0)z9) (1,0) + 2°(1, 1, 0). (33)

j=1

This result will be formulated as Theorem.
Theorem 6. Assume the conditions (2) and (3) hold, sets of real eigenvalues and complex eigenvalues possess
the properties 1° — 4°. Then initial problem for equation (1) with condition (12) has unique solution (33).
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The bounded and periodic solutions

When is known structures of the general solution to the equations (1) and (4) then can present conditions
of existence of bounded and periodic solutions in terms of eigenvalues.

Let’s start to consider homogeneous equation (4) with condition (2). It is limited solutions of problem of
the form (4), (12).

Theorem 7. The solution (7, o) of problem (4), (12) under condition (2) is w-periodic in ¢ € R™.

Proof of the Theorem 7 follows from w-periodic of initial functions w;(o), j = 1,n and eigenvalues \; (o),
7 =1n.

Theorem 8. Under the conditions (2), 1° — 4% and when real parts of eigenvalues are different from zero
Re \j(0) # 0, j = 1,n then equation (4) hasn’t bounded therefore periodic solutions except zero.

It is not difficult to show that under the conditions of Theorem 8 will be found constant v > 0, I' > 0 and
any solution 27 (7, o) of equation (4) entering into the fundamental system is satisfied by estimation

|27 (1,0)| < e 7l (34)

Then as in Theorem 5 in view of (34) follows unbounded of all solutions z(7, o) of problem (4), (12) except
7€ero.

Further allow that equation (4) has only imaginary eigenvalues A; 2(0) = £if(0) # 0 which by the conditions
on Theorem 4 satisfied bounded solution of the form z*(7,0) = Ci(0) cos(B;(o)7) + Ca(0) sin(B;(o)7) with
arbitrary w-periodic in o coefficients C1(o) and C3(o). Obviously that this solution (,w)-periodic in (7,0),
where 6 = % = 0(0) is w-periodic differentiable function.

Therefore in this case the bounded solution z* (7, c) of equation being periodic in 7 with variable bounded
period 6(o) = wo(o). We note that it is one of specific particularities of equation with operator D..

In this case (wp,w)-periodic solutions consist double-parameter family where parameters are w-periodic in o
functions C; = C1(0) and Cy = Cs(0). If equation (4) has zero eigenvalue A = 0 then it is in view of Theorem 3
satisfied one-parameter family w-periodic in o of solutions z = C(0).

Theorem 9. If under the conditions as in Theorem 4 the equation (4) has zero A\; = 0 and only imaginary

eigenvalues \;(0) = +if3j(0), j = 2, p then it is allowed bounded solutions
P
x(r,0) = Cy(0) + Z C1j(o) cos(B;(0)T) 4+ Caj(0) sin(B; (o)1),
=2

where p < n, C1(0), C1;(0), Cyj(0) are differentiable arbitrary w-periodic functions.
From Theorem 9 we see that presented solution here z(7, o) consists of line combinations 0;(c) = 6-2(7;)'
J

periodic in 7 of functions j = 1, p.
Further we consider the case of Theorem 8. Let 27 (7 — s,0), j = 1,n — fundamental system of solutions of
homogeneous equation (4) are satisfied by the conditions

E=1..)( _J 0, k#y;
De T (7_ S,U)|T_S{ 1’ k:j

Then solution X (7 — s, 0) of equation (4) is satisfied by the condition
DEFIX(1 —8,0)|r=s =0, (k=T,n—2), D' 'X(T—5,0)|=s=1 (35)
according to Theorem 5 is presented in the form X (7 —s,0) = Zn: uj(o)z (T — s,0). This solution fall into sum
of solutions X (7 — s,0) = X_(7 — s,0) + X4 (7 — s,0), which zir:elsatisﬁed by estimations:
IX_(r—s5,0)<T_e "9 7>s |X\(r—s5,0) <D’ <5 (36)
with several positive constants I'_ and 'y moreover in view of (35) have
DFYX (17— 8,0)|r=s + DX 1X (1 — 5,0) ;= =0, (k=T,n—2);

Dgle_ (T —5,0)|r=s + D271X+(T —8,0)|r=s = 1. (37)
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Further we introduce function

T +oo
x*(r,t,0) = / X_(1—s,0)f(s,0+es,o)ds— / Xi(r—s,0)f(s,0+es,o)ds. (38)

— 00

Obviously that integrals in correlation (38) in view of (36) are converged evenly, allowed under the integral
n-time differentiality and in view of (37) is satisfied equation (1). It is easy to check that in view of (3) z*(7,¢,0)
has property (#,w,w)-periodicity in (7,¢,0). Condition (36) is provided unique bounded solution (38).

Therefore, the following Theorem is proved.

Theorem 10. Under the conditions (2), (3) and 1° — 4% equation (1) has unique (#, w,w)-periodic in (7,t, )
solution of the form (38).

This study is adjacent to the studies [9-11].

In conclusion we shall notice that in this work at research of basic object we used properties 1° — 4% of
eigenvalues and structures of general solutions are satisfied to being considered equations.

10
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Herizsri auaronaJjsb 6oiibiHIIa JuddepeHnnasgay
OIepaTopJibl ChI3BIKTBHI T€HAEY/IiH »KAJIIIbI, III€eHEJIreH
2KoHe KOIIIepHOATHI MIelTiMIaepi

MakaJtazia Toyesicis aifHbIMAJIBLIIAP KEeHICTITiHIH Heri3ri quaroHasiHig 6arbIThl 60UbIHINA AruddepeHIuaIIay
OIepaTOpPbIMEH YKoHEe MEHIITIKTI MOHIepre KOWBLIATHIH KeHOIp MmapTTap Ke3iHIe OChl OIePATOPIbIH, CUIIATTA~
MaJIapbIHAA TYPAKTHI OOJATHIH KOI(MDMUIIMEHTTEPMEH M-Il PETTi CHI3BIKTHI TEHJIEY/IiH, YKAJIIBI TIEMMiHIH
KYPBUIBIMBI aHBIKTAJIAbI. Koadduimentrepmern 6epiiren BeKTOP-QYHKIUSA ITEPUOATHIIBIK KOHE TericTik
KacueTTepiHe me Jen yirapblLIajbl, MYHJIAFbI IIEPUOJITAD — PAIMOHAJILI OJIIIEMIEC €MeC, OH TYPaKThI-
Jap. Oyesti GIpTEKTI CBIBBIKTHI YKYyitere aybICTHIPY KOMEriMeH KeaTipiserin, 6ipTekTi TeHmaey 3eprresmi. Opi
Kapail oCbl Heri3je MeHIIKTI MOHJEp TEePMUHIHJIE, CHI3BIKTBI TEHJEYIiH OapJIbIK, TOYeJICI3 aifHbIMAJIbLIAD
OOMBIHINIA TTEPUOATHLIBIFBIHBIH 6ap OOJIy IMapTTapbl OPHATBHLIALI. BipTeKci3 TeHey IiH KONMepUoAThHI IIIe-
mriMiHiH, THTErpaJsabl KopiHici 6epiiren. n-mi perTi GIPTEKCI3 CHI3BIKTHI TEHJIEY/IiH, IIEHEJTEH YKOHE KO-
MePUO/ITHI MIENM/IEPIHIH 6ap »KoHe >KaJIFbI3 O0JIy IMIapTTapbl OPHATHLIILI. BipTeKci3 TeH/ey/1iH, IeHereH
mrermiMi IeHeIreH affHbIMAaJ bl TIEPUOIBIMEH OAPJIBIK, AHBIMAIBLIAD OONBIHINA TEPUOATHI IIeNTiM GOJIaThIH-
IBIFBI KOpceTiiireH. Bys merisri muaronass 6arbiTel OoftbiHINa AuddepeHnraiaay OnepaTopIbl TEHIEY/IIH,
crieruUKAJBIK, epelie/iKTepiHiy 6ipi.

Kiam ce3dep: CbIBBIKTHI TeHIEY, TuddepeHnnaiay onepaTop, KOINIEePHOIThI IIelliM, HHTerpaJsIIbl KOpiHic.

AA. Kynbxymuesa, 2K.A. Caprabanos

Ob1ne, orpaHUYeHHbIe 1 MHOTONEPUOANYECKHE
penieHns JUHeITHOro ypaBHeHus ¢ auddepeHnabHbIM
oIepaTopoOM IIO IVIABHOW JMAaroHaJiu

B crarpe ompenenena cTpykTypa OOIIEro pelieHust JUHEHHOTO YpPaBHEHUS N-TO MOpsiaka ¢ auddepeHim-
aJIbHBIM OIEPATOPOM I10 HAIIPABJIEHWIO IJIABHOW JUATOHAJIM MPOCTPAHCTBA HE3ABUCUMBIX MEPEMEHHBIX U
KO3 pUImeHTaMu, MOCTOSHHBIMU Ha, XapaKTEPUCTUKE ITOIO OIePaTOpa MPU HEKOTOPBIX YCJIOBHUSX Ha COO-
cTBeHHbIe 3HadYeHus. lIpenmnosokeno, 9To K03 PUIMEHTH U 3aJaHHAsT BEKTOP-MYHKITHsT 00/IaIal0T CBOM-
CTBaAMH IEPUOJMIHOCTH U TJIAJIKOCTH, TJI€ IMEPUOJIbI — PAIMOHAJIBHO HECOU3MEPUMBbIE TOJIOKHUTE/IbHBIE T10-
crostaable. CHaYaJIa UCCIIE0BAHO OJHOPOIHOE yPABHEHNE, KOTOPOE C MOMOIIBIO 3aMEHBI CBOIUTCS K OJHO-
pomHoit uHeitHOM cucTeme. /lasee, Ha 9TON OCHOBE, B TEPMUHAX COOCTBEHHBIX 3HAUEHUN YCTAHABIUBAIOTCS
YCJIOBHs CYIIECTBOBAHUS IIEPUOUIECKUX 110 BCEM HE3aBUCHMBIM IIEPEMEHHBIM (MHOTONEPUOANIECKAM) pe-
mieHuit JnHeiiHoro ypasHenus. JlaHo uHTerpaJibHOE IIPEJICTaBICHEe MHOTIOIIEPUOIUIECKOTO PEIIeHUsT HEeO I
HOPOJTHOTO YPABHEHUsI. YCTAHOBJIEHBI YCIOBUS CYIIECTBOBAHNS M €IUHCTBEHHOCTH OTPAHUIEHHOTO W MHOTO-
IEPUOIMIECKOTO PEIIeHHs] JTUHEHHOTO HEOHOPOIHOIO YpaBHEHMsI N-ro mnopsijka. [lokazaHo, 9T0 orpaHmu-
YeHHOE PEeIIeHNe HEOHOPOJIHOTO YPABHEHUS SIBJISIETCS HNEPUOIUUECKUM I10 BCEM IIEPEMEHHBLIM pelleHueM
C TIepEeMEHHBIM OIPAHWYEHHBIM MTEPUOJOM. DTO €CTh OJIHA U3 CIENUMUIECKAX OCOOEHHOCTEH ypaBHEHUN C
orepaTopoM uddpepeHIMpOBaHus 110 HAIIPABIEHUIO TVIABHON JUArOHAJIN.

Karoueswie caosa: smHeiiHoe ypaBHeHUe, MuddepeHINaIbHBIN OEepaTop, MHOTOIEPHOANIECKOE peIIeHNe,
WHTErPAJILHOE TTPE/ICTABIICHIUE.
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Sufficient conditions for the precompactness of sets
in Local Morrey-type spaces

In this paper we give sufficient conditions for the pre-compactness of sets in local Morrey-type spaces
LM,y (R™). For w(r) =71, 6 =00, 0 <\ < % there follows a known result for the Morrey spaces
Mﬁ (R™). In the case A = 0 this is the well-known Frechet-Kolmogorov theorem. The pre-compactness of
sets in Morrey spaces was investigated in the works [1, 2], and in generalized Morrey spaces M) (R™) in
the works [3, 4]. The aim of this paper is to generalize these results to the case of Local Morrey-type spaces
LM, (R™). By using theorem of pre-compactness set in local Morrey-type spaces, compact of operators
can be checked in this spaces, since compact operator transfers from bounded set of one space to pre-compact
set of another space. In this paper, the conditions of precompactness of sets in local spaces of Morrey type
are given in terms of the difference of the function lim,—osup;cg || f(- +u) — f(~)HLMp97w = 0. Earlier, the
necessary and sufficient conditions for precompactness of sets in local spaces of Morrey type were published
in [5], which were given in terms of the mean functions 6lirsl+ ;1611; |Asf — fHLp(B(o,Rz)\B(Ole)) =0.

Keywords: compactness, precompact, Freche-Kolmogorov theorem, local Morrey-type spaces.

The classical Morrey space was introduced in the works of Charles Morrey [6] in 1938 in connection with

the investigation of the solution of quasilinear elliptic differential equations. In recent decades questions of the
boundedness and compactness of various operators in Morrey-type spaces have been actively studied ([7-9]).

with a finite quasinorm

1l = sup 7> / FlFdy | < oo,
P z€R™, r>0 (o)
B(xz,r

where B(z,r) is the open ball in R™ centered at the point = of radius r > 0.

If A

Note that

1l arg @y = IF1l L, ey - 11l ) =l ey -

n
M (R

<0, A> % the space MI;\ (R™) is trivial, i.e. consists only of functions equivalent to zero on R".

precompact if and only if

and

sup || f ny < 0O0;
s 11, s

lim su -4+ h)— f(: =0
6—>0+|h\§p§||f( ) f()”Lp(R)

li c -
i sup 11l o,y = 0

where “B(0, R) is the complement of a ball B(0, R).

Conditions (1)—(3) are equivalent to the union of conditions (1), (3) and

li A — n :07
5_1)r(r)1+§1£|| of = Fllp, &my

where for any § > 0 and f € L{¢(R")

o4

Morrey spaces MpA are defined as the set of all functions f € Lfo"c(R"), for which , 0 <A < 2,0 <p < o0,

According to the well-known Freche-Kolmogorov theorem [10], the set S C L,(R™), where 1 < p < o0, is
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) @) = gy [ S@dr= [ ws)f@ =iy = s+ (@), 2 R
" B () B(0,5)
where ws(z) = %ﬁ, X(a, Is characteristic function of the set A C R™, ‘A is the complement of the set A,
|A| is Lebesgue measure of the set A. Recall that condition (4) follows from condition (2), and condition (2)
follows from the set of conditions (4) and (3).

Note also that if A C R™ is bounded set, then for precompactness of the set S C L,(A) it is necessary and
sufficient that conditions (1)—(2) are satisfied, where R™ replaced by a set A.

The questions of the precompactness of sets in Morrey spaces were investigated in the works [1, 2, 5, 6,
11-14], and when r~* = w(r) for generalized spaces Morrey M;,U(')(]R”) were investigated in the works [3, 4].
The questions of the precompactness of sets in Banach spaces [15].

The aim of this paper is to generalize this results to the case of general local Morrey-type spaces.

Definition. Let 0 < p,0 < oo , and let w be a nonnegative measurable function on (0,00). We denote by
LMyg ..y the general local Morrey-type space, the space of all functions f € Lé"c (R™) with finite quasi-norm

10ty = sty = [0 1 ey 0 .

We denote by 2y the set of all functions that are nonnegative, measurable on (0, 00), not equivalent 0 and
such, that for some t > 0

[w(r)|| Ly (t,00) < 00

The space LM, .y is non-trivial, that is, it consists not only of functions, equivalent to 0 on R", if and
only if w € Qy [14].
Theorem. Let 1 < p <60 < co and w € Qpg. Let S C LM, ,,(R") is satisfied:

sup [ £l g, < o0 (5)
fes ’

lim sup | £(-+w) = £() 1, =0 (6)
u—r fGS

and

lim sup HfXCB(O,r) =0. (7)

TO0 fes ‘LMpe,w

Then the set S is precompact in LMpg ., (R™).
For proof this theorem we need next statements.
For f € Li°¢(R™) and r > 0 define

1
(M, ) (z) = e, /) F)dy,

where | A | means Lebega spaces A C R™.
Lemma 1. Let 1 <p <60 < o0, w € Q. Then for all f € LM;';(') and r > 0 next is true:

IS = Tlleasy,.. < S0 G+ = F Oz,

u€B(0,r

Proof. Let z € R™ and p > 0. Then by inequality of Gelder
1Mef = Tz, 5y =

1
P v

N / m / fy)dy — f(x)| dx

B(z,p) B(z,r)
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P 0

| [ sy [ vw-rana a) <

B(z,p)

S/m

B(z.p)
B(z:p)

1

[B(0,7)]

Next

1Mo f = Fliag,, = 00 IMeS = Pl 50,0

1

1

[B(0,7)]

|B(0,

7))

1

B(z,r)

IB(éw)\ /
B(0,r)
ol /

B(0,r) \B(z,p)

1

B(0,r)

B(0,r)

B(z,r)

Q=

/ @) — f@)Pdy | da | ==+ =

=

|f(z+u) — f(x)|Pdu | dz | =

=

|f(z+u) — f(z)|Pde | du | =

/ G u) = PO oy do

<
LQ(0,00)
%
/ I +wu) — f(')H]ZP(B(O,p)) du -
LQ(0,00)
/ w(p)? 1FC+ 1) = FOIE, (50,09 B
L g (0,00)

B(0,r)

o
P

As this % > 1, then using inequality of Minkovskogo for integrals, we get next

o6

po,w

o0

1
My f = fllpar,, . < WOJ“)/ /

Lemma 1 is proofed.

B(0,r) 0

1
B0, )] / I7¢

B(0,r)

z »

w(p)’ £+ ) = FOlL, o de | du]| =

+u) = fOn,,, du | <

< sup IFC+u) = FOllpag,., -

u€B(0,r)

Lemma 2. Let 1 <p <6 < 0o, w € §yg. Then for all f € LM;;'Z)(') and r > 0 next inequality is:

Proof. By inequality of Gelder

HMTfHLp(B(z,p)) = /

1My fllaryg o < I lary,., - (8)
p
1 /f( )dy| d <
=Yyl y)ay| dx <
|B(z,7)|
B(z.p) B(w,r)
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o =

=

=

B(0,r) \B(z+u,p)

|B ||f||L »(B(z+u,p)) du :
B(0,r)
[

Since % > 1, that

=

M, <s
| f”LMew— u}gl |B

IN

o] 0
(/w ”f||Lp<Bz+up>>dP) du

0

1
& b
>~ |B 0 /r / beuRp (/UJ H.fHL (B 24w, p)) dp) du =

B(0,r) 0

D=

1 P
= swp |l [ (00 1l ) .

z€ER™
B(0,r)

< [ [etor '
= 2 | 1B wP) £z, (e

B(0,r)

1
S\ 1w sup
[B(0,7)] / (UER"

0,r

Lg (0,00)

P

p
Wy ) 2] =11 iat

For defining § > 0 by ws(f, G) function f in set G C R™:

ws(f,G) = sup [f(z1) = fla2)]-

x1,290€G
|$1_$2‘S5

M fll s

pl,w

< Sup Hw ”M f”L »(B(z, p))HL (0,00) —
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=

1
< sup [w(p) | —— / f o)) AU
s e Bl ) MEwe
B(0,r)
Lg(0,00)

Lemma 2 is proofed.

Lemma 3. Let 1 < p,0 < oo, w € Qpg. Then exists ro > 0 for every 0 < r < rg exists C, > 0, depending

from r,n,p, 0, w
1) for every f € LM:(;(')

1My fllogrny < Crllfllay,, s (9)

po,w

2) for every § > 0
ws(M,f; R") < Cp sup [[f(-+u) = fO)llpag,, ., -

[u]<s
u€B(0,6)

Proof. 1. For function w € €29 no equivalent 0, then exists ro > 0 this, that [[wl|;, (., ) > 0. Let 0 <r <.
r € R"

1
|M, f(z)] < T 1z, (B -
(z,r)["
Hence,
1
(o) M f @) ey < — 00 Iy |,
(,Unrn)p Lg(r,00)
where v,, — volume of unit ball in R™ and
1
M, f(x)|||lw < — ||lw ‘ .
| M, f ()] (P)”Le(r,oo) = (vnr”)% (p) Hf”Lp(B(m,r)) Lo (0.00)
That’s why
sup (M f (@) < O swp [w(0) 1L, ey, ) = Cr Ity

TER™
!
where C, = <||w|\L9(T7OO) (Unr”ﬁ)
2. Next for every z1,x2 € B(0,7)

(M, £) (1) — (M, f) (22)] = — / f(y)dy — / Fly)dy| =

V™
(w1,7) B(x2,r)

— @) | [ ferendi [ fer s <

(0,r) B(0,r)

< (var™)~! / [zt 1) — f(z + )| dz =
B(0,r)

— (o™ / s + a1 —a2) — f(s)|ds <
B(xa,r)

a1
< (ar™) 77 IfC+ 21 —22) = FOL, (Basr) -
That’s why, by first step of proof

sup  |(Myf) (21) = (Myf) (22)] <G sup  |If(-+ 210 —22) = FO)ll g,y =

21,59 ER™ zq,w0ERT
|z1—z2]<6 |z1—x2]<8
=Cp sup  |[f(-+u) = fOllpar,, .,
u| <68
uE‘B‘(_O,(S)
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Lemma 3 is proofed.

Lemma 4. Let 1 < p,8 < oo, w € Qpg. Then exists C' > 0, depending only from n,p, 8, w, that’s for every,

r,R> 0 and for all f,g € LMpp ., next statement

HMrf - Mrg”LMp@W <C (1 + R%) HMTf - MTgHC(W) + sup ) ||f( + u) - f(')HLMpg,w +

uweB(0,R
+ueSéU(L0p,R) lg(-+u) — 9(')||LMpe,w + ”fXCBw,R) LMpe,w ” HgXCB“”’” ‘LMpe,w '
Proof. Indeed,
IMf = Moglag,,,, < [|O0F = Meg)x, | 4007 =g x L,
Next
L= M,f— M H <

1= sup w(p) || M, f vl L, (B2.p)nB0.R) Lo(0.00) —

< sup w(p) | M, f — MTg”Lp(B(J;,p)ﬂB(O,R))HLG(OJ) +

+ sup w(p) || M, f — Mrg”Lp(B(gc,p)ﬁB(O,R))HLB(LOO) <

<||M,f - Mr.‘]”c(B(o,R)) x
1 1
v Y\ + H R" ?‘ <
(ZCIa s eI St .
<C (1 + R%) M, f = Mgl o mom) -
where
1 n
C =t (Hw(p)pP Lo(0.1) + Iw(p)HLe(l,oo)) < 00,
since w € .
By Lemma 1
L <|Myf = fllpar, , + H(f ~DXenom | ar o Mrg = gllpar,, ., <

< sup [[f(+w) = fOllpa,., T sup llgC+w) —gC)la, ., +
u€B(0,r) ’ uw€B(0,r) '

+fo + ng

¢B(0,R) ¢B(0,R)

LMpo,w LMpp,w

Lemma 4 is proofed.
Lemma 5. Let 1 < p,0 < oo, w € Qpg. Then for every r, R > Oand for every f,g € LMpg

If = gllpa,, <C (1 + R%) 1M, f = Mgl o om) T

£2 sup FCtw = FOla,. +2 s 964w — g0 . +
u€B(0,r) ’ ueB(0,r) ’

+ HfX“B(O,R) + HgXUB(O,R)

)
LMpo w LMo, w

where C' > 0 is like in Lemma 4.
Proof. Enough to notice,that

<My f = Fllpn

PO, w

+ 1My f = Mgl g

PO, w

+1Mrg = gllLa

PO, w

1f = 9llLn

po,w

and is used Lemma 1 and 4
Proof of theorem. LetS C LM;%(') and let conditionals be done (5)—(7).
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Step 1. Let 0 < r < rg, where rg defined in Lemma 3, and R > 0 fixed. By using inequality (7) and conditions
(1), followed, next

sup || M. fll ~mrems < 00.
s 14l oy
Apart from (8) and conditions (6), followed, next

}LIL% ?clelg HMTf( + u) - Mrf(')Hc(m) = 0.

Hence, by theorem Askoli-Arcellas’ set S, = {M,f: f € S} pre-compactness in C(B(0, R)), or, is the
same,set S, completely limited ,then for all £ > 0 exists m € N, f1, ..., fn € S (depending from ¢, r and R) that,
forall fe S

jJnin 1M, f — My fill . Bomy) <&

Step 2. Let {1, ..., pm } any bounded set S. By using inequality from lemma 5 for any f € S and for any

j=1..m

”f_goj”LMz'l)ve < C(1+R%) ”Mrf_MSDch(m)"'

+2 sup [[f(+u) = FOllppme +2 sup o+ u) =i C)llpme +
u€B(0,r) po u€B(0,r) po

X0, Hmﬁ” *lleicnon HLM;“J') =

SCA+R?) My f = Mepjllomomy +4 sup supllg(-+u) —g()ll L +2sup loxeBo.r) || g -
uweB(0,r) g€S P ges po
Hence,
j}lninm ”f - SOJ'HLM;’G < C(l + RP)j:IR'i{l’m ”Mrf - Mr@j“c(m) +

=1,...,

+4 sup supllg(- +u) — g(-)||Lppw +25up ||9XeB 0.R "
u€B(0,r) gES LMy, QGSH ( )HLMPG

Step 3. Let € > 0. The first , By using conditions (7), we take R(g) > 0, that
sup HgXCB(O,R(s))HLMw < =
geS po 6

Next by using conditions (6), we take r(¢), that
€

sup  sup||g(- +u) = 9()lpare, < 15
u€B(0,r(g)) g€S P

Because set pre-compactness Sy..y B C(B(0, R(¢))) exists m(e) € Nand fic,..., fm(e),c € 5, than for any f € S

C(1+R(e)¥)

min M) f = Moy Fiell o mromy) < 3

j=1,...,

By using inequality (9) ¢ ¢; = fj,j =1,...,m(e), for any f € S

min - ||f = fj.

j=1,...,m(e)

L e 8
LM;;<3 3+3—£.

Then S pre-compactness set in LMy the proofed theorem.
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JL.'T. Marun, 2K.2K. Baiiryakosa, A.H. Oxinxanos, B.0O. Bocranos

Jlokasiapl Moppu TuiitTec KeHiCTiriHae >KMNbIHHBIH,
KOMITIAKTBIJIBI OOJIYBIHBIH, YKETKIJIIKTI IIapTTAPhI

MakaJstaga nokasasl Moppu Tunrec kericririnae LM ;Uom (R™) 2KUbIHJAP/IBIH KOMIAKTHUIBIFBIHBIH, KETKITIK-

Ti mapTTapsl KeJaripiared. Bepinren reopemagan § = oo Karmalibiaga »Kaanbuiaarad Moppu keHicTirinmeri
M;f’(') HOTHXKe IIbIFajbl, ajg w(r) = 1"7>‘, 0 = 000 < A < 2 xapnaiibiHaalbl yiniH Moppu KeHIiCTIriHIH,
Genriii Teopemach! mbIFaIbL, an A = 0 karmaiteraga 6y 6enrini @perre-Kommoropos Teopemacsr. Moppu
KeHiCTiriH/eri KUbIHIAPAbIH KOMIIAKTTH 60JIybIHBIH, mapTTapbl — [1, 2|, an xannsuianras Moppu kenicTi-

ri M, (‘)(]R") yuin [3, 4] KymbicTapbiaga gosesnaenred. bepiiren MakaJaHbIH MAKCATBI OChI HOTHKEEPI
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Jokasi el Moppu kenicriri LMpg (. (R™) yImIiH »KUBIHIAPIBIH, KOMIIAKTTHI GOJIYBIHBIH, IMAPTTAPBIH YKAJIIHI-
Jiay Gosbin TabbLIaabl. JIokaaabl Moppu KeHicTirinmeri >KUbIHIapIblH, KOMIIAKTTHI OOJIybIHBIH, IAPTTAPbIH
MmaiiIaIaHbIIl, OChI KEHICTITIHIer! orepaTopIap/IiblH KOMIIAKTTHI 60Ty MapTTapbliH Tekcepyre 6oaasl. Cebebi
onepaTop 6ip KeHICTIKTEer! IMeHe e H XKUBIH bl KeJIeCl KeHICTIKTeri KOMIAKThLIbI XKUBIHFa, aygapajibl. ABTOp-
Jiap JIoKaJiibl Moppu TUIITEC KEHICTIrHJIe XKUBIHIAPIBIH KOMITAKThLIBIFBIHBIH KeTKIJIKTI mapTTapbl (QyHK-
IUATAD/BIH, AHBIPBIMBI TepMHUHIHAE limy—oSupseg ||f(- +u) — f(')HLMpe,w = 0 kesripres. [5] »kymblcTa
JiokaJael Moppu Tunrec KeHiCTiriHe »KUbIHIAPIBIH KOMIAKTHIIBIFBIHBIH, KAXKETTI YKOHe >KeTKIJIKTI MapT-
TapBl AILIHBIN, 01ap MYHKIHANADIBIH OpTa MaHi TepMuminae limy—osupseg [[f(- +u) — f()l Mg w = 0

KeJITipireH.

Kiam cesdep: KOMIAKTBHIIBIK, KOMIIAKTHLIBIK ajiabl, @perne-Koamaropos Teopemacsl, Jokaaasl Moppu Tui-
TEeC KEHIiCTIri.

JL.'T. Marun, 2K.2K. Baiirysakosa, A.H. Aqunbxanos, B.O. Bocranos

JlocTaTodHble yCJIOBUs ITPEAKOMIIAKTHOCTH MHOYKECTB
B JIOKAJbHBIX ITpOCTpaHcTBax Tuma Moppu

B crarbe IIPUBEIEHDBI JOCTATOYHBIE YCJIOBUA IIPEAKOMIIAKTHOCTU MHOXKECTB B JIOKaJIBHBIX IIPDOCTPpaHCTBax

tuna Moppu LM ;‘;(‘) (R™). Uz nokasaHHOI TE€OPEMBI B CIydae = 00 BBITEKAET PE3yJIbTAT JJIst O00OIIEHHO-

O IPOCTPAHCTBA M;,”O, ampuw(r) =", 0 =00, 0 <A< % — W3BECTHBII PE3YJIBTAT JJIsI IPOCTPAHCTBA
Moppu M;‘(R"), a B caydae A = 0 — 370 XOpomo u3BecTHas TeopeMma Ppere-Konmmoroposa. Yciaosus
IIPEKOMIIAKTHOCTH MHOXKECTB B IpocTpaHcTBax Moppu 6bun pokasansl B paborax [1, 2], a B ciayudae
06061mennLIx pocTpancts Moppu My, (‘)(]R") — B [3, 4]. Lens crarbu — 0600IIEHNE PE3YIBTATOB IIPEJI-
KOMITAKTHOCTH MHOYKECTB IS JIOKAJBHEIX MPOCTPancTB Tuna Moppu LMpyg () (R™). Ucnoms3syst Teopemy
MPEIKOMIIAKTHOCTU MHOYKECTB B JIOKAJIbHBIX IIPOCTPaHCTBax Tuna Moppu, MOKHO IPOBEPUTH YCJIOBUSA KOM-
[MAKTHOCTH OIIEPATOPOB B 9TUX IIPOCTPAHCTBAX, TaK KAK KOMITAKTHBIA OIIepaTOp MEPEBOIUT OrPAHUYEHHOEe
MHOXKECTBO OJTHOT'O ITPOCTPAHCTBA B KOMITAKTHOE MHOXKECTBO JPYroro mpocrpaHcTsa. B aroit pabore ycio-
BUS IIPEJIKOMIIAKTHOCTY MHOYKECTB B JIOKAJILHBIX [IPOCTPAHCTBaX Tulia Moppu JaHbl B TEDMUHAX PA3HOCTU
bynxrmm limy—osup e [|f(-+u) = FC)l Lo = 0. Panee [5] Gpum omyGimKoBaHbl HEOGXOAUMBIE U JI0-

PO, w
CTATOYHBbIE YCJIOBUS INPEJKOMIIAKTHOCTA MHOYKECTB B JIOKAJIBHBIX IIpOCTpaHCTBaX Tuiia Moppwu, Koropble
OBLTN TIPUBEJIEHBI B TEPMUHAX CPETHUX (DYHKITAN 51—13(1)1-*- ;1;2 ||Asf — fHLp(B(O,RQ)\B(O,Rl)) =0.

Kmouesvie c06a: KOMIAKTHOCTD, MPEIKOMIAKTHOCTb, Teopema Dpemre-Kommaroposa, JiokasbHBIE MPO-
crpancrBa Tuna Moppu.

References

Bokayev, N., Burenkov, V., & Matin, D. (2017). Sufficient conditions for the pre-compactness of sets in
global Morrey-type spaces. AIP Conference Proceedings, Vol. 1980, 030001-01-06.doi: 10.1063/1.5000600.

Matin D., & Turgumbayev, M.Zh. (2017). Predkompaktnost mnozhestv v hlobalnykh prostranstvakh tipa
Morri [Sufficient conditions for the pre-compactness of sets in global Morrey-type spaces]. Vestnik ENU.
Seriia estestvenno-tekhnicheskikh nauk — Herald ENU. Natural Science Series, 4(119), 14-23 [in Russian].

Burenkov, V.I. (2012). Recent progress in studying the boundedness of classical operators of real analysis
in general Morrey-type spaces. I. Furasian Mathematical Journal, Vol. 3, 3, 11-32.

Burenkov, V.I. (2013). Recent progress in studying the boundedness of classical operators of real analysis
in general Morrey-type spaces. II. Furasian Mathematical Journal, Vol. 4, 1, 21-45.

Bokayev, N., Burenkov, V., & Matin, D. (2017). On precompactness of a set in general local and global
Morrey-type spaces. Eurasian Mathematical Journal, Vol. 8, 3, 109-115.

Bokayev, N., Burenkov, V., & Matin, D. (2016). On the pre-compactness of a set in the generalized Morrey
spaces. American Institute of Physics Conference Proceedings, 1759, 020108-01-03.doi: 10.1063/1.4959722.

Chen, Y., Ding, Y., & Wang, X. (2009). Compactness of commutators of Riesz potential on Morrey space.
Potential Analysis, Vol. 30, 4, 301-313.

Bectnuk Kaparanmuackoro yHuBepcureTa



Sufficient conditions for the precompactness of sets ...

8 Chen, Y., Ding, Y., & Wang, X. (2012). Compactness of Commutators for singular integrals on Morrey
spaces. Canadian Journal of Mathematics, Vol. 64(2), 257-281.

9 Guliyev, V.S. (2012). Generalized weighted Morrey spaces and higher order commutators of sublinear
operators. Furasian Mathematical Journal, Vol. 3, 3, 33-61.

10 Yosida, K. (1978). Functional Analysis. Springer-Verlag, Berlin.

11 Bokayev, N.A., & Matin, D.T. (2017). Ob usloviiakh kompaktnosti kommutatora dlia potentsiala Pissa v
hlobalnykh prostranstvakh tipa Morri [A sufficient of compactness of the commutators of Riesz potential
on global Morrey-type space|. Vestnik ENU. Seriia estestvenno-tekhnicheskikh nauk — Herald ENU. Series
of natural and technical sciences, 6(121), 18-24 [in Russian].

12 Bokayev, N., Burenkov, V., & Matin, D. (2016). O dostatochnykh usloviiakh kompaktnosti kommutatora
dlia potentsiala Pissa v hlobalnykh prostranstvakh tipa Morri [A sufficient condition for compactness
of commutators for Riesz potential on the generalized Morrey space]. Vestnik ENU. Seriia estestvenno-
tekhnicheskikh nauk — Herald ENU. Series of natural and technical sciences, 6(115), 8-13 [in Russian].

13 Bokayev, N.A., Burenkov, V.I., & Matin, D.T. (2016). O dostatochnykh usloviiakh kompaktnosti kommu-
tatora dlia potentsiala Pissa v obobshchennykh prostranstvakh Morri [Sufficient conditions for pre-
compactness of sets in the generalized Morrey spaces|. Vestnik Karahandinskoho universiteta. Seriia
matematika — Bulletin of the Karaganda University. Mathematics series, 4, 18-40 [in Russian].

14 Bokayev, N.A., & Matin, D.T. (2017). Compactness of Commutators for one type of singular integrals on
generalized Morrey spaces. Springer Proceedings in Mathematics Statistics, 216, 47-54.

15 Otelbaev, M., & Cend, L. (1972). K teoremam o kompaktnosti [To the theorem about the compactess].
Sibirskii matematicheskii zhurnal — Siber Mathematical Journal, Vol. 18, 4, 817-822.

Cepust «Maremarukas. Ne 4(92)/2018 63



UDC 517.983

A.E. Mirzakulova!, N. Atakhan?, N. Asset®, A. Rysbek!

! Abay Kazakh National Pedagogical University, Almaty, Kazakhstan;
2Kazakh State Women’s Teacher Training University, Almaty, Kazakhstan;
3 Nazarbayev Intellectual Schools, Almaty, Kazakhstan
(E-mail: mirzakulovaaziza@gmail.com,)

Asymptotic convergence of the solution for singularly perturbed
boundary value problem with boundary jumps

The article is devoted to study of boundary value problem with boundary jumps for third order linear
integro-differential equation with a small parameter at the highest derivatives, provided that additional
characteristic equation’s roots have opposite signs. The modified unperturbed boundary value problem
is constructed. The solution of modified unperturbed problem is obtained. Initial jumps’ values of the
integral term and solution are defined. An estimate difference of solution for singularly perturbed and
modified unperturbed boundary value problems is obtained. The convergence of solution for singularly
perturbed boundary value problem to solution of modified unperturbed boundary value problem is proved.

Keywords: singular perturbation, small parameter, the boundary jump, the initial jump, boundary functions,
asymptotic.

Introduction

The theory of singular perturbations has been with us, in one form or another, for a little over a century
(although the term ‘singular perturbation’ dates from the 1940s). The subject, and the techniques associated
with it, have evolved over this period as a response to the need to find approximate solutions (in an analytical
form) to complex problems. Typically, such problems are expressed in terms of differential equations which
contain at least one small parameter, and they can arise in many fields: fluid mechanics, particle physics and
combustion processes, to name but three. The essential hallmark of a singular perturbation problem is that a
simple and straightforward approximation (based on the smallness of the parameter) does not give an accurate
solution throughout the domain of that solution.

Mathematical problems that make extensive use of a small parameter were probably first described by
J.H. Poincare (1854-1912) as part of his investigations in celestial mechanics. (The small parameter, in this
context, is usually the ratio of two masses.) Although the majority of these problems were not obviously
‘singular’—and Poincare did not dwell upon this—some are; for example, one is the earth-moon-spaceship
problem mentioned. Nevertheless, Poincare did lay the foundations for the technique that underpins our approach:
the use of asymptotic expansions. The notion of a singular perturbation problem was first evident in the seminal
work of L. Prandtl (1874-1953) on the viscous boundary layer (1904). Here, the small parameter is the inverse
Reynolds number and the equations are based on the classical Navier-Stokes equation of fluid mechanics.
This analysis, coupled with small-Reynolds-number approximations that were developed at about the same
time (1910), prepared the ground for a century of singular perturbation work in fluid mechanics. But other
fields over the century also made important contributions, for example: integration of differential equations,
particularly in the context of quantum mechanics; the theory of nonlinear oscillations; control theory; the
theory of semiconductors.

Theory of asymptotic integration of singularly perturbed equations has become purposefully developed
starting with the works of L. Schlesinger, G.D. Birkhoff, P. Noaillon. In a further development of the main
trends of the theory W. Wasow, A.H. Nayfeh, M. Nagumo, A.N. Tikhonov, M.I. Vishik, L.A. Lusternik,
N.N. Bogolyubov, U.A Mitropolsky, A.B. Vasilieva and V.F. Butuzov, R.E. O’'Malley, D.R. Smith, W. Eckhaus,
K. W. Chang and F. A. Howes, J. Kevorkian and J.D. Cole, Sanders and F. Verhulst, E.F. Mischenko and
N.X. Rozov, S.A. Lomov, K.A. Kassymov and others have made a significant contribution. For a broad class of
singularly perturbed problems effective asymptotic methods to build a uniform approximation with any degree
of accuracy in the small parameter were developed.

For the first time, boundary value problems with initial jumps for singularly perturbed linear ordinary
differential and integro-differential equations of the second order was studied by K.A. Kassymov [1, 2]. A syste-
matic study of boundary value problems with initial jumps Kassymov and his students began in the nineties of
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the last century. He developed methods for qualitative research and the construction of an asymptotic expansion
of solutions of boundary value problems with initial jumps for singularly perturbed ordinary differential equations
[3, 4]. General boundary-value problems for singularly perturbed ordinary differential equations of higher orders
are investigated by D.N. Nurgabyl. He singled out a class of singularly perturbed boundary value problems
with an initial jump and developed an algorithm for constructing and investigating the asymptotic behavior
of solutions of general boundary value problems [5, 6]. K.A. Kassymov and M.K. Dauylbaev for singularly
perturbed higher-order integro-differential equations studied problems of a special type, when the presence of
integral terms leads to a qualitative change in the behavior of the solution [7-9].

M. K. Dauylbaev [10-12] studied boundary value problems with two boundary layers possessing the pheno-
mena of initial jumps. The novelty of these studies is that when the small parameter tends to zero, the fast
solution variable grows unlimitedly, not only at one, the so-called initial point, but also at the other end of
the considered segment. Thus, a class of singularly perturbed integro-differential equations with initial jump
phenomena at both ends of the given segment is singled out. He also developed a method for studying and
constructing the asymptotic of the solution of the Cauchy problem with initial jump for singularly perturbed
linear differential equations with impulse action [13].

Consider the singularly perturbed integro-differential equation

1

> Hi(t,x)y' (x,e)da, (1)

=0

Loy =%y +eAo(t)y + Ai(t)y + Ax(t)y = F(t) +

O\H

with integral boundary conditions

v0.9)=a, Y0 =5 vLe)=v+ [ S alele s, @)
0

=0

where € > 0 is a small parameter, «, 8,y are known constants independent of ¢.

We will need the following assumptions:

Cl) A;(t),i = 0,2, F(t), aj(z),j = 0,1 are sufficiently smooth functions defined on the interval [0,1],
Hy(t,xz), Hi(t,x) are sufﬁmently smooth functions defined in the domain D ={0<¢<1,0 <z <1}

C2) The roots pu;(t), i = 1,2 of «additional characteristic equation» u? + Ag(t)u + A1 (t) = 0 satisfy the
following inequalities pq(t) < —y1 <0, pa(t) > v2 > 0.

C3) 1 is not an eigenvalue of the kernel

[

(0t ~ . )220 ) - Sj;;fgg;d

1 1
0 = i (5,1) —a 1 a; x| ds.
6_0/(1a1(1))A (5)930(5) y30(1) — a1(s)yso(s O/Z i x)dx | d

=0

For the solution of the boundary value problem (1),(2) are valid the following asymptotic estimations [10]
ase —0:

(@) v
09| <€ (1ol + el + guax [P0 + s nen)) +
1-q,—mnt
+Ce e (|a + |B|+0r£1ta<:><1 F(t) + l—al( )Hl(t I)D +
C ¢ B g _
“Fge (lal(l)‘+5‘1al(l)‘+0r£1?§(l F(t)+1(11(1)H1<t71)‘>7 q-0,172 (3)

Consider the following modified unperturbed problem as e =0 :

Lo7 = A (07 () + Ao (1) +/ZHZ (2)dz + A(t), (4)
0

=0
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7(0) = a. =w+/zaz 2)dz + Ay, (5)
0

=0

where A(t) and A are respectively unknown initial jumps of the integral term and the solution.
Let us denote by

u(tae) = y(t7€) - ?(t), = y(t,&) = u(t7€) +y(t)’ (6)

where y(¢,€) is a solution of singularly perturbed problem (1), (2) and g(¢) is a solution of the unperturbed
problem (4), (5).
Substituting (6) into (1), (2), we obtain the problem for u(t,¢) :

L.u 20" 4 eAg(t )u” + 4 (t)u’ + Ax(t)u = —At) + 623/”

L
—eAo(t)7" + / > Hi(t,x)u (z,£)dz, (7)
o =0
with boundary conditions
1
w(0,e) =0, ¥(0,6) =B-7(0), wu(l,e)=—-4, +/Z u (z,e)de, (8)
i=0

here Al = (1 - al(l))Ao.
The problem (7), (8) is of the same type as the problem (1), (2), applying the asymptotic estimations (3)
for u(t, ), we get

[u(te)| < C (e + 218 =T O] + AW + Halt, Do) +

1Ottt e+ 18 =7 () +[A{#) + Hi(t, 1)Ao|) +
B8-7(0)
1—as(1)

We choose the unknown function A(t) that the solution of the problem (7), (8) approach zero as e — 0, i.e.
if the equality

C 1—t
+—e e (E +e

61

]+|A<t>+H1<t,1>Ao|), 4= 0,12

A(t) = —Hi(t,1)Ag (9)

is valid, then the solution of the problem (1), (2) approaches to the modified unperturbed problem (4), (5) as
€ — 0. Thus, if the initial jump of the integral term A(#) is defined by the formula (9), then the solution of the
problem (1), (2) approaches to the solution of the following modified unperturbed problem:

L
Loy = A1(t)7' (t) + A2 ()y(t) = F'(t) +/2Hi(t7x)§(i)($)dx — Hi(t,1)Ao; (10)
o =0
L
50 =a, 51 =7+ [ 3@y e)de + (1- a(1)ag (1)
o =0
At first, we consider the equation (10) with condition
y(0) =«
We seek the solution of the problem (10), (11)
[ ), ), [ 2 [ Ax(a)
_ 2 (x Z(s o
_ _ _ 12
7(t) = aexp 0/ A (0) dz | + 0/ 0s) exp Al(x)dx ds, (12)
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where
1y
=F(t)+ /ZHi x)dx — Hy(t,1)Ag. (13)
0 =0

Substituting (12) into the equation (13), we obtain that Z(t) satisfies the following Fredholm integral equation
of the second kind:

)+ | H(t,s)z(s)ds, (14)
!
where )
p(t) = F(t) — Hi(t,1)Ag —|—a/ (Hg(t,w) - Hl(t,x)jig;) exp [ - jfg dp | de; (15)
0 0

H(t,s) = /A1 (Ho (t,xz) — Hy1(t,x) ijgi) exp (— j?gi; dp) dzx.

In view of the condition (C3), integral equation (14) has an unique solution, that can be represented in the

form:
t)+ | R(t,s)p(s)ds, (16)
/

here R(t,s) is a resolvent of the kernel H(t,s), the function ¢(t) is defined by the formula (15). Substituting

(16) into the function (12), by virtue of (15), we get the solution of the problem (10), (11):
¢
= aexp ( /j? i Al - jigi; de | [F(s) — Hi(s,1)Ao+
0 s
1 @
+ab/ (Ho(s,x) — Hy(s,7) j?g;) exp | — jjgi; dp | dx| ds, (17)

where
1
)+ / R(s p)dp;
0

R(Sap)Hz(pa I)dp, 1= 07 1.

Hi(s,z) = H;(s,r) +

o _

To determine the initial jump Ay of solution, we substitute (17) into the second condition of (11). As a
result, we can find the initial jump Ag of solution:

D~ Y a5 () — A
0

=0
1— al(l)

Ao = (18)

Theorem 1. Under the above assumptions (C1)-(C5), for the solution y(t,e) of the boundary value problem
(1), (2) hold the following limiting equalities:

limy(t,e) =y(t), 0<t<1;
e—0
limy'(t,e) =7'(t), 0<t<1;
e—0

limy"(t,e) =7"(t), 0<t<1,
e—0
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where Y(t) is a solution of the problem (10), (11) and expressed by (17), the initial jump A is defined by the

formula (18).
Example. Consider the following singularly perturbed boundary value problem with boundary jumps:

1
2y — ey — 2y = 5/y'(z,€)dx; (19)
0
1
y(0,6) =1, ¥'(0,6) =0, y(l,e) = /ay’(m,s)dw, a# 1. (20)
0
The fundamental system of solutions of the equation e%y"”’ — ey” — 2y’ = 0 have the form:
n(te) =1, mlte)=e*, yltye) =e 070,
Let us denote by the right-hand side of the equation (19)
1
z(e) = (5/y’(;v,5)dx. (21)
0
Then general solution of the equation (19) has the form:
(22)

y(t,e) = Cy 4 Coe™ % + Cze™ 2070 _p, 5z(e)t,

here C;,i = 1,3 are unknown constants, z(g) is an unknown function.
Substituting the function (22) into the (21), we obtain the equality to define the function z(¢)

© Cod(e ¢ — 1)+ C50(1 — e 2)
z(e) = .
140,56
Now, we determine the unknown constants C;,7 = 1,3 in (22), which satisfy the boundary conditions (20).
Thus, we need to solve the system of algebraic equations:
Chy+Cy + 6_503 =1
2

1 2
s(1—e"c)—2-¢ 2e7 % (246)—es (1—e”
- ( 5(2-‘1-6)) & 5(2;)( )03 =0;

_1 —2
C + 2(1—a)g+2+5+2a02 + 2(1—a)+2(i:si-2a)e e Cs = 0.

The main determinant of the linear algebraic system has the form:
_ 2(1—a) _1 _2 _2 _2 _1
€)= 5rep [(55(1—6 )—2-8)1—e )+ (2752 +6) —ed(1—e )1 - ]
As a result, the solutions of the system are defined by the formula:
(e6(1—e %) —2—0)(2(1 —a)+ (6 + 2a)e™?)
Cl(s) = 1 2 2 2 1 B
2(1 - a) [(65(1 et —2- 81— e B+ (20224 0) —ed(1— e 2))(1 - e*E)]

—(2e72(240) —e6(1 — e 2)(2(1 —a)e”F + 6+ 2a))

)

(246)(2e72(2+0) —ed(1 — e ?)) _
2( ’

02(5) = 1 2 2 1
2(1 - a) [(55(1 e ) 21— e P+ (207 2(2406) —ed(1— e 2))(1 - e—g)}
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(2+08)(2+6 —ed(l — e 7)) '
21—a) |(e6(1—e ) =2 0)(1— e 2) + (2077 (2+0) —ed(1 —e2))(1 - e*%]

Cs(e) =

If as € — 0, then
249

01(6) — 1, 02(6) — 0, 03(8) — 2(@ — 1)

Consider the following modified unperturbed problem:

1
oy (t) = / 55(x)dz — 6o,
0

1
7(0) =1, 7(1) = / a(@)dz + (1 — a)Ay,

here Ay is called the initial jump of the solution.
Let us denote by

1
zZ= /5@(37)6[:10 — 6.
0

The general solution of the equation (23) is as follows

A
T 244

7(t) t+C.

Substituting (25) in (24), we define the unknown function z :

0”0
140,50

x|

As a result, the solution of the modified unperturbed problem (23) has the form:

The initial jump Ag of solution is defined by the following formula

249
2(1—a)’

Ay =

The results can be seen to perform the following limiting equalities:

6
i = =7 < ;
glg(l)y(t,s) 1+2(1—a)t g(t), 0<t<1,;
lim y/(t,e) = L yt), 0<t<l;
e=0” 2(1—a) — ’ ’

. 1 _ :—I/
il_%y (t,e)=0=7"(t), 0<t<l.
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A.E. Mupszakynosa, H. Araxan, H. Acer, A. Pricbex

IIIekapabl ceKipicTi CHHTYJISAPJIBI ayBbITKBIFAH IMETTIK ecebi
HIEHTIMiHIH aCUMIITOTUKAJIBIK, YKMHAKTBLIbIFbI

Maxkasia eki YJIK€H TYBIHIBICHIHBIH aJIIbIH/Ia Killli mapaMerpi 6ap YIMHIN peTTi CHHTYJISPJIbI aybITKBIFAH
CBIBBIKTHI MHTETPAJIIb-TuddepeHnnanablK TeHIey YIIiH KOCBIMINA CUIATTAYBIIN TEHAEYIIH TyOipepiHin
TaHOACHI KapaMa-KapChl OOJIFAH »KaFrIaiiarbl IIeKapaJibl CEKIpicTi MmeTTiK ecebiH 3epTTeyre apHaaraH. O3-
TePTIITeH aybITKBIMAaFaH €Cell KYPBLIIbI, OHBIH IIenTiMi aJablHAbl. CHHTYIISIPJIBI AyBITKBIFAH IMETTIK eCcell
MIeNriMi MEH ©3repTiJITeH ayBbITKbLIMAaraH ecell MIENIMiHIH apachbIHIArbl albIPhIM OarajaaHIbl. VIHTerpaaabK
MYIIEHIH YK9He MIeNTiMHIH 6acTallKbl CeKipicTepiHiH IamMaapbl aHbIKTAJIbI. BepijireH CHHTYJISPJIbI Y BITKbI-
FaH IIETTIK eCell MIEMIIMIiHIH 63repTiireH aybITKbIMaraH IIETTIK eCell MIeNiMiHe YMTBIIATBIHDI JDJIeJIICH .

Kiam cesdep: CHHTYASPJIBI ayBITKY, Killli apaMeTp, IMEKapaJjblK, ceKipic, 6acTamKbl CEeKipic, MEeKapaJIbIK,
byHKIHAIAD.
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A.E. Mupzakynosa, H. Araxan, H. Acer, A. Pricbex

AcuMmniToTnyeckasi CXOAMMOCTD pPelleHnus CUHTYJIAPHO
BO3MYIIIEHHOI KpaeBOil 3aa4i C TPAHUYHBbIMU CKadYKaMU

Crarbsl MOCBSIIEHA U3YYEHUIO KPAEBOH 3a/a9i C MPAHUYHBIMU CKAYKAMU JJIsl JIMHEHHOrO nHTerpoaudde-
PEHIIMAJIbHOIO YPaBHEHHUs TPEThero NMOpA KA C MaJIbIM ITapaMeTPOM IIPU CTaPIINX NPOU3BOJHBIX NPHU yCJIO-
BUU, YTO KOPHU JIOTIOJTHUTEILHOIO XapaKTEPUCTUIECKOTO YPABHEHUSI UMEIOT ITPOTUBONOIOKHBIE 3HAaKuU. [lo-
cTpoeHa MOAUMUIITPOBAHHAS HEBO3MYIIEHHAs KpaeBas 3amada. llomydueHo pererne MoauduImpoBaHHON
HEBO3MYIIEHHON 3ajaun. OnpejiesieHbl 3HAUYEHNs] HAYaJIbHBIX CKAYKOB MHTEIDAJILHOIO HYJIEHA U DPEIICHMUSI.
Tlosnyuena oneHka pa3HOCTH PeIeHU CHHTYJISIPHO BO3MYIIIEHHBIX ¥ MOTUMUIIMTPOBAHHBIX HEBO3MYIIEHHBIX
KpaeBbIx 3aad4. JlokazaHa CXOIMMOCTD DEIIeHUil CHHTYJISIPHO BO3MYIIIEHHOM KPAeBOH 337[a4M K PEIeHUIO
MOAUMUITPOBAHHON HEBO3MYIIIEHHON KPAaeBOU 3a/1a4H.

Kmouesvie cA06aG: CUHTYJISIDHOE BO3MYIIIEHHE, MAJIbIA IMapaMeTp, FPAHUYHBIN CKaYOK, HAYAJbHBINA CKAYOK,
rpaHuvHbIE (DYHKIINN, ACUMITOTHKA.
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Families of theories of abelian groups and their closures

In studying the structural properties of elementary theories, a relationship between theories with respect
to a series of natural operators plays an important role. This relationship can be determined by placing
models of given theories in various formula definable sets. Such sets include, for example, sets defined by
unary predicates or equivalence relations. In this way, P-operators and E-operators arise, as well as their
closures, and e-spectra, i.e. the numbers of new theories that may be generated by these operators. For
E-operators, applicable to the families of theories of abelian groups, closures and generating sets, as well as
their e-spectra are described. Szmielew invariants are used as a tool for the established characterization of
a theory belonging to the E-closure of a family of theories of abelian groups. A series of families of theories
corresponding to the sets of Szmielew invariants, properties of these families, and values of e-spectra are
also described.

Keywords: family of theories, abelian group, E-operator, generating set, closure, e-spectrum.

0.1 Introduction

In a series of papers topological properties for families of theories are studied [1-6]. The notions of P-operator
and FE-operator were introduced allowing to study links between theories with respect to appropriate closure
operators. These operators give possibilities to generate new theories by given families of ones, and, in special
cases, to find minimal/least generating sets. Counting e-spectra for families of theories we get characteristics
for maximal variations of theories in closed sets of theories with respect to generating sets.

We continue this investigation applying for families of theories of abelian groups and describing closures
for families of theories of abelian groups with respect to the E-operator. In Sections 2 and 3 we consider basic
notions and known results for families of theories and theories of abelian groups. In Section 4 we characterize the
property when a theory of abelian groups belongs to E-closure of a given family of theories of abelian groups.
This characterization allows to describe closed sets of theories of abelian groups with(out) least generating sets.
Examples of these descriptions, for natural families of theories, are presented in Section 5.

0.2 Preliminaries

Throughout the paper we use the following terminology in [1, 2].

Let P = (P;)er, be a family of nonempty unary predicates, (A4;);c; be a family of structures such that P;
is the universe of A;, ¢ € I, and the symbols P; are disjoint with languages for the structures A;, j € I. The
structure Ap = |J A; expanded by the predicates P; is the P-union of the structures A;, and the operator

i€l
mapping (A;);cr to Ap is the P-operator. The structure Ap is called the P-combination of the structures A4;
and denoted by Combp(A;)icr if Ai = (Ap|a,)Isa,), @ € I. Structures A’, which are elementary equivalent to
Combp(A;)icr, will be also considered as P-combinations.

Clearly, all structures A’ = Combp(A;);icr are represented as unions of their restrictions Aj = (A'|p,)|s(4,)
if and only if the set po(z) = {-P(x) | i € I} is inconsistent. If A # Combp(A})icr, we
write A" = Combp(A;)icrufoc}, Where A, = A’ n 7+ maybe applying Morleyzation. Moreover, we write

i€l
Combp(A;)icrufoo} for Combp(A;)icr with the empty structure A.

Note that if all predicates P; are disjoint, a structure Ap is a P-combination and a disjoint union of
structures A;. In this case the P-combination Ap is called disjoint. Clearly, for any disjoint P-combination Ap,
Th(Ap) = Th(A%), where A’ is obtained from Ap replacing A; by pairwise disjoint A} = A;, ¢ € I. Thus,
in this case, similar to structures the P-operator works for the theories T; = Th(A;) producing the theory
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Tp = Th(Ap), being P-combination of T;, which is denoted by Combp(T;);cr. In general, for non-disjoint case,
the theory T will be also called a P-combination of the theories T;, but in such a case we will keep in mind
that this P-combination is constructed with respect (and depending) to the structure Ap, or, equivalently, with
respect to any/some A" = Ap.

For an equivalence relation F replacing disjoint predicates P; by E-classes we get the structure Ag being the
E-union of the structures A;. In this case the operator mapping (A;):cr to Ag is the E-operator. The structure
Ag is also called the E-combination of the structures .A; and denoted by Comb g (A;)icr; here A; = (Ag|a,)|sa,),
i € I. Similar above, structures A’, which are elementary equivalent to Apg, are denoted by Combg(Aj});e,
where A’ are restrictions of A’ to its E-classes. The E-operator works for the theories T; = Th(A;) producing
the theory Ty = Th(Ag), being E-combination of T;, which is denoted by Combg(T;);cr or by Combg(T),
where T = {T; | i € I'}.

Clearly, A’ = Ap realizing poo(x) is not elementary embeddable into Ap and can not be represented
as a disjoint P-combination of A, = A;, ¢ € I. At the same time, there are E-combinations such that all
A’ = Ag can be represented as F-combinations of some .A; = A;. We call this representability of A’ to be the
E-representability.

If there is A’ = Ag which is not E-representable, we have the E’-representability replacing E by E’ such
that E’ is obtained from E adding equivalence classes with models for all theories T, where T is a theory of
a restriction B of a structure A’ = Ag to some E-class and B is not elementary equivalent to the structures
A;. The resulting structure Ag: (with the E’-representability) is a e-completion, or a e-saturation, of Ag. The
structure Ag: itself is called e-complete, or e-saturated, or e-universal, or e-largest.

For a structure Ag the number of new structures with respect to the structures A;, i. e., of the structures
B which are pairwise elementary non-equivalent and elementary non-equivalent to the structures A;, is called
the e-spectrum of Ag and denoted by e-Sp(Ag). The value sup{e-Sp(A’) | A" = Ag} is called the e-spectrum
of the theory Th(Ag) and denoted by e-Sp(Th(Ag)).

If Ag does not have E-classes A;, which can be removed, with all E-classes A; = A;, preserving the theory
Th(Ag), then Ag is called e-prime, or e-minimal.

For a structure A" = A we denote by TH(A’) the set of all theories Th(A;) of E-classes A; in A’.

By the definition, an e-minimal structure A’ consists of E-classes with a minimal set TH(A"). If TH(A') is
the least for models of Th(A") then A’ is called e-least.

Definition [2]. Let T be the class of all complete elementary theories of relational languages. For a set
T C T we denote by Clg(T) the set of all theories Th(.A), where A is a structure of some E-class in A’ = Ap,
Ag = Combg(A4;)icr, Th(A;) € T. As usual, if T = Clg(T) then T is said to be E-closed.

The operator Clg of E-closure can be naturally extended to the classes 7 C T as follows: Clg(T) is the
union of all Clg(7p) for subsets Ty C T.

For a set 7 C T of theories in a language ¥ and for a sentence ¢ with X(p) C ¥ we denote by T, the set
{TeT|peT}.

Proposition 2.1 2. If T C T is an infinite set and T € T\ T then T € Clg(T) (i.e., T is an accumulation
point for T with respect to E-closure Clg) if and only if for any formula ¢ € T the set T, is infinite.

Theorem 2.2 [2]. If 7§ is a generating set for a E-closed set Ty then the following conditions are equivalent:

(1) Ty is the least generating set for To;

(2) T4 is a minimal generating set for To;

(3) any theory in Ty is isolated by some set (Tq),, i.e., for any T € Ty there is p € T such that (Tq), = {T'};

(4) any theory in T is isolated by some set (To),, i.e., for any T € Ty there is ¢ € T such that (To), = {T'}.

0.3 Theories of abelian groups

Let A be an abelian group. Then kA denotes its subgroup {ka | a € A} and A[k] denotes the subgroup
{a € A| ka = 0}. It p is a prime number and pA = {0} then dimA denotes the dimension of the group A,
considered as a vector space over a field with p elements. The following numbers, for arbitrary p and n (p is
prime and n is natural) are called the Szmielew invariants for the group A [7]:

p.n(A) = min{dim((p" A)[p]/(p" ' A)[p]), w};
Bp(A) = min{inf{dim((p" A)[p] | n € w}, w};

Vp(A) = min{inf{dim((A/A[p"])/p(A/A[p"])) | n € W} w};
e(A) € {0,1}ande(A) =0 < (nA = {0} for somen € w,n # 0).

Cepust «Maremarukas. Ne 4(92)/2018 73



In.I. Pavlyuk, S.V. Sudoplatov

It is known |7, Theorem 8.4.10] that two abelian groups are elementary equivalent if and only if they have
same Szmielew invariants. Besides, the following proposition holds.

Proposition 3.1 [7, Proposition 8.4.12|. Let for any p and n the cardinals oy, pn, Bp, vp < w, and € € {0,1}
are giwen. Then there is an abelian group A such that the Szmielew invariants oy n(A), Bp(A),vp(A4), and (A)
are equal to &, Bp, Vp, and €, respectively, if and only if the following conditions hold:

(1) if for prime p the set {n | apn # 0} is infinite then B, = v, = w;

(2) if € = 0 then for any prime p, B, = v, = 0 and the set {(p,n) | apn # 0} is finite.

We denote by Q the additive group of rational numbers, Z,» — the cyclic group of the order p", Zp~ — the
quasi-cyclic group of all complex roots of 1 of degrees p™ for all n > 1, R, — the group of irreducible fractions
with denominators which are mutually prime with p. The groups Q, Zy~, R,, Zp~ are called basic. Below the
notations of these groups will be identified with their universes.

Since abelian groups with same Szmielew invariants have same theories, any abelian group A is elementary

equivalent to a group

)

DpnZier™ © ©, 2% © @, R & Q)

where B®*) denotes the direct sum of k subgroups isomorphic to a group B. Thus, any theory of an abelian
group has a model being a direct sum of based groups.

Recall that any complete theory of an abelian group is based by the set of positive primitive formulas [7,
Lemma 8.4.5], reduced to the set of the following formulas:

Jy(mizy + ... + Mpxy, = pky); (11)

miTy + ... +muz, =0, (12)

where m; € Z, k € w, p is a prime number [§8], [7, Lemma 8.4.7]. Formulas (11) and (12) allow to witness that
Szmielew invariants defines theories of abelian groups modulo Proposition 3.1.

0.4 Families of theories of abelian groups and their closures

Denote by T.A the set of all theories of abelian groups. Below we consider families 7 C 7.4 and corresponding
families 7', where constants 0 are replaced by unary predicates Py with unique realizations 0, and operations
+ are replaced by ternary predicates S, where = S(a,b,c¢) < a+ b = c. Clearly, each theory T € T can be
reconstructed by the correspondent theory 77 € 7’ and vice versa. So we can freely replace the closure Clg(7")
(and its elements) by the correspondent set of theories of abelian groups, denoted by Clg(7T) (as well as by
correspondent theories).

Now we fix a family 7. In view of Proposition 2.1 and the basedness by the set of formulas (11) and (12)
we have the following lemmas.

Lemma 4.1. A family Clg(T) does not contain theories with new finite invariants ap pn, Bp, vp as well as
invariants with new p and n.

Lemma 4.2. A family Clg(T) contains a theory with infinite invariant oy, , if and only if T contains a
theory with that infinite invariant or T has theories with infinitely many distinct finite invariants cup .

Using Proposition 3.1 and Lemma 4.2 we have.

Lemma 4.3. A family Clg(T) contains a theory with an infinite invariant B, (respectively, ~,) if and only if
T contains a theory with that infinite invariant, or T has theories with infinitely many distinct finite invariants
Qpn, or T has theories with infinitely many distinct finite invariants B, (vp).

Lemma 4.4. A family Clg(T) contains a theory with e = 1 if and only if T contains a theory with ¢ =1, or
T has theories forming infinite set {(p,n) | cpn # 0}, or T has theories with positive invariants B, or 7p.

Lemmas 4.2 — 4.4 describe approximations of new infinite Szmielew invariants by finite ones.

Applying Proposition 2.1, the basedness of theories in Section 3, and Lemmas 4.1 — 4.4 we can describe
E-closures for families of theories of abelian groups.

For this aim we remember the following fact for a family T of language uniform theories 77 defined by sets
I of nonempty predicates.

Recall [3] that a theory T in a predicate language ¥ is said to be language uniform, or a LU-theory if for
each arity n any substitution on the set of non-empty n-ary predicates preserves T

Proposition 4.5 [3, Proposition 6. If Ty ¢ T then T; € Clg(T) if and only if for any finite set Jy C Iy there
are infinitely many TrT with

JNJo=1nNJy. (13)
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The equations (13) for indexes mean the local correspondence between T and T;. Using replacements of these
index sets by sequences of Szmielew invariants for theories of abelian groups we get the local correspondence
for families of theories in T .A: for a family 7 C T A, a theory T € T.A\ T locally corresponds to T if replaced
(13) holds modulo infinite Szmielew invariants and, besides, simultaneously the sequence of infinite Szmielew
invariants for 7', which are not represented in infinitely many theories in 7, is approximated by sequences of
corresponding finite Szmielew invariants for theories in 7 used for replaced (13).

Theorem 4.6. If T is an infinite family of theories of abelian groups and T ¢ T is a theory of an abelian
group then T' € Clg(T) if and only if T has infinite models (3. e., T has some infinite o, ,, or some positive [y,
vp, €) and locally corresponds to T

Proof. If T € Clg(T) then T has infinite models since finite models define only finitely many positive
Szmielew invariants, these invariants are exhausted by finite ), ,,, and theories with these invariants are isolated.
If T locally does not correspond to 7 then T' ¢ Clg(T) in view of Proposition 2.1.

Conversely if T has infinite models and locally corresponds to 7 then Clg(7) contains a theory with same
Szmielew invariants as for 7' and thus T € Clg(T).

0.5 Generating sets and e-spectra

Theorem 2.2, Proposition 3.1, and Theorem 4.6 allow to characterize families of theories of abelian groups
with(out) least generating sets as well as to describe e-spectra for E-combinations of theories in T .A.

Following the series of Szmielew invariants, for a theory T' € T.A we consider the support Supp(T) of T
being the set of positive Szmielew invariants for T. Now we denote by FS (respectively, CFS) the set of all
theories in 7.4 having (co)finite supports. By ZCZS we denote the set of all theories in 7.4 having infinite
and co-infinite supports. By F we denote the set of all theories in 7.4 with finite Szmielew invariants, and by
INF — with infinite Szmielew invariants ay,,, > 0, 8, > 0, 7, > 0.

Clearly, Clg(FS) = TA and Clg(CFS) = TA implying Clg(ZCZS) = T.A. Note also that Clg(F) = T.A
whereas ZN F is E-closed.

By A, B, T, E we denote the classes of all theories in 7.4 whose positive Szmielew invariants are exhausted
by apn, Bp, Vp, €, respectively. For X,Y,Z,U € {A,B,T',E} we denote by XY, XYZ, XYZU, respectively,
the set of all theories in 7.4 whose positive Szmielew invariants are exhausted by corresponding p.ns Bps Vps €
for X,Y,Z,U.

For X as above and for a sequence S of some Szmielew invariants, we write Xg for the set of of all theories
T in X such that Szmielew invariants for 7" equal to corresponding values in S. If the sequences S do not have
finite positive values we denote by X°° the union of these Xg. If for a subset Py of the set P of all prime
numbers the sequences S do not have positive values for p € P\ Py we denote by X p, the union of these Xg.
We write X,, instead Xp, if Py is a singleton {p}.

As above we denote by Xp, Y, Xp,Yp;Zpy, Xp, Y pZpy Upyr, respectively, the set of all theories in TA
whose positive Szmielew invariants are exhausted by corresponding . n, Bp, Vp, € for Xp,, Y pr, Zpy, Uppr.

Remark 5.1. If St is a sequence of all Szmielew invariants for a theory T then Ag, Bg,I's, Eg, = {T}. As
Proposition 3.1 asserts, some Szmielew invariants can be reconstructed automatically using the rest. Therefore,
for instance, if Szmielew invariants oy, Bp, Vp for T imply ¢ = 1 then we have Ag Bg I's, = {T} for the
subsequence S%. of Sy which is obtained removing . We have a similar effect for 8, = w and v, = w with
{n | apn # 0} = w. In such a case Sy can be reconstructed both from S/ and from S7. which is obtained from
S7. removing considered 3, and ~,.

In general case, subsequences S/ of St define, for combinations of A sys Bsyry Lispry Egrr, the following
possibilities for cardinalities: 1 (if T is uniquely defined), 2 (having, for instance, positive ¢, ,, only and varying
¢), w (having finitely many free positions for Szmielew invariants which can vary independently from 0 to w),
2¢ (having countably many free positions for Szmielew invariants which can vary independently from 0 to w).

Recall [9] that a group A is divisible if for any natural n > 0 and any element a € A the equation nx = a
has a solution in A.

Theorem 5.2. |9]. Any divisible subgroup A of abelian group B is a direct summand in B.

Theorem 5.5. [9]. Any nonzero divisible abelian group A is represented a direct sum of groups isomorphic to
Q or Zy~.

Recall [9, 10] that a group A is bounded if there is a positive number n such that n.A = {0}. Otherwise the
group A is called unbounded. A group A is torsion free if all nonunit elements have infinite order.
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The following proposition is implied by Proposition 3.1 and summarizes possibilities for combinations of A,
B, T, E.

Proposition 5.4. 1. AB = AT = ABI' = A C FS§, A is divided into A N F, consisting of theories with
finite models, and A \ F, counsisting of theories with infinite bounded models.

2. B=T = BI' = O, where O is a singleton consisting of the one-element group.

3. AE consists of theories T without 8, and +y, in Supp(T’) and such that sets {n | ., # 0} are finite for
each p, i.e., with bounded quotients with respect to maximal divisible subgroups.

4. BE consists of all theories of divisible abelian groups.

5. I'E consists of all theories of torsion free abelian groups.

6. ABE consists of all theories of abelian groups 4 with bounded quotients relative to maximal divisible
subgroups B, i. e., the theories Th(.A/B) form the set A.

7. ATE consists of all theories of abelian groups without 3, in Supp(7') and such that sets {n | oy, # 0}
are finite for each p.

8. BT'E consists of all theories of abelian groups such that quotients with respect to maximal divisible
subgroups are torsion free.

9. ABTE =T A.

Since theories of finite abelian groups with unbounded «,, are isolated and force theories with infinite
0p.ny Bps Vp, and positive €, as well as since these values for distinct p are independent, we have the following
proposition.

Proposition 5.5. 1. For any Py C P, Clg [ U (A,NF) | =Clg| U A, | = U A,BT°E with the
pEPy pEPy pePy

least generating set |J (A, NF).
pEPo
2. For any Py C P, Clg (Ap,NF) = Clg(Ap,) = Ap,BRTRE with the least generating set Ap, N F;

Clg ( U (A, NF) | is a subset of Clg (Ap, N F) which is proper if and only if |Po| > 2.
pEPy
Taking Py = P we have the following
Corollary 5.6. Clg(ANF) = Clg(A) = AB*I'*E with the least generating set AN F.
Clearly, e-Sp(T") = 0 for any theory T being a E-combination with unique finite structure, in particular,
for a finite abelian group. Now we divide A, into singletons A, , consisting of theories of abelian groups with
unique positive Szmielew invariant . For a fixed p and n and an infinite union (J A,, , produces a family

of theories whose E-combination T}, ,, has e-Sp(7}, ) = 1 witnessed by A, , with apy,; = w. Uniting the families
U Ag,., for p € Py we get E-combinations T with e-Sp(T") = |P,| which is obtained by additivity as in [4].

Ap,n

Taking finite direct sums EBp’nZZ(ﬁﬁ”’") we again can produce infinite «,, ,, for E-closures such that these a,, can
be independently achieved or not achieved. Thus we get 2 possibilities for variations of infinite a, , which is
witnessed by some E-combinations T with e-Sp(T') = 2¢. Since there are 2 distinct theories of abelian groups
this value is maximal. Summarizing the arguments we have arbitrary admissible values of e-spectra and obtain
the following

Theorem 5.7. For any A € wU {w, 2%} there is an E-combination T of theories of finite abelian groups (in
A NF and with least generating set) such that e-Sp(T) = A.

Now we define a subfamily of Clg(A) producing an E-combination without the least generating set. Choose
an infinite set Py C P and take a countable set D C P(F) such that (D, C) is a dense linearly ordered set
isomorphic to (Q, <) and without cuts (4, A’) having |J A # [ A’. Denote by Clg(A)p the family

{Th (@pex2(”) | X € D}

Clearly, Clg(A)p does not have isolated points and has 2¢ cuts producing |Clg(Clg(A)p)| = 2¥. Moreover,
for any Py C P with |P \ Py| = w we can take continuum many infinite Pj C P which are disjoint from P,
and produce continuum many theories in corresponding sets Clg(A)p, for D' C P(F}), and separated from
Clg(A)p with respect to Hausdorff topology.

Similarly we can add theories in A N F with positive invariants for P C P which is disjoint from Py and
produce the value 2¢ for e-spectrum. Again the E-closure of that extended family does not have the least
generating set.
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Thus, by Theorem 2.2, the following theorem holds.

Theorem 5.8. There are 2% families Clg(A)p whose E-closures do not have least generating sets and whose
E-combinations T satisfy e-Sp(T) = 2.

Addind/replacing the arguments above for oy, ,, with 5, and/or v, we get the following theorems.

Theorem 5.9. For any A\ € wU {w,2%} there is an E-combination T of theories in BE (respectively, T'E,
ATE, BTE, TA) and with least generating set) such that e-Sp(T) = .

Theorem 5.10. There are 2¢ families Clg(BE)p (respectively, Clg(TE)p, Clg(ATE)p, Clg(BI'E)p,
Clg(TA)p) whose E-closures do not have least generating sets and whose E-combinations T satisfy
e-Sp(T) = 2v.

Clearly, Theorems 5.8 and 5.10 are witnessed by subfamilies of ZCZS.
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Nu.U. Ilasmok, C.B. Cynomnaros

AbGenpaik rpynnaJjap TEOPUSICHIHBIH, >KUbIHTBIKTAPbI
2KOHE OJIapAbIH, TYNBIKTaMaChl

DJjieMeHTapIIbl TEOPUSIAPABIH, KACUETTEPiHIH KYPBUIbIMIAPHIH OKY OapbICHIHIA MaHBI3IbI POJIII KOIiMIi
omepaTopJiap KaTapblHa KATBICThI TEOPHUSIIaAPIbIH aPAChIHIAFbl 63apa bailylanbIcTapbl aTKapaapl. by e3apa
6aMJIAHBICTBI OCHI TEOPUSITIAP/IBIH, MOIEIbAEPIH OPTYPJIl HOPMYIIB/Ii aHBIKTAIFAH KUBIH/IAPFA OPHAJIACTHIPY
apKbUIbl aHblKTayFra Gosaael. OcblHIAM Teopusaapra, MbICAJIbI, GIPOPBIHILI IPEIUKATIIEH HEMeCce SKBUBA-
JIEHTTI KaTbIHACIIEH HGeplireH XKublHaap Kataael. Cost cebenti, P-omepaTopsiap *xKoHe E-omeparop/iap koHe
OJIAP/IBIH TYHBIKTAMAJIAPHI e-CIEKTPJIAP, AFHU OChl TEOPUsIAPDMEH TYBIHIAJIATHIH KaHA TEOPUSIAD CAHBI,
naiiga 6osanel. F-oneparopsap yiiH abesibiK IpyInaiap TeOPUsIChIHBIH JKUBIHTBIKTAPBIHA COMKeC TYNBIK-
TaMaJjap YKoHEe TYBIHIAJFAaH KUBIHIAD, COHBIMEH Hipre e-ClieKTpJiap cumarraaaasl. Kypas peTinme KoWbLI-
FaH CUIATTaMaJa TEOPUSHBIH F-TyHbIKTaMaChHIa OChI a0ebIiK TPYNIAJIap TEOPUSCHIHBIH, *KUBIHTHIFBI
YIIIH [IMeJIeBTIK MHBapUAHTTaphl KOJJIAHBLIAAbI. Byl Makaiaga Teopusijiap KUbIHIBIKTAPBIHBIH, CEPUsLIa-
PBI KoHE COMKECIHIIE IIIMEJIEBTIK NHBAPUAHTTAPBIHBIH *KUBIHTBIKTAPHI AHBIKTAJIAIbI, OChI YKUBIHTHIKTAP/IBIH
KacHeTTepi 3epTTeseli, COHBIMEH KATap e-CIIEKTPJIAP/IBIH, MarblHAJIAPhI CUIATTAIATbI.
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Kiam cesdep: Teopusiiap YKUBIHTBIFBI, abe/Ib/IiK TpyIma, F-omepaTop, TYBIHIAJFAH *KWbIH, TYHBIKTaMa,
e-CIIeKTpP.

Nu.N. Masmok, C.B. Cymnomraros

CewmeiicTBa Teopuii abejieBbIX I'PYNN U WX 3aMbIKAHUS

IIpu nsyyenuu CTPpyKTYPHBIX CBOMCTB JIEMEHTAPHBIX TEOPHIl BasKHYIO POJIb UIPAET B3aMMOCBA3b MEXKY
TEOPUSIMU OTHOCUTEJILHO Psijia, €CTECTBEHHBIX OMEPATOPOB. DTy B3AMMOCBSI3b MOXKHO OIPEENISITh, OMe-
mast MOJIESIA JIAHHBIX T€OPHUil B pa3indHble (DOPMYIBHO ONPEIEINMble MHOXKECTBa. K TaKMM MHOXKECTBAM
OTHOCATCS, HAIIPUMEDP, MHOXKECTBA, 33/1aBaeMble OJITHOMECTHBIMHU IIPEJUKATaMU UJIN OTHOIIEHUSIMU SKBUBA-
JienTHOCTH. TakuM 06pa3oM, BOSHUKAIOT P-omepaTopsl u F-omepaTopbl, HX 3aMbIKAHUSI, & TAKXKE e-CIIEKTPHI,
T.€. HOBBIE€ TEOPHUU, KOTOPbIE MOTYT MIOPOXK/IAThCHA JaHHbIMU omeparopamu. st F-omepaTtopoB, TpUMEHN-
TEJIbHO K CeMefcTBaM Teopuil abeseBbIX I'DYIII, OIHMCHIBAIOTCS 3aMBIKAHUS U ITOPOXKIAIONINE MHOYKECTBA,
a TaK»Ke UX e-CIIeKTPhI. B KavuecTBe MHCTPYMEHTA I YCTAHOBJIEHHOW XapaKTepU3aIliy MO aHUsT TeOPUU
B F-3aMblkaHWe JAHHOTO CeMeicTBa TeOopuit abesleBhIX TPYII HCHOJB3YIOTCS IIMETEBCKHE WHBAPUAHTHI.
OrnpefiesIIIoTcsl Cepuu CeMeCTB TeOpHil, COOTBETCTBYIOIINX COBOKYIIHOCTSIM IIIMEJIEBCKUX WHBAPHAHTOB,
WCCJIEYIOTCSI CBOMCTBA THX CEMEICTB, & TaKKe ONHCHIBAIOTCS 3HAYEHUS e-CIEeKTPOB.

Karoueswie crosa: ceMeificTBO Teopuit, abesieBa rpynma, [-omepaTop, MOpOXKAAIoIiee MHOKECTBO, 3aMbIKa-
HUE, e-CIEKTP.
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Boundary value problems for essentially-loaded parabolic equation

In this paper we investigate the first boundary value problem for essentially loaded equation of heat
conduction, i.e. when laden terms are derivatives for any finite order. It is shown that if the point of
load is fixed, this problem is uniquely solvable. The stated boundary problem is reduced to the Volterra
integral equation of the second kind. Estimates of the kernel of the integral equation are made, which
indicate a weak singularity of the kernel. It is shown that if the point of load is fixed, then the stated
boundary problem is uniquely solvable.

Keywords: heat equation, boundary value problems, loaded equation, kernel, convolution theorem, eigen-
function.

Introduction

In work [1] the boundary value problems for the loaded parabolic equations are considered, and the loaded
terms contain values of derivatives for only fixed points of their domain of definition. This paper argues that
the corresponding boundary value problems are absolutely and uniquely solvable in the class of continuous
functions, if the orders of the derivatives loaded terms are o < %

In works [2-5] it is shown that if the order of the derivative in the loaded term equals to the order of the
differential part of the equation and the point of load moves at a constant or variable velocity, the corresponding
boundary value problems are spectrally loaded,i.e. not uniquely solvable.

The purpose of this work is to show the unique solvability of the first boundary value problem for a loaded
equation of heat conduction in the case, where the loaded terms are derivatives for any finite order and the
point of load is fixed.

1 Statement of the problem

In the domain @ = {(x,t);0 < z < ,¢ > 0} we consider a loaded equation of heat conduction [2]:

ou  ,0%u OFu(x,t)
o o T ok |,

=T

:fO(xat)v (1)

where k£ > 0 is an any integer number and 7 is fixed point, 0 < T < [.
Problem. Find in the domain @ a regular solution to equation (1) from the class C(Q), satisfying the
conditions:
u(z,0) = 0; u(0,t) =wu(l,t) =0. (2)

2 Case k=1

Let us consider in detail the case k = 1. We invert the differential operator of problem (4)—(5), considering
temporarily that a loaded term is known, and we obtain:

t

u(z,t) = —/\/%5727-)

0

l
/ Gla, €51 — 7)dedr+ ()
T=T 0
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t 1
+ 0/ 0/ Jol€. )G, €t — 7)dédr,

where the Green’s function G(z,&;t) has the form [6]:

1 = (x — &+ 2nl)? }
G(z,&t) = expq ————> =77 L 4
(=&:1) 2a+/nt n;m p{ 4at (4)
e x4+ &+ 2nl
P 4a2t '
We calculate the integral:
© 1 (z — &+ 2nl)?
r—&+2n
kix,t—T = / ex {—}_
( : n:z_oo J 2a+/7(t — 7) l P 4a2(t — 1)
(2 + € + 2nl)?
_ TS U ge =
eXp{ da2(t—7) ¢
Al = x—&+2nl o r+&§+2nl||
T 2av/t—71 *T 2t —7 ||
x+2nl z+(2n+1)1
) . 2avi—r 2avi—r
= ﬁ Z / exp {—zf} dz1 — / exp {—zg} dzo | =
N=700 |zq(2n—1)1 z+2nl
2a\/t—1 2a\/t—7

B i erfc x + 2nl —lerfc z+(2n -1\
B 2avt — T 2 2a/t — T
1 T+ (2n+ 1)l
——erfe | ———* | |.
2 2a/t — T
Equality (6) can be represented as:

u(z, t) = —)\/0 Kzt —7) 3“(;; ™)

dr + f(x,t), (5)
&=z

where

t l
fla,t) = /0 /O Jol€. )G, &1 — T)dédr.

Differentiating both sides of (8) with respect to t, we assume z = Z, and introducing the notation

O
we get an integral equation: .
o)+ A [ Kt (i = 1(0), (6)
where
K = REED| g =00

We find the explicit form of the kernel K (¢, 7,%):
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Kl(thvf) =

(Hanexp{M}

o0

Z t—T3/2

x+ (2n — 1)1 (z+ (2n —1)1)?
I R {4@2(75—7')} ;

x4+ (2n + 1)1 (x+ (2n +1)1)?
2 4a?(t — 1)
= K\ (t.m2) + KD (4 2) + Ky (8,7, 8),

where the designations are introduced

W [“’{p{zxaﬁ—ﬂ}*

+g e {—422(‘1@; } - e"p{%gz(t iﬁr) H ;

KM (t,7,2) =

KOt z) = -

(Han)exp{@*W}

1 o0
T 2a+/7(t — 7)3/2 ngl 4a2(t — 1)

Cz4 (20— 1) exp{_[ + (20— D)2 }_

da?(t — 1

)
T+ (2n+ 1)l ox [z + (2n + 1)1)?
p{ ) }]

- 1 > _ 2ml — (z)?
" SR [”’”“”exp{wam—ﬂ}‘

_(2m+1)l—meXp{_((2m+1)l—a;)2}_

2 4a?(t — 1)
2m—-1)l-2Z [(2m — 1)l — z]?
B 2 exp{— 4a?(t — 1) }]

We estimate the kernel K (¢, 7, ). For this we will estimate Kfo), Kf”, Kf_) separately, in this case we use
the inequality z - exp{—z} < exp{—1}, z > 0:

2 1 1 1
B(O)t T < a —_ =
= (’T’x)l—eﬁ T Imz iz Vs

_ 2 f1 1

Ceym\lz P-z2f \t—1
To estimate \K£+)(t,7,§:)| and \Kf_)(t,T, Z)| the signs of the sum are replaced by the integrals in which we
make replacements accordingly:

\K1(t,7,7) — KO, 7, 7)| <

< / K (¢, 7,2)|dn + / KO (¢, 7,2)|dn <
1 1
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O ==
<| &n) = W m(n) = M =
ol = (2 Ty - [ DT
< m [/;1) exp {—61} 6+
o /5 :1) exp {6} dés + /§ :1) exp {—€5} déy
«f Z) e {mn + 5 [ :1) exp {~2)} dp-+
+3 / :1) exp{—ng}dn?,] = m [2exp{—& (1)}+

+exp{—&(1)} + exp{—&3(1)} + 2exp{—n1 (1)} + exp{—n2(1)}+

ron(-m < e { g

Thus, the kernel of integral equation (9) has a weak singularity, i.e. integral equation (9) is uniquely solvable.
From relation (3) it follows that boundary value problem (1)—(2) has a unique solution.

3 Case k=2

Now let k = 2. Equality (6) in this case will have the form:

u(z,t) = —/\/0 Ou(e,7)

1
572 w—i/o G(x, &t — 1)dédT+ (7)

t ol
+ [ [ aenGe gt - g
o Jo
If we differentiate both sides of this equality with respect to t twice and we introduce the notation

0%u(x,t)
pa(t) = o2

)
T=T

we will have the following Volterra integral equation:

er(0) 41 [ Kaltomohpalridr = (0 (®)
where 921t o2 .
K2<t77—7j) = (8227—7 x) 777 f2(t> = J;(t§7 ) 77;

t l
flat) = / / fol€.7)Gla € — T)dedr.

Similarly to the case k = 1, we estimate the kernel of integral equation (8), for that we find the explicit
form of the kernel Ks(¢t, 7, Z):

o0

1 T + 2nl
. Bay/m(t— 1)1/ ,LZ [6 t—m2 "

=—00

0%k(t, 1, )

Kg(t,T,ZE) = 8t2
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o[-l ml ) 5;2? 2”?; {(H)} :

3@+ (2n—1)l (2n — 1)l n
8ay/m(t 5/2 4a2 t—7)

+(x—|—(n—1 o (2n — 1)1)?
8ad\/m(t — 7)7/2 P 4a2 t—1)

3@+ (2n+ 1)) @+ e+ 1))? }+

exp

Bay/w(t —7)5/2 C4a?(t—T1)

(x+(2n+1)l)3e @+ @n+1))?
X

8ad\/m(t — T)7/2 PUTT st - (t—1)

—K(O)(th)—l-KH)(th)—FK (t,7,%)

At first we estimate the terms of this sum when n = 0:

K non= = [y o { = |

NG O e {_4a2(t —

(1—z)

e e
3(1+x) (l+7)?

+&nﬁﬂt7PXp{_4
(I+x)?

T e L e

Further we use estimates of the following form:

b b? 64 a*
= — < -2
1 (t—7)2 exp { 4a?(t — 1) } E exp{-2}

and s 2
1728 a®

Jo = —— — < 3H (>0
2T -1 exp{ 4a2(t—7)} < oe{=3L0>0),

here we take into account the validity of inequality: (z > 0)

e % S nnefn, n= 07 ]-a 23
Thus we finally have:
a3

(0) -
Ky’ (t,7,z)| < C- : )
| 2 ( )| 7_(_(2‘/__7_) dg(x)

where d(Z) = min{Z;! — Z}.
Similarly to the case k = 1, we estimate K2(+) (t,7,%) and Kéf)(t7 7,Z). It is enough to consider the following

integral and its estimate:

N (et /217[ x+2nl b2(aztt2f)12)3]exp{_gm}dn:

_¢ 4l(a:+2nl
4a2(t —7) 7 da2(t —

=] -
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e} 2 2,2
=;/ {“-blﬁm “ -f}exp{—g}dfz

R ger [T
1 a?by 4a* e
lﬁ(t—r)3/2[ l eXp{g}l(£+1)eXp{£}} g
preTesns

_ 1 (T +21)2

R STl

(z +21)?  da
;o'

X [(a2b1 + 4a*) +

4a?(t — 1
_ a®by +4a* o1 ox {_ (T + 21)* }
NN L R ST )
(T+20)%* 1 o | (Z +21)*
Irt—7) (t—1)? p{ 4a2(t—7)}<

< a’by + 4a* 4a®> N (4a®)? - (2 +20)? - a® - 4e72 <
. e
Tt —r) (z+20)?2 (Z+20)4-1/7(t—T)
C 1
S — .
(@+20)? /r(t-7)

Using this estimate for K*) and K(7), we get:

KD, 5)| + |KS (7, 7)| < - .
[y (8,7, @) | + [ Ky ( )|*(l—§;)2 g

Thus, for kernel of integral equation (8) the following estimate is valid:

|K2(t77—7 f)| é C

where dy (%) = min{z,l — 7, (I — z)?}.
From this estimate it follows that the Volterra integral equation (8) is uniquely solvable, and from relation
(7) we obtain the unique solvability of problem (1)—(2) for the case of k = 2.

4 Case Vk € N. Main result

Carrying out similar arguments for any finite value k, we can show that the kernel of the corresponding
integral equation has estimate of the form:

c 1
K t’ 77 S —
Kt D) < @ vir

)

where di,(z) = min{z,l — z, (I — z)*}, i.e. Kx(t,7,7) has also a weak singularity.
Thus it is proved the validity of the following theorem.
Theorem. The problem (4)—(5) is absolutely and uniquely solvable for every f(x,t) such that

k t pl
{gﬂg/()/OG(w»E;tT)f(f,T)dde} € C(0,00).

=T

Remark. Articles [3-5] are closer to the subject of this work.
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M.N. Pamazanos, M.T. Kocmakosa, B.I'. Pomanosckuii,
B.X. ZKanbycunona, 2K.M. Tyneyraesa

AjiiTapabIKTaii->XKyKTeMeJli mapaboJsaliblK TeHaey1ep
YIIIiH MIeKapPaJIbIK ecernrep

Kepcerinren »xymbicTa aiiTapiblKraii->KyKTeMeIl 1apabosIaiblK, TeHIey/Iep VIl 6ipiHIi IeKapaJIblK ecer-
Tep 3epPTTeJIi KOHE OJIAD/BIH, »KYKTEeMeJIi MyIiesepi Ke3 KeJIreH aKbIPFbl PETTIK TYBIHABICHI OOJIBII TaObI-
snanpl. Koiiblran 1mekapaJibik, ecell Bosibreppa TeHeyiHiH exinmn Typine kesemi. HTerpaablk TeHaeyiHiy
sIIPOCHIHBIHBIH, €PEKINEJIri 9JICi3 eKeHiH KopceTeTiH barasay »kacayuabl. Erep »kykTemesi HykTe GeJrisieHreH
boJica, OHJIa KOWBIJIFAH ecerl OipMOH/II IIeliIes.

Kiam ce3dep: XKbLTyOTKI3TIMITIK TEHJIEY, IIIEKAPAJIBIK, €CENTED, XKYKTEME TEHIEY, AP0, OpaMa TeOPEeMachI,
MEHITKTI DYHKIHSI.

M.U. Pamazanos, M.T. Kocmakosa, B.I'. Pomanosckuii,
B.X. ?Kanbycunosa, 2K.M. Tyneyraena

KpaesBble 3ajiaun /11 CyIlleCTBEHHO-HAIrPy2KE€HHOT O
napaboJIMIecKOro ypaBHEHUA

B crarpe ncciemoBana B mosymnosioce mepBasi KpaeBas 3a1a4a JJIsl CyIIECTBEHHO-HAIPYKEHHOIO yPABHEHUS
TETJIONPOBOIHOCTH, TIPUYIEM HATPYZKEHHBIE UJIEHBI SIBJISIFOTCS TPOU3BOJHBIMU JTIOOOT0 KOHEYHOIO MOPSIIKA.
IlocraBnennas rpanndHasi 3a/1a9a CBeJIeHA K WHTErPAJbHOMY ypaBHeHHIO Boabreppa BToporo poma. IIpo-
WU3BeJIeHBI OIEHKHU $IApa MHTErPaJbHOIO ypPaBHEHU:, KOTODbIE YKAa3bIBAIOT Ha CJIabyI0 OCOOEHHOCTDH AJIpa.
Ilokazamno, ¥To ecsi TOUKa HArpy3KM (DUKCHPOBAHA, TO [IOCTABJICHHAS KpaeBasl 3a/1ada OHOZHATHO pa3pe-
IIMa.

Kmouesvie carosa: ypaBHEHHE TEILIOMPOBOIHOCTH, KPAEBbIE 33/1a9H, HATPY2KEHHOE yPABHEHUE, sI/IPO, TEOpe-
Ma CBEpPTKH, COOCTBEHHasT (DYHKITHSI.
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A solvability conditions of mixed problems for equations
of parabolic type with involution

In this work the partial differential equations with involutions are considered. The mixed problems for
the parabolic type equation, with constant and variable constants, corresponding to the Dirichlet type
boundary conditions is investigated. The involution is contained by the second derivative with respect to
the variable x, which is the difficult case for investigations. One-dimensional differential operators with
involution have an infinite number of positive and negative eigenvalues. This means that the operator on
the right-hand side of the equation under study is not semi-bounded. In the case of classical problems,
ordinary differential operators usually appear on the right-hand side of the equations, which are semi-
bounded. Therefore, the incorrectness of mixed problems for a parabolic equation with an involution is
discussed in this paper. Examples are given. Sufficient conditions for the initial data are found when the
problem under study has a unique solution. The representation of the solution in the form of partial sums
of the Fourier series in eigenfunctions is found. The density in the space L2 (—1,1) of the set of initial
functions is proved everywhere, when the problem has a unique solution.

Keywords: Fourier method, mixed problem, involution, eigenfunctions, basis.

Introduction

We study the solvability of the following problem:
U (2, t) = Ugy (—x,t), —-1<z<1, >0 (1)

Uy (_Lt) = Ug (Lt) =0, u(w,O) :90(1‘)7 (2)

A transformation S of a function f(x) from the class Lo (—1,1) is said to be an involution, if
(S%f) (z) = f (z). In particular, a transformation of the form (Sf) (z) = f (—z) is involution. Equation (1) is
said to be an equation of parabolic type with involution. This name has nothing to do with the well-known
classification of equations of mathematical physics.

A necessary condition of the existence of a solution of problem (1), (2) is the consistency of the initial data
with equation (1) and boundary conditions (2). Therefore, we will require that

¢ () € C*[~1,1]andy’ (—1) = ¢’ (1) = 0.

We say, that problem (1), (2) is well-posed, if 1) the solution of the problem exists, 2) the solution of the
problem is unique, (3) the solution of the problem depends continuously on the initial data (is stable).
The application of the Fourier method to problem (1), (2) leads to a spectral problem with involution

—X"(~z) = AX (x), X'(-1)=X'(1)=0. (3)

Questions of the well-posedness of mixed problems for differential equations with involution are considered
in [1-3]. In works [4, 5], inverse problems for equations with involution are considered. Spectral problems with
involution were investigated in [6-15]. Mixed problems for equations of the form (1), apparently, are considered
first in this paper.

The incorrectness of the mized problem (1), (2)

It is well known [13, 14] that the spectral problem (3) is self-adjoint and has two series of eigenvalues
A1 = k272, Ao = f(kJr %)zwz. The corresponding eigenfunctions have the form Xy (x) = cosknz,
k=0,1,2,,,, ,; Xga(z) =sin (k + %) nx, k =0,1,2,,,; which form a complete orthonormal system in the

class Ly (—1,1).
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We note, that the spectral problem (3) has an infinite number of negative eigenvalues, the double differentiat-
ion operator on the left-hand side of the differential equation (3) (or the operator of double differentiation with
respect to z on the right-hand side of the differential equation (1) is not semi-bounded. That is the fundamental
difference of the equation has studied from many different equations.

The standard method consists of the idea of representing the formal solution of the mixed problem (1), (2)
in the following form of infinite series

1
u(x,t) = Z Ape 1t cos kra + Z Bje M2t gin <k + 2) T, (4)

Ak1 Ak2

where

1 1
1

Ay = /<p (z) coskmadx, By = /4,0 (x) sin (k + 2) Tadr. (5)

-1 -1
If function ¢ (z) is not infinite times differentiable, i.e. if the Fourier coefficients By, of the function ¢ ()
do not decrease with sufficient rapidity, then the second term in (4) diverges, since A\g2 < 0. Therefore, in the
case of general initial value, the mixed problem (1), (2) may not have a solution. In the case when the solution
exists but it does not have the property of stability i.e. does not depend continuously on the initial value. For

example, perturbation

1
us (x,t) = ee M2t sin (k‘ + 2) T

does not exceed the number ¢ for ¢t = 0, but will be greater than any preassigned number Cy for ¢t = ¢, at
sufficiently small ¢ and § and sufficiently large k. Thus, the mixed problem (2) in the case of parabolic type
with involution (1) is not well-posed. Nevertheless, we show that the solution of the mixed problem under study
exists and is unique.

The solvability classes of the mized problem (1), (2)

First of all, let us show the uniqueness of the solution of the mixed problem.

Theorem 1. If a solution of the mixed problem (1), (2) exists, then it is unique.

Proof. Assume that the mixed problem (1), (2) exists. Any solution u (x,t) of problem (1), (2), as a function
of x, can be represented as a Fourier series.

(e @) oo 1
u(x,t) = Z T (t) coskmx + Z T2 (t) sin (k + 2) T
k=0

k=0

by orthonormal basis { X}, (z)} = {Xy1 = coskmx, Xy = sin (k + 3) 72 }. Since this series converges in the sense
of the norm of the space Ly (—1,1), then it also converges in the sense of the scalar product.
Therefore

T (t) = (u (3,1) , coskrz), Tho (£) = <u (2,1),sin <k + ;) mz) .
We write these two equations in brief in the form
Ty (t) = (u(z, 1), X (2)) - (6)
We multiply both sides of equation (1) by scalar product to X}, (x), which gives
(ug, Xg) = (vge (—2,t), Xi) -

The right-hand side of the equality obtained is twice integrable by parts, and on the left side we use the rule of
differentiation with respect to the parameter ¢ under the integral sign. Taking into account the equation (3), we
obtain relation % (u, X)) = A1 (u(x,t), Xi) . By substitution the equality (6), we obtain the Cauchy problem
for an ordinary first-order differential equation

T (t) = =MTr (1), T (0) = (o, Xi).

The initial condition is obtained from (6) for ¢ = 0. By the uniqueness of the solution of the Cauchy problem,
Ty (t) is uniquely determined. This proves the uniqueness of the solution of problem (1), (2). Theorem 1 is
proved.
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We show classes of admissible initial functions ¢ (z), for which problem (1), (2) has a solution. First we
show that the series (4) is a solution of the problem (1), (2) if all the coefficients of By, are zero.

Theorem 2. If initial function ¢ (x) is even, belongs to the class C?[—1,1] and satisfies the conditions
¢ (=1) = ¢’ (1) = 0, then the solution of problem (1), (2) exists, is unique and can be represented as a
series (4).

Proof. If ¢ () - even function, then all the Fourier coefficients By, of the form (5) are equal to zero. Therefore,
the series (4) takes the form

u(z,t) = ZAke_kz’thcos krz. (7)
k=0

In order to prove the theorem we have to show that the series (7) converges for any ¢ > 0 , and it can be
term-by-term differentiated once with respect to the variable ¢ and twice with respect to the variable x. The
last two operations are possible under the condition of uniform convergence of the series

oo
- Z 272 Ape ™ ™t cos kra (8)
k=0
for all ¢ > 0. Uniform convergence of the series (8) is proved in the same way as in the case of a classical equation

of parabolic type (see, for example, [16; 203]).
The convergence of the series (7) follows from the convergence of the majorant series

o0
Z | Ay cos kx| (9)
k=0
The convergence of the series (9) is proved in exactly the same way as the absolute and uniform convergence
of the classical Fourier series in the trigonometric system is proved [16; 203]. Thus, the solution of problem (1),
(2) exists, unique and can be represented as a series (7). The proof of the theorem is completed.
Next, let consider the problem (1), (2), where the initial function ¢ (z) is a trigonometric polynomial

Ny No
. 1
o (z) = Z ay, coskmr + Z by, sin (k + 2) X (10)

k=0 k=0

We note that functions in the form of series or polynomials in eigenfunctions are used in the study of various
problems. For example, in [17] (see also references in it) functions of the type (10) are used in the study of the
spectral properties of loaded differential operators.

Theorem 3. If initial function ¢ (x) is a trigonometric polynomial of the form (10), then the solution of
problem (1), (2) exists, is unique and can be represented in the form

N, Ny
1 1\2
u(z,t) = Z Ay, cos kmx ekt + Z Bysin (k + 2) rweht3) ”Qﬂ
k=0 k=0

where

1
A = /go(x) coskmxdr, k=0,1,2,...,Ny;
e
1

1
By, = /90(96) sin (k + 2) rxdr, k=0,1,2,..., No.

Proof. The validity of the theorem follows from the fact that the coeflicients
A, =0, k=N +1,.., Bp,=0, k=No+1,...

and from the statement of the Theorem 1.

Since the set of trigonometric polynomials in the complete orthonormal system { Xy, Xy2} is everywhere
dense in Ly(—1,1), then from theorem 3 implies

Theorem 4. The set M of admissible initial functions is everywhere dense in Ly (—1, 1), if the mixed problem
(1), (2) is solvable for all function from M.
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A mized problem for an equation with a variable coefficient
We consider the mixed problem (2) for an equation with a variable coefficient
g (2,1) = Uy (—2,8) + g () u(z,t), —-1<2zx<1, t>0. (11)
The application of the Fourier method to problem (11), (2) leads to a spectral problem with involution
X" (=) +q(x) X (z) =X (z), X' (-1)=X'(1)=0. (12)

In the paper [15] it is shown that the baseness eigenfunction {Xj ()} of spectral problem (12) in the space
Lo (—1,1). If coefficient ¢ (x) is a real continuous function in the interval under consideration, then this basis
is an orthonormal basis by virtue of the self-adjointness of the spectral problem (11). Therefore initial function
© (x) can be decomposed into convergent in norm of the space Ly (—1,1) Fourier series by orthonormal basis
(X0 (@)}

We have following

Theorem 5. If in equation (11) the coefficient ¢ (z) is a real continuous function and an initial function ¢ ()
is a polynomial of the following form

= > AXun(@)+ D BiXpe(x

Ak1>0, Ak2<0,
k=1,N k=1,M

then the solution of problem (11), (2) exists, unique and can be represented by the following

(.Z‘ t E Ake )\klthl E Bke )\“thg( )
Ag1>0, Ag2<0,
k=1,N k=1,M

where

1
Ak:/go(as)Xkl (x)dz, k=1,2,..,N;
21

1
/<p ) Xpo () dx, k=1,2,..., M,
-1

Xi1 (x), Xgo () — eigenfunction, corresponding to eigenvalues Ag1 > 0 and Ag2 < 0 respectively.

By virtue of the density of the set of polynomials in the complete orthonormal system {X} (x)} in class
Ly (—1,1), for the mixed problem (11), (2) the assertion of Theorem 4 is satisfies.

In conclusion, we note that all the results formulated remain valid in the case of conditions u (—1,t) =
=u(l,t)=0, u(z,0)=¢(2),

This work was supported by the Committee of Science of the Ministry of Education and Science of the
Republic Kazakhstan, project no. AP0531225.
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0.9. Copcendbi

uBosmonusicel 6ap mapadoJiajblK TYpAeri TeHaeyaep
YIIiH apaJiac ecenTep/AiH, NIeNrM/IIiIiK TIapTTapbl

Maxkasagia naBOTIONUSICH 6ap mapabosIalbIK, TYPAEri TeHey VIMiH ImeTTik maprrapsl lupuxie Typinme
0oJIaTBIH apaJiac ecenrtep KapacTeIpbLiabl. Koaddunmenrrepi TypaKkThl 2KoHe aifHbIMAJIBI 00JIaTBIH TEHJIEY-
Jiep 3eprresireH. TeHzeymiH © aflHBIMAJIBICHI GOMBIHINA EKIHIN TYBIHIABICHIHIA WHBOJIONUs Oap. MyHmait
JKaraiiia ecenTepi 3ePTTEYiH 63 KUbIHALIKTAPE! 6ap. VHBomOusicer 6ap 6ipesmem i auddepeHuas bt
orepaTopJIap/IbIH OH KoHe Tepic TaHOAJ bl MEHIIIKTI MOH/IEPI IeKci3 Kot 6oJa ibl. By Tenieyain o »KarbiH-
JIaFbl OIEPATOpP OH aHBIKTAJFAH eMec JereHmi OGiamipeni. Kitaccukasbik yKapqaitiapia 9JeTTe TeHIAEY/IIH OH,
JKaFbIHIAFbl OIIEpATOpJIap OH aHbIKTaJFaH 00Jbi Kejeai. COHIBIKTAH aBTOP MHBOJIIONUSACKHI Oap mapaboJia-
JIBIK, TYPJIETi TeHJey VIIMH apaJjiac ecenTep/iiH, KONbLILIMbI KOPPEKTII eMec OOJIAThIHIBIFBIH TAJKbIIAFaH.
Mpeicangap xemnripren. KapacThIpbIIbIn OTBIpFaH eCenTep/iiH >KaJrbl3 memnrimi 6ap OOJIybIH KaMTaMacbl3
ereTiH OacTankp!l (pyHKIMAIAD VIMIH XKETKITIKTI maprrap anran. MyHaai 6actanksl OYHKITUSAIAD KUABIHDBI
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Ly (—1,1) keHicTiringe THIFBI3 OPHAACKAH YKUBIH GOJIATHIHJIBIFBI €CEITIH, KAJFbI3 Menimi 6ap 6osran xar-
naitna kepcerinren. [lemivuin MeHmikTi GyHKnusaaap ooiibiaima Pypbe KATapbIHbIH, 1epOeC KOCHIHIbLIAPhI
TYpiHJ/e KeCKiHIe/IeTiHITrT aHbIKTAJIFaH.

Kiam cesdep: Pypbe ToCisIi, apajac ecell, WHBOJIIOINSI, MEHIKTI GyHKIMsIap, 6a3uc.

A A. Capcenbn

YcioBus pa3penimMOCT CMeEITaHHbIX 3a/ia4d JIJId
ypaBHeHUT MapaboJImvIecKoro BuJa C WHBOJIIOIHE

Pabora mocsiena u3y4eHUo CMENIaHHBIX 3324 JJIs yPABHEHUs MapaboIMvecKoro BUJA C WHBOJIIONMEH
¢ KpaeBbIMu ycioBusimu Tuia Jlupuxise. PaccMorpenbl ypaBHEHUsI C IOCTOSIHHBIMU U IIEPEMEHHBIMU KO-
sdpdunmrentamu. VHBOIIONUIO COAEPKUT BTOpasi MPOU3BOIHAS 10 TIEPEMEHHON T. DTOT CIydail sBJISIETCS
TPpyAHbIM 11 u3ydenus. OgaoMepHble nuddepeHnnaibHble OEPATOPhI C HHBOJIIOIUEH NMEIOT GECKOHETHOEe
YHCJIO TOJIOYKUTEJBHBIX U OTPUIATEIbHBIX COOCTBEHHBIX 3HAYEHUN. DTO O3HAYAET, YTO OLEPATOP B IIPABOM
YaCTh W3y49aeMOro yPaBHEHUsI He SIBJISIETCsT MTOJIyOIPAHWYEHHBIM. B ciIydae KJIaCCMYECKMX 3aJad B Ipa-
BOI YACTU yPaBHEHMIT OOBIYHO CTOAT OOBIKHOBEHHBIE M depeHnnaIbHble OIePATOPDI, KOTOPbIE SABJISIOTCS
roJryorpanndeHHbIME. [[l09TOMY B cTaThe aBTOPOM MOKa3aHa HEKOPPEKTHOCTD CMEIIAHHBIX 33184 JIJIs yPaB-
HeHust apaboIMIecKoro Buaa ¢ muBosonueii. [lpuenensr npumepst. Haiifersr qocTaTouHbIe yCIOBUS HA
HavdaJIbHBbIE JaHHbIE, KOTJA U3yvyaeMas 3ajada uMeeT eJMHCTBeHHoe perenue. Haiijeno npeacrasienue pe-
[IEHWsI B BUJIE YaCTUYIHBIX cyMM psiga Dypbe mo cobcrBeHHbIM dyHKImsAM. /okazaHa BCIOAY IJIOTHOCTH
B mpocrpancTie Lo (—1,1) MHOXKeCTBa HavaabHBIX (DYHKIHNI, KOTa 3a/1a9a UMEET eJIMHCTBEHHOE PEIeHue.

Kmouesvie caosa: meton Pypbe, cMeIaHHas 3a/1a9a, HHBOJIIONN, COOCTBEHHbIE (DYHKITNHU, OA3MC.
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Traveling wave solutions for the two-dimensional
Zakharov-Kuznetsov-Burgers equation

In this paper, the two-dimensional Zakharov-Kuznetsov-Burgers (ZKB) equation is investigated. The basic
set of fluid equations is reduced to ZKB equation. This equation is a two-dimensional analog of the well-
known Korteweg-de Vries-Burgers equation, and also is typical example of so-called dispersive equations
which attract the considerable attention of both pure and applied mathematicians in the past decades.
We obtain traveling wave solutions for two-dimensional Zakharov-Kuznetsov-Burgers equation by modified
Kudryashov method which is a powerful method for obtaining exact solutions of integrable and non-
integrable nonlinear evolution equations. Graphical representation of obtained solutions is demonstrated.

Keywords: modified Kudryashov method, Zakharov-Kuznetsov-Burgers equation, kink, nonlinear equation,
traveling wave.

Introduction
The two-dimensional Zakharov-Kuznetsov-Burgers (ZKB) equation [1] in given by:
Ut + Uggz + Ugyy + Uz + 0 (Uge + Uyy) =0, (1)

where § = const > 0. The equation (1) is referred as Zakharov-Kuznetsov-Burgers equation because in case
of & = 0 it will be Zakharov-Kuznetsov equation. And also this equation is a two-dimensional analog of the
well-known Korteweg-de Vries-Burgers (KdV) equation which includes dissipation and dispersion and has been
studied by various researchers due to its applications in mechanics and physics [2]. The two-dimensional ZKB
equation on a strip was studied by [3]. The author had proved the existence and uniqueness results for regular
and weak solutions. In work [4] Lie symmetry analysis, nonlinear self-adjointness and conservation laws to the
extended two-dimensional ZKB equation were studied. Application of the ZKB equation in dusty plasma was
studied in [5].

The aim of the paper is to obtain new traveling wave solutions of the two-dimensional ZKB equation
by using the modified Kudryashov method. This method is a powerful method for obtaining exact solutions of
nonlinear evolution equations [6-8]. The modified Kudryashov method was applied to the generalized Kuramoto-
Sivashinsky equation [9], the Kudryashov-Sinelshchikov equation [10], the generalized Fisher equation [11].

The paper is organized as follows. In Section 2, the key idea of the method is described. In Section 3, the
proposed method is applied to the two-dimensional ZKB equation. We conclude this paper in Section 4.

The modified Kudryashov method

Let us present the algorithm of the modified Kudryashov method for finding exact solutions of nonliner
partial differential equation (NPDE). We consider the NPDE in the following form:

El(uauhuwvuyautt)uwl‘auyy7"') 207 (2)

where F; is a polynomial of u(x, y, t) and its partial derivatives in which the highest order derivatives and
nonlinear terms are involved. Using the traveling transformation

u(@,y,t) = u(f), &=kr+ry+uwt, 3)
where k,r, w are constants, the NPDE (2) is reduced to nonlinear ordinary differential equation (ODE)
By (u,wu/, k' ru, wu” k2 r2u” ) = 0, (4)

where prime denotes the derivation with respect to §&. We look for exact solutions of (4) in the following form:
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N
u(€) = a.Q(e)", (5)
n=0

where ag, a1, ag, as, ..., ay are unknown constants and Q(€) is the following function:

1

Q) =1

(6)
The function satisfies the first-order ordinary differential equation

Qe =Q* - Q. (7)

Equation (7) is necessary to calculate the derivatives of function u(£). We can calculate the necessary number
of derivatives of function u. For instance, we consider the general case when N is arbitrary. Differentiating (5)
with respect to £ and taking into account (7) we have

N
u = Z a,n@Q"(Q — 1); (8a)

n=0

N
W =3 am@M(Q — Dl(n+ 1Q - n: (8h)
n=0
N
" = Z annQ™(Q — 1)[(n® + 3n +2)Q* — (2n® + 3n + 1)Q + n?]. (8¢)
n=0

Next, substitute equations (8) in (4). Then we collect all terms with the same powers of function Q(¢) and
equate the resulting expressions to zero. Finally, we obtain algebraic system of equations. Solving this system,
we get values for the unknown parameters ag, a1, as,as, ...,an.

Traveling wave solutions for the Zakharov-Kuznetsov-Burgers equation

In this section, we will find the traveling wave solutions for the two-dimensional ZKB equation through
the modified Kudryashov method. Let us consider two-dimensional ZKB equation (1). Using the traveling wave
transformation of the form (3), equation (1) is converted into the following ordinary differential eqution

"

wu' + (B 4+ krP)” + kuu' + 5(k* + r*)u” = 0. 9)

Equation (9) is integrable, therefore, integrating once equation (9) with respect to £, we obtain
k
wu + (B + kr?)u” + §u2 +6(k* + 7' +C =0, (10)

where C is constant integration. Considering the homogeneous balance between the highest order derivatives
u and the nonlinear terms u? in the equation (10), we can get N = 2. Then the equation (5) reduces to

u=ag+a1Q + asQ?, (11)

where ag, a1, as are constants to be determined later. Now substituting (11) into (10), and setting coefficients
of the same power of Q™ equal to zero, we obtain these algebraic equations:

Q" : 6k(r? + k?)ag + %ka% =0; (12a)

Q° 1 (26 — 10k)(K* + r®)ag + 2k(k* + r*)a; + kajas = 0; (12b)

Q% : (k* —rH)(6 — 3k)ay + ((K* + r?)(4k — 20) + w)ay + %kaf + kagay = 0; (12¢)
Q" : (K +72)(k — 6) +w)ar + kagar = 0; (12d)

Q": Cy +wag + %ka% =0. (12¢)
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Solving system of equations (12) with the aid of Maple, we obtain the following results:
Case A:

- 1 3 2 _ _ 12 2 2,
ag = 555 (66° 4+ 15007 125w), a3 =0,a9 = 255 12r%; (13)
p=? Cy = —L[(@'&?’ +15007%)% — (125w)?]. (14)
5’ 6250

Substituting (13)—(14) into (11) with (6), respectively, we obtain new traveling wave solution for ZKB
equation (1) as follows:
2
) (15)

where £ = kx + ry + wt. The graphical representation of obtained solution (15) is depicted on Figure 1.

1 12
ui(z,y,t) = 2—55(653 + 150072 — 125w) — (%52 + 12r2> (1 o

_

[
)!

|

|

Figure 1. Dynamics the solution of uj(z,y,t) for ZKB equation when § = 1,r = 1.1,w = 1.7

Case B: 1 2 192
= ——(68° + 150672 — 12 = 02 42472 ag = —— 62 — 1207, 1
a0 = — 55 (607 + 15007 — 125w), a1 = =07 +241% @ = — 0% 120, (16)
k= -2 0= L [(65 + 15051%)% — (125w)?] (17)
5 6250 '

Substituting (16)—(17) into (11) with (6), respectively, we obtain new traveling wave solution for ZKB
equation (1) as follows:

ug(x,y,t) = — ! (60° + 150072 — 125w) + 2452 + 2472 ! - 1252 + 1272 ! : (18)
ST 25 1+e£) \25 T+ef)

where ¢ = kz + ry + wt. We demonstrate solution (18) on Figure 2.

Figure 2. Dynamics the solution of us(z,y,t) for ZKB equation when 6 = 1,r = 1.1,w = 1.7
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Conclusion

In this work, we have demonstrated the efficiency of the modified Kudryashov method for finding exact
solutions of the two-dimensional Zakharov-Kuznetsov-Burgers equation. We have obtained new traveling wave
solution. Graphical representation of these exact solutions is presented. This method can be more successfully
applied to study nonlinear evolution equations, which frequently arise in nonlinear sciences.
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I'.C. IlTauxosa, I'.H. [IlaiixoBa

Exiemmemai 3axapoB-Ky3nenoB-Broprepc Tenjeyini
KO3FaJIaThIH TOJIKBIHJIBIK IenriM/aepi

Maxkasazna exiosmemai 3axapos-Kysueros-Biopreperin (3KB) Tenzeyi seprrenai. CyHbIKTBIK TeH ey Iepi-
HiH 6a3aJIbIK XKUHAFB! OchiFaH Kejtei. 3KB renpeyi 6emrini exiemmemai Kopreser-ne @pus-broprepc Tenie-
yine ykcac 60IbII TabbLIAIbI, COHBIMEH KATAp COHFBI 2KBIJIBIKTA ipresi XKoHe KOJIaHOa bl MATEMATHKTED-
IiH eJieysi Ha3apbIH ayJapbll OTBIPFAH JUCIEPCUOHIBI TEHIEYJIEPiH 9/eTTeri MbIcasbl. KynpsaiioBTHIH
Mo UKAIMSIIBIK, 9/1ici apKbLIbl ekiemmemal 3axapos-Kysuenos-Bropreperiy Tenmeyi yimia Ko3rajgarTbiH
TOJIKBIH/IBIK, IIIETTIM/IED AJIBIH/IBI. ByJT 9/1ic MHTErpaIIaHaThIH KOHE NHTETPAIAIAHOANTHIH ChI3BIKTHI €MeC
9BOJIIOLUSIBIK, TEHIEYJIEP/IiH, HAKTHI IIeIIIMAEPIH ady VIIiH Y3/IiK 97ic 60161 TabbL1a bl. AJIBIHFAH IIeiM-
JEPpAiH CypeTTepi VCHIHBIIFaH.

Kiam cosdep: momuduranusiianran Kyapsimos oici, 3axapos-Kysnaeros-Broprepc Termeyi, KMHK, CHI3bIK-
TBHI €MeC TEHJIEY, KO3FaJaThIH TOJIKBIH.
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I'.C. ITauxosa, ['H. [laitxoBa

IIepemertalormecsi BOJIHOBbBIE PENIEHUS JIBYMEPHOrO ypaBHEHMS
3axapoBa-Ky3HenoBa-Bioprepca

B crarpe nccnemosBano nBymepHOe ypaBHeHHe 3axapoBa-Kysmemosa-Broprepca (3KB). Basosbiii mnaGop
yPaBHEHUH >KUJIKOCTU cBonuTcs K ypasHenuio 3KB. D10 ypaBHeHue siBjsieTcsi JByMEPHBIM aHAJOTOM H3-
BecTHOTO ypaBHeHusi Kopresera-me @pusa-bBrooprepca, a TakkKe TUNUIHBIM ITPUMEPOM TaK HA3BIBAEMBIX
JUCIEPCUOHHBIX YPABHEHUN, KOTOPhIE IMPHUBJIEKAIOT 3HAYNTEIbHOEe BHUMAHNE KaK (DYHIAMEHTAJIbHBIX, TaK
¥ IIPUKJIAJIHBIX MATEMATHUKOB B IIOCJIEIHEE JecaTuyeTus. Iloydensl repeMernaroniuecss BOJIHOBBIE DeIlle-
HUS JJTsl JBYMEPHOTO ypaBHeHus 3axapoBa-KysHernosa-bBroprepca ¢ momMoipo MoanduIimpoBaHHOTO METO-
na Kympsimosa, KOTOPBIit SBJIsI€TCS MOITHBIM METOIOM JJIsI MOy I€HUsT TOYHBIX PEIIeHn NHTEIPUPYEMBIX
¥ HEMHTEIrPUPYEMBIX HEJIMHEIHBIX SBOJIIOIMOHHBIX ypaBHeHni. [lokazaHo rpadudeckoe mpejicraBiieHue 10-
JIyYEHHBIX PEeIIeHUH.

Kmoueswvie crosa: momuunmposanubiit Mmeron Kympsimosa, ypasaenust 3axaposa-Kysuenosa-Broprepca,
KUHK, HEeJINHEHHOE ypaBHEHUE, [IePEMEAONIAsiCs BOIHA.
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Properties of hybrids of Jonsson theories

This work is an introduction to the study of the properties of a new concept, as a hybrid of Jonsson theories.
We define the basic concepts and framework for studying the model-theoretic properties of these concepts.
The main goal of this paper is to study the model-theoretic properties of companions of hybrids of Jonsson
theories. The main objects of study are the Jonsson hybrids and their classes of models. In this paper, the
main task is to consider the various links between such theories. In order to understand more deeply these
connections and ultimately the connection with the primary theory itself, special algebraic constructions of
semantic models of the considered fragments were identified and on this basis hybrids of these fragments
were determined. In this paper, such algebraic constructions are called semantic hybrids.

Keywords: Jonsson theory, semantic model, hybrid, existentially prime, pregeometry, model companion.

This work refers to the model theory a branch of mathematics that is the language of mathematical logic
studies the laws of a general nature of various types of mathematical structures. The most advanced ideas and
concepts of the model theory were interpreted using examples from classical algebra and set theory. Subsequently,
with their help, profound scientific results were obtained in various algebraic structures. It is no coincidence,
because model theory was originally defined as symbiosis of universal algebra and mathematical logic.

In the modern model theory there is a conditional division into «Westerns and «Easterns themes. This
convention appeared by the remark of a well-known expert in the area of model theory J. Keisler. Thus he
divided the studies related to the works of A. Tarski and A. Robinson. The first author lived on the west coast
of the USA, and A. Robinson respectively on the east coast. As a rule, studies related to the eastern theme
are connected with first-order formulas, the prenex of which does not exceed two, and the role of morphisms
that preserve these formulas and compare various models using mappings between themselves is played by
either isomorphic embeddings or various homomorphisms. Moreover, the semantic aspect of such problems is
determined by studying the behavior of class of existentially closed models of some fixed inductive theory.

In the class of inductive theories, a special place is occupied by Jonsson theories, i.e. theories that admit
the properties of amalgam and joint embedding.

It is well known that many algebraic examples are related to Jonsson theories, for example, fields of a
fixed characteristic, Boolean algebras, groups, Abelian groups, various types of rings, polygons, various types of
lattices, various types of orders.

Progress in the study of Jonsson theories was achieved in the case of a perfect Jonsson theory. It turned
out that such theories have a model companion as their center. For example, the center of a field of a fixed
characteristic is an algebraic closed field of the same characteristic. In addition, it is necessary to note the
following semantic fact that in a perfect Jonsson theory the class of existentially closed models coincides with
the class of all models of its center.

Recently, experts on the model theory of the western direction attach great importance to the study of
model-theoretic properties of structural problems of small models in enrichment signature. At the same time,
these enrichments should retain some properties of the objects under study. As a rule, in the case of the study
of the specific model-theoretic properties of the complete theory, they are very rarely transferred to the study
of Jonsson theories. This is primarily due to the fact that the Jonsson theories are not complete theories.
Therefore, the ability to find model-theoretic conditions, when possible, is an important task. In this regard, the
introduction of new concepts and the corresponding technical apparatus is an important moment for studying
the properties of Jonsson theory.

In this work are considered the model-theoretic properties of a new class of Jonsson theories, namely the
theories obtained using various algebraic constructions of semantic models of two different Jonsson theories of
the same language.

Earlier in the study of Jonsson theories, it was noted that due to the incompleteness of the considered
theory, the requirement of V3 completeness, or 3 completeness is a necessary condition for obtaining analogs of
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theorems obtained for complete theories. And also, due to the fact that in a perfect Jonsson theory the class
of the center models coincides with the class of its existentially closed models, the so-called Jonsson sets were
defined, i.e. special subsets of the semantic model of the considered Jonsson theory, the definable closures of
which were some existentially closed submodels of this semantic model. It is well known that the set of all V3
consequences of the true ones in some existentially closed model form the Jonsson theory. The set of all V3
consequences that are true on a definable closure of a Jonsson subset forms the Jonsson theory and is called a
fragment of this special subset.

In this article, the main task is to consideration the various connections between such theories. In order
to understand more profound these connections and ultimately the connection with the original theory itself,
and were determined special algebraic constructions of semantic models of the considered fragments and on this
basis were determined hybrids of these fragments. Such algebraic constructions will be called semantic hybrids.

As an example of a semantic hybrid, we can consider the union and intersection, the Cartesian product, the
direct sum, the product of filters and ultrafilters of semantic models of fragments of V — cl-subsets of semantic
model of in the considered Jonsson theory.

It is interesting to study the model-theoretic properties of various companions of a fixed hybrid. These
properties of theories include almost all the classical attributes of the modern model theory, such as stability,
categorical, strong minimality, model completeness, axiomatizability, interpretability, spectral issues, etc. As
for the semantic aspect, there will be interesting various properties related to the concept of definable formula
subsets of the semantic model of a hybrid with respect to the following concepts: atomicity, algebraic primeness,
existential closure, convexity, existential primeness.

Thus, given the above, we can note that the results of this work in their content are related to the «Eastern»
model theory.

We give the necessary definitions of the basic concepts of this article.

Let given a countable language of the first order.

The following definition describes one of the basic concepts of this article.

Definition 1. A theory T is Jonsson if:

1) theory T has infinite models;

2) theory T is inductive;

3) theory T has the joint embedding property (JEP);

4) theory T has the property of amalgam (AP).

Examples of Jonsson theories are:

1) group Theory;

2) theory of Abelian groups;

3) theory of fields of fixed characteristics;
4) theory of Boolean algebras;

5) theory of polygons over a fixed monoid;
6) theory of modules over a fixed ring;

7) theory of linear order.

The following definition of the universality and homogeneity of model allocates semantic invariant of any
Jonsson theory, namely its semantic model. Moreover, it turned out that the saturation or non-saturation of this
model significantly changes the structural properties of both the Jonsson theory itself and its class of models.

Definition 2. Let k > w. Model M of theory T is called k-universal for T, if each model T with the power
strictly less k isomorphically imbedded in M; k-homogeneous for T, if for any two models A and A; of theory
T, which are submodels of M with the power strictly less then s and for isomorphism f : A — A; for each
extension B of model A, wich is a submodel of M and is model of T" with the power strictly less then x there is
exist the extension B; of model Ay, which is a submodel of M and an isomorphism ¢ : B — B; which extends f.

Definition 3. Model C of Jonsson theory T is called semantic model, if it is wT-homogeneous-universal.

As can be seen from the definition of the Jonsson theory, this theory is not complete. But nevertheless,
with the help of its semantic invariant (semantic model) we can always determine the center of Jonsson theory,
which is a complete theory.

Definition 4. The center of Jonsson theory T is called an elementary theory of the its semantic model.
Denoted through T*, i.e. T* = Th(C).

The following two facts speak about the «good» exclusivity of the semantic model.

Fact 1 [1; 160]. Each Jonsson theory T has kT-homogeneous-universal model of power 2*. Conversely, if
a theory T is inductive and has infinite model and w™-homogeneous-universal model then the theory T is a
Jonsson theory.
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Fact 2 [1; 160]. Let T is a Jonsson theory. Two k-homogeneous-universal models M and M; of T are
elementary equivalent.

It is well known from the course of model theory that a saturated model is always a homogeneous-universal
model, the reverse is also true. But this definition of homogeneous-universal model [2; 299] is considered as a
rule in the framework in the study of complete theory. In the framework of the study of Jonsson theory, we are
dealing with a particular case of the definition of a homogeneous-universal model belonging to B. Jonsson [3]. The
concept of a saturated model is the same in both cases. By virtue of a more general situation of homogeneous-
universality in the case of Jonsson theory, we do not have a saturation criterion in terms of homogeneous-
universal as in [2; 299]. Therefore, those Jonsson theories, the semantic model of which is saturated, allocate in
a special subclass of class of all Jonsson theories, and such theories are called perfect. We give a definition of
perfectness of Jonsson theory.

Definition 5. Jonsson theory T is called a perfect theory, if each a semantic model of theory T is saturated
model of T™.

The first author of this article obtained a result describing the perfect Jonsson theory.

Theorem 1 [1; 158]. Let T is a Jonsson theory. Then the following conditions are equivalent:

1) theory T is perfect;

2) theory T* is a model companion of theory T'.

From the above list of Jonsson theories, the following examples 2)-4), 6), 7) are examples of a perfect
Jonsson theory. But, for example, group theory is not such, due to the fact that it does not have a model
companion.

Let Er be a class of all existentially closed models of Jonsson theory T

This class of models in general case for an arbitrary theory can be empty. But the following result [4; 367]
is well known, who says that any inductive theory has a nonempty class of existentially closed models. Since
the Jonsson theory is a subclass of class of inductive theories, we can say that Er is a non-empty class.

In the case of a perfect Jonsson theory, the class of models of center of this theory coincides with Ep. This
follows from the following theorem.

Theorem 2 [1; 162]. If T is a perfect Jonsson theory then Er = ModT™*.

Let L is a countable language of first order. Let T is Jonsson theory in the language L and its semantic
model is C.

Let us turn to the definition of central concept of this article. Namely, the concept of a hybrid of Jonsson
theories. In the beginning, we define a hybrid for two Jonsson theories, and two cases are possible. The first
case is a hybrid of Jonsson theories of one signature. The second case is a hybrid of Jonsson theories of different
signatures. In the first case, we are talking about a hybrid of the first type, in the second case about a hybrid
of the second type. In this article we will deal only with hybrids of the first kind for two Jonsson theories, but
it is easy to understand that this concept of a hybrid is generalized to an arbitrary number of Jonsson theories.
Consider the case of the first type.

Let T be some Jonsson theory in a fixed language and C' its semantic model.

Definition 6. Let X C C. We will say that a set X is V — cl-Jonsson subset of C, if X satisfies the following
conditions:

1) X is V-definable set (this means that there is a formula from V, the solution of which in the C' is the
set X, where V C L, that is V is a view of formula, for example 3,V,V3 and so on.);

2) cd(X) = M, M € Ep, where ¢l is some closure operator defining a pregeometry [5; 289] over C (for
example ¢l = acl or ¢l = dcl).

Lemma 1. Let T be Jonsson theory, Er be the class of its existentially closed models. Then for any model
A € Er the theory Thy3(A) is a Jonsson theory.

Proof can be extract from [1, 4].

Let X7, X5 be V-cl-Jonsson subset of C, where C' is semantic model of theory T

Let M1 = Cl(Xl), MQ = CZ(XQ), where Ml,MQ S ET.

Thys(My) = T1, Thys(Mz) = Ts.

C1 is semantic model of theory 77, C5 is semantic model of theory T5.

We define the essence of the operation of an algebraic construction. Let [ € {U,N, X, +,®, [, [}, where

F U

U — union, N — -intersection; x — Cartesian product; +-sum and @& — direct sum; [] — filtered and [] —
F U
ultra-production.

Let Thys(C1ECy) = H(T1,Ts), where Cy is semantic model of theory T7, Cs is semantic model of theory T5.
The following definition gives a hybrid of the first type for two Jonsson theories.
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Definition 7. A hybrid H(Ty,Tz) of Jonsson theories T4, Ts is called the theory Thy3(Ci E Cy), if it is
Jonsson. Herewith, the algebraic construction (C} [ Cs) is called a semantic hybrid of the theories T, T5.

Note the following fact:

Fact 3. In order for the theory H(T7,T») to be Jonsson enough to (Cy L Cs) € Ep.

Proof. This follows by Lemma 1.

Let us give an example of a semantic hybrid. Linear space is a special case of a module over a field. A well-
known result from linear algebra is related to the dimension of linear space:

dimV = dimVy + dimVa — dim(V; N Va), where V is linear space, a V1, V4 are its subspace and V =V + V4.

It is easy to see that this dependence of the dimensions of these linear spaces can be interpreted in the
language of R-modules, where R is field and V — cl-sets will be considered V3-dcl-sets and acl = dcl. Moreover,
V will be a semantic hybrid of V; and Vs, where the algebraic construction is a direct sum of subspaces, i.e.
[1 = @. This follows from the fact that the theory of modules is a Jonsson theory.

Thus, we note that the above definition of a hybrid of Jonsson theories and their semantic hybrid was
defined in the class of fragments of some fixed Jonsson theory. Moreover, we have several parameters regarding
this definition:

1) view formulas from V C L;

2) view of closure operator cl;

3) views of algebraic constructions of semantic hybrids.

In the general case, algebraic constructions of a semantic hybrid can be non-closed with respect to the class
of models of this given theory. In this connection, it is further assumed that the theory under consideration is
closed with respect to the algebraic construction under consideration.

Those, it is necessary to select the following parameter:

4) the closedness of the theory under consideration with respect to an algebraic construction.

By virtue of the fact that the definition of a hybrid is sufficiently general, i.e. it depends on many parameters,
we must always specify these parameters to obtain specific results. In this article, we will deal with a convex
existentially prime Jonsson theory complete for V3 -sentences. As the closure operator, we will consider the
operator dcl and such that it is equal to the algebraic closure, i.e. acl = dcl. As an algebraic construction for
obtaining a semantic hybrid, we will consider a Cartesian product. The above parameters define a sufficiently
wide class Jonsson theories, in particular linear spaces get there. The example of linear spaces was basic for
us in the sense of intuition and ideas. Therefore, in order to preserve some internal ideology of linear spaces
and at the same time not losing generality, we will deal with a certain subclass of class of all Jonsson theories,
which contains the theory of linear spaces and also satisfies the properties of other types of algebras. For this
we consider the following definitions.

Definition 8. The inductive theory T is called the existentially prime if: it has a algebraically prime model,
the class of its AP (algebraically prime models) denote by APr; class Er non trivial intersects with class APr,
i.e. APT mET # 0.

Definition 9. The theory is called convex if for any its model A and for any family {B; | ¢ € I} of
substructures of A, which are models of the theory 7', the intersection (., B; is a model of T'.

Further, the object of our study will be the class of existentially prime convex V3 - complete Jonsson theories.

In the study of this class of theories, we obtained the following results:

Theorem 3. Let T be perfect convex existentially prime complete for V3-sentences Jonsson theory. X, X
are V3-dcl-sets of the theory T, where M;=dcl(X;) € Er, T; = Thya(M;) are also perfect convex existentially
prime complete for V3-sentences Jonsson theories. Cy, Cy are their semantic models, respectively. Then, if their
hybrid H(Ty,T») is a model consistent with T;, then H(T;) is a perfect Jonsson theory for i = 1,2.

Proof. Suppose the contrary. Then, since the hybrid H(7T7,T?) is a Jonsson theory and has a semantic model
M, by the assumption not perfectness of this hybrid H(T1,T5), the considered semantic model M will not be
saturated in its power. And this means that there is such X C M and such type p € S1(X), which is not
realized in M, more precisely in (M, m),¢cx. By virtue of the consistency of type p, this type is realized in some
elementary extension M’ > M. By virtue of the Jonssonness of hybrid H(T},T) and model consistency with
T;, i = 1,2, there is a model A; € ModT;, i = 1,2, such that M’ is a submodel of A. A in turn, is embedded
in the semantic model C;, ¢ € 1,2, but C; is a saturated model of the theory T;, ¢ € 1,2. By virtue of an
isomorphic embedding, suppose f from M’ to A, f(X) C A and since the type of p is realized in M’ it will be
realized in C;. But C; € Er, and since T; are existentially prime convex theories, there exists a countable model
N; € Er,, in which the type p will be realized. By virtue of convexity, the model IV; will be a nuclear model, i.e.
it is algebraically prime embedded in other models from ModT; exactly one time. But by virtue of the model
counsistency of T; with the hybrid H(T;), N; is isomorphically embedded in some model from ModH (T;), i.e. by
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the map g. Since T; are perfect theories, their center is model-complete, i.e. any monomorphism is elementary
between the models of this center. And such, by virtue of perfection, are all the models from Er,. Then the
above isomorphism g will be elementary, i.e. type p is realized in a countable submodel of model M. We got a
contradiction with the assumption of imperfection.

Theorem 4. Let T,Ty, Ty satisfy the conditions of Theorem 3 and 717,75 be w-categorical. Then their hybrid
H(Ty,T,) is also a w-categorical Jonsson theory.

Proof. We note that, by virtue of the above Theorem 3, the hybrid H (T}, T») will be a perfect Jonsson theory.
Suppose the contrary, i.e. the hybrid H(T;) is not a w-categorical Jonsson theory. Let A and B be two countable
models from ModH (T;) that are not isomorphic to each other. Then there are A’ and B’ countable models
from Ep(r,y such that A is isomorphically embedded into A’, and B is isomorphically embedded into B’. This
follows from the fact that in any inductive theory any model is isomorphically embedded in some existentially
closed model of this theory. But the theories of T; are mutually model consistent with H(T;) by virtue of the
condition of the theorem. Then A’ and B’ are isomorphically embedded in some countable model D € Er,,
but as T; are convex theories, then the image of A’ and the image of B’ in the model D intersects non-empty.
Let this intersection be a model R. By virtue of the above existential primeness and countable categoricity of
T;, since R € E, it follows that in R | ¢(x) A =p(z), where in A’ = ¢(z), and in B’ = —¢(x). But this is
not true, as T; are w-categorical by condition. Consequently, we obtain a contradiction with the assumption of
non-w-categoricity H(T5).
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M OHCOH IBIK TeopusiJIapAbIH TMOPUATEPIHIH KacueTrTepi

MakaJraHbIH HEri3ri MakcaThbl — HOHCOH/IBIK, TEOPUSIIAPILIH THOPUATEPiHIH, KOMIAHBOHIAPBIHBIH, MO/IEJIhTi-
TeOpeTUKAJBIK KacueTTepin 3eprrey. Herisri HblcaHmapbl HOHCOHIBIK TMOPHATED MEH OJIapAbIH MOJEJIb-
Jep Kaackl 6osbin Tabbuiaabl. OcblHIal TeopusiIapIbly 9pTypJi Haianpicrapsl KapacTeipbliasl. Our Gaii-
JIAaHBICTAP/bI TEPEHIPEK TYCiHy >KoHe aJIFalllKbl TEOPHUSIMEH OailJIaHBICTBIPY YIIIH KapajraH dparMeHTTiH
CEMAHTHUKAJIBIK MOJIEJIb/IEpiHiH apHaiibl aJreOpasblK KYPBLIbIMIAphl aHBIKTAJIbI »KOHE OChbl Herizme Oyi
dparmenTrepain rubpuarepi Gesrisai Gosapl. 2Kasmsl MyHIal anrebpasiblk, KyPbIIbIMIAP CEMaHTUKAJIBIK
rubpuaTep Jen aTasaibl.

Kiam cesdep: MOHCOHJIBIK, TEOPUsi, CEMAHTUKAJILIK, MOJIE/Ib, TUOPHUI, SK3UCTEHIIMOHAJILI YKail, MOIEIbI
KOMIIAHBOH.
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CpoiicTBa rudbpu10B HOHCOHOBCKNX TEOPMIi

B crathe ocHOBHOI! 3a/1a1€it SIBISIETCST pACCMOTPEHNE PA3IMIHBIX CBSI3€i MEXK Ty WOHCOHOBCKUMU TEOPUSIMU.
st Toro 4Tobbl 6051€e TUIYOOKO MOHSTH 9TU CBS3H M, B KOHEYHOM HTOTE, CBS3b C CAMON IEPBOHAYAJILHON
Teopueil U ObLIN OIIPe/IeIeHbl CIIeIUAJIbHbIE aIredpanvdecKre KOHCTPYKIMN CEMAHTUYECKUX MOZeJel pac-
cMaTpuBaeMbIX hparmeHToB. Kpome Toro, 6b11m onpeaeeHbl THOpUIbl 9TUX (DPATMEHTOB, TaKue ajarebpan-
YecKre KOHCTPYKIIMHM HA3BIBAIOTCH CEMaHTUICCKUMU MUOPUIAMH.

Karouesvie crosa: HTOHCOHOBCKAsT TEOPUS, CEMAHTUYIECKAsI MOJIENIb, THOPHU/I, SK3UCTEHIIUATIBHO IIPOCTAs, MO-
JeJIbHBI KOMITAHBOH.
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Companions of fragments in admissible enrichments

In this paper, model-theoretic properties of companions of fragments of special subsets in admissible
enrichments are considered. Admissible enrichments are understood as enrichments of a signature that
preserve the basic syntactic properties of the Jonsson theory under consideration. The study of the properties
of companions of the Jonsson theory is related to the classical problematics of studying inductive theories,
which was determined at the time by one of the founders of the theory of models A. Robinson. In this
paper, the main properties of companion fragments of definable subsets of the semantic model of a given
Jonsson theory is categoricity and it is considered.

Keywords: Jonsson theory, semantic model,categoricity existentially prime, pregeometry, modular pregeometry,
model companion.

Let us single out two directions in the development of model theory. In the well-known book H.J. Keisler
they are called the western and eastern theory of models, since one of the founders of the theory of models
A. Tarski lived on the west coast of the United States since 1940, and another founder A. Robinson - in the east.
Western theory of models develops in the traditions of Skolem and Tarski. It was more motivated in theory,
analysis and set theory, and it uses all formulas of first-order logic.

The Eastern theory of models develops in the traditions of Maltsev and Robinson. It was motivated by
problems in abstract algebra, where the theory formulas usually have at most two blocks of quantifiers. It
emphasizes the set of quantifier-free formulas and existential formulas. Unlike the Western theory of models,
which studies complete theories, Eastern model theory generally deals with incomplete thorium. The class of
incomplete theories is wide enough, so we can confine ourselves to inductive theories ( V3-axiomatizable). In the
sense of completeness of the theory considered, the maximum requirement, as a rule, is V3-completeness. All
these conditions are satisfied by the Johnson theories. Thus, we conclude that the study of Johnson’s theories
refers to its essence to the problems of the «eastern» theory of models.

This article is related to one of the branches of Model Theory, and more precisely to studying of Jonsson
sets. This part of Model Theory is concerned with the study of incomplete inductive theories and more precisely
Jonsson theories and some of their generalizations [1]. Actually it examines the model-theoretical properties of
Jonsson subsets of semantic model of some Jonsson theory. In particular the lattice of special formulas of such
sets is considered.

In the study of complete theories, one of the main methods is to use the properties of a topological space. In
the case of a fragment of a Jonsson set, one can consider a lattice of existential formulas, which is a sublattice
of Boolean algebra. The main goal of this article is to develop the basic concepts and methods of that part
of the theory of models, which will provide an opportunity for fruitful research of Jonsson theory and some of
its generalizations, taking into account modern developments in model theory. Our technique is standard for
studying incomplete theories. The method of research consists in translating the elementary properties of the
center of Jonsson theory into the theory itself.

This article discusses the method of studying Jonsson theories, first proposed by T.G Mustafin in [2]. The
basis of this method is the natural connection of the class of models of arbitrary Jonsson theory 7" with the class
of models of the theory T*, where T* = Th(C) and C are T'— universal, T — homogeneous model of the theory
T. The model C exists by the Morley-Vaught theorem [3], thereby C is semantic, and T* is a syntactic invariant
of the Jonsson theory of T'. The weak point of such an approach to the study of Johnson theories is the presence
in the proof of the Morley-Vaught theorem a hypothesis about the existence of a strongly unreachable cardinal.
To avoid set-theoretic problems allows a change in the definition of the semantic model (T" — universal, T —
homogeneous model of the theory T'). This was done in the work of E.T. Mustafin [4].

In the future, we will adhere to the method proposed by T. G. Musafin in [2] only with a change in the
definition of the semantic model in [3]. Designations are standard as in [5]. All indefinable concepts here are
considered known and can be found in [5]. We give the necessary definitions of the basic concepts of this article.
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1 Preliminary Information on Jonsson theories

Consider the theory T of a countable language of first order L.

Definition 1.1. A theory T is Jonsson if:

1) theory T has infinite models;

2) theory T is inductive;

3) theory T has the joint embedding property (JEP);

4) theory T has the property of amalgam (AP).

Definition 1.2. Let kK > w. Model M of theory T is called x-universal for T, if each model 7" with the power
strictly less x isomorphically imbedded in M; k-homogeneous for T, if for any two models A and A; of theory
T, which are submodels of M with the power strictly less then x and for isomorphism f : A — A; for each
extension B of model A, wich is a submodel of M and is model of T' with the power strictly less then k there is
exist the extension B; of model Ay, which is a submodel of M and an isomorphism g : B — B; which extends f.

Definition 1.8. A homogeneous-universal for T' model is called kK — homogeneous-universal for 7" power
model x, where x > w.

The following sentences can be found in [6]:

Fact 1. 6; 0.1]. Each Jonsson theory T has k™ — homogeneous-universal model of power 2%. Conversely, if
the theory T is inductive, has an infinite model, and has a w* — homogeneous-universal model, then the theory
T is a Jonsson theory.

Fact 2. [6; 0.2].

1. Let T be a Jonsson theory. Two models M and M; k-homogeneous-universal for T are elementarily
equivalent.

2. If there exists a model M k-homogeneous-universal for T of cardinality x, then it is unique up to
isomorphism. In addition, the model is M k-homogeneous, i.e. any isomorphism between two submodels A
and B of a model M of cardinality is strictly less than k, which are models of the theory T, extends to an
automorphism M.

We show that in the framework of the definition of homogeneity and universality from [6] the following is
true:

Definition 1.4. A model C of a Jonsson theory T is called a semantic model of the theory T, if it is
wt-homogeneous-universal in the sense of [6].

Definition 1.5. A model A of the theory T is called T-existentially closed if for any model B of the theory T
and any existential formula ¢(Z) with constants from A is A |= 3T(T) provided that, A is a submodel B and
B = Jzp(T).

In connection with the definition 1.4, the following fact is true.

Lemma 1.1. The semantic model C of the Jonsson theory T is T-existentially closed.

Proof. Let C have cardinality x > w. Let M be some extension of C' cardinality 2”!, which exists by virtue
to the fact [6; 0.1]. The model M is isomorphically embedded in M; by virtue of s} -universality of M;. Then
C' is isomorphically embedded in M;. Let m € C and M = Jxp(x,m). Then M; = Jzp(x, m). therefore, by
virtue of [6; 0.2]. (1), My and C are elementarily equivalent. So, C' |= Jxp(x, m). Thus, C - T-exsentially closed.

The following fact was considered in [6].

Fact 3. [6; 0.3]. Let T be a Jonsson theory. If T* is model complete and k > w, then x is homogeneous -
universal for 7" models k-saturated; if T* is not model-complete, then no model is w*-saturated.

In the framework of the new definition of the semantic model of the Jonsson theory we give the following
definition.

Definition 1.6. A Jonsson theory of T is called perfect if each semantic model of T is w*-a saturated model
of T™*.

Theorem 1.1 [6]. Let T is a Jonsson theory. Then the following conditions are equivalent:

— theory T is perfect;

— theory T is a model companion of theory T.

Consequence 1.1. Let T be a Jonsson theory. Then the following conditions are equivalent:

1. ModT* = Er.

2. T* = T/, where Er is a class of T-existentially closed models, T/ = Th(Fr), where Fr is a class of
generic models T (in the sense of Robinson finite forcing).

Moreover, you can notice the following:

Remark 1.1. Perfectness of the Jonsson theory is equivalent to the model completeness 7.
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2 Countable and uncountable categoricity

The purpose of this section is to give proof of two results (Theorems 2.5 and 2.9) related to the countable
and uncountable categorical nature of the center of some classes of Jonsson theories. We define the concepts
and related results necessary for the proof of Theorem 2.5.

Definition 2.1. The inductive theory T is called the existentially prime if: it has a algebraically prime model,
the class of its AP (algebraically prime models) denote by APr; class Er non trivial intersects with class APr,
i.e. APT ﬂET # 0.

Definition 2.2. The theory is called convex if for any its model A and for any family {B; | ¢ € I} of
substructures of A, which are models of the theory 7', the intersection (., B; is a model of T'.

Definition 2.3. Let X be A — cl-Jonsson subset of semantic model of fixed Jonsson theory and let
cl: P(X) — P(X) be an operator on the power set of X. We say that (X, cl) is a Jonsson pregeometry if the
following conditions are satisfied.

If AC X, then A C cl(A) and cl(cl(A)) = cl(A).

If AC B C X, then cl(A) C cl(B).

(exchange) A C X, a,be€ X, and a € cl(AU{B}), then a € cl(A),b € cl(AU {a}).

(finite character) If A C X and a € cl(A), then there is a finite Ay C A such that a a € cl(Ay).

We say that A C X is closed if cl(A) = A.

Definition 2.4. If (X, cl) is a Jonsson pregeometry, we say that A is Jonsson independent if a ¢ cl(A\ {a})
for all @ € A and that B is a J-basis for Y if is J-independent and Y C acl(B).

Lemma 2.1. If (X,cl) is a J — pregeometry, Y C X, By, By C Y and each B; is a J — basis for YV, then
| B1 |=| Bz |.

We call | B; | the J-dimension of Y and write Jdim(Y) =| B; |.

IfA C X, we also consider the localization ¢l4(B) = cl(A U B).

Lemma 2.2. If (X, cl) is a J-pregeometry, then (X, cl4) is a J-pregeometry.

If (X, cl) is a J-pregeometry, we say that Y C X is J-independent over A if Y is J-independent in (X, cla).
We let Jdim(Y/A) be the J-dimension of Y in the localization (X, cla). We call Jdim(Y/A) the J-dimension
of Y over A.

Definition 2.5. We say that a J-pregeometry (X, cl) is J-geometry if cl(0) = 0 and cl({z}) = {z} for any
zeX.

If (X,cl) is a J-pregeometry, then we can naturally define a J-geometry. Let Xy = X \ ¢l(0). Consider the
relation ~ on X given by a ~ b if and only if cl({a}) = cl({b}). By exchange, ~ is an equivalence relation. Let
X be Xo/ ~. Define cl on X by cl(A/ ~) = {b/ ~: b € cl(A)}.

Lemma 2.3. If (X, cl) is a J-pregeometry, then ()A(7 cAl) is a J-geometry.

Definition 2.6. Let (X, cl) be J-pregeometry. We say that (X, cl) is trivial if cl(A) = Yyeacl{a} for any
A C X. We say that (X, cl) is modular if for any finite-dimensional closed Jdim(AUB) = Jdim(A)+ Jdim(B)—
—Jdim(AN B)

We say that (X, cl) is locally modular if (X, ¢l,) is modular for some a € X.

Definition 2.7. We say that (X, cl) is modular if for any finite-dimensional closed A, B C X

dim(AU B) = dimA + dimB — dim(AN B).

Definition 2.8. If X = C, then the Jonsson theory of T' is called modular.

Theorem 2.1. Let (X, cl) be J- pregeometry. The following are equivalent.

1) (X, cl) is modular;

2) if A C X is closed and nonempty, b € X, and = € cl(A4,b), then there is a € A such that = € cl(a, b);

3) if A,B C X are closed and nonempty, and = € cl(A, B), then there are a € A and b € B, such that
x € cl(a,b).

Definition 2.9. [7]. A is called (I'1, I'2)-the atomic model of T theory, if A model T and for each n, each n-k
elements from 2 satisfies some formula from I'y, which is complete for I'y - formulas.

Theorem 2.2.1If L is a countable language and T is a complete w-categorical theory, then T" has a w-categorical
model companion.

Definition 2.10. Let X C C. We will say that a set X is V — cl-Jonsson subset of C, if X satisfies the
following conditions:

1) X is V-definable set (this means that there is a formula from V, the solution of which in the C' is the
set X, where V C L, that is V is a type of formula, for example 3,V, V3 and so on);
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2) cl(X) = M, M € Er, where ¢l is some closure operator defining a pregeometry [8; 289] over C' (for
example ¢l = acl or cl = dcl).

Definition 2.11 [7].

1. A ag,...,an—1 =1 (B, by, ..., b,—1) means that for each formula ¢(xg, xa,...,z,—1) of ', if A = ¢(a), then
B (). i ) i

2. (A,a@) =r (B,b) means (A,a) = (B,b) and (B,b) =1 (A,a).

Definition 2.12.

1. A s called a ¥-nice-algebraically prime model of T', if A is a countable model of T and for each model of 5
theory of T, each n € w and for all ag, as, ...,an—1 € A, by, ba,...,bp—1 € B, if A, ag,...,an—1 =3 (B, by, ... bp_1),
then for each a,, € A there exists some b,, € B such that A, ag, ..., n» =3 (B,bo, ..., by).

2. A is called a Y *-nice-algebraically prime model of the theory T, if A is a countable model of T and for
each model B theory T, each n € w and for all ag,as,...,an_1 € A, bg,ba,....,bn_1 € B, if A, ag,...,an_1 =3
(B,bg, ..., b—1), then for each a,, € A there exists some b,, € B such that A, ag, ..., a, =3 (B,bo, ..., by ).

Theorem 2.8. Let T V3 theory be complete for existential sentences, and let A be a countable model of T
Then (1) = (2) and (2) = (3), where:

1. A- (3,%) is atomic;

2. A - Y*-nice;

3. A is existentially closed and Y¥-nice.

Theorem 2.4. Let T - is a theory complete for existential sentences. Then any two countable (X, ¥)-atomic
models of the theory T are isomorphic.

Now we consider the admissible enrichment. An enrichment is called admissible if it preserves a definability
of the type in any existentially closed extension. The following {P} U {c} - enrichment is admissible.

Let T be an arbitrary Jonsson theory in the first-order language of the signature o. Let C be a semantic
model of the theory T. Let A C C be a V — cl- a subset in T theory, where V = V3, ¢l = acl and at the same
time acl = del. Let op(A) = o U{cyJa € A}UT, T = {P}U{c}. Let T{ = T UThys(C,a), € AU {P(c,)|a €
€ A} U{P(e)} U{"P C"}, where {"P C"} is an infinite number of sentences expressing the fact that the
interpretation of the P symbol is existentially closed submodel in the language of the signature or(A) and this
model is the definable closure of the set A. It is clear that the considered set of sentences is not necessarily a
Jonsson theory, and this theory, generally speaking, is not complete. The reason for the no jonssoness is the
lack of amalgam in some cases, i.e. there are counterexamples of enrichment by the predicate of the Jonsson
theory, which do not allow amalgam. In the case of modularity, there is amalgam. Therefore, in the future, the
considered theories are modular.Let T* be the center of the Jonsson theory T{ and T* = Th(C"), where C’ is
the semantic model of the theory T'§.

Below we give the results of [Theorem 2.5, 2.9] on countable and uncountable categoricity in the framework
of the above enrichment of the signature of the Jonsson theory. Relatively prime Jonsson theory without
enrichment, the first author had previously obtained similar results [9; 104].

Theorem 2.5. Let T§ be a modular convex Jonsson theory complete for V3-sentences. Then the following
conditions are equivalent:

1. T* w-categorical;

2. T{ w-categorical.

1) = 2) Let T* w-categorical. Then, by virtue of the theorem 2.2, T* has a w-categorical model companion
T*'. With the virtue of consistency the model T'{ u T*, T* u T*', T*' the model of consistency with T'{, therefore,
T*" is a model companion of T'¢, in particular, T*' is model complete. By virtue of the model completeness of
T*" any formula in the language T*' is equivalent to some existential formula. Then, by the Robinson theorem
on the uniqueness of a model companion and by the Jonsson theory 1.1 criterion of perfectness, it follows that
T* = T*. Since T*' w-categorical, its only countable model is countably saturated and belongs to M odTE, since
ModT* C M odTE. By virtue of 1.1 ModT*' = Ep and in E7 there is one up to isomorphism a countable model
A, where (L, L) is atomic (in the sense of 2.2), where L is the whole language. With the virtue of convexity of T
hence A is (3, X)-the atomic model 7™, because of its model completeness (T* = T*’. Due to V3-completeness
of the theory T, for any n E,(TY) = E,(T*), where E,(T{) - is a lattice of existential formulas of the theory
T of n free variables. Then A - (¥, Y)-atomic model of the theory T¢. Then, by Theorem 2 the model A
¥*- a nice-model. Let B € ModT, |B| = w. We show that B is a (3, ¥)-atomic model of the theory 7. We
prove by induction. By virtue of V3-completeness of the theory TAC we have the theory Tf J-complete, and
therefore A =3 B (induction basis). Suppose (A, a1, ..., n-1)as,....an_1e4 =3 (B, f(a1), .., f(@n-1))as, ...an_1€4,
where f - is an isomorphic embedding from A to model B. This isomorphic embedding exists because A, being
(X, X)-atomic, is algebraically prime, that is, is isomorphically embedded in any model of the theory TE. This
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fact follows from [9]. And since A is ¥*-a nice model of the theory of T, for any a,, € A there is such b € B,
such that (A, a1, ..., Gn-1,0n)ay,...anca =3 (B, f(@1), ..., f(@n=1);b)ay.....anca. Let f(a,) =b. Hence A <3 B, Te.
B is an elementary extension with respect to existential formulas. Therefore, B - (X,3) is the atomic model
TY. Otherwise, since A belongs to Er, A will not be (X, ¥)-the atomic model of T¢. Then, by Theorem 2.4 we
have B 2 A. Since the model is B arbitrary, the theory T w-categorical.

2) = 1) Let a theory T w-categorical. Suppose that the theory 7* not w-categorical, then there exist
non-isomorphic countable models A and B of the theory T%. But, since Tf C T*, then ModT* C M odTE.
Therefore, A u B belong to ModT§. We obtain a contradiction with the w-categorical of T{.

We define the concepts and related results necessary for the proof of Theorem 2.9 [9].

Definition 2.13. The formula ¢(7) is called a A-formula with respect to the theory T, if there are existential
formulas ¢4 (Z) and 2 (Z) such that T |= (¢ <> 1) and T = (- <> 1)

Definition 2.14. We will say that the theory T admits R, if for any existential formula ¢(Z) consistency
with T there is a formula ¢ (Z) € A consistency with T such that T = ¢ — ¢.

Definition 2.15. A countable model of the theory T is called a countably algebraic universal model, if all
countable models of a given theory is isomorphically embedded into it.

Theorem 2.6. Let T be a universal theory, complete for existential sentences, having a countably algebraically
universal model. Then T has an algebraically prime model, which (3, A) is atomic.

Theorem 2.7. Let T V3 theory be complete for existential sentences, admitting R;. Then the following
conditions are equivalent:

(1) T has an algebraically prime model;

(2) T has (X, A) is an atomic model;

(3) T has (A, ) is an atomic model;

(4) T has A-nice algebraically prime model;

(5) T has a unique algebraically prime model.

Definition 2.16. Let A, B € Ep and A g B. Then a B is called an algebraically prime model extension of
A B E7p, if for any model C € Er from the fact that A isomorphically embedded in C in its own way, it follows
that B is isomorphically embedded in C.

Definition 2.17. [10]. A model A is called a prime own elementary extension B, if A Z B and for any model
C such that C Z B A is elementary embedded in C.

Theorem 2.8. [11]. A complete theory T w;-categorical if and only if any of its countable models has a prime
own elementary extension.

The following theorem describes the properties of T{ in the above enrichment under the following conditions.

Theorem 2.9. Let TE be a modular convex Jonsson theory complete for 3-sentences, for which R; is executed.
Then the following conditions are equivalent:

1) theory of T* w;-categorical;

2) any countable model in Erc has an algebraically prime model extension in Erc.

Proof. 1) = 2) If the theory is T w;-categorical, then it is perfect by the Morley theorem on uncountable
categorical. Then, by virtue of the criterion of perfectness of the 1.1 Jonsson theory, we have that the theory
T* is model complete and ModT* = ETE' If the theory T s model-complete, then any isomorphic embedding
is elementary. Since T™ is a complete theory, then applying the theorem 2.8 to it, we obtain the required one.

2) = 1) Applying the 1.1 lemma to the C semantic model of the T{ theory (it exists because T -
Jonsson theory), we obtain that the model C is w-universal. Its power, generally speaking, is greater than
the counting one. Therefore, we consider its countable elementary submodel D. Since TE is a convex and the
model C is existentially closed, its elementary submodel D is also existentially closed. Hence we have that it is
countably algebraically universal. It now remains to apply Theorem 2.6, according to which the theory T has
an algebraically prime model Ay. We define by induction Asy1, which is an algebraically prime model extension
of the model As and Ay = [J{As|6 < A\}. Then let A = [J{As|6 < w1}. Suppose that B = T and |B| = w;. To
show that B ~ A, decompose B into a chain {Bs|d < w;} countable models. By virtue of the jonssoness theory
of T§ this is possible. Define the function g : w; — w; and the chain {fs : Ags = B|0 < § < wq} isomorphisms
by induction on §:

1. goioandfoiAoﬁBo.

2. gx = U{gsld < A} and fr = U{fs[0 < A}

3. fs4+1 equals the union of the chain {fJ|y < p}, which is defined by induction on 7.

4 f9 = fs. fRo = fs = ULf10 < A
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0.

Suppose that fj : Agsry — Bsi1. If ng is a mapping on, then p = . Otherwise, by the algebraic

. o s . 1
simplicity of Agsy+1 you can continue fJ, ; to f;_:'l s Agsgry+1 — Bsga.

6. g(0 +1) = g + p. Clearly, f = |J{[fs5|0 < w1} maps A isomorphically to B. Now it remains to apply the
theorem.
7. By virtue of the convexity of the theory T{ and since B is an arbitrary model of the theory 77, and A

is the only algebraic prime and existentially closed model By virtue of the condition and construction, then it
follows that Erc in uncountable cardinality has a single model, which means the semantic model of the theory
Tg is saturated, i.e. the Jonsson theory of Tg is perfect. It follows that ModT™* = ETE' Therefore, T*-w; —
categorical.

10

11
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A.P. Emkees, I'.E. 2Kymabekosa

BaiibITy1a pyKcaTThlIBIFBI Oap doparMeHTTEepAiH, KOMIIAHBOHIAPbI

110

Maxkasaa pykcar eTiirer 6aiffbITyIapAarbl apHARE MK XKUBIHAAP/IBIH (pPparMeHTTEPIHIH MOIE/TbIi-TEOPUsi-
JIBIK, KACHETTEP] KapacThIPbLIALI. PyKcaT eTiyireH GaiibITyap HOHCOH TEOPUSICHIHBIH, HETi3Tr CHHTAKCHUCTIK
KACHETIH CAKTaiiTBIH CHIHATYpaJarbl GailbiTy perinme Tycimmipinmi. MoHCOHZAD TEOPHSCHIHIAFBI KOMIIA-
HBOHJIAP KACHETIH 3ePTTEy WHAYKTUBTI TEOPUSIAP/IBIH KIACCUKAJIBIK MOCEJIECIH 3epTTeyMeH Oall/TaHBICTHI,
SIFHU, ©3 YaKBITBIHIA MOIEIbIED TEOPUICHIHBIH HETi31H KajaymrbLiapasiy 6ipi — A. PobuHcoH aHbIKTaraH.
ABTOp/iap KapacThIPbLIFAH HOHCOH TEOPUSICHIHBIH, AaHBIKTAJIFAH XKUBIHIAP/IaFbl KOMIAHBOH (pparMeHTTePiHiH
KacueTi KaTraH 00JIa bl JIereH KOPBITBIHIbI YKAaCabl.

Kiam ce3dep: HOHCOHIBIK, TEOPHUsi, CEMAHTUKAJIBIK, MOJIE/Ib, SK3UCTEHIINAIIIbI YKall, IPEeAreOMeTPUsI, MOJIY-
JISIPJIBL TIPEJIT€OMETPHS], MOJENbII KOMIAHBOH.
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A.P. Emikeesn, I.E. 2ZKymabekoBa

KomMmnaHbOHBI (bpaI‘MeHTOB B AOIIYCTUMBIX OGOI‘&IHGHI/ISIX

B crarpe paccMoTpenbl TEOPETHKO-MOETbHBIE CBOMCTBA KOMIIAHBOHOB (DPATMEHTOB CIEIUATBHBIX ITOIMHO-
JKECTB B JIONMYCTUMBIX oboramenusx. [log momyctumbiMu oOoramennsMu MTOHIMAIOTCS OOOTAIEHNsT CUTHA-
TypPbl, KOTOPbIE COXPAHAIOT OCHOBHBIE CHHTAKCUYECKHe CBOWCTBa PacCMaTPUBaeMOll HOHCOHOBCKOM TEOpHH.
W3ydenne cBOCTB KOMITAHBOHOB HOHCOHOBCKOII TEOPHUM OTHOCUTCS K KJIACCUIECKON MpOb/IeMaTHKe H3Y-
YeHUsd MHIYKTUBHBIX TEOPHUH, KOTOPYIO OIpeJie My B CBOE BpeMs OJWH U3 OCHOBaTeJeil Teopuu MoJieseit
A. PobuHCOH. ABTOPBI CTAThbU IPUIILIA K BBIBOJY, YTO OCHOBHBIE CBOMCTBa KOMITAHBOHHBIX (DPArMEHTOB
onpenensdeMbIX IOAMHOXKECTB CEMaHTUIECKOU MOJe/ I HOHCOHOBCKOM T€OPHUU KATETOPUYIHBL.

Kmouesvie cro6a: HOHCOHOBCKAS TEOPHsi, CEMAHTUIECKAs MOJIE/b, SK3UCTEHIINAIBHO TPOCTOH, TPEIreoMeT-
pus, MOAyJIApHas IIpeAreoMeTpus, MOJEJIbHBIN KOMIIaHbOH.
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Calculation of velocities and accelerations of points
of a crank mechanism

In this article, presented is an analytical method of determining linear and angular velocities and accelerations
of links of a crank mechanism on the basis of a grapho-analytical method (without the construction of
displacement, velocity, and acceleration diagrams) with the use of angles, which form between vectors on
velocity and acceleration diagrams, as well as between links on the mechanism diagram. Pointed out is
the role of analytical methods (with the help of which the research of kinematics of mechanisms can be
conducted with high degree of accuracy), which has especially increased in recent years due to the fact
that by having analytical expressions that link the main kinematic and structural mechanism parameters
with each other, it is possible to compile a calculation program for a counting machine at any moment,
and with the help of such a machine all the necessary results can be obtained. Given are the results of the
implementation of the proposed calculation algorithm on computer equipment, a comparative analysis of
the obtained data and an estimation of the relative error of the calculation. A justification for the suitability
of the developed algorithm of calculating velocities and accelerations of points of the mechanism is provided.
The proposed calculation algorithm of kinematic parameters of a crank mechanisms allows to automate
the process of calculating the velocities and accelerations, significantly reduces the amount of labor needed
for the calculation, ensures a high degree of accuracy.

Keywords: crank mechanism, velocity, acceleration, analytical method.

Introduction

During the process of research of the dynamics of mechanisms and machines, three problems of kinematics
need to be solved: the position problem, the velocity problem, and the acceleration problem. Graphical, grapho-
analytical and analytical methods exist to solve these problems. The graphical (charting method) and grapho-
analytical methods (method of velocity and acceleration diagrams) of a kinematic analysis of mechanisms possess
following flaws: low accuracy that is defined by the accuracy of graphical constructions, and great laboriousness.
When using the graphical method, graphs of displacements, velocities and accelerations for each investigated
point of the mechanism ought to be constructed. When the grapho-analytical method is utilized, several velocity
and acceleration diagrams of the mechanism need to be constructed in order to define the time history of the
velocity and acceleration of the points that we are interested in. To achieve this, vector equations for the velocities
and accelerations of points of links, which make complex motions, are composed in advance. The solution of
vector equations is executed graphically by constructing so-called velocity and acceleration diagrams, on which
absolute velocities and accelerations are deposited, on a certain scale, from one point that called a pole [1].

There are no such flaws in the existing analytical methods. Given that, nevertheless, it is necessary to
compose quite complex analytical dependences (formulas) and to be able to solve them with the use of computer
equipment and technology, which is possible and accessible as of late. The role of analytical methods, with the
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help of which the research of kinematics of mechanisms can be conducted with high accuracy rate, has especially
increased in recent years due to the fact that by having analytical expressions that link the main kinematic and
structural mechanism parameters with each other, it is possible to compile a calculation program for a counting
machine at any moment, and with the help of such a machine all the necessary results can be obtained.

Therefore, what is proposed in this work is a more simple analytical method of a kinematic analysis of
a crank mechanism on the basis of the grapho-analytical method without the construction of displacement,
velocity, and acceleration diagrams. Moreover, a problem of an analytical determination of linear velocities and
accelerations of points of links is set, as well as a problem of angular velocities and accelerations of links under
following input data: number of crank revolutions ny (rev/min); crank length ¢4 (m); length of connecting rod
£op(m); position of the center of gravity of crank £g, (m); position of the center of gravity of connecting rod
las,(M); angle a, line segment @0 = 70’ (mm).

The key to solve the given problem with this method is to use angles that form between vectors on velocity
and acceleration diagrams, as well as between links on the mechanism diagram. All the necessary angles for the
calculation of velocities and accelerations are depicted in Figure 1.

(90°+5)

(180% a -p)

(9r-p-a+y)

a — position diagram of mechanism; b — velocity diagram; ¢ — acceleration diagram

Figure 1. Computational scheme of a crank mechanism

From AOAB we find angle f3, i.e. the angle between connecting rod AB and column OB

EOA - sin Oz)
lap

B = arcsin ( (1)

Considering the construction principle of the velocity diagram, where pb||OB, abl AB, paLlOA, we find
angles Apab on the velocity diagram.
Zpba = 90° — f3;
Zapb = 90° — q,
Zpab = 180° — (90° — o) — (90° — B) = 180° — 90° + o — 90° + B8 = a + B.
From Apab we derive an equation
pa pb ab

sin (90° — B)  sin(a+B)  sin(90° — )

Lengths of line segments pb and ab are therefore
_ pa-sin(a+B)
~ sin(90° — B)
ab = PV sin (90° — «)
~ sin(90° 4 53)
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We will define the position of the centers of gravity on the velocity diagram by the principle of similarity

_ pa-Los,
psS1 = ——;
Loa
ab - EASQ
asy = ——22,
laB

From Apass we find the length of line segment pss

Py = \/(pa)2 + (a32)2 —2-pa-asy-|cos(a+ P)|

Rotation frequency of the crank
TNt

30

w1 =
Velocity of point A is determined by the formula
VA = Wi EOA-

Scale of velocity diagram

pa

2%

(4)

(5)

(9)

The required absolute and relative velocities of points are calculated with the use of the scale of the velocity
diagram

Ve =pb-pv; Vs, =ps1 - puy; Vs, =psa-pv; Vpa =ab- py.

The angular velocity of the connecting rod is determined by formula

VBa

Wwo = .
lap

The acceleration of point A is determined by formula
_ 2
aps = wy - EOA.

Scale of acceleration diagram

aa
Ha = —-
Ta
Normal acceleration is determined by formula
2
a . = VBA
AB
Length of line segment a’n
a'n = B4,
Ia

From Ama’n we find the length of line segment 7n and the unknown angle

™m = \/(77(1’)2 +(a'n)? —2-md’ - a'n - cos (180° — o — ) ;

"2 2 — (a'n)2
’yarccos<(ﬂa)+(ﬁ) ( )>

2-ma - 1™

(10)

(1)

(12)

(13)

(16)

(17)

Considering the construction principle of the acceleration diagram, where #b'||OB, wa'||OA, nb/ LAB,

|AB, we find the angles of the triangles on the acceleration diagram.

From Ama’b’ we find o'7b’ = .

From Amsob’ we find Zb7sg = a — 7.

From Amnbd’ we find Zwb'n = 90° + 3.

From Awa’n we find Zmwa’n = 180° — a — .

From Amnbd’ we will determine

£l = 180° — (90° + ) — (o — ) = 180° — 90° — B — v+~ = 90° — f — a + 7.
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From Amnb’ we will obtain the equation

™ b’

sin (90° + B)  sin(90° — B —a+17)

Hence is the length of line segment 7b’

- sin (90° — 8 — a +7)

b = sin (90° + 53) (18)

From Aa’wb’ we find the length of line segment a'b’
a'tl = \/(7ra’)2 + (nb')*> =2 - wa’ - 7b' - cos av. (19)

From Aa’nb’ we find the length of line segment nb’
nb' =/ (@) = (a'n)>. (20)

We will determine the position of the centers of gravity on the acceleration diagram by the principle of
similarity

/ .
sy = T4 tos,. (21)
loa
1.
a'se = M. (22)
lap

From Ama’b’ we find the unknown angle ¢

(¢ = arccos <(m/)2 + (@) - (”b/)2> : (23)

2-ma - a't’!

From Ama’sy we find the length of line segment sy

TSy = \/(7‘(@’)2 + (a'$2)2 —2-ma’ - CL’SQ + COS . (24)

The required absolute and relative accelerations of points are calculated with the use of the scale of the
acceleration diagram

/ / 11/
ap =7b - lg; a5, = TS1 - la; AS, = WS - flg; gy =Nb - lg; apa = a'b’ - ig. (25)

Angular acceleration e of the crank, which executes uniform motion, equals to zero.
The angular acceleration of the connecting rod is determined by formula

aBa
g9 = . (26)
lap
To sum up, the algorithm of the proposed analytical method of determining the velocities and accelerations
of points of a crank mechanism with the use of computer equipment and technology can be expressed by the
following sequence of actions:

1 Accounting of the input data: number of crank revolutions n; (rev/min); crank length ¢p4 (m); length

of connecting rod £4p(m); position of the center of gravity of crank £pg, (m); position of the center of

gravity of connecting rod £4s,(m); angle « , line segment pa = wa’ (mm).

Calculation of the value of the angle 8 by formula (1).

Calculation of the value of the length of line segment pb by formula (2).

Calculation of the value of the length of line segment ab by formula (3).
4).

Calculation of the value of the length of line segment ps; by formula (
Calculation of the value of the length of line segment ass by formula (5).
(

N O Ot s W

Calculation of the value of the length of line segment pss by formula (6).
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8 Calculation of the value of the revolution frequency of crank w; by formula (7).

9 Calculation of the value of the velocity of point A by formula (8).

10 Calculation of the value of the scale of velocity diagram uy by formula (9).

11 Calculation of the value of the absolute and relative velocities by formula (10).

12 Calculation of the value of the angular velocity of crank wy by formula (11).

13 Calculation of the value of the acceleration of point A by formula (12).

14 Calculation of the value of the scale of acceleration diagram p, by formula (13).

15 Calculation of the value of normal acceleration a% 4 by formula (14).

16 Calculation of the value of the length of line segment a’n by formula (15).

17 Calculation of the value of the length of line segment 7n by formula (16).

18 Calculation of the value of angle v by formula (17).

19 Calculation of the value of the length of line segment 7b’ by formula (18).

20 Calculation of the value of the length of line segment a’d’ by formula (19).

21 Calculation of the value of the length of line segment nb’ by formula (20).

22 Calculation of the value of the length of line segment 7s; by formula (21).

23 Calculation of the value of the length of line segment a’sy by formula (22).

24 Calculation of the value of angle ¢ by formula (23).

25 Calculation of the value of the length of line segment sy by formula (24).

26 Calculation of the value of absolute and relative by formula (25).

27 Calculation of the value of the angular velocity of connecting rod 2 by formula (26).

Currently, contemporary specialized professional programs are used for engineering calculations. However,
in certain problems of mechanics, it is possible to achieve the assigned goal by using an old program written in
the «Basic» language (2, 3].

The results of the implementation of the abovementioned algorithm on computer equipment in the domain
of «Turbo Basic» (when ny = 850rev/min; o4 = 0,11 m; £45 = 0,462 m; £ps, = 0,0363 m; £45, = 0, 15246 m;
a = 30°; pa = ma’ = 50 mm) are shown in Figure 2.

For the sake of a comparative analysis, the required magnitudes are determined by the grapho-analytical
method with the use of the KOMITAC 3DV17 computer-aided design and put in Table.

Table

Results of the calculation of velocities and accelerations

. . B Value B Relative error,
Magnitude | Unit by the proposed method in by the grapho-analytical method srel, %
the domain of «Turbo Basic» | with the help of KOMIIAC 3D V17
v m/s 9,79129695892334 9,79 0,013
Vs m/s 5,912344455718994 5,905164 0,12
Vs, m/s 3,231127977371216 3,2274 0,11
Vs, m/s 7,722815036773682 7,694904 0,36
Vi m/s 8,540245056152344 8,5630116 0,12
wo s-1 18,48537826538086 18,46345454 0,12
a m,/s2 871,5409545898438 870,72 0,094
ap m,/s2 860,3972778320312 860,445504 0,0056
as, m,/s2 287,6085205078125 287,3376 0,094
as, m,/s2 841,8800659179688 841,11552 0,091
a’f A m,/s2 157,8696594238281 157,49112 0,23
a’gy m,/s2 419,677001953125 419,512896 0,036
apa m,/s2 448,3877868652344 448,246656 0,031
€9 s-2 908,3917846679688 908,0365714 0,039
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BB DA\_2018-1\TB.EXE =3 ECR

695892334 UB= 5.912343978881836 US1= 3.231127977371216 USZ=

36773682 UBA= 8.540245056152344 wZ= 18.4853V826538086 af=

25195312 aB= 860.397155V617188 af1= 287.6084594726562 alSd=
aBAn= 157.8696594238281 aBAt= 438.891571044%219 aBA-=

elZ= 749 .9817504882812

Figure 2. Results of the calculation in the domain of «Turbo Basic»

After comparing the obtained data, a conclusion can be made that the proposed calculation algorithm of
kinematic parameters of a crank mechanism:

- allows to automate the process of calculating the velocities and accelerations;

- significantly reduces the amount of labor needed for the calculation;

- ensures a high degree of accuracy.
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H.K. Beiicenos

Ninai-6yarakThl MeXaHU3M HYKTEJIEPiHiH
KBLIAAMIBIKTAPBIH 2K9HE YIeyJIepiH ecenrTey

Makasaza KpUIIaMIBIKTAp *KOHE YAeysep IJIaHTapbIHJIAFbl BEKTODPJIAD/IBIH apacblHa, OFaH KOCA MeXa-
HU3M TJIAHBIHIAFBI 3BEHOJIAPIBIH apachlHIa KYPBLIATBIH OYPHIIITaApIbl Maii1ajaHa OTHIPHIN, IpadOoaHaN-
THUKAJBIK 9JIiC Heri3iHJe OpbIHIAD, >KbLIIAMIBIKTAD, YIeyJep IJIaHIAPBIH KypMaii-aK, WiHIi-OyIFaKThl Me-
XaHU3MJET] HYKTeJIEPAiH ChI3BIKTHIK, YKbIJIIaMIBIKTaPEI MEH Y/I€yJIEPiH, 3BEHOIAPIbIH OYPBIMITHIK KbLITaM-
JBIKTapbl MEH Y/IeyJIEPiH aHBIKTAYAbIH aHAJUTUKAJIBIK 9JiCi YChIHBLIFaH. MexaHnusmiepais KHHEMaTUKACBIH
3epTTeyJie YKOFaphbl JRJIIK JIOPE’KECiH KAMTAMAaChI3 eTyre MYyMKIiHJIK OepeTiH aHaJIUTHKAJIBIK, OJIiCTEePIiH
MaHbI3bI aTan KepcerijreH. COHFBI XKBLIJAPhl MEXaHU3MHIH KUHEMATHKAJBIK YKOHE KYPBLIBIMIIBIK ITapa-
MeTpJiepin Gip-GipiMeH GailIaHBICTHIPATHIH AHAJUTUKAJIBIK, OPHEKTIH KOMETIMEH €CEnTey-IIenTy MaIlnHa-
Cbl VIIiH ecenTeysep OarapaMachlH Kacall, OapJIbIK, KEPEKTi HOTHMXKeJEeP/i ajly MaHbI3bl €peKIlle apT-
Tl. Vinni-OysirakThl MeXaHU3MHIH KHHEMATHUKAJIBIK, IapaMeTpPJIepiH aHbIKTAyIbIH YCHIHBIJIFAH aJITOPUTMI
2KBLUTJIAaMIBIKTAP MEH YAEYJIeP/Ii ecenTey YPAICiH aBTOMATTAHIBIPYFa, €CENTEY YaKbITHIH eJI9yip KbICKAPTYFa,
2KOFapbl JIQJIIIK JIOPE’KECiH KaMTaMachl3 eTyre MyMKIH/IIK Oepesi. ¥ ChIHBLIFaH €CeNTey/iH aJITOPUTMI KOM-
MIBIOTEPJTIK TEXHUKAJA XKY3ere acbIpy HOTHKeJIEPiH, aJIbIHFAH MOJIIMETTEP/II CaJIbICThIPA TAJIJIAIl, €CeNITEY TiH
CaJIBICTBIPMAJIBI ayBITKYBIH Oaraayra MyMKIHIIK Oepemi. MexaHU3MHIH HYKTEIEPIHIH KbUIIAMIBIKTAPbI
MEH YIIeyJIepiH eCenTey/IiH YChIHBLIFaH aJrOPUTMIiHIH, »KapaMIbLIBIFBI HET13/Ie/IreH.

Kiam cesdep: ninni-6yrakThl MEXaHU3M, KbUIJIAM/IBIK, Y€y, AaHAJIUTUKAJIBIK, dIiC.
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H.K. Beficenos

PacdeTr ckopocTeii n1 yckopeHuii Touek
KPUBOIIUITHO-MIATYHHOTO ME€XaHU3Ma

B crarbe mpesmcraBiien aHAMTAYECKAE METOJ, ONPEIE/ICHUS JTUHERHBIX CKOPOCTENH M YCKOPEHMIT, YIJIOBBIX
CKODPOCTEeN U YCKOPEHUI TOYEK 3BEHBEB KPHUBOIIMUITHO-IIIATYHHOI'O MEXaHH3Ma Ha OCHOBe rpadoaHauTHde-
CKOro MeToZa 0e3 IIOCTPOEHMs IIJIAHOB ITOJIOXKEHUIl, CKOPOCTEN, YCKOPEHHI C HCIOJb30BAHUEM YIVIOB, 00-
pa3ylomuxca MeXK/Iy BeKTOpaMM Ha IIJIaHaX CKOPOCTell M yCKOPeHHI, a TaKyKe MeXK/ly 3BeHbsMH Ha IIJIaHe
MexaHu3zma. OTMedeHa pPoJIb AHAJUTUYECKUX METOJIOB, C IOMOIIBIO KOTOPBIX HCCJIE/I0BAHUE KUHEMAaTHKU
MEXaHU3MOB MOXKET OBITH CZEJIaHO C BBICOKOW CTENEHBIO TOYHOCTH, OCOOEHHO BO3POCIINX B IIOCJICIHUE
oMbl B CBSI3U C T€M, UTO, UMesl AHAJUTHIECKUE BBIPAYKEHUsI, CBSI3BIBAIOIINE MEXK/y COOOl OCHOBHBIE K-
HeMaTUYeCKHe U CTPYKTyPHbIE TapaMeTphl MEXaHU3Ma, MOXKHO BCETja COCTaBUThb IIPOTPAMMYy BBIYUCJICHUN
JIJIsI CI€THO-PEIIAOIIENl MAIIMHBI U C TIOMOIIBIO MAIUHBI TIOJIYIATH BCe HEOOXOIMMBIE Pe3yabTaThl. [1puse-
JeHbl Pe3yJIbTaThbl pean3aluil IpeyIoXKEeHHOI0 aJI'OPUTMa pacdeTa Ha KOMIIBIOTEPHOW TeXHHUKe, CPaBHU-
TeJIbHBIN aHAJIU3 II0JIyYEeHHBIX JIaHHBIX U OLEHKA OTHOCUTEJILHON MOrpenrHocTy Bbraucsenus. ObocHOBaHA
NIPUTOJHOCTH Pa3pabOTAHHOrO aJrOPUTMa pactdeTa CKOPOCTER U yCKOpeHuil Todek MexaHusMa. [Ipemoxken-
HBI{ aJITOPUTM BBIYHUCIEHNA KHUHEMATHIECKUX ITapaMeTPOB KPUBOIIUITHO-IITATYHHOTO MEeXaHN3Ma I103BOJIAeT
aBTOMATHU3NPOBATh MPOIECC BBIYUCICHUS CKOPOCTEll I yCKOPEHNU, 3HAYUTE/BHO COKPAIaeT TPY/I0eMKOCTh
pacdeTa, 06eCIIeYNBaAET BBICOKYIO CTEIEHb TOYHOCTH.

Kmouesvie cA06a: KPUBOIIUITHO-IIATYHHBI MEXaHU3M, CKOPOCTh, YCKOPEHIe, aHAJIUTUIECKUNH METOJI.
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Optimization of components in development of polymeric
coatings for restoration of transport vehicles

It is proved, that for improving the performance characteristics of vehicle parts, including their corrosion
resistance and wear resistance, it is advisable to use protective polymeric composite coatings. It is shown that
in order to increase the indexes of physical-mechanical and thermophysical properties in the epoxy binder,
it is necessary to introduce additives: modifiers, plasticizers, dispersed and fiber fillers. The introduction
of dispersed additives into the epoxy binder is actual. It this case, it is effective to use fillers of different
dispersity in the complex. The influence of two-component polydispersed filler on the elasticity modulus in
flexure of the developed epoxy composite is analyzed. The critical content of a two-component polydispersed
filler is found by the method of mathematical planning of an experiment. a mixture of nanodispersed
compounds 1 (d = 20...80 nm) — 0.75...1.0 pts.wt., a mixture of discrete fibers 1 (I = 0.5...1.0 mm,
d = 18...25 pum) — 0.2 pts.wt. by the 100 pts.wt. of the epoxy oligomer ED-20. An introduction of
the two-component polydispersed filler to the epoxy binder allows significantly to increase the values of
the elasticity modulus in flexure of the protective coatings to = 4.8...5.0hPa. Additionally, the effect
of two-component polydispersed filler on the impact resilience of the developed epoxy composite was
determined. It is proved that the critical content of a two-component polydisperse filler is: a mixture
of nanodispersed compounds 2 (d = 30...40 nm) — 1.00...1.25 pts.wt., a mixture of discrete fibers
2 (1 =05...1.0 mm,d = 18...25 um) — 0.1...0.2 pts.wt. by the 100 pts.wt. of epoxy ED-20. An
introduction of the two-component polydispersed filler to the epoxy binder allows significantly to increase
the values of the impact resilience to W’ = 10.0...10.2 kJ/m?. The obtained results allow us to create
polymeric coating with improved indexes of the physical and mechanical properties in complex.

Keywords: composite, epoxy matrix, two-component polydispersed filler, method of mathematical design
of experiment, regression equation.

Introduction

It is known [1-4], that for the protection of metals and alloys from corrosion and to increase physical and
mechanical properties, widely used protective polymer composite materials (PCM). Important for the creation
of PCM with improved properties is the introduction into its composition of various chemical additives. The
content of the fillers can be controlled to influence the properties of the composite material and have a PCM
with predetermined properties in the end. At the same time, the process of the development of the composite
material is costly and takes significant time intervals to obtain reliable experimental data. In order to optimize
the composition of the polymer coating and the effectiveness of its development (decreasing the cost of materials
and time of study) and obtaining of improved properties of the material in the complex, it is relevant to use
the method of mathematical planning of the experiment.

Analyzing the scientific work of leading scientists in the direction of creating polymer materials [5-8], it
has been established that the use of materials based on epoxy resins is effective for the protection of metal
surfaces from corrosion. In the works [3-13| is proved that for the creation of PCM with improved physical
and mechanical properties in the complex, it is necessary to introduce particles of fillers of different chemical
composition and dispersion at the critical content. Taking into account the interaction on the phase boundary
«matrix-fillers, this allows to create of composite materials with improved physical and mechanical properties
in the complex.
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In this context, in order to reduce the number of experimental studies, it is proposed to carry out mathematical
experiment planning. In the previous stage, the authors of the work studied the influence of the number of
dispersed fillers on the base properties of epoxy composite material (CM). It is found the critical content of
the main and additional fillers in the polymeric matrix. In particular, as the main filler, powders which are a
mixture of nanodispersed compounds (MNDC) are used and are characterized by the following composition, %:

— MNDC 1: Si3N4 — 59,5; A1203 — 24,4; AIN - 10,1; TiN - 6,0;

— MNDC 2: Si3N4 — 85; AIF3 — 5; IH — 5; ZrH — 5.

The grains of the particles are: MNDC 1 -d = 20...80 nm, MNDC 2 — —d = 30...40 nm.

As an additional filler, a mixture of discrete fibers (MDF) from the following ingredients is used, %:

— MDF 1: viscose — 37; polyamide — 23; matka silk — 18; rong — 18; cashmere — 4;

— MDF 2: wool — 60; polyacrylonitrile (PAN) — 30; cashmere — 10.

Dimensions of the discrete fibers: I = 0.5...1.0 mm,d = 18...25 um.

However, interesting from the practical point of view is the formation of composites with two-component
filler, which, in our opinion, will allow to improve the properties of the studied CM in complex. In this context,
it is expedient and necessary to use the method of mathematical planning of the experiment, which will allow
to reduce the number of studies conducted and optimize the content of ingredients for obtaining CM with the
maximum indexes of the selected characteristics.

Aim of work — to optimize the content of two-component polydisperse filler for the protective coatings of
the transport equipment by the method of mathematical planning of the experiment.

Results and Discussion

On the first stage, for the optimization of the ingredients content into the material PCM 1 the elasticity
modulus in flexion of composites at the different content of the main and additional fillers (MNDC 1 and MDF 1
in accordance) is studied. For standardization, as well as for simplification of calculations, each component (filler)
is encoded by conditional units taking into account variations (Table 1).

Table 1

Levels of variables on conditional and natural scale for PCM 1

C Average level, | Variation step, Values of variables (PtS'Wt')’
omponents Factor that corresponding
¢, pts.wt. Aq, pts.wt. to conditional units
-1 0 +1
Main filler - MNDC 1 xl 0.75 0.25 0.50 0.75 1.00
Additional filler — MDF 1 x2 0.02 0.01 0.01 0.02 0.03

According to the experiment planning Scheme 9 experiments (N = 9) were conducted, each of which was
repeated three times (p = 3) in order to exclude system errors (Table 2).

Table 2

Scheme of experiment planning

No. of exp. (u) X X1 T2 E3 = E12 —d E4 = E% —d E1E2
1 1] -1 -1 0.33 0.33 +1
2 1 | +1] -1 0.33 0.33 -1
3 1] -1 | +1 0.33 0.33 -1
4 1 | +1]+1 0.33 0.33 +1
) 1 0 0 -0.67 -0.67 0
6 1 ] +1] 0 0.33 -0.67 0
7 1] -1 0 0.33 -0.67 0
8 1 0 | +1 -0.67 0.33 0
9 1 0 | -1 -0.67 0.33 0
SN a2, 91 6 | 6 2 2 4
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In order that planning matrix to be orthogonal [9, 11, 14, 16], the corrected values of E’ level were entered,
which were calculated by the formula:

ZuN—l zz2u (1)
N .

The expanded matrix of planning of complete factor experiment (CFE) and its results are shown in Table 2.
The mathematical model y = f (z1, £2) was formed as a regression equation:

zh = ()" —

Yy = bO +bix1 + boxa + bnxf + b22x§ + biax1To. (2)
The regression coefficients were determined by the formula
N
b' — Zu:l -Tiyi (3)
1 ZN xz .
u—1"iu
Received coeflicients of regression equation are given in Table 3.
Table 3

The coefficients of regression equation

b0 b1 b2 b11 b22 bi2
4.92 0.40 0.35 -0.73 -0.58 0.28

As a result, in the analysis of the elasticity modulus in flexure, the following regression equation was
determined:
y = 4.92 + 0.40x1 + 0.3529 — 0.732% — 0.5823 + 0.28z 5.

For the statistical processing of experiment results, a test of reproducibility of experiments by the Cochran

test was conducted: )

S,
G — U max < G . . (4)
N = Y(0,05; f1;f2)>
Zu:l 5121,
where S2,— dispersion of experiment results on combinations of few factor levels for m=3; m — number of parallel
experiments; S2u mazx — the highest dispersion in design line.

Dispersions of adequacy were determined by the formula

> iy (yi — E)z

S2, =
ur m_].

; (5)
where y;,,,— value, received from each parallel experiment; 7; — average value y, received in parallel experiments.
Mean square error was determined by formula

Zii?g o? {y}L

o {y} = 1) ) (6)

N(m —
where o2 {y}, = S0 (v — 7% 02 {Yau} = ° }{VC}’
S2
Sho = N (7)

Dispersion values are shown in Table 4.
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Table 4
Values of dispersions of adequacy (S2,) and mean square error (o2 {y},)
No. The dispersions of adequacy The mean square error
of exp. | conditional designation | value | conditional designation | value
1 S2 0.07 o? {y}, 0.14
2 S2, 0.01 o2 {y}, 0.02
3 Sz, 0.03 o2 {y}, 0.06
4 S2, 0.09 o2 {y}, 0.18
5 S2. 0.01 o? {y}s 0.02
6 S2. 0.03 o2 {y}s 0.06
7 S2, 0.03 o? {y}, 0.06
8 S2Z 0.03 o2 {y}e 0.06
9 S2 0.01 o? {y}, 0.02
Moreover:

N

> 82 =031

i=1

o? {y} = S = 0.034.
Then the calculated value of the Cochran test at the 5% level of significance:
S2
Gcalc = o ; 8
i ST "
0.09
Geate = —— = 0.290.
7031

Testing the experiment results by the Cochran test [14] for a fixed probability o = 0.05 confirmed the
reproducibility of the experiments. Dispersion of experiment results on combinations of few factor levels:
S2 hax = 0.09. Calculated value of Cochran test: Geale = 0.290.

Table value of Cochran test: Gtab — 0.478.
That is, the condition (7) is fulfilled:

Geate = 0.290 < Giap = 0.478.

Subsequently, the coefficients significance of regression equation was determined by analyzing the results
according to the experimental design (Table 5).

Table 5

The experimental results of study of the elasticity modulus in flexure of PCM 1

No. Content of components, | Elasticity modulus in flexure, | Average value,
of exp. g, pts.wt. E, hPa E, hPa
xl 2 1 2 3
1 0.50 0.01 3.0 1|34 3.5 3.3
2 1.00 0.01 3.2 3.1 3.3 3.2
3 0.50 0.03 3.3 | 3.6 3.6 3.5
4 1.00 0.03 4.2 | 4.8 4.5 4.5
5 0.75 0.02 5.0 | 4.9 5.1 5.0
6 1.00 0.02 51| 4.8 4.8 4.9
7 0.50 0.02 3.3 |33 3.6 34
8 0.75 0.03 4.5 | 4.8 4.5 4.6
9 0.75 0.01 3.9 | 4.0 4.1 4.0
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Then the dispersions of regression coefficients (Table 6) were determined by the formula
SZ
Sp = —>—. (9)
" Zf:/;l xzzu
The significance of the regression coefficients was determined by the Student’s test [14, 15]. Here with the
table (¢tm) and calculated criterion (tcalc) of Student’s test (Table 6) were determined.

Table 6
Dispersion of coefficients of regression (57) and calculated
values of Student’s criterion (tcalc)
No. Dispersion of of exp.coefficients of regression | Calculated values of Student’s criterion

of exp. | conditional designation value conditional designation value

1 S?O 0.004 t0 72.88

2 Sfl 0.006 t1 5.28

3 Si, 0.006 12 4.62

4 an 0.017 t11 5.59

5 5222 0.017 t22 4.45

6 Sfu 0.009 t12 3.0

Depending on freeness: f = N (n- 1) = 9 (3 - 1) = 18 the Student’s test value was calculated, which is
tT = 2.1.
Calculated values of Student’s test (fcalc) and coefficients significance were determined: t0, t1, t2, t11,
t22, t12 > tT.
Moreover: |
ti = o 10
7 Sbi ( )
Calculated values of Student’s criterion 0, t1, t2, t11, t22, t12 are larger than t7T, so it was considered that
all coefficients of the regression equation are significant. As a result of rejection of insignificant coefficients, the
following regression equation was received:

y = 4.92 + 0.40z1 + 0.35z5 — 0.7322 — 0.5823 + 0.28z1 5.
The adequacy of the model was checked by Fisher test [16]:

52
u max
Feale = Tg < F(O.O5;f0d;fy)7 (11)
where S2_ . = 0.09 — calculated value of dispersion of adequacy (Table 4):

G2 _ Liny S
y N
52 = 0.034 — mean square error;

So: Fealc = 2.65.

F(0.05; fou;£.)~ table value of Fisher test in 5% significance level (f = N - (k + 1) =9 - (6 + 1) = 2,
f2=N@n-1)=9(3-1)=18). So: F(t) = 3.55 [14, 15].

Calculated value of Fisher test is less than table one, so the requirement (10) is fulfilled. It is possible to
assume that equation adequately characterizes the composition.

Interpretation process of received mathematical model, as a rule, is not just determination of factors
influence. A simple comparison of absolute value of linear coefficients does not determine the relative degree
factors influence, since there are also quadratic squared terms and paired interactions. In a detailed analysis of
the received adequate model, it is necessary to take into account the fact that for a quadratic model the degree
of factor influence on the change of output value is not constant.

Dependencies that connect normalized and natural values of the variables are as follows:
9i — qio

Ag;

where ¢; — value of i experiment factor; g;o — value of zero level; Ag; — variation interval [14].

; (13)

Ty =
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Substituting these values in accordance with the formula (13) into the regression equation and transforming
it, we receive the following regression equation with the natural values of the variables:

E =10.93 — 12.04q; — 573qo — 11.68¢2 — 5800¢2 + 11201 ¢o.

Given equation in natural values allows only predicting the output value for any point in the middle of
range of factor variations. However, with its help it is possible to construct graphs of dependence of output
value (elasticity modulus in flexure of composites) from any factor (or two factors). Geometric interpretation of
the response surface is shown on Figures 1-3.

Standardized Pareto chart Main effects £
45F 3
q || | —5
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Figure 1. Standardized Pareto chart (a) and main effects (b)
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Figure 3. Contours of estimated response surface

Based on experimental studies it is set that both factors are significant. It should be noted that the effect
of the additional filler content on the parameters of elasticity modulus in flexure is higher in comparison with
the main one (according to Pareto chart). Analyzing the calculated response surface, it is determined that
the optimum parameters of elasticity modulus in flexure have developed epoxy composite with two-component
polydispersed filler with the following content of particles: MNDC 1 — 0.75...1.0 pts.wt., MDF 1 — 0.2 pts.wt.
(E = 4.8...5.0 hPa).

On the second stage for optimization of the ingredients content in the material PCM 2 the impact resilience
of the composites with different content of the main and additional fillers (MNDC 2 and MDF 2 in accordance)
was studied. For standardization, as well as for simplification of calculations, each component (filler) is encoded
by conditional units taking into account variations (Table 7).
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Table 7

Levels of variables on conditional and natural scale for PCM 2

Components Factor Average level, | Variation step, | Values of variables (pts.wt.), that

q, pts.wt. Aq, pts.wt. corresponding to conditional units
-1 0 +1
Main filler — MNDC 2 xl 1.00 0.25 0.75 1.00 1.25
Additional filler — MDF 2 2 0.02 0.01 0.01 0.02 0.03

Similarly, to the above calculations scheme, the composition of the CM was optimized according to the values
of the impact resilience. The encoding of natural components values and the experimental design scheme are
chosen according to Table 2 and Table 7.

In the process of study results analysis of composites impact resilience, the following values of the regression
coefficients were received (Table 8).

Table 8

The coefficients of regression equation

b0 b1 b2 b11 b22 bi2
9.18 0.42 -0.22 -0.22 -0.12 -0.15

As a result, the following regression equation was found:

y = 9.18 + 0.42x; — 0.22z5 — 0.2227 — 0.1223 — 0.1521x5.

For statistical processing of experiment results, a test of experiments reproducibility was conducted according
to the Cochran test [14].
Dispersions values that were calculated by formula (5-7) are shown in Table 9.

Table 9

2

Values of dispersions of adequacy (S7;

) and mean square error (o2 {y},)

No. The dispersions of adequacy The mean square errors
of exp. | conditional designation | value | conditional designation | value
1 S2, 0.010 o2 {y}, 0.020
2 S2, 0.010 o? {y}, 0.020
3 SZ, 0.010 o2 {y}, 0.020
4 S2, 0.030 o2 {y}, 0.060
5 Sz, 0.010 o2 {y}s 0.020
6 S, 0.040 o2 {y}s 0.080
7 Sz, 0.040 o2 {y}, 0.080
8 S2g 0.010 o2 {y}e 0.020
9 S2, 0.010 o2 {y}, 0.020

Moreover:

N
> 82 =0.170;
i=1

o? {y} = S = 0.019.
Calculated value of the Cochran test at the 5% significance level was determined by formula (8):

0.040
Gcalc = m = 0235

Testing the experiment results by the Cochran test [9, 14, 15] for a fixed probability a = 0.05 confirmed
the experiments reproducibility. Dispersion characterizing dispersal of the experiments results in combination
of few factor levels: S? = 0.040. Calculated value of Cochran test: Gcalc = 0.235.

u max
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Table value of Cochran test: Gtab = 0.478.
So, the requirement is fulfilled:

At the next stage, the coefficients significance of regression equation is determined, analyzing the results

Geale = 0.235 < Gygp = 0.478.

according to the experimental design (Table 10).

The experimental results of study of the impact resilience of PCM 2

No. of exp Content of components, | Impact resilience, | Average value
‘ ‘ g, pts.wt. W’, kJ/m2 W’, kJ/m2
1 x2 1 2 3
1 0.75 0.01 89 | 88 | 87 8.8
2 1.25 0.01 10.3 | 10.1 | 10.2 10.2
3 0.75 0.03 81 | 83 | 8.2 8.2
4 1.25 0.03 89 | 92 | 89 9.0
5 1.00 0.02 10.0 | 10.1 | 9.9 10.0
6 1.25 0.02 89 | 85 | 87 8.7
7 0.75 0.02 82 | 86 | 84 8.4
8 1.00 0.03 88 | 9.0 | 89 8.9
9 1.00 0.01 83 | 85 | 84 8.4

Subsequently, dispersion of regression coefficients is determined by formulas (9-10). The significance of
regression coefficients is determined according to Student’s criterion, which Table value is tT = 2.1 [15, 16].
Calculated values of Student’s criterion are shown in Table 11.

Table 11

Dispersion of coefficients of regression (S?) and calculated values of Student’s criterion (tcalc)

No. Dispersion of coefficients of regression | Calculated values of Student’s criterion

of exp. | conditional designation value conditional designation value

1 Sl%o 0.002 to 198.05

2 Sfl 0.003 t1 7.43

3 ng 0.003 t2 3.86

1 S 0.009 t11 2.23

5 Sy 0.009 122 1.20

6 S, 0.005 t12 2.2

Calculated values of Student’s criterion t0, t1, t2, t11, t12 are larger than t7, so it is considered that
coefficients b0, b1, b2, b11, b12 of regression equation are significant. Calculated value t22, is smaller than ¢T,
so coefficients 022, is insignificant. As a result, the following regression equation is received:

y =9.18 4 0.42x1 — 0.2225 — 0.225(}% — 0.152125.

The adequacy of the model was checked by Fisher’s test [15, 16].

Calculated value of adequacy dispersion: S2 = 0.04 (Table 9).

The mean square error: 55 = 0.019.

So: Floqi. = 0.475.

F(0,05; fw:f,)~ table value of Fisher’s test in 5% significance level (F(t) = 2.77) [15, 16].

Calculated value of Fisher’s test is smaller than table on, so requirement (11) is fulfilled. Consequently, the
equation adequately shows the composition formula.

After transformations in accordance with formula (13), the following regression equation with the natural
values of variables was received:

W' =3.22 + 9.92¢; + 38¢2 — 3.52¢% — 60q1¢s.
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Geometric interpretation of response surface is shown on Figures 4—6.

Standardized Pareto chart Main effects y
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Figure 4. Standardized Pareto chart (a) and main effects (b)
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Figure 6. Contours of estimated response surface

Received results indicate that both factors of regression equation are significant. In the process of analysis,
it was determined that the impact resilience values show maximum values for the fillers contents: MNDC 2 —
1.00...1.25 pts.wt., MDF 2 — 0.1...0.2 pts.wt. (W’ = 10.0...10.2 kJ/m2). With further increase the content
of particles the decreasing of impact resilience was observed. Therefore, it is advisable to add two-component
polydispersed filler with the aforementioned content into modified epoxy matrix to improve performance in the
repair of marine transport elements.

Conclusions

The critical content of a two-component polydispersed filler is found by the method of mathematical planning
of the experiment: a mixture of nanodispersed compounds 1 (d = 20...80 nm)——0.75...1.0 pts.wt., a mixture
of discrete fibers 1 (I = 0.5...1.0 mm,d = 18...25 um)——0.2 pts.wt.bythel00 pts.wt. of the epoxy oligomer
ED-20. An introduction of the two-component polydispersed filler to the epoxy binder allows significantly to
increase the values of the elasticity modulus in flexure of the protective coatings to = 4.8...5.0 hPa.
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It is proved that in order to create a composite material with improved impact resilience, it is necessary

to introduce: a mixture of nanodispersed compounds 2 (d = 30...40 nm) — —1.00...1.25 pts.wt., a mixture
of discrete fibers 2 (I = 0.5...1.0 mm,d = 18...25 pm) — —0.1...0.2 pts.wt. by the 100 pts.wt. of epoxy
ED-20. At the same time, the values of impact resilience increase to the W’ = 10.0...10.2 kJ/m2. The

obtained results allow us to create materials with improved indexes of the physical and mechanical properties
in complex. These materials can be used in the form of protective coatings to improve the performance and
repair of parts of transport equipment.

The publication contains the results of studies conducted by President’s of Ukraine grant for competitive
projects (Development of polymer nanocomposite coatings for corrosion protection of equipment and military
machinery. Regulation of the president of Ukraine No. 105/2018-rp) of the State Fund for Fundamental Research.
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ABTOKeOJIIKTepai KAJIIbIHA KEeJATIPY VIOIH MOJMMEPJIK >KaObIHIapIbIH
NaMybIHIaFbl KOMIIOHEHTTEP/Ii OHTANJIAHIBIPY

ABTOKeOJIIK KypaJJapbIHbIH, OOJIKTEpiHiH, COHBIH, IIHAE OJAPIBIH KOPPO3UAFa KApPCHl KACHETTEPIH KoHE
TO3yFa TO3IMJIIJINH »KaKCapTy YIIiH, KOPFAHBIII TOJTUMEPJIi KOMIIO3UTTI »KaObIHIAPIbI Al 1aJaHy YChIHbI-
JIaIbl. DIMOKCUATI 6AIAHBICTBIPYIIBI (PU3NKA-MEXAHUKAJIBIK, >KOHE JKBLTYJIBIK, KACUETTEPIH YKAKCAPTY VIIiH
KOCTIAJIAPIbl: MOAUMUKATOPIIAP/IBI, IACTU(MUKATOPIAPIBI, AUCIEPCTI YKOHE TAJIIBIKTHI TOJITBIPFBIIIITAD-
JIbI €HTI3Y KarKeT. JMOKCUATI 6ailIaHbICTBIPFBIIIKA IUCIIEPCT] KOCIAIAP/Ibl €HI13y ©3€KTi OOJIBIIT TaObLIAIbI
JK9He KelleHJe 9PTYPJI JUCIEPCTi TOJITBIPFBINITAPIBI KoJtaHyFa TuiMal. ExikommoneHTTi mosmmucnepc-
Ti TOJTBIPFBINITHIH, JAMBIFAH 3MOKCHATI KOMIIO3UTTIH Uiy Ke3iHZe CepHiMIi MOJIyJbre 9cepi TaIJaHIIbl.
EKiKOMIIOHEHTTI TTOJIUIUCTIEPCTIK TOJITBHIPFBINITHIH, CHIHA Ma3MYHbBI 9KCIIEPUMEHTTIH MAaTEeMaTHUKAJIBIK, KOC-
mapsay SficiMeH aHBIKTAJIbl: HAHOMUCIEPCTI KOCBLIBICTapbly Kocmachl 1 (d = 20 ... 80 um) - 0,75 ...
1,0 macc. BesmekTep, muckperTik TammbikTapasH, kocnackl 1 (1 = 0,5 ... 1,0 mm, g = 18 ... 25 Mxwm) -
0,2 Br.4. 100 BT.4. smokcuari onuromep ED-20. EKikoMIIOHEHTT] TOHAMCIEPCTI TONTHIPFBIIITHIH SITOKCHITI
GailTaHBICTHIPYIIBI KypaJibiaa Kipice E = 4.9 ... 5.0 I'[la geitin kopraHbI KabaTTAP/IBIH, ULITIIT MOTYJIiH
e/Pyip apTThipa anaabl. byman 6acka, eKIKOMIIOHEHTT] MOIUAUCIEPCTI TOATHIPEBINITHIH, JAMBIFAH STTOKCH/I-
TiK KOMIIO3UTTIH COHFBIFa TO3IMILTIriHE 9cepi Oenriieri. EKIKOMIIOHEHTTI HOJIUIUCIIEPCT] TOJTBIPEBIIITHIH,
CBIHM Ma3MYHBI: HAHOAUCIIEPCTI KOChLIbICTapabiH Kocnack! 2 (d = 30 ... 40 am) - 1,0 ... 1,25 maccasusik 6o
IIEKTEp, AMCKPETTIK TAJMBIKTAPABIH Kocrmacet 2 (i = 0,5). .. 1.0 mm, d = 18 ... 25 mxm) - 0,1 ... 0,2 macc. 6.
100 macc. 6. snokcuari osuromep ED-20. EKiKOMIOHEHTTI HOJUAMCIIEPCTI TOMTHIPFBINITHI STOKCUIT] Oaii-
MaHBICTHIPFEINKA errisy W = 10,0 ... 10,2 xJIx / M? feiiin ocep eTy KyIIiH ailTap/IbIKTail apTTHIPA AJIa/IbL.
AutbiHraH HoTHXKENEP Kyp/esl (pu3nKa-MexaHUuKaJIbIK, KacueTTepi 6ap moauMepsi *KaObIHIbI YKacayFa MyM-
KiHJiK Oepe/i.

Kiam cosdep: KOMIIO3UT, SIIOKCUJITI MATPHUIA, EKIKOMIIOHEHTTI TIOJIMIUCIIEPCTIK TOJTHIPFBII, SKCIIEPUMEHTTI
MaTEeMAaTUKAJIBIK YKOCIapJay 9/IiCi, perpeccust TeHIEYi.
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OnTuMu3aliuss KOMIIOHEHTOB TP pa3paboTkKe MOJIMMEPHBIX MOKPBITHI

130

AJIsl BOCCTaHOBJIEHUA CpeACTB TPaHCIIOPTa

OG6oCHOBaHO, YTO JIJIsI TIOBBINIEHUS] IKCILIYATAIMOHHBIX XapaKTEPUCTUK JEeTaJieli TPAHCIIOPTHBIX CPEJICTB,
B TOM YHCJI€ WX AHTUKOPPO3UIHBIX CBOWCTB W M3HOCOCTONKOCTH, IeJIeCO00PA3HO UCIOIB30BATH 3AIUTHBIE
MIOJIMMEPHbIE KOMIIO3UTHBIE TOKPbITUS. [l0Ka3aH0, YTO /15 TOBLIIIIEHNS TOKa3aTes el HU3NKO-MEeXaHTIECKUX
¥ Tenao(pU3NIECKUX CBOWCTB B 3MOKCHUIHOE CBSI3YIOIIee HEOOXOIMMO BBOJIWUTH JIO0OABKM: MOIU(DUKATOPHI,
JIACTU(PUKATOPDI, JUCIIEPCHBIE U BOJOKHUCTHIE HAIOJHUTEIU. AKTYaJIbHBIM sIBJISIETCS BBEJICHUE B JIOK-
CHJIHOE CBS3YIOIee NUCIEPCHBIX T00ABOK, MpudueM 3(PDEKTUBHO HCIOIb30BATH HAIOIHUTEIN PA3TUIHON
JIUCIIEPCHOCTH B KOMILIEKCe. [IpoaHaIn3npoBaHO BJIMSIHUE JBYXKOMIIOHEHTHOTO IOJIUIUCIIEPCHOTO HAIOJI-
HUTEJIS HA MOJLYJ/Ib YIIPYTOCTH TPU U3rube paspabOTAHHOrO SMOKCUIHOTO KoMmmo3nuTa. Meromom mMareMaTn-
YeCKOr'0 IJIAHUPOBAHUS IKCIEPHUMEHTA YCTAHOBJIEHO KPUTUIECKOE COJEPKAHNE JBYXKOMIIOHEHTHOT'O IIOJIN-
JIICIIEPCHOTO HAIIOJIHUTEJIsT: CMeCh HaHoauciiepcHbix coeputennii 1 (d = 20 ... 80 um) — 0,75 ... 1,0 macc. 4.,
cmech auckperHbix Bosokon 1 (1 = 0,5 ... 1,0 mm, d = 18 ... 25 mxMm) — 0,2 macc.a. ma 100 macc.q. In0k-
cugHOoro onmromepa DJ/1-20. BeemeHnue B SMOKCHIHOE CBS3YIOIIEE JIBYXKOMIIOHEHTHOTO IIOJIMIMCIEPCHOTO
HAIIOJTHUTE/IsI TTO3BOJISIET 3HAYUTE/IFHO MOBBICUTH ITOKA3ATE M MOJYJIsl YIPYTOCTH MPW W3rHbe 3alUTHBIX
nokpertuit 70 £ = 4,9 ... 5,0 I'lla. lonmosanTeIbHO YCTAHOBIEHO BIIMSHUE IBYXKOMIIOHEHTHOTO TIOJIU/IHC-
IIEPCHOT'O HAIIOJIHUATENS Ha YIAPHYIO BS3KOCTH Pa3pabOTAHHOTO SIMOKCHUIHOTO KOMIo3uTa. JlokazaHo, 4To
KPUTHUYECKOE COJIEPKAHME JIBYXKOMIIOHEHTHOI'O TOJIUIUCIIEPCHOTO HATIOJHUTENISI: CMECh HAHOMCIIEPCHBIX
coemmuennii 2 (d = 30 ... 40 am) — 1,0 ... 1,25 macc.q., cmech auckperabx Bosokon 2 (1 = 0,5 ... 1,0 v,
d=18... 25 mxm) — 0,1 ... 0,2 macc.4. Ha 100 macc.d. snokcnanoro onuromepa /1 -20. Beenenune B snoxkcn-
HOE CBSI3YIOIIEE JBYXKOMIIOHEHTHOTO TOJIMIUCIIEPCHOTO HATIOJTHUTEIS BEJET K 3HAYUTETHHOMY MOBBIIIIEHUIO
nokazaresneit yaapHoi Baskoctn 10 W = 10,0 ... 10,2 x/Ixx /M2, TlosyueHHbIe Pe3y/IbTATHI TTO3BOISAIOT CO-
3/1aTh ITOJIMMEPHOE ITOKPBITHE C Y1y YIIIEHHBIMU B KOMILJIEKCE ITOKA3ATEIIMU (PUINKO-MEXAHNIECKIX CBONCTB.

Kmouesvie cr06a: KOMIO3UT, SMOKCUIHAST MATPHUIA, IBYXKOMIIOHEHTHBIA MOJIMIUCIEPCHBIN HAIIOJIHUTE D,
MeTOJ, MaTeMaTUIeCKOIo IJIAHUPOBAHUSA 9KCIIEPUMEHTa, yPaBHEHHE PErPeCcCUu.

References

Xinyu, Li., Liang, G., Xinyu, S., Chaoyong, Zh., & Cuiyu, W. (2010). Mathematical modeling and
evolutionary algorithm-based approach for integrated process planning and scheduling. Computers and
Operations Research, Vol. 87, 4, 656—667.

Buketov, A.V., Brailo, M.V, Kobelnik, O.S., & Akimov, O.V. (2016). Tribological properties of the epoxy
composites filled with dispersed particles and thermoplastics. Materials Science, Vol. 52, 1, 25-32.

Buketov, A.V., Sapronov, O.0., Buketova, N.N., Brailo, M.V., Marushak, P.O., Panin, S.V., &
Amelin, M.Yu. (2018). Impact toughness of nanocomposite materials filled with fullerene C60 particles.
Composites: Mechanics, Computations, Applications: An International Journal, Vol. 9, 2, 157-177.
Brailo, M., Buketov, A., Yakushchenko, S., Sapronov, O., Vynar, V., Kobelnik, O. (2018). The Investigation
of Tribological Properties of Epoxy-Polyether Composite Materials for Using in the Friction Units of
Means of Sea Transport. Materials Performance and Characterization, Vol. 7, 1, 275-299.

Sandler, J., Shaffer, M.S.P., Prasse, T., Bauhofer, W., Schulte, K., Windle, A.H. (1999). Development
of a dispersion process for carbon nanotubes in an epoxy matrix and the resulting electrical properties.
Polymer, Vol. 40, 21, 5967-5971.

Dobrotvor, I.G., Stukhlyak, D.P.; Buketov, A.V., Mykytyshyn, A.G., Zolotyi, R.Z., & Totosko, O.V.
(2018). Automation research of thermal and physical characteristics of particulate-filled epoxy composites.
Bulletin of the Karaganda University. Mathematics series, Vol. 2, 90, 93-104.

Buketov, A.V., Akimov, A.V., Nigalatiy, V.D., Brailo, N.V., & Ali Andan Mansur, Al-Dzhavakheri.
(2017). Primenenie metodov matematicheskoi statistiki dlia optimizatsii sostava zashchitnykh pokrytii
[Application of methods of mathematical statistics to optimize the composition of protective coatings|. Ves-

tnik Karahandinskoho universiteta. Seriia Matematika — Bulletin of the Karaganda University. Mathe-
matics Series, Vol. 1, 85, 17-27 [in Russian].

Bectnuk Kaparanmgurckoro yHuBepcureTa



Optimization of components in development of polymeric coatings ...

10

11

12

13

14

15

16

Hussain, Manwar, Nakahira Atsushi and Niihara Koichi (1996). Mechanical property improvement of
carbon fiber reinforced epoxy composites by Al203 filler dispersion. Materials Letters, Vol. 26, 3, 185—
191.

Brailo, M.V., Buketov, A.V., Yakushchenko, S.V.; Sapronov, O.0., & Dulebova, L. (2018). Optimization
of contents of two-component polydispersed filler by applying the mathematical design of experiment in
forming composites for transport repairing. Bulletin of the Karaganda University. Mathematics series,
Vol. 1, 89, 93-104.

Buketov, A., Maruschak, P., Sapronov, O., & et al. (2016). Enhancing performance characteristics of
equipment of sea and river transport by using epoxy composites. Transport, Vol. 31, 8, 333-342.
Sapronov, 0.0. (2013). Optymizatsiia skladu zakhysnoho pokryttia metodom matematychnoho planu-
vannia eksperymentu [Optimization of the protective coating composition by the method of mathematical
planning of the experiment]. Zahalnoderzhavnii mizhvidomchii naukovo-tekhnichnii zbirnyk. Konstruiu-
vannia, vyrobnytstvo ta ekspluatatsiia silskohospodarskykh mashin — National inter-scientific scientific

and technical collection. Constructproduction, and operation of agricultural machines, Vol. 2, 43, 260—
267. Kirovohrad: KNTU [in Ukrainian].

Duleba, B., Greskovic, F., Dulebova, L., & Jachowicz, T. (2015). Possibility of Increasing the Mechanical
Strength of Carbon Epoxy Composites by Addition of Carbon Nanotubes. Materials Science Forum:
Surface Engineering and Materials in Mechanical Engineering, Vol. 818, 299-302.

Buketov, A., Maruschak, P., Sapronov, O., Brailo, M., Leshchenko, O., Bencheikh, L. & Menou, A.
(2016). Investigation of thermophysical properties of epoxy nanocomposites. Molecular Crystals and
Liquid Crystals, Vol. 628, 1, 167-179.

Bondar, A.G., , & Statyukha, G.A. (1976). Planirovaniie eksperimenta v khimicheskoi tekhnolohii (osnov-
noe polozhenie, primery i zadachi) [Planning an experiment in chemical technology (basic position,
examples and tasks)]. Kiev: Vishcha shkola [in Russian]|.

Penenko, V.V. (1981). Matematicheskie metody planirovaniia eksperimenta [Mathematical methods of
experiment planning/. Novosibirsk: Nauka [in Russian|.

Grushko, I.M., Popov, V.V., Krutov, & et al. (1989). Osnovy nauchnykh issledovanii [Basics of scientific
research]. Moscow: Vysshaia shkola [in Russian].

Cepust «Maremarukas. Ne 4(92)/2018 131



UDC 621.941.025.7

V.A. Nastasenko, M.V. Babiy, V.O. Protsenko

Kherson State Maritime Academy, Ukraine
(E-mail: M Babiy@ukr.net)

Mathematical model of cutting process of cutting tools with a
side-mounted multifaceted, requiring no sharpening plates

The article presents the results of experimental research of the cutting process with cutoff tools with
laterally mounted multifaceted unresharpenable plates (MUP), which allowed to confirm their efficiency
and progressiveness. As a result of research and experimental data processing, for the first time, the
mathematical models were obtained that adequately describe force parameters (Pz and Py) of cutting
process by the proposedcutoff tools. The rational values of rake and relief angles are determined.

Keywords: assembled cutoff tool, multifaceted unresharpenable plate, mechanical mounting.

Trends in the development of modern tool production determine the widespread implementation into
the machine-building industry of metal-cutting assembled tools with mechanical mounting of multifaceted
unresharpenable plates (MUP). The conditions of operation of this type of tools significantly affect the way of
mounting and fixing of the cutting plates. From the literature sources [1, 2] radial and tangential mounting of
MUP are known (Fig. 1). In case of the radial mounting of MUP (along the front surface), the cutting force acts
on a smaller overcutting of the plate, which limits the permissible feed of the instrument. With the tangential
mounting of MUP (along the back surface), the force of cutting takes up larger overcutting of the plate and
therefore a significant increase in feed is allowed.

a) b)

a) radial b) tangential
Figure 1. Ways of MUP mounting

However, none of these mounting methods presupposes the use of MUP for assembled cutoff tools due to
the large cutting area width.

The attempts to use MUP for cutoff tools at their lateral installation (along the lateral surface) are known
and lateral fixing to cutter body (Fig. 2) [3]. The disadvantages of these designs are the complexity of the design
of the plates, the low reliability of MUP fixing, the limitation of the depth of the grooves due to MUP basing
simultaneously on the supporting and thrust surfaces - up to 6.5 mm, which limits the scope of the use of these
cutting tools.

| a7

Figure 2. Groove cutters with lateral mounting of multifaceted plates

In order to eliminate the disadvantages listed above, the authors [4] for the first time proposed a new
«lateral> scheme of installation of a multifaceted unresharpenable plate and on its basis a design of a cut-off
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tool with a laterally mounted MUP (Fig. 3, 4), consisting of a holder (1), hook (2), screw (3), and multi-faceted
unresharpenable plate 4. In this design of the cutting tool, locating and fixing of MUP is carried out only on
the thrust surfaces, which significantly increases the length of the cutting part and makes it possible to perform
cutting of rods with a diameter of up to 24 mm.

4 2 3 1

[

i |
1
Al

—KX

Figure 3. Design of assembled cutoff tool Figure 4. General view of cutoff tool
with lateral mounting of MUP with lateral mounting of MUP

However, the force parameters (Pz and Py) of the cutting process with the proposed cutting tools remain
unexplored till now, and as a result, the rational geometrical parameters of the proposed tools (the value of
rake v and relief « angles), which is proposed to be performed in this paper.

Research results

Experimental investigations of the cutting process by cutoff tools with laterally mounted MUP were performed
in laboratory conditions on a screw-cutting lathe of 1K62 model (Fig. 5).

Figure 5. General view of experimental study of force parameters of cutting process with cutoff tool

The cutting forces were determined with the help of an electric universal dynamometer UDM-600 with a set
of amplifying and indicating equipment. Measurements of the components of the cutting forces were carried out
experimentally on two axes of coordinates: Pz — vertically; Py — perpendicularly to the axis of the workpiece.
In experimental studies, cylindrical workpieces were used. The outer diameter of the workpieces was D = 20
mm. The material of processed workpieces was Steel 45.

In the first series of experiments, three experiments were carried out to measure the cutting forces at different
values of cutting speed of vl = 20 m/min, v2 = 31.4 m/min, v3 = 40 m/min, but with a fixed value of rake
angle v = —5° and feed s1 = 0.07 mm/rev. The value of the components of the cutting forces in each experiment
was entered in Table 1.

In the 2nd series of experiments, 3 experiments were carried out to measure the cutting forces at different
values of cutting speed v1 = 20 m/min, v2 = 31.4 m/min, v3 = 40 m/min, but with a fixed value of rake angle
v = —5° and feed s4 = 0.12 mm/rev.

In the 3rd series of experiments, 3 experiments were carried out to measure the cutting forces at different
values of cutting speed v1 = 20 m/min, v2 = 31.4 m/min, v3 = 40 m/min, but with a fixed value of rake angle
v = —6° and feed s2 = 0.074 mm/rev.

In the 4th series of experiments, 3 experiments were carried out to measure the cutting forces at different
values of cutting speed v1 = 20 m/min, v2 = 31,4 m/min, v3 = 40 m/min, but with a fixed value of rake angle
v = —6° and feed s3 = 0.097 mm/rev.

In the 5th series of experiments, 3 experiments were carried out to measure the cutting forces at different
values of cutting speed v1 = 20 m/min, v2 = 31,4 m/min, v3 = 40 m/min, but with a fixed value of rake angle
~v = —8° and feed s2 = 0,074 mm/rev.
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In the 6th series of experiments, 3 experiments were carried out to measure the cutting forces at different
values of cutting speed v1 = 20 m/min, v2 = 31.4 m/min, v3 = 40 m/min, but with a fixed value of rake angle
v = —8° and feed s3 = 0.097 mm/rev.

Let us derive the equation of vertical (main) Pz and radial Py of the cutting forces components for each fixed
value of rake angle vy according to the experimental data presented in Table 1. In this case, the components of
the cutting forces are functions of the arguments: the feed S (mm/rev) and the cutting speed V (m/min). Since
the measurement of the components of the cutting forces was performed for two values of the feed S (mm/rev),
the response surface can be restored as lined one.

Table 1

Results of experimental data of the research of cutting process with
cutoff tools with lateral mounting of MUP

. Cutting force
Series No. | Experiment No. Cutting modes components
v, degrees | S, mm/rev | n, rev/min | v, m/min | Pz, N | Py, N
1 1 -5 0.07 315 20 1600 650
2 -5 0.07 500 314 2000 780
3 -5 0.07 630 40 2225 920
2 4 -5 0.12 315 20 1600 650
5 -5 0.12 500 314 1900 780
6 -5 0.12 630 40 2250 940
3 7 -6 0.074 315 20 1500 600
8 -6 0.074 500 314 1800 720
9 -6 0.074 630 40 2225 920
4 10 -6 0.097 315 20 1815 650
11 -6 0.097 500 314 1900 780
12 -6 0.097 630 40 2100 820
) 13 -8 0.074 315 20 2225 920
14 -8 0.074 500 314 2400 940
15 -8 0.074 630 40 2600 1100
6 16 -8 0.097 315 20 2720 | 1180
17 -8 0.097 500 314 2720 1180
18 -8 0.097 630 40 3100 | 1310
7 19 - 10 0.07 315 20 2400 940
20 - 10 0.07 500 314 2700 | 1080
21 -10 0.07 630 40 3100 | 1310
8 22 -10 0.12 315 20 3250 | 1380
23 - 10 0.12 500 314 3330 | 1395
24 - 10 0.12 630 40 3540 1415
As it is know, the line surface has the following equation:
P(S;V) = f(0;V)- (1 —w) + f(1;V) - w, (1)

where w is normalized value (0 < w < 1), which corresponds to the variable S, being connected with the former

by the following formula:

_S=5

S-S

where Sy is the first and S - the last experimental value of the feed S.
The formula (2) transforms the segment [S1; Sk] to unit segment [0; 1].
The functional dependences f(0;V) and f(1;V) at fixed feed values S are obtained by the least square

method (LSM) by setting unknown values of the coefficients a and b in the formulas:

w

(2)

F0;V) =aVP;  f(LV) =a V™. (3)
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For the realization of LSM we apply CAS Maple 15, namely the Nonlinear Fit command from the Statistics
package, which performs nonlinear approximation of experimental data [5]. Applying it to experimental depen-
dencies (Vi; Pi) for all cases of fixed values of rake angle v and feed S, we obtain the analytic dependencies of
the form (3), which are given in Table 2.

Table 2
Analytical dependences f (0; V) and f (1;V), reestablished by means of experimental data

v, degrees P, P,
f(0;;V) f(L5V) f(0;;V) f(L5V)
-5 386.094 - VU470 [ 358.601 - V0493 | 141.908 - V0-503 | 127.914 . y/0-536
-6 260.391 - V0575 [ 985.635 - VO-195 | 87.988 - V0628 [ 299 075 . V0248
-8 1139.795 - VO0-221 1 1579.327 . VO-17% | 429,294 . V0-246 | 768142 . V0-138
-10 788.178 - VU367 1 2273.029 - VU117 | 217.021 - V0480 [ 1242.151.7/0-035

According to the formula (2) let us calculate the values of the expressions w and (1-w) for each fixed value

of the rake angle . The results of calculations are presented in Table 3.

Table 3
Expressions of normalized variable w and (1-w), found from experimental data
v, degrees w (1-w)
) 20.000S — 1.400 | 2.400—20.000S
-6 43.4785 — 3.217 | 4.217—43.478S
-8 43.4785 — 3.217 | 4.217—-43.4785
-10 20.000S5 —1.400 | 2.400—20.000S

Substituting found expressions from Tables 2 and 3 in the formula (1), we obtain the approximating equations

for the vertical (main) P, (Table 4) and the radial P, components of the cutting forces (Table 5).

Table 4
Approximation equation of the vertical (main) component of the cutting force P,
v, degrees Equation Maximum relative error, %
-5 (386.094 - VO-176) (2.400 — 20.0005) + 3.4
+ (358.601 - V0+493) (20.0005 — 1.400)
—6 (260.391 - VO-575) (4,217 — 43.4785) + 6.5
+ (985.635 . V0'195) (434785 — 3.217)
-8 (1139.795 . V0'221) (4.217 — 43.4785) + 5.8
+ (1579.327 - VO-174) (43.4785 — 3.217)
-10 (788.178 - VO-367) (2.400 — 20.0005) + 3.3
+ (2273.029 - V117) (20.000S — 1.400)
Table 5
Approximation equation of the radial component of the cutting force P,
v, degrees Equation Maximum relative error, %
-5 (141.908 . V0'503) (2.400 — 20.0005) + 3.9
+ (127.914 - V0-536) (20.0005 — 1.400)
6 (87.988 - VO-528) (4.217 — 43.4785) + 8.2
+ (299.075 - V0-248) (43.4785 — 3.217)
-8 (429.294 . V0'246) (4.217 — 43.4785) + 6.5
+ (768.142 - VO-138) (43.4785 — 3.217)
-10 (217.021 - V480 (2.400 — 20.0005) + 5.3
+ (1242.151 . V0‘035) (20.0005 — 1.400)
Graphs of line surfaces P, (S;;V) i P, (S;;V)are given in Figures 6, 7.
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Figure 6. Graphs of line surfaces P,(S; V)
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Conclusions

Experimental studies of the cutting process with proposed cutting tools with laterally mounted MUP, carried
out in laboratory conditions, allowed to confirm their performance. As a result of these studies and the processing
of experimental data, mathematical models were first obtained that adequately describe the force parameters
(Pz and Py) of the cutting process with the proposed cutting tools. It is found that it is inappropriate to perform
negative rake angles v> -60, since this results in a significant increase in the cutting forces and relief angles
must not be o <60, as this leads to the rubbing on the back surface. There are no other principal differences
in the cutting conditions by proposed cutting tools and MUP from those previously known, which allows to
consider, with high level of reliability, that all the basic modes of their operation and performance indicators
are identical.
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B.A. Hacracenko, M.B. Babwuit, B.O. IIporenko

ByiiipJi opHaTblIFaH KONKBIPJIbI KalipaJMalThIH ILJIACTUHAJIAPIbI
KeClJITeH KecKinITepMeH Kecy MPOIIEeCiHiH MaTeMaTUKaJIbIK MOJdei

MakaJsaga Oyitipsii OpHATBIIFAH KOIKBIPJIbI KaflpaaMaiThIH [IJIaCTUHAJJIAP/IbI KECIJIreH KeCKIITepMeH Kecy
IIPOIIECiHIH SKCIIepUMEHTAJIABI 3ePTTEYIIED, OJIAPIBIH, 2KYMBIC 2Kacay MYMKIHJIIrN MeH IPOrPEeCCUBTIIIriH pac-
TaNTHIH HOTHKeIEePi OepinreH. 3epTTey epai XKYpris3y KoHe IKCIIEPUMEHTAJIIbI HOTUKEIEP/Il OHIeY HOTHIKE-
ciHJIe YCBIHBLIBIN OTBIPFAH KecKimrepMen kecy npouecinin (Pz xxone Py) Ky napamerpiepid cunartaiTbia
aJIFAIIKbI PET MaTEMATHKAJIBIK MOJEIbIEP] ajablHFaH. AJIBIHFBI 2KOHE apTKbl OYPBIIITAD/IBIH PAIMOHAJ B
MOH/IEP] KeJITipijreH.

Kiam cesdep: KuHaJFaH KECETIH KECKII, KOMKBIPJBl KAWpaIMaiTBHIH KEeCEeTiH MJIACTHHA, MEXAHUKAJIBIK,
OekiTkir.

B.A. Hacracenko, M.B. Babwuii, B.O. IIponenko

Maremarudeckas MOJeJIb IIpoLecCa pe3aHnd OTPE3HbIMU pPe3lnaMn
c OOKOBOI1 yCTaHOBKOﬁ MHOT'OT'PaHHBbIX HellepeTadMBaeMbIX ITJIaCTHH

B crarbe mpeacrasiieHbI pe3ysbTaThl SKCIEPUMEHTAILHBIX HCCJIEIOBAHUAN IIPOLECCa PE3aHMsl OTPE3HBIMU
pesnaMu ¢ GOKOBO# YCTAaHOBKOI MHOTOTDAHHBIX HENEPeTadYNBAEMBIX IIJIACTHH, ITO3BOJIMBIINE IIO/ITBEPIAUTH
nx paboTOCIOCOOHOCTD U MPOTrPECCUBHOCTL. B pe3ysbrare BLIIOJHEHUS NCCIIEIOBAHAN U 00pabOTKI IKCIIe-
PUAMEHTAJILHBIX JAHHBIX BIIEPBbLIE ITOJIYI€HbI MATEMATHIECKNE MOJEJIN, aIeKBATHO OIMCHIBAIONINE CUIOBbIE
napamerpsl! (Pz u Py) nponecca pesanus npemiaraembpiMu pesnamu. Onpe/iesieHbl palioHaIbHbIe 3HAYCHUS
IIepeJIHEro U 33/IHETO YIJIOB.

Karoueswie caosa: cOOPHBIN OTPE3HO pe3ell, MHOIOIDaHHas HellepeTadnBaeMasl PeXKyIast IIJIaCTUHA, MeXa-
HUYECKOE KPeIlJIEHUE.
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Calculation of continuous beams taking into account
the elastic compliance of supports

This work considers multispan structures (beams, columns) supported on intermediate elastically compliant
supports. The structures are also extensively used in high-rise construction. The research is carried out by
an exact analytical force method, based on the equation of five moments. The basic resolving equations are
given. The work of a two-span structure with elastically compliant supports is considered in detail. The
chart of flexure, the bending moments and the lateral forces are obtained depending on the compliance
coefficient «, which varies within the limits of 0, ..,00. The analysis of the obtained results is carried out
from the point of view of rational work of the operated structures.

Keywords: multi-storey frame columns, power loads, compliance of supports, vertical displacement of beams
components, compliance coefficient.

Introduction

When calculating the load-bearing multi-storey frame columns of residential, public and industrial buildings
and facilities from the effect of various power loads (including the effect of horizontal wind loads), it becomes
necessary to take into account horizontal displacements of the column components at the levels of each of the
frame floors, which can substantially change the distribution pattern of internal forces along the length of the
columns [1, 2].

The columns design diagram, in the general view, in the presence of a number of intermediate supports, can
be displayed as a multi-span (by the number of the building floors) continuous beam on elastic-settling supports
(Fig. 1, a), («m» is the total number of beam supports).

Such structures are extensively used in high-rise construction; while the compliance of the intermediate
supports models the flexibility of the intermediate floors. In this case, it is important to do the research on the
compliance of the supports (components) to the strain-stress state of the structures (flexures, internal forces) [3].
Theoretical bases of calculations of multi-span structures (beams and frames) are considered with variable spans,
bending stiffness, compliance coefficients, and external load intensity. Obtained diagram dependences can be
used in practical design of load-bearing structures of multi-storey buildings.

R ok Y T L Y Y K
| T S A SO /> /7 A LA W/ 2 W ) J

o T N O U
\;E,J’ k;é;)ul K:_é;}‘ \;é:}“ \;E;}i ,_i;

Figure 1. Design diagram (initial diagram) (a) and main system (b) of continuous beam

An elastic support is a support the movement of which is directly proportional to the support reaction
arising from the external action.

In practical construction, examples of such supports can serve as long columns, cross-beams of the roadway
of various types of bridges, as well as pontoons serving as supports for a floating bridge [4-6].

The elastic supports are characterized by the compliance coefficient C; is the displacement of support caused
by a single force [7].
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Purpose and objectives of the research

Due to the fact that the elastic compliance of the components (posts) of building structures significantly
affects the strain-stress state of the objects of research, it is important to develop methods for calculating them
with a variety of structural concepts, external loading, including the compliance rate of the supports.

In this work, a complex approach has been applied to solve these problems: the difference in the spans’
dimensions, bending stiffness, the intensity of uniformly distributed loading, and the variety of the supports
compliance coefficients are taken into account simultaneously in the design diagrams.The resolving equations of
the force method will take into account the above mentioned factors.

For the proposed theory illustration, a two-span continuous beam was studied in detail, for which depen-
dencies of displacements and internal forces on the compliance coefficients of the 2"¢ and 3"¢ supports were
obtained. The obtained dependency diagrams will extensively use in the practice of designing the load-bearing
building structures.

Theory and calculation methods

The calculation of such structures can be made by an exact analytical force method; The main unknowns
in the main system, shown in Fig. 1, b, will be support bending moments My, Ms, ..., M,,_1. In this case, the
resolving canonical equation of the force method will have the form of an equation of five moments [§]

6n,n72Mn72 + 6n7n71Mn71 + 6nnMn + 6n,n+1Mn+1 + 6n,n+2Mn+2 + A’I’Lp = 0. (1)

The canonical equation coefficients (1) determined by the known procedure of the force method, based on
the Vereshchagin rule, will have the form [9]:

Cn—l
671 n—2 — ;
’ 2 Znflln
s o b Cun (1 1Y CGuf1, 1Y
et GEJn ln ln—l ln ln ln ln+1 ’
ln ln+1 Cnfl 1 1 2 CnJrl
Opn = Cn| — ; 2
" 3R 3B 2 O\ ) T n @)
In Ch 1 1 C, (1 1
(sn,n-i-l - +1 - +1 ( + > - < + ) 5
6EJn+1 ln+1 ln+1 ln+2 ln+1 ln ln+1
Cr
Opmia = li‘*‘l;
ln+1ln+2

—_ B£ + A£+1 Cn—l
EJ,  EJp  In

1 1 c,
Ay, Ry 1—1, (1 + ) R, + 2R,

n ln+1 ln+1

where R, _1, R,, Rn41 are respectively the supports reactions n — 1, n, n+ 1 in the main system (Fig. 1, b);
B, i 1 are fictitious reactions of the considered support in n and n + 1 beam spans; for example, under the

i3
action of a uniformly distributed load ¢; for a span of length I;, these reactions equals to: Bif = A{ = q241 .
Let us introduce the following notation:
CiCO (EJ())
0 = —0 3)
0

where Cy, EJy, lo are respectively scaling (conventional) values of the compliance coefficient, bending stiffness,
beam span; C; is digital coefficient which varies within the limits of C; = 0,1, ..., 00; the compliance of the
corresponding support is absent at C; = 0 i.e., the rigid support of the beam components takes place; the
compliance of the support is very large at C; = oo, which characterizes the absence of this «i-th» support in
the beam design diagram.

In case when all spans have a constant section and are equal-sized (EJ = const, | = const), therein the
supports have the same compliance coefficient C; = Cy = C' = const, then by introducing the notation,
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_6EJC
o = l3

we obtain instead of (1) a simplified canonical equation of the form

6F.J
aM,_.+ (1 —4a)M,_, + (4+6a)M, + (1 —4a)Mpy, + aMyi,e = ———

= A,

In this case

6EJ 6
A= 7 (B;f n A5+1) t ol (Rn1 — 2Ry + Ruy1) -

For testing purposes of the proposed calculation theory and researching of the continuous beams or columns
work, let us consider the structure in the form of a two-span beam with variable bending stiffness, with different
spans and different compliance coefficients of supports loaded with a uniformly distributed load of different
intensity on the spans (Fig. 2, a).

& L S&” &

* "~ 4 » .

Figure 2. Design diagram of two-span continuous beam (a) and its main system (b)

System of canonical equations according to (1) (at n = 2) is as follows:

511M1 + 512M2 + Alp = 0,

(4)
021 M7 + d92 Mo + Agp = 0.

According to the formula (2), we determine the coefficients of equation (4) taking into account the express-
ion (3):

5= 0 (b Cla> oGP,
EJy \3m b2 ’ 13 ’
522:% K?f:n_iD +%(Cl (1+2b+b2)+02b2)]; (5)
Ary = qui (ooinmﬁ L0500t : b)) :
Ao = gl}i’o {(0.02%3 + 0.0417> - (1?;b> a[0.5C, (14b) + 0.502}} .

Cepust «Maremarukas. Ne 4(92)/2018 141



Zh.S. Nuguzhinov, S.K. Akhmediev et al.

Results and Discussion

As a test task representing the proposed theory, let us consider an example of calculating of two-span
continuous beam with identical spans, constant bending stiffness, and equal values of the compliance supports
coefficients 2, 3 (see Fig. 3, a) i.e.:

CoEJ,
ll :lg 110:6111, Cl :CQZCO; EJ1 :EJQ :EJQ, q:COHSt:qo; o = Ol3 0
0
® @ . ®
a) 3
F=lol b Izl
0,07 144 =
b) @ \U.LU CDI £l (a=0))
] 0.0714q”
02500 0357,
P N -
¢) ® 0 ool o)
U] |
0429798 |
0,0835¢" 3004370 0,751
d) @ 1Y) d;;)gf}
| © U
— 02613 , 12284
T 2 o
¢/ L 00 a=20)
® I
1,4814g° 05,0754
i 0. 7886
| e
]
) cr= 10}
® O
Sy I, 125"
' '
Bl :
9 .
® R
Figure 3. Bending moment diagrams under a variety of «a» values
According to the formula (5) we have:
0.33 + « lo lo
011 = | ——=—— | lo; 012 = 091 = —— (0.167 — 2c¢) ; 020 = —— (0.667 + 5a) ; 6
11 ( EJ )0, 12 21 EJO( a); Oz EJO( +5a) ; (6)

B 13
Ay, = %{; (0.0417 + @) = by; Ay = g—i) (0.0834 — 1.5a) = bs.

Solving the system of linear algebraic equations of the second order (taking into account the expressions
(6), we determine the support moments (Fig. 2, b), (in general form):

bad 0110 ]
(rooe G o)) /(=) =)
M, = 12 2 )., = 21 .

011 S1g — 011022
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According to the expression (7), taking into account the initial data of the task, we have:

My = kiqold; Mo = kagolg, (8)
where

1750 —99a% — 3240®  0.75— 0.18a + 18a° o)
T 14+ 258 + 72002 + 2160%” 0 —7—108a — 36a2

Table shows the results of the calculation of the continuous beam (Fig. 3, a), produced by the formulas (8),
(9) with the following data:

1

h=kL=1; EJJ=FEJ=FEJ; q=const; «=0.0;0.5 0.1; 1.0; 2.0; 10.0; oco.

Figure 3 b—g shows the diagrams of bending moments at different values of the coefficients «a;», taking into
account the effect of the variable support coefficient Cj.

Figures 4-7 show, respectively, the dependence diagrams of bending moments M;, flexures C;, lateral forces
Q;, support reactions R; of the beam depending on the coefficient value «.

The analysis of the dependencies in Figures 4—7 shows the following:

1. The ordinate values of moment diagram (Fig. 4) depend essentially on the value o and change their signs
(from the two-digit torque value to single-digit (negative) torque values) at « > 2.0.

2. The bending moments, the lateral forces, the reactions in the beam sections are increasing monotonically
with a monotonous increase of «, except the support reaction at component 3, which in this case is decreasing
monotonically.

3. The values My, M, take positive value in the o > 1.0 values range (Fig. 4).

4. The flexures values are increasing slowly in the beam sections at a < 1.0 and increasing rapidly at a > 2.0
(Fig. 5), in this case the increase of elastic compliance is particularly significant.

5. The dependency diagrams on the value of lateral forces Q1, Q%™ and Q5" Qs are parallel in their
lineament (Fig. 6).

6. The dependency diagrams of reactions R; is increasing monotonically with an increase of a, therein the
Rs reaction is decreasing monotonically, and the R3 reaction diagram has a complex lineament at o < 2.5, and
it is decreasing monotonically at o > 2.5 (Fig. 7).
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Figure 4. Dependence of the bending moment values My, My, My, My
on the coefficient of elastic compliance of the beam supports «a»
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Figure 7. Dependence of support reaction on «a»

The results obtained in this work, for a two-span continuous beam based on the equation of five moments
in terms of their reliability, are estimated as follows:
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1) Relative comparison of results:

The bending moment diagrams (Fig. 3) with an increase of the compliance coefficient of the 2" and 3"¢ beam
supports «a» from a two-digit lineament (Fig. 3, b) change to a single-digit negative lineament (Fig. 3, g), which
reflects the actual work of the structure at the action of the load uniformly distributed on the spans (Fig. 3, a);
the indicated dependence is also present in the ordinates values of the moment diagram (see Table);

Table

Dependence of internal forces and support reactions of the beam on the value «a»

a 0.0 0.5 1.0 2.0 10.0 0
M-
qT; -0.0074 | -0.2882 -0.4127 -1.6726 | -1.4814 -2.0
Mo
q? -0.10717 | 0.0536 | -0.000497 | -0.100 | -0.3458 | -0.500
M
qTQB 0.00 0.00 0.00 0.00 0.00 0.00
Q—ll 0.4643 0.8428 0.90833 1.0726 1.2583 2.0
q
left
qu -0.535 -0.1582 -0.0917 0.0726 0.2583 1.0
right
qu 0.6072 0.4464 0.5044 0.600 0.8458 1.0
% -0.3928 | -0.5538 -0.4956 -0.400 | -0.1542 0.0
R,
o 0.4643 0.8428 0.9083 1.073 1.2583 2.0
q
Ry
a 1.1423 0.6046 0.5236 0,5274 | 0,5875 0.0
R;
a 0.3928 0.5536 0.4956 0.400 0.1542 0.0

2) Absolute comparison of the results:

a) At a = 0 (the compliance of the supports is minimal and there is a rigid support of the 2"¢ and 37
supports) (Fig. 3, b) the values of the support ordinates of the moment diagram coincide (without the presence
of an error) with the calculation of a beam according to the well-known theory of three moments [7, 9];

b) At o = 0 (the compliance of the supports is maximal and there is a single-span cantilever beam with a
length «21») (Fig. 3, a) the greatest bending moment in the support «1» is equal to (M; = 2q¢I?), (Fig. 3, g)

2
Q(22l) — 2ql2 .

which coincides with the known value for the cantilever beams |M; =

Other results (at o # 0, « # 00), given in this work are original, i.e., new in the scientific literature for
today.

As for comparing the obtained results with the experimental data of other authors, we have not found
similar results for today, apparently, the experiments on the subject of our research have not yet been carried
out.

Along with this, it should be noted that we compared the results with analytical calculations: the relative
(semantic) and absolute (the coincidence of data with the results obtained by other methods) comparison of
the results (see the section «analysis of dependencies»).

Conclusion

1. In this work, the research is performed on the stress-strain state of a two-span continuous beam with
elastic-settling supports for equal spans, with the same bending stiffness under the action of a uniformly
distributed load of the same intensity.
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2. The method of calculation is an exact analytical force method based on the five moments equation [9],
[10], which is used here to calculate a variety of continuous beams (columns) with multiple spans, with different
spans values, variability of bending stiffness and lateral uniformly distributed load on the spans, and also at
different values of the compliance coefficients of the beams supports (Fig. 2, a).

3. The two-span continuous beam of constant bending stiffness, equal to spans and loads on them, as well as
the same parameters of C7, CY was performed as an illustration of the proposed theory operability (Fig. 3, a);
the flexure dependency diagrams, the bending moments and the lateral forces on the change in the compliance
coefficients C, Cy were obtained for this variant (Fig. 4-7).

4. At the same time it is established that with an increase in the compliance of the supports, the lineaments
of the diagrams M, @) change substantially and the beam flexures increase therein.

5. The proposed theory also makes it possible to calculate the columns of multi-storey buildings, the design
diagram of which can be represented as a multi-span continuous beam. The presence of intermediate floorings,
in this case, will be modeled as the elastic compliance of the components of the columns joints and flooring.

6. The proposed theory and the practical results can be used both in scientific researches, and in practice
of designing of load-bearing structures of high-rise and unique buildings.
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2K.C. Hyryxunos, C.K. Axmennes, C.P. 2ZKomvaramberos, O. Xabumgosiia

TipekrepaiH cepniMal MKEMOUTIITIH eCKepyMeH
KeClJIMEeMTIH apKaJBIKTap/Ibl ecernTey

Maxkasa1a apaJiblK ceprimMzl KeM/ I TipeKTepre CyHeHreH KOapaablKThl KOHCTPYKIUSJIAPABI (APKAJTBIKTAP-
2ibl, 6aranasapabl) 3eprrey opbiaaaarai. COHbIMEH KaTap KOHCTPYKIUSIAP OUIK KYPBLIBICTA KEH KOJIJAHBIC
TalKaH, 3epTTey 6ec COTTIH TeHJIeyiHiH Heri3iHe 9/ TAIIaMaJIbl KYIITep 9aiciMer KeaTipiaren. Herisri 6y-
3y1ibl TeHaey tep 6epinren. CepriMal nKeM/Ii TIpEKTEPMEH KOCAPAIBIKTHI KOHCTPYKITUSTHBIH, 2KYMBICHI TOJIBIK,
KapacTeIpbliarat. 0, .., 00 IIeriHae e3repeTiH UKeMIIK KoadduimenTine a ToyeaaiIikTe UIyaep/iis, uiiy
Ke3Jlepl MeH KeJIJIeHEeH, KYIITepiHiH KecTesepi asnbiaraH. llaiimalaHbLIaThIH KOHCTPYKIUSJIAPIBIH, JYPbIC
KYMBICBI TYPFBICBIHAH aJIbIHFAH HOTHUIKEJIEP/Il TaJIIay »KYPrisiireH.

Kiam ceadep: Kem KabaTThl paMaJibl KAHKAJIAP/IBIH OafaHaIapbl, KYIITIK KYKTEMeJED, TIPEKTEPIiH UKEM-
Ji7iri, apKaJIBIKTapIbIH TOPANTAPIbLIH TiK BIFBICYIAPbI, UKEeMITIK Ko3dduimenTi.
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2K.C. Hyryxunos, C.K. Axmenues, C.P. ZKosmmaramberor, O. Xabumosia

Pacuer Hepa3pe3HbIX 0aJIoOK C yderTomMm YHPYFOﬁ IIoaT/JINBOCTHU OIIOP

B craThe BBIOIHEHO HUCCIIEI0BAHNE MHOTOMPOJIETHBIX KOHCTPYKIUi (6a/I0K, KOJIOHH), ONMEPThIX HA TPOME-
JKyTOYHBIE YIPYTO HOJATIUBLIE OMOPLI. Takue KOHCTPYKIIUU HAXOJAT MIUPOKOE NIPUMEHEHUE B BBICOTHOM
crpouTesbeTBe. VccienoBanre IpoOBEIEHO TOYHBIM AHAJUTUYIECKUM METOIOM CHJI, HA OCHOBE yPaBHEHUsI
nsaTH MOMEHTOB. lIpuBesieHbI OCHOBHBIE pa3pemaroiue ypaBHeHusi. [logpobHO paccMoTpena paboTa JIBYX-
[IPOJIETHONW KOHCTPYKIIUU C YIPYIro MOJAATIUBBLIMEU onopamu. llosydensl rpaduku mporubos, N3rubaiommx
MOMEHTOB U IIOIIEPEYHBIX CHJI B 3aBUCHUMOCTH OT KO3 dUIMEHTA I0JIATIIMBOCTUA (v, KOTOPBI MEHSeTCs B
npenenax 0...00. IIpoBeien anan3 MOy I€HHBIX PE3YILTATOB C TOYKN 3PEHUS PAIMOHAJIBHON pabOThI IKC-
IJIyaTUPYEMbIX KOHCTPYKIIHUIA.

Karouesvie cr06a: KOJOHHBI MHOTO9TAa>KHBIX PAMHBIX KapKaCOB, CHJIOBBbIE HAIDY3KH, IOJATIMBOCTH OIOD,
BEPTUKAJIBHBIE CMEIEHUST Y3JI0B 6aJI0K, KOI(MDMUIIMEHT TOJATITUBOCTH.
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Development of a mathematical model for signal
processing using laboratory data

In this paper, we consider a mathematical model for the interpretation of the radarograms which obtained
by GPR systems. As noted in [1-3], in addition to testing the algorithms, it is necessary to compare the
calculated data of the mathematical model with the real data obtained from the GPR. One of the reasons
preventing the spread of GPR technologies is the complexity of data interpretation, which requires the
involvement of highly qualified specialists. In connection with this research as a mathematical model and a
comparison with the real data of the GPR in an ideal layered medium, will provide a method for interpreting
radarograms. We have conducted a series of experimental studies using the Loza — A georadar at the newly
created laboratory ground. A distinctive feature of these studies is the choice of several localized objects
in the form of iron sheets placed in an ideal layered medium, namely in clean dry sand. The choice of
such an environment is necessary for testing the algorithms, the mathematical models developed by us
for determining the depth of localized several objects. A series of experimental studies were conducted
using georadar and a number of radarograms were obtained to study the depth of objects. A cycle of
calculations was carried out to verify the conformity of the results of mathematical modeling with real
georadar data. Key words: electrodynamics equation, magnetic permeability, dobeshi wavelets, medium
conductivity, dielectric permeability, Maxwell equation.

Keywords: electrodynamics equation, magnetic permeability, dobeshi wavelets, medium conductivity, dielectric
permeability, Maxwell equation.

1 Problem statement. Mathematical model

One of the main reasons preventing the wide spread of georadar technologies is the complexity of data
interpretation, which at the present stage requires the involvement of highly qualified specialists. The way out
of this situation is to create a mathematical apparatus for solving the inverse problem of radar sensing, which
will minimize the operator’s participation in obtaining the final result, as well as extract the maximum amount
of information from georadar data. In connection with this research as a mathematical model and comparison
with real data of ground-penetrating radar in the ideal layered medium, will provide the methodology of the
interpretation of the GPR.

This kind of problems are related to the inverse and incorrect problems, the foundations of which were laid
in the theory of the work Tikhonova, M. M. Lavrenteva, V. K. Ivanova, V. G. Romanova.

One of the main obstacles in the localization of underground facilities is the upper part of the soil lying above
the desired objects. Passing through this area, the electromagnetic waves reflected from various objects interact
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with each other, can be amplified or, conversely, mutually reduced. One way to overcome this problem is to
continue to solve the system of Maxwell’s equations from the earth’s surface in the direction of the location of the
desired objects. The problem of continuation is one of the most difficult and incorrect problems of mathematical
physics, complicated in this case by the presence of attenuation of the electromagnetic field in conducting media.
Problems of continuation of solutions of equations of mathematical physics from the part of the boundary in
many cases are strongly ill-posed problems in the classes of finite smoothness functions and are the first step in
solving the coefficient inverse problems [4-7]. The approach of regularization of the field problem was proposed
in the paper by V. Kozlov, V. G. Mazya, and V. Fomin in 1991 [8].
Consider the system of Maxwell’s equations [9]:

g, (z,y,2) € R®, x#0, t>0. (1)

e _rotH + oF + j°™ = 0,
wog +rot B =0,

There are positive functions e(z,y, 2), o(x,y, z), p(z,y, z) and the permittivity, conductivity and magnetic
permeability of the medium, respectively.

R ={&,y,2€ R, x<0} —air, R ={x,y,2€ R, x>0} — earth.
We consider that electromagnetic oscillations up to the moment of time ¢ = 0 are absent:
(B H) | t<0 =05 [t<0 =0

and then induced by a side current j°(z,y, z, ).

Let us consider one of the simplest variants of the problem, when €, o and u depend only on the depth z
and one horizontal variable y, and the source of the external current is a sufficiently long (infinite) cable located
in the center and stretched along the z axis:

0

jcm($7y7zvt) = 0 g(aj,y) V(t) (2)
1

Here, the function g(z,y) describes the transverse dimensions of the source.

In this case, ignoring the influence of the cable ends, we conclude that only three components ., H,, H,.
remain nonzero in the system of Maxwell equations.

After exclusion of the first equation of partial derivatives of the H, component and H, obtain regarding
FE,the second order equation:

O2E, 0E, 0°E., O%E,

!
= - t
JE BT + o 5 92 + 392 g(z,y)V'(1), (3)

to which we add the initial condition

oF,
Ez| —0=0, =0;
t=0 8t =0
boundary conditions:
oF,
— =0, E|_._=0F,__ =0 FE, =0
T |y, o= = y=+u1

and conditions at the interface of media:

OF, OF,
E) __ =0, — =0,[F.]._. =0, —_— =0,
Bl =0 5] ol =0 5]
where & = go&.¢1; €0 = 8.854 - 10712 F/m dielectric constant; &, = relative dielectric constant

(t — to)?

o = 410~ g/ma — sm/m, V/(t) = exp { 2

} ley) = 0(a — 2)(a—y),

a = 0.025 m — the size of the source. V'(t) — function describing the source of electromagnetic oscillations
emitted by the transmitting antenna.
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2 Numerical calculation

Consider a homogeneous medium at a site of 10 by 12 meters with an inclusion size of 0.6 by 0.4 m. The
capacity of the pit at a depth of 0.6 m.

Parameters of homogeneous medium

Dry sand e1=6 o1 = 0.62 h1 =0.6m
Rectagular iron sheet thickness | eo =1 | 09 = 0.769 - 107 hy = 0.005 m
Wet sand €3 =40 o3 = 0.005 hsz = 0.5 m or more

Calculation parameters: step z is equal to 0.01; step y equal to 0.01. The time step is considered from the
Courant condition. The calculation time is from 0 to 60 ns. The problem is solved by a finite-difference method
using an explicit scheme.

First, we consider a homogeneous medium without inclusions. Calculate field Egl)(a: =0,y,t).

Then consider the environment with inclusion and calculate the total field £ (z = 0,y,t). The anomalous field
allows you to see the reflections from the localized object in the form of a hodograph (Fig. 1). In the case of
two localized objects (Fig. 2).

Figure 1. Anomalous field of a localized single object in a homogeneous medium

The calculated results are in good agreement with the measured GPR a GPR.

Figure 2. Anomalous field of two localized objects in a homogeneous medium

The results of the calculations are qualitatively the same as the radarogram measured by the georadar.
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8 Processing of georadar signals. Cleaning the route from moise using wavelet transform

To improve the noise immunity of the georadar method, as a rule, pre-processing of experimental measure-
ments is performed in order to isolate informative signals. The essence of the processing of georadar data is, first
of all, in the allocation of a useful signal on the background of noise and noise. To distinguish useful signals, the
difference between their characteristics and the corresponding characteristics of noise and interference waves is
used [10, 11].

One of the ways of the primary processing of the radargram is the wavelet transform. With the help of
wavelet digital signal conversion in the radar can reduce the influence of high-frequency components in the
spectrum of the signal.

One of the ways of processing of the radargram is the wavelet transform. With the help of the digital
signal wavelet transform in the radargram, it is possible to remove high-frequency components from the signal
spectrum.

The wavelet transform of a one-dimensional signal is its representation as a generalized series or Fourier
integral over a system of basis functions [12]:

_ t—>b
pan (t) = la| 1% ()

constructed from the parent (generating) wavelet 1 (t), due to time - shift operations — b and time-scale changes
— a. In the study, the signal is represented as a set of successive approximations of coarse(approximating)
Aj(t)and refined(detailing) components:

with subsequent refinement by iterative method. Each step of refinement corresponds to a certain scale, that is,
the level jof analysis (decomposition) and synthesis (reconstruction) of the signal. This representation of each
component of the signal by wavelets can be considered in both the time and frequency domains. In a multiscale
analysis, the signal f(¢) decomposes into two components:

f(@) :Zak Pk (t)+zdk Ui (1) -
k k

The basis functions ¢(t) and (t)are uniquely determined by the coefficients h; :

p(t) =2 hp(2t —1);
l

U(t) =2 gp(2t —1).
l

In the transition from the current scale j to the next j+ 1, the number of wavelet coefficients is halved, and
they are determined by the recurrence relations:

Ajy1k = E hi—2.k0; k;
7

djt1,r = E Ji—2,kCj k>
7

where
= (_1)lh2n7171-

When restoring (reconstructing) a signal by its wavelet coefficients, the process proceeds from large to small
scales and is described by the expression [12]:

aj_15 = E (hi—21a5,1 + Gr—21a;,).
1
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Daubechies wavelet DB4 were used to clear the signal from noise [13]. The Daubechies wavelets do not
have analytical expressions and are determined only by the filters. In practical applications, approximating hy,
and detailing gy, wavelet coeflicients are used, without calculating the specific shape of the wavelets [14]. For
Daubechies wavelet db4 the factors are the following: Decomposition into components of discrete Daubechies
wavelets is carried out according to the formulas

a; = hoS2i—1 + h152; + hasaitr1 + h3s2iqa;

d; = goS2i—1 + g152; + g252i+1 + g3S2i121=1, 2,..., n/2-1;
Uns2 = hosp—2 + h1sp—1 + haso + h3si;
dn/2 = 9goSn—2 + g1Sn—1 + 9280 + g3s1.

Formula (1) is a pyramidal algorithm for calculating the wavelet coefficients of Mall [14]|. These formulas
digital filter h,, from the s, signal allocates low frequencies, and the filter g,, allocates the upper frequencies.
Wavelet transform the track radargram has been used on a software-controlled threshold processing of detail
coefficients (thresholding). The algorithms thresholding the adaptive threshold limits established for each factor
on the criterion of Stein’s unbiased risk estimation (Stein’s unbiased risk estimation) [15].

When restoring (reconstructing) a signal by its wavelet coefficients, the process proceeds from large to small
scales and is described by formulas at each step [16]:

ar = hasn + h1s, + hos1 + hasz_q;

(2= goSz +g18n —1+92511+G35n;
a; = hasii +hisia o +hosica gy +hasia a 11=3,5,.. n/2——1(=4,6,..n/2 (odd);
@i = goSizt +g18ici m G281y + g3Sicaywi=4,6,.. n/2 (even).

provided that the detailing coefficients of the previous levels are recorded in place of the signal values.
The results of the transformation track of Daubechies wavelets is presented in Figure 3.
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Figure 3. Chart of the radargram route after the wavelet transform
4 Testing of the model based on the device Loza - B. FExperimental studies

To test the algorithm of the mathematical model to detect the depth of the objects and study its physical
properties, a laboratory polygon was created, located 80 kilometers from Astana along the Kurgaldzhinskaya
highway. A sand pit was chosen for the landfill, which corresponds to the model of the environment: air; clean
dry sand; targets; and the underlying layer (wet sand), see figure 4 left fragment). The size of the pit: length
0.6 m.; width 0.5 m.; depth 0.65 m. the dimensions of the target - iron sheet rectangular: width 0.3 m; length
0.4 m.; thickness 0.005 m. Cm. Figure 4 (left fragment). The target is placed at a depth of 0.6 m. for georadar
studies, it is necessary to mark the site where the object is located, see Figure 4 (right fragment).
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Figure 4. Metal disk

In order to test the algorithm, which will be given in the next section below, and to verify the results
of numerical calculations for the detection of localized objects, a test experiment was conducted to detect a
localized object using a georadar.

Georadar Loza - V was measured with the diversity of antennas. The measurements consist of 20 points,
starts with 0 point and ends with 20 point. The transmitting antenna (source) is at point 0 and the receiving
antenna measures at all other points. Then the transmitting antenna (source) is moved to the next point, and
the receiving antenna goes through all the other points. And so continue until 20 point. See Figure 4 (right
fragment), Figure 5. All data were digitized and summed. Then a comparative analysis of the measured data
with the results of solving the inverse problem of detecting localized objects was carried out.

A A 4

A A A A A
= e EELELLELELLL

Awntenna 1l m,
mar 20 cMm

\4

L] e o e e o e o e

Figure 5. Scheme of the experiment with antenna diversity

Figure 6 shows the results of measurements carried out by the device in a homogeneous medium, i.e. without
a target. This is necessary for us to analyze the radargrams obtained directly from the media in which the targets
are placed.

Figure 6. The radargram of a homogeneous medium
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Figure 7 shows the results of measurements carried out by GPR according to the above scheme. Researched
the area in which is hidden a single object — an iron sheet of a rectangular shape.

10 30

a b

Figure 7. a) Radargram of the area with one hidden object-iron sheet; b) The difference of the
radargrams received from the environment with the target and without it on the same site

Similar experimental studies were carried out on a site in which two identical objects are hidden — iron
sheets at a depth of 60 cm and at a distance from each other relative to the day surface by 20 cm.the results of
the studies in the form of radargrams are presented in Figure 8 (a) with targets and in Figure 8 (b), the result
is the same as in the past case of the difference.

ns

a b

Figure 8. a) radargram of the area with hidden two identical objects-iron sheet; b) the difference
of radargrams obtained from the medium with and without targets on the same site

By the type of the hodograph it is possible to assume, what layers with what parameters are in the studied
environment. You can also use a hodograph to determine that a localized object is present in your environment,
and you can specify its location.
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Figure 9. Radargram of the experiment

According to the hodograph, the depth of the localized object is determined, which is equal to 60 cm.
(Fig. 9). In this paper, a mathematical model to determine the depth of localized objects is constructed.

A series of experimental studies, with the use of georadar Loza-B. a cycle of calculations to verify the
compliance of the results of mathematical modeling of real georadar data.

The work was supported by the grant of MES RK under the contract M 132 from 12.03.18 «Development
of algorithms and embedded software to determine the geoelectric section for geoinformation technology GPR»

(IRN AP05133922).Received 07.09.2018, accepted for publication 12.10.2018.
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C.U. Kabanuxun, K.T. Uckakor, B.b. [lloanan6aes, M.A. [lumuiennn, JI.K. TokceitiT

3epTxaHaJbIK AepeKTepai maiigajaHa OThIPBIN JAa0bLIABI OHJEY
YIIiH MaTeMaTHuKaJbIK MOJEJb/Il 23ipJiey

MakaJstazia reopaiuosioKaInusiay KyieciMeH aJIbIHFaH pajiap CUTHAJJIAPBIH TYCIHAIPY YIIH MaTeMaTHKa-
JIBIK, MOJIEJIb KapacThIpblrad. [1-3] sKyMbIcTapia KepceTiireH/eit, ajJropuTMaepai Tecrijieyre KOCBIMIIA
MaTEeMATUKAJIBIK MOJIEJIb/IIH €CEeNTIK IePEeKTEPiH reopajiaplaH aJbIHFaH HAKTHI JIEPEKTEPMEH CAJIBICTBIPY
KakeT. ['eopajap TeXHOJIOTUIAPBIHBIH, TapaJyblHa KeJAepri KeaTipeTin cebenTepiy 0ipi — »Korapbl OLTiKTI
MaMaHIapAbl TAPTYIALI TAJAIl €TEeTiH JepeKTep/ il TYCIHAIpYAiH Kypaesiiairi. Ocbiran GaitIaHBICTBI MaTeMa-
THUKAJBIK MOJIEJIb/I YKOHE TeopaJlapblH HAKTHI JIePEeKTePiMEH CAJIBICThIPA OTBHIPBII, HICAJJIbI JIeHIreieri
OpTaHBI 3ePTTEY PaIaporpaMMaJIap/ibl TYCIHIIPY 9IiCiH YChIHAIHI.

Kiam ceadep: a3ieKTpaAuHAMUKA TEHJIEY1, MArHUT ©TKi3rimriri, JloGeru BeitBieTTepi, OPTaHBIH, O TKI3TIIITIT,
JUIEKTPJIK OTKi3rimiri, Makceeaa TeHaeyi.

C.U. Kabanuxun, K.T. Uckakor, B.B. Illonnan6aes, M. A. Ilumienus, JI.K. Tokcent
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PazpaboTka MmaTemaTrmdeckoii Mojiesin 1o oopaboTke curHaJja
C UCMOJIb30BAaHUEM JAaHHBIX JIaOOPATOPHBIX MCCJIEIOBAHUIL

B crarpe paccmorpena maremMaTrnyeckas MOJIEIb I MHTEPIIPETAIMN PaJIapOrpaMM, IIOJIYUEeHHBIX Ieopa-
JIMOJIOKAMOHHOM cucreMmoil. Kak ormedeno B paborax [1-3], noMumo anpobanuy ajropurMoB, HeOGXOAU-
MO COIIOCTaBUTBH pacUYeTHbIE JAHHbIE MAaTEMATUYECKOU MOJEJU C PEAJbHBIMU JAHHBIMU IIOJIYyYEHHBIX OT
reopasapa. OJHOI U3 IPUYMH, HPEHATCTBYIOMUX PACIHPOCTPAHEHUIO I'EOPAJIAPHBIX TEXHOJIOIHil, sBJIsSeT-
Csl CJIOKHOCTb WHTEPIPETAINY JAHHBIX, TPeOYIOIasi MPUBJIEYeHNs] BHICOKOKBATUMUIIMPOBAHHBIX CIIEIHa~
JUCTOB. B CBsi3U ¢ 9TUM mCCI€TIOBAHMS MATEMATHYECKON MOJEIN, a TAKXKe COMMOCTABJICHHE C PeabHBIMU
JAHHBIMH eopaJapa B UJleajIbHOI CJIOUCTOI cpeie MO3BOJIUT IOy YUTh METOAUKY MHTEPIIPeTallui PaJiapo-
rpaMM.

NI0UEBBIE CAOBG: BHEHUE DJIEKTPOINHAMUKN, MATHUTHAS TPOHUIIAEMOCTDb, BEWBJIETHI 11, TTPOBO-
K €8blE CAO aBHEHUE JICKTPOIIHA. , Ma a o) aeMOCTb, BEHBJIE oberru, mpoBo
JIMMOCTD CPeJIbl, JMJIEKTPpUYEcKas IPOHUIIAEMOCTD, ypaBHenue Makcsesuia.
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