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MATEMATUKA
MATHEMATICS

VIIK 517.956.3

A X. ArTaes

HUnemumym npukaadnol mamemamury u asmomamusayuu — guauanr Pedepanrvrozo 2ocydapcmaeennozo
610001ceEMH020 HAYwHO20 Yupescdenusn «DPedeparvrviti HaywHold yenmp «Kabapduro-Baarxapcrui
Haywnoili yenmp Poccutickot axademuu nayks, Harvwuk, Poccus
(E-mail: attaev.anatoly@yandex.ru)

KpaeBbie 3a/1aum 119 Harpy2k€HHOT'O BOJIHOBOT'O ypPaBHEHUS

B cratre paccmorpensr 3agaun Kormmu, I'ypea u Jlapby a1 HarpyKeHHOTO ypaBHEHUsT KOJI€OAHUsT CTPYHBI
Ugz — Uyy = Au(Zo,y). [JocTpoeHo siBHOE IpecTaBIeHue pemennst 3aaa4u Ko, koropoe npu A = 0 coBra-
JIaeT C U3BECTHBIM TPEJICTABIEHNEM peIleHus 3aaa49u Ko fyisi ypaBHeHust Kosebanust cTpyHbl. OTrucaHb
00J1aCTH 3aBUCUMOCTH, BJIMAHUS U onpenesieHus ganHbix Kommu. ITokazaHo ux cymecTBeHHOE OTIMYHME OT
aHAJIOTUYIHBIX obsiacTeil B ciydae 3agadn Kommwm juist ypaBHeHusi Kosebanusi crpyHbl. ChopMynnpoBaHb
sagaun lapby u ['ypca B HeJIOKaJIbHOIM TTOCTAHOBKE U MPEJIOYKEH aJrOPUTM ITOCTPOEHUSI UX PeIeHmiA.

Kmouesvie caosa: ypaBHeHre KoyiebaHMsI CTPYHBI, HATPY2KEHHOE ypaBHeHwne, 3amada Kormm, 3amaqda [ypcea,
3amada Jlapby, 0b6/1acTh 3aBUCUMOCTH, 00JIACTh BJIUSIHUS, 00JIACTh ONpeeeHusT JaHHbIX Koru.

Beedenue

B arom roay ucnosausics 41 rog co pasa Beixoga padorst A.M. Haxymesa [1], rie 66110 BBeIeHO Onpeiesienne
HArpPyKEHHBIX AU OEPEeHNTNATLHBIX YPaBHEHHI.
VpaBHenue BUIa
> Dut Alul,) = f(@), (1)

la|<r

rme A — 3amaHHBIA onepaTop (B wacTHOCTH, HHTErpoauddepeHInANIbHBIN), TeHCTBYOMUi HA CYKEHUU U|y,,
uckomoit pyHkuuy u = u(x) Ha MHOroobpasue wy : uly, = u(z) VI € wy, HA3BIBACTCA HATPYZKEHHBIM HHTEIPO-
b depeHnnaIbHBIM YPaBHEHTEM.

DTOMY MIPEINECTBOBAJIO JOCTATOYHO OOJIBIIIOE KOJIMIECTBO PADOT 3apyOEKHBIX MATEMATHKOB, TOCBATIEHHBIX
B OCHOBHOM OJIHOMEPHBIM i hepeHITnalIbHO-TPAHNIHBIM OIIePATOPaM, TO €CTh HArpyKeHHBbIM Auddepentim-
aJbHBIM orepaTopaM 1o TepmuHosorun [1]. O6umpryoo 6ubiamorpaduo UCcIeIOBAaHAN B 9TOM HANDPABJIEHUN
MOXKHO Hafitu B paborax [2, 3|. Hasmune Harpy»KeHHBIX CJIAraeMbIX BJIMSIET Ha KOPPEKTHYIO MOCTAHOBKY TeX
WJIM MHBIX HAYAJIbHO-KPAEBBIX 33Jad. B 9Toll CBSA3M MOXKHO OTMETUTh HEKOTOpbIe paboTel [4-10]. OcobenHo sror
3¢ deKT TPOSBIIsIeTCs [IIsi HAUPYKEHHBIX KaK CTPOro, Tak U cJiabo rurepboTmIecKnX ypaBHEHUH.

B mamnoit pabore 06CyKIAI0TCS HEKOTOPBIE OTIMINTEIbHBIE MOMEHTBI, CBSI3AHHBIE C IOCTAHOBKOM U MCCJIE-
JIOBAHUEM OCHOBHBIX HAYAJILHO-KDPAEBBIX 3aJ1a4 [IJIsi HATDYKEHHBIX TUIepOOINIeCKUX YPABHEHUN Ha MPUMeEpe
HAIPY2KEHHOT'O YPABHEHUSI BUJIA

Ugg — Uyy = Au(xo,y), (2)

e A, £o— AeficTBUTE/IbHBIE KOHCTAHTHI.

8 Bectnuk Kaparanmauickoro yHuBepcuTera



Kpaesrie zamaun ms. ..

3adava Kowu
UssecrHo, uro j060e peryispHoe pemterue ypasuenus (2) upu A = 0 IpeacTaBuMo B BHJIE

u(z,y) = f(r —y) + g9(z +y), (3)

rie f U g — IpOU3BOJIbHBIE IBazK bl HenpepbiBHO nuddepentupyemble hyukinuu. Popmysa (3) HocuT HazBaHUE
dopmyssr Jarambepa.
Jlemma 1. JTro6oe peryiisipHoe pelieHne ypasHeHUs! (2) IPEICTaBUMO B BUJIE

u@w):f@—y»+¢x+yy+/?a%wuu@fw+g@o+mdu (4)
0

e
B Vsin VAt —y), A>0;
K(y,t) = {\/jsh\/j(t_y), A<O.

Joxazamensvcmeo. 3amena

Yy
u(ey) = (o) + [ Ky tpvlan,t)dt (5)
0
rue K(y,t) ecrb perenue 3aua4m
K(y.y) =0, Ki(y.y) =—A (6)
JI7IsT OOBIKHOBEHHOTO (D PEPEHITHATHLHOTO YPABHEHN S
K{'(y.t) + MK (y,t) = 0, (7)

repeBoaUT ypasHenue (2) B ypaBHeHHE
Ugg — Uyy = 0.

Ioncrasasist B (5) Bmecto K (y,t) pemenne 3anaun (6), (7), a BMecto v(x,y) — pemenue Jamambepa, npu-
xomuM K (4). Jlemma jokazana.

Hmxke Be3ne mitst onpenenerroct 6ymeM cIuTaTh, 910 A > 0.

IIyctn

u(z,0) = @(x), uy(z,0) = (). (8)
Teopema 1. PerynsipHoe pemenne 3anaan Komm (8) myst ypasHerust (2) uMeer Buj

u(z,y) = ple—y) +elz+y) + ? / sin VA(zg — t — y)p(t)dt+

2
To—Y
ﬁ zo+y 1 o
+7 / sin VA(t — zo — y)o(t)dt + 3 / cos V(zg — t — ) (t)dt+
Zo To—Y
1 To+y 1 ZToty 1 T4y
+5 / cos VA(t — zo — y)Y(t)dt — 5 / Y(t)dt + 3 / Y(t)dt. (9)
o €0~y z—y

Zloxasameavcmeo. Herpyano 3aMeTuTh, 9YTO (DyHKITHST
Yy
u(x,y) = vz, y) + VA /sin VAt — y)v(xo, t) dt (10)
0

ABJIIETCSL PEryJIIpHBIM perienueM 3aja4du Kommu (8) mius ypasaenus (2), rue

T4y
o(a,y) = L&Y Felety) % / Wb(t)dt. (11)

2

IMoncrasass (11) B (10), mocse HecTOKHBIX peobpazoBanuii moaydnm dopmyy (9).
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Canenys [11; 158, 159], onmiiem 061aCcTH 3aBUCUMOCTH, BIIUSIHUSL U onipeiesieHnst JanHbix Komm. Ilycrs Hocu-
TeJeM HAYAJLHBIX JIAHHBIX ABJIIETCs Besd unciaoBag och R. Kak Bugno uz dopmyiist (9), 061acTh 3aBUCUMOCTH,
TO eCTh MHOXKECTBO 110 3a/IaHHBIM 3HaueHusM ¢(x) u ¢ (), Ha KOTOPOM BIIOJIHE OIPEIEIAeTCs 3HAYEHUE PellleHuUs
ypasHenus (2), ectsb [xg — ¥, zo + y] U [z — y, z + y]. Criemyer OTMETHTD, 9TO TIOCTIEIHNE JBa OTPE3KA B 3aBUCH-
MOCTH OT BBIOOpPa TOYKH (X, %) MOI'YT MEPECEKATHCA, & MOTYT M HE IepeceKaTbes. Takike HYKHO 3aMETUTH, 9TO
2t BeramcsieHnst u(x, y) B Touke (z,y) HeOOXOAMMO 3HATH 3HaUeHne PYHKIMU ©(T) Ha oTpe3Ke [To — Y, Tg + Y),
a TakxKe 3Hadenue ¢ (z) Ha [T9 — Y, o + Y| U [z —y,z + yl.

IIycrs Temepb HOCHTeIEM HAYAJIbHBIX JIAHHBIX sBJISETCS HEKOTOPBIH orpe3ok [a,b] € R. Kak BujgHo us
dbopmyser (9), MHOXKECTBO TOYEK IJIOCKOCTH, Ha 3HaYeHUe u(x,y) KOTOPBIX BAUSIOT ¢(2) 1 1(x), MPecTaBIIsioT
coboit obaacte BiusiHust (puc. 1).

Pucynok 1. Objacts BIUsIHUS

MmrozkecTBo Touek (z,y) € R?, B KoTOpbIX 3HAUeHHe U (2, ) BIIOJIHE OIPeIesIeTcs TI0 3a,JAHHBIM 3HATCHIAM
o(z) m (z) ma [a,b], ectb 0bmacTs onpenenenns (puc. 2).

Ay

(o, o + a) (b— 29— a,xo+ a)
Tot+ae---

AR < S
S
|
8
(e}
|
Q
v

T

—To— Q9----

Pucynok 2. Objacts onpeeaeHust

IIycts 2 — obiacTh, orpanndennas xapakrepuctukavu € —y = 0, z +y = | u upsameivu y = 0 u y = x,
0<z <L
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Dyuxmuio u(x,y) OylaeM Ha3bBATHL OOOOIIEHHLIM pelleHrneM ypaBHeHus (2), eCiu OHa IPEJICTABUMA B BUJE
Y
u(z,y) = fle —y)+g(z+y)+ \5/ sin VA(y — t) [f(zo — t) + glao + t)] dt.
0

He napymas obmuocTn, 6y1eM CIuTarh, 910 Lo < /2. B IpOTUBHOM Ciiy9ae MOKHO BBECTH TOUKY I(, = |—Xo,
JIJIs1 KOTOPOIt Oy/IeT CripaBe/iInBO HEPABEHCTBO Ty < /2.

Ananoe 3adawu Japby

Heobxomumo Haiitu 06061IEHHOE pelenne ypasHeHust (2), yI0BJIETBOPSIONIee CAEYIOIMUM YCIOBUSIM:

u(z,0) =7(x), 0<z<l; (12)
u(z,z0) = ¢(2), 0 < <1 — 20 (13)
T T 22 g
u (5, 5) + /\/O (5 - t) u(zo, t)dt = ¥(x), 0<x < 2xp. (14)

Hycrs | = nxg + 7, 0 < r < zp. Pazobbém obsacts Q) npsambivu © —y = 2kzg u ¢ +y = (2k + 2)x,
k=0,1,...,n— 2, 5Ha n — 1 TpeyrompabIx obmacreit Q u O, = {(z,y): nzg <x+y<l,y=0,y =xp}.
B obmacru g yeaosus (2), (14) H03BOJSMIOT 3allUCATH PEIIEHUE B BUJE

u(z,y) =7 —y) — Y@ —y) + bz +y)+

+ﬁ/0y sin VA(y — t) [7(z0 — t) — (0 — t) + 1h(xo + 1)) dt. (15)

ITocse Toro, kak Hamnum pemieHue B objactu §g, B obnactsax Qp, k = 1,2,...,n — 1, pemenue HaXOIUTCsI
Kak perierne o0braHo# 3amaun JapOy mist ypasHeHust (2), B KOTOPOM IIpaBasi 4acTh yKe M3BECTHA.

B obsiacru 2, perenune HAXOUTCS TIOCIEI0BATEILHBIM PEIIeHueM TPEX 3aja4: 3aga4u Jap0y, 3amauu 'ypca
u cHOBa 3aja4u apOy i ypasuenus (2) ¢ u3BeCTHON mpaBoil YacTbio (puc. 3).

Qo bl Qy 2 Qy 2 Qn—1 Q\ x

T 2x 4z 6zo (n — 1)xg nto |

Ay

Pucynok 3. O6mactu Q, tie k =0,2,...,n

Eciu | = 2z, To ycnosue (13) aBromarnyecku ornagaer, u pertenue 3a1auu JlapOy B obuactu () npuauMaeT
B (15).

Ananoe 3adavwu Iypca

Heobxomumo maiitu 0606méHHOE pernenue ypasuenus (2) B obactu ), OrpaHUMYEHHON XapaKTEPUCTUKAMA

z—y=0,z2+y=0,x—y=1,x+y =, a Tak:Ke IPAMBIMA §j = To U i = —T, YAOBJICTBOPSIONIEIO CJICIyIOIIIM
YCIIOBUSIM:
u(z, o) = p1(x), xo <z <1 —xp; (16)
u(x, —x0) = @a(x), 20 < <1 —0; (17)
T T /2 T
u(§7§) +)\/ sin\f)\<§—t)u(xo,t)dtzzﬁl(x), 0 <z <z (18)
0
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12

u (g, —g) - )\/0—58/2 sin VA (g + t)u(xo,t)dt =(x), 0<x < 2. (19)

Jlns nokasaTeIbCTBa CYIIECTBOBAHUS W €IMHCTBEHHOCTH peIlIeHUs 3a7adu ['ypca Hy»kKHO mpopesnaTb 6e3
0CODBIX M3MEHEHU Ty Ke MPOIEIy Py, UTO U IPHU JIOKA3ATEhCTBE CYIECTBOBAHUS W €INHCTBEHHOCTH PEIIeHUsT

sagaqan Jlap0y.

10

11
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A.X. ArTaes

2KyKTejireH TOJAKBIHABIK T€HAey YIIiH IIeTTiK ecenTep

Makamaia Ugy — Uyy = Au(Zo,y) imex repGenicinin »xykrenren texgeyi ymin Komm, I'ype xome JapOy
ecenTepi KapacTwIpbLLabl. A = 0 Gosranga imekTiy Tepbesic Tenmgeyi yimin Komm ecebi mremriminin 6est-
rizi HyckaceiMern Ko ecebiniy mentimMiniy aifkbia 6epinyi yeprabliran. Ko 6epinrennepiniy Toyesi ik,
9Cep eTy YKoHE AHBIKTAJLY OOJIBICTAPHI CUTIATTAIFaH. [ekTiy Tepbesic Tereyi yinin Ko ecebi xxarnaiibia-
Jla aHaJIOI'ThI ODJIBICTAP/IaH €/I9yip allbIpMaIlbLIbIK Oaiikasaabl. beiokasmael 6epinyne dapby xkone ['ypc
ecenTepi TYKBIPHIMIAJFAH KOHE OJIAPIBIH IIENTiMiH KYPY/IbIH aJrOPUTMI YCHIHBLIFAH.

Kiam cesdep: imekTin Tepbestic Termeyi, xykrearen Ternaey, Kormm ecebi, ['ypc ecebi, lapby ecebi, Toyer-
JTiK 00JIBICHI, ocep eTy 0bJbIchl, Komm GepijireHaepin aubIKTay OOJIBICHI.
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A H. Attaev

Boundary value problems for a loaded wave equation

We consider Cauchy, Goursat and Darboux problems for a loaded wave equation uge — uyy = Au(zo, y).
We construct an explicit representation for solution of Cauchy problem, which coincides with the classical
representation for solution of the Cauchy problem for the wave equation as A\=0. We describe the domains of
dependence, influence and definition of Cauchy data. It is shown their essential difference from corresponding
domains in the case of the Cauchy problem for the wave equation. We formulate Darboux and Goursat
problems in nonlocal setting and give an algorithm for construction of their solutions.

Keywords: wave equation, loaded equation, Cauchy problem, Goursat problem, Darboux problem, dependence
domain, influence domain, definition domain of Cauchy data.
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The calculation of the side pressure coefficient in conditions
of the limited stress situation

In this article the method of the side pressure coefficient determining in the conditions of limited stress
situation is considered. Envelopes of limited stresses circles on the strength passport and the rectilinear
envelope in the region of limited extending stresses for different geological conditions are compared. The
calculation-graphical method for the side pressure coefficient determining in areas of compressive and
extending stresses is given and the comparative analysis of its results is done. It is obtained that the
coefficients of the side pressure for the rectilinear and curvilinear envelopes in the zone of extending stresses
are equal to each other.

Keywords: strength passport, Poisson’s coefficient, lateral pressure, rock formation, Mohr’s circles, side
expansion, mine working.

With an increase in the depth of the underground mine working the load on it increases from the weight
of the overlying strata of rocks. In deep mines this load reaches a considerable value. At a great depth of
underground mining the value of the side pressure becomes significant and must be taken into account. The
adhesion and friction between the particles in the rocks of the mine working walls is not sufficient for them to
stand without collapsing and could serve as firm supports of the arch.

The value of the side pressure will be greater, if the rock will be weaker and mine working will have a height
which will be greater. This value can be defined as the pressure on the retaining wall of the sliding prisms loaded
from above.

For the case of a uniform loading of prisms the side pressure will be calculated is calculated by the formula [1]:

290 — ¢

ROZ%(2h0+H)Htg B)

where is a height of mine working height, m; hg is a reduced height of loading of prisms from above, m; v is a
volume weight of rocks,#; © is an angle of internal resistance (friction) of rocks, deg.

In mine workings of a small height 3.5 = 5m, values of the pressure Ry is small too, but in large chambers,
tunnels and mine workings, which have the considerable height, with weak and medium rocks one has to take
into account the magnitude of the side pressure and introduce it into calculations.

Lateral rocks serve as the arch supports of natural balance and perceive the resultant expanse of the arch
and the load on the arch. The magnitude of this resultant depends mainly on a width of mine workings and a
strength of rocks. The value of this resultant will be greater,if the side rocks will be loaded greater too.

Researchers (Birmaumer, Ritter, M.M. Protodyakonov, etc.), dealing with the side pressure questions [2],
determine its magnitude from the conditions of sliding of the side prisms.

Ritter connects the definition of side pressure with the forces of adhesion and friction along the slipping
plane of the lateral prism. According to Ritter, a span of a arch collapse in the mine working ceiling remains
equal to the width of a mine working with the sliding of the side prisms. It is difficult to assume, since the
lateral rocks near the upper mine workings angles seem to be the most stressed [2].

Professor M.M. Protodyakonov believes that a pressure from the ceiling of a mine working is determined
by a weight of a rock in the volume of the arch collapse, having a span which is equal to a width of a mine

working [3]. It is supposed, there are also loose, weak rocks in the walls of a mine workings and the semiprolet
000+%

- Professor

of the arch is increased by the value where is the angle of sliding of the side prisms, 8 =
M.M. Protodyakonov gives the following formulas for determining value a side pressure
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0__ 0_
t = ytg? g [2(1 + ZUGE) + 4e],

where ¢ is an angle of a internal friction of lateral rocks, deg.; f is a fortress coefficient of a roof rock.

In reality [2] , under a parabolic load, the angle of side prisms sliding will be different, and, consequently, a
side pressure will receive a different numerical value.

The problem of determining the side pressure value is reduced to finding the position of such sliding plane
at which a side pressure on a enclosing plane will be the greatest.

According to Prokofiev’s method the inclination angle of the slip plane determines the greatest pressure on
the enclosing wall and this angle was obtained equal to § = 900#.

In is known that with a uniformly distributed load of prisms, the point of application of a side pressure is
the center of gravity of the stress diagram, which is represented in the form of a rectangular trapeze. Bases of
this trapeze are following:

)

— the upper base — yhotg? = 9002_¢

— the lower base — y(ho + H)tg? = QOOT_"D;
if a height is equal to H.

The center of gravity of this trapeze is at a vertical distance from the lower base which equals g . %Z%ii?,
where hg is a height of a uniformly distributed load hy equals the assumed height of the natural equilibrium
arch.

A mountain pressure in underground mine workings is manifested in the form of extrusion of rocks in the
direction of their outcrop. Under the influence of vertical pressure on the rock massif, this mountain pressure
tends to move laterally, it creates a lateral pressure, which is usually called a side expansion.

According to [4], that the side pressure is defined by the following formula

Oy = ﬁyH,t/mQ, (1)

where ﬁ = mg is a coeflicient of side expansion under deformations within elasticity

— 1 is Poisson’s coefficient;
— H is a vertical stress, t/m?.

The coeflicient of a side expansion for the limiting and stress state is determined by the formula

Orp
me = —, (2)
Oy

where o, is a horizontal tension, t/m?; o, is a vertical stress, t/m?.

In the paper [5] the boundaries of a deformation of a rock massif for underground development of deposits
are determined by the construction of a arch of natural equilibrium above a mine working. The boundaries of
a arch of collapse or a arch of natural equilibrium are defined by curved slip lines of three families.

Determination of the boundary of a displacement of a earth massive by curved lines of slip surfaces,
depending on the geological conditions and the parameters of a clearing space, is given in [5] for the first
time. The main carrier of information for constructing of slip lines is the rock solidity passport.

A envelope curve of limit stresses is usually adopted in the form of known from geometry curves, namely,
of parabola, hyperbola or straight line, which does not always reflect the actual form that is obtained from
experiments.

In the paper [5] the equation of envelopes of limiting stress circles is derived on the basis of the theory of
damped oscillations, and as a result we obtain the following equation.

Tni = Ocnc(0.5¢08pcuc + {1 — Kexp[—(0pni/0., )| Ft9Pex), (3)

where o0¢x is a limit of rocks strength for uniaxial compression, t/m2; Oox- Normal stress in the

region of compressive stresses, t/m?; pex is an angle of internal friction under uniaxial compression, deg.;
K = exp [0.5(1 — sinpex)]-

By the obtained equation of the envelope of the limiting stress circles, the angular, strength, linear values and
the coefficients of the side extension are determined. Depending on the stressed state of rocks, the coordinates
of the curves of the slip lines are determined.
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According with formula (3) and Figure 1 graph-analytical by the method of calculation horizontal or and
vertical op; stresses is founded:
Tr = Opi — Tnilgpis t/m?; (4)

Op = Opni + Tnictgps, t/m> (5)
and then the coefficient of a side expansion in the region of compressive stresses is equal to
me = (Oni — Tnitgpi)/(Oni + Tnictgpi). (6)
In the zone of tensile forces the envelope of ¢ limiting stress circles is described by the parabola equation:
Tni = [P(oni + ap)}l/Q, (7)

where
p=(2-(2yn+1)+n)o, (8)

is dimensionless quantity;
o, is a normal stress on uniaxial tension, ¢/m?;

Op = Tm‘tg% — Oni, t/m2; (9)
O = Ons + TniCthOi, t/mQ (10)

Then the coefficient of a side expansion in the region of limited tensile stresses is equal to

e = (ﬂLitg(pi - U?Li)/(gni + TniCtg@i)~ (11)

Tiiyf*
Gy )
o }4’5

., 0]
G
.
i
“) ?2
R:
R:
H. lip %o X U U i3 _J i, T4
dll: G’B.’a
qf'l.— Sg, 1

Figure 1. The passport of rock strength. The envelope of the limiting circles Mora

In the last case the angle of an internal friction or the angle between the tangent to the i-th limiting circle
and the horizontal line p; is equal to:
p

o om T o]

N = Ocxc/0p. (13)

pi = arctg|

16 Bectnuk Kaparanmauickoro yHuBepcuTeTa



The calculation of the side ...

In the zone of an action of tensile stresses, the envelope of Moore’s limiting circles is described by the
equation of the straight line [6]:

T = onitgp + C, (14)

where 0,,; is a normal stress on uniaxial tension or compression, t/m?, C is a clutch.

The envelope of tensile forces is not tangent to the rectilinear envelope, the coefficient of a side expansion
meg under uniaxial tension is zero.

From Figure 2 by graphically-analytical way, described above, it is possible to obtain respectively horizontal
and vertical stresses:

Op = Opi + 7'5#990» t/mzv (15)

where the tangential stress in the zone of action of tensile stresses is defined by this formula

P =C - crmtg<p,t/m2. (16)

n

The vertical stress is found by the formula

0 = 2R; — oy, t/m?, (17)
where the radius of the i-th limiting circle is in Figure 2 as follows

R; = Tpi/cosp. (18)
’E’,,;)-r/n"

o

g‘ j‘—\
il —
¢ Y
AL
6‘\'1
o R:
3.l =% ot b, us | Snight
‘-‘7;?_-_ BIZ

Figure 2. The straight line envelope

Then substituting (18) and (15) into (17) one can obtain a vertical stress in the region of tensile forces

05 = (2T /cosp — (oni + TR tgp)), t/m2. (19)

Knowing o and oy, , it is possible to find the formula for the coefficient of a side expansion mg in the zone
of limited tensile stresses

me = (0ni + Tyitgp) [ (275/ cosp — (Oni + 7t ). (20)

Due to the fact that in the extension region the limit circles are described by a rectilinear envelope of the
values of the internal friction angles, p and sliding surfaces ¢ , respectively, will be equal to the values under
uniaxial compression.
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Analytical research of rocks properties in conditions of volume stress state were carried out by calculation for
passports of the rocks strength as strong (gray sandstones oc,, = 8000t/m? ) as weak (siltstones o, = 185t/m?).
The envelopes of limited stress circles on the strength passport and the rectilinear envelope were compared for
the most accurate determination from the mathematical expressions of mg in figures 1 and 2 in the region of
limiting tensile stresses for various geological conditions.

If formulas (11) and (20) are compared, the values of normal and tangential stresses and the angle of the
slip surface and internal friction are substituted then it can be obtained that they have the same significance,
and, consequently, the side pressure coefficients for rectilinear and curvilinear envelopes in the zone of limiting
tensile stresses will be equal.
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M.ZK. Bammanosa, I'A. Ecenbaena, /I.K. Taxanos

IITekTik KepHeyIJTiK XKargaiiga Oyifip KbICbIM
KO3 PUIMEHTIH aHbIKTAY

MakaJjrajia meKTiK KepHey K Kyl MakcaThIHIa OYiHip KbICbIM KO3(hUIMEHTIHIH aHbIKTaY 9JIici Kapac-
THIPBIIFaH. MBIKTBIIBIK, KY?KATTAaFbl KOHE TiK OAFBITTBI OpaM CBI3BIKTAPBI CO3BLIMAJIBI KEpHEY IIeriHie
Op TYPJIi T€OJIOTUSIIIBIK, JKaFIaiiap YIiiH, MeKTiK KePHEY/IiH opaM IeHOepiHIe caabICThIPbUIAbl. KbIChLTFaH
2KOHE CO3bLIFaH KepHey aiMarbIHIa OYilip KbIChIM KO3(hMUITMEHTIH aHbIKTAY 9/1iCiHIH I'pauKaIbIK ecebi KeJt-
TIpiJITeH YKoHEe HOTUXKEJIEPIHIH CATBICTBIPMAJIBLI TAIIaybl OTKi3iareH. OpaM ChI3BIK, KUCHIK HE TiK CHI3BIKTHI
0oJica J1a, CO3BLILIM KYIITEPI aifMarbIHAarbl OYiip KbICBIM KO3 MUIMEHTIHIH TeH OOJIaThIHBI JI9JICIICH .

Kiam cesdep: 6epikTik macmoptsl, Ilyaccon koadduimenTi, KoaeHeH KbIChIM, Tay KeHi, Mop menbepsiepi,
OY#ipsIik KeHelTy, maxTaga XKYMBIC JKacay.

M.ZK. Bammanosa, I'A. Ecenbaesa, /I.K. Taxanos

Pacder ko3¢ durnmenra 60koBoro J1aBjieHUsI B YCJIOBUAX
MMpe/IeJIbHOTO HANPAYKEHHOIO0 COCTOAHUSI

B crarbe paccmorpen merost onpenesienust Koadduipenta 60KOBOro paclopa B yCJIOBUSX IIPEIEIbHOIO Ha-
MPsI?KEHHOTO coCcTosiHMsI. COMOCTABIEHBI OrUOAIOINE KPYTOB PEJEIbHBIX HAIPSI)KEHUI Ha MACIopTe MPOoU-
HOCTH U IPSIMOJIMHEWHAS OTHOAIOIIAas B 00JIACTH MIPE/IEJIbHBIX PACTATHBAIOININX HATPS2KEHUIH JJTsT PA3TUIHBIX
reoJiorunyeckux ycjosuii. IIpuBesien pacuerno-rpadudeckuil MeTos, onpe/iesenns: Koadduimenra 60K0BOro
pacmopa B 00JIaCTSIX CXKUMAIONIUX M PACTSITUBAOIINX HAMPSIKEHU, TPOBEIEH CPABHUTE/BHBIN aHAN3 €ro
pesysnbraToB. Jlokazano, ato K03ddummeHTsl OOKOBOIO PACIOpa I MPSIMOJIHHEHHON U KPUBOJIMHEHHOMN
OorubaloNX B 30HE [IPEJIEIbHBIX PACTATMBAIONINX HAIIPSI)KEHUN DABHBI.

Kmouesvie crosa: macnopr mpounoctu, koaddurment [lyaccona, momepednoe maBiieHne, TOpHAs MIOPOJA,
kpyru Mopa, 60KoBoe paciiupenue, pabora B IaxTe.
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The calculation of the side ...
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K periennio cUHTYJISPHOTO HEOTHOPO/HOTO MHTETPAJTHHOTO
ypaBHeHnuss BojsbTeppa

B craTtbe mcciremoBaHO HEOMHOPOMHOE CHHIYJISIDHOE MHTETPAJILHOE ypaBHeHMe BosbTeppa BTOpPOro poja,
K KOTOPOMY PeLyLIUPYETCS IPAHNYHA 331248 TEIIOIPOBOJHOCTH, BO3HUKAIONIAS IIPU PEIIEHNN HEKOTOPBIX
3a/1a9 co cBOOOAHBIMY IpaHnnamu. Haiineno obiee peleHne 3TOro ypaBHEHHs, [IPEJCTABIIAIONEE CYMMY
00IIero pereHns OMHOPOJHOTO U YACTHOTO PENTeHN HEOTHOPOIHOTO ypaBHeHus. [lana OreHKa MOCTPOEHHOM
P€e30/IbBEHTHI HHTETPAJIBLHOIO yPABHEHUS.

Karouesvie caosa: I'paHUYIHas 3a/a4v9a TEIJIOIIPOBOJIHOCTU, MHTEr'paJIbHOE ypaBHEHUE Boaneppa, PeE30JIb-
BEHTa, 9aCTHOE pEelIeHHue.

Beedenue

HpI/I HnccJie10BaHnmn FpaHH‘{HOﬁ 3a/la491 TeIlJIOIIPOBOJHOCTU BUIA

u(z,t) o O%u(x,t)
o " ox
du(x,t)
ot

=0, {z,t}eG={z,t: 0<z <1, t>0}

ou(z,t)
ot

da(t)

=0
’ dt

=0

=0, (1)

=t

=t
rue U(t) = u(t,t), perenne KOTOPO# OKA3BIBAETCS MOJE3HBIM [IPH U3YYEHUU HEKOTOPBIX 38189 CO CBOOOJHBIMU
rpanunamu [1], Bo3Hukaer HEOBXOAUMOCTD PelleHust 0cOB0ro MHTErPaIbHOrO ypaBHeHus Bosbreppa

QGf/\/> tt—JrrT {_45;221)27)} \/ZSO(T)d“L zaf/%o/t @ _lT); X

xexp{—z;}\/z (dT—a\f t_T;ep{—M} ;.w(T)dT:f(t). )

CooTBeTCTByIOIIEE OJJHOPOJHOE MHTErPAIbHOE YDaBHEHHEe OBIIO MCCIIeNoBaHO B [2]|, Te 6pLI0 mokasaHo,
9TO OHO UMEET HeHyJieBoe pelrenue. 1le/ibio JaHHOI pabOThI sIBJISIETCsI PEIlleHe HEOTHOPOJIHOI'O HHTEIPAIBHOIO
ypaBHeHug (2), T.e. IOCTPOEHUE PE30JILBEHTHI JJisl 9TOIO Y PABHEHUS.

Pemenue unrerpajbHoro ypassenus (2) uiieM B Kiacce QyHKIUi

ﬁ.exp{;ﬂ} (1) € Loo(G):

\/zg-exp{4ta2}~f(t) € Lo(G).

[Momo6roOro posa uHTErpasbHble ypaBHeHus BoJbreppa OblLin ucciaeqoBanbl B paborax [3-5].
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K pemrenuto cuHTyISIpHOTO HEOTHOPOIHOLO ...

1 Csedenue unmezpasvrozo ypasrerus (2) € pasnocmmuomy

Wcnonwb3yst paBeHCTBO
(t+7)2 (t—7)2+4tr t—7 tr

4a2(t —7)  4a2(t—71)  4a? +a2(t—7')’

HHTErpaJjibHOE ypaBHEHUE (2) IpuMeT BUJ
t
) + 1 / t+71 o tr 4 3 4 tr y
X - - exX —
4 2a\/7?0 (t—7)3 Pl a2t—1) (t—7)z (t—71)2 Pl a2t—1)

X\/Z~0Xp{—t4a;}'@(T)dTZf(t)- (3)

3amevanue 1. [6; 183]. Ecam (dacTHOE) pellleHne WHTErPAJIBbHOIO yPaBHEHMS

M@+/M%M@ﬁ=ﬂ@

JaeTcst hopMyJIoit
xr

M@zﬂm+/R®@ﬂwm

Toryia (4acTHOE) PellleHne MHTerPaIbHOrO ypaBHeHUs (C M3MEHEHHBIM sIJIPOM )

mm+/mmeﬁ:ﬂw

BBIpaXkaeTcst (POPMYIIOit

M@=ﬂﬂ+/wM%ﬂigﬂwh

DTO0 Ke caMoe UMEeeT MECTO U JIJIsl PEIlleHril COOTBETCTBYIONIUX OJJHOPOJIHBIX yPABHEHU.
C yuerom 3amedanus 1 jjist MCCIIEIOBAHUS UHTEIPAJBLHOIO ypaBHeHus: (2) JOCTATOYHO U3yYUTh HHTEIPAJIb-
HOe ypaBHEHUe

ﬂﬂ+/KﬁJ%ﬂﬂW:f®, (4)
0

rae

K(t,7) = 2a1ﬁ [(:j:)g eXp{GQ(ttT_ T)} + G _3T>é - _47); .exp{aQ(fT_T)H .

B uHTerpaspHOM ypaBHeHnN(4) IpOU3BeieM 3aMeHy He3aBUCHMON IIepeMEeHHON U BBEeJeM HOBble (DYHKIAM:
1 1 1 1 1 1
h ek = (), - (2),
tq T eulty) Vit 4 tq (t) iR tq

Torja u3 ypasHeHusl (4) TOIyIM

o+ o / e e R

et ooz ] e = v
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2 Cesedenue K onepamopHomy YpasHeHUuIo

Husa perennst ypasaenus (5) 6yzem uciosb3oBars npeobpasosanue Jlamiaca. Umeem
L 4expd 2V Bulp) — 5 [5exp | —ovB Y 3 7A<>d fi(r)
Xpq ——+v/— . - Xp ——v—py—3]| - = .
p e p P1(P %ay/—p P a p pilq)aq 1\P
P

3zech GBIIM UCHOMB30BAHEL coeLylomue GopMy/Isl npeobpasosanus Jlamraca [7; 500] u [8; 158]:

o0

L /k(h —n)e1(n)dm | = %(—P) - p1(p);

t1

L Lll : <p1(t1)} = 7@1(q)dq-

p

[epeiinem or urTerpangbaoro ypasaenus (6) k muddepeHnuajbHOMY ypaBHEHHUIO, BBl HOBYIO HEM3BECT-

Hy10 GYHKIHNIO-00pa3:

e -2y} L L Tsep {25} —a i

nJI

i (p) Sexp{-2y/=p} -3 Fi(p)

J’_
dp 2a+/—p [1+exp{7%./—p}]
3 Pewenue 00H0podHo020 0NEpamopHoz0 YpacHeHus

Warerpupyst oqHOPOIHOE yPABHEHHE, [TOJIYIAeM

0 () = [t e
=H—i¢—79=a dz:adﬁp —
BT R tr—caa R e b
_ —gz _ 4/ W - —gz+4ln(1 +exp{—2}) =
=|lz= z”H = —g\/fpﬂn <1+exp{z\/7p}>4] .
15 (9) Gysien mers (Rep < 0)
o) = C- exp{av=r} . ep{-3Vp}

(e {2y} (e {-2vp})"

Hasee g HaXOXKIeHWsI OPUTHHAJIA JIJId 06pa3a g (p) UCIOIB3yeM CJIEyIONIee Pa3JIOKEeHUe:

1 2
= g —-1)"B,z", z = ——V-Dr, 1,
L 2 0( ) z,z exp{ p} |z| <

e B, = (lnd2)(nts)

"1 +exp{—2,=p}

(7)

(10)
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K pemrenuto cuHTYISIPHOTO HEOIHOPOITHOTO .

OrMeTuM, 4TO ecau z = 1, TO CIIPaBEIINBO PABEHCTBO

1 1

)|y 16

Ucnonbays pasinoxenns (11), n3 coorHomenust (10) mosryanm

= Z )" B, exp{(2n+3)

Tak Kak mMeeT MecTo cjeayias GopMyJia 0OpaIeHust

exp{-fv/q} = f eXP{—fZ},

To u3 (12) mosyunm GyHKIMIO-OpUrIHAI 120 (t1) mast Beex 0 < t1 < 00

i

— },;manG{p:Reﬁ>0}. (12)

oo

dolty) = —C

T 7;(_1)’1(271 +3) By exp {_M} : (13)
W3 pasencts
Pulp) = dig);tlﬂ(m:m
nojty

S5

1,0(t1) = tiho(ts) =

4a2t1
Bosspamascs k ucxonHoit Hezaucumoii mepeMenHoi 0 < ¢ < 00, MOJIyYUM PEIIeHne OZHOPOIAHOIO ypaBuenus (4)

2W Z "(2n + 3)B, exp{ W}

_(2n+3)?

(14)

Perienue g (t) geiicTBUTEIHHO IPUHAIJIEKUT K Kiaccy L (G Vt,exp { o })
HeiicrBurensHo, ecan f(t1) = f(p), TO CIIPABEIUBO PABEHCTBO

p}lg%p'f(p) :tllgnoof(tl),

OTCIONA, 13 paBeHCTBA 1 (vp) = —¥1(y/P), numeem

5rgew {_z*/jp}] e jiiii@}f

. . 1
, tllgnoo p1(t1) = %E}})\/i wo(t) =

32a°

lim Vp-21(vp) = lim oa(t1)

4 Pewenue Heo0HopodHo20 0nepamopHo20 YpasHEHUS

Teneps HaiizieM YacTHOE pelleHHe HEOJHOPOJHOrO ypaBHeHus (8)

)

(p) = a fiiii;j%}f -_Z exp{iﬁ}- <1+exp{—z\/—7}>3-ﬁ(q)dq,

(Rep < 0, Req < 0).
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YuaurbiBas, 4To fl(q) = }oexp {gm1} f1(m1)dT1, nonyaum
0
1 3
1 / exp{miq} - (eXp{a\/—q} +eXp{—a\/—q}> dg pdr (15)

~ 7 exp{—é\/Tp}
(0 = 1\T1 =
») O/f( oo Crvnn /.
00) = [ R) fi(rmyan, (1)
0
rie ;
Rip) = 510) e {25} - ¥
1 .
(1+exp{-2y=p})"

31ech BBEIEHDI CJIELyIONe 0003HAYECHUS:
M(p) =

N (p) = /pexp{ﬁq}' (exp{iﬂ}+exp{aﬂ}>3 fi(a)dg

N =
o0
Hus maxoxkenus pernenus ¥ (t1) HeoOXoauMO HaiTu opuruHad st R(p). D10 mpoussesieM B HECKOJIBLKO

x/Tq} + 3exp {—iﬁ}) dg =

IpeaBapuTe bHO BLIYUCIUM HHTErpaJl, crodaimuit B hurypuoii ckooke (15):
1
a

N(p) = /p exp{rq} - (exp {i\/fq} + exp {—a\/?q} + 3exp{
7 n-exp {—rin?) - (exp{in}-i—

q=—n% dqg=—2ndn
V=p
3 1
+ exp {—77} + 3exp {n} + 3exp {—n}) dn.
a a a
du = « - exp {an}dn H B

HpI/I BBIYNCJICHUUN 93TUX I/IHTeraHOB I/ICHOJH)3yeM (bOpMyﬂy
u = exp{a-n};
o= -exp { i} dr; v =~ exp { i

2 / n~exp{—71772+a77}d77:‘

V=P
1 9 *° «a 9
= ——exp {—mn’ + an} +— [ exp{-min*+an}dn=
i v L
2 2) oo 2
1 ! @ «@ a T2
_—ﬁexp{(%> }~exp{—(ﬁ-n—2ﬁ) }‘N—Fexp{(%) }TEQWX
x/exp{—(ﬁ-n—) }d<ﬁ-n— )-
27’1 2\/ﬁ
V=P
1 T o« a? «
:eXP{Tlp+CY\/—p}+\2f-3exp{4}-erfc{\/TIp—Q}
1 7.12 T1 1
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K pemrenuto cuHTyISIpHOTO HEOTHOPOIHOLO ...

Takum o6paszom, R R
N(p) = No(p) + N3 (p) = N5 (p) + Ny (p) = N{' (p), (16)

rie

Rop) = ~-exp (o} (ex0{ 2y} o {25} ) +

1

o (o {27} <o [

- 37 9 3
Nao = _ =\ — _ .
5 (p) 5url exp {4@27'1 } erfc {\/ TP Qa\/ﬁ} ;
~ 3T 3
N (p) = . V=
3 () = eXp{MQTl} erfc{ TIp + 2aﬁ}’
~ 3/ 1 1
N = . — _ .
1 (p) 5rl exp{4a2 } erfc{\/ TP Zaﬁ}’
_ 37 1 1
N (p) = , -
1 (p) Py exp { 1a27, } erfc {\/ TP + 2a\/7'T}
Tenepb IpeICTABUM BBIPAsKCHIE }A%(p)B CJIe Iy TOIIEeM BUJIE:
R(p) = Ri(p) + Ra(p), (17)

rie

Ri) = F10) o {25} - Fulo

Ralo) = F10) exp (71} exp {2y~ rip - 5 -

—M(p) - exp {ﬁp - EH} - exp {z\/ﬁ;— 7'1]3} - N (p)+

+3E(p) - exp {ﬁp - 2\/79} exp {W? Tlp} N (p)-

1) -exp {rp - 2y} e {1FpA—1p} R ) a7)

Brauasie HafijileM OpUruHaJI JjIsl IepBoro ciaaraeMoro us (17), npejcraBuB ero B BUJE

exp{-71(-p)}

1 (1+exp{-2y=p})"

x {<1+exp{_gpp}) o (o] 2o {25} -

ZGXP{ m1(=p)} Z "B, - exp{_nzﬁ}x

X

Ri) = 30) -0 {275} - Falo) =

2 4 6
X {1 + 3exp {a\/p} + 3exp {a”} + exp {a\/pH .
B nociemnem pasencTse ciaraemoe npu n = ( 3aIlUIeM OTJEIBHO, 3aTeM IOC/IE Hepexojia K OPUTHHAILY
BHECEM €ro O6paTHO oL 3HAK CyMMBbI, TOr/Ia ITOJIYyYUM

Ri(p) = exp{=ni(=p)} . {1 + 3exp {—z\/fp} + 3exp {—2\/—7} + exp {—2\/—7}} +

T1
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> 2 2 2
+ Z(—l)an : {exp {—na\/Tp} + 3exp {—(n + 1)a\/—7p} + 3exp {—(n + 2)@@} +
n=1

ron{ a2l

Onsarh, ucnonnbsys dbopmysst [7; 525]

) k k2

OyJileM UMeTh
o

exp{—71(-p)} = 8(r —t1); exp{-Svp) = Sav/mlm —t)E p{‘4a2<z2—t1>}'

3HauuT, OpUrKHAJL JIJId TIEPBOro cjaraeMoro u3 (17) Gymer umerhb CJieyiomiee IPeICTaBICHAE

Rf(tlvﬁ):%f(ﬁ—t1)+Rl(t1771), (18)
re
Rt = ot S e oo (s b s e {-
+3(n+2)-exp{—%}+(n+3)-exp{—a§?(lTj__3);)H. (19)

IIpex e yem HalTH OpUTrMHAJ J1JIs ﬁg (p) B coornomennu (17), HaiieM OPUIMHAJBL [IJI BbIPAXKEHUIT BUIA
o ~
exp {g\/fp - Tlp} -NF(p), (a==43;+1),
npu 3ToM OyJieM ucrosb3oBarh dhopmyiy [9; 311]

exp{B-p}-erfce\/5- #% gﬁ

Paccmorpum dersipe cirydast:
1. a=-3,

L 2} {2

\/Tl Qaﬁ \/Tl’r \/7+2a7'1
1) = (-0 + ZV=a+ 522

3
xerfc{\/—ﬁp - 2a\/ﬁ

3y/m 9 3 9 3 9
T a3 'eXp{4 27.1}'@(1){—&\/:1—2&27_1} ~exp{av—Q+4a2ﬁ} cexp{-Tiq}-erfe{v/—m} =
37 1 a1 3 1
-exp{—T erfely/—rgl = Y. 2. [~ _ ) .
™ gard p{-miq} - erfe{v=rq} sard 7 V0 mAh 2e/En Va(n+h)
2.a0=3

\%

} -exp{zH—Tlp} X

w\u

3 - 9
exp {a\/—p - Tlp} NS (p) = e { e
CLT

‘ vV —T1P + Qaﬁ =V —T14q; v — \/ - %7

Xe?‘fC{\/—ﬁ + 2a\F (=p) = (—q) — er—k 4a2 i

26 Becrnuk Kaparanmauickoro yHuBepcuTeTa



K pemrenuto cuHTyISIpHOTO HEOTHOPOIHOLO ...

} ~exp{—71q} - erfe{y/~1q} =

I
[

3 9 3 9 3 9
VT - exp 5 “expi ——vV—q¢— 55 exp i —vV—q+ ——
4a’Ty a 2a°1 a 4a’Ty
NG 37 1 m 1 3 1
= 7 exp{—7iq} -erfe{v=miq} = 7 Nt vavEn Vhmih)

2
2aty

2
2aty

3. a=—1,

3vm 1 1
vr ~exp{4a2ﬁ} 'eXP{aNT1P} X

(=p) = (=) + g V=4 + 257

H V TP 20,\/7 vV —T14; F \/7—’_ 2a‘r1
} -exp{—miq} - erfe{v/=mq} =

><erfc{\/—7'1p—Qa\/?1
1 1 1 1

TEXP TV T T o XD —V (o

a 2a°T1y a 4a°m

37 1

2at
37 3T 1 [ 1 3 1
= cexp{—71q} -erfc{/—miq} = = = . .
2a7—1% p{ 1Q} f { 1q} 2@7’1% T tl T +t1 201\/7?7'1 \/E(Tl —|—t1)
4. a=1,
3 1 1
= ﬁ-exp ——— ¢ -exps —v/—p—Tip; X
4a?m a

:| \/Tlphalﬁfﬁ; F*F—ﬁ,

Xerjce —T
f { 1P (_p) = ( ) aTy \/7+ 4(127'2
3 1 L L —
ERNER PN IF DRV DU
 2ars a1y a a7y a @
_ 3T A E :
- eX T erjc —T = T e = ) .
p{-7iq}-erfe{v-miq} = 2GT1% r Vth m+t 2avan V(T +t)

2a7‘1
YauThiBast, 9TO OPUIHHAJIBL «IIOJUEPKHYTHIX> BbIpaxkeHuit B (17*) coBnasator, HaM HEOGXOAUMO HafiTH Opu-

T'MHaJI BbIpazKeHUA

M(p) - exp{rip} - {1 - eXp{—S\/Tp} + exp {—2\/—7)} —exp {—;l\/jp}:| —

- HJ%) S (1B, e {-n2v=3}

n=0

= exp{rip} - Z 1)" By, x [eXp {—nz\/—TJ} + exp {—(n + 1)2%—7@} +

+exp {—(n + 2)z¢?p} —exp {—(n + 3)z\/?p}] -
—ep(np}- |1+ o { -2y} e {1y - {2y} |+

+exp {rip} - ni(— » [eXp {_nz\/?p} +exp {—(n + 1)2\/_7)} —exp {—(n 4 2)2\/_7;} _

exp {(n + 3)2@” (=) + aﬁ(ﬁl_tl) i(q)an {n exp {CLQ(:Z_M} +

leo

n=1
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2 n 2 n °
+(n+1) 'eXp{_aé(nTj—l)tl)} —(n+2) ~exp{—a§(7j_2)tl)} - (n+3)exp{—a§(;—_3)tl)H .

3Jech onsTh ObLIN UCHIONB30BaHbL (hopMmyJIbl [9; 248]

k2
exp{—k\/g}éf ep{ 4t}; 0<t<oo, exp{pr} =d(t —t), Rep<O.

Ocraercst Teniepb HAWTH CBEPTKY JAHHON (DYHKIIUU C BBIPAYKEHUEM

3 1
Qa7 V(T +t1)

KOTOPYIO 0003HAYNM

T1

o i) / 3 1 1 1 {6( " 1 y
T, T1 — = [ — —- : = = '
2\, A ; 2ay7T T n—ti T+ (n—t) L ay/m(t1 —n)2

RIS TR SRS AT

a?(t1 —n a?(m —n
T1
3 1 3 = 1
= + -1)"B, / X
2/ 1/ — 01 (211 — t1)  2aPTm nz::l( ) J fn—t1(r — 77)% (11 —t1+1)
1

X {n-exp{—az(:z_W} +(n+1) -exp{—M} -

R S N SR S 1

a2 (7‘1 a2 (7-1 -

Brauage HeO6XO,D;I/IMO BBIMUC/INTH MHTErpaJl BUIa

2
T1 m - exp {—7(12(:2777)}

rm(T1,t1) = dn =
" Vi —ti(r — )3 (r —t1 + 1)
2
_ e til =22, -t =2 —n), n="FE
n-t= SRS n = Sk dy = HREE

/ T+ 22(1+22)3 (7 —t1) - 22 { m? (1+22)}d
.exp —72 - —_—
) VAR =) (n (- t) ) (14222 @ n-t
oo m?(1422)

2m exp{_a2(71 tl)}

Tl—tlo (7'1+(7'1 tl) 2+1)

oo
2m / 14 22 m2z? d
€ex exX —_—— z =
T —t1 P Tl—tl J 1 + 27’1—t1)22 P a2(7'1—t1)

oo
2m m? 1 / 14 22 m?z2 d
= ex — . ex e Zz =
7‘1—t1 P a2(7'1—t1) (27‘1—t1) Z2+ T P (12(7’1—t1)
0

211 —1t1

28 Bectnuk Kaparanmauickoro yHuBepcuTeTa



K pemrenuto cuHTyISIpHOTO HEOTHOPOIHOLO ...

2m m? } 1 {ﬂ' V21—t {m2 1 ! }
. ( . eXp . ><

= ex — — .
Tl—tl p{ a2(7'1—t1) 27’1—151) a2 Tl—tl 2Tl—t1

2 Jm
m 1 f a 7T 1 m? 1
= AT —t - —_.
Xerfc{a\/(Tltl)(QTltl)} 2 m n L 2 2T17t1 exp{GQ (Tltl)(2T1t1)}x
m N m?
_ B Y2 S -
Xerfc{(l\/(Tl—tl 2T1—t1 }:| Tl—tl |: 2 m n 12T1—t1 eXp{ a2(7’1—t1)}+
b ex _mi erfc o & 1/ 2T1 —h =
2(27’1 — tl) P a2(27'1 — tl) a (’7’1 — tl)(2’7'1 — tl 27’1 — tl o

T a 1
= . — .4/ _ti -
|: 2 m Tl 127’17?51 eXp{ (12(T1t1)}+

+I-—Tl_t1 ex {_m2 }-e?‘fc{m Tl } =

2 \/ﬁ(?ﬁ—tl)% P a2(27'1_t1) a\/(Tl—tl)(QTl—tl) -
B a/m om? mm ol m?
(= t)2 (21 — t) eXp{ a?(r — tl)} + VT2 — 1) ¢ p{ a?(2m — tl)} x

XeTfC{Zl\/(ﬁtl)T(l?ﬁtl)}' (20)

Takum obpazom,

oo

3 1 3
Ro(t = E -1)"B,, x
2( 177—1) 20,\/%7'1 T1 7t1(27'1 *tl) + 2a27r7'1 n:l( )
X [y (t1,71) + g1 (b1, 71) — P2 (t1, 71) — rogs(t, 7)), (21)

rze 7y, (71, t1) onpenensierca us pasencrsa (20).
Buaunt, 11 byHknun 1(t1) HOLYyUYUIH CIAEYIONEee IPEICTABICHUE:

P(t) = *f1 t1) +/ [Ri(t1,71) + Ra(t1, )] - fi(m)dm + vo(t1).

31ech clpaBeIuBa, OleHKa

1 [ B 1

e a%(r1-t1) + X
(T — t1)

VT —tim(r + (11— )]
X exp {—Z;} . (22)

Oyuxmio 1 (t1) Haiimem u3 ycuosust p1(t1) =ty - ¥ (t1):

|R1(t1,71) + Ra(ty, m)| < C-

o

o0

e1(t1) = fi(ty) +t1 - / [Ri(t1,71) + Ra(ts, m1)] - fi(m1)dm + b1 o(t1).

t1

Boszsparasace K crapbiM I1epeMeHHbIM

=L t:i, Fult)) = V- £(1), pi(t) = VE-o(t),

IIOJIYINM

Vit p(t) =

H.\,_.

/{ < > RQ(i’i)}'\T/jf(T)dT+C'\/f'<ﬂo(t)-

0

Cepusi «Maremaruka». Ne 2(86)/2017 29



T.H. Bexxkan, M.T. [Ixenanues u ap.

I/I.HI/I, yauThbiBasd 3aME€IaHNE 1, OKOHYaTEJIbHO 6y‘ﬂel\d NMETb
t
1 11 11 1
t)=f(t)+ - Ri|-,— Ro|—-,— )| — d C- t
o) =10 +3 [ 1 (1.3) + 2 (12)] S +¢
0

nJIm
t

ﬂﬂ:ﬂﬂ+/R@ﬂﬂﬂM+Cwmm

0

1 11 11
R t’ = R e R -y .
,ZLJIH PE30JIbBEHTHI CIIpaBeJInBa CJICAYIONiad OIlCHKA:

VToVE ey YT Ve
(t—7)2 Vi—T(2t — 1)

rJe

4a

|R<t,7)|s0-[ VTV }e

Takum obpazom, crrpaBeInBa
Teopema 1. VaTerpansaoe ypasHenue (2) s 060

Vit f(t) € Loo(0,00)

umeer obiee perterne o(t)

ﬂwzﬂﬂ+/R@ﬂﬂﬂm+C#MW

rae C = const, t27% - p(t) € Loo(0,00), U 151 PE30IBBEHTDI
R(t7 T) = Rl (t7 T) + RQ(t7 T)7

KOTOpasi onpezessiercst u3 pasencrs (19), (21), cupasegyuba onenka (22).
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T.H. Bexxan, M.T. I:xenamues, C.A. blckakos, M./. Pamazanos

CunryaspJabl 6ipTekTi emec BosibTeppa mHTErpaJabIk,
TeHJAEeYiHiH ITenriMi >Kaiibl

Maxkasama 6ipTekTi eMec CHHTYISIPJIBI eKiuii TekTi Bosbreppa TeHmeyi 3eprrenren. Byrmait Tenmeyre Keii-
Oip epKiH mIeKapaJbl ecenTep/i MelNKeH/Ie Taiaa 60JIaThbIH MEeKAPAJIbIK, KBLTYOTKI3IIITIK ecernTepi peLyK-
nusiIaHa bl. Bysr TenaeyaiH KaJsbl mIenriMi TabbLIFaH, oJ OIpTEeKTI TeHJIeY/IiH >KaJjllbl MIENIMiHiH YKoHe
GipTeKTi emec TeHIEYIIH Aepbec MIenmiMiHiH KOCBIHIBICHI TYPiH/E ajblHFaH. VIHTerpasablK TEeHIEYIiH pe-
30JIbBEHTACHI KYPBLIbBII, OHBIH Oaracbl 6epijireH.

Kiam cesdep: >KbLIyeTKI3MITIKTIH, eKapaJblK, ecebi, BojibreppaHblH HHTErPAJIIbIK TeHIEY], pe30JIbBEeHTa,
nepbec Ienrim.

T.N. Bekjan, M.T. Jenaliyev, S.A. Iskakov, M.I. Ramazanov

To the solution of the singular inhomogeneous integral
Volterra equation

In the article the inhomogeneous singular Volterra integral equation of the second kind is investigated, to
which the boundary value problem of heat conduction is reduced, that arises at solving some problems with
free boundaries. A general solution of this equation is found that represents the sum of the general solution
to the homogeneous equation and the particular solution to the inhomogeneous equation. An estimate of
the constructed resolvent for the integral equation is given.

Keywords: the boundary value problem of heat conduction, the Volterra integral equation, the resolvent,
private solution.
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Numerical solution of a problem on bending oscillation of a rod

In article considered the problem of curved rod fluctuation with Jungs®™s module. Shown the civility of
the problem formulation. For solution used integro — interpolation method. Constructed implicit differential
scheme, which realized by five — point sweep method. Conducted numerical calculations showed coincidence
of theoretical calculation values of solution. Calculations conducted on the system of computer algebra
Wolfram Mathematica. Results of calculations are given for two cases of fixing ends of the rod: both ends
are fixed and one end is fixed other is free.

Keywords: difference scheme, pentadiagonal sweep method, oscillations of a rod, Youngs®™s module,
integro-interpolation method.

Let us consider a rod with length [ with rectilinear axis of variable, but not swirling cross-section, executing
bending oscillations in plane Oxyz (Ox axis is directed along rod axis and passes through centers of gravity of
cross-sections; Oy and Oz are main axes, so [, yzdF = [, ydF = [, zdF = 0). Let us suppose that cross at
deformation stay flat and perpendicular to deformed axes of the rod, while normal stresses on areas parallel to
the axle are small to negligible. Essential of tensor components of stress and deformation are o1 and e17. Axle
elongation is neglected. Potential energy of deformation and kinetic energy relate to rod bend as follows:

/EJ(W) / (2 e,

where J = | r 22dF — is a moment of inertial of cross section relative to Oy. Bending rod oscillations are
described by equations [1, 2|:

0%w o2 0w
P+ S (B@5S ) =t )
initial conditions
im0 = ol@)s 22 }10 = w1 (@) @)
thO_uol‘?at t=0 = U1\T),
boundary conditions:
ow
Wly=0 = 0; %h:o =0; (3)
0 9w 8%w
7 (B ) bt =0 Bl =0 W

i.e. left end is fixed, right end is free. £ = E(z) is Youngs®™s module, p is density, and | 8H“ is rod length.
Let D=0, l], Dr = D x [0, T], 0 <t < T. Generalized solution of problem (1)—(4) let we name function
2,2 . . . _
w € W5°(Dr), for which an integral identity is made:

T
pO/ ( 0 a(D)depml(x);@t(x,o»D+p<uo<x>a¢<$70)>D+

T
+- ”0/ (&U a¢>Ddt+p<m<x>;@t<x,0>>D+p<uO<w>7¢<%0>>D+

32 Becruuk Kaparanmauickoro yHuBepcuTeTa



Numerical solution of ...

T T
0w %P
+/ <a8x278x2>Ddt_/(q’ ) pdt, (5)
0 0

(w,v)p = [pu(z,t)v(x,t)dz, a(z) = E(z), with any function ®(z,t) € W32(Drp). Tt is easy to see that if

q(x,t) € Ly(0,T; La(D)), uo(x) € W3, ui(z) € La(D), , then problem (1)—(4) has only generalized solution,
following [3]. To solve (1)—(4) using integro — interpolation method [4] construct implicit conservative scheme:

wy ={tp,=n7,n=0,1,2... M, M = [T/7]};

wp ={x;=1th,1=0,1,2.... N, h =1/N};

+1 -1 n+1 n+1 n+1 n+1 n+1 n+1
up T = 2ul + ul g Uiig — Uiqq 3 Uipr — Uy 3 Uy~ = Ui g
Pi 2 +5 | Git2 — A Y% i + 5a; i
n+1 n+1
U — U
-1 92 .
az—lzh41>q:7l,12,,N2, Tl:].,,M*]. (6)
Let us add approximation of initial and boundary conditions
0_ 0
0 1 o, T(Au —qj) .
Uy :Oa Uy = Uy + 12 : ’ (7)
ug =0, —uy — 4ul + dufy = 0,uy — 2uy_ +uR_o =0;
an—1uy — (an—2 +2an—1)uy_1 + (an—1 + 2an—2)uN_o — an_2up_3 = 0; (8)
a; = a(xz; — 0.5h);
A = S Uit g — Uy 3 Uity — Uy 3 Ui — Uy Uy — Uy
e T &

Scheme (6)—(8) has an error O(72 + h?). Following (4), let us bring scheme (6) to canonical form

Bu; + 7 Rug, + Au = ¢, (9)
where B = 0, R = E/72, then from (9), following [4] we establish that scheme (6)—(8) is stable on the right
part and initial data; using different analogs of embedding theorems [5], it is easy to see that if z = U — W-
error between U — difference solution of problem (6)—(8) and solution W — of differential problem (1)—(4) then
there is a convergence, namely

l2llwz 20,y < C(7* +h2). (10)

To solve difference scheme (6)—(8) pentadiagonal sweep method [6]. To this end in (6) let us transfer elements
on layer n + 1 to the first part, then we get the following system

a;iYi—2 — biyi1 + iy — diYi1 + €Yir2 = fi, =2, ..., N—=2. (11)

We will solve it using pentadiagonal sweep method algorithm. Here we attach graphs of bend behavior on
different time steps, which demonstrate quality conformity with practical results.
The values of steps in the construction of the graphs given above are as follows

T =h = 0.001.
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In Figure 1 is a graph of the flexural oscillations of the rod, one end of which is fixed, and the second is free
for various time steps. Constant coefficients and functions in equation (1) were taken as follows

p=10,J=1.0; F =10, a(z) = 1.0; q(z, t) = 6(x — vot); vo = 20.0,

where § — delta-function; vy — speed of acting force F' .

-0.005

-0.010

-0.015

-p.020

-0.025

-0.030

-0.035

Figure 1. Graph of flexural oscillations of the rod, one end of which is fixed and the second is free

In Figure 2 is a graph of the flexural oscillations of the rod, both ends of which are fixed, for different time
steps. Constant coefficients and functions in equation (1) were taken as follows:

p = 7800.0, J = 400.0; F' = 1.0, a(z) = 10000.0; g(z, t) = 6(x — vot); vo = 20.0.
ax1e

2.%107° [

Rl
— t=0.005 — t=2.5

_| c =05, —— 1530,
=t 1935

t=1.5 — t=4.0

—x108

—2x100

-3x107 [

xSl

Figure 2. The graph of the flexural oscillations of the rod, both ends of which are fixed

Checked comparison with the test solution. The results showed qualitative coincidence of the numerical
solution with the test solution on different grids. Conclusion: the proposed algorithm showed its practical
effectiveness for the numerical solution of the original problem.
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M. Bykenos, A. Ubpaes, /. 2Kycynosa, /I. Asumosa

ChpIMHBIH, NiJIMeJI TepbeJiic ecebiHiH CaHABIK, MIeImiMi

Maxkanaga FOHr Momysti aifHbIMAJIBI GOJIATHIH CBIMHBIH, UiJIMeIi TepbesticTepl TypaJsbl ecenl KapacThIPBLIIHL.
Ecentin KucbIHABLIBIFGL Jpitesaen . Ecenti menryie mHTErpaIblK-UHTEPIOJISIUSIIBIK, 9IC KOJITAHBLIFaH.
AWKBIHIAIMAraH albIPBIMIBIK CXeMa KYPACTBIPBLILIIL, GeCHYK T KyaJsiay d/iciMen mentiiaren. 2K ypriziiaren
ecernTeyyiep HOTHKEJIEP/IiH, TEOPUSIIbIK, MoHAepiMeH OeTTeceTini kepcerinai. Bapawbik ecenreyiep Wolfram
Mathematica kommbroTepJtik aarebpa xKyiiecinme xiprisiimi. Ecenreynepin HoTHKeIEP] CHBIMHBIH €Ki YIITbI-
Ha ekl Typui opicien GekiTinren (exi ymbl karan GexiTiaren »xoue 6ip yuIbl KataH GekiTiireH, as exiHmrici
— 60c) Karzaibl YIIH KeJITipiareH.

Kiam cesdep: altbIpbIMIIBI CXeMa, OECHYKTEI KyaJiay 97ici, CBIMHBIH Tepbesicrepi, FOHr Moy, mHTErpas-
JIBIK-MHTEPIIOJIATUSIIBIK, DIIC.

M. Bykenos, A. Ubpaes, /1. 2Kycynosa, /1. Asumosa

YHucsienHoe perreHne 3aa9m 00 M3ruOHOM KOJIEOAHWU CTEP>KHS

B cratbe paccmoTpena 3amgavua M3rHOHBIX KOJebGaHUil cTep:KHsT ¢ mepeMeHHbIM MomyiteM FOwnra. ITokaza-
Ha KOPPEKTHOCTH MMOCTAHOBKY 3aJa4u. st permenus 3a1a4u UCIOIb30BAJICS WHTEIPO-UHTEPIOJISATIMOHHBII
mero. I[locrpoeHna HesiBHAsI pa3HOCTHAsI CXeMa, KOTOPas Peajn30BaHa METOJOM IISITUTOYEYHON [IPONOHKH.
IIpoBenenuble unc/ieHHBIE pACUYeThl MOKA3aIU KaYeCTBEHHOE COBIAJIEHNE TEOPETUUECKUX PACUYETHBIX 3HA-
qeHmit pereHusi. BpIanucienns: BBIMOIHSINCh B CHCTEME KOMIbIoTepHO#t anredbpsr Wolfram Mathematica.
Pesynbrarsl BolunciieHuit NpUBEIEHDbL sl JIBYX CJIy4YaeB 3aKpeIUIeHUsl KOHI[OB CTEDPXKHs: JIBA KOHIA 3a-
KPEILIeHbI KECTKO U OJIUH KOHEIl — 33JIeJIKa, a BTOPOl — CBOOOHBII.

Kmouesvie caosea: pasHOCTHAS CXeMa, METO/] IIITUTOYEYHON IIPOrOHKH, KOJIebaHUsI CTepKHs, Moy b FOHra,
HHTETPO-UHTEPIOJIANNOHHBIN METO,.
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2 Xepcorcrutl HauUoHaAbHbIE METHUMECKUL YHUSEPCUMem, YKpauHa
(E-mail: denim102@bk.ru)

K BOIIPOCY OIITMMMU3alV MHI'PpeJMEHTOB KOMIIO3UTHbBIX MaTepHuaJioB
Ha OCHOBe€ SHOKCH,Z[HOﬁ CMOJIbI

Paszpaboran ajropur™M MHOMOKPHUTEPUAJBHON ONTUMUABAIUE COJIEPIKAHNS UHIPEMEHTOB 3allUTHBIX HOKPbI-
THII Ha OCHOBE aHaJIA3a MU3MEHEHUH IIOKa3aTeslell pa3pylIalolnX HAIIPAXKEHUHR, MOAY/IdA YIPYTOCTH IIpU
n3rube, TEIIOCTOWKOCTH, TEPMOCTORKOCTH ¥ TEMIIEPATYPHOIO Ko3dduImenTa JuHeHOro pacimpenns. Me-
TOJIOM 0TGOpA Yepe3 ynopsiZiodeHne 06beKTOB 110 06PA3ILy ONpeIe/eHO HanboJsiee ONTUMAJIBHOE COJEPIKAHNE
JIBYXKOMIIOHEHTHOT'O JIUCIIEPCHOTO HATIOJHUTEJISI B STIOKCHUIHOM KOMIIO3UTHOM MaTe€pUAJIe. YCTaAHOBJIEHO, YTO
BBEJIEHHE JIBYyX HAIIOJHUTEJIEeH PA3HOM IUCIEPCHOCTH YIIy4IIaeT (PU3NKO-MEXaHUIECKHEe U TeIIOpU3nIECKIe
cBoiicTBa MarepuasoB. JIoKazaHO, 4TO Jyisi pa3pabOTaHHON MATPHUIBI HA OCHOBE SIIOKCHJIHOIO OJIMTOMEpa
E/I-20 (100 macc. 4.) u orsepauress ITEITA (10 macc. 4.) onTUMAIbHOE COAEPXKAHUE JIBYXKOMIIOHEHTHOIO
HAIIOJIHUTEJSI COCTABJAET nucyibdui mosnbdaena — 80 macc. 4., Mukporajibka — 80 macc. 4., kKapboHaTa
cepebpa — 0,5 macc. 4.

Karouesvie caro6a: SIOKCUTHBIA KOMIIO3UT, YAapHAs BA3KOCTh, MOJYJIb YIIPYTOCTH, JECTPYKIUs, ONITUMU3A~
[¥sl, KOMIIOHEHTHBIN HAIIOJIHUTEIb.

Ilocmanoska npobaemsv. Ha ceromas BaxkHOM MpobIeMOi sIBJSETCS CO3JaHUE KOHCTPYKIIMOHHBIX MaTepH-
aJI0B, B TOM YHCJIe W HOJIMMEPHBIX, ¢ HEOOXOAUMBIM KOMILJIEKCOM YJIyUIIeHHBIX cBoficTs [1]. Pemator maxnyio
mpobJieMy 3a CUeT BbIOOpa, JMAIIa30HA COIEPXKAHNUST HATOJHUTEEH B MATEPUAIAX, UTO JOCTUTAETCS UCIOIh30Ba-
HHEM METO/Ia MHOTOKPUTEPHAJIBHON OIEHKN MOKa3aTesIeil (PU3NKO-MEXaHNIECKUX U TEIIOMU3NIECKIX CBOMCTB
MaTEpUAaJoOB U METOIOM CKaJIsIPU3AIUN BEKTOPHBIX OLEHOK (Meroj orhopa 4epe3 ylopsaodeHre 0ObeKTOB IO
obpasiy).

Anasus nocaednuxr uccnedosanut u nybrurayut. OIHIM U3 METOJOB YIIyUIIeHUs] CBOMCTB KOMIIO3UTHBIX
marepuasos (KM) Ha 0CHOBe 3MOKCUIHON MATPUILI ABJISIETCA BBEJCHUE B CBI3YIOIIEE PA3IUIHBIX 110 IPUPOJIE
U JucrepcHOCTH HanosauTesnei. [IpenpapurenbHo HaMu GBITIO UCCIIEIOBAHO BIIMSHIE HATOJHUTEIEH PA3IHIHOM
IPUPOJBI U JIUCIEPCHOCTU HA (BU3MKO-MexaHudeckue u remiodusndeckue coiicra KM [2-5]. Yeranosieno
OLITHMAJIBHOE COZlepKaHne MHUKPOucIepcHbIX (7...10 MrM) u Hanogucmepcuslx (100...500 HM) gacTur HamoJI-
HUTeJIEH Pa3INnIHOM TPUPOBI ISt (GOPMUPOBAHUS MOKPBITHH PA3HOTO (PyHKIMOHATHHOTO HASHAYEHUsI C TIOBbI-
[MIEHHBIMU SKCILTyaTAIIMOHHBIMU XapAKTEePUCTUKAMU. B IJIaHe ONTUMU3AIMU COMEPXKAHUS JBYXKOMIIOHEHTHOTO
HAIOJIHATEJIS HEOOXOAUMOll SABJISIETCS MHOTOKPUTEpUAJIbHAs OlEeHKa cocraBa uarpeauentoB KM (snokcupmas
CMOJIa+O0TBEPIUTENb+ HAHOHAIIOJHUTEIIb+MUKPOHAIIOJHUTE)Ib), TaK KAK COJEeDPXKAHNE U TUIl HHIDEIUEHTOB Cy-
IMECTBEHHO BAUAIOT Ha xapakrepuctukun KM. s Takoil ONTHMH3aIun IPEeJIaraeTcsl MCIOIB30BAHNE AJIT0-
PUTMOB HEYETKOI JIOTMKHM HA IPHMEPE CO3/AHUS MATEPHAJIOB C IIOBBIIIEHHBIMU IIOKA3ATEISMU HCCIIELYEMbIX
csoiicTs [5-7].

Ieav pabomuv, — onpesenTh HanbOOIee ONTUMAIBHYIO MACCOBYIO UACTH HAIMOJHUTEJs, UCIOJIb3ysl MHOTO-
KPHUTEPUATBHBIE METOIBI BBIOOPA, IS €r0 KaXKJIOrO THIIA.

Obcyoicdenue IKCNEPUMEHMANDHHLT PE3YALMAMOE UCCAEIOBAHUS

B pesynbrare MpoBeIEHHBIX PaHEe IKCIIEPUMEHTOB IOJTyTIeHBI HAOOPHI JUCKPETHBIX 3HAMEHWH (hU3UKO-
mexanundeckux (W — yunapHas BI3KOCTb, Oysp — paspyllaloliyue HanpsikeHus npu usrube; E — momyinb
yIpyrocTu npu usrube) u remnodusndeckux csoiicte (T — Temrocroitkocth o MapreHcy; « — TepMmuvec-
kuit kKoapdurpenT nuHeHHOrO pacmmpenust, Tp — TeMIeparypa HadaJa JeCTPYKIMA) IPU PA3IMIHBIX MaCcCoO-
BBIX YACTAX HAIOJHUTE/IA. PacCMaTpuBa/d TPU HAOJHUTE s : qucyibdun moymbaena (JIM), kapbonar cepe6-
pa (KC), mukporansk (MT). Ucxonuble pamubie npeacraBiedbl B tabiuie 1. C TOYKU 3peHUs TPUKJIATHOTO
NIPUMEHEHNUSI TTOJIE3HBIM SBJISIETC MAKCUMU3AIMS CJIEAYIOMUX napaMetpos: W, oysr, B, T, Ty 1 MunuMusanus
napaMeTpa .
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Tabauma 1

JunckpeTHble 3HAYEHUsI TapaAMeTPOB (PU3UKO-MEXAHUUIECKUX U TEII0(MDU3IUIECKUX
CBOMCTB KOMITIO3UTHBIX MaTEPUAJIOB, HATIOJITHEHHBIX AUCYIb(PUIOM MOJIUOIEHA,
MHKPOTAJIBKOM, KapboHaToM cepebdpa

Copnepxanmne
HamosHuTeae | Ousr, MIIa | B, TTla | T, K W, xJIx/M% | a® x1075, K=1 | Ty, K
qd1,42,q3, MacC.q.
IIpuopurer 1(max) 2(max) | 3(max) 4(max) 5(min) 6(max)
Hucynsdun monubnena (q)
0 48,00 29 341 7,27 10,3 615,7
5 39,48 2,98 361 14,27 10,1 593,0
10 38,34 3,09 372 13,16 10,2 591,8
15 35,65 3,28 373 13,08 9,82 586,8
20 33,80 3,47 373 8,56 9,76 583,2
30 31,47 3,56 373 8,38 9,37 585,7
40 29,78 3,72 374 7,92 8,40 583,0
50 29,61 3,8 374,5 7,47 8,08 578,6
60 29,58 3,9 376 7,45 7,11 555,9
80 29,46 3,98 379 7.07 6,94 568,4
Muxkporanbk (g2)
5 46,12 347 362 871 11,02 617,9
10 39,11 3,89 364 9,35 9,52 615,7
15 35,09 4,22 365 10,04 9,64 610,2
20 33,06 4,52 367 9,42 9,39 612,2
30 31,46 4,87 369 8,02 9,73 614,5
40 30,07 5,25 371,5 7,51 9,93 613,1
50 30,02 571 | 3725 7.03 9,69 6203
60 30,02 5,94 375 6,53 7,97 621,1
80 29,99 6,63 382 6,01 8,25 621,4
KapGonar cepebpa (g3)
0,025 33,63 3,34 358 7.48 778 611.8
0,050 34,88 3,21 358 7,49 8,03 595,7
0,100 69,42 3,11 359 7,90 8,49 618,1
0,250 63,20 3,17 358 9,51 7,87 624,3
0,500 60,10 3,39 358 15,30 6,84 610,4
1,000 120,41 2,51 360 6,60 6,9 615,6

TGOPS?TLU%GC’K?US OCHOBYL PEUWEHUA

Jlj1st peltieHnst 1OCTABJIEHHON 33/1a4M IPUMEHSIETCSI OJMH M3 METOJIOB CKAJISPU3AIUN BEKTOPHBIX OIEHOK —
MeToz 0TOOpa Uepe3 yropsimovderne o0beKToB mo obpasimy [8]. Tlpu 3ToM HEOGXOAMMO MEpeHTH OT BEKTOPHBIX
K CKaJIIPHBIM OIleHKaM 00beKTOB. IIpocreiinieit ckaaspHoit dpyHKImeil, obecrieanBaloIiel mojgydenne JnHeRHO-
ro mopsijika 00bEKTOB, siBJsteTcs (yHKnus mrpadoB, (popMupyeMasi OTHOCUTEIHHO IKCTPEMATIbHBIX 3HAYECHNN
[IPU3HAKOB!

F(y;) = ZAyij» (1)

rie mof OTK/IOHeHHeM Ay;; OT HOeaJIbHON LEJH IO j-My IPU3HAKY [OHUMAETCH abCOJIOTHOE 3HAUEHHUE Pa3HO-
cta Ay;; = |Yi — Cjextr|, B KOTOPOI HmeajJbHas IIeJb IPH MAKCHMH3AIUN j-TO IPU3HAKA OLPENEJITeTCS Kak
Cjextr = Yjmaz, & IIPU €70 MUHIMU3AINN — KaK Cj eqtr = Yjmin|. YCIOBHEM IPABHILHOIO IPAMEHEHHU By HKINT
(1) siBasteTcst Ucnob30BaHue O0IIEH MKaJbl (B 001IeM cirydae — aOCOJIIOTHOM) [IJId U3MEPEHHs BCeX IIPU3HAKOB.
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IMoz 06pas3IoM MOHUMAETCS KJIACC 0OBEKTOB, XapaKTEePU3yeMblil 000OIIEHHON HEbIo A = (C1, ..., C1, ..Cp)-
Beemem mepy 0OOOIEHHOTO OTKJIOHEHUS OT I€IU, KOTOPAas MO3BOJISET HE TOJBKO HANTH OOBEKT, OJuKalmmit
K 00pasily, HO U YIOPHAIOYUTH M0 YIAJEHHOCTH OT Iesn. PaccMorpum obpaser, 9bu CBOHCTBAa (DOPMUPYIOTCs
OrpaHMYEHHSIME II0 PaBeHCTBY (Y; = ¢;). OTKJIOHeHMe j-ro mpusHaKa B JIFOOYI0 CTOPOHY OT TOUKHE ¢;(c¢; £ Ay+7)
ompejielisieT Mepy YIaJEeHHOCTH 110 9TOMY IpU3HaKYy o0bekTa oT 1esu. OupeeuM OTHOCUTEIbHOE OTKJIOHEHUE
j-To pU3HAKA OT IIeJIN KaK

lyij—cil ., .

Vsman—c;» Yid = Ci
J

lyij—cil . . .

& —vgmm Y13 < €

rje i — HOMep CTPOKH; j — HOoMep croJbiia B Marpuie (3).

B kauecTse mapaMeTpoB ¢; MOXKHO BBIOPATh MAaKCHUMAJILHBbIE 3HAYEHUS IKCIEPUMEHTAJIbLHBIX (BU3UKO-Me-
XaHMYECKUX [IapaMeTpoB (yapHasi BSI3KOCTh, PA3PyIIAOIIIe HAIPSYKEHHsI, MOJLYJIb YIIPYTOCTH, TEILIOCTORKOCTD,
TemIepaTypa Hadaja JeCTPYKIUKI) U MUHUMAJIbHBIE 3HAYEHUS IKCIIEPUMEHTAIBHBIX (PU3NKO-MEXQHUIECKHUX T1a-
pamerpos (TKJIP) uz rabuunpt 1. Ipu Takom mogxoze dopmysia (2) mepeseser pasMepHble BeJIMIUHbL B OTHOCH-
TeJsibHBIE B mpeneitax mKkaysl (0, 1). OxHako mpu TakoM BEIOOPE IAPAMETPOB ¢; 00s13aTeIbHO Oy Iy T HabIIOIATbC s
COBIIQJIEHUS 3JICMEHTOB aHAJU3MPYEMOil MaTPUIILI C BEJIMYUHON C;, 4TO OymeT coorBercrBoBarb 0y;; = 0. Ilpn
HCIIOJIb30BAHUN 8 IUTUBHON CBEPTKH (4) 3T0 NPUBOIUT K MCKIIFOUEHHUIO COOTBETCTBYIONIEro MPU3HAKA U3 OBIIeit
OLIEHKHN 00HEKTA, a IPU UCIOJL30BAHUU MYJIbTHILIMKATUBHBIX CBEPTOK (5, 6) — K ux obmuynenuo. O4eBuaHbIM
C11ocobOM UCKJIIOYEHNUs TAKUX CUTYaluil SBJISeTCs paclIupenne Bepxueil (jijig MakcuMyMa) u HuKHel (mjist Mmu-
HEMyMa) TPaHNIbI KaXKJOr0 IPU3HAKA ¢; B OAMHAKOBOM IpoleHTHOM coorHomenun (8. Himke MakcmMaibHbIe
(MEHEMAJIBHBIE ) SHATEHNST KasKIOT0 U3 IIECTH YKCIEPUMEHTANIbHbIX (DU3NKO-MEXaHIIECKUX IIAPAMETPOB ¢; ObLIH
yBesmdensl (ymenbiensl) Ha 1 % (Tabu. 2).

Tabaunma 2

VYBenundennvle (yMeHbieHHbie) Ha 1 % AucKpeTHble 3HaYeHUs (PU3NKO-MEXaHUIECKUX
U TemIo(pU3nIeCKNX MapaMeTPOB KOMIO3UTHBIX MATEPUAJIOB

W, kI /M? | Opse, MITa | E,TTla | T, K | ax107% K~! | Ty, K

extr 15,30 120,41 6,63 | 382,00 6,34 624,30
cj 15,45 120,61 6,70 | 385,82 6,77 630,54

B pesynbrare npumenerust hbopmysibl (2) st KayKI0rO THUIA HATIOJHUTEJS IOy IaeM MATPUIIBL BUIA

I I, . I,
@ | Sy Oy - Oy
L I U 3)
T q1,---, Qiy- -+, §m — MaccoBOe Yucyo HamojHurens; Ili,..., II;, ..., I, — busuxko-MexaHumdecKue Iapa-

METPHI.

Jl71s BBINOJTHEHU ST CKAJITPHON ONITUMU3AIINN TPEOYIOTCS TOTIOJTHUTE/IbHBIE 3HAHUS O CBONCTBaX 0000IIAONTIX
dbyHKIIMil, TKaJaX TPU3HAKOB U UX BECOBBIX KoddhdurmenTax. [[oCKOIbKyY 9TH 3HAHUS SABIAIOTCH SKCIEPTHLIMH,
yIopsiodeHne 00 bEKTOB B - MEPHOM IIPOCTPAHCTBE HE MOXKET ObITH OJTHO3HATHBIM. 1[09TOMY BaXKHBIM SIBJISIETCST
nU3yvueHne BIUSHUS HA PE3YJIHTATHI ONTHMU3AIUN CBOMCTB 0DOOIAIONTINX (DYHKITUIA, IITKAJI IIPU3HAKOB U BECOBBIX
K03 puUnueHToB.

IIpu TeopernvueckoM aHaym3e OBLIN UCIIOJIH30BAHBI CIEIYIOIIIE 000DMIAIOIIIE MHOTOKPUTEPUAJIbHBIE (DYHK-
IOUH IIOJIESHOCTH.

Addumuenasn ceepmuxa [8]:

oy = ij(syij, (4)

J=1

rJIe Wj — BaXKHOCTD (BecoBoii koadbdmiment) j-ro npusnaxa, > w; = 1.
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Cmenennas myavmuniukamusias ceepmra [8):

n

0y = H (Gyig)™ . (5)

Jj=1

,ZZOTLO./LHUm@/L’bHa.FL MYADTMUNAUKATNUBHAA CBEPINKA [8]

oys = 1= [T (1= w;ousy)- (6)

Jj=1

Hawnyammm cuauraercs obbext, obiagaomuii MUHIMAaJIbHBIM 3HadeHneM GyHKiwii (4-6).
Kpumeputi Cssudoca (Baavda) (MuHMMAIBHBIN MakcumyM) [9, 10]:

Z, = min max y;;. (7)
i
Kpumeput Jlanaaca (Muanmanbabiii Muanmynm) [9, 10]:
Zp, = minmin 6y;;. (8)
i

Kpumeput I'ypsuya [9, 10]:
Zpy = min {Pmin yi; + (1 — p) max 5.%‘]‘} ; 9)
7 7 J

rie 0 < p < 1 — nokaszaTelib IeCCUMU3Ma, IIPU pacdeTax mojaraju paBHbM 0,5.

AnpuruBnas obobmaromas Gynkuus (4) cunaTesupyer «00beMHbBIH» IOKazaTeab obberra. OH oTpaxkaer
CYMMapHYIO BEJIMYMHY YaCTHBIX IIOKa3aTesel ¢ yaeroM BazkHocTu. [Ipsamas mynabruiimkarusaas Gynkius (5)
OTJIAeT IMPEIIoYTEHNE 00BEKTAM C PABHOMEPHBIME OIIEHKAMU II0 BCEM IIOKA3aTeJNsAM, T.€. OTPaKaeT PaBHOMED-
HOCTb JACTHBIX MOKaszaTeseii. JlomosHuTebHasS MyJIbTUTLIUKATABHAS (DYHKITHAS (6) nMeeT 0OpaTHOE CBOWCTBO.
Kpurepuit Casuzka (7) sIBJISIETCS IEPECTPAXOBOYHBIM KPUTEPHEM, HCIOIb30BAHNE KOTOPOTO 3aKJIF0UALTCs B [0~
JIYIEHUN MAKCUMAaJIHLHOTO TapAaHTUPOBAHHOTO PE3y/IbTaTa P HAMXYAIINX YCJIOBUSIX — OPUEHTAIUST HA MUHUMU-
zaruio pucka. Kpurepuit Jlamiaca (8) oupenessier crpareruio, MAKCUMA3UPYIONIYIO BHIATPBIIT (MUHUMU3UDY-
IOIYI0 MUHUMAJIbHBIA PUCK). DTO Kpurepuil Kpaiinero onrumusma. Kpurepuii I'ypsuna (9) npu seibope pere-
HU$I peKOMEH/IyeT PYKOBOJICTBOBATHCS HEKOTOPBIM CPEJIHUM PE3YIbTaTOM, XapaKTEePU3YIOIIIM COCTOSTHIE MEXKTY
KpalHUM TIECCUMU3MOM U KPAHHUM OIMTHMU3MOM.

Pesy/tbmamm U uxr aHaAU3

Pacwersr mpoBesieHnl B cucTeMe KOMIbioTepHO# Marematuku «Maple 9.» B Tabaure 3 mpeacraBieHbl pe-
3yJILTATHL PACcIeTOB 10 dopMmysam (4-9) i pasIuIHBIX 3HAYEHUI BAYKHOCTHU j-TO MPU3HAKA.

Tabauma 3
Awnasmms pesynbraTtoB (0T6Op Yepe3 ynopsimodeHue oO0bEKTOB O 06pasiLy)
Kpurepun / OIITUMAaJIbHAasI, MacC. .
Hamomnurenu | aanTuBHAS | MYJIBTUAILIN- JIOIIOJTHUTEIbHAA KpUTEpUil | KpuTepuil | Kpurepuit
CBEPTKa KaTUBHasI MyJIbTUIIUKATUBHAs | CoBUIKA Jlamaca I'ypBuma
CBEpPTKa CBEPTKA (Banbna)

TIM 801 801 801 15 80 80

MT R R 801) 10 80 80

KC 0,5 0,5 0,5 0,5 1 0,5

Paccuuranubie 110 dopmyie (2) MaTpunbl Jjisi KaXKJI0r0 THUIIA HAIIOJHUTENS IIPEICTaBIeHbl B Tabune 4.
Pacdersr mpoBesieHb! B IPEIIIOIOKEHNHN, ITO BCE KPUTEPUU UMEIOT OJUHAKOBYIO BA’KHOCTb.
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Tabauma 4

Paccuuranusie o dpopmyse (2), (3) Marpuibl, HaOJHEHHbIE QUCYIb(MPUIOM
MoJmbaeHa, MUKPOTAJIbKOM, KapboHaToM cepebpa

Hanosnxaurenn
Hucynsdun mombaena (q;)
1 w 0,167 | 0,167 0,167 0,167 | 0,167 | 0,167 ,
min max Ya Yms Ymd

2 @23 Ousr E T w Q Ty
3 0 0,798 | 1,000 1,000 0,976 | 1,000 | 0,189 | 0,189 | 1,000 | 0,829 | 0,726 | 0,594
4 5 0,891 | 0,979 0,556 0,142 | 0,943 | 0,500 | 0,142 | 0,979 | 0,670 | 0,565 | 0,514
5 10 0,904 | 0,950 0,311 0,273 | 0,972 | 0,514 | 0,273 | 0,972 | 0,656 | 0,575 | 0,506
6 15 0,933 | 0,900 0,289 0,285 | 0,864 | 0,581 | 0,285 | 0,933 | 0,643 | 0,571 | 0,498
7 20 0,953 | 0,850 0,289 0,823 | 0,847 | 0,635 | 0,289 | 0,953 | 0,733 | 0,685 | 0,545
8 30 0,978 | 0,826 0,289 0,845 | 0,737 | 0,595 | 0,289 | 0,978 | 0,712 | 0,665 | 0,534
9 40 0,997 | 0,784 0,267 0,899 | 0,462 | 0,635 | 0,267 | 0,997 | 0,675 | 0,616 | 0,515
10 | 50 0,999 | 0,763 0,267 0,953 | 0,371 | 0,689 | 0,267 | 0,999 | 0,675 | 0,606 | 0,515
11| 60 0,999 | 0,737 0,222 0,955 | 0,0963 | 1,000 | 0,0963 | 1,000 | 0,669 | 0,496 | 0,514
12 | 80 1,000 | 0,716 0,156 1,000 | 0,0482 | 0,838 | 0,0482 | 1,000 | 0,628 | 0,406 | 0,493

Vald | Laplas | Hurwitz

0,933 | 0,0482 0,524

Muxkporanbk (g2)

1 0 0,802 | 1,000 1,000 0,867 | 0,835 | 0,700 | 0,700 | 1,000 | 0,869 | 0,860 | 0,609
2 5 0,823 | 0,850 0,533 0,715 | 1,000 | 0,600 | 0,533 | 1,000 | 0,754 | 0,736 | 0,554
3 10 0,900 | 0,739 0,489 0,648 | 0,650 | 0,700 | 0,489 | 0,900 | 0,689 | 0,676 | 0,520
4 15 0,944 | 0,653 0,467 0,580 | 0,678 | 1,000 | 0,467 | 1,000 | 0,722 | 0,694 | 0,539
5 20 0,966 | 0,574 0,422 0,641 | 0,619 | 0,900 | 0,422 | 0,966 | 0,688 | 0,661 | 0,520
6 30 0,984 | 0,482 0,378 0,788 | 0,700 | 0,800 | 0,378 | 0,984 | 0,690 | 0,654 | 0,521
7 40 0,999 | 0,382 0,311 0,842 | 0,747 | 0,850 | 0,311 | 0,999 | 0,691 | 0,631 | 0,523
8 50 1,000 | 0,261 0,311 0,893 | 0,690 | 0,450 | 0,261 | 1,000 | 0,602 | 0,530 | 0,474
9 60 1,000 | 0,200 0,244 0,945 | 0,284 | 0,450 | 0,200 | 1,000 | 0,521 | 0,424 | 0,426
10 | 80 1,000 | 0,0184 | 0,0889 1,000 | 0,350 | 0,450 | 0,0184 | 1,000 | 0,485 | 0,252 | 0,406

Vald | Laplas | Hurwitz

0,900 | 0,0184 0,509

KapGonat cepeGpa (g3)

1 0 0,835 | 0,907 1,000 0,925 | 1,000 | 0,412 | 0,412 | 1,000 | 0,847 | 0,812 | 0,601
2 10,025 | 1,000 0 0,622 0,901 | 0,286 | 0,529 | 0,286 | 1,000 | 0,691 | 0,638 | 0,523
3 10,000 0,985 | 0,833 0,622 0,900 | 0,357 | 1,000 | 0,357 | 1,000 | 0,784 | 0,740 | 0,571
4 10,100 | 0,590 | 0,857 0,600 0,854 | 0,487 | 0,353 | 0,353 | 0,857 | 0,625 | 0,596 | 0,484
5 10,250 | 0,661 | 0,842 0,622 0,673 | 0,312 | 0,176 | 0,176 | 0,842 | 0,548 | 0,482 | 0,441
6 |0,500| 0,697 | 0,790 0,622 0,0225 | 0,0198 | 0,588 | 0,0198 | 0,790 | 0,457 | 0,210 | 0,385
7 |1,000| 0,0114 | 1,000 0,578 1,000 | 0,0368 | 0,412 | 0,0114 | 1,000 | 0,508 | 0,215 | 0,421

Vald | Laplas | Hurwitz

0,790 | 0,0114 0,405

IIpumevanue. y, — QTUTUBHAS CBEPTKA; Ypms — MYJIbTUILIMKATHBHAS CBEPTKA; Ymd — JOTMOJTHUTETHHAS
MYJIbTUIINKATUBHAS CBEPTKA; W — BayKHOCTD.

C ucnosnbzoBanneM o6obiamx GyHKiwmii (4-6) cocTaBIeH OKOHYATEIbHBIH PEHTHHI MACCOBBIX YacTell JJlst
KasKJIOTO HAIIOJHUTEJIsSI, TIPEJICTABIeHHBIH B Tabimie 5 (paccMaTpUBadl TOJIBKO aJJINTUBHYIO U MYyJIbTUILINKA-
TUBHYIO CBEPTKH).
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Tabauma 5

OxoHYaTeJbHbIIH pEﬁTHHF II0 MaCCOBOMY COAepP2>KaHUIO KaXJ10Iro HaIlOJIHUTeJId

]E{pI/ITepI/II/I/Ol'ITI/II\I&JH:)Ha?{7 MacCC. 4.
HaHOJ’IHI/ITe.TII/I PaHF A,II,ILHTHBH&H MyJ'H)TI/IHJII/IKaTI/IBHa,H ,ZLOHOJ'IHI/ITQIH)H&?{
CBepTKal) CBepTKal) MYJIbTUILINKATHBHAS CBEPTKA*

1 80 80 80
2 15 60 10

AM 3 10 5 60 5
1 5 10 40; 50
1 80 80 80
2 60 60 60

MT 3 50 50 50
1 20 40 20; 10
1 0,500 0,500 0,500
2 1,000 1,000 1,000

KC 3 0,250 0,250 0,250
1 0,100 0,100 0,100

Ipumenvanue. *w (W) =w (0g73) =w (F) =w (T) =w(a) =w (Al) =w (ey) = w (E,) =0, 167.

Buwisodut

ILHSI OKOHYaTeJIbHOI'O BbIBO/Ja OTHOCHUTEJIbHO OIITUMAaJIbHOIT MacCCOBOW YacTH TOTO WJIA MHOT'O HAIIOJTHUTE-

JIsT HEOOXOMMO yUUTHIBATH COBIIAJICHUS IO PA3HBIM 00O0OIIAIONNM (DYHKIUSM, CTEIeHb aJIeKBATHOCTH KaXK IO
obobraromeit pyHKInn perraemoii 3amade. B JaHHOM pelreHnr UCIOJIb30BaId MeCTh 0000mAmux GOYyHKIIAN,
BIIOJTHE YJIOBJIETBOPSIONINX TIOCTABJIEHHON 3a/ia9e, XOTsl CYIIECTBYET MHOXKECTBO JPYIUX MOJXOI0B U (DYHKIHIA,
KOTOPBIE TAKXKE MOXKHO MPUMEHUTD.

Anayms OIITUMHU3AIIUN IIO3BOJIAET CIeJIaTh OKOHYATEJIbHBIN BLIBO/: OIITHUMaJIbHasd MacCcCOBad 9aCTb AUCYJIb-

duma mosmbaena cocrasisier 80 macc.d., MuKpoTasbka — 80 Macc.d., kapbonara cepedbpa — 0,5 macc.d.
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A.B. Bykeros, A.B. Illapko, /I.A. 3unuenko, J[.M. Crenanunkos

DIOKCUJITI MAalbIp HETi3iH/1e KOMIIO3UTTI MaTepuaJIJIap/AblH KypAaeJsi
KOCBIH/IbIJIAPbIH OHTAMJIAHABIPY MaceJejepi

Niny xe3ingeri cepniMaimik MOmyIIiH, *KBUIYOTKI3TIIITIKTI, KbLIyTO3IMIIIK II€H CHI3BIKTEI KEHEUTY IiH TeM-
epaTypaJsbiK, KO3DOUIMEHTIH, KepHEY/Ii Oy3aThIH KOPCETKINITEP/IiH, ©3repyiH Talaay Heri3iH/ie KOPFaHbIII
2KaOBbIH/IBIHBIH NHIPEIMEHTTED KYPBUIBIMBIHBIH KOII KpUTEPHUilsi TuiMey ajaropurMi Kypoliran. Hycka 6oii-
BIHIIIA, OOBEKTIJIEP/] peTTey apKbLIbI CYPBIITAy 9JiCiH KOJJAHBII, SITOKCH/ITI KOMIIO3UTTI MaTepHasIbl €Ki
KOMITOHEHTT] JUCIEPCUSLIBIK, TOJTBIPFBIIITHIH €H THIMII KYPBIIBIMBI aHBIKTAJFAH. OP TYPJI JACIEPCUSIIBI
€Ki TOJITBIPFBINITHI €HTi3y MaTepPHaJIIbIH (DU3NKA-MEXaHUKAJIBIK, KOHE KbLTY (OU3UKAJIBIK KACHETTEPIH YKaK-
caprarbinbl Gajikasurad. EJI-20 (100 macc. 4.) snokenari omuromep meH (10 mace. q.) IIEITA karaidTKbIbt
Heri3iH/le KYPBhIJIFaH MaTPHUIA YIIH €Ki KOMIIOHEHTTI TOJITBIPFBIIITHIH, €H THIM/l KYPbLIBIMBI KeJIeCi Typ/ie
0OJIATBIHBI JRJIJIIeHTeH: MoIubOaeH aucyabduai — 80 macc. 9., MUKpoTajabk — 80 Macc. 4., KyMic KapOo-
raTel — 0,5 macc. 4.

Kiam cesdep: SOKCUATI KOMITO3UT, COKKBI TYTKBIPJIBIK, CEPIIMILIIK MOAYJIl, JeCTPYKIHsI, OHTANIAHIBIPY,
KOMIIOHEHTT] TOJITBIPFBIIIL.

A.V. Buketov, A.V. Sharko, D.A. Zinchenko, D.M. Stepanchikov

To the problem of ingredients optimization of composite materials
based on epoxy resin

An algorithm of multi-criteria optimization of ingredients content of protective coatings based on analysis of
changes in the values of destructive stress, modulus of elasticity in flexure, heat resistance, thermoresistance
and temperature linear expansion coefficient was developed. The most optimal content of two-component
disperse filler in the epoxy composite material was determined, using the method of selection by ordering
objects like in example. It was found that the combination of two fillers with different dispersion improves
physico-mechanical and thermal properties of materials. It was proved that for the developed matrix
based on hardener PEPA (10 wt %) and epoxy oligomer ED-20 grade (100 wt %) the optimal content
of two-component filler is: molybdenum disulfide — 80 wt %, microtalc — 80 wt %, silver carbonate —
0,500 wt %.

Keywords: epoxy composite, resilience, modulus of elasticity, destruction, optimization, component
filler.
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O ManmHHBIX pea/in3anmnuax BbIYMCJIEHUII HOBBIX MoOAdeJIbHBIX
paCCTOHHHﬁ, CTpYKTypI/IBa.I_[I/Iﬁ n pacCliIO3HaBaHMid B 3HAHUAX

PaccMoTpeHbl IpuMepsl 110 06paboTKe CTPYKTYPBl KOHEYHOI'O MHOXKECTBA JIOTHIecKuX (hopmyst (MHOMO3HAY-
HBIX CY?KJICHWI SKCIIEPTOB) W 3a/a4a 0 PACIO3HABAHUIO 06pa30B. Vcnonb3ys HapabOTAaHHOE MPOrpamMM-
HOe obeclievyeHne, JaHbl WJLIIOCTPAIMM UX IpuMeHeHus. [IpesioyKeHbl moaxoapl Mo o6paboTKe MHOXKECTB
CyKJIEHUI WU SKCIIEPTHONW WHGMOPMAINU, KOTOPbIE TPUMEHUMBI TIPU OO0y IE€HUN CTY/IEHTOB, HAIIPUMEp, JIJIsT
OIIEHOYHOT'O0 TECTUPOBAHUS 3HAHUN IO KOHKPETHOMY PAa3feiy, B KOJUIEKTUBHOM YIPABJICHUU KaIeCTBOM
00pa3oBaHus C yU€TOM I0XKEJAHUN CTOPOH, /it 00pabOTKU IKCIIEPTHBIX OIEHOK U IIPEJJIOXKEHUI [0 YTy Y-
[IEHUI0 OKPY2KaoIIei cpeibl. Vcrmomb30BaHne 9TUX TOIXOAOB TO3BOJIUT MOBBICUTH YYeT JTOCTOBEPHOCTH
3HAHUHN, KA9ECTBO YIIPABJIEHUS OOPA30BAHUS, MMOTYyYIaeMOil MHMOPMAIIMN W MOXKEJAHWH PA3IUIHBIX ILIaT-
dopm.

Karoueswie caosa: normaeckue popmysibl, 06paboTKa MHOXKECTB, PACIIO3HABAHNE 00PA30B, SKCIIEPTHASI OLIEH-
Ka, MHOYKECTBO CY2KJIEHWIA, yIeT, TOCTOBEPHAS MHMOOPMAIIHSI.

1 Bsedenue 6 npobaemy

B macrostimee BpeMsi BO3pOC MHTEPEC K MOCTPOECHUIO Pentalonux (byHKIHI Ha OCHOBE aHAJIN3a IKCHEPTHON
I/IHCbOpNIaHI/II/I, 3aﬂaHHOf/‘I B BU/ie¢ BEPOATHOCTHBIX JIOTUYICCKUX BBICKA3bIBAHUII HECKOJIbKUX IKCIIEPTOB, peaJin3a-
UK TIPOLECCOB aJAITallul U corjiacoBanus jorudeckux dopmy [1-12]. Ipemiaraempie HUZXKe IOAXOIbI IO 00-
paboTKe MHOXKECTB CYKIEHNI IKCIIEPTOB HAMIYT MPUMEHEHNE B OOYIEHUN CTYAEHTOB, HATPUMEDP, MaTeMaTUKe
(omeHOYHOE TecTUPOBAHUE IO Pa3JIely), B KOJUIEKTUBHOM YIPABJIEHUH KAadeCcTBOM oOpas3oBaHus (ydeT moxkesia-
HUIl CTOPOH), & TaKKe IIpu 00paboTKe MHOXKECTB (GPOPMAJIM30BAHHBIX CY’KICHHI 110 YJIyUIIeHHIO OKPYZKaroleil
cperpl. Ilpyu npuMeHeHWM JTAHHONW TEXHOJIOTHHU II0JIB30BATENb B IIpolecce paboTbl dopMupyer 6Ga3bl 3HAHUIA,
KOTOpBIE BIIOCJIEJICTBUU MOYXKHO BKJIFOYATH B IIPOIECC AJTOPUTMUIECKON OOPADOTKY JJIsi IPUHSTUAST PEIIeHUN.
B sroMm cirygae ncnosib3yroTcst pa3indHble MOJIEJIbHbBIE PACCTOAHUSA it (DOPMYJI Jorukn JIykaceBuda, KOTOpbIe
OTpazKalT MHOTI'O3HaAYHOCTb Cy)K,D;eHI/Iﬁ (BI)ICK&SI)IB&GMI)IX SKCHepTOM); OIIpeAe/IAI0OTCA KOJIJIEKTUBHBIEC PaCCTOA-
HU, KOTOPbIE C/IY2KaT HEKOTOPBIM COI'JIaCOBaHUEM Mep 6J'II/130CTI/I, npegjiaraeMbIX JJId KJIaCTepu3alliil MHO?KeCTB
BBICKa3bIBaHUI U HaXOXK/IeHud 110 HUM HOBBIX KﬂaCTepI/I3aH,I/IIU/I, JaIonmmx 0oJiee BBICOKUE NHJIEKChI PE3YyJ/IbTaTOB.
IIpegmonaraeTcs 3HAKOMCTBO ¢ paboroit [10, 13-18].

IIpobsiema pacroznaBanmst 0OPa30B y2Ke JABHO IIPUBJIEKAET BHIMAHUE TICUXO0JIOTOB, (DU3NOJIOTOB, HH2KEHEPOB
U MaTeMaTUKOB. MeTonbl pacro3naBaHus 00pa30B HAXOJAT MPUMEHEHHE B Pa3INIHBIX cdepax JeaTeTbHOCTH
YgeJIOBEKa: JUarHOCTHUKa 3.3.60.]'[6B84HI/II‘/'I7 CeJIbCKOe XOSHfICTBO, ,HO6I)I“IH, ITIOJIE3HBIX MCKOIIa€MbIX 1 MHOI'O€ JIpyToe€e.

Jis perteHusi pobJieMbl paclo3HaBaHust 00pa30B HEOOXOIMMO IPOAHAJM3UPOBATL MHMOPMAIUIO, ITOCTY-
MalIIy0 B BUJE <«JIAHHBIX»>, «3HAHUN» W JIpYyrux CTPyKTyp. Takoil aHa/jm3 BKJIOYAeT B cebsi JIBE MPOIEIy-
PBI: IPOIIEAYPY OOHAPYKEHUsT 3AKOHOMEDPHOCTEH, COIEPKAIUXCS B IPEIOCTABICHHON WHMOPMAIIUT; IPOIEILYPY
CTPYKTYPHAPOBAHUA 3HAHUI U WCIIO/IH30BAHUS OOHADYKEHHBIX 3aKOHOMEPHOCTEH IS MPEeICKA3aAHNs 3HATCHUS
o7tHOM YacTn nHMOPMAIIHN 1T0 U3BECTHBIM 3HAUeHUsIM ApyToii eé yactu. HanomuwnMm, ato B pabore [10] ormedeno,
9TO IIpU yBEJIMYECHUUN TUCJIa 3HaHUII BO3HUKAET IIOTpe6HOCTb B aHaJIN3€ 9TUX 3HAHUM. B JaCTHOCTH, JAOIIyCTUM,
9TO 3a/laHa HEKOTOPasd CTPYKTYPUPOBaHHaA Oasa 3HaHuit (HaHpI/Il\Iep7 K.HaCTepal\’II/I), Ha BXO/J KOTOpOfI HOﬂaéTCH
HEKOTOpOe HOBOe 3Hauue ¢. Tpebyercsa onpee/uTh, K KAKOMY U3 UMEIONIUXCS K TAKCOHOB (MMEHOBAHHBIX O6J1a-
cTeil, CopepKaNiX JEMEHTDI, [IOXOKHUE JIPYT Ha JPYyra 110 KAKUM-TO XaPAKTEPUCTUKAM) CJIEILyeT OTHECTH 3TO
HOBOE 3HAHUE, T.e. MOJIydaeM 3a/ady PACIO3HABAHUs 00PA30B:
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Iocmanosxa 3adavu

IIycts B mpocTpaHcTBE 3HAHUN 3a/IAHDL:

1. Habop xapaxrepuctuk X.

2. Crincok HamMeHOBaHUH (bUKCHPOBAHHBIX 00sacTell (TaKCOHOB, HA3BIBAEMBIX TaKyKe 00pa3aMu), Ha KOTO-
pble pasjesieHo BhIOOpOUYHOe ITpocTpaHcTBo ¢ = 1... 1.

3. O6yuaromiast BEIGOPKa B Buje 3Hanuii skcnepros Doi (B npocrpancrse X ) mjist KaxkI0ro Si.

4. KourponbHoe 3HaHEE (.

Tpebyercst ompeieuTh HOMEp i5%: ¢ € Si, UCHOIB3YsT aJTOPUTM k-OJIMZKARIIMX COCeIell 1O TpereieHTaM
(TUIMYIHBIM OPEICTABUTENSIM KasKJI0ro 06pasa):

K
1= argrgg}l;Rzk | S, Do, X, k, R,

rae Rik — k-MuHuMabHbIE pacCTOSHUS OT ¢ 0 M 3HaHWil I KaxKI0ro TakcoHa; R — ommbKa pacro3naBa-
Husi. To ecTb HAXOATCS PACCTOSTHUSI OT KOHTPOJIBHOIO 3HAHUS JI0 PEAJIN3AIMK KaXK0ro obpasa, BEIOMPAIOTCs
k-MUHMMAJIbHBIE PACCTOSIHUS, OIIPEIEISIFOTCS CPeJIHIE (JJIsl KarXKJ0ro obpasa), Cpejil KOTOPBIX HAXOUTCsI MUHU-
MaJIbHOE, U TaKUM 00pPa30M BOCCTAHABJIUBAECTCS HOMED TAKCOHA, KOTOPOMY IIPUHAJJIEXKUT KOHTPOJIbHOE 3HAHME.

Jlst perrennst MOCTABJICHHON 3a7a49n ObLa HAIMCAaHa KOMIIbIOTEepHas mporpamMa. KpoMe Toro, B Heil pac-
CMOTPEH aJITOPUTM, PEAJM30BAHbIH PaHee, OTIMTIIE KOTOPOTO OT PACCMOTPEeHHOTO B [10] 3aK/I09aeTcss B HCTIOIh-
30BAHUMU JIJIs OIIPEJIEJIEHNS | ITAJOHHBIX 3HAHWI, CO3/IaBAEMbIX JJIs KayKJI0ro obpasa:

¢ = argmin R;,
i€l
rie Ri — paccrosiaue ot q 1o Eti (srajgonHOro 3HaHUs i-ro ob6pasa). lasee Bce OnMcaHo aHAIOMMYIHO craThbe [10].
2 O 1066z (KOAEKMUBHBIT) MOOEABHOLL PACCTNOAHUAL

UsBectHO [16-18], 9TO yCTORIMBOCTE pemeHnit B 3aa1MaX KJIACTEPU3AIIN MOYKET OBIThH TIOBBINIEHa GIaroaa-
psi GOPMUPOBAHNIO aHCAMOJIsI AJITOPUTMOB U IIOCTPOEHUIO HA €r0 OCHOBE KOJIJIEKTUBHOI'O perneHus. IIpu sTom
HCITOJIB3YIOTCS PE3YJIBTATHI, IOy YeHHbIE PA3HBIMY AJIFOPUTMAME JIUOO OJHUM aJTOPUTMOM C PA3IUIHBIMU 3HA-
qeHusiMu TapameTpoB. Kpome Toro, s hopMupoBanust aHCAMOJIst MOTYT OBITH IPUMEHEHBI PA3HBIE IO ICUCTEMBI
epeMeHHbIX. AHCAMOJIEBBII TOIXO/T ABJISIETCS OJJHUM U3 HanboJiee MePCIeKTUBHBIX HAIIPABJIEHUN B KJIACTEPHOM
amammse |1, 4, 5; 18-27; 11-18].

B nannoit pabore i1t HOCTPOEHUST KOJIJIEKTUBHOI'O PEIIEHNs UCIIOJIb3YIOTCS Pe3yJIbTaThl PA0OThl NepapXu-
YeCKOro aJI'OPUTMA.

IIycts umeercs muOXKecTBO U3 | dhopmyit. Homycrum, Mbl paccmorpesn k Habopos «. jist KaxKaoro Habopa
POBEJIN KJIacTepu3annio. BeiOupaeM u mojydaeM HEKOTOpbIE KiracTephl. JljIs KayKI0ro MOJIy9eHHOTro Habopa
KJIaCTEPOB PACCUNTaeM HHJIEKC KadecTBa KjacTepusarmu. Torma KoarexmueHviM Paccmosruem i @; T ©;
Ha30BeM CJIEIYIONLYI0 BEJTUINHY:

plpivs) = s1p1(wip;) + -+ skpr(pivs),

rae S, — WHOEKC KadecTBa KJIACTEPU3AINH I/ m-To Habopa a; m = 1,...k; pm(pip;) — paccrosHme MexXIy
dopmynamu @; u p; aas m-ro Habopa o,m = 1,... k.

JlaJsiee BBelIeM KOJIJIEKTUBHYIO MEPY HEJI0CTOBEpHOCTHU. KoarexkmueHnoli mepoti nedocmoseprocmu, Jjist (pop-
MYJIBI (;HA30BEM CJIEJIYIOIIYIO0 BEJIMUNHY:

I(pi) = s1li(pi) + ... sili(i),

LlIe Sy, — UHIEKC KauecTBa KJIACTepU3aluu Jjid m-ro nabopa o, m = 1,...k; I, (¢;) — Mepa HelnocTOBEepHOCTH
17tst GOPMYIIBI @; Juist m-ro Habopa a,m = 1,...,k (Taba. 1-5).

Hampumep, 7151 ipeabiayinero mpuMepa mpu n = 5:

plp192) = 0,056 * 0,760 + 0,016 x 0, 760 = 0, 055.

I(p1) = 0,056 % 0,200 + 0,016 * 0,190 = 0,014. dasee 1o aHazOruy.

Marpuria KOJUIEKTUBHBIX PACCTOSIHUIL sl npuMepa (n = 5) MHOXKECTBa COCTOUT U3 BOCbMU (hOPMYJI:
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©1=2 =y

2 = ~(z = y);

w3 =(x\z2) = y;
pa=((xAy)V2) — w;
o5 =y — (x\2);

w6 = (myV(z = 2)) = w;
or=((x = y) = 2) = w;
ps = (w— 2) Ny = ).

Tabauma 1

Marpuia KoJJIEKTUBHBIX Mep HeJIO0CTOBEPHOCTH [l npumepa 5.1 (n = 5)

1 2 3 4 ) 6 7 8

1 0.055 | 0.007 | 0.025 | 0.033 | 0.028 | 0.018 | 0.030
2 0 0.049 | 0.039 | 0.036 | 0.036 | 0.046 | 0.036
3 0 0.023 | 0.037 | 0.026 | 0.017 | 0.034
4 0 0.029 | 0.004 | 0.009 | 0.032 -
5 0 0.030 | 0.031 | 0.010
6 0 0.012 | 0.033
7 0 0.034
8 0
Tabaunma 2
Marpuna KoJUIEKTUBHBIX PACCTOSIHUH JJIsi TOro ke npumepa (n =17)
i 1 2 3 4 5 6 7 8
I(p;) | 0.014 | 0.058 | 0.021 | 0.026 | 0.021 | 0.029 | 0.019 | 0.024
Tabnauma 3

Marpuna KoJIJIEKTUBHBIX Mep HeJOCTOBEPHOCTH JJis npumepa 5.1 (n=7)

1 2 3 4 5 6 7 8

1 0 0.024 | 0.003 | 0.011 | 0.014 | 0.012 | 0.007 | 0.012

2 0 0.022 | 0.017 | 0.017 | 0.016 | 0.021 | 0.017
3 0 0.011 | 0.015 | 0.011 | 0.007 | 0.014

4 0 0.013 | 0.001 | 0.004 | 0.015 t
) 0 0.013 | 0.013 | 0.004

6 0 0.005 | 0.014
7 0 0.014

8 0

Tabauna 4
Ucnonb3yem nepapxudeckuii ajgroputs. [loaydum cireyoniue KIacTephbl.

1 1 2 3 4 ) 6 7 8
I(p;) | 0.006 | 0.026 | 0.009 | 0.012 | 0.009 | 0.013 | 0.008 | 0.010
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Tabauma 5
OHU U 33J210T CTPYKTYPY MOXKECTBA PACCMATPUBAEMBIX (POPMYJI, TO3BOJIAIONLYIO PEIIATH BOIIPOC O MPUHA/I-
JIEZKHOCTHU HOBO# (DOPMYJIBI K OZHOMY M3 KJIACTEPOB.

Howmep urepanun n=>5 A n="7 A
1 {4,6},1,2,3,5,7,8 0.003 {4,6},1,2,3,5,7,8 0.001
2 {1,3},{4,6},2,5,7,8 0.007 | {1,3},{4,6},2,5,7,8 | 0.003
3 {1,3},{4,6,7},2,5,8 0.01 | {1,3},{4,6,7},2,5,8 | 0.005
4 {1,3},{4,6,7},{5,8},2 | 0.01 {1,3,4,6,7},2,5,8 | 0.007
5 {1,3,4,6,7},{5,8},2 | 0.015 | {1,3,4,6,7},{5,8},2 | 0.007
6 {1,3,5,8,6,7,4},2 0.015 | {1,3,5,8,6,7,4},2 | 0.007
7 {1,3,5,8,6,7,4,2} 0.044 | {1,3,5,8,6,7,4,2} 0.02

8 Habarodenus u 6616006, 0AA PASAUMHBLT T, 1 > 2 pozuku JIykacesuua

Brina cozmana 6a3a n3 6ostee 250 pas3imaHBIX JIOTTIECKAX (DOPMYIT, OTKYIA CIIy 9ailHbIM 00Pa30M BHIOUPAJIICH
noaMHoKecTBa (popmyit. C IOMOIIBIO Al TUPOBAHHBIX aJrOPUTMOB, OMUCAHHBLIX B [8, 9], 6bLI0 KilacTepu30BaHo
6ostee 100 TaKUX [IOJIMHOXKECTB IIPUA PA3JINYHBIX N U Q.

Vcxonst u3 pacCMOTPEHHBIX IIPUMEPOB J1IJIsi HOBBIX METPUK, OBLIU CIEJaHbl CJIeIYONINe BHIBOJIBIL:

1. st no = 2, ..., 7 HaOJII0/1aeTCsl PA3HUIA B COCTABE KJIACTEPOB, IIPU 7 > 7 KJIACTEPHI U MOCJIEI0BATEIHLHOCTD
ureparuit He MeHsIoTCsd. TakuM 00pa30M, BOZHUKAET TUIIOTE3a O HEIeIeCOO0PA3HOCTH MCIIOJIB30BaHUS JIOTUKT
6OJIBINOI 3HAYHOCTH B PEAIbHBIX 33Ja9aX OT MAaJIOro YUCJIa MePEeMEHHBIX.

2. Insa asnropurMa k-CpeHUX DU BBHIYUCIECHUH IIEHTPOB MacC HAOJIIOMAIOTCS O/IHY U T€ YK€ Pe3yJIbTaThl, KaK
Ipu 3aMeHe CPEeTHEro apudMeTUIeCKOro O/IMKANIINIM CBEpXY 3HAUYeHHeM U3 V,,, TaK 1 OJIUKAUIIIM CHU3Y.

3. B GosibimmHCTBE CIIy4YaeB KOJUIEKTUBHBIE PACCTOSTHUS JAI0T HAMIYUIIYIO KJIACTEPU3AIUIO.

B nannOM pazziesie HaMu UCIIOJIB30BAHBI HOBBIE MePhI, 0000IIa0IIe (DOPMYJIbI PACCTOSTHUS U MePhI HEJIOCTO-
BEPHOCTH, ITOJIyIe€HHbIE BIIEPBbIE [IUTs IlecTu3HaYHON jjorukn Jlykacesuua coBmectro ¢ B.B. @edemnopoit. Takxke
HCITO/IH30BaHa (GOPMyJIa JJis PACCTOSIHUS, KOI/[a HEKOTOPbIE 3HAYEHUS IIePEMEHHBIX 3apaHee M3BeCTHbI. Panee
[6-10] moxkazaHBI CBOMCTBA ITUX BEJMYHMH, CXOXKHUE CO CBOHCTBAME DACCTOSIHUST, M MePhI HEJOCTOBEPHOCTH JIJIsI
cJydasi KJiaccudeckoii jjoruku. [lojrydeHHble BeJIMIUHBI MOT'YT OBITh MCIIOJIb30BAHBI IIPU [IOCTPOEHUH JIOTUIECKUX
pemamomux HyHKIUH B PACHO3HABAHUN, IPY aHAIU3e 6a3 3HAHWI U UX KjacTepusanuu (HalpuMep, TAKUX, Kak
MeJIMIMHCKAS dKCIepTHas 6a3a mwin 6a3a PeKOMEHIATEIbHBIX CUCTEM ).

Bbuin ajanrupoBanbl JBa aJrOpUTMa KJIACTEPU3AIMU — nepapxudeckuii u k-cpennux (k-means). IIposegennt
YUCJIEHHBIE IKCIIEPUMEHTHI JIJIsl PA3JIMYHBIX N U (v, IOKa3aHbI UX pazin4us. 1lo BBeJeHHOMY HHIEKCY KadecTBa
KJIACTEPU3allii U3 MHOYKECTBA IIPUMEPOB OblLila BEIOpaHa HaWIy diliast KJIACTEPU3allisl, IOCTPOEHbI KOJLIEKTHBHBIE
PaCCTOSIHUSI U TI0 HUM — HOBasl KJIACTEPU3aIlHsl.

g aBroMaTudeckoil Kiacrepusanuu Brepsbie coBmecTHo ¢ B.B. @edestooii [8, 9] paspaborano u HAMCAHO
pabodee Java-nipuiiozkeHune, paciimpeHHoe B Januoil pabore. CII02KHOCTD aJITOPUTMA BBIUUCICHUS PACCTOSHUS
MezkTy hopMysIaMu — IKCIOHEHInaIbHasA. Jlaiee onucaHbl co/lepKaHue IPOrPAMMBI JIJIs BHIUUCIIEHIS PACCTOs-
HUIl 1 MePBI HETOCTOBEPHOCTH, B KOTOPOIl IIPEJICTaBIIeHa PEeAIM3AII NEPAPXUIECKOrO AJITOPUTMA U AJITOPUTMa
k-cpemaux. IIporpamma peasmsoBaHa Ha sa3bIKe Java U COCTOUT U3 ceMu KiaccoB. Ilepsrrit kimace Fraction ompe-
JIeJIsieT KJIACC PAIMOHAJIBHBIX Jpobeil u onepamnuu HaJl HUMU (palMOHAJIbHbIE JPOOH ABJISIOTCH UCTUHHOCTHBIMU
3HAYEHUTMHU MHOro3HadHOi jioruku). Caenyromuit kiaace Formula onucbiBaer popMysbl (BBICKA3bIBAHUS IKC-
1epToB mwin YacTb 6a3el 3Hanuit). Knace Distance peasmsyer pacder Mep HEIOCTOBEPHOCTH U PACCTOSHUN MEXK Ly
dopmysamu. Knace HierarchicAlg conep:xut nepapxudeckuii aaropurM. Knace K-Means cOmep:KUT ajaropurM
k-cpennux. B kitacce Helper 3aai0rcsi MHOXKeCTBA HCTUHHOCTHBIX 3HAYEHUN M BECOB, TAKXKE B HEM COIEPIKATCSI
Bcriomoratejbable MeTobl. Kimace N-valued Logic siBiisteTcst OCHOBHBIM, B HEM ITPOM3BOIUTCS BBI30B OOHEKTOB
JPYTUX KJIACCOB JJIs HEOOXO[INMBIX PACIETOB.

Peanmuzarus #a BoicokoypoBaeBoM OOII s13bIKe 1MO3BOJISIET JOOUTHCS YHUBEPCAJIHHOCTH TPUMEHEHHUsI PO-
rpammbl. IIporpamma npezcrasiena B Bujie KOHCOJIBHOT'O IPUJIOYKEHIST, BCE HEOOXOIMMbIE ITapaMeTPhl 33 JaI0TCs
B TEKCTe IIPOrpaMMbl. B KOHCOJIb BBIBOJATCS PE3Y/IbTAThl BBIUMUC/IEHUI: MaTPUIIA PACCTOSHUN, MePbl HEIIOCTO-
BEPHOCTHU U PE3YJIHTAT MOSTAIHOIO BBIIOJHEHUs] NEPAPXUIECKOrO aJIrOPUTMa U aaropurMa k-cpeanux (MHIEKC
KAadecTBa KJIACTEPU3AINNA TAKYKE BBIIACTCS HA KaXKJOM STAIE).

B manbmeiimenm mwraHupyercs aganTupoBaTh U APYTHE AJTOPUTMBI KJIACTEPU3AIINN, & TAKKe ITPOBECTU KJia-
CTepPU3ANUIO OOJIBIIEro Yucsa hOPMYII ¥ TPOUJLIIOCTPUPOBATH IPUMEHEHHUE TIOJIy YEHHBIX BEJIMINH HA IIPAKTUKE.
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4 Mawunnaa peasudayus ai2opummos pacno3HasaHus

o HetlaBHEIO BPEMEHHU CyIIeCTBOBAJI TOJIBLKO OJMH PEAJIM30BaHbINi aJrOPUTM PAaCIO3HABAHUs 00Pa30B B IIPO-
CTPaHCTBE 3HAHWUI, OCHOBAHHBII Ha IMIIOTE3€ YHUMOJAJIbHON KoMITakTHOCTH. B mporiecce paborsl ¢ B.B. Bano-
BbIM [10] GbL1a cozmana KomnboTepHas nporpamma «Knowledge» B cpese DELPHI 5.0., peasusyrormast HOBbIi
agroputm u3 [10], azropur™ k-6irKaiux cocesell, OCHOBAHHBIN y»Ke Ha MIIOTe3€ MTOJIUMO/IAIBHON KOMITAKT-
HOCTH, KOTOpasl ABJIAETCs Hojiee CJIabol U TIOTOMY TO3BOJISIET PACIHIMPUTH BO3MOXKHOCTH PACIO3HABAHUS B IIPO-
CTPAHCTBE 3HAHMUIA.

Pa6ota ¢ mporpammoii Haunaaetcs ¢ [mmaBHOrO OKHa (puc. 1), rue 3a/Jar0TCsl IMCII0 XapAaKTEPUCTUK (TI0 KO-
TOPBIM [IPOU3BOUTCsI OOy UEHNEe U PACIIO3HABAHNE); KOJIMIECTBO SKCIEPTOB, 3aIA0IINX HaPAMETPhl; KOJINIECTBO
06pa30B, Ha KOTOPOE pa3bUBAeTCs BHIDOPOYHOE IIPOCTPAHCTBO; k-OIMKAMIIIX coceaeil; MaKCUMaIbHOE 3HATEHIE
KPUTEPUs 3HAUYNMOCTHU JJI XapaKTEPUCTUK.

Pucynoxk 1. I'taBnoe okHO

ITepexosst B peskuM «CBoiicTBa XapaKTepUCTHK» (PUC. 2), MOXKEM 3a/IaTh MAKCUMAJIBHOE 3HAYEHNE XapaKTe-
PHCTHKH, MUHIMAJIbHOE 3HAUEHHE XapaKTEPUCTHUKH, T.e. KpaiiHee JieBoe 3HaUeHne (0T KOTOPOI'o OTCUUTHIBAETCS
[ePBbI MHTEPBAJI) U pa3bUeHne — KOJIMYECTBO MHTEPBAJIOB.

+f DataEnter

+[ ChaiProp

fercee B

Pucynox 2. Pesxum Pucynok 3. Obyuatomas

«CBolicTBa XapaKTEepUCTUK» BBIOOPKa
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Hazkas Ha kuouky «BBos maHHbIX» (pUC. 3), MBI TIOJIyYaeM BO3MOXKHOCTb BBECTH 00YYAIOILYI0 BLIOOPKY —
BAIOJIHSIETCS JJIs KasKJ0ro obpasa, KaxKI0ro IKCIepTa, KarXKJIoi XapakKTepUCTUKH, KayKJI0r0 HHTEPBAJIA 3HAYE-
HUs BEPOSATHOCTEl (€cjM 9KCHEPT He MOXKET IIPEJIOCTABUTH PACIPEJIesIeHNe Jjisi KaKoi-mbo XapaKTepUCTUKH,
TO I Heé 3aaéM paBHOMepHoe pacupeseienue). [Tocsie BBoga maHHBIX (B IIPOIEHTAX WM B JIOJSIX) B IOJIE
«BeposiTHOCTH> (puc. 3, 4), nX HeobXOMMMO HOpMHUPOBaTh (KHOIKA « HopMup» ), 3aTeM 3a7a8TCst 3HAUUMOCTD Xa-
PaKTEPUCTUK, T.€. 3HAUCHUE, XaPAKTEPU3YIOIee, HACKOJIbKO IKCIIEPT CINTAET BarXKHOH JTAHHYIO XapaKTEPUCTUKY
(upu pacyérax MCIOJIB3YIOTCs CPEJIHUE 3HAYCHUS 3HAUUMOCTEH! 110 BCeM SKCIepTaM JIjisl JTAHHONH XapaKTepUCTU-
KU, T.€. IIPOBOJMUTCS CBOETO POJA «IOJIOCOBAHUES ).

Ilocsie BBOTA OOy 1atoNeit BLIOOPKH ITEPEXOINM B peKuM « KOHTPOJIbHBIE TaHHbIE», TIe 33 a6TCA KOHTPOIb-
Hoe 3HaHue (puc. 4).

#[¥ ControlData I [=] 5
Hapa 3HauyeHWA  BepoarHooTM
Iﬂasnewe j 075 ﬂ

1,742 &
OYMCTHTE |

742743 B
743744 D

Ok | 744.745 0
745748 10
TAE. 747 20
7748 30
742.749 2o
749750 0
7B0.751 0
m1.7e2 0 _I
Qeraraok Igg—

Hopramp. I

Pucynok 4. Pexxum «KoHTpo/IBHBIE TaHHBIES

IIo mepe 3aBepienns BBO/A JAHHBIX [IPOrpaMMa I'OTOBa K pacrio3HaBaHuio. Jljist 3Toro HaXkuMaeMm Ha KHOII-
Ky «BBIUHCINTD>, TI0CIIE Yero MOsIBISETCS OKHO Pe3yJIbTaToB (pHC. 5), 0003HAUYEHNe — * B KasKJIOM 0bpase (nMst
00paza BBIBOJAMTCH CJIeBa, HAIPUMED: 00oicdb U CHez) NMOKA3bIBAET KayKIO0ro u3 k-Oimkaifiimux 3HaHuil sKciep-
TOB (B mpuMepe = 2 = BbIOMpaeM JBa 3HAHUA B KaXKJIOM 00pase, PACCTOSHUE OT KOHTPOJBLHOIO JI0 KOTOPBIX
MUHUMAJILHO, JJIsi 06pa3a dootcdv — 3o 3uanusa [lemposa u Heanosa, st obpasa chee — 3Hanus Meanosa u
Cudoposa); #* — I0OKa3bIBaeT 00pa3, K KOTOPOMY OTHOCHTCH KOHTDPOJIbHOE 3HAHUE, PACIIOZHAHHOE C HCIOJIb30Ba-
HUEM 3TaJIOHA U aJropuTMa k-OnmKaiimmmx coceeil.

4+ Rezults O}

Metpos HeaHoE |l:w:mp05 |K-coce,|1. |EITar|0H | Ok |
Howmae 006257 005337 0,333 00609 0,115
Crer 1 0,193 0,0625¢ 012a 0173

" - PACCTOAHME 40 OAHOMD U3 k coceneh
** - MUHWMANEHDE PACCTOAHWE ANA K SW#aiLME Cocensi (MaM no aTanoHard)]

Pucynok 5. OKHO pe3y/IbTaToB
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Pabora gamnHoit mporpamMmbl 6bLIa TPOBEPEHA HA TECTOBBIX BHIOOPKAX, O/IHA U3 KOTOPBIX IIPEJICTABIISECT CODOI
Ha0bOP 3HAHU, BBICKA3AHHBIX CTYIEHTAMU-TIATUKY DCHUKAME, BBICTYIIAIONIINME B pOJiH SKcriepToB. CTymeHTam Obi-
JIO TIPEJJIO?KEHO HA3BATH XaPAKTEPUCTUKH, IO KOTOPBIM MOXKHO OIPEIEIUTD, YTO CTYAEHT Oy IUT HA IK3AMEHe:
5, 4 mwin 3. Tlocsie onpoca BeIGpAHBI CIIEYIONINE XaPAKTEPUCTUKH: &) IOCEIAEMOCTh JIEKIIH; 6) II0CelaeMoCTh
CeMUHAPOB; B) CpeJHUI GAur; T) BpeMsl MOATOTOBKH K 3K3aMeHY; J) Kypce, Ha KOTOPOM YUHUTCsl CTYAeHT. Jljist
HUX OBLIN BBEJICHBI 3HAYMEHUS U BEPOSTHOCTHU, C KOTOPBIMU 9TU 3HAYEHUsI IpUHUMaIOTCs. KOHTpOJIbHAS BBIOODKA
peIcTaBIsiaa co0oi 3HAHMS SKCIIEPTOB, HE BKIIIOUYEHHBIX B 00y JAOILYI0 BIOOPKY, 663 nMeHn 00pa3a, KOTOPOMY
pUHAJJIeXKAT 3Tu 3HaHus. [IpoBommiiocs pacrno3HaBaHue, a 3aTeM CPABHEHUE PE3yJIbTATOB, ITOJIYIEHHBIX IIPO-
rpaMMoii, 1 3HAYEHU , 38 aHHbIX dKcepTamu. COBIaIeHNE JTJAHHBIX TI0KA3aJ10, 9TO AJITOPUTMBI, PEATM30BAHHBIE
B IIPOrpaMMe, [TO3BOJISIIOT IIPOBOJIUTH PACIIO3HABaHUE 00PA30B B IIPOCTPAHCTBe 3HAHUN. Bo3Hukamm ciaydan, Ko-
I/Ia PACIIO3HABAHUE C UCIIOIB30BAHUEM AJIrOpUTMa k-OsImKaflmx coce/ieil 1 9TAJTOHOB TaBAJI PA3HbIe Pe3yJIbTa-
TBI. DTO IIPOUCXO/IUIIO IIPU HOJUMOJAIBHBIX PACIPEIEIEHUSIX XaPAKTEPUCTHK, B JJAHHOM CJIyYae Paclo3HABAHNE
110 STAJIOHY [ABaJO OMMOOYHBIN PE3YJIbTAT, 9TO MOATBEPKIAET MeIeCO0OPA3HOCTD MCIOIb30BAHNS AJTOPUTMA
k-OmzKafmx coceiei, a He 3TAJOHHBIX 3HAHUI coceliell B cirydae TOJUMOJAIbHBIX pacipefesnenuii. OdueBuiHO,
YTO MOXKHO NIPUMEHSITh B 9TOH 3a/1aue HOBble MOJIesIbHBIe paccTosaus [7—11].

IlepeunciuM pe3ysnbpTaThl JAHHOTO pa3jesa paboThl: B HOBOW IIOCTAHOBKE PAacCMOTPEHA 3aJlada pPAacIIO3Ha-
BaHHUsI 00PAa30B B IIPOCTPAHCTBE 3HAHUIL, B BUJE IIPOrPAMMbBI PEAJM30BaHbl aJrOpUTM k-Oimzkaiiimux cocejeit,
MTO3BOJIAIONINN PEIUTh TAHHYIO 3a/1a9y, U paHee PACCMOTPEHHBIN AJITOPUTM CPABHEHUS IO ITAJOHAM. 3aJaHbI
obyJarorue BEIOOPKH, ITPOBE/IEHO PACIIO3HABAHNE 3HAHUN U IIOATBEPKICHA CBI3b MEXK/Ty XapaKTEPOM pacipeie-
JIEHU! U IPABUJIBHOCTHIO PAOOTHI AJITOPUTMOB, B CJIydae YHIUMOJIAJILHBIX PAcCIpeiesennii 06a ajiropuTMa Pacio-
3HAIOT NIPAKTUYECKU OJMHAKOBO, a B CJIydae MOJIMMOJAJIbHBIX — CDaBHEHNUE I10 3TAJIOHAM JAET OOJIbIIe OIUOOK.
IIpoBe1éHHBIE SKCIIEPUMEHTHI TOKA3BIBAIOT BO3MOXKHOCTD JTAJTBHEHIIIEr0 NCIIOIB30BaHNS IIPOI'PAMM U PA3JINIHBIX
MOJIEJIBHBIX PACCTOSIHUN JJIsi CTPYKTYPHU3AIUY 3HAHUI B JIOTHYeCKUX 06a3ax 3HAHU.

Ilnanupyercss masbHeiiliiee pa3BUTHE IIPEJIOKEHHBIX IMOIXOI0B JJIs PEIIeHUs] KOHKPETHBIX MPUKJIATHBIX
3a/1a4.
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u B.B. Hsanosy 3a nomowp 6 peasudauls ais20pummos U nposepke KOHKPETMHOIT BuUUCAEHUT, USAOHCEHHDIT
golule.
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Bimimaeri aiibIpblll TaHy, KYPBLJIBIM KoHe »KaHa YJTijIl apakKanibIKTHIK,
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ecenTeyJep/iH MaIlIUHAJBIK »Ky3€ere acybl

Beitaenepai Tamy ecebi MEH JIOTHKAJBIK, (hOPMYIATAPIBIH, (CAPANIIBLIADBIH, KO MAFLIHAJIBI TANBIMIAYBI)
aKbIPJIbI JKUBIHHBIH, KYPBIIbIMIAPLIH OHJIEY MbICAJIAPbl KapacThIpbliabl. ChlHAJIFaH 6arIapaMasibiK, Ky-
paJsIbl maligaialbIl, oJlapabl XKy3€ere acblpy MbIcaJaapbl 6epiiren. Ilikipjep *KUbIHBI MEH capamTaMaJibIK,
aKIapaTThl OHJEY TOCIIAEpi YCBIHBLIFAH, MBICAJIBI, YCHIHBIC OEpYINi YKaKTapIbl €CKEPe OTBIPBII, CAIIAJIBI
Oistim Gepyzeri y>KbIMIBIK OacKapy/1a HaKThl OesiM OoMbIHINA OimiMl Oarajay YINH »KoHEe KOpIIaraH Op-
TaHBI YKAKCApTy MaKCaTBIHJA IKCIEPTTI Oarajaysiap MeH YChIHBICTApAbl Oepyrae. Byur Tociiaep/i Koany
mbIHAME GiTiMIl TipKeyTe camasbt 61tiM 6epyai 6ackapy/ia, aablHFaH aKIapaTTHIH PACTBIFBIH, COHIAN-aK op
TYpJIi 11aTdopMaIap/IblH, eCKEPTYIepiH TipKey >KYMBICTapbIHIA >KOFapbl KOPCETKIIIKe ne 0OoJIyra KOMEK-
Tece/Ii.

Kiam cesdep: norukasibik dopMyiaiap, KUBIHIAPIB OHJeY, OeifHeepal TaHbI OLIy, TipKey, pacTajFaH
akKrapar.

A A. Vikent’ev

machine implementations of calculations of new model distances,
structurizations and recognition in knowledge
Examples are given of processing the structure of a finite set of logical formulas (multi-valued judgments of

experts) and the task of pattern recognition. Using the software, illustrations of their application are given.
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O MamuMHHBIX peanmm3anugax ...

The approaches to processing sets of judgments or expert information that are applicable to the training of
students, for example, for evaluating knowledge testing on a specific section, in collective management of
the quality of education, taking into account the wishes of the parties, for processing expert assessments and
proposals for improving the environment are proposed. The use of these approaches will allow to increase
the account of the reliability of knowledge, the quality of education management, increase the reliability of
the information received and take into account the wishes of various platforms.

Keywords: logical forums, processing of sets, recognition of images, expert evaluation, sets of judgments,
accounting, reliability of information.
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On the application of mathematical methods
for the research of vibration processes in mechanics

Article represents the study of applied problems of mathematics, whose mathematical modeling leads to
boundary problems for equations in partial derivatives. Mathematical methods, applied to these models,
enable to obtain exact analytical results. Detailed result is represented for boundary problem of oscillations
of thin structures with boundary conditions in general terms. Application of spectral decomposition for
sufficiently smooth function, characterizing the membrane deviation from equilibrium state, enables to
define exact analytic representation of inflection function for studied problem. To calculate multilayer
plates, method of finite elements is applied.

Keywords: oscillating motions, thin structures, orthonormal function system, inflection function, multilayer
plates.

Integral instrument of mechanician, which is impossible to work without, is the wide range of mathematical
methods, applied in mechanics.

Boundary problems for equations in partial derivatives, closely related to study if mechanical problems,
became especially urgent due to developing extent of their application. Differential equations appear naturally
at study of problems of classic mechanics, mechanics of continue, acoustics, optics, hydrodynamics, etc., at
modeling of oscillatory processes, deformation processes, transportation processes, heat and weight exchange
processes, dynamics, demolition, etc.

Thus, boundary problems for equations of mathematical physics are successfully applied, for example, in
description of motion of continuum, where main equations of mechanics of continue are shown, which represent
mass conservation law, energy conservation law, impulse law and law of conservation of angular momentum,
peculiar for every physicist.

We consider the partial differential equations that describe mathematical models of mechanical and physical
phenomena. We often use the second order partial differential equations of hyperbolic type in the problems of
oscillation theory and we apply the parabolic equations in problems of mechanics, where the characteristics of
the various elements of constructions are investigated under the influence of different temperatures [1].

We consider the partial differential equations that describe mathematical models of mechanical and physical
phenomena. We often use the second order partial differential equations of hyperbolic type in the problems of
oscillation theory and we apply the parabolic equations in problems of mechanics, where the characteristics of
the various elements of constructions are investigated under the influence of different temperatures [1].

Method of Riemann functions, integral transformations, method of partition, finite elements method and
other mathematical and numeral methods are effectively applied in different spheres of exact sciences, including
problems of mechanics, such as dynamic problems for taut space, problems of fluid dynamics and its relations
with elastic bodies, problems of oscillatory processes, etc.

Equation, defining the distribution of elastic waves in prismatic bar, whose longitudinal motions of points
does not depend on coordinates in its cross section, and extension rigidity is the same that is in statics, and has
the following type [1]

pFutt — EFU;EI = Q(t, 1’),

where u — moving; F' — cross section area; ) — external axial load.
In the simplest cases, such as in problem of longitudinal oscillations of the bar, modeled by equations

Utt — a2umw = Q(ta x)a um(ta 0) = 07 'LL(O,{E) = So(x)a ut(ovx) = 1/)(95)7 0< t, x < 00,

at application of integral cos-transformation [2], result may be obtained in evident analytic form
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0 0 0

Plane problem on longitudinal ambulatory plate distortions is defined with the following equations [1]
Vit — Vgg — (1 - 262)wz = QO;

Wit — w,, + 3w+ 3(1 — 2¢?) v, = 0;

1
_1 e
Q02_/1Q(t7l',y)dy, C\/;v

where v,w — wave velocity in continuum; g — Lame’s constant.
Considering that axis stresses, averaged in cross-section o,z are defined with equation

Ope = Vax + (1 = 2¢%)w,

for infinite plate at

QO = 25(’1:)7
which corresponds to compression of the right part of plate (z > 0) with single force and strain of left part with

the same force (x < 0), and after application of Laplace transformation under ¢ and Fourier transformation
under z [3] and applying asymptomatic representations at reversion, we obtain

U]
1 . 1—d?
02T N —3 + /AZ(T)dT —Jo ( 6mt(t - x)),
0
n:(x—ct)[<1+62—d2 ;)} ;
E
2 _
CEaoe

where Ai(1) — Airy stress function; Jo(z) — Bessel function.
Consider the problem of vibrations of the infinite rod [1]

Ugg — Uyy + QU + buy + cu =0, —00 < x <00, 0 <y <oo; u(x,0) = p(x), uy(z,0) = g(z).
Using the method of the Riemann function [1], we find

w(o.y) = {w(:v—y)-e‘wy+w(w+y)-e‘“§”y}_

2
z+y 5%
_%e%y / {Zjo(x/av (z—¢)2—y?) — \/ayjl(\/iv Exc)_;_) y; = } cem 2 p(qde+
B Ty
lfy 2 2 5 (z—s)
3 [ (VavE=aT =) e g,
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Applying the Laplace transformation [2] to the more general problem for the wave equation
Uy = @2 Uy + u+ fx,y), —00 < x < 00, 0 <t < o0; u(z,0) = @(x),u(z,0) = g(x),
we receive the solution in the analytic form

u(z,t) = % . / 9(s) 1o (c t2 — @;;P) de+

x+at

z+at I <c 2 (fr;)Q)
r —at)+ o(x+ at ct @
i )Qso( )+%,/@(g)

t z+a(t—T)

+% : /dt / f(s, 7)o <c\/(t —7)% - (Cca_;)j ds.

0 z—a(t—T)

The boundary value problem for the heating of the infinite rod [1]

0 2.9, ,0
a—?:%-%(:ﬂ”a—z), 0<z<o00,0<t<oo; u(0,t)=¢(t),u(co,t) =0,u(z,0) =0,

by applying the mathematical methods [3] has the following solution of this problem

" / OF <f§:>f(<? myn (‘42)) "

Among thin structures, which combine lightness with high durability, we can emphasize film-type and
membrane constructions. Thin structures (films, membranes, coatings, etc.) may be applied in all the spheres
of manufacture and human life support.

In all the spheres of human life technical and economical problems are tried to be solved on the base of
films, membranes and coatings. These are problems of friction and wearing, problems of corrosion and erosion,
problems of absorption of waves of specified range, problems of protection from high temperatures and fire,
problems of protection from viruses and bacteria, problems of mechanisms, products and water conservation,
disinfection, etc.

Creation of new films, membranes and coatings with specified operating characteristics is one of perspective
directions of mechanics development.

To create new films, membranes and coatings with specified operating characteristics and durability, it is
necessary to study temperature-time, mechanic (including oscillatory), chemical and other impacts may cause
the demolition processes in material structure, that is why necessary characteristics of films, membranes and
coatings are provided mainly by calculation of influence of such impacts on durability and material characteristics
necessary for exploitation [4].

Oscillatory process of plane thin structure (membrane) is described with the following equation in second-
order partial derivatives [5]:

Uty = % (Ugy + Uyy), (1)

where a?> = Z; T — tension on a membrane; p — membrane density.

Let us study plane uniform rectangular membrane, edge-fixed, with legs b and ¢ in plane XOY, 0 <z < b,
O<y<e

Membrane inflection function, i.e its derivations from equilibrium state in point x,y at the moment of time
t, shall be denoted with u(x,y,t).

Let us study the process when membrane oscillation is caused by specified primary deviation and specified
primary velocity.
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To find the function u(x,y,t) we have the following boundary value problem: find the solution of the
oscillation equation (1) in the region 0 < z < b, 0 <y < ¢, t > 0 under the initial conditions

u(,y,0) = ¢(z,y); (2)
ui(,9,0) = ¢ (z,y), 3)
and boundary conditions
a1u(0,y,1) + B1us(0,y,t) = 0, azu(b,y,t) + Baus (b, y, t) = 0; (4)
mu(z,0,t) + 01uy(z,0,t) =0, you(z, c,t) + Oouy(z, c,t) =0, (5)

where ¢ and 1 are given functions; aq, 5;, i, 8; are given numbers and
af + 87 £ 0,77 + 607 #£0,i=1,2.
The solution of problem (1)—(5) is founded by Fourier method in the form function, not identically zero
u(@,y,t) = v(z,y) - T(t). (6)
Substituting (6) into (1) and dividing the variables, we obtain

T  Ugz t+Uyy

AT 7 @)

where o is constant of separation of variables, which for convenience of calculations we take with a minus sign,
without assuming anything about her sign.
From (7) we obtain the differential equation for the

T +a?cT =0 (8)

and the following boundary-value problem for the function v(z,y)

Vga + Vyy + o = 0; 9)
a1v(0,y) + B1v:(0,y) = 0, agv(b,y) + Bavz (b, y) = 0; (10)
mv(z,0) + 61vy(x,0) = 0,v2v(x, ¢) + Ozvy(z,c) =0, (11)

where the boundary conditions (10), (11) are obtained by direct substitution (6) into (4), (5).
To solve problem (9)—(11), we again apply Fourier method. The solution of the boundary value problem
(9)—(11) will be sought in the form

v(z,y) = X(2) - Y(y), (12)
where the function v(z,y) # 0. We substitute (12) into (9) and divide the variables

—— —0=-n, (13)

where 7 is constant of separation of variables. From the relation (13) and from the boundary conditions (10), (11)
we obtain for the definition of the functions X (z) and Y (y) the following one-dimensional spectral eigenvalue
problems, where 7 =0 — 7

X7 +nX =0;

a1 X(0) + £1X(0) = 0;

s X (B) + BoX'(b) = 0;

Y47 =0;
7Y (0) +61Y'(0) = 0; (14)
Y (c) + 02Y'(c) = 0.

Note. We consider the problem for the differential equation with a parameter v
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7 +v-X =0;
h1Z(0) + g12'(0) = 0; (15)
haZ (1) + g2 Z'(1) = 0;

where Z = Z(2);0 < z < l;¢;(i = 1,2) — given number, and define under which parameter values of v problem
has a nontrivial solution.

Under direct calculations [5] obtained that the problem (15) have nontrivial solution in following cases:
1) v = 0 under the condition
grha — hi(hal + g2) = 0; (16)

2) v <0.

In remark spectral problems (14) have eigenvalues and eigen functions, 7 = 7 = 0 if under performance of
condition (16) for matching parameters and n < 0, 7 < 0.

We introduce the notation = A2, 7 = 2, then problem (14) will take of the form

X7 4+ XX = 0;
a1 X (0) + 41.X'(0) = 0;
@ X (b) + B2 X' (b) = 0;

Y? + pu?X =0;
7Y (0) 4+ 61Y’(0) = 0; (17)
1Y (¢) + 6:Y'(c) = 0.

If spectral problems solved (17) we obtained that eigenvalues of problem (17) is A1, ...A\p, ... and g1, ...ftm, ...

equation

(a2f1 — a1 B2)A e = (7201 — 1102) 1
aras + 15202 vy — 016202

root respectively, and eigen functions is function with view as

tgA\b =

Xn(x) = Ap(B1An cos Ay — aq sin Ay ), Vi (y) = B (01 pm COSmy — V18I0 y). (18)

o =7+n =M+ pu? considering 7 = o — 7 from (14). So, we obtained that eigenvalues o, , = A2 + u2,
correspond eigen functions according to (12), (18):

Unm, (33, y) = Xn(x)Ym (y) =Anm (ﬁlAnCOS)\nx — (1 COs )\nx)(ollumcoslumy - 715inﬂmy)a (19)

where A,,, = A, - B,, — constant. Choose it in such a way as to norm of function wv,,, with weight at 1 was
total 1 that is to say function orthonormaling

b ¢ b c
//v?lmdxdy = Aim (B1An cos A\pz — ag sin )\nac)Qdm . /(Qlum COSy, Y — Y1 SiD Y )dy = 1;
00 0

0

A, = ! . (20)

b c
\/f(ﬂl An €08 A\p@ — a1 Sin A 2)2dz - [(Ogftm COSp Y — V18I0 fy ) dy
0 0

Calculation of coefficient A,,,, is time-consuming and impractical in general cases according to the formula
(20). Notably easy and rational way of calculation of coefficient A,,, is calculate in each concrete cases of
border-line conditions spectral problem, in contrast with using awkward-to-handle and difficulty-memorizing
formula, which was gotten under integral calculation in (20).

Return to original problem (1)—(5). From (19) we have

Unm (2, Y) = Apm (B1Anc0sAnz — a1 €08 Apy) (01 b COSLmY — 718N mY),
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where coefficient A,,, is ccalculated in each concrete cases of border-line conditions. Find the general solution
of equation (8) with or,, = A2 + u2

Tom (t) = Cpm €08 aV/0rmt — Dy, sinay/ o,

where Cy.pn, D,m — the arbitrary constant.
Returning to the original problem (1)—(5), we obtain that the particular solutions according to (6) will have
view

Unn (T, Y5 1) = Upn (@, Y) * T (8) = Vnn (2, Y) (Cram €08 /Tt + Do, $in ay/ 0 t).

According to the superposition solution of the equation (1) with the boundary conditions (2), (3) have view

u(z,y,t) Z Z Unn (2, Y) T i i (Chrim cos avopmt + Doy sin av/opmt) - tpm (z,y). (21)
n=1m=1

n=1m=1

Using initial conditions (4), (5), correlation between (21) and property of wy,,, function orthonormaling, we
find value of constant C,,,, and D,,.

SIS b c
I y’ Z Z "mu"m T y) (p(xay)7 = Cn7n//§0(93,y)unmd17dy7
00

n=1m=1

u(z,y,0 Z Z Do/ Crmtinm (2, y) = ¥(z,y), =

n=1m=1
b ¢
// (@, y)unm (x, y)dxdy.
0

So then we get analytical form of problem solving (1)—(5):

:>Dnm:

(o) o)
u(z,y,t) Z Z (C — nmcosar/Tnmt + Dpmsina/o,mt) - upm (2, y),

n=1m=1

where
Unm (2, Y, ) = Apm (B1Ancos Az — a1 cos Ay @) (01 fbm COS by — Y1510 fmY);

My oy Ans oon - is equation root tg\b = @2fi=af2)x,

ajaz+PB162A2 7
) . — (r201i—mby)p
U1y ooy by --. - 1S €quation root tguc = 172+ 01O
1
Anm =

b c ’
\/f(ﬂl)\n o8 \p@ — ay sin Ay )2dx - [(01 ftm COSpy y — Y1 8I0 iy )dy
0 0

b ¢ b ¢
1
— / / (&)t (. )y, Do =~ / / D@, Y i (2, y)derdy.
0 0 0 0

So then we get analytical solution of boundary-value problem, which describe fluctuation of beamless plate
structure for general cases of border-line conditions. Boundary-value problems and equation in partial derivative
is ubiquitous in mechanics of continua, liquid mixture, beamless plate structure, introduction to fracture
mechanics, shape memory alloy mechanics, differential modeltheory of viscoelasticity, theory of hereditary
elasticity, flow theory and in other mechanic fields [1].

The remarkable thing is that the similar boundary-value problem as investigating problem above, can
describe different processes in varied fields of knowledge such as mechanic, physics, chemistry, biology, economics
etc, insomuch as mathematical modeling various processes lead to the same tasks under using basic conservation

60 Bectnuk Kaparanmauickoro yHuBepcuTeTa



On the application of ...

law (energy, mass, particle number). Analytical solution could be used in applied problem of variety science,
which have result as represented boundary-value problem under mathematical modeling, in adding number with
border-line conditions in general view.

Finite elements method be able used for calculating multilayer plates under inability getting accurate
analytical solution [6]. Following calculation formula as a result of using basic classical correlation for displacement,
voltage, balance equation for multilayer plates, is [7]:

— for contact conditions in stratum boundary, for voluntary constant

uiTt =i, Heioi(ai-1) = Hei(ai-1);

0 0 0 0 0.
Cioi—ai1 =01 —ai—1, Gy =CF =C7;

Tli??l = ngv EOH2¢i71(ai71) = EOHQz/Ji(ai,l);

a?_ a2
Air = bia (G - 2 L) =AY = Bi(COaiy — 2 -)i

oy ' =03, EgH%0i1(aim1) = EoH’0(ai—1);

2 3 2 3
BY .y — AL+ Bina (O, =2 =) = BY — A + (P22,
— for voluntary constant
. Bn =Y (Br— Br-10i_1) ; L
0 = 3 k:nQ , AV =" Z(ﬂk — Br—1)ap—1 — B} Z(ﬁk — Br—1)az_y;
Bn — Z(ﬁk — Br—1ak-1 h=2 h=2
k=2
0 i 0 0 0 g 2 1 ¢ 3
B; = Z(Ak —Apq) — o Z(ﬁk — Br-1)ap_1 + A Z(ﬁk — Br—1)@_1;
k=2 k=2 k=2

— for internal effort

" W EoH?

M = t2zdz = -DCg——5, D= ;
/ Ta T
a;—1
Cr =123 { Do (2~ at ) - goutat - i)}
i=1
n W
Q=> / Tiadz = DAg—— (22)
i=1 !
Qi —1

N d*w D*W
o} =q= EgH?5,(1) e = DBBTx%;

B =126,(1), Cs = Ag.
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Calculation of multilayer plates under given algorithm|[7], where resolving equation have view:

d*W
DBg—— =
B dlel q,
introduce proportion 7; = gé ; were Dy — basic plate modulus one of layer, which is chosen the first from below;

D; — plate modulus of other layers.

Then integral parameters C;, and A, adding as multiplierin basic formula of finite elements, which calculated

by formula (22), but with an allowance instead.

F=C,K-V, M=-C,B-V, Q=—A,C-V, [3].

Cooperative using analytical (for example,integral transformation) and numerical methods is quite often

effective for solution multidimensional problems of mechanic, under this possible take results where any one of
them in separateway are practically powerless.
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["'A. Ecenbaena, K.C. Kyrumos, 2K.P. Caxunosa, O.2K.Copcenbex

MexaHuKaJarbl TepOeMelti IIporecTepil 3epTTey Ke3iHie
MaTeMATUKAJIBIK, 9JIicTep/Al KOJJAaHy KOCBIMIIIACHI TYPAJIbI

Maxkanana Kommanba bl MEXAHUKA €CeTePi MEH TaIChIPMAJIAPBIH 3ePTTEY KYMBICTAPBI KOPCETLITEH, OIap-
JIbl MATEMAaTUKAJIBIK, MOJIEJIbIEY JepOec TybIHAbLIAD TeHJIEYJIepiHe MEKTIK ecenrepre 9Kesedi. ApHaibl MO-
Jesbiepre Koca OepijireH MaTeMaTHKAJIBbIK TOCIIIep 63 Ke3eTriHae aHAJTUTUKAJIBIK, HAKTHI IIeITiMIEPI] aJIyFa
MYMKIHIIK 6epemi. 2Kaamer Typze ImeKTec mapTTapMeH Koca KYKabyHip/ai KypblIbIMIap TepOestici meTki
ecebi yIIiH HAKTHI IIemnM ajiyra 6osiazbl. Teric dyHKIMS YIIIH CIIEKTPAJIbI bIABIPAY/Ibl KOJIAHY Tere-
TeHJIK JKarJailylapblHia MeMOpaHasIapblH aybITKYbl CHIATTAJIIbI, OJI 3€PTTEJIETIH ecell YIIH (QpyHKIHA-
JIapJBIH, ULy Ke3iHJe HAKThlI KYHiH aHbIKTayFa MYMKIHIIK Gepemi. KenmkabarThl maacTHHAJIAPILI €CEIITEY
YIIIiH MIEKTIK 3JIeMEHTTED TOCLI NaliJaHblIFaH.

Kiam cesdep: Tepbemnicrep, *KyKaOyiip/i KypbLIBIMIAP, OPTOHOPMAaJIaHFaH QYHKIUs Kyiieci, niny dyHK-
[USICHI, KOMTKAOATTHI IJIACTUHAJIAP.
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["'A. Ecenbaena, K.C. Kytumos, 2K.P. Caxunona, A.ZK. Capcerbex

O IIPMJIO2KEHN MaTeMaThn4YeCKNX METOJ0B K MCCJIeJJOBAHUIO
KoJiebaTeJIbHbIX IIponeccoB B MexXaHUuKe

B crarpe mpeacraBieno mcciemoBaHMe MPUKIAIHBIX 33739 MEXAHUKH, MATEMATHIECKOEe MOJIEIMPOBAHUE
KOTOPBIX IIPUBOJUT K KPAEBbIM 33/1a49aM ISl YPaBHEHHII B YACTHBIX IIPON3BOAHBIX. MaTemaTnyeckne MeTo-
JTbI, TIPUJIOYKEHHbIE K JAHHBIM MOJIEJISIM, TTO3BOJISIIOT MOJIYYUTh TOYHbIE aHAJUTHYECKHE pemrenusi. [1oapoo-
HOE DeIlleHre MPeJCTABICHO /I KPAeBOi 3aJa9Yu KOJIEOAHN TOHKOCTEHHBIX KOHCTPYKIUN C TPAHUIHBIMU
yciaoBusiMu B o0mieM Buze. Vcrnosnb30oBaHne CIIEKTPAJIBHOIO PA3JIOXKEHHS IS JIOCTATOYHO IVIAJIKON (PYyHK-
MY, XapaKTEePU3YIOIIell OTKJIOHEHNE MEMOPAHBI OT MOJIOYKEHHsI PABHOBECH S, TIO3BOJISIET OTPEIETUTh TOTHOE
AHAJIMTUYIECKOE TIPeJCTaBIeHne MYHKINNA Tporuda Ijist uccaemayeMoil 3agaqun. s pacaera MHOTOCTIOMHBIX
MJIACTUH UCIOJIb30BaH METOJl KOHEYHBIX 3JI€MEHTOB.

Karoweswie crosa: kosiebanmsi, TOHKOCTEHHbIE KOHCTPYKIIMN, ODTOHOPMHUPOBaHHAs cucTeMa (pyHKIWuil, DyHK-
ust Iporuba, MHOIOCTOWHDIE IJIACTHHEL.
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The properties of central-orbital types of EPSCJ theories

This article, in its content, refers to the study of the theoretical-model properties of the Jonsson theories.
A new approach to this study is proposed. As a new notion, the idea of a central-orbital type is used. When
studying Jonsson theories are taken into account the following facts:Syntactic, concerning the Jonsson
theories and the Jonsson subsets of the semantic model of the Jonsson theory under consideration.In
addition, a special role in the syntactic sense is played by the enrichment of the signature associated with
the given Jonsson sets. The semantic aspect of the issues under consideration is primarily concerned with
the notion of convexity, strong convexity, and existential primeness.Although these definitions are related
to theory, in fact we are dealing with different types of models that are existentially closed.

Keywords: Jonsson theory, Jonsson set, fragment of Jonsson sets, Existentially Prime Strongy Convex
Jonsson theories, central-orbital types.

This work is associated with the concepts of convexity theory in the class existentially-prime Jonsson
theories. We denote such theories as Existentially Prime Strongy Conver Jonsson (EPSCJ). Also we have
concentrating our attention to not arbitrary subsets but use have deal with Jonsson subsets of some semantic
model for fixing Jonsson theory [1-3].

Let L be a countable first-order language.

Definition 1. The inductive theory T called existential-prime, if

1. It has an algebraic prime model and the class of all algebraically prime models denoted by AP.

2. The class Er existentially closed models of theory T' has non-empty intersection with an AP class, i.e.,
Tap N Ep #0.

Definition 2. The theory T is called convex if for any model 4 and any family {2B;|¢ € I} of its substructures,
which are models of the theory 7', the intersection (1,.;B; is a model theory T'. It is assumed that this
intersection is not empty. If this intersection is never empty, then the theory is called the strongly convex.

The following notions belong to A. Robinson [4].

Definition 3. The set X is said to be Jonsson in theory T if it satisfies the following properties:

1) X is a 3 - definable subset of C;

2) dcl(X) is the universe of some existentially closed submodel C.

It is well known [1] that if Jonsson Theories T is perfect, then the class of its existentially closed models
Er is elementary and coincides with the ModT™, where T* — its center. Otherwise, i.e. if the theory T' is not
perfect, instead of ModT we are working with the class Er, i.e., it is assumed that all the allegations relate only
existentially closed models. Also, we assume in the case of an imperfect, that besides the existential closure of
all these models is algebraically prime.

We say that all V3 - corollary of the arbitrary theory form a Jonsson fragment of this theory, if the deductive
closure of these V3 - corollary is Jonsson Theories. Obtained in this case Jonsson theories will be called Jonsson
fragment (further fragment). Accordingly, it is determined by the fragment of Jonsson set. In both cases, we
can carry out research Jonsson fragments on the connection with an initial theory that the new formulation of
the problem research is Jonsson’s theory.

Let X Jonsson set in the theory 7" and M is existentially closed submodel of semantic model C', considered
Jonsson theory T where dcl(X) = M. Then let Thys(M) = Fr(X) , Fr(X) is Jonsson fragment of Jonsson
sets X.

Pure triples of complete theories

The following definitions belong to T.G. Mustafin [5; 49].
Definition 4. If A is non-empty set, G is some group of bijections (permutations) A relative to the superposition,
then the pair (A, G) is called a pure pair (p.p.).
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Definition 5. The triple (4, G, N) is called a pure triple (p.t.), if:

1) (A,G) is p.p;

2) N — some class of subsets A such that g(M) € N for all M € N,g € G , where g(M) = {g(a) : a € M}.
If (A,G,N),(A",G',N') is p.t., o : A — A’ - bijection, then ¢ Is called an exact similarity (isomorphism) if:

a) G' ={pgy’' : g € G}

b) N'={p(M): M € N}.

If (A,G,N) - p.t., ~ - G - invariant equivalence relation on A, then ~ is called a congruence on (A4, G, N),
if Vae AYM € N(lae M = a € M).

Proposition 1. If ~ is a congruence on p.t. (4, G, N), then (4/ ~, G/ ~, N/ ~) is p.t.,
where N/ ~={M/ ~: M € N}.

> easy to verify.

If (A,G,N),(A",G',N’) - p.t., ¢ : A — A’ is surjection, then ¢ is called compression in ¢! is called
bloating, if:

1) the relation ¢ is a congruence,
where agb = ¢(a) = ¢(b). a,b € A4;

2) the map ¢ : A’ — A/ ~ is an exact similarity,
where ¢(a') ={a € A: p(a) =d'},a’ € A'.

Let T is Jonsson theory and T* = Th(L) is center, i.e. where £ is a semantic model of the theory T.
G = Aut(L), N = Ep, where Er is the class of all existentially closed models theory T. Then p.t. (£,G,N)
is called the semantic triple (s.t.) of Jonsson theory T'. Jonsson theories 77,75 are called semantically exactly
similar if their semantic triples are exactly similar.

Remark. The concept of exact similarity of theories does not depend on the choice of the semantic model.

Let € is such relation on £, that:

—if a € acl(P), then bea & b = a;

—if a,b ¢ acl(D), then bea < acl(b) = acl(a).

We have the following results by analogy with the results of [5].

Lemma 1. In p.t. (£, G, N) the relation € is congruence.

If (£;,G;, N;) are s.t. of theory T;,i = 1,2, then T7 and T5 are called € are similar if (£1/e,G1/e, N1 /e) and
(La/e,Ga/e, NaJe) exactly similar. It is easy to see that the relation ”¢ is similar” is an equivalence relation in
the class of Jonsson theories.

Proposition 2. Let (A, G, N) is p.t., (L;, C;, N;) s.t. existentially complete perfect Jonsson theories T;,i = 1,2,
WY; : L; — A; are compression, i = 1,2. If X; C £;,4 = 1,2, then let X; = X5 means that ¢1(X;) = ¢9(Xa).
Then:

1) (o, Ty) = I(e, T3) for all @ < I(o, Ey ) = I(ev, E,), where Er, is number of existentially closed models
of theory Tj;

2) for all A is true that Ty — X\ is stable < T5 — \ is stable;

3) if @y = ay, My MQ,MZ' € N;,i =1,2, then

a) a1 = asz, a1 € My & as € Mo,

b) L(tp(ar, My)) = L(tp(az), M2);

c)tp(ar, My) is regular < tp(as, Ms) is regular;

d)tp(ar, M1 U X1)A\My < tp(Gs, Mo U Xo)AMoy;

> routine, so it is omitted.

The Jonsson theories 77 and 75 are called 7 is similar, if there exist countable existentially closed models
M, E Ty, My = T such that Thys(M1,m)mens, and Thyz(Ma, m)men, € is similar.

Using Proposition 2, we can prove the following

Proposition 3.

1) If Ty and T, are existentially complete perfect Jonsson theories e is similar, M; € N;, M; = My (In
the sense of Proposition 2), then Thys(My, m)menr, and Thya(Ma, m)menr, € are similar;

2) relation «7 is similar» is an equivalence relation.

We give the necessary definitions related to Jonsson theories in the enriched signature.

Let T is an arbitrary Jonsson theory in the language of the first order signature o. Let C' is a semantic
model of theory T. Let A C C'is a Jonsson set of theory T. Let or(A) = o U {csla € AYUT, T'={P}U{c}.

Let T§ = TUThy3(C,a)acaAU{P(cs)|a € A}U{P(c)}u{"P C"} where {" P C"} is an infinite set of sentences
expressing the fact that the interpretation of symbol P is existentially closed submodel in the language of the
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signatures or(A) and this model is a definable closure of the set A. It is understood that the consideration the
set of sentences is Jonsson theory and this theory generally is not complete.

Let T* is the center of the Jonsson theory T¢ and T* = Th(C") where C" is a semantic model of the theory
Tf. By restriction theory Tf to signatures or(A)\{c} the theory Tf becomes a complete type. This type we
call a central type of the theory T relatively the Jonsson set A and denoted by Pf.

Let T is an arbitrary EPSCJ theory in first order signature o. Let C' is a semantic model of T. A C C.
The requirement of existential closeness for a submodel is essential in that sense, that it should not be finite.
The theory T f is not necessary complete. Through S{i‘ denote a set of all 3 - completions of theory TAC. Let A
is an arbitrary cardinal.

Accordingly, the main idea of this clause of the article is to redefine all concepts, introduced by T.G. Mustafin
for orbital types in [5], also in the language of central orbital types and then get the corresponding results in
the language pure pair corresponding of Jonsson theory.

We give the Jonsson definition of some important model-theoretic concepts in the language pure pair (4, G),
where A is some subsets of the semantic model and G is automorphism group of semantic model.

Let (A, G) is an arbitrary pure pair X C A:

1.G, S {g€G:Vxe X(g(x) =x)}. It is obvious that G, C G.

2UHY CA 10 G(Y)S{9(Y):9g€G,}. HY = {a}, then we will use the record G, (a). Gz(Y) is called
G, orbit Y.

3. If 0 < n < w, then 0"(X) S {G(a;a € A™)}.

4. ac(X) S {a € A:|Gy(a)] < w}.

5. The sequence E = (g; : i < A) finite sequences (tuples) the same length is called indistinguishable over
X, if:

a)e #g foralli<j<a;

b) for any sequence (i : k < m < w) indices such that iy < is < k < s for all k, s < m, exist g € G, such
that g({ex : kK <m)), (e;, : k < m).

6. If (I; <) is linearly ordered set of indices, then the sequence E = (€; : i € I) is called indistinguishable
over , if for all Iy C I, such that ord(Iy = w), E = {(e; : i € I) is indistinguishable over X sequence.

7. The set E = (€; : i € I) sequences of the same length are said to be indistinguishable over X, if:

a) & # € upn i # j;

b) for all F, D C F, such that |F| = |D| < w and any bijection ¢ : F — D exist g € G such that ¢ € g.

8. If X CY,pe O™(Y), then p is called:

a) splitting over X, if there are sucha, b € Y, that G, (@) = G,(b), but for all ¢ € pG, z(@)NG,, 5 = ¢ € p(p);

b) strictly splitting over X, if there exists such an indistinguishable X infinite sequence E(a; : i < w) in A,
that @g,a; € Y, and for all € € p occurs Guuz(@) N Guus(b) = € € p(p);

¢) branching over X (p A X), if there is such a Z D Y, that |Z\Y| < w, and for all ¢ € O™(Z) from the fact
that g < p, follows that ¢ is strictly splitting over X.

9. Subset X C A is called ) is saturated if VY C X,Vp € OY(Y) < A= X Np # (p).

10. Pure pair (4, G) is called X is stable if VX C A(|X| < X = |OY(X)| < \).

11. Let O(4) S U{U,,, O"(X) : X C A, |X]| < |Al}.

By induction, we define the rank function L : O(A) — Ord U {oo}:

a) L(p) > 0 for all p € O(A);

b) if « is the limit ordinal, then L(p) > « if and only if L(p) > g for all 8 < o

c)ifa=p8+1,pe O™(X), then L(p) > « if and only if L(p) > S and there are Y C A,q € O™(Y), that
XCY,qCp, L(g) > BuqrX;

d) L(p) =a <+ L(p) > aV L(p) 2 a+1;

e) L(p) = 0o & L(p) > a for all ordinals o.

12. If @,b € A", then ¥ (a, X) = 2 (b, X) means that there are such Y,p € O*(Y), aro X CY,YwX CY
is saturated p A X,@,b € p.

13. V*(X) S {¥ (@, X);ae A"}, V(X) =
If p € O™(X), then V,{¥ (@, X) :°€ p}.

4.IfX CY, & e VH(X), o € V*(Y), then

T <WsVa,be AND =V (a,X)VU =7 b,Y) = (@ X)=7(b,X)AG, () A X).

vV (X).

n<w

15. The sequence (a@; : i < a) is called the Morley sequence over X, generated w from V™(X), if
U< 7(@7-,XUUJ.<Z.CTJ-) for all i < a.
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16. Let’s call w,w € V(X) almost orthogonal (we denote by 7 L% @), if Va,b € A(W = V(@ X)A & =
=T (0,X)) = Gy ;@) L X.

17. Let’s call p, g € O(X) almost orthogonal (we denote by p L® q), eciin U e Vo, W e Vg

18. Let’s call w € V(X),w € V(Y) almost orthogonal (we denote by @ L1® @), if VZVU,w1 € V(Z)
(XUYCZAU <u AW <&f = a1 L*&1).

19. Let’s call p € O(X),q € O(Y) almost orthogonal (we denote by p L q), if ¢ C V,V& € V(7 L ).

20. Let’s call p € O(X) regular if

VYVge OY) (X eYAqgCpAgh X =plyg).

All the concepts introduced in this way related to central-orbital types of the Jonsson theory naturally
give Jonsson analogues of theorems for complete theories. First of all, we are interested in describing models
of central types of Jonsson algebras with respect to stability topics. Let L is an arbitrary language. Let T are
Jonsson’s perfect theory, complete for existential sentences in the language L, and its semantic model is C. We
say that the set X X is definable if it is definable by some existential formula.

The set X is called algebraically Jonsson in theory T, if it satisfies the following properties:

— X is X is definable subset C;

— acl(X) is the universe of some existentially closed submodel C.

With the help of the introduced definitions of Jonsson sets, we can transfer many properties for the Jonsson
theories to Jonsson and algebraically Jonsson subsets of the semantic model.

We say that two Jonsson (algebraically) sets (equivalent, cosmetic, categorical), if there are, respectively,
(Jonsson equivalent, kosemantic, categorical, syntactically similar, semantically similar, etc.) the models obtained
by the corresponding closure of these sets. Consider, for example, kosemantic. Two Jonsson sets are cosemantic,
if their respective closures are cosmetic, etc. The most invariant concept is the syntactic similarity of theories,
since it preserves all the properties of the theories under consideration. For the case of Jonsson sets, we define
the syntactic similarity as follows: two (algebraic) Jonnson sets are syntactically similar to each other if the
elementary theories of their corresponding closures are syntactically similar. If V3 is the consequences of these
elementary theories will be given by the Jonsson theories, then in this case we can consider their Jonsson
syntactic similarity, i.e. to the invariance of the semantic model, our definition is correct. In conclusion, we will
make a far-reaching proposal.

In this article the new definitions, we set the task of considering and attempting to describe strongly
minimal Jonsson sets.This, in turn, entails a whole series of new problem statements, for example, refinement
of the Lachlan-Baldwin theorem in the framework of this novelty. And finaly we claim that for central-orbital
types will be true all results from [6] and also the following result:

Let us consider the stability for fragments of Jonsson sets.

Let X Jonsson set and M is existentially closed model, where del(X) = M.

Consider the fragment of Jonsson set X as the theory Thyg(M) = Tiy.

Lemma 2. Thy will Jonsson theory in the enrichment as above signature.

Theorem 1. Let Ty, as described above. If A > w, then the following conditions are equivalent:

(1) T* is J — A-stable, where T™* is the center of T'.

(2) T is A-stable.

Theorem 2. Then the following conditions are equivalent:

(1) Ty, — w-categorical,

(2) T — w-categorical.
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A .P. Emkeesn

EPSCJ TeopusiiapablH IIEeHTPAJIAbI-OPONTAJIIHI
TYPJIEPiHiH KacueTTepi

MakaJia 3 MarbIHACHI HOMBIHIIA HOHCOH/IBIK, TEOPUSIIAPABIH MO/IEJIb/[i-TeOPETUKAJIBIK, KACUETTEPIHIH CypaK-
Tapbl 3epTTesireH. COHBIMEH KATap OChI OKBITYIBIH XKaHa 9/TiCi YCHIHBLIIBL. 2KaHa YFBIM PeTiH/Ie IeHTPAJIIbI-
OPBHUTAIBI THIITIH, HESICHI KOJIAAHBLIIbL. VIOHCOHIBIK, TeOPHsLIAD/IbI OKY GapbIChIHIA KeJleci (pakTinep naii-
JaHBLIIBL CHHTAKCUCTIK, TOHCOH/IBIK, TEOPHFa KATHICThI KOHE KAPACTBIPHII OTHIPFaH HOHCOHJIBIK, TEOPHsi-
HBIH, HOHCOH/IBIK, I1TKi YKUBIHIAP/IBIH, CEMaHTUKAJIBIK, MojesTi. COHBIMEH KaTap OepiireH WOHCOHIBIK, JKUBIH-
JapMeH 6ailJIaHbICTBI CUTHATY DAHBIH, 6afbIThLIybl CAHTAKCUCTIK MarblHA I Heri3ri poJsib arkapasl. Kapac-
TBIPBIII OTBIPFaH CYPaKTaPbIH CEMAHTUKAJIBIK TYDFbI, €H ajbIMEH, JOHECTLIK, KATThl JOHECTIIIK »KoHe
9K3UCTEHITMOHAJIIBI YKAWIBLUIBIK, YFBIMIAPBIMEH Oall/IaHBICTHI. BysT aHBIKTaMaiap TeopusiMeH OalTaHBICThI
OosrraHIBIKTAH, (bakT OOMbIHINA 0i3 SK3UCTEHIIMOHAJIBI-TYHBIK, 60JIATHIH MOJAECIBAEPIiH, 9P TYPJi TypJiepi-
MEH KYMBIC 2Kacayra Typa KeJesi.

Kiam cesdep: HOHCOHIBIK TeOpUsl, HOHCOHIBIK, YKUbIH, HOHCOH/IBIK, *KUBIHHBIH, (DPArMEHTTEP], S9K3UCTEHIIN-
aJIJIbl 2Kail KATTBI JOHEC MOHCOHJIBIK TEOPUsl, IEHTPAJIbI-OPOUTAJIBI TUIITED.

A .P. Emikeesn

CsoiicTBa MeHTpaJbHO-0pONTAJILHBIX TUIIOB EPSCJ Teopuii

CraTbsl IO CBOEMY COJIEP?KAHWMIO OTHOCHUTCS K BOIPOCAM U3YUEHUsI TEOPETHKO-MOJEIbHBIX CBOWCTB HOH-
COHOBCKHUX Teopuit. IIpu sTOM mIpe/yio2KeH HOBBIHM ITOAXOI TAKOTO M3ydueHUs. B KadecTBe HOBOIO IOHSITHUS
KCIIOJIb30BaHA HJIesl IIEHTPAIbHO-OpOUTAIBHOrO ThMa. [Ipn n3yyeHnn HOHCOHOBCKUX TEOPUN YUTEHBI CJIEy-
forue (PaKThl: CAHTAKCUIECKUI, KAaCAIOIIUICS HOHCOHOBCKUX TEOPUI M MOHCOHOBCKUX ITOAMHOYKECTB CeMaH-
THUYECKON MOJIEJIN, pacCMaTPUBaeMOil HOHCOHOBCKOI Teopun. Kpome 3Toro, ocobyio poJib B CHHTaAKCHIECKOM
CMBICJIE UT'PAET 0OOTaIlEeHUs] CUTHATYPBI, CBSI3aHHBIE C 33 JAaHHBIMU HOHCOHOBCKUMHU MHOXKecTBamu. CemaH-
THYIECKHU aCleKT pacCMaTPUBACMBIX BOIIPOCOB, B IEPBYIO OYEpPelb, CBA3AH C IIOHATHEM BBITYKJIOCTH, CHJIb-
HOH BBIIMYKJIOCTH U 9K3UCTEHINAJIBLHON IIPOCTOTHI. XOTS TU OIPEJIEJIEHNs CBA3aHbI C TeOpueil, o (axTy
MBI UMeeM JeJIO C PA3JIMYHBIMU BUJAMHU MOJeJiell, KOTOpble ABJIAI0TCA dK3UCTEHIINAJIbHO-3aMKHY THIMU.

Karouesvie caosa: MOHCOHOBCKAS TEeopu-d, MOHCOHOBCKOE MHO2KECTBO, (bpaI‘MeHTLI TAOHCOHOBCKHX MHOKe-
CTBa, 9K3UCTCHIIUAJIbHas IIPOCTasl CUJIbHO BBIITYKJIAsl MOHCOHOBCKAas Teopusd, LLeHTpa.HbHO—Op6I/ITaJII)HBIe TH-
IIbI.
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Bwi06op rpyHTOBOI#T MOmean AJid 3aTyXaloMmieil moa3yvecTn
U MEeTOJIbl UX ONMCAHUI

B crarpe mccienoBaHbl MeTONBI BBIOOpA PEOJIOTHYECKUX MOJEsel NpHU 3aTyXalolleil IMoa3ydYecTd I'PYHTOB
OCHOBaHUI PYHTAMEHTOB Ha OCHOBE IKCIIEPUMEHTAJBHBIX ONBITOB M yPABHEHUSI JJIsl UX onucaHusi. [Ipu sTom
VYUTBHIBAJIUCH BSI3KUE CBONCTBA TVIMHUCTBHIX I'PYHTOB Teppuropun Kasaxcrama. [IpuBemensr npumeps! st
onpeneeHus K0P uimenTa BI3KOCTH U IaPAMETPOB IOJ3YYECTH 10 PE3YJIbTATaM dKCIEPHMEHTAIbHBIX
JaHHBIX, CBUJIETEJIbCTBYIONINE O HOBU3HE METO/IA.

Kmouesvie cro6a: MOMIENb, PEOJIOTHs, TOJ3yI€CTh, TPYHTHI, JJIUTEIbHAS TPOYHOCTDH, TEOPHS IOJI3YIECTH,
MOZYJIb JtebopMaliny, PEOJIOTHNIeCKre IapaMeTPhI.

Beedenue

Peostornueckne Mozes MOIyT GbITH OGOCHOBAHBI M BBLIGPAHBI TOJIBKO 10 PE3YJILTATAM SKCIEPHUMEHTOB IIPH
UCCIIEIOBAHMA TPYHTOB Ha JUIUTEJIBHYIO 03y UeCTh. JKCIEPUMEHTAIbHbIE KPUBBIE HA JJIUTEJBHYIO IIPOYHOCTD
XOPOIIIO OIHCHLIBAIOTCS yPABHEHUEM IOJI3YUeCTH MIJIs JIMHEHHON HaCIeICTBEHHON cpelbl B Gojee oOLIeM BHIE
(mpu o=0p=const)

e(t) = 21+ @),

e & — dysxnusa nonsyuectu. Ha ocrosanun uccnenosanuii 2K.C. Epxanosa [1, 2|, 3a0KuBmiero ocHOBbI
TEOPUU TOJI3yYeCTH B NeOMeXaHuKe, (DYHKIINIO [TOJI3YYeCTH MOXKHO IPEJICTABUTH B BUIE

l—a
& - ot ’
l-«a

e o u 6 — J9KCIIEPUMECHTAJIbHbIC XapPaKTEPUCTUKN ITOJI3YyYIEeCTU I'PDYHTOB. I/ICHBITELHI/IH TPYHTOB 3aKJ/IIO9al0TCA
B TOM, 9TO 00pa3ell rpyHTOB MOJIyYaeT 3aJaHHYI0 HATPY3KY, KOTOPasd B TEUYEHHNE ONBITA OCTAETCS TOCTOSHHON
(o0p=const). 3asaHHOMY HAIIPSKEHUIO COOTBETCTBYIOT HadaJslbHble yCiaoBud o9 = Feg. fBienue nosnsyuecru
BBIDAYXKAETCs B yMEHbBIIEHUH Je(OPMAIMA C Te€YeHUEeM BPEMEHU IIPHU ITOCTOSIHHOM HAIIPSI?KEHUH. JKCIIEPUMEH-
TaJIbHBIMUA HUCCJICIOBaAHUAMU, ITIPOBEJICHHBIMU aBTOPpaMU, YCTAHOBJIEHO, YTO Pa3BUTHUE ILerOplvlaHI/II/I TPYHTOB Tep-
puropun lenrpambuoro Kazaxcrana HeHapyIieHHON CTPYKTYPbI, TPUPOTHON BJIAXKHOCTU W ILIOTHOCTU HOCUT
BSI3KOYIIPYTOILUIACTUIECKII XapaKTep U 00J/IaJaeT 3aTyXAIOIIEl 0JI3yIeCThIO CKeleTa. 3aTyXarolnas I0JI3yIeCTh
nMeeT MeCTO B OCHOBaAHUAX COOpy}KeHI/IfI JIMIIb IIPW BHEIIHUX JaBJICHUAX, HE IIPEBOCXOAANINX OIIPEACJIEHHOI'O
3HaY€HUA, COOTBETCTBYIOIIETO HACTYIJIECHUIO CTA/JIUH IIJITACTUIHO-BA3KOI'O T€ICHUA. B nporecce 3aTyXaIOIHefI II0JI-
3y4decTn KOS(I)d)I/IL[I/IeHT BASKOCTU IVIMHUCTBIX 'PYHTOB BCE BpeMs BO3pacCTaeT BCJICJACTBUE YIIJIOTHECHUA U yIIPOYI-
HeHUd BOJHO-KOJIJIOMIHBIX O6OJIO‘IeK MHHEPAJIbHBIX 9aCTUIl, 3aKPbITUA MUKPOTPEIINH 1 BOSHUKHOBECHNA HOBBIX
CTPYKTYPHBIX cBsizeil. [ljist TpyHTOB orpeeinM KO3 UIMEHT BA3ZKOCTA U MOJLYJIh J1eOPMAIIH JJIsi OTIIMCAHUS
MIOJI3y9eCTr CyrinHKa. VI3 ypaBHEHUSs MOI3ydecTr pu t — 0O UMEEM

€ =0/E.

B ycnoBusix skcnepumenta o = 0,10 MIla Habogaercs juinresbHast jgedopMalius U3 rpaduka €., =

=1,12-10"2, cnegosarensuo, E = % = 8.92 MIla. I3 ypaBHeHUs TOI3yIeCTr OIPeae/nM KO huiment
BSI3KOCTH
B Bt
= In(1 - Ee/o)

IIo xpuBoit most3yuecTn ycranapauaeMm: upu t=4 cyt € = 0,7-1072; npu t=16 cyr € = 1,12-10~ 2. [loncraBus
1u 3Ha4veHus, a Takxke E=8,92 Mlla u ¢=0,1 MIla B dopmymy, moayanm

8.92-4

= T 89207102
0.1

= 1629MITA-cyT = 14 * 10"MITA-c.
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Anayiorngno BbraucauM Ko3(pduUImenT BsazkocTu st t = 16 cyr m mosyuum 1) = 1547 MIla-cyr.=
=13,4- 107 MIla-c. Cpexnnee 3nadenue kodddurumenta Ba3kocti pasuo 1—1590 MIla-cyr.—13,7-107 MIIa-c.

Ipu uccae0BaHNN 3aTYXAIONIEH TOJI3YYeCTH IPYHTOB HEOOXOAUMO Pa3/IudaTh 00bEMHYIO MOJI3y9eCTh (uMe-
IOILYI0 MECTO IPU MECTHOM WM OOIIEM CXKATUU, HAIIPUMED, [IPH KOMIIPECCHHU) U [0J3yYeCTb [PU CABUrE DU
[IOCTOSIHHO JIEHCTBYIOIIUX TOPU3OHTAIBHBIX ycriugx [3]. YcranosiienHas 3aTyxaomias HOJI3YYECTb HbLIEBATO-
DJIMHUCTBIX TPYHTOB 00YCJIOBINBAET TAK HA3BIBAEMYIO BTOPUIHYIO (BA3KOIOI3YUIyI0) KOHCOMUAAIMIO [4—6]. Bas-
KOMOJI3y4as jedopMaliis, Kak yKa3blBaJOCh paHee, BOSHUKAECT BCJIEACTBHUE j1eOPMAIUH TOJI3YIECTH CKeIeTa
rpyHTa, HanboJjiee TPUMEHUMO JJIsi TIMHUCTBIX TPYHTOB. OCHOBHBIE YpaBHEHUsI [TPU PENIEHUN 3aJ1a4 110 JIMHEel-
HOH TEOpUU HACJIEICTBEHHON TIOJI3yYeCTH — 3TO YPABHEHUsI COCTOSTHUS CKEJIeTa TPYHTA. ¥ DABHEHUE HAIIPS2KEHHO-
1edOPMUPOBAHHOTO COCTOSTHUS TPYHTOB IPU 3aTYXAIOMEH MOJ3y9eCTH W OJHOKPATHOM HATPYKEHUHU OyJer
UMETh BH/I

€(t) = 0(t)) Buen + K (t — to)o(t)Ato,

IJle TIEPBBI YWIEH NPaBoil YacTyu O3HAYaeT MIHOBEHHYIO seOpMaIiio B MOMEHT t (P MOJyJle MTHOBEHHOM
nedopmarun Fyy ), Bropoil wien xapakrepusyer JedopMaiyu, KOTOPbEe HAKAILIMBAIOTCA BO BPEMEHHU U IIPO-
[OPIMOHAJIbHBI HAIPSZKEHUIO o (1), IPOMEXKYTKY BpeMenu nefictsus Aty u mHekoropoii dyukuuu K (t —tg), 3aBu-
cslel 0T BpEeMEHH, IPOIIEIIEero ¢ MOMEeHTa by (sApy MoJ3ydecTr). Y pABHEHUE [IPU HEIPEPLIBHOM HATDYKEHUU
UMeeT CJIeAYIOIA B

1

e(t) = o U(t)+/0 K(t —to)o(to)dto |,

rue K(t —tg) = K(t — to)/mru. Haunbosiee onpaBIaHHbIM BAPUAHTOM JJisl IBLIEBATO-TJIMHACTHIX I'PYHTOB CIUTA~
eTCd SKCIOHEHIUAIbHOE AP0 MOJI3Y4YeCTU, UMeIollee BU

Kt —to) = de~0 ",

rue 6, 017 — mapamMerpbl noisydectu (KoadduimenT sapa nosasydectu § u KoahbhUIMeHT 3aTyXaHus 03y e~
cru 41), OUpeiessieMble SKCIIEPUMEHTAIBHBIM Iy TeM.

IIpu onpeeneHny IapaMeTPOB MOJI3YYECTH MJIMHUCTBIX TPYHTOB 110 PE3YJIbTaTaM JIPEHUPOBAHHBIX KOMIIPEC-
CHOHHBIX UCIIBITAHUI HEOOXOINMO 00ECIIeYnTh TIOJIHOE HACHIIEHNe 00Pa3oB IPYHTA BOJIOM, ITO Oy/IeT COOTBET-
CTBOBaTh OTCYTCTBUIO Iy3bIPHKOB BO3/yXa B IIOPOBOI Bojie (HAChIIEeHne 00pasIoB IPyHTa BOJOH JOCTUTAETCS
oz, BakyyMoM). B crabuimsupoBaHHON KOHEYHOW i JAHHON CTYIIeHH HArpy3ke cocrosuus Kodddunuenra

KOHEYHOI OTHOCUTEJIBHON C:KMMaeMOCTH mﬁ OTIPEIEJISAIOTCS Clleytoreit hopMyJIoit:

mh = sso/(pihi),

TIe Soo — CTAOWIM3MPOBAHHAST OCAJKa T'PYHTA [PU JAHHON CTYIEHH HATDY3KHU; P; — IOJIHOE [IABJIEHUE JJIsi
IAHHOW CTyIEHU HArpy3Kwu; h; — BbIcOTa 00pasma rpyHTa; k — KO3(M@OUINEHT OTHOCUTEIbHON CXKUMaEMOCTH
B MOMEHT TIPHJIOXKEeHWsI HATPY3KHU (KO3 MUIMEHT EPBUYHON OTHOCUTENBHOM CXKUMAEMOCTH) ), , Olpeiesise-
MBIl B 3aBHCUMOCTH OT KOMIIPECCHOHHBIX M (DUJIBTPAIMOHHBIX CBOMCTB I'PyHTa 10 (hopMyJie, BBITEKAIONIEH 13

BBIPasKEHUS
m; = k’¢>/(’}/wcv),

rae kg, ¢, — K03 OUIUEnTE (GUIBTPANNY U KOHCOIUIAINY B HAUaJIe KOMIPECCHOHHOTO YIIOTHEHNUS (HAIIPIMED,
upu crernern koucosupaimu Ug=0,2 wimu Up=0,3).

Uwmest moxkazarem mY m m!, mo pesynbratam mabmIONEHI 0CATKI HCIBITBIBAEMOTO 06PA3Na TPYHTA TOCTe
craJia J1o0 HyJlsd MOPOBOro JaBienus (p,,—0) ompejessieM OTHOCUTEIbHbIE CKOPOCTH OCAJIKU 38 CYeT HOJI3y4ecTh
CKeJIeTa TPYHTA JJIsT PA3JIMIHBIX IIPOMEXKYTKOB BPEMEHH, & TI0 HUM — KO3(MMUITHEHT 3aTyXaHUsl MOJI3YIECTH 01 .
715t 3TOT0 CTPOSAT KPUBYIO 3aBUCUMOCTHU JIorapudMa CKOPOCTH OTHOCHTENIHLHON OCAJIKHU HA, €JIUHUILY JIABJICHUS
lnﬁ, e s = % OT BPEMEHHU t, KOIJ/[a TAHIEHC YIJIa HAKJIOHA [TOJIY Y€HHOM MMOJTyI0rapuMUIECKON IPsiMOil K ocHu

t GyzeT aucseHHO paBeH Koadbduuenty 3aryxanus monsydectn op(1/mun) (eMm. puc.):

(51 = th
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Pucynok. Oupenesenne KkoaddunmenTa 3aTyXaHus T0JI3yIECTH

SHasi KO3(DPUIMEHT 3aTyXaHUs [T0JI3yIecTr 01, KOIMPUIMEHT s/Ipa, IMOJI3YyIeCcTH §1 MOYKHO OIIPEJIEJIUTh 110
dopmyite
o " /
§= 61mv/mva

rje M) — BTOPUYHBIH KOI(DOMUIMEHT OTHOCUTENBHON CKUMAEMOCTH (3a CUET IIOJ3yYeCTH CKeJleTa TPYHTA).
Ucxonst n3 TpuHATON SKCIOHEHITUAIBHON 3aBUCUMOCTH, JIJIS sIJIPa 3aTYXAIOMIEH TOJI3yIeCTH BBIBOJIUM

rie t, — BpeMsl HPAKTUYECKH [OJIHOM crabuimsanuu ocajku (Ipu JAHHON CTYIIEHH HAIDY3KH).

IIpuBenenHbIe BHIPAKEHUS TO3BOJISIOT OJIHO3HAYHO OIPEJIEIISATh MAPAMETPhl 3aTYXAOMIEN MOI3yIeCTH, UC-
[I0JIb3yeMble B pacdeTax OCAJIKOB I'DYHTOBBIX ocHoBanuil. HeoOxomumo Tak»ke OTMETUTH, UTO JJIs OLpesee-
HUsI TIaPAMETPOB TOJI3ydecTr § U 1 10 Pe3yJIbTaTaM JPEHUPOBAHHBIX KOMIIPECCUOHHBIX UCIBITAHUN TpedyeTcs
[IPOJIOJI?KUTEJIbHBIE 10 HECKOJIBKUX JHEl U JOCTATOYHO TOYHBIE U3MEPEHUs 0CAJI0K HCIBITHIBAEMBIX 00pa3IoB
rpyHTa. Kak ObLIO 1MOKa3aHO, BpeMs TaKUX HAOJIIOIEHUI MOYXKHO COKPATUTH ITPUMEPHO JI0 OIHOIO IHSI, €CJIU
OlIpeJIeJICHUE TIPOU3BOJMUTD 110 PE3YJIbTaTaM HEIPEHUPOBAHHBIX MCIBITAHUN (0 3aKpBITON cucTeMe) 06pasIoB
He IOJIHOCTBIO BOJIOHACBHIINIEHHBIX I'PYHTOB C U3MEPEHUEM II0POBOIO JlaBJICHUA.
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Boceneren »KblJIKY VIMIH TONBIPAK, YJTICIH TaH/Jay >KoHE
OHBI CUTIATTAY dicTepi

MakaJjiaja TOUbIpak, KOIIly Heri3fepiHi, CepIiMIiIiK yirici aHbBIKTAJIBII, €CeITi IIbIFapy Moceseci Kapac-
TeIpBLIIAEL. Kasakcran aliMaKTapbIHIAFBl TOIBIPAKTAP/IBI €CKe aJIblll, Y3aK Mep3iMJieri FuMaparTap/IblH
ipreTacTapblHBIH, IIOTY MOJIIEPIH aHbIKTayFa Oostaasl. Kenripinren Mprcaigap ajablHFaH HOTUKEIEP/IiH, Cep-
MM/IJTIK YK9HEe TONBIPAK, YKbLIXKYBIHBIH, KOPCETKIIIITEPIH ajJyFa MYMKIHIIK Oepe/i.

Kiam cesdep: yiiri, ceprniMaiIiK, KeIny, TONbIPAK, y3aK O0EePIKTUIK, TONMBIPAK, *KbLIZKY/IbIH TEOPHUCHI, O3Tepic
MO/LYJIi, PEOJIOTUSIJIBIK KOPCETKIIITED.

A.A. Zhakulina, A.S. Zhakulin

The ground foundations model for an attenuation creep and
methods of their description

In the article are investigational methods of choice rheological to the model at the attenuation creep of soils
of grounds of foundations on the basis of experimental experiments and equalization for their description.
Viscid properties of clay soils of territory of Kazakhstan are thus taken into account. Examples are made
for determination of coefficient of viscidity and parameters creeps on results experimental data, testifying
to the novelty of method.

Keywords: model, rheology, creep, soils, long-term strength, thorium creep, modulus of deformation, rheo-
logical parameters.
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On computable subgroups of the group of all unitriangular
matrices over a ring

The problems of existence and uniqueness of computable numberings are fundamental in theory of compu-
tably numbered groups. In connection with the development of the theory of algorithms a study of the
problems of computability of important classes of algebraic systems are currently relevant. Groups of
unitriangular matrices over the ring are a classic representative of the class of nilpotent groups and have
numerous applications both in group theory and in its applications. In this paper we obtain a criterion of
computability of subgroups of the group of all unitriangular matrices UT, (K) over a computable associative
ring with unity.

Keywords: numbering, group of unitriangular matrices, constructive group, nilpotent subgroup, subgroup,
rational number, theory of algorithms.

Let w be the set of natural numbers, G a group, and v : w — G a mapping from w onto G, also called a
numbering of G. The pair (G,v) is called a constructive group if there is an algorithm which, for any triple of
natural numbers n, m and s, determines whether the equalities vn = vm and vn-vm = vs are true. A group G is
called computable (or constructivizable) if there exists a numbering v such that the pair (G, v) is a constructive
group. A subgroup H of a numbered group (G, v) is called computable (computably enumerable) in (G, v) if the
set v~ 1 H is computable (computably enumerable). If (G, v) is a constructive group, then v is called a computable
numbering of the group G. The problems of existence and uniqueness of computable numberings are fundamental
here, i.e., which groups are computable, and, if they are, how many non-equivalent computable numberings do
they admit. These problems have been investigated by A.I. Malcev, Yu.L. Ershov, S.S. Goncharov, R. Downey,
J. Knight, A.S. Morozov, V.A. Roman’kov, V.P. Dobritsa, N.G. Khisamiev, I.V. Latkin and other authors.

V. Roman’kov and N. Khisamiev proved [1] that the group UT,,(K) of all unitriangular matrices, n > 3, over
a commutative associative ring K with unity, is computable if and only if K is computable (where a computable
ring is defined in the obvious way, following the definition of a computable group). In [2] the same authors
constructed a ring K that is not computable, but the group UT>(K) is computable. Let Q be the additive group
of rational numbers. In [3] A.I. Malcev proved that a subgroup G < Q" is computable if and ounly if G is a
computably enumerable subgroup in (Q",~), where « is a standard numbering of the set of n-tuples of rational
numbers. In [4] it is obtained criteria for computability of torsion-free nilpotent groups of finite dimension and it
is proved the existence of a principal computable numbering of the class of all computable torsion-free nilpotent
groups of finite dimension. In this article we obtain a criterion of computability of subgroups of the group of all
unitriangular matrices UT,,(K) over a computable associative ring with unity.

Our basic references for models, groups and rings are respectively [5-7], of which we adopt terminology and
notations. If in a torsion-free abelian group A there is a finite maximal linearly independent system of elements,
then we say that the dimension of the group A is finite. If a nilpotent torsion-free group G has a central series
whose factors are all abelian groups of finite dimensions, then G is called a group of finite dimension.

Theorem 1. Let (G,v) be a constructive nilpotent torsion-free group of finite dimension, and let

e=Go<G1<... <Gy, =G, (1)

be a central series of G. Then each G; is a computable subgroup in (G, v), for all i < n.
Proof. By induction on i. The claim is obvious for ¢ = 0. Suppose that the claim holds of i, and

9k1,9k25 - - -y Gkmy, s

are elements of GG such that the sequence
Ik1:9k2> -+ Tkmy s
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is a maximal linearly independent system of elements of the quotient Gj, = G /Gr_1, 0 < k < n. Since (1) is a
central series of the group G, the equivalence

ge€Giy1 <= grj-9=9 gx; mod G, (2)

holds, i.e., [gkj, 9] € Gi, for all 0 < k < n, 0 < j < my.
Let my; € w be numbers such that vmy; = gi;. Then (2) yields

sez/_lGiH(:)[l/mkj,z/s] €G;, 0<k<n,0<j<my. (3)

Since, by the induction hypothesis, the subgroup G; is computable in the constructive group (G, v), the right-
hand side of (3) can be effectively verified. From this, the set v"1G;41 is computable, i.e., the subgroup G 1
is computable in (G,v). The theorem is proved.

Corollary 1. If G is a computable nilpotent torsion-free group of finite dimension, then the factors of any
central series of G are computable.

Let K be a computable associative ring with unity, and UT,,(K) the group of all unitriangular matrices over
K, of order n > 2. From any computable numbering 7 of the ring K one can determine a numbering -y, of the
group UT, (K), such that from a ~,-number of a matrix A one can effectively find y-numbers of the elements
of the matrix A.

Theorem 2. A subgroup G of the group UT, (K) of all unitriangular matrices over a computable associative
ring K, whose additive group is torsion-free and of finite dimension, is computable if and only if G is a computably
enumerable subgroup in (UT,,(K),~.), i.e., the set v, G is computably enumerable.

Proof. Let 1 be a computable numbering of G and let

e=Gy<G1<...<Gp, =G,

be a central series such that each quotient G; = G;/G;_1, 0 < i < m, is an abelian group of finite dimension.
By Theorem 1, the set 4~ 'G; is computable. Let

Gi1> 952> -+ Gims

be a maximal linearly independent system of elements in the quotient G;. In each class Gij» 0 < j <m;, we fix
a matrix A;;. Since there are finitely many such matrices, we can assume that y-numbers of the elements of
these matrices are known.

By induction on ¢, we prove that the subgroup G; is computably enumerable in (UT,,(K), V), and from any
number s € " 'G; one can effectively find ¢ such that us = v.t. This is obvious for i = 0. Assume that for i it
has been proved that v, !G; is a computably enumerable set of numbers, and there exists a partial computable
function f;, with domain §f; = u~1G;, such that uk = 7. f;(k), for all k € u=1G;.

By definition of the matrices A;j415, 0 < j < myy1, the following holds: For every k € w, we have that
pk € Gy if and only if there are integers s,t,71,72,...,7m,,,, with ¢t € Gy, such that

(k)" = ATty - AT -t (4)
Suppose that (4) is true. By induction, ut = 7. f;(t). By definition of the numbering . of the group UT, (K), it
follows that from the number f;(¢) we can effectively find y-numbers of the elements of the matrix B = . f;(¢).

Hence from the numbers ry,rs,...,7my,,, we can effectively find y-numbers of the elements of the matrix
Tm'i
C=A,-...- Ai+1;17;+1 - B.

Since UT,,(K) is a nilpotent torsion-free group, roots of elements when they exist are unique, see [6, Theorem
16.2.8]. So, from C we can effectively determine a unique D, and r, such that D* = C, and v.r = D. From
this and (4) it follows that there is an algorithm that lists the 7,-numbers of matrices of the subgroup G;;1,
and from a number k € u~'G;;1 one can effectively find y-numbers of the elements of the matrix pk, hence a
number s such that puk = ~.s, therefore completing the proof of the induction step.

Thus, G,,, = G is a computably enumerable subgroup in (UT, (K), ), i.e., necessity has been proved.

Sufficiency follows from the fact that a computably enumerable subgroup of a constructive group is computa-
ble. This completes the proof of the theorem.
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Let v1 and v5 be two computable numberings of the group G. Then say that vq is m-reducible to vs if there
is a computable function f such that vyn = v f(n), for all n € w. If all computable numberings are m-reducible
to each other, then the group is called computably stable.

From the proof of the previous theorem we have:

Corollary 2. If G is a computable subgroup of the group UT, (K) over a computable associative ring K
with unity, whose additive group is torsion-free and of finite dimension, then any computable numbering of the
group G is m-reducible to the numbering 7. of the group UT, (K).

Corollary 3. Any computable subgroup of the group UT, (K) over a computable associative ring K with
unity, whose additive group is torsion-free and of finite dimension, is computably stable.

Corollary 4. A subgroup G of the group UT,,(P) of all unitriangular matrices over a field P of finite degree
and of characteristic 0, is computable if and only if G is a computably enumerable subgroup in (U7, (P), V).

Corollary 5. If G is a computable subgroup of the group UT, (P) over a field P of finite degree and of
characteristic 0, then any computable numbering of G is m-reducible to the numbering ~, of the group UT,,(P).

In particular, Corollaries 4 and 5 are valid when P is the field of rational numbers.

Let K be a computable associative ring with unity, whose additive group is torsion-free and of finite
dimension, let G be a subgroup of the group of unitriangular matrices UT,, (K), and let

e=Gy<G1<...<G, =G, (5)
be a central series of it. Let us fix some maximal linearly independent system
Ait, Ainy -y Aim,
in the quotient G; = G;11/Gy, i < n. Let

Si(G) = {{vio, i+ Qi )| ovij € Z,j <my, & IB € Gy(B™" = A" ... A1)

Using this notation, we introduce the following

Definition 1. We say that a subgroup G is pure in UT,(K) with respect to the central series (5), if for
every i < n and sequence (o, i1, , Qim,) € Si(G), and for every element ¢ € G; the following is true: From
solvability of the equation z®0 = A" .. .- AZZ:” - ¢ in the group UT, (K), it follows solvability of this equation
in G.

Let v be a computable numbering of the ring K, and let . be a numbering of UT,, (K), defined through =,
so that from any number n € w we can effectively find v-numbers of the elements of the matrix «,n. Then we
have

Theorem 3. Let G be a subgroup G < UT,, (K), and let (5) be a central series of it, such that the following
are true:

a) all factors of the series (5) are computable;
b) G is pure in UT,(K) with respect to the series (5).

Then G is a computably enumerable subgroup in (UT,,(K), v« ).

Proof. By induction on i, we prove that the subgroup G; is computably enumerable in (UT,,(K),~.). The
claim is obvious for 7 = 0.

Assume that G; is a computably enumerable subgroup in (UT,,(K),7.). Since the dimension of the quotient
Gi11/G; is finite, then there is a finite sequence of matrices

Ai17Ai27"')Aim1,)

such that the cosets . _
A, Aigs o A, (6)

form a linearly independent system in the quotient G; = G;41/G5, i < n. Since G; is computable, then the set
of all sequences of integers
Q1

S; = {(aio,ai1,~ .- ,aimi>|3§ S éi(Eaio = Ail S -Z?,;T’i),aij €Z,j < mi}

is computably enumerable. We prove that the following equivalence is true:
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S € ’7:1Gi+1 = (UTn(K),’y*) ': E|<Ozio, .. .,aimiﬁlr (S ’7;1Gi;

({0, i1y -+, Qi) € S & (748)¥0 = A - ... AZ;:? SYaT)- (7)

(=.) Let s € v, 'Gij1 and B = 4,s. Since (6) is a maximal linearly independent system of elements of the
quotient G, then there are a sequence of integers (a;o, i1, -+ , Qim,;) and a matrix C' € G; such that

B0 = A%t AL C (8)

Hence, it follows that the right-hand side of (7) is true.

(«.) Assume, now, the right-hand side of (7), and suppose that B = 7.s, v« = C € G;. Then we have (8).
Hence, by purity of the subgroup G in UT, (K) with respect to (5), and uniqueness of roots in UT, (K), we
have that B € G, and therefore B € G;41, as desired.

We show that by the equation (8) the elements of the matrix B can be effectively identified. Indeed, from a
number r, we can effectively determine y-numbers of the elements of the matrix v, = C. Since the number of
matrices A;; is finite, we can assume that y-numbers of the elements of these matrices are known. From this,
we find effectively v-numbers of the elements of the matrix in the right-hand side of (8). By uniqueness of roots
in UT,(K), we can find y-numbers of the elements of the matrix B such that (8) holds, and therefore we can
find also a 7,-number of the matrix B.

From this and (7), by the induction hypothesis we get that G;;1 is a computably enumerable subgroup in
the group (UT,,(K),7«). The induction step, and thus the sufficiency of the theorem, has been proved.

Corollary 6. Suppose that G < UT,,(K) is pure in UT, (K) with respect to the central series (5). Then the
group G is computable if and only if the factors of the series (5) are computable.

Corollary 7. If G is pure in UT,,(K), then it is pure with respect to any central series of it.

From this and Corollary 6, it follows.

Corollary 8. Let G < UT,,(K) be pure in UT,,(K). Then the group G is computable if and only if all factors
of some central series of it are computable.
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P.K. Trosrobeprenes

CakmHaJJarbl 0apJIBIK YHUYIIOYPBHINTHEI MaTPUIIAJIAP TOOBIHBIH,
ecenTeJIiHEeTiH iMTONTaphl TyPaJIbl

Maxkasasia Herisri Mmocesesep perinze Kaugaii ma 6ip TonTap KaacTapbl YIIiH KOHCTPYKTUBU3AIIUSAHBIH, 6ap
GOJIYbI, XKAJIFBI3BIFBI YKOHE YKAJFachl KAPACTBIPBUIILI. AJINOPUTMIED TEOPUSICHIHBIH, JaMybiHa OailjaHbIC-
THI aJITe0PAJIBIK, YKYHeIep i MaHbI3/IbI KIACTAPBIHBIH €CENTETIMIITIK MoceIe/IepiH eyl 3epTTey O3eKTi
Mocesesnepiy Gipine aitHanapl. CakuHAIAFbl YHUYHIOYPBIIITE MATPHUIAJIAD TOOBI HUJIBIIOTEHTTI TOITAD
KJIACTAPBIHBIH, KJIACCUKAJIBIK, OKI1JII OOJIBIIT TaOBLIa bl KOHE KOITEreH KOJIIAHBLIBIMIAPhl TeK KaHa TOITap
TEOPUSACHIHIA FAHA €MEC, OHBIH KOCBIMIIAJIAPHI YIIIH JIe MAaHbI3/Ibl OPLIH ajfaH. ABTOD ecenTesiHeTiH acco-
aTuBTl cakuHaIarsl 6ipiiknen UT, (K) 6apsblk, yHRYIOYPBIITH MATPUIIAIAD TOOBIHAAFHl €CEITE ML
imronTapplH 00JIy KPUTEPHIliH ajraH.

Kiam ceadep: Homipiiey, yHUYIIOYPBIIITHl MATPHUIAIAD TOObI, KOHCTPYKTUBTI TOII, HUJIBIIOTEHTTI TOI, aJl-
TOPUTM TEOPUACHL.

P.K. Tromobeprenes

O BBIYMCJUMBIX MOATPYNNAX I'PYIIIHI BCEX YHUTPEYTOJbHBIX
MaTpUILl HAaJ| KOJIBIIOM

OcHoBHBIMY NIPOGJIEMAMU CTATBU SIBJISIIOTCS IPOOGJIEMBI CYIIECTBOBAHUS, €IMHCTBEHHOCTH ¥ IIPOJIOJIXKEHUS
KOHCTPYKTHUBU3AIUHU JIJII TeX WA WHBIX KJIACCOB I'PYHIl. B CcBaA3M ¢ pasBuTHEM TEOpUH AJTOPUTMOB aKTY-
AJbHBIM SABJISIETCS MCCJIEIOBAHNE TPOOJIEM BBIYUCINMOCTH BAXKHBIX KJIACCOB aarebpamvdecKux cucreM. I pyri-
Il YHATPEYTOJIbHBIX MaTPUI] HaJ[ KOJIbIIOM COCTABJIAIOT BarKHbBII KJIaCC HUJIBIOTEHTHBIX I'PYIII, IMEIOIIni
MHOTOYUCJ/IEHHbIE TPUMEHEHUsI KaK B CAMOI TE€OpUHU T'PYII, TaK U B €€ MPUJIOXKEHUSIX. ABTOPOM IOJIyYeH
KPHUTEPHH BLIYUCIUMOCTHU TOArPYIIILI IPYIIBI BCEX YHUTPEYToabHbIX Marpur, UT, (K) Haj BBIYUCIAMbIM
aCcCOIMATUBHBIM KOJBIIOM C €IUHUIIEH.

Karouesvie caosa: HyMepalys, 'pylla YHUTPEeYTOJIbHBIX MaTPUIl, KOHCTPYKTUBHaA I'PYIIIa, HUJIBIIOTEHTHAas
noArpyiIia, IOArpymnia, paruoHaJbHOE YUCJI0, TEOPUA aJrOpuTMOB.
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Universal elements of unitriangular matrices groups

The following theorems are proved for a matrix g from the group of unitriangular matrices over a commuta-
tive and associative ring K of finite dimension of greater than three with unity: 1) if the matrix g is universal
then all of its elements are on the first collateral diagonal except extreme ones are nonzero; 2) if all elements
of the first collateral diagonal of the matrix g, with the possible exception of the last element are reversible
in K, then g is universal; 3) if the ring K is Euclidean and has no reversible elements except trivial ones,
then it follows from the universality of the matrix g that all the elements of its first collateral diagonal,
except the extreme ones, are reversible in K.

Keywords: unitriangular matrix group, commutator, commutant, universal element, ring, euclidean ring,
associative ring.

We denote the group of all upper unitriangular matrices over a commutative associative ring K with unity
by UT,,(K). Its commutant UT,(K) consists of all matrices with the first zero collateral diagonal (see [1], for
example).

In paper of A. Bier [2], it is proved that every element of commutant UT} (F) is a commutator in the case
of a field F of characteristic zero, i.e. for each element f of UT,, (F) the equation of the form

[11,22] = f, (1)

is always solvable in the group UT,, (F), where [z1, x2] = 21 lao 1z 2o is the commutator of variables z; and z5.

This result is significantly enhanced in the paper of N.S. Bahta [3], where it is proved that any element
f € UT!(K) can be represented in the form [g, 2], where g is a fixed element of the group UT,,(K). Any element
having the first collateral diagonal consisting of units can be taken as a element g. In addition, in [4] similar
results were obtained for the members of lower central row of the group UT,, (K) (see also [5]). Paper [6] provides
an overview of results on the solvability of equations in groups which mentions the results discussed.

The concept of universal element belongs to V. Roman’kov. In papers of A. Konyrkhanova [7, 8] some
necessary and sufficient conditions of an universality of an element of groups UT,(F) and UT,(Z), were first
obtained, where F — is arbitrary field and Z — is a ring of integers.

In this paper necessary and sufficient conditions for the element universality for unitriangular matrices
group of arbitrary finite dimension over a commutative associative ring with unity and over Euclidean ring are
obtained.

The element g of group G is called universal, if the equation

[ga 33] = f, (2)
is solvable for any element f from the commutant G’ of group G.

If n =2, then G = UTy(K) = KT, i.e. G is Abelian group, therefore G’ = E, where E is identity matrix.
Hence, every element of G is universal. Therefore, in the further groups UT, (K) of dimension n > 3 are
considered.

Lemma 1. If ¢ is automorphism of the group G, then the element g € G is universal if and only if its image
©(g) is universal.

Proof. Necessity. Let g be universal in G. Then equation (2) is solvable in G for any element f from the
commutant G’. Hence, we obtain

[p(9), e(@)] = @(f). (3)

Since, the automorphism ¢ maps the commutant G’ into G’, then the equality

{e(NIf €@} =6

holds. From this and (3) it follows that the element ((g) is universal. The necessity is proved.
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Sufficiency. Let ¢(g) be universal in G, where ¢ is automorphism of the group G. Then the equation

[p(9), 2] = f (4)

is solvable in G for all f € G'. Since ¢~ is also the automorphism of the group G’, then we have from (4):

o™ (e(9), 7 (@) = ¢ (f);
i.e.
[9. 07 (@) =7 (/).

From this and in virtue of the equality {¢~*(f)|f € G’} = G’ we obtain that g is universal in G. The lemma is
proved.
Let K be an associative commutative ring with unity. We introduce the following matrices from UT,, (K):

1 g12 913 -+ gin-1  Gin 11 gi5 -« Ginm-1 Yin
0 1 g3 ... g2t 92n o1 1 .. g;,n—l 9on,
g= 0 O 1 wo 93m-1  G3n gt = 00 1 .. g5i,1 G5 7 5)
0 0 0o .. 1 In—1,n o0 0 .. 1 c
0 0 0o .. 0 1 o0 0 .. 0 1

where ¢ = 1, if g,_1,, # 0, and € = 0, otherwise, and the elements g¢; ;41 # 0 for s = 1,2,...,n — 2, and all
elements of the first collateral diagonal are equal to 1 in ¢* with the possible exception of €.

We denote by diag;a (where ¢ =1,2,...,n) a diagonal matrix of the group of all triangular matrices T, (K),
in which elements on the i—th place of the main diagonal equal a € K 0, and the other elements of the main
diagonal are units.

Theorem 1. Let matrix g of the group of all unitriangular matrices UT,,(K) over a commutative associative
ring K with unity such that all of its elements are on the first collateral diagonal with the possible exception
of the last element are reversible in K. Then there exists a matrix g* from UT, (K) of the form (5) conjugate
with ¢ in the group T, (K), and such that the following statement is true: matrix ¢ is universal if and only if ¢g*
is universal.

Proof. Let g € UT,,(K) is defined as in (5), and elements g12, g23, - - - , gn—2,n—1 are reversible in ring K. Let
us take a diagonal matrix a; = diagag12~!. Then direct calculations yield the following equation:

11 g3 g1a - Gin-1 Jin
0 1 g12923 912924 -~ G1292n—1  9g1292n
00 1 934 93.n—1 g3n
aytga; =10 0 0 1 o Gam1 gn | = a1 (6)
00 0 0o .. 1 Gnim
00 0 0o . 0 .

Let ay = diagzges 'g12~ 1. Then we have from (6):

1 1 * * *
0 1 1 * . *
_ 0 1 *
ay ' graz = Fr2g2sgse = g2,
0 00 0 wr Gn—1m
0 00 0 1
where * represents some elements of the ring K. Thus, conjugating the matrix g with appropriate product of
matrices of the form a; -as -+ a;—1,1=1,2,...,n — 1, we obtain a matrix of the form g* from (5).
Matrices a;_1 are triangular, i.e. a,—1 € T,(K). Conjugates of elements g € UT, (K) by the product of
matrices aj - ag - ---a;—1 in T, (K) are automorphisms of the group UT,,(K). From this and Lemma 1 follows

that the matrix ¢ is universal if and only if g* is universal. The theorem is proved.
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Theorem 2. The matrix g € UT3(K), where K is a commutative associative ring with a unity, is universal
if and only if g2 and go3 are coprime.

Proof. Necessity. Let g be universal. Then the equation (2) has a solution for any element f € UT’, (K).
Direct calculations yield the following equation

1 0 g12723 — 712623
[g,z] =0 1 0
0 0 1

Since ¢ is a universal element, the commutator [g, 2|13 must take any value. Hence the equation (2) is solvable,
and therefore g12 and go3 are coprime.

Sufficiency. Let elements g2 and go3 of the matrix g are coprime. Let us prove that the equation (2) is
solvable in UT5(K), i.e. for any f € UT4(K) the equation

g12%23 — T12923 = [f13 (7)
is solvable.
Since g12 and go3 are coprime, then there exist elements u,v € K, such that
g12u + gazv = 1.

It follows that the values o3 = fi3u and x15 = — f13v are the solution of the equation (7). Hence, g is a universal
element of the group UT5(K).

The theorem is proved.

Corollary 1. There exists an algorithm which determines its universality by any matrix g € UT5(Z).

Hereinafter we assume that n > 3.

Theorem 3 (a necessary condition for the universality). Let K be associative commutative ring with a unity.
Then from universality of the element g € UT, (K), n > 3 follows that

gi—1,i 7& 0,2 <1 <n.

Proof. Let the matrix g be universal in UT,,(K). Then for any matrix f € UT’,(K) the following system of
equations has a solution in UT,, (K):

f13 = 12723 — T12923;
foa = go334 — T23934;
f35 = g34Ta5 — 34G45; (8)

f’n—Q,n =9n—2n—-1Tn—-1n — Tpn—2n—-19n—1,n-
Assume the contrary, i.e. g;—1; = 0 for some i € {3,4,...,n — 1}. Then we have from (8):
fi72,i = Ti—1,i9i—2,i—1; (9)

fifl,iJrl = —%i-1,i9i,i+1-
Let us prove that in this case g;—2;—1 7# 0. Indeed, otherwise, it follows from the first equation of the system
(9) that for any matrix f € UT’,,(K) the equality f;_2,; = 0 is true. Since there exist an element f in UT",,(K)
such that f;_o; # 0, it implies a contradiction. Similarly g; ;41 7 0. Thus,

Gi—2,i-1 7 0,9ii41 # 0.

From this and (9) follows that for any matrix f the following statement holds:

iffi_QJ' 7& O, thenfi_l,i_‘_l 7é 0. (10)
Since, f is any matrix in UT",, (K), there exists, for example, a matrix:
101 0 .. 0
01 00 .. 0
f=10 0 1 0 .. 0| eUT,(K),
0 000 .. 1

for which the condition (10) is false. This is a contradiction. Consequently, g;—1,; # 0. The theorem is proved.
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Theorem 4 (a sufficient condition for the universality). Let K be an associative commutative ring with a
unity 1. If all the elements of the first collateral diagonal of the matrix g € UT,,(K), n > 3, with the possible
exception of the last element are reversible in K, then g is universal.

Proof. By Theorem 1, we can assume that all the elements of the first collateral diagonal matrix g, except
perhaps the last one, are equal to 1. To prove the theorem, we need to solve the equation (2) for any matrix
f from the commutant UT",,(K). It follows that the first collateral diagonal of the matrix x is defined by the
following system of equations:

fi3 = @23 — w12;
Joa = w34 — T23;
(1)
fn—3,n—1 = Tn—-2,n—1 — Ln-3,n—2;
fn—Q,n = Tpn—1,n — Tn—-2,n—1"YGn—1,n,

If we assume that x12 = 0, we find zo3, from the first equation and we find x34, from the second equation, etc.
Thus, the values of the first collateral diagonal of the matrix x are defined.
The second collateral diagonal of the matrix x is defined by the system of equations:

fia = v24 — w13 + b14;
fas = x35 — T4 + bas;
f36 = @46 — T35 + b3g;

fn—3,n = Tpn—2n — Tn-3n—-1"YGn—1n + bn—S,Tw

where b; ;13 are some constants. Assuming that z13 = 0, one can determine the values of z; ;12,¢ = 2,3,...,n—2,
similar to the determination of the values x; ;41 of a system (11). Continuing similarly, we find a solution of
equation (2).The theorem is proved.

Similarly we can prove the following theorem

Theorem 5 (a sufficient condition for the universality). Let K be an associative commutative ring with a
unity 1. If all the elements of the first collateral diagonal of the matrix g € UT,,(K), n > 3, with the possible
exception of the first element are reversible in K, then g is universal.

Corollary 2. If all the elements of the first collateral diagonal of the matrix g € UT,(Z), n > 3, with the
possible exception of the first or last element are equal to 1 or —1, then ¢ is universal.

Lemma 2. Assume that there are no reversible elements in a Euclidean ring F except 1 and —1. Then for
any non-zero elements g1, g2 in F the following equivalence holds:

elements g1, g2 do not have a common divisor except 1 if and only if there existu;, us € F such that:

grur + goug = L. (12)

Proof. Assume that ¢;,¢2 do not have common divisors except 1. Then the greatest common divisor is
(91,92) = 1. Hence, by the Euclidean algorithm, there exist uy,us € E such that (12) holds.
Let (12) be true. Assume the contrary, i.e.

ge =d-ve,d #1,
where € = 1, 2. Then we have from (12) that
d(uwl + UQUQ) =1.

Hence d is reversible and d # 1. This is a contradiction. The lemma is proved.

Theorem 6 (a necessity condition for the universality). Let E be an Euclidean ring having no reversible
elements except 1 and —1. Then, it follows from the universality of the matrix g € UT,(E), n > 3 that all the
elements of its first collateral diagonal are equal to £1, with the possible exception of extreme ones, i.e.

|gi—17i‘ =1,2<1i<n. (13)

Proof. Let g be universal in G = UT,(E). Then for any matrix f € UT,(E) the equation (2) is solvable in G.
Hence, the elements of the first collateral diagonal of the matrix x are the solution of the system (8). Let us
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first establish that all the elements g;_1;,2 < i < n, are non-zero. Assume the contrary, i.e. g;—1; = 0 for some
i. Then the two successive equations of the system (8) containing g;_1 ; are as follows:

fi—z,i = —Tj-1,i9i—2,i—1;
fi—l,i-',—l = Ti—1,i94,i+1-

Since the left-hand sides of these equations can take any values, for example, a value of 1, then

Gi—2,i-17# 0,9ii+1 # 0

for any 2 < ¢ < n. Assuming f;_3,_1 = 1 in (8), we obtain
Ti—2,i-19i—3,i—2 — Ti—3,i—20i—2,i—1 = 1, (14)

where 3 < i < n. Since the ring E is Euclidean, then it follows from (14) that g;_2;_1 and g;_3,;_2 are coprime
when 3 < i < n. Let us prove the validity of (13). Two consecutive equations of the system (8) of the form:

Ti-1,i9i—2,i—1 — LTi—2,i—19i—1,4 = fi—2.4; (15)
Tii+19i—1,0 — Li—1,iGii+1 = fi—l,i+1a

2 < i < n, have solutions for any values of f;_1 ;41. Let f;_1,;+1 = 0. Then we have from (15):
Ti—1,i° Gii+1 = Tii4+1 * Gi—1,i- (16)

Since g; ;+1 and g;_1,; are coprime when 2 < i < n, then by lemma 2, they have no common divisors. From this
and (16) follows that z; ;41 is divided by g; 11, i-e.

Lii+1 = d- Gii+1-

Similarly we have
Ti1i=d-gi—1,.

We obtain from this and from the first equation of the system (15) that
gi-1i(d- gi—2i-1—Ti—2,i-1) = fi—2.. (17)

If we assume that f;_; = 1, then it follows from (17) that the element g;_1,; is reversible. Then we have
|gi—1,;] = 1 by assumption of the theorem.

Corollary 3. Let R be a ring of integers or a ring of polynomials Z[z] over a ring of integers Z. Then, from
the universality of the matrix g of UT, (R) follows that all the elements of its first collateral diagonal except
possible extreme ones, are equal to 1 or —1.

It is known that if E' is an Euclidean ring, where there are no reversible elements except 1 and —1, then the
ring of polynomials F(x) is the same Euclidean ring,.

Corollary 4. Let E be an Euclidean ring, where there are no reversible elements except 1 and —1. Then
from the universality of matrices g in UT,,(E(x)) over the ring of polynomials of one variable follows that all
the elements of the first collarteral are equal to 1 or —1 except possible extreme ones.

The authors express their sincere gratitude to V.A. Roman’kov for the proposed topics and valuable
comments, having improved our article.

References

1 Kapranosos M.!. Ocuoser Treopuu rpymn / M.U. Kapranosnos, F0.11. Mepsuskos. — M.: Hayka, 1982. —
288 c.

2 Bier A. The width of verbal subgroups in the group of unitriangular matrices over a field / A. Bier // Int.
Journal Alg. Comput. — 2012. — Vol. 22. — No. 3. — P. 21-41.

3 Baxra H.C. O npeacrasumoctu kommyrtanTa rpynusl UT (n, K') MHOKeCTBOM 3HadYeHUil (DyHKIUN OIHOMN
nepemennoit / H.C. Baxra // Bectr. Omckoro yu-ta. — 2012. — Ne 2. — C. 44-46.

Cepust «Maremarnkas. Ne 2(86)/2017 83



A.A. Konyrkhanova, N.G.Khisamiev

84

4 Baxra H.C. O npeacraBUMOCTH WIEHOB HHUKHETO IEHTPAJLHOrO psiga rpynusl UT(n, K) MHOXKeCTBOM
sHadeHnit Gyukiun onuoit mepemennoit / H.C. Baxra // Becrn. Omckoro yu-ta. — 2013. — Ne 4. —
C. 13-15.

5 Menbmos A.B. O p-paspemuMocTi HEKOTOPBIX DEryJISpPHBIX ypaBHEeHHi Haj p-rpymuoii eiizenbepra /
A.B. Mensmos, B.A. Pomanbkos // Becta. Omckoro yu-ta. — 2014. — Ne 3. — C. 11-14.

6 Roman’kov V. Equations over groups / V. Roman’kov // Groups Complexity Cryptology. — 2012. —
Vol. 4. — No. 2. — P. 191-240.

7 Kounbipxanosa A.A. YHuBepcajbHbIe 3JIEMEHTHI IPYII YHUTPEYTroJbHBIX Marpul Haj noitem [ AA. Ko-
HbIpxaHoBa // Becrn. Omckoro yu-ta. — 2015. — Ne 4(78). — C. 18-20.

8 KombipxanoBa A.A. YHHEBepCAJIbHBIE 3JIEMEHTHI IPYIII YHUTPEYTOJIbHBIX MATPHI] HaJ| KOJIBIOM IEJIBIX
aucest / A.A. Kousipxanosa // Becrn. Omckoro yu-ra. — 2016. — Ne 2. — C. 11-13.

0.9. Konpipxanosa, H.I'. Xucamuen

YHuyaioypheIiThl MAaTPUIAJIap TOITAPBIHLIH, oMOebal 3JieMeHTTepi

Dsementrepi 6ipiik KOMMYTATHBTI »KoHe acconnaTuBTi K cakMHAIAH aJIbIHFAH AKBIPJIbI OJIIIEM] YIITEeH ap-
THIK YHUYIIOYPBIITE MAaTPHUIAIap TOOLIHBIH, ¢ MATPUIACKH YIIIH KeJleCi TeopeMaliap JoJIesieHreH: 1) erep
g MaTpHUIacel sMbedar 60s1ca, OHIa OHBIH, OipiHIT KOCAJIKHI MATOHAJIHIH, IITETKI 9JIEeMEHTTEepiHeH OacKaIaphbl
HOJIJIEH 63Telle; 2) erep g MaTPUIACHIHBIH GIPIiHIIT KOCATIKbI JUArOHAIHIH COHFBI dJ1eMeHTiHeH 6acKach K -1a
KaiTBIMABL GoIca, oHna g oMbebarr; 3) erep K cakMHACH! €BKJIMITIK 6OJICA YKOHE OHBIH TPUBUAJLIBI SJIEMEHT-
TepaeH 6acka KAWTBIMIIBI 3JIEMEHTTepl OosiMaca, OHIA ¢ MATPHUIIACHIHBIH, oMOEOAITHIFBIHAH OHBIH OipiHTTi
KOCAJIKBI JIMAarOHAJIHIH IIETKI 3/IeMeHTTep/IeH 6acka 6apJIbiK, djieMeHTTepl K-1a KaiThIMIbI O0JIATHIHbI IIIbI-
FaIbl.

Kiam coesdep: yHUYMIOYPHIITH MATPULATIAP TOOBI, KOMMYTATOP, KOMMYTaHT, oMbGebal 3JIeMEHT, CAKUHA,
EeBKJIM/TIK CAaKWHA.

A.A Konsipxanosa, H.I'. Xucamues

yHI/IBepcaJILHbIe 3JIEMEHTbI I'PYIIIl YHUTPEYTI'OJIbHbIX MaTPHUIL

st MaTpUIbl ¢ U3 TPYIIIBl YHUTPEYTOJIbHBIX MATPUIL JTAHHOW KOHEYHOU Pa3MEPHOCTH, OOJIBbITE TPEX, HAT,
KOMMYTATUBHBIM ¥ aCCOIMATUBHBIM KOJIBbIOM K ¢ eUHUNEH JOKa3aHbl CIIe/YIOIUe TeOPEMBL: 1) eciu MaT-
pulla g yHUBepcajbHA, TO BCE €& 3JIEMEHThI MEPBO MOOOYHON IUATOHAJM, KPOMe KpailHUX, OTJIMYHBI OT
HyJIs; 2) €CJIM BCE SJIEMEHTHI MEepBOH IMOGOYHON JMATOHAJN MATPHUIBI ¢, KPOME, BO3MOXKHO, MOCJIEIHETO,
obparumbl B K, T0 g yHEHBepcaiabHa; 3) ecin Koiblo K EeBKIMIOBO U HE MMEET OOPATUMBIX 3JIEMEHTOB,
KpOMé TPUBHUAJIBHBIX, TO U3 YHUBEPCAJIHLHOCTH MATPHUIILI § CIIEIYET, UYTO BCE FJIEMEHTHI €€ MepBoil TOOOIHOMN
JIUArOHaJM, KpOMe KpaitHuX, oOpaTtumser B K.

Karouesvie croga: Tpylna YHUTPEYTOJIbHBIX MATPUI], KOMMYTATOP, KOMMYTAHT, YHUBEPCAJILHBII 3JIEMEHT,
KOJIBIIO, €BKJINJOBO KOJIbIIO, aCCOIMATUBHOE KOJIBIIO.
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The structure of normal subsets of polyhedral cone

The structure of normal convex subsets of polyhedral cone K in normalized space is in investigated. The
normality of the subset 2 C K (in the sense of the cone K) is determined by the condition @ — KNK = Q
(a line over a set means taking a topological closure). The conical shell of finite number of rays mean
the polyhedrons of the cone, which are extreme rays. The structure of normal sets were studied from the
geometric point of view. It is shown that every normal subset 2 of a polyhedral cone can be divided into a
sum of two subsets, one of which is a bounded normal subset (in the sense of some subcone in K) and the
second — the subcone K contained in the set Q (it is unbounded, if € is unbounded).

Keywords: cone, ray, normal, conical shell, polyhedral cone, forming rays, closed set, normal subset of cone,
null cone.

Let (X,]| ) is the real normalized space.

For the subset of G C X intoduce the notation: G° — interior of G, G — closure of G, frG — frontier of G.
Everywhere @ - empty set.

All the operation will be entered in the space X:

Gl—"-GQ:{.’E:.’Iﬁl—‘y—xQ,.’ElEGl,IQEGQ}; Gl,GQCX;

aG={zx=ax,x€G}, GCX, «-—real

The subset G C X is called convex, if x = az; + (1 — @)ze € G for any 1,22 € G u 0 < a < 1. The subset
K C X is called cone (convex), if the task is done:

are K Vre K, az0;

1 +a0 € K Vri,20 € K.

It is obvious, that any cone 0 has own point z and outgoing ray L = {ax, o > 0} from 0. The cone K is called
bodily, if K° # @, salient, if K N (—K) = {0}. The conical shell coG of set G C X is called set of elements

n
coG:{:C:ZOéil’i, n —any natural; z; € G u o; >0 Vi=1,...,n}.
i=1

It is obvious that the conical shell is cone. We say it will pull on the set G.

If G = @, then we consider that K = coG = {0}.

The cone K ([1]) is called polyhedral, if it is cone shell of finite number of outgoing rays from 0. According
to the [2] we can see, that every polyhedral cone is closure and bodily in its linear shell. The ray L of cone K
is called extreme ray of cone, if from equality x = x1 + x2, where x € L, x1,x5 € K, follows, that x1,29 € L.
According to the [1] we can see, that the minimal (by inclusion) set of rays, it’s conical shell is cone K, forming
the extreme rays.

The extreme rays of cone we will call forming rays. If {L;};¢ is forming rays of polyhedral cone K, {e;}icr
is units (i.e. ||e;]] = 1) directional vectors of this rays (I — finite set of indices), then

K:{szaiei, a; 20 Viel}.
il

Let K is polyhedral cone, {L;};cs is forming rays of cone K. A sub subcone K; of cone K, we will be
understand that any polyhedral cone, which is formed by rays {L;}icr, cr. If I = &, then the subcone, which
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determined by set of indices I, suppose equal to {0}. If we speak about o cone in this work we will view a
polyhedral cones. Let K is cone, {L;};cs is its forming rays. For set Q C K we think that

Bi=sup{f =20:pe; €0}, i€l

If QN L; = @, then we think that 5, = 0. We say that the set & C K has a (0)- property with respect to
subcone spreat on rays {L;}icr,cr, if 0 < 8; < co. The set Q@ C K, € is called normal (that means cone K)
set, if € is convex and rightly the equal @ — KN K = Q.

Note 1. Directly from the definition following, that any normal subset be closure.

Note 2. If Q is normal subset of cone, x € §2, the segment will

0,z] ={az:0<a <1} C Q.

Its objectively that z € Q C K, wherefrom ax € K. In other case, ax = z — (1 — )z, where x € €,
(I1-a)r e K,ie. ar € Q— K, according this

ar€e(Q-K)NKCQ-KnK=Q.

Consider the question about structure of normal subsets of polyhedral cone.

Rightly Proposition. Let € is normal (not be cone) subset of cone K = Q = G 4+ K, where K is greatest
by inclusion contained in  nogkonyc K; G = QN Ky (where K5 is subset in K) and G is finite normal set and
it has a (0)-property with respect to cone Kj.

Proof of proposition. Let K is polyhedral cone, {L;};cr is set its forming rays.

1. We will consider the case of finite set Q, i.e. 3C > 0: ||z < C Vz € Q.

If © = {0}, then € is null cone, this case in proposition excluded.
Let Q # {0}, then Vz € Q (z # 0) we have

T = Zaiei end da;, >0 other wise z=0.
iel

Rightly the note a;,e;, =2 — > «;e;, where from
i#io

e € (t—K)NKC(Q-K)NKCOQ-KNK=Q

by the normality €2 with respect to K.
As aj e0 € Q, a B, = sup{B = 0: Be; € Q}, 1o B, > a;, > 0 and that’s the

IL={iel: B3 >0}+#a.

Let K5 is cone with forming rays {L;};cr,. Following from definition, that 2 has a (0)-property with respect
to cone K. We will show, that 2 C K. If suppose, that Q ¢ Ko, o 3x € Q: x € Ks. From inclusion z € Q C K

we have
xr = g o e; + g ;€.

i€l SIAND

Since = ¢ Ko, then Jig € I \ Iz : a;, > 0, tnen
aioeio:x—ZaieiG(x—K)ﬁKCQ—KﬁK:Q,
iio

because f3;, > o, > 0, where from iy € I3, that this is contrary to inclusion iy € I \ I, according this 2 C K
and G =QN Ky =Q.
Since €2 is finite set, we get that

Bi =sup{f=0:LPe €N} <c< 0.

According this 0 < 3; < oo for Vi € I, where from following, that G = Q has a (0)-property, with respect to
cone K.
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‘We have the inclusion G C G — KyN K> from ratio G = ) C K5. Check the inverse inclusion. From condition
of normality ) with respect to cone K, i.e. the equal 2 — K N K = Q and the inclusion Ky C K, we have:

G-—KiNKy=QO-K,NKyCOQ-KNK=Q=@G.

As contained in € the cone we take K; = {0}.
2. Now let the set  is undefinite. We show, that 2 contains a subcone.
By definition 8; = sup{8 > 0:08e; € Q}, Viel,soJiel:f =oc.
Really, if it is not, i.e. §8; < oo, Vi € I, then

r=Y e, and [z <3 <8, maed =B <o,

el el el iel

ie. ||z|]| < B8 Vzx €, where we get a contradiction of undefinite of set €.

Let I = {i € I : 8; = oo}, we showed, that I; # @ and let K; is subcone with forming rays {L;};cr,. We
wii show, that K C Q.

This follows from the fact, that 8; = sup{8 > 0: fe; € Q} = oo for Vi € I, ie.ifi € I u x = ae; € L,
that 38 > « : fe; € Q, we have a ratio from note 2: [0, Se;] C Q.

By condition 0 < a < 8, so azx € [0,8¢;] C 2 Va > 0, where from the ray L; = {ae;, a0 > 0} C Q. As
{Li}icr, € Q u Q is convex, that it has cone Ky, which is formed by the rays {L;}icr, -

Let b ={iel; :0<B; <o}, Is ={i € I : 5; =0}, then Vz € Q we have

x = Z ae; + Z a;€e; + Z ;€4

i€l i€l i€l3

where o; >0 Viel.
We will show, that a; =0 Vi € I3. If it is not, that Jip € I3 : o, > 0 and

aioeiozx—(Zaiei—i—Zaiei—l— Z ae) Ce—KCQ-KcCcQ-K;

i€l i€l i€l3Ni,

besides a; e;, € K, i.e. a;e;, € 2 — KNK =Q (by normality ).

By definition 8;, = sup{ = 0: Be;, € Q} > a;, > 0, this contradicts the inclusion iy € I5.

We shown, that for any = € Q@ we have the equal x = > «aje; € K7, i.e. Q C K;. We have previously shown,

iel

that Ky C Q, i.e. @ = K3, but on the conditions of the pro;l)osition Q can not be cone, thereby I # @.

Now let K is cone with forming {L;}icr, and G = QN K.

The set G is finite, how the subset of finite set ().

Following from definition the execution for set G (0)-property with respect to subcone K,. Check the
normality (with respect to K5) of the set G.

The inclusion G C (G — K3) is obviously.

By definition G C 2, Ko C K, so

G-KiNKyCQA-—KoNK; C(Q—KNK)NKy=QNK; =G.

Of equality G = G N K2 N Ky and convexity G (as the intersection of convex sets Q u K») we have normality
G with respect to Ks.
Check the equality 2 = G + K. As noted, Vx € € really the note

T = E Oliei—FE oie; = T + Tg,

i€l i€l

where 21 = > aje;; xa = Y aze;. Its true for 22 = 2 — 21 inclusion
i€h i€y

2 €N-—KICOQ-K)NK2C(Q-—K)NKCQ-KNK=Q;

ie. xo € QN Ky = G, where from x = x1 + 22 € K1 + G, we proved the inclusion Q C G + K;.
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On the contrary, let it z € G+ Ky, ie. x = x2 + x1;, where 2o € G, 1 € K. If 1y = 0, then
r=1x9 € G=0QNKo, ie. x €.

Now let 1 # 0 and L = {az1,a > 0} is ray, which passes through the point z;. As K is cone, then
Ary € K1 VA>20, Az e KCQ VA>0and 22 € G = QN Ky C Q, by virtue of the convexity of the
set ) contains the points axs + (1 — ) x; 0 < o < 1w A > 0. We suppose that A = ﬁ and will get, that
arg+x1 € Qfor0< a< 1.

We consider the sequence

1 1
2" =01—-=")za+xz, z,€Q, 1x 0<1——<1 Vn,
n n

then lim,, ™ = x2 + 1 € Q by virtue of the convexity of the set 2.
The proved inclusions 2 C G+ K u G+ K C  gave the equality 2 = G+ K.
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Kenbyiiipsii KOHYCTbIH HOPMAaJIb iMTKi »KUbIHIAPbIHBIH,
KYPbLIBIMBI TYypaJbl

MakaJsrayia HOpMaJianraH KeHicTikreri K KemOyiipsi KOHYCBHIHBIH HOPMAaJIb JIOHEC IMKi »KUBIHIAPBIHBIH
KYPBUIBIMBL 3eprreny. ) C K imki »KublHBIHBIH HopMababiesl ( K KoHyc MmarbiHachHga) Q — KNK =Q
IIAPTHIMEH AHBIKTAJIbI (ZKUBIH YCTIHJIET] CBI3BIK TOIIOJOTHAIBIK, TYRBIKTALY Jeren i 6inaipesni). Konycroin
KenoOy#ipJisiri gen merki coysenepi OOJBIIT TaOBLIATHIH COYJIeJep aKbIPJIbl CAHBIHBIH, KAHOHJIHIK, KAOBIK-
mackiH afitamMbrs. Hopmasib KUBIHIAP/IBIH KYPBLIBIMBI T€OMETPUSIIIBIK, TYPFbIIAaH 3epTTenmi. KenOyitipii
KOHYCTBIH, Ke3 KeJIreH ) HOpMaJib iIKi KUBIHBIH €Ki 1K XKUBIHAAPIBIH KOCBIH/IBICHIHA 06Iyre 60IaThIHIbI-
FBI KOPCETLIi: OHBIH 6ipi — IIEKTeJreH HOpMaJIb »KUbIH (Keiibip K imKi KOHyC MarbIHACBIH/IA), i eKiHIic
—  xubebHa Tricti K imki KoHycsl (erep € mexTesmerer 6osica, OHAA OJ1 JIa IIEKTEIMEreH ).

Kiam cesdep: KOHYC, HOPMaJIb, KOHYCTBIH KAOBIFbI, KOIOYHipJIl KOHYC, COyIeIep Ky PhLIbIMbI, KAOBIK, KIUbIH-
TBIFbI, KOHYC KAJIBIIITHI iIKi KUBIHBI.

T.X. Makazkanosa, A.C. Bazbunkanosa, O.M. Yisbpuxr

O CTpOo€HUN HOPpMaJIbHbIX IIOJMHO2KECTB MHOI'OI'DaHHOI'O KOHYCa

B craThe mCCIemOBAaHO CTPOCHHE HOPMAJIBHBIX BBIILYKJILIX IIOJMHOYKECTB MHOIOTDAHHOrO KoHyca K B HOp-
MHUPOBaHHOM IpocTpascrse. HopmassHocTs noamuoxkecrsa 2 C K (B cmbiciie KoHyca K) onpezensiercs
ycioBuem Q — K N K = Q (4epra Haj MHOXKECTBOM O3HAYAET B3sATHE TOMNOJIOIMYECKOrO 3aMbIKaHust). MHo-
TOrPAHHOCTb KOHYCa O3HATAET, ITO OH SIBJISETCH KOHHIECKOH OOOJIOUKON KOHETHOTO HHCJIA JIydell, sBiIs-
IOIMXCs KpatHUMK JrydaMu. Vcciie1oBajgoch CTpoeHne HOPMAJIbHBIX MHOXKECTB C ME€OMETPUYECKON TOYKU
spennst. IlokazaHo, YTO BCSIKOE HOPMAJIBHOE IIOAMHOXKECTBO {2 MHOIOTDaHHOI'O KOHYCa MOXKHO pasbuTh Ha
CyMMY JBYX IIOAMHOXKECTB, OJ{HO U3 KOTODBIX SIBJISIETCsI OlPAHMYIEHHBIM HOPMAJILHBIM (B CMBICJIE HEKOTOPOTO
nozkonyca B K) IIOJAMHOXKECTBOM, a BTOPOE — COJEPKalIMCst BO MHOXKecTBe () nozukonycom K (Heorpamu-
YEHHBIM, ecJii () HEOIDAHUIEHO).

Kmouesvie caosa: KOHYC, HOpMaJb, KOHUIECKasi 000JI0UKa, MHOTOTPAHHBIN KOHYyC, o0Opa3yoliue JIy4dn, 3a-
MKHYTO€ MHO>KECTBO, HOPMAaJIbHOE IIOJMHOXKECTBO KOHYCA.
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O06001eHHas CIMHOBAasi MOJI€JIb C BEKTOPHBIM IIOTEHIINAJJIOM
1 ee pelleHune

B crarbe mccinenoBano naTerpupyemoe obobiienue ypasHeHus Jlammay-JIndmmna ¢ caMocoriiacoBaHHBIM
BEKTOPHBIM ITOTEHIINAIOM. ¥YCTAHOBJIEHO, 9TO CAMOCOIVIACOBAHHOCTH CIIMHOBOT'O BEKTODA U MTOTEHITUATIA OCY-
LIECTBJISIETCS CBSI3bI0 MEXK/Ly PEIeHUsIMUA HOTEHIINAJA U JIMHEHHON CUCTEMBI, yCJIOBUE COBMECTHOCTH KOTO-
PBIX COOTBETCTBYET paccMaTpuBaeMoMy Hamu ypasHeHn0. O60061mas MmeTos XupoThl, TOCTPOEHO €r0 TOTHOE
pellleHre, OMUCHIBAIOIIEEe CAMOCOTIACOBAHHOE JIBUYKEHME IOTEHIIUAJIA U COJTUTOHA.

Kmouesvie c06a: CIMHOBBIE MOJIEJIN, METOM, XUPOTHI, COJIUTOHHBIE PEIIeHNs], MHTETPUPYyeMble HeJTHHEHHbBIE
muddepeHuanbble ypaBHenus, ypasuenne Jlangay-Jludmmua, 1smkenne moTeHnaa.

Besederue

Pemenusi unrerpupyemMbix HeJwHEHHBIX auddepeHImaabHbIX ypaBHEHNH, MPeICTaBISIoNne coboit yean-
HEHHYIO BOJIHY U 00JIaJIaloIIe CBONCTBOM yIIPYTOCTU B3aMMOIEHCTBUS C APYTUM TAKUM YKe pellleHreM, NMEOT
pas3J/InYHble IPUIOKEHUST BO MHOTUX ODJIACTSIX €CTECTBEHHBIX HAyK. AHAJUTUYECKUE UCCJIECIOBAHUS MPOIECCOB
B3aUMOJIEHACTBHAS yEANHEHHDBIX BOJIH ABJISIOTCS OJHUMHU M3 OCHOBHBIX 3389 TEOPUM COJUTOHOB. PasBurne Heyn-
HEHHOM Teopuu MarHeTusMa, B CBOIO OYepeb, IOCTABUJIO IIPO6JIEMY ITOCTPOEHUs] MHTEIPUPYEMBIX 000OIIEHU
ypasHenus Jlanmay-JIudmmuna ¢ camocoriacoBaHHbBIM moTeHImag oM. OHO U3 TaKuxX 0OODIIEHUI ¢ caMOCOoria-
COBaHHBIM CKAJSAPHBIM [OTEHIINAJIOM OBbLIO TIpeioxkeHo B [1]. Pasnuunble anrebpo-reoMeTpuiecKue acuekThl
TAKUX MOJIeJIelt n3yueHbl B paborax [2-5]. O6obuennble ypasrenus Jlangay-JIndimua (OYJLI) ¢ camocoriaco-
BaHHBIM BeKTOPHBIM noTenrmasoM (CBII) nonydenst B padote [6], & Tak:Ke yCTAHOBJIEHBI UX CBA3U C JIBUKEHUEM
KPUBBIX U HOBEPXHOCTEM.

Obobwennoe ypasnenue Jlanday-JTudwuya

O6061mmennoe ypasaenune Jlanmgay-JIudimmia ¢ caMocorsiacoBaHHbBIM BEKTOPHBIM TIOTEHITATIOM MMEET BUJT
2
St + 055N Spe + =S AW =0; (1)
a

W, +2aS AW =0, (2)

rge A obozuadaer BekTOpHOe upousBeienue u S = (S1,592,53); W = (Wi, Wy, W3); mHAa BEKTOPOB
S?2 =82 +82+82=1,W?=W2+W3i+W2=0b, a,b= const. B 6onpmmncTse cIydaes ya06H0 paboTaTh
¢ MaTpUIHONH (HPOPMOIt ITOr0 YpaBHEHUSI, KOTOPAs UMEET BUJL

1 1

iWy +alS, W] =0, (4)

e a = const, S = Z?ZlSj (z,v, t)aj — MATPUYHBII aHAJIOT CIIMTHOBOTO BeKTOPa; W — MaTpUIHBIN BUJ BEKTOD-
Horo norennuana W = X3, Wi(x,y,t)o; n

0 1 0 —i 10
Gl (Il G R (R

— maTpuisl [ayman.
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OVJIJI ¢ camocoriacoBaHHBIM ITOTEHITUAJIOM UHTETPUPYEMO METOJOM OOPATHON 3319 PACCESTHIS U JIOILYC-
KaeT cJiefytoriee mpeacrapienne Jlakca:
P, =UP; (5)

P, =V, (6)
rae marpudnble oneparopsl U u V' 3amatorces Kak

U= —i)\S;

i i
V =XV, + AV — =) w;
2+ 1+()\+a a) ;

Vo = —2iS, Vi = SS,.
HOC’I’)’LGHOG%(Z 3(1,00/%1&

Iocrpouts pemenue ypasuenus (3)—(4) merogom Xuporsl. OTMETHM, U4TO JAHHOE YPABHEHHE COAECPIKUT JIBE
HenssecTHble hyHKIMu S(2,t) u W(x,t). lpu W (x,t) = 0 ypasaenue (3) HepexoguT K U3BECTHOMY YDABHEHUIO
Jangay-JTudbmuna, orkpoiromy B 1935 r. B gaHHOM HCC/IEIOBAHAE CI0KHOCTD 3aKJIIOUAETCH B YCTAHOBJICHUN
cBsi3n Mexly pemtenusiMu byuximit S(z,t) u W(x,t).

Buauneapusayus

ITo anropuTMy MOCTPOEHUS PEIEHUs] COJMUTOHHOTO yPABHEHUSI METOJIOM XHMPOTHI CHAYAJA MBI JOJKHBI 10~
CTPOUTH TaK Ha3bIBaeMyIo OminHeiinyto dhopmy ypasaenus (3)—(4). Pesynabrar cdhopmynupyem B Buje cieiyro-
el TeopeMBbl.

Teopema 1. Bunnneiinas dbopma OVJLII ¢ CBII (3) umeer Buj

. 2,
[@Dt+D3](g-f)—5p q=0; (7)
2 2 *
Di(f-f) = _aa=0; (8)
D.(p- f) — 2iag*q = 0; 9)
Dm(q . f) + 2iaqf =0, (10)
rae [ — BemecTBeHHast (DYyHKIUS; ¢, P, ¢ — KOMILIEKCHBIE (DYHKIMH, & OIepPaTOpPhl XMUPOThHI OLPEHEISIOTCA KaK
DLD} f(x,t) - g(w,t) = (9 — 0,) (0 — Dy )" Fla,t) - g(a ) oy 1y (11)

JHoxazameavcmeo. s ynobersa nepenuiieM cucremy (3)—(4) B kommonenrax S u W:

2

’LS:_ + S+S3wm — 535;1 + g(S—FWg — S3W+) = 0; (12)
2

ZS; — 531@57 + SgS;x — g(S*W3 — SgWi) = 0; (13)
2

2iSa + S5, 97 —STS,, + a(S—W+ — STW™) =0; (14)

iWF —2a(SsWH — STW3) = 0; (15)

iW, —2a(S™Ws — SsW ™) = 0; (16)

iWse —a(STW™ —S~WT) =0. (17)

CamocornacoBauublit morennmnan W maercs Kak
Wi =|p1]> = p2|?s WT =205pa; W™ = 20143, (18)
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[JIE (1 U P2 SBISTIOTCS pelIeHnsIME MaTpuaHOil cucreMsl (5)—(6). Yuureisast (18), nepenurem ypasaernst (12)—
(17) B BUIE

) 2 X
197" + ST S — 355, + = (ST (lp1]* = lpal®) — 28507 02) = 05 (19)
o _ - 2, .
18y = SseeS™ + S35, — — (57 (loal* = [02]*) — 28300193) = 05 (20)
. — — 4 — % *
2’65315 + SIIS - S+Szz + E(S P1$2 — S+§01§02) = 0; (21)
¢12 —ia(Szp1 + S p2) = 0; (22)
Yor — ia(S"’gol - Sg(pg) =0. (23)
PaccMmoTpuM ciiefyiomnee crepeorpadrdeckoe Ipeodpa3oBaHue:
2w _ 2w* 1—|wl?
StT=_—"T—; & ="+ S3=-"——"1"0. 24
Tt [P Trer T TP 2y
Orcrofa oy anmM
S+
_ . 2
“ 1+ S5’ (25)
Taxum obpasom, ypasuenus (19)—(23) neperumiem B Bu/e
, 2wrw2 2, .
Wt — Wz + T+ e + E(W@Z + 1) (w1 — p2) = 0; (26)
pre — T (1= o)1 + 2607 2) =0, (27)
1+ |w]?
2o~ T (201 — (1~ [wf)2) = . (28)
1+ |w|?
Tenepb mpeoGpasyeMm (26)—(28) K crenuasbHOMY BUY, YIOOHOMY ISl MCIOJIb30BaHus llaje-anmnpokcn-
MaHTHI [7]. st 9TOro 3aMeHnM w Ha %
g
w==, (29)
f
rje g — KOMILIeKcHas byHKIus; f — JeficTBUTeNbHasA PYHKIM, a (01 U Q2 33JaUM B BHUJIE
_ B ax _ g iax (30)

Y1 = €, Q2= €
f f

1 HaiizleM ypaBHEHHsI, KOTOPBIM yJOBJIETBODAIOT [, ¢, P, ¢, 1 U Q2.
IMoncrasiss (29) u (30), ¢ ygerom (11), manbheitiee npeoGpasoBanue ypasHeHuil (26)—(28) mossossier
noJyanTs oununeiinyo gopmy (7)-(10) aua ypasuenuit (19)—(23). Teopema 1 dokasana.

Coaumonnoe pewerHue

Vcnomb3ys HoaydeHHyIo OuInHeiinyo (popMy, MbI MOXKEeM HOCTPOUTHL COJIMTOHHOE PelieHue JJIsl CIMHOBOM
cucreMbl. Pezynbrar cdopMyupyeM B BHIE CJIeIyIOMeil TeopeMbl.
Teopema 2. OHOCOMUTOHHOE penieHne ypaBHeHus (3)—(4) 1yist cimHOBO# MaTpuIs! S uMeer BHL

5 (1 _ AU H)EPHDECDY g
4(k1—k7)?

St = —— ; (31)
(1 _ a(k%—i—lliglljfi-;l*;)gez(ef@ )) 1 ei(0—0%)
1
| AU G2 ONT g
g — 4(k1—k7)? € . (32)
3 — ) « ’
R
1
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Tt ToTeHnasia W

a(li+k2) (a(li+k:? i(0—0* i
a (1 — (,(Clljkf)) (4((,3;,3?)) + a) et0-0 )) (Iy + k?)e'?

e ’ (33)
1 _ alk4l) (k2 +11)ei 0707 2
G
a(l +kf) a(l’l‘+k*2) g
o - (5250 1) )
T 1 — okl (2 +17)ei0=0") 2
B 4(k1—k7)?
a(li+k32) ( a(li+k?) i(0—0*
« (1 B (kli‘*kll) (4(1@1{7;611) + a) el )) N
1 — alk+l) (k2 41f)ei0 =00 2
_ 4(k1—k1‘)2
a?(l + k2)(1* + L2 ei(9—0*)
( ( 1 1)( 1 1 ) (34)

4 (1 — AU+ (72 1p)er0=00) \ 2
4(k1—k¥)?

rae 0 = kixz + l1t + mq, k1,1 1 m| — KOMILIEKCHBIE TIOCTOSTHHBIE.
Jokasameavemeo. Paznoxxkum B ypasaerun (7)—(10) g, f, p u ¢ B dbopmasbHble pPsipl 1O IPOU3BOJIBHOI
IOCTOSAHHOHA £:

35
36
37
38

g(x,t) = egy(x,t) + g3z, t) + - - ;
fla,t) =14 fo(w,t) + et fala,t) + - ;
plx,t) =14 e2po(a, t) + etpyla,t) + - ;

(
(
(
q(z,t) = eqi(z,t) + g3z, t) + - - - . (

)
)
)
)
N-cosmToHHOE peleHne UCCIelyeMOro PEITeHns UIEM B BUJIE
N

g; = ijl expb;, 0=kjz+1lit+m;. (39)
Bospmenm cay4aait N =1, npu 9TOM HETPYAHO 3aMETHTE, IT0 ¢; = 0 mig j > 3 u f; = 0 gus j > 4 [1]. Anamo-
THYHO BMeeM, 9To ¢; = 0 mag j > 3 u p; = 0 aoa j > 4. Jljia mosryd9enns 0JJHOCOTATOHHOTO PeeHs yPaBHEe M

(7)-(10) BozbMeM g = €91, p = 1 +%p2, ¢ = equ, [ = 1+ &2 fo. Honcrasisas 9T BbIpayKeHus B OUIHHEHHYIO
dbopmy (7)—(10), nosyunm cieayrommue JAHHBIE:

191t + J1za — %cn =0; (40)

ig1f2 — i91 fo + Giaefo — 210 fae + 91 frue — D301 = (41)
fowe — %QTfh =0; (42)

f2f2zz = f2zf20 = 0; (43)

P2z — for — 2iagiq1 = 0; (44)

P2z f2 — p2for = 0; (45)

Q1 + 2iagr = 0; (46)

Qe fo — q1 f2z + 2iaq1fo = 0. (47)

Bribpas ¢ xax g1 = €%, cf = kix + 1t + m1, MOXKeM OCTPOUTE pelreHus i f, ¢, P2 B BUAIE

a1 = —5(L +kD)e; (48)

Ca(l + R + k’f2)ez‘(a—e*).

2= (k1 — k7)?

94 Bectnuk Kaparanmauickoro yHuBepcuTeTa



O600111eHHAasT CIIMHOBAS MOJEID ...

_alli + k) (all} + k) i(6—6")
p2 = (k1—k’{) 4(k1—kf) +ale . (50)

VYpasuenue (24) B KOMIOHEHTAX MATPUIBI S UMeeT BH/L

v 2fg o 2fg" f2—lg?

— F2 2! — o .02 3= 75 1.2
2+ lg)? 2+ 1g)? 2+ |gl?

Hakomner, MoxkHO 10/1yuuTh pemenus ypasuennii (3)—(4) B Buze (31)—(34). Teopemoi 1, 2 doxasamwi.

CamocorsacoBanuOe MOBENEHNE CITUHOBON MATPUILI S U moTeHnnana W OTIeTINEO BUMTHO HA PUCYHKE HU-
xke. I'padukn mosyvdeHHBIX pernennit nanbl B wHTepBaste Bpemern oT 0 10 10 u NpW 3HAYEHWSIX TOCTOSHHBIX:
k1:25—i; ll :15—i; mq =1.

(51)

H‘)‘J!ﬂﬁw
199984-]
9986~
199988
19990
99924
199994}
19996
D998

(JCK)IJq

Pucynox. IloBemenne cinHOBO# MaTPUIIBI U TOTEHITAAIA,
Baxmouenue

JlanHast paboTa SABJISIETCS IIOCJIEI0BATE/bHBIM IIPOJOJIXKEHUEM HAINNUX HPEIbIAYIINX HUCCIeI0BaHUNl B 00-
JIACTU MHTEIPUPYEMBIX CIIMHOBBIX CHCTEM, B YaCTHOCTHU, 00OOOIIEHHBIX ypapHeHwuit Jlammay-JIudmuna ¢ camo-
COTJIACOBAHHBIM CKAJISIPHBIM roTeHIuagioM. O6bekT ucciieioBannst — 00obenHoe ypasuaenue Jlauay-JIudmmna
C CaMOCOTJIACOBAHHBIM UCTOYHUKOM, POJIb KOTOPOTO UI'PAET TPEXKOMIIOHEHTHBIH BEKTOP € IMEPEeMEHHOI IINHOIA,
a KOMITIOHEHTAMU BEKTOPa SBJISIIOTCS (MYHKIIMK OT IBYX IepeMeHHbIX. [loaroMmy pacecMmorpennoe Hamu 0000IIEeH-
HOe ypasHenue Jlanmay-Jludimia ¢ caMocorjiacoBaHHBIM UCTOYHUKOM HE OIPAHUYUBAETCS BBIBOJAMU U 3aKO-
HOMEPHOCTSIMU, C(OOPMYJIMPOBAHHBIMY JIJIsi CIIMHOBOM MOJIEJIN CO CKAJIAPHBIM HoTeHnua oM. OCHOBHBIM pe3yJib-
TaTOM JAHHON! PabOThI ABJSIETCSI HAXOXKICHNIE CBI3HU, OMMICHIBAIOINIEH CaMOCOTIACOBAHHOE IBUKEHIE BEKTOPHOIO
IMOTEHIINAJIa U COJTMTOHHON BOJIHBI.

Patoma evinoanerna npu gunarncosot noddeporcke npoexma 0893/I'd4 MOH PK.
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BekTopablk nmoTeHImaJIbl 6ap >KaJIblJIaHFaH COWHIIK YJTi
2K9He OHBIH HIenIiMi

MakaJrazia e3/1irinen KeJricijireH BEKTOPJIBIK, TOTEHITNAJIbI MHTErpAJIIAHATEIH »Kajnbuianrad Jlanaay-Jlud-
it TeHaeyi deprresai. COuHIIK BEKTOP »KoHe MOTEHIMAJIBIH ©3/irHeH KeJicyi, yiliecy mapThl Gi3iH
KapaCTBIPBII OTBIPFAH TEHJEYIMi3re CofKeC KeJIETiH NOTEHIMAJ MEH KYHeHIH NIeNriMJIepiHiH apachblHIaFbl
OailJIaHbICHl APKBLIBI YKY3€re acaThbIHbl AHBIKTAJJIBI. XUPOTA SJIICIH >KAJIbLIAH/IBIPHII, TOTEHIINAJ MEH CO-
JINTOHHBIH ©3JIIIHEH KeJIiCIJIreH KO3FaJIbICBIH CUITATTAUThIH HAKThHI IIEITiMi aJIbIHIbI.

Kiam cesdep: cimumik yiarinep, Xupora 9J1iCi, COJUTOH/BI IIEITMIep, WHTEerpaslIaHaThiH KaJIblIaHFaH
muddeperuangsl Tegaeyaep, Jlangay-Jludmmun reraeyi, moTeHIMATIBIK KO3FAIBIC.

G.N. Nugmanova, Zh.M. Sagidullayeva

Generalized spin model with vector potential and its solution

In this work an integrable generalization of the Landau-Lifshitz equation with self-consistent vector potential
is studied. It was established that self-consistence of spin vector and potential happen by the relation
between solutions of the potential and linear system, the compatibility condition of which corresponds to
the equation considered by us. By generalizing Hirota’s method, it’s exact solutions, defining self-consistent
motion of the potential and soliton, are constructed.

Keywords: spin models, Hirota’s method, soliton solutions, integrable nonlinear differential equations,
Landau-Lifshitz equation, potential motion.
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