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The Laplace-Beltrami operator is studied on a stratified set consisting of two punctured circles and an
interval. A complete description of all well-posed boundary value problems for the Laplace-Beltrami op-
erator on such a set is given. In the second part of the paper, a class of self-adjoint well-posed problems
for the Laplace-Beltrami operator on the specified stratified set is identified. The obtained results can
be considered as a generalization of known results on geometric graphs. In particular, the stratified set
under consideration can be interpreted as graphs with loops. Studies on the spectral asymptotics of Sturm-
Liouville operators on plane curves homotopic to a finite interval are also closely related to the present
results paper. Since the punctured circle is diffeomorphic to a finite interval, the spectral methods applied
to differential operators on a finite interval can be modified to study the spectral properties of differential
operators on the punctured circle. The main results of this paper are obtained by modifications of methods
that were previously used in the study of the asymptotic behavior of the eigenvalues of the Sturm-Liouville
operator on a finite interval.
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1 Stratified set 2 and functions over 2

We consider the stratified set {2 formed by two punctured circles Cy, Co and interval [ = (0,1) as
well as two points A and B. In this case, €2 is a connected set (Fig. 1), the role of one-dimensional
strata is played by C1,Ca,[, and the role of zero-dimensional strata is played by single-point sets { A}
and {B}.

(x, 23) (w3, 3)

Figure 1. Stratified set 2 on the plane
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Well-posed problems for ...

The facts given about the stratified set are sufficient for us; more general information about stratified
sets can be found in the works [1,2]. According to the work [3], a measure  is introduced on the set
w, as well as the corresponding function spaces. According to the specified work [4,5] €2 is represented
as a union of two non-intersecting parts: Qo = C1 Ul U Cy and 09 = {A, B}.

2 Correctly solvable problems for the Laplace-Beltrami operator on a punctured circle Cy

For convenience, we assume that the punctured circle C} is given by equation
C1 = {z1 = (2,27) € RO\{(0,0)} : (29)* + (2] +1)* = 1}.

It is clear that the punctured circle C; can be defined using one card

r{ = cost; — 1,
] = sint;.

Moreover, the local coordinate t; runs through the interval (0,27). In Cj, one can define classes
of functions and the Laplace-Beltrami operator as was done in work [4]. In particular, the Laplace-
Beltrami operator in this case represents the operator of twofold differentiation with respect to the
variable ¢1, if the function on C1, is represented as a function on the interval (0, 27). If the function on
(' is represented as a function of x € 'y then the value of the Laplace-Beltrami operator coincides with
a two-fold tangent derivative. Since the Laplace-Beltrami operator is defined invariantly with respect
to local coordinates, then when solving the corresponding equations, the equation can be solved in
derivative local coordinates. Local coordinates can be chosen at one’s discretion, and then the solution
found in the chosen coordinates must be able to be written in other arbitrary local coordinates. From
the above reasoning, it follows that the statement is true.

Theorem 1. For any numbers a,b and any function f(z), defined on C; and belonging to L2(Ch)
the inhomogeneous equation

(I —Acyu(z) = f(z), =€ C (1)
with conditions at the point A(0,0)
Uo(u) = ai, Ul(u) = b1 (2)

has a unique solution u(z) € W3 (Cy).

Remark 1. If a point P on a circle precedes a point ) on the same circle, we briefly write P < Q.
If points P and @Q belong to the same oriented map, then the precedence of one point over another
point of the same map is defined according to the orientation. Therefore, the notion of one-sided limit
lim f(P)= f(Q — 0) is correctly defined.
P—Q
P=Q

In Theorem 1, A, denotes the Laplace-Beltrami operator on C;. Here, in conditions (1), (2) there
are linear functionals Uy(+), Ui (+), which are defined in the following way:

Up(w) = lim u(z) — lim u(z),

A As-x
zeCy zeCy
ou(x ou(x
Ui(u) = lim u(z) _ lim L,
r—A OT z—A  OT
r-A Az
zeCh zeCh

where %—means the derivative along the tangent to C at point x. The proof of Theorem 1 can be
found in the work of [4]. From Theorem 1 and from the results of M. Otelbaev [5-7| the following
theorem follows.
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Theorem 2. (i) For any function f(z), defined on C; and belonging to L2(C1) the inhomogeneous
equation

(I —Acy)u(z) = f(x), =€ Ch,
with conditions

Uo(u) = / (I - Ao )u(z)oo@)dle, Us(u) = / (I — Acyu(z)or(@)dl, (3)

C1 Cl

has a unique solution u(z) € W2(C), if 09,01 € La(C1).

(ii) Let us assume that we add some conditions to the inhomogeneous operator equation (1) with
conditions (2) so that equation (1) for all f € Ly(Cy) has a unique solution u(z) € W2(C1).

Then the added conditions are equivalent to conditions (3) for some oo, 01 € La(Ch).

Proof. Proof of Theorem 2. The first part of Theorem 2 follows directly from Theorem 1 if

ay = / f(x)oo(x)dly, by = / f(z)oy (z)dl,.
(&3] C1

Now let us prove the second part of Theorem 2. By assumption, we add some conditions to
equation (1) so that equation (1) for all f € La(C1) has a unique solution u(z), and

[u(@)l[Locr) < MILF(@)] La(cn)s (4)

where M does not depend on f.

So there is only one solution u(x), subject to inequality (4). It follows from the embedding theorem
that there exist values of linear functionals Up(u), Uy (u). It is easy to understand that linear functionals
Uo(+), Ui (-) according to inequality (4), are also functionals bounded in La(C1). Therefore, according
to F. Riesz’s theorem on the general form of a linear continuous functional in space La(C1) there exist
functions og(x), o1(z) € L2(C1) such that

Un(u) = / f(@)o0@)dly, Uy(u) = / f(@)or(@)dls.
o} Ch

Now it remains to replace f(z) with (I — A¢,)u(x), from which the validity of the second part of
Theorem 3 follows.

3 Well-solved problems for the Laplace-Beltrami operator on a stratified set £

In the previous paragraph we wrote out correctly solvable problems for the Laplace-Beltrami op-
erator on a punctured circle C7. In the same way, one can write out all possible correctly solvable
linear problems for the Laplace-Beltrami operator on a punctured circle Cy. Note that correctly solv-
able linear problems for the operator of twofold differentiation on the interval [ = (0,1) are well
known to [5-7]. Now, using the above results, we write out all possible correctly solvable linear prob-
lems for the Laplace-Beltrami operator on a stratified set €2, consisting of C7, Cy and [. In this point,
the punctured circle C is defined as follows

Cy={x1 = (x%,x%) c Rz\({(),()}) : (x% + 1)2 + (m%)Q =1},

where the role of local coordinates is played by the variable ¢ € (0, 27):
ri = cost —1,
z3 =sint.
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The punctured circle Cs is defined as the following set
Oy = {wy = (23.23) € RA{(L,0)} : (23 — 2)” + (£3)* = 1},
where the role of local coordinates is played by the variable 7:
Ty =2+cosT, r3=sint, 7€ (m,37).
Interval [ is defined as the horizontal open segment
l={x3=(z},23) € R?: 0<al =5 <1, 23 =0}.

Here the role of the local coordinate is played by the parameter S, which runs through the interval
(0,1). An analogue of Theorem 1 can be formulated for a punctured circle Co and interval I. As a
result, we have the following statement.

Theorem 3. For any numbers ai, by, as, by, asz, b3 and any functions F = {fi(z1), fa(z2), f3(s) €
Ly(Q)} non-homogeneous system of equations

(I = Acy)ur(x1) = fi(z1), z1 € Ch,
(I — Agy)uz(w2) = fa(x2), 22 € Oy, (5)
US(S) - U%’(S) = f3(s)7 ERS (07 1)>

with conditions
Uo(u1) = a1, Ui(ur) = by,
Vo(uz) = az, Vi(uz) = by, (6)
uz(0) = as, wus(1l) = bs

has a unique solution u = (u1,ug,uz) € W2(Q).

In Theorem 3 A¢, denotes the Laplace-Beltrami operator on Cy. Also, linear forms determined by
limiting ratios are designated by Vp(-) and Vi (-):

Vo(ug) = :31_% ug(z) — lim wua(x),

r—B
z>-B B>z
zeCs zeCs
Ous(x Ous(x
Vi(ug) = lim (z) _ lim ( ),
r—B or r—B or
z>-B B>z
zeCl zeCs

where B = (1,0) and g—ﬁ-means the derivative along the tangent to Cy at point x.

Similar results for graphs without loops were studied in [8]. This theorem can be interpreted as
correctly solvable problems for the Laplace-Beltrami operator on graphs with loops. From Theorem 3
and the results [5-7] of the assertion follows.

Theorem 4. (i) For any function F = {f, fo, f3} € L2(£2) inhomogeneous system of equations (5)
with conditions
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(Vo) = (1= 8 s )Gl + (1 = S (e + () (0o,
Ui on) = J (1= B oo+ (1 = S s+ () = (s)al,
Vilua) = J (1= B, eralenidh -+ [ (1 = Aoz n(az)l + [(ua(s) ~ ()l
Vi) = J (1= Ao oalenidh -+ [ (= Aoz oulaz)l + [(ua(s) = () s,
05(0) = f (7= ey o) + (1 = Acusepleatdts + (o) — o)) (o)

ug(1) ZCf(I — Agy )ur(z1)o6(w1)dl +Cf(f — Ag, Jua(22)pe(2)dls + b}(us(s) — uj(s))we(s)ds,

(7)

has a unique solution u = {u1, ug, us € W2(Q)}, if
o € LQ(Cl), pj € LQ(CQ), P IS LQ(O, 1), j=1,2,3,4,5,6.

(ii) Let us assume that we add some conditions to the inhomogeneous system of equations (5)
with conditions (6) so that equation (5) for all F' = {fi, f2, f3} € L2(92) has a unique solution
u = (u1,uz,u3z) € W2(Q)). Then the added conditions are equivalent to conditions of the form (7)
for some

oj € Ly (Ch), pj € Ly(Cy), w; € Ly(0,1), j=1,2,3,4,5,6.

The proof of Theorem 4 repeats the proof of Theorem 2, only the theorem of F. Riesz is used,
which concerns the Hilbert space La(£2).

The formulation of correct boundary value problems for the Laplace operator in a punctured ball
was discussed in the works [9-11]. A description of all possible well-defined problems for the Laplace-
Beltrami operator on a punctured sphere can be found [12-14]. Everywhere correctly solvable problems
for differential operators in punctured domains or in domains with cuts can be interpreted as singular
perturbations of regular differential operators. From this point of view, singular differential operators
are studied in the works [15-17|, differential operators for the Dirichlet and Neumann problems are
studied in the works [18,19].

4 Examples of well-posed problems on a stratified set

In this section we will give specific examples that follow from the first part of Theorem 4. Let us
recall Lemma 1 from work [4].

Lemma 1. [4] For any smooth 27-periodic function F(t) the integral identity is valid

t
/F(t)dt _ /F(gl,gz)(gldgg - ¢2agh),
0

V3

where ~. positively oriented arc of a punctured circle C}, connecting the dots (0,0) and
— (]l 2
z=(x',2°) € Ch.

154 Bulletin of the Karaganda University
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Here the function F(z) for 2 € C} is generated by the function F(t) for t € (0,2r) as follows: first,
we expand F'(t) into a trigonometric series

o
50 +; ag cos kt + by sinkt), t e (0,2m)

and then according to the formulas x!41 = cost, % = sint we move from ¢ to variables (2!, 2?) = 2 € C}

0o
+ Z aka ! +1 + ka:QUk_l(xl + 1)),
k=1

%
2

where T; b and Ug_1 Chebyshev polynomials of the first and second kind, respectively. Similarly, the
integral f T)dT at T € (7,37m) we can rewrite it through the integral

[ ot eta - gaeh)
Tz

where 2 positively oriented arc pierced circle Cy, connecting points (—1,0) and x = (z!,2?%) € Cs.
Here also o(z) for x € Cy is generated by the function ¢(7) for 7 € (7, 37) as follows:
First, we expand ¢ (7) for 7 € (7,37) into a trigonometric series

Nk

o(r) = <

50 + ) (cpcoskr +dgsinkr), 7€ (m,3m),

=
Il
—

and then according to the formulas 2! — 2 = cosT, 2?2

variables (z!,2%) =z € Cy

= sin7 we move from the parameter 7 to the

(Cka(l'l —-2)+ dk:EQUk_l(:Ul —2)).

V]2

C
+

o(x) = 50

B
Il
—

In conditions (7) the integrals | fi(z1)o1z1dly and [ fao(z2)o2T2dls. These integrals can be rewritten
Cl CQ
in terms of local coordinates t and 7, respectively:

2T 2T
/ fi(x1)or (z)dl = / fi(cost — 1,sint)oy(cost — 1,sint)dt = / fi(t)o1(t)dt,
0 0

/f2 T9)oo(x2)dly = /f2 (2 + cosT,sinT)o2(2 + cos T, sinT)dr = /fg Go(T)dT.

Cy

Now we are ready to rewrite the integral [ (I — A, )uq(x1)o1(z1)dl in a form convenient for us

Cy
2m 2
(I — Acl)ul (1'1)0'1(.%'1)dl1 = fl(afl)O’l (371)dll = fl(t)é'l (t)dt = ﬂl(t) — ﬁq(t) mdt.
/ / [mon= [
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We apply the integration by parts to the last integral, assuming that ;(¢) is twice continuously
differentiable function. As a result, we have

2T 27
/ (&) — ()10t = / i (t) (61(1) = 1) )dt — i ()31 (1) Z?WW’“ Zi”=
0 0

= /al(t) (&1(15) - &g’(t))dt—a’(zw—())&l(% — 0)+41 (27—0)6" (21 — 0)+a) (+0)51 (+0)—i1 (+0)67 (+0).
0

Now, as a result of the change of variables from the local coordinate t to the variables (:c%, x%) =x, we

have

- o -
[ = acou@mdn = [ue)T=Bejmteds - -5 (< 0,00 0,0+
(oft C1
0 8U1(< (0,0)) 60’1
(= (0,0)5-01(< (0,0)) + T oy (<(0,0)) — (< (0,0) 2 (< (0,0)), (9)
where
9(=<(0,0)) = xlg{%7o)g(x1), g(~ (0,0)) = xlg%’o)g(xl),
21<(0,0) z1>(0,0)
r1€CY x1€Cq
09(<(0.0) _ - Doler) 09(=0.0) _ - daen)
or z1—+(0,0) OT or 21—(0,0) OT
z1<(0,0) x1>~(0,0)
r1€Cq r1€Cy

where % is derivative along the tangent to C7 at point x1. In the same way, for any two sufficiently
smooth Co functions on ug(x2), p2(x2) the following identity holds

/ (I — Acy)us(e2)palaa)dly = / us () (T = By )pala) o
Cs Ca

Juz(< (—1,0)) dp2(=< (—1,0))

- TM) + ug(< (_1’0))T+ (9)
2 L o) s (1,09 22RO,

where % is derivative along the tangent to Cs at the point xo. The given auxiliary statements

allow us to obtain consequences of Theorem 4. Now we will specify the choice of boundary functions
oj(z1), pj(x2), @j(zs) for j =1,2,3,4,5,6 from Theorem 4. Let for j = 1,2,3,4,5,6 the functions
oj(x1), pj(x2), pj(xz) be chosen so that

(I —Acy)oj(r1) =0, 21 € Ch,
(I —Acy)pj(x2) =0, 29 € Co

@j(s) — ¢j(s) =0, s€(0,1).
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Then, from relations (8) and (9) we have

[ = scom@nsan = -2 05 =g

C

9a;(>~ (0,0))

tur (< (0,0)) 22X OO Ol OO 65 (- (0,0))

T or or ’
[ 1= scyuataapitaian = - 222 S g
Co
(< (-1,0)) 20D Qunlm CAON G Gy (o (1,0 2 20
1
[usts) ~ uoasteias = -8 =00 =) 4w - 02220 =0
0

s ©j(+0) — u3(+0) I
Thus, the boundary conditions (7) from Theorem 4 take the form for j = 1,2,3,4,5,6
U; = ¢;(+0) [} (+0) — cosh 2 @ (2 — 0) + sinh 27 @ (2 — 0)]+
+7;(+0) [ cosh 2t} (27 — 0) — sinh 27 @ (27 — 0) — @} (+0)] +
+p;(m + 0) [@h (7 + 0) — cosh 27 @y (37 — 0) + sinh 27 @5 (37 — 0)]+

+ ;' (7 + 0)[ cosh 2mah (37 — 0) — sinh 27 @ (3w — 0) — @5 (m + 0)]+ (10)
—— cosh1 1 _
+p;j(+0) [uy(+0) + ol u3(0) S 1U3(1 0)]+
————cosh1l
(1 —0)[———u3(1 —0) —us(1 —0) —
+S0]( 0) [Sinh 1 u3( 0) U3( 0) Sinh 1 u3(+0>] ’

where

Ui(u1) = 41 (4+0) — 41 (27 — 0), Us(u1) = @) (+0) — @) (2m — 0),
Us(ug) = tig(m 4+ 0) — G2(3m — 0), Uy(uz) = h(7 + 0) — a5(37 — 0),
Us(us) = u3(+0), Us(us) = us(1—0).

5 Self-adjoint well-solved problems

In the previous paragraph, examples of correctly solvable problems that are set using boundary
conditions. Now we will select from them those problems that are self-adjoint. Correctly-solvable
problems correspond to operators whose resolvent sets contain A = 0. At the same time, self-adjoint
well-solvable problems correspond to operators whose eigenvalues provide nonzero real numbers. Thus,
in this section, such well-solvable problems are distinguished whose spectrum is discrete and consists
of nonzero real eigenvalues. Recall that for any two sufficiently smooth functions u(z1), ua2(x2), us(s)
and 91 (z1), Y2(x2), ¥s(s) the identity holds

1
/U—AaMﬂmWﬂmwh+/U—A@WﬂmWﬂmmb+/WA@—%(D%<M
0

C1 Ca
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1
_ / wr (@) (T = Do) (an)dls + / s (@) (T = Bog)da(aa)dls + / ws(5) (D5 (s) = T(s))ds+
0

Cl CQ

)01(2m — 0) + @ (+0) (91 (+0) — J1 (27 — 0))—

+(@, (+0) — @ (27 — 0)
—(1(+0) — 41 (21 — 0))D (27 — 0) + 41 (+0) (9 (27 — 0) — P (+0))+
)0

99 (3w — 0) + @b (7 + 0) (P (7 + 0) — Do (37 — 0))— (11)
—(fig(m 4 0) — G (31 — 0))D4 (31 — 0) + ta(m + 0) (V4 (3w — 0) — Vb (m + 0))—
us(1 = 0)93(1 — 0) + uz(+0)I3(+0) + ug(1 — 0)95(1 — 0) — ug(+0)%5(+0),

where 41 (t) = ui(cost — 1,sint) for t € (0,27), Ga(7) = uz(2 + cos7,sin) for 7 € (m,3m).

Let D denote the set of functions uj(x1), ua(ze), us(s) such that
(1) u1(z1) € W5(Ch), uz(z2) € W5(Ca), us(s) € W3(0,1).

Let us also introduce the set Dy, consisting of functions uq(z1), ua(z2), us(s) € D such that
(I1) @, (+0) = @, (2 — 0), @, (+0) = 0, @1 (+0) = a1 (27 — 0), a1 (+0) = 0,

@ (r +0) = @y(31 — 0), @y(m+0) =0, ds(r +0) = 4a(31 — 0), i (7 + 0) = 0,

ug(+0) = 0, u4(+0) =0, uz(1 —0) =0, uj(1—0)=0.

Let us introduce the operator L on D using the formula

L = (u1(z1), ug(22), uz(s)) = (I — Acy Jur(z1), (I — Ay Jua(w2), (us(s) — ug(s))).

Let us denote by Lg the restriction of the operator L on Dy. The operator Ly is Hermitian and
following the scheme from § 17 of the monograph [20] we write all possible self-adjoint extensions of
the operator Lg. To do this, we need some properties of the operator L.

Lemma 2. Let (f1(z1), f2(z2), f3(s)) € L2(€2). Equation
Lo = (u1(z1), u2(w2), us(s)) = (f1(21), f2(x2), f3(s))
has a solution if and only if (fi(x1), fa(x2), f3(s)) orthogonal to all solutions of the homogeneous system

(I —Ac))wi(z1) =0, (I —Agy)w2(z2) =0, ws(s)—wh(s)=0. (12)
Proof. Let us denote by (uj (1), u2(x2),us(s)) the solution of the system

(I = Acy)ui(z1) = fi(z1), (I = Agy)ua(xa) = fa(w2), us(s) —uz(s) = fa(s),

satisfying the condition

+ (@h(m 4 0) — 45(37 — 0)

@ (+0) = @ (27 — 0), 61 (+0) = @y (27 — 0),
Q/Q(W—F 0) = fj,,Q(37T — 0), ﬂg(ﬂ'—}—()) = ’&2(37‘[‘ — 0)’ U3(+0) — O,U3(1 _ O) =0.

From the results of the work [4] it follows that there is a unique solution (u1(z1), ua(z2), us(s)) to the
indicated problem. In the work [4] the eigenvalues of the given problem are calculated and it is shown
that there is no zero among the eigenvalues. For the found solution (u1(x1), u2(z2), u3(s)) identity (11)

will take the form
/fl x1)V1(x1 dl1+/f2 x2)V
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Well-posed problems for ...

C

+ @ (+0)91 (+0) — 1 (2 — 0)) + dig (+0) (9} (21 — 0) — I, (+0))+

it (7 4 0) (I + 0) — Fa (31 — 0)) + +iia (7 4 0) (9 (3w — 0) — P (w — 0))—

—a5(1 — 0)93(1 — 0) + a5(+0)(I3)(+0).

1
= /ul(xl)(l — ACl)ﬁl(ml)dll + /UQ(.Z‘Q)(I — AC2)192(1‘2)dl2 + /U3(S)(193(8) — 19§(s))ds+
Ca 0

(13)

Now let’s choose Vi = (¥11(21), 912(x2),713(s)) so that the homogeneous equations (12) and addi-

tional conditions are satisfied
D11(+0) — d11(2m — 0) = 1, 9}y (27 — 0) — I}, (+0) = O,

D1a(m 4+ 0) — D237 — 0) = 0, ¥5(3m —0) — V(7 +0) = 0,

Y13(1 = 0) =0, ¥13(4+0) =0.

e27‘r7tiet

In faCt, 1913(8) = 0, 1912(.'EQ) = 07 1911(1‘:) = m

In this case, from relation (13) it follows

By choosing Vo = (Va1(x1), Vaa(x2), Vag(s)) in a reasonable way, we can obtain the relation

[ ATt = i (+0)

Cy

Reasoning in the same way as in the monograph [20], we obtain the relations

/fQ(xz)ﬁgg(xg)dlg = ZAL/Q(—FO),
Co

/f2(962)1942($2)d12 = Ua(m + 0),

Cy

/ Fo(s)T5a(3)ds = —u(1— 0),

/ £3(5)Dea(s)ds = uy(+0),

0

From relations (14)—(19) the assertion of Lemma 1 follows.

We will also need the following assertion.
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Lemma 3. Whatever the numbers
ay, a2, a3, 04, a5, g, 617 BQ? 537 /647 185) 66

there exists a function (ui(x1),u2(x2),us(s)) € D, satisfying the conditions

0 (4+0) — 41 (27 — 0) = a1, @) (+0) = B,

@y (2 — 0) — 44 (+0
Gg(m+0) —G2(3m — 0
(37 — 0) — d5(m +0) = ay, te(m+0) = By,
u3(1 —0) = az, —uz(1—0) =Bs
uz(+0) = ag, us(+0) = Bs.
Proof. The proof of Lemma 2 repeats the reasoning that was used in the proof of Lemma 2 § 17 of

the monographs [20]. Now we can formulate the main result of this section, since the construction of
§ 17 of the monograph [20] in our case is carried out automatically.

)
)=
)=
)=

Theorem 5. Every self-adjoint correctly solvable extension L, of the operator Lg is determined by

boundary conditions of the form (10), and

(6(27 — 0) = &(+0))(5k(Z — 0) — dra) + (&)(+0) + 8;1)(&5(+0) — 6527 — 0))

—(65(40) — 6;(2m — 0)) (61 (27 — 0) — dk1) + (67(+0) + d;2)(675(2m — 0) — G7,(+0))—

— (P53 — 0) = pj(m + 0)) (pr (3 — 0) — dga) + (5(+0) + 6;3)(p; (7 + 0) — pr(37 — 0))—
—(P(m = 0) = P37 + 0)) (pr (37 — 0) — dks) + (4(m + 0) — 64) (55 (37 — 0) — fp.(m — 0))—
— (@51 = 0) = dj6) (p1(L = 0)) + (¢;(40) + 0j5) (0x(+0))+
+(pi (1 = 0))(¢j(1 = 0) — drs) — 5 (+0) (0}, (+0) + dp5) = 0.

Proof. Let us consider a well-posed problem defined by conditions (10). For convenience, we rewrite

conditions (10) as

(20)

—(0(2m — 0) + ;1) (@1 (+0) — @ (27 — 0) + (65(27 — 0) — 8j) (@ (+0) — @} (27 — 0))—

—(p;(3m — 0) + 8;3) (G127 + 0) — tia(37 — 0)) + (5 (37 — 0) — d4) (it (m + 0) — ith(3m — 0))—

—(¢(++0) + 8j5)uz(+0) + (2(1 — 0) — d;6)uz(1 — 0)+

+(5(+0) — 6;(2m — 0))@) (+0) + (o;(2m — 0) — o’ (+0))ix (+0)+

+(p; (7 + 0) — g (31 — 0))ith (7 + 0) + (), (3 — 0) — ) (7 + 0))iia (7 + 0)+

5 (+0)u3(+0) = (1 = 0)us(1 = 0) =0, j=1,2,3,4,5,6.
Let us introduce for j =1,2,3,4,5,6 a function ¥;1(x1),9j2(x2), ¥;3(s) such that

Uj1(2m — 0) = 6j(21 — 0) — §j2, V;1(+0) — Vj1(27 — 0) = 65(+0) — &;(27 — 0),

Vi (21 — 0) = 6%(2m — 0) + 8;1, V(2w — 0) — V1 (+0) = & (27 — 0) — 55(+0),
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0j2(3m = 0) = p; (37 — 0) = 84, Vja(m +0) = Vj2(3m — 0) = p;(m +0) — p; (3w — 0),
Lo(3m — 0) = p(3m — 0) + dj3, Vjp(3m — 0) — ¥jy(m + 0) = 5(37 — 0) — pj(m +0),
Vi5(+0) = & (+0) + 855, V33(1 —0) = (1 — 0),

Via(1—0) = ¢f(1 = 0) = §jo, Vj3(+0) = ;(+0).

According to Lemma 2, such functions exist. In order for conditions (10) to be self-adjoint, according
to theorem 4 from § 18 of the monographs [20], the following requirements must be met for any
j,k=1,2,3,4,5,6:

/(I — Acy )91 (x1) O (1) dly + /(I — Ac,)Vja(w2)Oka (w2)dla + 3(5)) Vs (s)ds =

01 CQ

O\_,_.

1
/19]3 19k3 19/,6/3(8))6184-/19]'1(:61)(]— ACl)ﬁkl(«Tl)dll —i—/i%z(l:g)([— ACQ)Qs‘kQ(xz)de.
0 C1 Ca

The above requirements can be written down using the Lagrange identity (11) in the form of the
relation (20).

Conclusion

In this paper, the reasoning refers to a special stratified set 2. The results presented can be
extended to more complex stratified sets composed of one-dimensional and zero-dimensional manifolds.
In this paper, an important tool is the transition from one-dimensional smooth manifolds defined by
a single chart to intervals. In intervals, the theory of the Sturm-Liouville operator is quite advanced.
Therefore, a reverse transition from the Sturm-Liouville operators on a system of intervals to the
Laplace-Beltrami operators on stratified sets composed of one-dimensional smooth manifolds and zero-
dimensional manifolds is possible.
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