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Sobolev Embedding Theorem for the Sobolev-Morrey spaces

In this paper we prove a Sobolev Embedding Theorem for Sobolev-Morrey spaces. The proof is based on
the Sobolev Integral Representation Theorem and on a recent results on Riesz potentials in generalized
Morrey spaces of Burenkov, Gogatishvili, Guliyev, Mustafaev and on estimates on the Riesz potentials. We
mention that a Sobolev Embedding Theorem for Sobolev morrey spaces had been proved by Campanato,
for a subspace of our Sobolev-Morrey space which corresponds to the closure of the set of smooth functions
in our Sobolev-Morrey space. The methods of the present paper are considerably different from those of
Campanato.
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Introduction

N denotes the set of all natural numbers including 0. Throughout the paper, n is a nonzero natural
number. Let B(x,r) be an open ball in R™ of radius r > 0 centered at the point z € R™.

Definition 1. Let € be a Lebesgue measurable subset of R®. Let 0 < p < +oo and let w be
a measurable function from ]0,+oo[ to ]0,+oo[. Denote by M;)(')(Q) the space of all real-valued
measurable functions on §2 for which

11 ) () = sup lw(P) | £z, (B,p)n2) | Loo (0,00) < 0O

Definition 2. Let 0 < p < +o00. Denote by A, ~ the set of all measurable functions w from |0, +o0|
to |0, +oo[ which are not equivalent to 0 such that

[0 ()l Lo (1,00) <005 [[w ()PP (| Log(0,1) < 00

In [1, 2] it is proved that, if w is a non-negative measurable function from ]0, +oo[ to ]0, +oo[ which

are not equivalent to 0, then the space M;},U(')(Q) is non-trivial, i.e. consists not only of functions f
equivalent to 0 on € if, and only if, w € A} .

—A
Definition 3. If wy(p) = { p 17 p €]0,1],

then we set
, p21, 7

M) () = MY Q)

and the condition wy € Ap o means that 0 <\ <
Note that:

%
(i) M (R™) is continuously embedded into M;_A(R");

(ii) If © is a bounded domain, then we have /\/l;;A Q) = MI;\(Q) with equivalent norms.
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Definition 4. Let £ C R™ be an open set. Let [ € N, p € [1,+00] and A € {O, %] Then we define
the Sobolev space of order [ built on the Morrey space MI;\(Q), as the set
LA — A Y A n
WA Q) = {feMp(Q).DwfeMp(Q)VaeN ol gz},

where D¢ f is the weak derivative of f.
Then we set

1l = 30 108 ey ¥ F € WEAQ).

|| <l

In particular, WS’)‘(Q) = MI;\(Q) and Wé’O(Q) = WII,(Q), where W;,(Q) denotes the classical Sobolev
space of exponents I, p in Q. It is obvious that W)*(Q) c Wh(€).

Preliminaries

Let f € LY°(R™). Consider the Riesz potential

(Iaf)(w):/u_f(j‘l_ady, 0<a<n.
Rn

TheoremZ.LetneN\{O}.Let1§p§q<+oo.Let0§)\§1/<%.Let
n n
a=lv——|—|A——]. 1
< Q> < p) ()

(i) If A < v, then the operator I, is bounded from M;%(R”) to M7 (R™);
(i) FX=wvandif 1 < p < g, then I, is bounded from MZ_A(R”) to ML (R™);
(iii) If A\ =v and if 1 < p < ¢, then I, is bounded from M];\(R") to M, (R™).

Then the following statements hold:

The proof of this theorem is based on [3, Theorem 1.3].
Remark 1. If v = X =0, then a =n (% - %), and this is the classical Hardy-Littlewood-Sobolev

theorem.
Lemma 1. Let p € [1,+00[, a €]0,n[, A € [0,n/p]. Let ¢ € [1,p] be such that (o + A) > 2. Let

1
fg =max{l, ——_\ 2)
’ (Oé+>\)—a
Then we have
fy)|dy 1_1 1-1 n
[ < ®) a2 - e Wl Y EMED, @)

ENBy, (z,1)

for all measurable subsets E of R™ of finite measure, and for all x € R™.
Proof. The arguments of this proof are in part based on a development of the ideas of Campanatol4].
If fe M;‘(R”), then we know that th (.)€ L,(By(z,r)) € Li(Bp(x,r)) for all z € R™ and

\T

r €)0,4oc[. In particular, (x&f)|g (.)€ Li(B,(z,r)) for all z € R™ and r €]0,+4o00[ and for all
measurable subsets E of R".
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Now we fix x € R™ and a measurable subset E of R” of finite measure. The almost everywhere

defined function from ]0, +oco[ to [0, +oo[ which takes s €]0,+o0o[ to [ xg|f|do is integrable in
OBy, (z,s)

10, [ for all r €]0, +00[. Then by the Fundamental Theorem of Calculus, the function Ag ; from [0, 4+o00]

to [0, 4o00[ defined by

p
Agz(p) E/ / xe|fldods, Vpe|0,+o0,
0 OBy (z,s)

is locally absolutely continuous and

oa(p) = / slfldo, @ e R,
8Bn(£l?7p)

for almost all p € [0, +00[ (cf. e.g., Folland [5, 3.35]). By the Monotone Convergence Theorem, we have

/ lf(y)ldy / xe(W)|f(y)|dy / XeW)|f(y)ldy

_ yln—a T _ oyln—a :hl% _ yln—a
|z —y| |z —y| e |z —y|

ENB,(z,1) By (x,1) By (2,1)\Bn (z,)

(4)

Now let € €]0, 1[. Then we have

1

/ xeWIfWldy _ /1 s / x&|f|do ds = / 5T A o (s)ds. ()

|z —y[r—e
B (x,1)\Bn (z,€) € OB, (x,s) €

Then by integrating by parts, we obtain

1 1
/Sn+aA/Ev7x(S)dS — [SinJraAE,x(S)]i _ /(_n 4 O[)anJraflAE,x(s)ds, (6)

3 3

(cf. e.g., Folland [5, ex.35, p.108]). Then the Holder inequality and inequality (2) imply that
_1
’AE,x(P)’ < mn(E ﬂEn(JZ,p))l P Hf”Lp(EﬂIBSn(:r,p)) =

1_1 _1
= mp(ENBy(z,p))a » mp(E ﬂBn(x,p))l 4 HfHLp(EmIB%n(x,p)) <

Jun

1
_= n
1 q n—«o —n+o N—_—

1-1 1 _
Pog 0% P qw,\I(P)WA(P)HfHLp(IBn(x,p)) =

U 7

Q =
=
Q =

< mn(E)

P NIl B (@) < n(E)

1 1-1
a

n—o 1_1 1_% - | n—ao 11 (a+N)—n/q
<P mn(E)e v on o awy (o) fllanp@ey < 01 mn(E)e e o Tp Iflap@ny — (7)
for all p €]0,1[. Then by the second last line of inequality (7), we have

1
/(—n +a)s " AR L (s)ds| <

3

=

<mn(E)% <

1
1-1 o
vn I fllap ey /(—n+a)3n+a18na8(a+>\) 7ds| <

£
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1
1

=5 a _n_
Un quHMZ?\(]Rn)('n—Oé) /S( +)‘) q 1d8 —

£

Q=
3=

< my(E)

1

111t
P Up q’LfHAJQ(R")(n'_‘(I)Zzgj;iiyi:;{7g

(1—¢)=

Q=

= my(E)

1_1 1-1
=mn(E)e 7 (n—a)vn * puy gl fllarp ey (1 =€)

Then by combining (5)—(8), we deduce that

1
XY | [ oo, (o] <

[z —y[rm

By (z,1)\Bn(z,) €

1
< |Apa (D] + ™" Ap.a(e) / —n+ a)s T A g (s)ds| <

1 o1-1
v o LTV Fll ey +

1.1 1-1
+e M, (B) s b vy, qa(oﬁ)‘)*n/quHM;\(Rn)—i-

1_1 1-1
+mn(E)4 P(n—a)vn * prws g fllary ey (1 =€) <

11
< ()57 sy qun Hf”M/\ @[+ 1+ —a)(l-2)]

Then the limiting relation (4) immediately implies the validity of inequality (3).
Corollary 1. Let p € [1, 400, a €]0,n[. Let A € [0,n/p]. Let (v + A) > 2. Let © be an open subset

of R™. Then the following statements hold.
If f € M)R") and if [ |f|dz < oo, then the function from R™ to R which takes z € R™ to
Q

/!w—y!” o

is bounded, and satisfies the following inequality

sup [ I < {1, (Vo @) = (/) Y+ 2= o gy + [ 1fldn. (9
:J:E]R"Q x y| Q

If © has finite measure, then the map I, o from M;‘(Q) to B(R™) defined by
)dy
——— VzeR"
Toafle / o —y[*=e

for all f € MI;\(Q) is linear and continuous.
Proof. By applying Lemma 1 with £ = Q, we deduce that

/ fWldy  _ / AfWldy / Af@ldy
poyra = ) ey o —yla
Q QNB, (x,1) Q\B, (,1)
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1_1 1-1
< (Bn(2,1)) 177 (0 +2 = a)on [ fllary ey + / 1Lf_adx <

QB (z,1)

1-1
q

< hunaln+ 2= ) gy + [ If1da,
Q

for all x € R™. Hence, inequality (9) follows.

Definition 5. A domain @ C R" is called star-shaped with respect to the ball B C Q if for all y € B
and for all x €  we have [z,y] C Q. A domain Q C R" is called star-shaped with respect to a ball if
for some ball B C (2 it is star-shaped respect to the ball B.

Lemma 2. Let l € N\ {0}. Let m € N, m < [. Letlgp,q§+oo,0§)\§%70§1/§%. Suppose
that for each bounded domain G C R™ star-shaped with respect to a ball there exists ¢; > 0 such that
for each 8 € N satisfying |8| < m and for all f € W2 (@)

HDngMg(G) < el £l ey
Then for each open bounded set 2 C R™ satisfying the cone condition there exists co > 0 such that
D5 Fllazy o) < c2ll fllyi @

for each § € N” satisfying |3| < m and for all f € Wzl,’)‘(Q).
The proof of this Lemma is based on [6, lemma 4, Ch. 3.2] and Minkowski inequality for Morrey
spaces.

Main result

First we introduce the following notation.
Definition 6. Let p € [1,+00], [,n e N\{0}, me N, m <1, \, v € [0,4o00[. Let [+ A\—m —v # 5

Then we set
n

(n/p) = (+A=m—v)

If A =v =0, then ¢*(I,m,n,p, A\, v) equals the classical Sobolev limiting exponent. If A\, v € [0, +o0],
then the exponent ¢*(I, m,n,p, A\,v) can be obtained from the classical one by replacing [ by [ + A and
m by m + v.

We note that if [+ —v # %, then the equality which defines ¢*(1,0,n, p, A, ) is equivalent to the

equality
n n
l= — —(A==].
(V q*(1,0,n,p, A, l/)) ( p)

¢ (1,0,n,p, A\, v)
P

q*(la m,n,p, )‘) V) =

We also note that

I+ X>v,
l+)\—V<%

> 1 whenever {

and
q*(l - m70an7p7 )" V) = q*(lamanvpv )" V)'

We are now ready to prove the following Sobolev Embedding Theorem.
Theorem 2. Let p € [1,400], I,n € N\{0}, m e Nym <[, X\ € [O, %} Let Q be a bounded open
subset of R™ which satisfies the cone property. Then the following statements hold.
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(i) Let I —m + A < 2. Let v €]A, (I = m) + A]. Then Wé’)‘(Q) is continuously embedded into

Wq'r:(L&ll/?m7n7p7>\7V) (Q) ’

(i) Let I —m+ A < 2. 1f p > 1, then Wi () is continuously embedded into W (l S )\)(Q)

(iii) Let { —m+ A > 7. Then W,ﬁ’)‘(Q) is continuously embedded into W2(Q).

Proof. (i) First let m = 0.

Let © be a bounded domain star-shaped with respect to the ball B = B(xg,r), B C 2. Then by
Sobolev’s integral representation there exists M7 > 0 such that

(@) < My /|f|dy+z/m

lal=ly,

for almost all z € 2 for each (cf. e.g., Burenkov [6, Ch.3, p.112]).
Hence,

f ez oy < M / Fldy 1]y

q (lOnp/\ ) q*(1,0,n p,k,”)(Q)

A=l ’

lel=l || R

_l’_

M, ;(l;OnpAV)(Q)
_J Dufly), if ye
where @, (y) = { 0. TS
Note that
I8ty = 528 207 MM 5 <

N n 1
< sup max sup vy F(1,0.m,p,A,v) p T O x) , sup p_umn(Q) a*(1,0,n,p,Av) % —
z€eQ 0<p<(diam Q) p>(diam )

1
FOOm D) oy NI S
— max {Ugb*(l,o,nm,k,u) mn(Q) v+ T O0mpAD) i (Q) v+ PR W) } < 00.

By Theorem 2 there exists ¢ > 0 depending only on n, I, p, ¢*(1,0,n, p, A\, v) such that

Pa(y)
/ |.CU _ y|n—ld < c||®aHM;‘J_/\(Rn) <
Rn

MT:(iOnp)\ )( n)

< 2Dl ) < 2lDES o

1
By Holder inequality [ |f|dy < mn(B)? || fllL, )
B
There fore, there exist My > 0 and M3 > 0 such that

(e

Yoy (@ S MaX{L, (diam Q) f] v <

*(lOnp/\u)(Q)
< max{1, (diam Q)" }|f|| , .- T oy (B <
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IN

<M [ Wy + 3 / = Wy

‘OL| l V(Rn)

< Mz | Iy + D ID8 ey | = M| fllyingy: ¥ F € W(9).

|ee|=l
Hence, by Lemma 1, the statement of Theorem 1 follows.

Now let a : || = m. Then DS f € Wl o, ’\(Q) = Wzl,_m”\(Q). Hence, there exists a constant ¢; > 0
such that

— (e —
”fHW"L(ll/mnp)\y) Q) — ||§<: HDw'fHMZ;*(Z,m,n,p,)\,u)(Q) =
al<m
Z 1D OéfHMq e 1m0 (£ Q = Z 1D, f”Wl A ( S
lor|<m la|<m

<o Y Y DL Fllara ) <

la[<m |y|<l—m

<a )y 10w Fllap ) = eall fllyir gy ¥V F e WA Q).

o<l

(ii) This case can be analized as case (i) by replacing ¢*(I,m,n, p, \,v) by ¢*(I,m,n,p, \, \).
(iii) Now (I —m + X) > - Let € be a bounded domain star-shaped with respect to the ball
B =B,(&10), B C . Then by Sobolev’s integral representation there exists ¢ > 0 such that

i
f@l<e| [ i+ > / ‘Dwf , (10)

n(€:70) =t v,

for almost all x € © and for all f € W]g”\(Q), and where V. denotes the conical body based on B, (&, )
and with vertex z €  (cf. e.g., Burenkov [6, Ch.3 p.112]).

We first consider case m = 0. So we now assume that (I + \) > %. We plan to estimate the

supremum of |f| by exploiting inequality (10). Since [ |f|dx is a constant, it defines an element of
Br(£,r0)

CO(€2) C Luo(2). Next we prove that the sum in the right hand side of (10) is bounded if f € W)™ (Q).
We plan to treat separately case [ < n and case [ > n.

Let [ < n. Since (I + A) > %> we can invoke Corollary 1 and conclude that I;q is linear and

continuous from M)}(2) to B(R™).
Since V,, C Q) for all z € ), we deduce that

h
/|:c|—(;?:|)7|l—ldy <ILio(lh]) VzeQ,

for all h € M;‘(Q) By the continuity of the restriction operator in Morrey spaces and by the above
mentioned continuity of I; o, we deduce that the map J; o from M[f‘(Q) to B(2) defined by

h(y

x
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for all h € M))(R™) satisfies the inequality

| Jioh(2)] < [La(lh])(z)] < ) <
< Mol ey @),y lblay@ Vo e, (11)
for all h € MI;\(Q) Then we deduce that
f@i<e| [ Ifldet Y halDif@) ] <
n(€,70) Iv[=l
_1
< c | [mn(Bn(&, 7o) » 1D f o) | < (12)

1=l

_1
<c ([mn(Bn(ﬁ,To))]l P+ Hfz,QHﬁ(Mg(Q),B(Rn))) 1l @)

for almost all z € Q and for all f € W)™(Q).
We now consider case [ > n. The embedding of M;'(2) into L,(€2) and inequality (10) and the
Holder inequality imply that

f@ise| [ |f\dx+2/’m”f <

n(gvro) I I l

< e | Ima@Bal€ro)l F 1l + 3 1D3fllLye(diam @) | <

[v|=t

< ¢ [ Ima®Bal€ro)) T Ny + (diam Q)" fma (175 S DUl | < (13)
Iv[=l

< ¢ (I (Ba(€. 1)) -+ (i )l (@) £y

for almost all x € Q and for all f € W;,’/\(Q). By Lemma 2, by the inequality (12) for case [ < n and
by the inequality (13) for case I > n, we deduce the validity of statement (iii) in case m = 0.

Next we prove the statement (iii) in case m > 0. If f € W}*(Q), then Dif e Wi ™MQ) for all
|B| < m. Now by assumption, we have (I —m) + XA > %. Hence, case m = 0 with [ replaced by | — m

implies that Wé ™A(Q)) C Loo(€2) and that there exists ¢; > 0 such that
Il < crllglyinag Vo € WA,
Hence, Db f € Lo () for all p € N” such that || < m and

fllwe@ < > IDe i@ < e Y 1D Fllwt=ma gy <

1B1<m |Bim
<a Y Y D Abpe <eal Do D Il
1B1<m ly|<i—m 1B1<m |y <l—m

for all f € W,ﬁ”\(Q). Hence, the proof of statement (iii) is complete.
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B..Bypenkor, H.A.Kbiabipmuna

CobosaeB-Moppu keHicriri yiria Co0oJIeBTiH, illTliHe caJly TeopeMachl

Maxkasaga Cobosres-Moppu kericrikrepi yrria CoboJieBTiH immiHe cajy Teopemachl JpJieaer . lostenney
Co6onestin unTerpaapik 6eitreneyi men B..Bypenkosrin, A.Torarumsuiuain, B.C.I'ynuestin, P.MycradaesTbiy,
kasmmblaaran Moppu kenicriringeri Puce norennumasigapbiHa apHaJral COHFbI HOTUXKeJIEpiHe Heri3 e reH.
2KyMbIcTa KapacThIPBLIBII OThIpFaH Kajnblaanran CobosieB-Moppu KeHicTiriHiH, Kl KeHicTiri yiri# inrize

cay Teopemacein C.Kamanaro momenmeren 6onaThia. Bismiy immiHe cajqy TeopeMachblH JI2JIesiIey oIiciMisz
C.KaMmnaHaTOHBIH, I2JIeJI1ey YKOJIbIHAH MYJIIeM 6acKa.

B..Bypenkor, H.A.KbabipMuna

Teopema Baoxkenuss CobosreBa 11 npoctpanctB CobosneBa-Moppu

B crarbe mokazana reopema Biioxkenusi CobosieBa s npocrpancts CobosieBa-Moppu. [TokazaresnbeTBo oc-
HOBaHO Ha WHTErpaJbHOM npejacTaaennn CoboseBa u mocyienanx pesyabratax B.1.Bypenkosa, A.lorarumsuin,
B.C.I'ynimeBa, P.Y. MycradaeBa kacateabHo moTeHImaga Pucca B 0000IEHHBIX mMpocTpaHcTBax Moppu.
Teopewma Bstoxkenusi CobosieBa st npocrpancts Cobosiea Moppu 6bina nokaszana Brnepsble C.Kamnanaro

JUIsT OJIIPOCTPaHCTBa Hamero npocrpanctsa CobosieBa-Moppu, KOTOpoe mpe/icTaBisier coboi 3aMbIKaHIe
MHOYKeCTBa IIaJKuX yHKImi B HamreMm npoctpaHcTtee CoboseBa-Moppu. MeTonpr moKa3aTesbCTBa, MPei-
craBjIeHHbIE B Halleil pabore, cymiecTBeHHO oTymdaiorcs or Meronos C.Kammanaro.
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