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The sufficient condition of embedding in the Lorentz space

In this paper considered the transformation of a series of Fourier-Price in the form k-th difference of the
Fourier-Price coefficients. In addition, obtained a sufficient condition the belonging of the function f in
a two-parameter Lorentz space in the terms of Fourier-Price coefficients under the conditions that the
coefficients of the Fourier-Price the functions f is monotonely, Axa, > 0 and a forming sequence of the
Price’s system p;,i = 1,2, ..., is limited, i.e. p; < ¢, p; > 2,7 € N.

Key words: Price system, Lorentz space,Dirichlet kernel, Fourier-Price series, the coefficients of the Fourier-
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Embedding theorems for function spaces appeared very early in the 30-ies of XX- century because
of the decision of mathematical physics problems. Then the theory of embedding function spaces has
been used in the other areas of mathematics such as the theory of functional spaces, the approximation
theory, the theory of differential equations and etc. The study of the structural properties for trigonomet-
ric series with monotonely decreasing to zero coefficients on the space L, discussed in the works
T.M.Vukolova [1; 18], S. Bitimkhan [2; 3|. In this paper we will discuss the sufficient condition the
belonging of functions f to the Lorentz space in terms of the Fourier-Price coefficients under conditions
that the coefficients of Fourier-Price series of f is monotonely, Aia, > 0 and the forming sequence of
Price’s system is limited. For k=1 the sufficient condition the belonging of functions f to the Lorentz
space proved in the work [3; 105].

Let {pz}j:olo be any sequence of natural numbers such that p; < ¢, p; > 2, i € N. Suppose

Iz +oo
mo =1,m, = [[ px, i € N. Every x € [0,1] has an decomposition: x = ) %, 0 <z <pp—1. This
k=1 k=1
representation is singular, if in the case of x = min, 0<k<my,ne N,k e N, to consider that the

expansion with the only finitely many non-zero xp. Any natural number n is singular represented in

'
the form n = )  ngmy , where ny — integer numbers; 0 < ng < pgpy1 — 1, k=0,1,2,....
k=0
We define the sequence of Price functions [4; 31]:

27T'L.5L'k+1

o () =1, P(x) = om, (x) = exp ,k=0,1,2, ...,

Pr+1
where z from the decomposition of point . For any natural number n suppose that

r T

on () = [ ] [@r@)])™ = ] [om, @)™

k=0 k=0
We say that the function f (x) belongs to the Lorentz space [5; 216] Lpgl0, 1], if
1
; 1 7
[
110 = p/tp_l [ OF dt S < 4001 <p < +00,1<0< 400,
0

and
1
||f||poo = Suptr f* (t) < +o0l < p < 400l = +00
t>0
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where f*(t) is non-increasing permutation of function |f(z)|, = € [0, 1].
+00
Fourier-Price series of function f € L[0, 1] is called series Y ave, (), where a, = [ f(z)p,(x)dz—
v=0 0
Fourier-Price coefficients of function f(x) by the multiplicative Price systems.

Let {a,}/5, is non-negative monotone sequence of numbers. The first difference of the numerical
sequence {ay}jzo we shall call the value Aja, = a, — ay4+1, and the k-th difference value Aga, =
= Ay (Ag_1a,). We will consider Aga, = a,.

If {au}j:of) is non-negative sequence of numbers, then on the k-th difference value Aga, by applying
the method of Pascal’s triangle we can write it in the form

k
Ara, = Z(—l)jcgal/—i-jv
=0

( ) ,0! =1 is called binomial coefficient.

Let Dy (z) = Z ¢k () is the Dirichlet kernel. We introduce the following notations
k=0

D) = pu(), DO () Z% ), D ZD’“” k> 1neN

Lemma 1 [6]. Let the sequence {41(1)},"% such that u(0) = 1, “%)1) >a>1,Vl€ Z". Then for

number ¢ > 0 and the sequence {ak}zi?) ,ar > 0, inequality holds

l

+00 e too
> () (Z ak> < Y p(Daf,r <0,
=0 k=0 =0

where the constant ¢; > 0 depends only on the parameters o, r, q.

n—1
Statement 1 [7]. Let Dyp(z) = Y. ¢i(x) is Price system’s Dirichlet kernel and 1 < p < o0,
k=0

1 < 0 < +o0. Then c;)(,nl_% <Dyl < cpgnl_%,Vn € N, where const(cp, ¢pg) > 0 does not depend
on the n € N.

Let’s present the main results of this work.

Statement 2. For D (), k>1,neN,ze|0,1]

L. |D<’“’< )| < k.

2. ||D ||p9 < cpgnk_%, 1<p<+o00,1<0<4o00.

Proof. To the proof the statements we use the method of mathematical induction. Let’s make sure
that the first inequality is true. When k& = 1 due to the properties of the system Price we have

n—1 n—1 n-1
DO@)| =[S @) <3 lon@) 1< S 1=n.
v=0 v=0 V=0

Now we show the validity for & = 2

i
L

n—1 v

n—1
DR @) <31 DP@) 1IN I pol) <
v=0

v=0 s=0

N
Il
=}

I/\
N | —
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When k£ = 3 by applying the previous inequality we obtain that

n—1 n—1 n
DP@)| <3| DP (@) |g§2u2=§/ P < o
v=0 v=0 0

Suppose that for k£ — 1 is performed ‘D(k b (m)’ < ﬁnk_l. Then

n—1 n
1 1 1
) ()] = (k—1) k=1 _ o ldy < Lk
‘D ‘ |D )(x )|_( P EOV (k—l)!/ dz e
0

Now we show that correctness of the second inequality. When k& = 1 is obviously. Let k£ = 2. Using
the proposition 1 we can to prove the relation easily

n—1 n—1 n—1 n—1 L1 Y1

2 1 1 - -

o], =[S0 <SS o], = Siput < 603 <
P v=0 0 v=0 P v=0 v=0

When k& = 3 by applying the previous inequality we obtain that

n—1 n—1
Z 2) Z (2) / Z 2-1 n . 3-1
H b = HD” Hpagcpg R
v=0 v=0

e,

_ _1-1
Let’s suppose that when k — 1 is performed HD%k DH . < Epgnk ! Pl <p<+4o0,1<0<+o0.
P
Then
o

n—1 n—1
k—1 ~ k—1-1 __ g1
< E HDZ(’ >H9§cp9§ v r < cppn P
v=0 v=0

p

n—1
v=0 o

The statement is proved.

k—1 L
Lemma 2. Let {a,,}jif) the sequence of positive numbers and Ag_ja, = ) (—1)JC,]€_1ay+j, where
j=0
j (k—1)! : . . tX .
cl, = =i~ Lhen the Fourier-Price series > appy(z) of the function f € L[0,1] can be

v=0

represented as Z Ap_ 1aVDl(/il )( ),Vk € N.
v=0
If for each element of the sequence {ay};;of) satisfies the conditions a, > 0 and a, | 0, v — 400
then also Apa, | 0, v — +oo for Vk € Z+. We could see it easily in the following

k k
lim Aga, = lim Z(—l)jC’iayﬂ-:Z( )]C’,]C lim a,4; =0.

v—+00 v—+00 v—+00
j=0 Jj=0
Theorem 1. Let the sequence of Fourier-Price coefficients of the function f(z) by the multiplicative
Price system {al,} ~y is monotonically tends to zero and Aja, > 0 for some natural number k > 1

and Vv € ZT. Besides of it the formmg sequence of the Price system {p;};~ +°° is limited, i.e dc € N :

pi<cpi>2,1>1,myg=1m,= H p; and f ~ Z a,py(x). If the series

i=1 v=0
= ko2
5 m (Ak 1amu) AOamH amua
n=0
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converges, then the function f € Lyp[0,1] , 1 <p < 400, 1 <0 < 400.

—+o00 kO— 9 0
Proof. Let the series Z m, (Ak,lamu) converges. Suppose mg = 1,m,, = H D
n=

2 /f ) | do = sup /n:o

t
EC[0,1],|E EX 1,|E|= L
[0 } | ‘ m 1 mu [0 ] ‘ | |:m 1 mH:| E

< sup /ZAk 1an n+1)( )‘da:—
O e L
my+1—1
= sup / Z Ag_1ay nill)(m)‘d:njt
EC[0,1], |E|—[m +1 mlu} E

nlill)(a:)’ de =11 + Is.

+ sup / Z Ap_1an,

BB ok | B n=men

M1 My

Applying the proposition 2 we obtain that

my41—1
IL = sup Z Ap_1an n+1 )(l‘)’ dr <
EC[0,1], \E|—[m = W}u} E
mMy+1— 1
1 1 1
LN~ A ian(n 4 Db 1[_ ] <
k nZO My Myt
1p 1 mut1—1 myu4+1—1
1— _ _
< —'L Z Ag_q1an(n + 1)k < Ckmu—il-l Z Ag_1an(n+1)
k! Mpu+1 n=0 n=0
I, = sup / Z Ap_1an n+1 )(:c)’d:c =
Eclo0,1], \E|_[m — mﬁ] 9 =g
+oo
k-1
= Z Ap-1an sup /‘wal )(l‘)‘ dr =
= 1
n=myy1 EcCo,1], |E|7[m - m”} E
1
= d 1_1 (k—1) * 1 _ L
= Z Ag—1an / zr ¢ [Dn-i—l (fﬂ)] xr’ O dr <
n=mp+1 1
e
1
1 P ’
+o00 0 k 1) N : o _q
Z Ap_1an / » n+1 (m)} ) dx / x? Tdx
n=mp41 0 1
mu+1
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400 ’ 1 o’
B NN 5t 0 1 o
= k—10n n+1 @{ij ) =
n=mu+1 my41

-

/ 9/

o o
(k—1) 1\ 1 Y
po my My

AL i’ pED|
:{9/} Py —1 Z Ag—1an || Dy Hpgmuilé

P17 R
—{0,} Z Ag_1an

n=mpy+1
<dgmby Y Apgan(n+ 1) (2)
n=mu+1

Considering 3¢ € N : pr < ¢, pr > 2, k > 1, inequalities (1), (2) and Lemma 2 we get

1

0 0 m
1150 =~ / £ (1)) e = Z / Dl dt =
1

0

41

1

0 o o_q |1
:Z;Z / tr - sup /|f(:c)|d:n dt =
= 1

t
EcC[o,1], \E|_[ =

my Mpt1’ mp
1 0
g &0 1 +o0
= 72 / tEfe ! sup / ZAk,laanﬁll)(:c) de | dt <
p
=0 — 1 =0
H ﬁ EC[01},|E=| +1 mH}E "
1 0
0 = Y 0 = 1
S*Z / o071 sup /Z _10p nﬁ)(x)‘dx dt =
p
=0 =0
H ﬁ ECI0,1], \E|7 — +1 mﬂ E "
1
g i myt1—1
0_p_1
ZEZ / tr sup / Z Ag_1ap 7(1+1)( )‘d$+
w=0_1 EC[0,1],|E|=
o my1 +1 mM
0
—+00
+ sup / Z Ap_1a, Dg:ll)(:n)‘ de | dt <
EC[01],|El= {m - mﬁ] 7 n=mug
0 6
+00 mut1—1 0 +oo 1
" —0 k—1 » —=—1
< Cp@kz m, i Z Ag_1ap(n+1) +my Z Ag_qan(n+1)""r X
E n=0 n=my+1
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i ()

,,9, p
X / dt = kaﬁ [PMH

1

Mu+1
0 0
400 my+1—1 0_p 400 9(1_1)
_ —0 A 1 k—1 P A 1 k—1-1 P
= ULPRS] k—1an(n +1) +my, k—1an(n+1)" 7 my,
n=0 n=0 n=myi1
[%

my41—1 +o00 +00

<o d Somh | D Apran(n+1)F! +Z S Aprag(n+ 1)

n=0 pu=0 | n=my41

Using the Lemma 1 we get the following
0

[%
+o0 o [l 400 0 my+1—1
“p k—1 _ P k—
Z m,u—il Z Ap_qan(n+1) = Z muﬁ Ag_1a9 + Z Ap_qan(n+1)
©n=0 n=1

n=0

0
B Mmap1—1

+00 )
=Y m | Arao+ ) D) A+ = (Agoran L0, n— +o0) <

n=0 j=mn

pn=0
6
+oo H Mpy1—1
<> m by [ Arciao + > Acram, Y G+ <
©n=0 n=0 Jj=mn
“+oo 6 1 Mnt1 o
<Y mdy | Ao+ i, [ @41/ | =
n=0 M

pn=0
0
k—1
(z+1) mm) _

+oo _ 6 M

n=0

+o0 0 0
= Zmu—l-l <Ak 140 ‘|‘ T Z Ap_10m, [(anrl + 1) - mﬂ) <
n=0

= e a 9+k9 9
P k 6—1
< g mlﬁ‘fl Ap_1ag9 + ¢ g A,yg,lamnmwrl <2 E m,{ Ak,lamu) .
=0

n=0

Applying Holder’s inequality, when % + % =1 and

+00 +oo
0" _pr _pr(1_1 0 1——
> i [ @ 0D+ 1) = eom [V,
Mt my4+1—1
+oo Mpy2—1
)koﬁf <

+oo
> (Ap-1an)” (n+1)" =3 > (M) " +1

n=myu+1 N=p j=mp41
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400 9mn+2_1 0
, ko—9 —
< Z (Akflam’rrl*l) Z G+ '<
n=p j:mn+1
= 9 e k—2 1 = g ko2
< Z (Ap_1am,yy) / (z+ 1" 7 d(x+ 1) < ckyp Z (A 1mpyr) Mpyy”
n=p Mgt n=p
we obtain that
6 6
“+o0o +00 el “+o0o +00 T
S| X A ) =30 Acanln ) <
p=0 \n=mu+1 p=0 \n=mu+1
1 1
+oo +o0 p 0 b +oo vt
ko—2—1 o _g
S 2 Goelor ) (8 et <
u=0 \n=mpyt1 =M+
—r(1-1)8 ] 0 k6—2—1
< ZCQmu+1 6 o Z (Ak_lan) (n+ 1) » " =
n=mpu41
= 0-1) = 0 ko—0 1 = (0-1) = g ko2
=Y comyy Y (Apoaan)” (i )T gy omy (Ap1@mpsr) Myyy” =
= n=my+1 p=0 n=p
+00 PR +o0 0
0 Kko—3 0—1 0 ko—3
= Cokp Z (Ak—lamn+1) mn-i—lp Zmuil ) < (0 > 1 Cokp Z Ak 1amn+1) mn+lp'
n=0 ©n=0 n=0
So considering the ratio Ag_1am, ., < Ag_1am,,k € N we finally obtain
1
04k 0 = o koo |’
" o— _ -
£l < cpon 4 2 ! Z m, i Akflamu) + Cekpz (Ak—laanrl) My y1” <
n=0
9
—*+k9 0
< Cpkz@ Z m/Hrl Alf—lamu)
. .t ke 0 .
Hence if the series )’ m,{y (Ak_lamu) converges, then the function f € Ly[0,1],1 < p < +o0,
©n=0

1 < 6 < +o00. The theorem is proved.
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A.©. bumenauna

JlopeHI KeHICTITiH/Ie eHTI3Y/IiH YKEeTKIJIIKTi ImapThl

Maxkamnama @ypoe-Ilpaiic koaddunuentrepiniy k-mi perrti aiibipmanapsr Typrbicbiaga Pypoee-Ilpaiic ka-
TapbIHBIH TYpPJeHipyi Kapactbipbuiabl. Conbiven karap f dyuknuscel yiiin Pypoe-IIpaiic KaTapbiHbIH
ko3 durmentrepi MoHOTOHIBI, Ara, > 0 xxone [Ipaiic xxyiteciniy Kypyribs! Tizberi p;, i = 1,2, ... aKpIPJIbL,
aFHU, p; < ¢, pi > 2, 1 € N bosran xKarmaitna f QYHKIMSCHIHBIH €Ki mapamerpJii JlopeHi keHicririne
EHTI3LTYiHIH KeTKIJIKT] MapThl TaJIKbLIAH/IbI.

A.Y. Bumenauna

ﬂOCTaTO“IHOG yciioBue BJIO2KE€HHA B IIPOCTPAHCTBO ﬂopeHua

B crarbe paccmorpennr mpeobpazoBanus psiga Dypbe-Ilpaiica B Busie k-oit paznoctu KO3 DUIIMEHTOB
Oypoe-Ilpaiica. Kpome Toro, ycraHOBIEHO HOCTATOYHOE YCJIOBUE MPUHAIEXKHOCTH (DYHKIMU f B JABYXIa-
pamMeTpudeckoe nmpocTpaHcTBo Jlopenma B Tepmunax koddbdunuentoB Pypre-Ilpaiica. [Ipu srom kosbdu-
umenTsl psijia Pypoe-Ilpaiica s dyukuun f monoronusl, Aga, > 0 u o6pasyiolast 0CjIeJ0BaATEIbHOCTD
cucrembl llpaiica p;, i = 1,2, ..., orpaHudeHa, To ecTb p; < ¢, pi > 2,1 € N.
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