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Log’s theorem states that a first-order formula holds in an ultraproduct of structures if and only if it holds in
“almost all” factors, where “almost all” is understood in terms of a given ultrafilter. This fundamental result
plays a key role in understanding the behavior of first-order properties under ultraproduct constructions.
Pseudofinite structures — those that are elementarily equivalent to ultraproducts of finite models—serve
as an important bridge between the finite and the infinite, allowing the transfer of finite combinatorial
intuition to the study of infinite models. In the context of unary algebras (unars), a classification of
unar theories provides a foundation for analyzing pseudofiniteness within this framework. Based on this
classification, a characterization of pseudofinite unar theories is obtained, along with several necessary and
sufficient conditions for a unar theory to be pseudofinite. Furthermore, various forms of approximation
to unar theories are investigated. These include approximations not only for arbitrary unar theories but
also for the strongly minimal unar theory. Different types of approximating sequences of finite structures
are examined, shedding light on the model-theoretic and algebraic properties of unars and enhancing our
understanding of their finite counterparts.
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Introduction

We are dealing with a structure called mono-unary algebra, or unar. Unars have often been studied
in connection with various algebraic structures and branches of mathematics, such as universal algebra
and model theory. Model-theoretic properties of theories formulated in the language of a single unary
function have been studied in a number of works, including [1].

For additional properties, see [2-4]. Besides, unars can be applied in other fields such as computer
science and sometimes engineer, physics and life sciences etc. [5-7]

The paper [8] considers surjective quadratic Jordan algebras, which has connections with problems
of decomposition of algebraic structures, as in [9] which studies an algebraic approaches to binary for-
mulas and compositions of theories. In both cases, the issues of decomposition and model construction
are important.

Pseudofinite structures [10] are a fascinating area of mathematical logic that bridge the gap between
finite and infinite structures. They allow for the study of infinite structures in ways that resemble finite
structures, and they provide a connection to various other concepts in model theory. One of the most
important examples of a pseudofinite structure is the ultraproduct of a sequence of finite structures.
Given a sequence of finite structures (My, Ma, M3, ...), their ultraproduct is an infinite structure that
“approximates” each finite structure in the sequence. In fact, any first-order sentence that is true in
almost all of the finite structures in the sequence (meaning all but a finite number) is true in the
ultraproduct. This ultraproduct is a pseudofinite structure. Sergei Vladimirovich Sudoplatov raised
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a natural question [11,12] about the types and powers of approximation of the theory. In paper [13],
approximations of acyclic graphs are studied. It is proved that any theory of an acyclic graph (tree)
of finite diameter is pseudofinite with respect to acyclic graphs (trees), that is, any such theory is
approximated by theories of finite structures (acyclic graphs, trees). The works [14, 15| are devoted to
the study of ranks, topologies and closures of families of theories, as well as algebras associated with
definable families of theories.

The paper also investigates the smooth approximability of unars. Smoothly approximable struc-
tures were first studied in detail in the works [16,17]. The model theory of smoothly approximable
structures was significantly advanced by G. Cherlin and E. Hrushovskii. Automorphisms and their
properties are an important aspect of the study of smoothly approximable unary algebras, as shown
in [18,19], which considers the features of automorphisms in more complex algebraic structures.

1 Definitions and Basic Concepts

As usual, we will use the standard terminology. A unar is a structure Y = (U; f (1)>, whose language
consists of one single operation f. For any u € U, let fO(u) = u, f""(u) = f(f™(u)) for all n € w,
fHu) = {w € U|f(w) = u}. A unar U is called a cycle of length n € N, if there exists u € U such
as U = {f'(u)|0 < i < n}, f(u) = u, fi(u) # f7/(u) for all different 4,5 € {0,...,n — 1}. The set
{w;]i € w} C U is called a semichain, if f(u;) = u;y1 and w; # u; for all distinct i, j € w. The set
{w;]i € w} C U is called an infinite antichain, if f(ui41) = w; and u; # u; for all distinct i, j € w. If
|f~Y(u)| = k, we say that u is a k-branching point, or k-valence point.

Definition 1. Let X C U and u,v € U. We say that u,v are connected, if there is n,m € N such
as f™(u) = f™(v). The set X C U is connected if any two elements of X are connected. A maximal
connected set is called a connected component of U.

Definition 2. A theory T is said to be bounded if there exists a natural number N such that the

following formula is true in 7"
N

V)l \/ (") = S (W)

n,m=1

Fact. |20] The T is w-categorical iff

i) T is bounded,

ii) if U |= T, then there are only a finite number of non-isomorphic sets of the form (J,,_, f~"(u)
in U or equivalently, U realizes a finite number of 1-types.

The root of depth n of an element u is the set K, (u) = {w € U|3i < n such that fi(w) = u}. The
root of u is

K(u) = | Kn(u).

€W
A connected subset of the root K, (u) that contains u is called a subroot of depth n of the element wu.
A set of N-neighborhood of V' C U is the set

N
{u € U : Jv € Vsuch that \/ [ (v) = f™(u)}.

n,m

The concept of pseudofiniteness was first introduced by J. Ax. A structure M in a fixed language
L is called pseudofinite if it is infinite but satisfies the following property: for every sentence ¢ in L,
if M satisfies ¢, then there exists a finite structure M that also satisfies ¢. The theory T'= Th(M)
of a pseudofinite structure M is called a pseudofinite theory.
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Ultraproducts have been a powerful tool in model theory since the 1950s and 1960s. They are also
important in set theory because they are used to construct elementary embeddings, which are key to
studying large cardinals. J. Ax linked the idea of pseudofiniteness to ultraproducts, showing how these
constructions can help understand pseudofinite structures.

In classical logic, pseudofinite structures have an interesting property related to definable functions.

Proposition 1. Let M be a pseudofinite structure, and let f : M* — M* be a definable function.
Then: f is injective (one-to-one) if and only if f is surjective (onto).
This property is a direct consequence of pseudofiniteness and highlights the “finite-like” behavior

of pseudofinite structures, even though they are infinite.

Definition 3. [12| Let T be a family of theories and T be a theory such that T' ¢ T. The theory T
is said to be T -approzimated, or approximated by the family T, or a pseudo-T -theory, if for any formula
¢ € T there exists T" € T for which ¢ € T".

If the theory T is T-approximated, then T is said to be an approximating family for T', and theories
T’ € T are said to be approzimations for T.
Definition 4. |21] A disjoint union || .. M, of pairwise disjoint systems M,, of pairwise disjoint

predicate signatures ¥, n € w, is a system of signature Unew EnU{P,gl) |n € w} with support |_|n€w M,
P, = M, and interpretations of predicate symbols from ¥,, that coincide with their interpretations in
systems M, n € w.

new

A disjoint union of theories T,,, pairwise disjoint predicate signatures Y, respectively, n € w, is

the theory
| | 7w = Th(| | Ma),

necw new

where M,, ET,,, n € w.
Obviously, the T7 U T5 theory does not depend on the choice of the disjunctive union My LI Ms of
the models M = T} and My E Ts.

2 Smoothly Approximability of Unars

The study of countably infinite and countably categorical smoothly approximable structures is
relevant in many areas of mathematics, including topology, analysis, and algebra.

A. Lachlan introduced the concept of smoothly approximable structures to shift the focus from
analyzing finite structures to analyzing infinite ones. The idea is to classify large finite structures that
behave as if they are “approximations” to an infinite limit structure. This approach provides a bridge
between finite and infinite model theory.

Definition 5. [16] Let L be a countable signature and let M be a countable and w-categorical
L-structure. L-structure M (or Th(M)) is said to be smoothly approzimable if there is an ascending
chain of finite substructures My C M; C ... C M such that UiEw M; = M and for every ¢, and for
every a,b € M; if tpp(a) = tpa(), then there is an automorphism o of M such that o(a) = b and
o(M;) = M,, or equivalently, if it is the union of an w-chain of finite homogeneous substructures; or
equivalently, if any sentence in Th(M) is true of some finite homogeneous substructure of M.

This means that M can be “approximated” by a sequence of finite substructures that are homoge-
neous in a certain sense.

It is important to note that a finitely homogeneous substructure does not necessarily mean that
the substructure is homogeneous in the usual sense. Instead, it refers to a weaker property related to
the existence of automorphisms preserving the substructure.
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Theorem 1. Any infinite w-categorical unar U = (U, f) is smoothly approximable.

Proof. Let U be a countably categorical unar that does not have a co-branching point. Since
by [20] in U the set of degrees of points is finite and U is bounded and realizes a finite number of
1-types, i.e., either all connected components are isomorphic, or U consists of a countable number
of copies of non-isomorphic connected components. Each connected component can be considered as
a finite homogeneous substructure. Thus, U can be represented as a union of finite homogeneous
substructures, U = (J;c,, Ui = | J;c,, Ui, where U; are finite homogeneous connected components.

Now U have the connected components with oo-branching points. Let U \ V is the connected
components with co-branching points and V' is the union of finite connected components. Then there
are Wo, Wi, ....: [Wi| <w, WoCc Wy C...,and U\ V = |;c, Wi.

8 Pseudofiniteness of Unars

Theorem 2. A theory T of an infinite unar is pseudofinite if and only if any sentence ¢ € T is
consistent with a theory of bounded unar.

Proof. Let T be the theory of pseudofinite unar, and let 7" be the theory of bounded unar. By the
definition of pseudofiniteness, any sentence ¢ € T has a finite model. Since  UT" is finitely consistent
and, by the compactness theorem, T' is consistent with 7”.

To the opposite side. Since any sentence ¢ of a theory T of infinite unar is consistent with a theory
T’ of bounded unar, any sentence ¢ belongs to T”. Take ¢ € T NT’. Again, by compactness, ¢ has a
model that is either finite or infinite. Hence any sentence ¢ of the theory T has a finite model.

The following corollary is a direct consequence of Theorem 2 and summarizes Theorem 1.

Proposition 2. Any theory T of a bounded infinite unar is pseudofinite.

If in U = (U, f) the unary function f is injective (surjective) then U is an injective (surjective)
unar.

Proposition 3. Any surjective infinite unar is pseudofinite if and only if it is bijective.

Proof. Follows directly from Proposition 1.

Proposition 4. Any injective non-surjective infinite unar is not pseudofinite.

Proof. Let U be an infinite injective unar. The connected components in U can be classified to be
either a copy of (N, succ), (Z, succ), or a cycle of period p, where p € NT. We exclude the last two cases
from consideration due to surjectivity. It remains to consider unary & components that isomorphic to
(N, succ). By Proposition 1, U is not pseudofinite, since there exists an element that does not have a
preimage.

Remark 1. There are:

1) surjective pseudofinite and non-pseudofinite infinite unars, e.g., an infinite permutation or
(Z, succ) and, respectively, a function with at least two preimages for every element, or a cycle with
its preimages out of this cycle;

2) injective non-surjective non-pseudofinite unars, e.g., a Peano successor function;

3) non-injective non-surjective pseudofinite and non-pseudofinite unars, e.g., a unar consisting of
an element and its infinitely many preimages, and, respectively, this unar united with a connected
component forming a Peano successor function.

These will be described in more detail in the following sections.
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Remark 2. Consider the unary function

x/2, if x is even,
floy= {5 T
3z +1, if z is odd.

Let’s call the structure (ZT, f) as 3z + 1-unar or Collatz unar. It is easy to see that any point in
this model is 1-branching or 2-branching. Therefore, the 3x + 1-unar is not strongly minimal and has
an infinite number of antichains. Moreover, the 3x + 1-unar is a surjective unar. By Remark 1 is not
pseudofinite.

3.1 Types of Approximations for Families of Theories of Unars

Definition 6. T-approximated theory T is said to be CYCLE-approximated, if T is a family of
theories of finite unars with cycles. Also, the T-approximated theory T is said to be FOREST-
approzimated, if T is a family of theories of finite unars without cycles. In particular, if 7 is a family
of the theory of connected unars, then T is said to be TREE-approzimated.

Proposition 5. The theory T of unbounded unar is CYCLE-approximated if and only if each con-
nected component contains a semichain and only one antichain.

Proof. Let U, be a cycle of length n < w. Increasing the length of the cycle in the limit we obtain
an acyclic unar U = | |, .;, Ui, which is a copy of (Z, succ) with a semichain and an antichain. The
proof from right to left is similar to [13; Theorem 2].

Proposition 6. The theory T of unar is FOREST-approximated if and only if T is the theory of
a non-injective and non-surjective bounded unar, each component containing an infinitely branching
point.

Proof. By the definition of a FOREST-approximated theory T, the family 7T=FOREST consists of
finite acyclic unars. If all connected components are finite, then T is approximated by increasing the
number of connected components. And if there is an co-branching point in the components, then T is
approximated by increasing the valency of the root points. It is easy to see that T is a theory of neither
injective nor surjective bounded unar. The proof from right to left is similar to [13; Theorem 4].

3.2 Approximations of Strongly Minimal Unars

The study of uncountable categoricity and w-stability in certain types of structures is of principal
importance.

Definition 7. A structure M is said to be minimal, if any subset definable in the structure using
parameters is either finite or co-finite (a complement to a finite set). M is said to be strongly minimal,
if any model of Th(M) is minimal.

The notion of strong minimality is important in model theory because it provides a way to classify
theories based on the complexity of their definable sets. Strongly minimal theories have many inter-
esting and useful properties, including simplicity and stability, which make them amenable to study
and applications in other areas of mathematics.

Proposition 7. The theory T = Th(2) of bounded strongly minimal unar 2 is pseudofinite.

Proof. A bounded strongly minimal unar 2l can have either one or no oco-branching point. If
bounded and has co-branching point, then 2 is connected. By Proposition 2. 2l is pseudofinite and by
Proposition 6 the theory Th(2() is TREE-approximated.
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If bounded and has no oo-branching point, Then every connected component of 2 is finite and
all but finitely many connected components are cycles of the same length m. By the classical re-
sults of Zilber and Cherlin, Harrington, Lachlan [22, 23] say that strongly minimal (in fact w-stable)
w-categorical theories are pseudofinite.

Proposition 8. There is a theory T of unbounded strongly minimal non-injective non-surjective
pseudofinite unar.

Proposition 9. The theory T = Th(U) of unbounded strongly minimal injective unar i is pseud-
ofinite if and only if U is bijective.

Model-theoretic properties such as definable minimality of unars were studied in [2].

Proposition 10. Let T be the theory of a strongly minimal unar such that each vertex has n
preimages for some natural n. Then the theory T is pseudofinite if and only if n = 1.

3.8 Connected Unars

Theorem 3. [24,25] Let U be a connected unary without cycles, containing no infinite antichains,
and there exist m € w and a semichain S C U/ such that

1) |f~Y(u)| < m for all u € U;
2) for any n € w there are u,v,uy € S, vy € U, satisfying the following conditions:
) a= f"(u), b= f"(vo),
b) b= f2"+*(u) for some k € w,
) £ (o) ¢ S,

d) there is a finite partial isomorphism « : ¥ — U such that doma = O™ (u), ranga C O™(v) and
a(ug) = vo.

Then U is a pseudofinite unar.

QO

o

In the work [26,27] a study of pseudofinite polygons was started.
The following statements are easily derived from the above results.

Proposition 11. The theory T of connected unar is CYCLE-approximated if and only if it contains
a semichain and only one antichain.

Proposition 12. The theory T of unar is TREE-approximated if and only if T is the theory of a
non-injective and non-surjective bounded unar, containing an infinitely branching point.

Proposition 13. There is an pseudofinite unar that is not CYCLE-approximated and TREE-
approximated.

4 Concluding remarks

On a base of classification of unar theories, a characterization of pseudofiniteness of unar theories
is found, as well as some necessary and sufficient conditions of pseudofiniteness. Approximations of
the theory of unars are shown, as well as for the strongly minimal theory of unars. Various types of
approximation of the unar theory are considered. Unars are special cases of polygons. In the future,
it is planned to study pseudofinite polygons and their approximations.
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