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First of all, we have to note that in this article, we introduced the new concepts of relations between Jonsson
theories in the class of cosemanticness for some considered Jonsson spectrum. All consideration of this new
approach was done under sufficiently important class of Jonsson theories, which we called as normal Jonsson
theories class. The main result, that we obtained, describes the model-theoretical properties of syntactical
and semantical similarities inside the fixed cosemanticness class. For all new concepts in the article, we
provided classical samples. The main result of this paper is considering normal Jonsson theories class by
similarity to some fixed class of polygons (S-acts).
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Introduction

The content of this article actually belongs to new approach and studying of generally speaking
incomplete theories, and partically more exactly we focused our researches on studying Jonsson the-
ories. Our new approach consists of applying syntactically and semantically similarities inside some
considered class of cosemanticness from fixed Jonsson spectrum for some subclass of existentially closed
models for considered fixed Jonsson theory. Such new method of studying Jonsson theories by our pro-
posals allowed to penetrate in more details when we have operated with classical settlements of many
tasks and problems which appears under considering and researching Jonsson spectra.

The notion of syntactical and semantical similarities was appeared in the works of T.G. Mustafin,
for example in [1], when he introduced those notions for studying complete theories under stability
consideration terms. By main result of this article it turned out that many concepts from stability
theory saved their properties under semantical similarity, starting from basic notions of formulas and
types and up to orthogonality, and independence, and forking, and spectral functions, which appears
under studying of stability theories and their types. It turned out that, for any complete theories, it
follows that there exists syntactically similar elementary theory of some given polygon (S-act) over a
fixed monoid S. With the help of such consideration it became clear that all researches in the field of
studying Model Theory in complete theories we can operate working with some fixed polygons. And in
other side, in the case of incomplete theories after works [2–13] such implementation by using polygons
is possible for Jonsson theories. This approach is sufficiently new, moreover not only Jonsson theories
and some concepts which linked with Jonsson theories, for example hybrids of Jonsson theories, allowed
us to wirk and describe Jonsson theories even for different signatures.

This paper consists of 3 sections. In Section 1, we give some basic information on Jonsson theories
and related concepts, and introduce the new notion of normal Jonsson theory. In Section 2, the concepts
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of syntactic and semantic similarities for complete theories and for Jonsson theories are described. In
Section 3, we present our results obtained for double factorization equivalence class of some fixed
Jonsson spectrum and show its syntactic similarity to the class of theories of some polygon.

Note that here and after we will use the termin “S-act” instead of “polygon”.
Now let us introduce the notation and determine the frame of our study.
We work in a first-order countable language L. By theory, we mean a consistent set of sentences

in the given language.
If T is an L-theory, then ET denotes a class of existentially closed models of the theory T .
Let A be an L-structure. By T 0(A), we mean the theory Th∀∃(A) that is a set of all ∀∃-sentences

of L true for the structure A. The theory T 0(A) is called a Kaiser hull of A.

1 Jonsson theories

We start with some basic information on Jonsson theories and related concepts. In this section the
apparatus of the study of Jonsson theories is described.

Before presenting the concept of Jonsson theories let us remind the definitions of two properties
that are essential for studying this class of incomplete theories.

Definition 1. [14; 80] A theory T has the joint embedding property, if, for any models A and B of
T , there exists a model M of T and isomorphic embeddings f : A→ M , g : B →M .

Definition 2. [14; 80] A theory T has the amalgamation property, if for any models A, B1, B2 of T
and isomorphic embeddings f1 : A → B1, f2 : A → B2 there are M |= T and isomorphic embeddings
g1 : B1 →M , g2 : B2 →M , such that g1 ◦ f1 = g2 ◦ f2.

We write “JEP” and “AP” as shorter forms for the joint embedding and amalgamation properties,
correspondingly.

Now let us recall the main definition of this section.

Definition 3. [14; 80] A theory T is called Jonsson, if:
1) the theory T has an infinite model;
2) the theory T is inductive;
3) the theory T has the joint embedding property (JEP);
4) the theory T has the amalgamation property (AP).

There are a lot of classical examples of Jonsson theories:
1) group theory;
2) the theory of abelian groups;
3) the theory of Boolean algebras;
4) the theory of linear orders;
5) field theory of characteristic p, where p is zero or a prime number;
6) the theory of ordered fields;
7) the theory of modules et cetera.

In [6], it is proved that the theory of differentially closed fields of the fixed characteristic is a Jonsson
theory as well.

The special properties of Jonsson theories, namely AP and JEP, can be syntactically described by
the following two theorems:

Theorem 1. [15] For the first order theory T of the language L (of arbitrary cardinality) the following
conditions are equivalent:

1) T has JEP;
2) For all universal sentences α, β of L, if T ` α ∨ β then T ` α or T ` β.
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If ϕ and ψ are existential L-sentences such that T ∪ {ϕ} and T ∪ {ψ} are consistent then T ∪ {ϕ,ψ}
is consistent.

Theorem 2. [16] The following are equivalent:
1) T has the Amalgamation property;
2) For all universal L-formulas α1(x), α2(x) with T ` ∀x(α1(x) ∨ α2(x)) there are existential

L-sentences β1(x), β2(x) such that

T ` ∀x(βi(x)→ αi(x)), i = 1, 2,

and
T ` ∀x(β1(x) ∨ β2(x)).

Another fundamental property of Jonsson theories follows from the theorem of W. Hodges and
shows the connection between existentially closed models of such theories:

Theorem 3. [17; 363] Suppose T be an L-theory, and let T admit JEP. Let A and B be existentially
closed model of T . Then each ∀∃-sentence that is true in A is true in B as well.

In this paper, we study a special subclass of Jonsson theories, namely perfect Jonsson theories. To
describe them we need the following definitions of Mustafin Ye.T.

Definition 4. [18] Let κ ≥ ω. ModelM of theory T is called:
1) κ-universal for T , if each model of theory T with the power strictly less κ isomorphically imbedded

inM;
2) κ-homogeneous for T , if for any two models A and A1 of theory T , which are submodels ofM

with the power strictly less then κ and for isomorphism f : A → A1 for each extension B of model
A, which is a submodel of M and is model of T with the power strictly less then κ there exists the
extension B1 of model A1, which is a submodel ofM and an isomorphism g : B → B1 which extends f .

Definition 5. [18] A model C of the Jonsson theory T is called a semantic model, if it is ω+-
homogeneous-universal.

Definition 6. [18] The center of Jonsson theory T is an elementary theory of its semantic model C
and denoted through T ∗, i.e. T ∗ = Th(C).

Definition 7. [19] A Jonsson theory T is called perfect, if a semantic model of T is ω+-saturated
model of T .

The criterion for the perfectness of the Jonsson theory was obtained by Yeshkeyev A.R. and it is
as follows:

Theorem 4. [19] For any Jonsson theory T following conditions are equivalent:
1) T is perfect;
2) T ∗ is the model companion of T .

Let us also demonstrate some properties of a perfect Jonsson theory and its center.

Theorem 5. [20; 1243] Let T be a Jonsson theory. Then for any model A ∈ ET theory T 0(A) is
Jonsson, where T 0(A) = Th∀∃(A).

We can see that in case of perfectness of T its center T ∗ is also a Jonsson theory.

Proposition 1. [21] Let T be a perfect Jonsson theory, then for every sentence ϕ ∈ T ∗\T the theory
T ′ = T ∪ {ϕ} is a Jonsson.

The following definition was introduced by Mustafin T.G.

Definition 8. We say that the Jonsson theory T1 is cosemantic to the Jonsson theory T2 (T1 ./ T2),
if CT1 = CT2 , where CTi are semantic model of Ti, i = 1, 2.
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The properties of cosemantic Jonsson theories were studied by Mustafin Ye.T. in [18]. This binary
relation between two theories is an equivalence relation as it is easy to see. In the framework of study
of Jonsson theories, it was introduced as a special tool for comparing Jonsson theories from the point
of view of their semantic invariants, i.e. their semantic models. A lot of important model-theoretic
properties coincide for Jonsson theories that are cosemantic. In this manner, when considering such
properties, we may describe not just a Jonsson theory but the whole class of theories that are cosemantic
to it.

In our research, we often apply so-called semantic method, whose essence is to study the properties
of L-structures with the help of the theories of these structures. This is why the following notion was
introduced by the first author of this paper.

Definition 9. [20] Let K be a class of L-structures. A Jonsson spectrum JSp(K) of K is the
followng set of theories

JSp(K) = {T | T is a Jonsson theory and ∀A ∈ KA |= T}.

The particular case of a Josson spectrum is a Robinson spectrum. Robinsonian theories are
∀-axiomatizable Jonsson theories.

Definition 10. [20] Let K be a class of L-structures. A Robinson spectrum RSp(K) of K is the
following set of theories

RSp(K) = {T | T is a Robinsonian theory and ∀A ∈ KA |= T}.

The following proposition is important for studying Robinsonian theories and Robinson spectrum.

Proposition 2. [22] LetK be an arbitrary class of L-structures (possibly, it consists of one structure),
RSp(K)/./ be a factor set of the Robinson spectrum of K with respect to cosemanticness. Then
every cosemanticness class [∆] contains exactly one theory. In other words, for any two Robinsonian
L-theories T and T ′, the relation of cosemanticness is equivalent to the equality (logical equivalence)
of theories, i.e. T ./ T ′ ⇔ T = T ′.

That is in Robinson spectrum factorized by cosemanticness, each cosemanticness class is single-
element.

To study Jonsson theories through their semantic invariants, we often consider specific subsets of
the semantic models of these theories. Let us describe them.

Definition 11. Let T be a Jonsson theory, CT be its semantic model, X ⊆ C. X is said to be a
Jonsson subset of CT , if X is an ∃-definable set and cl(X) = M , where M ∈ ET .

For each Jonsson subset X ⊆ CT for the theory T , we always can construct the fragment of X:

Definition 12. The fragment of a Jonsson subset X is a theory Fr(X) = Th∀∃(M), where
M = cl(X).

Let T be a Jonsson theory, X ⊆ CT and let cl(X) = M ∈ ET . That is X is a Jonsson subset of
CT . Then Fr(X) = Th∀∃(M) and, moreover, the following lemma is true:

Lemma 1. [19; 299] For any Jonsson set X ⊂ CT , the fragment Fr(X) is a Jonsson theory.

Obviously, all axioms of T are true in a semantic model of Fr(X), that is CFr(X) ∈ Mod(T ) and
moreover CFr(X) is existentially closed over T . It means that whenever X is a Jonsson set for T the
semantic model of Fr(X) is always embedded in CT and an existentially closed submodel of CT for
any Jonsson theory T . To generalize this case and refine possible situations in the context of study of
Jonsson theories, we introduce the following notions:
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Definition 13. Let T be a Jonsson theory, CT be its semantic model, X ⊆ C. X is called an almost
Jonsson subset of CT , if X is an ∃-definable set and cl(X) = M , where M ∈ Mod(T ), and Th∀∃(M)
is a Jonsson theory.

By analogy with the concept of a Jonsson set, for an almost Jonsson subset X ⊆ CT of the theory
T , we consider the fragment of X:

Definition 14. The fragment of an almost Jonsson subset X is a theory Fr(X) = Th∀∃(M), where
M = cl(X).

Thus the following definition refines the class of Jonsson theories whose properties we study in this
paper:

Definition 15. A Jonsson theory T is called normal if for each almost Jonsson subset X ⊆ CT ,
CFr(X) ∈Mod(T ) and CFr(X) is an existentially closed submodel of CT .

There are natural examples of normal Jonsson theories, let us describe the following.
Example 1. Let TAG be the theory of all abelian groups and let X be a set such as cl(X) ∈

M ∈ Mod(TAG), i.e. X is an almost Jonsson set and M is an abelian group. It is well-known that
Fr(X) = Th∀∃(M) is a Jonsson theory. Therefore, TAG is a normal Jonsson theory.

Besides, there are non-normal Jonsson theories. The following example confirms this fact.
Example 2. Let TV be the theory of all vector spaces. It is known that this theory is Jonsson. Let

us consider a vector space that is the semantic model of T and its subspace V ⊆ CTV . The domain
of V is a Jonsson set, and, consequently, is an almost Jonsson set. If X is the domain of V , then
cl(X) = V . However, V is not an existentially closed submodel of CTV , since V may have another
dimension that differs from dimension of CTV . Dimension of V can be formed by an ∀∃-sentence, and
this sentence fails in CTV . According to Theorem 3, V is not existentially closed in CTV ). Thus, TV is
a Jonsson theory that is not normal.

The following theorem is necessary for our study.
Lemma 2. Let T be a perfect normal Jonsson theory. Then T ∗ is also a normal Jonsson theory.
Proof. Firstly we should note that it follows from Theorem 5 that T ∗ is also a perfect Jonsson

theory. Moreover, it is easy to see that T ./ T ∗, which means that

CT = CT ∗ . (1)

Let X be an arbitrary almost Jonsson subset of CT ∗ . Then cl(X) = M ∈Mod(T ∗), and CFr(X) ∈
Mod(T ∗). According to Theorem 4, Mod(T ∗) = ET , therefore CFr(X) ∈ ET , which means that CFr(X)

is an existentially closed submodel of CT . By (1), CFr(X) is also an existentially closed submodel of
CT ∗ . Thus T ∗ is a normal Jonsson theory.

2 Syntactic and semantic similarities of Jonsson theories

In this sections, we describe the notions of Mustafin T.G. that he introduced for complete theories,
and Jonsson analogies of these notions proposed by the first author of this article.

To study and compare complete theories, especially theories of different languages, Mustafin T.G. [1].
used binary relations, which ha called syntactic similarity and semantic similarity. Let us describe them.

We start with the concept of syntactic similarity of complete theories. Let Fn(T ), n < ω be the
Boolean algebra of formulas of T with exactly n free variables v1, . . . , vn and F (T ) =

⋃
n Fn(T ).

Definition 16. [1] Complete theories T1 and T2 are syntactically similar if and only if there exists
a bijection f : F (T1)→ F (T2) such that

1) f � Fn(T1) is an isomorphism of the Boolean algebras Fn(T1) and Fn(T2), n < ω;
2) f(∃vn+1ϕ) = ∃vn+1f(ϕ), ϕ ∈ Fn+1(T ), n < ω;
3) f(v1 = v2) = (v1 = v2).
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The following example of syntactic similarity of complete theories was given in [1].
Example 1. The following theories T1 and T2 of the signature σ = 〈ϕ,ψ〉 are syntactically similar,

where ϕ,ψ are binary functions:

T1 = Th(〈Z; +, ·〉), T2 = Th(〈Z; ·,+〉).

Now we describe the concept of semantic similarity of complete theories. For this, we need the
following definitions.

Definition 17. [1]
1) 〈A,Γ,M〉 is called the pure triple, where A is not empty, Γ is the permutation group of A and

M is the family of subsets of A such that from M ∈M follows that g(M) ∈M for every g ∈ Γ.
2) If 〈A1,Γ1,M1〉 and 〈A2,Γ2,M2〉 are pure triples and ψ : A1 → A2 is a bijection then ψ is an

isomorphism, if:
(i) Γ2 = {ψgψ−1 : g ∈ Γ1};
(ii)M2 = {ψ(E) : E ∈M1}.

Definition 18. [1] The pure triple 〈C,Aut(C), Sub(C)〉 is called the semantic triple of complete
theory T , where C is a domain of Monster model C of theory T , Aut(C) is the automorphism group
of C, Sub(C) is a class of all subsets of C each of which is a domain of the corresponding elementary
submodel of C.

Definition 19. [1] Complete theories T1 and T2 are semantically similar if and only if their semantic
triples are isomorphic.

The following example of the semantic similarity of complete theories was given in [1].
Example 2. The following theories T1 and T2 are semantically similar, where

T1 = Th(〈M1;Pn, n < ω; anm, n,m < ω〉),
M1 = {anm : n,m < ω},
Pn(M1) = {anm : m < ω},

and

T2 = Th(〈M2;Qn, n < ω;Qnm, n,m < ω; bnmk, n,m, k < ω〉),
M2 = {bnmk : n,m, k < ω},
Qn(M2) = {bnmk : m, k < ω},
Qnm(M2) = {bnmk : k < ω}.

It turned out that the above types of similarity are not equivalent to each other.

Proposition 3. [1] If T1 and T2 are syntactically similar, then T1 and T2 semantically similar. The
converse implication generally fails.

Let us recall the definition of semantic property.

Definition 20. [1] A property (or a notion) of theories (or models, or elements of models) is called
semantic if and only if it is invariant relative to semantic similarity.

For example from [1] it is known that:

Proposition 4. The following properties and notions are semantic:
(1) type;
(2) forking;
(3) λ-stability;
(4) Lascar rank;
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(5) Strong type;
(6) Morley sequence;
(7) Orthogonality, regularity of types;
(8) I(ℵα, T ) is the spectrum function.

The following definition was introduced in the frame of Jonsson theories study by first author of
this article in [19].

Let T be an arbitrary Jonsson theory, then E(T ) =
⋃
n<ω En(T ), where En(T ) is a lattice of

∃-formulas with n free variables, T ∗ is a center of Jonsson theory T , i.e. T ∗ = Th(C), where C is
semantic model of Jonsson theory T in the sense of [18].

Definition 21. [19] Let T1 and T2 are arbitrary Jonsson theories. We say that T1 and T2 are Jonsson
syntactically similar, if a bijection f : E(T1) −→ E(T2) exists such that:

1) restriction f to En(T1) is isomorphism of lattices En(T1) and En(T2), n < ω;
2) f(∃vn+1ϕ) = ∃vn+1f(ϕ), ϕ ∈ En+1(T ), n < ω;
3) f(v1 = v2) = (v1 = v2).

The examples of syntactic similarities of two Jonsson theories are given in [21].
As in the case of complete theories, the first author of this article defined in [19] a semantic similarity

between two Jonsson theories.

Definition 22. [19] The pure triple 〈C,Aut(C), Sub(C)〉 is called the Jonsson semantic triple, where
C is a domain of semantic model C of theory T , Aut(C) is the automorphism group of C, Sub(C) is a
class of all subsets of C which are domains of the corresponding existentially closed submodels of C.

Definition 23. [19] Two Jonsson theories T1 and T2 are called Jonsson semantically similar, if their
Jonsson semantic triples are isomorphic as pure triples.

The correctness of this definition follows from the fact that the perfect Jonsson theory has a unique
semantic model up to isomorphism. Otherwise, all semantic models are only elementary equivalent to
each other.

For the convenience of further exposition we introduce the following notation. The syntactic and
semantic similarities of the complete theories T1 and T2 will be denoted T1

S
./ T2 and T1 ./

S
T2 re-

spectively. In the case when we consider Jonsson theories T1 and T2, through T1

S
o T2 will denote the

Jonsson syntactic similarity of theories T1 and T2, and through T1 o
S
T2 Jonsson semantic similarity of

theories T1 and T2.

Theorem 6. [19] Let T1 and T2 are ∃-complete perfect Jonsson theories, then following conditions
are equivalent:

1) T1

S
o T2;

2) T ∗1
S
./ T ∗2 .

An analogous result of Proposition 3 in the case of two Jonsson theories was obtained by Yeshkeyev A.R.

Theorem 7. Let T1 and T2 be two Jonsson theories and let T1 and T2 be Jonsson syntactically
similar. Then T1 and T2 are Jonsson semantically similar.

Thus it is true that

T1

S
o T2 ⇒ T1 o

S
T2

for any two Jonsson theories T1 and T2. That is Jonsson syntactic similarity is a sufficient condition
of Jonsson semantic similarity of theories. There are also some cases when this condition is necessary.
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In this paper, we consider such specific classes of Jonsson theories for which these two relations are
equivalent. We denote this relation by the following:

T1

SS
o T2.

Lemma 3. [21] Any two cosemantic Jonsson theories are Jonsson semantically similar.

The proof follows from the definition of cosemantic Jonsson theories.
The converse result is also true:

Lemma 4. Let T1 and T2 be Jonsson theories and let T1 o
S
T2. Then T1 ./ T2.

Proof. Let CT1 and CT2 be semantic models of T1 and T2, correspondingly. Let T1o
S
T2, then Jonsson

semantic triples (CT1 , Aut(CT1), Sub(CT1) and (CT2 , Aut(CT2), Sub(CT2) are isomorphic as pure triples.
Then it is clear that there exists an isomorphism between CT1 and CT1 , which means that T1 ./ T2.

Thus we obtain that, for any two Jonsson theories T1 and T2 of language L, it follows that

Corollary 1. T1

S
o T2 ⇒ T1 o

S
T2 ⇔ T1 ./ T2.

The definitions of relations of Jonsson semantic and syntactic similarity were also generalized for
classes of Jonsson theories in [21]:

Definition 24. [21] Let A ∈ Modσ1, B ∈ Modσ2, [T ]1 ∈ JSp(A)/./, [T ]2 ∈ JSp(B)/./. We say that

the class [T ]1 is Jonsson syntactically similar to class [T ]2 and denote [T ]1
S
o [T ]2, if for any theory

∆ ∈ [T ]1 there is theory ∆′ ∈ [T ]2 such that ∆
S
o ∆′.

Definition 25. [21] The pure triple 〈C,Aut(C), E[T ]〉 is called the Jonsson semantic triple for class
[T ] ∈ JSp(A)/./, where C is the semantic model of [T ], AutC is the group of all automorphisms of C,
E[T ] is the class of isomorphically images of all existentially closed models of [T ].

Definition 26. [21] Let A ∈ Modσ1, B ∈ Modσ2, [T ]1 ∈ JSp(A)/./, [T ]2 ∈ JSp(B)/./. We say that
the class [T ]1 is Jonsson semantically similar to class [T ]2 and denote [T ]1 o

S
[T ]2, if their semantically

triples are isomorphic as pure triples.

3 Properties of classes of S-acts

In this section, we show our main result using the concepts from the previous sections, for the
special class of structures, namely for S-acts. Let us shortly describe this class.

Definition 27. [1] By an S-act over a monoid S (sometimes it is called S-acts) we mean a structure
with only unary functions 〈A; fα : α ∈ S〉 such that:

1) fe(a) ∀a ∈ A, where e is the unit of S;
2) fαβ(a) = fα(fβ(a)) ∀α, β ∈ S, ∀a ∈ A.

The following results show that any complete theory has some syntactic similar theory.

Theorem 8. [1] For every theory T2 in a finite signature there is a theory T1 of S-acts such that
some inessential extension of T1 is an almost envelope of T2.

Theorem 9. [1] For every theory T2 in an infinite signature there is a theory T1 of S-acts such that
some inessential extension of T1 is an envelope of T2.
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Now we present the settlement of our research’s problem and the main result of our paper.
Let T be a Jonsson L-theory, ET be a class of the existentially closed models of T , K ⊆ ET . Let us

construct a Jonsson spectrum JSp(K) of the class K and on this spectrum we introduce the following
relations: cosemanticness, Jonsson syntactic similarity and Jonsson semantic similarity of Jonsson
theories. It is obvious that all these relations are equivalence relations, so we obtain a factor-set of
the Jonsson spectrum of K with respect to relations introduced that we denote by JSp(K)/SS

./
. [T ] is

an equivalence class of a theory T from JSp(K)/SS
./
. The examples of such classes do exist and let us

demonstrate some of them. Let us consider RSp(K) which is a partial case of JSp(K). We introduce
the relation of Jonsson syntactic similarity of theories on RSp(K). According to Corollary 1, all theories
from the equivalence class [T ] ∈ RSp(K)/S

o
are also Jonsson semantically similar and cosemantic. So

we get RSp(K)/SS
./
. According to Theorem 2, in any cosemanticness class in Robinsonian spectrum,

there is only one theory with respect to logical equivalence.

Theorem 10. Let T be a Jonsson L-theory, K ⊆ ET , [T ] ∈ JSp(K)/SS
./

be an ∃-complete perfect
normal class (i.e. such that all Ti ∈ [T ] are perfect normal Jonsson theories). Then there exists
[T ′Π] ∈ JSp(K ′)/SS

./
, where K ′ is a class of some S-acts in the corresponding language, such that [TΠ]

is an ∃-complete perfect class and [T ] is Jonsson syntactically similar to [T ′Π].

Proof. Let [T ] be a perfect normal ∃-complete equivalence class in JSp(K)/SS
./
. Since the center

T ∗ of this class is a complete theory, according to Theorem 8 in the case of a finite signature and
Theorem 9 in the case of an infinite signature, there is a complete theory of the S-act TΠ such that
T ∗

S
./ TΠ. But then, according to Proposition 3, it follows that T ∗ ./

S
TΠ. Since the concept of type is a

semantic notion (Proposition 4), the concept of a formula is also semantic. It follows from Theorem 1
and Theorem 2 that the properties of JEP and AP are formulated using some L-formulas, i.e. JEP
and AP are semantic concepts. It is clear that ∀∃-axiomatizability is also a semantic property, since
all axioms are true in the semantic model. This means that the property "to be a Jonsson theory" is
a semantic concept, and therefore TΠ is also a Jonsson theory.

Since [T ] is a normal class the center T ∗ is a normal theory as well according to Lemma 2. In
this manner, the property of being normal Jonsson theory is also transferred to TΠ, as this notion is
semantic. It means that the theory TΠ is a normal Jonsson theory.

Since T ∗ is a perfect Jonsson theory, then semantic model CT of the class [T ] is ω+-saturated. But
T ∗ ./

S
TΠ and, by definition, the semantic triples of these theories are isomorphic, then C[T ]

∼= CTΠ
,

therefore CTΠ
is also ω+-saturated and therefore TΠ is a perfect Jonsson theory. Let K ′ be a class of

S-acts such that TΠ ∈ JSp(K). Then the equivalence class [TΠ] ∈ JSp(K ′)/SS
./

is a perfect class, since
all theories in this equivalence class has the same semantic model, which is ω+-saturated.

Consider JSp(CTΠ
). Since the theory TΠ is perfect then |JSp(CTΠ

)/./| = 1 due to the fact that
TΠ is normal. Let ∆ ∈ JSp(CTΠ

), i.e. ∆ is Jonsson theory and ∆∗ = TΠ. We show that ∆ is perfect
∃-complete Jonsson theory. By virtue of T ∗ ./

S
∆∗, then from the definition of semantic similarity for

complete theories it follows that ∆ is a perfect Jonsson theory. If ∆ is ∃-complete, then we take ∆ and

then by Theorem 6 it follows that T
S
o∆ = T ′Π. If ∆ is not ∃-complete, then we carry out the following

replenishment procedure for this theory. As ∆ ⊂ TΠ, then for any existential sentence ϕ, of the
signature language of ∆ such that ∆ 0 ϕ and ∆ 0 ¬ϕ, but ϕ ∈ TΠ, consider the theory ∆′ = ∆∪ {ϕ}.
Since ∆ ⊂ ∆′ ⊂ TΠ, and ∆, TΠ are Jonsson theories, it follows from Proposition 1 that ∆′ is also a
Jonsson theory. If ∆′ is not ∃-complete, then we continue the procedure of adding existential sentences
ϕ ∈ TΠ until ∆′ it becomes ∃-complete. We make this procedure for each T ′ ∈ JSp(K ′)/SS

./
and obtain

an ∃-complete equivalence class.
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Let ∆ = ∆ ∪ {ϕ|ϕ ∈ Σ1, ϕ ∈ TΠ} is the result of replenishment procedure of the theory ∆, i.e.
∆ is ∃-complete and at the same time ∆ is a Jonsson theory. We show that ∆ ∈ JSp(CTΠ

), hence
the perfection of the theory of ∆ will follow from here. Suppose the contrary, let ∆ /∈ JSp(CTΠ

),
then CTΠ

/∈ Mod(∆), but this is not true since CTΠ
|= ∆ and for any sentence ϕ ∈ ∆\∆, ϕ ∈ TΠ.

Consequently, CTΠ
|= ϕ and CTΠ

∈ Mod(∆). We obtain a contradiction, i.e. ∆ ∈ JSp(CTΠ
). But CTΠ

is saturated, therefore, ∆ is a perfect Jonsson theory. Then by Theorem 6 we have T ∗
S
./ ∆

∗ ⇔ T
S
o∆,

where ∆ = T ′Π. It follows that, for each theory T ∈ [T ] ∈ JSp(K)/SS
./
, there exists such theory

T ′Π ∈ [T ′Π] ∈ JSp(K ′)/SS
./

such that T
S
o ∆. Thus, according to Definition 24, the class [T ] is Jonsson

syntactically similar to the class [T ′Π].

It should be noted that, in this manner, the results of [21] are special cases of Theorem 10 considering
the theories as single-element equivalence classes in some Jonsson spectrum.
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