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In a rectangular domain, the second boundary value problem for the Viscous Transonic Equation is con-
sidered. The uniqueness of the solution to the problem is proved using the energy integral method. The
existence of a solution is proved by the method of separation of variables, i.e. it is sought in the form of a
product of two functions X (x) and Y (y). For definition Y (y), an ordinary differential equation of the sec-
ond order with two boundary conditions on the boundaries of segment [0, q] is obtained. For this problem,
the eigenvalues and the corresponding eigenfunctions are found at n ∈ N . For definition X (x), an ordinary
differential equation of the third order with three boundary conditions on the boundaries of segment [0, q] is
obtained. The solution to this problem is found in the form of an infinite series, uniform convergence, and
the possibility of term-by-term differentiation under certain conditions on the given functions is proven.
The convergence of the second-order derivative of the solution with respect to variable y is proved using
the Cauchy-Bunyakovsky and Bessel inequalities. When substantiating the uniform convergence of the
solution, the absence of a “small denominator” is proved.
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Introduction

Third-order partial differential equations are considered when solving problems in the theory of
nonlinear acoustics and in the hydrodynamic theory of space plasma and fluid filtration in porous
media [1, 2]. Quite often, sharp changes in flow parameters occur in narrow regions adjacent to shock
waves. The gradients of flow parameters in them can be so significant that, along with the nonlinear
nature of the movement, it becomes necessary to take into account the influence of viscosity and
thermal conductivity. Such currents are called short waves. The theory of transonic flows refers to the
theory of short waves. It should be noted that recently in the literature this equation is increasingly
called the viscous transonic equation, or simply the VT equation.

In [3], taking into account the properties of viscosity and thermal conductivity of the gas, a thir-
dorder equation with multiple characteristics was obtained from the Navier-Stokes system, containing
the second derivative with respect to time

uxxx + uyy −
ν

y
uy = uxuxx, ν = const.

This equation, at ν = 1, describes an axisymmetric flow, while at ν = 0, it describes a plane-parallel
flow [4].
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L. Cattabriga in [5] for equation D2n+1
x u−D2

yu = 0 constructed a fundamental solution in the form
of a double improper integral and studied the properties of the potential and solved boundary value
problems.

In [6, 7], fundamental solutions for a third-order equation with multiple characteristics were con-
structed, containing second derivatives with respect to time, expressed through degenerate hypergeo-
metric functions, their properties were studied, and estimates were found for |t| → ∞.

In [8], the Dirichlet problem for third-order hyperbolic equations was investigated, while in [9], an
analogue of the Goursat problem for a third-order equation with singular coefficients was studied.

In works [10, 11], nonlocal problems for third-order differential equations were examined, while in
works [12–14], the stability of boundary value problems for third-order partial differential equations is
studied.

In works [15–17], boundary value problems for third-order partial differential equations were inves-
tigated.

1 Formulation of the problem

In the domain D = {(x, y) : 0 < x < p, 0 < y < q }, consider the equation:

L [u] ≡ ∂3u

∂x3
+
∂2u

∂y2
= 0, (1)

where p > 0, q > 0 are given sufficiently smooth functions.
Problem A. Find a function u (x, y) from class C3,2

x,y (D) ∩ C2,1
x,y

(
D
)
, that satisfies equation (1) in

the domain D and the following boundary conditions:

uy (x, 0) = uy (x, q) = 0, (2)
au (0, y) + buxx (0, y) = ψ1 (y) ,

cu (p, y) + duxx (p, y) = ψ2 (y) ,

ux (0, y) = ψ3 (y) ,

(3)

where a, b, c and d are given constants, and also a2+b2 6= 0, a2+c2 6= 0, c2+d2 6= 0, and ψi (y) , i = 1, 3 ,
are given sufficiently smooth functions, and

ψ′i (0) = ψ′i (q) = 0, i = 1, 3. (4)

Note that a similar problem for the adjoint equation was studied in [18–19]. The boundary value
problem close to the topic of this work was studied in [20–22]. The case a = 1, b = 0, c = 1, d = 0
was considered in work [23].

2 The uniqueness of solution

Theorem 1. If Problem A has a solution, then if conditions ab ≤ 0, cd ≥ 0 are met, it is unique.

Proof. Assume the opposite, let Problem A have two solutions u1 (x, y) and u2 (x, y). Then the
function u (x, y) = u1 (x, y) − u2 (x, y) satisfies equation (1) with homogeneous boundary conditions.
Let us prove that u (x, y) ≡ 0 is in D.

In the domain D the identity

uL [u] = uuxxx + uuyy = 0,
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or

uL[u] ≡ ∂

∂x

(
uuxx −

1

2
u2
x

)
+

∂

∂y
(uuy)− u2

y = 0 (5)

holds. Integrating identity (5) over the domain D and taking into account homogeneous boundary
conditions, we obtain

p∫
0

q∫
0

∂
∂x

[
u (x, y) uxx (x, y)− 1

2 u
2
x (x, y)

]
dxdy+

+
p∫
0

q∫
0

∂
∂y [u (x, y) uy (x, y)]dxdy −

p∫
0

q∫
0

u2
y (x, y) dxdy = 0.

Taking into account homogeneous boundary conditions and requiring a 6= 0, c 6= 0, we obtain

d

c

q∫
0

u2
xx (p, y) dy − b

a

q∫
0

u2
xx (0, y) dy +

1

2

q∫
0

u2
x (p, y) dy +

p∫
0

q∫
0

u2
y (x, y) dxdy = 0.

Taking into account the condition ab ≤ 0, cd ≥ 0, we obtain uy (x, y) = 0. From this, it follows
that u (x, y) = f (x). Substituting u (x, y) into equation (1), we get f ′′′ (x) = 0. The solution to this
equation is f (x) = C1x

2 +C2x+C3. To satisfy the boundary conditions in equation (3), the constants
C1, C2, C3 are determined, 

2bC1 + aC3 = ψ10,

C1

(
cp2 + 2d

)
+ cC3 = ψ20,

C2 = ψ30.

The value of the main determinant of this system is as follows:

∆ =

∣∣∣∣∣∣
2b 0 a

cp2 + 2d cp c
0 1 0

∣∣∣∣∣∣ = acp2 + 2ad− 2bc.

Assume that ∆ = 0. In this case, acp2 + 2ad − 2bc = 0, and from this, we derive p2 = 2

(
b

a
− d

c

)
which represents the uniqueness condition. According to the theorem and the condition a2 + c2 6= 0, if
we consider p2 < 0, it leads to a contradiction because p > 0. Thus, ∆ 6= 0. Consequently, this implies
C1 = C2 = C3 = 0 then f (x) = 0. Hence, the function u (x, y) ≡ 0 for all (x, y) ∈ D. Finally, from
the last equation, it follows that u1 (x, y) = u2 (x, y).

In cases b 6= 0, d 6= 0; a 6= 0, d 6= 0; c 6= 0, b 6= 0 similarly we obtain the equality of u (x, y) ≡ 0
in D.

The proof of Theorem 1 is complete.

3 Existence of a solution

Theorem 2. If the functions are ψi (y) ∈ C2 [0 < y < q] , i = 1, 3 and conditions (4) are satisfied,
then a solution to Problem A exists.

Proof. To prove the existence of a solution to Problem A, we search in the form

u (x, y) = X (x)Y (y) . (6)
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Substituting (6) into equation (1) and separating the variables, and taking into account the boundary
condition (2), we obtain a Sturm-Liouville type problem with respect to the function Y (y) [24]:{

Y ′′ + λY = 0,

Y ′ (0) = Y ′ (q) = 0,
(7)

where λ is the separation parameter.
We know that the solution to problem (7) is expressed as follows:

Yn (y) = Bn cos
nπ

q
y.

It is known that a nontrivial solution to the problem (7) exists only when

λ0 = 0, λn =

(
nπ

q

)2

, n ∈ N.

λn, with n ∈ N ∪ {0}, are the eigenvalues, and their corresponding eigenfunctions are as follows:

Yn (y) =


1
√
q
, n = 0,√

2

q
cos

nπ

q
y, n ∈ N.

(8)

Note that the system of eigenfunctions (8) of problem (7) is complete and orthonormal in the
L2 (0, q) space [25].

1) When λ0 = 0, we get the following problem for the function X (x):
X ′′′0 = 0,

aX0 (0) + bX ′′0 (0) = ψ10,

cX0 (p) + dX ′′0 (p) = ψ20,

X ′0 (0) = ψ30.

(9)

The solution to the boundary value problem equation (9) is as follows:

X0 (x) = C1x
2 + C2x+ C3,

then, taking into account (6) and (9), from equality (7) we search the solution to Problem A in the
form:

u0 (x) =
1
√
q

(
C1x

2 + C2x+ C3

)
. (10)

Taking into account condition (3), we obtain a system of algebraic equations:
2bC1 + aC3 = ψ10,

C1

(
cp2 + 2d

)
+ cC3 = ψ20,

C2 = ψ30,

(11)

where ψi0, i = 1, 3, are the Fourier coefficients of the function ψi (y) , i = 1, 3, i.e.,

ψi0 =

√
1

q

q∫
0

ψi (y) dy, i = 1, 3.
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Now we find the solution of system (11). To do this, we first calculate the main determinant of
system (11), which has the following form

∆ =

∣∣∣∣∣∣
2b 0 a

cp2 + 2d cp c
0 1 0

∣∣∣∣∣∣ = acp2 + 2ad− 2bc.

Since p > 0, then ∆ 6= 0 and system (11) has a solution:

C1 =
−cψ10 + aψ20 − acpψ30

acp2 + 2ad− 2bc
,

C2 = ψ30,

C3 =
ψ10

(
cp2 + 2d

)
− 2bψ20 + 2bcpψ30

acp2 + 2ad− 2bc
.

Substituting Ci, i = 1, 3 into (10), we obtain

u0 (x) =

√
1

q

1

acp2 + 2ad− 2bc

[
ψ10

(
−cx2 + cp2 + 2d

)
+

+ ψ20

(
ax2 − 2b

)
+ ψ30

(
acp2x+ 2adx− 2bcx+ 2bcp

)]
.

(12)

In what follows, the maximum value among all positive known numbers found in estimates will be
denoted by M . Now we find estimates (12) and u0 (x) in the domain D. From (12) we have

|u0 (x)| ≤M [|ψ10|+ |ψ20|+ |ψ30|] ≤M,∣∣u0
′′′ (x)

∣∣ ≤M.

2) Now, when λn =
(
nπ
q

)2
, n ∈ N , we get the following problem for the function X (x):


X ′′′n − λnXn = 0,

aXn (0) + bX ′′n (0) = ψ1n,
cXn (p) + dX ′′n (p) = ψ2n,

X ′n (0) = ψ3n;

(13)

here

ψi n =

√
2

q

q∫
0

ψi (y) cos

(
nπ

q
y

)
dy, i = 1, 3, n ∈ N.

The general solution to the equation in problem (13) has the form:

Xn (x) = C1ne
kn x + e−

1
2
kn x

(
C2n cos

√
3

2
knx+ C3n sin

√
3

2
knx

)
, (14)

where

kn = 3
√
λn =

(
nπ

q

) 2
3

, n ∈ N.
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Taking into account the boundary conditions of problem (13) for the solution in the form of (14), we
obtain the following:

C1n

(
a+ bk2

n

)
+ C2n

(
a− bk2n

2

)
− C3n

√
3bk2n
2 = ψ1n,

C1ne
knp
(
c+ dk2

n

)
+ C2ne

− 1
2
knp
(
c cos

(√
3

2 knp
)

+ dk2
n cos

(√
3

2 knp−
2π
3

))
+

+C3ne
− 1

2
knp
(
c sin

(√
3

2 knp
)

+ dk2
n sin

(√
3

2 knp−
2π
3

))
= ψ2n,

knC1n − 1
2knC2n +

√
3

2 knC3n = ψ3n.

(15)

So, to determine the coefficients Cin, i = 1, 3, we received a system of algebraic equations (15).
Let us introduce the notation:

αn = cos

(√
3

2
knp

)
, βn=sin

(√
3

2
knp

)
, γn = cos

(√
3

2
knp−

2π

3

)
, δn = sin

(√
3

2
knp−

2π

3

)
.

Then (15) has the following form:
C1n

(
a+ bk2

n

)
+ C2n

(
a− bk2n

2

)
− C3n

√
3bk2n
2 = ψ1n,

C1ne
knp
(
c+ dk2

n

)
+ C2ne

− 1
2
knp
(
cαn + dk2

nγn
)

+ C3ne
− 1

2
knp
(
cβn + dk2

nδn
)

= ψ2n,

knC1n − 1
2knC2n + C3n

√
3

2 kn = ψ3n.

(16)

The main determinant of system (16) has

∆ =

∣∣∣∣∣∣∣
a+ bk2

n a− 1
2bk

2
n −

√
3

2 bk
2
n

eknp
(
c+ dk2

n

)
e−

kn
2
p
(
cαn + dk2

nγn
)

e−
kn
2
p
(
cβn + dk2

nδn
)

kn −1
2kn

√
3

2 kn

∣∣∣∣∣∣∣ =

√
3

2
k5
ne
knp∆,

where

∆ =

(
c

k2
n

+ d

)(
b− a

k2
n

)
+e−

3kn
2
p

{(
ac

k4
n

− 2ad

k2
n

+
2bc

k2
n

− bd
)

cos

√
3

2
knp+

√
3

(
ac

k4
n

+ bd

)
sin

√
3

2
knp

}
.

We show that ∆ 6= 0. To do this, we prove the following lemma:

Lemma 1. The boundary value problem
X ′′′n − λnXn = 0,

aXn (0) + bX ′′n (0) = 0,
cXn (p) + dX ′′n (p) = 0,

X ′n (0) = 0,

(17)

has only a trivial solution.

Proof. Let’s assume the opposite, let Xn (x) 6= 0. Consider the identity

Xn

(
X ′′′n − λnXn

)
= 0,

or (
XnX

′′
n −

1

2

(
X ′n

)2)′ − λnX2
n = 0,
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integrating over interval (0 < x < p) , and taking into account the boundary conditions, we obtain

d

c
X ′′n

2
(p)− b

a
X ′′n

2
(0) +

1

2
Xn
′2 (p) + λn

p∫
0

X2
ndx = 0.

Since ab ≤ 0, cd ≥ 0, λn > 0, then Xn ≡ 0.
Lemma 1 has been proved.

If there is a number n∗ such that ∆ (n∗) = 0, then there are constants C∗1 , C∗2 , C∗3 that are not all
equal to zero at the same time, satisfying the system

C∗1n∗
(
a+ bk2

n∗
)

+ C∗2n∗

(
a− bk2

n∗

2

)
− C∗3n∗

√
3bk2

n∗

2
= 0,

C∗1n∗
kn∗p (c+ dk2

n∗
)

+ C∗2n∗e−
1
2
kn∗p

(
c cos

√
3

2
kn∗p+ dk2

n∗ cos

(√
3

2
kn∗p− 2π

3

))
+

+ C∗3n∗e−
1
2
kn∗p

(
c sin

√
3

2
kn∗p+ dk2

n∗ sin

(√
3

2
kn∗p− 2π

3

))
= 0,

kn∗C∗1n∗ −
1

2
kn∗C∗2n∗ +

√
3

2
kn∗C∗3n∗ = 0.

From this we have that the function

Xn∗ (x) = C∗1n∗ekn∗ x + e−
1
2
kn∗ x

(
C∗2n∗ cos

√
3

2
kn∗x+ C∗3n∗ sin

√
3

2
kn∗x

)
is a solution to boundary value problem (17), but according to the proven lemma it should be

C∗1n∗ekn∗ x + e−
1
2
kn∗ x

(
C∗2n∗ cos

√
3

2
kn∗x+ C∗3n∗ sin

√
3

2
kn∗x

)
≡ 0,

but this is impossible due to the linear independence of the functions

ekn∗ x, e−
1
2
kn∗ x cos

√
3

2
kn∗x, e−

1
2
kn∗ x sin

√
3

2
kn∗x.

Hence the function in the form:

u∗ (x, y) = u0 (x) +

√
2

q

+∞∑
n∗=1

Xn∗ (x) cos
n∗π

q
y

are nontrivial solutions to Problem A, and this contradicts the uniqueness theorem. So ∆ (n) 6= 0,
n ∈ N .

Note that in case a = 1, b = 0, c = 1, d = 0, we obtain the result from [23], as a special case.

C1n = 2e−knp
√

3∆

[
ψ1n

k2n
e−

kn
2
p
(
c
k2n

cos
(√

3
2 knp−

π
6

)
+ d cos

(√
3

2 knp+ π
6

))
−
√

3
2
ψ2n

k2n

(
a
k2n
− b
)

+

+ψ3ne
− kn

2 p

kn

((
a
k2n
− 1

2b
)(

c
k2n
− 1

2d
)

sin
√

3
2 knp+

√
3

2

(
ad
k2n
− bd+ bc

k2n

)
cos

√
3

2 knp
)]
,

C2n = 2√
3∆

[
ψ1n

k2n

(
e−

3kn
2
p
(
c
k2n

sin
√

3
2 knp+ d sin

(√
3

2 knp−
2π
3

))
−
√

3
2

(
c
k2n

+ d
))

+
√

3
2
ψ2n

k2n
e−knp

(
a
k2n

+ 2b
)
−

−ψ3n

kn

(
e−

3kn
2
p
(
a
k2n

+ b
)(

c
k2n

sin
√

3
2 knp+ d sin

(√
3

2 knp−
2π
3

))
+
√

3
2 b
(
c
k2n

+ d
))]

,

40 Bulletin of the Karaganda University



Solution of a boundary ...

C3n = 2√
3∆

[
−ψ1n

k2n

(
c

2k2n
+ d

2 − e
− 3kn

2
p
(
c
k2n

cos
√

3
2 knp+ d cos

(√
3

2 knp−
2π
3

)))
+ 3aψ2n

2k4n
e−knp+

+ψ3n

kn

(
e−

3kn
2
p
(
a
k2n

+ b
2

)(
c
k2n

cos
√

3
2 knp+ d cos

(√
3

2 knp−
2π
3

))
−
(
a
k2n
− b

2

)(
c
k2n

+ d
))]

.

Then the solution to Problem A is written in the following form:

u (x, y) = u0 (x) +

√
2

q

+∞∑
n=1

[
C1ne

kn x + e−
1
2
kn x

(
C2n cos

√
3

2
knx+ C3n sin

√
3

2
knx

)]
cos

nπ

q
y. (18)

Now we prove the absolute and uniform convergence of series (18) in the domain D. From (18) we
have

|u (x, y)| ≤ |u0 (x)|+
√

2
q

+∞∑
n=1

∣∣∣[C1ne
kn x + e−

1
2
kn x

(
C2n cos

√
3

2 knx+ C3n sin
√

3
2 knx

)]
cos nπq y

∣∣∣ ≤
≤M

+∞∑
n=1

∣∣[|C1n| ekn x + |C2n|+ |C3n|
]∣∣. (19)

Estimating Cin, i = 1, 3, we get

|C1n| ≤Me−knp
[
|ψ1n|
k2
n

+
|ψ2n|
k2
n

+
|ψ3n|
kn

]
,

|C2n| ≤M
[
|ψ1n|
k2
n

+
|ψ2n|
k2
n

+
|ψ3n|
kn

]
,

|C3n| ≤M
[
|ψ1n|
k2
n

+
|ψ2n|
k2
n

+
|ψ3n|
kn

]
.

Substituting the found estimates for Cin, i = 1, 3 into (19), we have

|u (x, y)| ≤M
+∞∑
n=1

ekn(x−p)
[
|ψ1n|
k2
n

+
|ψ2n|
k2
n

+
|ψ3n|
kn

]
≤M

+∞∑
n=1

[
|ψ1n|
k2
n

+
|ψ2n|
k2
n

+
|ψ3n|
kn

]
. (20)

Integrating by parts ψ1n, ψ2n, ψ3n and taking into account condition (4), we obtain

ψin =
( q
π

)2 Ψin

n2
, i = 1, 3,

where

Ψin = −
√

2

q

q∫
0

ψ′′i (y) cos
nπy

q
dy.

Then

|ψin| ≤M
|Ψin|
n2

, i = 1, 3, M = const > 0.

Taking these estimates into account, from (20) we find

|u (x, y)| ≤M
+∞∑
n=1

[
|Ψ1n|
n

10
3

+
|Ψ2n|
n

10
3

+
|Ψ3n|
n

8
3

]
<∞.

It follows that series (18) converges absolutely and uniformly.
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Now we prove that the derivatives of series (18) included in equation (1) also converge absolutely
and uniformly in the domain D. To do this, we calculate the derivatives with respect to y, from (18)
we obtain

∂2u

∂y2
= −

√
2

q

(
π

q

)2 +∞∑
n=1

n2

[
C1ne

kn x + e−
1
2
kn x

(
C2n cos

√
3

2
knx+ C3n sin

√
3

2
knx

)]
cos

nπ

q
y,

taking into account the estimate u(x, y), we have∣∣∣∣∂2u

∂y2

∣∣∣∣ ≤M +∞∑
n=1

[
|Ψ1n|
n

4
3

+
|Ψ2n|
n

4
3

+
|Ψ3n|
n

2
3

]
.

Using the Cauchy-Bunyakovsky and Bessel inequalities, we obtain

∣∣∣∂2u∂y2

∣∣∣ ≤M [
+∞∑
n=1

|Ψ1n|
n

4
3

+
+∞∑
n=1

|Ψ2n|
n

4
3

+

√
+∞∑
n=1
|Ψ3n|2

√
+∞∑
n=1

1

n
4
3

]
≤

≤M

[
+∞∑
n=1

|Ψ1n|
n

4
3

+
+∞∑
n=1

|Ψ2n|
n

4
3

+ ‖ψ′′3n (y)‖

√
+∞∑
n=1

1

n
4
3

]
<∞;

here
+∞∑
n=1

|Ψ3n|2 ≤
∥∥ψ′′3n (y)

∥∥2

L2[0,q]
.

Consequently, the series corresponding to the function ∂2u
∂y2

converges absolutely and uniformly. The
absolute and uniform convergence of the third derivative with respect to x of series (18) follows from∣∣∣∂3u∂x3

∣∣∣ ≤ ∣∣∣∂2u∂y2

∣∣∣ and what was proven above.
Theorem 2 is proven.

Conclusion

In this paper, the second boundary value problem for the Viscous Transonic Equation in a rectan-
gular domain is investigated. The uniqueness of the solution to the problem is proved using the energy
integral method. The existence of a solution is proved using the method of separation of variables.
The solution to the problem is found in the form of an infinite series, uniform convergence, and the
possibility of term-by-term differentiation under certain conditions on the given functions is proved.
The convergence of the second-order derivative of the solution with respect to the variable is proved
using the Cauchy-Bunyakovsky and Bessel inequalities. When substantiating the uniform convergence
of the solution, the absence of a “small denominator” is proved.
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