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The paper investigates a Dirichlet-type boundary value problem for a three-dimensional elliptic equation
with three singular coefficients in the first octant. The uniqueness of the solution within the class of regular
solutions is established using the energy integral method. To prove the existence of a solution, the Hankel
integral transform method is employed. The use of the Hankel transform is particularly appropriate when
the variables in the equation range from zero to infinity. This transform is an effective method for obtaining
solutions to such problems. In three-dimensional space, to derive the image equation, the Hankel integral
transform is applied to the original equation with respect to the variables  and y. As a result, a boundary
value problem for an ordinary differential equation in the variable z arises. By solving this problem, a
solution to the original boundary value problem is constructed in the form of a double improper integral
involving Bessel functions of the first kind and Macdonald functions. To justify the uniform convergence
of the improper integrals, asymptotic estimates of the Bessel functions of the first kind and Macdonald
functions are utilized. Based on these estimates, bounds for the integrands are obtained, which ensure the
convergence of the resulting double improper integral, that is, the solution to the original boundary value
problem and its derivatives up to second order, inclusively, as well as the theorem of existence within the
class of regular solutions.
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Introduction. Formulation of the problem

In recent years, interest in degenerate and singular equations has grown significantly, including
equations containing the Bessel differential operator. These equations are often encountered in appli-
cations, for example, in problems with axial symmetry in continuum mechanics. Interest in problems
related to the Bessel operator is also known from fundamental physics. This is due to its numerous
applications in gas dynamics, shell theory, magnetohydrodynamics, and other fields of science and tech-
nology. A special place in the theory of degenerate and singular equations is occupied by equations
containing the Bessel differential operator

B = > 2q+1d

= — —1/2.
77 dz2 z dz’ ¢>-1/

According to the terminology by the Voronezh mathematician Ivan Aleksandrovich Kipriyanov,
equations of three main classes containing the Bessel operator are called B-elliptic, B-hyperbolic, and
B-parabolic, respectively. The monograph [1] studies boundary value problems for B-elliptic equations,
in addition to this, the account of multi-dimension integral Fourier-Bessel-Hankel transformation theory
is given in the monograph. The theory of boundary value problems for the equations with peculiarity
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has been reflected there, while the study of B-hyperbolic equations is presented in the monograph by
A K. Urinov, S.M. Sitnik and Sh.T. Karimov [2|. A wide range of questions for equations with Bessel
operators was studied by I.A. Kipriyanov [1] and his students [3-5] and others.

In this paper, we study a Dirichlet-type problem for an elliptic equation with Bessel operators. The
solution to the problem under consideration is solved by the Hankel transform method [6-8].

In the domain Q = {(z,y,2) : € (0,+0), y € (0,+00), z = (0,400)}, we consider the following
three-dimensional equation with Bessel operators

Lu= <B£—1/2 + Bgflﬂ + B§—1/2) u(z,y,z) =0, (1)

where u (z,y, z) is an unknown function, and 0 < «, 5,7 < 1/2.

In the domain 2, equation (1) is of elliptic type. The planes x = 0, y = 0 and z = 0 are the planes
of the singularity of the coefficients of the equation.

In the domain €2, we consider the following problem for equation (1):

Problem Do. Find a solution to the equation (1) in the domain (2, satisfying the conditions

u(z,y,z) €l (Q) N 033333 (Q), 2%%y,, ywuy, 22, € C (Q) , (2)
U (07 y7 Z) = 07 li)lll U (1.7 y7 Z) = O? y7 z e [07 —"_w)’ (3)
u(z,0,2) =0, lim wu(z,y,2)=0, z,z€[0,+00), (4)

y—r+0o0
u(z,y,0) = f(zy), lim u(z,y,2) =0, z,ye[0,+o0), (5)

where Q = {(z,y,2) : = €]0,4+00), y € [0,+00), z=[0,4+00)}, f (z,y) is a given continuous function,
such that f(0,y) =0, f(x,0) =0, lim f(x,y)=0, lim f(z,y)=0.
r——+00 y—r—4o00

In recent years, there has been a steady increase in interest in studying boundary value problems
for elliptic equations that involve singularities. Examples of such studies can be found in works [9,10],
among others.

In this paper, we study the stated Problem D, using the Hankel transform method. Many problems
in physics, applied mathematics, and mathematical modeling reduce to solving differential, integral,
and integro-differential equations. One of the effective methods for obtaining an analytical solution is
the method of integral transforms. Among all Bessel-type transforms, the Hankel integral transform
is the most thoroughly studied and widely used.

The integral Hankel transform of the order v of a function is called the integral [6-§|

400
Fp) = / FW T, (o) dt, v>—1/2, 0< p < +oo,
0

where J, (z) is the Bessel function of the first kind of order v [6].
The Hankel transform of a function f (¢) is true for any points on the interval (0, +00) in which

the function f (¢) is continuous or piecewise continuous with a finite number of discontinuity points of
the first kind, and

+oo
/ |f ()] Y2dt < +o0.
0

The inversion formula of the Hankel transform is determined by the integral

+oo
f)= / f(p)pJ, (pt)dp, 0 <t < +oo.
0

Mathematics Series. No.2(114),/2024 165



K.T. Karimov, M.R. Murodova

The function f (p) is often called the Fourier-Bessel-Hankel image [11], and the function f (¢) is the
original.

The Hankel transform is advisable to apply, obviously, in the case when the variables in the equation
change from 0 to +oo .

1 Uniqueness of the solution to the problem D,

Theorem 1. If there exists solution to Problem D, then it is unique.

Proof. Let Problem D, have two solutions u; (z,y, z) and us (x,y, z). Thenu (x,y, z) = uy (z,y, 2)—
— ug (z,y, z) satisfies equation (1) and the homogeneous boundary conditions. We will prove that
u(z,y,z) =0 in Q. In the domain Q the identity is valid

22?8y Lu = (mQay2ﬂ227uux) + (332O‘y26227uuy) + (mQay2ﬂz27uuz) -
T Yy

z
—2?y?P 22 (ud + ul +ul) = 0.
Integrating this identity over the domain

QP = {(2,,2) 1 61 <2 < by, 03 <y <Js, 05 <2z <0},

where d0;, 7 = 1,6 are positive numbers, we have

/// [ $2ay25 24 ) n (anyQBzwuuy) n (;any?ﬂzmuuZ) } dedydz —
Yy z

%2949
/// 2002027 (42 4 2 + ug)} dxdydz. (6)

515355
%2943
515355

It is obvious that if 81, d3, 05 — 0, 02,04, 06 — +00, then Q23 — Q.
Applying the Gauss-Ostrogradsky formula [12] to the left side of equality (6), we have

06 04
/y2522’7 [6§au (527 Y, Z) Uy (62’ Y, Z) - éfau (517 Y, Z) Uy (61) Y, Z)] dyd2+

+//:1;2a227 [ﬁﬁu (2,04, 2) Uy (2, 04,2) — 5§5u (x,03, 2) uy (17,53,2’)] drdz+

+// 2a 2ﬁ [562%& (I‘ y7(56) Uy (Jl Y, 56) - 5 2 ($7y7(55) Uy (.’L’,y, 55)] dxdy =

35 &1
/// 20020 227 (w2 4 —i—uz)} dxdydz.

%2949
515355
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Hence, passing to the limit at 61, d3, 05 — 0, 2,04, — +00 and taking into account conditions (2),
(3), (4) and (5) (for f (x,y) = 0), from the last equality, we obtain

/// 2a 2,3 2’}/ u —|—U§+Uz)} da:dydz =0.

From the last, we have

Up (2,Y,2) = uy (2,9,2) =u, (2,y,2) =0, (x,y,2) €
Then, u(xiy,z) = const, (x,y,z) € Q. Since u € C’(Q) and v (0,y,z) = 0, then u(z,y,2) = 0,
(x,y,z) € . From this follows the statement of Theorem 1.

2 Existence of the solution to the problem D,
Let @ (A, u, z) be the Hankel transformation of the unknown function u (z,y, z) with respect to the
variables  and y. Then, by the definition, we have

“+o00 +0oo

(N p,z) = / /xy {xa*lpyﬁ*l/%(fc,yﬁ)] J1)2—a (AT) Jy o g (py) dady. (7)
0 0

Considering inverse thansform, we also have

+o00 +o00o

U(x,y,Z)Zwl/“‘ymﬁ/ /Auﬂ(%u,z)h/za(m) J1 2 (L) dAdy.
0 0

Based on (7), we introduce the functions

€4 €2

a5 (A, 1, 2) = / / PGBy (1 ) T (M) Ty s (uy) dady, (8)

€3 €1

where ¢, j = 1,4 are positive numbers.
It’s obvious that ~ lim  ag2g! (A, p, 2) = @ (A, p, 2) .

ea i too
Using the function (8) and the equation (1), we simplify the expression of Bv 1 /2u§§§§ (A\p,2):
g4 €2
B’y 1/2715?2 _//351/2+ay1/2+ﬂ171/2a (Az) Jij2- (1y) Bﬁfl/Qu(x,y,z) dedy =
€3 €1
€4 €2
=— //wl/““yl/“ﬁzh/z_a (Az) J1j2—g (1y) (BZi_l/g + BZ,l/g) u(z,y, 2) dedy =
£3 €1
eq [ €2
= —/ /551/2+a<]1/2—a (Az) B§_1/2U (z,y,2)dx y1/2+BJ1/2_5 (ny) dy—
€3 1
eo [ €4
—/ /y1/2+6u71/26 (1y) Bgfl/zu(x,y,z) dy $1/2+au71/27a (px) d. 9)
g1 Les
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Applying the rule of integration by parts, from (9), we obtain

€4

~ o Tr=€9
By s Ovz) = - [ { e O = Mo )] 220
€3
€2
—AQ/U(%?/» Z)$1/2+a=]1/2—a (Az) d 91/2+6J1/2—ﬁ (1y) dy—
€1
€2
1724897
- [J1/276 (1) uy — pd 12— (1Y) u] Yy yees
€1
€4
—uz/u(w,y,Z)yl/”ﬁJl/z_,a (y) dy p x'/*TT, oo (Az) da. (10)

€3

By direct calculation, one can easily verify that the following limits for fixed A € (0,+o00) and
p € (0,+00), exist and are finite:

lim, 22T g o (M) = 2MEFONT2T D (1/2 — @), (11)
T—
i 02T s () = 220 R T (172 = ). (12)

The behavior of the function J,(z) for sufficiently small and large values of = is described by the
formulas given in [13], respectively:

x¥ 2\ /2 vmw T
y N — J, o~ — ————. 1
To@) > orary MWL (mc) o8 (x 2 4) (13)

From the equality (10), passing to the limit at &1 — 0, €3 — 0, 9 — 400, €4 — 400, and taking
the conditions (2), (3), (4) and equalities (11), (12), (13) into account, as well as the notation (7), we
obtain the following equation

2
Uzy (A, 1y 2) + %ﬂz A gy 2) = X2 (AN, 2) =0, 0< A, p, 2 < +oo0, (14)
where x? = A\ + 2.

Moreover, due to the boundary conditions (5), from (7) it follows that the function @ (A, u, z)
satisfies the following boundary conditions:

u()‘aﬂv O) = f)\/u ZEI_EOOU()HMa Z) =0, (15)
where
—+00 +o0
fu= [ [ 2L (@) oo (80) Ty () dody (16)
0 0

We solve the problem (14), (15). It knows that the general solution of the equation (14) has the form [9]

u ()‘a My Z) = 6121/2_711/2—7 (XZ) + 0221/2_7}'{1/2—7 (XZ) A [07 C]? (17)
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where ¢; and ¢y are arbitrary constants, I; (x) and K (z) are the Bessel function of the imaginary
argument and the Macdonald function of order [ [6], respectively.

From the equality (17), based on the asymptotic behavior of the functions I, (z) and K, (z) for
sufficiently large x [13], we have

T )1/2 .

I, (z) =~ 20w) ¢

W, K, (z)~ (

from which follows that the solution of equation (14) satisfying the second condition (15) is determined
by the equality
au(\p,z) = 02z1/2_7K1/2_7 (x2) . (18)

By the first condition of (15) from (17), we obtain the equality
@ (X 1, 0) = 27 VATV (172 — ) = fg,
from which we uniquely find ¢y as follows:
cg = 22FN 2T, T (12 = ).

Substituting the value of ¢y into the equality (18), we uniquely find a solution to the problem
(14), (15) in the form

ﬂ()‘nua Z) = Kl/Q—v (XZ) f)\ua (19)
where K, (z) = 2'"72Y K, (x)/T'(v), v > 0.
The solution of the original problem will be obtained by using the inverse Hankel transform as

follows:
—+o00 +00

U(IIJ‘,y,Z) = / / A Xy (l‘) Qu (y)a()‘auaz) dAdp, (20)

0 0

where X, (z) = m1/2*°‘J1/2_a()\x),Q“(y) = yl/Q*ﬁJl/Q_ﬁ(uy), and a(\, p, z) is determined by the
formula (19) and they are respectively solutions of the following equations:

B 19X (2) = “A2X, (z), 0 << +oo, (21)
BY y15Qu (y) = —1Qu (y), 0<y < oo, (22)
B,?fl/Qﬁ(/\,u, 2) =2\, 2), 2= p 0< A\ p,z < Foo. (23)

If differentiation under the integral sign is possible in (20), then the function u(z,y, z) is a solution to
equation (1). Indeed,

B§—1/2u(ma Y, Z) + Bg_l/z’lL(CB, Y, Z) + B§—1/2u(x7 Y, Z) =

/ A [35—1/2& (m)} Qu (y) @ (X, p, 2) dAdp +

.

+ / / Xy (z) [Bgfl/QQ# (y)]a()\, 1, 2) dAdp +
0 O
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—+00 +00

+0/ /)\MXA ) @ (y )[ _1720 (A, 1, 2) | dAdp.

Hence, by virtue of (21), (22) and (23), we have
By pulz,y,2) + Bg_l/Qu(x, Yy, 2) + By pu(z,y,2) = 0.

Let us demonstrate that the function (20) satisfies conditions (3) and (4). Using formulas (13), the
functions X (z) and @, (y) for small and large argument values, respectively, can be rewritten in the
form [12]

)\1/2—ax1—2a

X)‘(x)%21/2—aF(3/2—a)’ 0<z, <1, (24)

9\ 1/2
Xy(z)=z™@ (A) sin ()\x + %) , IL<a, A< 4o0; (25)

M1/275y1725

= 0 1;

_ 2\ /2 B
Quy) =y 5() sin (,uy—i—) , 0 <y, pu < +o0.
T 2

From these equalities, it follows that the function (20) satisfies the conditions (3) and (4).

Now, we prove several lemmas used in establishing the uniform convergence of the double inte-
gral (23).

Lemma 1. If a € (0,1/2), then, with respect to the functions at X (z) = xl/zfo‘Jl/z_a (A\z), as
z € [0, +00), the following estimates hold:

1-2ay1/2—«
c3 A , 0<z, A<,
<
‘X)\ (513)‘ > { 041,—04)\—1/27 1< T, A< +00, <26)
20 v/ AP 0 <, A< 1,
x < 27
‘x n (1’)‘ > { 06)\1/233‘“, 1<z, )< +oo, 27
1=2a)\5/2=a < p \N< 1

BT Y ‘ < " ’ ’ ’ 2

’ a—1/2 A (-7;) = { CS$*C¥A3/2, 1< HZ,A < +00, ( 8)

where ¢;, j = 3,8 are positive constants.

Proof. From the equalities (24) and (25), we obtain estimate (26). Next, consider the functions
2 X'y (x) = )\:Ul/2+°‘J_1/2_a()\:n) and (23). By virtue of the asymptotic formula (13), it is straight-
forward to show that these functions satisfy the estimates (27) and (28), respectively. Lemma 1 has
been proved.

Similarly, the following lemma can be proved.

Lemma 2. If € (0,1/2), then with respect to the functions Q, (y) = yl/Q_ﬁJl/g,g (ny), at
y € [0,400) the following estimates hold:

coyt “Hp2=E 0 <y < 1,

29
coy P2 1<y, pu< +oo, (29)

Qu )] < {

1/2-8
C11jt , 0<y,p<1,
‘?J?BQL (y)} < 1/2, 8

Ci2t y-, 1< Y, < +00,
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ey "Bt 0 <y u < 1,

Yy
B (y)‘ : { ey Ppdl?, 1<y, p < 4o0,

where c;, j = 9,14 are positive constants.
Lemma 3. For any A, pu, z € (0,400), the functions (A, p, z), defined by equality (19) satisfy the
estimates
@2 < Ul [BEy 08O 2)] <P 1l (30)

Proof. 1t is known [9] that if v = const > 0, then

K,(t)<1, K, (0)=1 (31)

From equality (19), according to (31) the first estimate in (30) follows.

As demonstrated earlier, the function @ (A, i, ) satisfies the equation (23). Therefore, by virtue of
the first estimate in (30), the validity of the second estimate in (30) immediately follows. Lemma 3
has been proved.

Lemma 4. Let a, B,y € (0,1/2) and the function f (z,y) satisfy the following conditions:

L f(x,y) € C’;lj;l (I:I) , where IT = {(z,y) : 0 <z < +00,0<y < +00};

IL. lim (07/027) f (z,y) =0, wEI—II—loo z (09/027) f (z,y) =0, il_)r% (07/0y7) f (z,y) =0,

i B (&I J — i—0.3
iy (97/0y’) f (z,y) =0, j=0,3.
Then, for the coefficients (16), the following estimate holds:

| faul < cisOp) ™4, (32)

where c¢15 is some positive constant.
Proof. The coefficients f),, according to formula (16), can be rewritten as

+oo
P = / Y 2T g (ny) Fia (y) dy, (33)
0
where
+o0
Fy(y) = / P () £ (3,y) da.
0

First, consider the function F) (y). Using the equalities

2T g (Az) = —iﬁ [$1/2+a<f—1/2—a ()\fﬁ)] ;
the function F) (y) can be represented as
+oo
Fy(y) = —i / % [$1/2+QJ—1/2—a (M)} f(z,y)dz.
0

Applying integration by parts four times to the above integral, we obtain

1 r=400 1 =400
Fy(y) = —XfUI/HO‘J—l/Q—a (Az) f (2, y) + ﬁ$1/2+a°]1/2—a (A7) fo (7, y) +
=0 =0
1 1/24« x e 1 1/24« 9 x e
+F33 J_1/2-a (A2) Ba—l/Zf(xay) - ot J1j2-0 (AT) %Baqpf(%y) - +
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+o0o
1 0 940 .
+)\4/X’\ (x) %mj %Bafl/zf(a;,y)dw. (34)
0

By the conditions of Lemma 4, the boundary terms in (34) vanish. Consequently,

—+00

1 9 5 0 .
) =5 [ X3 (@) goa® 0 Ba Ly uf (@0) do. (3)

Using the decomposition of the operator BY | /2 it is easy to verify that the functions

%xma%Bg_l/Qf(m, y), based on the conditions of Lemma 4, satisfy %x%‘%Bz_l/Qf (x,y) € C (1:1) .
Taking this into account and the fact that X, (z) € C[0,+400), we conclude that the integral in (35)
exists and that F) (y) € C[0, +00).

Now, consider the coefficient f),, defined by equality (33). Similarly to the previous case, applying

integration by parts four times to the integral in (33), we obtain

1 v=tee y=rtoeo
P = ——y"*PI e 5 (uy) Fa () + =y 20 g (uy) FX (y) +
,LL y:(] /’[’ y:[)
L 1248 y YTEO 1 ag 9 Ly v
+ —3Y J—1/2—B (1y) Bﬁ_l/gF)\ (v) Y J1/2—5 (1ny) a*Bg_l/gFA (v) +
y?° 4 By o (y)d
Qu ay gy Do-121 W)y (36)

Since the integral in (36) converges uniformly with respect to y, all derivatives and operators with
respect to y acting on the functions F) (y) can be transferred to the functions f(z,y). Then, by the
conditions of Lemma 4, the boundary terms in (36) vanish, and therefore

+oo
1 0 0
i [ QW P Bl P W
0

Hence, taking (36) into account, we have

+00 +o0
8 95 0 0 900 .
P = )\4 / / ayy 8yB 19 %x %Bafl/zf(x,y) dzdy. (37)

By virtue of the conditions of Lemma 4, the following hold:

9 250

0 95 0 ., _
? Ba—1/2f($’?/)ec(ﬂ)’ 8yy dy 5 1/2f(95 y)EC( )

oz Ox

therefore 5 5 5 5
26 B Y 20 Y

8y oy B-1/2 oz Oz

Taking this into account, along with X (z) Q, (y) € C (II) , we conclude that the integrand is con-

tinuous on II, and the multiple integral in (37) exists. These considerations complete the proof of
Lemma 4.

Bﬁfl/Qf(x,y) eC (I:I) .
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Based on (32), estimate (30) can be rewritten as

@O )| < etsn) ™ [ B2yt O, )| < er) ™ (38)

where ¢4 and cq7 are positive constants.
Lemma 5. Let «, 5,y € (0,1/2), and let f(z,y) be a function such that for A\,u € (0,1), the
following condition holds:

1 1
//xyf(x,y)dwdy < +o0,
0 0

then the following estimate is valid:
|l < 018/\1/2_0‘u1/2_f8, c18 = const > 0. (39)

Proof. We estimate the coefficient fy, defined by equality (16). Taking into account that
0 < x,y,\,p < 1, and using the asymptotic formulas for Bessel functions for small values of ar-
guments (13), as well as the condition of Lemma 5, we obtain inequality (39).

Taking into account (39) and (31), the function in (19) is estimated in the following form

@\, 1, 2)| < crgA/270pl 278 g = const > 0. (40)

Now, let us analyze the function (20), i.e., we find an estimate for the function (20). By virtue of
the estimates (26), (29), (38) and (40), the integral (23) is bounded, respectively, for 0 < z,y,z < 1
and for 1 < z,y, 2z < +00 by the following absolutely convergent improper double integrals:

“+o00 +0oo

u@p ) < [ [ X @) Qu )8 O 2)| ddie <

0 0

11
< egqu! T2y 28 / / A= L5=Bandu, 0 <2,y <1,
00

“+o00 +0oo

u@p ) < [ [ X @) Qu )8 O 2)| ddi <
0 0
+o00 400

< eqrz %y / / AP0 dNdp, 1< z,y < +oo.
1 1

Similarly, it can be shown that the integrals 2®u,, ywuy, 22V, B§—1/2“7 Bg—1/2u and B§—1/2u
are bounded by absolutely convergent improper double integrals.

According to Theorem 4 from [14; 233|, the double integral in (20) converges uniformly.

Due to the uniform convergence of the double series (20), it can be integrated term by term, and
for each term, the order of integration can be interchanged.

Consequently, the integrand in (20) is continuous, and the double integral in (20) converges uni-
formly for 0 < z,y,z < +oo. Therefore, by Theorem 1 from [14; 231], this integral represents a
continuous function of x,y and z. Hence, u(z,y, z) is a continuous function in its domain of definition.

Based on these statements, the following theorem holds:

Theorem 2. Let a, 8,7 € (0,1/2) and the function f(z,y) satisfy the conditions of Lemma 4 and
Lemma 5. Then the solution of Problem D, exists and is given by formula (20).
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Conclusion

In this work, a Dirichlet type boundary value problem for a three-dimensional elliptic equation with
three singular coefficients is formulated and studied. The uniqueness of the solution to the problem
has been proved by the method of energy integrals. The Hankel transform method was used to prove
the existence of solutions. The solution of the original problem was obtained using the inverse Hankel
transform in the form of a two-fold improper integral. Asymptotic methods were used to substantiate
the uniform convergence of improper integrals. The obtained estimate made it possible to prove the
convergence of these improper integrals and its derivatives up to and including the second order.
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