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In 1978, the journal Differential Equations published an article by A.M. Nakhushev, that presented a
method for correctly formulating a boundary value problem for a class of second-order parabolic-hyperbolic
equations in an arbitrarily bounded domain with a smooth or piecewise smooth boundary. In that work, a
boundary value problem was formulated and investigated using the method of a priori estimates, which is
currently called the first boundary value problem for a second-order mixed parabolic-hyperbolic equation.
In this work, a boundary value problem for a third-order model parabolic-hyperbolic equation is formulated
and investigated in a mixed domain, following the approach of A.M. Nakhushev for second-order mixed
parabolic-hyperbolic equations. In one part of the mixed domain, the equation under consideration is
a degenerate hyperbolic equation of the first kind of the second order, and in the other part, it is a
nonhomogeneous equation of the third order with multiple characteristics and reverse-time parabolic type.
For various values of the parameter, existence and uniqueness theorems for a regular solution are proved.
The uniqueness theorem is proved using the method of energy integrals combined with A.M. Nakhushev’s
method. The existence theorem is proved by the method of integral equations. In terms of the Mittag-
Leffler function, the solution of the problem is found and written out explicitly. Sufficient smoothness
conditions for the given functions are found, which ensure the regularity of the obtained solution.

Keywords: second order degenerate hyperbolic equation of the first kind, third-order equation with multiple
characteristics, third-order parabolic-hyperbolic equation, Volterra integral equation, Fredholm integral
equation, Tricomi method, method of integral equations, integral equation method, Mittag-LefHler functions.
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Introduction

Boundary value problems for model second order parabolic-hyperbolic equations were first studied
in [1,2]. The classification of parabolic-hyperbolic equations into equations with characteristic and non-
characteristic lines of type change was carried out by [3]. Moreover, in the work of [1], the problem was
studied for a model equation of parabolic-hyperbolic type with a characteristic line of type change, and
in the work of [2], the problem was studied for a model equation with a non-characteristic line of type
change. In 1978, the journal Differential Equations published an article by A.M. Nakhushev, which
provided a method for correctly formulating a boundary value problem for a general second-order
parabolic-hyperbolic equation in an arbitrary bounded domain with a smooth or piecewise smooth
boundary. The boundary value problem investigated in the aforementioned work by A.M. Nakhushev
is currently called the first boundary value problem for a mixed parabolic-hyperbolic equation. The
most complete review on boundary value problems for parabolic-hyperbolic equations one can find in
monographs [4,5].

The paper considers one mixed problem for a third-order parabolic-hyperbolic model equation. One
part of the mixed domain, involves a third order nonhomogeneous parabolic type equation with multiple
characteristics, while the other part involves a second order degenerate hyperbolic type equation of the
first kind. The paper presents proofs of the existence and uniqueness theorems for a regular solution.
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The uniqueness proof is based on the method of energy integrals combined with A.M. Nakhushev’s
method. The existence proof is based on the method of integral equations. In solving the problem, we
also used the Mittag-Leffler function and wrote down the solution explicitly.

1 Formulation of the problem

On the Euclidean plane with independent variables x and y consider the equation

0= (_y)m Uzz — Uyy + A (_y)(m_Q)/Q Ug, y <0, (1)
uxxx+uy_fa y >0,

where A, m are the given numbers, and m > 0, |A\| < F; f = f(x,y) is the given function; u = u(x,y)
is the desired function.

Equation (1) is a model third order equation of the parabolic-hyperbolic type. For y < 0, it is
equivalent to the degenerate hyperbolic equation of the first kind

m—2

(=)™ Uge — Uyy + A (—y) 2z uz =0, (2)

and for y > 0 with the third-order inhomogeneous parabolic type equation with multiple characteristics

The paper [6] is devoted to the study of the problem with a shift for a degenerate hyperbolic
equation of the first kind of the form (2), and the local first and second boundary value problems
for a degenerate hyperbolic equation of the second kind are investigated in the papers [7,8|. The
papers [9, 10| are devoted to the study of nonlocal problems of degenerate hyperbolic equations with
singular coefficients. In [11], a nonlocal problem of the Frankl type for a second-order mixed parabolic-
hyperbolic equation with a characteristic line of type change is investigated. The papers [12,13] are
devoted to the problems of conjugation of the generalized diffusion equation and degenerate hyperbolic
equations. The problem with a shift for one second-order mixed parabolic-hyperbolic equation with
two perpendicular lines of type change is studied in the paper [14]. Nonlocal problems with a shift
in the conjugation of a third-order equation with multiple characteristics and a degenerate hyperbolic
equation of the first kind of the second order are formulated and investigated in [15,16]. A nonlocal
problem for a third-order mixed parabolic-hyperbolic equation is investigated in [17].

Equation (1), in this paper, is considered in the mixed domain 2 = 5 U Qo U I, where Q; is
the domain limited by the characteristics o9 = AC : x — miﬁ (—y)(m+2)/2 = 0and 0o = CB :
Pty ()

2
Yo = — [%] m+2, passing through the points A = (0,0), B = (r, 0) and the segment J = AB
of the straight line y = 0; and 25 is the rectangular domain with vertices at A = (0, 0), Ag = (0, h),
By = (r, h) and B = (r,0), h = const > 0; J = {(x,0): 0 <z <r} is the interval of AB of the
straight line y = 0.

A regular, in the domain €2, solution to equation (1) we call the function v = wu(x,y) by the
class C (Q)NC () NC? ()N C3'7 (Qa); us(x,0), uy(z,0) € Ly (J), when substituted, equation (1)
becomes an identity.

Problem 1. Find a solution to equation (1) regular in the domain and satisfies the conditions

= r of equation (2) for y < 0, coming out from the point C' = (r/2,y.),

u(0,y) = 1(y), u(r,y) =2(y), ua(r,y) =s3(y), 0<y<h, (4)

ulbo(z)] =v(z), 0<z<m, (5)
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where 6p(x) = <%, — (mT“)?/ (m+2) 2/ (m+2)> is the affix of the intersection point of a characteristic
emanating from the point (z,0) € J with the characteristic AC; ¢1(y), ¢2(y), v3(y) are the functions
defined on the segment 0 < y < h; ¢(x) is the function given on the segment 0 < z < r with the

matching condition ¢1(0) = 1 (0) satisfied.

2  Uniqueness theorem

Let there be a regular solution u = wu(x,y) of equation (1) in the domain Q by the class

C () NC(Q) and let
u(z,0)=71(x), 0<z<r, (6)
uy(z,0) =v(z), 0<z<r (7)

Then, passing in equation (1) to the limit at y — +0, taking into account the notations (6), (7)
and conditions (4), we immediately obtain the first fundamental relationship between the functions
7(z) and v(z), transferred from the parabolic part Q2 of the domain 2 to the line of type change J:

™"(z) +v(z) = f(x,0), O0<z<rm, (8)

7(0) = ¢1(0), 7(r) =2(0), 7'(r) = 3(0). (9)

Next, find the relationship between the functions 7(x) and v(x), brought from the hyperbolic
domain Q; of equation (1) to the segment AB of the straight line y = 0. To do this, we first note that

m+2 m+2 .
in the characteristic coordinates £ =z — —25 (—y) 2 , n=x+ miw (—y) 2 , equation (2) becomes

m-+2
the Euler-Darboux—Poisson equation

d%u B1 Ou B2 Ou

_ — 4 — =0,
ooy n—&0n n—¢§0¢
where 81 = m +2 , Ba = i +2) Designate additionally: 8= 81 + 2 = ;5.

First assume |)\| <z and then 7(z) € C[0, 7] N C% (0, r), v(z) € C* (0, r) N Ly (0, 7). Hence, the
regular solution to problem (6), (7) for equation (2) in € is written out by the formula in [18; p. 14]:

1
u(x —% Tz _ _ .\ 1/(1-8) _ Bo—1 (1 _ p\Bi—1
<7y>—r(5l)r(52)0/ o (1= B) ()0 2= )] 2 -

—_

I'(2 1/(1-5) } 5 -8

2t—1 (1 - 2 1

rim g [ ae e e e a - e o)
0

where I (p f exp (—t) tP~1 dt is the Euler integral of the second kind (Gamma function).

Satisfying in (10) condition (5), we get:

1
ulbo(@)] =u |5, —(2-28)" " 2’| = - / r(t) ) (1= P e
0

1

_ -1 1-8
= Z(f)—ﬁl) IF—Z’Q = /V ) 7P (=) dt = ().

0
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Introducing the new integration variable z = xt, rewrite the last equality as

T(B) a8 [ 7(z) 2% (2-28)°"1 (2 / v(z) 2 ﬁl
L (61)T (B2) 0/ (x—2)' 77 42 - r1-p)r( —52 /

= P().
(z —2)°
0
Employing the fractional integro-differentiation operator D%, (in the Riemann-Liouville sense) [19],

rewrite the last equality as follows

L@)a=r s o (2-28'T(@2—8) 4 Ll
WDOQ? {7’ (t) 8 1} . Y Dgx 1 {I/(t) =8 } = (z). (11)

Inverting equation (11) relative to the function v(z), and using the well-known weighted Riemann—
Liouville fractional integral and differential operators with the same origins [19; p. 18], find

v(z) =71 Dy, "7 (t) — y2 2 Do, ™ (1), (12)
Ir(1-81)I(B8) (2—-28)'# L(1-51)(2—28)*#
where yy = SRR, g = R —

Indeed relation (12) is the main fundamental relation between the sought functions 7(x) and v(x)
transferred from the domain € to the line of type change J when |A| < &

_9B)1-8
In the case if A = %, the coefficients 31 =0, B2 = 3 = mLH, Y=Y = % , and the solution

to problem (6), (7) for equation (2) can be written by the formula [18; p. 15]:

1
2 2 2
_y)(m+2)/2 Yy _)(mt2)/2 94 _nAB
wa) =7 ot 2o R B o 2 )R e a0 ar
0

(13)
Satisfying condition (5) in representation (13), we arrive at the fundamental relationship between the
functions 7(z) and v(z) as bellow

v(w) = |Dy, () = Dy, w (1) (14)

In the case if A = =7, then 1 = = 15, o =0, =0,72 = 21-F (1 - 5)_6. The solution to
problem (6), (7) for equation (2) here has the form [18; p. 15]|:

1
2 2 2
_ A N (m+2)/2 4y . _\(m+2)/2 _ _nB
u(z,y) =71 |z m+2( Y) :|—|—m+2/1/|:l‘ m—|—2( Y) (2t —1)| (1 —¢)" " dt.
0

(15)
By (15) under condition (5), we immediately get:

v(a) = =277 (1= B)" o7/ (a). (16)
The following theorem on the unique solution to Problem 1 is true.

Theorem 1. There cannot be more than one regular solution for Problem 1 in the domain 2.

Proof. Let’s take a homogeneous problem equivalent to Problem 1. For instance, assume that
flz,y) =0V (2,y) € Do, ¢1(y) = w2(y) = @s(y) = 0 Vy € [0, h] and ¢(z) = 0V € [0, 7]
Moreover, taking into account that 7(0) = ¢(0) = 0 by relations (12), (14), (16) for different A, obtain
the bellow equalities:

v() =1 Do, "7 (t) = 1 Do,/7' () = 1 8, 7 (1),

<A<

-5 (17)

m
2
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v(z)=0, A= —%, (18)

where 0§, ¢ (t) is the fractional differential operator (in the sense of Caputo).
To further discuss, make use of the operator 0, ¢ (t) following property [20]: for any absolutely
continuous function ¢ = ¢(x) on the segment [0, r] that satisfies the condition ¢(0) = 0, the inequality

1
o2 B () > L (1), D<a<] (19)
holds.
Let us consider the integral
I= /T(:c) v(z)dx. (20)
0
When — 2 < XA < by (17) and (20), taking into account inequality (19), we arrive at
1:/7( )v(z)de = /T(x)aggﬁT(t) dx >
0 0
>4 / NP2 (t) da = n /('r — )" (@) dx > 0. (21)
=5 ) 2T (5) S

On the other hand, for a homogeneous problem equivalent to Problem 1 write, bearing in mind
(8), (9), the integral (20) as follows

7 s

I= /T(SC) v(z)de = — /T(.’E) ™ (x)dx = —= [T'(O)]2 <0. (22)
0 0
By inequalities (21) and (22) it follows that the integral I = 0, which as follows from the equality,

T

=_n r—x67172m xr =
—2“5)0/( P (@) dw = 0

may occur if and only if 7(x) = 0 Vx € [0, r]. Then basing on relations (8) and (17) find out that

v(z) =0 for all z € |0, r] and any X € (=2 2.
However, if A = —7, then by (8), (9), and (18) we come to the homogeneous problem

7(0)=0, 7(r)=0, 7'(r)=0 (23)

for equation
™x)=0, 0<z<r (24)
Just like in the case A € (—%; 2], the solution to problem (23) for equation (24) cannot be
anything but trivial: 7(z) =0 and v(x) =0 for all = € [0, r].
Consequently, as per formula (10), (13) and (15), the solution u(z,y) = 0 in £ to be considered
m. m

as the solution to homogeneous Cauchy problem (6), (7) for equation (2) for all A € [—2; Z].
Let’s show now that even for the homogenous problem

Lu = Ugps + Uy = 0, (l’,y) € Qo, (25)
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u(0,y) =0, u(ry)=0, u(ry)=0, 0<y<h, (26)
u(z,0) =0, 0<ax<r (27)

in the domain €9 regular solutions are not possible except for trivial ones.
Indeed, let’s assume that problems (25)—(27) have a nontrivial solution u = u(z,y) # 0. Following
the work [4; p. 237], in equation (26) put

u(z,y) = v(z,y) exp (1y), (28)

where p = const is some real number.
In this case, by (25) relative to the function v = v(x,y), we arrive at the equation

L/ﬂj = Ugaz + Uy +uv= 07 (a:,y) € QQ (29)
with initial boundary conditions
v(0,y) =0, v(r,y) =0, v(r,y)=0, 0<y<h, (30)

v(xz,0)=0, 0<x<r. (31)

Since, by assumption v = u(z,y) # 0, then, as follows from (28), the solutions to problems
(29)-(31) will also be non-trivial v = v(z,y) # 0.

Introduce an auxiliary domain Qo = {(z,y): e<ax <r—¢, e<y<h—eg, € >0}, where the
identity

2 (v, Lyv), =2 / v L,vdy. =2 / U [Ugae + Uy + pv] dQoe =
QQS 925

= / [8{1 (2vvm - Ug) + aay (UQ) + 2/1,1)2} do. =0
Q2s
is valid.
Applying Green’s formula to the latter equality, obtain

2(v, Lyv), = / (2vvm - U%) dy —v¥de+2pu / UQ(x,y) dQs. =0, (32)

Tac QZE

where I'o. is the auxiliary boundary for €s.. Let us pass to the limit in the last equality at ¢ — 0. It
is easy to see that in this case the auxiliary domain o, goes into the domain €29, and the boundary
I's¢ of the auxiliary domain 29, goes into the boundary I's of the domain 5. Taking into account the
homogeneous initial-boundary conditions (26)-(27) and the above circumstances, by (32) we arrive at
the equality

T

h
(v, Lyv), /U 0,y dy+/ (x, h)dz +2p /UZ(:c,y) dQs = 0. (33)
0 Q2

By choosing a positive value for the parameter p > 0, we note that (33) can occur if and
only if v(x,y) = 0 in the closure of the domain o, which contradicts the initial assumption that
v = v(x,y) # 0. However then u(x,y) = 0 in Qs as follows by (28). Thus, u(x,y) = 0 in €, that is, the
solution to problem (1), (4), (5) is unique in the class of regular functions. The theorem is proved.
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3 Euxistence theorem

Let us move on to the existence of a regular solution in 2 to Problem 1.

Theorem 2. Let the given functions f(x,y), ¢1(y), ©2(y), ¢3(y), ¥(x) be such that they have the
properties

e1(y) € C[0,R]NC*(0,h), @2(y) € C10,h]NC?(0,h), ps(y) € C[0,A]NC" (0,h);  (34)
Y(z) € CH[0,7] N C?(0,7); (35)
f(z,y) e C* (Qg) ) (36)

Then there is a regular solution to problem (1), (4), (5) in the domain .
Proof. In fact, following the fundamental relationships (8), (12) and (14) obtained above, with

respect to the sought functions 7(z) and v(z) at A € (—%; 2] we arrive at the system of equations
v(x) =m Dy, 7 (t) = v22™ Do, P (1)
m (37)
™"(z) + v(z) = f(x,0).

From system (37) we arrive at the problem of finding a regular solution 7 = 7(x) of an ordinary
differential equation of the third order of the form

7(x) +m Do, P (1) = f(,0) + 722 Dy, P (t), 0<z <, (38)

satisfying conditions (9).
Repeating integration of (38) three times from 0 to x, arrive at an integral equation equivalent to
the given differential equation:

x xz

T(l‘)z—ﬁ /($—t)6+17(t) dt—i—;O/(:L‘—t)QF(t) dt+Cl+C2$+%C3$27 (39)

where F(z) = f(z,0) + y2 2™ D(l);BQw (t), and c1, c2, c3 are still arbitrary constants.
Equation (39) is the Volterra integral equation of the second kind with convolution kernel

(z—t)PH! . (z—t)"PHD+A+ : :
K (z,t) = Trz - 1Lhe functions K, (x,t) = Thograre * = 0,1, 2, .. are considered iter-
ated kernels of K (z, t), and the function
& = (=) @-n@?]"
Rz, t; 8) =Y (=) Kn (2, t) = (@—t)" 3

~ = T[n(B+2)+B+2]

is the resolving kernel K (z, t) of equation (39).
With the Mittag-Leffler function, the resolving R (x, t; 8) of equation (39) kernel K (x, t) of equa-
tion (39) takes the following form

Rz, t; f) = (x =" Byyaun) |-m (=075 8 +2],

oo
where E, (z, u) = F(p+tl+u) is the Mittag-Leffler function.
n=>0

The solution of (39) can be written with the resolving R (x, t; §) of K (z, t) as follows

T T

1 1
T(x)—c1—|—02:c+203x2+2/(x—t)2F(t) dt—cl’h/R(UCa t; B) di—
5 0
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T T t
—0271/tR(a:,t;ﬁ)dt—%;3/tR(:p t: ,B)dt—— (z, t; B) (/ (t — s)2 d)dt (40)
0

0 0
By direct calculation find out that

[R5 @t = [@ =07 By [-n (-0 5 +2] dt =

= 277 By (549) (—71 o2 B+ 3) ;

/tR(fUa t; B) dt = 2" By g9 (—71 =72 3 +4> ;

R (z, t; B) dt =22 By 519 (—71 272 B+ 5) ;

0
/
O/R(x, t; B) (O/(ts)2F(s)ds> dt:/ (/(ts)zR(x, t; B)dt) F(s)ds =

0 s
=2 / z— )" By 10 [—71 (x—1)""%; B+ 5} F(t) dt.
0

Considering the above calculations, rewrite representation (40) as follows

T(z) = {1 - N a2 E1/5+42) (—71 305”; B+ 3)} c1+
+ [l’ — 2" By p42) (—’Yl aPt2 B+ 4)} cot

1
+5 {x2 — 271277 By(549) (—71 aPt2 5+ 5)} ca+

T

* % / { (x = 1) =27 (2 = )" By {—71 (x =) B+ 5} } F (t) dt. (41)
0

Satisfying conditions (9) for (41), get to the next system of equation with respect to ca, c3:
7(0) = c1 = ¢1(0),
—n 1 Byya) (T B+ 4)] ot 5 [ = 20 rTT By gy (< 7 B4 5) | e =
= 2(0) — [1 = P2 Eyyp10) (—n P12 B+ 3)] 01(0)—
3 f{ (r=1)" =271 (r = )" Eyjg10) [*71 (r =) 5+5} } F(t) dt;
0

[r

[1— yrft? El/(ﬂ+2) (=P B4 3) ] ca+ [r =P Ey i) (T2 B+ 4)] s =
= 3(0) + 71 7 By 42 (—71 P12 B+ 2) ¢1(0)-

_}{ r=t) = (=" Byygia) [—71 (r— 1)+ B+4} } F(t) dt.
O (42)
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The determinant

A= [7” — 1P By g1a) (—71 rot?; 54—4)}2 - % [1 — P2 By g49) (—71 r’t2 8 +3>] X

X [7“2 =20 By 549 (—’71 rfT B4+ 5)}

of system (42) is always different from zero by virtue of the uniqueness theorem proved above, that is,
the constants c1, 2, ¢3 in (41) are uniquely determined by conditions (9) and system (42).

Thus, the unique solution to problem (38), (9) for any A\ € (—%; %] is obtained by formula (41),
where the constants ¢1, ¢z, c3 are uniquely determined by (42).

Next, by relations (8) and (16) for A = = in view of conditions (9), obtain

1

T(r) = 55 {2 (r— a:)2 ©1(0)+ 2z (2r — z) v2(0) + 2rz (x — ) p3(0)+

2r

T

b= [ 104270 1= 5)7 80 0)] di-
0

T

2 /(t ~x)? [f (t, 0) + 2178 (1 — )P By (t)} dt }

x

Once the function 7(x) is obtained, the second desired function v(x), depending on A, can be
obtained using relations (8), (12), (14) or (16). Then the regular solution to Problem 1 in the domain
; is defined as the solution to the Cauchy problem (6)-(7) for equation (2) and is written out according
to one of the formulas (11), (13) or (15). And in the domain Q9 we arrive at the initial-boundary
value problem (4), (6) for equation (3), the solution of which is written out in the monograph of
T.D. Dzhuraev. Note that the conditions (34), (35), (36) listed in Theorem 2 ensure the regularity of
the obtained solution in the domain 2.

Conclusion

In the work in the mixed domain one boundary value problem for the model equation of parabolic-
hyperbolic type of the third order is investigated. Theorems of existence and uniqueness of a regular
solution of the problem under study are proved. To prove the uniqueness theorem the method of energy
integrals is applied together with the method of A.M. Nakhushev. To prove the existence theorem the
method of integral equations is applied. In terms of the Mittag-Leffler function the solution of the
problem is found and written out in explicit form.
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