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Numerical solution of source identification multi-point problem of
parabolic partial differential equation with Neumann type boundary
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We study a source identification boundary value problem for a parabolic partial differential equation with
multi-point Neumann type boundary condition. Stability estimates for the solution of the overdetermined
mixed BVP for multi-dimensional parabolic equation were established. The first and second order of
accuracy difference schemes for the approximate solution of this problem were proposed. Stability estimates
for both difference schemes were obtained. The result of numerical illustration in test example was given.
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Introduction

Various techniques can be used to solve source identification problems (SIPs) for parabolic equa-
tions. These may include optimization algorithms, regularization methods, or numerical techniques
such as finite element and finite difference methods (see [1-28] a references therein).

In papers [3,18], SIP for abstract differential equation with self-adjoint positive definite operator

A
do(t)
dt

+Av(t) =p+ f(t), 0<t <1, (1)

v(0) = ¢, v(1) =9 (2)

in a Hilbert space H was investigated. In paper [3], for solution of SIP (1), (2), stability estimates in
the Holder norms were obtained.

Some applications to boundary value problems (BVPs) for partial differential equation (PDE) and
approximate solutions were studied in [8,12].

Let s1, p1, s2, p2, ..., S, ity be given numbers so that

T

Dkl <1, 0<s1 <sp< ... <5 <1 (3)
P
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and elements ¢, ©» € H and function f : [0,1] — H are given. In paper [15] SIP to find a pair (p,v)
for equation

dv(t
zéli) +Av(t) =p+ f(t),0 <t <1,
with multi-point nonlocal conditions
v(0) = prv(sk) + 9, (4)
k=1
v(1) = ¢ (5)

was studied and stability estimates for the solution were given in the following theorem.

Theorem 1. [15] Assume that conditions (3) for interior points and coefficients are valid, ¢ € H,
e D(A), feC¥H) (a € (0,1)) are given. Then, for the solution (v(t),p) of SIP (1), (4), (5) the
stability estimates

Fologn <M [l + 19l + 1 loa]
and .
o <M {1460+ 1481+ 2 e

are fullfilled, where M € R™ does not depend on f, ¥, ¢ and «. Here C(H), C*(H) and C{(H) are

the Banach spaces of H-valued functions u(t) with the corresponding norms

lu(t+T)l g —lw®l g

U = max ||u(t s | e = ||u + sup & )
lelen = g 1Ol Telcony = lullon + _sup 12 o
1—)*||u(t+ —|Ju(t
”uHCf(H) — HUHC(H) + sup ( )l 72”1{ ”U()“H,
0<t<t+r<1

respectively.

1 ST parabolic problem with multi-point boundary conditions

Now, we study a source identification (SI) BVP for the multi-dimensional PDE.

Let Q = (0,1)" C R™ with boundary S =09, Q =QUS.

Denote by L2 (€2) and W2(€2) the Hilbert spaces of integrable functions u(y), defined on €, equipped
with the corresponding norms

1
2
||u||L2(Q) :{ J |u(y)|2dyl~~-dyn} )

yeQ

n n 2
lllw ey = { / <Iu<y>|2 > !uyiyxy)y?) dy dy} .
yeQ i=1j=1
Let ¢ € La(), v € W2(Q), f € C*(La(Q2)) be given functions, and a; : @ — RT be known
smooth function for any index i =1,...,n.
In [0,1] x Q, we study multi-dimensional SIP for parabolic PDE with multi-point boundary and
nonlocal conditions

n

vty ) = 32 (ai(@)vg, (L, )z, + ov(t, x) = f(t,2) + p(z),

=1
x=(x1,...,2,) €Q, 0<t <1, (7)
%v(t,a:)zo, reSs 0<t<l,
0(0,2) = 3 pv(sn7) + ¥(x), o(L,z) = p(x), © €T,

k=1
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where 77 is the normal vector to § at corresponding boundary point.
The differential expression

n

Au(e) = = 3 (ai(@)ug, (@))e; + oulx)

=1

defines SAPD operator A*, which acts on the Hilbert space L2(2) with the domain

D(A*) = {u | u € W(Q), gjz(x) =0on S}.

So, the SI BVP (7) for the multi-dimensional parabolic PDE can be replaced with the abstract problem
(1), (4), (5) for H = Ly(2). By using stability estimates of Theorem 1, we obtain the following stability
estimates for solution of BVP (7).

Theorem 2. Suppose that conditions (3) are satisfied, ,v € W2(Q) and f € C%(Lo(f2)). Then,
for the solution of multi-dimensional SIP for parabolic PDE (7), the following estimates are valid

1
Py < [elhuzor + oy + = 1llociaon)

lollera@y <M |:H90HL2(Q) + 1Yl £y + ”fHC(Lg(Q))} ;

where positive number M is independent of f, v, ¢ and «.

2 First and second order of ADSs
We will use the set of uniform grid points
0,1, ={ty = k7, k=0,1,...,N, N7 =1}.
To discretize problem (7) we use algorithm with two steps. Firstly, we define grid spaces

ﬁh:{x:xm:(hlml,...,hnmn); m=(my,...,my),
’I’)’Lj:O,...,Nj, thjzl, jzl,...,n},

QhZQhﬂQ, ShZQhﬂS.
Introduce difference operator A7 by formula
Ag(z) = =Y (@@l (@) +ov(@),
P z4,3;

which acts in space of grid functions v"(z) and satisfies the condition Dv"(z) = 0 for all z € Sj.

Applying A7, we arrive at the multi-point nonlocal BVP for some infinite system of ordinary
differential equations. Secondly, by using Equation (26) [15; p. 1922], we get the first order of accuracy
difference scheme (ADS)

»fl@m>f¢1<ﬁ (@) = 1 (te,0) +9Ma), 1SRN, @€ D,

i (@) = " ( Zuwl )+t (@), @ € Q.
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By using Equations (37)—(39) [15; p. 1925], we get the second order of ADS

— (14 758) (g0 + @) 1R N 2 e,

, \ (9)
Vi (z) = ¢"(x), = €,
v (x) = Z {Mz‘ (1-— pz)vZ(x) + pinH(x)} + ¢ (x), € Qp.
i=1
Denote by Loy = Lo(€),)  and W3, = W2(Qp), the spaces of the grid functions
u(x) = {u(hyma, ..., hymy,)} defined on Qy, equipped with the corresponding norms
1/2
h
U = U h ,
o], = | 2 w@rn-
ZEQh
1/2
n 2
ol = (5 S0
W22h L2h Eﬁ r=1
z€Qy,

and by Cr(Lapn) = C([0, 1]+, Lap,), the Banach space of Loj-valued grid functions u” = {uk}]lv with the

suitable norm H“T”CT(L%) = 1I<I}€3L<XN (]| L -

Let C¥(Lgp) = C*([0,1]7, Lop) and C*(Lop) = C2([0, 1]+, Lap) be correspondingly Holder and
weighted Holder spaces with the corresponding norms defined by (6) for H = Logy,.

Theorem 3. Suppose that T and |h| = \/h? +--- + h2 are sufficiently small positive numbers,
o € Lop, ¥ € W2, and {f,?}iv € C%(Lap). Then, for the solution of difference schemes (DSs) (8)

and (9), the following stability estimates hold
N
1 ,
W a ! lleg (Lan)
N
h
\ {h},

N
+ H fi :
Lop { }1 CT(LQh)
where M is independent of {f }1 P (x), (x) and 7.

The proof of Theorem 3 based on Theorems 3.1 and 3.2 of paper [15] on stability estimate for
solutions of corresponding DSs for approximate solution of abstract SIP (1), (4), (5) and the theorem
on the coercivity inequality for the solution of the elliptic difference problem in Loy,.

<ar o

]

+(Lan) Lap

]

< [M
2h

CT (LQh)

8 Numerical analysis
For test example, we consider the SIP

vi(t,x) — (3 4+ 2cosT)vgy (t,x) + 2sinz-v,(t,x) + v(t,z) = f(t,x) + p(x),

O<ax<m 0<t <,

v(l,2) = ¢ (x), (10)
v(0,2) =v(3,2) +(z), 0< & <,

vz (t,0) =0, vy(t,m) =0, 0<¢t<1
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for one-dimensional parabolic PDE. Here

ft,z)= (et —e ) (Beosz +2cos2z) —e teosw, 0 <z <m 0<t<I,
¢(x) = cosz, P(x) = (1 —e73 )Cosx, 0<z<m.

It is easy to check that the pair (e_l (4cosx +2cos2x),e ! cos :E) is the exact solution of problem (10).
An algorithm of finding the solution of problem (10) contains three stages. In the first stage, we
find the solution of auxiliary BVP

ur(t,x) — (34 2cos T)ugy(t, x) + 2sin x-uy (¢, z) + u(t, )

= (34 2cosx)cosz —2sinz-sinz+cosz + f(t,z), 0 <z <m 0<t<1, (11)
u(l,z) — u(%,x) =Y(z), 0<z<m,

uz(t,0) =0, ugy(t,m) =0, 0 <t <1

Then, in the second stage, we find p(z) by
p(z) = —(3+2cosx)uzz(1,2) + 2sinx-uz (1, ) + u(l, x).

In the third stage, we put p(z) in the right side of equation (10) and solve that problem for v(¢, ).
Introduce the set of grid points

[0,1]- x [0, 7]y, = {(tg,xn) | tx, = kT, k=1,...,N -1, N7 =1,
Tn=mnh, n=1,...,M—1, Mh=m}.

We use notation [ = [Z] for greatest integer function of X and p =71 —1I.
So, we get the first order of ADS for SIP (10)
vfl_:ﬁ_l B (3+2COS&?n)(UfL;J*QUfﬁ*UZ_l) i sin(zn)(vﬁ}jlfvfb_l) +’Uﬁ
= f(tk,zn) +p(xn), k=1,...,N,n=1,..., M — 1,
U7]’LV:S0TL7 Ug_ P%lz:%u TL:(),...,M,
vlg :v’f, vﬁ/l :vﬁ/l_l, k=0,...,N.

Later, p(x,) can be obtained by

3+2cos (zn)) (uly g — 2ud +ul sin () (ul, ] — ul_

where {uf} is solution of the difference problem

(uf — bt (34 2c0s (wn)) (uh —2uf +uk )

T h?
sin (@n) (up g —up_1) g (3+ 2cos (zn)) (Pnt1 = 2¢n + n-1)
+Sm($”)(‘p2“_“’“) Yoom k=1,...,N, n=1,...,M—1,
ug—ufmzzpn, n=0,...,M,
uf —uk, =0, uk, —uk, ;=0 k=0,...,N,

which is the first order of ADS for approximate solution of the nonlocal BVP (11).
For computational reasons it is convenient to write (13) in the following matrix form

Aptnt1 + Bpun + Cpip—y =160, n=1,... . M — 1,

(14)
Uup = U1, UM = UM-1-
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Here, 6,, is column vector, A,, By, Cp, I are square matrices with (N + 1) rows and columns:

O ... 0 O 0 ... 0 O
A 0 C 0
L P - ’ "= | ¢,R ’
0 0
1 0 0 0 -1 0 0 0 0]
b, d 0 0 - 0 0O 0 0 O
b, d 0 0 0O 0 0 O
Bn: . . ;
o o0 00 -- O -~ 0 b, d O
L 0 0 00 - 0O --- 0 0 b, d]

an = —(3 + 2cos (g;n))h—2 + sin (xn)h_l, d— %7
by =1+ d+2(3+ 2cos (z,))h 2,
cn = —(3+2cos (z,))h ™2 —sin (z,)h 7L,

0 0 0
en Up41 Up,
en = ,  Unpkl = ,  Un =
N N N
On Unt1 1 (Ny1)x1 Un 1 (N41)x1

R is the N x N identity matrix, as well as

00 =4y, n=1,...,M —1,
efl = f(tw, ) — (3+2cos (rn))’(ls;wr%onﬂo) 4 sin (-Tn)(@?;rl*@nfl) + 0n,
k=1,....N,n=1,...,M — 1.

We search solution of (14) by reccurence formula
Un = Op+1Unt1 "‘571-&-17 n=>M-— 17’ ) 17

where a,, and 5, (n =1,...,M — 1) are column vectors with (N + 1) elements. For the solution of
difference equation (14) we use the following formulas for a,,, B,

an = _(Bn + Cnan—l)ilAny
Bn = (Bn+Cpon_1) Y (RO —Cpfp_1), n=1,...,M —1,

where a7 is the (N + 1) x (N + 1) identity matrix and f; is the column vector with (N + 1) zeros.
ups is computed by formula

upr = (Apr + Bar + Coranr) " (I00 — CoarBar).

Second, applying appropriate approximation formulas for derivatives in the nonlocal BVP (10), we
get the second order of ADS in ¢ and x
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_ k k k ko, k
U"rezfv’icl ' + q2(vn+1_vn71) + QS(vn+1_2vn+vn71)
T 2h h?2
k k k_ .k k
4790 (”n+2_3”n+1+3”n—”n—1) Tq (”n+2_4”ﬁ+1+6”ﬁ—4”2—1+”§—2)
2 13 + T

2 h
= 0F + p(zn) — r. (3+2sinwy,) (P($n+12)—2p(wn)+p(wn—1))
_z . cos@n)(Pni)=p@En-1)) 4 7p(Tn
2 h 2

k=1,...N,n=2,...,M -2,

—3v§+4vf—z}§ =0, —3U§/l+4v§4_1 —UJIT/I_Q =0,

1005 — 150F + 605 — vk =0,

100k, — 150k, + 60k, o — vk =0 k=0,...,N, n=0,..., M,

Lol =, 00— (1 —p)l, — poltt =4p(z,), n=0,...,M

for the approximate solution of the nonlocal BVP (10).

)

Later, we calculate p(x,) by using (12), where {ufi} is solution of the difference problem

uk—Uﬁ_l + QQ(u’fLH_“fol) + Q3(uﬁ+1_2u5+u ) 4T ‘IO( n+2—2uﬁ+1+2uﬁ71—u’;,2)
2 R 2 2h3
q —duk +6uy —duk 4w
+Z 1("“ ”“h = ”2)_9kk_1, ,N,n:2,...,M—2,
k

1OU’X4—15uM 1+6uM2 wk, =0, k=0,...,N,
| u) — (1= p)ul, — pultt = (2,), n=0,..., M,

which is the second order of ADS for nonlocal BVP (11).
For computational reasons it is convenient to rewrite the system (15) in the following matrix form

Aptny2 + Brupi1 +_>Cnun + Dpup—1 + Epup—o = Ie_n>a n=2,...,M-2,
—3ug+4u; —us =0, —3upy +4upy—1—upy—o= 0, (16)

10ug — 15u; + 6ug — ug = 6>, 10ups — 15ups—1 + 6ups—o —upr—3 = 6>,

where 6,, is column vector, A, By, Cy, Dy, E,, I are (N +1) x (N + 1) square matrices, R is N x N
identity matrix,

0O ... 0 0 0 ... 0 0
A : B 0
n — enR 9 n — ynR I
- 0 - - 0 -
[0 0 0 ] [0 0 0 ]
D / E 0
"z R ’ " | w,R : ’
L 0 - . O -
(1 0 0 - —(1—-p) p 0 0 0]
rn d 0 - 0 0 0 0 0 40
0O r, d - 0 0 0 0 O "
Cn: . 5 en: ;
0N
0O 0 O 0 0 rnm d 0 n
L0 0 0 0 0 0 rn d|
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en= T8+ 20y, =2 4 Lo — T 29
m=1+14+T —Fq +JE,

== g+ s+ g8 - G

Wy = -7+ 5k, n=2,...,M -2

We search solution of linear system equation (16) in the next form

Up = Qpp1Unt1 + Bpp1Unt2 + Yny1, n=M —2,...,0,

upy = Dyt (31 — 2anr—2) V-1 — 37m—2)

upi—1 = Dy} [(41 = ang—2) yni—1 — Ym—2]
Dy = (Byr—2 +5I) — (4 — apr—2) apr—1,

where N
do=m =T, =4 b= 41, a1 =81, gy =21
i 8
YmM-2=7M-3= 0, ap—2 =4I, by =-3I, apy-3 =3I, fu-3=—
and

F, = (Cn + Dpop—1+ Epfp—2 + EnaanOanl) yn=2,...,M—4.
Qp = _Fn_l (Bn + Dnﬁn—l + Enan—ZBn—l) 5 /Bn = _Fn_lAna

Yn = _Fn_l (I(-Pn - Dn'Ynfl - Enanf2'7n71 - En’yan) s
Q11 = —3By—2 —8Cy—2 — 8Dy 2ap—3 — 3Dy 2803

—8En—2an—gan—3 — 3Ey 20— 4By—3 — 8EN 280 -4,

Qi2 = An—2 +4Bpy—2 +9Cn—2 +9Dp—s0nr—3 + 4D p—20—3
+IE N —sapni—gap—3 +4E N oan—aBr—3 + IENM 280 -4,

Q21 = Ap—1 —3Cy—1 —8Dpr—1 — Ep—1(8anr—3 + 36n-3),
Q22 = By—1 +4Cn—1 +9Dpyr—1 + Epr—1(9anr—3 + 46n—3),
Gr=1Ippm—2— Dy oym—3— Env—2anm—avym—3 — Env—ovm—3,

Go=1Top—1— Epv—17v0m-3,
upr = (Q11 — Q12Q55 Q21) " (G1 — Q12Q5 Go),

up—1 = Qg (G — Qaruns).

3
51,

Numerical illustration is carried out by using MATLAB program. Solutions of DSs are computed
for different values of (N, M). ’Uﬁ and qu correspond to the corresponding numerical values of v(t, x)
and u(t,x) at (t,z) = (tg,x,) and p, represents the numerical value of p(x) at point x = x,,. The

errors are computed by

1
2

M 2
|o(tr, zpn) — vF| h> ,

1

E’U]\A/[[ = mMaxp<kg<N <

=

1

MT i

n=1

EUAN4 = maXOSkSN < !u(tk, l‘n) — u2|2 h) y

Ve N\
Eru = (. Ioen) = ml*h)

Tables 1 and 2 illustrate the errors between the exact and approximate solutions of DSs for various
N and M, respectively. It can be seen from output results that the second order of ADS is more
accurate than the first order of ADS. The error analysis shown in Tables 1 and 2 indicate that both

DSs have correct convergence rates.
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Table 1

Mesh grid absolute value of difference between exact solution and solution of first order of ADS

N=M 20 40 80 160

Ev}; | 0.034277 | 0.016674 | 0.008483 | 0.004278
Epy | 0.086716 | 0.043925 | 0.022123 | 0.011104
Evh; | 0.152320 | 0.075113 | 0.037321 | 0.018601

Table 2

Mesh grid absolute value of difference between exact solution and solution of second order of ADS

N=M 20 40 80 160

Ev} | 0.020123 | 0.004141 | 0.000920 | 0.000217
Epum 0.08946 | 0.024373 | 0.006796 | 0.001926
Ev}; | 0.089678 | 0.018803 | 0.004188 | 0.000969

Conclusion

In this work, SIP for a multi-dimensional parabolic partial differential equation with multi-point

nonlocal boundary condition was studied. Stability estimates for solution of inverse problem were
obtained. Well-posedness of three SIPs for the reverse parabolic partial differential equations was
established.
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