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Solution of nonlocal boundary value problems for the heat equation
with discontinuous coefficients, in the case of two discontinuity points
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In this paper, the solution of the initial-boundary value problem for the heat equation with a discontinuous
coefficient under periodic or antiperiodic boundary conditions in the case of two discontinuity points is
substantiated using the method of separation of variables. Using the replacement, the problem under
consideration is reduced to a self-adjoint problem. By means of the Fourier method, this problem is reduced
to the corresponding spectral problem. Then, the eigenvalues and eigenfunctions of this self-adjoint spectral
problem are found. In conclusion, the main theorem on the existence and uniqueness of the classical solution
to the problem under consideration is proved. The peculiarity of the problem under consideration is the
non-local boundary conditions and the presence of two discontinuity points, which have not been considered
before. The authors were able to find eigenvalues explicitly and construct eigenfunctions. This technique
is also applicable in the case of more than two discontinuity points. The solution obtained in explicit form
can be further used for numerical calculations.
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Introduction.
Problem statement and research metods

We consider an initial boundary value problem for the heat equation with a discontinuity constant
coefficient
2
Ouj _ 12 07y (1)
ot 7 Ox?
in the domain Q = UQ;, Q; = {(z,t) : {1 <2z <l;, 0 <t <T} (j =1,2,3), with the initial condition

U(J?, 0) = (P(x)v lO <x< l37 (2)
boundary conditions of the form

(5% (lo, t) + emeu;z,(lg, t) = 0,

, 0<t<LT 3
k‘l 8U1(l0,t) + 6”9]{33 8u3(l3,t) _ 0’ ( )
ox ox
and with conjugation conditions
uj(lj—O,t) ZUj+1(lj+O,t), 0<t<T, j=1,2, (4)
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'8U1(lj — 0, t)

Oujy1(l; +0,t)
k; —_——

Ox = hje1 Ox ’
where lp < l1 <l <3, the coefficients k; > 0, 0 =1, 2.

Parabolic equations with discontinuous coefficients have been studied quite well [1-3]. In these
works, the correctness of various initial-boundary value problems for a parabolic equation with discon-
tinuous coefficients was proved using the Green function method and method of thermal potentials.
In the absence of a discontinuity, the spectral theory of these problems has been constructed almost
completely [4-6]. In [7], some properties of the eigenfunctions of the Sturm-Liouville operator with
discontinuous coefficients were studied. In the case of a discontinuous coefficient, the spectral theory
of such problems is considered in [8-12].

Works devoted to solving problems of multilayer diffusion should be especially noted. Mathemat-
ical models of diffusion in layered materials arise in many industrial, ecological, biological, medical
applications and the theory of thermal conductivity of composite materials. Diffusion in several layers
is used in a wide range of heat and mass transfer areas [13-21].

Let W be the linear variety of functions from the class u(x,t) € C(Q)NC%1(Q1)NC*L(Q2)NC*1(Q3)
which satisfy all conditions (2)—(4). A function u(z,t) from the class u(z,t) € W will be called a
classical solution to problem (1)—(5) if: 1) it is continuous in the domain €; 2) it has continuous
first-order derivatives with respect to ¢ and continuous second-order derivatives with respect to x in
the domain; 3) it satisfies equation (1) and all conditions (2)-(5) in the usual, continuous sense.

First let’s consider the case § = 1. After the next replacement u;(z,t) = v;(y,t), where

0<t<T, j=1,2, (5)

l l
kll ) 0 <x<ly,
Yy = xl; 17 l1<x<121 (6)
2
T — g
l l
kS ) 2 <z < I3,
problem (1)—(5) take the following form:
oo _ 9y @
ot Oy?

in the domain D; = {(y,£) : 0 <y < h;,0 < ¢ < T} (j = 1,2,3),

vj(y,0) =¢;(y), 0=<y<h;, (8)
(%] (07 t) — Ug(hg, t) = O,
8’1)1(0,t) 8?}3(h3,t) 0<t< T, (9)
— =0,

oy Ay

’Ul(hl,t) ZUQ(O,t), ’Ug(hg,t) ng(o,t), OStST, (10)
avl(hl, t) 8@2(0, t) 8’02(]12, t) 81)3 (0, t)
= = <t<T 11
where
lj— 1l .
J

To solve problem (7)-(11), we apply the Fourier method: v;(y,t) = Y;(y) - T'(t) # 0.
Substituting v;(y,t) = Y;(y) - T'(t) into equation (7) and conditions (8)—(11), and separating the
variables, we obtain the following spectral problem
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-Y"(z), 0<y<m
LY (y) =< -Y"(x), 0<y<hyp=AY(y), (13)
-Y"(x), 0<y<hg

{Yl(o) - Y:‘%(h?)) =0, (14)
Yi(h) =Y2(0), Ya(he) =Y3(0), Y{(h1)=Y3(0), Y5(he)=Y3(0). (15)

The function T'(t) is a solution to the equation
T'(t)+ AT'(t) = 0.

The following holds:

Lemma 1. Spectral problem (13)—(15) is self-adjoint.

The proof is carried out by direct calculation.

Now we will find the eigenvalues and construct the eigenfunctions of spectral problem (13)—(15).
The general solution to equation (13) has the form:

Yi(y) = cicosvV/ Ay + casinV/ Ay, 0 <y < hy,
Ya(y) = czcosvV/ Ay + casinyv/ Ay, 0 <y < ho, (16)
Y3(y) = cscosvV/A(hs — y) + cgsinv/A(hz —y), 0 <y < hs,

where ¢; are arbitrary constants (j =1,2,3,4,5,6).

Substituting general solution (16) into boundary conditions (14) and conjugation conditions (15)
we obtain the following system

r
C1 = Cs,

C2 = —Cg,

¢1 cos VA1 + co sin Vb = c3,

—cq sin VA + ¢ cos \Ahl = c4,

308 VA + ¢4 sin VAhy = ¢ cos vV Ahs + cg sin \/th,
—c3sin ﬁhg + ¢4 cOs \Ahg = ¢5 sin \ﬂhg — Cg COS \ahg.

The characteristic determinant of the system has the form:

A(N) =2 —2cos(s3V\) =0,

3 31— 1.
where s3 = > hj = > ]le From the last equation we find the eigenvalues of problem (13)—(15):
=1 =1k
2mn\ 2
An:<>, n=01,2,.. (17)
53
Since these eigenvalues are twofold, the following eigenfunctions correspond to them:
( 2
cos my), 0<y<hy,
53
2mn
Val) = Ceos (ot ha =) 0<y <t (18)
3
2
cos 7Tn(fL3,—y)>7 0<y<hsa,
\ 53
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2
sin my), 0<y<h,
~ 2
Yo(y) = C{ sin 7:1 (y — h2 — hs)) 0<y<hy, (19)
2
5in< :n(hgf )) 0 <z < hs.

Lemma 2. The system of eigenfunctions (18)-(19) forms an orthonormal basis.

The proof follows from the general theory of self-adjoint problems. From the normalization condi-

2
tion it is not difficult to find C = / —.

53
From Lemma 2 it follows that the solution to problem (7)—(11) can be written in the following

form:
o0

wmwzzan@+@£w»em,
where . 5 5
Pn = /wl d77+/¢ (m)Yn(n )dn+0/¢3(n)Yn(v7)dn, (20)
Bn = /11/)1( d77+/¢2 dn+7¢ (Yo (n)dn. (21)
0 0

Let us transform formula (20). In each 1ntegral we make the following replacements, respectively:

-1 d
n= £ kj 1, dn = k—é, (j = 1,2,3). Taking into account formula (12), we obtain
j J
. €1 7 €1 7 €1
— o [erov 0 o [aovat e L [a@n e @
kl kl /{2 k2 k’3 k3
lo A la
Similarly, transforming formula (21), we have
p €1 7 €1 7 €1
~ S &—lo > &—h > &— 1
o L L S RO A G e RO  AC s V)
k‘l k‘l k‘g /‘JQ kS kS
lo ll 12
If we move to the initial variable using formula (6), then formulas (18)—(19) take the form:
z—ly 2mn (@ — 1o I l
. Yn( kll ), l() <x < ll, 5 Cos 283 l kl )l7 l o <x < 1,
xr —l1 ™™ 2~ 32
Yn = - Yn ) ) = - ) l l )
(y) 5 ( k2l ), h<z<l . cos 5 " + " >> 1<z <l
. 9 ln —
Yn(TQ), lo <z <ls, cos [ 22 (2 x)) , lo <z <lg,
\ 3 s3 ks
v (r—lo 's'n 2mn [z =l lh<z<l
in [ 222
Yn( kll ), l() <l’<ll, 53 kll l7 l 0 1,
~ 2 )~ -1 2 . 2mn (x — o 2 — I3
Y, =1/ — n , s = Al ) ! l2,
(y) 53 Y, ( kzl ) h<x<ls 53 sin 53 s + ks )) 1<z <l
~ x— 2 _
\Yn( s 2), Iy <x<ls, sin SL: xk313>> , Iy <x<ls.
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We redesignate the last formulas as follows: Yy, (y) = X,,(z), Y (y) = Xp(z). Then

2 -1
cos [ 71 xk 0>)7 lo < x<ly,
53 1
2 2mn lz—.’E lg—lz
X’n = — ; l l7
(z) . cos 5 " + i >> 1<z <l
2mn (I3 —
cos | — , lo < x<ls,
\ 53 ks
2 —1
sin SL” a:k 0)), lo <x<ly,
3 1
~ 2 . 2mn [ x — oy Iy — I3
Xn - - ) l la
() 5 sin 5 " + i >) 1<z <ly
C(2mn [z -3 >
sin | — , lo < x <ls.
S3 k3

Since the system of eigenfunctions {Y,(y), Yy (y)} forms a basis, the functions {X, (z), X, (z)} also
form a basis. Formulas (22)-(23) have the form:

lo I3

- / o1 (6) X (€)dE + - / 2(6) X (€)dE + ,33 / 3(6) Xn(€)de, (24)
A l2
] lo 1 I3
L / o1 (6) Xn(€)de + - / o2l Fn O + 1~ / (€)X (€) . (25)

ll l2

Now let’s prove the main theorem.

Theorem. Let ¢(x) be a continuously differentiable function satisfying the conditions ¢ (ly) = ¢(l3),
k1’ (lo) = ks@'(I3), (1 — 0) = o(l; +0), ki (l; = 0) = kj1¢' ([ +0) (7 =1,2).

Then the function

oo
u(z,t) = Z (goan(x) + anXn(:v)> e Mt (26)
n=0
where the coefficients are determined by formulas (24)-(25), is the only classical solution of (1)—(5).
Proof. First we prove the existence of solution (26). Since {Xn(.%),)?n(l‘)} the eigenfunctions
and A, eigenvalues of problem (13)-(15), then it is easy to verify that the function u(z,?) determined
by formula (26) satisfies the equation, initial condition, boundary conditions and pairing conditions of
problem (1)—(5). Series (26) is the sum of functions

wn(,) = (nXn(@) + EnXn(2)) e (27)
[e.9] oo
. . ) ouy,
Let us show that when ¢ > ¢ > 0 (¢ is any positive number) the series Zun(a?,t), e

(9
{|<,0n| |@n|} < Ms. Then from equality (27) and from the following equalities

tn converges uniformly.  Obviously, |p| < M; then from formula (27) it follows that

Oun
ot

> ~\ _ Pu, A = ~\ _
= (*)‘an(x)‘Pn - )‘an(x)‘Pn) € Ant’ o2 = %2 <*Xn($)‘10n - Xn(x)SDn) € )\nt»
J
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we get
Ouy,
ot

0%u,,
0z2

Jun (2, 1)] < Mze <, {

} < M4)\n€_>\n6a

where constants Mz, My positive and does not depend on n. Taking into account formula (17), we

have

~ 5 > | 52 (27rn

Un Un 2, \s ) ©
{Z un(xat)v W’Z ) }S MnZe 3
n=1 n=1 n=1 n=1
<2ﬂn)2
0 —— | e
where constant M > 0, and does not depend on n. Since the series Z Mn2e 53 an absolutely
=1
£ O | =] 0w
. . . s . n n

convergent series, hence, according to Weierstrass’s test, the series {7;) up(z,t)|, > o ,7;) 92 }

ou(z,t) 0*u(x,t)
oot 7 9x2

Now we need to prove that series (26) converges uniformly everywhere in 2. Note that the n-term
of the series (26) is dominated by the sum |¢,| + |@,|. Integrating by parts the integral in formula
(24), we obtain

C nl s o Ciss o
|80n’ < 153 . m (;Dn| S 153 . |an‘7 Cl = maX(\/H; \/E? \/%)7

- 27 n’ o

converge uniformly for ¢ > ¢ and are continuous for ¢ > ¢ the functions u(z,t),

I3
where «;, = T J ¢ (©)Xn(E)dE, an = f '( €)d¢ are Fourier coefficients of functions ¢'(x)

1
on a segment [ly, l3]. Taking into account the inequality ab < §(a2 + b%), we have
C1133 2 ~9 2
= o <%+“n+n2 |

oo
D (an+an) <2117
n=0

|on] + @n

Using the Bessel inequality

00 2 0o

and the well-known equality Z % = %, we get Z (len] + |on]) < C.
Thus, the majorizing series is absolutely convergent, this means series (26) converges uniformly in

Q and defines a continuous function u(x,t) in Q . Thus, we proved the existence of a solution. Now

let’s prove uniqueness. Let’s assume there are two solutions v(z,t), v(x,t). Then for the function

v(x,t) = v(z,t) — v(x,t), we have the following problem C:

Qf::kZQig
ot 7 9x2’
v(z,0) =0, ly<ax<ls,
v(lo,t) —v(l3,t) =0,

0<t<T,
k_la’u(lo,t) _kSGU(Zg,t) _ 07 =0t =
ox Ox
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81}([]' -0, t) 8’0([]' + 0, t) J=12
kji——F—— =kjp—F5——,
oz oz
The solution to this problem C can be represented in the form of an expansion in terms of the basis
{Xn(x), Xn(2)} and it has the form:

{v(lj —0,t) = v(l; +0,1),

v, t) = Y (An(t) Xn(2) + An(t) Xn(2)). (28)
n=0

The coefficients Ay (t) and A, (t) are determined by the formulas

l1 l2 l3

Anlt) = / o€ DX (E + 4 / o€ DX (E + 5 / o(6,6) X (€)dE, (20)
lo 151 lo
L L7 L7
A= / oEDTAENE + / e HTnENE + / o(E,1) Xn(€)de. (30)
lo 151 lo

First, we transform formula (29). Differentiating with respect to the variable ¢, we obtain

A l2 l3

g = | 01 . (e)ae + =/ Q&) . (e)de + =/ 0u&,Y) . (e)ae —

ky ot ot ot
I I I
T o%u(e.) 9 (€ —1 7 o2(e) 9 (lo—& lz—1
B v(€,t ™ -l v(§,t ™ [l — 3 — l2
=k o6 cos(s3 < " >>d§+k:2 o€2 COS<53 ( " + " )>£+
lo 1
i (e, ¢
v(&,t 2mn (I3 —
+k3 ae? cos( 5 < " ))d{.

l2

Integrating by parts twice and using the boundary conditions and conjugation conditions, we have

I
2rn\? 1 2mn (x —
A= — [ =) = -/ _
n(t) ( 5 ) o /v(m,t) cos( . ( i )) dx

0

lo
2\ 2 1 2mn (o —x I3 — 1y
_ () = ¢ do—
( 5 ) T /v(x, )cos( 5 ( " + " T

l1

l3
2mn\2 1 2mn (I3 —x
— <33> kg/v(:c,t) cos <53 < s )) dr =
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Therefore A, (t) = cpe . Transforming in a similar way, we obtain for the coefficient A, (¢).

AL (1) = =MAn(t) = A,(t) = e M
Substituting the found A, () and A, (t) into formula (29)-(30), we obtain

I la l3

1 1 1 L
o [ o nx.©de+ / oEDXaE)d + / 06,8 Xn(€)dE = cpe ", (31)
lo I Iy
l1 lo I3
,jl o6, Xn(€)dE + ,32 / o6, Xon(€)dE + ,33 / o(6, ) Xn(€)dE = Toe . (32)
lo 1 Iy

Passing to the limit ¢ — 0 in equality (31)-(32) what is possible due to continuity v(z,t) in Q , we
have
0=A,(0)=cn, 0=A,0)=2,
therefore ¢, =0, ¢, = 0.
Then from formula (28), we obtain v(x,t) = 0, it follows from this that v(x,t) = v(x,t). The
theorem is proved.
Now consider the case 6 = 2.

Then, after applying the method of separation of variables, we obtain the following spectral problem

A
X]”(I') + ﬁX]({L') =0, lj_l <xr< lj, 7 =123, (33)
j
X1(lo) + X3(l3) = 0, (34)
k‘lX{(lo) + k‘gXé(lg) =0,
Xi(l; = 0) = Xl +0), kX5l —0) = k1 Xj, (4 +0), j=1,2. (35)

2 + 1)) 2
The eigenvalues of problem (33)—(35) have the form: A, = <(n—|—)7r> ,m=0,1,2,...
53
The following eigenfunctions correspond to these eigenvalues.

( 2 1 —1
cos<( n::—)) ) HTklo ), lp < x<ly,
2 2 1 Iy — I3 —1
Xn(z) =4/ — < —cos (2n+ Dm (o $+ 3 2 , h<z<ly,
S3 S3 kg ]Cg
2n+1)r (I3 —=x

— COs >>, lr <z <l3,
53 ks

( J—
sin @n+ Dr (z=ly , lop <x<ly,
S3 kl
~ 2 2 1 lo — I3 —1
Rn(e) = o 2 dsin (Bnd U (hoz =LY
S3 S3 k:g kig
sin @2+ Dm (ls — x> , o <x <ls.
S3 ks

All other calculations, including the proof of the theorem, are carried out in a similar way.
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Conclusion

The method proposed in this article can be used in the case of n break points, where n > 3, and
for the more general case of the conjugation condition (in this work, the ideal contact condition is
considered). The solution to the problem is found in explicit form, which allows it to be used for
numerical solution.
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