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It is known that V.A. Ilyin and E.I. Moiseev studied generalized nonlocal boundary value problems for
the Sturm-Liouville equation, the nonlocal boundary conditions specified at the interior points of the
interval under consideration. For such problems, uniqueness and existence theorems for a solution to
the problem were proven. There are many difficulties in studying these generalized nonlocal boundary
value problems for partial differential equations, especially in obtaining a priori estimates. Therefore, it
is necessary to use new methods for solving generalized nonlocal problems (forward problems). As we
know, it is not difficult to establish a connection between forward and inverse problems. Therefore, when
solving generalized nonlocal boundary value problems for partial differential equations, reducing them to
multipoint inverse problems is necessary. The first results in the direction belong to S.Z. Dzhamalov. In
his works, he proposed and investigated multipoint inverse problems for some equations of mathematical
physics. In this article, the authors studied the correctness of one linear two-point inverse problem for the
multidimensional heat conduction equation. Using the methods of a priori estimates, Galerkin’s method, a
sequence of approximations and contracting mappings, the unique solvability of the generalized solution of
the linear two-point inverse problem for the multidimensional heat equation was proved.

Keywords: multidimensional heat conduction equation, linear two-point inverse problem, unique solvability
of a generalized solution, methods of a priori estimates, Galerkin’s method, sequences of approximations
and contracting mappings.
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Introduction

Due to the significant increase in the capabilities of computer technology over the past decades,
complex mathematical models that take into account a more significant number of physical factors are
beginning to be used in applied mathematics. In [1-4|, mathematical models that arise in the study
of several applied problems and lead to the consideration of nonlocal boundary value problems were
first proposed. As is known, it is not difficult to establish a connection between nonlocal boundary
value problems and multipoint inverse problems [3—6]. In this regard, it should be especially noted that
heat propagation processes are closely related precisely to multipoint inverse problems for parabolic
equations [4]. For parabolic equations, particularly heat equations, the difference between inverse
problems was studied in [7-19].

To this end, in this work, using the results of [5, 6], we study the unique solvability of a particular
linear two-point inverse problem (LTIP) for a multidimensional heat equation.
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Let © be a simply connected domain in space R™ with sufficiently smooth boundary 9€). Consider
the multidimensional heat conduction equation in domain G = Q x (0,T) x (0,1) = Q x (0,1) C R"*2:

2

Lu = Ut — Amu — Uyy + c(:n,t)u = g($7t7y) + Zhi($7t)fi(x,t,y), (1)
=1

n
where Ayu = > wuy, ., is the Laplace operator with regard to variables z, here ¢(x,t), g(z,t,y) and
m=1
fi(x,t,y) i = 1,2 are given functions, and hy(x,t), he(x,t) are the unknown functions.

1 Linear two-point inverse problem

It is required to find functions {u(x,t,y), hi(x,t), ho(z,t)}, that satisfy equation (1) in domain G,
such that function u(zx,t,y) satisfies the following semi-nonlocal boundary conditions:

YU |¢=0 = U |=T, (2)
ulon =0, (3)
Uly=0 = uly=1 =0, (4)

where v is some constant nonzero number, the value of which will be specified below.
In addition, the solution to problem (1)—(4) satisfies the following auxiliary conditions:

u($7t7€j) = ¥j (x7t)> (5)

where £; € (0,£), j = 1,2 are such that 0 < ¢; < fp < ¢ < 400, and functions u(z,t,y) and
hi(z,t), i = 1,2 belong to the following class:

U = {(uhiy i =1,2); uw € WG, D, g, ) € La(G), hi € W@}
here W22 (@) is the Sobolev space with norm

2
[[ul w2l = / (u2, + uy + uly, ) dadtdy + / (u2 + uf + ul, + u®)dadtdy.
G G

Let us introduce the following notation.
Let gj(x,t) = g(z,t,¢;5),fi(x,t) = fi(z,t,4;), Vi,j =1,2.

2 2 2 2
§2 = max{||full}, , > 1f12ll; o - 211l o, 2201 ) 3
Then we define a square matrix of the second order by F = {fij}zzjzh ie, F = (;11 ‘}021>, and we
’ 12 Jo2
denote its determinant by H = detF = fufa .
Ji2 fa2

Definition 1. Function u(x,t,y) € U that satisfies equation (1) almost everywhere in domain G
with conditions (2)—(5), is called a generalized solution to problem (1)—(5).

Let all the coefficients of equation (1) be sufficiently smooth functions in domain @ and let the
following conditions be satisfied regarding the coefficients on the right-hand sides of equation (1) and
the given function ¢;(z,t), j =1,2.

Condition 1:

Periodicity: ¢(z,0) = c(x,T), for all x € Q.
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Nonlocal conditions: vg(z,0,vy) = g(x,T,y), vfj(z,0,y) = fi(z,T,y), j =1,2.
Smoothness: g;(z,t) = g(z,t,{;) € Cg:g(@), fij(x,t) = fi(z,t,4;) € Cg:g(@), 1,j =1,2;
= [detF| > n >0, (14 Di)g € WJ(G), (1+ D) fi € W3(G), i =1,2.
Condition 2:
0i(z,t) € W3 (Q): v05lig = Pili_ri @ilog =0, 4 =12
here W;’I(Q) is the Sobolev space with norm ||u||2W2 Loy = J (W2, +u +uf +u?)dadt.
Q

2 Unique solvability to problem (1)-(5)

Theorem 1. Let the above conditions 1 and 2 be satisfied for the coefficients of equation (1), in
addition, let Ac(z,t) — ¢i(x,t) > 61 > 0 for all (z,t) € Q, where A = ZIn|y| > 0, |y| > 1 and let
there exist a small positive number ¢ such that the following estimates hold: §g — 100~ > § > 0,

qg= M- Z H 1+D3 fZHW2 o < 1, (where 09 = min{2,)\,51 + (%)2}, M = 40172F?% cico; where

0 4
=5 T f ik e = E , C2 18 a constant number determined from the Sobolev embedding theorem).
k=

Then, there is a unique solution to problem (1)—(5) from the specified class U.

We first use the Fourier method to prove the solvability of problem (1)-(5). Namely, the solution
to problem (1)—(5) is sought in the following form:

u(z, t,y) = ZukxtYk

where functions Yy (y) = {\/%Sin ,uky}, Wi = ”Tf“, k =1,2,3,... are solutions of the Sturm- Liouville

spectral problem with Dirichlet conditions. It is known that the system of eigenfunctions {Yy(y)} is
complete in space Lo(0, /) and forms an orthonormal basis in it [7-10].

In order to determine unknown functions, some construction formalities must be performed.

Let us consider the traces of equation (1) for y =/¢;, j =1,2.

Lu(x,t,05) = u(x,t,45) — Agu(x,t,4;) — uyy(x,t, )+ (6)
+c(x, tyu(z, t, 4;) = g(x,t,4;) + hi(z, t)flj (ac t) + hao(z,t) fi(x, t).

Now, considering condition (5), H = |detF| > n > 0, and the corresponding notation, we define the
formally unknown functions h;(x,t), j = 1,2 from the equation (6) in the following form:

b (2, ) = %[¢l(x,t)f22(x,t) — Byl t) for (2, )],

L@, 1) fra (2, 1) — 1 (2, 1) faale )],

here

Qi(z,t) = pje(z,t) — Agpj(z,t) + c(z, t)pj(x, t) — gj(z,t) + kz ,u%uk(x,t) sin pupl; =
—1

00
= Logj(x,t) — gj(x,t) + Y piug(e,t) sin el
k=1
LOSOJ' = (Pjt(x>t) - Ax@j(xvt) + C(x?t)@j(xvt% J=12
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where functions ug(z,t) are defined in domain @ = 2 x (0,7") as a solution to the following infinite
system of loaded heat equations [3], [11]:

Luy, = ugy — Agug + (c(z,t) + i )u, = g+
o

oo
i FnLopr — g1+ X pnunsinpnty) = fa(Logz = g2+ 3 piumsinm@l+ o)
m=1 m=1
oo o0
L[ f11(Lows — go+ 32 p2umsin pumlz) — fro(Lowr — g1+ 3 112, Sin 1)

m=1 m=1

with semi-nonlocal boundary conditions

YUk lt=0 = U |¢=T, (8)
ug |oo = 0, (9)
where fl(x7t7 y) = Z flk(xvt) Sin,ukya fl(x7t7€1) = fll(xut) = Z flk(wvt) Sinuk£17
k=1 k=1
f2($7t,y) - Z fgk(.’L',t) Sin,ukya f2($7t7£1> = f21($7t) = E f?k(I'?t) Sin:u/kglv
k=1 k=1

V4 V4
fir = \/%ffi sin ppydy, for any i = 1,2; g, = \/%fgsinukydy, k=1,2,3,...
0 0

Proof. Let us prove the theorem 1 step by step. First, we show that function wu(z,t,y) for any
j = 1,2 satisfies condition (5) i.e. u]y:ej =u(z,t,0;) = pj(z,t).

Let us prove the fulfilment of these conditions using inverse assumptions. Let there be function
¥(x,t) satisfying condition (5): ¥(x,t), such that U‘y:ej =vj(x,t) # @j(x,t), ie.,

o0

uly=g; = D up(z,t)sinpuply = 9;(x,t) # i, t).

Then for functions z;(z,t) = v¥;(x,t) — ¢;(x,t) in domain @, considering conditions (8)-(9),
multiplying equation (7) by sin y;¢; and summing over k from 1 to oo, we obtain the following loaded
equations:

o0 o0 o0 o0
> ugesinpuply — Y Agugsin puply + Y7 (¢ + pp)up sin uply = Y g sin ppli+
k=1 k=1 k=1 k=1

§ f1k sin pugl; § fok sin ppl; oo
+E g [®1fo2 — Pafon] + g [P2f11 — P1f12] = kZ Gk sin g+
-1
§ Jik sin pgl; 00 00
+5 g ——[fa2(Low1 — g1 + X pumsin pimbr) — far(Lowz — g2 + 35 pimtm Sin i la )]+
- m=1 m=1 (10)
> fok sin gl 00 00
+ =t [fu1(Low2 — 92 + Zl [12 U SI0 i la) — f12(Log1r — g1 + 21 [42, Uy SIN i 1)) =
m= m=

y m . m .
=g;+ %[fm(Losm — g1+ Y p2um sin i ly) — for(Lows — g2 + > w2, um Sin pmfa)]+
m=1 m=1

3 m . m .
+%][f11(L()902 — g2+ > pEumsinpmls) — fia(Lopr — g1+ > 2 Um Sin pm 1))
m=1 m=1

We consider each case separately to make it easier to understand the formula (10). First, we consider
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the case for j = 1. Then, from formula (10), we obtain:

o
V1t — Ag01 + c(z, )01 + Y pRugsinuly = g1+
=1

o0 o0
+ 1 foa(Lowr — g1 + 3 pdugsin pgly) — for (Lops — g2 + > pdug sin puglo)|+
k_l k=1
oo
+L2Lf11(Lowa — g2 + Z pug sin pugla) — fra(Lopr — g1+ Y. piugsin pgl)] =
=1 m=1

Z pZug sin pgly

=01+ LWl = [f11f22—f12f21} P [fi1fo2 — fiafar] +

Z pEuk sin plo

PO [ for fio — f21f11] ey fafu - fafu] =

oo
=g1+ Lopr — g1 + Z piug sin by = Lo + Y piug sin gty .
h=1 =1

Then from formulas (7)—(11) for function z;(x,t) = ¥1(z,t) — ¢1(x,t) = 91 = 21 + ¢1 in domain Q,
we obtain the following identity

00 00
L()(Z1 + (p1) + Z uzuk sin pupfly = Lopy + Z uiuk sin ugfy.
k=1 k=1

Hence, we obtain the following problem:

Loz = 214 — Z1ga + ¢(x,t)21 = 0, (12)
721‘,5:0 = Zl‘t:T, (13)
21 lag = 0. (14)

Now we will prove the uniqueness of the solution to problem (12)—(14) using the method of energy
integrals [3], [4], [8]. To do this, consider identity 2(Loz1,e *z21;) = 0 and, integrating identity (12) by
parts, considering conditions of Theorem 1 and boundary conditions (13), (14) for |y| > 1, we obtain
the inequality sz|]W21(Q) < 0, which implies that z;(z,t) = 0.

So, problem (12)—(14) has a unique solution, i.e. ¥1(x,t) = @1(x,t). From this, we obtain that
problem (1)—(4) satisfies condition (5) for j = 1, i.e. u(x,t,41) = @i(z,t). u(z,t,l2) = pa(x,t) is
proved similarly for j = 2.

Now we will prove the solvability of problem (7)—(9) using the methods of a priori estimates,
Galerkin’s, and successive approximations [3], [8], namely, in domain @), we consider a family of infinite
loaded heat conduction equations:

Lug) = u(l) A u,(g) + (c(x,t) + ,uz)ug) = gx+

L “Lfa(Logr — g1 + Z pE D sin pn 1) — for(Loga — g2 + Y pguls V sin pun b))+ (15)

m=1 m=1

f2k [fll(LOQD2 —g2+ Z /,Lm £7ll 1) sin ,umﬁz) f12(LO(’01 —g1+ Z M?%’Lugrll_l)um sin ,Umﬁl)] — F(U](Cl_l))

m=1 m=1

with semi-nonlocal boundary conditions

"}’ug) |t:0 = ulgl) |t:T7 (16)
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ul oo =0, (17)

where | € N U {0}, N is the set of natural numbers. In the future, to prove the unique solvability of
problem (15)—(17), we need the following notation and lemmas.
Let us define the space of vector functions

Wp,q(Q) = {ﬁk“gk € ngt(@)a k; € Na b, q= Oa 152}
with norm

2 o
\/;; 14 p7) HﬁkHWWt(Q) (18)

where W37 (Q) may be one of the following Sobolev spaces

W2, (Q) = W32(Q) = WE(Q); Waa ,(Q) = W3 (Q); Wy (Q) = W3 (Q); War ,(Q) = WS = La(Q).

The norm in space W 1(Q) is defined as follows

2
(Ik)3q =

&

00
2

Z 1+:uk: HﬁkHW;al(Q)a

k=1

and the norm in space Wy o(Q) is defined as follows

2 & 3
<19k>?),0 - \/;Z (1+ M%) Hﬁk”%Q(Q)
k=1

It is obvious that the space W) ,(Q) with a certain norm (18) is a Banach space [3], [8]. From the
definition of spaces W), 4(Q) it follows that W 2(Q) C Wa1(Q) C Wi 1(Q) C Wy o(Q).

Now let us denote the class of vector functions {Ux(z,t)}7°, such that {J(z, )}, € Wa1(Q),
satisfying the corresponding conditions (16), (17) by W(Q).

Definition 2. The solution to problem (15)-(17) is called vector function {¥y(z,t)}32, € W(Q)
that satisfies equation (15) almost everywhere in domain Q).

Lemma 1. Let all the conditions of the theorem be satisfied. Then, to solve problem (15)—(17), the
following estimates are valid:

2 - -
I) <u,(€l)>1 ) < const(k, 1) < 4o0;

)

2 <
1) <u§€l)>2 ) < const(k, 1) < 4o0.

)

Here and below, we will use the symbol const(l;:, ) to denote the constant independent on parameters
kL.

Proof. Consider the following identity
n — I-1)y _—xt (
2(Luy e M)y = 2(F(w ), e M), (19)

where constant A > 0 will be chosen later.
Considering the conditions of the theorem, integrating identity (19) by parts and applying Cauchy’s
inequality with o [8], it is easy to obtain the lower bound of the following inequality

2 [ Lu,(cl) cemM u,glgdxdt > f e 2. uigl) +A- uig)—i-()\c — o+ g - ui(l)}dxdt—
¢ (20)

_ (1 2(1 2(1
8f e )\t{Qukt “kiex - 2uk(m)€t —(c+ Mi)uk( )et}d&
Q
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where €@ = ((es, e1); (ex = (€,2); e = (€, 1)) is the unit vector of the internal normal to boundary
0Q). The conditions of Theorem 1 ensure that the integral over domain @) is not negative. Considering
the semi-nonlocal boundary conditions (16), (17) and conditions of Theorem 1, with the choice of
7?2 = T, we obtain the conversion of the boundary integrals to zero. Thus, from inequality (20), we
obtain the lower bound of the following inequality

2 [ Lug) ce At ugt)d:vdt >
Q

2 (21)
S (oAt Lo, 20 L2 20 x\2Y ., 20 > H (l)H
_Qf)e {2 Uy +X-up, + <51+)\(£) > uy }dxdt_éo () Wh@)’
where dg = min {2, A0+ (%)2}, Ae—c¢ > 601 > 0.
Applying Cauchy’s inequality with o to identity (19), we obtain the upper bound
‘2(17(“1(5_1)% e_)\tul(clt))o) = ‘2 <gk + B foa(Lopr — g1 + Y p2uly ) sinpuly)—
m=1
—fa1(Lopa — ga+ > p2oulh ™ sin )] + L f11(Lops — g2+ 3 p2ull sin i, 09)—
m=1 m=1
o (-1 “at, (D —1 ], @]
_le(LOSol — g1+ mZ:I anum U, SIN Mmgl)]a e /\tukzt)o < 90 1 Huk HWzl(Q) + (22)
2
+o{lowlf +177% 2 (Tollsligag) + losll) Wil | +
2 00 2
et 0080
+2c1m 4“0 § z; kaHC(Q) mzz:l ( + :um) Um Wzl’l(Q) )
where T} .:_ma?({l, ”CH_C_(Q)}’ 3= max{”f11||20(Q).a ||f12|\2‘(@) ; ||f21||%’(Q) ; Hf22||20(Q)}'
Combining inequalities (21) and (22), we obtain
-9 Wl . <o a3 425 S (Tl + sl Ifli2igy | +
0 o Uy, W21’1(Q) S0 || Gkllg TN = 0 P35 W22’1(Q) 9illg ikllc(Q) (23)

Ve 208 Y [ fulldg 5 (0 +u2)* [uli )|
1 ] .
= c@) m=1 " " Wy (Q)

Applying the Sobolev embedding theorem ”kaHé(Q) <c ||fzkH12/V22(Q) [8,9] to inequality (23), we obtain

2
> (Tolleilyzs g + losll2) I finlzo) | +

2
5o — 90! Hu(l) H <o 2 4 92con232
( 0 ) k Wzl’l(Q) Hgk/‘HO 21 521

(24)
+2¢1c9n %0 2 i ||fikHI2/V2(Q) i (1 + ”gﬂ)g Hug;l)Hz L)
i=1 2 m=1 W2 (@

Taking into account the condition of Theorem 1 &y — 90! > 8§ — 100~! > § > 0, dividing
inequalities (24) by ¢, multiplying inequalities (24) by (1 + ,ufn)g and summing over k from 1 to oo,
we obtain the first recurrent formula

—+

H\? _ _ 2
()  <oo! [<gk>3 tem™8 35 (Tolleiliz g + i) w3
) 1,7]:

2 ; (25)
2169 206 1F2 S (far) <u%_1)>1 1’

=1 5
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0 4
where ¢ = ) ﬁ, ¢ is the Sobolev embedding coefficient.
k=
2
Introduce notation od~! [(gk>3 +eanTF Y (To ”SOjHI%VZl o T ||93||8) <le<:>§ = A and, consi-
ij=1

dering the conditions of Theorem 1 2cicon 206 1F2 Z (fi)s<q=M E (fir)3 < 1, from recurrent

formula (25), we obtain the validity of estimate I), i.e. we get the first estlmate Indeed, for this purpose
we take function {ulg_l)} = {0} as an initial approximation.
Then, for the zero approximation, we obtain

2
0\ 2 _ _
() <067 [{ge)f +2em75 Y (Tolleslyas g + loslly) (fan)3 | = 4.

’ ij=1

Continuing this process, by induction, we obtain the first a priori estimate for any function u( ) ,Vi>1

l
(z>>2 < A. 5"
<uk’ 1,1~ A Z €=
n=0
Now, let us prove the validity of the second estimate II). To do this, consider the following identity

- 2/6_)‘tLu,(§l) . Axu,il)dxdt = —2/ _MF( (= 1)) : Axu,(gl)dazdt. (26)
Q Q

Reasoning similarly to the proof of estimate I), based on integration by parts (26), considering the
conditions of the theorem and semi-nonlocal boundary conditions (16), (17), we arrive at the following
lower bound

|—2fe_)‘tLu](€l) . Axu,(!)dxdt > f (QAxui() A+ uk) 2(1)) dxdt — o1 foui(l)dxdt—
Q
o el ] +2 J o wfufes + () — uf)e, +u§?uéiex1ds > o
2
= (2280 + (A4 (3) ) ) dedt — 07! J A dadt = 7 el [l 2

> o[

w2 (@) —o HAx“'(fl)HZ = llelley H“'(fl)‘ z

where dp = min {2, 01, A+ (%)2} The conditions of Theorem 1 ensure that the integral over domain

@ is not negative. Considering the semi-nonlocal boundary conditions (16), (17) and the conditions of
Theorem 1, with the choice of ¥2 = e’ we obtain the conversion of the boundary integrals to zero.
Thus, from inequalities (21) and (27), we obtain the lower bound of the following inequality

2 [l sl 26 40, - oot [T e
Q

Now, applying the Cauchy inequality with o to identity (27), we obtain the upper bound of the following
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inequality
2
2 e M) Aaldaat] <90 [l 4o [Pl <
<9 _1HAxu1c)H + 0 llgrll§ + on 2§ > (TOII%Ha/Qvl +”gj||3) I filer* >

Z]_l

+2077_201§Ql§1||fik”%( mz;l(l_‘_um H ) H 22’1(Q)'

Combining inequalities (28) and (29), we obtain

(30— 100 [’y < 7 el [, + ol +
2

fon 2R (TOHSOJ‘HWJ s+ 9512 11 el (30)
7]7
2o 2a¥ - Il 5 (040 [l
- w3 (@)

Applying the Sobolev embedding theorem Hfing‘(Q) < e Hfik”IQ/VQQ(Q) to inequality (30), we obtain

(6 — 100~ 1) H >H <od !

21 Q) CHC Huk sz 1(Q)+

+o [lgkllg + o200 ‘Zl (To ||80j”W22»1(Q) +g5115) HfikHWZQ(Q)_'_ (31)
1,]=

_9 9 & 2 o 23], -1
+20m %c1c8° > HfikHWQ(Q) > (L p) Hum H 2,1
i=1 2 m=1 W2 (@)

Considering the conditions of the theorem and &y — 100~ > 6 > 0, dividing inequalities (31) by 4,
multiplying by (1 + M?n)?) and summing over k from 1 to oo, we obtain the second recurrent formula

2
(95 + e 28 X ((Tollealiyzn g + l9512) (fin)3)

t,j=1

D\ 2 _
<ul(“)>2 1 <2007 HCHZC(@)

)

2
+oo! [<gk>3 077§ 3 (To llesliyzaq) + 9al) (32)
,)=
2
+20’(5_177_2616232 Z <fZ > < (- 1)>21 .
From estimate (32), considering (24), we obtain the following recurrent formulas
0\? —1 (| plI2 2 2e2 v 2 2 2
(), , <300 lellogy |(on)d +em 282 3 ((Tollealiyzn g + lasl) 3
) ,J (33)

2
+205 I 2c1c0F? Z (fik > < (1= 1)>

= 21"
Introducing the following notation
2
3957 ello | (000 + con™*8 22 allellg + lasl) Ul = 4
i,j=
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and, considering the conditions of Theorem 1 and

2

2
205 ' Pe1eaF Y (fu)s <a=M Y (fu); <1
=

1,j=1

from recurrent formula (33), we obtain the validity of estimate II), taking {uk } = {0} as an initial
approximation. As a result, for the zero approximation, we obtain

2

0)\ 2 _ _
(uY <3057 el g [ (613 + 287 3 (T sl gy + asl) (]| = .
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Continuing this process, by induction, we obtain the second a priori estimate for any function u,.”,

l
(), s Lo < 525

Similar to the proof of estimate I), estimate II) is easily obtained. Lemma 1 is proven.

Let us now introduce a new function from W(Q) according to formula 19(1) = u,(cl) - u,(ﬁlfl)

Vi=NU{0}, k=12,.. {uk } = {0}. Then the following Lemma holds for it.
Lemma 2. Let all the conditions of Theorem 1 and Lemma 1 be satisfied. Then the following a

priori estimates are valid for functions {191(5)} e W(Q):
2
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Here and below we will use symbol const(l%, Z) to denote the constant independent on parameters k, [.
Proof. From (15)—(17) for function {79(1)} € W(Q), we obtain the following problem
!
L%ﬁwng¢><@w+Mw?—
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with semi-nonlocal boundary conditions

|t -0 —?9 =T, (35)

U loo =0, (36)
where [ =0,1,2,...

Therefore, as in the proof of Lemma 1, for the function {19,(;)} = {ug)} — {u,(j_l)} € W(Q) from
(34)-(36), as a proof of Lemma 1, consider the following identity

2(Loy, e—ngg)o —2(Twi ™), fW,@)O. (37)

Integrating by parts (37), taking into account the conditions of Theorem 1, we obtain the third recurrent

formula 5
<19’(€l)>11 <19(l 1)>1 1 (38)

)
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Repeating the reasoning, similar to the proof of Lemma 1, from (38), we obtain a priori estimate I1I)
for the function {19,(;)}, k=1,2,3,... Estimate IV) is proven similarly. Lemma 2 is proven.

Theorem 2. Let all the conditions of Theorem 1 be satisfied. Then problem (15)—(17) is uniquely
solvable in W (Q).

Proof. Let us define the following mapping in space W (Q)
u,(cl) = L*IF(u,(cl_l)) = Fu,(cl_l).

1. Let us show that operator F maps space W(Q) into itself. Let {u,(clfl) } € W(Q), then to solve

problem (15)—(17) the statement of Lemma 1 is true, i.e. estimate II) is valid for the function {ul(j)},
k=1,2,3,... It follows that for any [ = 1,2,3... we obtain {ug)} € W(Q). Thus, F : W(Q) —

W(Q).
2. Let us show that F is a contraction operator. Let {u,(!) } ) {u,(i,lfl) } € W(Q). Consider new

function {19,(61) } = {u,(!) } — {u,(ﬁlfl) }, the statement of Lemma 2 is valid for it, i.e. estimate IV) is
true for the function {19,(5)}, k=1,2,3,..., and

o], = (o), < 41-a® (39)

)

is true.
Now let us establish the fundamentality of sequence { u,(f) } € W(Q). From (34)—(36), the triangle

inequality and a priori estimates (39), we obtain

oty O (H+p+1) . (+p)|||? (+p) . (+p-D)|||? SO
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This implies the fundamental nature of sequence { uy, } . Thus, F is a contraction operator according
to the well-known principle of contracting mappings [3], [9], problem (15)—(17) has a unique solution

belonging to space W(Q). Here u,&l) — uy as | — oo, and ug(x,t) is a unique solution to problem

(7)—(9) for fixed k.
From the principle of contraction mappings, we conclude that problem (7)—(9) has a unique solution
from W(Q). Theorem 2 is proven.

Now we prove Theorem 1. Applying the Parseval-Steklov equality to functions {u;} € W(Q), we
obtain the assertion of the theorem, that is, u(z,t,y) € U [8,9]. Theorem 1 is proven.

Remark 1. If we take function ¢;(x,t) as a solution to the following problem ¢;(x,t) € W22’1(Q),
9; € W2(Q)
Lop = @jt — Datpj + c(x, 1) = gj,

V¢ilimo = Pili=r
@jlaa =0,
o o0
then function ®;(z,t) is defined as follows: ®;(x,t) = Lop; —gj+ > prugsinpugl; = > piug sin pugl;,
k=1 k=1
7 = 1,2, and the proof of the theorem is greatly simplified.

Remark 2. For equation (1), LTPIPs with the Cauchy condition are studied similarly; in this case,
instead of condition (2), the Cauchy condition u |;=¢ = uo(z) is proposed.
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Conclusion

In this article, the authors studied the correctness of one linear two-point inverse problem for
the multidimensional heat conduction equation. Using the methods of a priori estimates, Galerkin’s
method, and successive approximations and contraction mappings, the theorem of unique solvability
of the generalized solution in the specified class of integrable functions is proved.

Author Contributions

All authors contributed equally to this work.

Conflict of Interest

The authors declare no conflict of interest.

1

2

3

4

10

11

12

13

References

Bunayze A.B. K reopun nesokasbubix kpaesbix 3aga4d / A.B. Bunagze // JAH CCCP. — 1984.
—277. — Ne 1. — C. 17-19.

Asmvo II.A. O6 oxHoii criekTpasibHOi 3aade Tuna Bunanze—Camapcekoro / IILA. Anmvos //
JIAH CCCP. — 1986. — 287. — Ne. 6. — C. 1289-1290.

Ixxamasos C.3. HeokaibHble KpaeBble U OOpaTHBIE 33049l [JIs yPABHEHU CMENIAHHOI'O THIIA
/ C.3. Hxamasos // @an 3uécu. — Tamkent, 2021. — C. 176.

Wibnn B.A. Henokaibaas KpaeBas 3aja4a IepBoro poua s oneparopa Llrypma—Jluysuiisa B
muddepenimanbHoii u pasHocTHoit TpakToBkax / B.A. Unbun, E.V. Moucees // duddepennu-
aJibHble ypaBHenust. — 1987. — 23. — Ne 7. — C. 1198-1207.

Hesun A.A. O6mue Bompocs! Teopun rpanndnbix 3agad / A.A. desun. — M.: Hayka, 1980. —
208 c.

Ixxamasos C.3. O6 ommoMl JTUHEAHON MHOMOTOYEIHOM 3a1a4e YIIPaBIeHUs s MOJAEILHOIO ypaB-
Henust rertonposognocru / C.3. xamamnos // JJAH PY3. — 1992, — 4. — Ne 5. — C. 5-7.
Bepesanckuit FO.M. Pasziioxenue 110 cobcTBeHHBIM (DYHKIMSIM CAMOCOIPSIZKEHHBIX OLIEPATOPOB /
FO.M. Bepezancknii. — Kues: Hayk. nymka, 1965. — 798 c.

Jlanpokenckass O.A. Kpaesbie 3aaun maremarndeckoit dusuku / O.A. Jlagpikenckas. — M.:
Hayxka, 1973. — 407 c.

Tpenorun B.A. Oynkrponansusiii anamus / B.A. Tpenorun. — M.: Hayka, 2007. — 488 c.

Sadybekov M.A. Direct and inverse problems for nonlocal heat equation with boundary conditions
of periodic type / M.A. Sadybekov, G. Dildabek, M. Ivanova // Boundary Value Problems. —
2022. — 53. — P. 24-37. https://doi.org/10.1186/s13661-022-01632-y

Assanova A.T. A family of two-point boundary value problems for loaded differential equations /
A.T. Assanova, A. Zholamankyzy // Russian Mathematics. — 2021. — 65. — No. 9. — P. 10-20.
https://doi.org/10.3103/51066369X21090024

Yuldashev T.K. On inverse boundary value problem for a Fredholm integro-differential equation
with degenerate kernel and spectral parameter / T.K. Yuldashev // Lobachevskii J. Math. —
2019. — 40. — P. 230-239. https://doi.org/10.1134/5199508021902015X

Kozhanov A.I. Parabolic equations with unknown time-dependent coefficients / A.I. Kozhanov //
Comput. Math. Math. Phys. —2017. — 57.— No. 6. — P. 956—966. https://doi.org/10.1134/S096
5542517060082

Bulletin of the Karaganda University


https://doi.org/10.1134/S0965542517060082
https://doi.org/10.1134/S0965542517060082

On some linear two-point inverse problem ...

14 Azizbayov E.I. The nonlocal inverse problem of the identification of the lowest coefficient and the
right-hand side in a second-order parabolic equation with integral conditions / E.I. Azizbayov //
Boundary Value Problems. — 2019. — 42.— No. 2. — P. 11-26. https://doi.org/10.1186/s13661-
019-1126-z

15 Tuan N.H. On some inverse problem for bi-parabolic equation with observed data in L? spaces
/ N.H. Tuan // Opuscula Mathematica. — 2022. — 42.— No. 2. — P. 305-335. https://doi.org/
10.7494 /OpMath.2022.42.2.305

16 Zaynullov A.R. An inverse problem for two-dimensional equations of finding the thermal conductivity
of the initial distribution / A.R. Zaynullov // J. Samara State Tech. Univ. Ser. Phys. Math. Sci.
—92015. — 19.— No. 4. — P. 667-679. http://dx.doi.org/10.14498 /vsgtul451

17 Kozhanov A.L. Inverse problems of recovering the right—hand side of a special type of parabolic
equations / A.I. Kozhanov // Math. Notes. — 2016. — 23.— No. 4. — P. 31-45.

18 Akimova E.A. Linear inverse problems of spatial type for quasiparabolic equations/ E.V. Akimova,
A1 Kozhanov // Math. Notes. — 2018. — 25.— No. 3. — P. 3-17. https://doi.org/10.25587/
SVFU.2018.99.16947

19 Caburos K.B. O6paruble 3a/a4n st ypaBHEHHs TEIJIOIPOBOJHOCTH IO OTBICKAHUIO HAYAJIb-
Horo ycsioust u npasoit wactu / K.B. Caburos, A.P. 3aituyiios // Vuen. 3an. Kazan. yu-ta.
Cep. ®Pusz.-mar. maykun. — 2019. — 161.— Ne 2. —C. 274-291. https://doi.org/10.26907/2541-
7746.2019.2.274-291

2ZKapTbLiail JJoKoJIbabIEMEC IIEKTIK IMapTTapbl 0ap KeneJiIneMai
KBLITYOTKI3TIIITIK TeHAeyiHe KOWbIIFaH ChI3BIKThI €KIHYKTEeJI1
Kepi ecenrep TypaJibl

C.3. Izxamamos'?, II1.II. Xynaiikymos?

Y@3PIr'A B.HU. Pomanoscruii amwindaen, Mamemamura urncmumyma, Tawxenm, Oabexcman;
2 Tawkenm Koadanbavs evavmoap yrusepcumems, Tawkenm, Osbexcman;
3 Tawkenm uppuzauus HCone aybli WAPYAUDLABIEbIH MELGHUKAAGHOVDPY UHHCEHEPAEPT UHCUMymo, — YAmimos
zepmmey yrnusepcumems, Tawxenm, ©36excman

B.A. Nnbun xone E.M1. Mounceesrep IlTypm-JInyBuiur Tenzeynepi yImiH »KajnbliaMa JIOKAJIbIbIEMEC IIeK-
TIiK ecenTepiy, mentiMinig 6ap OOJIybIH KOHE YKAJIFBI3LIFBIH fqosesiered. Jlepbec Tybiaabuibt quddepenim-
aJIbIBIK, TEHJIEYJIep YIIiH >KaJblLIaMa JIOKAJIbIbIEMEC MEeKTIK ecenTepii KapacThIpFaHIa allpUOPJIbIK Oara-
JIapbl aJTy/ia KOl KUbIHIBIKTapFa Tarn 6omaMb3. COHIBIKTAH, Hepbec TYBIHABLIBI AuddepeHITnaIbIbIK, TEH-
JeyJiepre KOMbLIFaH JIOKAJIbJIbIeMeC MIEeKTIK eCenTep i IIelry YIITiH KO HYKTeJI Kepi ecenrepre KeaTipy Ka-
xeT. Byi 6arbiTTars anramkbl HoTmzkenep C.3. Ixamanoska tueciai. O 63 XKyMBICBIHIA MATEMATUKAJIBIK,
(U3MKAHBIH KO HYKTEJII KUCHIKTAP CUSKTHI KOIITETeH MapaMeTpJIepiH jie 3epTTeai. Makasia a K eJImemM/Ii
JKBUIYOTKI3TIIITIK TeHAEyiHe KONbLIFaH ChI3bIKTBI €KiHYKTEJI Kepl eCeNTiH KUCHIHIBLIBIFBI KAPACTHIPBIJIFAH.
Anpuopsbik Garasay, [anepkus, GipTiHAen »KYyBIKTay »K9HE KBICYIIbI OeifHesey 9iCTepiH KOJIIAHBII, K-
MOJIIIEM/II YKBUIYOTKI3TIIITIK TeH/IeyiHe KOMBLIFaH CHI3BIKTBI €KIHYKTE I Kepi eCenTiH »KaJIFbI3 IIEeNiMiHiH
Gap 6OJTyBI IO/ IeHTEH.

Kiam cesdep: xen esmeMIl KbUIYOTKI3TIMITIK TEHIEY1, CHI3BIKTBI €KIHYKTE Kepi ecem, KaJmbljaMa Ie-
MIIMHIH YKaJIFbI3 60JIybI, allpHOPJILIK Oarajay, ['ajiepkun osici, 6ipTiH/ien KybIKTay »KoHe KBICYIIbI Oeiinesey
aaicTepi.
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O HekOTOpPO# JUHENHOI AByXTOYEYHOIl oOpaTHOI 3agade AJIs
MHOI'OMEPHOI'0 ypaBHEHUS TEILJIOIPOBOIHOCTH
C II0JIYHEJIOKAJIbHBIMI KPA€BbIMU YCJIOBUAMMU

C.3. Izxamamos'?, II1.II. Xymoiikymos?

! Hnemumym mamemamusu umenu B.H. Pomanosckozo AH PY3, Tawxewm, Y3bexucman;
2 Tawwenmeruti yrusepcumem npuxaadnuns nayk, Towxenm, Yabexucman;
3 Hayuonarvroiti uccaedosamenveruts yrusepcumem— Tawkenmerut uHCTUmym UHAHCEHEPOs UPPU2aUUL U
METAHU3AUUY CEALCKO20 To3Aatcmea, Tawkenm, Yabexucman

Mssectno, uro B.A. Unbun u E.J. Moucees usyuann o606IIEHHBIE HEJIOKAJIbLHBIE KPAEBBIE 3aJa9U /ISt
ypasreHud llItypma-JlumyBuiiisa, HeJlOKaJIbHBIE KPAEBbIe YCIOBUS KOTOPOrO 33JaI0TCS BO BHYTPEHHUX TOY-
KaX paccMaTpuBaeMoro marepsaja. Jjs Takux 3a71a9 JOKa3aHBI TEOPEMBI €IMHCTBEHHOCTH U CYIIECTBOBA-
Husl pemnenus 3aga4du. CyliecTByeT MHOrO IpobJieM IIPYU UCCJIEIOBAHUU ITHX OOODIIEHHBIX HEJIOKAJIBHBIX
KPaeBbIX 33J1a9 I nuddepeHInaJIbHbIX YPABHEHUH C YaCTHBIME IIPOU3BOIHBIMU, OCOOEHHO IIPU IIOJIyde-
HUM AIPUOPHBIX OIEHOK. [1l0aToMy HEOOXOIMMO WCIIOIB30BATH HOBBIE METOJIBI JIJIsI PeleHus 0OODIEHHBIX
HEJIOKAJIbHBIX 33124 (IpAMBIX 3a/1a4). Kak HaM M3BECTHO, HETPYIHO YCTAHOBUTDH CBSA3b MEXKJY IPSMbBIMA
u obpaTHbIMU 3ajadaMu. [losToMmy mpu pernreHun 000OIIEHHBIX HEJTOKAJJIBHBIX KPAEBBIX 3aJa4 Jjis audde-
pEHIMATBHBIX YPABHEHUN B YACTHBIX MPOU3BOJHBIX HEOOXOINMO CBECTH MX K MHOTOTOYEYHBIM OOPATHBIM
3ajiadaM. B aroMm Hampassienunn nepsble pesysbrarhl npunajexar C.3. TxxamanoBy. O B cBoux paborax
IIPEJJIOXKUIT ¥ UCCIIE0BAJI MHOTOTOYEYHbIe OOpATHBIE 33/Ia41 JJIs1 HEKOTOPBIX YPaBHEHUI MaTeMaTHIECKON
dbusuku. B Hacrosimeit pabore nccireroBaHa KOPPEKTHOCTH OTHON JIMHEWHON JBYXTOYEYHON OOpaTHON 3a-
JAa9u JIJIsI MHOTOMEPHOI'O YPaBHEHMsI TeIIONPOBOAHOCTUA. MeTomaMu ampuopHBIX OIEHOK, lajepkuHa, mo-
CJIEJIOBATEILHOCTH TIPUOJINKEHUN U CXKUMAOIIMXCS OTOOParKeHUi JIOKa3aHa OJHO3HAYHASI Pa3PelInMOCTh
0GOBIIEHHOTO PEIeHUsT OMHON JIMHEHHOM JBYXTOYECIHON OOPATHOM 3a1a9H JJIsi MHOTOMEPHOTO yPABHEHUST
TEIJIONPOBOIHOCTH.

Kmouesvie cr06a: MHOTOMEPHOE YpaBHEHNE TEIJIONMPOBOHOCTH, JIMHEWHAST JBYXTOYeIHAs OOpaTHAs 3aa4a,
OIHO3HAYHAS Pa3PEIINMOCTb OOOOIIEHHOTO PEIeH s, METO/IbI AllPUOPHBIX OIEHOK, l'ajlepKuHa, mocaea0Ba-
TEJILHOCTU TIPUOJINKEHUN M CXKUMAIOIIUXCST OTOOPAYKEHUH.
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