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Controllability and Optimal Fast Operation of Nonlinear Systems
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A new method for solving the problem of controllability and optimal transient behavior of nonlinear systems
subject to boundary conditions and constraints on control values was proposed. Unlike existing methods,
this new approach is based on constructing a general solution of the integral equation for a linear controlled
system, followed by transforming the original problem into a special initial optimal control problem. We
propose a new method for studying the global asymptotic stability of dynamical systems with a cylin-
drical phase space with a countable equilibrium position based on a non-singular transformation of the
equation of motion and estimation of improper integrals along the solution of the system. Conditions for
global asymptotic stability were obtained without involving any periodic Lyapunov function, as well as the
frequency theorem. The effectiveness of the proposed method is shown with an example.
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Introduction

The first work on controllability of linear systems without constraints on control values is the
paper by R.E. Kalman [1]. In [1], minimal norm control is constructed for systems with constant
coefficients, and a rank criterion for controllability is established. Controllability of linear systems
based on I-problem methods is explored in [2]. Various issues such as minimal control vector dimension,
controllability of nonlinear systems with small parameters, and consequences of controllability for
linear systems are discussed in [3]. Positional control of linear systems based on Lyapunov functions is
examined in [4]. Geometric interpretations of controllability of linear systems are studied in [5], and
the relationship between controllability and stabilization of dynamic systems is investigated in [6].

The problem of optimal transient performance was first studied by L.S. Pontryagin and his stu-
dents [7]. Optimal fast operation under phase coordinate constraints is detailed in [8], and solutions
under uncertainty conditions are considered in [9]. Applications of the maximum principle to various
specific problems are presented in [10].

It is noteworthy that the problem of optimal fast operation is closely related to controllability.
The aforementioned works explore specific cases of the general problems of controllability and fast
operation without phase or integral constraints and without boundary condition restrictions. Cur-
rent and unresolved issues in controllability and optimal fast operation include obtaining necessary
and sufficient conditions for the solvability of general controllability and fast operation problems and
developing constructive methods for solving general problems of controllability and fast operation of
ordinary differential equations.

This paper proposes a new method for investigating controllability and optimal transient behavior
of ordinary differential equations based on the study of solvability and the construction of a general
solution of a Fredholm integral equation of the first kind with a fixed parameter.

*Corresponding author. E-mail: korpebay.guldanal @gmail.com

This research is supported by Ministry of Education and Science of the Republic of Kazakhstan (Grant
No. AP08856324).

Received: 27 February 2024; Accepted: 20 May 2024.

(© 2024 The Authors. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

Mathematics Series. No.3(115),/2024 7



S. Aisagaliev, G. Korpebay

The solvability and construction of solutions of Fredholm integral equations of the first kind are
among the complex and unresolved problems in mathematics [11]. Known results on the solvability of
integral equations apply when the operator kernel is symmetric [12].

Results on solvability and construction of solutions of Fredholm integral equations of the first
kind and their applications to the qualitative theory of differential equations are presented in [12,13].
Specific results on applying the study of Fredholm integral equations of the first kind to solving problems
of controllability and optimal control are found in [13]. A general theory of boundary value problems
for dynamic systems is provided in [12], and research on the dynamics of processes described by
integro-differential equations is detailed in [9].

The theory of controllability for nonlinear systems described by ordinary differential equations
remains a relatively underexplored area in the mathematical theory of control. It is shown that the
problem of controllability of ordinary differential equations, by constructing a general solution of a
Fredholm integral equation of the first kind with a fixed parameter, can be reduced to an initial
optimal control problem. Solutions to the problem of optimal fast operation can be derived from
solving the general controllability problem.

1 Problem Statement
Consider a controlled process described by ordinary differential equations:
i =A(t)x+ B(t) f(z,u,t), tel=lto, t], (1)

with boundary conditions
x(tO) =X € an 'r(tl) =1 € Rna (2)

subject to control constraints
u(t) € A(t) = {u(t) € Lo(I, R™)|u(t) € V(t) C R™ almost everywhere t € I}. (3)

Here, A(t), B(t) are matrices with piecewise continuous elements of sizes n x n and n x m, respec-
tively. The vector function f(z, u, t) is continuous in all variables (z, u, t) € R™ x R™ X I, satisfying
conditions

[f (@, u, t) = fy, w, )] <UE)|lz —yl, V(z,u,1), (y, u,t) € R X R™ x I, (4)
|f (2, u, t)] < colla] + [ul*) +ea(t), te, ()
I(t) >0, I(t) € Li(I, RY), co=const >0, ci(t) >0, ¢(t) € Ly (I, RY). (6)

From (4)-(6) it follows that differential equation (1) with initial condition z(ty) = =, for any fixed
control u(t) € La(I, R™), has a unique solution. Assume A(t), ¢t € I is a given bounded convex closed
set in Lo(I, R™). In particular, if A(t) =0, B(t) = I, where I, is the n x n, identity matrix, then
equation (1) takes the form & = f(x, u, t).

Definition 1. The system (1)—(3) is called controllable, if there exists a control u(t) € A(t), that
transforms the solution of differential equation (1) from initial state g = x(tg) at time tg to state
Ty = l‘(tl) at time tq.

Along with system (1)—(3), consider the linear controllable system

y=AM)y+ B@t) w(t), tel=lto,t], (7)
y(to) =0 € Rn, y(tl) =X € Rn, (8)
w(t) € Lo(I, R™). (9)
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The following problems are solved:

Problem 1. Find all control sets U(t) C Lo(I, R™), where each element U (t) function w(t) € U(t)
transforms the solution of differential equation (7) under conditions (8), (9) from initial point xo = y(to)
to point z1 = y(t1).

Problem 2. Find control u(t) € A(t), that transforms the trajectory of system (1)—(3) from initial
state xg = x(tp) at time to, to state 1 = z(¢1) at time ¢;.

Problem 3. (Optimal Quick Action). Find control u(t) € A(t) C La(I, R™) that moves the
trajectory of system (1)—(3) from poin z¢ = z(t9) to point x1 = x(¢1) in the shortest time, where ty is
fixed and ¢; is not fixed.

The problem of optimal quick action is formulated as

t1
J(Z‘, u, tl):/ 1‘dt:t1—t0 — inf

to

subject to conditions (1)—(3).

2 Linear Controllable System

Consider solving Problem 1.
The solution of differential equation (7) takes the form

y(t) = @(t,to0) zo + /t O(t, 7)B(T)w(r)dr, tel, (10)

to

where ®(¢, 7) = 0(t)0~ L(7), 6(t) is the fundamental matrix of solutions of the linear homogeneous
equation f = A(t)¢. Note that the matrix 6(t), ¢ € I of order n X n is a solution of the matrix
equation 0(t) = A(t) 0(t), O(to) = I, where I, is the identity matrix of order n x n. From (10) at
t € t1, considering y(t1) = xg, we obtain

y(t) = 21 = Bt1, t0) 70 + /tl B (t1,1) B(t) w(t)dt.

to
Then .
1
/ O (t1,t) B(t)w(t)dt = x1 — ®(t1,t0) x

to

Here, considering ®(t1,t) = ®(t1,t9) ®(to,t), ®1(t1,t0) = ®(to,t1), we have

/ttl (1o, 1) Bt) w(t) dt = B (to, 1)1 — 0. (11)
Let
K(t) = @(to,t)B(t), a = @(to,tl)xl —x9, t€l, a€ R™. (12)

From (11) it follows that the control w(t) € Lo(I, R™) drives the trajectory of system (7)-(9) from
any point xo to any point x1, when u(t) satisfies the integral equation (11). The following theorem
establishes the necessary and sufficient condition for the solvability of integral equation (11) for any
vector a € R™ from (12).

Theorem 1. The integral equation (11) has solutions for any vector a € R™ if and only if the matrix

t1

W (to, t1) = / ! B(to,t) B(t) B*(t) ®*(to,t)dt = | K(t) K*(t)dt, (13)

to to
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of order n x n is positive definite, where (*) denotes transposition.

The proof of Theorem 1 can be found in reference [1]. The following two theorems present new
results in the theory of controllability of linear systems.

Theorem 2. Suppose the matrix W (tg,t1) defined by formula (13) is positive definite. Then the
general solution of the integral equation (11) for any a € R™ is given by

w(t) = U(t) + )\1([‘5, xo, ZEl) + Nl(t) Z(tl, U) € LQ(I,Rm), (14)

where v(t) € La(I, R™) is any function. The function z(t) = z(¢, v), ¢t € I is the solution of the
differential equation

Z2=A(t)z+ B(t) v(t), z(tp) =0, v(t) € Lao(I,R™), (15)
where

/\1(t, o, xl) = B*(t) (I)*(t(],t) W_l(to,tl) a, Nl(t) = —B*(t) ‘I’*(to,t) W_1<t0,t1) ‘I)(t(],tl), tel.
(16)
Proof. Introduce the following sets

W = {w(t) € Lo(I, R™)| ! K(t) w(t) dt = a}, (17)

to
U ={w(t) € Lo(I, R™)|w(t) = v(t) + A i(t, xo, 1)+ Ni(t) 2(t1,v), v(t) € La(I, R™)—any function}.
(18)
The set W contains all solutions of the integral equation (11), when W (tg,¢1) > 0. The theorem
asserts that a function w(t) € La(I, R™) belongs to W if and only if it belongs to U. To prove W = U,

it suffices to show U Cc W and W C U.
Show U C W. Indeed, if w(t) € U, then from (18) the equality

: K(t) w(t)dt :K@) [(t) + M (t, w0, 1) + Ni(6) 2(t1, v))de = : K(t) v(t)di+
+ : K(t) M(t, zo, z1)dt + : K(t) Ni(t)dt z(t1, v) =
— ttl K(t) v(t)d + ttl K(t) B*(t)®*(to, t)dt W L(to,t1) a+
+ t: K (t) [-B*(t) ®*(to, t)]dt W (to, t1) ®(to, t1) 2(t1, v).

Hence, considering that the solution of differential equation (15) has the form

z(t) = ®(t, to) z(to) —|—/ O(t, ) B(T) v(r)dr :/ ®(t,7) B(1) v(1)dr,

to to

t

z(t1) = /t1 D(ty,t) B(r) v(1)dt = (I)(tl,t())/ D(tg,t) B(t) v(t)dt,

we get (K (t) = ®(to,t) B(t))
K(t) w(t)dt:/t1¢>(t0,t)B(t) o(®) dt—i—/t®(t0,t) B() B (1) & (1o, )t W—(tg, 1) a—

to to to

t1
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_ /ttcb(tg,t) B() B ()8 (to, )dt W (10, 11) B(to, 1) B(t1, to) /ttl B(to,1) B(t) v(t) di =
_ /tl B(to, t) B(t) v(t) dt+a— /tl B(to,t) B(E) v(t) dt = a.

Therefore, w(t) e W, U C W.
Show that W C U. Suppose w,(7) € W. Then from (17) it follows that

t1
K(t) wi(t)dt = a.
to
Note that in relation (14), the function v(t) € Lo(I, R™) is arbitrary. In particular, we can choose
v(t) = wy(7), t € I. Now, the function w(t) € U can be expressed as.

w(t) = v(t) + M(t, zo, 21) + Ni(t) 2(t1, v) = we(t) + B*(t) ®* (to, ) WL (to, t1)a—

—B*(t) ®*(to,t) WL (to,t1) B(to,t1) B(t1, o) /tq)(to,t)B(t) w, (t)dt = w, (t)+

to
+B*(t) ®*(tg,t) W (tg, t1) a — B*(t) ®*(tg,t) W L(tg,t1)a = w.(t) € U.

Therefore, w, (1) = w(r) € U. Hence, W C U. From U C W and W C U, it follows that U = W. The
theorem is proved.

From (14)-(18), it follows that all control sets, each element of which transforms the trajectory of
the system (7)—(9) from point z( to point z1, are determined by formula (18).

Key properties of solutions to integral equation (11):

1. Function w(t) € U can be represented as w(t) = wy (t) +wa(t), where wy (t) = K*(t)W ~L(tg, t1)a
is a particular solution of integral equation (11), and

wa(t) = v(t) = K*OWto,10) [ K(n)v(n)dn, tel

to
is a solution of the homogeneous integral equation.

" K (1) wa(t)dt = 0.

to

Indeed,

YK w = [ K@) K0 W (o) a = a,
YR wdi= [ K@ o — [ K@) KOW .t [ K@) o)y =o.

to to to to
2. Functions wy(t) € La(I, R™), wa(t) € La(I, R™) are orthogonal in Lo, wy_Lws. Indeed,

t1 t1
(w1, wa)p, = / wi(t) wo(t)dt = a* Wl (tg, t1) | K(t) v(t)dt—
to to
t1 t1
—a* Wl (to, t1) [ K@K ()W (to, t1) K(n) v(n)dn = 0.
to to

3. Function wy(t) = K*(t)W~L(to,t1)a, t € I, is a solution of integral equation (11) with minimal
norm in Lo(I, R™). Indeed, ||w]|? > |Jw1]|? + w2, due to wy Lwsy. Hence, ||w||? > |lwq]/?. If the
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function v(t) = 0, ¢t € I, then the function wy(t) = 0, t € I. Therefore ||w| = ||wi|, w(t) = wi(t),
tel.
4. The set of solutions of integral equation (11) is convex. Since w(t) € U, U is a convex set.
Theorem 3. Let the matrix W (top,t1) > 0. Then the solution of the differential equation (7)
corresponding to the control w(t) € U is determined by the formula

y(t) = Z(tb U) + )\Q(ta Zo, xl) + N2(t)z(t17 U)a te I> V’U, U(t) € LQ(Iva)7 (19)
where
Ao (t, zo0, :cl) = ®(t, to) W(t, tl)W_l(to,tl)xo + ®(t, to)W (to, t) W t(tg, t1)®(to, t1)71,
NQ( ) = ( 12 )W(th ) (t07t1)q)(t07t1) t 6 I (20)
to, L (7') )dT W t tl ft )dT tel.

Proof. Suppose the control is determined by formula (14). Then the function.

y(t) = ®(t,t9) xo + /tCI)(t,T) B(m)[v(T) + M (7, o, 1)+ N1(7) 2(t1, v)]dr =

to
t

= /t O(t,7) B(r) v(1) dr + D(t, t) xo +/ ®(t,7) B(t) B*(1) ®*(to,7)dr W l(tg,11),

to to

[Cp(tl,to)l'l — xo] — /tq)(t,T) B(T) B*(T) @*(to,T) dr Wﬁl(to,tl) D(t1,t0) 2(t1, ’U).

to

Thus, considering that

W(to,t) = | K(7)K*(1)dr :/ O(tg, 7) B(1) B*(1) ®*(to, 7)d1, W (t,t1) = Wi(to,t1) — W(to, 1),

to to

we obtain

y(t) = z(t, v)+[®(t, to) — B(t, to) W(to, )W (o, t1)] 2o + (¢, t0) Wit,t) W (tg, 1) ®(t1,t0) 21—
—‘I’(t,to) W(to,t) W_l(to,tl) (I)(tl,to) Z(tl, U) = Z(t, ’U) + ‘P(t,to) W(t tl) W_l(t(],tl) To+
—|—(I)(t,t0) W(to,t) W_l(to,tl) q)(to,tl)xl - (I)(t,to) W(to,t)W_ (to,tl) ‘I)(to,tl)z(tl, ’U) ==
= z(t, v) + A2(t, @0, x1) + Na(t)2(t1, v),

where Ao(t, xg, x1), Na(t), t € I, are from (20). The theorem is proved.

3 Controllability of Nonlinear Systems

Consider the solution to problem 2.

Comparing systems (1)—(3) and (7)—(9), it is easy to see that they coincide when replacing the
function w(t) with f(x, u, t). This leads to considering the following optimization problem: minimize
the functional

J(v,u) = J/t1|v(t)-+-A1(t, o, 1) + N1(D)z(t1,v) — F(y(t), u(t), t)]%dt — inf, (21)

to

subject to the constraints

L= A()z + B(tw(t), z(to) =0, te =]ty t], (22)
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() € Lo(I, R™), u(t) € A(t) C Loy(I, R™), (23)

where the function y(t), t € I, is determined by formula (19).

Theorem 4. Suppose the matrix W (to,¢;1) > 0. Then the system (1)-(3) is controllable if and only
if the value J(vs,us) = 0, where the pair (vi(t),us(t)) € La(I, R™) x A(t) is the optimal control in
problem (21)—(23).

Proof. Necessity. Suppose the system (1)—(3) is controllable. We will show that J (v, ux) = 0. From
the controllability of the system (1)—(3), it follows that there exists a solution to the differential equation
(1) the function x(t) = z(t; to,xo,us), t € I, such that x(ty) = xo, (t1) = 1 for u, = u.(t), t € I.
Then f(x(t; to, xo, ux), us(t),t) = wi(t) € Lao(I,R™), and the system (1)—(3) can be written as
(l’(t) = l‘(t; to,ZEo,U*)).

&(t;to, xo, us) = A(t)x(t; to, xo, us) + B(t) wi(t), t €I = [to,t1],

x(to; to, To, ux) = o, x(t1;t0, o, us) = 1, u«(t) € La(I, R™).

Let y(t) = z(t; to, o, us), t € I. The function y(t), t € I satisfies y = A(t)y + B(t)w«(t), y(to) = xo,
y(t1) = x1. Therefore, the function w,(t) € Lo(I, R™) translates the trajectory y(t), t € I from the
point z¢ the point x;. According to Theorem 1, w.(t) € U, where w.(t) = v«(t) + A1 (¢, o, 1) +
Ni(t)z(t1,vs), t € I. Thus,

t1
J(U*a u*) = / |’U*(t) + )‘l(t> o, .1'1) + Nl(t)z(tlav*) - f(y(t)a u*(t)7t)|2dt =0.
to
Necessity is proved.
Sufficiency. Let the functional value J(vi,ux) = 0, for the pair (vi(t), u«(t)) € Lo
A(t). We will demonstrate that the system (1)-(3) is controllable. Note that J(v,u) >
J(vi, uy) = 0 if and only if

(I, R™) x
0. Hence,

s () + A1(t, wo, 1) + Ni(t) 2(t1, vi) = f(y(t, ve), ua(t)t), tE€T,
where we denote
wi(t) = ve(t) + A1(t, o, 1) + Ni(t) 2(t1,v4) = f(y(t, vs), u(t),t), t €I,
with y(to, v«) = 0, y(t1, v«) = x1. Now the system (7)-(9) can be written as
y(t,ve) = AB)y(t,v) + B(t) wa(t), y(to) = xo, y(t1) = z1, w.(t) € La(I, R™).

From this, it follows that y(¢, vi) = x(¢; to, xo, us), x(to) = xo, x(t1) = x1. Therefore, system (1)—(3)
is controllable. Sufficiency is proven. The theorem is proved.

Below are solutions to the optimization problem (21)—(23). It should be noted that: 1) in the opti-
mization problem (21)—(23), unlike the original boundary value problem (1)—(3), boundary conditions
are absent; 2) the optimization problem (21)-(23) is an initial problem of optimal control and can be
solved using known methods of successive approximations.

Let us introduce the following notations:

Fo(go,t) = ”U + Tl(t) X + TQ(t) xr1 + N1<t) Z(tl, U) — f(y, u.t)\Q , (24)

where
A (t, @, x1) = Ti(t) xo + To(t) x4,

Ty(t) = —B*(t)®"(to,t) W (to, 1), Ta(t) = B* ()" (to,t) W (to, 1) ®*(to, 1),
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Xa(t, xo, 1) = C1(t) zo + Cao(t) x1,
Ci(t) = ®(t, to) W(t, t1), W (to,t1), Ca(t) = ®(t, to) Wto, 1), W (to,t1) ®(to, t1),
y(t) = z(t,v) + C1(t) zo + Ca(t) x1 + Na(t) 2(t1,v), t € I,
qg=(v,u,z, z(t1)) € R™ x R™ x R" x R".

Lemma 1. Suppose matrix W (tg,t1) > 0, the function f(y, u, t) is defined and continuous with
respect to (y,u,t) € R™ x R™ X I together with partial derivatives with respect to (y,u) € R™ x R™L.
Then the partial derivatives are

OIGT) _ gty 4 Tyt + To(t)s + M(0)2(01) — (= + CD) + Colt) + Nal®)=(t1), w, B, (25)
OIVGY) o oy, Ol + Tult)eo + To(t)s + Na(0)=(01) — £y, w, 1), (26)
ang%w = —2fa(y,u,t)[v + T1(t)zo + Ta(t)zr + Ni(t)z(t1) — f(y, u, 1)), (27)
(m = 2ANT (t) + N5 (0) faly. w, O)[ + Tr()z + To(B)n + Ni(t)z(h) = Sy w, £ (28)

Relations (25)—(28) are derived directly from (24) by differentiation.
Lemma 2. Suppose the conditions of Lemma 1 hold and the inequality

(Fog(q1,t) — Foglqa,t), q1 — q2) >0, Vqi, g € R™TmH2n (29)

is satisfied, where

o 6F0(q7t) _

Fugla.t) = =55 = (

oOF, 0F, 0F, O0F,
v’ Ou’ 0z 9z(t1)

), tel.

Then the functional (21) under conditions (22), (23) is convex.
Proof. Inequality (29) is a necessary and sufficient condition for the convexity of the function
Fy(g,t) with respect to ¢g. Therefore,

Folagi + (1 — a)q2) < aFp(qi,t) + (1 — o) Fo(ge,t), tel,

Va1, ¢2 € RN, N =mi+m+2n, Ya,a€[0,1].

Since for any vy (t), va(t) € La(I, R™), the value z(t,av; + (1 — o) va) = az(t, v1) + (1 — ) z (¢, ve),
Va,a € [0,1], t € I, then
31

Javi+ (1 —a)ve, auy + (1 —a)ug) = Folavr + (1 —a)ve, aup + (1 — ) ug),
to

t1 t1
Z(t, av] + (1 — a) Uz), z(tl, avy + (1 — a) UQ))dt < a/ Fo(ql,t)dt + (1 — OJ)/ Fo(qg,t)dt =

to to

= aJ(vl,ul) + (1 — Oé)J(UQ,’U,g), Yy, vg € LQ(I, Rm), Vuq, ug € LQ(I, le)

Thus, the lemma statement follows. Lemma is proved.
Definition 2. The partial derivatives (25)—(28) are said to satisfy the Lipschitz condition if

BFO(!IB-FAQJ) _ 3F(%(<17t) < L1 |Aq] 3Fo(qa+ﬁq1t) _ 3Fg(q7t) < Ly |Aq]
v v — ’ u ou — )
30)
O Fo(qg+Aqt) 8 Fo(gt O Fo(q+Aqt) 8 Fo(gt (
gat) 0750 < Ly | Agl, B — Ty | < Lalddl,
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where L; = const >0, i=1,4,Aq = (Av, Au, Az, Az(ty)).
Theorem 5. Suppose the conditions of Lemma 1 and inequalities (30). Then the functional (21)
under conditions (22), (23) is continuously differentiable in the Frechet sense, and the gradient

J(o,u) = (JL(0,0), (Jo(0,w)) € La(I, R™) x Lo(I, R™)
at any point (v,u) € La(I, R™) x Lo(I, R™") is defined by

d Fo(q(t),1) 9 Fo(q(t),t)

/] _ I _ B* ! — ) 1
Ty(w,u) = ZOUOD iy g,y = V1T, (31)
where q(t) = (v(t), u(t), z(t,v), z(t1,v)), the function z(t) = z(¢t,v), t € I is a solution of differential
equation (22), and ¢(t), t € I is a solution of equation

. _ 0Fy(q(t),t) /“ 0 Fo(q(t),t)
= ———"1 2 A*1 t1) = — ————~dt. 32
p= 210 s, w(n) =~ [ 2T 32)
Moreover, the gradients J'(v, u) satisfy the Lipschitz condition
1
17" (v1,u1) = ' (2, u2) || < Li(flor — val® + [Jua — ua?) /2, (33)

V(Ul,vg) € LQ([, Rm), V(ul,UQ) € LQ(I, le).

Proof. Note that for any v(t), v(t) + h(t) € La(I, R™), Az(t) = z(t,v + h) — z(t,v) satisfies the
differential equation
AZ(t) = A(t)Az(t) + B(t)h(t), Az(tg) =0, tel,

where

t1

Az(t) 2/ ®(t,7) B(r) h(r)dr, |Az(t)] S/ 1@ DI L) R (T)]dT < Al L,

to to

The increment of the functional

AJ=Jw+h, u+ Au) — J(v,u) = /tl[h*(T)Fm,(q(t),t) + Au*(t) Fou(q(t), t)+

to
+25 () Foz(q(t),t) + Az (t1) Fozy) (q(1), D)ldt + R,
where |R| < ca(||h]|? + [|Aul|?), due to estimate (30),

9 Fylg.t d Folg.t
Fo(a.) = 21000 g, = 100,

o 8F0(q7t) 8F0(Q7t)

Fo.(q,t) = T8, Fozy(g,t) = To2(ty)

The term
t1 t1 t1 .

AZ"(t) t Fozu)(a(t), 1) = — t AZ(t) ¥(t)dt — t AZ(t) ¥(t)dt =

_ /tl R*(t) B*(t) (t) — A2 (8. (g(t), t)dt.

to to
Thus, the increment of the functional

AT = [ {00 Funla®).8) — B*(t) ()] + Au*(8) Foula(t), D)}t + R

to
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From here, the first statement (31) of the theorem follows. Let’s show that estimate (33), where
Y(t), t € I is a solution of differential equation (32).
Let &(t) = (v(t), u(t)), t € I. Then,

J'(&1) = J'(&2) = (Fou(q(t) + Aq(t), 1) — Fou(q(t), 1) — B*(t) Av(t),

Fou(Q(t) + AQ(t)ﬂt) - Fou(Q(t)at))ﬂ 51 = (U17 u1)7 62 = (UQ; UQ)‘
Therefore,
|7'(&1) — J'(&2)| = |Fou(a(t) + Aq(t), 1) — Fou(q(t), t)| + Blax |1A%(1)|+
1 Foulq(t) + Aq(t),t) — Foulq(t), t)| < (L1 + L2) [Aq(t), )] + Bhax [A%(1)],

where B .. = sup | B*(t)|. Norm
to<t<ty

17(€) — T (&) = / T(E) T (&)t < 2 (L + L) / | Ag(t) Pt +2(Bln)? / " A(t) 2t <

to to to

t1
<23 (La+ L) A€ +2 (B [ 1800t
to
where [[Aq]) < cs |AE2, [AE = (I]2 + [Aul?), A€ = (h, Au). Tt can be shown that [Ag(t)] <
(Lycs VE —to+ Lacs /I — tg) etmax(i=t0) || A¢||, t € I, where A%, = sup ||A*(t)||. Then

to<t<ty
|J/(&1) — J'(&)|1? < 13 || AE||?, where

* 1
l1 = [2 C% (Ll + L2)2 +2 (B* )2 (tl — to)z(L3 + L4)2 C% eAmaX(tlitO)] /2

max

Hence, estimate (33) is proven. Theorem is proved.
Theorem 6. Suppose the conditions of Theorem 5 are satisfied, and the sequences {v,} C La(I, R™),
{un} C A(t) C La(I, R™) are defined by relations

Unt1 = Un — i I}, (Un, Up)y Unt1 = Palun — an J),(0n, up)], n=0,1,2, ...

0<eg<a,< e1>0, n=0,1,2, ..., (34)

2
l1+2e1?

where Pp[-] is the projection of a point onto the set A. Then:

1) The numerical sequence {J(vy, up)} strictly decreases;

2) lvn — vpt1ll = 0, [Jup — Ups1|| = 0 as n — 0.
If, in addition, inequality (29), is satisfied, the set M (vo,ug) = {(v,u) € La(I, R™) x A(t)|J (v, u) <
J(vo,up)} is bounded, then

3) The sequences {vy,}, {up} are minimizing sequences,

lim (vy, up) = Jo = inf J(v,u), (v,u) € X € La(I, R™) x A(t);

n—oo

4) The sequences {vy}, {uy}, weakly converge to the set U,, where
Us = {(vs,ux) € X|J (s, ux) = Jo = inf J(v,u) = min J (v,u), (v,u) € X};
5) The rate of convergence estimate is valid:

0 < J(vn,up) — Ju < @, n=1,2, .., mg= const > 0;
n
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6) The controllability problem (1), (2), (4) has a solution if and only if J (v, usx) = Jx = 0, in which
case T4 (t) = z(t, vi) + Xa(t, xo, x1) + Na(t) z(t1, vs), t € I;
7) If J(vs,us) > 0,910 24(t), t € I is the best approximate solution to the controllability problem

(1), (2), (4).

Proof. From the property of projection onto sets (34), we have
(Vnt1 — v + an J) (Vn, Un)y © —Vpi1)r, =0, Vv, v € Lo(I, R™) (35)

(U1 — Un + an Jl, (U, Un)y U — Upt1)r, >0, Yu, u € A. (36)

Let 0 = (v, u), O = (vn,up), J'(vn,un) = (Jp,(Vn,un), J,,(n,un)). Then (35), (36) can be written
as
1
<J/(9n), 0 — 9n+1>L2 > ;<9n — 051, 0— Qn_1>, Vo, 0 € X. (37)

From the inclusion J(v,u) € C*1(X) the inequality
J(OY) — J(6%) > (J'(8Y), 6 — 6%y — %Hel — 0%, Vo', 6% ¢ X.
Therefore, specifically for ' = 6,,, 0> = 6,1, we obtain
TOn) = T(00-1) 2 (700, O = s} = 3 00— O (33)

From (37), (38), (34), we have

1 l
J(gn) - J(an—l) 2 (; - 51) Hen - 9n—1H2 2 €1 Hen - 0n—1H27 n= 0, 17 27 (39)
n
From here, statements 1) and 2) of the theorem follow.
If inequality (29), is satisfied, then the functional (21) under conditions (22), (23) is convex, the
set M (vg, up) is bounded, closed, and convex in H. Therefore, the set M (vg, up) is weakly precompact.
The functional J(v,u) is weakly lower semicontinuous on the set M (vg, ug) and achieves its infimum,

U, # @, © empty set.

Let’s show that the sequence {&,} = {vn, up} is minimizing. Indeed, from the convexity of
J(&) € CHY(M (vo, up)), it follows that
J(6n) = J(&) < (J'(&n)s &n = &du < TGl 1€ — &1 < [T (En)l D, (40)

where & = (vi, us) € Uy C M(vo,up), D is diameter of M (vg, up).
From (40), it follows that the sequence {§,} C M (&) is minimizing, and fnwgkﬁ* weakly as n — oo,

where {nwe—a>k§* as n — oo means a special convergence of the sequence {¢,} to an element &,. Thus,
statements 3) and 4) are proven.

Let a,, = J(&,) — J(&«). Then from (39), (40) we have

1
p = Gp—1 > ﬁHJ’(fn)H?, an < D |[J(&)]l (41)

From (41) the rate of convergence estimate 5) follows. The theorem is proven.

Optimal Performance. Let ty be fixed, t; be unfixed. It is necessary to find the smallest value
t; = t, for which the system (1), (2), (4) is controllable. It is necessary to find a pair (t., u(t)),
where u,(t) € A(t) C Lao(I, R™).
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I. Setting t; > t,. Using the algorithm outlined above, we find the control u., (t), where g, t; are
known quantities.
Next, we choose t11 = %1 We find a pair (vi, ) € X, t € [to, t11]. If J(Vex, us) =0, for this

pair, then we choose t15 = tzl, t12 < t11 and solve optimization problem (41).

In case where J (v, usx) > 0, optimization problem (41) is solved for % and so on. As a result,

the value ¢, is determined with the given accuracy € = t1,, — t«.
II. Sequential Approximation Method. Consider the following optimization problem: minimize the
functional

J(v,u,ty) = /t1 [o(t)+A1(t, xo, 1)+ Ni(t)z(t1,v) — F(y(t), u(t),t)|?dt = /t1 Fo(q(t), t1, t)dt — inf

to to

subject to conditions (42), (43), t1 > to. Find Frechet derivatives, J, (v, u,t1), J. (v, u,t1),

"y (q(t), 1, t
T (0,0, t1) = Fo(q(ty), t, t1)+/ O Folg(®),t1, 1)

to 8t1
Next, we construct sequences {v,}, {un}, {tin}, where

tin+1 = tin — athII(Una Un s tln)y n=0,1,2, ..

4 Solution of the Model Problem

As an example, consider the Duffing equation with control [12].
G422 =ut), teI=10, t1].

This equation can be represented as

T1 = To, T9 = —T] — 217? + u(t), te [0, tl] =1, (42)

where
331(0) == 1, I‘Q(O) == 0, CEl(tl) == 0, 515'2(751) == 0, (43)
u(t) € A = {u(t) € Ly(I,R")| — 2 < u(t) < +2 almost everywhere t € I}. (44)

The system (42)—(44) is a mathematical model describing the motion of a rigid spring under the
influence of external force u(t) € A. Consider the problem of optimal performance. For (42)—(44), the
linear controllable system takes the form

yl = Y9, QQ = U)(t), t e [0, tl] = [, U(t) € A,

y1(0) =1, y2(0), y1(t1) =0, ya(t1) =0.

For this example,

(B0 (4 o= (1) w0=(3) - == (2):

Matrices

88 Bulletin of the Karaganda University



Controllability and Optimal ...

Calculate the following vectors and matrices:

_ t1 . g _ﬁ
a= (I)(T,tl)l'l — X9 = < 01 > , W(O,tl) :/ efAtBB*efA Tdr = ( 32% t2 ) > 07
0 -3 t

[~

3
W0, 1) = < té ) ;o Mt o, m1) = T (t)wo + Ta(t)rr = pER
1 1

3 +213 3t 12

~

N

~
-

12 6 6t 2 3
Ni(t) = < — = —3 — > Xo(t, xo, x1) = 1 ,
g8 B h) St
263 —3t%t, —t34¢1t2
3 t2
N2(t) = 6t3716tt1 73t241r2tt1
t3 t2
Then
ot =00+ (% )+ (F - 8) a00) (-§+3) =t
t3+2¢3 -3t t2 3_342 43 2
>, yit) = () + N0 4 (5900 2 (1, 0) + =202 p(ty0),  (45)
6t2

The optimal control problem (1) (21)—(23) for this example takes the form

t1
J(v,u) = / lv(t) + M\ (t, zo, 1) + N1(t)z(t1,v) — (—y1 — 203 + u(t))|?dt — inf
to

(46)

subject to conditions
Z"l = Z9, 22 = v(t), 21(0) = 0, 2’2(0) = 0,

where f(y, u, t) = —y; — 2y? +u(t), Fo=|w(t) — (—y1 — Qy? +u)|?

Partial derivatives:

v(t) € Lo(I,RY), u €A, (47)

OF0 _ _opup(t) — (—yn — 2% + u(t)],

OFy 3
1 ofut) — (o - 20 +u], O
8Fg _ _o(_ 1 _ 2 s _ 3 aFO —
o, — 2= b)) = (my =2+l 570 =0,
8Fb * * 3
= 2[N7 (£) + N3 (8) faly, w, )[w(t) — (—y1 — i +ul,
821(t1)
1.2
where f,(y,u,t) = ( 1 03y1 , w(t), yi(t), ya(t), t € I are determined by formula (45).
= (Jy(v,u), Jy(v,u)),

The Frechet derivative of the functional (46) under condition (47) is J' (v, u)
where J/,(v,u) = &2 — B*y(t), J.,(v,u) = %2, The function ¢(t), ¢ € I = [0,#] solving a differential

equation
hoF

(9F0
dt.
o 0z(t1)

Sequences {v,}, {u,} are determined by the formulas:

Vnt1 = U — Qndy (U, Un), Unt1 = Palun — and) (vn,un)], n=0,1,2 ..
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The solution of the optimization problem (44), (45) for t; = 4 is:

-1, 0<t< 3, L2 -5 r<e<d,
2 2
vf) =+l g<t<T wn) = Tr¥+R+As-F+H)° 0<t< i,
-1, B<i<y (C+4t—-9)+2(-5 +4t-8)%, B <<

-2 0<t<?, —t, 0<t<3,
— 2_5 41 5 13 5 5 13
—Lrar—8, B <<y, —t+4, P <t<4
The solution to the optimal performance problem for t1, = 2 is:
_ _t0 st 12
vo(t) = I, 0<t <1, wa(t) = D) 5 +2, 0<t<],
’ 1, 1<t <2, ’ & — 30 +15t4 — 4063 + 12 — 50t +19, 1<t <2,

—2<u,(t) <2, tel=]0, 2.

1-2 0<t<1 t 0<t<1
— 2 =t=454 — ) =v =4
21 (t) {f—2t+2, 1<t<2, z2:(t) {t—2, 1<t<2.

5  Conclusion

A new method for solving the controllability problem of nonlinear systems described by ordinary
differential equations has been developed. The scientific novelty of the obtained results lies in the
following:

— all sets of controls for linear systems have been found, each element of which transforms the
system trajectory from any initial state to any desired final state (Theorem 2);

— a general solution to the linear controllable system corresponding to the control from the selected
set of all controls has been constructed (Theorem 3);

— necessary and sufficient conditions for the controllability of nonlinear systems have been derived
(Theorem 4);

— the controllability problem has been reduced to solving the initial optimal control problem for
nonlinear control systems (Lemmas 1, 2);

— the gradient of the functional has been found, minimizing sequences have been constructed, and
their convergence has been studied (Theorems 5, 6);

— an algorithm for solving the problem of optimal speed was formulated;

— theoretical research results have been demonstrated using an example by solving the nonlinear
Duffing equation control problem.

This completes the summary and conclusions of the paper regarding the methods and results
obtained for solving the optimal speed control problem for nonlinear systems.

Acknowledgments

This research is supported by Ministry of Education and Science of the Republic of Kazakhstan
(Grant No. AP08856324).

90 Bulletin of the Karaganda University



Controllability and Optimal ...

Author Contributions

S.A. Aisagaliev collected and analyzed data, and led manuscript preparation. G.T. Korpebay
assisted in data collection and analysis. S.A. Aisagaliev, G.T. Korpebay served as the principal in-
vestigator of the research grant and supervised the research process. All authors participated in the
revision of the manuscript and approved the final submission. All authors contributed equally to this
work.

Conflict of Interest

The authors declare no conflict of interest.

References

1 Aisagaliev, S.A. (2022). Kachestvennaia teoriia integro-differentsialnykh uravnenii [Qualitative
theory of integro-differential equations]. Almaty: Faraby University [in Russian|.

2 Aisagaliev, S.A. (2021). Teoriia kraevykh zadach dinamicheskikh sistem [Theory of boundary
value problems of dynamical systems]. Almaty: Faraby University [in Russian].

3 Kalimoldayev, M.N., Abdildayeva, A.A., Mamyrbayev, O.Z., & Akhmetzhanov, M. (2016). Infor-
mation system based on the mathematical model of the EPS. Open Engineering, 6(1), 464-469.
https://doi.org/10.1515 /eng-2016-0053

4 Dzyuba, A., & Torskyy, A. (2022). Algorithm of the successive approximation method for op-
timal control problems with phase restrictions for mechanics tasks. Mathematical Modeling and
Computing, 9(3), 734-749 https://doi.org/10.23939 /mmc2022.03.734

5 Ananyevsky, .M., Anokhin, N.V., & Ovseevich, A.I. (2010). Sintez ogranichennogo upravleniia
lineinymi dinamicheskimi sistemami s pomoshchiu obshchei funktsii Liapunova [Synthesis of lim-
ited control of linear dynamic systems using the general Lyapunov function|. Doklady Akademii
nauk — Reports of the Academy of Sciences, 434(3), 319-323 [in Russian].

6 Semenov, Yu.M. (2012). On the Complete Controllability of Linear Nonautonomous Systems.
Differential Equations, 48(9), 1245-1257.

7 Aisagaliev, S.A., & Zhunussova, Z.K. (2017). Constructive method for solvability of fredholm
equation of the first kind. Electronic Journal of Qualitative Theory of Differential Equations, 45,
1-11. https://doi.org/10.14232/ejqtde.2017.1.45

8 Benner, P., Chuiko, S., & Zuyev, A. (2023). A periodic boundary value problem with switchings
under nonlinear perturbations. Boundary Value Problems, 1, 50. https://doi.org/10.1186/s13661-
023-01734-1

9 Aisagaliev, S.A. (2018). On Periodic Solutions of Autonomous Systems. Journal of Mathematical
Sciences, 229(4), 335-353. https://doi.org/10.1007/s10958-018-3681-8

10 Dong, X.X., Liu, Z.B., & Li, S.C. (2019). Similar constructing method for solving nonhomoge-
neous mixed boundary value problem of n-interval composite ode and its application. Mathe-
matical Methods in the Applied Sciences, 42(5), 1702-1723 https://doi.org/10.1002/mma.5468

11 Aisagaliev, S.A., & Korpebay, G.T. (2023). Controllability and optimal speed-in-action of linear
systems with boundary conditions. Bulletin of the Karaganda University. Mathematics Series,
2(110), 21-34. https://doi.org/10.1134/50012266112060079

12 Kalimoldayev, M., Jenaliyev, M., Abdildayeva, A., Zhukabayeva, T., & Akhmetzhanov, M.
(2020). Optimal control of power systems. News of the National Academy of Sciences of the Re-
public of Kazakhstan-Series Physico-Mathematical, 5(333), 86-94. https://doi.org/10.32014/2020.
2518-1726.86

Mathematics Series. No.3(115),/2024 91


https://doi.org/10.32014/2020.2518-1726.86
https://doi.org/10.32014/2020.2518-1726.86

S. Aisagaliev, G. Korpebay

13 Kvitko, A.N. (2021). On a Method for Solving a Local Boundary Value Problem for a Nonlinear
Stationary Controlled System in the Class of Differentiable Controls. Computational Mathematics
and Mathematical Physics, 61(4), 527-541. https://dx.doi.org/10.1134,/S0965542521040072

Author Information™

Serikbay Aisagaliev — Doctor of technical sciences, Professor Department of Mathematics, al-
Farabi Kazakh National University, Almaty, 050040, Kazakhstan; e-mail: Serikbai. Aisagaliev@kaznu.kz;
https://orcid.org/0000-0002-6507-2916

Guldana Korpebay (corresponding author) — PhD student, Department of Mathematics, al-
Farabi Kazakh National University, Almaty, 050040, Kazakhstan; e-mail: korpebay.guldanal @gmail.com;
https://orcid.org/0000-0002-5023-9402

*The author’s name is presented in the order: First, Middle and Last Names.

92 Bulletin of the Karaganda University



